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Abstract. For a connected graph G = (V, E) of order at least two,
a subset T of a minimum total outer connected monophonic set
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~N

of G is fiom(G) = min{ fiom(S)}, where the minimum is taken
over all minimum total outer connected monophonic sets S in
b G. We determine bounds for it and find the forcing total outer
connected monophonic number of a certain class of graphs. It is
shown that for every pair a, b of positive integers with 0 <a < b
and b > a + 4, there exists a connected graph G such that
from(G) = a and emy(G) = b, where ¢my,(G) is the total outer
connected monophonic number of a graph.
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AnHoranus. [lns cesasHoro rpaga G = (V, E) ¢ UHC/IOM BepIIHH He MeHee 2 MoAMHOXecTBO T
MHHHUMAaJIbHOTO OOIIEero BHEIHEe CBSI3HOTO MOHO(OHHUECKOro MHOxkecTBa S rpada G sBjseTcs
CUNbHOIM OOUUM BHEUIHE CBA3HLIM MOHOMOHUUECKUM NOOMHONMcecmeom AJas S, ecan S ecTb
eIMHCTBEHHOEe MHHMMaJbHOe 00lllee BHElIHe CB3HOe MOHO(OHHUECKOEe MHOXKECTBO, comep:kaliee 7.
CusibHOe 00lllee BHEIIHe CBSI3HOE MOHO(OHHUECKOe MOAMHOXKECTBO /s S ¢ MHUHUMAJbHBIM UHCJIOM
3JIEMEHTOB €CThb MUHUMANbHOE CUAbHOE 0bUjee BHEUIHEe C8A3HOE MOHOYOHULECKOe NOOMHONECMBO
S. Cunvroe obujee sreulte 8531H0e MOHOGOHUUECKOE YUCAO fiom(S) B G €CTb YHCJIO 3JEMEHTOB
MHUHUMAaJbHOTO CHJIBHOTO OOLIEro BHELIHE CBS3HOIO MOHO(OHUYECKOro moaMHoxecTBa S. CusvHoe
obujee sHewHe c8s3H0e morogoHuteckoe uucao rpada G ectb fiom(G) = min{ fiom(S)}, roe
MHUHUMYM NPUHUMAETCSl Hajll BCEMH MUHMMAJbHBIMH OOLIMMH BHEIIHe CBSI3HBIMH MOHO(OHUYECKUMHU
MHOKecTBaMu S B (G. Mbl onpefesisieM ero rpaHMLbl U HAXOAUM CHJIbHOe 0Olllee BHEIIHE CBSI3HOe
MOHO(OHHYECKOEe YHMCJO HEKOTOPBIX KJjaccoB rpadoB. [lokaspiBaeTcs, uTo A/ KaxXKAo# mapwl a,
b moJsioXKUTeNbHBIX LeqblXx ¢ 0 < a < b u b > a+ 4 cyuwecTByeT cBsidHbIH rpad G TakoH, 4To
fiom(G) = a u emyo(G) = b, e emyo(G) siBasieTcsi OOLIKMM BHeLIHE CBSI3HBIM MOHO()OHHYECKHUM
YHUCJIOM Trpada.

KuroueBbie cioBa: 06lilee BHEIIHE CBSI3HOE MOHO(OHUUECKOE MHOXKeCTBO, 00lee BHEIIHE CBS3-
HOe MOHO(OHHUECKOEe UUCJI0, CHIIbHOe 00lllee BHeIIHe CBsI3HOE MOHO(OHHUECKOE TTOIMHOMXKECTBO,
CUJIbHOe 00lllee BHEIIHE CBSI3HOE MOHO(OHUUECKOe YHCJIO
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Introduction

By a graph G = (V, E) we mean a finite simple undirected connected graph. The
order and size of G are denoted by p and ¢, respectively. For basic graph theoretic
terminology we refer to Harary [1,2]. The distance d(z,y) between two vertices = and y
in a connected graph G is the length of a shortest x — y path in G. An x — y path of
length d(z,y) is called an x — y geodesic. A vertex v of a connected graph G is called an
endvertex of G if its degree is 1. A vertex v of a connected graph G is called a support
vertex of G if it is adjacent to an endvertex of G. The neighborhood of a vertex v is the
set N(v) consisting of all vertices u which are adjacent with v. A vertex v is an extreme
vertex if the subgraph induced by its neighbors is complete. A chord of a path P is an
edge joining two non-adjacent vertices of P. A path P is called a monophonic path if it
is a chordless path. A set S of vertices of G is a monophonic set of G if each vertex v
of G lies on a x — y monophonic path for some x and y in S. The minimum cardinality
of a monophonic set of G is the monophonic number of G and is denoted by m(G).
The monophonic number of a graph, an algorithmic aspect of monophonic concepts was
introduced and studied in [3-7]. A total monophonic set of a graph G is a monophonic
set S such that the subgraph G[S] induced by S has no isolated vertices. The minimum
cardinality of a total monophonic set of G is the total monophonic number of G and
is denoted by m,(G). The total monophonic number of a graph and its related concepts
were studied in [8-10]. A set S of vertices in a graph G is said to be an outer connected
monophonic set if S is a monophonic set of G and either S =V or the subgraph induced
by V' — S is connected. The minimum cardinality of an outer connected monophonic set
of G is the outer connected monophonic number of G and is denoted by m,.(G). The
outer connected monophonic number of a graph was introduced in [11]. Very recently,
outer connected monophonic concepts have been widely investigated in graph theory,
such as a connected outer connected monophonic number [12], extreme outer connected
monophonic graphs [13], and so on. A total outer connected monophonic set S of G is
an outer connected monophonic set such that the subgraph induced by S has no isolated
vertices. The minimum cardinality of a total outer connected monophonic set of G is the
total outer connected monophonic number of G and is denoted by cmy,(G).

The authors of this article introduced and studied the general externally total outer
connected monophonic number of a graph and proved the following theorems!, which
will be used further.

Theorem 1. Each extreme vertex and each support vertex of a connected graph G
belong to every total outer connected monophonic set of G.

Theorem 2. For the complete graph K,(p > 2), cmyo(K,) = p.

Theorem 3. For any non-trivial tree T, the set of all endvertices and support
vertices of T is the unique minimum total outer connected monophonic set of G.

!Ganesamoorthy K., Lakshmi Priya S. The total outer connected monophonic number of a graph.
Transactions of A. Razmadze Mathematical Institute, accepted.
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Theorem 4. For any connected graph G, cmy,(G) =2 if and only if G = K.

Throughout this paper, G denotes a connected graph with at least two vertices.

1. Main Results

Definition 1. Let S be a minimum total outer connected monophonic set of G. A
subset T" of S is a forcing total outer connected monophonic subset for S if S is the
unique minimum total outer connected monophonic set containing 7". A forcing total outer
connected monophonic subset for S of minimum cardinality is a minimum forcing total
outer connected monophonic subset of S. The forcing total outer connected monophonic
number fi,m(S) in G is the cardinality of a minimum forcing total outer connected
monophonic subset of S. The forcing total outer connected monophonic number of G
is fiom(G) = min{ fiom(S)}, where the minimum is taken over all minimum total outer
connected monophonic sets S in G.

Example 1. For the graph G in Fig. 1, it is clear that S} = {vy,v9,v4,v5},
SQ = {01,7)4,7)5,'118}, Sg = {’l}l,vg,’l}g),vﬁ} and S4 = {’Ul,Ug,,UG,’Ug} are the minimum
total outer connected monophonic sets of G. It is clear that no minimum total outer
connected monophonic set S;(i = 1,2,3,4) is the unique minimum total outer connected
monophonic set containing any of its 1-element subsets. It is easy to see that {vg, v}
is a forcing total outer connected monophonic subset contained in S; and fi,(S1) = 2.
Hence, we have fi,,,(G) = 2. By Theorem 3, for any non-trivial tree T, the set of all
endvertices and support vertices of 7" is the unique minimum total outer connected
monophonic set of 7" and so fim(T) = 0.

Theorem 5. For any connected graph G of order p, 0 < fiom(G) < cmy(G) < p.

Proof. By the definition of the forcing total

outer connected monophonic number of a graph, V2 V3 V4
it is clear that f,,,,(G) > 0. Let S be a
minimum total outer connected monophonic
set of G. Clearly, fiom(S) < [S| = emwp(G) N1 Vs
and  fion(G) = min{fion(S)}, where the
minimum is taken over all minimum total outer
connected monophonic sets S in G. Hence Vg Vs Vs

0 < from(G) < cmy(G) < p. O Fig. 1. Graph G with fiom(G) =2

Remark 1. The bounds in Theorem 5 are
sharp. By Theorem 3, for any non-trivial tree T,
the set of all endvertices and support vertices of T is the unique minimum total outer
connected monophonic set of 7" and so f;,,,(T) = 0. By Theorem 2, for the complete
graph K,(p > 2), emy(K,) = p. Also all the inequalities in Theorem 5 can be strict.
For the graph G given in Fig. 1 of order 8, it is clear that no 2-element subset or
3-element subset of V(G) is a total outer connected monophonic set of G. The minimum
total outer connected monophonic sets of G are Sy = {vy, vo,v4,v5}, So = {v1, v4, V5, v8},
Ss = {vy,v9,us,v6} and Sy = {v1,vs,v6,v8} so that emy,(G) = 4. It is clear that
from(S:) = 2(1 =1,2,3,4) and s0 fiom(G) = 2. Thus 0 < fiom(G) < cmy(G) < p.

The following theorem characterizes graphs G for which the lower bound in Theorem 5
is attained and also characterizes graphs G for which fi,,,(G) =1 and fin(G) = cmy,(G).
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Theorem 6. Let G be a connected graph. Then

(i) fiom(G) = 0 if and only if G has the unique minimum total outer connected
monophonic set;

(ii)) fiom(G) =1 if and only if G has at least two minimum total outer connected
monophonic sets, one of which is the unique minimum total outer connected monophonic
set containing one of its elements;

(iii) fiom(G) = cmy(Q) if and only if no minimum total outer connected monophonic
set of G is the unique minimum total outer connected monophonic set containing any
of its proper subsets.

Proof. (i) Let fio(G) = 0. Then, by the definition, fis,(S) =0 for some minimum
total outer connected monophonic set S of G so that the empty set ¢ is the minimum
forcing subset for S. Since the empty set ¢ is a subset of every set, it follows that S is
the unique minimum total outer connected monophonic set of G. The converse is clear.

(ii) Let fiom(G) = 1. Then by (i), G has at least two minimum total outer connected
monophonic sets. Since fi,m(G) = 1, there is a 1-element subset 7' of a minimum total
outer connected monophonic set S of G such that 7" is not a subset of any other minimum
total outer connected monophonic set of G. Thus S is the unique minimum total outer
connected monophonic set containing one of its elements. The converse is clear.

(iii) Let fiom(G) = cmio(G). Then fiom(S) = cmyo(G) for every minimum total outer
connected monophonic set S in G. Since any total outer connected monophonic set of G
needs at least two vertices, cmy,(G) > 2 and hence fy,,,(G) = 2. Then by (i), G has at
least two minimum total outer connected monophonic sets, and so the empty set ¢ is
not a forcing subset for any minimum total outer connected monophonic set of G. Since
from(G) = emyo(G), no proper subset of S is a forcing subset of S. Thus no minimum
total outer connected monophonic set of G is the unique minimum total outer connected
monophonic set containing any of its proper subsets.

Conversely, the data implies that G' contains more than one minimum total outer
connected monophonic set, and no subset of any minimum total outer connected
monophonic set S other than S, is a forcing subset for S. Hence it follows that
ftom(G) = Cmto(G)- O

Definition 2. A vertex v of GG is said to be a fotal outer connected monophonic
vertex il v belongs to every minimum total outer connected monophonic set of G.

Remark 2. If G has the unique minimum total outer connected monophonic set S,
then every vertex in S is a total outer connected monophonic vertex of G. Also, if = is an
extreme vertex or a support vertex of GG, then x is a total outer connected monophonic
vertex of G. For the graph G given in Fig. 1, v; and v; are the total outer connected
monophonic vertices of G.

The next theorem and corollary are an immediate consequence of the definitions of
total outer connected monophonic vertex and a forcing total outer connected monophonic
subset of G.

Theorem 7. Let G be a connected graph and let V,,, be the set of relative
complements of the minimum forcing total outer connected monophonic subsets in their
respective minimum total outer connected monophonic sets in G. Then Npew,,,, F' is the
set of all total outer connected monophonic vertices of G.
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Corollary 1. Let S be a minimum total outer connected monophonic set of G. Then
no total outer connected monophonic vertex of G belongs to any minimum forcing total
outer connected monophonic subset of S.

Theorem 8. Let M be the set of all total outer connected monophonic vertices of G.
Then ftom(G) < Cmto(G) - |M|

Proof. Let S be any minimum total outer connected monophonic set of G. Then
cmyo(G) = |S], M C S, and S is the unique minimum total outer connected monophonic
set containing S — M. Hence fi,n(G) < |S — M| = |S| — |M]| = emuo(G) — | M]. O

Corollary 2. If G is a connected graph with | extreme vertices and k support
vertices, then fiom(G) < cmyo(G) — (14 k).

Remark. 3. The bound in Theorem 8 is sharp. For the graph G given in Fig. I,
the minimum total outer connected monophonic sets of G are S} = {vy, vy, v4,v5},
SQ = {1)1,12477157’08}, Sg = {’0171}2,1)5,1)6} and 84 = {1)1,’05,’067128} so that cmto(G) =4. It
is clear that fim,(S;) =2(i =1,2,3,4) and so fiom(G) = 2. Also, M = {vy,vs} is the set
of all total outer connected monophonic vertices

of G and so fiom(G) = cmy,(G) — |M|. The Vi %)
inequality in Theorem 8 can be strict. For
the graph G given in Fig. 2, the minimum V3 Ve

total outer connected monophonic sets of G

are M, = {Ul,’UQ,’Ug,'U6}, My = {'U3,U4,U5,U6},

Mz = {uvg,v3,04,06} and so emy(G) = 4. It » >
is clear that fi,,,(M;) =1 (i = 1,2), and so 3 4

fiom(G) = 1. Also, the vertices v3 and vg are the Fig. 2. A graph G with fion(G) <
total outer connected monophonic vertices of G, < emyo(G) — | M|

we have fi,n(G) < emy(G) — |M].

Theorem 9. If G is a connected graph with cmy,(G) = 2, then fiom(G) = 0.

Proof. If ¢my,(G) = 2 then by Theorem 4, we have G = K,. Hence V(G) is the
unique minimum total outer connected monophonic set of G. Also, by Theorem 6(i),
ftom(G) — 0 D

Remark 4. The converse of Theorem 9 need not be true. For the path P, of order 4,
the vertex set V(Py) is the unique minimum total outer connected monophonic set of G
and so ¢cmy,(Py) = 4. By Theorem 6 (i), fiom(Ps) = 0.

Theorem 10. For the complete bipartite graph G = K, ,(2 < m < n),
m4n—1 if 2=m < n,

ftom(G) = f

4 if3<m<n

Proof. Let U = {uy,us,...,uy} and W = {w;, ws,...,w,} be the partite sets of G,
where m < n. We prove this theorem by considering two cases.

Case 1. 1f m = 2, then it is clear that any minimum total outer connected monophonic
sets of G is of the form V(G) — {w;}(1 <i < n) or V(G) — {y;}(1 < j <m). It is easy
to verily that, no minimum total outer connected monophonic set of G is the unique

Maremartnka 283



@Ms& Capar. yH-1a. Hos. cep. Cep.: Maremartuka. Mexanvka. ViHgpopmaruka. 2022. T. 22, Bbin. 3

minimum total outer connected monophonic set containing any of its proper subsets.
Then by Theorem 6 (iii), we have fi5,(G) =m +n — 1.

Case 2. If 3 < m < n, then any minimum total outer connected monophonic set of
G is obtained by choosing any two elements from U as well as W, and G has at least
two minimum total outer connected monophonic sets. Hence ¢my,(G) = 4. Clearly, no
minimum total outer connected monophonic set of G is the unique minimum total outer
connected monophonic set containing any of its proper subsets. Then by Theorem 6 (iii),

we have fiom(G) = cmy,(G) = 4. O
0 ifn=3,
Theorem 11. For any cycle Cy,(n = 3), fiom(Cn) =3 if n =4,
2 ifn>5.

Proof. Let C), : vy, v9,...,v,,v; be a cycle of order n. We prove this theorem by

considering two cases.

Case 1: n = 3. Since Cj5 is the complete graph of order 3, V(C3) is the unique
minimum total outer connected monophonic set of C3. By Theorem 6 (i), fiom(C3) = 0.

Case 2: n > 4. 1t is clear that no 2-element subset of V(C,) is a total outer connected
monophonic set of C,,. It is easy to verify that any minimum total outer connected
monophonic set of C,, consists of three consecutive vertices of C,, so that cmy,(C,,) = 3.
For n =4, it is clear that no minimum total outer connected monophonic set of Cj is
the unique minimum total outer connected monophonic set containing any of its proper
subsets. Thus by Theorem 6 (iii), we have f;,,,(Cy) = 3. For n > 5, it is clear that the
set of two non-adjacent vertices of any minimum total outer connected monophonic set
S of C, is a minimum forcing total outer connected monophonic subset of S and so
from(S) = 2. Hence fi0n(C,) = 2. O

3 ifn=5,

Theorem 12. For the wheel W,, = K1+ Cy,_1 (n 2 5), fiom(W,) = i
2 ifn>6.

Proof. It is clear that no 2-element subset of V(IW,) is a total outer connected
monophonic set of W,,. It is easy to observe that any minimum total outer connected
monophonic set of W,, consists of three consecutive vertices of C,,_; so that emy,(W,,) = 3.
For n =5, it is clear that no minimum total outer connected monophonic set of Wj is
the unique minimum total outer connected monophonic set containing any of its proper
subsets. Thus by Theorem 6 (iii), we have f,,,(W5) = 3. For n > 6, it is clear that the
set of two non-adjacent vertices of any minimum total outer connected monophonic set
S of W, is a minimum forcing total outer connected monophonic subset of S and so

fiom(S) = 2. Hence fiom(W,,) = 2. -
Theorem 13. For any complete graph G = K,(p > 2) or any non-trivial tree G =T,
ftom(G) = 0.

Proof. Let G = K,. By Theorem 2, the set of all vertices of G is the unique minimum
total outer connected monophonic set of G and so by Theorem 6 (i), fiom(G) =0. If G is
a non-trivial tree, then by Theorem 3, the set of all endvertices and support vertices of
G is the unique minimum total outer connected monophonic set of G and by Theorem 6

(1)’ ftom(G) =0. U

Theorem 14. For every pair a, b of integers such that 0 < a <band b > a+4,
there is a connected graph G with fi,,(G) = a and cmy,(G) = b.
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Proof. If « =0, let G = K,. Then by Theorem 13, f;,n(G) =0, and by Theorem 2,
cmyo(G) = b. Now, assume that 0 < a < b. The required graph G is obtained from the
star K4 having the vertex set {zi, 2o, 23, 24, 25} With 23 as the cut-vertex by adding
a+b— 2 new vertices wy, wa, ..., Wq, V1, Vg, . .., Vg, Ut, Us, - .., Up_q_3, T and joining each
w;(1 < i < a) to the vertices 2y, 21 and z4; and joining each v; (1 < < a) to the vertices
29, 24 and zs; and joining each w; (1 < i < b—a—3) to the vertex z;; and also joining the
vertex x to the vertex z;, the vertex z; to the vertex zs, and the vertex zy to the vertex
z4. The graph G is shown in Fig. 3. Let S = {uy,us, ..., up_q_3,7, 21, 25} be the set of
all endvertices and support vertices of G. By Theorem 1, every total outer connected
monophonic set of G contains S. It is clear that S is not a total outer connected
monophonic set of G. We observe that every minimum total outer connected monophonic
set of G contains exactly one vertex from the set {v;, w;} for every (1 <i < a). Thus
cmyo(G) = b. Since Sy = S U {wy,ws,...,w,} is a total outer connected monophonic set
of G, it follows that e¢my,(G) = b.

Next, we show that f,.(G) = a.
Since every minimum total outer
connected monophonic set of G
contains S, it follows from Theorem 8
that  fiom(G) < omy(G) — |S] =
=b—(b—a) = a It is clear that
every minimum total outer connected
monophonic set S’ of G is of the form
SU{xy, ,...,24}, where z; € {v;, w;}
for every ¢ (1 < i < a). Let T
be any proper subset of S with
|| < a. Then there is a vertex
reS —Ssuchthat e ¢ T. If v = v,
(1 <i<a) then 8" = (5" —{vi}) U{w;} Fig. 3. A graph G with fiom(G) = a > 0 and
is a minimum total outer connected cmyo(G) =b > a
monophonic set of G containing 7.

Similarly, if z = w;(1 < j < a), then §"” = (5" — {w;}) U {v;} is a minimum total
outer connected monophonic set of G containing 7. Thus S’ is not the unique minimum
total outer connected monophonic set containing 7" and so 7" is not a forcing total outer
connected monophonic subset of S’. This is true for all minimum total outer connected

monophonic sets of G and so fi,,(G) = a. O
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