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Introduction

A tale that becomes folklore is one that is passed down and whispered around. The
second half of the word, lore, comes from Old English lār, i.e. ’instruction’. Different
bounds for the distances between the most popular probability distributions (see [1])
appear in many problems of applied probability. Unfortunately, the available textbooks
and reference books do not present them in a systematic way. In this short note, we
make an attempt to fill this gap.

Let us remind that for probability measures P,Q with densities 𝑝, 𝑞

TV(P,Q) = sup
𝐴⊂R𝑑

|P(𝐴)−Q(𝐴)| = 1

2

∫︁
R𝑑

|𝑝(𝑢)− 𝑞(𝑢)|d𝑢.

Let us remind the coupling characterization of the total variation distance. For two
distributions P and Q, a pair (𝑋, 𝑌 ) of random variables defined on the same probability
space is called a coupling for P and Q if 𝑋 ∼ P and 𝑌 ∼ Q.

One of the useful facts is that there exists a coupling (𝑋, 𝑌 ) such that P(𝑋 ̸= 𝑌 ) =
= TV(P,Q). Therefore, for any function 𝑓 , we have P(𝑓(𝑋) ̸= 𝑓(𝑌 )) 6 TV(𝑋, 𝑌 ) with
equality iff 𝑓 is reversible.

1. Gaussian distributions

The total variation distance between one-dimensional Gaussian distributions is equal
to

𝜏 = 𝜏(𝑋1, 𝑋2) = TV(𝑁(𝜇1, 𝜎
2
1), 𝑁(𝜇2, 𝜎

2
2))
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and it depends on the parameters Δ = |𝛿|, with 𝛿 = 𝜇1 − 𝜇2, and 𝜎2
1, 𝜎

2
2:

1

200
min

[︁
1,max[

|𝜎2
1 − 𝜎2

2|
min[𝜎2

1, 𝜎
2
2]
,

40Δ

min[𝜎1, 𝜎2]
]
]︁
6 𝜏 6

3|𝜎2
1 − 𝜎2

2|
2max[𝜎2

1, 𝜎
2
2]

+
Δ

2max[𝜎1, 𝜎2]
.

In the case 𝜎2
1 = 𝜎2

2 the following identity holds: 𝜏 = Φ( Δ
2𝜎
)− 1

2
.

1.1. Pinsker’s inequality

In the general case, the upper bound is a version of Pinsker’s inequality [2] for
𝜏(𝑋1, 𝑋2) = TV(𝑋1, 𝑋2):

𝜏(𝑋1, 𝑋2) 6 min{1,
√︀

KL(P𝑋1||P𝑋2)/2}, (1)

where

KL(P𝑋1 ||P𝑋2) =
1

2

(︂
𝜎2
2

𝜎2
1

− 1 +
Δ2

𝜎2
1

− ln
𝜎2
2

𝜎2
1

)︂
.

For multidimensional Gaussian case

KL(P𝑋1||P𝑋2) =
1

2

(︀
tr(Σ−1

1 Σ2 − I) + 𝛿𝑇Σ−1
1 𝛿 − ln det(Σ2Σ

−1
1 )
)︀
.

Let us prove the Pinsker’s inequality (1).
We need the following bound

|𝑥− 1| 6

√︃(︂
4

3
+

2𝑥

3

)︂
𝜑(𝑥), 𝜑(𝑥) = 𝑥 ln𝑥− 𝑥+ 1. (2)

If P and Q are singular, then KL =∞ and Pinsker’s inequality holds true. Assume P
and Q are absolutely continuous. In view of (2) and Cauchy –Schwarz inequality

𝜏(𝑋, 𝑌 ) =
1

2

∫︁
|𝑝− 𝑞| = 1

2

∫︁
𝑞|𝑝
𝑞
− 1|1{𝑞>0} 6

6
1

2

(︂∫︁ (︂
4𝑞

3
+

2𝑝

3

)︂
1{𝑞>0}

)︂1/2(︂∫︁
𝑞𝜑(

𝑝

𝑞
)1{𝑞>0}

)︂1/2

=

=

(︂
1

2

∫︁
𝑝 ln(

𝑝

𝑞
)1{𝑞>0}}

)︂1/2

= (KL(P||Q)/2)1/2 .

To check (2) define 𝑔(𝑥) = (𝑥 − 1)2 −
(︀
4
3
+ 2𝑥

3

)︀
𝜑(𝑥). Then 𝑔(1) = 𝑔′(1) = 0, 𝑔′′(𝑥) =

= −4𝜑(𝑥)
3𝑥

< 0. Hence,

𝑔(𝑥) = 𝑔(1) + 𝑔′(1)(𝑥− 1) +
1

2
𝑔′′(𝜉)(𝑥− 1)2 = −4𝜑(𝜉)

6𝜉
(𝑥− 1)2 6 0.

Remark. Mark S. Pinsker was invited to be the Shannon Lecturer at the 1979 IEEE
International Symposium on Information Theory, but could not obtain permission at that
time to travel to the symposium. However, he was officially recognized by the IEEE
Information Theory Society as the 1979 Shannon Award recipient.
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1.2. Le Cam’s inequalities

Le Cam’s inequalities were presented in [3] for Hellinger distance defined by

𝜂(𝑋, 𝑌 ) =
1√
2

(︂∫︁
(
√︀
𝑝𝑋(𝑢)−

√︀
𝑝𝑌 (𝑢))

2d𝑢

)︂1/2

as follows:
𝜂(𝑋, 𝑌 )2 6 𝜏(𝑋, 𝑌 ) 6 𝜂(𝑋, 𝑌 )

(︀
2− 𝜂(𝑋, 𝑌 )2

)︀1/2
. (3)

For one-dimensional Gaussian distributions we get

𝜂(𝑋, 𝑌 )2 = 1−
√
2𝜎1𝜎2√︀
𝜎2
1 + 𝜎2

2

𝑒
− Δ2

4(𝜎2
1+𝜎2

2) .

Let us present the proof of Le Cam’s inequalities (3).
From 𝜏(𝑋, 𝑌 ) = 1

2

∫︀
|𝑝 − 𝑞| = 1 −

∫︀
min[𝑝, 𝑞] and min[𝑝, 𝑞] 6

√
𝑝𝑞, it follows

𝜏(𝑋, 𝑌 ) > 1 −
∫︀ √

𝑝𝑞 = 𝜂2(𝑋, 𝑌 ). Next,
∫︀
min[𝑝, 𝑞] +

∫︀
max[𝑝, 𝑞] = 2. Therefore, by

Cauchy –Schwarz inequality we get(︂∫︁
√
𝑝𝑞

)︂2

=

(︂∫︁ √︀
min[𝑝, 𝑞] max[𝑝, 𝑞]

)︂2

6
∫︁

min[𝑝, 𝑞]

∫︁
max[𝑝, 𝑞] =

=

∫︁
min[𝑝, 𝑞]

(︂
2−

∫︁
min[𝑝, 𝑞]

)︂
.

Hence, it follows from(︀
1− 𝜂(𝑋, 𝑌 )2

)︀2
6 (1− 𝜏(𝑋, 𝑌 ))(1 + 𝜏(𝑋, 𝑌 ))

that
𝜏(𝑋, 𝑌 ) 6 𝜂(𝑋, 𝑌 )

(︀
2− 𝜂(𝑋, 𝑌 )2

)︀1/2
.

2. Poisson and binomial distributions
2.1. Two Poisson distributions

Let 𝑋𝑖 are Poisson distributed random variables, i.e. 𝑋𝑖 ∼ Po(𝜆𝑖), where 0 < 𝜆1 < 𝜆2.
Then the distance between two Poisson distributions is

𝜏(𝑋1, 𝑋2) =

∫︁ 𝜆2

𝜆1

P(𝑁(𝑢) = 𝑙 − 1)d𝑢 6 min

[︃
𝜆2 − 𝜆1,

√︂
2

𝑒
(
√︀
𝜆2 −

√︀
𝜆1)

]︃
,

where 𝑁(𝑢) ∼ Po(𝑢). Here ⌈𝜆1⌉ 6 𝑙 6 ⌈𝜆2⌉, and

𝑙 = 𝑙(𝜆1, 𝜆2) = ⌈(𝜆2 − 𝜆1) (ln (𝜆2/𝜆1))−1⌉.

2.2. Distances between binomial distributions

Let 𝑋𝑖 are drawn from binomial distributions, i.e. 𝑋𝑖 ∼Bin(𝑛, 𝑝𝑖), 0 < 𝑝1 < 𝑝2 < 1.
Then the distance between two binomial distributions is equal to

𝜏(𝑋1, 𝑋2) = 𝑛

∫︁ 𝑝2

𝑝1

P(𝑆𝑛−1(𝑢) = 𝑙 − 1)d𝑢 6

√
𝑒

2

𝜓(𝑝2 − 𝑝1)
(1− 𝜓(𝑝2 − 𝑝1))2

,
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where 𝑆𝑛−1(𝑢) ∼Bin(𝑛− 1, 𝑢) and 𝜓(𝑥) = 𝑥
√︁

𝑛+2
2𝑝1(1−𝑝1)

. Finally, define

𝑙 =

⌈︃
−𝑛 ln(1− 𝑝2−𝑝1

1−𝑝1
)

ln(1 + 𝑝2−𝑝1
𝑝1

)− ln(1− 𝑝2−𝑝1
1−𝑝1

))

⌉︃

with ⌈𝑛𝑝1] 6 𝑙 6 [𝑛𝑝2⌉.

2.3. Distance between binomial and Poisson distributions

Let 𝑋 ∼Bin(𝑛, 𝑝) and 𝑌 ∼Po(𝑛𝑝), 0 < 𝑛𝑝 < 2−
√
2, then

𝜏(𝑋, 𝑌 ) = 𝑛𝑝[(1− 𝑝)𝑛−1 − 𝑒−𝑛𝑝].

For the sum of Bernoulli r.v. 𝑆𝑛 =
𝑛∑︀

𝑗=1

𝑋𝑗 with P(𝑋𝑖 = 1) = 𝑝𝑖 we have

𝜏(𝑆𝑛, 𝑌𝑛) =
1

2

∞∑︁
𝑘=1

|P(𝑆𝑛 = 𝑘)− 𝜆𝑘𝑛
𝑘!
𝑒−𝜆𝑛| <

𝑛∑︁
𝑖=1

𝑝2𝑖 ,

where 𝑌𝑛 ∼Po(𝜆𝑛), 𝜆𝑛 = 𝑝1 + 𝑝2 + . . .+ 𝑝𝑛 [4]. A stronger result: for 𝑋𝑖 ∼ Bernoulli(𝑝𝑖)
and 𝑌𝑖 ∼ Po(𝜆𝑖 = 𝑝𝑖) there exists a coupling such that

𝜏(𝑋𝑖, 𝑌𝑖) = P(𝑋𝑖 ̸= 𝑌𝑖) = 𝑝𝑖(1− 𝑒−𝑝𝑖).

2.4. Distance between negative binomial distributions

Let 𝑋𝑖 be drawn from negative binomial distributions, i.e. 𝑋𝑖 ∼ NegBin(𝑚, 𝑝𝑖),
0 < 𝑝1 < 𝑝2 < 1. Then

𝜏(𝑋1, 𝑋2) = (𝑚+ 𝑙 − 1)

∫︁ 𝑝2

𝑝1

P(𝑆𝑚+𝑙−2(𝑢) = 𝑚− 1)d𝑢,

where 𝑆𝑛(𝑢) ∼Bin(𝑛, 𝑢) and

𝑙 = ⌈−𝑚
ln(1 + 𝑝2−𝑝1

𝑝1
)

ln(1− 𝑝2−𝑝1
1−𝑝1

)
⌉

with ⌈𝑚1−𝑝2
𝑝2
⌉ 6 𝑙 6 ⌈𝑚1−𝑝1

𝑝1
⌉.

3. Multidimensional Gaussian distributions
In the case of multidimensional Gaussian distributions the distance is

𝜏 = TV(𝑁 (𝜇1,Σ1), 𝑁(𝜇2,Σ2)) ,

where Σ1,Σ2 are positive-definite.
Let 𝛿 = 𝜇1 − 𝜇2 and Π be a 𝑑 × (𝑑 − 1) matrix whose columns form a basis

for subspace orthogonal to 𝛿. Let 𝜆1, . . . , 𝜆𝑑−1 denote the eigenvalues of the matrix

(Π𝑇Σ1Π)
−1Π𝑇Σ2Π− I𝑑−1 and 𝜆 =

√︃
𝑑−1∑︀
𝑖=1

𝜆2𝑖 . If 𝜇1 ̸= 𝜇2 then

1

200
min[1, 𝜙(𝛿,Σ1,Σ2)] 6 𝜏 6

9

2
min[1, 𝜙(𝛿,Σ1,Σ2)], (4)
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where

𝜙(𝛿,Σ1,Σ2) = max

[︃
𝛿𝑇 (Σ1 − Σ2)𝛿

𝛿𝑇Σ1𝛿
,

√
𝛿𝑇 𝛿√
𝛿𝑇Σ1𝛿

, 𝜆

]︃
.

In the case of equal means 𝜇1 = 𝜇2 the bound (4) is simplified as follows:

1

100
min[1, 𝜆] 6 𝜏 6

3

2
min[1, 𝜆].

Here 𝜆 =

√︃
𝑑∑︀

𝑗=1

𝜆2𝑗 , 𝜆1, . . . , 𝜆𝑑 are the eigenvalues of Σ−1
1 Σ2 − I𝑑 for positive-definite

Σ1,Σ2. In the case Σ1 = Σ2 the following equality holds: 𝜏 = Φ
(︀
||Σ−1/2𝛿||/2

)︀
− 1

2
.

Let us present below the sketch of proof, cf. [5].
Let 𝑋𝑖 ∼N(𝜇𝑖,Σ𝑖), 𝑖 = 1, 2. Without the loss of generality we can assume that Σ1,Σ2

are positively definite as

TV(𝑁(0,Σ1), 𝑁(0,Σ2)) = TV(𝑁(0,Π𝑇Σ1Π), 𝑁(0,Π𝑇Σ2Π)),

where Π is 𝑑× 𝑟 matrix whose columns form orthogonal bases for range(Σ1,2). Denote
𝑢 = (𝜇1 + 𝜇2)/2, 𝛿 = 𝜇1 − 𝜇2 and decompose ∀𝑤 ∈ R𝑑 as

𝑤 = 𝑢+ 𝑓1(𝑤)𝛿 + 𝑓2(𝑤), 𝑓2(𝑤)
𝑇 𝛿 = 0.

Then

max[TV(𝑓1(𝑋1), 𝑓1(𝑋2)),TV(𝑓2(𝑋1), 𝑓2(𝑋2))] 6 TV(𝑋1, 𝑋2) 6

6 TV(𝑓1(𝑋1), 𝑓1(𝑋2)) + TV(𝑓2(𝑋1), 𝑓2(𝑋2)).

All the components are Gaussian and 𝑓1(𝑋1) ∼N
(︁

1
2
, 𝛿

𝑇Σ1𝛿
𝛿𝑇 𝛿

)︁
, 𝑓1(𝑋2) ∼N

(︁
−1

2
, 𝛿

𝑇Σ2𝛿
𝛿𝑇 𝛿

)︁
,

𝑓2(𝑋1) ∼N(0,PΣ1P), 𝑓2(𝑋2) ∼N(0,PΣ2P), P = I𝑑 − 𝛿𝛿𝑇

𝛿𝑇 𝛿
. We claim that

1

200
min

[︃
1,max

[︃
𝛿𝑇 (Σ1 − Σ2)𝛿

2𝛿𝑇Σ1𝛿
,
40
√
𝛿𝑇 𝛿√

𝛿𝑇Σ1𝛿

]︃]︃
6 TV(𝑓1(𝑋1), 𝑓1(𝑋2)) 6

6
3𝛿𝑇 (Σ1 − Σ2)𝛿

2𝛿𝑇Σ1𝛿
+

√
𝛿𝑇 𝛿

2
√
𝛿𝑇Σ1𝛿

.

Then
1

100
min[1, 𝜆] 6 TV(𝑓2(𝑋1), 𝑓2(𝑋2)) 6

3

2
𝜆,

where 𝜆 =

(︃
𝑑∑︀

𝑗=1

𝜆𝑗

)︃1/2

and 𝜆𝑖 are the eigenvalues of Σ−1
1 Σ2 − I𝑑.

Here we present only the proof of the upper bound. Let 𝑑 = 1 and 𝜎2 > 𝜎1. Then for
𝑥 =

𝜎2
2

𝜎2
1

we have 𝑥− 1− ln𝑥 6 (𝑥− 1)2 and, by Pinsker’s inequality,

TV
(︀
N(𝜇1, 𝜎

2
1),N(𝜇2, 𝜎

2
2)
)︀
6

1

2

√︃
𝜎2
2

𝜎2
1

− 1− ln
𝜎2
2

𝜎2
1

+
Δ2

𝜎2
1

6
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6
1

2

√︃
𝜎2
2

𝜎2
1

− 1− ln
𝜎2
2

𝜎2
1

+
1

2

√︃
Δ2

𝜎2
1

6
1

2

|𝜎2
2 − 𝜎2

1|
𝜎2
1

+
1

2

Δ

𝜎1
.

For 𝑑 > 1, by Pinsker’s inequality, one gets the upper bound in the case 𝜇1 = 𝜇2 = 0: if
𝜆𝑖 > −2

3
∀𝑖

4TV (N(0,Σ1),N(0,Σ2))
2 6

𝑑∑︁
𝑖=1

𝜆𝑖 − ln(1 + 𝜆𝑖) 6
𝑑∑︁

𝑖=1

𝜆2𝑖 = 𝜆2.

4. Kolmogorov–Smirnov distance
Kolmogorov –Smirnov distance (only for probability measures on R) is defined by

Kolm(P,Q) := sup
𝑥∈R
|P(−∞, 𝑥)−Q(−∞, 𝑥)|.

We have
Kolm(P,Q) 6 TV(P,Q).

Suppose 𝑋 ∼ P, 𝑌 ∼ Q are two random variables and 𝑌 has a density with respect to a
Lebesgue measure bounded by a constant 𝐶. Then

Kolm(P,Q) 6 2
√︀
𝐶Wass1(P,Q),

where Wass1(P,Q) = inf[E|𝑋 − 𝑌 | : 𝑋 ∼ P, 𝑌 ∼ Q].
Let 𝑁(𝑡) ∼ Po(𝑡) then, via integration by part,

P(𝑁(𝑡) 6 𝑛) =
𝑛∑︁

𝑘=0

𝑒−𝑡 𝑡
𝑘

𝑘!
=

∫︁ ∞

𝑡

𝑒−𝑢𝑢
𝑛

𝑛!
d𝑢 =

∫︁ ∞

𝑡

P(𝑁(𝑢) = 𝑛)d𝑢.

Hence,

Kolm(𝑋1, 𝑋2) = 𝜏(𝑋1, 𝑋2) = P(𝑋2 > 𝑙)−P(𝑋1 > 𝑙) =

= P(𝑋1 6 𝑙 − 1)−P(𝑋2 6 𝑙 − 1) =

∫︁ 𝜆2

𝜆1

P(𝑁(𝑢) = 𝑙 − 1)d𝑢,

where 𝑙 = min[𝑘 ∈ Z+ : 𝑓(𝑘) > 1] and 𝑓(𝑘) = P(𝑁(𝜆2)=𝑘)
P(𝑁(𝜆1)=𝑘)

.

Conclusion
This short review discusses only the most popular and well-known inequalities.

Another interesting cases, i.e. the total variation distance between Binomial distribution
and Gaussian with equal parameters, deserve special attention. Also, applications of these
bounds in different problems of mathematical statistics, including classification theory
and machine learning algorithms, are a rich field in the state of extensive development.
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