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O paBHOMepHOW CXOOMMOCTU psiga
dypbe No cucreme NOIMHOMOB,
A NOpoOXOeHHON CUCTEMOW
( ) nonnHoMmoB Jlareppa

P. M. Nlapxumunp3aes

rapgxummpsaes Pamnc Maxmynosumy, MNagwmin Hay4Hbli COTPYa-
HVK oThena maTtematukm u mHdpopmatukum, [arectaHckuii de-
nepanbHbli uccnegosatensckuin ueHtp PAH, Poccus, 367000,
r. Maxaukana, yn. M. Nagxwuesa, g. 45, ramis3004@gmail.com

Myctb w(x) — nareppoBckas BecoBas PyHKUMSA, 1 < p < oo,
LP — NpoCTPaHCTBO (PYHKUNA f, p-a CTeneHb MOLYNsS KOTOPbIX
uHTErpmpyemMa Cc BecoM w(x) Ha HeoTpuUULaTenbHOW OCK.
Ons 3apaHHOro HatypanbHOro umcna r o0603Ha4MM yepes
Zg npocTtpaHcTBo Coboneea, KOTopoe coctout U3 r — 1
pa3 HenpepbiBHO ONPAEpPeHUnpyeMbIX  yHKUMA  f, On4
KoTopbIx (r — 1)-9 nNpou3BofHas abCONOTHO HemnpepbiBHA Ha
NPON3BO/NIbHOM CermMeHTe [a,b] HeoTpuuatenbHOW ocu, a r-9
npou3BoaHas NpuHanNexunT npoctpaHcTey LP . B cnyyae, korgna
p = 2, BBedeM B mnpocTpaHctee W/, ckanspHoe npowvsse-

%% neHue Tuna Cobonesa, KoTopoe npeprau.LaeT ero B TIWb-
GepTtoBo npocTpaHcTBO. danee, Yepes I, (z) (n = r,r +1,..)

g p, 0003HaYMM MOJNIMHOMbI, MOPOXIEHHblE KNacCUYeckMMmm Mo-
nuHomamu Jlareppa. OTW MNOAMHOMbI BMECTE C (PYHKLUAMM

n

HAVqulﬁ Bmpa I, (r) = % (n = 0,1,..,r — 1) 0b6pa3yloT NONHyto
‘ U OPTOHOPMWMPOBAHHYID CUCTeMy B npocTpaHctee W/,. B
OTﬂ,E/\ HacTosler ctaTbe paccMmartpusBaeTcs 3apada o paBHOMe“bHoM

cxooumocTn Ha mobom otpeske [0, A] paoa Pypbe Mo 3ToW

~N d cucTeme MOMMHOMOB K CPyHKLMSIM M3 npocTpaHcTea Cobonesa

Ip- PaHee paBHoMepHasi cxoauMocTb 6blna ycTaHoBMeHa Afs
p = 2. B paHHoi paboTe mokasbiBaeTCs, YTO pPaBHOMEpPHAs
CX0AMMOCTb psifa Pypbe nMeet MECTO MpU p > 2 N OTCYyTCTBYeT
npy 1 < p < 2. [lokasarenbcTBo paBHOMEPHOW CXOAMMOCTHY psaa
®dypbe ong cnydas p > 2 OCHOBAHO Ha BNIOXEHWUM NPOCTPAHCTB

Elp”, p > 2,8 W/,. PacxogumocTtb psaa @ypbe npu 1 < p < 2
yCTaHOBJIEHA Ha HSMMepe OYHKUMM " C MOMOLLbIO aCUMMNTOTUKN
nonvHomos Jlareppa.

<=

Knto4eBble cnosa: nonvHoMsbl Jlareppa, psio Pypbe, ckanspHoe
npousseneHune tuna Cobonesa, NONMHOMbI, OPTOHOPMMPOBAHHbIE
no Cobonesy.
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BBEILEHUE

[yets a > —1, p(x) = e™*2% — Becosas dyHkuus, 1 < p < oo, Lb — npocTpaHcTBO
M3MepUMBIX (DYHKLHUH f, ompeneseHHbIX Ha mojyocH [0, oo) U TaKHX, ‘-ITO

Ifllzg = | [ [f@)Pp(x)de | < oo,
/

/» — TPOCTPAHCTBO (DYyHKUMH f, HempepblBHO AubdepeHuupyembix r — 1 pas, mjs
P

KoTopbix f~1) aBcomoTHO HenpepbiBHAa Ha MPOM3BOJLHOM cermente [a,b] C [0,00), a
f e LB, B npoctpanctse Wy, onpenenum ckansipHoe npoussenenue tuna Cobosesa
P

r—1

o)=Y £ (0)g / FO(2)g" (x)pl)dz, (1)

v=0
KOTOpOE IpeBpaliaeTt W£2 B I‘I/IJIb6epTOBO NPOCTPAaHCTBO. I/IHTepeC K CKaJIIpHBIM ITPOHU3BE-
P

nenusiMm tuna (1) BeizBan (cm. [1-6]), B 4acTHOCTH, TeM, YTO OHM BKJIOYAIOT B ceOs
cjaraeMble, KOTOpPble OTBEUalOT 3a TOBeJeHHe COOTBETCTBYIOUIMX OPTOTOHAJTbHBIX IMO-
JJMHOMOB B OKPECTHOCTH TOYKH x = (. B HeKoTOphIX ciyuasx 3Ta TOUKA MOXKET OBITh
HyJIeM JJis TIOJIMHOMOB, OPTOTOHAJbHBIX OTHOCHUTEJbHO CKaJsIpHOTO mnpousBeneHus (1).
ITO 06CTOATENLCTBO MMEET BaXKHOE 3HAUEHHWe MJisi HEKOTOPBIX MPHJOKEHHH, B KOTOPBIX
TpebyeTcsi, YTOOB 3HAUeHUs] YaCTHYHBIX cyMM psina Pypbe QyHKuMM f(r) coBnaganu
B Touke x = 0 c ee 3HaueHueM f(0). 3ameTHM, UTO OOBIUHBIE OPTOTOHAJIbHBEIE C BECOM
MOJIMHOMBI 3THUM CBOMCTBOM He 00/1a7al0T.
B pa6ote [7] nns 3agansHoro r € N Obljia BBefieHa CHCTeMa TTOJHHOMOB

o) = 0 ¢_/

l,‘f,n(x):m, n=0,1,...,r—1,

YTLLA()dt, n=0,1,...,

OPTOHOPMHPOBAHHASI TIPH (v > —1 OTHOCHTEJIbHO CKasspHOro npousseneHus (1) u mopox-
feHHas cucteMoil nonnHoMoB Jlareppa {L%(z)}>° . B paborax [8,9] 6blnu nccenoBaHsl
CBOWCTBA TOH CHCTEMBI, TaKe KaK: MOJNHOTA M OPTOHOPMHMPOBaHHOCTh B Wp,, siBHOE
Npe/CcTaB/IeHHe, PeKyPPEHTHbIE COOTHOLIEHHS], TIPeACTaB/IeH e Yepe3 MoJHHOMBI Jlareppa.
Kpowme Toro, B paboTe [8] 6bl10 MoKasaHo, 4To psig Pypee GyHKUMHU [ € W}:g Mo CUCTeMe

{l?,k(x)}zozd
2) ~ Y e (I (),

HUMeeT BUJL
r—1 k o0
F@) ~ 3OO + D D), 2)
k=0 o k=r
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— [ 1005 Op0d, k=rr 1 @)
k—'ro

cp(f) =

)

N

B To#i e paboTe Oblia n0Ka3aHa CJeayolas

Teopema A. [lycmo —1 < a <1, f € W/,, 0 < A < oco. Toeda drs npousgorvHozo
P
x € [0, 00) umeem mecmo pageHcmso

r—1 k 00
Fa) =D 100 + D i),
k=0 T k=r

6 xomopom pad Pypee Qyukuuu f no noauromam I (x) cxodumcs pagromepro
omuocumenvro x € [0, Al.

Otwmerum, yto psan Pypbe mo cucreme {I%, ()}, MOXKHO ONpeneUTb AJs JI000H
byHruMHn f € Wzg, p > 1. C sToll Llesbl0 MOKaXKeM CyllleCTBOBaHHe KO3((HUIIHEHTOB

crp(f), onpenenennbix paBeHcTBOM (3):

k()] < /If(r)(t)lpp(t)dt /Il?_r(t)lqp(t)dt S Mgy k=rr+1,...,
0 0

a _ 1 o 1 1 _
roe I (z) = T i_r(x), M — HekoTOpOE MOJNOKHUTENBHOE YHCIIO, 5 + o = 1. B cBsisu

C 3THM BO3HHKaeT BOMPOC O TOM, CIPaBEIJHUBO JIK YTBEPXKIEHHe TeopeMbl A s ciayuas
p # 2. OTBeT Ha 3TOT BOINPOC SABJISETCS OCHOBHBIM pe3y/bTaToOM HacTosilied padotel. [lpu
3TOM HaM MOHaf00ATCS HEKOTOphle CBeEeHMs O KJacCHMYeCKMX noJjuHomax Jlareppa.

1. HEKOTOPbIE CBEOEHWSA O NOJIMHOMAX NATEPPA

[Tyctb o — mpousBo/ibHOE NeHCTBUTENbHOE 4HMC/a0. Torma a/s mojauHoMoB Jlareppa
UMEIOT MECTO:
e (opmyna Ponpura
1 _ 2 (n
Lg(x):E O‘e’c{xm“% :c}( )7 (4)

e COOTHOLIEHHE OPTOrOHAJbHOCTH
[e.9]
/ Ly (x) Ly, (x)z%e *dx = 0pmhy, (0 > —1),
0

rae 6, — cumBoa Kpownekepa, he = ("7*) T'(a + 1);

n

e acumnroTtHueckas ¢opmyaa [10, ¢. 206 (8.22.1)]

1 x o 1 @ 1 T T a 3
L% (x) = ezx 27 inp2 71 cos (2\/71 - — —> +O0O(nz2z71), z>0. 5
OueHKa OCTaTOYHOTO 4YJjeHa paBHOMEpHa Ha OTpe3ke [g,w|, roe &,w — QUK-

CHPOBAaHHbBIE MOJOXKUTEJJAbHbIE YHC/IA.
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2. OCHOBHOW PE3YJIbTAT

Hawm NoHag00UTCs caenyouiee yTBepKIaeHue.

Jlemma 1. [lycmo o > —1, p(x) = e *2% 1 < p; < py < o0o. Toeda LP2 C L u

1
[fllzzr < (Do 1)) w2 | f| pe-

JokasareabctBo. [lycThb p= p2 ,p = p2 p . Torna
1 |P1 P1
115 = [P oede = [ [f@)o@)[" (o) do <
0 0
/ @)= ") | [ Y] -
0
[1s@r sz ) | [ sarts
0 0
Orcroona
P2—P1
1l < £l / pa)ds | = (Da+ 1) 55 | f] . .

0

Teopema 1. [lycmo —1 < a <1, 1 < p < o0, p(x) = e "a*. Toeda, ecau f € W7,

mo npu p > 2 pad (2) cxodumcs paeﬂomepﬂo k [ na arobom ompeske [0, A]l. Ecau ofge

1 < p <2, mo cywecmsyem ¢ynkuus f € W p, pad Dypve Komopoli pacxodumcs 8

mouke x = 2.

IIOKasaTeJIBCTBO [yets 1 < p <2, f(z ) *, 3 < ¢ < . Herpynno nposeputs,
uro f € W7,. B camom nene, pynkuus f(x) = e“* HenpepblBHO AU(depeHpyema r — 1
pas, fU~ (x) abCOJIIOTHO HENpepeIBHA Ha JI060OM cermeHTe [a, b] C [0,00) H, OCKOJBKY

o0 o0

i 1
/|f(r) (z)|Pp(z) = Crp/ecmexxa dr = crp/e(cp DEpe dr < 00 npu ¢ < —

p’
0

0 0

o f)(x) € LE.
[lanee HatineMm siBHBIH BUA Ko3(hduuneHtoB (3) mas f(x) = e

e LY (t)e 1t dt.

o _ ¢
Cr,k—i—r(f) - \/h_%()/

[ToncraBum Bmecto L{(t) dopmyny Pompura (4) W momydum (MOMyTHO BOCHOJB3yeMCS
dopmynoii JlelibHuIA 17151 n-H TPOU3BOIHOM)

o o ke ®
Crnar(f) = Wo/et(e ) dt =
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h

k
ectzc —t (k—3) tk-‘ra) 7) dt =

i

ZCJ Dk +a)(k+a—1)- (k’+0z—]+1/e (1=)tyh+a—j g

B c” [ ¢ PPk +a+1)
_(1—c)a+1(_1) (1—0) \/ Dk+1)

Takum o6pazom, o6uwuil unen psga Pypoe (2) GyHKUUK € HMeeT BHUL

\/h_ak'

N N cr o e N Tk=r+a+1),
Cr,k(f)lr,k(x) - m<_1)k (1 _ C) \/ F(k’ —r+ 1) lr,k(x)u k =T (6)

[loncrasum B (6) BMecTo [, (7) cienyiouee paBencTso [8, Teopema 3.2]:

, r—1 ) v
= G |- S | e v
U TONYyYUM
a [ yg0 c’ o e\ — —r4+a+1) 2"
Crvk(f)l”vk(x):m(_l) (1—0) [ ;F 1/—7"~|—a—|—1)(l<: )'J]
[Ipeobpasyem cisaraemble B CKOOKaX:
—r+a+1) z¥

Fu—r—l—oz—l—l)(k—u)!ﬁ—

_I‘(k;—r+oz+1)[ 1 B
(k—r+1)! MN(—=r+a+Dk(k—1)---(k—7r+2)
1 T ( 1)7“ 1 l.rfl _
Te—rta) D hi—r+21 T T (7"—1)!] -

_ o1 1 o (_1)7"71 xrfl ‘
= elayr)k [F(—r+a+1)k(k—1)---(k—r+2) T @-1)!}
Ly (z) = \/17_1_651'(1;‘11]{&;‘11 cos (2\/k_ - — - %) + Ok 1) =
1 z _o-r_1_ a—r_1 m m
:ﬁems T 1k 2 14 [COS(?M)COS<7+Z>+

+sin(2V kx) sin (% + Zﬂ + Ok 1),
[TosmoxuM k = m? u z = 2. Torna
T m2—T
@ « 2\ C m?2 c 200—2
2 ()2 (77) = m(—l) <1 — C) m=x
2 1 _1 r—1 r—1
X {eTWT’a’lm’“’H% cos (O;—W + %) +O(m=*"*2)— c(a,r) [ cot ( F(Zv) (Tx_ 1)!} }
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=

Mockonbky 1%, > 1 npu 5 < ¢ < 5, 10 limy o0 ¢ o (F)I2,2(7%) = co. Cnenopatenbho,
psin Pypbe GyHKUMM f(x) = e pacXOAUTCS B TOUYKE T = 2.
[Iycte Teneps p > 2. M3 onpenesennsi npoctpanctsa W/, u Biaoxenus Lb C Lf, (cm.
P
nemmy 1) umeem W7, C W/,. Otcrona u u3 TeopeMbl A cienyet, 4to psn Pypbe QyHKUKMH
p p

f € W[, cxomutes K f paBHOMepHO Ha Jio6om otpeske [0, AJ. O

BaaromapHoctu. Pab6ora BeimosnHeHa npu ¢uHaHCOBOH mopnepxkke PDPDU (mpoekt
Ne 18-31-00477mo.1_a).
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On the Uniform Convergence of the Fourier Series by the System
of Polynomials Generated by the System of Laguerre Polynomials

R. M. Gadzhimirzaev

Ramis M. Gadzhimirzaev, https://orcid.org/0000-0002-6686-881X, Dagestan Federal Research
Center of the Russian Academy of Sciences, 45 Gadjieva St., Makhachkala 367000, Russia,
ramis3004@gmail.com

Let w(x) be the Laguerre weight function, 1 < p < oo, and L? be the space of functions f, p-th
power of which is integrable with the weight function w(z) on the non-negative axis. For a given
positive integer r, let denote by W7, the Sobolev space, which consists of r — 1 times continuously
differentiable functions f, for which the (r —1)-st derivative is absolutely continuous on an arbitrary
segment [a, b] of non-negative axis, and the r-th derivative belongs to the space L2, . In the case
when p = 2 we introduce in the space W/, an inner product of Sobolev-type, which makes it a
Hiloert space. Further, by Ii*, (), where n = r,r + 1,..., we denote the polynomials generated
by the classical Laguerre polynomials. These polynomials together with functions Iy, (z) = %L
where n = 0,1, — 1, form a complete and orthonormal system in the space W7, . In this paper,
the problem of uniform convergence on any segment [0, A] of the Fourier series b?/ this system of
polynomials to functions from the Sobolev space W7, is considered. Earlier, uniform convergence
was established for the case p = 2. In this paper, it is proved that uniform convergence of the
Fourier series takes place for p > 2 and does not occur for 1 < p < 2. The proof of convergence is
based on the fact that W7, Wy, for p > 2. The divergence of the Fourier series by the example
of the function e“* using the asym?:)totic behavior of the Laguerre polynomials is established.

Keywords: Laguerre polynomials, Fourier series, Sobolev-type inner product, Sobolev orthonor-
mal polynomials.

Received: 05.11.2019 / Accepted: 23.12.2019 / Published: 30.11.2020

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

Acknowledgements: This work was supported by the Russian Foundation for Basic Research
(projects No. 18-31-00477mol_a).

References

1. Pérez T. E., Piniar M. A, Xu Y. Weighted Sobolev orthogonal polynomi-
als on the wunit ball. J. Approx. Theory, 2013, vol. 171, pp. 84-104. DOL
https://doi.org/10.1016/j.jat.2013.03.004

2. Marcellan F., Xu Y. On Sobolev orthogonal polynomials. Expositiones Math., 2015,
vol. 33, iss. 3, pp. 308-352. DOI: https://doi.org/10.1016/j.exmath.2014.10.002

3. Fernandez L., Marcellan F., Pérez T. E., Pinar M. A., Xu Y. Sobolev orthogonal poly-
nomials on product domains. J. Comput. and Appl. Math., 2015, vol. 284, pp. 202-215.
DOI: https://doi.org/10.1016/j.cam.2014.09.015

4. Delgado A. M., Fernandez L., Lubinsky D. S., Pérez T. E., Pifiar M. A. Sobolev orthogonal
polynomials on the unit ball via outward normal derivatives. J. Math. Anal. and Appl.,
2016, vol. 440, iss. 2, pp. 716-740. DOI: https://doi.org/10.1016/j.jmaa.2016.03.041

5. Sharapudinov 1. I. Sobolev-orthogonal systems of functions associated with an
orthogonal system. [lzv. Math., 2018, wvol. 82, iss. 1, pp. 212-244. DOL
https://doi.org/10.1070/IM8536

6. Magomed-Kasumov M. G. A Sobolev orthogonal system of functions generated
by a Walsh system. Math Notes, 2019, vol. 105, iss. 3-4, pp. 543-549. DOIL:
10.1134/50001434619030271

422 HayyHeir oTaen



P. M. r'agmnmnpsaes. O paBHOMEPHOH Cx04nMocTH psga Pypbe no crcTemMe ronrHOMOB @,

7.

10.

Sharapudinov I. 1., Gadzhieva Z. D., Gadzhimirzaev R. M. Systems of functions orthogonal
with respect to scalar products of Sobolev type with discrete masses generated by classical
orthogonal systems. Daghestan Electronic Mathematical Reports, 2016, iss. 6, pp. 31-60
(in Russian). DOI: https://doi.org/10.31029/demr.6.3

Sharapudinov 1. I, Magomed-Kasumov M. G. On representation of a solution to
the Cauchy problem by a Fourier series in Sobolev-orthogonal polynomials generat-
ed by Laguerre polynomials. Diff. Equat., 2018, vol. 54, no. 1, pp. 49-66. DOL:
https://doi.org/10.1134/S0012266118010068

Gadzhimirzaev R. M. Recurrence relations for polynomials orthonormal on Sobolev, gen-
erated by Laguerre polynomials. [zv. Saratov Univ. (N.S.), Ser. Math. Mech. Inform.,
2018, vol. 18, iss. 1, pp. 17-24 (in Russian). DOI: 10.18500/1816-9791-2018-18-1-17-24
Szego G. Orthogonal Polynomials. AMS Colloq. Publ., 1939, vol. 23. 440 p. (Russ. ed.:
Moscow, Fizmatgiz, 1962. 500 p.)

Cite this article as:

Gadzhimirzaev R. M. On the Uniform Convergence of the Fourier Series by the Sys-
tem of Polynomials Generated by the System of Laguerre Polynomials. [zv. Saratov Univ.
(N.S.), Ser. Math. Mech. Inform., 2020, vol. 20, iss. 4, pp. 416-423 (in Russian). DOI:
https://doi.org/10.18500/1816-9791-2020-20-4-416-423

Marematrnka 423



