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Abstract. In this paper, we consider the discrete kinetic Broadwell
system. This system is a nonlinear hyperbolic system of partial
differential equations. The two-dimensional Broadwell system is
the kinetic Boltzmann equation, and for this model momentum and
energy are conserved. In the kinetic theory of gases, the system
describes the motion of particles moving on a two-dimensional

plane, the right-hand side is responsible for pair collisions of
particles. For the first time, new traveling wave solutions are
. J

found using the exp(—¢(&))-expansion method. This method is
P H as follows. The solution is sought in the form of a traveling
wave. In this case, the system is reduced to a system of ordinary

Hayl__”_lblm differential equations. Further, the solution is sought according to
this method in the form of an exponential polynomial, depending

OT,EI,eﬂ on an unknown function that satisfies a certain differential
equation. Solutions of the differential equation themselves are

\ < - J known. The summation is carried out up to a certain positive
number, which is determined by the balance between the highest
b linear and non-linear terms. Further, the proposed solution is

substituted into the system of differential equations and coefficients
at the same exponential powers are collected. Solving systems
of algebraic equations, we find unknown coefficients and write
the original solution. This method is universal and allows us
to obtain a large number of solutions, namely, kink solutions,
singular kink solutions, periodic solutions, and rational solutions.
Corresponding graphs of some solutions are presented by the
Mathematica package. With the help of computerized symbolic
computation, we obtain new solutions. Similarly, it is possible to
find exact solutions for other kinetic models.
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AnHoTramusa. B cratbe paccMoTpeHa AMCKpeTHasi KMHeTHYeckas cucteMma bponpyanana. lannas
CUCTEeMA fIBJISETCS HeJHHEHHOU runepOoJMUeCcKOl CUCTEMOH YpaBHEHHWH B YaCTHBIX MPOU3BOAHBIX.
JlBymepHasi cuctema bponyanna npencrasisieT co6oi KMHeTHUecKoe ypaBHeHHe BosblMmaHa, U mas
3TON MOJENH UMITYJIbC U SHEPTUS] COXPAHAIOTCS. B KHHeTHYeCKOH Teopuy rasoB CHCTEMa OMHCHIBAET
ABHMKEHHe 4aCTHL Ha ABYMEepPHOH IMJIOCKOCTH, NIPU TOM IpaBas YacTb CUCTEMbl OTBeuYaeT 3a MapHble
CTOJIKHOBEHHsI 4acTHLl. BriepBble HOBble pellleHHs1 Oerylileil BOJHbI HalAeHBl C UCIONb30BaHUEM
metona exp(—¢(&))-pasnoxenus. JlaHHble METOL COCTOMT B cJefyiolleM. PellleHue HlleTCs B BUe
Oeryluell BosIHEL. B 3TOM ciydae cucTeMa CBOAMTCS K CHCTeMe OOBIKHOBEHHbIX AU(QepeHLHalbHbIX
ypaBHeHuH. [lajsee pelleHHe HIIETCS COIVIACHO JAHHOMY METONY B BHJe IOJMHOMA IO 3KCIOHEHTaM
(cymMMa psina), 3aBUCSIIIEr0 OT HEM3BECTHOH (DYHKIIMH, KOTOpasi yIOBJETBOPSIET OIMpeAeJeHHOMY
aupdepeHLHalbHOMY ypaBHeHHIO. [Ipu 9TOM HM3BeCTHBI caMu pelleHUs IU(QepeHLHaNbHOr0 YpaB-
HeHusl. CyMMHUpOBaHHe BeleTCs 10 KOHKPETHOrO MOJIOXKHTENbHOr0 YUC/a, KOTOpOoe orpeje/seTcs
nocpeAcTBOM GasaHca MeXIy HauBBICIIMMHU JHHEHHBIMH U HeJIMHEHHbIMHU ujieHaMu. Jlanee mpen-
noJjlaraeMoe pelleHue MOACTAaBJseTCS B CUCTEMY AU(pdepeHIHaNbHbIX YPABHEHUH U COOMPAIOTCS
KO3((UIUEHTH NPU OJMHAKOBBIX CTeNeHsIX 3KCMOHeHT. Pelnas cucrembl ajnre6paniyeckux ypas-
HEHHH, Mbl HAXOAUM HeH3BeCTHble KOI(D(PHUIHMEHTH U 3aMUChIBAEM HCXOAHOe pellieHue. J[aHHBIN
MeToJ, SIBJISIeTCSl YHUBEPCAJbHBIM U M03BOJISIET MOJYYHUTb OOJbLIOE YUCJO pelleHHH, a UMEHHO
KHHKOBbIE, CHHTY/ISIDHBlE KMHKOBBIE, [IepHOJMYeCKHe W pallhoHasbHble peleHUs. COOTBETCTBYIOLIME
rpaMKy HEKOTOPBIX pelleHHH MpeacTaB/eHbl NoCpeacTBOM naketa «Matematukas. C MoMOILbIO
KOMIIbIOTEPHBIX CHMBOJIbHBIX BBIUHCJIEHHH MOJY4YeHbl HOBble pellleHHs. AHaJOrHYHbIM 06pa3oMm
MOXXKHO HAaHTH TOYHBbIE pelleHHs 1Js APYTHX KMHETHUECKHX MOJeJeH.

KaroueBble cioBa: 1ByMepHas cucreMa bpoapyasna, pewenus Geryiieil BOMHbI, aHAJUTHUECKUH
MeTOfl, KUHeTH4YecKoe ypaBHeHHe BosblMaHa, mapamerp Kuyncena
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Introduction

Consider the two-dimensional Broadwell system [1,2]:

1
Ou+ Opu = —(wz — uv),
5
1
0w — 0pv = —(wz —wv), z,yeR, >0,
€
. (1)

Orw + Oyw = g(uv —wz),
1
Oz — Oyz = g(uv —wz).

Here u = u(x,y,t), v = v(z,y,t), w = w(z,y,t), 2 = z(z,y,t) are the densities
of four groups of particles with velocities (1,0,0),(—1,0,0),(0,1,0), (0,—1,0), € is the
Knudsen parameter from the kinetic theory of gases. This system describes a rarefied
gas consisting of four groups of particles. The interaction is as follows. The Broadwell
system describes particles of four groups, namely, the first group of particles moves at
a unit speed along with the axis Ox, and the second group moves at a unit speed in
the opposite direction. The third and fourth groups move in a similar way. Particles of
the first and second groups colliding cause a reaction that transfers into particles of the
third and fourth groups. In turn, particles of the third and fourth groups transfer into
particles of the first and second groups.

There are many methods for finding exact solutions such as the sine-cosine [3,4], the
exp(—p(§))-function method [5], the G'/G-expansion method [6], the generalized G'/G-
expansion method [7], the homogeneous balance method [8,9], the Riccati—Bernoulli
sub-ODE method [10, 11], the Jacobi elliptic function expansion method [12], the Exp-
function method [13, 14], the Kudryashov method [15], the first integral method [16]
and others. The Broadwell system is a non-integrable system, i.e. the Painlevé test is not
applicable. In [17], exact solutions of the Carleman system with conformable derivative
were obtained via the generalized Bernoulli sub-ODE method. In [18,19], the authors
found solutions of kinetic systems using the Bateman equation. Asymptotic stability
of equilibrium states for the Carleman and Godunov-Sultangazin systems was proved
in [20,21]. We, for the first time, will get solutions using the exp(—p(§))-expansion
method.

1. Description of the exp(—¢(¢))-expansion method
Consider a given nonlinear equation
E(u, ug, Uy, Uy, Ugt, Uy, -..) = 0, (2)

where u = u(x,y,t) is an unknown function. We will look for a traveling wave solution
E=kax+ly+ct, u=U(E). Then (2) is reduced to the ordinary differential equation:

E(U, U, kU WU KIU", KU, ...) = 0. (3)
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According to the exp(—¢(§))-expansion method, a solution is sought in the form

U(¢) = Za exp(—ip(§)), (4)

where ay # 0 and (&) satisfies the ODE in the following form

¢'(€) = pexp(p(§)) +exp(—p(€)) + A (5)

The solutions of Eq. (5) have the following form:
1) when pu # 0, A2 —4p > 0:

_ —\/A2—4utanh(V/\22_4”(£+C’))—)\
p(€) =n - , )
and
(= = prcoth (VR (€4 0)) =
P& =In - , )
2) when pu #0, A2 —4p <0
(VI
— A2 tan —
w@=m< o e @+Q)A>, ®
and
37 oy (VI
- A C))—A

3) when p=0, X#0, M —4u>0:

A
0= oy oy =) 1o

4) when #0, N#0, N2 —4pu=0:

o6 = (2SO, (1)
5) when u=0, A=0, M2 =4y =0:
P =In(£+C), (12)

where C' is an integrating constant.
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The positive integer N is determined by a balance between the linear term of the
highest order and the highest order nonlinear term. Substituting (4) into (3) and equating
coefficients at exp(—ip(£)),i = 0,1,2,..., to zero, we obtain a system of algebraic
equations. Then we find the unknown coefficients and write our solutions.

2. Application of the exp(—¢(¢))-expansion method

We use the transformation
u=U(¢&), v=V(), w=W(), z=2Z(¢&), &=kx+ly-+ct.

Then the system has the form

U'(c+ k) = aWZ—UV%
Vie—k) = ~(wz - Uv),

: (13
W(e+1) = ;UV-W@%

Z@—UZEWV—WZ)

We apply the following expansions by the exp(—y(§))-expansion method

Z a; exp(—ip(§ Z b; exp(—ip(&

(14)
Zcz exp(—ip(€ Zd exp(—ip(&
where N, M, P, L are positive integers.
Balancing between U’ and UV yields M = 1. Similarly, we have
M+1=N+M, P+1=P+L, L+1=P+1L,
so that N = P =L = 1. Then we seek the solution of (13) in the form
U=ag+aexp(—¢(§)), V =bg+ byexp(—¢(&)), (15)

W =co+crexp(—¢(§)), Z =do+ dyexp(—o(§)).

Substituting (15) into (13) and collecting coefficients of the order of exp(—ip(£)),
i=0,1,2,..., we have

a1 by +aobl ci1do cody

— — —chay — kday =0,
€ € € €
al—bl—%—cal—kal:(), (16)
€ €
ao—bo—%—cual—k‘,ual—o,
€
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and
albO + CLobl _ Cldo _ Codl — C)\bl + k)\bl = Oa
€ € € €
abt _adi L —o, (17)
g g
b d
M_M—cubl—i—kﬂh =0,
£ g
and
_albo _ aobs + cido + coch —cAep — ey =0,
€ € € £
b d
SRR e — e =0, (18)
£ 9
b d
_ %% | %% _ ey — lpey =0,
£ g
and
b b | cido | cod
_alo_a01+clo+coI—C/\d1+l>\d1:0;
€ € € <
b d
_abad e o, (19)
£ £
aobo COdO

+ — —cpdy + lpd; = 0.
£ £

Solving together (16)—(19) by the Mathematica package, we obtain

bo(c® — k2 (c(co +do) + (co — d0)1> (B2 — 12) + B (c — k)(c2 — I2)(k? — I2)

A= bo(c2 — k2)(c2 — 12) (k2 — 12)e
)

+

(c+ k) (A —12) (codo(k:2 ) 4 (2 — B2 - 52)g2u>

* bo(c2 — K3)(2 — ) (K2 — IP)e ’

_codo(K* = 1?) + (¢ — k) (¢ — 1P)e*p

o= bo (k2 — I2) ’
(c—k)(*—1*)e (* =k (c+ e
a]. = k2 _ l2 ) d]. = - kz _ l2 )
(2 =Kk (c—1)e (c+k)(?—1%)e

by = by, co=co, do=dp.

The exact solutions of the system (1) are:

Maremarnka 9
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1) when pu#0, A2 —4u >0,

uﬂazcmak—w> < 1§Xc—Z>M

N l2 <\//\27tanh /\22_4# &+ C)) + A

c—i—k (2 —1%)e
v (€) = bo — T

<\/A2 ptanh (Y2 4“(54—60)4—A

(¢ —k2 (c—1)e
wi(§) = co+ _12

(Mv o tanh ( i4W§+CD+A
(2= k> (c+1)e ( 2u
W VA —4ptanh(” 5 (£+C))+)\

where £ = kx + ly + ¢t and C' is an arbitrary constant;
2) when pu# 0, A2 —4u <0,

codo(k* — 52) ( —k*)(® —P)’n

21(5) = d() -+

il;l ( 4p—N2 )’ (24)
4p — A2 tan ( ’; E+C)) =

l€) = by + LN fé%g ( . >, (25)
4p — X2 tan ( ’;_ E+0C)) =

W—WW+Z< 2p )
22(§) = do — T 72 . (27)
0 K21 I — N tan (Y222 4 0)) — A
where £ = kx + ly + ¢t and C' is an arbitrary constant;
3) when =0, A #0, A\ —4u >0,
_codo(B*=1?) + (=K (=) n (c—k)(*—1P)e A
e = (k) - m e (o) o
B (c+k)(c?—1?)e A
w0 =i+ S (e er) =
_ (2 —k*)(c—1e A
6 =0 (o) 0
B (2= k*)(c+1)e A
0= - S (o) oy

where ¢ = kx + ly + ¢t and C' is an arbitrary constant;
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4) when p # 0, N #0, \2 —4pu =0,

codo(K*—12)+(2=k*)(A=1%)e*u  (c—k)(*=1*)e ( N(E+O) ) (32)

uy(§) = bo(k2—12) N k2—12 2\ (E+0)+2)

B (c+ k) (= 1%)e N(E+C)

va(&) = bo - k2 — 12 (2()\(5 +C)+ 2))’ (33)
(¢ —k)(c—De [ N(E+CO)

@) =t (%M§+oy+m)’ (59
(2 —Ek*)(c+1)e N(E+C)

a(§) =do+ 55 (2(A(§+C)+2)>’ (35)

where £ = kx + ly + ¢t and C is an arbitrary constant;
5) when p=0, A=0, \2 -4y =0,

_ Codo(kQ . 12) 4 (62 . k’2)(62 . l2)€2,u (c— k)(CQ — 12)5 < 1 )’ (36)

) bo(K2 — ) TTe—e \g+o

A
B (2 —k*)(c—1)e 1
un(©) =0 - T (), (39)

where ¢ = kx + ly + ¢t and C is an arbitrary constant.

3. Graphs of the obtained solutions

Here we will plot some graphs of the obtained solutions. Equation (20) represents the
kink wave. Figure 1 shows the exact 3D kink-type solution of equation (20) for by = 1,
e=1lLc=1Lk=21=3,¢g=1,dy=1, p=1,C=1and —10 <z < 10, 0 <t < 10.

-10 5 \ 5 10

Fig. 1. Kink solution of u;(§) forbp =1, e=1,¢=1,k=2,1=3,¢o=1,dg=1, p=1,C = 1.
The left figure shows the 3-D plot and the right figure shows the 2-D plot for t =0
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Equation (24) represents the periodic traveling wave solution. Figure 2 shows the
exact 3D periodic solution of equation (24) for by =3, e=1,c=1,k=2,1=3, ¢y = 2,
dy=1,p=1,C=1and —10 <z <10, 0 <t < 10.

Equation (28) represents the singular kink solution. Figure 3 shows the exact 3D
singular kink solution of equation (28) for by = —-1,e=1,c=—-1,k=3,1=2, ¢ = 3,
do=1, u=0,C=1and —10 <z <10, 0 <t < 10.

Fig. 2. Periodic wave solution of ug(&) for by =3, e =1, ¢c=1, k=2,1=3, cg = 2, dy = 1,
uw =1, C = 1. The left figure shows the 3-D plot and the right figure shows the 2-D plot for t =0

-10 -5 \ b) 10

Fig. 3. Singular kink solution of ug(§) for bjp = -1, e =1,c=-1,k=3,1=2, ¢g =3, dp = 1,
w =0, C = 1. The left figure shows the 3-D plot and the right figure shows the 2-D plot for t =0

Conclusion

In this work, we have found the exact traveling wave solutions of the kinetic Broadwell
system by using the exp(—¢(&))-expansion method. All of the above solutions have been
verified using the Mathematica package. In the future, the solutions of the remaining
kinetic models will be found.
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