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Abstract. In this article we consider representing properties of subspaces generated by the
Szegd kernel. We examine under which conditions on the sequence of points of the unit disk
the order-preserving weak greedy algorithm for appropriate subspaces generated by the Szeg6
kernel converges. Previously, we constructed a representing system based on discretized Szeg6
kernels. The aim of this paper is to find an effective algorithm to get such representation, and we
draw on the work of Silnichenko that introduced the notion of the order-preserving weak greedy
algorithm. By selecting a special sequence of discretization points we refine one of Totik’s results
on the approximation of functions in the Hardy space using Szegd kernels. As the main result
we prove the convergence criteria of the order-preserving weak greedy algorithm for subspaces
generated by the Szeg6 kernel in the Hardy space.
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AnHoTanus. B naHHOH cTaTbe paccMaTpPUBAIOTCS MPEACTABJSIOLINE CBOHCTBA MOANPOCTPAHCTB,
nopoxkaeHHbIX sinpom Ceré. [laeTcsi OTBET Ha CJeNyIOLIMHA BONPOC: MPH KAKHUX YCJOBHAX Ha
MOCJ/e10BaTebHOCTb TOUEK €AWHHYHOI0 JMCKA MUMEET MECTO CXOAMMOCTb MOPSAKOCOXPAHSIOLIErO
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€/1a060Tr0 »KaJHOTO aJrOpUTMa 1J1s1 COOTBETCTBYIOIIMX TOANPOCTPAHCTB, MOPOXKAeHHBIX siipoM Ceré.
PaHee HaMu OblJIO MOKa3aHO CyLleCTBOBAHHE CHCTEMbl MpeNCTaBJIEeHHS HAa OCHOBE NHCKPETH3UPO-
BaHHbIX sliep Ceré. B naHHOH pa6oTe MBI epexoinM K 3((eKTHBHOMY aJrOPUTMY MOJYYeHHS I10-
N0GHOTO MpeCcTaB/IeHUs U onupaeMcsl Ha pa6oTy CUIbHUYEHKO, B KOTOPOH OBIJIO BBELEHO MOHATHE
MOPSIAKOCOXPAHSIOILEr0 ¢/1a00ro KaaHoro ajropuTMa. YTOUHseTCsl OAMH pe3yabTaT ToTHKa O MpH-
6/M2KeHHM (YHKUHH U3 rnpocTpaHcTBa Xapau nocpenctsoM sjaep Ceré 3a cyer BeiGopa Moceso-
BaTeJbHOCTH TOYEK AHMCKPeTH3allMH CrelHasbHOro Buaa. Kak OCHOBHOH pe3ysbTaT CTaThbd H0Ka-
3bIBaeTCsl KPUTEPUH CXOLMMOCTH MOPSAKOCOXPAHSIOUIEro ca1aboro »afaHOoro ajropuTMa AJs IMOf-
NPOCTPAHCTB, MOPOXKAEeHHBIX fapoM Ceré B nmpocTpaHcTBe Xapau.

KunroueBble cjoBa: cucTeMbl NpeacTaBiaeHus, aapo Ceré, nopsaKoCOXpaHsIOUMN c1a0bli KaaHbIH
aJIrOPUTM
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Introduction

Approximating and representing properties of reproducing kernels play an important
role in many questions such as geometry of function spaces, distribution of zeros,
multiplicative structures. For more details we refer the reader to [1-3]. We begin by
giving several relevant definitions.

Definition 1 (Representing system). A sequence {¢,}>°, of non-zero vectors from
the Banach space F' is called a representing system if for each element f € F' there
exists a sequence of coefficients {c,(f)}5, such that a series

f ::zizcn<f)¢n (1)

converges to f in norm of the space F

im ||f— > c(f)eor|| =0.

n—00
k=1 F

In this paper we consider representing properties of discretized reproducing kernels
in the Hardy space H?.

Definition 2 (Hardy space). A Hardy space H? is a Hilbert space of analytic func-
tions f(z) on a unit disk D = {z : |2| < 1} for which the following integral is bounded
when r — 1

21 3
Il = g0 (5 [ 1r0ear) <o o

0<r<1
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Definition 3 (Szego kernel). A reproducing kernel K of the Hardy space H*(D) is
a function of two variables and is called the Szeg6 kernel (see for instance [4])

1 = __
KO =Ke) =1 = > et z,(eD. (3)
n=0

The Szego kernel K, discretized at point ¢ € D is a function in H?.

There was an open question posed in [5] whether there exists a representing system
in H? space based on a sequence of discretized reproducing kernels {K,, }>° . In our
previous paper [6], we gave an affirmative answer to this question using a theory of
Banach frames [7] which provides the most general representation and presented a way
to select the kernel discretization points (see also [8]). The natural question arises
whether it is possible to devise an algorithm to calculate the coefficients ¢,(f) of the
representation (1). This work was intended as an attempt to answer this question using
the theory of greedy algorithms.

Greedy algorithms are a popular method to find representations given that at each
step we select a suboptimal solution. For a recent account of the theory we refer the
reader to [9]. There are a lot of different types of greedy algorithms: the pure greedy
algorithm, the orthogonal greedy algorithm, the weak greedy algorithm, the relaxed
greedy algorithm, etc.

We are concerned only with the order-preserving weak greedy algorithm. This type
of greedy algorithms preserves the order of elements in the representation and the
convergence properties of this algorithm were considered by Silnichenko [10].

In his original work [10], Silnichenko considered quasi-normed spaces. A quasi-
normed space X is a space such that for each z,y € X the inequality holds
|z +yll < C(|z|| + |ly||), where C'is a constant.

Definition 4 (Space with a uniformly continuous quasi-norm). A vector space X is
a space with a uniformly continuous quasi-norm if for any € > 0, R > 0 there exists
0 > 0 such that for arbitrary z € X and y € X with ||z| < R, |ly|]] < ¢ the inequality
holds ||z + y|| < ||z|| + €.

Definition 5 (Order-preserving weak greedy algorithm [10]). Let {L;} be a se-
quence of linear subspaces of X and {«j} be a sequence of non-negative numbers.
The order-preserving weak greedy algorithm for an arbitrary element f € X is defined
using the following iterative procedure. Let the initial approximation be equal to zero
so(f) = 0, the remainder ro(f) = f and the optimal approximating element ky(f) = 0.
If s,(f),r(f) and k,(f) are defined, then we can select k, 1 = kn1(f) > kn(f) and
®k,ir € Li,,, such that

||’I"n(f) _¢k’n+1|| < inf ||Tn(f) _¢|| + Qs

¢6Lk,k‘>k§n

where «,, can be informally called a relaxation. Then let s,41(f) = s,(f) + ¢%,,, and

Tn1(f) = f = sna(f).

If for all f € X the term r,(f) converges to zero as n — oo or equivalently, we
have a representation f = >, &, then it is said that the algorithm converges (i.e.
Sp = n_, ¢r,). Our main result relies heavily on the following theorem of Silnichenko.
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Theorem 1 (Convergence of order-preserving weak greedy algorithms [10]). Let X
be a space with a uniformly continuous quasi-norm. The order-preserving weak greedy
algorithm using the system {L;} converges for an arbitrary sequence {cu}2,, ar — 0
when k — oo if and only if there exists o < 1 such that for all f € X and N there are
n> N and ¢ € L, as

If = ¢l < ollfIl- (4)
Results of Silnichenko are valid for arbitrary quasi-Banach spaces, but in the present
work we consider only the Hilbert space H?. As subspaces Ly, k = 1,2,... we select

spaces generated by the Szego kernel K¢, ., j = 0,...,n; — 1, discretized at suitable
points ¢ ; € I

ne—1

Ly = [Kﬁk,j}?igl = span {KCk,j}j:o ’ k= 1’ 2’ T

1. Main result

We select discretization points of the Szegd kernel in the same way we did in our
work [6]

_ 2mij

Cej=r1re ™, J=01,...,n—1, (5)

where we assume that
re 1, np oo as k — oo. (6)

The main result of the paper can be formulated as the following theorem.
Theorem 2. Let the sequence of subspaces {L;} be generated by the Szegé kernel

discretized at points that satisfy (5) and (6). Then the order-preserving weak greedy
algorithm converges in the space H? if and only if r, and ny, satisfy the limit inequality

lim sup ng (1 —ri) > 0. (7)

k—o0

Informally speaking, in theorem 2 each subspace L, is generated by the Szego kernel
discretized at my roots of unity placed on the radius ry.

2. Proof

We start proving the main result with mentioning some useful definitions.

Definition 6 (Blaschke condition). A sequence of points {z,}22, C D satisfies the
Blaschke condition when

[e.e]

D (1= z]) < oo 8)

n=0

Definition 7 (Blaschke product). A Blaschke product is a function of the form

By = [ )

2 1 =722

(9)

n>1
where {z1, 29, ...} are points that satisfy the Blaschke condition.

The Blaschke product can be finite or infinite and in the current work we use only
the former one. It is clear from the definition of the Blashcke product that it has zeros
at points {z1, 29,... }.
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Definition 8 (Distance). By the distance between a function f € H? and a linear

subspace L, C H? defined as a (closed) linear span [ngyj}?igl of discretized kernels

{Ke,, }?i;l we mean

ne—1

dist(f, L) = dist (f, [Kg, " ) = min |73 oK,
7=0

aO,'“a’nkfl

The following lemma is of crucial significance.

Lemma 1. Let 0 < r < 1. The distance from an arbitrary polynomial
Dn = Z;:Ol a;jz’ of degree < n to the linear space defined by the system of Szegd
kernels {K;}"—) discretized at points

zi=re », j=0,1,...,n—1, (10)

satisfies the [ollowing inequality
dist( n,[Kj];:Ol) < lpallae. (11)

Proof. By corollary from the Hahn - Banach theorem, in an arbitrary Banach space
B the distance from a function f € B to the subspace L. C B can be expressed as

dist (f,L) = sup  [(f,9)l. (12)

lgll=1, geL+

Let 7., be an n-dimensional space generated by Szegd kernels K discretized at
2mij

points z; =re”"n, 7=0,1,...n — 1, then the orthogonal complement of .7, ,, [3]

%;z{feHZ:f(re*QY")zo,j:o,...n—1}, (13)
since f(z) =0 if and only if (f,K;) =0, j=0,...,n— 1.
If an analytic function f € H? has zero values at points zy, 20, ... which satisfy the

Blaschke condition (8), then f = Bh, where B is the corresponding Blashcke product
and h € H?, and the converse is also true. Therefore we can rewrite (13) as

A, =BH?={Bh:he H},

where B = B, ,, is a Blaschke product with zeros z; = re= %, j=0,1,...n—1.
Using (12) we can find the distance between the polynomial p,, and the n-dimensional

space generated by the Szeg6 kernel J7; ,,

dist(pn, Hyn) = sup |{(pn, )| = sup [(pn, Brnh)l|. (14)

lgll=1, g€ l[Al[=1

Given that discretization points have a special form (10) we can rewrite the definition
of the Blaschke product (9) for our case as

n—1 2mij

re- n —z r’t— "
BT,n(z) = H omi;

_ 1—pnzn’
o L —zren
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where in the numerator there are n-roots of unity on the radius  and in the denominator
there are n-roots of unity on the radius 1/r.

Note that we can repsesent the Blaschke product as a series having a lacunary
structure

Bu= 2 —sz (15)

1 —grngn

where bo = r™ and bj = (r" — 7%") r”j‘
Now let h(z) = 327 ¢;2/, [[h]| = 1 and taking into account (15) we can write the

product B, ,(z)h(z) in the following way
Brn(2)h(2) =1y ezl + .., (16)

since only these terms are present for 27, j < n.
By the conditions of the theorem p, = Zj o @27, On substituting p, and (16) into
(14) we obtain

n—1

E :ajcj

J=0

|<pnv Br,nh>| =" < rann“HhH = rn||pn||7

where we used the fact that the maximum degree of p, is n — 1, the definition of a
scalar product using Taylor expansion coefficients and a Cauchy — Shwartz inequality. [J

Remark 1. Totik proved in [11] that for arbitrary selection of points {Ckyj}?ial cDh

TLkl

dist(1, Ly) = dist (1, 5,1 1) H 1ol (17)

Yet in lemma 1 we select discretization points in a special way (10) which allows us
to get a bound on a distance from Lj to each polynomial p,,, degp,, < nk, not only
pn, = 1. Equality (17) shows that inequality (11) is exact.

Remark 2. Note that we can take sequences {7}, {ng} such that the sequence of
best approximations of f € H? by {L;} vanishes:

lim dist(f, [Ke, |7 ") = 0.

k—o00
Indeed, it follows from lemma 1 if and only if limy_,o ng(1 — 7)) = 00.

Now we are ready to prove the main theorem. To do so it is enough to check that
condition (4) is true, which is equivalent to

liminf dist(f, Ly) < o||f||, f € H*. (18)
Let € > 0 and p, be a polynomial of degree < n that approximates f

1 = pull < €l f]]
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and let k£ be large enough so ny; > n. Then using lemma | and a triangle inequality

dist(f, L) = dist(f —pn, L) +dist(pn, L) < e[l fl+7"[[pnll < (rg" +rg e+l fI]. (19)
Therefore the criteria of Silnichenko (4) is satisfied if
liminfr* <1

which is equivalent to (7). So the order-preserving weak greedy algorithm converges if
(7) holds. Given remark 1 (exactness of inequality (17)) one sees immediately that the
converse is also true.
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