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YCJIOBHS CKJIEHKH BO BHYTPEHHHX BepLIMHAX U KpaeBble yc/10BUs PoOHHA B rpaHUYHBIX BepIIMHAX.
Jl1st IaHHOrO KJacca ONepaTopoB YCTAHOBJIEHBl CBOMCTBA CMNEKTPANbHBIX XapaKTEPHCTHK, IO-
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pelleHHs 3TOH 0OOpaTHOM 3afaud HCIIONb3yeTCs MEeTOJ CIeKTPa/bHbIX OTOOPasKeHHH, KOTOPHIH
T03BOJISIET CTPOUTh MOTEHILMAJ Ha KaxA0M (PUKcHpoBaHHOM pebpe. [lis mepexona K cienyiolleMy
pebpy HCMoJIb3yeTCs ClelHanbHOe MpecTaBIeHHe XapaKTepPUCTHIeCKUX (DYHKIHH.
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Introduction

We study the inverse spectral problem for Sturm — Liouville differential operators on a
graph with a cycle and with standard matching conditions in the internal vertex. Inverse
spectral problems consist in recovering operators from their spectral characteristics. The
main results on inverse problems for differential operators on an interval are presented
in [1,2]. Inverse spectral problems for differential operators on graphs were studied
in many works (see the review paper [3] and the references therein). In this paper,
we obtain the solution of inverse spectral problems of recovering potentials of Sturm -
Liouville operators on a graph with a cycle from the given spectral characteristics and
prove the uniqueness of the solution.

Consider a compact graph 7" in R™ with vertices V' = {vg,...,v,} and edges
& = {eo,...,e.}, where vy,..., v, are the boundary vertices, vy is the internal ver-

tex, e; = [v;,v0], j = 1,7, ﬂ e; = {vo}, and ey is a cycle. Thus, the graph 7" has one
j=0

cycle ey and one internal vertex vy. Let 7}, j = 0,7, be the length of the edge ¢;. Each
edge e; € & is parameterized by the parameter z; € [0,7;]. It is convenient for us to
choose the following orientation: for j = 1,r, the vertex v; corresponds to z; = 0, and
the vertex vy corresponds to z; = T}; for j = 0, both ends zy = 40 and o = Ty — 0
correspond to wy. An integrable function Y on 7" may be represented as Y = {y;},_q7,
where the function y;(z;), ; € [0,T}], is defined on the edge e;. Let ¢ = {q;};_g; be
an integrable real-valued function on 77; ¢ is called the potential. Consider the following
differential equation on 7=

—yj () + a;(@))y;(x;) = My;(;),  J=0,r, )

where A is the spectral parameter, the functions y;, vy}, j = 0, r, are absolutely continuous
on [0, 73] and satisfy the following matching conditions in the internal vertex wvy:

w(0) =y;(T3), G=0r  5(0)=> yi(T}), 2)
=0
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Matching conditions (2) are called the standard conditions. In electrical circuits, (2)
expresses Kirchholf’s law; in elastic string network, it expresses the balance of tension,
and so on.

Let us consider the boundary value problem By on T for equation (1) with the
matching conditions (2) and with the following boundary conditions at the boundary
vertices vy, ..., 0.

Uj(Y)=0, j=1r,

where U;(Y) := y;(0) — b;y;(0), and b = {b;},_7; is a real vector. Moreover, we also
consider the boundary value problems By, k = 1,r, on T for equation (1) with the
matching conditions (2) and with the boundary conditions

w(0) =0, U;(Y)=0, j=Tr\k

Denote by Ax := {Aen}nso the eigenvalues (with multiplicities) of the problem B,
k = 0,r. In contrast to the case of trees, here the specification of the spectra Ay,
k = 0,r does not uniquely determine the potential, and we need additional information.
Let S;(z;,A\), Cj(zj,\), j = 0,r be the solutions of equation (1) on the edge e; with
the initial conditions S;(0,\) = C}(0,\) = 0, S(0,A) = C;(0,\) = 1. For each fixed
x; € [0,7T}], the functions Sj(-”)(ycj,)\), C](”)(a:j,)\), j =0,r, v = 0,1 are entire in X\ of
order 1/2. Moreover,
<Cj(xj7/\)7 Sj(xja)‘» = ]-7

where (y,z) := y2’ —y'z is the Wronskian of y and z. Let ¢;(z;,\) := Cj(xj,\) +
+ bij(l’j,)\), j = ﬁ Denote h(/\) = SQ(T(),/\), H()\) = Oo(Tg,/\) — S(/](Tg,/\) Let
{Vn}n>1 be zeros of the entire function A()\), and let w, := sign H(v,), Q = {wp}ns1.
The inverse problem is formulated as follows.

Inverse problem 1. Given A;, & = 0,7 and 2, construct the potential ¢ on 7" and
the vector b.

Let us formulate the uniqueness theorem for the solution of Inverse Problem 1. For
this purpose together with ¢,b we consider a pair g, b. Everywhere below if a symbol «
denotes an object related to ¢, b, then & will denote the analogous object related to ¢, 0.

Theorem 1. If A, = Ak, k= 0,r, and Q = Q, then qg=¢q¢and b = b. Thus, the
specification of Ay, k = 0,7 and ) uniquely determines the potential q on T and the
vector b.

This theorem will be proved in section 3. Moreover, we will give a constructive
procedure for the solution of Inverse Problem 1. In section 2 we introduce the main
notions and prove some auxiliary propositions.

1. Auxiliary propositions

Fix k = 1,7. Let ®, = {®y;},_5; be the solution of equation (1) satisfying (2) and
boundary conditions o
U]((Pk) = Ok, j = 17T7 (3)

where §;; is the Kronecker symbol. Put M, (\) := ®4(0,\), k = 1,r. The function M(\)
is called the Weyl-type function with respect to the boundary vertex vj. Clearly,

(I)kk(xka )\) = Sk(l‘k, )\) + Mk(A)ng(l‘k, )\), T € [O,Tk], ]{I = 1,_’/", (4)
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and consequently, (ox(zx, \), Prr(xk, A)) = 1. Using the fundamental system of solutions
@j(l‘j,)\), Sj(l’j,)\) we get

(I)kj<xj7 )\) Mkj (/\)S (xJ7 )\) + MISJ()‘%O]('IW /\)7 YIS [07 7}]7 J= W? k= W (5)
In particular, M}, (\) =1, M2 (\) = My()\). Substituting (5) into (2) and (3) we obtain

a linear algebraic system s with respect to My;(A), v =0,1, j = 0,r. The determinant
Ag()) of s; does not depend on k and has the form

Bo(A) = (dN) = 2) [T 0s(T5, ) + DAY, (6)
where
d(A) = Co(To, A) + S5(To, A), (7)
Z@z (T3, A) H ;(T5, A)- (8)
J=1,j#i

The function Ay(A) is entire in A of order 1/2, and its zeros coincide with the eigenvalues
of the boundary value problem By. Solving the algebraic system s, by Cramer’s rule, we
get My;(\) = A7 (N)/Ao(N), s =0,1, j = 0,7, where the determinant Aj;()) is obtained
from Ag(A) by the replacement of the column which corresponds to M, () with the
column of iree terms. In particular,

AN o
Mk()\>__AO()\>7 k_17r7 (9)
where
Ap(N) = (d(N) = 28T, A) [ @i(T5 ) + De(MA(N), (10)
=1, j#k
Di(\) = Si(Tii, A H o) (T3 N) + Se(Ti, A) Y Gh(T ) H (T (11)
j=1,5#k i=1,i#k j=1,j#i,k

We note that Ag(\) is obtained from Ay(A) by the replacement of go,(:)(Tk,/\), v=0,1,

with S,i”)(Tk,A), v = 0,1. The function A,()) is entire in A of order 1/2, and its zeros
coincide with the eigenvalues of the boundary value problem By. The functions Ag(\)
are called the characteristic functions for the boundary value problems By.

Let us now study the asymptotic behavior of solutions of equation (1). Let
A= p? Imp > 0. Denote A := {p: Imp > 0}, A’° := {p: argp € [§,7 — J]}. For
each fixed j = 0,r on the edge e;, there exists a fundamental system of solutions of
equation (1) {ej1(xj, p),eja(xj, p)}, x; € [0, T3], p € A, |p| = p* with the properties:

1) the functions e§z)(xj,p), v = 0,1, are continuous for z; € [0,7}],

2) for each fixed z; € [0,7j], the functions eg.';)(wj,p), v = 0,1, are analytic for
Imp >0, |p| > p%;
3) uniformly in x; € [0,T}], the following asymptotical formulae hold

e\ (x5, p) = (ip)” exp(ipz)[1], €' (x;,p) = (—ip)” exp(—ipz;)[1], p € A, |p| = 00,(12)

where [1] =14 O(p™).
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Fix k = 1,7. One has

Opj(x5,N) = Ay (p)eji(a;, p) + A (p)eja(, p), x5 € [0,T5). (13)

Substituting (13) into (2) and (3) we obtain a linear algebraic system s) with respect to
Afi(p), v =0,1, j = 0,7. The determinant do(p) of s} does not depend on k and has the
form

do(p) =27 Ap(N), p €A, [p|>p".

Moreover,

do(p) = (T+2)exp<—ipZTj>[1]> pel, |p|— oo (14)

J=0

Solving the algebraic system s? by Cramer’s rule and using (12) and (14), we get
a .
A() = 1], Afulp) = T exp(ipT)l1], pe A ol € oo,

where ay, is a constant. Together with (12) and (13) this yields for each fixed z, € [0, T}):
O (21, A) = (ip)” "exp(ipzi)[1], pe A’ |p| = . (15)

In particular, My ()\) = (ip)~'[1], p € A, |p| = oo. Moreover, uniformly in x; € [0, T}],

S;V)(xj, ) = i((ip)”exp(ipxj)[l] — (—ip)”exp(—z’pxﬂ[l]), peN, |p|— o0, (16)

v 1 . v . . v .
(w3, 0) = 5 ((00)” explipz)[1] + (=ip)” exp(—ipz;)[1]), peA, |o| o0 (17)

Let us now we study properties of the spectra and the characteristic functions of Bj.
Let A0 = (p.)% k = 0,7+ 1, be the eigenvalues of the boundary value problems B,
with the zero potential ¢ = 0 and b = 0. Let A%(\) be the corresponding characteristic
functions. According to (6)—(8), (14) and (10)-(11) we have

AJ(N) = 2(cos pTy — 1) H cos pTj — sin pTy Z sin pT; H cos p1j, (18)
j=1 i=1 =1, j#i
. T T
A (N) = 2(cos pTp — 1)smp k H cos pT;+
P =1k
. T T T T

+s1np 0 (cos Py H cos pT; — sin pTj, Z sin pT; H coS ij) (19)

P j=1,j#k i=1,i#k J=1, j#ik

Denote 7 := Im p. It follows from (6)-(8), (10)-(11), (16) and (17) that for |p| — oo,

8000 = 850 + 0 (ol exp (171 73) ).

J=0

A = A3 + Ol oo (I 0T)). k=T (20)
j=0
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Using (18)-(20), by the well-known method (see, for example, [4]), one can obtain the
following properties of the characteristic functions Ay () and the eigenvalues Ay of the
boundary value problems By, k=0, 7.

1. For p € A, |p| — o0,

Bo(N) = O(exp (I i@)),

Ax(X) = O(Jol " exp (I7] in)), k=T

2. There exist h > 0 and Cj, > 0 such that

r

[Bo(N)] = Crexp (1713 T5),

J=0

Bk = Calpl Hexp (71X T3), k=To7
§=0

for |7| > h. Hence, the eigenvalues A\, = p2, lie in the domain |Im p| < h.

3. The number Ng of zeros of Ay(\) in the rectangle Il = {p : |Imp| < h,
Rep € [¢, £+ 1]} is bounded with respect to &.

4. Denote Gs ={p: |p—pon| =0 ¥ n =0}, 6>0. Then

1A0(N)] = Cs exp (|T| ZTj), p € Gs.
j=0

5. There exist numbers ry — oo such that for sufficiently small § > 0, the circles
|p| = rn lie in G4 for all N.
6. For n — oo,
pnk
Now the reconstruction of the characteristic functions from their zeros is studied.

Denote
A A £,
=4 . 21)
1 i A =0,
By Hadamard’s factorization theorem,
A — A
A = A =5 (22)
n=0 n
where
A = (1) (2o A2) (23)
ko Ok F A=0"
and s > 0 is the multiplicity of the zero eigenvalue. Let us show that
= A — A
Ar(\) = A ’fAOl . (24)
n=0 kn
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Indeed, by Hadamard’s factorization theorem,

Aen — A
AkH o, (25)

1
)\kn

where Ay # 0 is a constant, i, = A, if A, # 0, and A, = 1 if Ay, = 0. It follows
from (22) and (25) that

S - BP0 —0)

kfo

Using properties of the characteristic functions and the eigenvalues of By one gets for
negative A:

AN I Ain — A}
1 —1 1 (1 —”) —1
LSNTEY) N
and consequently,
Ay =AY H N
n=0 kn

Substituting this relation into (25) we arrive at (24).

Thus, the specification of the spectrum Ay = {\i.}n>0 uniquely determines the
characteristic function Ag()\) by (24), where A and {\)!} are defined by (21), (23),
(18), and (19).

2. Solution of the inverse problem
In this section we provide an algorithm for the solution of Inverse Problem 1 and
prove the uniqueness of the solution. First we consider auxiliary inverse problems.

Fix k = 1,r, and consider the following auxiliary inverse problem on the edge ey,
which is called IP(k).

IP(k). Given Mj()), construct gi(xy), zx € [0, T} and by.

In IP(k) we construct the potential only on the edge ey, but the Weyl function Mj()\)
brings global information from the whole graph. In other words, IP(k) is not a local
inverse problem related to the edge e;. Let us prove the uniqueness theorem for the
solution of IP(k).

Theorem 2. If M ()\) = M,(\), then qy(xy) = Gu(xzy) a.e. on [0,T}] and by, = by.
Thus, the specification of the Weyl function M, uniquely determines the potential g
on the edge e and by.

Proof. Let us define the matrix P*(xy, ) = [PF,(xx, A)]js=1.2 by the formula

p ) Prg(ap, \) Ok (Trs A) P(xg, A)
Ph(ay, 2) | Pl A) 4 = |7 , . 26
(@, A) O (T, A) - Pl (e, A) O (T A) - Pl (T, A) (26)

Then (26) yields

(T, ) = Pl (21, N @Br (21, N) + Pl (i, ) B (2, A). (27)
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Since (pg(xk, A), Prx(zx, A)) = 1, one has

Pl 0) = (=1 (ulon VO (@, ) = 6w Nl V). (28)
It follows from (15), (16) and (28) that
Plks(wkv )‘) = 515 + O(p_1)7 p e A67 |10| — 00, Ip € (07Tk] (29)

According to (4) and (28),

Phar A) = (10" ((0ul@n DSE @A) = 3 (00 2 Sulan, 1) )+

(M) = () p(an VB (@, 1)),

Since M ()\) = M;()), it follows that for each fixed x, the functions Pf (x4, \) are
entire in A of order 1/2. Together with (29) this yields Pf (z,\) = 1, Pf(2x, \) = 0.
Substituting these relations into (27) we get ypi(wx, A) = @r(ax, A) for all 4, and A, and
consequently, gx(zx) = Gr(x) a.e. on [0,7}] and by = bg. Theorem 2 is proved. O

Using the method of spectral mappings [2] for the Sturm — Liouville operator on the
edge e, one can get a constructive procedure for the solution of the inverse problem
IP(k).

Consider the following auxiliary inverse problem on the edge ey, which is called
IP(0).

IP(0). Given d(\), h()), ©, construct go(zo), o € [0, Tp)].

This inverse problem was studied in many papers (see [5] and the references therein).
For convenience of the readers we describe here the solution of IP(0). We remind that
d(/\) = C()(To,)\) + Sé(T(),)\), H()\) = Co(To,A) — S(/)(To,A), Wy = Sigl’l H(I/n), where
{Un}n>1 are zeros of h()\). Clearly,

S(/](T07 Vn) = (d(yn) - H(Vn))/z (30)
Since (Co(Th, A), So(Th, A)) = 1, it follows that
H?(\) — d*(\) = —4(1 + C{(Ty, ) h(N)),

and, consequently,
H(v,) = wp/d?(vy) — 4. (31)

To
Denote a,, ::/ S2(t,v,) dt. Then
0

. : dh(\

= h(v,)Sy(To, vn),  h(N) := % (32)
The data {v,,a,},>1 are called the spectral data for the potential ¢o. It is known
(see [1,2]) that the function ¢y can be uniquely constructed from the given spectral data

{Vn,an}n>1. Thus, IP(0) has been solved, and the following theorem is valid.

Theorem 3. The specification of d(\),h()\),S) uniquely determines the potential
qo(xo) on [0,Ty]. The function qy can be constructed by the following algorithm.
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Algorithm 1. Given d()\), h()), Q.

1. Find {v,},>1 as the zeros of A(\).

2. Calculate H(v,) by (31).

3. Find S{(To, v,,) by (30).

4. Calculate {«a, },>1 using (32).

5. Construct ¢o from the given spectral data {v,,a,},>1 by solving the classical
inverse Sturm — Liouville problem.

Let us go on to the solution of Inverse Problem 1. First we give the proof of
Theorem 1. Assume that A, = Ay, k = 0,7, and Q@ = Q. Then Ay(\) = Ay(\), k=0,r.
By virtue of (9) this yields M(\) = My(\), k& = T,r. Applying Theorem 2 for each
fixed £ = 1,r, we obtain

qk(xk) = dk(xk) a.e. on [0, Tk], bk = Bk, k= 1,_7’,

and, consequently, Ci(z4,A) = Cr(wp, N), Sk(zr, A) = Silzr, N), k = T, 2 € [0,T).
Taking (6) and (10) into account we deduce d(\) = d(A\), h(A) = k(). Since Q = Q,
it follows from Theorem 3 that go(xo) = Go(zo) a.e. on [0,7}], and Theorem 1 is proved.

The solution of Inverse Problem 1 can be constructed by the following algorithm.

Algorithm 2. Given A, k = 0,7 and .

1. Construct Ag(N), k =0,r by (24), where A} and {\}} are defined by (21), (23),
(18), and (19).

2. Find My(\), k= 1,r via (9).

3. For each fixed k = 1, r, solve the inverse problem IP(k) and find gx(z), zx € [0, T}
on the edge e, and by.

4. For each fixed k = 1,r, construct Cy(zx, A), Sk(zx, ), 1 € [0, T}].

5. Calculate d(\) and h(X) using (6) and (10).

6. Construct go(xo), zo € [0, 7] from d(X\), h(N), Q2 using Algorithm 1.
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