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PaCCMOTpeHbI annpokcumatmeHbIe CBOWCTBA CMeLlaHHbIX panoB No nonnHomam J'Iareppa Ha
Knaccax rnagkux QyHKUMA, 3afaHHbIx Ha nonyocu [0, co). [Ns OLEHKN OTKNOHeHUs rnaj-
KO CPYHKLIMM OT €€ YaCTU4HBIX CyMM CMELIaHHOrO psifa no noanHoMam Jlareppa nony4eHo
HepaBEeHCTBO, aHaNor4Hoe HepaBeHCTBY flebera /s TPUroHOMETPUYEcKX cymm dypbe. Mo-
Ny4eHbl OLEHKM ANsi COOTBETCTBYIOWEIA COyHKUMIM TUNa cpyHKLMM Jlebera 4acTuHBIX CyMM
CMELLaHHOro psiaa o nonuHomam Jlareppa.

Approximative Properties of Mixed Series by Lagerre’s Polynomials on Classes of Smooth
Functions

S.Ya. Pirmetova

Approximative properties of mixed series by Lagerre’s polynomials on classes of smooth
functions that given on axle [0, co) are viewed. Inequality that corresponds to Lebesgue
inequality for trigonometric Fourier sums was found for evaluation of deflection of smooth function
from it’s partial sums of mixed series by Lagerre’s polynomials. Evaluations for corresponding
Lebesgue function of partial sums of mixed series by Lagerre’s polynomials were found.

BBEJEHUE %%
. J

Hacrosiass pa6ora mocpsillleHa HCCJENOBAHHUIO ANNpPOKCHMAaTHBHBIX
CBOMCTB CMEILAHHBIX PSAAOB MO NosMHOMaM Jlareppa Ha KJaccax ryagkux —~ ﬁ
(GYHKUHH, 3afaHHbIX Ha mosayocH [0,00). CMellaHHble PSAbl 0 KJIaCCH- -
YeCKHM OpPTOTOHAJBbHBIM TOJMHOMAaM OBIIH BBEJEHBl U HCCJIEN0BAHbl B pa- HAY q Hbin
6orax W.U. [llapanyauHoBa. OCHOBHbIE OIepaTOPHbIE CBOHCTBA CMeLIaH-
HBIX PSIZIOB 10 OPTOrOHAJIbHBIM MOJIMHOMAM, BKJIIOUAsl CMelllaHHble Psifbl OT‘O.E[\
no noJsinHomam Jlareppa, mogpo6HO paccMOTpeHbl B MoHorpaduu [1] u pa-

6otax [2],[3]. B [1] paccMoTpeHbl Tak:Ke ammpoOKCHMMATHBHBbIE CBOHCTBA N Ve
CMelIaHHBIX psinoB Jlareppa Ha KJsaccax VVZW(O7 00) (cM. HHKe TeopeMy N (7
2.1). OnHako ocTaBaJjiach HE MCCJAEIO0BAaHHOH 3ajgaua 00 alIMOKCHMATHB-
HBIX CBOHCTBaX CMeLIaHHBIX PSAOB IO ToJuHOMaM Jlareppa Ha KJjac-
cax W7 (0,00) = W, cocTosILIUX M3 HempepbiBHO- AN PepeHInpYyeMbIX
(GyHKUHH, 3afaHHbIX Ha [0, 00). B naHHoit paGoTe npeanpHHsATa MOMBITKA
BOCIIOJIHUTb 3TOT NpooeJ.

<——

1. HEKOTOPBIE CBEZLEHWS O MONIMHOMAX JTIATEPPA

B Hacrosuell pabote 1718 yHnoOCTBAa CCHIIOK Mbl PAaCCMOTPUM pSif
cBoifcTB mosHOMOB Jlareppa L% () W onpenesdM HX C MOMOLIbIO (op-
myJbl Ponpura

« 1 —a, T d" -z, nta
Ln(x) = E‘L € dl‘"’(e T + )7 (11)
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rle o — NPOU3BOJIbHOE JAeHcTBHUTeJbHOE uMcjo. Ecan o > —1, To nosauHoMbl Jlareppa o6pasyioT oproro-
HaJbHYIO cHcTeMy Ha [0,00) ¢ BecoM p(z) = x%e™*, TOUHee:

oo

/p(x)Lg(x)L%(x)dx = Onmbhi, (1.2)
0
e
he = (”Z“)r@w 1). (1.3)
Caenyiolupe cBoicTBa MoJHHOMOB Jlareppa Xxopouio naBecTHsl [4]:
npou3soonasn
d (o7 «@
2 () = -7l @) (1.4
peKyppenmuas gopmyra
nLi(zx)=(—z+2n+a—-1)L5_ () — (n+a—1)L5_5(x), (1.5)

rne LY (x) =0, L§(z) =1, LY (z) = —z+a+1, (n=1,2,...) u (KaK cJeiCTBHE),
gopmyra Kpucmoggpers — [apby

Plat DKy = 3 () }1L3<x>Ls<y> -

14
v=0

n x—y ’ '
pPABEHCMB0
—1 (—=)! l
Ly (@) = L (@), (1.7)
rie kW = k(k —1)...(k—1+1),1=0,1,2,...
B pa6Gorax [5-7] ycraHoBsena ouetka (s = 4n + 2« + 2):
Ly (2)] < c(@)An(z) (0 <z <o0), (1.8)
rae
er/25> ecin 0< x < 1/s,
o) 6m/25a/2_1/4z_a/2_1/4’71/4 ecan 1/s<x< 5/2, wo)
e*/? [s (31/3 + |z — s])] , ecam s/2<x< 3s/2,
z/4

er/= ecyu 3s/2<X.

Jlisi HOpMHpOBaHHBIX MHorouseHos Jlareppa L% (z) = (h®)~/2L%(z) uMeer MecTo oleHKa (moJaraeM
3nech s = 4n + 2a+ 2 [5-7]):

s@/2-1 ecin 0< o < 1/s,
o | . T3/ Ay a/2H1/4 ecau 1/s<x< s/2,
e |13 (0) — £3,(0)] < el i fsexs s (1.10)
gm /25734 (s13 |z —s|)77,  ecan s/2<x< 3s/2,
e/t ecu 3s/2<X.
3aMeTHM, UTO
n
Kg(x,y) = Li(@) L3 (y), (1.11)
k=0

nostoMy B cuay opmya Kpucroddens — Hapby Mbl MoxKeM 3amnucathb

Vin+1)n+a+1)
Yy—

Ko (w,y) = L@ L) Ly ) (@)
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Ionaras spech o, = /(n + 1)(n+ a + 1), umeem

ain/cmy) 7 B 05 0) ~ Liaw) i) (112)

1 . 1
— n(T,y) = P Lo () n(y)+y_x

La@isa o) - i @], 1)

CkJuianbiBast paBeie U JeBbie yactu paBeHcTB (1.12) u (1.13), umeem

(o4 o ) Ko =

Qo Qp_—1

Ly () Ly (y)+

Ap—1

+—— [Lat) (L @) - Lo @) = L) (Laa ) - L) ]

y—x
cTaJio ObITh

) = AuLE@ERW) + -2 [L2) (L @) - L @) - L) (Ea ) - L) .
(1.14)

rage
« O Oy —
Ap=—0 1, By=—2%"1 <pya|+1
Qp + Qp—1 Qp + Qp—1

2. CMELIAHHBIE PAAbl MO MOIMHOMAM NIAFEPPA L0 ()

[Tycts o ynoBseTBOpsieT ycioBuio o > —1, L, ,— MPOCTPAHCTBO U3MEPUMBIX (QYHKUHME f(x), 3allaHHBIX
Ha nosyocH [0,00) U TaKHX, 4TO

1/p

e, = | [W@Poas | <o
0

Yepes Wz (0,00) (p > 1) oGosHauum noaknace gpyukuuil f = f(x) u3 Ly, ,, HenpepsiBHO anddepeHLnpye-
MBIX (r—1) pas, 115 KoTopsix f("~ 1 (x) a6comoTHO HenpeprIBHA Ha IPOM3BOJNLHOM cermenTe [a, b] C [0, 00),
afer,,

PaccMoTpuM ciiefyioliee PaBeHCTBO:

f(.’L') :Eﬁfl(f7x)+‘]g(fﬂ‘r)v (21)
rae
— v = T(k+a+1) x¥
o _ (v) _ Ot i
Erl(f’x)_;[f ) F(V—r+a+1 kZ:OF(k—Fr—V—i—l) v’ (22)
T (f,) = Z P Ly () (2.3)

1 o0
k= —/ &) f T () LE(t)dt — kosbpuuments Pypbe — Jlareppa dyukumu f)(z) mo noauHOMam
hi;
0

Jlareppa.

Pan J(f,z) Gynem HasblBaTh cMewianHoiM DSIOM 10 NonuHoMaM Jlareppa L§(x), 9TUM e TEPMHHOM
Mbl 0003Ha4YMM MpaBylo 4yacTh paBeHcTBa (2.1). B paGorax [1-3] Takke ObLIH pacCMOTPeHBI AOCTATOUHbIE
ycioBUs Ha GyHKUMIO f(x), obecneunBaiollyie CXOAUMOCTb CMELIaHHBIX PSIIOB M CIIPABEIJHBOCTb paBeH-
crBa (2.1).

Teopema 2.1. [lycmo —1 <a <1, r>1, A>0, fe W[, R Toeda cmewanmoiil psd (2.3) cxodumcs
pasHomepro omuocumenvro x € [0, A], u 0as npoussosvrozo € [0,00) umeem mecmo pagercmso (2.1).
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CwmelaHHble psifibl 0 mojnHoMaM Jlareppa LS (z) npuHUMaT 0coGeHHO MPOCTOH BUA B caydae « = 0.
B atom cayuyae paBenctBa (2.2) v (2.3) mpUHUMAIOT CAEAYIONIHE BHI:

E)_i(fx) Zf (0 (24)
TP (f,x) Z FoeLii, (@) (2:5)
fla) = Eﬁll(ﬁ x) +J0(f, ). (2.6)

Ecau Mbl Tenepb Bocrnosbayemcsi paBeHcTBOM (1.7), TO MOXKEM 3aMeTHTb, UTO
Ll (@) = (=2)" Li(x)/(k + 1),
M03TOMY, MOACTABJIsISE 3TO 3HayeHue B (2.5), umeem

JO f7 _xz.fa?k LT

k:Jrl

(2.7)

Conoctaasis (2.4), (2.6) u (2.7), MBIl IPUXOIUM K CJIEAYIOIIEMY TIPeICTABJIEHHIO CMEIIAaHHOTO Psifia Mo
noarHomam Jlareppa npu a = 0O:

r—1 00
fla)=>_ f¥(0) Z (). (2.8)
v=0 ! k=
Oneparopsl £, .(f) B 3TOM cydae HMEIOT BH
n 0
v .k T
3 (2.9), B cBOW OYepenb, HMeeM
(€91, (£.2) fomo = FP(0), (0<w<r—1). (2.10)
Hudbdepenuuposanue pasercts (2.8) u (2.9) maer (0 <m <r—1)
r—m—1 s
(erl/ T r—m 211
-3 Z,lem (@) (21)
i (m.l,_,,) 2T = Tk: Z m(z) 0 (m)
( n+r f’ Z f Z k+1 _£n+’r m(f 737). (212)
v=0
s —1l<a<l, fe WEM [OJIOXKUM
T2 Z frnlil (@ (2.13)
‘Czjtr(f) = ‘Cerr(f’ l‘) = ngl(fa .’L‘) + Jf:n(f7 37), (214)

rie B | (f,z) — nonuHoMm creneHu r — 1, onpenesnenuslit pasencteoM (2.2). Torma us (2.1), (2.3), (2.13) u
(2.14) umeem

f(l‘) :Lz+r(f7x) +7D;):n(f’x)7 (2'15)
rage
Prn(f, Z frwlier (@ (2.16)
k=n-+1

W3 (2.14) cnenyer, uto Ly ,.(f,x) npeacrapaseT co6oit anredpanyeckiii MoJUHOM cTeneHd n + 7. Bynem
pacemorpuBath L0, (f) = L5 ,,.(f,x) Kak annapar npubIHKeHHs IMaiKuX QYHKIHH.
3aMeTHM ellle, 4TO B CUJy TeopeMbl 2.1, €ClH prqr = Pp4r(z) anre6panyeckuil MOJMHOM CTENEHH N+,
+ +
TO

Lot (Pntr) = Pnr (2.17)
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3. ANMPOKCYUMATUBHBLIE CBOVCTBA OMEPATOPOB £° . (f) HA KNACCAX 1" (0, o)

Bynem paccmarpuBath dyHkuuu Buna f : [0,00) — R, aas KoTopeix 7-Tas npoussoaHas f(")(z) Henpe-
PBIBHA U YIOBJIETBOPSIET YCJIOBUIO

e 2 fM(z) <1 (0<z < o0). (3.1)

MHoxecTBO TakuX (QYHKUHH Mbl 0603HauuM uepe3 W7 (0,00). B Hacrosimiedi paGoTe MBI paccMOTPHUM
annpoKCHMaTHBHble CBOHCTBA YaCTHUHBIX CYMM CMeLIaHHBIX PSOB IO rNosuHoMaM Jlareppa Ha KJaccax
W™ (0, 00).
[ycts f € W7(0,00), TOrna Mbl MOXKEM OMPENEUTh CAEAYIOULYI0 BEJHUHHY:
. —x/2, —r/2+1/4
Ep(f) = inf max e 2e7 2 f(2) - ppo (), (3-2)
Pm xz€[0,00)
TJle HUXKHSIST TPaHb OepeTcs M0 BCeM aireGpandyeckuM MOJUHOMAM Py, (X) CTENeHH m, YAOBJETBOPSIOLIMM

YCJIOBUSIM
(@) [y = F(0) (0<v<r—1). (3.3)

Yepes p! (f) = p-,(f, ) Mbl 0603HaUKM ajareGpanyueckuil MOJUHOM CTerneHu m > 7 — 1, yIoBJeTBOpS-
oKH yeaoBusM (3.3), A1 KOTOPOro

Ep(f) = max e/ /M f(a) - (o). (3.4

3aMeTHM, UTO €CJIH Ppiy = Prir(Z) MPEACTaBIsSET COOO0H ajireGpauuecKHil MOJMHOM CTENeHH 1 + r, TO B
cuny (2.17) L2 (pptr, @) = pnyr(x), n03TOMY 1IPH ™ < N+ 1 UMEEM

e PPy PRV f () = L, (f,2)] = e PaT PV f(2) — i, (f,2)] + Z (), (3.5)
rue
Z(x) = a A2 L0 (o (f) — £ 7). (3.6)

Hanee, B cuay (3.3) u (2.9)

L) = fo) =" 3 me) -

_ oy L) | e - s o (3.7)
k=0 t=

[TpumeHsisi r-pa3 UHTErpUPOBAHHE [0 YACTSM U YUHTHIBas ycJjoBue (3.3), nuMeeM

/ooo et LY P (f1) — FO)Ddt = (—1)7 /Ow P (£.0) = F(O)] (e LY(1) P dt. (3.8)

C npyro#t ctoponsl B cuay (1.1) u (1.7)

o1 kT Ldtr
(1) = e () = e () =
= (ke e LT () = mwe—wx—ri(;ﬁ;ﬂ Ly@) = (~17e " Li(@).  (39)
U3z (3.7)-(3.9) umeem
L)~ fo) = [ (.0 - f0 e ; Oy, (3.10)
W3z (3.6) u (3.10) Haxogum
2(a) = arletisteer [ T - f@)]e kzn:_o L’Eﬁ%“) dt. (3.11)
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s (3.11) ¢ yuerom (3.4) MBI MOXKEM BBIBECTH CJEIYIOLIYIO OLEHKY:

n

o ja_1/4 _ttm Ly (z) Ly (t)
7 < gr/2¥1/apr / r/2—1/4 —'% k k . 19
2@ < 2B [ e 3D 2RISR a (312)
[Tosoxum
> a1ja _tte |~ Li(z)LE(2)
I (x :/ {r/2=1/4e="5 Y 3.13
@= [ DL (euin (3.13)
torna us (3.4), (3.5) u (3.12) cnemyer, uto npu x > 0 crpaBeaIMBa OlEHKA
e /2 B f(2) — L0 (f,0)] < Epn(F) [+ 272040 )] (3.14)

Ecau Mbl 3amennm 3ech f(x) Ha f(")(z) u Bocmonb3yeMcsa paBenctBoM (2.12), To monyunm (0 < m < r—1)
e~ 2B £ ) — (28 (f) | < B (F0) [L T AR @)

B cBsi3u ¢ 3THM pe3y/bTaTOM BO3HHKaeT 3ajaya 00 MCCJENOBAHMH MOBeNeHHs BeJHYHHBI [ (x) mpu
n — 00, 0 <z < co. MMeer MecTo crenytomias
Teopema 3.1. [lycmo s = s, =4n+2r + 2, r > 1. Toeda umerom mecmo oyeHKu

n/2 /4 n(n + 1), 0<x <3/s,
/24 In(n 4 1), 3/s< x < /2,
L(z)<e(r)s . 4 . 1/4 (3.15)
xr~ 2" 1 ln(n—&—l)—k(m) i S/QSl'S3S/2,
7ﬂrr/2+7/467w/47 3s/2< .

(3mechb ¢(r) — HeKOTOpAsi MOCTOSIHHASI, 3aBUCSAILAST OT T°)
Ipu dokasamesvcmee Teopembl 3.1, nosyoch [0, 00) pa3bUBAETCS HA HECKOJIBKO YacTed MO0 CJeAyoleH
cxeme:
[0,00) =G1 UGy UG53 UGy,

rie G1 = [0,3/s), Ga = [3/s,5/2), G3 = [$/2,35/2), G4 = [35/2,00), u dhyHKuus I/ () oLeHHBaeTcs Ha
Kaxaom u3 MmHoxkecTB Gy, (k = 1,2,3,4). M3-3a HepocTaTka MecTa Mbl 3eCh OTPAaHUYUMCS 10KA3aTeNbCTBOM
CNpaBelIMBOCTH OLEHKU (QyHKUNH [, (z) Ha MHOXKecTBe (7.

C 3Toil 1esbl0 3aMETHM CHayaJsa, 4yTo U3 conocTaByeHus paBeHcTB (1.6) u (3.13) umeem

I (2) = / gr/2=1/4g= 5 r (0 9] gt (3.16)
0
4. OLEHKA I (z) HA G,
[Tycts = € G1. Tlosoxum
4/s e
Ji = / /214 =55 KT (2, 1) dt. (4.1)
0
Jo = / /2145 KT (2, 1) dt, (4.2)
4/s
toraa B cuay (3.16)
I (z) < Ji + Jo. (4.3)

Ouenum J;. Ucnonbays ouenky (1.8), umeem

4/s n 1 re
J < gr2=UANT o= | L (2) LY ()| dt <
o< N e LU LS

n

4/s 1 .
< r/2—1/4 —’TT’AT r <

8 Hay4Hbiri otgen
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4/s n SQT
< C(T)/ tr/271/4dt k < c(r)nr/2+1/4.
0 ,;) (k + 1)r

Ouenum Jo. C 370# Lesblo obpatumes K popmyse (1.14). Torna us (4.2) umeem

Jo 2 L) [ A L )]

4/s
T L@ [Bra () = L @]
+(n+r+1)/e*%t7“/2*1/4 ; dt+
— X
4/s
. L(@) [Lhaa(®) = Ly (1]
+(n+7’+1)/67%t7,/271/4 P dt = Jo1 + Jog + Jos.
4/s
Jlasee, MOJIOXKUM
W= i;(x)’ / §r/2-1/4¢t/2 ﬁ;(t)‘ dt = Wy + Wy + W,
4/s
rae
. 5/2 .
Wy = L;(x)‘ / $7/2-1/4¢=t/2 L;(t)‘ dt,
4/s
. 3s/2 .
Wy = L;(’JJ)’/ tr/271/467t/2 L:L(t)‘ dt,
s/2
W = ﬁg(x)‘/ §r/2-1/4¢=t/2 z;(t)] dt.
3s/2
Us (1.8), (1.9), (4.7)—(4.9) unmeenm
s/2
W, < C(T)nr/2—1/4 /t_l/th < C(T)nr/2—1/4n1/2 _ c(r)nr/2+1/4,
4/s
3s/2 3s/2
. dt - dt
Wa < c(r)n? =3 / —— <c(r ns=s / - <
) [s1/3 4 |t — 5] ? ) [t — s+ s/3]7
r_14 7 13s/2 r_14 b
< c(r)rﬁ*% 3 [t -5+ 31/3} ! < c(r)nrég {5/2 + 51/3} L < e(ryn /A
oo
W3 < c(r) / e 2= gy < c(r)efgnnr/zfl/‘l.
3s/2

W3 (4.5) u (4.6)—(4.9) Mbl mosyyaem st Ja1 CJAEYIOUIYIO OLEHKY:
Jo1 < e(r, \n"/FHA,

Ouenum Jog. U3 (4.5) ¢ yuetom onenku (1.8) umeem

~ N —T/QAT t
Joo < c(r)n|Ly 4 (x) — L:Lil(x)‘ e /2 / ntin()e—t/2tr/2—1/4dt.
-z
4/s<t<oo

Marematrka
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W3 (4.14) u ouenxu (1.10) Haxogum

Jog < ¢(r) / Wﬂ/*l/‘ldt < c(r) / AT (e V24254 = Ty 4 Joy 4 Jas,
4/s 4/s
rae B cuay (1.9)
5/2 s/2
Thy = ¢(r) / AT (#2725t < o(r) /nr/2—1/4t—r/2—1/4tr/2—5/4dt _
4/s 4/s
s/2
= c(r)nr/2_1/4 / =112t < c(r)nr/2+1/4,
4/s
35/2
o = c(r) / AT (t)e™t /242754 <
/2
3s/2 3s/2
< e(r) / [n(n1/3+|t_s|)]_1/4tr/2_5/4dt:c(r)nr/2_5/4_1/4 / dt <
s/2 s/2
3s/2
< e(r)n/36/4 / (t—s+ 1)_1/4 dt < c(r)yn"/275/4p3/% = ¢(r)n"/273/4,
/2
J5y = c(r) / A;(t)eft/ztr/275/4dt < c(r) / ellte=t124r/2=5/4q —
3s/2 3s/2
= ¢(r) / e HAr/2=5/4 g < c(r)e3s/8n7'/2_5/4.
35/2

W3 (4.15)-(4.18) BbiBOIUM
Jog < c(ryn™/AHA,

OuenuM Joz. M3 (4.5) u ouenox (1.8), (1.10) umeem
Jag < Jé3 4—(]53 4—<]£g,

rae

s/2 s/2

dt
Jﬁs _ C(7,)nr=/2+1/4/t—r/2+1/4tr/24>/4dt < C(r)nr/2+1/4 / - < c(r)n”/QH/‘l In(n + 1).

4/s 4/s
3s/2 14
= ety [ (05— o) e <
s/2
3s/2

< e(ryn™/?1 / (t — s+ n3V4dL < c(rynm/2H1/4

S

J < e(ryn/2H /oo e A28 g < ey e T3S/,
3s/2

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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P

W3 (4.20)—(4.23) caenyer olneHka

Jog < c(r)nr/2+1/4 In(n +1).

(4.24)

Tenepb cobepem ouenku (4.13), (4.19) u (4.24) BmecTe u comoctaBuM ux ¢ (4.5). D10 naet

Jy < e(r)n™/* Y4 In(n + 1),

a orciona v u3 (4.4) ¢ yuetom (4.3) mosyuaem OKOHUATEJIbHO

I"(z) < ce(r)yn™> M imn+1) (z e Gy).

(4.25)

Tem cambiM JOKa3aHO yTBeP2KAeHHE TeOpEMbI 41, OTHOCsIIeeCsd K Caydaw x € Gl.
N3-3a HeNOoCTaTKa MecCTa Mbl 3[1€Cb OrPAHHUYHMCSA NOKa3aTesJbCTBOM CIPaBEAJHMBOCTHU OLIEHKH ClL)y'HKL[I/II/I

I7 (x) Ha MHOXKecTBe G7.
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ACUMNTOTUYECKWE METOAbI
B AUHAMUKE OBOJIOHEK
MPW Y DAPHbIX BO3AEACTBUSX

N.K0. KoccoBuy

CapartoBCKui rocyAapCTBEHHbIN YHUBEPCUTET,
Kachepa MaTeMaTn4eckoi Teopum ynpyrocTit 1 GoMexaHuku
E-mail: KossovichLYu@info.sgu.ru

B pafote onmcaHbl acuMNTOTUHECKIME METObI, paspaboTaHHble ANst NOCTPOEHUs MaTeMaTnye-
CKOW MOZLE/N HeCTaLMOHapHbIX BOMTHOBBIX MPOLIECCOB B 000/104KaX BpalleHst NPy YAaPHBIX
TOPLIEBLIX BO3AENCTBISIX, @ TaKXe MpeAHa3HAYEHHbIE /1Sl PELIEHNS KPaeBbIX 3a4a4 /15 KOM-
MOHEHT HaMpPsXEHHO-AeHOPMIUPOBAHHOr0 cocTosHMS (HLC) ¢ pasnnyHbIMM NokasaTensiMm ua-
MEHSIEMOCTY 1 [HAMUYHOCTH. TTpuBEeHa KnaccuapukaList aCUMMTOTUHECKUX MPUBIKEHNIA.
N3noxeHo NocTpoeHUe HU3KOHACTOTHOMO U KOPOTKOBOJHOBOTO MPUOMIXEHMIA, NOrpaHCioes
B OKPECTHOCTSIX KBA3WU(PPOHTA, CPPOHTOB BOMH PacCLIMpeHnst U CaBUra 1 YCIOBHOMO (opOHTa
MOBEPXHOCTHbIX BO/H Panest. OnucaHbl cxeMbl pacuneHeHus HecTaumoxapHoro HOC B cnyya-
X yiapHbIX TOPLEBbIX MPOAONBHLIX BO3LEACTBUIA TAHMEHLMANBHOTO, U3rUBAOLLEro, a TakKe
BO3/1e/CTBMS| HOPMANBHOTO TUNA.

Asymptotic Methods in Dynamics of Shells under Shock Loading

L.Yu. Kossovich

The paper deals with the asymptotic methods, developed for creating a mathematic model
of non-stationary wave propagation in shells of revolution under shock impacts of tangential,
bending types and shock impacts of normal type; the methods are also aimed at solving the
boundary value problems for the strain-stress state (SSS) components with different values of
variability and dynamicity indices. Classification of asymptotic approximations is also presented.
This classification defines three different types of separation scheme of non-stationary SSS.
This scheme uses the following asymptotic approximations: short-wave and low-frequency ones,
boundary layers in the vicinities of the quasi-front, the dilatation and shear wave fronts, and the
front of Rayleigh surface waves. The schemes of ranges of applicability of approximate theories
and schemes for the longitudinal stress resultant, bending moment and transverse shear force
are represented.

BBEIEHUE

enpro mpencTaBieHHOH paboThl SIBJASETCS OKOHUATE/bHAs CHCTEMa-
TU3alUs Pe3y/lbTaTOB Pa3pabOTKH aCHMIITOTHYECKHX METOLOB HCCJeMNO-
BaHMs HECTALMOHAPHBIX BOJH AJI TOHKHUX YIPYTHX 060JI0UeK BpalleHHs.
Jlanubiii 0630p 060011aeT MaTepualbl, HaaoKeHHbe B [1], no6aBjeHHeM
nocsenHero xapaktepHoro tuna HJIC (Bo3HHKalolero mpy TOPLEBHIX
yIOApHBIX BO3IEHCTBHSAX HOPMAJbHOT'O THMA M MPH HOPMAaJbHBIX MOBEPX-
HOCTHBIX Harpy3kax), U3y4eHHOr0 B MOCJEHHE HECKOJIBKO JIET, & TaKXkKe
Gosiee MOAPOOHBIM H3JI0:KEHHEM pa3pabOTaHHBIX ACHMITOTHUECKHX Me-
TOJIOB pelleHHs] KPaeBbIX 3ajay /s NPUOJIHKEHHBIX COCTaBJISIOLIUX.

[IpencraBsieHHble HUCCJAENOBAHUS SIBJASIOTCS 0000LUIEHHEM aCHMITOTH-
4ecKoro moaxopa, paspatdorantoro A.JI. Tonbaenseiizepom [2,3] B 3ana-
Yyax CTaTHKHU U CTAHOHApHOW NUHAMHUKH. OCHOBBI CXeMbl pacusieHeHHs
HectauunoHapHoro HJIC Ha cocrtaB/siiolire ¢ pa3jJMyHbIMHU T0Ka3aTesMH
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U3MEeHsIEMOCTH BIIE€pBbIe MpeNCcTaBJaeHbl B MOHOrpaduu [4]. Pelenuns N/ HecTalMOHAPHBIX BOJH CTPOSITCA C
MIOMOLIbI0 GE3MOMEHTHOH U MOMeHTHOH cocTtaBasiomux Kupxroda — JIsiBa, KBa3ucTaTHUECKOTrO MOTPAHCIOSN
tuna CeH-BenaHna u BBeseHHoro B [4] HOBoro tTuma coctaBJsiolieli — ObICTPOU3MEHSIIOLLErOCS 0 TPOLOJIb-
HOH KOOpAMHATe W BPEMEHHM AMHAMHUYECKOro norpascnosi, onucbiBatoniero HJIC B HEKOTOpPHIH HavyasibHBIH
NIPOMEXYTOK BpPeMeHH M B JOCTAaTOYHO LIMPOKOH OKPECTHOCTH (PPOHTOB BOJIH. DTa CXeMa pacdjeHeHHs
HectaunoHapHoro H/IC siBusach NMPUHIHUINMAJIBHO HOBOH, OTJHUAIOLIEHCs B KOPHE OT CXeM pacdjeHeHHs,
UCIIOJb3YIOLIMXCS B CTATHKE W CTALMOHAPHOH AuHamuke [2, 3]. B orsinune oT MeTona mosoxeHust pelieHui
C pa3/MuUHBIMK [10KA3aTeJsIMH H3MEHSEeMOCTH (B YaCTHOCTH, METOAA MOTPAHCJOSI), HCIOJNb3YeTCs BapUAHT
MeTOfla CpallhBaeMblX pasJjoxeHHH. [Ipy aToM [0Ka3aHO CyliecTBOBaHHE 00/MACTEH COINAacOBAHHS COCTAB-
aswomnx Kupxrosa — JIsiBa ¥ 1MHAMHUYeCKHX NOrPaHC/I0eB PA3JMYHOrO THIIA, [I€ 9T pelleHHUs COBNanaioT ¢
3a/laHHOH aCHMMTOTHUYECKOH TOUHOCThIO. Hanmuuue obsacTell cornacoBaHus MOKa3bIBaeT NOCTATOUHYIO TOY-
HOCTb MIOCTAHOBKH KpaeBbIX 3a/1a4 [JIsl BCEX COCTABJSIOMINX, a TaKKe KOPPEKTHOCTDb NPeNCTaBJIeHHOH CXeMbl
pacuneHeHusi. OTMeTHM, UTO TIPUMeHEHHe 3TOH CXeMbl OCHOBBIBAETCSl HA CYIIECTBEHHOH HEOZHOPOLHOCTH
rokKasareJseld U3MEHSeMOCTH U IMHAMUYHOCTH M0 KOOPAHHATAM U BPEMEHH.

JanbHelmn# aHannu3 pelieHnH AJs IHHAMUYECKOro MOTPaHC/0s oKasaJs, YTo AMHAMUYEeCKUH MorpaHc-
JIOH caM sBJsIeTCS NOCTATOUHO HEONHOPOAHBIM MO M3MEHSEeMOCTH, BMECTO KOTOPOIO MOXKHO HMCIIOJIb30BaTh
TPU COCTaBJSIIOLIME PAa3JHYHOrO THIMA, KOTOPble W OblIK BBeleHH B [5, 6]. Cpend HUX — MOrpaHC/OH ma-
paboJIMYeCcKOro THNA B OKPECTHOCTH KBa3H(POHTA, KOPOTKOBOJHOBBIE MPUOJMKEHUS A KBA3HUIJIOCKOH U
KBa3UaHTHUIJIOCKOH 3aJjau TEOPHUH YIPYTOCTH, a TAKXKEe MOrPAHC/OH THIepOOIUYEeCKOr0 THIA B OKPECTHO-
CTsAX (PPOHTOB BOJIH paclIupeHus U casura. [Ipuuem ecau B [5, 6] ypaBHeHHs napaGoanuecKoro norpaHcsIos
BBIBOIMJINCh Ha 6aze TeopHH 000JI0YEK BBICOKOTO MOPsiika MpHOMHKeHHs, TO B [7, 8] Oblia paspabora-
Ha MEeTOJIMKAa HEeMOCPeNCTBEHHOr0 X BHIBOAA NMPSIMO M3 TOUHBIX TPEXMEpPHBIX ypaBHeHHH (B 3THX padoTax
peluauch aHaJOTHUHblEe 3a[jauk IJisl CAy4aeB aHU30TPOIMHBIX U BSI3KOYIPYTHX 000JI0YEK).

OTmeTHM, 4TO MpeAbIIyLIHe Pe3yJbTaThl OTHOCATCS K CJydasiM, KOTa HecTalHOHApHBIE BOJIHBEI B 060-
JIOUKe BO3HMKAIOT TPHU YAAPHBIX TOPLEBBIX BO3LEHCTBUAX, OTHOCAMKXCA No Kaaccudpuxkauuu Y.K. Huryna
[9] k cayyasM mpomosibHOrO BO3AEHCTBUsSI TaHreHLUHa bHOro Thna LT u mpomo/sbHOrO BO3meHCTBUS H3TH-
6atoutero tuna LM. B nocsienHue ropbl 6bl1 pacCMOTpPeH TPeTHH M 3aBepLIAOLIUH, ¢ TOYKH 3pEHUs TUIMa
cxeMbl pacusieHeHHs1 HectaunoHapHoro HJIC, Bua BosmeficTBHS: HopMaJsbHOe BosneiicTBre Buaa NW [9]. B
OTJIMYHEe OT TPeIIIeCTBYIOMNX cay4aeB, nosiBasercs HoBelH TUN HJC B OKpecTHOCTH yCJOBHOTO (hpoHTa
TIOBEPXHOCTHBIX BOJIH Pasies. Pacemorpenue storo tuna HIAC Hauasock ¢ aHanusa HectaunoHapHoro HJIC
B caydae 3amaud JIamba mas nosymaockoctu [10, 11]. BeiBemeHo rumepGosnueckoe ypaBHEHHE, OMHCHI-
Balolllee paclpocTpaHeHHe BOJHbBI Pajiess BIOJb I'paHULEB! MOJYIJIOCKOCTH, a 3aTyXaHHe pelleHHs B I1yOb
TMOJIYTNIJIOCKOCTH OTIpeieisieTCsl MyTeM MOCJ/eI0BATEIbHOTO pellleHusl IBYX ONHOTHMHBLIX 3anau HefimaHa pis
noteHuranoB Jlame. [lonydeHHble MeTOABI OBIIM MCIOIb30BAHbI JI51 TOCTPOEHHS TTOTPAHC/IOSN B MJIACTHHAX U
UMJIMHAPUUECKUX 0OoJsoukax B padotax [12-14]. B uesnom necrauuonaproe HJIC mpu Takux Bo3aeHCTBHIX
KccsenoBaHo B padorax [15-19].

YKa3aHHBIMH pabOTaMH IOJHOCTbIO 3aBEPLUKJIOCH MOCTPOEHHE aCHMIITOTHUYECKOrO MOAXOA K HCCJEeNO-
BaHMIO HECTALMOHAPHBIX BOJH B TOHKHUX YNpPYTHX o6osoukax. KoppeKTHOCTb OKOHUaTe/JbHOH CXeMbl pac-
YJleHeHUs OlpeiesIseTcsl HajJuyueM 06/1acTell COracoBaHUS MeXAY Pa3NHUHBIMU NPUOIHKEHUSIMH.

1.MOCTAHOBKA 3A0AYU

PaccMoTtpum o6osiouky BpaiieHusi (puc.l), oTHe-
CEeHHYI0 K KPUBOJIMHEHHBIM KOOpAnHaTaMm (s, 6, z), rae
§ — [OJWHa AyTU BOOJb obpasywoouled, 6 — yroa B
OKPY2KHOM HalpaBJ/IeHWH, z — KOOpAUHATa BHELIHeH
HOpMaJl1 CPeAHHHOH ITOBEPXHOCTH.

HsyuaeTcss nelicTBHe ynapHOH HarpysKu, MpHUJIO-

JKEHHOM K Kpaw M 3aBUCSILLEH OT BpPeMeHMU KaK eiu- A
HUYHas ¢yHKUUs XeBucanaa. N
PaccmaTpuBaioTcsl TpU THIA BO3/EHCTBUSA, a UMEH- Puc. 1

HO TIPOROJBbHOE BO3JeHCTBUE TaHTeHLHAJbHOIO THIA,
NPOLOJIbHOE BO3[eHcTBHe M3rubarollero Tuna 1 HopMaJsbHOe BO3LeHCTBHE, COOTBETCTBYIOLINE KJacCHpHKa-

uun ¥Y.K. Huryna [9]. B nepsom cayuae (LT-Harpy»keHue) Mbl MMeeM HeHYJeBOe 3HaueHHe MPOJOJbHOTO
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HOpMaJIbHOTO ycuJusl. EciM Mbl 0003HAYMM HaNpsKeHHs W IepeMelleHUs o;; U v; (4,7 = 1,2,3), TO
c/eaylollie IPaHHYHbIEe YCJIOBUS COOTBETCTBYIOT 3TOH Harpyske:

0'11:IH(t)f(9), vo =v3 =0 npu s=0,

(1.1)
f(6) = cos(mb), wuau f(0) = —sin(mb).

3pece I — ammauTyna Harpysku, H(t) — crymenuaras ¢yHkuus Xesucaiina, ¢ — BpeMs. Bo BTopom
cnyyae (LM-Harpy»keHre) MBIl MMeeM Ha TOplie HeHyJneBOH H3TrHOaroluil MoMeHT. [IprMep cooTBeTCTBYIO-
LIMX TPaHUYHBIX YCJOBUH MMeeT BUJ

o1 =1zH(t)f(#), vo=wv3=0 npu s=0. (1.2)

B Tperbem xe ciayuae (NW-HarpykeHde) Mbl HMeeM Ha TOpLe HEHYJIEBYIO [epepe3blBAIOLLYI0 CHIY.
D10l Harpyske COOTBETCTBYIOT CJeAyIOLHMe I'PAaHUYHbIE YCJIOBUS:

oy = IH®) (), vfV=vi" =0 mpu s=0 (1.3)

paCCManI/IBaeM TOJIBKO OOHOPOAHBIE HaYaJIbHbIE YyCJIOBUS

- 8Ui

5t =0 (i=1,2,3) mpu t=0 (1.4)

Vg
U NIpuUMeM, 4TO JIMLEBbie MMOBEPXHOCTH 0060JI0UKH CBOOOAHBI OT HaHpH)KeHI/Iﬁ
013:(723:033:0 npu Z:ih, (15)

rie h — MoJyTOJIIMHA 060J0YKH. MBI TaKKe NPEANONOXKHUM, YTO YIPYTHe BOJHBI He NOCTHIAIOT BTOPOTO
Kpasi 000JIOUKH M OTPaHHYUM cels CiydaeM, KOIJZa DPacCTOsHHe, NPOHIEeHHOe (POHTOM, COM3MEPHMO C
XapaKTePHbIM 3HAUEHHEM PaJWyCOB KPHBH3HHI.

[TpuBenem TouHble TpexMepHble YpaBHEHHS TeOPUH YIPYrocTH. [TocKonbKy NJIMHHOBOJIHOBbIE COCTABJS-
I0lllee BBIBOAATCS /15 CAMOro OOLLero cjy4ast TOHKMX 060J0ueK, BEIIMIIEM CHada/la TpexMepHble ypaBHeHUS
1151 9TOTO OOLLEero c/yudas reoOMeTpPHH.

[TycTb cpenuHHasi MOBepXHOCTb 06ONOYKH OTHECEHA K OPTOrOHAJbHBIM KPUBOJHMHEHHBIM KOOpPAHWHATaM
(a1, 0); 2 — KaK W mpexje, HOpMaJjbHas KoopauHata. [IpuMeM [ MEXaHHUECKUX MApaMeTPOB CJIELYIO-
mue 0603HaYeHUsi: p — MIOTHOCTh, E — Mopynb [OHra, v — kosadduuuent Ilyaccona. Torna ypaBHeHUs
IBH2KEHUS U 3aKoHA ['yKa 3amuiiyTcs B BHIE

1 0oy 1 0oji Qo 1 8HJ'( i)+ L@( o)+
Hi (r“)Ozi H]‘ 604]‘ 0z HZHJ 80@- Tii 93 HZHJ 8aj ij g

Tr r  a. 03 5 .93~ P75 — U

HiHj 0z 3 Hi 0z 3 p ot? ( 6)

L.
1 80’1'3 1 80']'3 80’33 1 8H1 1 (9Hj 1 (9HiHj
7 T __—O'ii__—a'jj+——0'33+
Hi 8047; Hj 8ij 0z Hz 0z Hj 0z HZHJ 0z
1 8HJ 1 8Hl 82’03

i O s~ p 2 =0,
HH, 0 " T HH, 0, T P o2
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__F v_(Qvs 1 0v 1 OH; o 1O0H; N
ST o0+ [1-v\ 0z " H;00;  HH; 0oy ' Hy 0z °
n 1 dv; 1 aHiv i%v
H 8@, HiHj aOlj J HZ 0z 3|
- E v 1 (9’Ui 1 81}]‘ 1 8H,- "

733 = 2(1 + V)FLQ 1—v Hl 8012- Hj 8aj HlHJ 8aj Y7
L 0H; 1 0H, L oH; Y\, v (1.7)
lH 80@ vi Hl 0z s Hj 0z s 0z ’
1 Ovs 81}1 1 8H

03; =

1+y H; 804Z 92 H; 82

1 8@1 1 Ov, 1 OH; 1 8va

oij = 4+ =" ;- ——v; |,

J 1—|—V H 8OZJ H; da; HH 8()[] HiHj Oay;
rnei#j=1,2u
1-2 E(1 - E
oo fizw o[ Bu-y [ B 09
1 2(1 -v) I+v)(1-2v)p 21 +v)p
31ech ¢; — CKOPOCTb BOJIHBI PACLIMPEHUSs], Co — CKOPOCTb BOJIHBI ciBUra, H; — mapametpsl Jlame:
Ho=4(1+Z (1.9)
(2 3 R,L bl .

rie A; — K03(hULHEeHTH NepBOH KBaApPaTHUHOH (hOpPMbI CPeHHHON IIOBEPXHOCTH, R; — ee ryiaBHble paju-

YCbl KPUBU3HBI.

[Tepenuiuem ypaBuenus (1.6)-(1.7) mast o6osmouku Bpaitenus. O6o3Hauum yepe3 A = A(s) paccrosiue
OT TOYKH CPEIMHHON MOBEPXHOCTH A0 OCH BpallleHHs, HeJeHHoe Ha R, rie R — xapakTepHOe 3HauyeHHe
pafyCcoB KPHUBHU3HBI CPEIMHHOH MOBepxHOCTH. Torna ypaBHeHHs OBUXKeHHs M 3akoH ['yka samuinyTcsi B

BUJIE
(90'11 1 6012 8031 32’01
[ k —_ — —
9s TRA o9 T . T Hlon-om) gy =0
1 (90'22 8012 8032 82?) o
FA 0 T os tar T rgm =0
80'31 1 30'32 8033 827)3
k —
9s T RA 06 T 9. THOm T rge =0
- E [ v 81}3 1 (9’02 6111
M Tg Ry _1_V<E+A—RW+‘C ) s |
- E [ v Ovs On 1 Ovy
72 = 21+ v)r? [1—v <82 * 35)+AR a0 ko
B E v Ovy 1 Ovsy Ovs
75 = 50 )2 1—1/(68 T arae T > oz |
Ot — E 81)3 8'[)1
BT 4y) L 0s 0z ]
_ B 1 ow %
72 =91 +v) | AR 90
- E [ 1 81}1 81)2
2= 50+ v) | AR 90 +a__k“2]’
1dA
= =4
e Ads’
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2. KNACCUDUKALUA ACUMNTOTUYECKUX NPUB/IUXKEHWIA

B Teopur ynpyrux TOHKOCTEHHBIX KOHCTPYKIMH acHMITOTHUECKHE METOJbl HMEIOT BaxKHelilllee 3Haue-
HUe KakK MpPH BbIBOJE NPHUOJMKEHHBIX TEOPHH, TaK W IpPU pelleHWH KpaeBbIX 3aJau [Jsi COCTaBJSIOIINX
HJIC. Onnako naHHasi paboTa MOCBsileHa, B OCHOBHOM, oOuuM Bompocam noctpoeHuss HIC ¢ momorbo
NpUOJIMKEHHBIX TEOPUH, MOCTPOEHHBIX aCHMIITOTUYECKHM METOIOM Ha 6a3e TOYHOH TPEXMEPHOH TEOpHH.

BeiBox acUMNTOTHYECKH ONTHMaJbHBIX YpaBHEHHH 1151 NPUOJMKEHHBIX TEOpPUH IMPOU3BOAMUTCS C IO-
MOILbIO MeTOJa aCUMITOTHYECKOr0 HHTErpUpPOBaHUS TPeXMepHbIX ypaBHEHHH TEOpHH YIPYTOCTH, KOTOPbIH
OCHOBaH Ha MaJIOCTH IeOMEeTpPHUUEeCcKOro napamerpa 1 = h/R.

JlMHaMKM4ecKHe Mpolecchl B TOHKHUX YIPYTHX 000/104KaX XapaKTepU3YIOTCs CJeLYIOUMH IByMs (DH3H-
YeCKHMH NapaMeTpaMu: | — OTHOIIeHHe JJIHHBL BoJMHBl K R 1 T — OTHOIIEHHe BPeMEeHHOr0 MaciuTada K
Rey . Yo6HO HX BBIPa3WTb B CTENEHAX MaJoro napameTpa 1)

l:’r]q’ T:']’]a. (21)

[Tokaszatenu q, a ABJAITCA OCHOBHBIMH MOHATHAMHU. OHH HasbIBAIOTCA MOKa3aTeJIMH M3MEHSIEMOCTH U
JHUHAMHU4YHOCTH.

B cnyuae craunonapHo#l nuHaMuKH napametpsl [ 1 T (d COOTBETCTBEHHO ¢ H a) SIBJASIOTCS [J1s1 KAXKA0H
CTallUOHApPHOH BOJIHBl B 00/1aCTH, 3aHSITOM TeJIOM, KaK MpaBHJO, MOCTOSHHBIMU. B HecTalMoHapHOH AMHa-
MHKe, Hao00pOT, OHM 3aBHUCAT OT KOOPAMHAT M BPEMEHH, TO eCTb MOKa3aTeJu ¢ U a HUMEIT JOKaJbHbIH
XapakTep.

Pacrsinem maciita® He3aBUCUMBIX MEPEMEHHBIX, TTOJIOXKHUB
-1
o; = Rn%;, z=Rn(¢, t=Rc; n'r, (2.2)

U NPeIIoNoKUM, YTO AuddepeHHpoBaHUe 10 6e3pa3MepHbIM [lepeMeHHBIM &; U T He H3MeHsleT aCUMITOTH-
4eCKHH MOPANOK HEU3BECTHBIX BENTHUHH. 3aBUCUMOCTb HEH3BECTHBIX BEJHUHH OT TOJIIHHHOH MepeMeHHOH (
4acTo oOIpefeJisieTcss SIBHO IIPH BblBOJe NPHONHKEHHBIX YpPaBHEHHH aCUMITOTHYECKMM MeTOLOM. TakuM
o6pa3oM, BBeLeHHe HE3aBHCHMBIX NepeMeHHBIX (2.2) ¢ yyerom uaMeHsiemoctd HJIC nossoJsieT MeTonoMm
ACUMIITOTHYECKOT0 HHTErPUPOBAHUS TPEXMEPHBIX yPaBHEHHH TEOPHUH YNPYTOCTH BBIBECTH aCUMITOTHYECKH
npUGJIMIKEeHHble ypaBHeHHUs 1Jist coctanJstionnx HJIC npy pasinuHbIX 3HAYeHHsIX MOKasaTesield H3MeHseMo-
CTH U JUHAMHYHOCTH.

[Ipu nocrpoennu HecrauuonapHoro HAC ¢ rpannunbiMu yegosusivu tuna (1.1)—(1.3) ucnosbsyiores
B OCHOBHOM COCTABJISIIOLIKE C M0KA3aTeISIMU U3MEHSIEMOCTH U JMHAMHYHOCTH, YIOBJETBOPSIOIIUMH CJEIy-
IOLUM YCJIOBHSIM:

0<g<1, 0<a<l. (2.3)

BBeneM knaccuuKaLuio paccMaTpUBAaeMBIX aCHMITOTHUECKUX NpUOMMKeHUH. [IpubaukeHus, Aas Ko-
TOpEIX ¢ < 1 U @ < 1, OTHeCeHbl K TaK Ha3blBaeMbIM AJHMHHOBOJIHOBBIM HM3KOYAaCTOTHBIM; MPUOJMKEHUS,
IJIsI KOTOPBIX ¢ < 1 M a = 1, OTHECEHBI K IJIMHHOBOJHOBBIM BBICOKOUACTOTHBIM; TIPUOJIMKEHHUS, /ST KOTOPBIX
g =1u a <1, oTHeCEHBl K KOPOTKOBOJIHOBBIM HH3KOYACTOTHBIM W, HaKOHEll, TIPUOJIKEHHS, I/ KOTOPBIX
g =11 a =1, oTHeCeHB K KOPOTKOBOJIHOBBIM BBICOKOUACTOTHBIM. DTa KJacCH(pUKALUs NpelcTaBJ/eHa
Ha puc.2. OTMETHM, UTO AJMHHOBOJIHOBbIE HM3KOUACTOTHbIE MPUOJHKEHHS ONpenesioT 6€3MOMEHTHYIO U
M3rMOHYI0 COCTaBJSIOLINE, ONHUCbIBAEMble KJacCHUeCKOH nByMepHoH Teopuell Kupxroda — Jlssa.

JLJ1st IJIMHHOBOJTHOBBIX MPUOJIFKEHHE [JIMHA BOJHBI MHOTO GOJblie TOJIIMHBL Teqa (I >> 7)), B TO Bpe-
Ml KaK s HU3KOYaCTOTHBIX MPUOJMMKEHWH BPEeMEHHOH MaciiTa® MHOro 6oJibllle BPEMEHH MPOXOXKIEHHUS
(bpoHTaMHU BOJIH PACLIMPEHHUs] U CABHUra PACCTOSIHUS, paBHOrO ToJiirHe obosouku (T >> n). st KOpoTKo-
BOJIHOBBIX TIPUOJIMKEHUH 3TH IJIMHBI U [JIs1 BBICOKOUACTOTHBIX TIPUOJIMKEHUH 3TH BpeMeHa OfHOTO NOpsIKa,
TO ecTb | ~n U T ~ 1) COOTBETCTBEHHO.
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Acumnrorudeckue npubankenus 3D ypaBHeHHH ynpyroctu
0<¢g<1,0<a<1l(>nT2>n)

JlTMHOBO/IHOBBIE HU3KOYACTOTHBIE
NpUOIHKEHUS
g<l,a<l(I>>n T>>n)

J1/1IMHOBONHOBBEIE BBICOKOYACTOTHBIE
NpUONHKEHHUS
g<l,a=1(>>nT~n)

KopoTKoBO/HOBbIE HU3KOUACTOTHbBIE
NPHOHKEHHUS
g=1l,a<1l(l~n T>>n)

KopoTkoBoJIHOBBIE BEICOKOUACTOTHBIE
NpUOJIHKEHUS
g=lLa=1(~n T~n)

P

Puc. 2

Paznenum IJHHHOBOMHOBBIE PUOJIMIKEHHUST HA TAaHTeHIMAbHOe U nonepedHoe (puc. 3). [lasi TaHreHuUHu-
aJIbHBIX MPUOJIMKEHUH TaHTeHLHaJlbHble KOMIIOHEHTH BEKTOpA IepeMelleHHH BeJHUKH 10 CPaBHEHHUIO C €ro
HOpPMaJsIbHOH KOMIOHeHTOH (v; >> v3). HaoGopot, nJsi monepeuHbIx NpubIHKeHHH HOpMaJbHAsl KOMIIOHEHTA
BEKTOpA MepeMellleHUH BeJHKa M0 CPaBHEHHIO C ero TAHTeHIHaJbHBIMH KOMIIOHEHTAMHU: U3 >> v;.

,U,J'II/IHHOBOJIHOBbIe HpI/I6.HI/I}KeHI/IH

TanreHnuanbHble TPUOTHKEHHUS [lonepeunsle npuGMHKEHUS
v; >> U3 v; << U3

Puc. 3

KopoTKOBOJIHOBBIE HH3KOYACTOTHBIE MPUOMHKEHNS He MPEACTABJSIOT GONBUION0 HHTEPeca B THHAMHUKe.
[Tokasano [6], 4TO OHH SIBASIIOTCS YaCTHBIM CjydaeM (KBa3HCTaTHUECKMM) KOPOTKOBOJIHOBBIX BBICOKOYA-
CTOTHBIX NMpUOMMKEeHHH. B HecTanuoHapHOW NUHAMHKE OHH JAalOT XOPOILO HM3BECTHBIH KBAa3UCTAaTHYECKHH
norpancyoit tuna CeH-Benana, onucanHbifi misi ctatukud B pabore [2]. [losTomy MBI 4acTo HasbiBaeM
JJIMHHOBOJIHOBBIE HH3KOUACTOTHBIE MPUOJMKEHHsI HMU3KOYAaCTOTHBIMH M KOPOTKOBOJIHOBBIE BBICOKOUACTOT-
Hble NPUOJIHKEHHsI — KOPOTKOBOJIHOBBIMH.

AcuMnToTHYecKHe MPUOIUKEHHs, OTBeYalOLIHe YCIOBHIO

qg>1, a>1, (2.4)

ABJIAIOTCA 00001IE€HHEM KOPOTKOBOJIHOBBIX NPUO/IMKeHHH. OHY UCIO0/Ib3YIOTCS B HECTALMOHAPHON IHHAMHUKE
TIPH TIOCTPOEHHH TIOTPAHCJIOEB B OKPECTHOCTSX (PPOHTOB BOJIH. BblesieHBl ClleNyIOlIHe THIE TTOIPAHCIOEB
(puc. 4), koTopBle Ha3BaHbI IOTPAHCAOSIMU THIEPOONHIECKOTO THIIA (B OKPECTHOCTSIX (DPOHTOB BOJIH), Tapa-
60JIMUeCKOro THMa (B OKPECTHOCTH KBa3H(POHTA ABYMEPHOH BOJIHbBI PACTSKEHHS) M 3JJIMITHUECKOrO THIA
(B OKpECTHOCTH YCJIOBHOTO (DPOHTA MOBEPXHOCTHBIX BOJIH Peies).

[TorpancJioun
[unep6oaunueckue [lapa6onuueckue DNIUNTHYECKHE
TNOrPaHCJ/Ion NOrpaHCJ/Ion NOrPaHCJIoun
Puc. 4
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3. HUBKO4YACTOTHbIE MPUBJINXXEHUS

PaccMoTpUM JJIMHHOBOJIHOBBIE HU3KOUACTOTHBIE MPUO/IHKEHNS TPeXMEPHBIX YpaBHEHUH T€OpUHU yIpyTro-
CTH B 00IIEM cjlydae TOHKHUX 000JI0UeK MPOU3BONBHOH (DOPMBI.

B ciyuae nyockoll mIacTHHB CUMMETPUYHBIE U aHTUCHMMETPUUHBIE 10 HOPMANbHOH KOOPAHHATE THIIbI
TPAHUYHBIX YCJOBUH NMOPOXKAAIOT CHMMeTpHUUHbIH KU aHTHcUMMeTpu4Hblil tunsl HJC. Tlpu stom piauHHO-
BOJIHOBble HHM3KOUaCTOTHble MPHOJMKEHHS pas3fieIloTCsl Ha JBa THIA: TaHTeHLHa/lbHble W MONepeyHble,
COOTBETCTBYIOIME TEOPHUSM PaCTSKEHHs U U3rH6a TOHKUX IJ1aCTHH. ECTeCTBEHHO NPEeAINoJIoKHUTh, YTO TaK-
JKe UMEIOT MeCTO [Ba pPasHblX pacCMaTpUBaeMbIX NPUO/MHKeHUS B 00LIeM c/lyuae TOHKUX o6oJs04ek. Haunem
paccMOTpeHHe C TaHTeHLHAJ/bHOrO0 NPUO/IHKEeHHUS.

[Tpu nocTpoeHHH TaHTeHLMaNbHOIO NPUONHKEHUS [I0Ka3aTe/ H3MeHseMOCTH U JUHAMUUYHOCTH CBSI3aHBI
cootHotenreM ¢ = a (0 < ¢ < 1) u komnoHeHTsl HJIC UMEIOT CJleAyIOLLyi0 aCHMITOTHKY:

vi = R(nt) +n'tu}), vs = R(nvg + n*9v3),
i = E(ay; +n0};), 0ij = B(of; +noj;), 3.1)
o3 = E(° %08, +0*"903,), 033 = E(* 1085 +0°"2033), (i #j=1,2).

3]l€Cb npennoJiaraeTcs, 4YTo BEJUYUHBI C UHACKCAMHU MUMEIOT OAWUH U TOT 2XKe aCHMITOTHYECKHH ops oK.

Dopmynel (3.1) obecneunBatoT pasnesnenue nckomoro HJIC Ha OCHOBHYIO M JIOMOJHUTEJNbHYH KOMIIO-
HeHThl. Beswunuel, Bxopsiine B ocHoBHoe HJIC, oTmeuensl unmgekcom «0», B TO BpeMsi Kak BeJHUYHHBI,
Bxonsiiue B ponosuutenpHoe HIC, ormeuensl HHaeKCOM «1».

OcnoBHoe HJIC ananorununo HJC nsockoro cjiosi, Toraa Kak AOMOJMHHUTENbHOE — Pe3yJabTaT AEHCTBUSA
MOBEPXHOCTHOH KpuBU3HBL. Ecin ocHoBHoe HIIC CUMMETPUYHO OTHOCHTENbHO CPENUHHOH TOBEPXHOCTH,
TO JOMOJIHUTEeNbHO® aHTHCUMMETPUYHO, U Hao6opot. s cummerpuunoro HIAC v;, 0y, 045, 033 ABAAI0TCA
YeTHBIMU (PYHKUHUSIMU TOJNLIMHHONH KOODAMHATHI, U U3, 03; — HeueTHble GYHKUUU. J[JIs1 aHTUCHMMETPUUHOTO
HJIC Bce BeJMYMHEI UMEIOT NPOTHBOIOJNOXKHYIO YeTHOCTh, @ UIMEHHO V;, Oy, Oij, 033 ABJAIOTCS HEYeTHBIMH
(YHKLUHSMU TOJUIUHHOH KOOPIUHATHI, a U3, 03; — YETHBIMH.

B paccmatpuBaemom caydyae ocHoBHoe HJIC cHMMeTPHUHO OTHOCHUTEJbHO CPeNMHHOH MoBepxHOCTH. C
TOUYKH 3PEHHUS UCIO0Jb30BaHMUSA paccMaTpUBaeMblX NMPUOMHKEHMH B HeCTAllMOHApHBIX 3aayaX MPOU3BeeH-
HbIF Habop TpeOGoBaHHUH, HaKJaJblBaeMblX Ha NOKa3aTeJH U3MEeHseMOCTH, JMHAMUYHOCTH U UHTEHCHBHOCTH,
M03BOJISIET YIOBJETBOPUTb 3THM TPUOMHKEHUSIM (M0 OOBIUHOH TEPMHUHONOTHH Ge3MOMEHTHOH COCTaBJIsIO-
Ilei) TaHTeHIIMAJbHON YaCTH TPaHUUHBIX YCJIOBUH B IBYMEPHOH (hOpMe, a TaKxkKe ONMUCATb PacpoCTpaHeHHe
BOJIH CXKATHsl M cIBUra (aCUMIOTOTHYECKH IJIaBHAsl YaCTh pa3pellaroliell CHCTeMBl [Jis1 PHOJHKEHUST Colep-
JKUT CTapllde MPOU3BOAHbIE OT TAHTEHLHANbHBIX MepeMellleHHH N0 MPOIOJNbHON KOOpPAHHATE U BPEMEHH).

OnucaHue mpolecca aCUMITOTHYECKOTO MHTErPUPOBAHUS TPEXMEPHBIX YPaBHEHHH TeOpHUH YIPYTroCTH
npuBeneHo noapobuo B [10, 6]. 3mech MBI yKaxeM TOJBKO OCHOBHBIE €ro BexXH. [10ACTaBUM aCHMIITOTHKU
(3.1) B ypasuenust (1.5)—(1.6) u mpoBemeMm 3ameHy mepeMeHHBIX corsacHo (2.2) mpu a = q. Paspenss
KaXk[I0€ M3 ypaBHEHWH Ha ABe YacTH, NPHUHHMAas BO BHHMaHHE YETHOCTh 4JjeHOB no ( M mpeHeGperas
ynenamu nopsiaka O(n?>~27) (acHMNTOTHYECKAas TOrPEeIHOCTD KJIacCHuecKoi Teopuu o6osiouek Kupxrosa —
JIsiBa), MPUXOAMM K 3aMKHYTOH CHCTeMe OTHOCHTEJbHO aCHMMIITOTHYECKH [VIABHBIX KOMIOHEHT vi, vy, o
u a?j. BriBeneHa TakxXe CHUCTeMa, OMpeessiollasi aCHMITOTHUECKH BTOPOCTENEHHble KOMIIOHEHTHl depe3
ACUMITOTHYECKH TJIaBHble. DTH J1BE CUCTEMbl Aa0T BO3MOXHOCTh YCTAaHOBUTDH CJEAYIOLU[YI0 3aBUCHMOCTb OT

HOPMaJ/IbHOH KOOpPAMHAThI:

UZQ = 02(0)7 U?1> = U§O)v U?i = 0'1(?), U?j = O-z(?)’
ol =, W=, oh=co), ol =Coff), (32)
0 2 0 2
ol = U:(si) + Czoéi), 083 = ‘7§3) + CQU:(’>3)-

BriBenieHBl ypaBHEHHUS 1Jis BEJHUYHH C UHIEKCAMH B CKOOKAaX, He 3aBUCAIIMX OT (. 3amuileM paspelia-
IOLLYI0 CHCTEMY OTHOCHTEJbHO CJIeyIOMNUX OOIIENPUHATEIX B TEOPUH 000J/I04€K IBYMEPHBIX BeJMUUuH: T; —
TNPONOJIBHbIE YCHJIMSA, S;; — CABHUralollMe YCHJHS, u; — TaHreHLHa/bHble NepeMelleHHs] ToueK CpeiUHHOH
TNIOBEPXHOCTH, W — MPOTHo:
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T_2Eh 6+k w+ 1 Ou, k--ﬂ
T2\ A da, TP TR, A, 0a;, YTR )

S _ Eh {A 0 <u2)+A 0 <uj>}

113 aTl-|-1/1 aé, o \ A, A; Doy \ A ’a (33)
e AT /| (T, T , _

A9 T A ga TR~ )+ kS~ 2phTt =0,

Tl T2 8271]

122 49 —

i + o + 2ph BID 0,

1 04; ,. , .

Paccmotpum Tenepb nonepeyHoe npubsnxeHue. [lokasatenn M3MeHAeMOCTH U JMHAMHUYHOCTH CBSI3aHbI
cootHowenueM ¢ = (a +1)/2 (0 <a < 1), a acumnroruka HJC onpegesnsieTcsi cienyommm o6pasom:

v = R(qu) + n°%}), v = R(n%v3 + 1% vy),
oii = E(n'"90% + nqrf}i), oi; = E(n' 0% + no);), (3.4)

o3 = E(* 908 + n°*03;), o033 =E(n* 0y + 1> 9033) (i#j=1,2).

OcuoBHoe HJIC aHTHCHMMETPHYHO OTHOCHUTEJBHO CPEeAHHHOH MoBepxHOCTH. C TOYKH 3pEHHs HCI0Jb30Ba-
HHsI pacCMaTpPHUBaeMOro MPUOJMKEHHUsST B HEeCTAllMOHAPHBIX 3aJayaX, YKasaHHbIE BHIOOp MoKasaTteseil usme-
HSIEMOCTH, IMHAMUYHOCTH W UHTEHCHBHOCTH MO3BOJISIET MOMEPEUHOMY MPUOJHKEHNIO (M3TMOHON COCTaBJIs-
IOlIed M0 OOBIYHOH TEPMHHOJIOTHH) YAOBJETBOPUTH HETAHTEHIMAJbHOH YaCcTH TPAaHUYHBIX YCJOBHH, CHSATb
HEBSI3KY, MOSIBUBIIYIOCS B 3THX YCJOBHSIX TOCJE TTOCTPOEHHsS] 6E3MOMEHTHOM COCTaBJISIIONIEH, a TaKkxke obec-
MeYUTh YaCTHYHOE MOJEJHUPOBAHHE TTONEPEUHOH H3rHOHON BOJIHBI (MTOKa3aTen H3MEHSIEMOCTH U IHHAMHUHO-
CTU BBIOMPAIOTCS TaK, UTOOBl aCHMIITOTHUECKH [JIaBHAsl YacCTh paspellarollell CHCTEMbI ColiepKaa cTaplide
MPOU3BOMIHBIE OT TPOruba Mo MPOAOJIbHON KOOPAHWHATE ¥ BpeMeHH). BbiBeleHbl CHCTEMBI AJIi AaCHMITOTHYE-
CKH TJIaBHBIX ¥ BTOpocrenenHbix koMmnoneHT HJIC [6, 10], maroiure BO3MOXKHOCTb YCTAHOBHUTDL CJIEAYHOLLYO
3aBUCHMOCTb OT HOPMaJIbHOH KOOPAMHATHI:

1_,0) o_ (0 1 (0) 1 _ (0
Vg =0U; 7, U3 =V3", Oy = Unv Uij_Uij7

v? = Q)(l) ’U?I) = §v(1), = Qau , o” = Caw)7 (3.5)

0 1 3
031—0§Z)+C2 317 U:%s: +C2 33, 033:CU()+C3()

BriBeneHEl ypaBHeHUS 1J151 BeJHUHH C HHIEKCAMH B CKOOKax, He 3aBUCALIUX OT (. 3anuileM paspeliao-
IIYI0 CUCTEMY OTHOCUTEJBHO YCHJIMH, NepeMelleHH ToYeK CpeJUHHON NMOBEPXHOCTH, a TaKxkKe U3rubalolnX
MOMeHTOB (;, CKPYYHBAIOIIMX MOMEHTOB H;; M mepepesblBalOIKUX CHI N;:

oo 2B (10 (1ow) 10w 1 0 (10w) , 1o
e 3(1 — V2) Al 6041' Al 60@ ZA]' 6aj Aj 604]' Aj 8aj J Al 8041‘ ’
2Eh3 1 0 1 ow 1 OJw
Hj=—-—F——Y773"\73-) kT35 "
3(1 + I/) Aj 804]' A; da; A 8aj
2Fh 1 Ou; w 1 Ou w
Ti—l_yz{maﬁ’WﬁRﬁ (A8+k R)}

Eh [A; 0 [u Aj 0 [y
J— i i 3.6
Sig 1—V{A 6%( l>+A 80@( >}’ (3.6)

1T 198y
Ai 6051' Aj 804]
n Ty 1 0Ny 1 ON; 0%w

— = — ——— — — —= — ko Ny — k1 No + 2ph——— = 0,
R1+R2 A, 00, A, Do 2lN1 — kilNa +2p 12

190G, 1 9Hy B
170 " T 9o +k;j(Gi — Gy) + 2k Hij — N; = 0.

+ /fj(TZ — Tj) + lesw =0,
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OTMETI/IM, YTO MOJIy4YEeHHbIe HpI/I6JII/I)KeHI/IH ABJAIOTCA, MO CYTH, aCUMIITOTUYECKHUM 06001IeHHEM COOT-
BETCTBYIOLIUX COCTAaBJAIOIIHUX TEOPUH Knpxroqaa — JlaBa. O[LHI/IM U3 NMPUHOHUNHAJbHBIX MOJIOXKEHUH 3TOTO
00600111eHUsT SIBJISETCS BO3MOXXHOCTh (a BO MHOTHMX CJiydasaxX H HeO6XOlII/IMOCTb) ydeTa M3MEHEHHS OJHHbI

HOPMaJIbHOT'O 3JIEMEHTA:
v

—55 (T + 1), (3.7)

€3 =

4. KOPOTKOBO/THOBBIE MPUB/IMXXEHNS

B ciyuae KOPOTKOBOJHOBBIX BBICOKOYACTOTHBIX MPUOJIMXKEHHH (¢ = @ = 1) JIerKo BBIHCATH ACHMII-
totuky HJIC. Ileso B ToM, uto npu ¢ = 1 NJUHA BOJIHBI MMeeT MOPSAOK TOJILIUHBI, U BCE HAMpaBJeHHUS
CTaHOBSITCS IKBUBaJeHTHBIMU. OueBUIHO, uTO HcKoMoe HJIC cHMMeTpUYHO MM aHTHCUMMETPHUHO OTHOCH-
TeJIbHO CPeAHWHHOH MOBEPXHOCTH C aCHMITOTHYecKod norpewrHoctbio O(n). CienoBaTesbHO, aCHMITOTHKA
HJC umeer Bun

o =F (021 + 77‘7%1) ., Um = Rn (v?n + m}}n) (k, I, m=1,2,3). (4.1)

3zech, Kak B NpelblAylieM NyHKTe, Mbl pasfenseM uckoMoe HJIC Ha oCHOBHYIO (BEJHUYMHBI C HHIEKCOM
«0») ¥ JIONOJHUTENBHYI0 KOMIIOHEHTHI.
BoinuiieM ypaBHeHHSI B pa3MepHOH (opMe AJIsi aCHMITOTHYECKH IJaBHbIX KoMmnoHeHT HJIC:

1 80'“‘ 1 80‘ji 80‘31‘ 82ui

A; da; A Day T T (0ii + 0j5) + ki (03 = 0ji) = p o =
1 80'7;3 1 ang 8033 aQVg
- o kjoi kiojs — p—5 =0,
A, 00y T A Do, T TRiTm TR =g =0
E 174 8’03 1 81}]‘ 1 6’Ui
- e T 0 a2y NP 4.9
7i 2(1+4v)k? [1 -v (32 * Aj Oa; * kjvl) * A; Oy kw]} ’ (42)
- E v 1 8’Ui 1 5'vj 8’[13
78 = 30 ) [1 — <A6a A, 0o, T FiY *’“) * a] !
B | LOvw Oy
TH T 90 +v) | A 0a; 92
E 1 6’Ui 1 81}]‘ . .
A B 2 ks — kv =1.9).
Oij 21+ v) |:Aj da; | A; Doy ksv; kJUJ:| (i #j ; 2)

YpaBHenust (4.2) aHaJOrWYHBI YpaBHEHUSIM TPEXMEPHOH YIPYTOCTH MPH YCJIOBHH, YTO METPHUKA Cpe-
JIUHHOW MJIOCKOCTH CJIOSl COBNAfaeT ¢ MeTPUKOH CPeAHHHOH MoBepXHOCTH 060/m04KU. KoapduuueHTs 3THX
ypaBHEHUH He 3aBHUCAT OT TOJLIMHHOH KOOpAMHATHl 3. Bosiee Toro, oHu ABASAOTCA (YHKUUAMH KO3 hU-
LUEHTOB NepBOH KBaAPAaTHYHOH (DOPMBI CPEIUHHON MOBEPXHOCTH.

B cnyuae o6osi0uky BpalleHusi paspeluarmoiinde ypaBHeHus (4.2) MoryT ObITb 3HAYHUTENBHO YIIPOLIEHBI.
PaccmoTpuM B netansix caydai, Korga KoJjeGaHHS SIBJASIOTCS KOPOTKOBOJHOBBIMH TOJIBKO B HallpaBJeHHH
MepuauaHa. [IpeanosoXXum, 4To U3MEHSIEMOCTb 110 OKPYKHOH KOOpPAHHATe HMeeT 110Ka3aTe/b H3MeHSIeMOCTH
p < 1. Torna BeimessiioTest ABa THna acuMntoTHK HJIC. AcuMnTOTHKA NEpBOro THIIA HMeeT BHUJI

* 1— * * 1— *
on = Eo}), 019 =En""Poly, 031 = FEo3,, 032 = En "Po3,,

9 (4.3)
vy = Rpuy, vy = Rn*"Pv;, vs=Rnu; (I1=1, 2, 3).

[Ipu stoM acumnrotuyecku riaBHbiMu komrnoHentamu HJIC siasiores oy (I = 1,2,3), 031, v1 ¥ vs. 3a-
METHM, UTO TH HANPSKEHHUsI U TepeMelleHus ONpefessioT MIOCKYH 3afauy TeOPHH YIPYroCTH, a aCHMII-
TOTHUYECKH TJIABHBIE YaCTH PA3pellaiolMX yPaBHEHUH COBMNAJAIOT C YPaBHEHHUSIMH IJIOCKOH 3a1adyd TEOpUH
YIpPYrocTd. ACHMIITOTHYECKH BTOPOCTENeHHbIe HANpSiKEHHs U MepeMeIleHUs TIOSBIISAIOTCS B 3TUX ypaBHe-
HHUSIX TOJILKO C MHOXHUTeseM 12~ 2P,

Ananua mokazan [4, 6], uYTO [ MOCTPOeHHs pelleHHs [ KojdeGaHHH C MOrPelIHOCTbIO
§ = O (n+n*"?P) paspelarnline ypaBHEHHs KOPOTKOBOJIHOBOTO MPHOJIHMKEHHS JOMKHBI OBITh MOCTPOEHDI
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C aCHMITOTHYECKOH TOUHOCTBIO 0, TO ecTh uieHbl nopsinka O (1) + 7> 2P) LOJKHEI ObiTh B Paspelaioukx
ypaBHEHHSX COXPaHeHbI.

HccnenoBanus Takxke fnokasanu [4, 6], uTo BTopoe paspelnaioliee ypaBHeHHe ABHXKEHHsS MOMKET ObiTh
MaKCHMaJ/bHO YIIPOILEeHO (OHO 3aMeHsieTcsl ypaBHeHHeM MepBOro MopsiaKa), U CHCTeMbl paspelalolux ypas-
HEHHH B Pa3MepHOM BHJe 3aMMChIBAIOTCA CJENYIOLIMM 00pasoM:

oo 1 Oo Oo R
5 tRA 6t as ThHlon—om) —pgm =0,
1o Ov_,
RA 90 0s
(90’31 1 8032 (9(733 821]3
9s TRA o9 T 0. MO TP =0
E [ v Ovs 1 Ovy Ovr |
m12u+Wﬁ_Lw<6z+&Mw+mO+8@’
E [ v vy Oun 1 Ovs T
U”:2a+um2j—u<az+6%)+RA89+km’
E v Oy 1 Ovy Ovs |
m:mwwjl«§ ﬂﬁ*mwﬁ;’
E Ovs  Ovp
0M2ﬁ75(£+5ﬂ’
E 1 Ovg Ovg
m_mwmmw+m)
E 1 Ovy  Ovy
m:mwmﬁw+%)

OTmeTHM, 4TO MOTU(HLHPOBAHHOE BTOPOE YPaBHEHHE [BIXKEHHS HMeeT OUeBHUAHBIN (DU3NUECKUH CMBIC/L.
OHO COOTBETCTBYeT OTCYTCTBHIO BpAlLleHHS] BOKPYT HOPMaJH K CPeIMHHOH NMOBEPXHOCTH. 3aMeTHM TaKiKe,
4TO C BBeIeHHEM 3TOr0 MOAM(HLHPOBAHHOIO YPaBHEHHS CHCTEeMa OMMCBbIBAeT TOJIbKO BOJIHBI pacLIMPeHHs U
TnorepeyHble BOJIHBI, ONpejensole nedopMalmio H3ruoa.

[lepeiinemM K pacCMOTpPEHHIO aCUMITOTHKH BTOPOrO THIA:

1— * * 1— * *
ou=En Yoy, o019=FEoyy, 031 =En "oy, 03 = FEos,,

9 ) (4.4)
vy = R*"Poy, vy = Rnui, wvs=Rn*"Pv; (I=1,2,3).

[Tpu 3TOM BeJMUHHBI, XapaKTepU3YIOLlMe aHTUIIOCKYIO 3a7ady TEOPUH YNPYroCTH (HAMpsiKeHHUs o1a,
032 U TlepeMellleHre vy), SBJASIOTCS aCUMITOTHYECKH TVIABHBIMH, 8 aCHMIITOTHYECKH IJIaBHble YacTH paspe-
IIAIONIUX YPaBHEHHH COBMAJAIOT C YPaBHEHHUSIMH aHTHIJIOCKOH 3a1a4d TEOPHH YIPYTOCTH.

AHanus nokasals, 4TO B pacCMaTPHBAeMOM CJIydae MOKHO MOAH(HINPOBATb NEPBOE U TPETbe YPABHEHHS
IBV2KEHHS, U CHCTeMA paspellaollvX ypaBHEHHH B pa3MepHOM BH[E 3alUCHIBAETCS CJAEYIOLIUM 06pa3oM:

81)1 1 81)2 -

Bs TmAD0

V3 = 0,

1 80’22 60’12 60’32 82112 -

RA 96 T os oz 2Rz rge =0
___F v 1 0 0w ___F v Ou 1 Ov (4.5)

011_2(1—1—1/),%2 1—-vRA O  0s )’ U22_2(1—|—V)/<;2 1-vds RAOO)’
__Bv (0w 1 0w __E ou __bE o

733 = 2(14+v2)s2 \ 0s RA 00 )’ s 2(1+v) 0z 732 = 2(1+v) 0z’
. FE 1 8’[)1 81}2

m—mﬂﬂmm+%m)

®usnyeckuil CMbICA MOAW(HULUPOBAHHBIX YPaBHEHUH IBHXKEHHUS SICEH: OHH COOTBETCTBYIOT OTCYTCTBHIO
00BbEMHOT0 PacCIIMPeHUs] U HOPMaJbHOTO NepeMelleHH s .
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5. NOrPAHC/ION B OKPECTHOCTU KBA3UDPOHTA

Xopollo H3BECTHO, YTO KaK KJaccHyeckas TeopHs 0000II€HHOrO IJOCKOIO HANPSIXKEHHOTO COCTOSIHHUS,
TakK 1 Teopus o6osouek Kupxroga — JIsiBa nckaxkaroT CKOPOCTh BOJIHBI paclIupeHus. Bmecto ¢; OHU 3amaioT
CKOpoCTh ¢3 = /E/p(1 — 1v?). ®POHT BOJMHBI PACLIMPEHHUS 110 KJIACCHUECKHM IBYMEPHBIM TEOPUSM IIACTHH
1 060J0ueK ABJsETCS (PaKTHUECKH KBA3U(POHTOM: B €r0 OKPECTHOCTH TPeXMEepHOe pellieHHe XOTs U ObICTPO
H3MeHsIeTCS, HO SIBJISIETCS HElPEPBIBHBIM.

[IpenmnosoxKuM, 4TO B OKPECTHOCTH KBa3u(poHTA npeobsafaeT AJHHHOBOJHOBBIE XapakTep pelleHHs U
NoKa3aTeJ b H3MEHSIEMOCTH TIPUHAMJIEXKUT MOJYHHTEPBATY

% <g<l. (5.1)

Knaccuueckasi Teopust 060souek He paGoTaeT Ha 3TOM IMOJYMHTepBase, ¥ NPHU NMOCTPOEHHUH ACHMIITO-
THUYECKH OIITHUMaJIbHbIX ypaBHeHI/Iﬁ CJA€AYyeT YyUHUThIBATb YJIEHBI 60J1ee BBICOKOTI'O nopsipika MaJioCTH. BBeILeM
Ge3pasMepHble NepeMeHHble & U t3 [7, 8]

1 tC3

= W(tcs —5), t3= = (5.2)

X

U MPeToJIoKUM, UTo 11 depeHIpOBaHHe 10 & U t3 He H3MeHsleT aCHMITOTHYECKOro MOpsiIka HEH3BECTHBIX
BesrurH. CuntaeM, 4To ¢ = @ = 2/3 1 TOJILLKHHA MOrPAHCI0s UMeeT Nopsinok O (772/3).
[Tycts acumnroruka HJIC B 3T0i1 06s1acTH onpefiesisieTcsl BbIPAKEHUSIMU:

v =R (172/311? + 775/311%) , 1w=DR (n4/3—%3 + 777/3_”11%) ,

v3 ZR(WU§+774/3U?1»)7 o1 = E(0Yy +101,), 022 = E (03 +103),
, ) (5.3)
o33 =L (772/30'33 + U5/30§3) , o=~k (770(1)3 + 774/30%3) ;

o3 =F (775/3—;;033 + 772_13‘7%3) , o12=F (772/3_p0(1)2 + 775/3_1)‘7%2) .

[IpeHeGperasi aCHMITOTHYECKU MaJbIMH 4jeHaMu B pasperiaoimiux ypaBHenusx (1.9)-(1.10) ¢ yyerom
(5.2)-(5.3) W uHTerpupys 3TH ypaBHeHHs Mo (, YCTaHABJIMBAaeM 3aBUCHMOCTb HEM3BECTHBIX BEJHYHH OT
HOPMAaJ/IbHOW KOODPIHHATHI:

0 0 2 0 0
B = ol (o0 + ), =l h = of?,

0 0 2 0 0
0(1]1 = Ugﬁo +772/3 (0§1),1 + CQU§1),1> ) 082 = 052)7 U?j = Jz(j)a (5.4)
Uil = Cvz‘(l)ﬂ Ug = Cvi(il)’ Jili = Cagil)v Uilj = Co’i(;)’

0 2 0 2
o3 = Uéi) + 420:(31')7 0% = 0§3) + C20§3).

3nech yyuTblBaeTcsl TOT (DaKT, YTO AJISl IOCTPOEHMs YPaBHEHHH MOIPaHC/Os B OKPECTHOCTH KBa3H(pOHTa
komnorentol HIC 09 u ¢, nomxuel onpenensitbest ¢ Gosbliei, 4eM OCTaJbHbIE KOMIOHEHTbI, TOYHOCThIO

O (172/3).
BBenewm ycusnus u nepemelleHusi CpeJUHHON MOBEPXHOCTH 10O (HOpPMYyaM:
Ty = 2Eho\Yy, To =2Ehol), S; =2Em** s,

UL = RnQ/Svi(B, Uy = Rn4/3*pv£0), w = Rn4/3v§0) .

(5.5)

Torpa mJisi acUMITOTHYECKU TJaBHbIX AByMepHbix KomnoHeHT HIIC wy, 17, T5 mosydaem cjenymolide
ypaBHEHHUS:

ﬂ E 63u1 _ 1/2 5‘6u1 —0
Ox3ts 2 023 6(1—wv)2 926 (5.6)
T, = 2FEh 1 Owy T, = 2Ehy 1 Ouq

11— 12 Ri2/3 9z 11— 2R3 9z

22 Hay4Hbiri otgen



N.10. Koccosrny. ACMMTOTNYECKNE MEeTOoAbl B AnHamrke oboroyeKk npr yaapHbiX BO3AeACTBHAX 4@%

PaccmoTpum morpaHciof jist BOJIH, paclpOCTPAHSIONIMXCS B HAMIPABJEHUH BO3PACTAHHS KOOPAHHATHI S.
B aToM cjiyuae MOXHO MOJYYHTh paspellailiee ypaBHEHHE OTHOCHTEJIBHO MPOLOJBHOTO MEPEMEIleHHs,
JOTyCKalolllee MPOCThIe PelleHus], BhipaxKatliyecss yepes QyHKUHO Diipu. [TosyunM HCKOMOe ypaBHEHHUE,
IpPOUHTErpHUpoBaB (5.6) mo x:

Oouy k V2 83y
Bty + R§u1 TS0 =) 02 =0. (5.7)
[TepeiineM K HCXOOHBIM KOOpAMHATaM S, 0, t. YpaBHeHHs] [Jii aCHUMITOTHYECKH IJIABHBIX KOMIIOHEHT
NIPUMYT BHL:
ouq 10u; k& V2h? O3uy
— t——F+tzu1— 5357 =0,
Os c3 Ot 2 6(1 —v)2ci ot (5.8)
T, = 2FEh % , — 2Ehu%
1—v2 9s’ 1—-v2 9s’
a [l aCUMIITOTHYECKH BTOPOCTEMEHHBIX KOMIOHEHT —
Ous 1 Juy ow 1 v
9s TRAD6 &*(E*E)“FO’ -
Suam (L2, D), Y
1+v RA 00 Js

6. MOrPAHC/ION B OKPECTHOCTU ®POHTOB BOJIH PACLIMPEHWS 1 BONTHbI CABUTA

B 3Toil yacTH MBI ONHCbIBaeM BHIBOJ YPaBHEHHH MOrPaHC/IOs B OKPECTHOCTH ()POHTA Ha MPHUMepe BOJIHBI
pacmupeHnsi. PaccMoTpuM cHauyasa OrpaHC/Iol B cilydae MPOJONBHBIX BO3EHCTBUE TaHIeHIMAJIbHOTO U H3-
rubatomero tunos Buga (1.1) u (1.2), Korga 0CHOBHOH paspeIB pellleHHs], TOPOXKAEHHBIH yIapHOH HAarpy3KoH,
TNepPeHOCUTCSl HOPMaJsIbHBIM HaMpsKEeHHeM o71. YPaBHEHHs BBIBOAATCS /s 000J104YeK BpallleHHs HyJleBOH
rayccoBoil KpUBH3HBI (LMJIHHIPHYECKHE U KOHMYECKHe 000JIOUKH, a TaKKe MJIACTHHEI), KOT1a (PPOHT BOJIHBI
o6pasyeTcs COBOKYMHOCTbIO HOpMaJell K CpeJUHHOH MOBEPXHOCTH.

BBenem Ge3pasMepHble NepeMeHHBIE

1 tCl

=R7772(t61—5), th=—o (6.1)

U NPEAINOJIOXKHUM, YTO AH(p(hepeHLIHPOBaHKe 0 &, {1 He U3MeHseT Nopsiika HeU3BeCTHIX BelHurH. CuuTaeM,
4TO TOJILIMHA [OrPaHC/a0sl UMeeT nopsaok O (772) 1 ¢ = a = 2. Onpenennm acumntotuky HJIC dopmynamu

X

v1 = Ry, vy = Rp’ Pv5,  vs = Rn’vj,
o111 = Enflafl, 009 = ErflcT;Q, 033 = Enilcf}:g, (6.2)
013 = Eoiy, 023 = En*Po}s, 010 = En'"Pol,,
rjie BCe BEJUYHHBI CO 3BE3I0UYKON HMEIOT OfHHAKOBBIE aCHMIITOTHYECKHH MOPSIOK.
[Tepexonsi kK nepemeHHbiM (6.1) W K BeJMYMHAM CO 3BE3NOUYKOH H yIepXKHBask aCUMIITOTHYECKH TJIAB-

Hble 4JjieHbl, noayduM u3 ypaBHeHuiH (1.10)—(1.11) 3aMKHYTy1 MOICHCTEMY JJISi ACUMITOTHYECKH TJIABHBIX
KOMIIOHEHT v}, 011, 059, O33:

?vt _g 0?vy A Ovt

acz ~ “ozdt, A ox
1 oy, v oy, v ovy

(6.3)

*
o =——————=—, Ophg=——————————— Ojg=——————————— .
H 21 +v)K2 0z’ %2 (1-2v)(1+v) oz’ % (1-2v)1+v) Oz
Bropas nogcucreMa cayKUT [/ ONpelesieHUsl aCUMOTOTHYeCKH BTOPOCTEIEHHBIX KOMIIOHEHT U3, Vs, Ofs,
053, 015 Uepe3 acCUMITOTHYECKH IVIaBHYIO KOMIOHEHTY vj:

Ov; _1ovi _

dr A 00 ’

ovy  Ov;

—++ =2 =0, (6.4)
a¢ Ox

oo L O 1 (Ov; 10u oL 10v

BT 11, ac BT a0+ \ac A0 ) 2T 1+vA00
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31ech, Kak ¥ B MpPeALIECTBYIOLIEM CJlyuyae, Mbl HMeeM NpaBo NpeHeOperaTb B YpaBHEHHH aCHMIITOTHUECKH
BTOPOCTENEHHBIMU UJIeHAMH, OCTaBJsif B HHMX TOJbKO aCUMITOTHYECKH IVIaBHYIO 4yacTb. [laHHBIH BBIBOA
CJeflyeT M3 TOro, 4to Oe3pasMepHble MepeMeHHble (6.1) MMEOT MOPSIOK EIUHHIBI B paccMaTpUBaeMOH
OKPeCTHOCTH (ppOHTA.

B ncxonHBIX KOOpAMHATaxX paccMaTpHBaeMble MOJCUCTEMBI 3aMHUIIyTCS B BUIE:

621}1 82’01 1 82’01 A/ 81}1

952 | 0z o +Z§:0’ 6.5)
___B om ___ By om _ B O |
T 0 Rz 05’ R T U—2)(1+v) 05’ BT 1—20)(1+v) 0s’
Oy 1 0u 0 Ou Ovg
ds AR 99 7 0Oz ds
(6.6)
_ B ou __ B (v 1 0v __E 1w
BT e TP T o0+ \0: AR90 ) 2T 1+vAR 90

Mo2KHO MPOBEPHTH, YTO PEIIEHHs TOJKHB YAOBJIETBOPSIT TOJNBKO OIHOMY PAHHUHOMY YCJIOBHIO Ha JIHMIE-
BbIX MOBEPXHOCTAX
o33 =0 mnpu z==h (6.7)

U OTHOMY TpaHM4YHOMY YCJOBMIO Ha Tople s = 0:

o011 =1H(t)f(#) (LT — narpyxeHue),

(6.8)
o011 =1zH(t)s() (LM — HarpyxeHue).

OTMeTHM, YTO eCJM HCXOIHble TPeXMepHble ypaBHEHHUS] TEOPHH YIPYrOCTH ONMCHIBAIOT TPHU THIA BOJH
(mpomonbHBIE BOJIHBI — BOJIHBI PACIIMPeHMs W TONepedHbBle BOJHB — BOJHBI CABHra), TO TNOJydeHHBIe
ypaBHEHHUsI [IOTPAHC/I0s B OKPECTHOCTH (DPOHTA BOJIHBI OMHUCBHIBAIOT TOJBLKO BOJIHBI OJHOIO THUIA, 3aJaloliye
paccMaTpuBaeMblil (DPOHT.

[Ipu BosgmetictBuu Buna NW nepenHuii GpoHT BOJIHBI CABHra HeceT IVIaBHBIH Pa3pblB HAMPSIKEHHS 013,
OTpakalolIUi CKAYOK HalpsKeHUs B HadaslbHbIE MOMEHT BpeMeHHM. B paccmarprBaeMoM cayyae 060J10-
YeK BpallleHUs HYJIeBOH rayccoBOM KPHBHM3HBI (DPOHT 00pa3oBaH HOPMAJ/ISIMH K CPEIHHHOH MOBEPXHOCTH H
OITpelessieTCsl YpaBHEHHEM s = Cat.

Acumnroruky HJC norpaHciios onpeiennM ClefyomUM o6pa3oM:

vr = Rp?v, vy =Ry'"Pv3, vz = Rnus,
011 = EO'ikl, 099 — EO'SQ, 033 — E0§3, (69)
o13 = En710f3, O3 = En17p03‘3, O19 = E?]QipO'TQ

B paccmaTprBaeMoM ciyyae acHMIITOTHUECKH TJIABHOH KOMITOHEHTOH BEKTOpa MepeMelleHHH SBJSETCs

v3, a TJIaBHBIM HaMpsKEHWEM — o13. 10TAa aHAJOTHUHO MPebIAyLIeMy CJAY4Yar BBIBOAUM CHCTEMY IS
ACUMIITOTHUYECKH TaBHbIX KomnoHeHT HJIC

82’[}3 821}3 A 8’03 1 82’[}3 E 6’03

—_— = = .1
02 92 T A Bs c3 o2 0, o1 2(1+v) 0s (6.10)
M [UIsl aCUMITOTHYECKH BTOPOCTENEHHBIX KOMIIOHEHT
6’01 (9’03 o
s T os
g 0%vy n 0%vy B l821}2 3 i’% N ig 9%v,  9%uny 3 i@%l A 9% B
0s \ 022 0s2 & ot? A 0Os AR 90 \ 0z? 0s2 % ot? A2R 0500
o _ L 0w o ___whb  Ow o _ L Ou (6.11)
B TR 2T 1-2)(1+v) 0z BTl v oz '
__E 19w _ B (o 1 0u
BT 50+ AR 90" T 21 +v)\9s AR 99 )
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7.TIOrPAHC/IO/ B OKPECTHOCTMN YCNIOBHOIO ®POHTA NMOBEPXHOCTHbIX BOJIH PENES

[TocTpouM MOrpaHc/ol B OKPECTHOCTH YCJOBHOTO (DPOHTA MOBEPXHOCTHHIX BOJIH Pejiess I/t UMJIHHIPU-
yeckod obosiouku [13, 19].

Ananus paspelnaolMX ypaBHeHHH NoKasbiBaeT, uTo Mckomoe HJIC, crposieecss ¢ MmokasaTe/IssMH W3-
MEHSIeMOCTH ¥ JMHAMUYHOCTH, DABHBIMHM €IHHHIIE, OTHOCHTCS K KJACCy KOPOTKOBOJHOBBIX M SIBJISIETCS
CHMMETDPHYHBIM MJH aHTHCHMMMETPUYHBIM OTHOCHTE/JIbHO CPEIMHHON MOBEPXHOCTH C aCHMMIITOTHUYECKOH [0-
rpetHocTeio O(n):

o =E(op +n0k), vm =Ryl +nvl), kim=123, (7.1)

rae uHgekcom «0» o0o3HayeHa OCHOBHAs COCTaBJISIIOLIAS HILC (CI/IMMeTpI/I‘{HaH WA aHTHUCUMMETpHUYHas
OTHOCHTEJIbHO CpeI[I/IHHOIL/'I HOBerHOCTI/I), a uHaeKcoM «l» o6o3HaueHa BTOPOCTEINEHHas COCTaBJ/IsdoUIas (CO-
OTBETCTBEHHO AHTHUCHUMMETPUYHAA HWJIHA CI/IMMeTpI/I‘{HaH). Torna paspemiarwue ypaBHEHUSA OJid OCHOBHOM
COCTaBJISIOIIEH 6YILYT nepenncaHbl B BUAE, COBINAAAIONIEM C YPABHEHUAMHU [JIS [JIOCKOr'O CJIOS:

_9 62"01 82’01 T 1 82’03 _ 82’1)1 —0
€2 ocz  1-2w00¢ or2 7 (7.2)
1 82’01 + 82113 + _9 (92’03 . 82’03 -0 '
1—2vacac ez " e T ez T
___E g v v
o1 = 20+ v)k2h \ 06  1—-v OC )’
___ b v du v Ou
022_2(14-1/)/@2}1 1—v o 1-vdC)’
(7.3)
FE v Ovy Ovs
033 = S T35 |
20 +v)r2h \1—v 0¢ = OC
o= L (9, Ou
BT o+ vn \oc " og )

rae £ =s/h, ( =z/h, T =tca/cy.

AHanornuHo csy4aio BEIBeJEHMs ypaBHEHHH MOrpaHC/os AJsl MOJynoJock [14] BbIeaMM dacTHOe pe-
wienre ypaBHenui (7.2)—(7.3), ymoBaerBopsioluiee ToibKo rpaHudHbiM ycaoBusaM (1.3) mpu f(6) = 1. O6o-
3HAYUM 3TO pellieHHe BepXHUM HHIEKCOM «O»:

v§°) =0, v:(,,o) =—I(r—-¢§H(T-¢),
0 0 0 0 EI (7.4)
051):052):0:(33):07 Ugs): 2(1+1/)H(77£)'

Pewienue (7.4), mocTpoeHHOe ¢ MaJod aCHMNTOTHUYeCKOH mnorperiHoctbio O(n), mpeacTasseT coGoi
TNonepeyHyIo BOJHY, PaCIPOCTPAHSIOILYIOCH BAOJb OCH LIUAWHIPHUECKOH 060J0YKH B MIOCKOCTSX, MPOXOAS-
LUX Yepe3 3Ty ocb. [locTpoeHHOE TaKUM 06pa3oM pelleHHe He YAO0BJAETBOPsSieT rpaHUuHbIM ycaoBusM (1.5)
Ha JIMLEBBIX NOBEPXHOCTSIX.

[IpencraBuM pellleHHe paccMaTpHBaeMo# 3afaud B BUJE CJelyIOLIeld CyMMbL:

HJC = HAC® + HIcW, (7.5)

rpe AJigd pelieHuss ¢ BePpXHUM HHAEKCOM «l» Ha TOpLE U JULEBBIX MOBEPXHOCTAX CTABATCA CJEAYIOLIHE
rpaHHWYHbIE YCJIOBHUA:

(1)
£=0: 823 =0, V=0,
3 . (7.6)
e W _ _
(==1: o3y =0, o5 = 2(1_|_l/)H('r §).

Ha pI/IC.5 IIOKa3aHbl Harpy>keHus Ha JIMLEBble NTOBEPXHOCTHU B 3TOH 3ajaue.
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> > > > —>

« « <« <« <«
Puc. 5

[paHuuHble ycnoBus (7.5) MOKa3bBalOT, YTO Ne()OPMHUPOBAHHOE TOPLIEBOE CeUeHHEe OCTAETCs TPSMOJIH-
HeHHBIM W MeprneHIuKY/SPHBIM K OCH UUJHHApa. CreloBaTesNbHO, eCJi B3STb OECKOHEUHYI LUJWHIPH-
4ecKylo 000JIOUKY C CHMMETPHUYHBIM HarpykKeHheM, IOKa3aHHBIM Ha pUc.6, To nedopMHUpOBaHHe KaxKIOH
U3 ee CUMMETPHUYHBIX 4acTell 3KBHBAJEHTHO Ae(OPMHUPOBAHMIO paccMaTpHBaeMOH MOJyOeCKOHeUHOH 0060-
Jgoukd. [ToaToMy MOXXHO MepeHTH K HCCJEOBAHHIO SKBHBAJEHTHOH 3aiaud 15 6eCKOHeYHOH 060JI0UKH,
NpeJCTaBJIeHHOH Ha puc. 6.

<> > P

| J

S>> « <«

Puc. 6

Torna BbIBOA ypaBHEHUH MOTPAHC/IOS MOXKHO MPOBECTH aHAJOTMYHO CJydar0 GeCKOHEUHOH LUIHHApHYe-
cko#i o6osouku [13, 14] ¢ momourbio cumBosinueckoro mMerona A.M. Jlypee. 3anuiueM cucTemy ypaBHeHHH
(7.2)-(7.3) B omepaTopHOM BHJE

d2’l)1 —92492 2 65 d’U3
dc2 (70 — O v + 1—2vdC
e dv d?v (7.7)
& —2% "3 2 _ 92\, —
T2 dc K d§2+(85 92)v3 =0,
FE v dus
o= 2(1 4+ v)k2h (1 — Vd_C * 85U1> ’
E dvg v
033 = 20+ v)r2h <dC + 15 V@gvl) ) (7.8)
FE dvl
T (‘95“3 i dc) |
rae oneparophl J¢, O HMEIOT BH
0 0
= — = —. 7.9
d%=gp 0=5 (7.9)
[paHUUHBIE YCJIOBHS UMEIOT BUJ
d
£=0: dig’:o, v =0,
Bl (7.10)
<::|:1 0'33:O, Ulgz—mH(T—g).

Pemaem cucremy (7.7), paccMaTpuBaeMyio Kak CHCTeMY OOBIKHOBEHHBIX NU(depeHLHalbHBIX ypaBHe-
HUH, W yHOBJeTBOpsieM rpaHuuHbiM ycjaoBusim (7.10). IpeneGperasi useHamu masoro mopsiaka [13,14] u
paccmatpuBasi GosibllIMe 3HA4YeHHs BpeMeHHM 7 >> 1 (korza (pOHTHI BOJIH MPOXOAST PacCTOsSHHE, MHOrO
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GoJbliee TOMLKMHBI nojockl): 7 = O(T), T >> 1, BBefieM MaJblii napameTp € = 1/7" U MaclTabUpOBaHHbIE

HEPEMEHHbIe Y, To-
& — KRTo

Yy = fa CO = 5(7 To = ET, (711)

rie Ko3dhpuuueHT kg = cr/ca < 1, cg — cKopocTh MoBepxHOCTHBIX BosiH Pejes. Koadduuumenr kg
SIBJISIETCS] KOPHEM HM3BECTHOrO TPAHCLEHAEHTHOTO ypaBHEHHUS:

(2 - K3)? — 4y/1 — w2 /1 - w263, = 0. (7.12)
Beenem HoBble omepatopsl 0y, Or,:

0 7]

8y - = (97—0 = 877'0 (713)

Ort6pacbiBasi B OMepaTOPHOM pellIeHHH acHMITOTHUECKH BTOPOCTENEHHblE YJieHbl U BO3BpAllasich K HC-
XOIHBIM OMepaTopaM, BBeleM oObeMHBIH M CABUrOBOH noreHuuasnsl Jlame ¢ u t. Paznenum ux Ha yacty,
O603Ha‘-laﬂ HUHIOEKCOM <<1>> OTpI/ILIaTeJIbHOQ 110 C HaHpaBJ’IeHI/Ie paCHpOCTpaHeHI/IH BO3MYIUIEHHA, 4 UHIEKCOM
«2» — TIOJIOKHUTEJBHOE:

p=p1+p2, =11+ (7.14)

ITH NMOTEHLHANbHbIE QJyHKLlI/II/I OIpenesIaloTCAa JNUNITHYECKUMHU YPaBHEHUSIMU!

2 o 2
(1-5%) 5+ 55 =0

i) 0s? 022 (7.15)
1 ck\ P | P -0 '
) 92 922
TPH CJEAYIOLIMX TPAHHYHBIX YCJIOBHSIX:
0% 5 0% 0?1y krB
IV _ 29V 9B - -
oz~ Rpe TARE G T 1T /{%/257 z=h (7.16)
orgO 0y PV O _weB o, |
R 052 ot? Bos2 — 1—-w%/27 77
Opr 1 (0¥ O
0z 1—k%/2 \ Os ds )’ ’ 717)
Opp _ 1 (Ovn Do) .
0z 1—-rkr%/2\ 0Os ds )’ ’
rae mocTosiHHas B U QyHKUKMs S ONpelessiioTesi BbIpaKeHUsIMH:
2,2 2 711 1
_ KR R™KR _ 4K;R _ §IH(T_£)7 5 > Oa
B_2|:H1KJ%+1H2K% 2/1%] ’ S_{—%IH(T—O, £<O.
[lepemelleHust U HaMpsXKEHHUs! BBIPAXKAIOTCS Yepe3 MOTeHUHaNbHble (YHKLKK [0 (hopMy.iam
B S N S
T s 0s 0z 0z’ YT 0z 0z ds Js’
E K2 0%p1  0%py 0?1 0%y
— B O A i1 _ _
BT [ ( 2 ) ( 0s? - 0s? ) 050z 8862’:| ’ (7.18)

_ b Po1 P KR Dby | 0o
BTy {83(%_'—8362 B <1_2> ( 957 T 982 ﬂ ’
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8. BOJIHbI MPW LT HAIPY>XXEHUU

[Tpounntoctpupyem pacusieHeHue HJIC Ha cocTaB/siioIne ¢ PA3MUHBIMU [TOKA3aTeNIMH H3MEHSIEMOCTH
NpY MPOIOJBbHBEIX BO3AEHCTBUAX TAHTEHLMAJNbHOIO THIA CXEMOH pelleHHs AJs MPOLoJbHOro ycunus 1) B
UUJIUHIPHUECKOH 000/104Ke (0CECUMMETPUUHBIN Cydail) B HEKOTOPBIE MOMEHT BpeMeHH, KOTOpPBIH GoJiblie
BpeMeHH Mpobera nepefHUM (PPOHTOM BOJHBI TOJIIHUHBI 000J0YKH (pUC.7) U CXeMOl 006/MacTell MpUMEHUMO-
CTH NPUONHKEHHBIX Teopul (puc.8).

oA N
N g,
ot
R, R, l X 3,
T A =
: 1 =R
|
! fill
|
. (lp:3
1
. (il s
| Ak - .
: : 8 Ry
' W 00000 R,
t
Puc. 7 Puc. 8
[Ipumensitoress [4, 6] caenyrouive npubiauKeHHble Teopud: Ry — THIepOONHUECKUH MOrpaHCaof B
OKDECTHOCTH (DPOHTA BOJIHBI paclivpeHus, Ry — KBa3UMJIOCKash KBAa3UCHUMMETPHUHAs 3ajiaya TEOPUH YTIpy-
roctd, R3 — mnapabosM4yecKHi TMOTPaHCJIOM B OKPECTHOCTH KBasUu(poHTa, [y — TaHTeHLHaJbHOe IJIHH-

HOBOJIHOBOe NpHOJ/HXKeHHe (6e3MOMeHTHasi cocTapJsioumlas Teopun Kupxroda — JIsiBa), Rs — HajoXeHHe
JIBYMEPHOU COCTaBJISIIOIIEHd M KBazucratuueckoro norpaHcsost tuna CeH-Benana; By, Bs, B3 — obsactu
COIJIaCOBAHHS.

HccnenoBanusi paGotel [4] ¢ yueToM BbIIe/EHHS] BMECTO NMHAMHYECKOTO MOTPAHCJOS ABYX THIIOB IO-
IPaHC/I0EB U KBa3WUIIOCKOH 3aJaud, BLIIOJNEHHOrO B [6], MOKasasu, 4To 06/1acTh COrJIacOBaHUs Mexay 6es-
MOMEHTHOH COCTaBJSIOILEH U MOTPAHCI0EM B OKPECTHOCTH KBa3H(POHTA ONpenesseTcss aCHMITOTHUECKUM
HepaBeHCTBOM

1
P 4 gt/3 g 28 o I (est —s) << 1. (8.1)

B pa6ote [20] HaiizeHo pacroJiokeHre 06/1aCTH COrJIaCOBaHHS MeXIy KOPOTKOBOJHOBOH cOCTaBJIstOIIEH
(KBasuIIOCKasl 3aaua TeOPHH YIPYTOCTH) U MOTPAHCIOEM B OKPECTHOCTH (DPOHTA BOJIHBI PACLIMPEHUS:

n? << 1 (eit —s) << 7. (8.2)
R

OTMeTHM, YTO TPOBe/leHHbIe UCCJEIOBAHUS CHSAJIN AUCKYTHPYIOIMHCS IOJT0e BpeMs BOIIPOC O BO3MOXK-
HOCTH HCIIOJIb30BAHHUS TMapaboNnuecKuX ypaBHeHHH Teopuu Kupxrocda — JIsiBa nsid omucaHHs BOJHOBBIX
NpoLeccoB B 060/J0YKAX, YKA3aB C MOMOLIbI0 aCHUMITOTHUECKHX OLEHOK I'PaHHIbI 00/1aCTH NPUMEHHUMOCTH
6e3MOMEHTHBIX ¥ U3TMOHBIX COCTABJSIOIUX. Pe3ynbTaThl UCC/IEN0BAHUS MOJHOCTBIO COMJIACYIOTCS C BBIBO-
namu B.B. Hosoxusosa u JI.U. Cnensua [21, 22] o nefictBuu npunuuna Cen-BeHaHna B TuHaMuKe MJIaCTHH

U 060J10UeK.
B coorBerctBuu ¢ (1.1) rpaHuuHbIe yC/I0BHUS [/ G€3MOMEHTHON COCTAaBJISIIOIIEH 3aMKCHIBAIOTCS B BHIE

PaccMoTpuM caydail ObLICTPOU3MEHSIOLIEH MO OKPYXKHOH KOOpPIHHATE HEOCECHUMMETPHUHOH Harpys-
ki, korma p > 0. [as pelienusi KpaeBo#i 3ajgaudt [ 0e3MOMEHTHOHM cocraBjsiouied B [4]
UCIIOJIb30BAHO HHTerpajbHoe TpeoOpa3oBaHue Jlamsnaca Mo BpeMeHH C MOCJeAYIOIKM oOpalleHu-
eM H300paKeHHsl pasIUYHbIMU aCUMITOTHYECKMMH MeTOOAaMH B 3aBHCHMOCTH OT JAManas3oHa H3Me-
HEHUs MPOAOJbHOH MPOCTPAHCTBEHHOH IepeMeHHOM UM BpeMeHH. Tak, [/ BOJHBl PacTsSKEHHS [pH
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&o(mo — &) = O (n*) (0 = s/R, 1o = c3t/R )MeTon NPUPPOHTOBOI aCHMITOTHKH Jaj PelleHHe B BH-
e passoxeHus o GpyHKUUsM Beccesis

Tl(p) =2hl [Jo ( 2m§77—21’§07'p> + 2(1;7()”)7}7(]2 (\/Zmzn_%gorp) + } f(0)H (1), (8.4)
Tp:70*§07 m*:mﬁp,

a ipu &o (10 —&p) >> 1°P MeTon nepeBasia MO3BOJSIET MPEACTABUTD PeLIeHHe /ISl BOJHBI PACTSXKEHHs B BU/E

2
7% = on1 { [1 _(=vmefo (1= v)md 5—“] exp <—m*§—0> +

2 npP 2 4 npP
p/2 1- T *T1/2 *T1/2 P
—771 L 1-— a=nt, cos P gip P 1+0|( -2 1(6), (8.5)
1/ 2mi 2T/ 2 U Ul T,/

2 2
T, =1, —{0.

Perenue nJist OrpaHc/iost B OKPECTHOCTH KBa3U(POHTOB JIETKO MoJyuaercst U3 ypaBHerus (5.8) u umeer
Bun [4,6]

2(1 — v)?

T, = 2hl
! v2n%o

) 1/3
3 ] (10 —&o) » (8.6)

y

+ [ iy | 16, v=|
0

rae Ai(-) — ¢yuxuus dipu.

PelleHue 1J1s1 IOrPaHC/Iost B OKPECTHOCTH (DPOHTA BOJIHBI PACIIMPEHHs] CTPOMTCS C MOMOLIbIO IBOHHOTO
UHTerpajbHoro npeoGpasoBanus Jlammaca mo Bpemenu ¥ Pypbe — M0 MPOCTPAHCTBEHHOH MPOLOJBHOM
koopauHate. O6paleHHe HIIETCS C MOMOIIbIO PA3JIOKEHHs H300paXKeHUs1 B OECKOHEUHbBIH Sl M0 BbIYETaM
¥ MeTofia NPO(POHTOBOE aCUMITOTHKH (pa3/ioxkeHHe MO OOPATHBIM CTEIMEHsIM mapameTpa npeobpasoBaHust
Jlannaca):

4hl & 1
T = ?n n—1/22 212 (n — 1/2)m~ | &o (%f —§0> J(OH (%f —§o> . (8.7)

=1

YpaBHeHUs1 [/ KBa3UCTaTHYECKOTO MOrPAHC/IOS B PacCMaTPUBAEMOM CJydae TOPLEBOrO BO3AeHCTBHs
COBIAJAIOT C YPaBHEHUSMH IJIOCKOH 3afaud TeOPHH YIPYTOCTH AJs moJymnojockl [2]. Metonsl pelueHus
COOTBETCTBYIOIEH KpaeBOH 3ajauu MpencTaBJeHsl B [23, 24].

OTMeTHM TakKe, YTO KOPOTKOBOJIHOBAsl COCTABJSIOLIAS HMeeT MaJloaMIIUTYIHBIH XapakTep W Mpak-
THYECKOTO PAcUYeTHOro HHTepeca He MpeacTaBisieT. Ee aHain3 HeOOXOAHUM TOJBKO MJisi NOKA3aTesbCTBa
KOPPEKTHOCTH MPeIsoKEeHHOH CXeMbl pacu/ieHeHHUs.

B cnyyae p = 0 u3MeHsieTcst TOJBKO CXeMa MOCTPOeHHst Ge3MOMeHTHOH cocraBJsioieii [4]. 3nech
TIPUMEHSIETCS TOJBKO METON NPUGPOHTOBOH aCUMIITOTHUKH.

MerTons! obparieHus u3odpaxkenus no Jlansacy, paspadoTaHHble 115 LHJIUHAPUYECKOH 000109KH, MOTYT
ObITb MPUMEHEHB! AJis1 OOLIero caydas 000/04YeK BpaleHUs MOCJe HAXOXKIEHHS PellleHHs] B H300paXKeHHUsX
ACHMITOTHYECKHM METOAOM 3KCIOHEHLHAJBbHOTO MPEeACTABIEHHUS.

9. BOJIHbI MPU LM HATPY>KEHWU

Paccmotpum cxemy pacunenenust HIIC Ha cocTaBJsitoliyie Npy NPOAOJIbHBIX BO3AEHCTBUSIX U3rHOAIOLIEr0
tuna (rpaHuyHble ycaoBus (1.2)) Ha mpuMepe UUAHUHIPUUECKOH obosouku. CxeMa pellleHHs AJsi U3rubaro-
miero MomMeHTa (G1 B HEKOTOPbIY MOMEHT BpeMeHH, OOJbIINN BpeMeHH rpobera rnepegHuUM (PPOHTOM BOJIHBI
TOJIILIMHBl 0060J104KH, H300pakeHa Ha puc.9, a cxema objacTeldl NMPUMEHUMOCTH TNPUOIHKEHHBIX TEOpUH
usobpaxkeHa Ha puc.10.
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Gfr, R, B, R, B, R, *1
ANANNNANNNNNN /R
\J VIR e = /////////// ,
't
Puc. 9 Puc. 10

R; — runep0OosnMuecKUi MOrpaHCJOH B OKPECTHOCTH (PpOHTa BOJIHBI paclIMpeHHsi, Rp — KBa3HIJIOCKas
KBa3WaHTHCHMMETPHUHAsl 3aJada TEOPUH YIPYToCTH, R3 — TMomepeuHoe NJUHHOBOJHOBOE MPHO/MKEHHE
(usrubHas cocraBasitomias teopuu Kupxroda - Jlsea), Ry — HajoXeHHe OBYMEPHOH COCTaBJSIOUIEH H
KBasUcTaTH4yecKoro norpancsos tuna Cen-BeHnaHa, By, Ba — 00J1acTH COrJIacOBaHHUS.

HccnenoBanus pa6oThl [4] ¢ yueToMm BbizeseHusi B paccmarpuaeMoM Tume HJIC BMecTo nuHamuue-
CKOT'0 MOTPaHCJIOsT — MOTPAHCJIOsT B OKPECTHOCTH (PPOHTA M KBA3WIIOCKOH 3ajauM, BBINOJHEHHOro B [6],
0Ka3aJH, 4TO 00J1aCTb COIJIACOBAHUS MeXKAY U3TMOHOH M KOPOTKOBOJHOBOH COCTABJSIOLIMMU ONpeesseTcs
aCUMIITOTHYECKUM HepaBeHCTBOM

03t 1/2 C3t Cgt 1/4
1/2 [ € 1-p 174 [ Z3% . 9.1
U (—R> t TP <<& << <R> 9.1

B coorBercTBUHU C (12) 'paHHUYHbIE YCJOBHUA AJIs HU3rHOHOH COCTaB.HHIOI_U,EI:I 3alluCbIBAOTCA B BUE
2
Gy = ShPTH(1)f(0), w=0. (9.2)

PaccmoTpuM cHauasa ciydail HEOCECUMMETPHUUHOM Harpy3ku mpu p > 1/2. B 3ToM caydae npu HcroJb-
30BaHMM MHTerpasbHOro npeo6pasobaHus Jlamsmaca 1mo BpeMeHHOH NepeMeHHOH ynaeTcsi HaUTH MPOCTYIO
aCHMNTOTHKY [1Ji KOPHeH XapaKTepHCTHYECKOro ypaBHEHHs], coiepxkarlero Manblil napamerp [4]. [Tocse
HCTIOJIb30BAHMS METOA TlepeBasa MoJyyaeM pelleHue JJisi H3THOaIoLero MoMeHTa pu 7o >> n?P~1 B Buze
3 4 2p—3/2 + 352
(1—V)m*fo}exp(_ €0>3/ p=3/2¢, vm? + g 72

2
Gy = 231 [1—7— x
3 2 P 14 1/2063/2..3/2 3¢2 2
n n ™ / 2 / To (mg + 4772720%’_3)

9.3
X (cos Ty — sin Thy) [1—&-0(%)} , ©-3)
0
31/253 meO
dnry | 312p2—1

Ty =

Ipu 70 = O (n*~!) (a Takke A/ BCeX 3HaueHHii BpeMeHM B auanasoxe 1o = O (1) mpu p < 1/2)
pelleHHe CTPOUTCS MPU MOMOIIU Pa3JoKeHUs U300paKeHUH B Psbl MO 0OpAaTHBIM CTeNeHsIM KOPHSI KBal-
paTHoro U3 napamMetpa npeo6pa3oBaHus Jlamnaca, Korga OpUTHHAJ PelleHHs] MPeACTaBJsSeTCs B BUIE psifa
no GyHKUUAM Dy, . U Dy, 5, BBEIeHHBIM U ONHUCAHHBEIM B [4]:

2.3 2r—2 mffo
G = §h I4 D1,c(y,70) =1 pm [Da,c(y,m0) — D2,s(y,70)]—

2 4 ¢2
2r—2 (]‘ — V)m* 4r—4 m*g
_[” e T g i | e o) s (94)

31/450 o 1/2, p<1/2,
Y=oy “1p p>1/2
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Pellenue 1151 norpaHc/ioss B OKPeCTHOCTH (PpPOHTA BOJIHBI paclUMpPeHHs] CTPOUTCS, KaK U B MpeablayLIeM
caydyae Bo3zerictBus tuna LT, ¢ momoulpio ABOHHBIX MHTErpasbHbIX NPe0Opa3oBaHUH, TEOPUH BHIYETOB U
MeTona NPU(POHTOBOH aCHUMNTOTHKHU [6]:

4R3I N 1 e ot et
G = 2 ;EJO 21/ man” [ & (Rfo) H(Rf()). (9.5)

Perenne /151 KOpOTKOBOJIHOBOH COCTaBJISIIOLIEH HE CTPOUTCS BCJENCTBHE €ro MaJOAMIJIMTYIHOIO Xa-
pakTepa.

10. BOJIHbI MPU NW HATPY>KEHUU

Paccmorpum cxemy pacunenenuss HIC Ha cocraBisiioliyde MpU TOPLEBOM BO3AEHCTBUH HOPMaJbHOTO
tuna (rpaHuuHble ycaoBus (1.3)) Takxke Ha mpUMepe UUJIWHAPUYECKOH 060/0uKH. CxeMa pacusieHeHHs IJis
nepepesbiBamollell cuabl N7 uszobpaxkeHa Ha puc. 11, a cxema obGsacTeldl MPUMEHHUMOCTH TPUOJIHUKEHHBIX
TEOpUH NpencTaBjgeHa Ha puc. 12.

\ —R,

N.{ R, B B, B, B, B ot llr,

R, A \\R
—— ; ﬁBl

c; %Bz
B,
B,
“UR,
Rs

=B,

=

5 2
[ [} (I}
[ 11 11
11 11 [
(| 11 11
1 11 1
1 11 1
11 11 11
(| 11 11
11 11 !

R S N S v it

1

1

|

|

1

1

|

1
ﬂUnUnvnannUnUnUnUnunUnU ﬂUf‘I.U Unvr\unu!' \U ﬂunvnvnvnv
U CRtU ot Clt 08

t
Puc. 11 Puc. 12

[pumensiores [19] caenytotire npubanKeHHbIE TEOPHH: Ry — KBa3UIIOCKAsh KBa3HAHTHCHMMETPHUHAS
3ajaya TEOPUH YIPYroCTH (KOPOTKOBOJIHOBOE MPHOMUKeHHe), Ry — MOTPaHC]OH B OKPECTHOCTH (POHTA
BOJIHBI C/IBUTa, [R3 — TOTpaHC/IOH B OKPECTHOCTH YCJIOBHOTO (DPOHTA MOBEPXHOCTHOH BosHBI Penes, Ry —
ronepeyHoe AJUHHOBOJHOBOE MPUO/HKeHHe (M3THOHasi cocTaBusiiomias teopur Kupxroda — Jlssa), Rs —
HaJIo’KeHHe JIBYMepHOH COCTaBJSAOIIEN U KBAa3UCTaTHUeCcKoro norpaHcesios tuna Cen-Benana. 3nech xe 060-
3HaueHussMu Bj, By, Bs, By, Bs uU300paKeHbl COOTBETCTBYIOLIMe 006JACTH COTIACOBAHUS NPUOJIHUKEHHBIX
teopuil. [lpy 3TOM aHa/nM3 CXeMBl pellleHHsl NOKA3bIBAeT, YTO Pa3pbIBHON CKauok HabJ/rofaercs Ha (QPOHTE
BOJIHBI CIBHTa, a HENpepbIBHBIM CKauOK — Ha ()pOHTEe ycaoBHOro (hppoHTa BOJIHBEI Pesiesi, HeBepHO BOCIpH-
HUMaeMoro AByMepHOH Teopuel Tuna THUMOLIEHKO KaK IOMOJHHUTE/bHbIH (PPOHT CIBHUIOBOH BOJIHBEL. Takum
00pa3oM, HETOYHOCTb TEOPUU THUNA TUMOLIEHKO 3aKJ/I04YaeTcsl 31eCb B TOM, YTO OHA HEBEPHO BOCIPUHUMAET
YCJIOBHBIH (DPOHT TOBEPXHOCTHOH BOJIHBI Pesies, (akTHuecKd SBJSIOMIMNACST KBa3U(POHTOM, KakK (PPOHT ¢
COOTBETCTBYIOIIMM Pa3pbiBOM pelLleHHs], YTO TOJHOCTBIO MPOTHBOPEYUT TOYHOH KapTHHe SIBJEHHS IO Tpex-
MepHOH TeOpHH.

s mocTpoeHus peleHust U3TUOHOH COCTABJISIOLIEH MPUMEHSIOTCS METO/bl, YKa3aHHbIE B TPeblIYIIEM
naparpade. PereHrie B 0KpeCTHOCTH ()POHTA BOJIHBI CIBUTA CTPOUTCS METOAOM MPU(PPOHTOBOH aCUMIITOTHKH
[6]. Hust pewrenus 3ajaust 0 MOTPaHC/Oe B OKPECTHOCTH YCJIOBHOTO (DPOHTA MOBEPXHOCTHOH BOJIHBEI Pejesi
UCIOJIb3YeTCsl METOJl NBOUHBIX MHTErpaJsibHbIX MpeobpasoBanuii: Jlaniaca — mno BpemeHd u Pypbe — Mo
POIOJIbHOM KoopauHate [25].

3AKNTIOHEHUNE

B pa6orax Y.K. Huryna [9] u apyrux aBTOpOB MOKa3aHo, U4TO BCE CJAYYad HECTALMOHAPHBIX BOJH B
TOHKOCTEHHBIX TeJax MpPH YAApHBIX TOPLEBLIX BO3AEHCTBHUAX CBOLSATCH K TPEM OCHOBHBIM CXEMaM, Olpele-
JIIeMbIM TpeMsl THIaMH HarpyskH.
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OnucaHHble B CTaTbe aCHMITOTHUYECKHE METOAbl HCC/EL0BAHHS HECTALlMOHAPHBIX BOJH B TOHKHUX YIIPY-
rUX 0060JI0YKaX BpalleHHUs] COCTABJSIOT B COBOKYIHOCTH 3aMKHYTYIO MaTeMaTHUeCKylO0 MOJesb HCCJeloBa-
HUs MPOCTEHIIero KJjacca HeCTallMOHAPHBIX MPOLECCOB B TOHKOCTEHHBIX KOHCTPYKUHUSAX. 3aMKHYTYIO Kak
B CMBIC/IE MOJIHOTHI Pa3pabOTaHHBIX MaTeMaTHYeCKUX METONOB, TaK M B CMBICJE BJIHSHHS 0COOEHHOCTEH
pPaccMOTpeHHBbIX B KJacCe MaTepHasOB M FeOMETPUH KOHCTPYKUHMM Ha cBokctBa HIIC 1 COOTBETCTBEHHO Ha
npuHuunsl pacusneHenus HJC Ha cocrapssiiolive ¢ pasjgUuHBIMU MOKa3aTesasiMH M3MeHsieMocTH. [losHoTa
MaTeMaTHUyecKUX METOJ0B 3aKJ/0UaeTcst KakK B [IOCTPOEHUH MOJHOH CHCTEMBl aCUMIITOTHYECKH ONTHMAJbHBIX
ypaBHEHUH, OMUCHIBAIIIMX BCe HEOOXOMMMBIE cocCTaBJsole HecTaunoHapHoro H/IC, Tak u B paspaboT-
Ke aHAJMTHUYECKHX METOJOB pelleHHs] KpaeBBIX 3aiad IJs cocTaBasiomux. [locsenHue npencTaBasioT Kak
CaMOCTOSATE/IbHBIH HHTEpeC, TaK M MHTEpPeC AJisl MOCTPOEHHs pelleHUH MOMEJNbHBIX 3ahad Mpu pa3paboTke
YHUCJEHHBIX METONOB MCCJENOBAaHUSA WM [Js pa3paboTKU TMOPUAHBIX aHAJUTHUYECKH-YUCJIEHHBIX aJrOpUT-
MOB.

B pamkax paspaboTaHHOH MaTeMaTHuecKoH MOAEeJM NpoBeleHbl JajbHelllne HCcCaeloBaHUs, YIiyOHB-
lIMe TIOHUMaHHe pacCMaTPUBaeMbIX (DU3UUECKHUX SIBJEHHUH C TOUKH 3peHHs (POPMHUPOBAHUS YCTAHOBUBILIMXCS
MPOLIECCOB MPU Pa3/nuHbIX BUIax BodmedcTBuid. Tak, B pabore [15] nccienyercs, B 4aCTHOCTH, CTPEMJIEHHE
pelleHHs I/ U3TMOHOH COCTaBJsiIOLIed B 000JI0UKAaX BpalleHHs K CTALHOHAPHOMY C POCTOM BpEMEHH H
NPUHLUIIHAJbHBIE OTJHYHS CO BPEMEHEM CBOHMCTB 3THUX peLIeHUH OT COOTBETCTBYIOLIMX PeLIeHHH AJIS TJa-
ctuH. B pabotax [16, 17] uccaenoBano HectanuoHapHoe HJIC mpu ymapHO MpUJIOXKEHHBIX TapMOHUYECKUX
TOPLEBBIX BO3IEHCTBUSAX Ha 000J0YKH BPAILEHHs U BBISIBJEHO PACIOJIOKEHHE 30H Mepexoaa HeCTallHOHapHOH
YacTH pelleHUs] B rapMOHUUYECKHe KoJieOaHHusl.

PaspatoTka MaTeMaTH4IeCKOH MOJEIH YKAa3aHHOTO KJacca ONpefiesina NIPUHIUIIL MOAX0A K HCCJIeN0Ba-
HUIO CaMbIX Pa3HOOOpasHbIX AMHAMHUECKHX 3alau /s TOHKOCTEHHBIX KOHCTPYKLHMH, KOTOpble 6a3HupyOTCs
Ha IIMPOYAHIIMX BO3MOXKHOCTSIX aCUMITOTHYECKOro Meropa. [IpuBemeM NpHMepbl MOC/JeLHHUX Pa3paboToOK,
000011AI0IIHMX PACCMOTPEHHBIH aCUMNTOTHUECKHH TOAXOA.

B n/iaHe u3yueHHst HOBOTO Kjacca yHAapHbIX BO3NEHCTBUHA W M3MeHeHHs o0llell CXeMbl pacuJieHeHHs Xa-
pakrepHa pabora [18], KoTopasi ykassiBaeT, B Y4CTHOCTH, YTO MPU BHICOKOUACTOTHOM KPAe€BOM HarpyKeHHU
HIC oxoso Topua GymeT ONMHUCHIBATBLCS BMECTO MJHUHHOBOJHOBOH HM3KOYAaCTOTHOH cocTaBJsiolleit (Teo-
pusi Kupxroda — JIsiBa) AJIHHHOBOJHOBOH BHICOKOUACTOTHOH. JIoKasbHOE HOpMaJIbHOE yIapHOe BO3NEHCTBHE
CXKMMAIOLIero THIA Ha YOPYTylo MJWTY paccMaTpuBanoch B [19]: mis pelueHHst 9To#l oyeHb XapaKTepHOH
3aJlaud MCIOJb30BaIach YTOUHEHHas acuMnToTHdeckas 2D Mopmesb. OTMETHM TaKKe, UTO U3MeHEHHe reo-
MEeTPHYECKOr0 KJacca 3ajad — IMepexof K 060J0uKaM 00I1ero o4epTaHusi (MM K BO3IEHCTBUSIM, JOKAJIbHO
NEeHCTBYIOIIMM Ha TOPLbl 000JOUKH) — TpebyeT KapAHHAJbHO HOBOT'O MOAXOLA K BBIGOPY CHCTEM KOOp-
JIMHAT, CBSI3aHHOTO CO CJIOXKHOP reoMerpueilt GppoHTOB W KBasudpoHToB. B [18] mpemsokeHo cpeauHHYO
TIOBEPXHOCTb MPOHU3BOJBHBIX 060JI0U€K OTHOCHTb He K JIMHHSM KPUBM3HBI, a K MOJyTe0fe3U4ecKOl CUcTeMe
KOOpPIUHAT W M3y4aTh MPOLECC PACTPOCTPAHEHHs BOJIH BAOJb reode3uueckux. JaHHbIH MOAXON peaqn30BaH
B paborax [20-21] Ha mpumepe CKOIIEHHOH LUJHHIPHIECKOEH 060JOUKH.

VIHTepecHBIMH TeOPEeTHUECKH U TIPAKTHYECKH BaXKHBIMU SIBUJIMCh UCCJEN0OBAHUS PaCIPOCTPAHEHHs HeCcTa-
LIMOHAPHBIX BOJIH B MOOKPEIJIEHHbIX 000J0uKax BpauleHusi [22, 23]. 3mech HeOOXOAUMBIM OKasascs ydeT
KBasucTaTH4ecKoro norpascnaosi tuna CeH-BeHaHa mpu uccienoBaHHM BOJIHOBOIO INpOLeCCca B MOAKPEIJe-
HHUSAX.

PaccMoTpeHbl HecTallMOHapHbIe MPOIECCh B 000/104KaxX M3 APYTHX MaTepPHasOB CO CBOUCTBAMH, MPUHIIU-
nuajbHo BusiiomuMu Ha xapakrep HJIC. Tak, B paborax [7, 24] BeiBeeHbl aCUMITOTHYECKH ONTHUMAJbHbBIE
YpaBHEHUs MAJisi Pa3/JMYHOrO THIA MOTPAHCJIOEB B TPAHCBEPCAJbHO M30TPOMHBIX TOHKHX IJaCTHHAX U 060-
JIOUKaX.

B pa6orax [7, 25] paccmorpeno HecraiuonapHoe HJIC B 06oji0uKax K3 BSIBKOYNPYTMX MaTepHAaJOB.
BBeneHue HoBoro mapamerpa — [okasaTesss MHTEHCUBHOCTH BPEMEHH peJiaKCallhd — IO03BOJIMJIO ONUCATh
HOBYI0 Kjaccudukanuio HectaunoHapHoro HJC KOHCTPYKUHME B cayuae BS3KOYNPYTHX MaTepHaJsoB ¢ AHG-
(hepeHLHANBbHOH (GOPMOE ypaBHEHHH COCTOSIHUS. BbIBeIeHbl aCUMITOTHYECKH ONTHMAaJbHbIE YPaBHEHUS BCEX
COCTaBJISAIOLIHX.

Awnanus MaTeMaTHUYeCKOH MOJEJNH, ONTHCAHHOM B pacCMaTpPUBaeMOH cTaThe, M ee 0000IIeHHH Ha pas3Jnd-
Hble CJ1yyad reOMeTPUH TOHKOCTEHHBIX KOHCTPYKLHH M MaTepyasioB MOKa3blBaeT YHUBePCaJbHbIH XapakTep
pa3paboTaHHON MaTeMaTUYeCKOH TeOpHH.
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MATEMATUYECKOW TEOPUW NTACTUYHOCTH

(KUHEMATUYECKHWE COOTHOLUEHWS,

ONPEAENAOWME TEMEHUE HA TPAHU
W PEBPE MPU3Mbl KYJIOHA - TPECKA)
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Kadpeipa MexaHuKI CMOLHbIX Cpes,
E-mail: radayev@ssu.samara.ru

B paboTe npuBoanTCS BbIBOA MPABUILHO OMPELEeNeHHOA CUCTEMbI
YPaBHEHWIA, ONMCLIBAIOLWEN KUHEMATUKY MPOCTPAHCTBEHHOMO MAe-
albHO MNacTMYecKoro TeveHunst Ha pebpe npuamel KynoHa — Tpec-
Ka, W JaHo 1CCnefioBaHe OCHOBHBIX KUHEMATUHECKIX YPaBHEHII
(BKNIOYas NPOCTPAHCTBEHHBIE COOTHOLEHNS! KoL 1 ypaBHEHNs COB-
MECTHOCTY L1l NpupaLLeHuii ecpopMaLiii) C NOMOLLBHO TPUOPTOrO-
HaNbHOIA M30CTATNYECKON CUCTEMEI KOOPAWHAT. YCTaHaBNBATCS
npaBWNbHast ONPELEeNeHHOCTb 11 TUNepOONMYHOCTL CUCTEMbI YPaB-
HEHUA LN NpUpaLeHi NepemMeLLeHi U HaXoasTCs ee XapakTe-
pUCTMYECKMe HanpaBneHus. BLIBOASITCS COOTHOWEHNS ANsi Npupa-
WEHUA NepeMellieHnii BAONb NMHWA MaBHbIX HANPSXeHWiA, 0606-
LatolLme M3BeCTHble COOTHOWEHNS MeltpuHrep. OTaensHo pacemar-
pUBAIOTCS KUHEMATMYECKE COOTHOLIEHUS A Cy4aes Maockoro
L,eCPOPMUPOBAHHOTO 1 OCECUMMETPUYHOMO COCTOsIHMIA. Wccnemo-
BaHa KMHEMATMKA CKOMbXEHWS! Ha MOBEPXHOCTSX MaKCUMasbHOIA
ckopocTu capura. MokasaHo, YTO CKOMbXEHs! Ha ykasaHHO! no-
BEPXHOCTI MPOUCXOLST BAONb aCUMNTOTUHECKWX HANpPaBNEeHWi, ec-
N MOBEPXHOCTb MakCUManbHOA CKOPOCTM CABUra UMeeT OTpuLa-
TenbHyIo ayccoBy KpuBK3HY. MO3TOMY CLBMFOBOE MnacTuyeckoe
TeyeHue BBNN3N NOBEPXHOCTI MaKCMManbHOI CKOPOCTU caBura (oT-
puLaTenbHoii MayccoBON KpUBM3HBI) peannayetcst kak pesynbtar
MUKPOCKOMBXKEHWA B aCUMNTOTUYECKUX HanpaBneHusix. MonyyeHs
WNHTErpMpyemMblie COOTHOLLEHUSA ANA pa3pblBOB KacaTeNbHbIX COCTaB-
NSIOLMX NPUPALLEHMIA NEPEMELLEHNA BAONb aCUMMTOTUHECKUX M-
HUIA MOBEPXHOCTU MakCUMasbHON CKOPOCTU CABUra. PaccMoTpeHbl
KNHemMaTn4eckme COOTHOLLEeHNs B o6nacmx ANNNATUYHOCTN, T.e. KO-
rna Fayccosa KpuBM3Ha MONOXMUTENBHA, MOBEPXHOCTU MaKCUMalb-
HOIA CKOpOCTU CaBHra.

BBELAEHUE

Three-Dimensional Problem of Perfect Plasticity (Kinematic
Equations Determining Three-Dimensional Plastic Flow for a
Facet and Edge of the Tresca Prism)

Yu.N. Radayev

In the present study a system of partial differential equations which
describes kinematic of three-dimensional plastic flow for the states
corresponding to an edge of the Tresca prism is obtained. The system
includes the Cauchy equations and the compatibility equations
formulated for the displacements and strains increments. These
equations are then analysed by the aid of the triorthogonal isostatic
co-ordinate net. The system of kinematic equations is shown correctly
determines displacements increments and be of the hyperbolic type.
Relations for the displacements increments valid along principal
stress lines are derived. Kinematic of plane and axial symmetric
plastic flow are separately considered for each case. Kinematic
equations for states corresponding to a facet of the Tresca prism
which are of the less importance are also examined. Slip kinematic on
a surface of maximum shear strain rate in perfectly plastic continuous
media is studied. Sliding on the surface is shown can be realized only
along asymptotic directions and only within hyperbolic zones of the
surface (wherein the Gaussian curvature of the surface is negative).
Integrable equations along asymptotic lines of the maximum shear
strain rate surface for the jumps of tangent velocities are obtained.
Kinematic equations corresponding to elliptic zones on a maximum
shear strain rate surface (i.e. if the Gaussian curvature of the surface
is positive) are derived and analysed.

Hp06neMa MOUCKA TaKOH MaTeMaTH4YeCKOH TEOpUH H}leaJ’IbHOﬁ NJIACTUYHOCTH, KOTOpasi MPUBOAUJIA OH B

30He MJJaCTHYECKOT0 TeYeHHs K COOTHOLIEHHSIM IHIepOOoMYeCcKOro THIIa AJisl IPOU3BOJIbHBIX POCTPAHCTBEH-
HBIX COCTOSIHHUH, TO-TIPEXKHEMY COXPaHSieT CBOIO aKTYaJbHOCTb, NMOCKOJbKY MpPH HCIOJNb30BAaHUH YCJOBHH
MJIACTHYHOCTH, OTJIHYHBIX OT YCJIOBHS MuacTUyHOcTH KysnoHna — Tpecka, mss nogaBJsioliero 60J/bLUIHHCTBA
TPOCTPAHCTBEHHBIX COCTOSIHUH ypaBHEHUS] TEOPHH HIeaJbHOH MJIAaCTHYHOCTH He HMeIOT BellleCTBEHHBIX Xa-
PaKTepUCTHYECKUX HanpaBJ/eHHH. Tak, MpOoCTpaHCTBEHHAs 3a4ada MaTeMaTHUYeCKOH TEOPHM MJIACTHUHOCTH
B 00LleM cjydyae MpH YCJAOBHM miacTHYHocTH Museca (R.von Mises) W accOUMMPOBaHHBIM ¢ HUM 3aKO-
HOM TeYeHUs SIBJISETCS CTaTUUECKH HeoNpeneJMMOH, U, KPOMe TOTO, ypaBHEHHS NMPOCTPAHCTBEHHOH 3anadyu
He runep6osuuHbl. TouHee roBopsi, ypaBHEHHUs] NPOCTPAHCTBEHHOH 3ajaud KOO MONHOCTBIO 3JJIUNTHYHBL
(T.e. He CylIeCTBYeT AeHCTBUTENbHBIX XapaKTePUCTHUECKUX HampaBJeHu#), mubo (ecau B paccMaTpUBaeMOH
TOUYKe MeIHMaHHas CKOPOCTb MJIACTHUECKOH He(OpMallMd paBHA HYJO) MMeEeTCs TOJNBKO ABa XapaKTepH-
CTHUUYECKHX 3JeMeHTa, COBNAaJaloLIUX ¢ MJOIaJKaMi MaKCHMaJbHOIO KacaTe/bHOr0 HampsikeHUs. Bce aTo
CBHUIETEJbCTBYET O TOM, YTO B MOAABJSIOLIEM OOJbLUINHCTBE NPOCTPAHCTBEHHBIX COCTOSIHUH, OMMCBIBAEMBIX
COIJIaCHO YCJIOBHIO MJIaCTHYHOCTH Mu3eca M acCOLMHUPOBAHHOMY C HUM 3aKOHY TeueHHMs, NeHCTBHUTEJbHBIE
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XapaKTepUCTHKH OTCYTCTBYIOT. He cracaer mosioxeHusi yuer ynpyrux ngedopmauuii. dakTop ynpoyHeHUs
B NPUHLHIE FapaHTHPYyeT JIUNTHYHOCTb ypaBHEHHH. AHaANOTHUHOe 3aKJ/I0UeHHe OCTaeTCsl CrpaBelHBbIM
U JUIS TEOPUU MaJIbIX YNPYTOMIacTHUeCKUX Ae(opMalni, U AJs PelKO NMPUMEHseMbIX B HacTosllee BpeMs
HeacCOLMHUPOBAHHBIX 3aKOHOB IJIACTHYECKOTo TeueHHs. [locsie ocMBbIC/eHHs BCEX 3THX Pe3Y/bTaTOB B OT-
YeTIMBOH (popMe U Obljia chopMyIMPOBaHa 3ajaua: Halmu makue onpedessioujue 308UCUMOCMU, 4mODbL 8
obiacmu naacmuuecKkoeo meuenus 8ceeda Cyu,ecmsaosanu, no meHovuiel mepe, 0sa cemelicmsa xapakme-
pucmudeckux nogepxHocmeti, NOAYUUE MeMm CaMbIM NPOCMPAHCMBEHHbLE YPABHEHUS Meopul udearbHol
NAQCMUYHOCMU, A0EK8AMHO ONUCLIBAIOUWUE CKOAbIHCEHUE.

[MonbiTOXKKMBAs TIOYTH MOJYBEKOBYIO AMUCKYCCHIO MO YKa3aHHOH MpoOJeMaTHKEe, MOXHO CKas3aTh, 4TO
npene/bHble COCTOSIHMS MAEAJbHO IMJIACTHYECKMX TeJ HOJXKHBI OMUCBIBATHCS CTATHYECKH OINMpeleJUMbIMH
ypaBHEHUSIMH THIIEPGOIMYECKOro THna. VIMEHHO Takoe MOJIOXKeHHe e HMEET MeCTO B MPOCTPaHCTBEHHOH
3aja4ye TEOPHH HJeaJbHOM MJIACTHUHOCTH MPH UCII0/Nb30BaHUH KpuTepust TekydecTu Kysona — Tpecka. 3nech
ypaBHEHHsI MJIACTHUECKOTO PABHOBECHSI B Psifie BaXKHBIX CJyYaeB CTAHOBSITCS CTATHUECKU ONPENEJHMBIMU U
runepGonryeckuMu. OCHOBOMOMATAIIUMH PabOTaMH 3TOr0 BaXKHEHILIEr0 HAMpaBjeHHUsi COBPEMEHHOH Teo-
puu muacTHYHOCTH BhicTynatoT crathu J.J1. Usnesa [1], [2]. B monorpaduu [3] ¢ momoribio H3ocTaTHueCcKok
KOOPAHHATHOH CeTKH ObIJIH MCCJIeI0BaHbl OCHOBHbIE COOTHOLIEHHs MPOCTPAHCTBEHHOM 3a1a4ud MaTeMaThye-
CKOH TEOPHHM MJIACTHYHOCTH IJIs TedeHHst Ha peGpe mpusmbl Kysona — Tpecka.

Lesblo mpeacTaBasieMol paboTHl SBJSIOTCS BBIBOA IPAaBHUJIbHO ONpeleseHHOH CUCTeMbl ypaBHEHHUH, ONHU-
cblBalolllell KUHEeMaTUKy NPOCTPAHCTBEHHOI'O MJ1aCTH4YeCKOro TeyeHusi Ha pebpe npuaMel Kysona — Tpecka,
U HUCCJe0OBaHHe KHHeMaTH4YeCKUX ypaBHEHMH C IIOMOLLbIO TPUOPTOTOHA/BLHOH H30CTAaTHYeCKOH CHUCTeMBbl
KOOpJHHAT.

B nepBom maparpade cTaTbi paccMaTpPUBAIOTCA TPEXMEPHbIE YDPaBHEHHs PaBHOBECHS IJISI HAIPsKEHHBIX
COCTOSIHMH, COOTBETCTBYIOILUX pebpy ycmioBus TekydectH Kysnona — Tpecka, maetcss MX KJacCH(pHKALHS
M C NOMOILBIO TeOMETPUUECKHUX YCJIOBHH coBMecTHOCTH Anamapa — Tomaca ompesensiioTcsi XapaKTepHCTH-
YecKHe HampaBJeHHs. 31ecCb e BBIBOAUTCS PsiJ 3aMeuaTeJbHBIX MHBAPMAHTHBIX (POPM YKAa3aHHBIX ypaB-
HeHu#. Bo BropoM maparpade uccienyoTcst ypaBHeHHs 0600IIEHHOr0 acCOLHMPOBAHHOIO 3aKOHA TeUeHHs
Ha pebpe mpusMbl KynoHa — Tpecka M OCHOBHBIE COOTHOLIEHHSs HJIS MPHPALIEHHE NepeMelleHHH, cieny-
IOIHe M3 HEro. YCTaHABJMBAIOTCS NPaBUJBHAS ONpPENeNeHHOCT U I'MNepOONHUHOCTh CHCTEMBI YpaBHEHHH
IJisl TIpUpAIleHHH TepeMelleHHH M HaxXOAsATCS ee XapaKTepHCTHYeCKHe HanpaBjeHHs. 3areM (CM. mapa-
rpad 3 npencras/sieMoil paGoThl) aHANTHU3UPYIOTCS ypaBHEHHs] MaTeMaTHUECKOH TeOPHH MJIaCTHUHOCTH AJs
rpand npusmsl Kysnona — Tpecka M 1okasbiBaercs, 4To 3ajada HJis NPUPALleHHH NepeMelleHUH sBJsieTcs
HeNpaBUJILHO ONpeleJIeHHON: mpu KOMIIOHEHTHI NPHPAIIEHHs] BEeKTOpa NepeMelleHHE JOMKHBEl yIOBJIETBO-
pATh namu He3aBUCHMBIM ypaBHeHHsM. B cienyiomem maparpage paGoThl BEIBOASITCS NMPOCTPAHCTBEHHBIE
COOTHOIIeHUsT KoMK B IIpHpaleH:UsIX OTHOCHTEIBHO TPHOPTOrOHAIBHOM H30CTaTHUECKOH KOOPAUHATHOH CeT-
Kd. TproproroHasnpHas u3ocTaTHyeckast KOOpAMHATHAs CeTKa XapaKTepH3yeTcs TeM, UTO ee KOOpIHHATHbIE
JIMHHYM CyTb B3aHMHO ODPTOrOHaJIbHble TPAeKTOPHH IJIaBHBIX HampsikeHu#. B Tex caydasx, Korma ykasas-
Hasl KOOpAMHATHAs CeTKa CYIIeCTBYeT, OKa3blBaeTcsl HanboJlee eCTeCTBEHHBIM PacCMaTpUBaTh T€ MJIM HHbIE
TEH30pHEIE YPaBHEHMs OTHOCHTENBHO MMEHHO TaKMX KPHUBOJHMHEHHBIX KOOpAWMHAT. KMHeMaTHueckue cOOT-
HOIIEHHUS 1JIf MPOCTPAHCTBEHHOTO IJIACTHUECKOr0 TeYeHHs MCCJAeNYIOTCS B MATOM naparpage ¢ IOMOLIbIO
M30CTaTHUECKUX KoOpAHHAT. Jlanee (maparpad 6) mpHBOAsiTCS ypaBHEHHs COBMECTHOCTH AJIS NPHpALlEHHH
IedopMmalii, a 3aTeM — BBEIBOJ KMHEMAaTHYECKHX COOTHOLIEHHH /I8 C/y4YaeB MJIOCKOTO Ae(hOpMUPOBAHHOTO
M 0CECHMMETPHUUHOr0 COCTOSIHUE (maparpadsl 7 u 8). 3akaHuuBaeTcsl padora maparpadom 9, rie naH aHa-
JIN3 TNJIaCTHUECKOrO CKOJIbXKEHHS] Ha MOBEPXHOCTH MaKCHMaJsbHOH CKOPOCTH CIBHIa M JIOKA3BIBAETCS, UTO
CKOJIbXKEHHsI Ha YKa3aHHOH MOBEPXHOCTH MPOHCXOAST BIOJb aCHMITOTHUECKHX HAIpaBJeHHUH.

1. YPABHEHUS PABHOBECUS A1 COCTOSIHUIA, COOTBETCTBYIOLLMX PEBPY MPU3MbI KYJIOHA - TPECKA

YeqoBue TekyuecTd Tpecka, WK yCJI0BHEe MaKCHMAJbHOTO KAcCaTeJbHOrO HAIpPsSiKEHHUs, UMeeT CleAylo-
LIUH BUM:

max {|o1 — 02|, |01 — 03], |02 — 03]} =Y, (1.1)

raoe oy, 09, 03 — CcOOCTBEHHbBIE 3HAYEHHUS TeH30pa HaHpH)KEHI/II;'I (FJ'IaBHbIe HOpMaJibHbI€ HaHpﬂ)KeHI/IH); Y —
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npefes TeKy4ecTH MPU OJHOOCHOM pacTsKeHHH. BesnunHBl

02 — 03 03 — 01 01— 02
mn=——— e ——) =
2 2 2
Ha3bIBAIOTCA [VIaBHBIMM KacaTe/bHBIMH HaNpSKeHHSMH W NPEeACTaBJA0T COO0H 3KCTpeMaJsbHble 3HaueHHs
KacaTesbHbIX Halps>KeHUH [JIs1 BCeX BO3MOXKHBIX IJIOIIAJOK, NPOXOASAILIUX 4epe3 3adaHHYl0 Touky. [Ipo-
CTPAHCTBEHHOE HallpsS2KeHHOe COCTOSIHUE B JaHHOH TOUYKe BecbMa IIPOCTO aHAJIM3HPYeTCsl C IIOMOLLbIO Ipa-
¢uueckoro Metopa Mopa (O. Mohr), KoTopblii 1aeT TakxKe MPOCTYI CXeMY AJst ONpe/esieHHs] BeJHUHHBI
HOPMaJIbHOTO M KacaTeJIbHOIO Halps’KeHHs B 3aBUCHMOCTH OT OPHEHTALMH IJIOIAAKH B POCTPAHCTBe [4].
YeqoBue TekydecTH Tpecka ycTaHaB/IMBaeT, YTO BelMYMHA Y CBsi3aHa C BeJHMUMHOH k (NpenesoM Teky-
YeCTH TPH YHUCTOM CJIBHTE) MPOCTHIM COOTHOIIEHHeM Y = 2k.
YpaBHenue npusMel Kymnona — Tpecka (1.1), oueBHIHO, MOXKHO TaK:Ke MPEJICTaBUThb B (hopMe

(01 —02)* = Y?] [(03 — 01)? = Y?] [(02 —03)* = Y?] = 0. (1.2)

B npocTpaHCcTBe IVIaBHEIX HanpsiKeHMH MOBEPXHOCTb TEKYUeCTH, omnpefessieMast ypaBHeHueM (1.2), mpen-
cTaBJsieT cOOOH NPaBUJBHYIO LIECTUrpaHHYyIO npusMy (mpusma Kymona — Tpecka), ock KOTOpOH paBHOHA-
KJIOHEHa K JeKapTOBBIM OCSIM 3TOro MpocTpaHcTBa. KpuBas Tekyuectu (ceuenue nmpusmel Kymona — Tpecka
JIeBUATOPHOH IJIOCKOCTBIO 01 + 03 + 03 = 0) npencTaB/iseT cOG0H NPaBUJbHBIH LIECTHYTOJBHHK C LEEHTPOM
B HayaJjle KOOPAMHAT U CTOPOHOH, paBHOU \/2/_3Y.

PaccMOTpUM ypaBHEHHS] PaBHOBECHS [Jis1 HANpPSKEHHBIX COCTOSTHHEH, COOTBETCTBYIOIIUX pebpy TPU3MBI
Kynona — Tpecka. O603HauMM uepe3 o TEH30p HANPsDKEHHH; 1, m, n — OpPTOHOPMHPOBAHHBIH 0as3uC U3
CoOCTBEHHBIX BEKTOPOB TEH30pa HAIPSIKEeHHH.

CrekTpaJ/ibHOe pa3/oxKeHHe TeH30pa HanpsiKeHUH MMeeT BHJ

oc=0l®l+oom®m-+o3n®n. (1.3)
B npocTpaHcTBe ryaBHBIX HampsikeHUH pebpa mpusMmbl Kysnona — Tpecka ompenessitoTcsi ypaBHEHUSAMU
0'1:|:2]C:O'2:03, 01:02i2k:037 0'1:02:03:|22k.

Jlns naHHOrO HANpPSI2KEHHOT'O COCTOSIHHSI, COOTBETCTBYIOLLEro pebpy Mpu3Mbl Tpecka, Bcerma MOXKHO
NepeHyMepoBaTh IJlaBHble OCH TeH30pa HaNpsi)KeHUH Tak, YTOObl BHIOIHSAIOCH PAaBEHCTBO

UlidgidgiQk.

[TocnenHee ycioBHe 03HAuaeT, UTO JBA IVIABHBIX HANpsKEeHHs PAaBHBI M0 BeJHUYHHE, a IJIaBHOE HalpsiKeHHe
03 sBJseTcs JUO0 HAMMEHBIINUM, J100 HAUOOJBIIUM IJIABHEIM HOPMaJbHbIM HaNpsiKEHHEM.

CrenaeM OJIHO CylLleCTBEHHOe /151 BCETO JaJjibHeHIlIero U3oXeHus 3aMeuyanie. PaBeHCTBO IBYX IVIaBHbIX
HaTpsKEHUH 01 = o9 03Ha4YaeT, 4To J0OOe HaMpaBJieHHe, PACIIONOKEHHOe B IMJIOCKOCTH, OPTOTOHAJbHOH
BEKTOPY N, SIBJSETCS IVIABHBIM. fICHO MO3TOMY, 4TO TPU COOTBETCTBUU HAMPSI)KEHHOTO COCTOSIHHUS Pebpy
npusMbl Kynona — Tpecka uvmMeercss M3BecTHasi H0Jsi MPOM3BOJA NPHU BhIGOpe COOCTBEHHBIX BEKTOPOB 1 U
m (OHU OmpefiesieHbl ¢ TOUYHOCTBIO O MOBOPOTOB B IJIOCKOCTH, OPTOrOHA/NbHON BeKTOpy mn). MX mpeumy-
L[eCTBEHHOE T0JIOKEHHe B YIOMSIHYTOH MJIOCKOCTH MOXeT ObIThb YKa3aHO TOJBKO Ji0o 1) mocse aHasu3a
TeH3opa MpHpalleHHH naacTuyeckux aedopmauuii de’’, KOTOpLIH B CHJIY acCOUMMPOBAHHOrO 3aKOHA Teye-
HHUSI J0JKeH ObITb COOCEH TEH30py HamnpsKeHHH o U obJafaeT, BooOlle roBOpsi, YHHKAJbHBIM TPHU3IPOM
IJIaBHBIX HAMpaBJeHHH; M0G0 2) YCJIOBHUSIMU «MOATOHKH» TPU3Apa 1, m, n 10 TPHOPTOrOHANBHOH CHCTEMBI.
Bce atu Bompochl GynyT 3aTpoHyTHl B nmaparpade 2.

Tak xak 1, m, n — opToHOpMHpPOBaHHBIH Hasuc, TO

Il+m@m+n®@n=1I, (1.4)

rae I — enMHUUHBIN TeH30D.
Yuutniast (1.3), (1.4) u ypaBHeHHe pebpa mpusmbl Kynona — Tpecka o1 = 09 = o3 £ 2k, moaydum

o= (03+2k)IF2kn®n. (1.5)
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Taxkum 06pa3oM, TEH30p HaNpsKEHUH ONpefesseTCsl CKalspHBIM M0JIeM 03 W €IMHUYHbIM BEKTOPHBIM
TnoJIeM 1.
YpaBHeHMe paBHOBecHst V - o = 0 MocJsie MOACTAHOBKH B Hero passoxkeHus (1.5) MOKHO MpencTaBUTh B
CJleflyIolIeM BUJE:
grados F2kdivin®n) =0 (n-n=1). (1.6)

Ci/iemoBatesibHO, 3aaua O PaBHOBECHUH TeJjla, HANps2KEHHOE COCTOSIHHE KOTOPOI'O COOTBETCTBYET pedpy
npusmbl Kynona — Tpecka, ¢hopmMasbHO CTATHYECKH ONpefendMa (IOCKOJIbKY HMEeTCsl POBHO TPH ypaBHEHHS
IJIS1 OTpefie/ieHHs] TpeX HEM3BECTHBIX: COOCTBEHHOrO 3Ha4YeHHs o3 W, HANpPHUMep, IBYX VIJOB, 33aAa0IIHX
OPHEHTALMI0 eIMHUUHOI0 BEKTOPA n), €C/M TPAHUUYHBIE YCJOBHS 3afaHbl B HAMpsKEHUSX. YPABHEHHS paB-
HOBeCHSl MOTYT OBITb PaCCMOTPEHBI HE3aBUCHMO OT KMHEMATHUECKHX YPaBHEHHH.

O6o3nauum yepes Y. Ge3pasMepHOe OTHOIIEHHE o3 K F2k U npuBenem ypaBHenue (1.6) kK Bumy:

grad¥ +divin®n)=0 (n-n=1). (1.7)

B nexkapToBbIX KOOpAMHATax BeKTOpHOe ypaBHeHue (1.7) 3KBHBAJEHTHO CHCTeMe TPeX CKaJIsIpHBIX ypaB-
Henud (i,k =1,2,3):

15)) n on; ony,

2 ny ok

ox; Oy, 'Oz,

OTMeTHM TaK:Ke ellle OIHY UHBapHaHTHYI dopmy ypaBHeHus (1.7):

=0 (nknk = ].)

VE+n-V)n+n(V-n)=0, (1.8)

rie V — NpocTpaHCTBeHHBI onepaTop I'aMuJ/bTOHA.
JI/1si eIMHUYHOTO BEKTOPHOTO MOJIf cripaBennBa (Gopmyanal

(n-V)n=—n x rotn, (1.9)
C MOMOIIbIO KOTOPO# BekTOpHOe ypaBHeHHe (1.8) MoxKeT GbITb TaKkKe MPEACTABJIEHO B BHIE
VY —n xrotn+ ndivn = 0. (1.10)

Hccnenyem xapaktepuctiky ypasHenus (1.10). Iast aToro GymeM TpakToBaTb XapaKTe€PUCTHUECKHE T10-
BepxHOCTH ypaBHeHHs (1.10) Kak MOBepXHOCTH €/aboOro pa3pbiBa - W N W BOCHOJb3YEMCS YCJOBUSIMH
coBmectHoct Anamapa — Tomaca [5]:

[VE]=BN, [V®n]=N®b, (1.11)

re [-] o6o3HaYaeT CKAyoK MPH IMepexoje uepes MOBEPXHOCTb caGoro paspbiBa; N — eIHHHUHBIE BEKTOP
HOpMaJIi K MOBEPXHOCTH cJ1aGoro paspbiBa; B, b — HEKOTOpble MOJIsl, ONPefe/eHHblE HAa STOH MOBEPXHOCTH,
npuyeM paBeHcTBa B =0 U b = 0 He MOTYT BBINOJIHATHCS OJHOBPEMEHHO HU B KaKOH TOYKE MOBEPXHOCTH,
ec/M paccMaTpUBaeMasi MOBEPXHOCTb €CTh AEHCTBUTEBHO MOBEPXHOCTh C/1a00ro pas3pbiBa.

Ha ocHoBanuu ypasuenus (1.10) umeem:

[VX] —n x [rotn] + n[divn] =0 (1.12)
U, npuMeHsisi ycaoBusi coBmectHocTH (1.11), monyuum
BN -nx (Nxb)+ (N-bn=0. (1.13)

Kpome Toro, Tak kak n-n =1, 7o n- (V @ n)T = 0 u, crenosatennsto, (b-n)N = 0, 4To NpUBOAUT K
cJleflyIolieMy COOTHOLIEHHIO Ha MOBEPXHOCTH CJab0ro paspeiBa:

b-n=0. (1.14)

Tpusonumas Huke GopMysa sBJsSeTCS IPAMBIM CJEICTBUEM TOXIECTBA
1
EV(n-n) =(n-V)n+nXrotn

M YCJIOBHSI HOPMHUPOBKM n - n = 1.
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3ameuas, uto n X (N x b) = (n-b)N — (N - n)b, u yuursiBas (1.14), ypasHenue (1.13) mpuBogum K
BUAY
BN+ (N-n)b+ (N-b)n=0. (1.15)

YMHOXKMM 00€e YacTH 3TOr0 YpaBHEHHs CKaJsipHO Ha BekTop IN:
B+2(N-n)(N-b)=0. (1.16)
YmHoxasi 06e yacTu ypaBHeHHus (1.15) ckassipHO Ha BEKTOp n, MOJNYYHUM TaKxkKe
B(N-n)+N-b=0. (1.17)

HOI[CTaBJ'IHH B 3TO ypaBHeHI/Ie Bpra)KeHI/Ie AJ1A B, [NoJIy4eHHOE€ C MMOMOLILbIO npeﬂbmyulero ypaBHeHI/IH,
HaxoouM, 4To
(N -b)(1 — 2(N - n)?) = 0. (1.18)

AT0 ypaBHeHHe pacnanaetcs Ha aBa. Ecau N - b # 0, To Heo6xooMMO

1
N-n=+—. 1.19
7 (1.19)
Ecan N -b =0, To Ha ocHoBanuu (1.16) B = 0, u torna ypasuenue (1.15) naet (N -n)b = 0, oTkyza B
cuny Toro, 4to paBeHctBa B =0 U b = 0 He MOTYT BHIIOJIHATLCS OMHOBPEMEHHO,

N-n=0. (1.20)

Urak, ypaBHenue (1.10) npuHangmiexut K rumnepbonndeckoMy Ttumy. Hopmaau K XapaKTepHCTHYECKHM
noBepxHocTsIM B cuiy (1.19) o6pasyior KoHycC ¢ yrJoM MoJypacTBopa /4 U 0Cblo, ODHEHTHPOBAHHOK BOJb
BeKTOpa n. fIcHO, UTO XapaKTepUCTUYeCKHe I0BEPXHOCTH SIBJSIOTCS TaKXKe U I0OBEPXHOCTSIMH MaKCHMaJbHO-
ro KacaTeJIbHOrO HamnpsiKeHHs (IIOBEPXHOCTSAMHU CKOJIbKEHHs ). XapaKTepUCTHYECKHMH SIBJISIOTCS HE TOJIbKO
TIOBEPXHOCTH CKOJIbXKeHHs, HO U corsacHo (1.20) uHTerpasbHbIE MOBEPXHOCTH MOJst N (T.e. NOBEPXHOCTH,
COCTaBJIEHHBIe M3 MHTErpajbHbIX KPUBBIX I0Js n).

2. YPABHEH1S OBOBLEHHOINO ACCOLMMPOBAHHOIO 3AKOHA TEHEHWSA HA PEBPE NPU3MbI
KY/TIOHA - TPECKA 1 COOTHOLWEHNS AN NPUPALLEHUA NEPEMELLEHWIA

AccouunpoBaHHBIN 3aKOH TeueHHUs sIBJseTCs (PyHAAMEHTAJNbHBIM TPUHLMIOM MAaTeMaTHUeCKOH TeopuH
MJIACTHYHOCTH M YCTAHABJMBAET, UTO B NPOCTPAHCTBE HANpPSKEHUH BEKTOp, NPENCTABJSIOLIUN TeH30p MPH-
paieHuil miactuueckux nedopmauuii de’’, oproronanen perynspuoii nosepxnoctu Tekyuectu f(o) =0 B
NAHHOM HaNpsi)KEHHOM COCTOSIHUHU O°:

det = ﬁd/\. 2.1
oo

Bennuuna d)\, HasbiBaeMasi HeONpeNeJeHHbIM MHOXKHTEJeM, MOJN0XKHTe/bHA MPH aKTHBHOM I/J1aCTHYECKOM
Harpy»KeHWH, MPHU3HAKOM KOTOPOro siBjsieTcsl BbimosiHeHue ycaoBud f = 0, df = 0. Cjenyer OTMETHTB,
YTO MHOXHTENb dA He MOXKeT ObITh BBIUMCJ/EH uepe3 onpelessiolmive (GYHKIUHW, H ero 3HaueHHe IOJKHO
BBIYMCJISITBCS B MPOLIECCE pelleHHs] KPaeBOH 3a1auH.

JLisi ©30TPOMHOrO Tesa Kputepuit Tekydectd f(o) = 0 CBsi3biBaeT HEKOTOPOH 3aBUCHMOCTbBIO TJIaBHBIE
HOpMaJIbHble HaIpsKeHHUs

f(Ula 02, 03) = 07 (22)

npuueM QyHKLHS TeKydecTH f Ha caMoM jiesle 3aBUCHT OT TPeX He3aBUCHUMBIX CHMMeTPHUECKHX KOMOMHALUH
TJIaBHBIX HOPMaJIbHBIX HaNpsKeHHWH; B KauecTBe TAKOBBIX MOTYT OBITb BBIOpAHBI JIMHeHHas, KBaJ4paTHUHAs
U Kybudeckass cUMMeTpH4YecKHe (OpMbl IVIABHBIX HOPMaJIbHbBIX HalpsiKeHUH

J1 =01+ 03+ 03,
Jo = —(0102 + 0103 + 0203),

J3 —= 010203.
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B Teopuu uieanbHOH M1aCTUYHOCTH OOBIYHO MpejMosaraercsi, UTo FHAPOCTaTHUECKOe HalpsiKeHHe HHU-
KaK He BJIMfieT Ha TeKyuyecTb, a M03TOMY (YHKLHS TeKyuecTH f B JeHCTBHUTEJbHOCTH 3aBHCHUT JHLIb OT
pasHoCTel IVIaBHBIX HOPMAaJbHBIX HaNpPs2KeHHH, T.e. OT ABYX He3aBUCHUMBIX HHBAPHAHTOB JeBHaTOpa TEH30pa
HanpsizKeHUH

1

Ty = 2((01 = 02)> + (02 = 03) + (03 = 01)?),
1
Jy = 27(201 — 03— 03)(202 — 03 — 01)(203 — 01 — 02).

AccouuupoBanHbiii 3aK0H TeueHus (2.1) 1/ H30TPOMHOrO TeJla yCTaHaB/JAUBAaeT COOCHOCThb TeH30poB del’
uo.
JeficTBuTenbHO, ecau f = f(01,02,03) — pery/ispHas H30TPONHast (QYHKLHsS TeH30pa HaNMpPsLKeHHUH o,
of _ 8f1®1+—fm®m+ﬁn®n (2.3)
60' 80’1 Oo g3 do ()]
rae l, m, n — OpTOHOpMHpOBaHHbII/I 6asuc u3 coOCTBEHHBIX BEKTOPOB TE€H30pa HaHpH)KeHI/II./JI.
JloxasarenbcTBo (popMyinel (2.3) 6asupyercss Ha (pyHIaMEHTAJbHBIX COOTHOLIEHHSX AM((hepeHINpOBa-
HUSl COOCTBEHHBIX 3HAYeHUH 01, 02, 03 CHMMETPHUHOI0 T€H30pa BTOPOTrO paHra Mo CaMoMy TEeH30py o

80'1 302 80’3

— =1®1 —— =mQ®m — =n®n. 2.4
oo ’ oo ’ oo (2.4)
[ noxazaTtesbCcTBa 3THX COOTHOLIEHHH MponudQepeHIpyeM CIeKTpalbHOe pasJsoKeHHe TeH30pa Ha-

NpsiKeHUH

TO

Oi5 = Ullilj + oom;m; + o3nin;
10 O} U B Pe3yJ/bTaTe MOJyYUM PaBeHCTBO (IpH AU((pepeHLUPOBAHUH He OOANCHA YUUTBIBATHCS CUMMETPHS
TeH30pa HaHpH}KeHI/Iﬁ, HHaye HEO6X0[LI/IMbIe HaCTHbI€ MIPOHU3BOAHBIE 6yﬂ,yT BbIUHCJIEHbI HenpaBI/IJIbHO)

0o al; al;
ll +Jll] +o1li——+ ...,
8 do Oks aO'ks
cBopauyMBasi 00e yacTH KOTOPOro CHadaja ¢ l;, a 3ateM c l;, NpUXoAMM (HEBBEIMHCAHHBIE CJaraeMele IpH

5TOM [AlOT HY/JeBOH BKJAJ B CHJy B3aMMHON OPTOrOHAa/JbHOCTH COOCTBEHHBIX BEKTOPOB) K

5ik6js =

il = 270 4 g, Oy, O
s = ag o .
k 00 ! 00 ks 1 00 ks
YuuteiBas, 4to l;l; = 1 v mostomy
0l;
. — 0’
J 6aks
cpasy e MoJiyuyaeM
07 _ 4
8Uk5 — lktls,
1 aHaJOrMYHO
60'2 80’3
= MmEms, = NgNs,
8Uks k aaks ¥

4TO W JoKasbiBaeT (2.4).
Ec/iv 1Ba COGCTBEHHBIX 3HAUEHHS PaBHbBI (CKaXKeM, o1 = 03), 8 TPETbe C HUMH He COBNAAaeT, TO YaCTHble

80’1 80’2
NPOU3BOJHbIE 9 Jo CTaHOBSATCS HeomnpeneseHHbBIMH. OnHako B cuny 1@ 1+ m@m+n®n =1 ux
o o
cyMMa OyZieT BIIOJIHE ONpeie/leHHOH, TaK KaK BBINOJHSAETCS PABEHCTBO
80’1 80‘2
— +—-—=I-n®n
0o  Oo

B r;aBHBIX 0CSIX TeH30pa HaNpsiKEHUH acCOLMMPOBAHHBIN 3aKOH TeYeHHUsl H30TpomHoro Tena (2.1) umeer
cJeqyIOUUH BUA:

0
dsf f (2.5)
801
e 37leCh U B JajbHeHIIeM def — CcOoOCTBEHHbIE 3HAUEHHWsI TeH30pa MPHUPALIEHHH MIACTHUECKUX Hedop-

P

manuit def’?, KoTopble, BooGle rOBOPS, OTJIHYAIOTCA OT MPUpPaLU{eHUl; COOCTBEHHBIX 3HAUeHHH €; TeHaopa

2Wnu riaBHble MPHpALIEHHs MIACTHUECKHX JedopMaHii.
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NJ1aCTHUECKUX HedopMalui el C Y4YETOM 3TOr0 3aMeyaHHsl CIIeKTpasbHOE pasJ/oXKeHHe TeH30pa de® npenu-
CTaBJIAETCA KaK
de? =1®1def + m @ mdel + n ® nde?l.

J17Is1 U30TPOMHOro Tesla B CHUJYy YKa3aHHOH Bhlllle (DOPMbl KPUTEPHsI TEKYYeCTH M aCCOLUMPOBAHHOTO
3aKOHa TeueHHs1 HanboJsiee yI0OHO reOMeTPUUECKOe TPeCcTaBJIeHHe OCHOBHBIX COOTHOLIEHHH B TPEXMEPHOM
MPOCTPAHCTBE TJIABHBIX HampsixKeHWd X351 — Becreprappa (Haigh, 1920; Westergaard, 1920).

AccouunpoBaHHBIE 3aKOH TEUEHHsSI OIHO3HAUHO OMpefesieT HalpaBJeHHe BEKTOpA, MPeICTaBJSIONIEro
IpUpalleHusi MJIacTHYeCKUX ne(opMaluil B MPOCTPAHCTBE [VIABHBIX HAMpPS’KEHHE, TOJBKO B PeryssipHbIX
TOUKaX NMOBEPXHOCTH TeKydecTH. Eciii HampsikeHHOe COCTOSIHHE COOTBETCTBYeT pebpy (YIJIOBOH TOUKe) HJH
KOHMYECKOH 0COOEHHOCTH Ha MOBEPXHOCTH TEKYYECTH, TO HEOOXONMMbI JajbHEHIIHMe MPEIOIOKEeH!s IS
BBEIBOJIA KOPPEKTHOTO OIpejesiiomero 3akoHa. O6o0Imenre acCOMMPOBAHHOIO 3aKOHA Ha Caydyal MoBepx-
HOCTH TEKyuYecTH C yrjioBoit Toukod npensoxkero Koirepom (Koiter, 1953). D10 060611eHre ocHOBaHO Ha
C/leyIolIeM MPHHIKIE CYNepHo3HLHH: 0cOOble TOUKH MOBEPXHOCTH TEKYUeCTH MPEICTaB/sIOTCS Kak Iepe-
ceyeHHe KOHEUHOr0 YMCJa p TVIaJKHX TOBEePXHOCTel TekyuecTH f (o) = 0.

AKTHBHOE Harpy»KeHue, CONMPOBOXKAAIOIIEECs H3MEHEHHEM IJIaCTHUECKUX NedopMalliii, ompeneJsieTcs
YCJIOBUSIMH

fu =0, dfw =0,
fe =0, dfx, <0 wumm f, <0,
Tle MHAEKCH w W K Pas3/W4Hbl, U MX 3HAYeHHs B COBOKYNMHOCTH HCYEPIBIBAIOT BCe 3HAYEHHUS HHAEKCA

v=1,2,...,p, IpuueM UHIEKC w Npoberaet HeMycTOoe MHOXKECTBO 3HAYEHUU.
[Tosinoe mpupaiienue de’ ecTh cymMMa cOOTBETCTBYIOIMX BCeM MHAEKCAM w MPHUpAILeHHi de

de? = stp(‘”),

P(w):

rae Kaxnoe rnpupameHne défp(w) BBIYUCJIACTCA COrJIaCHO aCCOUMUPOBAHHOMY 3aKOHY TE€HYEHH

0
deP@) — ﬁd/\w,
oo
a BeJIMUMHBL dA,, NOJMKHBI ObITb MOJOXKHUTENbHBIMH.
OxoH4aTebHO 060OILIEHHBIH aCCOLMMPOBAHHBIN 3aKOH TeUeHUsl NPUHUMAET CJeAYIOMHUIH BUI:

P
of
P _ o
de” =3 = tdy,
y=1
d\, >0 (f, =0, dfy, =0),
d\y =0 (fy=0, dfy <0um f, <0).

Ero ciieficTBreM sIBJISIETCS COOCHOCTb TeH30poB o U del’ B usoTponHoM Tese.

['eomeTprueckr 0600IIEHHBIH aCCOLMMPOBAHHBIN 3aKOH TeYeHHsl YCTaHaBJ/MBAeT, YTO B YIJIOBOH TOUKe
MIOBEPXHOCTH TeKYy4YeCTH BeKTOp, NPelICTaB/SIOUIUN NpUpallleHUs M1acTHYeCKUX deopMallil B MPOCTpPaH-
CTBe [VIaBHbIX HaNpsKEeHWH, fBJAsSeTCS JUHEHHOH KOMOMHALUeH HOpMasbHBIX K NoBepxHocTAM f, = 0 B
YKa3aHHOH TOUYKe BEKTOPOB, NPHYEM HalpaBJeHHe yKa3aHHOTO BEKTOpa B YIJIOBOH TOYKE MOBEPXHOCTH
HarpykeHus 06001eHHbIM aCCOLIMUPOBAHHBIM 3aKOHOM TeUeHHs! He (DUKCHPYeTCsl, a OCTAeTCsl HeolpeeJseH-
HBIM.

PaccmoTpum ypaBHeHHS] 0000611eHHOIO0 aCCOLMHUPOBAHHOIO 3aKOHA TeUeHHUs] MPUMEHHUTENbHO K YCJOBUIO
TekyuecTd Tpecka. O6o3Hauasi, Kak OOBIUHO, uepe3 Ti, To, T3 IKCTpeMaJibHble (TJaBHbIE) KacaTesbHble

HanpsKeHus
_0’2—0’3 _0'3—0'1 _0'1—0'2
1 = 2 ) - 2 ) - 9 ’

nMeeM

def = sgn(Tw)%d)\.y (y=1,2,3), (2.7)

8017‘
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e UHIEKC 7y mpoberaet 3HaueHus 1, 2, 3, oAHAKO CyMMHpOBaHHe B MpaBoil yacTH (2.7) pacmpocTpaHsercs
JULIb Ha Te 3Ha4YeHHs <y, AJs KOTOPHX sgn(r,)7, = k, T.e. B NPaBOH 4acTH ColepKHUTCs He 6osee J8yx
c/1araeMblX.

YacTHble NPOU3BOAHBIE B MPaBOH yacTH (2.7) B IVIaBHBIX OCSIX TeH30pa HamNpsKeHWH 6e3 TpyAa BBIUHC-
JISIIOTCSI, €CJIM 3aMeTHTh, YTO (IO ¢ He CyMMHpPOBATh)

adl ..
:67'67" ) ;l:1a27 . 2.
aaij il0ij (Z J 3) ( 8)
B pe3yabTaTe HaXOAUuM
_87'1 o 87’1 _l _67'2 . 872 _l _67'3 o 67’3 _l (2 9)
80’33 a 80'22 o 2 ’ 80’11 - 30'33 o 2 ’ (90’22 n (90'11 h 2 ' '

OcrasibHble YacTHbIE MPOWU3BOLHbLIE PABHBI HYIIIO.
Henocpencreennbiit moacuer ¢ nomoiinbio (2.7), (2.9) mokasbiBaeT, 4TO B IJIaBHBIX OCSX HaMpsKEHUH
Martpuua TeHsopa de!’ nuaronasnbHa

o = dla’g (0—17 02, 03)7 dEP = dlag (d€1, d€27 d53)7

T.e. OPHEHTALHH [VIaBHBIX OCEH HANpPSKEHHUH W VIaBHBIX OCEH NMpHpalleHHH ne(OopMalnui ONHHAKOBBHI.
[Topcuer cymMMmbl TJIaBHBIX TpUpalleHHd dsf Ha ocHoBaHMH (2.7), (2.9) MO3BOJISIET 3aKJMIOYHTh, UTO
BBI[OJIHAETCS YC/IOBHE HEC2KHMaeMOCTH.
O6paTumcst K 6oslee 1eTalbHOMY HCCJENOBAHHMIO ypaBHEHHH 00O0OIIEHHOr0 acCOLMHPOBAHHOIO 3aKOHa
TeueHHsl, Mpearosaras, 4To HalpsKeHHOe COCTOSHHe CcOOTBeTcTByeT peGpy mpuaMmbl Kymona — Tpecka, a

TpeTbe TJIaBHOE HampsiKeHHe SIBJASETCS MaKCHMalbHbIM: 03 — 01 = 2k, 03 — o9 = 2k. {cHo, uto mnpH
5TOM MMeeT MEeCTO PaBeHCTBO [BYX IJIaBHbIX HaNpsiKeHWH o1 = 09. B TepMHHaX IJIaBHBIX KacaTeJbHbIX
HanpsiKeHUH 3TOT ciaydail XapakTepuadyeTcsl BHIIIOJHEHUeM yCaoBUH 7 = —k, o =k, 73 = 0.

PaBeHCTBO ABYX IVIaBHBIX HaNpsKEHHH 01 = 09 03HAYAET, YTO JI0O0€ HarpaBJieHHe, PACHoNOXKeHHOe B
MJIOCKOCTH, OPTOTOHA/JbHOH BEKTOPY N, SBJSETCH TJaBHBIM. SICHO 1MO3TOMY, YTO MPH COOTBETCTBHH HATps-
JKEHHOTO COCTOsIHUs pebpy npusMmel Kynona — Tpecka, T.e. B COCTOSIHHHM IOJHOH NJaCTHUHOCTH, HMeEETCS
U3BeCTHasl [0/l MPOM3BOJIA MPH BbIGOpPe COOCTBEHHBIX BeKTOPOB 1 U m (OHH OMpefeseHbl ¢ TOYHOCTHIO
L0 TIOBOPOTA B IJIOCKOCTH, OPTOrOHAJMBHOH BeKTOpy m). MX mpeumylecTBeHHOe M0JI0KEHHE B YIOMSIHYTOH
IJIOCKOCTH YKa3blBaeTcsl OpHeHTaluell cOOCTBEHHBIX BEKTOPOB TeH30pa MpUpallleHHH MIacTUYecKuX redop-
Mauuit de”’, KOTOpBIH B CHJy acCOLMMPOBAHHOrO 3aKOHA TeUEHHs JI0JKeH ObITh COOCEH TeH30DYy HaMpsiKeHHH
o ¥ obJ1aaeT, IOCKOJBKY, BooOILe roBopsi, de1 # deg, YHUKAJIbHBIM TPHUIAPOM IJIaBHBEIX HanpasJjeHud. Cie-
JIOBaTeJIbHO, aCCOLMHUPOBAHHBIM 3aKOH TeueHHsi, chopMyIUpoBaHHBIH N5 pebpa npusmel Kynona — Tpecka,
yCTaHABJMBAET COBMNALEHUE MOAbKO OOHOU U3 TPeX IMaBHBIX OCeH TeH30pa HalpsKeHUH U TeH3o0pa npupa-
LIeHUH MJIacTHUeCKUX nedopMalluil, HaK/IaAblBasi TEM CaMbIM MUHUMYM KUHEMAaTUYECKUX OTPaHHUeHHH. DTO
06CTOATEILCTBO Mbl GYIeM XapakTepu3oBaTh TepMHUHOM «1/3-coocHocTh» TeHsopos de’’ u o. Jlns Teyenus
Ha pebpe mpusmbl Kynona — Tpecka «1/3-coocHocTb» TeH30poB de!’ u o mocTaTodyHa A/ MX COOCHOCTH
B TOM CMbICJIe, YTO CYLIECTBYeT XOTsl Obl OfHA TPOHKA B3aHMMHO OPTOTOHAJbHBEIX HaMpaBJeHHH, KOoTopas
OyzeT raBHOi Kak A5l TeHsopa del’, Tak W nas Tensopa o. Wtak, mpu Hcc/enoBaHUMM TeuyeHHs Ha pebpe
npuambl Kysnona — Tpecka HuKorza He cienyeT 3a6biBaTh 00 YKa3aHHOM OOCTOSITEbCTBE: TPUIIP TVIABHBIX
HamnpaBJ/eHHi TeH3opa NpupalleHui niacThuyeckux geopmauuii de’ Becerma 6yneT W TPUSAPOM TVIAaBHBIX
HanpaBJ/IeHUH TeH30pa HANpPSKEHUH o, HO He BCAKMH TPUAP IVIABHBIX HANpPABJEHHUH TeH30pa HaNpsKeHUH
OyZeT TPUIAPOM IJIaBHBIX HANpaBJeHHH TeH30pa MpHpalleHHH NiacTHiecKux nedopManuil.

O6o3Hauas, KaK OblJIO OFOBOPEHO BbILLE, Yepe3 daf coOCTBEHHBIE 3HAUEeHUs TeH30pa MpHUpalleHHH mJja-
CTHUECKHX NedopMaluii, COOTHOIIEHHUS] 0600I1eHHOr0 acCOMUPOBAHHOIO 3aKOHa TeueHUs AJsi pebpa mpus-
mbl Kynona — Tpecka 71 = —k, 75 = k, 73 = 0 TpencTaBUM B 06ujux TJaBHBIX OCSX HAMPSiKeHUH H
NpUpalleHul MJaCcTUYeCKUX Ae(opMalri B BUIE

def = —d),,
del = —d\y, (2.10)
del = d\; + d)g,
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rie d\g — HeollpeJesieHHble MHOXKHUTEJIHN TEOPUH HIeasabHOH nuacTuuHocTH. CrefoBaTesbHO, 06001IeHHbIH
ACCOLMUPOBAHHBIH 3aKOH TeueHMs, C(POPMYJUPOBaHHBIN I/s pebpa mpusmbl Kynona — Tpecka, sKBHBa-
JIEHTeH JIBYM YCJOBHAM: ycJoBHI0 1/3-coocHoctu Tensopos def u o u ycnosuio del’ + del + del’ = 0,
XapaKTepHU3yIolleMy HECXKHMAeMOCTh MJIaCTHUECKOTO Ae(hOPMUPOBaHHS.

Takum o06pa3oM, ypaBHeHHsT 00OOIIEHHOTO aCCOLMMPOBAHHOTO 3aKOHA TeueHHs, CHOPMYJIUPOBAHHOTO
115 pebpa npusMbl Tpecka, MO3BOMSAIOT HAHTH MOMHMO YCJIOBMSI COOCHOCTH TeH30poB del’ u o (ma u To ¢
TOUYHOCTBIO [0 TMIOBOPOTA TPU3APA [VIABHBEIX OCell B MJOCKOCTH, OPTOTOHANBHON BEKTOPY M) ellle TOJbKO OIHO

CYlILEeCTBEHHOE COOTHOLIEHHUE, caenyoiiee U3 (2.10), — ycaoBHe HECXKHUMAEMOCTH:
det + dey + deb = 0. (2.11)
Ero MOXKHO Takxe TPEACTAaBUTb B (popme
P _
def; =0 (2.12)
UJU B MHBAapUAHTHOHU MPSIMOH 3aMUCU
tr (de?’) = 0. (2.13)

[Tocnentee o6cTOATENBCTBO MMeEET NMPHUHLUMINANBHO BaXKHOE 3HA4YeHHe: 115 HANPSIKEHHBIX COCTOSTHHUH,
COOTBETCTBYIOLIUX pebpy mpusmel KymoHa — Tpecka, miacTuyeckoe TeueHHe HMeeT HAUOOJBIIYIO CBOOOLY
¥ HMEHHO [O03TOMY BO3pacTaeT BEPOSTHOCTb NOCTPOWUTb peELIeHHs psila BaKHEHIIMX NPHUKJALHBIX 3ajady,
MpUBJeKasi cXeMy MOJHOH MiacTHuHocTH Xaapa — Kapmana®. SIcHO, 4To HampsiKeHHble COCTOSHHS, CO-
OTBETCTBYIOIIME TPaHAM MPU3Mbl Tpecka, MOT'YT peasn30BBIBATHCS JHIIb B HMCKJAOUHUTEJNbHBIX CJydasx,
MIOCKOJIBKY TIPH 3TOM MMEETCSl BeECbMa CHJIbHOE KMHEeMaTHUeCKOe OrpaHWYeHre: OHA U3 IVIaBHBIX CKOPOCTEH
MaCTHYeCKUX Ae(OpMAlUil 0JKHA ObITh PaBHA HYJ0?.

Yenosue coocHoctn Tenzopos det’ u o B cuay (1.3) MOXKeT GbITh CHOPMYNHUPOBAHO KAK
de” =1®1de? + m ® mdel + n ® ndel. (2.14)

31ech BEKTOPH 1 ¥ m yXKe BLICTYNAIT Kak cOOCTBEHHEBIe BEKTOPhl TeH30pa de’’, ¥ MosToMy MX OpHeHTalus
B TJIOCKOCTH, OPTOrOHAJIbHOH BEKTOPY N, YHHKa/nbHAa. Ec/U TeH30p Hampsi>KeHHH o COOTBETCTBYeT pebpy
npusmbl Kynona — Tpecka u 3ajaH, To opyeHTallMsi BEKTOPa N M3BECTHA, a OPUEHTAIlMM BEKTOPOB 1 U m He
OTIpefieJieHbl 10 TeX 0P, MO0Ka MOJHOCTbIO He ONpe/ie/ieHbl KHHeMaTHyeckue noisi. Jlasee B KHHEMaTHUECKUX
YpaBHEHUSAX MBI 33[eHCTBYEM JIMIIb BEKTOP N.
CootHomeHne (2.14) Mo3BOMAeT 3aKJMIOUHTH, YTO n - det’ = nde3P, WK Takke n - de” -n = dzs?]f, H,
kpome Ttoro (cm. [6,c. 208]),
n-de’ =ntr(n®@n)-de’). (2.15)

[TosnyyeHHOe ypaBHEHHe YCTaHABJHBaeT JHIIb TOJbKO TOT (haKT, UTO BEKTOP N — COOCTBEHHBIH BeK-
top Tensopa de’’. TIpoexTHpys BekTOpHOe ypaBHeHHe (2.15) Ha OCH HeKOTOPOH MPSMOYTrOMbHOH CHCTEMEI
KOOPAMHAT T1, Lo, T3, MOKHO TMOJYUUTh TPH CKAJSIPHBIX ypaBHeHUs [7]

njdaf; = nmknldskpl. (2.16)

TosbKo nBa M3 HUX GYAyT He3aBUCHMBbIMH. JlefCcTBHTENbHO, CBEpPHYTHIE C n; cooTHOIeHus (2.16) ymnosJe-
TBOPSIIOTCS TOXKAECTBEHHO, YTO YKAa3blBaeT Ha MX JIMHEHHYIO 3aBHCHMOCTb.
J1Ba He3aBHCHUMEBIX YpaBHeHHs U3 (2.16) BMecTe ¢ ypaBHeHHeM Hec:KHMaeMocTH (2.12) o6pasyloT cucteMy
U3 mpex He3aBHCHMBIX ypaBHEHHUH
P _
dsjj =0,

217
njdef; = ninknldsfl, ( )

KOTOpbIe IOocCJie MOACTaHOBKHW B HUX BMECTO l'IpI/IpaLLLeHI/II;'I nJ1IaCTU4YeCKUux Lle{pOpMaLlI/If/'I mpex HpI/IpaLLleHI/Iﬁ
nepeMemeHHﬁI COrJilaCHO
2de = (V @ du) + (V @ du)” (2.18)

33ra runoresa npunannexut J.J1. UBaesy.

4B crenyrouem naparpade NPHBOAMTCA aHAAM3 OOLIMX COOTHOIIEHHE MaTeMaTHUecKoll TeOpMH HAeabHOH MIaCTHUHOCTH JJIf
TeueHUsl Ha rpaHu npuambl KynoHna — Tpecka. I'paHsiM npr3Mbl COOTBETCTBYIOT YHCTO CBUrOBblE TeUYEHHMS], KOr/a [VIaBHble PHPALLeHHs
N1aCTHYECKHMX fepopMaluéi yIoBJAeTBOPSAIOT ycIoBHaAM de; = 0, da]. +dej =0 (i#g,JF#LIF0).
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WJIM, TIepexofisl K NPsSIMOYToJIbHOM CHUCTeMe KOOpAUHAT X1, T2, X3,

P _ 9 ) ) )
2de;; = Oi(duy) + 0;(duy),
MO3BOJIAIOT TMOJNHOCTBIO MCC/eN0BaTh KHHEeMATHKY MJaCTHUeCKOro TedyeHHMs, ecsd TMojie HampskKeHHH yiKe
ompeseseHo’.

CucreMa KHHeMaTHYeCKHX ypaBHeHHH (2.17)
tr (de’’) =0,

n-de” =ntr((n®@n)-de), (2.19)

OMHCHIBAOIIAS HeabHO MJIaCTHYeCcKoe TedeHre Ha pebpe npusMmbl KysmoHa — Tpecka, mpaBU/IbHO ONpeeseH-
Hasl ¥ anep60ﬂquCKaﬂ6. XapakTepucTHYeCKHe HAlpaBJIeHHsl 9TOH CHCTEMBI, KaK MTOKa3blBAeT HECJOXKHBIH
pacueT, COBMAJAIOT C XapAKTEPUCTHUECKUMH HAIpPaBJEHUSIMH CHCTEMBI TPEXMEPHBIX CTAaTHUECKUX ypaBHe-
HUH.

JelicTBUTEIbHO, OyNeM TPaKTOBATb XapaKTEPUCTHUECKHE MOBEPXHOCTH CHCTeMbl ypaBHeHUH (2.19) kak
MOBEPXHOCTH C1aboro paspbiBa NMpUpalleHnH NepeMelleHri du U BOCIOIb3yeMCsl TeOMeTpPUIeCKauMU YCJI0-

BUSIMH coBMecTHOCTH Apamapa — Tomaca (cm., Hampumep [5]):
[V®du] =N®a,

rae [-] o603HayaeT CKavyok MPH MePexoie uepe3 MOBEPXHOCTb cjadoro paspeiBa, N — eIHHHUHBIH BEKTOP
HOpMaJIi K TOBEPXHOCTH c/1aboro pas3pbiBa, a — HEKOTOPOEe HeHYJeBOe BEKTOPHOE MoJie, ONpeleseHHOe Ha
3TOH noBepxHOCTH. Ha ocHoBaHHHM cooTHoweHHH Komn

2[de’] =N®a+a®N,

CJIe[I0BAaTEJNbHO,
tr ([de”]) =N - a.
YuuTtbiBasi nosyueHHble (DOPMYJbl, U3 ypaBHeHHH cucTeMbl (2.19) HaxoouM cienyllle COOTHOLIEHHS
1751 Bektopa N:
N.-a=0, (n-N)a+ (n-a)N—-2(n-N)(n-an=0.
[IpoekTHpys mocJeHee U3 MONYUEHHBIX YPaBHEHUH Ha OPTOTOHAJIbHBIE APYT NPYTry HampageHus N, a,
nojiyyaeMm

(n-a)(1-2(n-N)*) =0,

(n-N)(a-a—2(n-a)?) =0. (2.20)

B 3aBHCHMOCTH OT TOTO, BHIMIOJNHSACTCS JH ycaoBue n-a = 0, uMeem: n-N = 0 uau 1 —2(n - N)2 = 0.
[TosToMy HOpMasud K XapaKTepUCTHUYECKHM MOBEPXHOCTSM 00pasylT KOHYC C YIJOM MoJypacTBopa w/4
U OCbl0, OPUEHTHUPOBAHHOH BHOJMb BekTOpa n. KoHyc Hopmasel K XapaKTepUCTHUYECKHM IJIOLIafKaM AJsl
CUCTEMBbl KHHEMaTHUeCKHUX ypaBHEHHMH NPOCTPAHCTBEHHOH 3alaud MaTeMaTH4YeCKOH TeOpHH MJIAcTHYHOCTH
(B cayuae TeueHus Ha pebGpe Tpu3Mbl Tpecka) TOT XKe CaMblé, UTO U JJIsi CHCTEMbl YpaBHEHUH paBHOBe-
cusi®. Ha ocHoBanuu ypaHeHns n - N = 0 MOXKHO 3aKJIOUHTDb, UTO XapAKTEPHCTHUECKUMH TOBEPXHOCTSMHU
SIBJSIOTCS TaKXkKe M MHTErpajbHble MOBEPXHOCTH MOJsS N (T.e. TOBEPXHOCTH, COCTABJIEHHbIE U3 HHTErpasb-
HBIX KPUBBIX NoJisi nn). Bee 310 yKasbiBaeT Ha TUNep6OMHYHOCTb CUCTEMBl ypaBHeHuU# (2.19), onuckiBaoLiel
NPOCTPAHCTBEHHOE IJIaCTHUECKOe TeueHHe Ha pebpe mpu3Mbl Tpecka.

Ecnu ynaercss mosiyuuTh pelieHHe CUCTEMbl KHHEMAaTHYeCKHX ypaBHeHUH (2.17) OTHOCHTENbHO TpHpa-
LIeHu nepeMelleHui du, To 3aTeM MOXHO HaliTH TeH30p MpupallleHu MaacThyeckux nedopmanuii del’, a
BMeCTe C HMUM M TOYHYIO OpHEHTaLHI0 cOOCTBEHHBIX BEKTOpPOB 1 M m.

5B naparpage 5 Gyner 1aH aHa/IH3 KMHEMATHYECKUX yDaBHEHHIl B cyuyae NPOCTPAHCTBEHHOTO TeUeHHs Ha peOpe mpuaMbl KysioHa
— Tpecka B TPUOPTOTOHA/NbHOH KPUBOJHHEHHOH CeTKe JIMHUE TVIaBHBIX HATpPS2KEHHH.

6 Tanee GymeT ycTaHOBJEHO, UTO KHHEMaTHUeCKHe COOTHOLIEHHS IPOCTPAHCTBEHHON 3alauM s TrpaHu mpusMbl Kynona — Tpecka
He SIBJAIOTCA NPABUJBLHO ONpeleJeHHBIMU: Mmpu KOMIOHEHTH BEKTOpa MPUpalleHHs nepeMelleHHil du; A0XKHBI yIOBIETBOPATb NAML
He3aBUCHMBIM YPaBHEHHSIM.

7Ji0GONBITHO OTMETHTb, YTO BO BTOPOM C/yuae (T.e. KOrha n - a # 0) ¢ MOMOIIbI0 BTOPOrO ypaBHeHHs cucTeMbl (2.20) MOXKHO
YCTaHOBHTb, UTO BEKTOp &, 06/ajiast IPOM3BOJbHBIM MOIYJIEM, JOJKEH COCTABJSTh C BEKTOPOM N yrog £ /4.

83101 pesysbTaT 6B MoMyueH B padore [2].
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3. YPABHEHWS MATEMATUYECKOW TEOPUM NTACTUYHOCTM AN TPAHU NPU3Mbl KY/TOHA-TPECKA

paCCMOTpI/IM TaK2K€ OCHOBHbIE YpaBHEHHSA TE€OPHUHU I/I,E[eaJ]bHOIjl NJIaCTUYHOCTH AJIS TPaHU NMPU3MbL Tpecxa.
Hal‘[pH)KeHHbIe COCTOSAHHUA, COOTBeTCTBy}OHlI/Ie FpaHHM I'IpI/ISMbI TpeCKa, MOFyT peaJ‘II/ISOBbIBaTbCH JIMIb B
HCKJIOYHUTEJNBbHBIX CJ/IYydaaX, IMOCKOJbKY aCCOU,I/II/IpOBaHHblfl 3aKOH T€4YEHHUS B I3TOM CJydade YyCTaHaBJIHMBAET
BeCbMa CHUJIbHbIE KHHEMAaTH4YeCKHUue OI‘paHI/I‘-IeHI/IH Ha Hpouecc NJAaCTUYECKOro0 TeUeHHs:. OAHa U3 TJIaBHbBIX
CKOpOCTel MaacTUYeCKUX AeopMalyil N0JKHA ObITh paBHA HYJI0, U TPUIAP IVIABHBIX OCel TeH30pa mpHpa-
IIeHUH TIaCTHUeCKUX Ae(opMalri >KeCTKO TpearucaH TeH30poM HampsikeHHH. [paHsiM MPU3MBI COOTBET-
CTByIOT YUCTO CABUTIOBbIE TeUEeHHUA, KOr'la I'NlaBHbIe l'IpI/Ipa[LLeHI/IH [NJacTU4eCKux lle(:t)OpMaU,HIL/'I YIIOBJIGTBOpHIOT
YCJIOBUSIM

def =0, def +def =0 (i#j,j#11#14).

CoBepllleHHO HHasl CHTyalus Hab/ofaeTcs B cilydyae, KOrfa HanpsiKeHHOe COCTOSIHHE COOTBETCTBYET
pebpy npusmbl Tpecka: HM OJHO M3 IJIaBHBIX MPHpAlleHHH MacTHYeCKHUX AedopMalMil 3[ecb MPUHLMIH-
aJbHO OTpeNieuTh Hesb3sA’ a TPU3AP IMaBHBIX Ocefl TeH3opa MpHpalleHHil MIacTHYecKUX AedopMmaiuil He
MIPEANHCEIBAETCS JKECTKO TPHIAPOM IJIABHBIX HAINpPS?KEHUH (OHW MOTYT OTJIHUAThCS APYT OT APyra IoBOpO-
TaMH B IJIOCKOCTH, OPTOTOHAJIBHOH BEKTOPY n).

Jlust rpany npusmbl Tpecka, 3anaBaeMoil ypaBHeHHeM 01 —oe = 2k (B 3TOM cJiydae oq — MaKCHMaJbHOE,
02 — MHMHHMAaJbHOe, 03 — IPOMEXKYTOYHOE [VIaBHOE HAIpsiKeHHe), TeH30p HAMpPsKeHHH HMeeT BUJL

=0l (00 —0o3)n®@n+2klx 1L (3.1)
[TosTOMy ypaBHeHHsI paBHOBecHs moJydaioTcs B Buae (cp. (1.7))
grad¥s + div(l®1) + (X3 — Xg)div(n ® n) + [n - grad(Xs — ¥3)|n =0, (3.2)
I/ie BBeleHbl Oe3pa3MepHble IVIaBHble HaNpsKeHUs Lo = 02/(2k), X3 = 03/(2k), uau
Vi 4+ (1-WI+I(V - 1)+ (EZ5-%2)(n-V)n+n(V-n))+nn-V)(ZT3—%3)=0. (3.3)

K stomy ypaBHeHHIO cielyeT NPUCOEIUHNUTD YCJA0BUSI HOPMUPOBKH M OPTOrOHAJNbHOCTH

[TpoekTHpysi BeKTOpHOe ypaBHeHHe (3.3) Ha IJIaBHBEIE OCH TeH30pa HampsiKeHHi, onpefiessieMble OpHeH-
TauusMu 1, m, n, Haxomum
HalnpaBJleHHe n:

(n-V)S34+n-[(1- V)] + (X3 —%2)(V-n) =0; (3.4)
HanpabJseHue L:
(1- V)2 + (V- D)+ (B3 —%2){1: [(n- V)n]} = 0; (3.5)
HanpaBJ/leHHe Im:
(m-V)EZ+m-[(1-V)I]+ (X3 —33){m- [(n- V)n]} =0. (3.6)

Ecnu okasbiBaeTcst BO3MOXKHBIM BBeIeHHE TPHOPTOTOHANbHONH KOOPAMHATHON CHCTEMBl C KOOPAWHATHBIMU
JIMHUSIMU, SIBJISIIOIAMUCS JUHUSIMU TJIaBHBIX HAIPSKEHHH, TO MOJNydeHHbIe TOJBKO UTO COOTHOIIEHHUS MOXK-
HO paccMaTpHBaTh KaK COOTHOIIEHHS BIOJb B3aUMHO OpTOroHasbHbIX uzoctar [3]. Torma MoxHO BBeCTH
KPHBH3HBI K;i;j (Kij €CTb KPHBH3HA MPOEKLHH H30CTaThl C HOMEPOM ¢, NIpU4YeM NPOeKTHPOBaHHE OCYIIeCTB-
JsleTcs NapaJijielbHO HalpaBJeHHI0 j Ha JIOKAJbHYI0 KOOPAMHATHYIO MJOCKOCTb, OPTOTOHAJBHYIO 3TOMY
HalnpaBJeHHI0), U, YUUTbIBAs], YTO

V 1=Kz +ro3, V- -m=ri3+ks3, V- -n==~K+ kKo,

9rJIaBH]>Ie NpUpalieHus MJaacTHYeCKUuX }leClJOpMaLU/Iﬁ CBsI3aHbl €AWHCTBEHHBIM YpaBHEHHEM (ypaBHEHI/IEM HeC)Kl/IMaeMOCTI/I),

def + deb + def = 0.
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a TaKxe 1 [(m-V)m] = —ko3, 1:-[(n-V)n]=—ksa,
m-[(1- V)] = —k13, m-[(n-V)n]=—ks,
n-[(1-V)]]=—-k12, n-[(m-V)m]=—ko,
TIPUBECTH ypaBHEHHUs paBHOBeCHs 1Jis1 TpaHM NpuaMbl Tpecka (3.4)—(3.6) K crenyromemy BHLY:
(n- V)3 — k12 + (k12 + K21) (83 — Xg) = 0,
(1- V)22 + (k32 + Ka3) — K32(83 — E2) =0, (3.7)
(m- V)Xo — k13 — k31(Z3 — X2) = 0.

3necb nuddepeHinasbHble ONEPATOPhl CJ€Ba CYTh MPOU3BOJHbIE M0 HAMPABJEHUSIM JUHUE TJIaBHbIX Hampsi-
JKEeHUH:

hnv. 9 1 9
0853 V933 8537
1o} 1 0
1. V=— = —
051 /g1 o0&
0 1 0
mo

V== — —.
652 v 922 852

AcconunpoBaHHEIH 3aKOH TeUeHHs], C(OPMYIHPOBAHHBIH [/ TpaHU MPU3MHl Tpecka o1 — oo = 2k, ycra-
HaBJIBaeT KeCcTKylo (6e3 Heonpene/eHHOCTH, XapaKTepHOH 1Jis pe6pa MpHU3MBbl Tpecka) COOCHOCTb TEH30-
poB de”’ 1 o u elle cenyoOlKMe COOTHOLIEHUS /15 IMIABHBIX 3HAUEHHH TeH30pa MpPUpalleHUil M1acTHIeCKUX
neopmauuii

def =dX, del = —d), del =0,

OTKyJa CJIefyeT COOTHOIIEHHEe HeCKHMaeMOCTH
det +dey = 0.

BunHo, 4yTo XapakTep MJacTUYecKOTO TeUeHHs], eCJIM peann3yeTcs HalpsiKeHHOe COCTOsSIHHWE Ha PaHH MpHU3-
Mbl Tpecka, 0KasblBaeTcsl YUCTO CABUTOBBIM. CIBHI MPOUCXOAUT B TJIOCKOCTH, OPTOTOHAJNBHOH BEKTOPY N.
HanpaBnenusi MakcUMa/bHOH CKOPOCTH CABHTa PAcCloJIOXKeHbl B TJIOCKOCTH, OPTOTOHAJBbHOM BEKTOPY N, H
JeJISIT TI0TI0JIaM TIpsiMble YTJIbl, 06pa30BaHHble HAMpPAaBJEHHBIMU BIOJb BEKTOPOB 1 U m mepecekarmouumucs
NPSMBIMH.

HerpynHo BHieThb, UTO MHOXHTEb dA BHIYUCISETCS Uepe3 [VIaBHble NMPUPAIIEeHHUs MJIAaCTUYeCKUX Aedop-
Malld B BHLE

d\ = % de? + de3.

Yenoue coocHocTH Ten3opos de?’ v o 11s TeueHHs Ha rpaHu NpU3Mbl Tpecka o — o = 2k NpPUHHMaeT

opmy
def = (1®1 - m®@m)de?

HJHW TaKxKe

de” = —1de} + 21 ® lde] + n ® ndey

rie, B OTJIMUMe OT TeueHHs Ha peOpe npu3Mbl Tpecka, BeKTOpPbl 1 M n KeCcTKO NpeANHcaHbl TEH30POM
HaNpsizKeHUH W 3a[aHbl, €CJH 3a[aH TEH30D HalpsiKeHUH.
Takum ob6pasoM, cucTeMa KHHeMaTH4eCKHX YpaBHEHHH 1Jif pacCMaTpUBaeMOH [PaHU MOXKeT ObITb Mpef-
CTaBJIeHa B BH[e
1-de?’ =1tr(1®@1) - de),
n-de” =0, (3.8)
tr(de”) = 0.
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3Iech CONEPXKHUTCS TATh HE3aBUCUMBIX CKAJISIPHBIX YPaBHEHHH, TaK KakK IMepBOe BEKTOPHOE ypaBHEHHE
[aeT TOJNbKO [Ba HE3aBUCHMbBIX CKa/sPHBIX (CKa/lspHOE YMHOXKEHHe Ha BeKTOp 1 MPUBOMMT K TOXAECTBY),
BTOpPOe BEKTOPHOe ypaBHEHHe — TPU He3aBUCHMbIX CKaJSIPHBIX, HO OJHO M3 HUX (KOTOpOe Mosydaercs
CKaJIIPHBIM YMHOXKEHHEM Ha BeKTOp 1) ciiefyeT U3 MepBOro BEKTOPHOTO YpaBHEHHs (TOUHee, U3 ypaBHEHHS,
KOTOpOe MOoJy4aeTcsi CKaJsipHBIM YMHOXKEHHEM MePBOr0 BEKTOPHOTO YpPaBHEHHs HA BEKTOp n), a TpeTbe —
OJIHO CKaJ/IIpHOE ypaBHeHHe.

[TepBoe u3 ypaBHeHui# (3.8) BeipaXkaeT NpocTo TOT (haKT, YTO BEKTOP 1 eCTh COOCTBEHHBIH BEKTOD TEH30pa
de”, BTOpOe ycTaHaBJMBaeT, UTO BEKTOP N — COGCTBEHHbIH BeKTOp TeH3opa de’’ ¢ Hy/MeBbIM COOCTBEHHBIM
3Ha4YeHHeM, TPeTbe — IJIACTUYECKYI0 HECXKUMAeMOCTb.

[TpoekTupysi ypaBHeHHs (3.8) Ha OCH HEKOTOPOH MPSMOYTOJBHOH CHCTEMBl KOOPIHHAT, HAXOMUM

Lidel, = Lilylodeg,,
njdel; =0, (3.9)
dafj =0.
Tpu KOMNOHEHTHI NPUPALLEHHs BEKTOpa nepeMelleHHH duj, BBOLUMbIE B (3.9) cornacho
2de}; = 0;(duy) + 0;(duy),

IOJIKHEI, TAKUM 06pa3oM, YIOBJIETBOPATh nAmu HE3aBUCUMBIM ypaBHeHHsIM. CjeoBaTesNbHO, MOJyYeHHas
cucTeMa KHHeMaTHUeCKHMX YpaBHEHHH NpPU TeUeHHWH Ha TPaHM NpPU3MBl Tpecka He fBJSETCS MPABUJIBHO
onpenenenHoi!?.

Tem He MeHee TedyeHHe Ha IpaHH NPHU3MBI pecka peasusyeTcsi B psiie BaXKHBIX CJydaeB: B CJAydae
MJIOCKOTO 1e(DOPMUPOBAHHOTO COCTOSIHUSL U B CJydyae CKOJIb2KEHHH BIOJb TOBEPXHOCTEH MaKCHMaJsbHOH
CKOPOCTH CHBHra (KMHeMaTHKa TaKHUX TeueHHE OyaeT UCC/e0BaHa B 3aKJ/IOUUTEJNbHOM maparpade CTaTbu).

Hrak, 3aMKHyTas cucTeMa COOTHOLUEHHH MHJif COCTOSIHHH, COOTBETCTBYIOLIMX I'paHM INpU3MBl Tpecka

01 — 09 = 2k, UMeeT ClenYIOlIHUH BUA!
Vi 4+ (1-VI+LV 1)+ (23— %) ((n-V)n+n(V-n)) +nn-V)(Z; — %) = 0;
1-de? =1tr(1®1) - de?),
n-de’ =0,
tr(de”) = 0;
2de” = V @ du + (V @ du)7;
I-1=1, n-n=1, 1-n=0.

(3.10)

4. COOTHOLEHMS KOWW B TPUOPTOrOHA/IbHOW U3OCTATUYECKOW CUCTEME KOOPAUHAT

CoOTHOLIEHUSA KOLLII/I, CBsI3bIBalOlllMe MpHUpalleHrHe BEKTOpa HepeMeI_I_LEHI/IIjI C MIpHpalleHrueM TeH30pa IoJl-
HBIX feopMalui, ABJASATCA (PyHAAMeHTaJbHBIMHA yPaBHEHHUSMHU MeXaHUKH Ne(OpMUPYeMOro TBEpPAOTrO Te-
Jia. C HUX TIOMOIIBIO HaI/I6OJ'Ie€ HpOCTO MOTYT 6bITb BbIBeIEHbl BC€ KHHEMAaTH4YeCKHue ypaBHeHI/IH TeOpI/II/I
I/IJ.IGBJII:HOIZ MNJJACTUYHOCTH.

CoorHouenust Kotuu, 3anucaHuble AJs NpUpallleHHH epeMelleH|i, UMelT (OpMy MpPSMOr0 TeH30PHOTO
ypaBHeHUS:

2de = (V @ du) + (V @ du)" . (4.1)

[Ipupamenus nepeMemieHHH MOXKHO NMPEACTABUTh B BHME Pa3J/IOXKEHHS 110 BEKTOPAM JIOKAJbHOTO OPTO-
HOpPMHpOBaHHOro 6asuca B mpoctpaHcTee 1, m, n

du = ldU<1> + mdU<2> + ndU<3>. (42)

10Cocrosinus Ha rpanu npusmel Tpecka, BOOOILe FOBOPS, CTaATHUECKH HeompeieauMbl. I COCTOSHHME HA FPaHH HEOGXONMMO COB-
MecTHoe paccMoTpeHHe ypaBHeHHH (3.3), (3.8), HOMOJIHEHHBIX YCIOBHSMH HOPMHPOBKHM H OPTOrOHANBHOCTH COOCTBEHHBIX BEKTOPOB
TEH30pa HaMpsKeHUH
, n-n=1 1-n=0,
U coorHoueHussMu Koun
2de =V@du+ (V®du)T.
Tonbko Toraa moJsydyaercs MpaBUJIBHO ONpeJe/ieHHast CHCTeMa COOTHOLIEHHH.
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31ech BeNMUYHMHBl duj> He SBJAAIOTCA AeHCTBUTEJNbHBIMHM NPHPALLEHHAMH, a C/yXKaT A/1d 0603HaueHHs
(pU3UUECKUX KOMIIOHEHT BeKTOpa du B TPUOPTOrOHANBHOH H30CTAaTHYECKOH KOODAHMHATHOH ceTke. TeM He
MeHee O BeJHMUMHaX du,> Mbl OyleM ToBOPUTh KaK O NpPUPAILEHUAX MNepeMelleHUH, NOMHS, OJHAKO, UTO
OHH TAaKOBBIMH B NEHCTBHUTENbHOCTH HE SIBJSIOTCS.

HeTpynHo BuIeTb, UTO TpeXMepHbIH onepaTop [aMUIbTOHA B TPHOPTOrOHAJNBHON H30CTATHUECKOH CHUCTe-
Me KoopauHar &1, €2, €3 ects (h; — napamerpsl Jlame paccMaTpuBaeMoi KOOPAHHATHOM CHCTEMB)

1 0 1 0 1 0
—1— - 7 - 4.3
V=l aa T e T o (4.3)
I'panveHT mpupaiieHusi BeKTopa nepemMelieHHss V @ du BEUNC/SETCS B BUIE
V®du: 1®VdU<1> +m®vdU<2> +n®VdU<3>+ (4 4)
+ (duc1=) V14 (ducos) VOm+ (ducss) V @ n. '
HAcHo, 4TO
Vdu _ li Oducy> mi Oduci> ni Oduci>
<7k o hy  OE2 hy &
1 8dU<2> 1 adU<2> 1 adU<2>
=1— — — .
VdU<2> hl 861 m h2 352 nh3 853 ) (4 5)
Vdugs = li Odu <3~ i Odu3> i Odu 3>

R T I P T

wmi (d1 =1-V,do=m-V,d3=n-V)
VdU<1> = l(dldU<1>) =+ m(deU<1>) =+ lfl(d?,dU<1>)7
VdU<2> = l(dldU<2>) —+ m(deU<2>) —+ I‘l(d;}dU<2>)7 (46)
Vduci> =1(diducss) + m(daducss) + n(dzducss ).

Hcnonb3ys nasnee BblpaXkKeHUs AJ15 IPOM3BOAHBIX OT 0A3MCHBIX BEKTOPOB

ol 10k 10k -
9e1  Thy0g™ T hy o T (M dshn.
ol 10hy
dl 1 Ohs

6m o 1 6h1 o

8—51 - h_28—§21 — (dzhl)l,

om  10hy  10hy -

38 = i oe) Ry o= (k1= (dsha)n, (4.8)
om - 1 8h3 _

8763 = h7267£2n = (d2h3)n,

8n - 1 ahl -

GET g ogst ()L

811 1 8h2

on _ _10hs 10hs —(d1h3)l — (dohz)m,

968~ hiogl moe™
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NPUXOAHUM K CJeNYIOLUM (hopMynam:

1 1 1 1
Vel=——(deh1)l@m— — (dsh1)1®@n+ — (dihs) m@m+ — (dih3) n ® n,
hl hl h2 hS
1 1 1 1
Vom=— <d2h1)1®1— — (dlhg)m®1— — (dghg)l’l’l@n-i- — (d2h3)1’1®n, (410)
h1 ha ha hs

Veon= 3 (d3h1)1 Q1+ — T (dghz)m ®@m — h—(dlhg)n ®l— h—(dzhg)n ® m.
Hcnonbays (4.6) u (4.10), cooTHotenue (4.4) MOXKHO MPeACTABUTb CJAEMYIOIIUM 00pa3oM:

VRda=1x1 |:h (dghl)dU<2> —|— (dghl)dU<3> + dldU<1>:| +

+m@m [h—(d1h2)du<1> + h—(d3h2)du<3> + dzdu<2>} +
2 2

+n®n h (d1h3)dU<1> + (d2h3)dU<2> + d3dU<3>:| +
3

(4.11)

1 1
+1®m 7hi(d2h1)dU<1> +d2dU<1>:| +l®n [h(dghl)dU<1> +d3dU<1>:| +
L 1 1

1
+m®1|——(dihs)ducos + dldu<2>] +m®n {—

1
ha — (dshg)du<os + dgdu<2>] +

ho

1 1
+n®l l:—h—(d1h3)d’li<3> + d1dU<3>:| +n®@m l:—h—(dghg)dU<3> + dgdU<3>:| .
3 3

Tpaucnonuposas ypasHenue (4.11), nosnyuaem
Ved)t =1®1 {h (doh)ducos + — m (dgh Yduczs + dldu<1>} +

+m&®m |:h (dth)dU<1> + — h (dghg)dﬂ<3> + deU<2>:| +

+n®n (dlhg)dU<1> —|— (d2h3)dU<2> + d3dU<3>:| +

(4.12)

+m®l —h—(d2h1)du<1> +daduci>| +n®l [—h—(chl)dU<1> + d3du<1>} +
1 | 1

1 | 1
+1®m _h_(dth)dU<2> + dldU<2> +nQ®m |:—h—(d3h2)dU<2> + d3dU<2>] +
2

E( hs

1
+ 1 Xm|— dlhg)dU<3> + dldU<3> +magen |:(d2h3)dU<3> —+ de’U,<3>:| .

[ToncraBasisi Beipaxkenus (4.11) u (4.12) B cootHouenust Komu (4.1), monyuum

de =1®1 |: (dghl)dU<2> + (d3h1)dU<3> + dldU<1>:| +
+m®m |: (dlhg)du<1> + (dghg)d’d<3> + d2du<2>] +
+n®n |:h (dlhg)du<1> + — h (dghg)du<2> —+ dgdu<3>:| +

*1 ®m [hl(d2h1)du<1> +doducis — h?(d1h2)du<2> + dldu<2>] +
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+lhig L
i

1
(dshy)ducy> + dzduci> — h_g(dlhs)du<3> + dldu<3>} +

1 1 1
+ §m ®1 |:—h—1(d2h1)dU<1> + doducis — h_g(d1h2)du<2> + dld’u,<2>:| +

1 1 1
+ 51’11 Xn |:—h—(d3h2)dU<2> + d3dU<2> — h—(d2h3)dU<3> + dgdU<3>:| +
2 3

1 1 1
+ 51’1 ®1 |:—hl(d3h1)d’l£<1> + d3d’lL<1> — hf3(d1h3)d’d<3> + dld’ll/<3>:| +
1

ha

1
+2n®m{

(dzhg)ducos + dzducos — hig(d2h3)du<3> + dzdu<3>] :

Tensop de, Kak SBCTBYET U3 TOJNBKO UTO MOJYYEHHOH (OPMYJIbI, CHMMETPHUYEH, YTO M TaK SICHO a priori.
VkazaHHy1o GOPMYJTY MOKHO HECKOJBKO MPeobpasoBaTh, BBOAA HOPMAbHbe KDHBH3HBI fi;; TPHOPTOTOHA/b-
HOHl cHCTeMbl moBepxHocTeil £° = const (k;; €CThb KPHBM3HA MPOEKLMH M30CTaThi ¢ HOMEPOM i, MpHUeM
NPOEKTHPOBAHHE OCYIIECTBJSETCS NapaeJbHO [IABHOMY HATPABJIEHHIO j HA MJOCKOCTb, OPTOrOHAMBHYIO
3TOMy HaHpaBJIeHI/I}OH B COOTBETCTBHHU C HpHBOﬂI/IMbIMH HHUXKe paBeHCTBaMH:

dihs = hzrkaa, dohz = hzrai, dshy = haroy,

4.13
drho = hokos, dohy = hikas, dshy = hiKqa. (4.13)

B pesyabTaTe NoMyyuM cjefylollye BbipaXKeHHs 15 (hU3HUECKHX KOMIOHEHT TeH30pa de B TPHOPTOrOHAJb-
HBIX KoopauHartax &1, €2, €3:

dec11> = k13ducos + K12ducss + diducys,
de <225 = Kazduc<i> + Ka1ducss + daducos,

de 33> = K3aduci> + K31ducos + dzducss,

(4.14)
dec1o> = —kKi1zduci> — Kasducos + doduci> + diducos,
dec13> = —k1aduci> — K3aducss + dzducis + diducss,
de<23> = —korducos — K31ducss + dzducos + daducss.

3mech HU decij>, HA dUj> TEHCTBUTE/bHBIMU NIPHPALIEHHAMH He SIBISAITCS; dE<;j> — (DU3MUECKHe KOM-
TIOHEHTBl TeH30pa de B U30CTaTHUECKOH CUCTeMe KOOpAUHAT:

de =1 X ld€<11> + 1 X md5<12> + 1 X nd€<13> +mg md€<22> +mg 1d5<21>+

(4.15)
+mRndecozs +NRnNdecsss +N®Idecgis + N ®@mdecgos.

YpaBHenus (4.14) MoxkHO npeo6pas3oBaTh, UCIOMNb3Ys BEJHUHMHBL y;; (7;; — TeolesudecKas KPHUBH3HA
M30CTAaTHUECKOH TPAEKTOPHU C HOMEPOM i Ha TMOBEPXHOCTH, OPTOTOHAJBHOH [JIABHOMY HAMpAaBJEHHIO C HO-
MepoM j), JHLIb 3HAKOM OT/IHYAloLIHecs oT k;;'2. B urore nosmyuaem

llHaHOMHI/IM, YTO CIpaBeIJIMBbI CJeAYIOIIHe PABEHCTBA:
1 [(m-V)m] = —ko3, 1:-[(n-V)n]=—ks2,
m - [(1 . V)l] = —K13, m - [(n . V)n] = —K31,
n- [(1 . V)u = —K12, n- [(m . V)m] = —K21.

2Ecqiu umeeTcs HekoTOpasi KpHBasi Ha MOBEPXHOCTH, NapaMeTPU30BAHHAS HATYPAJLHBIM MapaMeTpoM s, t — eIMHUUHBIA BEKTOp,
HalpaBJ/IeHHbIH 10 KacaTe/IbHOH K KPHBOH B CTOPOHY BO3PACTaKOIIMX 3Ha4eHHUH napaMerpa s, t* — eIMHHUHBII BEKTOp, Pacro/I0OkKeHHbIH
B KacaTeJsIbHOH IMJIOCKOCTH OPTOrOHaJbHO BEKTOPY t, n — elMHHYHBIA BEKTOpP, HalpaBJeHHbIH 110 HOPMaJH K MOBEPXHOCTH TaK, YTOObI
BeKTOpHl t, t*, n 06pa3oBbIBai NPaBYI0 TPOHKY, TO Mbl OMpese/seM
dt _dt &

Kp=——"N, Kg=—
ds ds

COOTBETCTBEHHO KaK HOPMaJlbHYI0O KPUBH3HY (KPHBHM3HA NMPOEKILHH pacCMaTpHBaeMOH KPHUBOK Ha MJIOCKOCTb, ONPe/e/IsieMyl0 BEKTOPaMH
t, n) 1 reonesnuecKy0 KpUBH3HY (KPHBH3HA MPOEKIIHH paccMaTpHBaeMOH KPHBOH Ha KacaTeJbHYIO MJIOCKOCTb, ONpele/sieMylo BEKTO-
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de<i1> = —73ducas — Y12ducss + diducs,
de<22> = —y23duci> — Yo1ducss + daducas,
de 33> = —y32duci> — Y31ducas + d3ducss,

(4.16)
dec12> = m3ducis + Y23ducos + deducts + diducas,

dec13> = y2ducis + Y32ducss + dzducys + diducss,

decozs = ’)/21d’LL<2> + ’}/31dU<3> + d3dU<2> + dgdU<3>.

5. KWHEMATWUYECKUWE COOTHOWEHMS 0719 NPOCTPAHCTBEHHOIO TEHEHWS B TPUOPTOIOHAJIbHBIX
N30CTATUHECKNX KOOPOAMHATAX

B npu6/MKeHuH JKeCTKOMIaCTHIeCKOro aHa/iu3a umeeM de = de’. AccounmmpoBaHHbI 3aKOH TedyeHus,
KaK HM3BeCTHO, YCTaHABJMBAaeT COOCHOCTb TEH30pa HANpsKeHHH o U TeH30opa NpHpalleHHH MIacTHYeCKUX
nepopmaumii de?’. TIpu Henonb3oBaHuK KpuTepHst TeKydecTH Tpecka cielyer pas/ivyaTh TeueHHe Ha IpaHu
(B 3TOM CJydae yHHKaJbHBIH TpUsAp 1, m, n OyneT 0NHO3HAUHO yKa3blBaThb TaKKe W [JIaBHble OCH TeH30pa
de®’) u Tedenue Ha peGpe, KOrJa paBHBI [Ba IMIaBHbIX HATPSUKEHHs 0 = 0. B caydae TedeHusi Ha pebpe
PaBEHCTBO JBYX IJIABHBIX HANpsKEHUH 01 = 09 O3HA4yaeT, 4To J0OOe HalpaBJjeHHe, PACIOJIOKEHHOE B
NJIOCKOCTH, OPTOTOHAJIbHOH BEKTOPY N, sBJseTCs IVaBHbIM. [IpH COOTBETCTBHH HaNpsKEHHOT'O COCTOSIHUSA
pe6py npuamel Kynona — Tpecka coxpaHsieTcsi HeollpelesleHHOCTb B OpPHEHTaUUH COOCTBEHHBIX BEKTOPOB
l ¥ m (oHU ompelesieHbl C TOUHOCTBIO 10 TMOBOPOTOB B MJOCKOCTH, OPTOTOHAJbHOH BEKTOPY N) H OHH
ye, BOOOIlle rOBOpsi, MOTYT U He ObITh COOCTBEHHBIMH BEKTOPaMH TeH30pa MpHUpalleHHH MNaCTHUYECKHX
nedopmanuii de’

PaccMOTpUM MO OTHEJBHOCTH KaXKAbIH U3 IBYX YKa3aHHBIX CJydaes.

1. Teuenue Ha rpanu npusmbl Kymona — Tpecka. Tpusap 1, m, n ecTb Takxke U TPUAP IVaBHBIX
HanpasJjeHUi TeH3opa de. [lonyueHHas B mpenbiaylieM naparpage ¢opmysa Aas de NPUBOLUT K LIECTH
COOTHOUIEHUSIM:

det = (dghl)du<2> + = (dghl)du<3> +dyducs, (5.1)
de¥ = (dlhg)du<1> + (dghg)du<3> + doducos, (5.2)
def = h3 (dlhg)dU<1> + - (dghg)du<2> + dsduss, (5.3)
1
_h_l(d2h1)du<1> + deducis — h_Q(d1h2)du<2> + didu<as =0, (5.4)
1 1
—h—l(chl)dU<1> +dzducis — h—3(d1h3)du<3> + didu<zs =0, (5.5)
1 1
—h—2(d3h2)du<2> + dzducas — h—3(d2h3)du<3> + daducss = 0. (5.6)

Beonst kpuBH3HBl B cooTHotenust (5.1)—(5.6) cormacho (4.13), mosyuum (cMm. Takxke (4.14))

def = kizducas + Kiaducss + diducy, (5.7)
d5§ = KogdU<1s + Ko1ducss + daducas, (5.8)
def = Kgaducts + kg1ducos + dzducss, (5.9)
—Kizduci> — Kazducos + deducis + diduces =0, (5.10)
—kiaduci> — Kzaducgs + dzducis + diducss =0, (5.11)
—Ko1ducos — K31ducss + dzduces + daducss = 0. (5.12)

pamu t, t*) KpUBOi Ha NMOBepXHOCTH. B JaHHOM BEHIllle oMNpesesieHHH cjefyeT 0co60 06paTHTh BHUMaHKe Ha 3HaKH. VIMEHHO mostomy
B NPUMEHAEMOH HaMM TEPMHHOJIOTMH 7y;; — Tleojle3nueckas KPMBM3HA M30CTATHUYECKOH TPAaGKTOPHUM C HOMEPOM % Ha MOBEPXHOCTH,
OPTOTrOHA/IbHOH TJIaBHOMY HalpaBJIeHHIO C HOMEPOM j.
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OTHU COOTHOLIEHHUS] KOMIIAKTHO MPEACTABJ/AIOTCS B MATPUYHOH (opMe:

de’:‘f dl K13 K12 dU<1>
d&g) = K23 d2 K21 dU<2> s (513)
de¥ K32 k31 ds3 ducs>
—k13 +da  —kez+dy 0 duci>
—K12 + d3 0 —K32 + dy ducos =0. (5.14)
0 —ko1 +d3 —kK31 +ds ducss

Bropoe 13 MaTpUUHBIX COOTHOLIEHHH BblpaxKaeT COOCHOCTb Te€H30pa HaNpsiKeHUH W TeH30pa Npupalle-
HUH TacTHYeCKUX AedopMalui.

Kak ormeuasiock Bbillie (cM. maparpag ??), B caydyae NPOCTPAHCTBEHHOrO TeUYEHHs] HA TPAHH MPU3MbI
Kynona — Tpecka o1 — 03 = 2k acCOLMHPOBAHHBIA 3aKOH TeUeHUsl YCTAHABJIHBAET XKeCTKYIo (6e3 Heompe-
JleJIEHHOCTH, XapakTepHOH 1/1s pebpa mpusMbl Tpecka) COOCHOCTb TeH30poB de’ U o W emwe caenymolye
COOTHOLIEHHS AJIf [VIaBHBIX 3HAYEHUH TeH30pa MPHUpalleHHH MIaCTHYeCKUX Ae(hOopMaLui:

del =d\, del = —d)\, del =0,
OTKyla Cpagdy e CJeAyeT COOTHOIIEHHEe HEeCXKHUMAEeMOCTH
det +dey = 0.

CJiefoBaTesIbHO, /ISl aHa/IM3a KHHEMATUKH IPOCTPAHCTBEHHOrO TeYeHHUs Ha rpaHu npusMbl Kysmona — Tpecka
JIOCTATOUYHO BOCIOJIb30BATHCS MOJYUEHHBIMH TOJBKO UTO MAaTPUYHBIMH ypaBHeHHsMH (5.13), (5.14), moso-
xuB B Hux del = 0 u de¥’ = —del’. B pesysnbrare HaxomuM ClefywollMe ypaBHeHHs, BhIPaXKawllyue B
M30CTaTHUYECKOH KOOPAMHATHOM CHCTeMe KHHeMaTHueckoe orpannyenne del = 0, ycJIOBHE HECKHMAEMOCTH
U YCJIOBHE COOCHOCTH:

k3adu<1> + K31ducos + dzduczs = 0; (5.15)

dldU<1> + d2dU<2> + HggdU<1> + ngdU<2> + (ng + Iigl)d’U,<3> = 0, (516)

daducis + diducos — K13ducrs — Kazducas =0,
dzducyi> +diducss — Kiaducys — K3aducgs = 0, (5.17)
d3dU<2> + dgdu<3> — /{QldU<2> — /£31dU<3> =0.

HerpynHo BUmeTh, YTO €C/IM HAMpPsKEHHOE COCTOSIHHE COOTBETCTBYeT rpanu npusmbl Kymona — Tpecka
U yXKe OMpPEeleseHo, TO M30CTATUYECKYI0 KOOPIMHATHYIO CETKY (ecju TakoBasi CYIIECTBYET) MOXKHO CUH-
TaTh U3BecTHOH. Ho B TakoM ciyyae mpu HeU3BECTHBIX BeJHUYHMHBl dUcjs NOJMKHBI YIOBJNETBOPATb NAMU
ypasrenusam (5.15), (5.16), (5.17)'3. Huzke Mbl yBHAMM, 4TO MOAOGHOH MPOGIeMbl He BOSHHKAET, HaMpUMep,
B cJiyyae MJIOCKOTO Je(pOPMHUPOBAHHOTO COCTOSIHHS, MOCKOJBbKY TOTAa coOoTHolleHue (5.15) U nBa U3 Tpex
cooTHoweHu#H (5.17) yooBAETBOPSIOTCSA TOXKAECTBEHHO.

2. Teuenue Ha pedpe npusmbl Kymona — Tpecka. Tpusznp 1, m, n, BooGiie rosops, He OyneT TpU3IL-
pOM TJIaBHBIX HampaBJieHH# TeHsopa de. M3 accounHpoBaHHOrO 3aKOHA TeYEHHS MOXKHO BBIBECTH YCJIOBHE
HECXKHMaeMOCTH U JIMIIb TOT (DaKT, UTO N €CTb COOCTBEHHBIH BEKTOp TeH30pa de, T.e. COOTHOLIEHHS

deci1> +decgos +dez = 0;dec13> = 0,decazs = 0.

HOJIy‘{EHHaH BbIlIIEe CpOpMy.Ha sl de T03BOJISEeT NpeaCTaBUTb MPUBEAECHHBIE Bblllle COOTHOLIEHHSA B CJie-
AYyIOLleM BHULE!

diducis + doducas + dsducss + (ko3 + Kaz)duci> + (K13 + K31)du<os + (K12 + ko1 )ducss = 0; (5.18)

dzduci> + diducss — Kiducys — K3aduczs = 0,
dzducos + daducss — Korducos — K31duczs = 0.

(5.19)

13T e. na npupauenus nepemettennii duc ;> B TPUOPTOTOHAJLHOH H30CTATHUECKOH KOOPAMHATHOI CeTKe B CJyyae MPOCTPAHCTBEH-
HOTO MIaCTHYECKOro TeueHHUst Ha rpaHu npuamel Kysona — Tpecka nMeeTcs CAMIIKOM MHOTO OTpaHHYMBAIOLIMX cOOTHOLIeHHH. [ToaTomy,
ecJsii B 1eHCTBUTENIbHOCTH peasin3yeTcsi TeueHHe Ha I'PaHH, TO HEKOTOpble U3 MpHBeAeHHbIX cooTHoteHuH (5.15), (5.16), (5.17) nokHbI
Y/IOBJIETBOPSITLCSI TOKAECTBEHHO, JIMOO CEN0BATh M3 OCTAJbHBIX COOTHOLIEHHH.
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Takum obpasom, B cayuae TeueHusi Ha pebpe mpusMmbl Kysnona — Tpecka mpu HeU3BeCTHBIX BeJHUH-
HBl du<;> IOJKHBI YIOBNETBOPATb mpem ypaBHeHusM (5.18), (5.19), T.e. 3amaya pacuera npuparleHHH
nepeMeleH|H 10 U3BECTHOMY HAMPSXKEHHOMY COCTOSIHHIO SIBJISIETCS] PAaBHJILHO OMpeNeseHHOH.

3ameTuM, 4TO ypaBHeHHe HecxkuMaeMocTH (5.18) mpuoGperaer dopmy

dy + Hy ducy>
dQ + H(Q) dU<2> = O, (520)
ds + Hs) ducss

ec/IM BBECTH CPeJHHMe KPUBU3HB H ;) KOOPAMHATHEIX MOBEpXHOCTEH &/ = const, y4UTHIBAS, UTO

2H(1) = K32 + Kas,
2H(9) = K13 + Kau,
2H(3) = K12 + Ka1.

Jlokaxkem, uTO cuUcTeMa, cocrosuias u3 ypaBHeHu# (5.18), (5.19), runepGosuuHa U ompenesuM ee Xa-
pakTepucTHYecKHe HanpasjeHHsa. O6o3HauuM yepes N~ (usHdeckre KOMNOHeHTb BekTopa N elHHHUHOH
HOpPMaJ/Ii K XapaKTEPUCTHUECKOMY 3JIEMEHTY OTHOCHTEJBHO NPOCTPaHCTBeHHOro 6asuca 1, m, n. Xapaxre-
PUCTHYECKOE ypaBHEHHe

N<1> N<2> N<3>
Ness 0 Neis> | =0
0 Nass Neos

umn ¢ yuetom N2,o + N2, + N2, =1
Ness(2NZ;0 —1) =0

UMeeT TPU pa3JUYHbIX JNeCTBUTEJbHBIX KOpHA

1

V2
YTO YKasblBaeT Ha THIEepPOOJIUYHOCTL cHcTeMbl YpaBHeHHH (5.18), (5.19). Konyc Hopmane# K XxapaKTepHCTH-
YeCKHM TOBEPXHOCTHBIM 3JIEMEHTaM [Jisi CHCTEMbl KHHEMAaTHUECKHX ypPaBHEHHH MPOCTPAHCTBEHHON 3a1auu

MaTeMaTHYeCKOH TEOPUU NJACTHUYHOCTH (B CJaydae TeYeHHs Ha pe6pe IPU3MbI TpeCKa) TOT XKe CaMbIﬁ, 4yTo
" nJid CUCTEMBI ypaBHeHI/III/JI paBHOBECHSA.

N<3> = 07 N<3> =+

6. YPABHEHUS COBMECTHOCTM NPUPALLEHWUIA MANbBIX AEDOPMALINIA B TPUOPTOrOHANTIbHON
KPUBOJIMHENHOW CETKE U30CTAT

YpaBHeHHsI COBMECTHOCTH AeopMalui Hapsay ¢ cooTHouleHusiMH Korin, CBA3BIBAIOIIMMU TpHpalle-
HHUe BEKTOpa MepeMellleHUH ¢ MprpalleHHeM TeH30pa MOoJHbIX Ae(opMalni, IBJASIOTCS PyHAaMeHTaJlbHBIMU
YPaBHEHHSIMH MeXaHHUKH Ne(OpMHPYEMOro TBepAoro Tesa. MX Takxke MOXKHO NPHMeHATb AJs aHaau3a KH-
HEMaTHKH HAeasbHO MiacThyeckoro Teuenusi. ChopmynupyeM, caenys [3], ypaBHeHHS COBMECTHOCTH TMpH-
pallleHud MaJblX Ae(opMalMil B TPUOPTOTOHAJNBHOM KPHUBOJUHEHHON CeTKe JMHHMU TJIaBHBIX HaNpsiKeHUH

§1, 52’ 53.
YpaBHEHHE COBMECTHOCTH MaJsblX AedopMaluil B MpUpalLeHHUAX, KaK H3BECTHO, UMEEeT BUJ
—dS =V xdP =0, 6.1)
rlle TeH30p BTOPOro paHra dP ecTb TpaHCNOHMPOBAaHHBIN BUXPb TeH30pa MpHUpalleHrni MOoJIHbIX AedopMaluil
T
dP = (V x de)" . (6.2)
TeH30p HECOBMECTHOCTH dS CUMMETPHUEH:

ds = (dS)" . (6.3)
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Tenszop dP aHTHCHMMeETpHUYEH, MTOCKOJBKY:
(V x de)T = = (de x V). (6.4)

®dusnyeckre KOMIOHEHTHl TEH30pa HECOBMECTHOCTH dS OTHOCHTENBHO TPUOPTOrOHAJNbHOH KPHUBOJMHEH-
HOM CeTKHM JIMHME TMIaBHbIX Hanpsikenui 1, €2, €3 Boumcasiores B dopme [8]:

S _ 1 0 [1 [O(hodecsr>) O (h3de<sss) "
U= ohs 062 | by o¢3 0€2
de<iz> Ohs | decoss Ohy | decoys Ohs |
he 06 " hy, 083 T hy 0@
18 {1 [6(h2d5<22>) B 8(h3d€<23>)} 3
Tiahs 963 | g o¢s ¢
_decgas Ohg  decizs Ohy decsss Ohg
hs  0&? hy 0&! hs 0&3 (6.5)
n 1 % [8 (h1d5<21>) _ 0 (h2d5<22>) ’
12hah; D€L a¢? ol
n 1 % [d5<31> % decia> % de<ii> 8}12] .
hahy OEL | Tiohs 063 '« hihy 08 T Tuhy 0€1
1 0hy {5(h3d€<33>) ~ 0(hdecas)
12Tt OET o¢1 0¢3
1 0hy [d€<21> Ohs | deciz> Ohy | decins %]
Tahy 01 | hahs 0€2  hghy 0 | hghy 06’
ds _ 1 0 [1 [O(hsdecss>) O (Mdecais)|
12> hohs 062 | by o¢t 0E3

_deco1> Ohg  decizs Ohy decqis Ohg

hy €2 hy  O€3 hy 0t |
1 0 { ha {3(h3d€<23>) 8(h1d€<21>)] d€<31>3hs_d€<13>3hl}+

hahs 083 | hihs o¢t o¢3 hs  0&? hi  0§?
. Ohs [0 (hodecos>) O (hsdecsss)] n
Inhdh; OEL | 068 oe |
1 Ohy [deciz> Ohy | decass Ohy | decaos 3h3]
Ty 96T | Tishy 0€ | hphs 06 | hahy 0€2
. 1 Ohs [0 (hdecais) O (hadec2as) n
idh; 062 | oe oel | ©6)
1 Ohg [de<si> Ohy | decizs Oy d5<11>%]+ '
hsho 082 | hohs 0&3 hiho 0O&2 hohy O&!
1

. Ohy [0 (hdecsi>) O (hodecsas) n
T 12y O o¢2 pral

1 0Ohs [decias Ohy  decors ahﬂ

wWin T

haohg 9€3 | hihs 0€3 haohs  0&3

rie ho = v/gaa (0 a He cymMMupOBaTh) — mapameTpsl Jlame; dS<; ;> — (H3HYecKHe KOMIIOHEHTBl T€H30pa
dS B M30CTaTHYeCKOH CHUCTeMe KOOpIHHAT,

dS :1 ® ldS<11> + 1 ® mdS<12> + l ® ndS<13> + m ® mdS<22> + m ® ldS<21>+

6.7)
+m® ndS<23> +nQ nd5<33> +nQ 1dS<31> +neQ mdS<32>.

KommnoHeHTB! dS<295, dS<33> MONYUAIOTCS LUUKIWUYECKOH MepecTaHOBKOH MHIEKCOB B (6.5). KommnoHeH-
Thl dS<23s, dS<31> TMOJMYyYalOTCs UKJIUUECKOU MepecTaHOBKOH MHIEKCOB B (6.6). 3mech mpencramJsercs
YMECTHBIM ellle Pa3 YINOMSIHyTb O TOM, 4TO HH dS<;j~, HH de<;j> He ABJAIOTCA AeHCTBHTEJNbHBIMH NpHpa-
LEHUAMH BeJMUYHH, HAaXOASALIUXCS MOJ 3HAKOM IuddepeHLuana.

3ameTuM Takxke, 4To popmyasl (6.5), (6.6) cnpaBenuBbl AJs1 JH0O0H TPHOPTOrOHANBHON KOOPAMHATHOM
CHCTEMBI, XOTSl B JaJjibHelillleM Hac OyIeT MHTEPECOBATh JHMIIb H30CTaTUUYeCKasi KOOpAHHATHAS CeTKa.

B nekapToBo# crucTeMe KOOPIHHAT KOMIOHEHTHl TEH30pa HECOBMECTHOCTU dS BBIUHCSAIOTCS MO CJEAYIO-
muM opmysaam:

dSlp = emlemkpané)kderm,
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T1e €, — KOCOCUMMETPUUHbIE CUMBOJIbI, UJIH

0%de N 0%de,, ) 0?%de1s

— dSan — _
33 03 ox? Or10xs’
2d 2d 2d
*dslliaazm 9 5233728 523’
x5 0x5 0x90x3
02de 9?de 0%desy
— dSon — 33 19
2 0x? + 0z3 0x30x1’

0%deqy 0 Odess  Odesy  Oders
B dS23 a 781)28333 87$1 ( 8331 + 81’2 + 81‘3 ) ’
0?deas ) (8d523 Odes N 8d512>
83338.1‘1 81‘2 81‘1 8%‘2 8333 ’
dSis = — 0%dess a2 (8d523 N Odez1 8d512> '
81‘18.132 81‘3 81‘1 81‘2 6.2?3

—dS31 =

10 nsBecTHBle (popMysbl CeH-BeHaHa, mHpoko NMprUMeHsieMble B MeXaHHKe Ae(pOPMHPYEMOr0 TBEPAOTO Te-
Ja. MIX 4acTo HasbBAIOT YCJAOBHAMH CIOIHOCTH. CaMu ypaBHeHMs Oblin ony6sarkoBaHbl B 1864 r. CeH-
Benanom B u3manuu omHoM KHuru Hasbe.

KoMnoHeHTBl TeH30pa HECOBMECTHOCTH dS B [eKapTOBOH cucTeMe KOOpAMHAT MOTYT ObITb HalleHbl
TaKxKe B BUIE

—dSil = (8j8jdskk — 8j8kd8jk>(5il + aiakdalk + 8;8kd5ki — ajajdffgi — &»&dakk.

Cpnenaem psil CyLIECTBEHHBIX 3aMeUaHHH, KacalolMXCsl YHUC/IA HE3aBUCHMBIX YPaBHEHHH COBMECTHOCTH
Maabix aedopmaunit’t. OBbIUHO cuMTaeTcs, UTO HE3aBUCHMBIX yPaBHEHHH COBMECTHOCTH NOJIKHO OBITh
mecTb (Tak Kak TeHzop —dS = V x dP cummerpuuen). Y 370 HeBepHOe yTBEPXKAEHHE BOCIPOU3BOAUTCS
BO BCeX PYKOBOACTBax N0 MexaHHKe AedopMmHpyeMoro TBepioro Tesa. Ha camoMm nese cuTyalusi HECKOJIbKO
cnoxHee. JleficTBUTeIbHO, TeH30p dS yI0BIETBOPSAET, KaK 3TO C/eAyeT U3 ero ompeje/eHHs, ypaBHeH O

V. (dS) = 0. (6.8)

CuienoBaTe/ibHO, HE3aBUCHUMBIX YCJOBHH HOJIKHO ObITh Bcero Tpu. Mcrosb3ysi mpuBeneHHbIe BBILLE BbIparKe-
HHUS 17151 KOMIIOHEHT TeH30pa dS B NE€KapTOBOH CHCTeMe KOOPAHHAT, MPSMBIM TMOACUETOM MOXKHO I10KAa3aTh,
4TO BEKTOpHOe ypaBHeHHe (6.8) SKBHBAJEHTHO TPEM CKaJISIPHBIM:

5] (dSll) + 82(d512) + 83(d531)
o1 (dSlz) + 0o (dSQQ) + (93(d523)
01(dSs1) + 02(dS23) + 03(dS33)

0
0,
0

Ha nepBbl#l B3I/ MOXKeT N0OKa3aThCsl, YTO TPHU HE3aBUCHMBIX YCJIOBHS B JIeKapTOBOH CHCTeMe KOOpAMHAT
MOTYT COCTaBHUTBb JHO0 TpU ypaBHeHHs dS1; = 0, dS2o = 0, dSs3 = 0, nubo Tpu ypaBHeHus dSsz = 0,
dS31 =0, dS12 = 0. OnHaKo HU TPH YCJIOBHS MePBOH TPYMIbl, HU TPH YCJIOBHUS BTOPOH I'PYMIBI M0 OTHEJb-
HOCTH HCIO0Jb30BaTh Hedsb3sl [9]. M3BectHo [10], uTo eciv TpH yCJIOBHS MepBOH TPyMNIbl YAOBJIETBOPSIOTCS
BHYTPU HEKOTOPOH OAHOCBS3HOH 00JacTH, a BTOpas TPOHKa YCJAOBHUH — Ha rpaHulle 3TOH 00JacTH, TO BCe
TPH YCJIOBHSI BTOPOH I'PYNIEl OYIYT YAOBJETBOPSTHCS BHYTPHU o6JsacTH. AHaJorn4Hoe yTBep:KaeHHe OyneT
CIIpaBeaJIUBO, €CJIM NOMEeHATb IPYIIbl YCJIOBHH MecTaMH.

Onupasich Ha popmyJbl (6.5), (6.6), 3anuieM ypaBHeHHe COBMECTHOCTH [IJis1 MPUPALEHHH MIaCTHUECKUX
nehopMaIuil B H30CTaTHYeCKOH ceTke. Ml 6yneM (Kak NPUHSATO BCIOAY B HacTosiIel paboTe) npeHe6perath
ynpyrumu nedopmauuamu: de = de’.

4Xors ycoBHs coBMecTHOCTH fiedhopMaliuii Gbiiu H3BecTHB yxke CeH-BeHaHy, B HacTosllee BpeMs HeT MOJHOH SCHOCTH B BOMPOCE
0 YHCJIe He3a8UCUMBLX YCJIOBHH COBMECTHOCTH.

5[IpuBonuMoe HiKe ypaBHEHHe B TEH3ODHOM aHa/iu3e TPAJMLHOHHO HasbiBaeTcs ToxjecTBoM Buamku (L.Bianchi) (cm.: Cxo-
ymen A.5. TensopHubiii ananus st pusukos. M.: Hayka, 1965. C. 146, 147).
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[TocKoJIbKY B CHJly acCOLMMPOBAHHOTO 3aKOHA TeuyeHHs TeH3opsl o U de’’ coocHbl, TO B ceTke M30CTaT
matpuia Tensopa de’’ muaromanbua

dei 0 0
0 d€2 0 y
0 0 d63

T.€.
de =1®1lde; + m ® mdes + n ® ndeg,

U B CI)I/ISI/I‘{ECKI/IX KOMIIOHEHTaX HUMeeM

dS<11> = — d2d2d€3 — d3d3d€2 + (:‘igl — Iﬁlgl) (dEg — dEQ) + d3 (521 (dEg — dSQ)) —
- dg (fi31 (d€3 - dEQ)) — KR23K32 (d€2 + d€3 - 2d€1) - (69)

— kg1dades — Ko1dsdes — K3adides — Kogdides,

dSc<io> = dadides + da [k32 (des — dey)] + ks1dy (des — dea) —

(6.10)
kosdades + kg1 (deg — det) (Kga — Kag) ,

rIe, Kak ¥ paHee, KOMIOHEHTH dSc2os, dSc<33> TMONydalOTCS LUKJIHUECKOH MEepecTaHOBKOH HHIEKCOB B
(6.9), a kKomMnoHeHThl dS 23>, dS<31> MOIYUAIOTCS [HKJIHMUECKOH TTepecTaHOBKOH HHAeKcoB B (6.10).

J1y1s1 sICHOT'O MOHUMaHUS YCJIOBHH NPHUMEHHUMOCTH MOJNYYEHHBIX Bbllle BblpaxKeHHH A/ (PU3HUECKUX KOM-
TIOHEHT TEH30pa HECOBMECTHOCTH €llle Pa3 MOBTOPUM CJjefyiollee. ACCOMUPOBAHHBIA 3aKOH TE€UEHHs ycTa-
HaBJMBAaeT COOCHOCTb TEH30pa HamNpsXKeHHWH o ¥ TeH3opa MpupallleHuil maacThyeckux nedpopmauuil de’.
[Ipu ucrosb30BaHUM KpUTepHs TeKyuecTH Tpecka ciedyeT pas/inyaTh TedeHHe Ha TpaHU (B 3TOM caydae
YHHKa/NbHBIH Tpuaap 1, m, n 6yneT oNHO3HAUHO YyKa3blBaTb TaKKe W I[VIaBHble OCH TeH30pa MpHpalleHHH
nnactuyeckux nepopmanuit de’’) u Teuenue Ha peGpe, Kora paBHBI 1Ba IMIaBHBIX HAMPSUKEHUS 01 = 0.
B caydae Tedyenus Ha pebpe paBeHCTBO JABYX IVIaBHBIX HANpsKeHWH o1 = 09 O3HA4daeT, 4To Jo6oe Ha-
NpaBJieHHe, PacCIoJ0KeHHOe B MJIOCKOCTH, OPTOrOHaJbHOH BEKTOpY N, sIBJseTcs IaBHbIM. [loaTomy mpu
COOTBETCTBUH HANps2KEHHOr0 cOCTOsIHUSA pedpy npuaMel KysnoHa — Tpecka ecTb M3BecTHasi 105 POU3BOJIA
NpU BblOOpe COOCTBEHHBIX BEKTOPOB 1 1 m (OHH ompenesieHbl ¢ TOYHOCTbIO O MOBOPOTOB B IJIOCKOCTH,
opToroHa/jbHON BekTopy mn). CJienoBaTebHO, BEKTOPHl 1 B m y»Ke MOTYT U He ObITb COOCTBEHHBIMH BEKTO-
paMH TeH3opa MpHUpalleHHil naacTuueckux nedopmauuit de”. CresoBaTenbHO, BOSMOXKHO CYIECTBOBAHHE
TPUOPTOTOHAJILHOM CETKH JIMHUH IVIAaBHBIX HAIpSKEHWH C JIOKAJbHBIM TPU3APOM 1, m, n, TakuM, UTO BeK-
Topbl 1 ¥ M He ABJAIOTCA cOGCTBeHHbIMM Aas TeHzopa del’, Ho Torma dopmyasl (6.9), (6.10) noanexar
MoIM(MHKALKHU C LieJbl0 yyeTa HeHaroHaJbHOCTH MaTpHUlbl TeHsopa de = de’’ B Gasuce 1, m, n:

de<11> decia> 0

de<ia> decoos 0
0 0 d€3

[lopo6Horo pona Monudukanus 6e3 Tpya OCYLIECTBJSETCS C OMOLIBIO TTONyUeHHBIX BbILIe (POPMYJT AJs
(pM3MUeCKMX KOMIOHEHT TeH3opa HecoMecTHocTH (6.5), (6.6)6.

CHaqa.na HECKOJIbKO YINPOCTUM 3allkuChb (bOpMy.H AJI5 (1)H3HLI€CKI/IX KOMIIOHEHT Te€H30pa HECOBMECTHOCTHU
(cm. (6.5), (6.6))

dS<11> = 2K23K32de <115+
+[/€§1 — K31 — Kaakas + (daks1) — (dskar) + ksida — Ksady — 2ko1d3 — dsds|de<oos+
+[K3, — k3] — Kaakas + (dakar) — (dakar) + ka1ds — Kazdy — 2k31de — dada)de <335+
+[k31K32 + Kazka1 + 2k32k13 + (dakse) + 2K32ds]de <125+
+[ko1K23 + K32k21 + 2Ka3k12 + (d3ka3) + 2K93d3]de <135+
+[dr31K21 + Ka1kos + 2(daka1) + (daks1) + (d3ksi)+
+3/€21d2 + 2/%31(13 + Iigldz + d2d3 + d3d2]d€<23>,

16OHa He Tpe6ye'rc;{ B IIJIOCKOM U OCECHMMETPHUYHOM CJaydasax.
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dS<2o> = 2K31K13dE <225+
+[K3y — K35 — Kisks1 + (dski12) — (diks2) + Kiads — K13da — 2k3ady — didi]de<ss>~+
+[K3y — K1y — K1sks1 + (diks2) — (dski2) + Ksady — Ks1da — 2K12ds — dsds]de <115+
+[k12K13 + K31K12 + 2R13K21 + (d3k13) + 2K13d3]de <235+
+[k32K31 + K13k32 + 2k31k23 + (d1k31) + 2K31d1|de <125+
+[4K12K32 + K3aka1 + 2(dsks2) + (d3ki2) + (dik12)+
+3k32ds + 2k12d1 + K12ds + d3dy + dids]de<i3,

dS<33> = 2K12K21de <335+
+[K33 — K13 — K21k12 + (dikas) — (dakis) + Kosdy — Koids — 2k13dy — dada]de <115+
+[K33 — K33 — Karki2 + (daki13) — (dikas) + Kisds — Kiads — 2ke3dy — didi]decoos+
+[ko3ka1 + K12k23 + 2kr21k32 + (dik21) + 2K21d1|de <135+
+[r13k12 + Ko1K13 + 2K12K31 + (d2k12) + 2K12d2]de <235+
+[4kazkis + Kizkiz + 2(dik13) + (diK2s) + (dakes)+
+3k13d1 + 2K93ds + Kogdy + dida + dad]de <12,

dS<i12> = —kz1dide<a2> + [R31 (K23 — K32) — (daks2) — Kaada]de <115+
+[k31 (k32 — K23) + (dakz2) + Ka1dy + (k32 — Kag)da + dadi|de <335+
+[kagkaz + 2k31K13 + 2601 K12 — K3 — K3; + (d3ki12) — (dakgr) + Kords+
+k12d3 + dads]de <125+
+[r21 (k31 + K13) — 2R31K12 + Ko1d2 — K31d3 — 2(dak12) — 2R12de — dads]de <135+
+[r21 (k23 + K3z) — (daksz) + (ko3 — K32)ds — 2k1dy — d3d]de <23,

dS<13> = —kosdsde<11> + [Ro3(k12 — K21) — (dik21) — Ko1di]de <335+
+[kog (ka1 — K12) + (d1K21) + Kosds + (Ko1 — Ki2)di + dids]de<oa>+
+[I€12,‘{21 + 2/432314.?32 + 2%13%31 — IQ%3 — H%3 + (dglﬁ?gl) — (dlligg) + Ii13d2+
+k31dy + dgdg]d€<13>+
+[r13(K23 + K32) — 2ra3ks1 + k13dy — kozda — 2(d1k31) — 2k31d1 — dyda]de <235+
+[r13(k12 + K21) — (daka1) + (K12 — K21)d2 — 2K13d3 — dads]de <12,

dS<o3> = —ki12dade <335 + [R12(k31 — K13) — (d3k13) — K13ds]de <o2>+
+[k12(k13 — K31) + (d3k13) + Kizda + (K13 — K31)ds + dsda]de 11>+
+[k31K13 + 2K12K01 + 2K32K23 — K3y — Kiy + (d1ke3) — (d3ki2) + Kgadi+
+kozdy + dldl]d€<23>+
+[r32(R12 + K21) — 2R12k23 + K31d3 — K12d1 — 2(d3kas) — 2Ke3ds — dsdi]de <125+
+[r32(k31 + K13) — (d1k13) + (k31 — K13)d1 — 2k32ds — dida]de<13>.

3aTeM TOJIOXKHUM B HUX dec13s> = 0, de<ogs = 0. B pe3ynbrate npuxomuM K ypaBHEHUSIM:

dS<11> = 2Ko3K32dec11>+

+[f€§1 — K3) — Kaakas + (daks1) — (dskar) + ka1da — Ksady — 2k91d3 — dsds|decoos+

+[r3, — K31 — Kaakas + (dskor) — (daks1) + Ko1ds — Kosdy — 2k31do — dada]de <335+
+[K31K32 + Koszka1 + 2K32k13 + (daks2) + 2K32da]de <125,

(6.11)

dS<a2> = 2K31K13dE <225+

+[K3y — K3y — Kisks1 + (dski12) — (diks2) + Kiads — Ki3da — 2k32dy — didi]dec3s>+

Jr[/i:%,z — K3y — Kigka1 + (dikse) — (dski2) + Ksadi — Kg1da — 2k12ds — dgds|dec11>+
+[k32K31 + K13ks2 + 2Kk31K23 + (d1k31) + 2631d1|decq2>,

dS<33> = 2K12K21de <335+
+[k33 — ki3 — Kotkia + (diKa3) — (daki3) + Kosdy — Ko1ds — 2K13ds — dada]de <115+
+K1y — K33 — Ko1k12 + (dak1s) — (dikas) + Kisds — K12ds — 2ka3dy — didi]de<aas+
+[4kazkis + Kizkie + 2(dik13) + (dik23) + (dakes)+
+3I€13d1 + 2%23(12 + liggdl + d1d2 + dgdl]d6<12>,
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dS<12s> = —ks1dide <o2> + [K31 (K23 — Ka32) — (daksz) — Ksada]de<11>+
+[r31 (k32 — K23) + (daks2) + Ka1dy + (k32 — K23)da + dady]de <335+
+[Kaska + 2k31K13 + 2K1K12 — K3 — K3, + (d3ki2) — (daka) + kords+
+r12d3 + dzds)de <12,

(6.12)

dS<13> = —Kozdzde 11> + [/@23(512 - 521) - (dllim) - m21d1]d5<33>+
+[ko3 (ko1 — K12) + (dika1) + Kasds + (ko1 — K12)d1 + dids]de oo+
+[k13(K12 + K21) — (dska1) + (K12 — Ka1)da — 2k13ds — dads]de <12,

dSc<oss = —Kiadadecsss + [k12(K31 — k13) — (dski3) — Ki3ds]de<aos+
+[k12(k13 — K31) + (dsk13) + Kiada + (K13 — K31)ds + dada]de 11>+
+[ka2(k12 + Ka1) — 2K12K3 + Ka1ds — Ki2d1 — 2(d3ka3) — 2Ke3ds — dadi]de<12>.

[IpuBeneHHbIe BEIPaXKEHHUS HOJKHBI HCIIOJIb30BATHCS, KOTAA MIACTUYECKOe TeUeHHe MPOUCXOIUT Ha pebpe
npusmbl Kynona — Tpecka. KomnoneHTsl dS<29s, dS<33~ Hea»b3s MOJYUYUTh LHUKJIWYECKOH TepecTaHOBKOH
uHIekcoB B ypaBHenuu (6.11). To ke camoe OTHOCHTCS K KOMIOHEHTaM dSc o3, dS<31> H YpPaBHEHHIO
(6.12). BeiBopm 3THX ypaBHeHHUE CjefyeT OCYLIECTBASATh, KAK 3TO ObJIO CHEJIaHO, UCXOIsl HEMOCPeACTBEHHO
u3 popmya (6.5), (6.6) 11 PU3HUECKHX KOMIOHEHT T€H30pa HECOBMECTHOCTH.

B kayectBe npumepa npuMeHeHHs YpaBHEHHH COBMECTHOCTH He(OpMaluil BHISICHUM aHAJWTHUECKYIO
KJaccH(UKaLUI0 U HalleM XapaKTepUCTHKH MPOCTPAHCTBEHHBIX KHHEMaTH4YeCKHX ypaBHEHWH B ciayyae
TeueHHs1 Ha pebpe npusmbl Kynona — Tpecka o1 = 09 = o3 £ 2k. Jlasg 3Toro BbINHKIIEM IJIaBHbBIE 4acTH
ypaBHEHHH COBMECTHOCTH JAe(hopMalui

dS<11> = —dadades — dsdzdecoos + ... =0,
dS<o0s = —dydides — dzdzde<11> + ... =0,
dS<33> = —d2d2d5<11> — d1d1d€<22> + (dldg + dgdl)d5<12> + ... =0,

dS<12> = dodydes + dsdzde <12~ + ... =0,
dS<a3> = dzdade<11> — dzdide<ias + ... =0,
dS<13> = dydsdecoos — dadsdec19~ + ... = 0.

[TosIb3yACh COOTHOLIEHHEM HeCXKHMaeMOCTH
de<i1> + decons +dez =0,
YCTPaHHUM M3 MOJNYYEHHOH CHCTeMbl ypaBHeHHi des. B pesynbTaTe MPUXOIUM K CHCTEMe

dS<11> = dadadeco2> — dadzde oo~ + dodade 11> + ... =0,
dS<o2> = dididecogs + dididec11> — dgdzdeci1> + ... =0, (6.13)
dS<s3s = —dadadeci1> — dididecors + (dide + dodi)decios + ... =0,

dS<i2> = —dadidec11> — dadide<22> + dadsde<i2s + ... =0,
dS<o3> = dzdade<11> — d3dide<ia> + ... =0, (6.14)
d5<13> = d1d3d€<22> — d2d3d€<12> +... =0.

ToJsibKO TP U3 3TUX ypaBHEHUU HE3aBUCHMBbI, IpUUYeM a priori HeusBecTHO Kakue. OnHaKO cooOpaKeHus
CUMMETPHH TO3BOJISIOT OBICTPO OGHAPYKUTh HY>KHble ypaBHeHHs. VlckoMble ypaBHeHHst ecTb dS<q12s = 0,
dS<11> =0, dS<22~ = 0, T.e. BBIOUpAIOTCS TaKHe ypaBHEHHSs], YTOObl HHAEKCHl Y KOMIIOHEHT TeH30pa HeCOB-
MECTHOCTH dS He BKJOYAIU HOMepP 3. DTH ypaBHEHHUS CJelyeT pacCMaTPUBaTh KaK CUCTEMY YpaBHEHHH B
YaCTHBIX NMPOU3BOAHBIX OTHOCUTENBHO dec11>, dE<22s, dEc12>.

Haiinem xapakTepucTHKH MOCTPOeHHOH cucTeMbl. COCTaB/sAs XapaKTePUCTHUECKUH OMpefeuTeb, pU-
XOIMM K XapaKTepPHCTHYeCKOMY ypaBHeHHIO (N ;s — (H3HYecKHe KOMIOHEHTH eIHHHYHOTO BEKTOpa HOp-
MaJid K XapaKTePUCTHKE OTHOCHUTEJNbHO OPTOHOPMHPOBAHHOrO 0asuca COOCTBEHHBIX BEKTOPOB TEH30pa Ha-
npsikeHuit 1, m, n):

—N<osNeais —NeosNegs N2
NZ,. N2y — NZg. 0 =0 (6.15)
N31> - Ni3> N21> 0
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WU
NZ3o (N2io + N2, — N253.) =0.
YuuTBIBasi yCJ0BHE HOPMHPOBKH
Nil> +N§2> + N23> =1,

npeo6pa3yeM XapakKTepUCTHUYECKOe ypaBHEHHE K BHIY
Ni3>(1 - 2Ni3>) =0,

OTKyla Cpa3dy Ke CTaHOBHUTCHA SCHO, UTO OHO MMeEET TPH PA3JIUYHBIX BEUIECTBEHHbLIX KOPHS:

1
b
V2
npyUyeM KpPaTHOCTb HYJIEBOI'O KODHSI PaBHA YeThbIpeM, T.e. CHCTeMa Au(epeHLHaNbHbIX YPaBHEHUN B UacT-
HBbIX l'IpOI/I3BOI[HbIX

N<3> =0, N<3> ==+

dS<12> =0, d5<11> =0, dS<22> =0 (6-16)
runepbo/MUHa, a ee XapaKTePUCTUKU UIEHTHUUHbBl XapaKTepUCTUKAM MOJIs HanpﬂmeHI/If/’I”.

BbIHCHI/IM, 3aBUCHUMBI JIM OCTaJibHble YpaBHEHHUSA COBMECTHOCTH AJIsA HpI/IpaI_I_IEHI/Iﬁ ﬂ,echpMaLlI/II:I
dS<33> = 07 d5<13> = 07 dS<23> =0 (6-17)

OT Tpex ypaBHeHHH coBMecTHOCTH (6.16). Il 3TOro pacCMOTPUM TOXAECTBO DHaHKH 1/l TEH30pa HECOB-
MeCTHOCTH dS. B usocraTrHueckoil KOOpAMHATHON CeTKe OHO MpeACTaBJseTcs B (hopme

d1dS<11> + ko3 (dS<11> — dS<a2>) + K32(dS<11> — dS<33> )+
+ (2K13 + K31 + d2)dS<12> + (2612 + K21 + d3)dS<13> =0,

dodSco9> + K31(dS<22> — dScs3s) + K13(dS<22> — dS<11>)+

(6.18)
+ (2Ka3 + K32 + d1)dS<o1s + (2621 + K12 + d3)dS<23> =0,

d3dSc<ss> + K12(dS<33> — dS<i11>) + ko1 (dS<33> — dS<o9s )+
+ (2K32 + K23 + d1)dS<31> + (2631 + K13 + d2)dS<32> = 0.

YuutbiBast (6.16), ypaBHenus (6.18) npuBomHM K BHIY

(2K12 + K21 + d3)dS<13> — K32dS<33> =0,
(2K21 + K12 + d3)dS<23> — K31dS<33> =0, (6.19)
d3dS<ss> + (k12 + K21)dS<33> + (2632 + Koz + d1)dS<13> + (2k31 + K13 + d2)dS<23> = 0.

Orclona BUAHO, YTO 3Ta CUCTEMa JHUHEHHBIX YpaBHEHHWH B YACTHBIX MPOU3BOJHBIX OTHOCHUTEJIBbHO TPeX KOM-
NoHeHT dS<33>, dS<13>, dS<23> TEH30pa HECOBMECTHOCTH dS HOpPMaJbHA MO U30CTATHUUECKOH MepeMeHHOH
€3, ubo mpUBOAMTCS K HOpMasbHOH (hopme Komm no 3Toil mepemenHoi

9dS<13>
o =
0dS<23>
— 7 = .. 2
a3 ; (6.20)
0dS<33>
03

17Vkazannas cucrema mUdGEPEHIHANLHEIX YPABHEHUH B YaCTHBIX NPOM3BONHBIX, KAK HETPYAHO 3aMeTHTb, He siBAsfercs &3-ru-
nepBoNHYecKoil (MM CTPOrO THNepBOJMUECKOl OTHOCUTEJIBHO MepeMeHHol £3), Tak Kak ee XapaKTepUCTHUeCKOe ypaBHeHHe UMeeT
KpaTHbIH KopeHb. [losToMy mnpofi/emMa KOPPEeKTHOCTH MOCTAHOBKHM 3afaud Komu nms cuctembl A depeHLMAIbHBIX YpaBHEHUH B
4aCTHBIX MPOU3BOAHBIX (6.16) ¢ Haya/bHBIMM NAHHBIMM Ha cjoe &3 = const BEKTOPHOTO MOJIA N HYXKIAeTCS B JONOJHUTENbHOM
Ucc/e/IoBaHUH. 3aMeTHM, YTO MHOTHe BaKHble YPaBHeHHs MaTeMaTHueckol (GH3HKH MMeIOT XapaKTepHCcTHUecKylo (opMy ¢ KpaTHBIMH
KOpHAMH. MOXKHO Jake cKasaTb, YTO YCJOBHE CTPOTOH THMepOOJMYHOCTH OUeHb PeAKO BLIMOJHAETCS /s JUHEHHBIX CHCTEM MepBOro
nopsijka.
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CrenoBatesibHO, 3anaya Kouu assi cuctembl ypaBHeHu#E (6.19) ¢ HauanbHBIMH AaHHBIMH Ha CJI0€ €3 = const
BEKTOPHOTO T0JIs1 N NOCTaBJIeHa KOPPEKTHO. B yacTHOCTH, MocTaB/eHa KOppeKTHO 3a1aua Koiu ¢ HyseBbIMU
HayaJbHBIMH JaHHBLIMH Ha cjoe £3 = const

dS<33> == O7 dS<13> = O, dS<23> =0 (53 = COnSt). (621)

Takasi 3apaya Ko umeer, o4eBHAHO, eIMHCTBEHHOE HysleBoe peleHue. B ciydae, xorna koapduuneHTsl
JIMHEHHOH cucTeMbl AU (pepeHUHaNbHBIX YPaBHEHHH B YACTHBIX MPOHM3BOAHBIX (6.19) siBasilOTCA aHANUTH-
uecKMMH (DYHKUHAMH M30CTaTHUecKHX KoopauHat &', &2, €3 u cnoit €3 = const BEKTOPHOro MoJs n ecTh
aHaJUTHYeCKas OBEPXHOCTb, €IUHCTBEHHOCTb aHAJMTHUECKOTO pelleHHUs paccMaTpuBaeMoi 3azauu Kouu
npsaMo cjenyet u3 TeopeMbl Koun — KoBaseBckoit (cMm., Hampumep, [11], ¢. 30-37), mocKoJbKY KaK Mbl
nokakeM naJjiee cJioii €3 = const He AIBJSETCS XapaKTepPUCTHYECKOH MOBEPXHOCTbIO A/fl cucTeMbl (6.19).
EnUHCTBEHHOCTb HYJIEBOrO pelleHHsi CHCTeMbl JHHeHHbIX nuddepeHHanbHbiX ypaBHeHuH (6.19) (ec-
JIM TIO-TIPeXXKHEMY CUMTATb KOI(M(ULUHEHTH 3TOH CHCTEMbl aHANTUTHYECKHMH (DYHKLUUSAMH H30CTAaTHYECKHX
koopnuHaT &1, €2, €3) ¢ Hy/neBbIMM HauaNbHBIMM [IaHHBIMH Ha caoe £ = const B Kjacce HenpepbiBHO
nuddepeHunpyeMbIX QYHKIUHA rapaHTHpyeTcsi TeopeMoit Xoabmrpena (Holmgren, 1901) (cMm., Hanpumep,
[12]-[15])'® mockonbKy caoii €3 = const He sB/SeTCA XapaKTePHUCTHUECKOH MOBEPXHOCTBIO A/ CHCTEMb
(6.19). HeiicTBHTENBHO, COCTABJSIST XapaKTePUCTHUECKOe ypaBHeHHe, uMeeM (N ;> — Qu3Hueckre KOMIO-
HEHTBl BEKTOPa HOPMaJM K IJIOCKOMY XapaKTepUCTHUECKOMY 3JIeMeHTY OTHOCHTeNbHO 6asuca 1, m, n)

Ncogs 0 0
0 N<3> 0 = 07
Nci> Neos Ness

T.e. HaxomuTcsl KopeHb N2, = 0 KpaTHOCTH 3, a cama XapakTepHCTHYecKash (GopMa BbIPOXKAAETCs, YTO
FOBOPUT 0 MapaboJHUECKOM BHIPOXKIEHHH CHCTeMbl ypaBHeHHH (6.19) M 4TO HOpMa/M K XapaKTepUCTHKAM
pacrionaraloTcsi B MJIOCKOCTH, OPTOroHanbHOH Bektopy n'®. [Toatomy Bclony B obracmu docmudcumocmu
cnost €3 = const GyAyT BBIMONHATLCS TPH OCTABIIMXCS YCJIOBHA coBMecTHOCTH (6.17), ecii OHM BBITIOMHSA-
I0TCS Ha CJIoe.

Hrak, ecau Tpu ypaBHEHHS COBMECTHOCTH

dS<i2> =0, dSci1> =0, dScos =0
BBITIOJTHEHbI, TO TPH OCTABLIMXCS
dS<s3> =0, dSci3> =0, dScoss =0

TaK>Ke BBITOJHSIOTCS, €CJIH OHHM BHITIOJNHAIOTCA Ha KAKOM-IM60 cyioe £3 = const BEKTOPHOTO MOJIS 1, TPUUYEM
rapaHTUPOBATb BBHIMOJHEHHE TPEX OCTABIIMXCS YCJOBHH COBMECTHOCTH MOXHO B 0OJACTH AOCTHXKHUMOCTH
cios €3 = const uM B GoJee MIMPOKOM CMBICJE B TOH 06JaCTH MPOCTPAHCTBA, IJ€ HadyajbHbe 1aHHBIE
(6.21) omHO3HAUHO OMpejeNsIOT pellleHHe cucTeMbl ypasHeHHH (6.20)%°. [TockonbKy XapakTepucTHUeCKHe
MOBEPXHOCTH CHUCTeMbl YPaBHEHMH B UYacTHBIX Mpon3BoAHBIX (6.20) cocTaBisilOTCS M3 BEKTOPHBIX JHHUH

18Teopema XosbMrpeHa HMeeT BechMa OGLIME XapakTep W MPUMEHSIeTCS K AUHElHbLM CHcTeMaM THd(hepeHIHa bHEIX ypaBHeHHH
B YaCTHBIX MPOM3BOAHBIX JI000r0 aHAJIHTHYECKOrO THMA (PHMepGOIHYECKOro, /IHIITHYECKOro, napaboinieckoro). B yeioBHOH yacTu
TeopeMbl XOJbMIPEHa MOKHO He TpeGOoBaTh aHAJMTHUHOCTH MOBEPXHOCTH, Ha KOTOPOH BBICTAaBJISIOTCS HadyaljbHble AaHHble. Teopema
XosbMrpeHa ykasbiBaeT Tak:ke M (hopMy 06/acTH, rae pelueHue 3ajgauyd Kolin eqHHCTBEHHBIM 00pa3oM OMNpesesisieTcsi HayalbHbIMH
IaHHBIMH: 3TO «JIHH3000pasHasi» 006/1aCTh, OrpaHWueHHAas Hauya/JbHOH MOBEPXHOCTBIO W YacCThi0 MPOCTPAHCTBA, 3aMOJHEHHOro ceMeid-
CTBOM aHaJUTHYECKHX MOBEPXHOCTEH, MPEACTAB/ISIOUMM CO00H aHaMMTHUECKYIO 1e(hopMaltio HauyaJbHOro CJIOsi MPH (PUKCHPOBAHHOM
ero Kpae, Ip{4yeM Ha BCeX MOBEPXHOCTSIX 3TOrO CeMeHCTBA XapaKTePUCTHUECKUE OIpe/ie/IuTe/b N0JKEH ObITh OTHEJEH OT HyJsl OLHOK
U TOH Ke JJIsi BCeX MOBEPXHOCTEH ceMelicTBa MocTosiHHOM. Hackobko nasneko ymaetcst mpOABHHYTHCS 3THM METOLOM OT HauyasbHOTO
CJI0sl 3aBHCHT OT F€OMETPHH XapaKTepUCTHUECKHX TOBEPXHOCTEH.

9TlosTOMy MOBEpXHOCTH, COCTaBJeHHbe M3 BEKTOPHBIX JIMHMH MOJS N, GyAyT XapaKTePHCTHUECKHMH IJIi CHCTeMbl AH(depeH-
LHaJbHBIX YPaBHEHHH B 4acTHBIX Mpon3BoiHbX (6.19). Takue ke NMOBEPXHOCTH SIBJSIOTCS XapaKTEPUCTHYECKUMH H J/Isl YPaBHEHHH
paBHOBECHS B cjlydae COCTOSIHMH Ha pebpe mpuaMel Tpecka (cm. ypasrenue (1.10)) VX — n X rot n 4+ ndivn = 0.

203101 BaxKHBIH pe3y/bTaT MPOJNHBAET CBET Ha OTMEUEHHYIO Bbillle MPOGAEMY O TOM, KaKHe MMEHHO TP YPaBHEHWS COCTABJSIOT
HE3aBHCHMYIO CHCTEMY YCJOBHH COBMECTHOCTH MasiblX AedopMmaLui.
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noJisi N, TO 06JaCTh IOCTHKUMOCTH cjiosi €3 = const 6yer, Mo-BUAMMOMY, OTpaHHYEHA BEKTOPHBIMU JIU-
HUSIMH TIOJI N, BBIMYIIEHHBIMH W3 TOYEK KOHTYpa, ABJsIoLIerocss kpaem cjos & = const. fcHo, uTo B
NpUBEJEHHbIX (POPMYJIUPOBKAX C/IOH &3 = const MoxeT GbiThb 3aMeHeH JI0GOH MOBEPXHOCTBIO, He SIBJISAIO-
1ieiics XapaKTepUCTHUeCKOH AJisl MapaboJM4YecKd BhIPOXKAEHHOH cUcTeMbl AM((epeHLHabHbIX YpPaBHEHUH
B YaCTHBHIX MPOU3BOAHBIX (6.19).

YKaxkeM ellle Ha OJHO HHTepecHOe 00CTOsITebCTBO. Ec/M yacTb rpaHulbl Tesa cBOoOOJHA OT KOHTAKT-
HbIX YCHJIMH, TO B KayeCTBe I'DAaHHYHOrO YCJOBHSl 3/leCb MOXKHO MNPHMHATH YCJOBME KacaHHSl BEKTOpa 1.
Ci/iemoBare/bHO, YKa3aHHasl 4acTb IPaHULbl Tesa OyfeT XapaKTepPUCTHYeCKOH IOBEPXHOCTbIO 1JIs CHCTEMb
YPaBHEHHH B YACTHBIX NPOM3BOAHBIX (6.19). EcaM HOMONHUTE ee MPOMU3BOJBHOM HEXapaKTEPUCTHUECKOH
MOBEPXHOCTBIO TaK, 4TOOBI 00pa3oBasach «JIMH3000pa3Hasi» MPOCTPAHCTBEHHAs 06J1aCTb, TO TPU YCJIOBUS
COBMEeCTHOCTH

dS<33> =0, dS<i3> =0, dSca3>=0 (6~22)

OyLyT BBIMOJHEHBI BCIOLY B 00pa30BaHHON 06J1aCTH, €CJI OHU BBITOJHSOTCS Ha JOTMOJNHSIOLIEN TOBEPXHOCTH
U eCau TPpU APYTUX YCJOBUSA COBMECTHOCTH BBINOJHATCA BCIOAY B yKaSaHHOIL/'I 00J1acTH.

JlanbHede yTOYHEHHS BBIIOJHUMOCTH YCJI0BUHH (6.22) TpebyeT 6oJjiee AETANbHOTO aHAIM3a CUCTEMBI
YpaBHEHUH B YACTHBIX MPOU3BOAHBIX

dS<13> 0 0 0 dS<is>
di | dS<as> | = 0 0 0 dS<ca3> |+
dS<33> —dy —dy 0 dS<33>
—(2K12 + K21) 0 K32 dS<i3>
+ 0 —(2kK21 + K12) K31 dS<a3>
—(2K32 + K23)  —(2r31 + K13) —(K21 + K12) dS<33>

7. KWHHEMATWKA NM/1I0CKOro niACTUHECKOIro TEHEHUS

Onupasicb Ha MoJy4eHHble B TpelblAyLleM naparpade cTaTbd Pe3yJbTaThl, MOXKHO HCCJAENOBATb KHHe-
MaTHKY MJIOCKOTO MJIaCTHYeCKOTO TeUeHHS.

Jl1o6oe ycj0BHE MJIACTHYHOCTH B CJydyae MJOCKOTO Ae(OPMHUPOBAHHOIO COCTOSIHHUS MPUBOAUTCS K BHIY
01—09 = 2k. B nnockocTH TeueHUs x1 xo UMEETCS ABA B3aUMHO OPTOTOHAJIbHBIX CEMEHCTBA H30CTAaTUYECKHX
TpaekTopuil. OnHO U3 ceMeHCTB OyneM MIEHTH(DULIUPOBATH HOMepoM 1, npyroe — HoMepoM 2. B ycsoBusix
MJI0CKOr0 1e(OpMUPOBAHHOTO cOCTOSAHUSA UMeeM d3 = 0, duczs = 0, d5§ =0, k31 =0, k32 =0, K1 = K13,
K2 = K23.

O603Hauas yepe3 @ yros HaKJOHA K OCH X7 M30CTATHI NIEPBOTO CEMEUCTBA, MOJyUYaeM

K1 = R13 = —dlg, K9 = Rg3 = d29 (71)

MMeeTcst BCero ofiHO JePHBALMOHHOE COOTHOILIEHHE, CBSA3bIBAIOIIEE KPUBH3HBI H30CTATHUECKUX TPAEKTO-
puit, kotopoe umeer Bua (cm. [3])
2 2
diko +dak1 + K7+ K5 =0 (7.2)

W YIOBJIETBOPSIETCS TOXKAECTBEHHO B CUTY K1 = —d10, ko = daf.
ypaBHeHI/IH paBHOBeCI/IH, CClI)OpMyJ'II/IpOBaHHbIe B I/ISOCTaTI/I‘—IeCKOI./JI KOOpIIHHaTHOﬁ CeTKe, CBOAATCA K JlByM
cooTHouleHusaM Jlame — MakcseJia

dlo’l—l—ﬁg(Ul—UQ):O, d20’2+;‘£1(02—0’1) =0, (73)
HnJan
01— 02 01 — 02
diog+ —==0, dooyg + ———= =0, (7.4)
P2 1
rae p1, p2 — PalUychl KPHBU3HBI JMHHMH [VIABHBIX HANPSKEHHH, IIPUYeM 3TH BEJIHUMHBI CUHTAIOTCS I10-

JIOXKUTEJbHBIMH, €CJId C BO3pacTaHHEM HaTypaJibHOTO NapaMeTpa BLOJb KPUBOH KacaTe/bHas BpallaeTcs
NPOTHB 4acOBOH CTPeJIKH, NPU 3TOM IMOJIOXKHTEbHOE HalpaBJjeHHe BAOJb NMEPBOH TPaeKTOPHUH BbIOHMpaeTcs
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NPOM3BOJILHO, & TOJIOKHUTENbHOE HallpaBjieHHe BIOJIb BTOPOH TPAEKTOPHH OIpeesisieTCsi BpallleHHeM POTHB
XOJla YaCOBOH CTPEJKHU MOJIOXKHUTEJLHOTO HAIpaBJeHHsl ePBOH TPaeKTOPUH.
Tak Kak B c/yudae MJOCKOH MIacTHYeCKOH AedopMmalvu o1 — oo = 2k, To ypaBHeHus (7.4) npuobpeTaior

CJIeYIOUUH BUL:
d10'1+% :0, ng’l—‘r%:O. (75)
P2 P1
Ara cucrema runepbosnuuHa. XapaKTePUCTHKU NeJAT MOMoJaM yroJl MeXXIy TJIaBHBIMU HarpaBJeHUsIMU
HanpskeHud. Beoast B cucteMy (7.5) Mpou3BOAHbIE BIOJb XapaKTEPUCTHUECKUX HAMpaBJeHUH (IPUMEM, 4TO
nepBas XapaKTepUCTUKa OTKJIOHSIeTCS OT MePBOro IJIaBHOTO HalpaBJieHUs] Halpsi)KeHHWH, COOTBETCTBYIOLLETO0

HanGoJIbIIEMY T[JIABHOMY HAMPSIXKEHHIO, HAa YToa 7 /4 M0 XOoy YacOBOH CTPEJKH)
7 dy —ds = di +ds
1 = = 2 = =
V2 V2
CKJIafblBasl, a 3aTeM BBIUHTAs ypaBHEHHs 3TOH CHCTeMBI, MOJYYUM HHTErpHpyeMble COOTHOIIEHHS! [eHKH
(H. Hencky) Bro/b XapaKTepHCTHK:

(7.6)

d1(0’1 — 2]4;9) =0, dQ(Ul + 2k‘9) =0. (77)

HHTepecHo 3aMeTHTb, 4TO B CJydyae TIJIOCKOH AeOpMalll eIWHCTBEHHAs HEHYJeBas KOMIOHEHTa
dS<33> TeH3opa HecoBMeCTHOCTH dS = V X de x V MoxXeT ObITb BbIUHCJEHA 110 (hOpMYJIe

dS<33> =V. (V : dE) - AdEjj.

[TosTomy B caydae nockoi nedopMaLidy YCJAOBUSI COBMECTHOCTH B NpHpAlLeHUsX aedopMaluil CBOLATCS K
omHoMy ypaBHeHuio (cM. [3])

dS<s3> =— didides — dadader — (diko—daky +k5—K7)(dea — der)—

(7.8)
— H2d1(2d€2 — d€1) — Iild2(2d€1 — dt’fg) =0.

CootHoweHusi Ko B ciyuyae maockoro Ae)OpMUPOBAHHOTO COCTOSTHUS:

¥\ [ di g duci>
( dé‘g > o < %) d2 dU<2> ’ (79)

—Kk1+dy —ko+d; O duc1>
0 0 4 duoge | =0. (7.10)
0 0 do 0

CJ/ieoBaTesIbHO, YCJIOBHE HECXKUMAEMOCTH H COOCHOCTH TEH30pa HAlpsKeHWH M TeH30pa CKOpOCTeH
IJIaCTHYeCKUX HedopMaluil B ceTKe JIMHHUH IVIaBHbIX HaNpsKeHHH MOXKHO MPEACTaBUTb B BUAE

(k2 + d1)ducis + (k1 + do)ducos =0,

7.11
(=K1 + do)ducis + (—k2 + di)ducas = 0. (7.1

C noMmollblo YCIOBHS HECXKUMaeMOCTH deq + dea = 0 u3 ypaBHeHus (7.8) uckiouaercsi deg, MOITOMY
MOJIy4aeTcsl YpaBHEHHE TOJbKO OTHOCHTENBHO dey. [1o raBHOM yacTH 3TOrO ypaBHEHHs

didider — dododer + -+ =0

JIETKO YCTaHaBJIMBAETCS, UTO KMHEMaTHUeCKHe YPaBHEHUS NMpPHUHAMJeXaT K THUIepOoJHdYecKOMY THUIY, U Xa-
PaKTEPUCTHUKH SIBJISIOTCS JUHUSIMHU CKOJbXKEHHSI.

fcHo, 4uTO ypaBHeHHe BTOpOro mnopsiika A/s de; MOXKeT ObITb 3aMeHeHO CHUCTeMOH [BYX ypaBHEHUH
nepsoro nopsiaka. C 3To# Lesbio BBefeM 0003HaUEHHUS:

u=Inlde:1|, p=diu, q=dou. (7.12)
[Tepemennasi u — JorapuhMHUuecKoe MpUpalieHre aedopMalny.
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[puHKMast BO BHUMaHKe, YTO
dide, = pet, dodey = qe¥,  didide; = e“dip+ €“p?,  dodode = e'dag + €“¢?,

ypaBHEHHE COBMECTHOCTH HedopMalUil NpeacTaBUM B (GopMe

d2q — dip = p* = ¢ + 3(rap — K1) + 2(dira — dory + K — KY). (7.13)
3ameTuMm naJsiee, 4TO B CUJIY
dody — didy = —kK1d1 + Kads (7.14)
ClipaBeJJIMBO COOTHOILIEHHE
dgp — dlq = —K1P + Kagq. (715)

CrenoBaTe/IbHO, OTHOCHTEJbHO BEJHYHH P U ¢ MUMeeM CHCTeMy ypaBHeHHE mnepBoro nopsaka (7.13),
(7.15).

BBonst o6osnauenus P = di0, Q) = dif, cucreMy KHHeMaTH4YeCKHX YPaBHEHHH MOXKHO IIPUBECTH K
C/elyI0leMy CUMMETPUYHOMY BHAY:

daq — dip = p* — ¢* +3(pQ + ¢P) 4+ 2(dh Q + do2 P + Q* — P?),

(7.16)
daop — di1q = pP + qQ.

HanoMHKM, 4TO 31€Ch BEJIMUHMHBl p M ¢ — MPOU3BOAHBIE BIOJb JIMHHH [VIABHBIX HAMPSKEHUH OT Jorapu-
MHYeCKOro MpHpalleHus 1e(opMaLyy.

YpaBHeHHsI CTATHKH TakxKe MPeoOpasyloTcsi K CUMMETPHUHOH (hOpMe OTHOCHTENbHO BelHduH P u Q.
IeiicTBuTeIbHO, YpaBHeHHs paBHOBecus (7.5) ¢ momouibio 0603HadeHnit P* = dyoy/(2k), Q* = daoy/(2k)
MIPEeICTABSIOTCS KakK

Pr=-Q, Q*=-P (7.17)

Ha ocHoBanuu (7.14) Haxonum
doP* — d1Q* = —k1 P* + ko Q* = PP* + QQ*

u B cuny (7.17) —
di1P — doQ = —2PQ.

[TepenuchbiBast B HOBbIX 0603HaYEHHAX AepHBAMOHHYIO hopmyay (7.2), nmeem
doP —diQ = P? +@Q?
2 1Q =P+ Q"
Takum 06pasoMm, mosydyaeM CUCTEMY CTATHYECKHX YPaBHEHHH IMJIOCKOH 3a1auu B (opMe:

diP — doQ = —2PQ,

7.18
doP — d1Q = P? + Q. (7.18)

[MocenHsis cucTeMa ypaBHEHHH 03BOJISIET C(POPMYNUPOBATE DSl HOBBIX PE3YJIbTAaTOB, KACAIOIIUXCS reo-
MeTpPHH MoJist u3ocTat (cM. Takxke [16]).
[Tpeo6pasys cuctemy ypasHenu# (7.18) kK xapakTepucTHuecKUM nepeMeHHbIM (cM. (7.6)), HaxonuM

V2di(P+ Q) = —(P+ Q)
V2dy(P - Q) = (P - Q)

HJanu
gLt 1
PrQ V2l (7.19)
— 1 1 ’
d -
‘P-Q 2
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BcnomuHas onpenenende BequuuH P U (), TONYyYUM CJeIyIOLIHe COOTHOLIEHHUS BIOJb XapaKTepPUCTHK:

P 1 1

11— = —F=,

R2 — K1 \/5

Y (7.20)
21%‘2-1-/‘61 N \/§7

T.e. 06paTHas pa3HOCTb (CyMMa) KPHBHM3H H30CTaTHUECKUX JIMHUH NPH POABHKEHHH BIOJIb NepBOH (BTOPOi)
XapaKTePUCTUKH U3MEHSIeTCs IPOMOPIHOHAbHO MPOieHHOMY myTuZ!,

He npencrasssieT TpyAa M BHIBOJ COOTHOLUEHUH 1Jis1 MpUpallleHH# nepeMellleHHH BIOJb XapaKTepHUCTH-
yeckuX HampaBseHui. CkianbiBass ypaBHeHus (7.11), a 3aTeM BblUMTast OfHO M3 Apyroro, ¢ ydetoM (7.6)
HaXoAuM B

V2do(ducis + ducss) + (k2 — k1) (duci> — ducss) =0,

ht 7.21
V2di(ducis — ducss) + (k2 + k1) (ducys + ducss) = 0. (7-21)

3ameuasi fasee, 4YTO MPU MOBOPOTe OCell IJIaBHBIX HampsixkeHHH 1, 2 Ha yros 7/4 M0 XOoy YacOBOH CTPeJsKH
TmoJTy4aeM XapaKTEePUCTHYECKHE OCH 1, 2, TaK 4To (PU3HUeCKHe KOMIIOHEHTHl BEKTOPa du OTHOCHTE/IbHO yKa-
3aHHBIX Ocel BhlUMCAsAKTCA B BUae (du_7, du_z. — (PU3HYECKHEe KOMIOHeHThl BEKTOPa du OTHOCHTENbHO
XapaKTEePUCTHYECKUX OCEFt)

V2du_1o = ducis — ducos,

\/idu<§> = d'LL<1> + d’LL<2>.

CrienioatesbHoO, s (PU3HUECKUX KOMIOHEHT?? MpUpalleHHsl BEKTOpa MepeMelleHHil nMeem

dydu_s. + mdu<§> =0,
V2 7.22
) V2 (7.22)
dgdu<§> + Tdu<f> =0.
[TpuHuMasi BO BHUMaHHeE, YTO
K2 — K1 d2+d1 — Ko + K1 d27d1 —
fy 0 = d 0’ = 0 = —d 0,
V2 V2 ’ V2 V2 '
u3 (7.22) nosmyvaem cootHomenus lefipunrepa (H. Geiringer) Bnosb xapakTepHCTHK
drdu g, — du gz, dif =0, (7.23)
dgdu<§> + dU<T>d29 =0
WJIM HA OCHOBAHUH Ry = —d10, Ry = dof
gldu<1> + H_ldu<§> = O, (724)

dgd’u<§> + /{_gdu =0.

<I>

HanomHuM, 4TO NMpoK3BOAHBIE MO XapaKTepUCTHYECKUM HarpaBjeHUsaM 1, 2 cBsi3aHbl C NPOM3BOJHBIMU
0 IVIaBHBIM HaNpaBJeHUsAM 1, 2 cjelylolHUMH COOTHOLLEHHUMH:

_ ) ) )
V2di =vV2— =dy —dy = — — ,
! o5, - P08, 08,

219101 pesynbTaT — aHaMOr BTOPOH TeopeMbl [€HKH O reoMeTpHH MOJSi CKOJbXKEHHsI B COCTOSIHMM TIOCKOH nedopmamuu (M.,
nanpumep [17, c. 218]). Bropas Teopema ['enku Hernocpenctsento ciepyet us (7.20). [elictButenbHo, npumensis (7.6) k 0, Haxonum

__ K2tk = K2 — K1
1= —=, k2= —F7=—,
N V2
rie k1 = —d10, K2 = d26 — KpHUBHU3HL XapaKTePUCTHIECKUX JIHHUH, UTO O3HA4YaeT
-1 -1
di—=1, do— =1,
K2 K1

a 3TU COOTHOILLUEHHUSA KaK pa3 U COCTABJIAIOT COoAepKaHUE BTOpOIjI TeOopeMbl TeHku.
22OTHOCI/ITEJIBHO XapaKTepUCTHYECKUX Hanpasneﬂnﬁ.
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- 0 0 0
2do = V22— =d do = — + —.
V2d, \/_852 1+ d2 25, " 85,

CiiemoBaresibHO, cooTHOIIeHus [eiipunrepa (7.23) MoryT ObTh HpeCTaBJEHBl B Pa3BepHYTOH (popme:

ddug, . 00

— il T TT— = 0

95, U< T
(7.25)

iz gu_ 90—

8572 <1> 8572 -

Beons B ypasHenus (7.23) BMecTo npupalleHnii nepeMeleHui du v, du_z. (U3HYECKHE KOMIOHEHTEI
CKOPOCTH ¥_7~, U_5~ OTHOCHT@/]bHO OPTOrOHA/JbHOH CeTKH XapaKTepPUCTHYECKHX JIMHHH, HMeeM

@1“<T> - ”<§>§19 =0,

7.26
d2v<§> + U<T>d29 =0. ( )

CootHotenus leiipunrepa (7.26) ycTaHaBIMBAIOT, UTO CKOPOCTH YAJMHEHHH TPSIMOJUHEHHBIX 3JeMeH-
TOB, KAacCaloLUXCsl JIUHHE CKOJIbXKEHHUs, paBHbl HY/0 (cM., Hanpumep: @Ppeiidenmans A., [eilipuneep X.
MarteMaTHyecKue TEOPUH HEYMpyroi crsomHoi cpenbl. M.. ®@usmarrus, 1962. C. 267, 272, 273). Ecau
4epes € _q7s, € 33>, Eo15> OOO3HAYNUTb (PU3MYECKHE KOMIIOHEHTBI TE€H30Da CKOPOCTH He(popMalHUid € B
XapaKTepUCTHUECKOH CHCTeMe KOOpAMHAT, TO COOTHOLIeHUs [elipuHrepa OyAyT 5KBHBAJEHTHH YpaBHEHHIM

o> =0, €935 =0.
CBsi3bIBasi C TOMOIIbI0 TEH30PHOTO 3aKOHA MPe0OpPa30BaHUs eKAPTOBbI KOMIIOHEHTHI €11, £22, £12 TEH30pa
€ C ero KOMIOHEHTAMH OTHOCHUTEJbHO XapaKTePUCTHUYECKOH KOOPAUHATHOH CUCTEMBbI € T E<Ta>r EcTaos
HMeeM

. m . . ™ m . . ™
é11 cos? (6 — Z) + 2¢15sin(6 — Z) cos(f — Z) + €9 sin? (0 — Z)’

. . m . . ™ m . . ™
€_35- = 11 008%(0 + Z) + 2¢15sin(0 + Z) cos(0 + Z) + €99 sin?(0 + Z)’

W
€ 17> =cos(f — %) % 0s(f — Z) + % sin(6 — Z)) 4
+sin(0 — g) g—zjc s(0 — %)-l-g—;zsm(e— %)) ,
€ 535 =cos(f + %) 8—2 cos(f + ﬂ) 92 sm(e =+ %)) +
+Sin(9+g) (g;c s(0 + )+Z$Zsm(0+2)).

3anuceiBasi MoJy4eHHble YPaBHEHHUS C MIOMOLLBIO ONepaTopoB AU((epeHINPOBaHUS 10 XapaKTepUcTHYe-
CKHM HarpaBJeHHsIM, HaXOIUM

€ 17> = cos(f — %)Elvl + sin(f — Z)EWQ,

W~

€335 = cos(f + )ngl + sin(6 + )dg’l)g,

HTO IPH YCJIOBHSAX € _T175 = 0, Eoos = 0 mo3BoJisieT cpasy xke HaHTH COOTHOILIEHUS BIOJb XapaKTepPHUCTUK

cos(f — z)alvl + sin(6 — E)Elvg =0,
(7.27)
cos(f + )d2v1 + sin(6 + )dgvg =0.

PaccmoTpyM nanee (pu3HyecKHe KOMIOHEHTbI CKOPOCTH ¥_7+ , U 3~ OTHOCHTEJBHO XapaKTepHCTHUeCKOH
KOOPAHHATHOH CHCTEMBI, CBfI3aB UX C A€KapPTOBBIMHM KOMIIOHEHTAMH CKOPOCTH C TOMOLIBIO TEH30PHOTO 3aKOHA
npeo6pa3oBaHUs

7r , T
U 7s = 1 cos(f — Z) + vg sin(f — Z)’
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m , m
U g5 = vicos(f + Z) + vy sin(f + Z)
i depeHiupys MocaeiHHE YPaBHEHHUs BIOJb [EPBOTO M BTOPOTO XapaKTEPHCTHUECKHUX HATPaBJIEHHH
COOTBETCTBEHHO M yUHTbIBAS

V1 = VU Ts sin(@ + %) — U gy sin(ﬂ — %)’

z) + v 3. cos(f — %),

vy = —v_7 cos(f + 1
noJiydaem
- = . T — —
div_is = (cos(@ — Z)dlvl + sin(f — Z)dlvg) + v 5-d10,
EQU<§> = (COS(G + %)82’01 + Sil’l(9 + 2)321@) — U<T>3297

W, IPUHKMAasi BO BHHMaHHe, UTO BbIpaXKeHHs1 B CKOOKaX B MPaBbIX YacTsAX PaBHbI HYJIO0 HA ocHOBaHUH (7.27),
CHOBa TIPUXOIMM K COOTHolleHUsiM [efipunrepa B popme (7.26).

CootHouenus [efipuHrepa, Kak IOKa3blBaeT BHUMATEJbHBIH aHa/NU3 UX BbIBOLA, OCTAIOTCS CIIPABENJIU-
BBIMH TPH TJIOCKOH HecxkHMaeMo# nedopMallky Jo60ro M30TpornHoro Tena’®. Mx mosiBjeHHe B paMKax
TEOPUU MNJIOCKOH 3afaud MaTeMaTH4YeCKOH TEOPHUH MJIACTUYHOCTH — He GoJjiee YyeM JaHb TPaIHULHH.

8. KNHEMATUKA OCECMMMETPU4HOI O TEYEHUS

OcecuMmMeTpUYHOE NJIACTHYECKOE TeyeHHe, KOrjJa HalpsiXKeHHOe COCTOSIHHe COOTBETCTBYeT pebpy Mpus-
Mbl Tpecka, MOXKHO pasie/uThb Ha cjeiylolive ABa Tuma’!: 1) TaHTeHUHa/lbHOe HATpsSXKEHHe ABJSETCS
HaubOoJbLUINM (HAMMEHbBIINM) [VIABHBIM Hampsi)KeHHeM, a MepUAHOHAJbHbIE [JIaBHble HAlpsiKeHHUsi PaBHHI,
2) TaHreHUHaJbHOE HANps)KEHHe PABHO OJHOMY K3 MEpPUAMOHAJbHBIX [VIABHBIX HAMpsKeHWH, a MaKCHMallb-
HOe KacaTeJslbHOe HalpsiKeHHe B MepUIMOHAJbHOH IJIOCKOCTH PaBHO Mpefesy TekydyecTd k. [lepBbifi cayyan
HCCJIelyeTCsl CPAaBHUTEBHO 3JIeMEHTapHBIMU CPeACTBaMHU. BTopoit cyuail — cocTosiHME «IOJIHOH MJIacTHy-
HocTH» Xaapa — Kapmana. Ecsu mpucBOWTh TaHTeHIMaJbHOMY IJIaBHOMY HaIlpaBJeHHUIO BTOPOH HOMep U
0003HauUUTh Yepe3 os HauboJibliee (HaUMeHbIlee) W3 [IBYX MEPUAMOHAJbHBIX TJIABHBIX HAIpsiKeHHH, TO
NPUXOAHUM K COOTHOLIEHHIO, XapaKTePU3YIOLEMY COCTOSIHHE «I10JIHOH MJaCTHUHOCTH»

0'1:(7'2:()'3:|:2k.

B ocecHMMeTpUUHOM Cjlyuae JTHHUHM TJIaBHBIX HATIPsKEHHH 06pas3yioT TPHOPTOrOHANbHY0 KOOPAHHATHYIO
ceTky & [Ipu atom &2 — yriosas koopanHaTta. Kpome Toro, umeem: dy = 0, ducos = 0, k13 = 0,
k31 = 0. [TosTomy mpuxogum K GoJjiee MPOCTHIM, MO CPaBHEHHIO C OOIIUM TPOCTPAHCTBEHHBIM CJY4YaeM,
COOTHOIIIEHUSIM, OMMCHIBAIOIINM paclpeneeHust HaMPsKeHHH U CKOPOCTEH.

JleprBallHOHHbBIE COOTHOLIEHHUSI BBIPAXKAIOTCs TPYIINON ypaBHEHHE:

2 2
dlligg + dglilg + K192 + Rgo = O7
2
d1Ka3 + K3s + Kiaka1 = 0,
2
d3ka1 + K31 + Kagkze =0,

d3koz = Ka1(Ks2 — Ka3).
YpaBHeHHs paBHOBecHs, cOPMY/IHPOBAHHEIE OTHOCUTE/IbHO H30CTATHUECKOH CEeTKH, eCTh

(8.1)

dyo1 + kog(o1 — 02) + Kk32(01 — 03) =0,

d3os + Ko1(03 — 02) + K12(03 — 01) =

W NIpHU OOTPYKEHHHU BAOJb pe6pa MPU3MbI TPECKa 01 =02 = 03— 2k B aTHX YPaBHEHHUAX CJeAYyeT IMOJOXKHUTb
01—02:0, 03 — 01 :2]€, 03—02:2]{}.

23TTocKo/IbKY IS MX BBIBOJAA B PaMKaX TEOPMM MJIOCKOTO Je(hOPMHUPOBAHHOTO COCTOSHHS JOCTATOYHO YCJOBUS HECKHMAeMOCTH M
YCJIOBHSI KOOPUEHTHPOBAHHOCTH IJIABHBIX OCeHl TeH30pa HalpsiKeHWH M TeH30pa CKopocTei aedopMalyi.
24 Tanrennpua/bHOE HATPSKEHHE BCEra GyeT IMABHBIM HaIlpsKeHHeM TpH 0CeCHMMETDPHUHOM HampSKeHHOM COCTOSTHHH.
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YcJ0BUSI COBMECTHOCTH TNpHpallleHUH nedopMallMil BblpaXKaloTcs TpeMsl YpaBHEHUSMHM OTHOCHTEJbHO
M30CTaTHUYECKHX KOOPAHUHAT

dS<11> = — dsdsdes + K%l(dEg — dEQ) + ds [Hgl (d€3 — dEQ)} — H23K32(d52 + deg — 2d€1)—

— Kgldgdé“g — Ii32d1d82 — H23d1d€3 = O,

dS<22> = — d3d3d51 — d1d1d€3 =+ (K§2 — K§2)(d€1 — d€3) + d1 [K32(d51 — d&g)] —
— 512d3d51 — I€32d1d€3 — d3 [ng(dal — dEg)] = 07 (82)

dS<33> = — dldldé‘g — I*i%g)(d&g — d&‘l) — d1 [Kgg(d&Q — d&l)} — H21H12(d81 + d€2 — 2d€3)—

— /i23d1d52 — K21d3d€1 — H12d3d82 = 07

U3 KOTOPBIX, B CUJy ToxzaecTBa buanku V -dS = 0, He3aBUCHMBI TOJNBKO [Ba, HAPUMED, [IEPBOE U TPETbeE.
HefictBuTenpHO, yeaoBusi dS<qos = 0, dS<23> = 0, dS<31> = 0 yIOBIETBOPSAIOTCS TOXKIECTBEHHO B CHUIY
k31 = 0, k13 = 0, do = 0. D10 03HaYaeT, YTO TeH30p dS COOCEH TeH30py HampsiKeHW# U dSc<11s = dSi,
dS<99s = dSs, dS<33~ = dSs. ToxnectBa buanku npu aTom cBoasTCS K ABYM ypaBHEHUSIM:

d1dS1 + Ka3(dS1 — dS2) + K32(dS, — dS3) =0,

(8.3)
dsdSs3 + I€12(d53 — dS1) + K21(d53 — dSQ) =0.

CuienoBaTesibHO, €C/id XOTSI Obl OflHA W3 KPUBH3H kg3 WJM Ko OTJIMYHA OT HYJS, TO M3 yciaoBui dS; = 0,
dS3 = 0 HeoOxomumo dSy; = 0.

HeszaBrucHMBIMU MOXKHO TaKKe CUMTATh ABa YCJ0BUS dS<11> = 0 U dScg2s = 0. Ecau KpuBH3HA K32
OTJIMYHA OT HYJs, TO U3 ypaBHeHH# (8.3) Heobxomumo cienyeT dS.33> = 0.

He3zaBucrmble ycioBusi COBMECTHOCTH dS<11> = 0 U dS<92~ = 0 mocJie UCK/IIOYeHNsT U3 HUX BeJHYMHBI
deo ¢ TIOMOLIBIO YCIOBHSI HECXKHMAEeMOCTH T03BOJISIOT C(POPMYJIHPOBATE CUCTEMY IBYX yPaBHEHHH BTOPOTO
NopsiiKa OTHOCUTEJIBHO deg U deg. [1aBHAs 4acTb 3TOH CHUCTEMbl €CThb

d3d3d€1 + d3d3d€3 +--= 07 —d3d3d€1 - d1d1d€3 +---=0.
XapaKkTepuCTHUECKOEe YpaBHEHHe
NZy. N2y
_N23> Nil>
rie Noj> — (u3HUeCKHe KOMIOHEHTHl BeKTopa HopManu N K XapaKTePHCTHUYECKOMY 3JIEMEHTY OTHOCH-
TesbHO 6asuca 1, m, n npu yeaosun N2, + N2;. = 1 npuoGperaer BUA

:07

N53>(N23> _N31>) =0

¥ HMeeT ueThipe JeHCTBMTENbHBIX KOpH: N.z» = 0 (kopeHb kpaTHocTH nBa), No3zs = 1//2,
N.3s = —1/4/2, 1.e. cuctema ypaBHeHHH dS.11s> = 0 U dS.gps = 0 NpUHALNEKHT K THMepOOTHYe-
CKOMY THIY; HampaBJieHUsl, OPTOrOHa/bHbIE TPEThel IJIABHON OCH HampsKeHHWH, — XapaKTepUCTHUYECKHe, a

oCTaJibHble XapaKTepUCTHUECKHE HalpaBJeHUs Ie/AT MOonoJaM YIyibl MeXIy IJIaBHBIMH OCSIMH Halpsi?>KeHUH
1 u 3. CnenoBaresibHO, XapaKTepUCTHKAMU CHCTEMBl ypaBHEHMH COBMECTHOCTH IpHpalleHHH neopmaLnid
dS<11> = 0 1 dS<99> = 0 OyayT HU30CTaThl, OPTOrOHA/bHbIE TPETbeMY IJIABHOMY HallpaBJeHHUIO, U JIUHUH
CKOJIbKEHHS.

B ocecummerpruHOM ciy4ae cooTHolleHUs: Ko, cBs3bIBalolMe NpHUpallleHUs] TeH30opa Manblx aedop-
MalUMH C TMpUpALLEHUSIMH MepeMelleHUH, B KPUBOJUHEHHOHM OPTOrOHAJbHOM KOOPAMHATHOM CETKe JUHUH
[JIaBHBIX HaNpsiKeHUH UMEeIOT CJefyIUUH BUL:

df:‘{3 dl 0 K12 dU<1>
def | = kes 0 kKx 0 ) (8.4)
d€3P K32 0 d3 dU<3>
0 —Ko3 + d1 0 dU<1>
—K12 +ds 0 —K32 + dy 0 = 0. (8.5)
0 —HRo1 +d3 0 du<s>
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CreoBaTesbHO, YCJIOBHE HECKHMAeMOCTH H COOCHOCTH TeH30pa HamlpsiKeHHH M TeH30pa CKOpPOCTeH
NJaCTHUECKUX AeopMalMi B ceTKe JMHHUH IVIaBHBIX HaNpsKeHHH MOXKHO NpeNCTaBHUTb B BHIE

(K23 + K32 + di)ducis + (K12 + K21 + d3)duczs =0,

8.6
(—FL12 + d3)d’LL<1> + (—FL32 + dl)dU<3> =0. ( )

XapakTepUCTHUECKOE yDABHEHHE 3TOH CHCTEMbl
NZj, = N2;, =0
IPH YCJIOBUH
N2 + N2 =1
HUMeeT OBa ﬂeﬁCTBHTeﬂbeIX paSJII/IquIX KOpHH, 4qTo yKa3bIBa€T Ha FHHep60ﬂHqHOCTb l'IpI/IBe[[eHHOf/'I BbIIIIE
CUCTEMBI ypaBHEHHﬁ. XapaKTepI/ICTI/IquKI/Ie JIUHUHU ABJAITCH JJUHUAMHU CKOJIbXEHHUS.

9. KWHEMATWKA NPOCTPAHCTBEHHOI'O NNTACTUHECKOIO TEYEHUS HA NOBEPXHOCTAX CKOJIbXXEHUS

Paccmorpum, caenyst [18]-[20], kuHeMaTHKy MPOCTPAHCTBEHHOTO MJACTHYECKOTO TeUYeHHs] Ha MOBEpX-
HOCTH CKOJbXeHHsl. McKmounTenbHbIN HHTepec 31ech OYAYT MPEACTaBJSTb COOTHOLIEHHS], CBSI3bIBAIOLIMeE
CKa4YKH TaHT'eHIMaJbHBIX TIPUpALeHHH TepeMellleHUH TIpU Nepexofie uepes JHHUU CHIBHOTO pa3pelBa, pacro-
JIOKEHHBIe Ha CaMOH MOBEPXHOCTH MaKCHMAJbHOH CKOPOCTH CABHra. YKasaHHBIE JHMHHH, KaK OyHeT H0Kasa-
HO, SIBJISIIOTCS] aCUMIOTOTUYECKUMHY JIMHUSMH OBEPXHOCTH MaKCHMaJsIbHOH CKOPOCTH CHBHTa, a COOTHOLIEHHUS
BJIOJIb HUX, CBSI3bIBAOLME CKAYKH, OKa3bIBAIOTCS HHTErpUpyeMbIMU. V3/02KeHHe B OCHOBHOM CJjefyeT CTa-
the: Padaes FO.H. KuHeMaTHKa MPOCTPAHCTBEHHOTO HIeaJbHO MJIACTHUECKOrO TeUYeHMsl Ha MOBEPXHOCTSIX
ckonbxkeHus // BectHuxk Camapckoro roc. yHuBepcurtera. EcrecTBeHHO-HayuHast cepus. 2006. Ne9(49).
C. 30-41.

[ToBepXHOCTb CKOJIbXKEHHsI B HI€aJbHO MJIaCTUYECKOM TeJie CyThb MOBEPXHOCTh Pa3pbiBa KacaTesbHBIX
COCTaBJSAILIMX MpUpALleHUl epeMelleHuil du.

Kak mokasbiBaeT aHanus, naHHblil B [18], [19], Ha MOBepXHOCTH pa3pbiBa KacaTesbHbIX COCTABJSIOLINX
TpUpalleHH MepeMellleHHH peann3yeTcsi YACTO CABUTOBOE TedeHHe, KOTJa IJaBHbIE TpHpAIleHHs MJIacTH-
YeCKUX Ae(opMalril yIOBJAETBOPSIOT YCJIOBUSM

def =0, def +def =0 (i#j,j#1L1#4). 9.1

JleficTBUTENBHO, €C/IM CUUTATh, UTO MOBEPXHOCTh CHJIBHOTO PaspblBa KacaTeJbHbIX COCTABJISIOLINX TpHpa-
IEHUH TIepeMelleHUH 3aMeHsieTCs TOHKUM CJIO€M, BHYTPH KOTOPOrO BEKTOpP du H3MeHSIeTCsl HeNpephIBHO
(puc. 1), To MoxHO nmosmyunTbh (N — enMHHUYHBINA BEKTOp, OPTOrOHAJBHBIH paccMaTPUBaeMOH MOBEPXHOCTH)

de = ¢Y([du] ® N + N ® [du]),

rae 1) — HekoTopas (pyHKLHS, ONpefiesieHHass Ha MOBEPXHOCTH pa3pbiBa MpHUpallleHUH NepeMelleHH .

Bepx#uss rpanuna cios

Hwuxusis rpanuna cios

-~
du”

Puc. 1. Cri0it cKosbKeHHsI BHYTPH HeaNbHO MIaCTHUECKOTr0 Tesa (KacaTe/bHasi COCTaBJs-
follas NpupalleHuil nepeMerieHui du; HeNpepbIBHO MepPeXOIUT BHYTPH CJIOS U3 IMOJIOXKe-

Hus du; B nojoxenue du;’)
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[TpuBJiekast 3aTeM COOTHOLIEHHE COBMECTHOCTH MJIs1 CKayKa BeKTopa du MpH Mepexofie yepes NOBEPXHOCTh
paspbliBa NpUpaLLEeHUH NepeMelleHud
N [du] =0,
c/leflylolee U3 yCJOBHS HECKHMaeMOCTH?, cpasy ke MPUXOMMM K yPaBHEHHIO
N - de = [du], (9.2)

C TOMOIIBI0O KOTOPOTO ToJIydaeM Cllefylolllee MpelcTaBjJeHHe NpHpalleHHH nedopMallil Ha MOBEPXHOCTH
pa3pbiBa KacaTeJbHBIX COCTABJSIOINX MPUpalleHHH MepeMelleHrH:

de = (N-de) @ N+ N ® (N - de). (9.3)

CootHouenus (9.1) 6e3 Tpyna ycraHaBauBatwoTcs ¢ nomolibio (9.3).

AccounupoBaHHbBIH 3aKOH TeueHHs, C(OPMYJHPOBAaHHBIH HJisi rpaHd mnpusMmbl Kynona - Tpecka
o1 — 09 = 2k, yCTaHaABJMBaeT XKEeCTKYI0 (6e3 HeompeaeeHHOCTH, XapaKTepHoH 1Jst pebpa mpusmbl Tpecka)
COOCHOCTb TeH30poB de”’ M o W ele c/enyoLIMe COOTHOLIEHHS /IS [VIABHBIX 3HauYeHHH TeH3opa Mpupallle-
HUH NJIacTUYeCKUX AeopMauui:

def = d), del = —d, def =0,
OTKyHa caeayeT COOTHOILIEHHEe HEeCKHMaeMOCTH
detl +deb =0

BuzHo, 4uTO XapakTep MJAaCTHYECKOTO TEUEHHs, eC/H peasu3yeTcs HampsiKeHHOe COCTOSIHHe Ha TpaHU
npusMbl Kynona — Tpecka, okasbiBaeTcss YUCTO CABUTOBBIM. CIBHUT MPOUCXOAUT B MJIOCKOCTH, OPTOTOHAJBHOK
BeKTOpy n (puc. 2). HanpaBseHuss MakCHUMaJbHOH CKOPOCTH CABHIa PACHOJOXKEHbl B IMJOCKOCTH, OPTOrO-
Ha/lbHOM BEKTOPY N, U JAEJAT MOMoJiaM MpsiMble YIJibl, 00pa30BaHHble HAMpPaBJEHHBIMU BIOJb BeKTOpPoB 1 n
m IepeceKaUUMHUCs TPSIMbIMH.

n
A

[

Hanpasnenue makcumanbHOU
CKOPOCTH CIIBUTA

[

Puc. 2. TlosoxkeHne HampaB/eHHH MaKCHMaJbHOH CKOPOCTH CHBHra
OTHOCHTEJIbHO TPU3Ipa IVIaBHBIX ocell HampsikeHHH 1, m, n (TeueHue

Ha rpaHu npusmbl Kysnona — Tpecka o1 — o2 = 2k)

Yucto casurosoe tedenue (9.1) xapakTepHO [Jst COCTOSIHHE Ha rpaHu MpuaMbl Tpecka, W TOraa Heob-
XOIUMO COBMeCTHOe paccMoTpeHHe ypaBHeHHH (3.3), (3.8), momosHeHHbIX cooTHoueHussMu Komu. OnHako
YUCTO cBHUroBoe TeuyeHHe (9.1) BO3MOXKHO W Ha pebpe mpu3Mbl Tpecka TOTAa, KOr4a BEKTOp, MPeACTaBJs-
IOLUIUH NpPHpAIIeHHs] TJIaCTHUECKUX TeopMalyil B TPEXMEPHOM MPOCTPAHCTBE TJIABHBIX HaNpsikKeHUH X3
— Becreprapna, 3aHuMaeT ogHO M3 KpalHHUX CBOMX BO3MOXKHBIX IOJIOKEHHH MeXKAy HOpPMaJssiIMHU K I'PaHsAM

P[ocnennee, NOCKOIbKY peub HAET O CHJBHBIX Pa3phiBaX MpUPALIEHUil MepeMelleHHil, cJeyer GpaTh B MHTErpajibHOil (opme

f L-du= 0, roe S — IIPOU3BOJIbHAA 3aMKHYTasl MOBEPXHOCTh, PACIIOJOKEHHAasA BHYTPU TeJia U He U3MEHAIIAsACs B MpoLecce Harpy-
S
JKEeHHUS, L — eIMHUYHBIH BEKTOD HOpMaJIku K yKaSaHHOI:I [TOBEPXHOCTH.
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TIPU3MEI, TlepeceuyeHHeM KOTOPHIX o6pasyercs camo pe6po’®. B noGom caydyae B JanbHeilieM NpU aHa-
JiM3e TeUyeHUsl BIOJb MOBEPXHOCTEH CKOJIbXKEeHHs Mbl OymeM, moMuMo (9.3), HCMONb30BaTh JIMIIb YCJOBHS
HEeC)KMMaeMOCTH U cooTHoleHus: Kouru.

Hedopmanuss B HOPMaJbHBIX CEUEHHAX MOBEPXHOCTH CKOJIbXKEHHUS MNpelcTaBJseT cOO0H CIBUT OIHOH
CTOPOHbI MOBEPXHOCTH OTHOCHTENbHO APYTrod. B omHOM W3 HOpMa/sbHBIX CEUeHHH MOBEPXHOCTH CKOJIbIKe-
HUS CKOPOCTb AehOpMallMM CABUra MaKcHManbHa’ . JIMHMsA MepecedeHHs 3TOrO HOPMaJbHOTO CEUEHHs C
KacaTe/JbHOH TMJIOCKOCTbIO YKa3blBaeT HampaBJeHHe MaKCHMaJbHOH cKOpocTH capura’®. JleficTBUTE/bHO,
pPacCMOTPUM NPOHU3BOJNBHYI0 HOPMAJIbHYIO K TOBEPXHOCTH CKOJbXKEHHS MJIOCKOCTb, ONHUPAIOILYIOCS Ha eu-
HU4HBle BekTOpHl t, N. BekTop t Kacaercst moBepxHOCTH cKoJbKeHuUs1. CortacHo (9.2) ckopocTb nedopmaius
C/IBUTA B 3TOH MJIOCKOCTH BBIYHCJSETCS KaK

N - (de) -t = o [du] - t. (9.4)

fcHo, uTO MakCHMyM 3Ta BeJIMUHHA JOCTHraeT TOTJA, KOria BEKTOP t CTAHOBUTCS KOJIJIHHEAPHBIM BeK-
Topy [du]. TIpoBeieHHOE pacCyKaeHHE TOKa3biBAET TAKXKE, YTO HA MOBEPXHOCTH MAKCHMAJbHOH CKOPOCTH
CIBUTra YI06HO BBECTH JIOKAJbHBIE OPTOTOHANBHBIH TPUILP, COCTOAIMH U3 OpToB t1, to, N (opT t; HMeer
HanpasJ/eHue [du], opT to oproroHaseH [du], a opr N HopMasieH moBepxHocTH (pHc. 3)).

B 6asuce t1, to, N maTpuua teHsopa de Ha ocHoBauuu (9.3) vMeeT BHUI

0 0 d5<13>
0o 0 0 ,
d5<13> 0 O

rie dec<13> — €IUHCTBEHHAs HeHyseBas (DU3HUecKast KOMIIOHEHTa TeH30pa de B yKasaHHOM 6aswuce. Cie-
JI0BaTeJIbHO, MOXKHO Cpa3y e BbIUMCAUTb COOCTBEHHbIE 3HayeHUs1 TeH3opa de: 0, *dec13s.

N
A

[du]

duy

+
du}

HOBerHO CTb CKOJIBXKCHUS

Puc. 3. OpueHranus JokajbHOro pernepa ti, t2, N Ha noBepxHOCTH

CKOJIb2>KE€HH S

26311ech Mbl TOBOPHM 0 pebpe mpuaMbl Tpecka, X0Ts, MO CyLIeCTBY, CABUroBoe TeueHne (9.1) COOTBETCTByeT epanu, ¢ TeM, 4TOGHI
OMepHpOBaTh C MPABHUJILHO ONpeaeeHHOH THIepOOTHIeCKOH CHCTEMOl KHHeMaTHUeCcKUX ypaBHeHHH (2.19) U ee pelleHHsIMH, TOAYHHS-
roumucs orpanuueHusm (9.1). Mel no/sib3yeMcsi BOSMOXKHOCTBIO TPAKTOBATh COCTOSIHUSI Ha peOpe Kak [pejiesibHble Cy4an COCTOSTHHH
Ha rpaHsx, nepeceyeHneM KOTOPBIX 06pa3oBaHO pebpo. JleficTBHTeNbHOE TeueHHe Ha rpaHH, OMHUMO KHHeMaTHuecKux casizeit (9.1),
OrpaHHYHBAETCs ellle M JKeCTKUM MpeArHcaHHeM TPH3Jpa IMIaBHBIX OCeil TeH30pa MpHpalleHHH MacTHYecKux nedopMauui (oH mpe-
nucaH TPU3APOM [VIaBHBIX OCeil TeH3opa HampsikeHuit). Ha peGpe mpusambl Tpecka npeanuchiBaeTcst JIMIIb OAHO W3 TPeX IVIaBHBIX
HalnpaBJIeHUH TeH30pa NpHpalleHHH MJIacTHYeCKUX AeopMalmi.

27310 HOpMA/IbHOE CeueHHe HMeeT HalpaB/eHHe BeKTOpa Pa3HOCTH BEKTOPOB TAHTeHIHA/bHbIX NPUPALEHHH BEKTOPA MepeMelleHHs
C IBYX CTOPOH NOBEPXHOCTH.

281 IMeHHO MO3TOMY TOBEPXHOCTh CKOJIbXKEHHs MBI GyJieM Ha3biBaTh TaKyKe MOBEPXHOCTBIO MaKCHMAJbHOH CKOPOCTH CHBHTa.
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M3 accouunpoBaHHOroO 3aKOHa TeYeHHsl CJelyeT, UTO KacaTeJbHOe HaMpsi)KeHHe Ha MOBEPXHOCTH Mak-
CHMaJIbHOE CKOPOCTH CHBMIa TakXke HMeeT MaKcHMajbHoe 3HauyeHne?’. CijieloBaTe/bHO, €C/M NOMyCKaTh
OTMEYEHHYIO BhIlleé BO3MOXHOCTb peasM3aldd CABHroBoro TeueHus Buna (9.1) mnas cocTosiHuét Ha pebpe
npusMel Tpecka, TO TIOBEPXHOCTb MaKCHMaJIbHOH CKOPOCTH CIBHUTa — XapaKTepPUCTHUECKasi AJsl MPaBUJIbHO
OTpefleJIeHHON CHUCTeMbl ypaBHEHMH KHHeMaTHKH TeueHHs Ha pebpe. IlosicHHM ckasaHHoe mpumepoM. Pac-
CMOTPUM TpaHb MpU3Mbl Tpecka o1 — o2 = 2k W 1Be ee KpallHHe TOUKH, PaCIOJIOXKEHHble B Je€BUATOPHOH
MJIOCKOCTH, COOTBETCTBYIOIIHe pebpaM (puc. 4)

01:03102+2k7 0'2:0'3:0172]{3.

O3
Pebpo 0, =0,=0,+2k

\
<\

I'panb o) — 0, =2k

(o] /
/
Pebpo o, —=0,—0,—2k

Puc. 4. Kpaiinue cocTosiHus /sl TpaHy NpU3Mbl Tpecka o1 —o2 = 2k

B ﬂeBHaTOpHOﬁ MJIOCKOCTH MPOCTPAHCTBA IVIaBHBIX HaHpH}KeHI/II;I

O606HleHHbIﬁ aCCOHHHpOBaHHbIﬁ 3aKOH T€YeHHs NOMYCKAaeT peasu3aluio OJsg TaKHUX COCTOSIHUH UUCTO
CIBHUI'OBOI0 T€YEHHUA BHOA

d€3 = 0, d€1 = 7d€2.

HaHpaBJIEHI/IH MaKCHMaJIbHOH CKOPOCTH CABUTA OJ5 pacCMaTpHUBaA€MbIX COCTOSIHUH OPTOTOHAJIbHbI BEKTOPY
n v OeJAT MomoJiaM yroJ MexXAy BEKTOpaMH 1 um.

Bektop N (ennHUUYHasi HOpMasb K TIOBEPXHOCTH CKOJIbXKEHHS ), TOCKOJBKY OH HOpPMaJsieH XapaKTepUcCTH-
YeCcKOH MJIOLIagKe, NOJKEH [JIsl COCTOSIHUSL 01 = 03 = 03 + 2k y/IOBJETBOPSTb COOTHOLIEHHIO

m-N=+4+—

a 11 COCTOSIHUS 09 = 03 = 01 — 2k —

1
- N=4+—.
V2

YuutsiBas ele, uto BeKTop N OpTOTOHasIeH HampaBJ/eHHI0 MaKCHMaJbHOH CKOPOCTH CHBHUra, yAaeTcs
OIHO3HAUHO OTPENEJUTb €ro OPHEHTALHI0O OTHOCHTENbHO JIOKaabHOrO Tpuaapa 1, m, n (puc. 5). 3ameTum,
YTO B KaXK/IOM M3 IABYX COCTOSIHUH 01 = 03 = 02+ 2k U 09 = 03 = 01 — 2k BekTop N opTOroHaseH BeKTOpYy
n, a BEKTOP N KacaeTcsl MOBEPXHOCTH CKOJIbXKEHHS.

29 MoxHo nokasath (cM. [19], ¢. 47-49), uTo TOJBKO ycJOBHe MiacTHUHOCTH Tpecka oGecreurBaeT CyIIECTBOBAHHE B WaJbHO
NJIACTHUECKHMX TeJ1aX MOBEPXHOCTEeH Pa3phiBa KacaTe/bHbIX COCTAaBJAIMX MPUPALLIEHUH TePeMelleHHH ¢ YUCTO CABMIOBOH KapTHHOK
nepopmuposanus (9.1).
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n

N«
Harpasnenne MakcuManbHo# Hanpasnenne MakcCUMaIbHOM
CKOPOCTH CJIBUTa CKOPOCTH C/IBUT'a

a o

Puc. 5. Opuentanusi BekTopa N OTHOCHTEJbHO JOKasJbHOrO pemepa 1, m, n

IJIsl COCTOSIHUS 02 = 03 = 01 — 2k (@) v 01 = 03 = 02 + 2k (6)

Wrak, noBepxHOCTb MAKCHMAaJbHOH CKOPOCTH C/IBUTA €CTh, BOOOILIE FOBOPS, MOBEPXHOCTb CHJILHONO pas-
phIBa NpUpalleHui nepementennii. HopmasbHas cocrapasiomas BeKTopa du 10/1KHa ObITh HEMPePLIBHOK NpH
nepexofie Yepe3 MOBEPXHOCTb MAKCHMAJsIbHOEH CKOPOCTH CHBHMIa, a KacaTesbHas COCTABJISIONLAs Pa3pbiBHA.
Bce nocsenyoiye cOOTHOLIEHHS I03TOMY CJIeyeT MHTePIPeTHPOBaTh KakK BBIMOJNHAIOIIMECS HA KaXKIOH U3
JIBYX CTOPOH MOBEPXHOCTH.

Kak GblJI0 yCTaHOBJIEHO BbIllE, HA OBEPXHOCTH MAKCHMAJbHOH CKOPOCTH CIBHTA BBIMOJHSIETCSI COOTHO-
LIEHHE

de = (N -de) @ N+ N ® (N - de),

T.€. CABHUTH MPOUCXOLAAT B MJOCKOCTAX, COAEP2KALIUX BEKTOP NSO, a B KacaTeJIbHOH MJIOCKOCTH CIABHIOB He
IPOUCXOOHUT. KpOMe HEro UMeITCsl TaK»XKe CoOoTHolleHHe Koiu u YyCJ0BHE HECKHMaeMOCTH!:

2de = V @ du+ (V ®du)?, (9.5)

tr(de) = 0. (9.6)

BBeneM Ha MOBEPXHOCTH CKOJbxKeHHs [ayccoBbl kKoopauHaThl 7', 72. O603HauUM yepes i, JOKajbHble

GasHCHBIe BEKTOPBI, COOTBETCTBYIOLIME MapameTpusauuu 71, 72. Pasnoxum TeHsop V & du Ha paccMaTpu-
BaeMOH MOBEPXHOCTH, UCNOJb3YS TPUIAP i, iz, N:
) Odu
V®du:N®(N.V)du+aaﬁla®W , 9.7
T
rae a®® — KOMIOHeHTH (hyHIaMEeHTaJbHOTO TeH30pa MOBEPXHOCTH. B cpaBefIMBOCTH 3TOTO COOTHOLICHHS
HEeTPYIHO yOenUTbCsl, POU3BOMSI BHYTPEHHee YMHOXKEHHeE cJieBa Ha BEKTOPH iy, iz, N.
Onupasick Ha ycjoBHe HecxkuMaeMocTd U (9.5), (9.7), 3aknovaem, 4To

N (N-V)du= —a*?i, - g% . (9.8)
YmHoxkast (9.5) caeBa Ha N u yuutsiBas (9.7) u (9.8), Haxonum
ddu ddu
. — . ZE I i —j el
(N-V)du=2N-de+a ((1a 67’3) N —ig (N 87"1)) . (9.9

YMHoXas TEH30PHO ob6e YyacTH NOJY4€HHOTO ypaBHEHHS CIipaBa M CJieBa Ha BEKTOP N, CKJlaablBasg H

ucnosb3ys (9.3),

. Odu
T
30Tounee, B 0fiHOIl U3 HOPMAJIbHBIX TIOCKOCTeH (OMHMpatolieiicss Ha BeKTOphl t2, N) cKOpocTb AehopMalluu CABUIa paBHa HYJI, a
BO BCeX OCTaJIbHbIX HOPMaJIbHbIX IJIOCKOCTAX OHA 6y}.1€T OTJIM4YHaA OT HYJIA.
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a Takxe (9.5), mpuUxomHUM K

208 <giz~i5>N®N+a“ﬁ <g‘$®i5+iﬁ®gi‘) =a™’ <N.g‘jg) (is @ N+ N®ig). (9.10)

odu
[lepexonsi B 9TOM ypaBHeHUHU K cieny, umeeM a®’ — -ig = 0, 4TO NO3BOJIAET HECKONBKO YNPOCTUT
ore
ypaBHeHue (9.10)

wg [Odu _ ) ddu o odu . .
a 5(ﬁ®1g+lg®ﬁ)=aB<N'%)(1B®N+N®lﬁ)~ (9.11)

[IpupaneHus: nepeMelleHMH Ha OBEPXHOCTH MaKCHMaJbHOH CKOPOCTH CABHMIa JOJIKHB YAOBJETBOPSThH
TeH30pHOMY ypaBHeHu1o (9.11). OHO faer JMIIb TPH HE3aBUCHMBIX CKaJISIPHBIX YPaBHEHHs, TaK KaK yMHO-
XKeHHe 06enx ero yacted Ha BekTop N MPHBOAMT K TOoXAecTBYy. HesaBHcHMBble COOTHOLIEHHS MOJY4aOTCS
YMHOXXeHHeM o6enx dactell ypasHeHus (9.11) Ha BexTOp i, cieBa, UTO MPUBOAMT K

. Odu\.,, 0du Odu
(lﬂ'aTa)l +W = (N 87’/5)N7

a 3aTeM — Ha BEKTOD iy, YTO maer

. Odu . Odu
1# . 787_A + 1)\ . 787—“ = O_ (912)
[Tockosibky ypaBHeHue (9.12) MOMKHO yHOBJIETBOPSATHCS HA KaXKAOH M3 CTOPOH MOBEPXHOCTH MaKCH-

MaJIbHOH CKOPOCTH CABWIa, TO JJIsl CKAYKOB MPHUPAILEeHHH NepeMelleHNH HMeeM Clefyiollee COOTHOLIeHHE:

dldu] . O[du]
1 . 1 . e
oo A ore

J1s1 manbHeflero aHa/au3a pasJjoxKHUM BeKTOp du M0 BeKTOpaM JOKaJbHOTO TpUdApa ij, is, N:

du = (dU)N + du®i,.

fcHo, uto dU, du® He ABJAIOTCS AeHCTBUTEJbHBIMU NPHPALIEHHUsMH W CJYXKaT [JIs1 COKpalleHHOH 3anucu
NPOeKUUH BeKTOpa du Ha yKa3aHHbIH TPUIAP.

Ha ocnoBanuu ¢opmynsl Belinraprena preii —a“%byis (byy — KOMIIOHEHTH BTOPOH KBalpaTHU-
T

HO# (hOPMBI MOBEPXHOCTH MAaKCHMaJbHOH CKOPOCTH CABHIa) MOXKHO TMOJYUYHTH CJIEAYIOIIHE BHIPAXKEHHS IJIst
YaCTHBIX MPOU3BOAHBIX BekTOpa du Mo [ayccoBbIM MapaMeTpam MOBEPXHOCTH:
Odu odu® odU

_ wo . ovau—, aNTo s dat
57 = (dU)a*"byyis + 5y la + (du™)l'g, ia + N 507

A\
ore
odu® ddu® o0y

A

—2b,2(dU) + papg 5 + xra pm + du o

[Tockosbky ypaBHeHue (9.13) mOKHO yIOBIETBOPSTHCS Ha KaXKAOH U3 CTOPOH MOBEPXHOCTH MaKCHMaJlb-
HOU CKOPOCTH CABHra, a HOpMaJjbHas cocTaBJsitolas dU HemnpepbiBHA TIPU MEPeXojie uepe3 3Ty MOBEPXHOCTD,
TO CKAuKM KacaTeJbHbIX COCTABJSIOLUIMX MPUpPAIIeHHH TMepeMelleHHE CBsi3aHbl MOCPEACTBOM CJEAYIOIIEro
COOTHOLIEHHS:

BHOCs KoTophle B (9.12) u yuutsiBasg Loy, + Tapn = , IPUXOAUM K YPaBHEHHIO

=0. (9.13)

0 [du®] 0 [du®] daxy
ikl o] ZZAR 14
Une "G Mg rn + [du’] ore (9.14)
CaopauuBas o6e uactu ypasHenus (9.13) ¢ g™, umeem
8du)‘ A aa)\
s ad a _
4H(dU) + 2 50 +a 5o du® =0, (9.15)

rae H — CpeI[HHH KpI/IBI/ISHa HOBerHOCTI/I MaKCHMa.HbHOﬁ CKOpOCTH caBuUra:
1
H = —=b,\a™.
2 13
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Insi ckaukoB (MpuUHHMasi BO BHUMaHHUe, uTo [dU] = 0) COOTBETCTBEHHO HaXOOUM ypaBHEHHe

0 [duﬂ n a>‘” aG,)\u

2
or* ore

[du®] = 0. (9.16)

Hckirouast 3ateM ¢ momolibio cooTHowenus (9.15) us (9.13) HopMasbHyo coctaBasomyo dU, noaydaem

ddu™ % odu® b dduP
ory Ty T O g5

—Hayo =0. (9.17)
10 ypaBHeHHe! COBCTBEHHO M ONpeesseT MIaCTHIECKOe CKOJIbXKEeHHe BIOMb MOBEPXHOCTH MaKCHMAJbHOM
CKOPOCTH C/IBMTa M JIOJDKHO YIOBJETBOPATHCS HA KaXKIOH M3 IBYX €€ CTOPOH (KacaTe/bHble COCTABJSIONINE
du® MOTYT UMETb pas/HUHblEe 3HAUEHUS HA PA3HBIX CTOPOHAX MOBEPXHOCTH; HOPMaJbHas cocTaBasiomas dU
HenpepblBHA IIPH Mepexofie uepe3 3Ty MOBePXHOCThb, €CJM He JONYCKaTh HAPYLIEHHS CIJIOLIHOCTH TeJa).

Jlns aHaM3a KUHEMATHKM TEYEHHS HA MOBEPXHOCTH MAKCHMAJbHOH CKOPOCTH CJBHMIa HCCJAENYEM ypPaB-
wenue (9.17) Ha mpeaMeT CylLIeCTBOBAHHS [eHCTBUTE/JbHBIX XapaKTEPUCTHUECKMX HanpaBjeHui. MoXHO
BOCII0/Ib30BaThCsl CTAHAAPTHOM TexHUKOH Anamapa — Tomaca [5] reomeTpuyecKHX yCJOBMH COBMECTHOCTH
c1abbIX PaspbiBOB KacaTeJbHBIX COCTABJSAIIIMX NMpUpalleHuil nepemernenuit. Ciabbiii paspulB XapakTepH-
3yeTcsl CKauKaMM MPOU3BONHBIX, B TONEPEUHBIX M0 OTHOIIEHHUI) K XapaKTEPUCTHUECKUM JIHHHUSM HarpabJe-
HHUAX, BeJHUMHA KOTOPHIX BBIUMCJSETCS COMIACHO

Odu® o
—— | = A%,
or*
rge vy — eIWMHHYHBIH BEKTOP HOPMaJji K XapaKTePUCTHYECKOH JIHHHK Ha IOBEPXHOCTH MaKCHMMaJjbHOM

ckopocTH ciBHra?. fIcHo, uto
A a
v =1, A%A, > 0.

W13 ypaBHenui#i (9.17) BEIBOOSITCS COOTHOLIEHHUS [/ CKAYKOB KacaTesbHbIX COCTABJISIOLIUX MPUpALeHHH
nepeMelleHli. B pesysbraTe HaX0AHMM, UTO KOMIOHEHTH V) AOJXKHBI OTMPENENsiThCs U3 YCJIOBUH HETPUBH-
aJIbHOHM Pa3peliuMOCTH OTHOCHTeNbHO A, (A%A, > 0) cucTeMbl ypaBHEHHH

—H(A,vx + Ayvy) — (APug)bn = 0. (9.18)

HecJsioxkHble paccyXIoeHHsl TOKa3bIBAIOT, YTO BelleCTBEHHblE XapaKTepUCTHUECKHUEe HAaINpaBJeHHs Cylie-
CTBYIOT, TOJIbKO KOT[a IJIaBHble HOPMaJsibHble KPUBHU3HBI MIOBEPXHOCTH MaKCHMaJbHOH CKOPOCTH CIOBHUTa Ki,
Ko HUMEIOT pasHblil 3HaK (T.e. [ayccoBa KpuBHM3Ha moBepxHOoCTH K orpuiiatesnbHa). [Ipy 3TOM XapakTepu-
CTHKH TPeJCTABJSAIOT COG0H aCHMNTOTHYeCKHe JIMHHH Ha TMOBEPXHOCTH MAaKCMMAJbHOM CKOPOCTH CABHra®s.

JeiicTBuUTe IbHO, cucTeMa ypaBHeHu# (9.18) B opToroHanbHo# [ayccoBoil ceTKe UMeeT BHJ

72HA1V1 — (allAll/l + a22A2V2)b11 = O,
—2HA2V2 — (a11A1V1 + a22A21/2)b22 = 0,
—H(All/g + AQVl) — ((IHAlVl + a22A2V2)b12 =0.

31BMeCTe C COOTBETCTBYIOLIMM ypaBHEHHEM, CBA3BIBAIOLIMNM CKAYKH KacaTeJ/JbHbIX COCTABJAIOLINX npnpameHHﬁ nepeMemeHI/{ﬁ

0 [du®] 7Ha>\a8[du°‘] —b 0 [duﬁ] B

_H il =
RS orh BA T 5.8

32BexTop v pacno/iokeH B KacaTebHOi K MOBEPXHOCTH MJIOCKOCTH OPTOTOHAJbHO XapaKTepPUCTHUECKOH JIHHUH.
33HanoMHUM, UTO aCHMIOTHUECKHUMH JUHHSMH HA TIOBEPXHOCTH Ha3blBAIOTCS JIMHUHM, HODMAJbHAS KDUBU3HA KOTOPHIX PAaBHA HYJIIO.
Ecin t ecTb KacaTe/bHbIH BEKTOP K aCUMNTOTHUECKOH JHUHHUH, TO

buatit = 0.

Ha noBepxHOCTH OTpHLaTe/NbHOH rayccOBOH KPHBHM3HBI aCHMIITOTHUECKHE JIMHUH 00pasyloT KOOPAHHATHYIO CEeTKYy. YTOJ ¢ MexXny
aCHMITOTHYECKUMHU JIMHUSMH BbIYHC/ISIETCS 10 hopMyIie
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XapakTepucTHUECKOe ypaBHEHHE

—2HV1 — a11b11u1 —a22b11u2
—HI/Q — allblgyl —HVl — a22b12V2

nJan
(2H1 + allbu)(HVl + a22b12V2)l/1 = a22b11(HV2 + a11b12y1)1/2,

NPUHHUMaEeT HauboJiee IPOCTYI0 HopMy
2 2
boovy + b1y = 0,

KOT/la KPUBOJMHENHHAs CeTKa Ha MOBEPXHOCTH COBMAaeT C CETKOM JIHHUH KPUBH3HBI (B 3TOM caydae ajs = 0,
b1z = 0, —by1/a11 = K1, —bas/azs = ko). [lepexonst B mocsnenHeM ypaBHEHHH K (DU3MYECKUM KOMIIOHEH-
TaM V<i>, V<2> OTHOCHTE/LHO JIOKAJBbHOIO 0asvca CeTKH JIMHHH KPHUBHUSHBI COMMIACHO V] = /G11V<1>,
vy = \/A22V<2>, TIOJTYyYHM
KovZis 4+ kivies =0, V2 + 12, =1,

OTKyJa CJefyeT, uTo cucteMa ypaBHeHuit (9.17) runep6osMyHa, TOJBKO €CJH TJIaBHblE KPHUBHU3HBI MOBEPX-
HOCTH HUMeIOT pasHble 3HaKW. VI3 3TOro ke ypaBHeHHS] Ha OCHOBaHHH (HhOpMYJibl Diijiepa /s HOPMAJbHOH
KPUBHU3HBI KPUBOH HA MOBEPXHOCTH, COCTABJSIONIEH YroJl w C MepBOH JIMHUEH KPHBHU3HBI,

Kn = K1 cos?w + Ko sin? w

3aKJjI04aeM, YTO HOpMaJibHasi KpUBU3HA XapaKTEPUCTHK CHCTeMBl ypaBHeHUH (9.17) paBHa Hy:Io, T.e. Xapak-
TEPUCTUKH €CTb aCUMITOTHYECKHE JIMHUU MOBEPXHOCTH MAaKCHUMaJbHOU CKOPOCTH CABHra. ATOT (PaKT cpasy
JKe I03BOJIsSIeT CleJaTb BBIBOA O TOM, YTO ILJlacTHUeCKoe TeueHHe BOJM3M IOBEPXHOCTH MaKCHMaJ/bHOH
CKOpPOCTH caBura (oTpuiaTesbHOi [ayccoBof KPHUBH3HBI) peasu3yercsi Kak pe3yabTaT MHUKPOCKOJbXKEHHH
B aCHMITOTHYECKUX HampaBJ/eHUsX. [loaToMy pesysnbTaToM Takoro poga HeoOpaTHMOro Ae(pOPMHUPOBAHHUS
JIOJIKHBI OBITb MO3aHWYHBIE Y30Dbl, COCTaBJEHHBbIE M3 OTPE3KOB JMHHHA MHKPOCKOJbXKEHHS, OPHEHTHPOBAH-
HbIX B aCUMITOTHYECKHUX HallpaBJjeHHsX. Jlaxe JIoKa/JbHO IOBEPXHOCTb OTpULaTeNbHOH ['ayccoBolt KpuBU3-
HBl UMeeT JOBOJIbHO CJIOXKHYI0 (opmy. JI106asi OKPECTHOCTb TOYKH TOBEPXHOCTH OTpHLaTeNbHOH [ayccoBod
KPUBU3HBI HMeeT cellJIooOpa3Hyto (GopMy U AeJUTCS aCUMITOTHYECKUMH HalpaBJeHUsIMU Ha YeTblpe YacTH,
npUyeM [Be U3 HUX SIBJSIOTCS BOTHYTBIMHM U ABE BBINYKJBIMH.

[Tpennonoxum, uro ['ayccoBa KpUBH3HA [IOBEPXHOCTH MaKCUMaJbHOH CKOPOCTH cABHra K oTpuLaTe/bHa.
Brl6epeM napaMeTpu3alLuio I0OBEPXHOCTH MaKCUMaJ/bHOM CKOPOCTH CIIBUra TakK, UTOObl KOOPAUHATHbIE JTUHUH
71 = const, 72 = const GblIK aCUMNTOTHYECKMMH JUHUAMH. [[0CKO/IBKY B 3TOM CJlydae

b? a12b12 H ap
by =0, byp=0 K=-12 HF= 2722 = _ 22
11 9 22 9 a 9 a ) K b12 )
TO U3 CHCTeMHl ypaBHeHHH (9.17) MOXXHO MOMYUYHTh JBA HE3aBHCHMBIX ypaBHeHHs
ddu? Odu? Odu? Odut
Mg oy =0 angy tang g =0 (.19)

3n1eck @,y — KOMIIOHEHTB MeTPHUYeCKOro TeH30pa MOBEPXHOCTH, BhIUMC/EHHble B aCUMITOTHUECKOH KOOp-
nuHaTHOH cetke. CucTema ypaBHeHuH (9.19) 3amucana B XapaKTepUCTHYECKHX KoopauHaTax. Kaxkmoe u3
YpaBHEHHUH 3TOH CHCTEMBI €CTb COOTHOLIEHHE BAOJNb XapaKTePUCTHKH.

B cnyuae, korma cucrema ypaBHenuit (9.17) ssaiunTHuHa, B KOOPAHHATHOM CeTKe JMHHH KPUBU3HBI

uMeeM
du! dut du?
ZHaHau +b11<8u +8u>0’

orl orl or?
Odut odu'  ddu?
2Ha22 787'1 + b22 <87‘1 + 787'2 > = 0,
Odu? Odut
Ha22ﬁ + Hauﬁ =0,

MMpup =1, A\ =1u p =2, A\ = 2. YpaHeHHe, COOTBETCTBYIOIEE 1t = 1, A\ = 2, He J]aeT HOBOTO HE3aBHCHMOIO COOTHOLIEHHUS.
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10.H. PaaaeB. [pocTpaHCcTBeEHHasA 3ad4ad4a mMaremMatnyeckori Teoprn MnacTryHOCTH 4@%

OTKYZa MoJiy4aeM ABa He3aBUCHMBIX yPaBHEHUS

Odut Odu? ddut Odu?
g Mg =0 g Tengr =

(9.20)

31ech, MomuepKHEM ellle pas, KOOpAHHATHas ceTka 7!, 72 coBmajgaer ¢ CeTKOH JMHUH KPUBHU3HBI MOBEPX-

HOCTU MaKCHMaJ/IbHOH CKOPOCTH CABMra. BTopoe ypaBHeHHe NpUBeNeHHOH CUCTEMBl MOXKHO NpeoOpa3oBath,
nepexofs K (pU3M4ecKUM KOMIIOHEHTaM MpHpalleHHH epeMellleHUH U JIOHTaJbHBIM NapaMeTpaM s1, Sg BAOJb
JIMHUH KpUBH3HBL. B pesynbrate MMeeM ypaBHeHHe

Oducy> + Oduca>
352 351

+mducis + y2ducos =0,

rae vyi, y2 — reoaesvdyeCKkrue KpuBU3HDI JIUHUH KPUBH3HbI [TOBEPXHOCTH MaKCHMaJIbHOH CKOPOCTH CBHUTa

_aln./all __8111\/(122

m= Osy 2= 0s1

3ameTuM, UTO IJIaBHble KPUBU3HBI U reofie3uuecKrie KPUBHU3HBI JIMHUE KPUBU3HBI CBSI3aHbl YPaBHEHHUSIMH
laycca u Konanuwu:

85;2
i) — =0
D5, + (k1 — K2)72 =0,
ok
765; — (k1 — r2)m =0,

O D2 2

242 _42=K.
882 881 N K

B uTore riaBHas yacTb cucTeMbl AU(depeHUHanbHbIX ypaBHeHHH (9.20) nprobpeTeT CienyrOMUi BUA:

Oduc> Odu <o
— ...=0
2 851 i 882 + ’
Oducyi> | Oducas
...=0.
682 + 881 +

HccnenyeM, HaKOHell, COOTHOIIEHHS AJISi CHJbHBIX Pa3pbiBOB KacaTesbHbIX (MO OTHOIIEHHIO K acHMII-
TOTHYECKUM JIMHHSIM MOBEPXHOCTH MaKCHMAaJjbHOH CKOPOCTH CABHIa), COCTABJSIOUIMX TMPUpPAlIEeHHs BEKTO-
pa nepemeleHud. [Tockosabky ypaBHeHUsi (9.17) DOJXKHBI BBIMOJNHSTHCS HA TMOBEPXHOCTH MaKCHMAaJsbHOH
CKOPOCTH CABHTa C KayKJOH CTOPOHBI COOTBETCTBYIOUIEH aCMIITOTHUECKOH JIUHHH, TO AJsI CKAUKOB HMeEEM
COOTHOILEHHS

0 [dul] 0 [duz] _o 0 [dug] 0 [dul]

R + a2 7T 5 @255 + a2 72

Tak xak HopMmasbHbBlE ([0 OTHOILIEHHIO K aCHMITOTHUECKHM JIMHHSM NOBEPXHOCTH MaKCHUMaslbHOH CKOpO-
CTH CIBHIa) COCTAaBJAIONIME NPUPALIEHHS] BEKTOpa MepeMelleHHE HelpepblBHBI, TO BIOJb KaXKIOH M3 JBYX
aCHUMITOTHYECKUX JIMHUH CIIpaBefJIMBO COOTHOLIEHHE

2 [dul] + 9 [duﬂ =0.

HpI/IHI/IMaH BO BHHMMaHHE, UTO OJId KOBAPUAHTHBIX KOMIIOHEHT HOpMa.H6ﬁ K aCHUMIITOTHYECKHM JIMHUAM

Vv = Vo =V - i2 = 4/022 SiIlL;

V-1 O7
vo=v-ip =0, v =v- i =—/a11sin¢,

NpUXOAUM K CaenyIIIUM COOTHOIIEHUAM BAOJb ACUMIITOTUYECKHUX JIMHUH:

1

[du?] =0, agﬁ] =0 Bronb 7'-MHuK;
2

[dul] =0, % =0 BIOJb T2-THHHH;

MexaHnka 75



%@& N3sectna Capatosckoro yHnBepcnteta. 2008. T.8. Cep. Marematrka. Mexarrka. FHpopmMaTrka, Bbin.2

HUHTErprupys KOTOpble MoJyyaeM YeTbipe KOHEUHbIX COOTHOLIEHUS:

[du'] = const Brosb 7'-muHKK;

[dul] =0, [duz] = const BOJb T2-JIHHHH.

Takum O6p2130M, BIOJIb ACUMIITOTHYECKUX JHUHHU IMMOBEPXHOCTH MaKCHUMaJibHOH CKOPOCTH CABHI'a COOT-
HOILIEHWUA NJisd CKAaYKOB KOHTPaBapHaHTHBIX (OTHOCI/ITeJ'IbHO JIOKaJbHOI'O 6331/IC3, KOTOprﬁ 06p83y€T ACHMII-
TOTUYECKass KOOpAWHaTHas CeTb) KOMIIOHEHT MNpUpAILleHHsI BEKTOpa nepeMemeHHﬁ HUHTETPHUPYIOTCA. ﬂBa n3
YeTbIpeX UHTErpaJsioB yCTaHABJMWBAIOT HENPEPBIBHOCTb HOPMaJIbHbIX K aCUMIITOTUYECKHUM JIMHUAM (I/I pacro-
Jlaramlyxcs B KacaTeJbHOH IJIOCKOCTH K [TOBEPXHOCTH MaKCHMaJbHOH CKOpPOCTH CZLBI/IFa) COCTaBJIAIOIIHUX
[prupalleHuss BeKTopa HGPEMGLU\GHI/IISI. ,ﬂBa APYyTUX HHTerpaJsia yKa3blBalOT Ha COXpaHeHHe BIOJb aCHUMII-
TOTHYECKUX JIMHHUH OIHOTO CeMeHCTBa CKAauyKOB TeX KOHTPABapPUAHTHBIX KOMIIOHEHT MpUpPALIEeHHsI BEKTOpa
HepeMeHIeHHﬁ, KOTOpbi€ COOTBETCTBYIOT 6as3uCHBIM BEKTOpaM, HOpMaJibHbIM ACUMITOTHYECKUM JIUHUAM IPY-

roro ceMemcTBa.
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