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Abstract. The paper considers a shape-constrained optimization
problem of constructing monotone regression which has gained
much attention over the recent years. This paper presents the
results of constructing the nonlinear regression with 3-monotone
constraints. Monotone regression of high orders can be applied in
many fields, including non-parametric mathematical statistics and
empirical data smoothing. In this paper, an iterative algorithm
is proposed for constructing a sparse 3-monotone regression, i.e.
for finding a 3-monotone vector with the lowest square error of
approximation to a given (not necessarily 3-monotone) vector. The
problem can be written as a convex programming problem with
linear constraints. It is proved that the proposed dual active-set

PAS J . ; . . .
ﬁ algorithm has polynomial complexity and obtains the optimal
— solution.
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AnHoTanusa. B cratbe paccmarprBaeTcs 3aiada ONTHMH3aLUHU C OTPaHUYEHUAMHU Ha (HopMy aJis
MOCTPOEHHUs] MOHOTOHHOH perpeccHH, KOTopasi B TOCJeIHHe TOfbl TPHUBJeKaeT GOJblIoe BHUMA-
HUe HuccyeoBaTeseld. B cTaThe mpencTaBsieHbl Pe3ysbTaThl OCTPOEHUs HEJHHEHHOH perpeccuu ¢
3-MOHOTOHHBIMH OrpaHHUYeHHsIMH. MOHOTOHHASI PErpeccHsi BBICOKUX TOPSIAKOB MOXKET MPUMEHSIThCS
BO MHOTMX 00J1aCTsSIX, BKJIOUasi HeMmapaMeTPUUECKY0 MaTeMaTHYeCKYI0 CTATHCTHKY U CryIaXKUBaHUe
IMITUPUUECKUX AaHHbIX. [IpenaraeTcs UTepalMOHHbBIH aArOPUTM MJisl OCTPOEHUS pa3perKeHHOH
3-MOHOTOHHOH perpeccHH, T.e. IJIsl HAX0XKIEeHHS] 3-MOHOTOHHOTO BEKTOpa C HaWMeHbllleld KBaapa-
THUYHOU OLIMOKON MPUONHKEHHs K 3aJaHHOMY (He 00s13aTesIbHO 3-MOHOTOHHOMY) BeKTOpY. 3ajzauy
MOXKHO 3amucaTb KaK 3aauy BBIMYKJOIO MPOrPaMMHPOBAHHUSI C JHMHEHHBIMH OrpDaHHUUEHHSIMH.
JlokasaHo, 4TO MpeasOXKEeHHBIH ABOHCTBEHHbBIH aJrOPUTM Ha OCHOBE MCIOJb30BAHHSI aKTHBHOTO
MHOXKECTBA HMEET MOJIMHOMHANBHYIO CI0XKHOCTh U [aeT ONTUMAaJjbHOe pelleHHe.
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Introduction

Let 2 = (z1,...,2,)7 € R™ be the vector of a given function values taken at some
points = (z1,...,2,)7 € R", n € N. Denote A; = ;41 — 25, i = 1,2,...,n — 1. Then
the k-th order finite difference operator A* (for k > 1) is defined recursively as follows:
B 1
k-1

> Aiyj
7=0

AF 2 (Ak_lZiJrl — Ak_lzi) ;

where Az, =z2,i=1,...,n.
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We will call the vector z = (21,...,2,)7 € R™ as k-monotone with respect to
= (z1,...,2,)7, il AFz; >0 foralli=1,...,n— k.

The shape-constrained problems in statistics (the task of finding the best fitting
monotone regression is one of them) have attracted much attention in recent decades [1,2].
The most studied has been the problem of constructing monotone (or isotonic) regression,
i.e. the task of finding the best fitted non-decreasing vector to a given vector. One can
find a detailed review of isotonic regression in the work of Robertson and Dykstra [3,4].

k-monotone regression is the extension of monotone regression to the general
case of k-monotonicity. Both isotonic and k-monotone regression may be applied in
many fields, including non-parametric mathematical statistics [1, 5], the empirical
data smoothing [6-8], the shape-preserving dynamic programming [9], and the shape-
preserving approximation [10, 11]. Moreover, k-monotone sequences and vectors are also
used in solving various mathematical problems [12-15].

In this paper, we will use the idea of a dual active-set algorithm that proposes and
analyzes regularized monotonic regression in the paper [2]. It should be noted that some
algorithms for constructing k-monotone regressions were considered in papers [16, 17].

Denote A%} the set of all vectors from R", which are 3-monotone. The task of
constructing 3-monotone regression is to obtain a vector z € R™ with the lowest square
error of approximation to the given vector y € R (not necessarily 3-monotone) under
condition z € A%:

z=9"'(z—y) =D (s—y)° = min . (1)
= ZEAL ()
In this paper we propose a dual active-set algorithm for constructing 3-monotone
regression and prove that the algorithm has polynomial complexity and obtains the
optimal solution.

1. Preliminary analysis

The problem (1) can be rewritten in the form of a convex programming problem with
linear constraints:

1
F(z)= §sz —yT2 = min, (2)

where the minimum is taken over all 2z € R™ such that

i+2
gi(z) == — (Ai—i—lAi(Ai—H + A)zips — Di(Airo + Ai) (Z A; ) Ziyot

i+2
+A (A + 4A)) (Z Aj) Zig1 — DipaDNip1 (Do + Ai+1)2i> <0, (3)
j=i
for 1 <i < n—3. Problem (2)-(3) is a quadratic programming problem and is strictly

convex, therefore there is a unique solution for it.
Let Z be the global solution of the problem (2)-(3), then there is Lagrange multiplier
p=(u1,..., o3’ € R"3 such that

z) + ZMV%(Z) =0, (4)
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gi(2) <0, 1<i<n-—3, (5)
i =0, 1<i<n—3, (6)
wigi(z) =0, 1<i<n-—3, (7)

where Vyg; is the gradient of the function g;.

The equations (4)-(7) are the Karush — Kuhn — Tucker conditions. From (4) it follows
that

n

! Z — )’ + Z ,Uz( N1 Ai(Aipr + Aj)zigs+

+2 +2
+A;(Ajro + Ajtq) <ZA > Ziva — Dipa (A1 + A) (ZA ) Zit1+

+Ai 2 A1 (A + Ai-i—l)'zi)

0
87:]

=0, 1<j<n-3

2. A dual active-set algorithm for 3-monotone regression

In this subsection, a dual active-set algorithm is proposed. It will be shown that it
possesses the following useful properties:

— the number of operations required to complete the algorithm for a given input
y from R" is O(n*) for some non-negative integer k, i.e. it has the polynomial
complexity;

— the solution is optimal (the Karush — Kuhn — Tucker conditions are fulfilled).

The proposed algorithm uses as so-called active set. The active set S consists of

blocks of the form [I,r — 3] C [1,n — 3|, such that [l,r —3] C S,l—1¢ S,r—2¢ S, and
S = [11,7’1] U [l27 TQ] U---u [lm—la Tm—l] U [lmvrm]a
where I; > 1, r,, <n — 3, and m is the number of blocks. If r; = [; then the ¢-th block

consists of only one pomt.

At each iteration of the algorithm, the active set S C [1,n — 3] is chosen and the
corresponding optimization problem is solved

- Z 2 5 min, (8)

where the minimum is taken over all z € R" satisfying

i+2
A1 Di(Aipr + D) zips — Ai(Aipa + D) (Z A; ) Zito+

i+2

A2 (Aig1 + A) (ZA ) Ziv1 — DipaDNiy1 (Dipo + A1)z =0, Vie S, 9)
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THE DUAL ACTIVE-SET ALGORITHM FOR 3-MONOTONE REGRESSION
begin
- Input data y € R™ - Active set S = & - Initial approximation z(S) = y while
2(S) ¢ A} do
- Change the active set S <~ SU{i: ¢i(2(S)) > 0} - We solve the problem
(8)—(9) using values from the active set S - Rewriting the vector z(.5)
end
- Returning the solution z(.S)
end

The computational complexity of the dual active set algorithm for 3-monotone
regression is O(n?). It follows from two remarks:
— at each iteration of the algorithm, the active set S attaches, at least, one index
from [1,n — 3], which means that the number of the while loop iterations can not
be greater than n — 3;
— the computational complexity of solving the problem (8)-(9) is O(n?).

3. The convergence and optimality analysis of the dual active set
algorithm

We need the following auxiliary lemmas, the proof of which can be obtained similarly
to the proof of the corresponding lemmas in the paper [16].

Lemma 1. Let z be a global solution to the problem (2)-(3). Then the Lagrange
multipliers p = (py,. .., n—3)? € R"73, identified in (4)-(7), are calculated as follows:

i+2
(A + Aiq) Z Aj
Zi — Yi J=i

i = — +
H VAVETYAVERY (A VEU'S i V'S IERVA VI VA VR | (A VRIS SA VIR

AVEDYAVERI PAVED RS AF&;)M ,
Ao (Djpa + Apq) 7

(Ajprfricnr — Dj_opti—o)+

1<i<n-—3, (10)

and p; =0 Vi < 1.

Lemma 2. Let 1 € S i.e. A%y, <0 and suppose that 2,3,4 ¢ S. Let 2y, zo, 23, 24 be
the values of linear regression, built on pairs of values (x1,y1), (T2,Y2), (3,Y3), (T4, Ys)-
Then the values of the corresponding Lagrange multipliers (10) will be non-negative.

Lemma 3. Let at some iteration of the algorithm the pairs of wvalues
Y ={(x1,21), -, (¥hs1,2611)} Such that [1 : k—3] C S, A3z, <0 forallie[l:k—23]
and k — 2,k —1,k,k+1¢S. Let 29 e [1: k| be an optimization problem solution

7 2
k

! Z(Q — 2)? — min,

2 4
=1

where the minimum is taken among all values ¢ € RF satisfying ¢:(() = 0 for all
i € [1:k— 3], where g;(¢) is defined in (3). Moreover, suppose that g,_»(2")) < 0 i.e.
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(1)

7 2

T2 will be added to the active set S at the next iteration of the algorithm. Let z
i €[1:k+ 1] be an optimization problem solution

k+1

%Z(Cz - Zi)2 — min,

i=1
where the minimum is taken among all values ¢ € R¥*! satisfying the equality g;(¢) = 0
forallie[1:k—2]. Then foralli=1,2,... k—2 get
ut >0,
a

i

I IO R

where \") is Lagrange multiplier for 2 and p(", = iV = iy =

Theorem 1. For any initial S C S*, the algorithm converges to the optimal solution
of the problem (1) in, at most, n—|S| iterations. Where S* is the active set corresponding
to the optimal solution and n is the dimension of the problem.

Proof. The algorithm is designed in such a way that, at each iteration, the active
set S is expanded by attaching at least one index point from [1,n — 3|. This point should
not previously belong to the set S. In the case of S = [1,n — 3], the number of blocks is
equal to 1 and the input vector is already 3-monotone. Another case is |S| < n — 3. Then
the number of iterations must be less than n — |S| where |S| is the number of indices in
the initial active set S.

If the point 7 has a negative value of the third-order finite difference A3z; and is
isolated (i.e. i —3,i — 2,0 —1,i+1,i+2,i+ 3 ¢ S) then the dual active set algorithm
replaces z;, zi11, Zit2, zir3 With the values of linear regression constructed by the points
(x4, 2i)s (Tiz1, Zit1), (Tive, Ziva), (Tivs, ziv3). This situation is considered in Lemma 2 in
which is proved that the values of the corresponding Lagrange multipliers are non-
negative.

Another case we should analyse is the case when the violation of 3-monotonicity
occurs at several consecutive k£ > 1 neighboring points, which can be written as follows

APz <0, =1,... .04k and A%z_5, APz_o, N2 1 > 0, A2 py1, A2 pia, A2igpys > 0.
In this case, the algorithm replaces values z;, z;11,..., 21513 With the values of a
linear regression constructed by the points (z;, 2;), ..., (Zitk+3, Zi+k+3). This situation

is considered in Lemma 3 which shows that the values of the corresponding Lagrange
multipliers are non-negative.

In the same way, in this theorem, the non-negativity of the Lagrange multipliers can
be proved in other cases. U

Conclusion

The paper presents the algorithm for constructing optimal 3-monotone regression
based on an active set. This algorithm has already been applied when constructing
regression of other orders and with a constant distance between values [16]. At each
iteration of the algorithm, it first determines the active set and then solves a standard
least-squares subproblem on the active set with a small size, which exhibits a local
superlinear convergence. Therefore, the algorithm is very efficient when coupled with
parallel execution. The classical optimization algorithms (e.g. coordinate descent or
proximal gradient descent) only possess sublinear convergence in general or linear
convergence under certain conditions.
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