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AnHotauus. [IpencraB/ieH psil BePXHUX U HHXKHHMX OLEHOK MJISi PACCTOSTHHE MO BapHaLlUK MeXIy
HauboJsiee MOMYJNSPHBIMH pacrlpefie/leHUsIMU BepOSITHOCTeH. B uyacTHOCTH, MPUBOASTCS OLEHKH
pacCTOSIHUH 110 BapHallMKd MeXIy OJHOMEPHBIMU rayCCOBCKUMH, MEXIY ABYMS MyacCOHOBCKHUMH,
MeX1y NByMsi OMHOMHAJbHBIMH pacrpelneseHUs MU, MeXAy OWHOMHUAJNbHBIM U MyacCOHOBCKHUM
pacrpeneseHUsIMA U MeXIY [IBYMsl HeraTHBHbIMH OWHOMHAJbHBIMH pacrpeleseHUsiMU. Takxke
uccnenyercst paccrosiue Kosmoroposa — CMupHOBA.

KuioueBble cjoBa: pacrpesiesieHHe BepOSITHOCTEH, PacCTOsIHUE BapHalWH, HepaBeHCTBO [IHMHCKepa,
HepaBeHcTBa Jle Kama, paccrosinusi Mexay pacnpenesneHUsIMU
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Introduction

A tale that becomes folklore is one that is passed down and whispered around. The
second half of the word, lore, comes from Old English lar, i.e. 'instruction’. Different
bounds for the distances between the most popular probability distributions (see [1])
appear in many problems of applied probability. Unfortunately, the available textbooks
and reference books do not present them in a systematic way. In this short note, we
make an attempt to fill this gap.

Let us remind that for probability measures P, Q with densities p, ¢

TV(P.Q) = sup [P(4) = QUA) = 5 [ Ip(w) — a(wldu.

ACRA 2

Let us remind the coupling characterization of the total variation distance. For two
distributions P and Q, a pair (X,Y") of random variables defined on the same probability
space is called a coupling for P and Q il X ~P and Y ~ Q.

One of the useful facts is that there exists a coupling (X,Y’) such that P(X #Y) =
= TV(P, Q). Therefore, for any function f, we have P(f(X) # f(Y)) < TV(X,Y) with
equality iff f is reversible.

1. Gaussian distributions

The total variation distance between one-dimensional Gaussian distributions is equal
to

7 =7(X1, X3) = TV(N (1, 07), N(p12, 03))
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and it depends on the parameters A = |§|, with § = y; — po, and o?, o3

1
300 min [1, max|

lo? — o3| 40A ]<T< 3lo? — o3 N A

2

min[o?, 03] min|oy, 9] T 2max[o?, 03] 2max(oy, 05)

In the case o} = o7 the following identity holds: 7= ®(£) — 1.

1.1. Pinsker’s inequality

In the general case, the upper bound is a version of Pinsker’s inequality [2] for
T(Xl, XQ) = TV(Xl,XQ)I

7(X1, Xo) < min{1, /KL(Px,|[Px,)/2}, (1)
where ) ) )
1 /0o A o
KLPy |Px)=-( =2 —-14+= —In22).
PP =3 (Z -1+ 5 -0 2)

For multidimensional Gaussian case

KL(Px,|[Px,) = = (tr(S7'S, — I) + 6"S7'6 — Indet (5,57 1)) .

N | =

Let us prove the Pinsker’s inequality (1).
We need the following bound

|x—1|<\/(§+2§) o(x), ox)=xlnzr—2x+1. (2)

[f P and Q are singular, then KL = oo and Pinsker’s inequality holds true. Assume P
and Q are absolutely continuous. In view of (2) and Cauchy — Schwarz inequality

1 1 P
7(X,Y) :§/|P—Q| :§/C]|5_1|1{q>0} <

A ()] (o)
= G/pln(g)l{qw}})m = (KL(P||Q)/2)"/.

To check (2) define g(z) = (z — 1)? = (5 + %) ¢(z). Then g(1) = ¢'(1) =0, ¢"(z) =

= —4@& < 0. Hence,

T

1)? = —%(m —1)*<0.

6¢
Remark. Mark S. Pinsker was invited to be the Shannon Lecturer at the 1979 IEEE
International Symposium on Information Theory, but could not obtain permission at that

time to travel to the symposium. However, he was officially recognized by the IEEE
Information Theory Society as the 1979 Shannon Award recipient.

9(z) = 9(1) + () — 1) + 24"(E) (x —
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1.2. Le Cam'’s inequalities

Le Cam’s inequalities were presented in [3] for Hellinger distance defined by

o) = o (i@ V@ﬂwﬂmym

as follows:
1/2

n(X,Y)? <7(X,Y) <n(X,Y) (2 -n(X,Y)?)
For one-dimensional Gaussian distributions we get
V20102 ity
——e¢ itz
Vol + o3

Let us present the proof of Le Cam’s inequalities (3).

From 7(X,Y) = 3 [|p — ¢/ = 1 — [min[p,¢] and min[p,q] < /pg, it follows
T(X,Y) > 1— [/pg = n*(X,Y). Next, [min[p,q] + [max[p,q] = 2. Therefore, by
Cauchy — Schwarz inequality we get

(/) - (] 555 < i it
= [winlp.a) (2 [ miniq)).

(1-n(X,Y)?)? < (1 —7(X,Y))(1 +7(X,Y))

(3)

n(XaY)Q =1-

Hence, it follows from

that
1/2

T(X> Y) < 77(X> Y) (2 - 77(X> Y)Q)

2. Poisson and binomial distributions
2.1. Two Poisson distributions

Let X; are Poisson distributed random variables, i.e. X; ~ Po();), where 0 < A\; < Xs.
Then the distance between two Poisson distributions is

A2
T(Xl,xg):/A P(N(u) =1 — 1)du < min [Ag Al,\/g(\/fg—\/x)],

where N(u) ~ Po(u). Here [A\] <1< [A], and

L=1(A, %) = [(A2 = A1) (In (Ao/M)) 1.

2.2. Distances between binomial distributions

Let X; are drawn from binomial distributions, i.e. X; ~Bin(n,p;), 0 < p; < py < 1.
Then the distance between two binomial distributions is equal to

T(Xl,Xz) = n/p2 P(‘Snfl(u) =1- 1>du S g(l —1/}55?192__}?1]31))27

236 Hay4Hbii otgen



M. Y. Kelbert, Yu. M. Suhov. What scientific folklore knows about the distances @

where S,,_1(u) ~Bin(n — 1,u) and ¢ (z) = z,/5-%2~. Finally, define

2p1(1—p1)

—nln(1l — B=LL)
l — p1
ln(l + p2p—1p1> _ ln(l _ P2—p1))

1=p1

with [npi] <1< [npy].

2.3. Distance between binomial and Poisson distributions
Let X ~Bin(n,p) and Y ~Po(np), 0 < np < 2 —+/2, then

T(X,Y) =np[(1 —p)" ' —e ™).

For the sum of Bernoulli r.v. S, = > X; with P(X; =1) = p; we have
j=1

7(S,, Yy) Z|PS = k) ——e )‘”\<sz,

where Y,, ~Po(\,), A\, =p1 +p2+ ...+ p, [4]. A stronger result: for X; ~ Bernoulli(p;)
and Y; ~ Po(\; = p;) there exists a coupling such that

(X, Y;) = P(X; #Y;) = pi(1 — ™).

2.4. Distance between negative binomial distributions

Let X; be drawn from negative binomial distributions, i.e. X; ~ NegBin(m,p;),
0 < pp < ps <1. Then

T(X1, Xo) =(m+1-1) /Pz P(Smii—2(u) =m — 1)du,

p1

where S,,(u) ~Bin(n,u) and
111(1 + pz—m)
l: _ b1
( mln(l _ I’z—m)—l

1-p1
with [mi222] <1 < [mir],

3. Multidimensional Gaussian distributions
In the case of multidimensional Gaussian distributions the distance is
T =TV(N (p1,%1), N(p2, X2)) ,

where X1, Y, are positive-definite.
Let 6 = p3 — po and II be a d x (d — 1) matrix whose columns form a basis

for subspace orthogonal to §. Let Ay,...,\;1 denote the eigenvalues of the matrix
d—1
(HT21H)_1HT22H — Id_1 and A = Z )\ZQ If M1 7é M2 then
i=1
L minfL, (6, X1, )] < 7 < 2 min[1, p(8, Ty, 5o), 4)
200 min 1, 242 \’T 2111111 1, 242
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where
0T(% —32)0  VoT6 \
00 VTR0

In the case of equal means p; = po the bound (4) is simplified as follows:

(0, %1, 35) = max [

1 3
—— mi <7< —-mi .
100 min[l, \] < 7 < i min|1, \]

[ d
Here \ = )\]2., Al,...,\q are the eigenvalues of X;'3, — I; for positive-definite
j=1

21, s In the case 3y = %, the following equality holds: 7 = @ (||£71/24]|/2) — 1.

Let us present below the sketch of proof, cf. [5].

Let X; ~N(u;, %;),7 = 1,2. Without the loss of generality we can assume that ¥, ¥,
are positively definite as

TV(N(0,%,), N(0,%5)) = TV(N(0, 173, II), N (0, ITT $,11)),

where II is d x r matrix whose columns form orthogonal bases for range(X; 5). Denote
w=(py + p12)/2,8 = p1 — p and decompose Vw € R? as

w=u+ f1(w)s + fa(w), fo(w)'§ = 0.
Then

max[TV(f1(X1), f1(X2)), TV(f2(X1), f2(X2))] < TV (X1, Xp) <
< TV(f1(X1), f1(Xz)) + TV (f2(X1), f2(X2)).

All the components are Gaussian and fi(X;) wN(1 5T215>, f1(X5) ~N< L ‘STEZ‘S),

27 oTs T2 6T
F2(X1) ~N(0, P, P), fo(Xy) ~N(0,PE,P), P =1, — %= We claim that
5T (S — 29)8 40V/67Th
—min |1 < TV(f1(X1), f1(X2)) <
500 min |1, max [ %97y, 5 —5T§315 (fl( 1) fl( 2))

L B0T(S - )5 VTS
= 25TY6 26720
Then

1 3
ﬁmm[l,)\] < TV(f2(X1), f2(X2)) < §>‘>

1/2
d
where \ = (Z )\j> and )\; are the eigenvalues of X%, — I,
j=1

Here we present only the proof of the upper bound. Let d =1 and o5 > ¢;. Then for
2
T = % we have z — 1 —Inz < (z — 1)? and, by Pinsker’s inequality,

o5 o2 A2
TV (N(p1,07), N(pz, 03)) < —\/—3 —1-In2+5 <
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<oy /2-1-Im=2+-/=<
S 2\ o7 na%+2 o 2 0’% 201

For d > 1, by Pinsker’s inequality, one gets the upper bound in the case p; = s = 0: if

d d
ATV (N(0,%4),N(0, %)) Z)\l—ln +\) Z —

4. Kolmogorov — Smirnov distance

Kolmogorov — Smirnov distance (only for probability measures on R) is defined by

I’I’I(P, Q) = sup |P<—OO, l’) - Q(—OO,$)‘

zeR

We have

m(P,Q) < TV(P,Q).
Suppose X ~ P, Y ~ Q are two random variables and Y has a density with respect to a
Lebesgue measure bounded by a constant C. Then

Kolm(P, Q) < 2/CWass, (P, Q),

where Wass; (P, Q) =inf[E| X —Y|: X ~P. Y ~ Q].
Let N(t) ~ Po(t) then, via integration by part,

P(N(t) <n) = Ze_t;;l /too e‘“Z—Tdu = /too P(N(u) = n)du.

Hence,
KOlm(Xl,Xg) = T(Xl,XQ) = P(XQ > l) — P(Xl > l) =

A2
P, < 1) — P(ngl—l):/ P(N(u) = [ — 1)du,

where [ = minlk € Z, : f(k) > 1] and f(k) = %.

Conclusion

This short review discusses only the most popular and well-known inequalities.
Another interesting cases, i.e. the total variation distance between Binomial distribution
and Gaussian with equal parameters, deserve special attention. Also, applications of these
bounds in different problems of mathematical statistics, including classification theory
and machine learning algorithms, are a rich field in the state of extensive development.
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