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%% PaccmatprBaeTcsi KOHeYHOMepHasi 3afjaya O BNOXEHWM 3a-
_ W,

IaHHOro Komnakta D C RP B HuXHee neberoBo MHOXECTBO

~ ﬁ Gla) = {y € RP : f(y) < a} BbiNyknowh dyHkuun f(-) ¢ Hau-

- MEHbLWMM 3HA4YEHNEM « 3a cyeT cMmeleHua D. Ee matemaTtumyec-

HAYYHbIN Kas dgoopmanuaaums npuBoANT K 3afadye MUHUMU3ALUN OYHK-
OTAEN

ummn ¢(x) = max f(y — x) Ha RP. ViccnepnosaHbl cBOMCTBA (PYHK-
ye

umu ¢(x), Nony4eHbl He0OXoAMMbIE U [OCTATOYHbIE YCNOBUS 1 yC-

\ ~ - J NOBUSI €IMHCTBEHHOCTU pelleHns 3anayn. B kavectse 6a30B0ro
LNsi NPUOXEeHWIA BblaeneH cnyyai, korga f(-) — kanmbposoyHas
dPyHKUMS MUHKOBCKOrO HEKOTOPOro Bbinyknoro Tena M. lNoka-

b 3aHo, 4T0 ecnu M — MHOrorpaHHuK, To 3ajadya CBOAUTCS K 3a-

naye NMHeRHoro nporpammnpoBanHns. MNpennoxeH noaxon K no-
NyYeHnio NPUBANXEHHOrO PELLEHNS, B KOTOPOM MPU NOCTPOEHNM
nocnenosBatenbHOCTU Npubnuxennin {x;}i—o1,.., 3Has nNpubnu-
XeHne x;, ONs nonyyeHus z;.; TpebyeTcs pewutb 6onee
MPOCTYylO 3a4ady BMOXEHWs komnakta D B ne6eroBo MHOXECT-
BO KanmbpoBOYHON COyHKUMM MHOXecTBa M; = G(«;), rhe
a; = ¢(x;). DaeTcs obocHOBaAHME CXOAMMOCTU MOCNenoBaTeNb-
HOCTW NPUBNNXEHWNI K peLeHnto 3aaadu.

© Abpamosa B. B., Ayaocs C. 1., Ocnnyes M. A, 2020
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1. NMOCTAHOBKA 3ALA4YU

O1eHKa CJI0KHBIX MHOXKECTB MHOXKECTBAMH MPOCTOH CTPYKTYPBl — OIHO M3 aKTyaJb-
HBIX HampaBJeHWH Herjaakoro aHanusa [1-4]. B pamkax 3Toro HampaBJeHHs] HaXOAMUTCS
U paccMaTprBaeMas 3/1eCh 3ajaua.

[Iycte D — orpaHuueHHOe 3aMKHYTO€ MHOXKECTBO W3 KOHEYHOMEPHOI'O MPOCTPAHCT-
Ba RP, a f(-) — BeImyKJas KoHeuyHass Ha RP ¢yHkuusi. TpeGyercss BIOXKHTb MHOXeCT-
Bo D B HHXKHee JeGeroBo MHoXecTBO G(a) = {y € R? : f(y) < a} 310il QyHKUHH C
HauMeHbIIHMM 3Ha4eHHeM «v 32 CUeT CMelleHUsl D, T.e. pellUTb 3aiaqy

a—  min
(o, x)ERPFL (1)

D -z C G(a).

3ajaya TaKoro BH/A BO3HHKAeT, HANPUMep, NPU pacueTe MapaMeTpoB MPOEKTHPYEMOro
TeXHHYecKoro ycrpoictaa [5,6]. Ilpn s3ToM KomMmakT D MOKeT OTpaxaTh TOYHOCTHBIE
BO3MOXKHOCTH 00OpYIOBaHHS, HCIIOJb3YEMOrO TPH H3TOTOBJEHWH YCTPOHCTBA, a (PyHK-
uusi f(-) — KauecTBeHHble XapaKTEPUCTHKH MPOEKTHPYEMOrO yCTPOHCTBA.

Jl71s1 KOPPEKTHOCTH W HETPUBHANBHOCTH 3ajayd OyleM Mpearnosaratb, 4to (yHK-
uusi f(-) orpaHuueHa cHU3y Ha RP, ee MHHHMMaJbHOE 3HAYeHHEe NOCTHrAeTCsl, MHOXKECT-
Bo G(w), roe ag = grel%gr% f(z), ABAsieTCs OrpaHHUUEHHBIM U MPH 3TOM

*
Glaw) —D={z€eRP: 24+ D CGlag)} = 2.
HerpynHo BumeTsb, uTo 3anaua (1) sKBHBa/JeHTHA CJIeIyIOLEH MUHUMAKCHOH 3aiade

¢(z) = max f(y - z) — min. (2)

[Tpu sToM, ecau ¢(z*) = m%Rn ¢(x), To mapa (¢*,z*), rne ¢* = ¢(z*), ABAAETCS pelleHHeM
TERP

samauu (1).

HeTpynHo 3akmouuTh, UTO TpU CHEJaHHBIX TPENNOJOKEHHSX pelleHrne 3a1aduu
cyuiectByeT. OTMETHM TakKxke, 4TO Ha 3aiady (2) MOXKHO CMOTPETb KakK Ha o6oblieHHe
3aayu 0 4eObILIEBCKOM LIeHTpe MHOxKecTBa D (cayuait, korna f(-) — HekoTopasi HOpMa
Ha RP).

[lenb paboThl — yKaszaTh Ha OCHOBHble CBOHCTBA LieJieBOH (DYHKLUMH 3amaud (2), mo-
JIYUUTb KPUTEPUH pellleHHs] ¥ YCJOBHUS €IMHCTBEHHOCTH pelleHHs, a TaKXKe MPelJIOXKHUTh
MOAXOM K MOJYYeHHIO TPUOJIHMKEHHOTO pPellleHHUs 3a/1auH.

Janee ucnogbayoTres caenywlire 0603HaYeHUS:

A, intA, coA — COOTBETCTBEHHO 3aMblKaHHe, BHYTPEHHOCTb, BbIMyKJas 000/0uKa
MHOX)KecTBa A;
||x|| — eBkIMOOBa HopMa aneMeHTa = € RP;

Marematrika 143



‘*@ nse. Capart. yH-1a. Hos. cep. Cep. Matematrka. Mexannka. FMHpopmarrka. 2020. T. 20, Bbin. 2

Of(x) — cybnubddepenuuan Buinykaod GyHKuuu f(z) B ToUKe x;
B(z,r) ={y € RP: ||z —y|| <r} — wap c LeHTPOM B TOUKE = U PaiUyCOM 7;
(x,y) — cKaJsipHOe MPOH3BeleHHe JeMeHTOB x U y u3 R,

s(-, A) = sup(-,a) — onopHas (yHkuus mHoxecrsa A, 0, = (0,0,...,0) € RP.
acA

2. CBOWUCTBA LUENEBOWN ®YHKUWWU. KPUTEPUWU PELLUEHUSA

OcHOBHBIE CBOHCTBA (PYHKLHH ¢(x) OTpakaeT Cjeayioliasi TeopeMa.

Teopema 1. [lycmo f(x) asasemcs svinykroti koneunoil na RP ¢ynkyuedi. Toeda
QyHryus ¢(x) asasemca:

1) soinykaotl korneunoil Ha RP gynkuuel, a ee cyboupgeperyuanr 8 1060l mouke
x € RP moaucem boimo svipacer 8 sude

99(x) = —co{df (= — x) : 2 € Q*()}, 3)
2de Q(a) = {z € D: f(z — 2) = d(a)};

2) cmpoeo svinykaol, ecau pyuxkyus f(-) cmpoeo svinykra na RP;
3) cuavno svinykaoil Ha RP ¢ koncmanmoii C' > 0, m.e. a1 a10bblx mouex xg, Ty
us R? u « € [0, 1] sotnosnsemes

B~ o)z + o) < (1~ a)(zo) +ad(mr) — a1 — a) 2y — 2,

ecau @yuryus f(-) curoro soinyksa Ha RP ¢ koncmanmoti C;
4) cmpoeo keasusvinykioli, m.e. 0as A0bbix mouek xo # x1 ud RP u a € (0,1)
BbLNOAHACMCA

¢((1 = a)ao + ay) < max{g(zo), ¢(1)},

ecau @yuxyus f(-) cmpoeo keasusvinykia Ha RP.

Joka3sareabctBo. 1) DyHkuus ¢(x), Kak QyHKIHS MaKCHMyMa OT ceMeHCTBa Bbi-
MyKJbIX KOHEYHbIX QyHKUME f(y — ) Mo mapaMeTpy y Ha KommakTe D, TakxKe sIBJISETCS
BBIMYKJOH KoHeuHoH Ha RP. Kpome rtoro, dyukuus W(x,y) = f(y — =) sBasieTcs Hempe-
PBIBHOH BCIOAY MO x ¥ MO y. Toraa, mo u3BeCTHOH B BBIMYKJOM aHa/lH3e TeopeMe O CyO-
nupdepennrane PyHKUHHU CylpeMyMa OT CEMEHCTBA BBINMYKJBIX (PYHKLIHUH MO MapameTpy
(em. [1, v 2, § 1], [7, r1. 4, § 4.2] uam [8, ra. 1, § 1.17]), nmonyuaem

96(x) = —eo{0f(z — x) : 2 € Q”(2)}.

3HaK 3aMbIKaHHUS 31eCh MOXKHO CHATb. JleHCTBUTE/bHO, HEMPEpbIBHOCTb BHIMTYKJOH
KOHeuHOH (yHKuMH f(-) ¥ 3aMKHYTOCTb MHOXKecTBa [) AT 3aMKHYTOCTb MHOXKeCT-
Ba Q?(z). Kpome Ttoro, cy6mudpdepenunan Of(-), KaK MHOro3HayHOe OTOOpaXKeHHe,
obsafaeT IMOJyHeNnpepblBHOCTbIO cBepxy. OTcioma cijenyeT 3aMKHYTOCTb MHOXKECTBA B
(urypHo# ckoOke.

CoficTBa 2)-4) Jlerko BbITEKAIOT W3 JOMOJHHUTEJNbHBIX YCJOBHH, HAKJAAblBa€MbIX Ha

dynxumo f(-). O

Teopema 2. 1. {15 moco umober mouka x* 6viaa moukot muHumyma yukyuu ¢(x)
Ha RP, neobxodumo u docmamouro, umoboi

0, € co{df(z — x%) : 2 € Q%(z*)}. (4)
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2. Ecau cyuwecmsyem 6 > 0 makoe, umo
B(0,,0) C co{df(z —2") 1 2 € Q”(a")}, ()
mo x* seasemcs eOuHcmeenHot mouxkot munumyma pyukuuu ¢(x) Ha RP, npuuem
o(x) = ¢(x%) 4+ 6|z — z*||, VxeRP, (6)

JokasareabctBo. 1. [lepBoe yTBepxieHHe TeopeMbl BbITEKAET U3 (POPMYJbl CyOaUD-
(epeHnmana (3) U M3BECTHOrO B BBHITYKJOM aHajn3e KPUTEPHs NOCTHXKEHHUS BbIMTYKJOH
(YHKIHMU CBOEr0 MUHHUMAJbHOrO 3HayeHus (Hampumep, [1, ri. 4, § 2])

¢(x") = min ¢(x) < 0, € Ip(x™).

zERP

2. U3 (3)-(5), B cooTBeTCTBUH C ompeneseHrnem cybauddepernmana [1-3]

9¢(z) ={v e R : ¢(y) — ¢(x) = (v,y —x), VyeRY,

crenyet
6(x) = $(a") > (v,0 —a%), Vv e B(0,6),x € R,
6 *
Orcrona, MoJIoOKUB v = m(w — ), nosny4aem (6). O
r—z

3ameuanue. OueBHAHO, €IMHCTBEHHOCTb pellleHUs 3agaud (2), Kpome COOTHOLIe-
HUs (D), obecreunBaeT TaKxKe CTPOrasi KBa3WBBINMYKJOCTb BBIMYKJAOH (QyHKOUH f(-) H
TeM OoJsiee ee CTpPOrasi UM CUJbHAS BHIMYKJOCTb. DTO BbITEKAeT U3 TeopeMbl |.

3. BA30BbI CITYUYAN

BasoBbiM /151 peasiaraeMoro nasee Moaxona K MoJy4YeHHI0 MPUOMHKEHHOTO pelleHus
3anaun (2) sBasiercs caydai, korna GyHkuusi f(-) siBasercss Kaaubpom (KaaubpoBOYHOM
¢byHKIHe# MHHKOBCKOr0) HEKOTOPOrO BBIMYKJOTO TeJeCHOro Kommnakta M, mpuuem
0, €int M, 1.e.

flx)=k(z,M)=inf{a>0:2 € aM}. (7)

HanomHUM ocHOBHBIe CBOHCTBa KajaubOpa (Hanpumep, [1,9]):

a) ecnu A > 0, o k(Az, M) = Nk(z, M), ¥V = € RP;

0) ecin x € M, 1o k(z, M) <1, aecaun = ¢ M, 1o k(z, M) > 1;

B) k(v +y, M) < k(z, M)+ k(y, M),V z,y € RP.

CBoficTBa BBIMYKJOT0 Tesa M MOT'YT OTpaxKaThCsl KAK Ha CBOHCTBAX pelleHHs 3aJauH,
TaK U Ha CXOMUMOCTH MPeIIaraeMoro MeToia MOJyUYeHHs MPUOJHKEHHOTO PELIeHHs.

BbigesuM fJisi pacCMOTPEHHsT 1Ba YACTHBIX CJydasi.

3.1. [Tyctb BbIMyKJO0€ Teso M sBJsieTCS MHOTOTPAHHHUKOM, 3a/laHHBIM B BHJIE

M={yeRr: (4,y) <1, i=Tm},

rie A; € R, i =1,m, 0, € intco{A; : i =1,m}.
W3 cBoiicTB Kanubpa caenyet: ecau max(A;, x) = 1, To Touka x SIBJsIeTCS TPAaHUYHON

i=1m
st M v k(x, M) =1. A noCKOJbKY KaJuOp SIBJSETCS MOJOXKHUTENBbHO OIHOPOIHOH (PYHK-
IIMel, MBI ToJIy4aeM AJisi Hero Ghopmysy

k(x, M) = max(A;, x), VxeRP.

i=1,m
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Torna 3anmaua (2) npuHHUMaeT BUI

max max (A;, y — ) — min

yeD i=1,m TERP

HJTH
max{a; — (A;, )} — min, (8)
i=1,m z€RP

rae a; = r;gg;(Ai, Y).

3anaua (8) usBecTHbIM npuemoM [10] cBogUTCS K 3amaue JTUHEHHOTO MPOrpaMMHPOBa-
HUs. A UMeHHO CnpaBeJivMBa

Teopema 3. 3adaua (8) aksusarenmmua caredyroujeil 3adaue AUHELHO2O NPopPaAM-

MUPOBAHU
GRS min
(z,x(P+1))eRp+1 (9)
(Aj, ) + 20D —q; >0, i=1m.
[Ipuuem, ecau xy = (xo,:cépH)) pewenue 3adauu (9), mo xy — pewenue
sadauu (8). A ecau xqg — pewenue 3adauu (8), mo Ty = (:co,xépﬂ)), ede
2P = max {a; — (A, zo) }, pewenue sadauu (9).

3.2. Tenepp npenmnosokum, uto N SBASETCS CUJAbHO BbIIYKJBIM MHOXKECTBOM.
[TocMoTpuM, Kak 3T0 OTpasuTcs Ha cBoicTBax GyHKUUH f(-) BUpa (7) 1, COOTBETCTBEHHO,
Ha QYHKIHUH ().

CHayasia HarmOMHUM HEKOTOpble TMOHSITHS M (haKThl M3 MapaMeTPUYECKH BBIMYKJOTO
aHaJsusa [8,11].

Onpenenenne 1. MuoxectBo A C RP HasbiBaeTCsl 7-CUAbHO BbLNYKAbIM, €CJIU OHO
MpeaCTaBUMO B BHIE MepeceueHHtst eBKJIUI0BBIX ILIapOB pajunyca 7.

Hapsiny ¢ naBHO BBeNeHHBIMH TOHSITHSIMH CHJIbHO M CJ1a00 BBIMYKJBIX (BOTHYTBIX)
byukuui (cm. [8, 11-13]) nMeroT MecTO 3KBHUBaJIEHTHblE WM aJibTepHATHBHBLIE ONpeje-
JIEHUs, KOTOPBIMU Mbl U OyIeM 10J1b30BaThCS.

Onpenenenne 2. [lycth 3amaHo BbiykJgoe MHoxkecTBO X C RP u  (yHKIUS
f: X — R. Oyukuusa f(-) HasbiBaercs cusvio (carabo) svinykaoll ¢ Kouctantoit C' > 0
Ha MHOXecTBe X, ecan dyukuust f(z) — $z]|? (f(z) + £ ||z||*) Boinykna Ha X.

dynkuus f(-) HasweBaercss cusvHO (caabo) eoecwymoti ¢ KoHcTaHToH C' > 0 Ha
MHOKecTBe X, ecant pyHKuMs — f(+) cusbHO (csabo) BeimyKJaa Ha X ¢ KoHcTaHTo# C' > 0.

Jlemma 1. ([11, rn. 2, § 2.8]). Ecau ¢ynxyus f : R — R crabo 8oenyma ¢ Kow-
cmanmoti C > 0, mo ee conpaxcennas QYHKyus

£(w) = sup{(.9) - £(2)

TERP

CUNLbHO sbLNYKAQ C KOHCmManmot %

Jlemma 2. ([11, ron. 3, § 3.7]). Ilycmo M C RP ssasemcs r-CULbHO BbLNYKAbIM
MHONMcecmeom u 3adana dupgepenyupyemas, carabo soenymas ¢ koncmanmoti C' > 0
Qynryus F : R — R makas, umo |F'(t)| < L|t| dan arboco t € R. Toecda ¢yrk-
uus f(r) = F(s(x,M)) caabo soenyma na RP ¢ xoncmaumoti C3,C + LCyr, ede
Cu = sup ][
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Tenepp nokakem BakHOe CBOHCTBO KaJsubOpa.

Jlemma 3. [lycme M C RP aeasemcs r-CUNbHO BbINYKAbIM MHOMCECMEOM U

Cu = sup ||z||. Toeda pynryus V(-) = k*(-, M) asasemcsa cuivho goinykiotl na RP
xeM
2

CM(CM —|—T).

C KOHCcmaxrmot, pasHotl

Hoxka3arteabctBo. [lisi conpsikeHHOH K W(-) GYHKUUH MOTydaeM

U*(y) = sup{{y,x) — k*(z, M)} =sup sup {{y,\x) — \k*(z, M)} =

wERP A20 z:k(x,M)=1
“(y, M
—sup{A sup (y,z) — N} = sup{As(y, M) — A2} = ) y, M)
A20 zik(x,M)=1 A>0 4

Takum obpasom, conpsizkeHHast GyHKLHUS UMeeT BUJ
W(y) = Fls(y, M), F(t) = -

Dyukuus F(-) sBasercs auddepenuupyemoit, |F'(t)] < L|t| nas L = 1/2 u, B
COOTBETCTBUH C OTpeliesieHHeM 2, ca1abo BorHyTa ¢ KoHcTaHTod 1/2. [Tostomy no semme 2
dynkuust U*(y) cnabo Bornyta ¢ konctantoil 3Ch(Chy + 7). Torna mo emme 1 dyHKIHs
U () = (k*)**(-, M) Gynet cuibHO BeIMYKJIO# ¢ KoHCTaHTOH 2(Chr(Chr+7))~t. Ocraercst
3aMeTuTh, 4to (GyHkuus k%(-, M) siBJsieTcsl BBIYKJOH, KaK KBajpaT BbITYKJOH (QyHK-
LMK C HEOTpHUIlAaTeJbHBIMU 3HaUeHUsIMH, U HempepbiBHOH Ha RP. [loatomy mno Teopeme
Denxenst — Mopo [7-9, 11] seimonusiercs (k%) (-, M) = k*(-, M). O

OueBUAHBIM CJIEICTBUEM JIEMMBI 3 SIBJIsSETCS

Teopema 4. Ecau muoncecmso M sasisemcs r-curvho soinykaoim u Cpy = sup ||z,
zeM

mo @ynkyus ¢*(xr) = ng(k?(y — x,M) ssasemcs curvHo evinykioli Ha RP ¢
ye

KOHCMaHmMOoLi m

3ameuanne. Cama ¢yHkuus ¢(-), kKak v f(-) Buna (7), He IBJsIeTCS CHIIBHO BBITYKJIOH
He3aBHCHMO OT CBOHCTB MHOKecTBa M. MuHuMuU3auus GyHKUUK ¢(-) npu f(-), uMerore
Bua (7), 9KBMBaJeHTHa MUHHMHU3aUMK (QyHKUHM ¢*(z). A mpuMeHeHHe K MUHHMHU3ALMH
CHJIBHO BBIMYKJIOH (DYHKIHH UYHCJEHHBIX METONOB (Hampumep, CyOrpajiueHTHOro THIIA,
cM. [2,14]) no3BosisieT pacCYMTHIBATH HA CXOMUMOCTD TOC/E0BATENbHOCTH TTPUOIHUKEHNH
K PEIIeHHI0 CO CKOPOCThIO T€OMETPHUYECKOH MPOrpecCHH.

4. nopxon K nPNbJIN>XKEHHOMY PELLEHUIO

[Tockonbky ¢(-) siBasieTcsl BBIMYKJOH (YyHKLHeH, H3BecTHa (opmyna ee CyOmud-
(epeHlMaa, TO J[Js TOJy4YeHHS TMPUOIUKEHHOTO pelleHUs 3aJadd MHUHHUMH3ALHH
3TOW (YHKUUM MOXKHO TNPUMEHSITh XOPOIIO H3BECTHble YHCJEHHble METOAbl BBIMYK-
JIOTO TporpaMMupoBaHus (cMm., Hanpumep, [2, 14]). Mbl o603HauMM 3jech ellle OAMH
BO3MOXXHBIH TOAXOA K MOJNyUeHHIO TPUONHKEHHOTO pellleHHs 3agadd (2) ¢ MpOU3BOJIb-
HOW BBHIMYKJOH (PyHKUHeH f(x) M KOMIAaKTOM D), YIOBJETBOPSIIOLUIMX 3asiBJEHHBIM B II. |
YCJIOBUSIM.
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MpuHuUnNuanbHas cxeMa Mmetona

[lyete f(yo) = 31;161]%% f(y). Tlo ucxomHomy mnpenmnosnoxennto G(ay) “D = o, e

ag = f(yo). [loaToMy B CHJIy HempepbIBHOCTH BHIMYKJOH KOHeYHOH (GyHKUMH f(-) BbI-
noJiHsieTcs: yo € intG(w) ans qmodoro a > o (unu 0, € int(G(a) — yo)). Iocnenosa-
TeJIbHOCTb MPUOMMKEHUH {x;};—01, CTPOUTCS caedylolUM oO6pa3oM. Touka HayasbHOTO
npubIUKEHUS Ty BbIOMpaeTcsi Mpou3BoJbHO. [Ipenmosiokum, yxKe mMosydeHa TOUKa ;.
Bosbmem B kauectBe M; = G(o;) — yo, THE o; = ¢(x;). Tlocse aToro pemaem 3agauy

¢i(r) = max k(y —x, M;) — min (10)

yeD—1yp TERP
M B KauecTBe x;,; OepeM ONHO U3 ee pelleHHH, T.e. ¢;(r;11) = min ¢;(x). Ecau npu
zERP
3TOM okaxetcsi, 4To ¢(x;) = ¢(x;41), TO, KaK OymeT AOKa3aHo, 3TO OyleT 03HayarTh,
uto ¢(x;) = min ¢(x) ¥ UTepAllMOHHBIN MPOLIECC HA ITOM 3aKaHUYKMBaeTcs. B mpoTHBHOM
rERP

cayvae, T.e. npu ¢(z;) # ¢(x;41), TpoLeCcC MOCTPOEHUs TOC/IEN0BATENbHOCTH MPOIOJ-
Kaetcsl.

O6ocHOBaHMe CXO0O4UMOCTU

Bes morepu ob6mHocTH OymeM pnanee cuutath yy = 0,. M3 mnpexnonaraemo#
OrpaHUUeHHOCTH MHOXecTBa () M BBIMYKJOCTH (YHKUWH f(-) caeqyeT OrpaHHUeH-
HOCTb MHOXecTBa G(«v) mpu Jobom « > o [2, ri. 1, § 9]. HanomHum Takxke, 4To
BBITNYKJasi KOHeUHasl (DYHKIUs YIOBJETBOPsieT YCJ0BUIO JIMnuumna Ha J1060M orpaHudeH-
HOM MHOXecTBe [2,8,9].

JlokaxkeM cjienyroUMi BCIOMOraTe/IbHbIH (haKT.

Jlemma 4. [lycmo o > ¢* = rn]iRn o(x), L — koncmauma Jlunwuua ors pynkuuu
TERP

f() Ha mromecmse G(a) u C > sup |z|. Ecau mouka z*(a) makosa, umo

z€G(w)
max k(y — 2*(a), G(@)) = min max k(y — z, G()), (11)
mo .
b(a*(a) < a— 2 00N@= ) (12)

LC+a — ¢*

Joka3zarenascTBo. 13 junumuneBoctd GyHKUUU f(-) caemnyeT

G<¢*) + B(Op7 A) C G(Oé), (13)
e A =2 _L . C npyro# cropoHsl, nockonbKy G(a*) C G(a) u éG(a) C B(0,,1), To
L2066 < G(67) + B0, A). (14
Ecau z* € Arg m%{n ¢(z), To D —z* C G(¢*). [loatomy, yuuteiBas (13)-(14), umeem
TERP
. C
D—zx* C C—i—AG(Q)' (15)
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Uz (11), (15) u onpeneneHrst Kaaubpa BbITEKaeT

C
_ * < _ *
max k(y — 2*(a), G(e) S maxk(y — 2", G(a)) S 57 (16)
Pacemotpum pyHKLHIO
U(z,a) =ap+ (o — ag)k(z, G(a)). (17)

HeTpynHo BHIeTb, UTO B CHJy BBIMYKJOCTH (GYHKIMU f(-) U CBOUCTB Kasnubpa
f(z) < V(x,a), VzeGa). (18)
OueBupHo D — 2*(a) C G(«). Torna, ucnosnsys (16)-(18), nomyyaem

6x"(a)) = max f(y — ¢*(a)) < max U(y — ¢*(a),a) =

yeD yeD
=ap+ (0 — ap) max k(y — 2" (), G(a)) < o + (@ — ) ¢ :
yeD C+ A
a— ¢
[Tocsie oueBHIHOrO MpeoOpPa30OBaHUS ITOTO HEPABEHCTBA M MOACTAHOBKH A = 7
noaydaem (12). O
O6o3Haunm uepe3 p(z,S*) = insf |z — y|| — paccTossHHe OT TOUKH =z [0
yes*

S*={yeRP:¢(y) = m'ﬁn ¢(x) — MHOXKeCTBa pelleHUH 3amauu (2).
TERP

Teopema 5. Ecau nocaedosamenvrocmo {x;}i—o1.. cmpoumcs 8 coomgeemcmeauu ¢
YKA3aHHOL cxemotl, mo 803MONHCHbL 08 BAPUAHMA:

1) Ha Hekomopom KOHeunoM uwlaze iy + 1 6ydem BblNOAHAMBCS PABEHCMBO
d(ziy) = ¢(xiy11), umo 6ydem osnauamo ¢(x;,) = :Icrel]iRI; o(x);

2) nocaedosamenvrocmo {¢(x;)}izo.. A845emMcs cmpoco yboisarowell u 6eckorey-
HoU, npuyem

(¢(zi) — ao)(@(xi) — ")
ir1) S i) — , 19
ede L — xoncmauma Jlunwuya oarn ¢gyukyuu f(-) na muomecmse G(ap), a
C > sup |z|. Kpome moeo, umeem mecmo
z€G ()
lim p(z;,5") = 0. (20)

1—00

JloKa3areabCcTBO. B COOTBETCTBHM CO CXEMOH MeTola TOUYKA ;41 SIBJASETCS ONHUM U3
pewenn#t 3anaun (10). Ecnu o; = ¢(x;) > ¢, To 1o emme 4, npu o = o; ¥ x*(qy;) = i1,
noaydaeM ¢(z;11) < ¢(x;). ClenoBatesbHO, €CIM HAa KOHEUHOM Ilare iy + 1 BbIOJIHSETCS
paBeHCTBO P(x;,) = ¢(x;y41), TO 3TO OyHeT 03HAUaTh P(x;,) = ?61%{111) o(z) = ¢*.

B npoTuBHOM ciyuae, T.e. e/ TaKOe PABEHCTBO He JAOCTHraeTCsi HA KOHEUHOM Iiare,
noce10BaTenbHOCTb {((2;)}izo,1,.., HOLUMUHSASACD, 1O JemMe 4, HepaBeHcTBY (19), Oymer
cTporo yOpiBawlleld U 6€CKOHEYHOH.

Ipennonoxum, (20) Heepuo. Torma cyluecTsyeT Noinoc/aeN0BaTe bHOCTb {4, }j—o,1..
Takasi, YTO sl HEKOTOPOro a > () BHIMOJHSIETCS

p(xZJ7S*)>aa jZO,l, (21)
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[TocnenoBarenbHOCTb {X;};—01, . SIBJSETCS OrPaHHUUYEHHOH, MOCKOJbKY

D —z; C G(¢(x:)) C G(¢(x0)),
a n060e MHOXKeCTBO (F(), Kak yKe OTMeuaJsioch, B CHIY HCXOAHBIX TPeOOBaHUH (HDYHKIHH
K f(-) u MHOXKecTBY D siBisieTcsi orpaHuueHHbIM. [loaTomy Ge3 motepu 0OLIHOCTH MOXKHO
CUMTaTb MOANOC/IEN0BATENbHOCTb {T;; }j—o,1... CXOAAIeHCea: x;, — ¥, j — 0o. H3BecTHo,
uTO (DYHKLHS PACCTOSIHUS siBJsieTcsl HemnpepbiBHOUH. [losaTomy, mepexonsi K mpenesy Io
no j — oo B HepaBeHCTBe (21), mosydaem p(z*,S*) > a u, cienoBaresbHo, z* ¢ S* U
¢(z7) > ¢".

C npyro#t cropoHbl, U (YHKIHs ¢(r), KaK BbIMyKJas U KoHeyHas Ha RP, siBjsercs
HerpepbBHOH. [l09TOMY M3 MOHOTOHHOCTH MOCJenoBaTeNbHOCTH {¢(z;)}izo1,.. caenyer
lim ¢(x;) = lim ¢(z;,) = ¢(2*). Torna, nepexons B (19) x mpeneny mo i — oo, Moayyaem
%EOaBeHCTBOJ%OO

s0) < oae)  (©) = (@) — )

LC + ¢(x*) — ¢*
KOTOpOE $IBJISIETCS TPOTHBOPEUNBLIM BBULY MOJYUYEHHOTO BBILIE HEpaBeHCTBA ¢(x*) > ¢*.
Teopema noxkasaHa MOJHOCTBIO. U

ABTopbl ellle pa3 TMOAYEPKUBAIOT, UTO JHIIb O0003HAYMU/IM aJbT€PHATHUBHBIH
MPUMEHEHHI0 W3BECTHBIX METOJOB BBIMYKJOrO MPOrPaMMHUPOBAHHUS MOAXOM K MOJTYyUEHHIO
MPUONHKEHHOTO pellieHHs: paccMaTprBaeMoit 3agaun. [IpakTudeckasi peannsaius npeamno-
JlaraeT yMeHHe pellaTh Ha KaXKJOM Iiare HeKOTOpble HeTpHUBHaJbHbIE (HO Gojiee MPOCThIe
0 OTHOLIEHHIO K MCXOIHOH) BCIIOMOTaTtesbHble 3aayd. B CBA3M ¢ 3THUM NpUBENEM PSif
KOMMEHTapHeB, KOTOpble OyAyT MOJe3Hbl TPH peau3aldy JAaHHOTO Moaxona. [Ipu sTom
cpasy OTMETHM, 4TO KOMNAaKT D GyleM CUHUTaThb BBIIYKJbIM, [IOCKOJbKY B CJaydae HeBbI-
MyKJIOCTH ero 3aMeHa B 3aaade (2) Ha co D naet HOBYIO 3aauy, SKBUBAJEHTHYIO MPexHeH.

1. M3HauanbHO MOXHO aNMpPOKCHMHPOBATh BBIMYKJbIH KOMIAKT D BBIMTYKJBIM
MHOTOTpaHHHKOM D, ¢ HeKOTOpO# norpeurHocTbio € > 0. Torma mopcyer npHOIHKEHHOTO
K ¢(r) 3HaueHus: ¢ (r) = max f(y — ) OGyner cBefieH K BbHIUMC/EHUIO 3HaUeHUH f(y — )

I/ Yy U3 KOHEUHOro MHOXKECTBAa BepLIMH MHOrorpaHHuka D. W BbI6OPY MaKCHMaJsbHOTO
U3 HUX.

2. MHoxectBo M; = G(«;) — Yo Ha KaXKJOM LlIare TakxKe MOXXHO anNnpOKCHMHPOBATh
MHOrorpaHHUKOoM. OTMeTHM HaJMude OOIIMPHOTO CIeKTPa MEeTOIOB TOJH3APaJbHOH ar-
npoKcuMaluu (cMm., Hampumep, 0630p [15]). B yacTHOCTH, B HalleM cjydae M3 TOUKH
Yo, KOTOpasi siBjsieTcsl BHyTpeHHed misg G(«) mpu « > ap, MOXKHO TPOBECTH JY4H
10 mnepeceyeHUs ¢ rpaHuued M; W B 3TUX TPAHUYHBIX TOYKAX MOCTPOUTHb OINOPHBIE
K M; THNepI/JIOCKOCTH, KOTOpble M 00pasyloT MHOTOTPaHHMK MY, amnmnpoKCHMHPYIOIIHMI
MHororpaHHuk M;. HanpaB/seHue 3THUX Jydedl MOXKHO 3a/aTb CETKOH TOYEK «MEeJKOCTHU»
0 > 0 Ha enuHuuHOU cdepe (cm. [8, § 4.9]).

3. B kauecTBe npuGmuxkenHoro sHadenus k(x,M;) moxHo 6patb k(z, M?). Ecau
MHororpanHuk M; Bbipaxken B popme M = {z € RP : (A;,z) < 1,5 = 1I,m}, 7o,
KaK oTMedasoch B 1. 3.1, crpaBeisuBa (Gopmysa

k(z, M) = max (A;, x).

j=1m
CriemoBaTesibHO, B KauecTBe MPUOJIHKEHHOTO 3HAYeHHUs /s ¢;(x) MOXKHO 6paTh
76 5
¢ (v) = max k(y — =, M7) = max{a; — (4;, 2)},

(2
J=Lim

riae a; = ;Ié%x<Aj,y>.
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4. Peuenue 3anauu (10) MOXXKHO 3aMeHHUTDb pellleHHeM «MPUONHKEHHOH» 3a1auu

€,0 .
¢;"(2) — min,

KOTOpasi, Kak oTMedasJocb B M. 3.1, MoxeT OblTb cBeleHa K 3ajaye JHHEHHOTO
NpOrpaMMUPOBAHHUS.

5. KoHneuHo, Takoii mopxox motpebyeT MCCAeNOBAHHS YCTOMYMBOCTH U UYBCTBUTEJb-
HOCTH pelleHUsl 3aladd K MOTPELIHOCTH MOJU3APAIbHOIO MPUOIHKEHUS BBITYKJIOTO KOM-
nakta D ¥ MHOXeCTB M.

BaarogapHocTu. ABTOpBI BBIPaXKAIOT IMPHU3HATEJNBHOCTh PELEH3EHTY 3a yKa3aHHble
TIOTPELIHOCTH U KOHCTPYKTUBHYIO KPUTHKY.
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The finite-dimensional problem of embedding a given compact D C RP? into the lower Lebesgue
set G(a) = {y € R? : f(y) < a} of the convex function f(-) with the smallest value of « due to
the offset of D is considered. Its mathematical formalization leads to the problem of minimizing
the function ¢(z) = max f(y — ) on RP. The properties of the function ¢(z) are researched,

necessary and sufficient conditions and conditions for the uniqueness of the problem solution
are obtained. As an important case for applications, the case when f(-) is the Minkowski gauge
function of some convex body M is singled out. It is shown that if M is a polyhedron, then the
problem reduces to a linear programming problem. The approach to get an approximate solution
is proposed in which, having known the approximation of x; to obtain z;1 it is necessary to solve
the simpler problem of embedding the compact set D into the Lebesgue set of the gauge function
of the set M, = G(a;), where a; = f(x;). The rationale for the convergence for a sequence of
approximations to the problem solution is given.
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We introduce and investigate D-clean and D-nil-clean rings as well as some other closely related
symmetric versions of cleanness and nil-cleanness. A comprehensive structural characterization
is given for these symmetrically clean and symmetrically nil-clean rings in terms of Jacobson
radical and its quotient. It is proved that strongly clean (resp., strongly nil-clean) rings are always
D-clean (resp., D-nil-clean).Our results corroborate our recent findings published in Bull. Irkutsk
State Univ., Math. (2019) and Turk. J. Math. (2019). We also show that weakly nil-clean rings
defined as in Danchev-McGovern (J. Algebra, 2015) and Breaz—Danchev—Zhou (J. Algebra &
Appl., 2016) are actually weakly nil clean in the sense of Danchev-Ster (Taiwanese J. Math.,
2015). This answers the question of the reviewer D. Khurana (Math. Review, 2017).
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1. Introduction and Background

Throughout this paper, all rings R are assumed to be associative and unital with
identity element 1 different from the zero element 0 of R. Our standard terminology and
notations are mainly in agreement with [1]. For instance, U(R) denotes the set of all
units in R, Id(R) denotes the set of all idempotents in R, Nil(R) denotes the set of all
nilpotents in R, and J(R) denotes the Jacobson radical of R. The specific notions will
be provided in the present article.

The fundamental paper [2] introduced and studied the class of clean rings R as
those rings for which R = U(R) + Id(R). Correspondingly, a nil-clean ring R is one for
which R = Nil(R) + Id(R) (see [3] and [4]). It is pretty easy to check that nil-clean
rings are always clean, but not the converse.

In making up an attempt to simplify these two too complicated ring structures,
in [5] we defined both L-clean and R-clean rings (resp., L-nil-clean and R-nil-clean
rings) as members of subclasses of the classes of clean and nil-clean rings, respectively,
possessing left or right symmetric property of the existing idempotent elements. For
instance, a ring R is called L-clean if, for any a € R, there is e € aR N Id(R) with
a = (1—e)+u for some u € U(R) and, resp., it is called R-clean if, for any a € R,
there is e € Ra N Id(R) with a = (1 —e) + u for some u € U(R). Analogous way
of defining L-nil-clean and R-nil-clean leads to ¢ € Nil(R) with a = e + ¢, where
either e € aRN Id(R) or e € Ra N Id(R). It was proved there that L-nil-clean (resp.,
R-nil-clean) rings are L-clean (resp., R-clean).

This provides us with our first basic tool.

Definition 1. A ring R is said to be double nil-clean or just D-nil-clean for short if,
for every a € R, there exists e € (aRa)NId(R) such that a = e+ ¢ for some g € Nil(R).

© DanchevFP. V., 2020



P. V. Danchev. A Symmetrization in Clean and Nil-clean Rings :

=

Certainly, D-nil-clean rings are nil-clean. As an immediate example, Boolean rings
are clearly of a such kind. Besides, the condition e € aRa is obviously equivalent to
e € aRN Ra as aRa C aR N Ra and if e = ab = ca for some b,c € R then it follows
that e = e.e = abca € aRa as needed. This illustrates that D-nil-clean rings are both
L-nil-clean and R-nil-clean; however, the converse is still unknown.

Another, non-commutative, example is the ring R = My(Z,). In fact, all elements of
this matrix ring are nilpotents, idempotents and nil-clean units. If ¢ € R is a nilpotent,
then ¢ = 0+¢q and 0 € gRq. Next, if e € R is an idempotent, then e = e+ 0 and e € eRe
because e = e.l.e or e = e.e.e. If uw € R is a unit with u = e 4+ ¢ for some idempotent
e € R and a nilpotent ¢ € R, then e = u — ¢ = u(u™ —utqu™')u € uRu, as we need.
Q.E.D.

This provides us with our second basic tool.

Definition 2. A ring R is said to be double clean or just D-clean for short if, for
each a € R, there exists e € (aRa)NId(R) such that a = (1 —e)+u for some u € U(R).

Certainly, D-clean rings are clean. As an example of a D-clean ring, strongly regular
rings are clearly of a such kind. As above demonstrated, D-clean rings are both L-clean
and R-clean; however, the converse is still unknown. What may also be observed is that
D-nil-clean rings are themselves D-clean. Indeed, for any a € R, in view of Definition 1
a = e+q for some e € Id(R)N(aRa) and ¢ € Nil(R). Therefore a = (1—e)+(2e+q—1).
Since 2 € Nil(R) (see, for instance, [3]) by simple operations — omitting some details —
we find that 2¢ + ¢ € Nil(R) and 2e + ¢ — 1 € U(R). It meets our needs.

However, in [6] we defined the two concepts of regularly nil clean rings and Utumi
rings as follows: a ring R is regularly nil clean if, for every a € R, there is e € RaNId(R)
such that a(1 —e) € Nil(R) and (1 — e)a € Nil(R) or, in an equivalent form, there is
f € aRNId(R) such that a(l — f) € Nil(R) and (1 — f)a € Nil(R). It was also shown
in [6, Proposition 2.5] that all regularly nil clean rings are Utumi rings in the sense
that, for each = € R, there is y € R depending on x such that = — 2%y € Nil(R).

So, analyzing all the above, the aim of the present article is to develop a theory of
double cleanness, nil-cleanness and regular nil cleanness as well as some their modifi-
cations caused by the symmetry of idempotents. Specifically, we will give a satisfactory
(complete) description of these three classes of rings. We will also settle a recent ques-
tion in [6, p. 703], on whether or not Utumi rings are somewhat left-right symmetric
in the sense that x — ya? € Nil(R).

The work is structured as follows: the next section states and proves our major
results (see, respectively, Propositions 1, 2 and 3, Lemma 1, as well as Remark 1 listed
below): the final part consists of some useful commentaries on the more insightful
exploration of the current subject and a list of problems that remain open.

2. Preliminary and Main Results: Symmetrically Clean and Nil-Clean Rings
We begin here with our first main result concerning a symmetrization of Utumi
rings (actually, this was stated as a problem that remains open in [6, p. 703]).

Proposition 1. The rings of Utumi are left-right symmetric.

Proof. Let z € R be an arbitrary element. Hence, by definition, there is y € R
depending on x such that x — 2%y € Nil(R). We claim that x — yz? € Nil(R) shows the
desired symmetry. In fact, for all n € N, (z—22y)" = [x(1—2y)]" = 2(z—zyx)" ' (1—2Y).
Thus, if (z — 2?y)™ = 0, then one observes that (z — zyz)"™ = (1 — zy)(x — 2%y)"z = 0.
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Since analogously (z —yz?)"*? = (1 —yz)(z — xyx)" 'z, we see that this is zero as well,
ie., (x—yx?)"2 =0. O
The following lemma is useful for our investigation.

Lemma 1. Suppose that R is a ring. Then the following items are valid:
(1) R is D-nil-clean if and only if R/J(R) is D-nil-clean and J(R) is nil;
(2) R is D-clean if and only if R/J(R) is D-clean, provided that J(R) is nil.

Proof. Belore proving the two statements separately, we need the following fact:

If K is a ring with a nil-ideal I and if d € K with d+1 € Id(K/I), then d+1 = e+1
for some e € 1d(K)NdKd such that de = ed.

(1) The left-to-right implication being elementary, let us focus on the right-to-left
one. So, given r € R, one writes by assumption that » + J(R) = (e+ J(R)) + (¢ + J(R))
for some e,q € R such that e + J(R) is an idempotent in R/J(R) having the property
e+ J(R) € (a+ J(R))(R/J(R))(a+ J(R)), and g + J(R) is a nilpotent in R/J(R).
As J(R) is nil, one easily understands that ¢ has to be a nilpotent as well. As for the
element e, there is ¢ € R such that e+ J(R) = aca+J(R). In view of the aforementioned
fact, e + J(R) = f + J(R) for some idempotent f of R possessing the property that
[ € (aca)R(aca) C aRa. Thus, e € f+ J(R) and, finally, r € f + Nil(R), because
q+ J(R) C Nil(R).

(2) The left-to-right implication being trivial, let us concentrate on the right-to-left
one. So, given r € R, one writes that e + J(R) is an idempotent in R/J(R) possessing
the property e+ J(R) € (a+J(R))(R/J(R))(a+J(R)), and u+J(R) is a unit in R/J(R).
Since the containment 1+ J(R) C U(R) holds, it is obvious that u € U(R). The rest of
the proof is hereafter identical to that in point (1). Q.E.D. O

Let us recall that a ring is termed strongly nil-clean if its elements are sums of a
nilpotent and an idempotent which commute.

The next implication is of interest.

Proposition 2. Strongly nil-clean rings are D-nil-clean.

Proof. For an arbitrary element r of such a ring R, such that » = ¢ + e for some
g € Nil(R) and e € Id(R) with ge = eq, it follows that r — e = ¢ with re = er. Thus
(r —e)® =0 for some k € N and, expanding this by the classical binomial formula, one
derives by a direct inspection that e € rR N Rr. It leads to e = e.e € rRr. Q.E.D. O

Let us notice that an alternative proof could also be deduced by using the fact
from [7, Theorem B] that a ring R is strongly nil-clean if, and only if, the factor-ring
R/J(R) is boolean and the ideal J(R) is nil, as stated in Lemma 1 (1) and the simple
but useful observation that boolean rings are always D-nil-clean being commutative
rings containing only idempotents.

Let us recall that a ring R is termed strongly w-regular if, for each a € R, there
is n € N depending on a having the property a" € a"™' RN Ra"™ (see, e.g., [8]). It is
well known that strongly nil-clean rings are always strongly m-regular rings, whereas
strongly m-regular rings are always strongly clean rings (see, e.g., [9]) in the sense
that their elements are sums of a unit and an idempotent that commute.

Proposition 3. Strongly clean rings (and, in particular, strongly mw-regular rings)
are D-clean.

Proof. For an arbitrary element r of such a ring R, we may write that 1 —r =u+e
for some w € U(R) and e € Id(R) with ue = eu. Hence r = (—u) + (1 — ) with ru = ur
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and re = er, so that re = (—u)e with e € (—u)"'re = r(—u)"te = (—u)"'er e rRN Rr.

By a direct inspection, one deduces that e = e.e € rRr. Q.E.D. OJ
We will be further concerned with the clarifications of two concepts concerning
weakly nil(-)clean rings.

3. Appendix: Two notions of weak nil-cleanness

Let R be an arbitrary associative ring with identity element 1 which differs from the
zero element 0. The notations and a part of the terminology used in the current section
are mainly in agreement with [1]. As above, Id(R) denotes the set of all idempotents in
R, Nil(R) the set of all nilpotents in R, and J(R) the Jacobson radical of R.

Referring to the original source [3], a ring R is called nil clean if, for each a € R,
there are ¢ € Nil(R) and e € Id(R) such that a = ¢+e (see [10] for further information
on this topic). In some literature, and especially in some recent important works (see,
e.g., [11]), this concept is equivalently written by using the hyphen “—” like nil-clean.

This was substantially extended to the so-called weakly nil-clean rings in the com-
mutative case [4] and in the general case [12] as follows: a ring R is said to be weakly
nil-clean if, for every a € R, there are ¢ € Nil(R) and e € Id(R) such that a = ¢+ e or
a=q—e.

Nevertheless, using the same notion in [13] were generalized both the classical
m-regular rings and the defined above nil clean rings in the following way: a ring R is
said to be weakly nil clean i, for any a € R, there exist e € Id(R) and ¢ € Nil(R) such
that a — e — ¢ € eRa (see, for more account, [10] as well). Note that this concept was
originally written without the usage of the hyphen “—7.

Resuming, both notions of weak nil-cleanness and weak nil cleanness expanded the
notion of nil-cleanness (written as nil cleanness, too) in the sense of [3].

Reviewing the article [13], the reviewer in [14] was right to ask why the same
notion is used as that in [12]. So, the objective of this section is to answer that question
by using mathematical arguments only showing that one weak nil-cleanness is contained
in the other weak nil cleanness as the evidences are not too obvious.

Our basic observation is the following one:

Proposition 4. All weakly nil-clean rings in the sense of [12] are weakly nil clean
in the sense of [13]. In other words, weakly nil-clean rings are always weakly nil
clean.

Proof. Utilizing the complete description of weakly nil-clean rings R, established in-
dependently and subsequently in [15] and [11], respectively, one writes that R = Ry X R»,
where R, is nil-clean and R; is a ring such that either Ry = {0} or Ry/J(R>) = Z3 with
nil J(Rz). It can be checked that R, is strongly m-regular, itself. So, it follows directly
from [13, Propositions 2.4 (ii), 3.2] that R is necessarily weakly nil clean, as claimed.

As a parallel verification of our initial assertion, the above decomposition for R
implies that R/J(R) = [Ry/J(R1)] X Z3, where R,/ J(Ry) is still nil-clean and, moreover,
J(R) = J(Ry) x J(Ry) is nil because so is J(R;) (compare, resp., with [12] and [3]).
Therefore, it follows immediately from [13, Propositions 2.4 (ii)] that R/J(R) is weakly
nil clean and hence so is R in view of [13, Proposition 2.8] since J(R) is nil. O

As final comments, we may say that the next hopeful implications are fulfilled:

nil clean = nil-clean = weakly nil-clean = weakly nil clean.
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4. Concluding Discussion and Open Questions

In conclusion, the next comments could be worthwhile.

Firstly, we ask of whether or not any semiprimitive (= Jacobson semi-simple) peri-
odical ring (or even a semiprimitive (strongly) w-regular ring) is always von Neumann
regular.

Secondly, we partially answer [16, Question 3.17] concerning those rings R such
that for some fixed natural number n > 2 all elements of R satisfy the equa-
tion 2" — x € Nil(R). It is not too hard to verify that such a ring R is strongly
mw-regular. We, however, will detect a new property of these rings as follows: writing
(z" —x)™ = 0, we have 2™(1 — 2"~ 1)™ = 0 and, consequently, (z"~1)™(1 — z"~1)™ = (,
ie., ("1 — (2" 1)2)™ = 0. Then we can find an idempotent, say e € Z[z] such that
" ! = e+t, where t € Nil(R). Hence [z(1—¢)]" ! = 2" (1—¢) = t(1—e¢) is a nilpotent
because ¢ and e will commute as = and e do that. That is, x — xze is a nilpotent. Q.E.D.

The next critical commentaries could be helpful to the interested in that subject
reader.

Remark 1. It is worth to notice that [16, Theorem 2.6] is already well-known and
is a simple consequence of [17, Theorem Al]. Indeed, Nil(R) forms an ideal whence
Nil(R) = J(R) and thus the properties P,(R) and @, (R) are equivalent at once, that
is, P,(R) <= @Qu.(R). By the way, on line 6 of the Abstract in [16] there is a
misprint, namely it should be “n is even with n # 1(mod 3)” instead of “n is even with
n = 1(mod 3)”.

Finally, we would like to avoid some bugs by successfully correcting them in the
next lines. Precisely, we correct the following issues:

Corrections. On p. 29, after Definition 1 from [5], there is a technical error, namely
the element 0 has to be represented as 0 = 1+ (—1) with 1 = 1.1 € 1P N P1 (compare
also with the truly given presentation of such an element, being an idempotent, stated
at the end of p. 29). Also, on p. 30, line 3 in the proof of Proposition 1, the sign “—”
is involuntarily omitted in the formulas which, however, does not affect the final con-
clusion. Moreover, on p. 31, line 4 of Remark 1 in [5] the intersection “ztRNeR = {0}”
must be “zK NeK = {0}". And finally, on bottom of p. 32, “z € e + J(P)” should be
stated as “z € e + Nil(P)”.

Likewise, on p. 709, at the beginning of line 3 of Proof in [6, Example 2.13] also
there is a typo, namely “m regular” should be written as “z-regular”.

Acknowledgements: The author would like to thank the expert referee for his/her
careful reading of the article and for the constructive comments and suggestions made.
This investigation was partially supported by the Bulgarian National Science Fund
(project No. KP-06 32/1 of 07 December, 2019).
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B ctatbe uccnepoBaHbl CBOMCTBA MONOXMUTENbHBIX PEWEHNA MOLENbHON CUCTEeMbl ABYX
HENVHENHbIX OBObIKHOBEHHbLIX OMPIEPEHLMANbHBIX YPABHEHUA C MEPEMEHHBIMUA KO3 PU-
LuveHTamu. HanneHbl HOBble YCNOBUS Ha KO3MMULMEHTbI, NPW BbINOMHEHUN KOTOPLIX NPOU3-
BONbHOe peleHune (z(t),y(t)) C MONOXMWTENbHbIMU HayYanbHbIMK 3HavyeHuaMu z(0) n y(0)
NONOXMUTENbHO, HENOKANbHO MPOLONXMMO 1 orpaHuyeHo npu ¢ > 0. B aTtux ycnosumsax uccne-
LoBaH BOMpoC O rnobanbHON yCTORYMBOCTM MOMOXMUTENbHBIX PEWEHN METOAOM MOCTPOEHMNS
Hanpasnsowwen OyHKLUMN U METOLOM NpPefenbHbIX ypaBHeHWd. MeTonoM nocTpoeHns Hanpas-
naoLWen dyHKLMN 0oKa3aHo, YTO eCM CUCTEMA YPaBHEHUA UMEET MOIOXUTENbHOE NOCTOSHHOE
pelweHue (x.,y.), To noboe nonoxmutensHoe pewenne (z(t),y(t)) npn ¢ — +oo Nnpubnuxaercs
K (24, y«). A B cnyyae, Korga KoamuULMEHTbl CUCTEMbl YPaBHEHUA MMEIOT KOHEeYHble npe-
nenbl Npu t — +oco W NpeaenbHas cucTema ypaBHEHUA MeeT MON0XMUTENbHOE NOCTOSHHOE
PeWeHne (Zoo,Yoo), METOAOM MPEOENbHbIX YPABHEHWI O0Ka3aHo, 4To noboe MonoxuTens-
Hoe peweHue (z(t),y(t)) npyn t — +oo NPUBINXAETCS K (Zoo,Yoo). [1ONYYEHHBIE pE3YNb-
TaTbl BMOCNEACTBMM MOXHO 0600WWUTL [N MHOrOMEPHOrO aHanora UCCnemyemoi CUCTEMb
YPaBHEHUN.
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HbIX YPaBHEHUIA, MONOXUTENBHOE PELIEHNe, HEeNoKanbHoe NPOoAONXeHve, rnobanbHas ycToi-
YMBOCTb MOMOXUTENbHbBIX PELEHW, MeTOA MOCTPOEHWSI HanpaBnsoWen yHKUMN, MeToL, npe-
LeNbHbIX YPaBHEHWA.
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BBEIEHUE

CraTbs [NIOCBAILEHA HCCJAEAOBAHHUIO IT0JOXKHUTEJTbHbIX peILIeHI/Iﬁ MOJIeJIbHOH CHCTEeMbl
HeJIMHEHHBIX 0ObIKHOBEHHBIX ILI/I(pq)epeHU,I/IaJIbeIX ypaBHeHI/Iﬁ cjaeaymoumero syuaa:

2'(t) = ()Y (t) = y(0)z(t) — kr()x(t), o' (t) = a@)(Y(t) = y(£))2(t) — k2(t)y(t). (1)
3nech Koapduuuentsl c(t), a(t), Y(t), ki(t), ko(t) cuuraroTcss 3agaHHBIMH M Helpe-

peiBHBIMH Tipu ¢ > 0. [TosoXKHUTebHBIM pellleHHeM CHCTeMbl ypaBHeHHi (1) HasbiBaem
napy (x(t),y(t)) ¢yHkuuit x(t) u y(t), onpeneseHHBIX, HEPEPBIBHBIX M MOJIOXKHTENbHbIX
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Ha HEKOTOPOM MaKCHMaJsbHOM noJyuHTepBase [0,7) W BHYTPHU NAHHOTO MOJYHHTEpBaJsa
yIOBJeTBOpPsIOWIKMX ypaBHeHHsiM cucTeMbl (1). Ecau T = 400, To petenne (z(t),y(t))
Ha3blBaeM HeJIOKaJbHO MPOJOJ/LKUMBIM MpH ¢ > 0.

Cucrema ypaBHeHHH (1) B csydyae NMOCTOSIHHBIX M TOJIOXKHUTEJbHBIX KO3(D(HLHEHTOB
uccaenoBaHa B paborax [1-3] Kak aHMHamMuyeckash MOJeNb MPOMU3BOACTBA U TpoO-
naxu ToBapa. JlaHHOH MOJEe/bl0 afeKBaTHO OMHMCBHIBAIOTCS TEMITBl MPOM3BOACTBA M MPO-
NlaXkKy OTpe/ie/IeHHOTO BHIA TOBapa, ecJu Mpou3BosbHOe pelieHue (x(t),y(t)) cucTeMsl
ypaBHeHHH (1) ¢ mosoXKHUTebHBIME HauasnpHbiMM 3HaueHusaMH z(0) u y(0) ocraercs
TOJIOXKHUTEbHBIM M OrpaHHueHHBIM npu ¢ > 0. Ecau K ToMy ke /11060€ MOJOXKHTENb-
HOe pelleHHe CHCTeMBbl ypaBHeHHMH (1) mpu ¢ — 400 mpHOMMKaeTCs K €IMHCTBEHHOMY
TOJIOXKHUTEJbHOMY TOCTOSIHHOMY peIIeHHI0 (Z4,¥s), TO 3TO HHTEpPIpeTHpyeTCs Kak
camocrabuiau3auns pblHKa ToBapa. B paborax [1,3] nokasaHo, uTo QMHaMHuecKas Mo-
nenb (1) obmajmaer ykasaHHBIMH CBOHCTBAMH MOJIOKHUTEJNbHOCTH M CaMOCTaOM/IM3aLHUH,
ecad KO3(P(HULHUEHTEl MOCTOSAHHBI, MOJOXKHTeNbHB U cY > k. B cBasu ¢ stum mnpen-
CTaBJIsIeTCsl aKTyaJsbHBIM HCC/IEJOBAHHME CBOHCTB MOJIOKUTENbHOCTH U CaMOCTaOUIN3aLHH
narHaMuueckoil mozesu (1) ¢ mepeMeHHBIMH KO3(h(HULIHEHTAMH.

B paGorte [4] uccrenoBaHbl CBOHCTBA MOJNOXKUTEJbHBIX U TEPUOAUYECKUX pelleHHH
cucTeMbl ypaBHeHHH Buna (1) B caydae, korna kosdh@UUUEHTH ¢, a, Y, ki, ko 3aBHCAT
oT ¢, 1 y. B yacTHOCTH, Hcc/ef0oBaHa AUCCHIIATUBHOCTb TOJIOKUTENbHBIX pelIeHUH,
cocrosiiasi B TOM, uTo Ji00oe ToJOXKUTeNbHOe perieHne (x(t),y(t)) mpu t >
ocTaetTcst B (DMKCHPOBAHHOM OrpaHHYeHHOM MHOxecTBe. OTMETHM, 4YTO 00liMe CBOHCTBA
[HCCHUMATHBHBIX CHUCTEM OOBIKHOBEHHBIX AH((epeHLHaNbHbIX ypaBHEHHH HCCeI0BaHbI B
MoHorpacduu [5, c¢. 29-70].

B Hacrosimieir pabore HailieHbl HOBble YCJOBUSI Ha KO3(P(ULUHUEHTB, MPHU BbINOJ-
HEHHH KOTOPBIX NpOM3BoJibHOe pelneHue (x(t),y(f)) ¢ MOJOKHUTEJIbHBIMH HadaJbHBIMH
sHayeHUsAMH x(0) 1 y(0) MOJOXKHUTENbHO, HEJOKAaJbHO TPOOIKHUMO W OTPaHHUEHO IPH
t > 0. B stux ycioBUSAX HCCIeOBaH BOMPOC O TI06aJbHOH YCTOMYHMBOCTH MOJIOMKH-
TeJbHBIX peIleHHH MeTOJOM IOCTPOeHHsl Hampas/siomedl (YHKUHK W MEeTOIOM Tpe-
IeJbHBIX ypaBHeHHH. [yo6anbHAs yCTOHUMBOCTD MOJIOXKHUTENbHBIX PellleHHH MOHMMaeTcs
B CJEIYIOLUIeM CMbICJe: BCe TMOJIOKHTENbHblEe pelleHHs] ONpeleseHbl Ha IMPOMEXYTKe
[0,400) U npu t — oo MpUOIHKAIOTCH K OIHOMY (DHKCHPOBaHHOMY pelieHHI0. Meto-
JIOM TOCTPOEHHs] HampaBJsiiolled (YHKUHWH [0Ka3aHO, 4YTO €CJH CHCTeMa ypaBHEHWH
MMeeT MOJIOXKHUTEbHOE TOCTOSIHHOE pelleHHe (T, Yy ), TO JI060€e MOJ0XKHUTENbHOE pelleHne
(z(t),y(t)) mpu t — +o0o npubaukaerces K (x4, y.). A B caydae, Korma Kod(pQUIHEHTbI
CHCTEMBl ypaBHEeHHH HMeIOT KOHeuHble Mpefesbl NpU ¢ — +00 U NpefesbHasi CHCTeMa
YPaBHEHHH HUMeeT MOJIOXKHUTEeJIbHOE MOCTOSTHHOE pelleHHe (T oo, Yoo ), METOAOM MPeENeNbHBIX
YypaBHEHHH 10Ka3aHO, 4To J00oe mosjoxuteabHoe peitenue (x(t),y(t)) npu t — +oo
NPUOINIKAETCH K (Zoo, Yoo). [10yUEHHBIE PE3YJbTAThl BIOCJIEICTBUH MOXKHO OOOOIIHTD
/IS MHOTOMEPHOTO aHaJslora MCCJ/elyeMOH CHCTEeMbl ypaBHEHHUH.

1. OCHOBHbIE PE3YJIbTATbI

CHauasa HcCCJ/IefyeM YCJOBHSI, TMPH KOTOPHIX MPOHM3BOJbHOe peluerue (x(t),y(t))
cucreMmbl ypaBHeHHH (1) ¢ mosioKUTeNbHBIMH HadanbHbIMH 3HaueHussmu x(0) u y(0) mo-
JIOXKHUTEJIbHO, HEeJIOKaJbHO MPOAOKHUMO M orpaHuueHo npu ¢ > 0. CrpaBeainBa cie-
Ayioliasl Teopema.

Teopema 1. [Tycmo Qyuxyuu c(t), a(t), Y(t), k ( ), ko(t) onpedesenol u nenpepoiHol
Ha npomexcymre [0,+o00) u nycmo (x(t),y(t)), t € [0,T) — npoussosvroe peweHue
cucmemot ypasrnenuti (1). Toeda:
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1) pewenue (x(t),y(t)) nosomcumensvrno, m. e. x(t) > 0 u y(t) > 0 npu t € (0,7,
ecau noroscumenvrol x(0), y(0) u a(t)Y (t) =0 npu t > 0;

2) pewenue (x(t),y(t)) onpedeseno na npomexcymie [0,+00), m. e. T = 400, ecau
(x(t),y(t)) nososcumenrvro u daa arboeo ty > 0 cyujecmsyem ty € (0,t2) makoe, umo
Ha ompeske [t1,1ts] 00na u3 pynkyuil c(t) u a(t) reompuyamenvra;

3) pewenue (x(t),y(t)) oepanuuero, ecau OHO ONpPedeseHO U NOAOHCUMENbHO HA
npomexcymie [0, 400) U BbLNOAHEHL YCAOBUSA:

a) pynkyuu Y (1) u ko(t) oeparuuerot;

6) cywecmsyrom T > 0 u kY > 0 makue, umo npu t > T umerom mecmo HepaseHcmaa
a(t) =0, ki(t) > kY, kqo(t) > 0;

8) Npu HEKOMOPOM NOAONUMEALHOM HUCAE (L UMeem Mecmo npeoei
li+m (a(t) — pe(t)) = 0.

t—

M3 Teopembl | HemocpencTBEHHO BbITEKAET

Caencreue 1. [Ipoussosvroe pewenue (x(t),y(t)) cucmemor ypaswenuti (1) ¢ no-
noxcumenvroimy HawarvHoimu 3naverusmu x(0) u y(0) onpedesero, nosOHUMENILHO U
oepanuuero Ha npomexcymre [0, 4+00), ecau:

e) pynkyuu c(t), a(t), Y(t), ki(t), ka(t) onpedeserol u Henpepovl8HbL HA nPOMENYMEKe
[0, +00);

0) alt)Y(t) =0 nput>0;

e) pyukyuu c(t), a(t), Y(t), ki(t), ko(t) npu t — 400 npubaruxcaromes K noroxu-
MEAbHBIM UUCLAM Coo, oo, Yoo, Kico, K200 COOMBEMEMBEHHO U CooYoo > K1 oo

Hccnenyem rnobanbHyl0  yCTOHUMBOCTb — MOJOXKHTEJNbHBIX — pEIIeHHH  CHCTEMbl
ypaBHeHnuil (1), mpeamnosaras, 4To Cpein MOJOKHUTENbHBIX PEIIeHHH eCThb MOCTOSTHHOE.

Teopema 2. [lycmo ¢ynxkyuu c(t), a(t), Y(t), ki(t), ka(t) onpedeserovr u Henpepois-
Hol Ha npomescymke [0, +00), 0O2paHUUeHbl CHUSY U C8epXYy COOMBEMCMBYIOU{UMU NO-
noscumenvrolmu wucaamu. M nycmo cucmema ypasnenuii (1) umeem noroxcumenvroe
nocmosinuoe pewenue (T, y.) maxkoe, 4mo QyHKyus

Y« /ﬁ(lf) (Y(t) — Ys)

onpedesena u Henpepwvleno oupgeperuupyema na npomexcymie (0,+00), oepanutena
CHU3Y U CBepXY NoAOHcUMeNbHbIMU Yuciamu By u By u, kpome moeo, B'(t) < 0 npu
t > 0. Toeda aroboe noroxcumenvroe pewenue (x(t),y(t)) cucmemol ypasnenui (1) npu
t — +oo npubarurcaemcs K (T, Yy ).

B(t) =

Teopema 2 nmokaszaHa MeTONOM MOCTPOeHHs HampaBJjsiolled GyHKUUH [0, c. 75-84],
yObIBaOIIeH BLOJb MOJOKUTENbHBIX pellleHHH cucteMbl ypaBHeHu# (1). M3 cienctBus |
U TeopeMbl 2 BbITEKaeT

CaencrBue 2. B asmonomHoll cucmeme
= Co(Yo - y)x — ko, y’ = GO(YO - y)x — kaoy, (2)

ede ¢y, ag, Yy, ko, koo — noaosmcumenvrole uucia u coYy > ki, At06as mpaekmopus,
BblNYWEeHHas U3 nepsotl uemsepmu Koopourammuoil naockocmu Oxy, ocmaemcs 8 amoti
yemeepmu npu 803pPACMAHUL 8peMeHU U npubiuicaemcs K CMAuUOKAPHOL mouKe

Eao 1
Yo — k = —(cYy — k
a0k (Co 0 10)7 Yo o (Co 0 10)

Ty —
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npu HeocpaHuuenHom so3pacmanuu 8pemenu. CmauuonapHas mouka (xg,yg) 26-
asemcs eOUHCMBeHHOL mpaekmopuet. a8MOoHOMHOL cucmemol (2), rexcauieli 8 nepsoil
uemeepmu, OmMOENEHHOU OMm HYAs U OepaHUYeHHOU npu eo3pacmanuu u YyboleaHuu
8pemeru.

Caenyroliasi Teopema siBjisieTcsi IOTIOJIHEHHEM K Teopeme 2.

Teopema 3. [Iycmo svinosnerst ycrosus e), 0) u e). Toeda aroboe nosoxcumesrvHoe
pewenue (x(t),y(t)) cucmemor ypasmenuil (1) npu t — +oo npubasuscaemcs K mouxe
(Too, Yoo), 20€

k2 oo 1
= 2 (CooYoo - kl,oo) 5 Yo = — (CooYoo - kl,oo) .

aookl,oo Coo

To

Teopema 3 nokazaHa MeTOOM INpele/bHbIX ypaBHeHUH. J[aHHbIH MeTox MpHMeHsieTcs
B paborax [7,8] mpu ucclenOBaHHWM OrpaHUYEHHbIX pelleHHE CHCTeM JIMHEHHBIX W He-
JIMHEHHbIX OOBIKHOBEHHBbIX NU((epeHLHaNbHbIX YPABHEHUH.

2. NOKASBATEJIbCTBO TEOPEMDI 1

1. Iycets (z(t),y(t)), t € [0,T) — pelueHne cucteMbl ypaBHeHHH (1) ¢ mosoKuTENb-
HBIMU HadajbHbIMU 3HaueHHsIMH x(0), y(0) u mycTb a(t)Y (t) > 0 mpu ¢t > 0. [IpoBepum,
uro z(t) >0 u y(t) >0 npu t € (0,7).

M3 nepBoro ypaBHeHHs1 cucTeMbl (1) Haxomum

2(t) = 2(0)elo O (&) —y() —ki()ds,

Orcrona caenyet, uto z(t) > 0 npu t € [0,7). Bropoe ypaBHeHue cuctemsl (1) npencras-
Jsis B CJIEIYIOLEM BHIE:

Y (t) + (a(t)z(t) + k2(2))y(t) = a@)Y (t)z(t),

HaXxoaum

t
y(t) = e~ holamantha(m)ir (y(O) +/ a(S)Y(S)x(S)ef(f(a(f)x(T)Jrkz(r))dfds> .
0

Orcirona cienyet, uto y(t) > 0 npu ¢ € [0, 7).

2. Ilyets (x(t),y(t)), t € [0,T) — monoxuUTeNbHOE pellleHHe CHCTeMbl ypaBHeHHH (1)
M MyCcTh AJs1 Jt06oro ty > 0 cyuiectByet t; € (0,19) Takoe, UTO Ha OTpe3ke [t1,ts| onHA
13 QyHkuui c(t) u a(t) HeorpuuareabHa. [Tokaxem, uto T = +00.

[Mpennonoxkum, uto T < 4o00. Torna Ha nonyuntepsase [0,7) ogHa U3 QyHKUMH 2 (1),
y(t) HeorpaHHueHa. 3aMeTHUM, UTO ecJHM ofHa W3 (QyHKUHH x(t), y(t) orpaHdUueHa, To B
cully cuctembl ypaBHenu# (1) mpyrasi takxke orpanuuena. [loatomy obe GyHKuuu (t),
y(t) HeorpaHuueHbl Ha moayuHTepase [0,7).

Hanast ts = T, corjacHo HaluUM ycJoBusiM, cyilectByer ¢ € (0,7) Takoe, 4TO Ha
oTpeske [t;,T] omHa M3 (yHKuUMH c(t) u a(t) HeorpuuatenbHa. Ecau c¢(t) > 0 npu
t € [t1,T], To U3 mepBOro ypaBHeHHUs1 cucTeMbl (1) BHIBOAMM:
)

'(t) < (C(t)Y( ) = ka(0)) x(t), ¢ (0,T),
2(t) < aty)efn @V EO-RENd iy e RrT=t) ¢ e (0, T),

rae Ry = nax, le(s)Y (s) — ki(s)|. [puian K npoTHBOpeYHIo.
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Ecin a(t) > 0 mpu ¢t € [t1,T], To BeOepeM 4uca0 Y] TakK, 4TOOBl MMM MECTO
HepaBeHcTBa Y) > y(t) mpu ¢ € [0,t1) u Yy > Y(¢) npu ¢ € [t1,T]. OueBunHo, mpH
aobom t € (t1,T) mubo y(t) < Yy, mubo y(t) > Y;. Ha m06oM MakcuManbHOM HHTepBase
(11, 72) C (t1,T), tme y(t) > Y1, B cu1y BTOporo ypaBHeHHsi cucteMsl (1) umeeMm:

y'(t) < —ka(t)y(t), t€ (m,7),
y(7—1> - }/17 y(t) < YIGKTT7 t S (T177—2)7

rae
KT = Inax |k2(t)|
0<t<T

Canenosarenbho, y(t) < YieXrT npu modom ¢ € [0,T), npuIu K NPOTHBOPEUHIO.

3. [lycre pewenue (x(t),y(t)) cuctemsl ypaBHeHHH (1) ompenesieHO U MOJOXKHUTENBHO
Ha npomexyTKe [0, 4+00) U MyCTb BBIMOJHEHbI YCIOBHS:

a) ¢oyHKuuK Y (t) u ko(t) orpaHnueHsbl;

6) cywectByioT 7 > 0 u k) > 0 Takue, uTo Mpu ¢ > T UMEIOT MECTO HEpPaBEeHCTBA
a(t) =0, ki (t) > kY, ko(t) > 0;

B) MPU HEKOTOPOM MOJOXKUTENbHOM YHCJIE [t HMEET MECTO Tpefe

Jim(a(f) — pie(t)) = 0.

[Tokaxem, uto (z(t),y(t)) orpanuueHo Ha npomexyTke [0, +00).

CriepBa mokazkeM orpaHHYeHHOCTb y(t) Ha mpomexyTke [0, +00). s aToro BeiGepem
Yo > 0 Tak, uToObl BBINOJNHSIKCH HepaBeHcTBa y(7) < Yy u Y(t) < Yy mpu t > 0.
[Tposepum, uto y(t) < Yy mpu ¢t > 7. [lelicTBUTENbHO, B TNPOTHBHOM CJjlyuae B TepBOH
TOUKe t( > T, Ile UMeeT MeCTO paBeHCTBO ¥y(ty) = Yo, MOMKHO BBEITIONHATHCS HEPABEHCTBO
y'(to) = 0. C npyroél CTOpPOHBI, B CHJy BTOPOro ypaBHeHHs cucteMbl (1), yduTbiBas
a(ty) = 0, Y(tg) —y(to) <0, ka(to) > 0, umeem y'(tg) < —kaol(to)y(to) < 0, MpUXOmUM K
POTHBOPEYHIO.

OrpanuyeHHocTs x(f) OymeT HOKasaHa, eCJaHM IOKaXKeM, 4TO CYLIECTBYOT Ty > T
m M > 0 rtakwe, uto npu z(t) > M wu t > T, HMeeT MeCTO HepaBeHCTBO
y(t) — p(x(t) — x(m)) > 0. Ioaa atoro mocratoyHo momobpatb 7, > 7 U M > 0 Tak,
uto6bl npu x(t) > M wu t > 7, UMeso MecTO HepaBeHCTBO y'(t) — ux'(t) > 0. Haitmem
pasHoctb ¥ (t) — ux'(t) us cucremsl ypaBHeHu# (1):

Y () = pa'(t) = [(a(t) = pe()) (Y (t) — y() + phy ()] 2(t) — ka(8)y(2). (3)

Bocrno/ib3oBaBIIKuCh YCJOBUSIMHM a), 6) U B), BbiOepeM 7y > T TakK, uTOObl MpU t > Ty
BBITOJIHSIJIOCh HEPABEHCTBO
0

(alt) = we®)(Y (1) — y(0) + iy (1) > .

A gucio M > 0 BeiGepeM U3 YCJIOBHS

kO
p—~M — Yy sup ky(t) > 0.
2 20

Torpa us (3) caenyer, uro y'(t) — pa'(t) > 0 mpu z(t) > M ut > 7.
Teopema | nokasana.

Marematrika 165



<@ 38. Capart. yH-1a. Hos. cep. Cep. Matematnka. Mexarnka. MHpopmatnka. 2020. T. 20, Bbin. 2

3. INOKASBATEJIbCTBO TEOPEMbI 2

[Tycts (z(t),y(t)), t € [0,7) — TNpOHU3BOJbHOE TOJOXKHUTEJbHOE pelleHHe CHCTEMb
ypaBHenuii (1). Paccmorpum yHKIHMIO

(4)

0(0) = 300~ + 800 (12 - 2

Ty Ly

DyHKUMA v(t) CHU3Y OrpaHHueHa YyUCIOM Bj:

o(t) > B(t) (‘T(t) ~In m(t)> > B(t) > B,

Ty Lx

TaK Kak § —Ins > 1 npu Bcex s > 0. [lokaxkem, 4To 1J1s1 mpou3BogHOH v'(t) (PyHKUUH
v(t) UMeeT MeCcTO HepaBEHCTBO

40 < k(00 - (1+ 20, ®)

Ilst 3TOro MpencTaBUM CHUCTeMY ypaBHeHHE (1) B cienyrolieM BHIE:

v« Y () = y(t)

Y0 = A~y 0= k) (ST a0 - 0) . 6

rae A(t) = y.k2(t)/B(t). Las pyuxkuun A(t) BepHa ouenka A; < A(t) < A, roe

i a2
A - *_7 A — *_7
1=Y B, 2 =Y B,
By = inf B(t), By = sup B(t), ap =infko(t) > 0, a9 = sup ka(?).
t=0 t>0 t>0 =0

Tenepb BbluMcauM v'(t) ¥ OLEHHUM ee CBepXy, yudThiBas ycjaoBue B'(t) < 0 u cucremy
ypaBHeHU# (6):

V(t) = (y(t) =y )y'(t) + B(1) <a:i - ﬁ) 2'(t) + B'(t) (? —In @) <
< 00 =00+ S 000~ 2 5 = 00 =) (410~ Z2 a0 )40 -

= ) = 1) (a0 | 200 t0) = 0t)| = Lot 2.)) =

= k000 = ) (1= 910) + L)) = o)) - 02 (14 L ).

_y*

W3 nokasaHHoro HepaBeHCTBa (D) caenyet, 4yTo v(t) <

(y(®) = .)* +2Bl( ln
Jit) v < V2000) “’”(*) ln”;* <2,
YO Syt VD), <alt) S0k )
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rae &, & — KOPHM CKaJsIpHOTO ypaBHEHHs

v(0)
e =217
€—Ing ="
Takum o6pasom, B cuay ToJydeHHBIX oueHOK (7) pewieHue (z(t),y(t)) ompeneneHo H
orpaHuueHo Ha nmpomexyTke [0, +00). [Tokaxem, uto (z(t),y(t)) — (2, y.) IpU t — +o0.
M3 v(t) > By u v/'(t) < 0 clenyer cyllecTBOBaHHe U KOHEUHOCTb Mpefesa

t£+moo V(1) = Voo

W3 HepaBeHcTBa (5) BBIBOIUM:

V(1) < —ka(8)(y(t

)=t aa(y(t) —p) < —0'(),
(

~y
y(t) — y.)*dt < v(0) = vee,

/ ) -yt < oo ®)

[oneiHrerpanbhas GyHkuus p(t) = (y(t) — y.)? orpaHuyeHa BMecCTe CO CBOEH MPOU3BOA-
HOU Ha npomexyTke [0,+00). OTciona caenyet, 4yto (t) — 0 mpu ¢ — +oo. [eilcTBuU-
TeJIbHO, U3 (8) c/lefyeT CyIIEeCTBOBaHHE IMOCJENOBATENbHOCTH S, — +00, BIOJb KOTOPOH
(GYHKUHS ¢ CTpeMUTCs K Hy/0. [IpeanosoKumM, 4To CyIIeCcTBYeT Apyrasi MocjaeI0BaTe b=
HOCTb t, — 400, BIOJb KOTOPOH (DYHKLHS ¢ He CTPEMUTCS K HYMO, T. €. ¢(t,) > 20,
n=1,2,..., rie 0 — (PUKCUPOBaHHOE MOJOXKUTeNbHOE uncao. [lpu kaxaom n = 1,2, ...
cyliecTByet 7, € (t,,s,,) Takoe, 4to ¢(7,) = o u p(t) > o npu t € (t,,7,). MoxHo
CUHMTATb, UTO T, < tp41. OLUEHUM CHHU3Y HJIUHY OTpe3Ka [t,, T,

™ —¢'(t) p(tn) —@(ma) _ o ,
n— tp = dt = > , M, = .
7 /t M, M, M, e e =Sl ()]

n ®

Ha ocHoBe 3T0# OLEHKH NPUXOAUM K MPOTUBOPEUHIO:

“+oo o Tn o0 R~ o2
t)dt > / t)dt > o(r, —t,) > = +00.
/0 ol =3 [ ottar >3 otrn -t > 3

Takum o6pasom, y(t) — y, npu t — +00.
B paBeHcTBe (4), mepexons K npenenay npu t — +o0o, MOJYYHUM

B, lim (x(t) —In x(t)) .

t—+o00 Ty Ty

Takoe BO3MOXKHO JIMIIb B TOM caydae, Koraa x(t) — x.&, npu t — +00, rie & — KOpeHb
ypaBHeHHUs £ —In& = v,/ By. [lpoBepum, uto &, = 1. I 3TOro Bo3bMeM MOCJEI0BATEb-
HOCTb t, — —+00, BIOJNb KOTOPOH ¥'(f) CTpeMUTCs K HYyJIO, ¥ BO BTOPOM YpaBHEHHH
cucteMbl (6) mepeiineM K mpejesy BAOJb 3TOH MOCJeN0BaTebHOCTH. B pesynbrate mo-
aydaeM (y./x.)r.&e — ye = 0, otkyna caenyet & = 1. Teopema 2 noxasaHa.

[TpoBepuM crpaBeaIMBOCTb caeacTBUsl 2. JIro6oe peleHHe aBTOHOMHOH cHCTeMBbl (2)
C TIOJIOXKHUTENbHBIMU HauaJbHbIMHA 3HaYE€HUSIMU, COTJIACHO CJIEICTBUIO |, ompenesieHo, Mo-
JIOXKHUTEJNBHO W OrpaHU4YeHO Ha TnpoMexyTke [0,+o00). Jpyrumu cioBamu, TPaeKTOPHS
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pellleHHs: OCTaeTcs B NMePBOH UeTBEPTH KOOPAMHATHOH miockocTd Oxy U orpaHuueHa. Ta-
Kasi TPAeKTOPHUsl B CHUJIy TeopeMbl 2 MpUOJIHKAeTCs K TOUKe (Zg, o) NPU HEOrPaHUUEHHOM
BO3pacTaHUU BpeMeHH. Ec/i K TOMY e TpaeKTOpHsl OrpaHHuYeHa NMpU yObIBAHUHM BpeMeHH
M OCTaeTcss B TePBOH 4YeTBEePTH, OTHAEJSAACh OT HYJS, TO, COLJIACHO OOlleld TeopuH
ABTOHOMHBIX CHCTeM Ha TJIocKocTH [9, c¢. 226], MHOXKeCTBO ee «a-MpelesbHBIX TOYEeK
COCTOUT U3 TIpelieIbHbIX LIUKJOB U CTAlHOHAPHBIX TOYEK, JeXKallUX B MePBOH UeTBEPTH. Y
AaBTOHOMHOH cucTeMbl (2) B MepBOH YeTBEPTH UMeETCs JIMIIb OflHA CTallMOHApHAsl TOUKa,
a TpefieJIbHBIX IIMKJIOB He MOXeT ObITh, TaK KaK OHM NPHU HEOrPAaHHUEHHOM BO3PaCTaHUH
BpEMEeHH He MOTYT MpUOJIHMKAThCS K CTAllMOHApPHOH Touke (xg,yo). ClenoBaresnbHo, cTa-
LIMOHAPHAs TOUKa (Xq, Yo) SABJASETCS eIHMHCTBEHHOH TPaeKTOpPHel aBTOHOMHO#H cHcTeMbl (2),
JiexKallled B MepBOH YeTBEePTH, OTIAEJEHHOH OT HYJS U OrpaHUUEHHOH MpHU BO3pacTaHHUHU H
yObIBAHUH BPEMEHH.

4. NOKASBATEJIbCTBO TEOPEMbI 3

B cuny ycnoBwii r), n), ) u caenctus | Jo60e nosoxutesbHoe pemenue (x(t), y(t))
cucTeMmbl ypaBHeHu# (1) ompemesieHo ¥ orpaHudeHo Ha mpomexyTke [0, +oc). [Tokaxem,
uro (x(t),y(t)) — (Too,Yso) TPU ¢t — +00. CriepBa NPeanonoKUM, UTO BbINOJHEHO
ycsI0BHe

inf z(t) > 0. 9)

t=0

BosbMeM MpoM3BOJIBHYIO BO3paCTaILYI0 [0CJ€10BaTeNbHOCTb ¢, — +00 U
pPacCMOTPUM MOCJEN0BATEJNBHOCTH (PYHKLHUH

xp(t) = x(t + tn), yn(t) = y(t +tn), t €[ty +o0), n=12 ...

[pu kaxagom n=1,2,... aas (z,(t),y,(t)) nmeem

2, (t) = c(t +t,) (Y +tn) — ynlt)) wn(t) — k1t + t)2a(1),

yn(t) =alt+t,) (Y(t+t,) — yn(t)) n(t) — ko(t + tn)yn(t), t € (—t,, +00). (10)

[TocnenoBarenbHocTb {(x,(t), yn(t))}5°, paBHOMEPHO OrpaHHYeHa U PABHOCTENEHHO He-
npepbiBHA Ha KaXJIOM KOHeYyHOM oTpeske |[a, 3] C (—o0,+00). Be3 orpanudenus
OOIIHOCTH MOXKHO CYMTATh, YTO [AaHHAsl MOCJEI0BATENbHOCTb CXOAUTCS K mape (QYHKIHH
(o(t),yo(t)) paBHOMEPHO Ha KaxKIOM KOHEYHOM OTpe3Ke U3 (—oo,+00). Torma B cu-
ay (10) mocnenoBatesnpHOCTh Mpou3BonHBIX { () (t),y, (1))}, cxomutes K (zq(t), yy(t))
pPaBHOMEPHO Ha KaXKJI0M KOHeYHOM oTpe3ke. [last pyHKUMi =, (t), n = 1,2,... , COTacHO
npeanosioxkenuio (9), KMeeT MecTo OlleHKa
t;lllin z,(t) = %ggx(t) >0, k=12,...

B cucreme ypasuenuii (10), nepexons K mpeesy npu n — oo, nojgyudaem, 9to (zo(t), yo(t))
SIBJISIETCS HEOTPHUIIATEJNbHBIM W OTPaHHUUYEHHBIM Ha MPOMEXYTKe (—00,+00) pelleHHeM
CHUCTeMbl YpaBHEHUH

§'(t) = oo (Yoo = n(t)) £(2) — k1,00€(1),
1'(t) = oo (Yoo —1(t)) E(t) — ka00n(t),

v 17151 QYHKIUH Xo(t) UMeeT MecTo OlleHKa

(11)

inf  xo(t) > 0.
te(floo&oo) 0<)
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M3 mocsenHeid OUeHKH B CHJIy BTOPOTO ypaBHeHHs cucTeMbl (11) W HeoTpuuaresb-
HOCTH Yo(t) caemyeT, uTo yo(t) > 0 npu Bcex ¢ € (—oo, +00). K cucreme ypasuenuii (11)
u K pewenuo (zo(t),yo(t)) 2TOH cHUCTeMbl MNpPUMEHsis CJeICTBHe 2, BBIBOAUM, 4YTO
2o(t) = Too, Yo(t) = Yoo. CaenoBaresibho, ((t,), y(t,)) = (Too, Yoo) IPH 1 — 00.

Jloka3aTesbCTBO TEOPEMBI 3 3aBEPIIUM CJIEAYIONIeH JeMMO.

Jlemma 1. Ecau svinoawenvt ycrosus &), 0) u e), mo A0boe NOAOHUMELbHOE
u oepanuuennoe pewenue (x(t),y(t)), t € [0,400) cucmemor ypaswenuti (1) yodos-
remeopsiem ycrosuro (9).

Hoka3atenbctBo.  [Ipenmosokum, 9to ycjosue (9) HapylieHo mJsi Kakoro-
HUOYAb MOJNOXKHUTEJBHOTO U orpaHudeHHoro petenus (x(t),y(t)), t € [0,+00) cucremsl
ypaBHenu# (1). Torna cyluiecTByeT Moc/1ef0BaTeNbHOCTb T, — +00 TaKasi, 4To

,min z(t) =a(r,), o'(m) <0, n=1,2,..., z(r,) =0 mpu  n — oo.

M3 HepaBeHcTBa 2'(7,) < 0 B cHJy mepBoro ypaBHeHHs cuctembl (1) caemyer, 4To
y(1,) = Y (7,) — ki(7n)/c(m) npu ¢(7,) > 0. MoxkHO cuuTaTh, 4TO NpH Bcex n = 1,2, ...
MMeloT MecTo HepaBeHCTBa x(7,) < 1 u y(7,) > 7, rne r = (Yoo — k1.00/C0) /2.

[Ipu xaxpgoM n = 1,2,... pacCMOTPUM HauOOJbLINE HHTEPBAN (S, T,), TAE BHIIOJ-
HSIIOTCSl HEpaBeHCTBA

x(t) < N x(m), yt)>r, teE (s, Tn)-

Ha sTom uHTepBase B cuUy BTOPOro ypaBHeHHs cucTeMbl (1) nmMeem

Y(t) < Rvx(m) — ka(t)y(t), rtae  R>supla(t)(Y(t) —y(t))].

t=0

B nanbHefiniem moJiaraem, 4rto

R > sup [e(t)(Y () —y(t) = k(B)], R >y(t).

t=0

Tak kak z(7,) — 0 pu n — 00 " ko(t) — koo IPHU t — +00, MOXKHO CUHTATH, UTO

R/a(m) — kat)y(t) < —0, 1 € (s0.72).

rae o > 0 M 3aBUCHUT JULb OT R, 7 U kg . TakuM o6paszoM, y'(t) < —o mpu t € (S, Tp).
Orciona chaenyer, 4to 7, — S, < (R —71)/o u x(s,) = /x(7,). Tenepb oueHUM CHU3Y
x(7,,), BOCMOJIb30BABIIKCH MEPBLIM ypaBHeHHeM cuctembl (1):

2(r) = () el OV Oy —k1@ds 5 [y —Rrnsn),

x(1,) = e flR=")/o

[TonyueHHast oleHKa MPOTHUBOPEUUT TOMY, UTO z(7,) — 0 mpH n — oo. O

BaarogapHocTtu. Pa6ora BbilonHeHa Npy 4acTU4YHOH (pUHaHCOBOH noanepxke PODU
(mpoekTtnl Ne 18-47-350001 p-a, Ne 19-01-00103a).

Marematrika 169



&hms. Capar. yH-T1a. Hos. cep. Cep. Marematnka. Mexannka. FHgpopmatnka. 2020. T. 20, Bbin. 2

Bubnuorpacpunuyeckunin cnmcok

1. Topckuii A. A., Jlokwur Bb. 4., Posos H. X. PexxuMm 000CTpeHHsI B OIHOH CHUCTeMe He-
JMHelHbIX ypaBHeHu# // duddepenu. ypaBHenus. 1999. T. 35, Ne 11. C. 1571-1581.

2. Topckuti A. A., Jlokwuwn Bb. 4. MatemaTndeckasi MOJe/b TPOU3BOACTBA U TMPOLAXKH [JIs
yrpaBJeHust U TMJaHUPOBaHHs npousBonctsa // Pyunament. u npukja. matem. 2002. T. 8,
Bein. 1. C. 39-45.

3. Myxamadues 3., Haumos A. H., Cobupos M. K. VccienoBanue MONOXKHUTENbHBIX pelleHHH
IMHAMHUYEeCKOH MOJiesd MPOU3BOACTBA U Npoaaxku Toapa // CoBpeMeHHble METOABI MPUKJIA/-
HOH MaTeMaTHKH, TEOPUH YMpaBJEHHUS U KOMIIBIOTEPHBIX TE€XHOJOTHH : ¢6. Tp. X MexXayHap.
KoH(]. («JIMTYKT-2017»). Boponex : Hayunas kuura, 2017. C. 268-271.

4. Kobunzoda M. M., Haumos A. H. O noJ0OKHUTENBHBIX U NMEPUOAHUECKHX PEIIEHUSX OJHOTO
KJlacca CHCTeM HeJMHeHHBIX OObIKHOBEHHBIX AH((epeHlHaNbHbIX ypaBHEHHH Ha MJIOCKOC-
T4 // Bectn. BI'Y. Cep. @usnka. Maremaruka. 2019. Ne 1. C. 117-127.

5. [Ilaucc B. A. HenokanbHble mpobseMbl Teopun Kosebanuit. M. : Hayka, 1964. 367 c.

6. Kpacnoceavckuti M. A., 3abpetiko I1. [l. TeomeTprudeckre MeTONbl HEJHMHEHHOr0 aHa/lW3a.
M. : Hayka, 1975. 511 c.

7. Myxamadues 3. K Teopur orpaHH4eHHbIX pelleHUH OObIKHOBEHHBIX IU(QepeHLrHalbHbIX
ypaBHenu#t // Huddepenu. ypasuenus. 1974. T. 10, Ne 4. C. 635-646.

8. Myxamadues 3. ViccienoBanus 1o TeOPUH MEPUOANYECKHX W OTPAHWYEHHBIX PelleHHi And-
bepenunanbHbix ypaBHenud // Martem. samerku. 1981. T. 30, Buin. 3. C. 443-460.

9. Xapmmarn @. Ob6bikHOBeHHble nU(depeHLratbHble ypaBHeHus. M. : Mup, 1970. 720 c.

Oo6pa3sen oJd HUTHUPOBAHUSA:

Kobuasoda M. M., Haumos A. H. O TNONOXKHUTEJbHBIX peLIEHHSIX MOJEJbHOH CHCTEMBI He-
JUHEHHBIX OOBIKHOBEHHBIX nHuddepeHUHanbHbX ypaBHeHu#t // M3B. Capar. yH-ta. HoBs. cep.
Cep. Marematuka. Mexanuka. Wudopmaruka. 2020. T. 20, sem. 2. C. 161-171. DOL:
https://doi.org/10.18500/1816-9791-2020-20-2-161-171

On the Positive Solutions of a Model System of Nonlinear Ordinary
Differential Equations

M. M. Kobilzoda, A. N. Naimov

Mirzoodil M. Kobilzoda, Tajik National University, 17 Rudaki Ave., Dushanbe 734025, Republic of
Tajikistan, kobilzoda94@mail.ru

Alizhon N. Naimov, https://orcid.org/0000-0002-6194-7164, Vologda State University, 15 Lenin St.,
Vologda 160000, Russia, nan67@rambler.ru

This article investigates the properties of positive solutions of a model system of two nonlinear
ordinary differential equations with variable coefficients. We found the new conditions on coeffi-
cients for which an arbitrary solution (x(t), y(t)) with positive initial values x(0) and y(0) is positive,
nonlocally continued and bounded at ¢ > 0. For this conditions we investigated the question of
global stability of positive solutions via method of constructing the guiding function and the method
of limit equations. Via the method of constructing the guide function we proved that if the system
of equations has a positive constant solution (z.,y.), then any positive solution (z(t),y(t)) at
t — +oo approaches (z.,y.). And in the case when the coefficients of the system of equations
have finite limits at ¢ — +oo and the limit system of equations has a positive constant solution
(o0, Yo ), Via method of limit equations we proved that any positive solution (z(t), y(t)) att — 400
approaches (z~, ¥~ ). The results obtained can be generalized for the multidimensional analog of
the investigated system of equations.
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YK 514.765

O reomeTpum TpexmepHbIX NceBooOPUMaHOBbIX
OAHOPOAHbIX MPOCTpPaHCTB. |l

H. IN. Moxen

Moxen Hatanbs [MaBnosHa, kaHOubat OU3NKO-MaTtemMatuyeckux Hayk, AOUEeHT kadenpbl
nporpaMMHoro obecrneyeHnst MHPOPMALIMOHHBIX TEXHONOruiA, Benopycckuii rocynapcTBEHHbIN
YHMBEPCUTET UHAPOPMATUKM N paaMo3nekTpoHnkn, benapycb, 220013, r. MuHck, yn. I1. Bposku,
n. 6, mozheynatalya@mail.ru

OpHol M3 BaxHbIX Npobnem reoMeTpun sBnseTcs 3amada o6 yCTaHOBNEHUN CBSA3E MexXnay
KPMBM3HOW W TOMONMOrMYECKOn CTPYKTypoi MHoroobpasusi. B obwem cnyyae 3amava uc-
CnefoBaHUS MHOroobpaswii pas3nuyHbiX TUMOB SBNSIETCS LOCTATOYHO CNOXHOW. [MoaTomy
€CTECTBEHHO paccMaTtpuBaTtbh [aHHyl0 3agady B 6onee y3kOM Knacce MNCeBOOPYMaHOBLIX
MHOroobpaswii, Hanpumep B KNacCe OLHOPOAHbIX MCEBOOPVMMAHOBLIX MHOro0bpasuii.
Hactoslwas ctatba sSBNSeTCS NPOLONXKEHMEM OOHOUMEHHON paboTbl (YacTm 1). B cratbe
onpenenieHbl OCHOBHbIE MOHATUS — M3O0TPOMHO-TOYHAs Mapa, MCceBoopPUMaHOBO OLHOPOL-
HOe MpPOCTPaHCTBO, addPUHHAA CBSA3HOCTb, TEH30Pbl KPWBU3HBI M KPYYEHUS, CBSA3HOCTb
NeBn—Yesuta, TeH30p Pwuyum, Puyun-nnockoe, OSnHWTENHOBO, Puyym-napannensHoe,
NOKanbHO-CUMMETPUYECKOE, KOH(POPMHO-MNOCKOE MPOocTpaHcTBa. B paboTe ons TpexMepHbIx
NnceBLOPUMaHOBbIX OAHOPOOHbIX NPOCTPAHCTB OrnpefeneHo, Npu Kaknx yCrnoBmsix NpocTpaHCTBO
aBnseTca Prnydn-nnockmm, SiHWTEnHOBbLIM, Pryyn-napannenbHbIM, N0KanbHO-CUMMETPUYECKUM
NnM KOHPOPMHO-NNOCKMM. KpoMe 3Toro, AN BCeX yKasaHHbIX MPOCTPAHCTB BbIMMCaHbI B IBHOM
BMAe CBA3HOCTU JleBn—YeBuTa, TEH30Pbl KPUBU3HBLI 1 KPyYeHUs, anrebpbl ronoHOMUM, cKa-
NSIpHble KPWBW3HbI, TeH30pbl Puyyn. [onyyeHHble pesynbTaTtbl MOryT HalTu MNPUAOXEHWS
B MaTeMatuke M oU3nKe, NMOCKONbKY MHOrME (OyHOaMeHTanbHble 3ajayn B 3TUX obnacTsix
CBOISITCS K M3YHYEHWIO MHBAPMAHTHBIX 00 bEKTOB HAa OAHOPOLHbBIX MPOCTPAHCTBAX.

Knro4eBble cnosa: rpynna npeobpasoBaHuii, NcesaoprMaHoBO MHOroobpasuve, TeH3op Pruyyn,
OIHIITEMHOBO NPOCTPAHCTBO, KOHHDOPMHO-MNIOCKOE NPOCTPAaHCTBO.
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BBEJOEHUE

HccnenoBanuio MHoroo6pasuil  JDUHIITEHHA, J0KaJbHO-CUMMETPUUECKUX, PHyun-
napaJJesbHblX W KOH(POPMHO-MJOCKHUX MHOTOOOpasMi MOCBSALLIEHbl PabOThl MHOTHX
MaTteMaTHKOB. JIoKajsbHO-cUMMeTpuUueckue mnpocTpaHcTBa BBeneHbl [1. A. IllupokoBbiM
u . Kapranom. EcTecTBeHHBle 0060011eHHS CHUMMETPUUECKUX TMPOCTPAHCTB IPHUBEJH
K JpPyrdM, He MeHee HHTEPeCHbIM KJaccaM TIpPOCTPAHCTB, OJHHUM M3 KOTOPbIX SB-
JISeTCsl KJacc MCeBIOPHMAHOBBIX MPOCTPAHCTB € MapaJsesbHbIM TeH30poM Puuuu, Teopus
KOTOPBIX CBOAMTCS K TEOpPHH JUHIITEHHOBBIX mpocTpaHcTB (B KHure A. DBecce [1]
coOpaHbl (pakTbl 10 OHUHIUTEHHOBBIM MHOr00Opa3usiM, MOJy4YeHHble pPa3JIUYHBIMH
aBTOpaMHu, cM. Takxke o0063op M. Bana [2]). MHoromepHbIM 0000LIeHHEM IBYMEPHBIX
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MHOr000pasuil ¢ JIOKaJbHO H30TEPMUUYECKOH KOOPAMHATHOH CcHCTeMOH [3] sBasitoTCS
KOH()OPMHO-TIJIOCKHe MHoroo6pasusi (cm., Hampumep, [1]). B caydae MHoroo6pasuii
MOCTOSIHHOH CKaJ/IipHOH KPUBHU3HBI KJ1acC KOH(OPMHO-MJIOCKUX MHOTO000pa3uil CONEPKUTCS
B KJlacce 3MHIITEHHOBONONOOHBIX MHOroo6pasuil B cMmbicye A. I'pes [4]. UccaenoBanuto
MHOro0o0pasuil yKa3aHHBIX KJaccoB rocBsiieHbl pa6otsi M. A. Axkwusuca, B. B. Tonbn-
6epra, H. Kwiinepa, [I. B. AnekceeBckoro, b. H. Kumenbdenbna, E. 1. Ponuonosa,
B. B. Cnasckoro, O. KoBanbckoro, C. Hukmesuua u np. (cMm., Hanpumep, [5-8]); 3amaua
OMMCaHUsl MHOT00Opa3uil KaxKJ0ro TUIA He pelleHa B MOJHOM 00beMe, HO [/l HEKOTOPBIX
KJIACCOB TPOCTPAHCTB MoJyueH oTBeT (momppobHee cM. 0630p [9]).

Hacrosimias crates sB/sieTCs MpOO/IKEHNEM OTHOMMEHHOH paboThl (dacTu 1), mpu us-
JIO)KEHUM COXpaHeHbl 0003HaueHHusl, BBeleHHble paHee. B pabore mpomosKaeTcs UsyueHue
reoMeTPUYeCKMX CBOHCTB TPEeXMEPHBIX MCEBIOPHUMAHOBBIX ONHOPOAHBIX MPOCTPAHCTB, B
YacTH 2 BHHMaHHE COCPEJOTOYEHO Ha ONHOPONHBIX MPOCTPAHCTBAX, He MOMYCKAMOIHUX
pPUMaHOBY MeTpHKy. B Hell mpuBeneHbl OCHOBHblE (DAKTBI MO yKa3aHHBIM MPOCTPAHCTBAM
M WX KJaccupHuKalus, najnee H3ydeHA TeOMETpPUsl KaxKJAOro KJjacca, a HMEHHO [Jis
TpeXMEepPHBIX ICEBIOPUMAHOBBIX ONHOPOAHBIX IPOCTPAHCTB BBIMHCAHBI B $BHOM BHIE
cBsisHoCTH JleBr — UeBHTa, TeH30pbl KPUBU3HBI M KPYUeHHsI, aJreGpbl TOJOHOMUH, TEH30DbI
Puuuu W ompeneseHo, B KaKHX CJydasX MPOCTPAHCTBO siBJsieTCs PHUYUH-MIOCKHM,
DUHIITEHHOBBIM, PHY4H-napaJsiesbHbIM, JIOKaJbHO-CHMMETPHUECKHUM JHO0 KOH(OPMHO-
TJIOCKHM.

1. OCHOBHbIE OMNPEOENEHUA

[Iyetb M — nuddepeHuupyemoe MHOTOOOpa3ue, Ha KOTOPOM TPAH3UTHUBHO JeHCTBYET
rpynna G, G = G, — cTaBUIM3aTOP MPOM3BONBHOH Toukd = € M. Ilpobaema KaaccH-
(UKaLKK ONHOPOAHBIX TpocTpaHcTB (M, G) paBHOCH/IbHA KAacCH(GUKALUU (C TOUHOCTDIO
10 sxBUBaseHTHocTH) map rpynn Jlu (G, G), rne G C G (cm., Hanpumep, [10]). TlycTs
g — anare6pa Jlu rpynnel Jlu G, a g — noganre6pa, cooTBeTcTBylomas noarpynmne G.
[Tapa (g,g) Has3biBaeTcsi UB0MPONHO-MOUHOL, €CJAW TOYHO HM30TPOIMHOE MpeACTaBeHHE
nopa/areopsl g.

Icesdopumaroso 0dropodroe npocmparcmeo 3anaercs Tpoikoi (G, M,g), rne G —
cBsigHasi rpynna Jlu, M siBjsieTcst CBA3HBIM TVIAAKKUM MHOroo0pasueM ¢ TPaH3UTHBHLIM
nefictueM (G, a g — MHBapUaHTHas MceBJOpMMaHoBa MeTpuka Ha M. VHBapuaHTHble
TMCeBIOPUMAHOBBl METPUKH g Ha M HaXo[siTCs BO B3aMMHO-OJHO3HAYHOM COOTBETCTBHH
C UHBApPUAHTHBIMH CUMMETPHUECKUMH HEBBIPOXKIEHHbBIMH OUJIHHEHHBIMU (opmaMu B Ha
G-monyne g/g ( [11]). CywecTByeT equHCTBEHHOE (C TOUHOCTBIO 10 SKBHBAJEHTHOCTH)
MceBJOPMMaHOBO OHOpOAHOe mpocTpaHcTBo (G, M,g), cooTBercTBylollee (g,d, B), Ta-
Koe, uto M opmHocBsidHO ¥ G cBsizHa [12]. Bynem HaseiBaTb TPOHKY (§,9, B) 40KaAbHO
ncesdopumanosoim 00HOPOOHbIM npocmparcmeom. Tam, rae 3To He OyneT BbI3bIBATh
pasHouTeHHs1, OyeM OTOXKIECTBJSATh MOANPOCTPAHCTBO, AOTOJHUTEbHOE K ¢ B §, U (hak-
TOPNPOCTPAHCTBO M = §/g.

2. TPEXMEPHbIE NCEBAOOPUMAHOBbI O0HOPOOHbIE MPOCTPAHCTBA

JloKa/sbHO MCeBIOPUMAHOBEI OIHOPOIHbIE TPOCTPAHCTBA, HE NOMYCKAIOLIMe PUMAHOBY
MEeTpPHUKY (TOJIBKO MCEeBIOPUMAHOBY), onmucaHbl B padote [13]:

Teopema 1. [lycmo (g,g9, B) — 10Karvro ncesdopumaro8o 00HOPOOHOE NpoCmpan-
cmeo, He donyckaroujee pumarosy mempuky, codimgg = 3 u g # {0}. Ono akseusa-
JeHMHO MOAbKO 00HOU us mpoex, npusedentvix 6 maba. 1 (e; (i =1,3) — 6asuc g,
uy, Uz, uz — basuc m, Hymepayus nap coomsemcmayem npusedennoti 8 [14]).
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Tabauua 1 / Table 1

JlokanbHo mceBnopuMaHoBel mpocTpaHeTBa / Locally pseudo-Riemannian spaces
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B [apa (g, ) / Pair (,0)
LLL A=—1,g=(s0(1,1) KR?) x R, g =s0(2),
€1 up U2 uj
01 0 el 0 uy —uz 0
B = 1 0 0 (75} —Uul 0 0 0
0 0 =#1 u9 u9 0 0 0
u3 0 0 0
1.12, A=—-11] e1 w1 uy usg
01 0 €1 0 (5] —Uu2 0
B=|1 0 0],a#0 Uy —u; 0 0 0
0 0 a U2 ug 0 0 u
us 0 0 —ux O
1.1.6 | e uy uy U3
(&) 0 (5] —Uu9 0
(%5} —Uul 0 us 0
ug us —us 0 0
U3 0 0 0 0
1.1.5, g =sl(2,R) x R, g =s0(1,1),
€1 Ul u9 us
0 a O el 0 up  —us 0
B=|a 0 0 |,a#0 up | —u1 0 e1 0
0 0 +£1 uz | u2  —e1 0 0
u3 0 0 0 0
1.1.7, g=5sl(2,R) x R | ¢ Uy U9 u3
0 a 0 e1 0 uy —uz 0
B=]la 0 0|,ab#0 U1 —uq 0 er+ug 0
0 0 b u9 u9 —€1—Uus 0 0
U3 0 0 0 0
1.8.1, 1.8.4, 185 €1 (75} (%) us
0 0 1 el 0 0 Uy UL
B=+|0 -1 0 uy 0 0 0 0 6=0,1,-1
1 0 O U9 —u; 0 0 deq
us —Uug 0 —(561 0
1.8.3 €1 U1 u9 us
€1 0 0 Ul u9
Ul 0 0 0 Ul
U9 —uq 0 0 ug + aeq
U3 —Us —U] —Uy — Qe 0
2.21.1, A=0 €1 €2 ul u9 us
€1 0 €9 (75} 0 —us
€2 —€9 0 0 Ui U
Ui —Uul 0 0 0 0
U 0 —u; 0 0 0
us us ] 0 0 0
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Oxonuanue maba. 1 / End of Table 1

b Iapa (g, g) / Pair (g, 9)
0 0 1
B=+|0 -1 0 34.1, g =50(2,1) KR3, g=s0(2,1),
1 0 0
€1 €2 €3 Ur U2 U3
€1 0 €2 —€3 ul 0 —us
(] —€9 0 €1 0 Ul (5
e3 es —eq 0 Uy U3 0
up | —u1 0 —uz 0 O 0
u9 0 —U1 —us 0 0 0
us us — U 0 0 0 0
182, ﬁ = EI(Q,R) x R el Ul u2 us
0 (&) 0 0 (5] u9
B=|0 —-a ' iig:o Uy 0 0 Uy U
a U9 —u1  —up 0 U3
us —Uu2 —Uu2 —us 0
221.4 €1 €9 (75} u9 us
0 0 a (&) 0 €9 (75} 0 —us
B=[0 —a 0],a#0 e e 00w
0 0 Ul —Uy 0 0 Ul U2
U 0 —u1  —up 0 us3
us us —Uu2 —Uu2 —us 0
3.4.2, g=50(2,2)=sl(2,R) xsl(2,R), g=s0(2,1)=sl(2,R),
€1 €2 €3 U1 U2 us
€1 0 €2 —e€3 Ul 0 —us
€2 —€9 0 €1 0 ui U9
e3 | e3 —ep 0 Uz U3 0
up | —up 0 —uz 0 e —e
(05) 0 —Uul —us —€9 0 —€3
us us —Uug 0 €1 €3 0
3.4.3, g =150(3,1) = sl(2,C)g, g=s0(2,1) = sl(2,R),
€1 €9 €3 U1 u9 us
€1 0 €9 —€3 Ui 0 —Uus
€2 —€9 0 €1 0 Ui u9
e3 es —eq 0 U9 Uus 0
up | —u1 0 —Uu2 0 —€2 €1
u9 0 —UuUl —us €9 0 €3
us us —Uu2 0 —€1 —€3 0

3. TEOMETPUY TPEXMEPHbIX NCEBOOPUMAHOBbLIX OOHOPOOHbIX
NMPOCTPAHCTB

AdduHHOI cB3HOCTBIO Ha mape (g, g) Ha3biBaeTcs Takoe oToOpaxeHue A : g — gl(m),
4TO ero OrpaHHueHHe Ha @ ecTb HM30TPONHOe MpeJCTaBJeHHe IMofanredpsl, a Bce
oToOparkeHHe sBJSAETCS g-MHBAapHAHTHBIM. TeHsopbl Kpyuenus T € InvTy'(m) wu

KpuBM3HBL R € Inv T3'(m) ans Beex z,y € g uMeroT BUL T( X, Y )=A(2) YA (y) Turdz, Y]

m?’

R(zm, ym)=[A(2), A(y)|-A([z, y]). [Icesdopumarosa ceasrnocms, cooTBeTCTBYMOLIAs (HOp-
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Me B, HaXoauTCAd M3 COOTHOLIEHHUA

A<$>ym = l[ma y]m + u($’ y>7 rae QB(U(% y)v Z) = B(xv [Z’, y]m) + B([zwﬂm?y)

2
ons Bcex x,y,z € m. CyllecTByeT eIUMHCTBEHHAas [CEBIOPHMAHOBA CBSI3HOCTb 0e3
KpyueHusi, Ha3biBaeMasi Jlesu — Yesuma ceasnocmoro. Tensop Puuuu onpenensiercs uepes
TEH30p KPHMBH3HBI clenyioumum obpasoM: Ric(z,y) = tr{z — R(z,z)y}, roe z,y,z —
MPOM3BOJIbHbIE KacaTesbHble BEKTOPAa HAa MHOI000pasuHu.

C TeHsopoM Puruyuu cBsiI3aHO HECKOJbKO TeOMeTPUUYECKHX CBOHCTB MHOroo0pasus.
MtHoroo6pasue (M,g) HasbiBaeTcss Puuuu-niockum, ecai TeH3op PUUYUM TOXKIeCTBEHHO
paBeH Hymw. Dosee obiiee yciaoBue — MHoroo6pasue siBasieTcsi JuHuimeriHosviMm, ec-
qu Ric = Ag 148 HeKOTOpoH KOHCTaHTBl A. YcjaoBue Puuuu-napaissesprHocmu —
KOBapUaHTHasl NPOU3BOAHAS TeH30pa Puuuu paBHa Hymo. Eciu KoBapuaHTHas POU3BOJ-
Hasl TeH30pa KPUBU3HbI paBHa HYyI0, T.e. A(R) = 0, MHOroo6pa3ue Ha3blBAeTCs LOKAALHO-
CUMMEMPUUECKUM.

PaBenctBo Hyso Tensopa Korrona (reHsopa Cxoyrena — Befins):

C(x,y,z) = V, Ric(z,y) — V, Ric(z, 2) + (V,Rg(x,z) — V,Rg(x,y)),

2(n—1)
roe x,y,z € m (a R — ckanspHas KpPUBH3HA) B Pa3MEPHOCTH n = 3 fBJIAETCH HEOOXO-

JIMMBIM M JI0CTATOYHBIM YCJOBHEM TOTO, UTO MHOT00Opashe SIBJISIETCS KOHMOPMHO-NAOC-
Kum [15].

Teopema 2. [lycmo (g, 9, B) — 00HO us mpexmepHolXx 10KANbHO NCeBOOPUMAHOBLLY
00HOpOOHbLLX  npocmparcms, npedcmasienHvlx 68 meopeme 1. Puuuu-niockue,
Juinuimetinosel, Puuuu-napaisesvhole, A0KANbHO-CUMMemMpUuecKue U KOHMOPMHO-
nAOCKUe NPOCMparcmea gvinucarsv. 8 maba. 2 u 3.

Tabauua 2 / Table 2
Puuun-njockue, DUHIITEHHOBE U Pruudn-napaJiesbHble TPOCTPAHCTBA
Ricci-flat, Einstein and Ricci-parallel spaces

[Tapa | Puuuu-nnockoe DUHIITEHHOBO Puuuu-napasnnenbHoe
Pair Ricci-flat Einstein Ricci-parallel
1.1.1 na ga (A =0) na
1.1.2 HeT na (A =—1/(2a)) na
1.1.5 HeT HeT na
1.1.6 HeT HeT HeT
1.1.7 HeT npu b =a (A = —1/(2a)) npu b=a
1.8.1 na ga (A =0) na

1.8.2 HeT nmpu € =0 (A = 1/(2a)) npu e =0
1.8.3 npu o = 0 mpu o =0 (A = 0) npu a = 0
1.8.4 HeT HeT na
1.8.5 HeT HeT na
2.21.1 na na (A =0) na
2214 HeT na (A =1/(2a)) na
3.4.1 na ga (A =0) na
3.4.2 HeT na (A =2/a) 1a
3.4.3 HeT na (A= —2/a) Ia
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Tabauya 3 / Table 3
Jloka/ibHO-CHMMETPUYECKHe U KOH(OPMHO-TIJIOCKHE TPOCTPaHCTBA
Locally symmetric and conformally flat spaces

[Tapa | JlokanbHO-cHMMeTpHUUECKOE KondopmHo-miockoe
Pair Locally-symmetric Conformally-flat
1.1.1 na na (R=0)

1.1.2 na na (R = -3/(2a))
1.1.5 na na (R=-2/a)
1.1.6 HeT Het (R =a/2)
1.1.7 npu b= a npu b =a (R = (b — 4a)/(2a?))
1.8.1 na na (R =0)

1.8.2 npu € =0 npu € =0 (R = 3/(2a))
1.8.3 npu a =0 na (R=0)

1.84 na 1a (R =0)

1.8.5 1a 1a (R =0)
2.21.1 1a 1a (R =0)
2214 na n1a (R =3/(2a))
3.4.1 aa na (R =0)

3.4.2 Ia na (R==6/a)
3.4.3 Ia na (R=—-6/a)

HMoxka3arteabctBo. [lockonbKy orpaHudeHue A : g — gl(m) Ha g ecTb H30TPONHOE
MpeACTaBJeHHe MoAaNreOpbl, CBI3HOCTb OJHO3HAYHO ONpelessieTcss 3HAYeHUsIMH Ha m.
Bynewm BoinuchiBaTh ee yeped A(u;), A(ug), A(us), TeH30p KpUBU3HBEI R OyleM BbITUCHIBATDH
3HaueHUAMH R(uy,us), R(uy,us), R(ug,us), a xpydyenus T — sHaueHusMu 1'(uq,us),
T(Ul,U3), T(Ug,’dg).

Paccmotpum, Hanpumep, caydail 1.8.2. Addunnas cBssHocts umeer Bup [13] (mo
YMOJTYaHHUIO BCe MapaMeTpbl MpuHaatexar R)

0 pi2 pi3 —P12 qi12 q13 11 12 13
0 0 piof, 0  qut+pi2 q2tpis |, —pi2 T11+qi2 r12+q13
0 0 0 0 0 q11+2p12 0 —p12 Tui+2q12+D1s

CBsI3HOCTb siBJIsleTCsl CBSI3HOCTbIO JIeBHW —UeBUTa MpU BBIMOJHEHUU CJEAYIOLIHAX
YCJIOBUH:

(2p12 — 1)a=0, —(2p12 — 1)a =0, 2p;3a =0, —(2p12 — 1)a =0, 2¢12a =0,
(2p12 — 1)a =0, —2(q12 + p13)a =0, 2q13a + 2ep12 =0, (2p12 — 1)a =0, 2r;1a =0,
—(2p12 —1)a =0, =2(r11 + qu2)a =0, 2ri2a — 2ep1p + 26 = 0, 2(r11 + 212 + p13)a = 0,
—2ri9a — 2q13a — 26 = 0, 2r13a + 2er11 + 4eqio + 2ep13 = 0,

T.e. IIPH T12 = —5/(2(1), P12 = 1/2, Pz = 0, g2 = 0, q13 = r12, 111 = 0, r3 = 0.
[lonyyeHHast cBI3HOCTb MMeeT BUJ, NpPeACTaBJeHHbIH B Ta0J. 4.

Tensop kpuBH3HB R(ZTw,Ym) = [A(x),A(y)]—A([z,y]) wHBapuanTHOH adduHHOH
CBSI3HOCTH:

0 piy—pi2 3pi3pi2 — P13
R(Ubuz) =10 0 p%z — P12 )
0 0

e}
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R(Uh Ua) =

—P%Q + P12 Qi2pi2 — P13Pi2 — iz P12qi3 + 2p13qiz + P%g — 13
q12p12 + 2p13p12 — G12 — P13

0

0

—q11 — P12
0

R(ug, uz)=

p%g —qi1 — 2p12

Y

—q1oP12—T11 —T12P12+H @l —D12qi3—T12  —2P12713+3q12G13 + q13P13 —T12P13 —T13

= —ph+pe —P13P12—T11—q12 (io+2p13q12+ T3 —T12P12 = T12 — (13
0 _p%Q +D12 q12P12+P13P12 — 11— 2q12— P13
Tabauya 4 / Table 4
Addunnsle cesiznoctu / Affine connections
[Tapa / Pair A¢dunnas ceszHocth / Affine connection
1.1.1, 1.1.5 HYyJIeBasi
0 0 1/2 0O 0 0 /2 0 0
1.1.2 0 0 0. o o0 12|, 0 -1/2 0
0 —1/(2a) 0 —1/(2a) 0 O 0 0 0
0 0 -—a/2 0 0 0 —a/2 0 0
1.1.6 o0 o0 |.|] 0o o0wa2|.] 0 a2 0
0 1/2 0 ~1/2 0 0 0 0 0
0 0 —b/(2a) 0O 0 0 >—b/(2a) 0 0
1.1.7 0 0 o |, o o b20)], 0  b/(2a) 0
0 1/2 0 ~1/2 0 0 0 0 0
1.8.1 HYyJIeBasi
0 1/2 0 —1/2 0 —¢/(2a) 0 —¢/(2a) O
1.8.2 0o 0 1/2], ( 0 0 0 -1/2 0 —c/a
0 0 0 0 0 1/2 0o -1/2 0
0 0 0 010 -1 0 0
1.8.3 00 0,0 O 1,1 0 0O O
0 0 O 0 0 0 0 01
1.84, 185 HYyJIeBasi
2.21.1 HyJieBas
0 1/2 0 -1/2 0 0 0 0 0
2.21.4 o o 1/2l.] o o o[, |-1/2 0 o0
0 0 0 0 0 1/2 0 -1/2 0
3.4.1-34.3 HYyJIeBasi

Aneebpa Jlu epynnol 2or0HOMUL WHBapHaHTHOH cBsisHocTH A : g — gl(3,R) Ha mape
(g,9) — aTo mopmasredpa anrebper Jlu gl(3,R) suna V 4 [A(g), V]+[A(g), [A(g), V]]+.. .,
rae V' — moampocTpaHCTBO, nopoxkaeHHoe MHOKecTBOM {[A(x), A(y)] — A([z, y])|z,y € g}.

Ilns ceasuocty Jleu — Yesura (T.e. npu 1o = —&/(2a), p1a = 1/2, p13 =0, q1a = 0,
(13 = 712, 11 = 0, 713 = 0) TeH30p KPHUBHU3HBI UMEET BU[, MPENCTaBJEHHbIH B Tabs. 5, a
anre6pa rOJOHOMHU — BHJ, MPeACTaBJEHHBIH B TabJ1. 6.

Tenzop kpyuenus mnpumer Bup T'(ug,us) (2p12 — 1,0,0), T'(uy,us)
= (p13 — 11, 2p12 — 1,0), T'(ug, u3) = (q13 — 712, P13 — 711, 2p12 — 1), npu 115 = —¢/(2a),
P12 =1/2, p13 =0, q12 = 0, 13 = 712, 711 = 0, 713 = 0 TeH30p Kpy4eHUs HyseBoi. Torna
teHsop Puuun Ric(z,y) = tr{z — R(z,z)y} umeer Bux

0 0
Ric = 0 2pts — 2p1a
—219%2 +2p12 quapi2 — 2pispi2 — 2qi2 — 11

—2]9%2 + 2p12
2p13p12 — qi2pi2 + 111+ 2q12 |
S
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rae S = p12q13—|—4p13q12+2p%3 —2q13+qf2—r12p12—r12, T.e. 1Jig cBsidHocTH JleBu — UeBuTa
TeH30p Puuuu npumeTt BuA, NpencTaB/eHHBbId B TabJ. 7.

Tabauua 5 / Table 5
Tensopsr kpuBusubl / Curvature tensors

[Tapa / Pair Tensop kpususHbl / Curvature tensor
1.1.1 HYJIeBOH
—1/(4a) 0 0 0 0 —1/4 0 0 0
1.1.2 0 1/(4a) O, |O 0 0 1, 0 0 —1/4
0 0 0 0 1/(4a) 0 1/(4a) 0 0O
-1 0 0 0 0 0 0 00
1.1.5 0 1 0,]0 O 0],]0 0 O
0 00 0 00 0 00
3a/4 0 0 0 0 —a?/4 0 0 0
1.1.6 0 —3a/4 0],]0 O 0 |, 0 0 —a?/4
0 0 0 0 a/4 0 a/4 0 0
—(=3b+4a)/(4a) 0 0 0 0  —b*/(4a?)
1.1.7 0 (=3b+4a)/(4a) 0], |0 0 0 ,
0 0 0 0 b/(4a) 0
0
0 0 b2/ 4a?)
b/(4a)
1.8.1 HYJIeBOH
0 —-1/4 0 1/4 0 ¢/( 4a ela 0
1.8.2 0 0 —1/41,1 0 O 1/4 0 5e/(4a)
0 0 0 0 0 —1/4 1/4 0
0 0 0 0 00 0
1.8.3 00 0,]0 0 0],]0 O -«
0 0 0 0 00 0 0 0
0 00 0 00 0 -1 0
1.8.4 00 0],]0 0 O},]0 0O -1
0 00 0 0 0 0 0 O
0 0 0 0 00 010
1.8.5 00 0,]0 0 0],]0 0 1
0 00 0 00 0 00
2.21.1 HYJIeBOH
0 —1/4 0 1/4 0 0 0 0 0
2214 o o0 -—-1/4,10 0 O |,|1/4 0 O
0 0 0 0 0 -1/4 0 1/4 0
3.4.1 HYJIEBOH
0 -1 0 1 0 0 0 00
3.4.2 0 0 —-1|,10 0 O |, |1 O O
0 0 0 0 0 -1 010
010 -1 0 0 0 0
3.4.3 001,10 O0O0O,]-1 0 O
0 00 0 01 0 -1 0
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Tabauua 6 / Table 6

Aunre6pnl rosonomuun / Holonomy algebras

[Tapa Anrebpa ronoHomun [Tapa Anre6pa roloHOMHH
Pair Holonomy algebra Pair Holonomy algebra
1.1.1 HYJIeBast 1.8.1 HYJIeBas
pr 0 0 pr 0 —aps
1.1.5 0 —p1 O 1.1.6 0 —p1 —aps
0 0 0 P3 P2 0
pr 0 —(b/a)p2 o 0 —apo
1.1.7 0 —p1 —(b/a)ps 1.1.2 0 —p1 —aps
D3 D2 0 Pz P2 0
p1 p2—(e/a)ps (¢/a)p 0 pr O
1.8.2 3 0 D2 1.8.3 npua 20— [0 0 pg
0 P3 —p1 0 0 O
npu o = 0 — HyJeBas
0 pp O 0 pp O
1.84 0 0 m 1.8.5 0 0 m
0 0 0 0 0 0
2.21.1 HYyJIeBast 3.4.1 HYyJIeBas
pop2 O prop2 O
2.21.4 P3 0 D2 342, 3.4.3 P3 0 D2
0 p3 —p1 0 p3 —pm
Tabauya 7 / Table 7
Tensoper Puuun / Ricci tensors
[Tapa Tenszop Puuun [Tapa Tenzop Puuun
Pair Ricci tensor Pair Ricci tensor
1.1.1 HYJIEBOH 1.8.1 HYJIEBOH
0 —-10 0 a/2 0
1.1.5 -1 0 0 1.1.6 a/2 0 0
0 0 0 0 0 —a?/2
0 (b—2a)/(2a) 0 0 —1/(2a) 0
1.1.7 (b—2a)/(2a) 0 0 1.1.2 —1/(2a) 0 0
0 0 —b%/(2a?) 0 0 —1/2
0 0 1/2 00 O
1.8.2 0 -1/2 0 1.8.3 00 O
1/2 0 3¢/(2a) 00 —«a
00 O 000
1.84 00 O 1.8.5 000
00 —1 001
2.21.1 HYJIEBOH 3.4.1 HYJIEBOH
0 0 1/2 0 0 =2
2214 0 —-1/2 0 3.4.2,3.4.3 0 F2 0
1/2 0 0 +2 0 0
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[IpoctpancTBO siBisieTcst Puuun-niockuM (teHsop Puuun paBeH Hymo) mpH pp = 0,

@13 = 2p13q12 +p%3 + qls/2 — r12/2, r11 = —2q12 W60 TpH p1a = 1, q13 = Apisqia +
+ prg + qu — 2ri19, r11 = —2p13 — q12. [ MeTpUuyecKod CBS3HOCTH MoOJiydyaeM, 4TO
MPOCTPAHCTBO HE MOXKET SIBASATbCS PUUUU-MJIOCKHM.

[IpocTpaHcTBO siBAsieTcss DUHIITEHHOBBIM NpH Ric = AB, T.e. ipu Aa = —2p1a(p12—1),
e = (praqis + Apisqia + 2035 — 2q13 + Gf5 — T12p12 — T12), T11 = —2P13Pi2 + 2Pz — 2412
au60 mpu A = 0, p1a = 0, q13 = 2p13qu2 + P35 + G3o/2 — T12/2, 711 = —2q12, AM60 TIPHU
A=0, pio = 1, qi3 = 4pisqu2 + 2p}3 + ¢iy — 2r12, T11 = —2p13 — qio. J1s caydast
T2 — —€/<2CL), P12 = 1/2, P13 = 0, qi12 = 0, 13 = T12, T'11 = 0, ri3 — 0 (T.e. JJ14

cBsisHOCTH JleBu — UeBHTa) mosiyyaeM, UTO MPOCTPAHCTBO SIBJsieTCS DUHIITEHHOBBIM MPH
e=0(A=1/(2a)).

[TpoctpaHcTBo siBisieTcss Puyuu-napasiie/ibHbIM, €CJM KOBapUaHTHAsi MPOU3BOAHAS
TeH3opa Puuuu paBHa HyJ/0, T.e. ecau au60 p13 = 0, ¢12 = 0, ¢13 = —7r12(p12 + 1)/p1o2,
rir = 0, ri3 = 0, au60 p12 = 0, q13 = 2p13qi2 +p%3 + 9%2/2 - 7”12/2, ri1 = —2q2, 11060
P12 =0, q13 = 21913(1124—]?%3‘*“1%2/2—7”12/2, ri = —3qi2/2—p13/2, 60 p12 = 0, p13 = —qu2,
11 = —qi2, 60 p1a = 1, p13 = —1r11/2 — q12/2, Q13 = —r11qa2 — Q%z/2+r%1/2 — 27115, nis
cBsisHoCTH JleBr — UeBHTa BUAMM, UTO IPOCTPAHCTBO siBJsieTCsl PUUun-niapaiebHbIM MpH
e=0.

[IpocTpaHCTBO siBisieTCs JoKaabHO-cHMMeTpudecKuM npu A(R) = 0, T.e. np#t pia = 0,
q12 = 2p13, Q13 = —3Pig, T11 = 2pis, T2 = 4piy, 113 = pis(e + 1laply)/a ubo npu
pi2 =0, p13 =0, g1z = 0, @13 = 0, 713 = 0, mbo npu p1z = 0, p13 = 0, 13 = 0,

1 = —5/4qi2, T2 = qu, T3 = —€qi2/a, 160 npu p1z = 1, p13 = 0, qi3 = Q%2—27“12,
o= iz, T13 = Qi2(qiy — 2r12), b0 npu epty = arp(piz + 1), piz = 0, g1z = 0,
Q13p12 = —T12(p12 + 1), ri1 = 0, ri3 = 0. [lasg MeTpudecKo# CBS3HOCTH, T.e. CJydas
19 = —8/(2@), P12 = 1/2, P13 = 0, qi2 = O, qi13 = T12, T11 = 0, T3 = 0, [IPOCTPaHCTBO

SIBJISIETCS JIOKANbHO-CHMMEeTPHYeCKUM Tpu € = 0.

[TpocTpaHcTBO sB/IsIeTCs KOH(OPMHO-TIJIOCKUM MPHU PaBeHCTBe HYJI0 TeH3opa KoTToHa
(ckanspHas KpuBH3Ha R = —6pia(p12 — 1)/a). B cayuae cesasHocTn Jlepu — Uesuta
MPOCTPAHCTBO sBJsETCS KOH(POPMHO-MJIOCKUM 1pH € = 0 (R = 3/(2a)).

PaccMotpum Teneps, Hanpumep, caydai 2.21.4. ApdunHas cBa3HocTb uMeeT BuJ [13]

0 pz O —pi2 0 0 0 0O 0
0 0 p2l, 0 0 0 ) —P12 0 0
0 0 0 0 0 pio 0 —pi2 0

CBsi3HOCTD siBJIsieTCs1 CBsisHOCThIO JleBu — UeBnta npu (2p1s — 1)a = 0, T.e mpu p1p = 1/2,
U UMeeT BU[, NpeAcTaBJeHHbId B TabJ. 4.
TeH3op KpHBU3HBI UHBAPUAHTHOH a(D(PUHHON CBSIBHOCTHU:

0 p%z —D12 0 —p%Q +p12 0 0 0 0 0
0 0 Pra—D12 |, 0 0 0 ; —ply+D12 0 0
0 0 0 0 0 ph-po 0 Pt 0

[Ipy p12 = 1/2 TeH30p KPUBM3HBI HMeeT BHI, NpelNCTaBJeHHbIH B Taba. 5, a aaredpa
rOJJOHOMUH — BH[, TNpeacTaBjeHHbd B Tabsa. 6. TeHsop kpyuenus — (2p;2 — 1,0,0),
(0,2p12 — 1,0), (0,0,2p12 — 1), nput p1o = 1/2 TeH30p KpydyeHHs HyJeBoi. Tensop Puuun

0 0 —2p3y + 2 p1o
Ric = 0 2p35 — 2p1o 0 ,
—2}7%2 + 2p12 0 0
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T.e. 1ad cBsidHOCTH JleBu — UeBuTa TeH30p Pruuuu nmMeeT BUI, NpeacTaB/eHHbIA B TabJ. 7.
[IpoctpancTBo siBisieTcss Puuun-miockum (tTeHzop Puuuu paBeH Hys0) mpH pio = 0

UK P12 = 1, T.e. JJd MeTPUYECKOH CBS3HOCTH MNPOCTPAHCTBO He sBJseTcsd Puyuu-
nnockuM. [lpocTpaHcTBo Bcerma siBasieTcsi DHUHIITEHHOBBIM, Tak Kak Ric = AB mpu
A = —2(p12 — )p12/a. HOas caydas pjs = 1/2 nosydaem, 4TO TPOCTPAHCTBO SIBJSIETCS

d#nmtelHOBBIM (ipu A = 1/(2a)). [IpocTpaHcTBO siBasieTcsi Puudm-napasijieibHBIM MPH
JMIOObIX 3HAUEHHUSIX MapaMeTpa, B TOM UHCJe U 1 p1o = 1/2 (T.e. nsis cBsisHocTH JleBH —
Yesura). [IpocTpaHCcTBO BCerna siBseTCst IOKaAbHO-CUMMETPHUECKUM (B TOM UHKCJIe U /IS
cnyuast p1o = 1/2). IlpocTpaHeTBo siBasieTcsi KOHQOPMHO-TIJIOCKHUM MPH JTIOObIX 3HAYEHHUSIX
napaMetpa (ckaJnsipHasi KpuBu3Ha R = —6(p12 — 1)p12/a), B TOM UHCJe U IJIsI CBSIBHOCTH
JleBu — Yesura (R = 3/(2a)).

OcTasbHble Cyd4au pacCMaTpUBAIOTCS aHAJOTHUHO.

[IpsiMBIMU BBIYUCJEHUSIMU [1J1s1 BCEX MCEBIOPUMAHOBBIX OJHOPOAHBIX MPOCTPAHCTB MO-
JydaeM, uTo CBsi3HOCTH JleBu — UeBHTa UMEIOT BUJ, IPUBEIEHHBIN B Ta0J1. 4, @ UX TEH30DHI
KPUBH3HBI — BUJI, TIPUBEEHHbIH B Ta0/. 5 (TEH30pbl KPyUEHHs BO BCEX CJyUasiX HYJEBBIE).

AureGpbl TOJIOHOMUMH YKa3aHHBIX CBSI3BHOCTEH MpUBeIeHbl B TabJ. 6.

Tensopsl Puuun HalileHHBIX CBSI3HOCTEH MPHUBeNEHbl B TabJI. 7, a CKaJspHble KPUBHU3HBI
R — B taban. 3. O

3AKJ/TIOYEHUE

Takum o6pasom, 17151 TpexMepHbIX MCeBIOPUMAHOBBIX OJHOPOAHBIX MPOCTPAHCTB, He
JOMYCKAIOMKUX PUMAHOBY METPUKY (TOJIBKO TCEBIOPUMAHOBY), OINpENEJIeHO, MPU KaKUX
YCJIOBUSIX MPOCTPAHCTBO sABJsieTcs: Puudn-niockum, DUHILITEHHOBBIM, Pryun-napaJiesns-
HBIM, JIOKaJbHO-CUMMETPUUECKUM HJH KOH(POPMHO-MJIOCKUM. Kpome 3Toro, mias Bcex
yKa3aHHBIX MPOCTPAHCTB BHIIHCAHBI B SIBHOM BHJe CBsA3HOCTHU JleBu —YUeBHTa, TEH30pHI
KPUBU3HbBI U KPYUYeHHsl, aareOpbl FOJIOHOMHH, CKalspHble KPUBU3HBI, TeH30pbl Pruuun. [lo-
JIydeHHble pe3y/nbTaThl MOTYT HAaWTH IPUJIOKEHHs B MaTeMaTHKe U (PU3MKe, MOCKOJbKY
MHOTHe (pyHIaMeHTaJ/bHble 3ala4l B 3TUX 00/1aCTAX CBOAATCS K M3yYEHUI0 MHBAapUAHTHBIX
00BEKTOB Ha OJHOPOJAHBIX MPOCTPAHCTBAX.
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The problem of establishing links between the curvature and the topological structure of a ma-
nifold is one of the important problems of the geometry. In general, the purpose of the research
of manifolds of various types is rather complicated. Therefore, it is natural to consider this prob-
lem in a narrower class of pseudo-Riemannian manifolds, for example, in the class of homoge-
neous pseudo-Riemannian manifolds. This paper is a continuation of the part I. The basic notions,
such as an isotropically-faithful pair, a pseudo-Riemannian homogeneous space, an affine con-
nection, curvature and torsion tensors, Levi—Cevita connection, Ricci tensor, Ricci-flat, Einstein,
Ricci-parallel, locally symmetric, conformally flat space are defined. In this paper, for all three-
dimensional pseudo-Riemannian homogeneous spaces, it is determined under what conditions
the space is Ricci-flat, Einstein, Ricci-parallel, locally symmetric or conformally flat. In addition,
for all these spaces, Levi—Cevita connections, curvature and torsion tensors, holonomy algebras,
scalar curvatures, Ricci tensors are written out in explicit form. The results can find applications
in mathematics and physics, since many fundamental problems in these fields are reduced to the
study of invariant objects on homogeneous spaces.
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O6 0AHOM NCKNIOYUTENIbHOM Cllyyae nepBon OCHOBHOMN
TpexaneMeHTHOM KpaeBoM 3aaauv tuna KapnemaHa
Ansa 6naHannTuyeckmnx oyHKLUMN B Kpyre

H. P. NepenbmaH

MepenbmaH Hatanbs PomaHoBHa, kaHOnAaT (OU3MKO-MaremMaTUyeckux Hayk, OOueHT kaden-
pbl @aHaNMTUYECKUX U LUAPPOBbLIX TeXHONoruin, CMONEHCKUA rocy0apCTBEHHbIA YHUBEPCUTET,
Poccus, 214000, r. CmoneHck, yn. MNpxesanbckoro, 4. 4, perelmannr@gmail.com

B paHHOI cTaTbe paccMaTtpmBaeTCs HEBbIPOXAEHHAS (He pedyuupyemas K OBYX3/EMEHTHOW)
TpexaneMeHTHas 3agava tuna KapnemaHa onst 6uaHanMTMyecknx pyHKLUA B UCKIIHOYUTENb-
HOM cnyyae, T.e. KOrga OAMH N3 KO3(ULMEHTOB KPaeBoro ycnosusi obpatiaeTcst B Hynb B
KOHEYHOM 4ucne To4Yek KOHTypa. B kadectBe KOHTypa 6epeTcst eAMHNYHAs OKPYXHOCTb. s
3TOr0 Cny4ast CTPOUTCS anrOpuTM pelleHns 3afadqn, 3aknioHarownincs B CBEAEHUN KpaeBsblX
YCNOBUIA 0AHHOW 3a4ayn K CUCTEMEe M3 YeTblpex ypaBHeHuin Tuna dpearonbma BTOPOro po-
na. ns atoro kpaesas 3agaya Lns BuaHanUTUYecKUx OyHKUMA npencTaBnsieTcs B BUAE
IByX KpaeBblx 3agay Tuna KapnemaHa B knacce aHanMTuyeckmx (OYHKLMIA, 3aTem C nomo-
Wb BBEOAEHNA BCNoMoratesibHbIX q.)yHKLLVIVI 3TN 3a4ayn npenctTaBnAaoTCAa B BUOE CKaNAPHbIX
3apa4y Pvmana B ncknountensHom cny4yae. Bocnonb3oBaBWwmnCh M3BECTHbIMW ChOpMynamu Ans
pelweHns Taknx 3anady, CBOAMM KaxAoe U3 Kpaesbix YCNoBuUiA 3agay tuna Kapnemana ons aHa-
NNTMYECKMX CDYHKLWIA K Nape XOpOoLWO M3YYEeHHbIX ypaBHeHW Tuna dpearonbma BTOPOro poaa.

KnroyeBble cnosa: Kpaesasd 3anada, casur KapnemaHa, 6uaHanuTuyeckas pyHKUMS.
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BBEILEHUE

BakHbIM HamnpaB/eHHEM B COBPEMEHHOH TeOpUM KpaeBbIX 3alad KOMIJIEKCHOTO aHa-
JIU3a SBJISIETCS] U3yueHHe MHOTO3/EMEHTHBIX KpaeBblX 3aJau AJs aHAJUTHUYECKHUX U I10-
JUaHanuTH4YecKUX QyHKUMH. [Ipu 3TOM 0cOG0O€ MecTo 3aHUMAIOT TaK Ha3blBaeMble 3aJaul
CO CIBHIOM, T.e. 3aJayH, KpaeBble YCJOBUS KOTOPBIX MPENCTaBJSIOT COOOH JIMHeHHbIe
COOTHOILIEHHSI MeXJy MNpelesbHbIMU 3HAYeHHAMHU MCKOMBIX (DYHKLMH, BBIUMCJIEHHBIMH B
Pa3/UYHBIX TOUYKAX IPAHULBI.

OnHOM M3 TaKMX 3ajau M sBJseTCs MepBas OCHOBHAs TpeXdJeMeHTHas 3anadya TH-
na Kapnemana n/s 6uananutuueckux (pyHKUUH. BriepBeie 3Ta 3agaua Oblia nocTaBjieHa B
moHorpacuu K. M. Pacynosa [1, c. 287] u B na/bHeiilieM Hccie0Basach MPH PasJHuyHbIX
TMPeNroNOXKEHNUAX OTHOCHTENbHO KO3(p(HLUHUeHTOB 3axaud (cMm. [2-4]). B uacTtHocTH, B
coBmecTHo#l cratbe K. M. PacynoBa u aBTopa [2] paccMaTpuBaJCsi HEBBIPOXKAEHHBIH
caydyald 3TOH 3afayd, T.e. CUTYyallusi, KOrJa [aHHas 3ajada He BBIPOXKIAETCS B IBYX-
3/1eMeHTHble KpaeBble 3ajaud 6e3 CIBHra.

OnHako B YyKa3aHHOH paboTe paccMaTpuBa/Cs TOJAbKO TaK Has3blBaeMbll HOpPMaJib-
HBbIH MOAC/JYy4Yaldl HeBBIPOXKAEHHOIO cJyuas, Koraa Ko3(P(PHULMeHTbl 3aladyd HUTAe He
oOpaulatTes B HyJab Ha KoHType. [loaToMy B Hacrosiied pabore OyneM paccMaTpuBaTh
UCKJ/IIOUNTEJbHBIH Cy4yald NaHHOHU 3aauH, T. €. CUTyalHI0, KOraa OIMH U3 KO3((PHULIUEeHTOB
3aa4y MOXKeT 00pallaThCsl B HY/Jdb HA KOHTYpe (B KOHEYHOM YHCJE TOYEK).
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1. NMOCTAHOBKA 3AL0A4YU

[Iyctb L — enuHWYHAs OKPYXKHOCTb Ha IMJIOCKOCTH KOMILJIEKCHOTO IepeMeHHOro
z = x + iy, Tt — eIMHWUYHBIH KPyT, orpaHudeHHblid L, a T~ — nomosnenne TF U L
[0 TIOJIHOM KOMIJIEKCHOU MJIOCKOCTH.

ByneMm roBopuTb, 4TO OuaHaiMTHUeckas B oOjactd Tt (GyHKuMS, T.e. pelieHue
ypaBuenuss 0°F(2)/0z% = 0 B T, npunagnexut kaaccy Ao(T+T) N HWY (L), ecan ona
HernpepbiBHO MPOAOXKHMA Ha KOHTYpP L BMecTe CO CBOMMM YaCTHBIMH IPOW3BOJHBIMU
MepBOro Mopsiika, NpUYeM TaK, YTO IPaHUYHble 3HAUEHHUS 3TOH (PYHKIMH WM yKa3aHHbIX
NPOU3BOAHBIX YIOBJETBOPSIOT ycJ/aoBUIO ['énbaepa.

PaccmoTpum crenymoulyio KpaeByro 3ajaavy.

Haiitu Bce pyukunn F(z) € Ay(T+) N HW(L), ynosnersopsiowiye Ha L cleyoLum
KpaeBbIM yCJIOBUSAM:

W = G (t) 812;;(75) + Gia(t) 6};;@) + 91(1); (1)
i 0 BTy o

3necs Gy;(t),gx(t)(k = 1,2;5 = 1,2) — sapannsle Ha L ¢yHkuun knacca HW(L),
Gra(t) # 0, a(t) — dyHKuMs caBura KoHTypa L, ynoBJeTBopsitolias ycaoBuio Kapemana

npuueM o/ (t) € H(L) n o/(t) # 0.

B kpaeBom ycsoBuu (2) MHOkUTesb (—1) nmepen Goo(t) U @ nepen go(t) Gepytes ans
yno0cTBa B JajbHEHIINX 0603HAUEHHUSX.

Takxe, ©6e3 orpaHuyeHUs OOLIHOCTH, LeJgecoob6pa3Ho [A00aBUTb K YCJIOBUSIM
paccMaTpUBaeMoH 3aauM cieylollee «HayajlbHOE» YCJOBHE:

F(0) = 0.

Cnenysi moHorpaduu [l], chopmyaupoBaHHYIO 3anauy Ha30BeM nep8oLl OCHOBHOL
mpexaremenmnoll Kpaesoil 3adaueil muna Kapremana Oas buanarumuueckux Qynk-
yutl (kpatko — Kj o).

2. YCTAHOBNEHUE YCNOBUN HEBbIPOXOEHHOCTU 3AOAYN K, ,

Kak yxxe nokasaHo B cratbe [2], 3anaua K , Jerko peaynupyercs K AByM CJeIyIOMINAM
3amayam:

Ol a®)] =t Tat)Gu®f (t) + ta(t)Gre® (t) + a(t)gr(t), k=1,2, (3)

rie O (2) = 2¢)(2) + ©1(2) + (=) zp1(2); po(2),¢1(2) — aHamuTHUeCKHe KOM-
MOHEHTHl MCKOMOH OuaHasuTHueckoidl (yHkuumu F(z), T.e. F(z) = po(2) + Zpi(2) u
2ol2),01(2) € ATH) 0 HO(L).

3agaua (3) (mas Kaxkmoro (QUKCUPOBAHHOTO k) SBJSIETCS TPEX3JeMeHTHOH
oflHOCTOpOHHeH 3anadeii Tuna Kapnemana B knacce A(T+) N HW(L) ananuTuueckux B
kpyre T (yHKIHE, HENPEPBIBHO MPOAOKHMbBIX HAa KOHTYD L BMEcCTe CO CBOMMH YaCTHBI-
MU MPOU3BOAHBIMU MepPBOro nopsiaka (cm., Hanpumep, [2]).
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B pa6ote [2] Takke chopMyJHPOBaHBI YCIOBHUS

{Ch,o —ag0 = 0, (4)

a1+ azp — arp +azs =0

(roe agm = CIDJr ( )/m!, k=1,2, m = 0,2) paBHocU/IbHOCTH 3anaun K; , nape KpaeBbIX
3aj]ay Tumna (3) a TakXXe yKasaH cnoco0 noJydeHUsl pelleHHH 3azaun Ko M3 perieHui
3anad (3).

Tam ke moKazaHO, YTO TPH BHIOJHEHHH CJEIYIOUIMX YCJIOBHH OTHOCHTENBHO KO3(-
¢unreHToB 3anay (3)

G ()Grla)] + Gra(t)Grola(t)] = 1, (5)
Grala()]Gra(t) + Gra (1) Grala(t)] = 0, (6)
Grala(®)]gr(t) + Gra[a(D)lgr(t) + grla(t)] = 0 (7)

yKasaHHble 3a[la4y He PedyLHPYHOTCS K JABYX3/JE€MEHTHBIM 3ajauam 0e3 ciaBura (cMm. Tak-
xe [9]).

Bynem HaseiBaTh 3amauy Ko, KoTopas paBHOCH/IbHA Tape 3angad Buaa (3) ¢ koaddu-
[IMEHTaMH, YIOBJETBOPSIOIUMHU yCa0BUSIM (5)—(7), HesbipoidenHOL.

Cnenys [2], Oynem pemiath 3anauy (3) (/s Kaxkaoro GUKCUPOBAHHOrO 3HaueHus k)
MPU CJEAYIOLINX MPETON0KEHUSIX:

1) a(t) — obpaTHbIil caBUT KOHTYpa L;

2) Ha KoHType L BoinmoJHsiIoTcsl yesaoBus (5)—(7).

OTMeTHM, UTO TpedrnosioxkeHue 1) crenaHo HJis ONpeleJeHHOCTH M CJaydail TpsiMOro
CIIBUTa UCCJIEYeTCs] COBEPLIEHHO aHaJOrHYHO.

Ec/ii BHIMOJHSIOTCS YKa3aHHBIE TMPEANONOXKEeHHs, TO BO3HHUKAIOT CJEeIYIOIIHe TPU
BaXKHBIX Toacjaydasi (cMm., Hanpumep, [6], [7, c. 114]):

a) le[a(t)]le(t) —1= O;

6) Giala(t)|Gri(t) — 1 # 0;

B) Gj1|a(t)]Gri1(t) — 1 obpamaercs B Hy/b B OTAEJNbHBEIX TOYKAX KOHTYpa L.

B pa6ote [2] mompoGHO paccMOTpeHbI cjiyuad a) U 0). 31eCh K€ OCTAHOBUMCSI Ha
MCC/IeIOBAaHUH TIOACAYYasi B).

3. O PEWUEHWWN 3AL0AYU (3) B UCKITFOUUTENIbHOM CJTYUHAE

[Tyctb «t) — ¢yHKUMs o6paTHOro cABUTa KOHTypa L, njs Ko3(Q(UIHEHTOB 3a-
nayu (3) BBIMOJHSIOTCS YCJIOBHS HEBBIpOXKAEHHOCTH (5)—(7), a Takxke

le[a(tn)]le(tn) —1= 0, t, € L, k= 1,2 (8)

3amMeTHM, 4TO B CHJy YCJOBHH (D) B Tex ToyKax t, € L, rae BuinosHsietcs (8), Oymer
TaK»Ke BepHO paBeHCTBO Gipa(t,) = 0, T.e. ¢, ABAsOTCS HYAAMH QYHKUUH Gio(t).

3aMeTHM, UTO TOCJeHee YCJOBHE MOXET BBITONHATbCS M QYHKUUE Gop(t) pas-
JUYHBIX BHAOB. B naHHOU paGoTe OCTaHOBHMCS Ha CJeIyIOIIeEM KOHKPETHOM, HO
J0CTaTOYHO 0011eM Buae QYHKUUU Gyo(t):

Gra(t) = bi(t) [ [(t = B;.)7% .1, 8, € Lk = 1,2, (9)

rne by(t) € H(L), bi(t) # 0 na L, B, (jr = 1,2, ...,v) — Hymu Gpo(t), pj, — KpaTHOCTH
3THUX HYJIeH.

Marematrika 187



&hﬂaa Capar. yH-T1a. Hos. cep. Cep. Marematnka. Mexannka. FHgpopmatnka. 2020. T. 20, Bbin. 2

HaszoBem 3apmauy (3), B KoTopo#t KoahbuuneHT Gio(t) umeer Bun (9), mpexasremenm-
Hotl o0nocmoporHetl 3adaueti muna Kapremana 6 uckarouumenrvrnom cayuae. [loctpoum
KOHCTPYKTHBHBIH aJIFOPUTM peLIeHHs 3TOH 3alayH.

1. Pacemotpum Gogiee obiyto, uem (3), 3ajia4y 1JIst IByX HEM3BECTHBIX aHANUTUUECKHUX
dynkumit kaacca A(TT)NHWD(L) &f(2) u & (2):

O (t) = Br(t)@ (t) + Ar()®} () + Hi(t), (10)

rie Bi(t) = t*Grao(t)/Gri(t), Ap(t) = t/(a(t)Gri (1)), Hi(t) = —tge(t)/Gri(t).
2. Beenem BcromoraTeibHY0 (DYHKITHIO

O () =d/ (=), zeT, k=12

1
z

Ona o6JsiagaeT TeM CBOHCTBOM, YTO BO BCEX TOYKAX €IMHHYHOH OKPYXKHOCTH Oymer
BBITIOJTHSAThLCS CJIENYIOIIee YCI0BHe «cHMMeTpun» (cMm. [8, c. 97]):

O (t)=D5(t), tel, k=1,2. (11)

3. [IpencraBum kpaesoe ycjosue (10) mast kaxporo ¢ukcupoBanHoro k (k= 1,2) B
CJIeIyIOLeM BUIE!

o (1) = [ [(t = 8507 Bi(6) @5 (¢) + Hi (1), (12)

rae Bj(t) = —t?bi(t)/Gra(t), Hi(t) = Ax(t)o(t) + Hi(t), ¢i(t) = @ [a(t)].

3ametuM, 4to cuutas H;(t) BpeMeHHO M3BECTHOH (QyHKUHeH, moaydaem u3 (12)
KpaeBoe YCJIOBHE <«HCKJIOUUTEJNBHOrO CJydasi» CKaJjsspHOH 3amaud Pumana, moapoOHO
usyuenHoit JI. A. Uukunbim (cm. [9]).

4. Ecmu x; = IndBj(t) > 0, To obuiee pemenue (12) umeer Bua (CM., HampUMep,
[7,10])

D (2) =Y, (2) + X5 () [1(t = B,)P# Py (2), 2 €T, (13)
P, (2) =Y, (2) + Xy3,(2) Pz (2), zeT",
rae
Vi (2) = X591 (2) = Qu—1(2)], 2 €T,
- X ()Y (2) = Qpe—1(2)] _
Y, (2) = s : L , zeT™,
g H(t - 5jk)p]k
1 Hi(r) dr
] - k
k(2) 27i J XL r—=2
Qp-1(2) = Cp1277 1 + ...+ C1z + Cy — onpeseseHHBIH MHOrOUJIEH, /IS KOTOPOTO

BBITTOJTHAKTCA PaBEHCTBA

Q;?L(ﬁyk) = qjl;(m) (Bjk)a

Vi
m = 07 ]-7 '~'7ij—1§jk = 1727 cey Vs P = Z P

Je=1

Xi.(2) — xaHoHMueckue (GYHKUMH OObIYHOH 3amaud Pumana ¢ kosdduiuentom Bj(t),
Py:(2) — MHOrOu/IeH CTeNeHu Xj, C NPOU3BOJLHBIMU KOMIIEKCHBIMH KO3(D(MHUIUEHTAMH.
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Ecan x; < 0, TO 0pH yC/IOBUU BBHINOJHEHUS —Xj, — 1 YC/IOBUH pa3peliMMOCTH
Cpk—l - Cpk—Q — ... = Pk+XZ+1 - O, (14)

rie C,, — KOMIJIEKCHble YHUCJa, ABJSIOLIIMeCS KO3(P(PULHEHTAMH Pa3JoKeHHs

1 1
Uy (2) = Qp-1(2) = — pk—l'zpk_1 - C(pk—22pk_2 — .. —Co+ 0—1; + C—2§ + ..

1 H} (1) !

C_,=——
271 Xf;(T)
L

dr,

3anaya (12) uMmeeT enMHCTBEHHOe pelleHHe, KoTopoe 3amaercs ¢dopmynoi (13), rme
sz(Z) =0.

5. Ilepeiinsi ¢ ucnonbsoBanuem popmyn Coxorkoro (cm. [11, c. 238]) K npenesbHBIM
3HaueHusIM GyHKUMH D) (2) U D, (2) ¥ MO0TPe6GOBAB OT ITHX MpPeLeJbHBIX 3HAUEHHH, UTOObI
OHM YIOBJIETBOPANM YCJOBHIO «CUMMeTpun» (11), monmydaem cienyroulee HHTerpajbHOe
ypaBHenue Trna PpearojbmMa BTOPOro Pofa OTHOCHTENbHO GYHKUUH ¢y (t) = O [av(t)]:

(T (1) = delt) + / Dau(t, ) u(r)dr + / Rup(t, 7)ou(r)dr = r(t),  (15)

L L

i7ipa U CBOOOAHBIH UJjIeH KOTOPOTO ONpefeseHHbIM 06pa3oM BbIpaxaloTcst uepe3 Koa(pdu-
HeHTH 3agadu (12).

3aMeTHM, 4YTO YpaBHEHHSI TaKOro THMA MOAPOOHO HCCAeI0BaHbl, HANpUMep, B
moHorpaduu H. M. Mycxenumuau [12, ¢. 364] (cm. Takxke [13-15]). N

6. Ecan ypasHenne (15) paspeiunnmo n HailieHo ero ofiuee peluenue ¢y (t) = O [a(t)],
TO HAXOAUM ¢ Hcroab3oBanneM (13) mapy gyukuui (O] (2), @) (2)), aBasowUxcs 06UUM
pelileHHeM BcrioMoratesbHOM 3anaun (10).

7. UroObl BIGpaTh M3 MNOMy4YeHHbIX Map (YHKUMH pemleHde 3aadud (3), Hy»KHO
notpeGoBaTh BbiNONHEHUsT yeaoBus P (z) = @ (z) Beiogy B T uiM, Kak CJIEICTBHE,
O (t) = O (t) = ¢pfa(t)],t € L, ato ¢ y4eToM BHAA TPAHHUHBIX 3HAYCHHI (YHKIHH
®;(t) paBHOCH/IBHO MHTErpaJbHOMY ypaBHeHHIO PpenrosbMa BTOPOro poia

(ngbk)(t) = qbk(t) + /ng(t, T)gbk(T)dT = Tgk(t),t € L,

rae Doy (t, T), 795 (t) onpeneseHHBIM 00pa3oM BblpaxkaeTcs uepe3 Ko3(h(HUIUEHTB HCXOLHOH
3ajauu.

4. OBLUUE BbIBOODbI
Takum 06pasoMm, Bce BbIIECKA3aHHOE MOXKHO MOABITOXKHTD CJEAYIOIEeH TeopeMoH.

Teopema. [Iycmo 6 kpaesovix ycaosusax (1)-(2) zadauu K, 5 a(t) — obpamnuoiii cosue
koumypa L (L — edunuunasn okpymrcrocmo), Gy (t) # 0, koagpdpuyuermor 3adauu yoos-
nemeopsitom ycaosuam resvipoxcdenrocmu (5)—(7) u Gya(t) umeem sud (9).

Toeda peuwenue sadauu Ko 6 xaacce Ax(TT) N HW (L) npu xi > 0 pasrocurvro
peuwienuto wemolpex ypasuenuil muna ®pedeorvma caredyroujeco suoa:

(Trndm)(t) = dm(t) + /Dm(t,7)¢m(7)d7 + /Rm(t,T)(/)m(T)dT =rn(t), m=1,234

L
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(e0e ¢, — HeuszsecmHovle Gyukyuu, D, (t,7), Rpn(t,7), r,(t) — onpedesrenrovim
obpasom svipaxcaromcs uepes Koapduyuenmor ucxooHoi 3adauu, npuuem Ro(t,T) =
= Ry(t,7) =0), 012 peuienutl Komopolx 8vinoiHsOMCS Yycarosus (4).

Ecau e x; < 0, mo dobasasromcea ycrosus pagpeuwiumocmu (14) u ece mnoeourerol

C NpOU3BONbHLIMU KOMNAEKCHbIMU Kodguuyuenmamu Py (2), 6xodauwue 6 cocmas
a0ep u npasvlx wacmetl YpasHeruil, noAAeAOMC MO#KOECMBEHHO PABHbIMU HYAIO.
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This article considers a non-degenerate (nonreducible to two-element) three-element problem of
Carleman type for bianalytic functions in an exceptional case, that is, when one of the coefficients
of the boundary condition vanishes at a finite number of contour points. The unit circle is taken
as the contour. For this case, an algorithm for solving the problem is constructed, which consists
in reducing the boundary conditions of this problem to a system of four Fredholm type equations
of the second kind. For this, the boundary value problem for bianalytic functions is represented
as two boundary value problems of Carleman type in the class of analytic functions, then, by
introducing auxiliary functions, these problems are represented as scalar Riemann problems in
the exceptional case. Using the well-known formulas for solving such problems, we reduce each of
the boundary conditions of Carleman-type problems for analytic functions to a pair of well-studied
equations of the Fredholm type of the second kind.
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NOXEeHUN B TpUroHomeTpuyeckme psabl ®Pypbe. Ha ocHose
peweHns MoLeNbHbIX 3aday MokasaHo BAuUgHWE addekTa
CBS3@HHOCTW MOJIEM Ha MPOLECChl ANHAMUYecKoro nedopmmnpo-
BaHWS, MacconepeHoca 1 pacnpoCcTpaHeHnsl anekTpoMarHUTHbIX
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BBEOLEHUE

K Hacrosimiemy BpeMeHU B Hay4yHOH JHTepaType HAKOMNHJIOCHh JAOCTAaTOYHO MHOIO
paboT, MOCBALIEHHBIX MOJEJUPOBAHUIO B3aWMONEHUCTBUS HECTALlMOHAPHBIX MOJIeH pas-
JUUHOU (hrusuueckod npuponbl. [locTosiHHO Bo3pacTarolMi UHTepeC K HCCJAel0BAaHUSM B
3TOM 00/1aCTH CBSA3aH C HEOOXOAUMOCTBIO MOJyYeHHUS KaueCTBEHHBIX U KOJHYECTBEHHBIX
OLEHOK B3aUMOJEHCTBHUSI MeXaHUUeCKHUX, NTU(P(PY3UOHHBIX, J€KTPOMArHUTHBIX U MPOUYMUX
NpOLIECCOB KaK /5 MPaKTHYeCKOro MpHMeHeHWs, TaK U BO H30eKaHUe HeraTUBHBIX
3(ppeKTOB, MNPOSABJSIOLUIMXCS B pe3y/bTaTe BO3AEHCTBUS YKAa3aHHBIX BO3MYLIEHHH Ha
KOHCTPYKLHH U UX OTHAeJIbHble 3JeMeHTHI.

Cpenu coBpeMeHHbIX MyOJHUKaLUH, MOCBSALIEHHBIX 3TOH mpobJjeMe, MOXKHO OTMe-
TaTh [1-19]. B uactHocTH, B pabortax [1-11] HOMONHHUTENbHO YyUUTHIBAE€TCS BJHSHHE
TeMIIepaTypHOro moJisi, a B pabotax [12-19] yuuTeiBalOTCS 3JeKTpOMarHuTHble 3¢ dek-
Thl. AHA/M3 HECTALMOHAPHBIX TPOLECCOB B HAda/JbHBIH MOMEHT BPEMEHH, TOMHMO BCErO
npouero, TpeGyeT ydyeTa pesakCallMy TEJOBBIX ¥ AWM GY3HOHHBIX BO3MylleHud [1,2,4-
6,8,9,11-13].

Crnenyetr OTMETHTb, UTO CBSI3aHHOCTb (PU3HMUECKHUX TOJIeH, aHHW30TPONHS W HecTa-
LIMOHAPHOCTb paccMaTpHBaeMbIX MPOLLECCOB BHOCAT CYLLeCTBEHHble TPYAHOCTH B MoOJe-
JIMPOBaHHe MPOLECCOB, NPOXOAALIUX B TBEPAbIX Tesax. B paboTe paccmaTprBaeTcsl HecTa-
[IMOHApHAas 3ajlaya 3JeKTPOMarHUTOyNpyrod AU(QY3UH B Mbe303JEKTPUUECKUX TeJsax.
Jlns mpeofosieHUs1 CJA0XKHOCTeH, CBSI3aHHBIX C pellleHHeM COOTBETCTBYIOLLeH HayaJsbHO-
KpaeBOM 3ajauu, MpenrnoJaraercs, 4To OOpaTHBIH Mbe303(P(deKT OTCYyTCTBYET, UTO, B
CBOIO Ouepelb, MO3BOJSET pacCMaTpUBaThb 3anady yYIpPyrod AU(PPysuHd OTHEJBHO OT
3a/ladyd  3JeKTPOAMHAMHUKU. B 3TOM ciyuae BO3MOXKHO IpelICTaBjJeHHEe HCKOMbIX Be-
JUUUH (TepeMellleHHH, TpUpalleHHH KOHIEeHTpaluuu OU((dy3aHTOB, HaMpPsKeHHOCTEH
3/IEKTPUYECKOr0 ¥ MarHUTHOTO ToJieH) B BHME PSIOB 10 CHCTeMe COOCTBEHHBIX (PYHKLHH
yrpyroauddysHoHHOro omnepatopa. AHaJOTHUHBIE MOAXOA OblI HCIOJIb30BaH MPH MOJe-
JIMPOBAaHUHU 3JE€KTPOMAaTHUTOYNPYTUX NPOLECCOB MPHU HAJUUHMKA OOPATHOrO Mbe303(Pdek-
ta [20].

1. NMOCTAHOBKA 3AL0A4YU

PaccmarpuBaetcs ogHoMepHasi HecTallMOHapHas 3ajada 06 onpeaeseHUH HaNpsiKeHHO-
n1e(hOpPMHUPOBAHHOTO COCTOSIHUSL U PAaCIPOCTPAHEHHUH 3JeKTPOMArHUTHBIX BOJIH B /V-KOMIIO-
HEHTHOM Mbe303JIEKTPUYECKOM CJI0e, HaXOAslleMCs MOJA BO3AEHCTBHEM MOBEPXHOCTHBIX
3JIeKTPOMArHuTOynpyroin(@y3noHHbIX Bo3MylleHHH. PU3HKO-MeXxaHWYeCKHe MPOLEeCChl
B NPSIMOYTOJIbHOW J€KapTOBOH CHCTEMe KOOPAHWHAT OMMUCBIBAIOTCH CUCTEMOH, COCTOsILLeH
U3 JHUHeHHbIX YpaBHEHUH [BHXKEHHUS M MaccollepeHoca, a TaKKe M3 JHMHeapU30BaHHBIX
ypaBHeHu# MakcBesa [12-15, 20] (wTpux o3HauaeT MPOU3BOAHYI IO KOOpAUHATE,
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TOUKA — IMPOU3BOJAHYIO M0 BPEMEHH):

=" — Z agn, g = Dgny — A" (¢ =1,N),
| I | N (1)
E' =~y H =T0 =Y Xy, —H =c.E+Ki' + Y By,
q=1 q=1

31ech BCe BeJMUYMHBI SIBASIOTCS Ge3pa3sMepHBIMH W /I HUX TPHHSTH CJEAYIOIINe
0003HaYeHUI:

x (51 Ct Ey dmcH3 ikl 1111

= — = — = — E = — = — C’L e L’ 02 e ,
z L ) u L7 T I ) E*, E* ) jkl fln P
L DY wowogay o,
1 C’11117 7 CL 7 1 pRT()CL 7 ‘ 4mc? 7 h 330

b G AnChng m@n{® D\ {0 ~ m@n{) DIV B

- cEx ~ Ex 7 7" AqpRT,CL T Y (4m)2pcRTyCL

roe t — BpeMmd; r; — MNPAMOYTrOJibHbI€ NEKAPTOBbI KOOPAWHATHI; p — IIJJOTHOCTb CPEMDbI;

u; — KOMIIOHEHTBI BEKTOpa MepeMelleHUH; Ty — HayajbHas TemmepaTypa Cpeibl; n(()q),

79 1 m@ — HayanbHAs KOHLEHTpALHUs, NpUpalleHe KOHIEHTpalkk M MOJIipHasi Macca
-rO KOMIIOHEHTa BELLeCTBa; ¢ — CKOPOCTb cBeTa; Cfy; — KOMIIOHEHTBI TeH30pa yNpyrux

h o .

MIOCTOSTHHBIX; 5? u ng) — KOMIIOHEHTBI TEH30POB AUJEKTPUUECKOM U MAarHUTHOM MPOHHU-

11aeMOCTeH; K;ji, U Yijr — KOMIIOHEHTBI T€H30POB Ibe303/eKTPHUECKHUX U Nbe30MarHUTHBIX
(a)

MOCTOSTHHBIX; (v, KO3(p(pULHEHTbl 00BEMHOTO pacUIMpeHUsi BCJeNCTBUe AUP y3uu;

Dg) — Koacpq)HuHeHTbI camopupdysuu; F; U H; — KOMIOHEHTbl BEKTOPOB 3JIeKTpUUec-

KO M MarHUTHOH HampsixkeHHOCTeH; L — ToJauuHa cjaos; E* — macwrtabHoe 3HaueHUe

3JIeKTPUUECKOl HanpsizkeHHOCTH. KoadruueHTs! Bi(q) " ng) XapaKTepU3YIOT CBSI3b 3J€K-

TPOMArHUTHOTO U AU(P(Y3UOHHOTO TOJEH.
HavanbHo-KpaeBble yCcl0BUS UMEIOT CJAeAYIOLIUHA BULI:

E|x:0 = 07 E|a::1 = 07 ulm:l = 07 (Aqu” - Dné)‘le - 07
u’;pzo = fi(7), (Aqun - DU;)‘:CZO = for1(7), (2)
E|T:0 = 07 H|T:0 = O’ u|7':0 = 0’ u|7':0 = 07 T]|T:0 = 07

rae fr (k=1,N+ 1) — noBepXHOCTHbIE BO3MYIIEHHS.

2. METO/ PELWEHUA

3ajaua pelaetcs B ABa 3Tana. BHayase paccmatpuBaeM 3anauy MexaHonupgysuu. Ee
pellleHMe B MPOCTpaHCTBe npeobpazoBanus Jlamnaca umeer Bua [21] (uHmeke L o3Hauaert
TpaHcdopmanty Jlannaca, s — nmapametp npeo6pasoBanus Jlamnaca, A\, = mn):

N+1 N+1
ZG (z,8) i (s), 77q$5 ZGquxs)fk() 3)
3nece GE, (z,s) — tpancdopmantsl Jlamiaca MoBepXHOCTHBIX (yHKuMH [puHa 3amauu

yIpyro# Au(Qy3nH, KOTOpble ONpeiesioTes ceaylomuM obpasom [21]:

GL(2,8) = ZG s (An, s)sin A\, GqLH’k(x,s) = ZGGH (Anys)cos Az, (4)
n=0

n=1
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Pie(An, 5) 5) = Py (M, ) 20 N2 0k N 20041k

B s) = ——+ An
Gl s) = iy Catnal Qs st D2t sE DT
N N N
P(An,s) = (s + M) [(s + DiA2) = XD iy [ (s + DoY),
7=1 1 r=1,r#j

=
QA s) = (s + D, )\2)P Any S),

N N
Pii(An, 8) =2\, [H s+ D;)\?) ZajAjA;i IT G+ Dr)\i)] :
j=1

T:17T7éj

Pigi1(An, 8) = 200y H (s+D,A2),  Prar(An,s) = A2 Pre(An, 5).

T:17T7éq

Perenue 3anauu 3/eKTpoArHAMUKH HileM B (opme (0 < & < 1)

(=S [ [ ) rena

YTO COOTBETCTBYET CJEAYIOLIEMY MPeaACTaBJACHHUIO B MPOCTPAHCTBE npeo6pasoBaHHH Jlamn-

naca:
{ } Z/ {gf]i i g ;}F%,s)dé (5)

3nece GFE u GFE — tpaHcpopmanThl 06beMHBIX (YHKIME [puHa 3amaud 3aeKTpo-
nunavuku. Camu Qynkuuu [puna GF u G aBasiorcs pelieHdeM clenyolmux 3anad

(0 — cumBos Kponekepa, d(z — &, 7) — pyHkuus Hdupaka):
GV = — G —6ud(x — &,7), —GI' =, GF + 650(x — €,7), (6)
GP|._,=0, GF|_ =0 (7)

Oyukuuu Fy(x,7) B coorBeTcTBUU ¢ (1) ompenensitoTesi caeayouM 06pa3oMm:

N N
Fi(z,7) =T+ quﬁm Fy(z,7) = Ki' + Z By1g-

q=1 q=1

B npoctpancTBe npeo6pasoBanus Jlannaca oHU UMEIOT BUL

N N
Fl(x,s) =s <FUL/ +> me) , F(rs) = (KUU +> Bmf) ()

q=1 q=1

Tenepb 1Jist HaX0XKAeHUsT 06beMHbIX pyHKuM# [puna GF u G} npumensiem uHTerpaJb-
Hoe Tpeobpa3oBaHue Jlamsaca mo BpemeHH K 3amade (6), (7) U passiokeHHe HCKOMBIX
(GyHKUME B TpUrOHOMeTpHUUecKHe psiibl Pypbe Mo CHHYcaM U MO KOCHHYCaM:

pnsGIEe(0, 8) = —1, 9)
MGEE (A, 8) + pnsG (N, 8) = =201 cos A&, (10)
—£e8GEE (M, 8) + AGIEC(N,, 8) = 209 510 A\ (11)
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GPE(x,&,8) =N [ GPLs(\,, €, 8) sin Az '
{G?%:, 3 s>} -2 {G?L%An,g, s) cos Anx} | (12)
GEE (M, &,8) ) Y (GFPE(x,€, 8) sin Az
{Gf’”0<xn,§,s>}‘2/o {G?L<x,§,s>cosxnx}dx’ (13)
1v
Gt (0.6:5) = [ Gl s)d. (14)

Pemenue cucremsl (9)—(11) Haxonum no dopmynam Kpamepa

GEES (N, €, 5) = —2WE (N, 8) cos M€, GRS (N, €, 8) = —2u, W (A, 5) sin A€,
GHLe(N,, €, 8) = =26 WE(Mn, 8) cos A&, GEEC(N, € 5) = 2W (N, 5) sin A€,
G{{LC(O,@ s) = —56W2L(0, s), a® = o,

An

S

W) = s

WQL()\n, s) = WQL(O, 8) = —

a?s

[Tepexonsi B mpoCTPaHCTBO OPUTHHAJOB, B cOOTBEeTCTBUH ¢ (12)-(14) mosyuaem yHK-
uuu [puna 3anauu (6) u (7) [22]:

GE(x, &,7) = —22 [0uW1 (A, T) cos A\p& + ppdoyWa (A, 7) sin A €] sin A,z

n=1

Gl (Ans €,7) = —0uee | Wa(0,7) + 2 Wa(An, 7) cos A€ cos Az | +

n=1
+25212W1 (An, 8) sin A\, € cos A\, z,
n=1

rae
1 An 1 A 1
Wi, 7) = —sin 220 Wa(An,s) = —cos 2L, Wa(0,7) = —H (7).

a a a? a a?

[anee, pjsi yHOpoOLIeHHs] BBIYMCJAEHHH B TPaHUYHBIX YCJAOBHsX (2) TmoJaraem
Jor (1) =0

[To dbopmynam (8) ¢ yyerom (3) HaxomuM TpaHC(HOPMAHTHl OOBEMHBIX BO3MYIIEHHH
3aa4M 3JeKTPOANHAMHUKH, KOTOpble MPeACTaBJseM CaeayomuM obpasom [23]:

o0 o0

FE(z,s) = Z:sf1 (8)F (A, 8) cos Ay = z:sf1 (s)F* (A, 5) sin Az,

n=1 n=1

FFe(n, ) = TAGE (A, 9) +Zx GEe L (A, ),
" (15)
Fle(n,,s) = K\ GE (M, s +ZB GLe (M s),

q=1

FENs) = =20 > ApF(s), Ap, =
k=1, k#n

1 — (_1)k—n
N2 — A2
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Tenepb, mopcTaBssisi MoJydeHHble paBeHCTBA B (D), MoJiyuyaeM HAMpPSXKEHHOCTH 3JieK-
TPUYECKOrO M MarHHUTHOTO MoJiell B MPOCTpaHCTBe NpeobpasoBanus Jlansaca:

E*(z,s) = ZELS()\,L,S) sin \,z, H(z,s) ZHLC An, 8) COS A\, (16)

n=1 n=1
EX (A, s) | Sfl (5)  [AuFEe(N,, 8) + pnsFE (A, 5) (17)
HY N\, 8) [~ X2+ a2 | €esFE (M, 8) = MFE (Ays) [

3. PACYETHbI/ NPUMEP

Il pacueta paccMaTpHBaeM Mbe30KepaMHUECKHE MaTepHas CO CJAeyHIMMH Xapak-
TepucTHKaMu [24]:

Kip = —1.8381-10%Tc, 712 =2-10""Te, &9 =159, ) =1.244.10°8,
2

Apr CcM
o) =5.100 2L ph _774.100 7 Z800K, L=0.1cm,
MOJIb C
, 9pr r @
R=831-10" ——, p=396 —, vr=0.25 m?=26098
MoJIb - K cm3 MOJIb

Ciy = 4.44 - 102 222 BV =3.10"Tc, ) =1-10%Tc, nf =0.95.
CM

[Tonaraem B rpanuuHblX ycaoBusix (2) fi(7) = 77, f,u1(7) = 0. Torna xoaddu-
IUeHTHl psinoB B (popmynax (3), (16) u (17) ¢ yuetom (4) mpumyT BHUI

GlLls(/\m s) Le G§+1,1()‘ﬂ7 s)

Ls _ _
u ()‘na 5) - (8 4 Oé)2 ) nq ()\na S) - (S 4 ()[)2 )
E"(A\n,s) | B S M FEE( Ny 8) + pnsEE (M, 8) (18)
HEY Ny s) | (s 4+ a)2(02 + a2s2) | eesFE (M, ) — M F2 (M, s) |

OpuruHanel 3TUX BblpaKeHUH ONpenessioTCs CJAeIyIoIUM 00pa3oM:

N+2

(A, 7) = YO AT )OI 4 By (A, 7),
j=1
N+3 (19)
2
e 7) = ZAq+11 7 4 A1 (An)e™ PN 4 Byiaa (A, 7).

3neck s;(A,) (j = L,N+2) — HyJII/I mHorouseHa P\, s), sniz(An) = —DyA2,
Sn+a(An) = —a, KOIPPULHEHTDI A ()\n) Agi11(An) 1 B (A, 7) HaxOATCS 110 OpPMY-
JaM (LIITPUX O3HAUYaeT MPOU3BOAHYIO MO MapameTpy s)

. Pri(An; 8) =1,N+2
AW An) = : ShAE
11 ( ) [(S + O{)QP()\na S)]/ s=s;(An) (j )
P 11(/\n 3) I,N+3
A (A, = it (r=LN+3),
q+1,1 [(3 =+ Oé)QQq<)\n7 S)], s=sr(An)

Fya(h) = o
q+1,1{An) = [(s+a)?(s+ Dq/\721>]/ s=

Pll()\na S)@ST !
P(\,,s) '

s Ell(/\n>: lim |:

s——a
2
—DgA2
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Pyi11(An, 8)e’™ 20 N2 esT } !
Qq(An; 8) (5 + a)?(s+ DgA2)

Janee, njisi Hampsi)KeHHOCTEH 3JIEKTPUUECKOT0 W MarHUTHOro moJsied ¢ ydetom (18)
noJiydyaem

B0 = lim |

N+6 ST
Sse
B 7)== R A (N, EFy (A, ;
)= =3 ey et r g Dot O mer O]
x (20)
N+6 8687’ . .,
HC >\n7 = — ch)\n, _>\ans)\n7 .
(i 7) — S:f;e(in) { (s + @)2(s + D )2) [eesFY“(An, 5) 5 %( s)}}
3nech syi5(An) = iNn/a, sni6(An) = —idya, Beauuunsl Fi°(\,, s) u Ff*(\,, s) onpene-

Jsitotes o gopmyaam (15) ¢ yyeTom paBeHCTB (4).
OxkoHYaTe IbHOE pellieHHe 3afayd 3alHChIBAeTCs B BHJIE

u(z, ) = Zus()\n, T)sin \px, ny(x,7) = an()\n,r) COS A\,

n=1 n=1

E(z,7) = ZES()\mT) sin \,v, H(v,7)= ZHC(AMT) COS A, 1,

n=1 n=1

rie Ko3(pHUIHeHTH psiioB onpenessitores no dopmynam (19), (20).

PesynbraTel BBIUMC/AEHHH TpeacTaBjeHbl Ha puc. 1-3. BoimosHeHHbIH pacueT Ha-
TJSIAHO JIEMOHCTPHUPYET 3((EKT CBI3aHHOCTH MeXaHM4YeCKoro, AU(QYy3MOHHOTO U 3JeK-
TpOMarHuTHoOro nojed. Tak, HECMOTPS Ha TO YTO HA MOBEPXHOCTH CJIOS 3a[aHO TOJBKO
noJie mepeMelleHni, a 06beMHble BO3MYLIEHNUS OTCYTCTBYIOT, 32 CUET B3aHMOJAEHCTBHUS TO-
Jiell UHAYIUPYIOTCS MaccorepeHoc U ajeKTpomarHetusm (puc. 1, 6, puc. 2, a). [Ipu atom
MexaHHuecKrue W NU((y3HOHHbIE TI0MS OKAa3blBAIOT TaKXKe W B3aWMHOE BJHsIHHE JPyT Ha
npyra (puc. 1, a, 6).

al/a 6/b
Puc. 1. 3aBucuMOCTH OT BpPeMeHH T W OT KOOPAMHATBHI z: 4 — MepeMelleHus u;
6 —npupalieHust KoHueHTpauuu 7 (1set online)
Fig. 1. Dependencies on the time 7 and on the coordinate x of @ — displacement w;
b —concentration increment 5 (color online)
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a/a 6/b
Puc. 2. 3aBUCHMOCTH OT BpeMEHH T M OT KOOPAHHATHI X: 4 — HAMPSXKEHHOCTH 3JeKTpUUec-
Koro nossi F; b — HanpsikeHHOCTH MarHutHoro noJsi H (user online)
Fig. 2. Dependencies on the time 7 and on the coordinate = of @ — electric field strength F;
b —magnetic field strength H (color online)
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Fig. 3. Dependencies of the electric field
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field strength H (dashed line) on the time 7

at z =0.1

3AKJTIOYEHUE

C nomol1bio NpeJIoKEeHHOT0 aJropuTMa pellleHa OJHOMepHasi HecTallMOHApHas 3ajada
3J1eKTPOMArHUTOYNPyrocTH ¢ y4eToM IU((PYy3UH [/ MHOTOKOMIIOHEHTHOTO Ibe303JeK-
TPOMarHUTHOro c/10si. OCHOBHBIM AOCTOWHCTBOM J@aHHOTO MOJAXO/A SIBJASETCS BO3MOXKHOCTh
aHaJMTHYeCKH HaHTH opuruHanael no Jlanmacy ¢yHxkuuié [pyHa ¥ mnpoBecTH HX aHa-
Ju3. DPPEeKTHBHOCTb MeTola MPOAEMOHCTPHPOBAHA HAa KOHKPETHOM PacyeTHOM IpHMepe
IJ1s1 OLHOPOIAHOTO OJHOKOMIIOHEHTHOT'O CJIOSl, BBIMIOJHEHHOTO M3 Ibe30KepaMHUEeCKOro
Marepuasa.
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The paper considers a model of the linear theory of deformation of elastic continuum with diffusion
and piezoelectric effect taken into account, which describes the relationship between mechanical
deformations, mass transfer, and the internal electric field. A one-dimensional model of electro-
magnetic diffusion in a rectangular Cartesian coordinate system is used. At the present level, the
methods of solving the corresponding initial-boundary value problems based on the application of
the integral Laplace transform and decomposition into trigonometric Fourier series are described.
Based on the solution of model problems, the effect of the fields coupling on the processes of
dynamic deformation are shown. The results of the calculations are presented in analytical form
and in the form of graphs.

Keywords: electromagnetic elasticity, piezoelectromagnetism, elastic diffusion, unsteady prob-
lems.
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Quantitative computed tomography along with densitometry is used to assess mineral density and
strength of bone tissue. Raw data obtained by computed tomography are converted by software
using convolution kernels. It is known that the use of convolution kernels can significantly change
tissue density, which is measured in Hounsfield units. The beam-hardening effect is described
in literature: when x-ray passes through an object, the absorption of lower-energy x-ray photons
occurs. Therefore, scanning objects “in the air” without surrounding soft tissues of the human
body gives distorted Hounsfield units relative to their real values. This work is aimed at assessing
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the effect of various convolution kernels, beam-hardening effect, as well as other CT scanner set-
tings for Hounsfield units. In this work, we studied samples of trabecular bone tissue of the femoral
heads and calibrated samples of an aqueous solution of dipotassium hydrogen phosphate with
known mineral density. Trabecular bone tissue samples of the femoral heads and calibrated sam-
ples of an aqueous solution of dipotassium hydrogen phosphate with known mineral density were
scanned on Toshiba Aquilion 64 scanner. The samples were scanned in various modes: at differ-
ent tube currents, “in the air” and inside the calibration phantom. The resulting images processed
by the FC17 and FC03 convolution kernels were analyzed. It was shown that tube current mag-
nitude practically does not affect the Hounsfield units. Different convolution kernels demonstrate
significantly different Hounsfield units when scanning the same samples “in the air”. It has been
confirmed that the beam-hardening effect significantly affects the Hounsfield units and should be
considered when evaluating bone mineral density. No differences were found in measurements
“in the air’ and in the phantom at a significance level of 5% for the FC03 kernel, which confirms
the fact that FCOS3 is intended to correct the beam-hardening effect. An ambiguous relationship
was noted between the Hounsfield units and the mineral density for low-density samples when
scanned with the FCO3 kernel. FC17 kernel, in comparison with FCO03, is considered more prefer-
able and suitable for assessing bone mineral density. However, pre-calibration with phantom is
required for a wide range of preset mineral densities. Regression dependencies were obtained
for recalculation of Hounsfield units from experiments “in the air” to Hounsfield units of the same
samples scanned in surrounding tissues (in the phantom).

Keywords: computed tomography, quantitative computed tomography, bone mineral density,
Hounsfield unit, convolution kernel.
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INTRODUCTION

Quantitative computed tomography (QCT) along with dual energy x-ray absorptiom-
etry (DXA) are used to assess mineral density and strength of bone tissue. According to
computed tomography (Hounsfield units), bone density is known to strongly correlate
with volume mineral density [1,2] as well as with the mechanical strength of bone
tissue [3,4]. Asynchronous QCT is the most advanced technology that allows obtaining
data on the bone mineral density (BMD) of patients without simultaneously scanning a
calibration phantom, conducting periodic calibrations of an asynchronous phantom [5,6].

When performing computed tomography (CT), the projections of the scanned object
(synograms) using the reconstruction kernel are converted into a series of images. The
result is parallel slices located at equal distances from each other. Further, these data
are converted by means of convolution kernels. Convolution kernels are used to achieve
greater visual expressiveness of objects on the tomogram. In other words, they are
needed for a more detailed and informative presentation of objects of a certain density
range. For example, there are kernels designed for soft tissue and kernels for bone
tissue [7]. The use of convolution kernels can significantly change the Hounsfield units
(HU) of tissues relative to their initial values [8]. Different convolution kernels change
HU differently [4,7,9]. Therefore, the problem of choosing an appropriate convolution
kernel when performing QCT is nontrivial. Manufacturers of CT do not allow to upload
raw data that has not been processed using convolution kernels. Moreover, mathematical
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descriptions of such kernels are not available in the public literature.

According to the literature, not only the type of convolution kernel affects the abso-
lute values of the Hounsfield units (HU). Tube voltage, table height and field of view
(FOV) also have a significant impact on quantitative scan results [10]. It is also known
that different CT scanners give different Hounsfield units for the same objects, which
complicates the problem of calculating the BMD [10].

The beam-hardening effect is described in literature: when x-ray passes through an
object, the absorption of lower-energy x-ray photons occurs [11]. Therefore, when scan-
ning bones not surrounded by soft tissues of the human body (“in the air”), HU are
overestimated [12]. This effect can be avoided by scanning objects in special phantoms
that simulate human body. There are computational algorithms that allow one to elimi-
nate the beam-hardening effect. Such algorithms are implemented by manufacturers of
CT scanners into convolution kernels. However, the effectiveness of these algorithms is
not well understood, and their mathematical description is not presented in the literature.

The domestic and foreign scientific groups and companies develop and use various
phantoms for calibrating CT scanners [4, 13, 14]. Phantoms are special devices that
simulate soft tissues of the human body. Special calibrated samples with known mineral
density are placed inside these phantoms. Scanning such phantoms allows one to develop
a relationship between the Hounsfield unit and mineral density of the scanned object.

The objectives of this work were:

— to illustrate the work of convolution matrices (the simplest version of the convo-
lution kernel) on the example of spine CT images;

— to assess the influence of various convolution kernels, the beam-hardening effect,
as well as some other settings of CT scanners on HU of the femoral heads tra-
becular bone tissue and calibrated samples of an aqueous solution of dipotassium
hydrogen phosphate [14] with known mineral density.

1. MATERIALS AND METHODS
1.1. Threshold filters and convolution kernels to CT images application

Within the framework of this section, we will consider CT images as an N x M
matrix
i(1,1) ... i(N,1)
I = : :
(1, M) ... i(N,M)
that corresponds to the horizontal (N) and vertical (M) image dimensions in pixels.
The numbers i(x,y) at the nodes of the matrix represent the number of the shades
of gray color from O to a certain maximum value (corresponding to the pixel of the CT
image), where O corresponds to black and the maximum value corresponds to white.
This paper illustrates and evaluates the effect of two types of image transformations:
the “threshold cutoff” and the “detection of boundaries”.
The simplest method is “threshold cutoff”. With this conversion, image sections that
do not correspond to a given range of interest are replaced with some fixed color (for
example, black).

inew (T, Y) = i(z,y), t <i(w,y) <ty
et 0, otherwise,

where ¢, and ¢, are the left and right boundaries of the range of interest (in terms of
tissue density).
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Using this transformation, all areas of the CT image, except those that have the
density of interest (for example, bone tissue), can be excluded from consideration

A more complex example is the boundary detection transformation. This is a pro-
cessing aimed at identifying image points in the vicinity of which a change in brightness
occurs. This algorithm is most effective in cases where the brightness change in the
figure is insignificant, so the visualization of the boundaries of the objects is improved
due to the conversion.

As a rule, a discrete 2D convolution with a kernel specified by matrix is used for this
processing. The operation is indicated as follows: I, = k % I, where k is a matrix with
dimensions of (2a + 1)z(2b+ 1), where @ and b are positive integers. Such convolution
operation is defined as follows:

new(T,y) = Z Z k(u,v) *i(z —u,y —v).

u=—a v=—>b

Each pixel of the new image is obtained from the corresponding pixel of the original
image, taking into account its neighboring pixels, which are no more than a pixels along
the Ox axis and no more than b pixels along the Oy axis.

This paper shows the application of convolution ma-
trices ki, ko, k3 to the original image (Fig. 1) of the
patient’s spine CT

1 -1 -1 0 -1 0
bh=(-1 8 —1|, k=[-1 6 =1},
1 -1 —1 0 -1 0 |
2 10 M
ka=(-1 1 1
0 1 2

Fig. 1. Sagittal CT scan of the
lumbar spine The source image is shown in Fig. 1 was processed
using an application written in Python. In the software,
the image was presented in matrix form, which was then convoluted with the kernels
given by the matrices ky,ko,ks3. The original images were obtained by exporting DICOM
images to a PNG image containing grayscale from 0 to 256. As a result of the software,
three processed PNG images were obtained from the source file.

1.2. Experiments on CT scanner

Samples of trabecular bone tissue of the femoral heads, taken during surgical treat-
ment of arthrosis of the hip joints of NIITON SSMU patients, were scanned on a
Toshiba Aquilion 64 CT scanner. The bone tissue transfer of NIITON SSMU patients
was approved by the ethics committee and was carried out under the agreement on
the implementation of the project approved by Russian Foundation for Advanced Re-
search Projects in the Defense Industry. Calibrated samples of an aqueous solution of
dipotassium hydrogen phosphate with known mineral density were also scanned on CT
scanner.

Samples of the trabecular bone and an aqueous solution of dipotassium hydrogen
phosphate (KyH PO,) were scanned on a CT scanner table (“in the air”) and in the
calibration phantom PHK (PHantom Kalium). PHK is a special test object, which is a
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cylinder filled with liquid with the ability to simulate the subcutaneous fat layer of a
human [14]. Samples of KyHPO, and the phantom were provided by “Scientific and
Practical Clinical Center for Diagnostics and Telemedicine Technologies” of the Moscow
Department of Health.

Five samples of trabecular bone tissue and eight samples of Ky H PO, simulating a
specific BMD were scanned. There were four cylindrical specimens with mineral density
50 mg/sm?, 100 mg/sm?3, 150 mg/sm?® and 200 mg/sm? simulating trabecular bone and
four hexahedral samples with mineral density 250 mg/sm?, 350 mg/sm?, 450 mg/sm?
and 550 mg/sm? simulating cortical bone.

Before scanning, each trabecular bone tissue sample was wrapped in a thin layer
of plastic film so that water could not enter the bone tissue and could not change
its density, and also so that the bone tissue could not dry in the air. Circular thin
plastic plates with a low X-ray density and a thickness of 4 mm were placed between
the trabecular bone samples during scanning in the phantom. Scanned samples were
installed in the center of the phantom using a retaining frame. The phantom was filled
with deionized water. Figure 2 shows the samples on the table of a CT scanner and “in
phantom”.

a b c
Fig. 2. Samples before scanning in CT scanner: a — on the table of the CT scanner, “in the
air”; b — in the retaining frame of the phantom PHK; ¢ — on the table of the CT scanner
inside the phantom PHK filled with water, “in phantom”

Scanning of the samples was carried out in various modes (Table 1). Each scan was
repeated three times. The table of the CT scanner was fixed in such a position that the
scanned samples were located in the center of the aperture of the CT scanner.

Table 1
Investigated CT scan modes and settings
Scanning modes “In the Air” | “In phantom”
Voltage 120 kV
Tube current 40 mA 300 mA 300 mA
Convolution kernel | FC17 | FC03 | FC17 | FC03 | FC17 | FC03
FOV 400 mm

Slice thickness in each scan was 1 mm. The HU were analyzed using RadiAnt
DICOM Viewer 5.0.1. For each sample and each scanning mode, average HU and
standard deviation were obtained.
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Figure 3 shows the region of interest (circles or ellipses) over which HU in slices of
scanned samples were averaged; a standard tool Region-Of-Interest of RadiAnt DICOM
Viewer 5.0.1 was used.

a b c

Fig. 3. Areas of interest: a — cylindrical sample of an aqueous K2HPO4 solution;
b — a hexahedral sample of an aqueous Ky H POy solution; ¢ — trabecular bone sample

For each sample, from four to ten values of the average cross-sectional numbers of
HU were obtained, which were then converted to the average HU for each sample.
Statistical processing [15,16] of the results was performed in Microsoft Excel.

2. RESULTS
2.1. Convolution matrices application

The new image containing only the boundaries of the vertebrae and some other
objects (Fig. 4, a) was obtained after applying the convolution kernel k;(1) to the
matrix of the original image in Fig. 1.

The new image containing only the boundaries of the vertebrae and some other
objects (Fig. 4, b) was obtained after applying the convolution kernel k5(1) to the
matrix of the original image in Fig. 1.

The new image containing only the boundaries of the vertebrae and some other
objects (Fig. 4, c¢) was obtained after applying the convolution kernel k3(1) to the
matrix of the original image in Fig. 1.

|9

Fig. 4. Sag1ttal CT scan of the lumbar spine after convolution kernels k1 (a), ko ()
and ks (c) application

2.2. Experiments in CT scanner

Mean HU values of HU and standard deviation (SD) for each trabecular bone or
KyH PO, sample were obtained (Tables 2 and 3) with a series of CT scans using various
scanning modes.
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Mean HU and SD for three experiments for calibrated Ko H PO, samples at various

scanning modes

Table 2

Volume “In the Air” “In phantom”
mineral 40 mA 300 mA 300 mA
density, FC17 FC03 FC17 FCO3 FC17 FCO3
mg/sm® ["Mean | SD | Mean | SD | Mean | SD | Mean | SD | Mean | SD | Mean | SD
983.1 | 28.9 | 760.3 | 13.9 | 986.3 | 29.6 | 762.1 | 14.3 | 687.0 | 14.7 | 705.7 | 12.0
550 984.9 | 29.6 | 760.3 | 13.9 | 984.7 | 28.7 | 762.4 | 13.6 | 686.8 | 14.0 | 705.8 | 12.3
984.4 | 294 | 760.0 | 14.8 | 985.4 | 29.6 | 760.1 | 14.7 | 686.8 | 13.8 | 705.7 | 12.7
834.8 | 23.1 | 613.0 | 144 | 8374 | 240 | 6126 | 154 | 5728 | 124 | 583.4 | 11.4
450 836.4 | 25.0 | 611.1 | 154 | 836.4 | 24.3 | 612.6 | 15.3 | 574.7 | 12.8 | 585.2 | 11.5
836.0 | 24.8 | 6126 | 146 | 837.9 | 25.5 | 610.8 | 16.1 | 574.0 | 124 | 584.6 | 11.0
679.9 | 19.3 | 4585 | 16.1 | 679.8 | 18.3 | 459.8 | 15.6 | 454.7 | 10.7 | 459.0 | 10.1
350 678.9 | 18.6 | 458.3 | 16.0 | 679.4 | 18.0 | 459.9 | 154 | 443.0 | 11.1 | 446.9 | 10.6
680.4 | 21.1 | 456.0 | 18.6 | 680.9 | 20.1 | 458.4 | 16.0 | 455.6 | 11.1 | 459.3 | 10.6
513.0 | 13.3 | 3009 | 15.0 | 513.0 | 12.3 | 302.5 | 14.3 | 331.0 | 10.3 | 321.0 | 11.0
250 5134 | 13.3 | 301.7 | 146 | 512.6 | 12.1 | 302.4 | 14.1 | 331.2 | 10.3 | 320.3 | 11.0
512.7 | 13.0 | 301.3 | 15.0 | 513.9 | 13.4 | 300.3 | 15.3 | 331.3 | 10.1 | 320.6 | 11.0
421.1 | 11.3 | 226.1 | 20.1 | 423.0 | 10.8 | 229.2 | 194 | 2722 | 8.2 | 2596 | 8.2
200 4216 | 10.8 | 227.0 | 19.8 | 4226 | 10.8 | 2286 | 19.4 | 271.8 | 84 | 259.2 | 8.2
4222 | 114 ] 226.0 | 20.8 | 426.2 | 13.2 | 2272 | 206 | 271.8 | 8.6 | 2594 | 8.6
3342 | 82 | 1452 | 174 | 3364 | 9.2 | 1446 | 184 | 2064 | 7.8 | 196.8 | 8.0
150 3340 | 84 | 1452 | 174 | 336.2 | 86 | 1452 | 184 | 2064 | 8.2 | 196.6 | 8.2
3354 | 96 | 1432 | 186 | 336.6 | 9.2 | 1440 | 182 | 206.8 | 84 | 196.6 | 84
2370 | 6.0 | 2048 | 5.2 | 2386 | 5.6 | 2064 | 42 | 1346 | 76 | 1286 | 8.0
100 236.8 | 6.2 | 2060 | 5.2 | 2380 | 56 | 2056 | 4.0 | 1348 | 8.0 | 128.2 | 8.0
2374 | 6.2 | 2056 | 54 | 2382 | 56 | 2060 | 42 | 1344 | 7.8 | 1278 | 8.0
1390 | 4.0 | 1084 | 30 | 1392 | 3.2 | 1088 | 2.2 63.2 8.0 | 60.6 8.0
50 138.8 | 4.0 | 1084 | 30 | 1394 | 2.8 | 1090 | 2.0 | 634 7.6 60.6 8.0
1386 | 4.0 | 1086 | 34 | 1394 | 3.2 | 1084 | 2.2 63.2 8.0 | 604 8.0
Table 3

Mean HU and SD for three experiments for trabecular bone samples at various

scanning modes

“In the Air” “In phantom”
Sample No 300 mA 300 mA
FC17 FCO03 FC17 FCO03
Mean | SD | Mean | SD | Mean | SD | Mean SD
1 633.2 | 172.7 | 331.2 | 133.5 | 420.0 | 139.4 | 405.8 126.6
631.2 | 170.3 | 361.0 | 185.5 | 417.3 | 130.8 | 400.3 126.8
639.2 | 177.0 | 360.5 | 136.7 | 413.6 | 150.6 | 395.2 140.4
2 739.4 | 140.8 | 426.0 | 119.6 | 456.5 | 107.3 | 436.5 103.8
731.2 | 136.8 | 432.6 | 124.0 | 458.0 | 127.3 | 441.0 100.5
756.0 | 156.6 | 432.6 | 1274 | 4525 | 111.3 | 437.3 105.3
3 264.0 | 934 | 136.0 | 46.8 | 144.8 | 54.3 | 139.3 53.0
2604 | 944 | 1355 | 47.1 | 143.3 | 56.8 | 140.0 51.0
261.3 | 89.6 | 134.1 | 449 | 146.0 | 58.8 | 139.0 52.8
MexaHnkKa
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End of Table 3

"

“In the Air” “In phantom”
Sample No 300 mA 300 mA
FC17 FCO03 FC17 FCO3
Mean | SD | Mean | SD | Mean | SD | Mean | SD
4 782.0 | 159.0 | 502.2 | 135.2 | 527.2 | 125.0 | 540.8 | 122.8

781.0 | 158.0 | 502.5 | 136.0 | 527.5 | 124.5 | 541.0 | 123.0
783.0 | 159.0 | 503.0 | 135.5 | 527.0 | 123.0 | 539.0 | 122.5
5 802.0 | 196.4 | 499.0 | 163.4 | 554.6 | 141.0 | 561.2 | 141.8
801.0 | 196.0 | 500.0 | 164.0 | 554.5 | 142.0 | 561.5 | 142.0
800.0 | 197.0 | 498.0 | 163.0 | 555.0 | 141.5 | 562.0 | 141.0
6 774.2 | 166.6 | 444.2 | 133.6 | 503.5 | 127.3 | 510.5 | 126.0
774.0 | 167.0 | 444.0 | 134.0 | 504.0 | 127.5 | 510.0 | 125.0
775.0 | 166.0 | 443.0 | 133.0 | 503.0 | 128.0 | 511.0 | 127.0
7 190.0 | 135.5 | 101.0 | 79.5 | 100.0 | 69.8 | 99.8 | 65.0
191.0 | 135.5 | 101.0 | 80.0 | 100.0 | 70.0 | 99.0 | 65.0
190.0 | 136.0 | 102.0 | 79.0 | 99.0 | 69.0 | 100.0 | 66.0
8 484.6 | 129.2 | 213.0 | 87.0 | 314.6 | 91.0 | 310.2 | 88.0
485.0 | 129.0 | 214.0 | 87.0 | 315.0 | 91.0 | 310.0 | 88.0
484.0 | 130.0 | 213.0 | 88.0 | 314.0 | 90.0 | 309.5 | 89.0

The values in Tables 2 and 3 were analyzed using statistical methods. The task was
to evaluate how strongly different convolution kernels, different tube current values, and
also the beam-hardening affect the HU of the same samples.

The hypothesis about the normal distribution of the examined data from Table 2
using the Kolmogorov — Smirnov criterion was confirmed at 5% significance level. This
allowed a further analysis using the parametric Student’s t-test.

2.3. “Inthe air”

To test the hypothesis that there were no differences in Hounsfield units “in the
air” for 40 mA and 300 mA tube current, the Student’s t-test was used for paired
observations. This hypothesis was confirmed at a significance level of 5% for both
investigated convolution kernels (FC17 and FCO03). The correlation coefficients between
the corresponding data sets in the case of both kernels exceeded the value of 0.999,
which in this case also indicates the coincidence of the measurement results.

Application of the same criterion to test the hypothesis that the Hounsfield numbers
“in the air” coincided for different kernels (FC17 and FC03) at a fixed tube current
value (40 mA and 300 mA) showed a shift in the measurements at less than 0.001%
significance level.

The determined x-ray density (HU) is higher for the FC 17 convolution kernel.
This difference is caused by beam hardening correction applied in the FCO3 convolution
kernel (CT Manual Toshiba 14.1.5. P. 204). The effects are not described in detail.

Nevertheless, a high correlation was found between the samples for different kernels
(0.963 in case of 40 mA tube current and 0.959 in case of 300 mA tube current), which
indicates the presence of interdependencies. This was confirmed by the linear regression
equations:
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For 40 mA tube current:

Hupcoz = 0.66 x Hupca,

For 300 mA tube current:

Hupcoz = 0.64 x Hupcr,

R? = 0.978.

R? = 0.978.

The Chow test at a significance level of 5% showed the absence of structural shifts
in two regressions for different tube current values, which indicates the coincidence of

the dependencies.

[t was shown that an increase in density does not always entail an increase in

Hounsfield units for calibrated samples
with mineral density corresponding to tra-
becular bone. This conclusion is valid for
scans “in the air” processed with FCO3
kernel for both tube currents (Fig. 5, Ta-
ble 2). A nonlinear dependence was not-
ed for mineral density values of 50-250
mg/ml. Correct interpretation of experi-
mental data for a given density range is
difficult.

In phantom (for the both FCO3 and
FC17 kernels) this effect was absent in
the same way as in the air with FC17
kernel. The reason for this “paradoxical”
dependence of Hounsfield units on volume
mineral density is the calculated nature
of HU.

24. “In phantom”

1000

900

800 —s—Fcl7 =¢-Fc03
400
600
500
400
300
200

100+
50 150 250 350 450 550

Fig 5. Hounsfield units’ dependence (vertical)

of KoH PO, samples on their mineral density

(horizontal mg/sm?). Scanning “in the air”,
300 mA (color online)

Student’s t-test was used for paired observations to test the hypothesis of coincidence
of measurements made “in phantom’ with different kernels (FC17 and FCO03) at a fixed
300 mA tube current. There were no differences in measurements at 5% significance
level. The value of the correlation coefficient was 0.999.

2.5. ”In the air” versus “in phantom”

Student’s t-test for paired observations was used to test the hypothesis that the
results of measurements performed “in the air” and “in phantom” for each kernel (FC17
and FCO03) coincided at fixed 300 mA tube current.

A statistically significant difference in measurement results “in the air” and “in

phantom” at significance levels of less than 0.001% was found for the FC17 kernel. It
was shown that there were no differences in measurements “in the air” and “in phantom”
at 5% significance level for the FCO3 kernel.

The obtained regression dependences made it possible to recalculate HU of Ky H PO,
samples from “in the air” experiments into HU of Ky H PO, “in the phantom” for both
FC17 and FCO3 kernels. Regression dependences are demonstrated in Fig. 6 a, b.
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Fig. 6. Regression dependences of recalculation of HU from “in the air” (horizontal axis) to
“in phantom” (vertical axis) for calibrated KoH PO, samples and trabecular bone samples:
a — for FC17 kernel (solid line y = 0.7xx—40.8, R? = 0.99 is a linear regression for Ko H PO,
samples, dotted line y = 0.7 x = — 33.9, R? = 0.97 is a linear regression for trabecular bone
samples); b — for FCO3 kernel (solid line y = 1.0xx+22.0, R? = 0.94 is a linear regression for
K>H PO, samples, dotted line y = 0.9%2+7.0, R?> = 0.96 is a linear regression for trabecular
bone samples) (color online)

3. DISCUSSION

In this paper, it is shown that processing of CT images using discrete convolution
matrix can significantly change them (Fig. 4 a, b, c¢). This is very important for optimal
visualization. Convolution kernels of CT scanners are much more complicated, since they
can include the sequential use of several convolution algorithms. It should be understood
that such processing can slightly shift the contours of the objects which is shown in
Fig. 4, c.

Unfortunately, image conversion by convolution kernel is an irreversible operation.
This means that even if one has the exact formula for direct image conversion, no
algorithm allows restoring the original image. Moreover, manufacturers of CT scanners
do not disclose the mathematical formulas of the convolution kernels and the conditions
for their use.

This paper also investigated the influence of various effects and CT scanner settings
on HUs of trabecular bone tissue samples and KyH PO, samples with known mineral
density. A series of scans were carried out on Toshiba CT with samples “in the air”,
that is, on the table of the CT scanner without taking into account the surrounding
tissues, and “in phantom” that simulates human soft tissues.

In this work, the effect of FOV and slice thickness were not investigated, since it
was previously shown [10] that a change in these parameters has practically no effect
on HU.

At the same time, these [10] and other authors [4] noted a significant dependence
of the HU on the convolution kernel, as well as the presence or absence of the environ-
ment of the scanned samples; and the influence of the object geometry on its density,
expressed in HU during CT scanning. It was associated with the beam-hardening effect
and its adjustment during the image reconstruction [11].

In this work, it was shown that the tube current practically does not affect HU. Dif-
ferent convolution kernels give significantly different HUs when scanning “in the air»”
of the same samples. At the same time, the absence of differences in measurements “in
the air” and “in phantom” at a significance level of 5% for FCO3 kernel was shown,
which confirms the fact that it was developed to correct “beam-hardening” effect [7].
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However, at low mineral densities of the scanned samples, an ambiguous relationship
was observed between HU and mineral density (Fig. 5). Such an ambiguity was not
found for the FC17 kernel; therefore, we consider it more preferable and suitable for
estimating BMD in comparison with the FCO3 kernel under the conditions of the per-
formed experimental work. This is important for acquiring phantom scan data from air
scan data for bone samples.

The nonlinearity of this filter can be verified by qualitatively analyzing the depen-
dence for FC17 in Fig. 5. At high concentrations, a slight underestimation of HU occurs.
But this is enough for patients to record underestimated BMD values in comparison
with conventional densitometry.

The beam-hardening effect significantly affects the HU and should be considered
when evaluating BMD which could be seen from data in Tables 2 and 3. The difference
in HU for FCO3 and FC17 kernels for the same samples when scanning “in the air”
reached 130% (on average about 56%) for KyH PO, samples and up to 128% (on average
about 81%) for trabecular bone samples tissue.

The difference in HU in case of FC17 kernel for the same samples when scanning
“in the air” and “in the phantom” reached 120% (on average about 65%) for KsH PO,
samples and up to 90% (on average about 61%) for samples of sponge bone tissue. At
the same time, the character of the dependence of HU on mineral density was com-
pletely preserved (Fig. 5). This made it possible to obtain an almost “ideal” regression
dependence for a given filter when comparing scans “in the air” and phantom modes
(Fig. 6 a).

Nevertheless, the regression dependences in Fig. 6 a, b make it possible to recalcu-
late the HU from the “in the air” experiments into HU for the same samples considering
the surrounding tissues (“in phantom”). The dependences for calibrated samples and tra-
becular bone tissue samples for FC17 kernel practically coincide, which is confirmed
by the same angles of inclination of these lines. For FCO3 kernel, the line angles for
calibrated and trabecular bone samples differ insignificantly. It is more efficient to use
FC17 kernel, which does not have pronounced nonlinearity in the initial portion of the
curve of the dependence of HU on the mineral density.

The data obtained during phantom modeling allow scanning bone tissue “in the air”
and recalculating the obtained data into mineral density, or into Hounsfield units “in
phantom” imitating a patient. For these purposes, the FC17 convolution kernel is more
suitable. This greatly simplifies the scanning procedure.

CONCLUSION

In this paper, it was shown that tube current value does not significantly alfect
HU during CT scanning. It was revealed that different convolution kernels of a Canon
(Toshiba) CT scanner give significantly different HU when scanning “in the air” for the
same bone tissue samples and calibrated samples with known mineral density. It has
been confirmed that “beam-hardening” effect significantly affects the HU and should be
considered when evaluating the BMD. We did not reveal differences in measurements
“in the air” and “in the phantom” at a significance level of 5% for the FCO3 kernel,
which confirms the fact that it was developed to correct the effect of “beam-hardening”.
An ambiguous relationship was found between the HU and the mineral density for the
FCO3 kernel when scanning samples with a low mineral density. Therefore, we consider
the FC17 convolution kernel (in comparison with FC03) of the Toshiba CT scanner to
be more preferable and suitable for assessing BMD under the given experimental condi-
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tions. Regression dependencies were obtained for recalculation of HU from experiments
“in the air” to HU of the same samples considering the surrounding tissues.
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npv KOMMbIOTEPHOW TOMOrpadomm, npeodbpasyoTcs NporpaMMHbLIM obecrneyeHnem Tomorpada
NMOCPeACTBOM CBEPTOYHbIX (KOHBOMOLIMOHHBIX) saep. W3BecTHO, 4TO npu npuUMeHeHuu
KOHBOJIIOLMOHHBIX Sep MOXET CYIWECTBEHHO W3MEHATHCS MNOTHOCTb TKaHel, BblpaxkKeHHas
B eluHunuax XayHccunga. OnmcaH adppekT «ynpouHeHuss nyya» (beam-hardening ef-
fect): mpy NPOXOXIEHUN PEHTreHOBCKOrO Nyya 4Yepe3 OObeKkT MPOUCXOOUT MOrioweHme
(POTOHOB PEHTFEHOBCKOrO M3nyyeHusi ¢ 6onee Hu3kow aHeprvei. [10aToMy ckaHupoBaHue
06bEKTOB «Ha BO3Lyxe» O3 OKPYXEHMUS MArKUX TKaHel Tena yenoBeka AaeT WCKaXeHHble
yucna XayHccpunga OTHOCUTENbHO UX peanbHbiX 3HadveHuid. [aHHas paboTa HaueneHa Ha
TO, 4TOObl OLEHWUTb BAUSIHAE Pa3/NMYHbIX KOHBOJOLMOHHBLIX s4ep, adhdekTa «ynpoYHEHUS
nyy4a», a Takxe APYyrux napameTpoB HACTPOWKM KOMMbIOTEPHOrO ToMorpada Ha eauHubl
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TepHoM Tomorpadpe Toshiba Aquilion 64. CkaHupoBaHye 06pasL0oB OCYLWECTBASNMN B PA3NNYHBIX
pexumax: Mpu pasHoOM TOKe, «Ha BO3Lyxe» W BHYTPM KanumbpoBoyHoro daHtoma. [lpm
9TOM aHanM3upoBanucb pesynbTupylowmne n3obpaxeHus, 0bpaboTaHHbIE KOHBOMOLMOHHBIMU
aapamn FC17 n FCO03. Bbino nokasaHo, 4TO BEMYMHA TOKa MPaKTUYECKU HEe BANSET Ha Yucna
XayHcpunpa. PasnuyHble KOHBOMIOLMOHHbIE SA4pa OEMOHCTPUPYIOT CYLECTBEHHO pasHble
yncna XayHccpunga npu CKaHUPOBAHMU «HA BO3Lyxe» OOHWUX U Tex Xe obpasuos. dddekT
«beam hardening» CylweCTBEHHO BAMSET Ha ynucna XayHcdungoa v OONXEH Y4UTbIBATbCS Npwu
OLUEeHKe MUHepanbHON MNOTHOCTU KOCTHOW TKaHW. He BbISBNEHbI pa3nmyms B U3MEPEHUSX «Ha
BO34yxe» N B (DaHTOME Ha ypoBHe 3Haudumoctn 5% pnsa sppa FCO3, yto noateBepxaaeT ToT
akT, 4TO OHO MpenHasHa4YeHO LN KOPPEKTMPOBKM adpdhekTa «beam-hardening». OgHako
MpW Manblx MYHepasnbHbIX MAOTHOCTAX CKaHWpyeMblx 06pasLoB OTMeYaeTcsl Heo4HO3Ha4Has
3aBMCMMOCTb MeX Ay ymcnamm XayHcdunaa n MMHepanbHol nnoTHocTbio ang sapa FCO03. Anpo
FC17 cuntaem 6onee npefnoyTUTENbHBLIM Y NMPUrO4HLIM 4151 OLEHKM MUHEPANbHOM MNOTHOCTM
KOCTHOIA TKaHM C YYeTOM NpefBapuTeNbHOM KanubpoBKy C MOMOLWbIO haHToOMa ONs WUPOKOro
JvanasoHa 3a4aHHbIX MYHepanbHbIX MNOTHOCTEN. MNonyyYeHbl perpeccMoHHble 3aBUCUMOCTY AN
nepecyeta yncen XayHcmnaa n3 sKCneprMeHTOB «Ha BO3Ayxe» B yucna XayHcdunga tex xe
06pasLoB C y4eTOM OKpYyXatowWwmx TkaHel (B dpaHToMe).

Knro4eBble  cnosa: KOMMblOTEpHasi ToMorpadgousi, KOMMYECTBEHHAsi KOMMbloTepHasi
TOMOrpagousi, MMHepanbHas NA0THOCTb KOCTHOW TKaHu, Yicno XayHcdpunaa, KOHBOMOUMOHHOE
a0po0.
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Matematnyeckoe MmoaoennpoeaHne HakomnieHnsa 4yactuy

Ha NoOBepxXHOCTU NNacTUKOBOIro 6|/|n|/|apHoro CTeHTa
ANsA NPOrHo3npoeaHUA ero OKK1r3num

A.T. KyuymoB

KydymoB Anekcen ["'eHHaobeBuy, kKaHanaaT OuU3nKo-mateMaTnyeckmx Hayk, 4OLEeHT kadenpbl
BbIYUC/TMTENbHOM MaTeMaTuKu, MexaHuku n brnomexaHuku, MNepmckuii HauMoHaNbHbIA 1Mccne-
[OBaTENbCKUA NONUTEXHUYECKUIA yHMBepcuTeT, Poccus, 614990, r. MNMepmb, Komcomonbckuia
npocn., 4. 29, kychymov@inbox.ru

SHOOMPOTE3NPOBAHNE NNACTUKOBBLIMM CTEHTaMW NPUMEHAETCS AN BOCCTAHOBNEHNS Xen4eoT-
TOKa YPECKOXHbIM MU SHAOCKOMMYECKUM cnocobom ¢ koHua 1970-x ropos. OTaaneHHble pe-
3ynbTaTtbl MPUMEHEHNS OaHHbIX KOHCTPYKUMIA HENMb3s Ha3BaTb YAOBNETBOPUTENbHBIMUA B CBS3M
C BbICOKOI 4acTOTON PELMANBOB XENTYXU, 4TO 0OYCNOBNEHO OKK/HO3MEH MNacTUKOBBIX CTEHTOB
6I/IJ'II/IaprIM cnapgxem (CKOI‘IJ‘IeHI/Ie Kpuctannos xonectepuHa, NMMrMeHTHbIX KPUCTannos, bak-
Tepuii n conel kanbuus). OCHOBHbIM KOMMOHEHTOM BUAMAPHOrO cnagXxa, CTUMYMPYOWMM
yMEeHbLUIEHNe NpoCcBeTa CTEHTA, NPUHSATO CYMTaTh X0necTepuH. CpelHuii cpok cyX6bl CTEHTOB
coctaenseT 3—6 MecsueB. HeCMOTpS HA MHOMOYMCIEHHbIE SKCNEPUMEHTasNbHbIE NCCNEO0BaHNS
npoLiecca OKK/3uUn, He YCTaHOB/IEHbI ONTUMasbHblE CPOKM 3aMeHbl B1IMapPHOro NnacTMKoBOro
cteHTa. CnuiukoM yactas 3aMeHa CTeHTa MoXeT npmuBecTn K AONONHNTENNbHbIM OC/NNOXHEHUAM,
NnoaTomy H606X0,£I,I/IM VIH,ElMBIA,D,yaﬂMSMpOBaHHbIVI NPOrH03 cpoka Cﬂy)K6bI CTeHTa AONnA KOHK-
peTHoro nauveHTta. B naHHoi paboTte paspaboTaHa MOAENb TEYEHWUSI NMMTOFEHHOM Xenym Kak
HEHbIOTOHOBCKOWM XWNOKOCTN C Y4eTOM TpaHCnopTa 4acTul, onncblBarOWnX noeeneHmne Kpnuctan-
NOB XONEeCTepnHa, KOTopble HakananmeatTCsa Ha BHYTPEHHEN NOBEPXHOCTU CTEHTA, CTUMYINPYS
yMeHblUeHne ero npoceeTa. bbina HageHa Koppensums Mexy KOHLEeHTpaLmen xonectepmHa u
BPEMEHEM OKKJIH03UM Ha OCHOBE MPUMEHEHUS crieunanbHo pa3paboTaHHO NTepaumnoHHOM Npo-
uenypbl. PesynbTaTbl BbIYMCNEHWIA MOKA3bIBAKOT, YTO UHAMBUAYaNbHbIE MapaMeTpbl (BO3pacT,
non, BA3KOCTb Xenyu, KOHUEHTpaumsa XONecTepuHa) okasblBaloT CyWEeCTBEHHOE BANSHUE Ha
CKOPOCTb OKK/IO3UW CTEHTA.

KnroyeBbie cnoBa: Xendb, 6VIJ'II/IaprII7I CTEeHT, HEHbOTOHOBCKAA XNAOKOCTb.
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BBEOEHUE

BusnuapHbele CTEHTH UCMOJMB3YIOTCS AJs1 00JerueH|sl IPEHUPOBAHUS JKeJMUU B THIIEBa-
pUTEJbHBIH TPAKT MPH N0OPOKAYECTBEHHBIX M 3JI0KAYECTBEHHBIX CTPUKTYpax (Cy:KEeHHSIX
MpocBeTa MPOTOKa). DuinapHoe CTEeHTHpPOBaHWE MpeNyCMaTpPUBAaeT BBeleHHe HeOOJIb-
KX TPyOUYATBIX MPOTE30B (CTEHTOB) M3 TMJACTHKA, MeTajjaa WJAd OHOpas3/garaeMoro
Martepuasna, KOTOpble, MOAAEPKUBAS CTEHKU KEeJYHOTO TPOTOKA, MO3BOJSIOT COXPAHHUTD
MPOCBET B JKEJIUHBIX MPOTOKAX [Js TeueHWs »KeJdd. IJHIOCKONHUecKash YCTAaHOBKA
MJIaCTUKOBBIX OWJIMAPHBIX CTEHTOB SIBJSIETCS OAHHUM H3 CHOCOOOB JeueHUs: 06CTPYK-
TUBHOHU kesaTyxu. OnHaKo OrpaHUYeHHEM 3TOTO MeTola SIBJSETCS OKKJ/H3Hs (yMeHb-
IIeHHe MPOCBeTa) CTeHTa B nepuon 3—-6 MecsiieB, uTo TpebyeT ero 3ameHbl. OKKJIO3HUS

© Kydqymo A. T., 2020



AT KS/LIVMOB. Marematrnyeckoe MogennpoBaHne HaxKornAeHrns 4actril Ha rnoBepXHOCTH &

CTEHTOB BbI3BaHa H3MeHEHHeM XHMHUYeCKOI'0 COCTaBa K€U (CBS3aHHOTO C MOBHIIEHHEM
COflepKaHHUsl KPUCTAJJIOB X0JecTepuHa, OMIMpyOUHaTa KaJjblUsl, IPOTEUHOB WU HaJU4yMeM
6axTepuii). XoJeCTEpHH SIBJSIETCS OCHOBHBIM BeLIeCTBOM, CTUMYJHPYIOLIUM OKKJIO3UIO
cTeHTa. HecmoTps Ha MHOro4yMCJ/eHHble 3KCIIEPHMEHTaJibHble HWCCJENO0BAHMSA Ipolecca
3aKyINOpPKH, He YCTAHOBJIEHbl ONTHUMaJ/bHble CPOKM 3aMeHbl OUJIMAPHOIO MJACTUKOBOIO
CTEeHTa, M03TOMY OOBIYHO PEKOMEHAYIOTCS HHTepBajbl B 3—-6 MecsiueB. Tem He MeHee,
IJ151 TIOXKHUJIBIX MTALIUEHTOB C MHOTOYMCJIEHHBIMH COMYTCTBYIOUIUMH 3200/IeBaHUAMU CJIULLI-
KOM 4YacTasl 3aMeHa CTEeHTa MOXKeT NPHUBECTH K NOMNOJHHUTE/]bHBIM OCJI0XKHEHUSM. Takum
00pasoM, CyLIeCcTByeT MOTPeOHOCTb B CO3[JaHWM MaTeMaTH4eCKOH MOAEeJH, M03BOJSIIIEN
OINKCaTh MPOLECC OTJIOXKEHHUH XOJleCTepHHA Ha CTeHKe IJaCTUKOBOrO CTeHTa.

C ToYKHM 3peHUs] OMOMeXaHUKH MOJEeJH, OMHUChIBAIOLIMe HAaKOIJeHHe YacTHL[ Ha CTeH-
Kax OHOJIOTMUYeCKMX COCY/OB, B OCHOBHOM paspabaThlBaluCh ISl pelleHUsl NpobJeMm,
CBSI3aHHBIX C aTepoCK/Jepo3oM. B naHHOM pasnese oO6CyKIalOTCsi padOThl MO Moje-
JIMPOBAHHIO 00pPa30BaHHsl aTepPOCKJIEPOTHYECKUX OJsLIEK, MOCKOJbKY PaboT, CBSA3aHHBIX
C HakKolJeHHeM OWJIMAapHOTrO CJaj’Ka Ha MOBEPXHOCTH CTeHTa, B JOCTYIHOH aBTOpam
JuTepaType HaliieHo He ObLJIo.

B pa6ore [1] mpencraBieHa BHIYUCAHTEbHAS MOAeJb 006pa3oBaHUs U pa3BUTHs OJisi-
weK. PaccMoTpeHO B/IMsIHME BelleCcTB, KOTOpble MUIpaloT KJIOUeBYI0 pPOJb B aTepore-
Hese. PemleHue mnpo6Gsembl pasjeseHo Ha fABa 3Tana. Ha mnepBom 3Tame paccMmaTpu-
BaeTCs TPAHCIOPT JHUNonpoTenHoB HUsKod mioTHoctH (JIITHIT) ¢ kposero. Hanee mo-
nenupyercss nponukHoBenue JIITHIT B snportenu#t u aprepuasnbHyio creHky. [IpoHuK-
HOBEHHe M [IBH)KEHHe YacTHLl B apTepuasbHOM CTeHKe Mpeanosaraer IUpEdy3HOHHO-
KOHBEKTHUBHBIH IM0AXOM, 3aBUCALIMHA OT BpeMeHH. [lpyroil noaxonm Obl1 peasn30BaH B
pabote [2], rme n/s NPOTHO3UPOBAHMS Pa3BUTHS aTePOCKJIEPOTHUECKHX OJsILIeK HC-
10/1b30BaJIaCh BbIYMCJHTE/bHAS MPOLeAypa, OCHOBaHHAs Ha OOOOLIEHHBIX ypPaBHEHUSX
KOHEUHBbIX PasHOCTedl W ToMorpauueckux CHUMKax. 2D-aHanus Obl aganTHpOBaH AJs
pacyeTa aTeporeHe3a B I€PCOHAJH3UPOBAHHOM MOJeNH COHHOH apTepuu MauueHTa. B
pabote [3] mpensiokeHa HOBasi TeOpHUsl JIOKAJU3aLHMK COCYAMUCTHIX 3aboseBaHuil. Mpes
COCTOMUT B TOM, uTo mnojsipusauusi koHueHtpauuit JIITHIT (o6sactu ¢ oueHb BBICOKUMH H
OYeHb HU3KMMHU 3HAUEHHUSIMH KacaTe/bHbIX HampsiKeHWH B CTeHKe) MPUBOAWUT K BO3HHK-
HOBEHMIO M pa3BUTHIO aTepockjepo3a. U. Olgac u coaBT. B pabore [4] cmenanu aHa-
JIOTHYHBIH BBIBOJ O TOM, 4To HakomnseHue JIITHII 3aBucut ot jnokanusauun KacaTesabHbIX
HanpskeHU# B cTeHKe. Xopolue 0030pbl M0 HCCJELNOBAaHUSIM OHOMeXaHHYeCKHX (hak-
TOPOB, BJMSAIOLIUX Ha (POPMHUPOBAHUE M Pa3BUTHE aTepPOCKJep03a, MOXKHO HaHTH B cTa-
ThsiX [, 6].

Hamu paccMmoTpena mofe/b TeueHUs! JIMTOTeHHOH KeMUM KaK HEeHbIOTOHOBCKOM KHI-
KocTH Kapo u TpaHcmopra uyacTul, XoJieCcTepuHa [/ MPOrHO3a OKKJI3MHU OUJIMAapHOrOo
creHTa. OCOOEHHOCTBIO NMOAX0a, NPeaJIaraeMoro B 1aHHOH cTaTbe, SABJSETCS YUCJAEHHAs
UTepalMoHHas Ipoueaypa, KOTopas MpearnosaraeT, 4TO HAKOIJIEHHWe WU OTJOXKeHHe Ou-
JIMAPHOTO CJIafi2Ka HAYMHAIOTCS ¢ HEKOTOPOTO KPUTHUUYECKOTO 3HAUeHHUS] KOHLEHTPALUU XO-
JleCTepHHa.

B nocsennee BpeMs mosiBUJCS psifi paboT, MOCBSILLEHHBIX MPOBENEHUIO 3KCIePUMEH-
TaJIbHBIX UCCJEN0BAHUH in vitro 1o aHa/au3y NpornycKHOH CIIOCOOHOCTH CTeHTa MpPH NpoTe-
KaHUM OUOXKUAKOCTH M/ CKPUHUHTA MaTepuasioB MpH pa3paboTke Oojee (hyHKIIMOHAJb-
HBbIX CTEHTOB M HMCCJENOBAaHUAX NMPUPOABl OKKJIO3UH. OO30p M CpaBHEHHE 3KCIepUMeH-
TaJIbHBIX PaG0T MOXHO HAUTHU B cTaThe [7]. B OmHUX HCC/I€NOBaHHSX HCIOJIb30BaIACh
JKeJlYb YeJsioBeKa, B APYTUX — 2KeJub KUBOTHBIX. [IpH M3yueHHH OKKJ/IO3MH CTEHTa XKeJ-
Ybl0 YeJIOBeKa, HeCMOTPSl Ha MOXO0XKHe YCJOBUS HUCIBITAHWH, ObLIM MOJy4YeHbl pa3/jMuyHble
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pe3y/bTaThl. JTO MOKa3blBaeT, YTO 3IKCIIEPUMeHTa/bHble MeTOJbl He CIOCOOHBI OMUCaThb
TEKYILYIO CHTYallli0 B OpraHu3Me uejioBeKa. J{aHHble 3KCTIepUMeHThl JOpPOrue, 3aTpaTHble
M0 BpeMeHH, a TaKKe He YUYUTBIBAIOT CTeleHb MAaTOJIOTMH, BO3PACT, MOJ, KOHLEHTPALHUIO
X0JIeCTeprHa.

B Hawewm uccienoBaHuM Oblaa MoCTpoeHa OHOMeXaHHWYecKasi MOJAe/b TeUeHHUs Keaun
C TPAHCMOPTOM YaCTHL, OMNMCHIBAIOILMX T[OBEIEeHHE KPHUCTAJJIOB XOJeCTepUHa, KOTOpble
HaKaMJWBAIOTCS Ha BHYTPEHHeH I[OBEPXHOCTH CTEHTa, CTUMYJHPYS yMeHbllEeHHE ero
npocseTa. bolna HaliieHa Koppessilius MeX1y KOHLEeHTpalheld XoJecTephHa U BpeMeHeM
OKKJ/IIO3UM Ha OCHOBe MPHMEHEHHS CIelHaJbHO pa3pabO0TaHHOW HUTEPallMOHHOHM mpole-
nypel. Monesb no3Bosinga OLEHUTb peasibHble CPOKU CJyKOBI CTEHTAa IJ5 NMPaKTHUYECKHUX
peKOMeHalMi 1Mo ero 3aMeHe C YYeTOM aHaJju3a peasibHbIX KJIWHHUYECKHUX JaHHbIX.

1. NMOCTAHOBKA U PELLEHUE 3A0A4YN OB OKKJTFO3UUN CTEHTA
1.1. KoHuenTtyanbHas NoCTaHOBKa 3aaa4v

PaccmaTpuBaeTcsi TeueHUe JIMTOreHHOH »KeJud KakK KUAKOcTH Kapo B miacTHKoBOM
CTEHTe C y4eTOM HaKOIlJIeHHsl OTJOXeHHUH XoJecTepuHa. [lnacTHKOBBIA CTEeHT mpencTas-
JsieT co6o# TpyOKy MOCTOSIHHOTO pajnyca U nepeMeHHOH KpHUBH3HBI (puc. ).

CeueHue BXoJa
Inlet

CeueHue BBIX0Ja
Outlet

al/a 6/b
Puc. 1. TeomeTpusi nnacTHKOBOTO CTEHTA: 8 — CXeMa TOJOKEHHUS CTeHTa; 6 — KOHEeuHO-
5/IEMEHTHast CeTKa W rpaHUuHble ycaoBHs (1BeT online)
Fig. 1. The geometry of the plastic stent: a — a diagram of the position of the stent;
b — finite element mesh and boundary conditions (color online)

OcHoBHasi rumortesa 3akJoOuaeTcss B TOM, YTO NPU TeYEeHWH JIMTOTeHHOH XKeJldd B
CTeHTe OOHapYyXKHUBAITCA 00JaCTH TMOBBILIEHHBIX KOHLEHTpaUuil XoJiecTeprHa, HMEeHHO
B 3TUX o0OJacTax OynaeT HabmonaTbesl OKKJ03UA. [lo Mepe HakomseHHsl OTJ/IOKEHUH
reoMeTpHYecKHe XapaKTEePUCTUKHU TPYOKH HU3MEHSIOTCS, YTO NPUBOAUT K H3MEHEHHIO
XapaKTepUCTHK TeyeHHs] M, COOTBETCTBEHHO, CKOPOCTel HaKOIJIeHUs] OTJIOXKEHUH Xo-
JectepuHa. CuMraercsl, UTO NPU MaJblX KOHLEHTPALMAX XOJeCTepPHHA Ha CTeHKe He
NPOUCXOAUT 0Opa3oBaHUsl TBeplaOH (hasel, a ee (POPMUPOBaHHME HA MOBEPXHOCTH CTEHTA
HayMHaeTCs JIMIIb TOTAA, KOTa 3HaYeHHs] KOHLIEHTPALKUHU NIPEeBBICAT HEKOTOPOe MOPOroBoe
sHaueHue c*. CBoHcTBa »Kequd, B TOM 4YMCJe KOHLEHTpaLHs XOoJecTephHa Ha BXOJe
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B TPyOKy, SIBJAIOTCS HWHAMBHUIYya/JbHBIMH [apaMeTpaMM MOAeNH H MOTyT ObITb OIpe-
JleNleHbl M3 JaHHBIX KJAWHHYeCKHX aHa/iu3oB. Hamu npensaraercs npoaHanu3upoBaThb
BpeMs OKKJII03UH CTEHTAa B 3aBUCHMOCTH OT ero pasmepa (aHaJM3UPYIOTCS TPU AHAMeTpa
KOMMepYeCKHX CTEHTOB, IPUMEHSIeMbIX MPH SHA0OUINAPHBIX BMEIIATENbCTBAX) U UHANBHU-
NyaJbHbIX CBOMCTB 2KeJUH, a TaKKe OLEHHUTb FHAPOJMHAMHYECKHE OCOOEHHOCTH TeYeHUSs
Cpelbl B CTEHTe.

1.2. MartemaTnuyeckasi noctaHOBKa 3agadu

MaremaTtryeckast mOCTaHOBKA 3a7a4yd MOxKeT ObIThb 3allKcaHa B cJenyroumeM BUae:

0
p(a—:+(v-V)v):V~a+f, (1)
V-v=0, (2)
0 = _pI + T, (3)
=197, (4)
Mo — Moo
N=-——"—% 1 N ()
(1+ (a9)2)"
g—j +v-Ve= DV?. (6)
['paHuuHble yc/10BUS:
U‘inlet = Uy, (7)
p|outlet = Pank; (8)
C|inlet = Co; (9)
dc
%’outlet = O’ (10)
Oc
a_n}wall:()’ (11)

IJie p — TMJOTHOCTDb JKeJMUH, v — CKOPOCTb XKeJuH, ¢ — BpeMsl, ¢ — TeH30p HaMpsiKeHUH,
f — MmaccoBble cunbl, p — pAaBjeHue, I — eAWHUUHBIA TEH30p, T — JeBUATOpPHAs 4YacTb
TeH30pa HAaMps)KeHHH, 77 — BS3KOCTb, 7Y — CKOPOCTb CABHUTra. YpaBHeHHe (D), mpen-
cTaBJsiolee cob6oi Momesnbp Kapo, omucbiBaeT HEHbIOTOHOBCKOE IOBEIEHHE KHAKOCTH.
B pa6ote [8] 6bl10 MOKazaHo, uTo Moze b Kapo omuchiBaeT noBeleHUe JUTOTEHHOH XKeJ-
Uh (7)o — BSBKOCTb CpPeMbl MPH IMpPefesSbHO OO0JbLIOH CKOPOCTH CIBHTa, 79 — BSI3KOCTb

MpU TpeiesIbHO MaJsol CKOPOCTH CABUra, a — mapamerp mopenn Kapo, k — mokasa-
TeJlb CTENeHH, ¢ — KOHIeHTpalus xoJjecTepuHa (MMmoJb/n), D — kKoahduuHeHT nud-
¢bysun). YpaBHenus (1)—(5) omuchiBalOT TeyeHHWEe KHUAKOCTH, ypaBHeHHe (6) — TpaHc-

MOPT YaCTHI[ XOJIeCTEPHHA BMeCTe C XKHUAKOCThIO (ypaBHeHUe nu(dy3un); ypaBHeHus (7)—
(11) — rpaHuYHBle yCJIOBUS, T U|inlet — CKOPOCTb Ha BXOJHOM CEUeHHH CTEeHTa, p|outlet -
JlaBJieHHe Ha BBIXOMHOM CEYeHWH CTeHTa, pynk — JMAaBJeHHe B [BeHaallaTHIEePCTHOM
KHILKE, C|mlet — KOHLIEHTPALHUsl Ha BXOMe, ¢y — HadajbHas KOHLEHTpauusi (HHIUBHAYa-
JIbHBIA mapametp). 3HadeHus napametpos: p = 1020kr/m® [9], D = 7 - 10~%mm?/c [10],

Uy ZSMM/C [8], Pnarnk =1 klla [11]

1.3. AnNropuTtMm HakonneHus OTNI0OXXEHUN XoNnecTepuHa Ha CTeHKe CTeHTa

AJrOpuTM HaKOIJIEHHsI OTJIOXKEHHH XoJiecTeprHa Ha CTEHKE CTeHTa MOXKHO ONHCATh
caenyomum obpazom. [lepBbiM 11arom sBJsieTCs 3afaHHe UHAWBHUAYaJbHBIX MapaMmer-
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poB — cBo#cTB kesmun (Kuakoctd Kapo) W KoHIeHTpaluu xosecTepuHa. Ha Bropom
[Iare BBIMIOJNHSIETCS pacyeT CTALlMOHAPHOTO TeueHHs, OMNpeaessieTCss MoJje KOHIIEHTpa-
U B CTEHTE, B TOM YHCJe KOHIEHTPALMHU XOJeCTepuHa BOJHM3H CTEHKH MJIACTHKOBOTO
creHTta. Ha TpeTbeMm Iare pacCUMTHIBAIOTCS M3MEHEHHs pajuyca CTEHTa H3-3a OTJIOXKEHHUS
XOJIECTePHUHA COTJIACHO YpPaBHEHHIO, KOTOPOE BBIMOJIHSETCS Ha OOJbIIMX BpPeMEHHBIX
MaciiTabax (6oJsiee CyTOK):

oR c X
E——B (C—*—]_) HpI/I c>cC s (12)
%:0 npu ¢ < ¢, (13)

roe R — panuyc cteHTa, J — KO3((ULHEHT, ONUCBIBAIOLIUA CKOPOCTb yMeHbILIEHUs pa-
avyca, ¢ — KpUTHYecKasl NMPUCTeHOUHAash KOHLEHTPALHMsl XOJecTeprHa, MpH AOCTHXKEeHHH
KOTOPOU HayMHaeTCsl Mpollecc OTJIOXKEHHUsI XojecTepruHa (puc. 2).

WHauBuIyansHbie CBOMCTBA KEIUU (Cy, C*,M ,MN <, &, @)
reoMeTpus creHTa (R), HauanbHbIC ¥ IPAHUYHBIC YCIOBUS
Individual properties of bile (co, ¢*, Ng M=, k, ),
stent geometry (R), initial and boundary conditions

12

PacueT npucTeHOYHO KOHIIEHTpaLuH (¢)
Compution of wall concentration (¢)

Y

\ 4

Her/ No Ha/ Yes
c>c*
\4 Y
AR=0, S,;.,=0 AR=—(c/c* —1)At
Ssten<S krit B( ) 2
Ssten = 1 - mlnR
R,

OKOHYaHHE UTEPAITMOHHON MPOLIEAYPHI |
The end of the iterative procedure Ssten=Siis

Puc. 2. Anroputm pacyeta Mo MOAeIMPOBAHUIO HAKOTJIEHHS] OTJIOXKEHHUH XoJiecTeprUHa
Fig. 2. The computation algorithm for modeling the accumulation of cholesterol deposits

B cootBercTBHU ¢ ypaBHeHHsIMH (12)-(13) BbIMOJIHSETCS CMelleHHe TPaHUUYHBIX y3-
JIOB pacyeTHOH CeTKM W BO3BpPAT KO BTOPOMY MLIary aJjrOpUTMa, €CJd TeKyllas I10-
I[ab TIONEPeYHOro CeYeHHsl MeHbllle KPUTHUECKOH cTeleHHW cTeHo3a. [Ipu mocTHKeHUH
KPUTHUECKOH CTENeHH CTeHO03a Sk, ONpenesseTcs (pUHANbHOe 3HAUeHHEe S, (CTeNneHb
OKKJIO3UM CTEHTa) B CEeYeHHH C MHHHMaJbHBIM pafHUycoM CTeHTa. B maHHOM cJjyuae
KPUTHYECKUM $IBJISIJIOCH 3HAYeHHe, KOrua 75% IOMNePevyHOro ceyeHHUs OblI0 3aKyTOPeHO.

2. PE3YJIbTATbI
2.1. PacnpepeneHue ponu xonectepuHa

B nanHOM pasnesie paccMOTpeH MprUMep YHCJAEHHOHW peanu3alrdd MOAEH JJIs KOHK-
peTHoro mauueHTta. Paguyc ceueHHsi CTeHTa 0e3 OTJIOXKEHUH XOJEeCTEpPHHA COCTABJISET
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AT HVLIVMOB. Marematrnyeckoe MogennpoBaHne HaxKornAeHrns 4actril Ha rnoBepXHOCTH £ 2>

3.3mm (10 F'r). DxcrnepuMeHTaJsbHble HCCJIENOBAHMS MMOKa3blBAlOT, UTO KOHIIEHTpallUs
XOJIECTEPUHA B XKEJTYHBIX MPOTOKAxX cocTaBJsieT oT 2.4 10 5.9 r/a y mauueHToB ¢ ejde-
KaMeHHOH 6oJsie3Hbio, ot 1.1 1o bt/ y 3nopoBeix Jonedt [12]. B pacuerax HCrnoJib30BaHbI
napameTpel ¢g = 5.51/a, ¢ = 5r/n, ng = 62.5mlla-c, 1, = 4.5wmlla-c, a = 0.0331/c,
k = 0.56. ¥ nanueHTa C NpeACTaBJEeHHBIMH Bblllle MHIMBHUAYAJIbHBIMH MapaMeTpaMH MO-
nobHasi CTeneHb CTeHO3a pa3BUBaJsach nocse 4 mecsiueB HabsoneHni (120 nuei) (puc. 3).

I

0.0045 0.0202 0.0360

a/a 6/0b 8/c
Puc. 3. PacnpenesieHde KOHIEHTPAaLMH XOJECTEPHHA Ha CTEHKe CTeHTa, Kr/J
(co = 5.51/n, ng = 62.5mlla-c, 1y = 4.5mlla-c, a = 0.0331/c, k = 0.56): a —
Ry = 3.3wmmMm, t = 40,80,120 pueir; 6 — Ry = 2.7mMm, t = 40,80,100 nHeH,
8 — Ry =2wmm, t = 20,40,60 gHeit (uBet online)
Fig. 3. The distribution of cholesterol concentration on the stent wall, kg/l
(co=5.5g /1, ny = 62.5mPa-sec, 7, = 4.5mPa-sec, a = 0.033 1/sec, k = 0.56):
a — Ry = 3.3mm, t = 40,80, 120 days; b6 — Ry = 2.7mm, t = 40,80, 100 days,
¢ — Ry =2mm, t = 20,40, 60 days (color online)

Takum 00pas3om, OOMH ILIAr ajropuTMa COOTBETCTBYeT peajibHOMYy BpeMeHH 4 IHS.
Mcxonst U3 3TUX DAHHBIX, BHINIOJHEHA OLEHKA mapaMetpa (3, 3HauyeHHe KOTOPOro COCTABH-
Jg0 5 - 1072 mM/nedb. B cTeHTe MeHbluero paaMyca KOHILEHTpalMsi XoJecTepuHa Ha
CTeHKe Bo3pacTaeT OblcTpee, MPUUEM 3aBUCUMOCTb OT BPEMEHH HOCHUT 3KCIIOHEHLHAJb-
Hblll xapakTep (puc. 4). Ha 60-i1 1eHb B cTeHTe ¢ HAMMEHBIIUM paanuycoM (2 MM) HabJio-
[al0TCsl MPUCTEHOUHBIE KOHIIEHTPALUH X0JIeCTepruHa, paBHble 29.2 /1, B cTeHTe painycom
2.7mm — 18.1r/n, panuycom 3.3 MM — 14.71/n, B cTenTe paguycoM 4 mm — 12.1 /0.
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2.2. WN3meHeHue npoceeTa

PesynbTaThl MOKa3bIBaKOT, UTO

B cTeHTe panuycoM 4 mm Ha 40-i
JeHb O0OHapyKUBaeTcs CyxKeHHe,
nJ0llaAb KOTOPOrOo MeHbllle Ha
10.2% ot HauaabHoro, Ha 80-i
: IeHb CcTeHo3 cocrtasasieT 23.4%,
0 20 40 60 80 100 ¢ Ha 120-it nenp — 47.8% (puc. 5).

nueit /days B crentre paauycom 3.3MM Ha

Puc. 4. MakcumasbHasi mpucTeHouHast koHueHntpa- — 40-# neHb oGHapy»KUBaeTcs Cyxe-
UHsd B 3aBUCUMOCTH OT BpEeMeHHM U paguyca CTeHTa HHe, IlJollaab KOTOpOFO MeHbIIe
(co = 5.51/n, mo = 62.5mllac, N = 4.5mllac, pa 14.0% or HauaJbHOTO, Ha
a=0.0331/c, k = 0.56) 80- JeHb CTEHO3 COCTaBJSeT

Fig. 4. Maximum parietal concentration depen- 35.5%, Ha 120-&t neup — 67.9%.
ding on the time and radius of the stent (Cremos B crenre pafHycoM

(co = 5.5g/l, np = 62.5mPa-sec, 1. = 4.5 mPa-sec, 27MM Ha 40-H J1eHb cCOCTaB-

Konnenrpanms, /1
Concentration, g/l

a = 0.0331/sec, k = 0.56) aser 19.0%, na 80-# pmeHb —
00 T R mm T A 48.9%, ua 100-ii nenn — 71.2%.
80 : ' : ' : ! B cTeHTe ¢ HauMMeHbIIMM pa-

ouycom (2mm) yxe Ha 60-#
JeHb OOHAapy»KMBaeTCsl CHUXKEHHE
mjomaad npocsera Ha 59.0%.
PesynbraTel  pacueToB  MOKasbl-
] ! . BAlOT, 4TO NPHU IPOUMX PaBHBIX
0 2;0 40 6IO 20 1(')0 ‘ napamMeTpax CTE€HT C MeHbIIUM pa-

neit /days IMYCOM 3aKyTOpHUBaeTcsi GpicTpee.

Puc. 5. Okk/1031sl CTeHTa B 3aBUCHMOCTH OT BpeMeHH Pesynbrathl cornacyiores ¢ 3KC-

(co = 5.50/m, ny = 62.5mllac, o = 4.5mllac, NEPHMEHTAIbHBIMA JaHHEIMH [12],

a=0.0331/c, k = 0.56) KOTOpble TOKAa3blBalOT, YTO CTEHT

Fig. 5. Stent occlusion versus time (cg = 5.5g/l,  PaAHyCcOM 10 F'r (3.3 Mm) 3akyrmio-

no = 62.5 mPa-sec, 7., = 4.5 mPa-sec, a =0.033 1/sec, puBaeTcs MejjieHHee cTeHTa 8 F'r
k = 0.56) (2.7 mm).

N B
S o O

Crenos / Stenosis, %

(=]

2.3. BnusHue Bo3pacTa, nona v peoniormm Ha Bpemsi 3aKyrnopku CTeHTa

B naHHOM pasgesne mnoOKasaHbl pe3ysabTaThl HCCJEQOBAaHHS MO OLEHKE BJHSAHUS
BO3pacTa, I0Ja, BSI3KOCTH, KOHLEHTPAalLMUM XOoJecTepuHa, OUaMpyOMHA, KaabLUs U pa-
IUyca CTeHTa Ha BpeMsl 3aKyNnopkd. MHAMBHAya/bHBIE MapaMeTpbl XKeJqud ONpefeseHbl
M3 3KCIepHUMeHTa, npoBelneHHoro B pabore [13]. [To pesynbraTam 3amepoB OblIO Bblze-
JIEHO TPH BO3PACTHBIX T'PYMMbI, A5 KOTOPBIX ONpe/ieseHbl cpeiHUe 3HAUEeHHs MapaMeTpoB
peoJiorMueckKor Mojesd. Pe3ynbraThl pacyeToB NpHBeleHbl B Ta0JULLe.

Pe3ysnbTaThl UHC/IEHHBIX KCIIEPUMEHTOB MMOKa3aJ/H, UTO Ha BpeMsl 3aKYNOPKH CTEHTa
CYLIeCTBEHHOE BJMSHHE OKAa3bIBAIOT BSI3KOCTb KeJ4M, KOHLUEHTPALHUs YaCTHIL ¥ pPaguyc
cTeHTa. BiusiHMe moJia BeIpaXkKeHO B MeHbIIeH CTeneHH (B CpelHeM Yy MYXKUHH 3aKyNOpKa
CTEHTa TPOUCXOAUT MeJJieHHee, OHAKO TPH BBICOKHX JAO0JSX XOJeCTepHHa B CTapllel
BO3PACTHOH TpyIne 3aKylNopkKa MPOUCXOAUT OblcTpee y MyXKduH). CrenyeT OTMETHTb,
4TO C yBeJHUEHHeM pajivyca CTeHTa yBeJHUHMBaeTcCsl BpeMs ero 3akymnopku. OnHaKo s
KeHIIMH crtapiie 60 jer npu paauycax creHta 2.0 u 2.7 MM Hab/OgAMUCHh TTPAKTUYECKH
OIMHAKOBbIE pe3y/nbTaThl. TakuM 00pa3oM, YCTAaHOBKA CTEHTOB C MUHUMAaJbHBIMH pafny-
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OKKJIIO3UM CTEHTa B 3aBUCHMOCTH OT T€PCOHAJH3UPOBAHHBIX apaMeTpPoB U pajauyca CTeHTa
Stent occlusion terms depending on personalized parameters and stent radius

Bospacr, Jer

[TapameTpsl Monenn Kapo

Panuyc crenra, mm

Bpewmsi okkmio3uu, mec.

UIDOHXJ290L BH TULDPh KUHBULOSPH SuHegodUUSTowW S0HDhULIPWS 1R,/ 'QOWAhA}j Y

Ion Aoe. vears Parameters of the Carreau Model Stent radius. mm Occlusion time, months

Gender 88 Y no, MIla-c | 7o, MIla-c | a, ¢t | k& ’ o <3.5r/n | 3.5 <o <551/ | ¢ >5.5 r/n

2.0 3.5 3.0 2.5

2.7 5.5 4.0 3.5

<35 21.7 2.1 0.006 | 0.91 33 70 50 40

4.0 8.5 6.5 5.5

2.0 2.0 2.0 1.5

27 4.0 3.0 2.5

Ken. 36-60 425 1.2 0.041 | 0.49 33 50 40 3.0

4.0 6.0 4.5 4.0

2.0 2.0 L5 1.0

2.7 2.0 1.5 1.0

>60 62.5 4.5 0.033 | 0.56 33 25 2.0 1.5

4.0 3.0 2.5 2.0

2.0 4.5 4.0 3.5

2.7 9.0 5.5 4.5

<35 23 1.3 0.021 | 0.48 33 10.0 6.5 55

4.0 10.5 8.5 7.0

2.0 2.5 2.0 1.5

2.7 3.0 2.5 2.0

Myx. 36-65 36.7 1.1 0.036 | 0.49 33 40 35 30

4.0 5.0 4.0 3.5

2.0 1.5 1.0 0.75

2.7 2.0 1.5 1.0

>65 84.9 1.1 0.010 | 0.47 33 25 20 15

4.0 3.0 2.5 2.0
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caMHd He MOBJIMSIET Ha CYIIEeCTBEHHOE H3MeHeHHe CKOPOCTH MX 3aKymnopku. MuHHMab-
Hoe BpeMsi 3akynopku (0.75 mec.) Hab/rofaetcss B CLeHAPHU C BHICOKHM YPOBHEM KOH-
HeHTPaluuu — 5.5 T/J, MaJleHbKUM pPafinycoM cTeHTa (2 MM) U CBOMCTBAMHU XKeJl9H, Xapak-
TEPHBIMHU [JIT MY>XYHMHBI cTapiue 65 jet. MakcumanbHoe Bpemsi 3akynopku (10.5 mec.)
HaOJ/I0a/I0Ch B CLIEHAPUH C HAUOOJbBLIMM PAaAMyCOM CTEHTa MPHU HauaJbHOHW KOHLEHTpa-
IIMK XOJieCTepUHA MeHee 3.5T/J ¥ BA3KOCTH XKeJI4M, XapaKTepHOH [/ MyXKUHH MJjajlie
35 neT. MOXKHO OTMETHTh, UTO BPeMsI OKKJII03HH BO3PACTaeT C POCTOM KOHLEHTPALMU MPH
JI060M BO3pacTe W CBOHCTBAX KEJUH.

3. OBCYXIOEHUE

OKKJII03H$1 MIJJACTUKOBBIX CTEHTOB — OJIHO U3 CaMbIX YaCThIX OCJN0XKHEHUH NPH JeYeHHH
OunuapHod oOCTPYKUHMHU. B naHHOH paboTe mpeasoKeH NOAXOM K MeXIUCLUUIIMHAPHOMY
U3Y4YEeHHUIO 3TOH MpoOJeMbl C MOMOILbI0 UUCAEHHOTO MOoAeaupoBaHus. M3BecTHo, uTto 6u-
JIMApHbIH cnafxk, 6akTepud, 00pa3oBaHUs OUOMJIEHOK CTHUMYJIUPYIOT HaKOMJeHHEe YacTHI]
Ha TOBEPXHOCTH CTEHTAa, YTO MNPHUBOAUT K ero 3akyrnopke. OJHAaKO OCHOBHBIM KOM-
MIOHEHTOM OWJIMApPHOrO cJaiXKa SBJASIeTCs XoJiecTepuH. B cTaTbe OBLIO paccMOTPEHO
BJIMSIHHE KOHLEHTPALMH JaHHOTO BelllecTBa HA OKKJIO3HUI0, XOTs B pa3pabOTaHHOM MOJ-
X0Je MOTYT Y4YUTBIBaTbC W Apyrue Qaktopbl. [losyueHHble 3HaueHHsI KOpPpeJHUPYIOT
Kak ¢ JabopaTOPHBIMH NaHHBIMH [7], Tak W KJAWHWYecKHUMH pesyibratamu [12]. Ilpo-
[lecC HaKOIJEeHUs 4YacTHUL Ha BHYTPeHHEH MOBEPXHOCTH CTEeHTa MOX0XK Ha MpoLece
00pa3oBaHMs aTepOCKJAepOTHYECKOH OJISIKKM Ha CTeHKe KpoBeHocHoro cocyna. OTiauuue
3aKJ/I04aeTcss B TOM, YTO NpHU 0Opa3oBaHHUM OCaJKa Ha CTEHTEe YaCTHLBl, B OTIHYHE OT
JIUTIOTIPOTEMHOB, He MPOHUKAIT BHYTPb cTeHTa. COrniacHO GMOMEXaHHYeCKHM MOJEJSM
U TUnotesaM, oOpasoBaHue OJslIEK MOXKeT ObITh CBSI3aHO C MOBPEXJAEHUEM BHYTPEHHeH
MOBEPXHOCTHU CTeHKU. [Ipu ocaxKaeHWH JUNONPOTEMHOB OHU MPOHUKAIOT BHYTPb COCY-
12 U TMPOA0JKAIT pa3BUTHe OJSAIKHA. Bo3M0oKHO, HAaKOMJ/JIeHWe YaCTHLL Ha TOBEPXHOCTH
CTeHTa MOKeT OBbIThb CBSI3aHO C HEOLHOPOJHOCTBIO U Ne(heKTaMH BHYTpPeHHeH MOBEPXHOCTH
creHTa. PazpaboTaHHas Mojesb UMeeT XOPOLIHe NepCrneKTHBbl B peasn3alny YACJAEHHOTO
aJrOpPUTMa MO MOAJEpXKKe MPUHATHUS PelleHUH NP yCTaHOBKe MJACTUKOBOIO CTEHTA, YTO
SIBJISIETCS aKTyaJibHbIM TPEHIOM Ha CETrOAHSIIHUN JeHb.

3AKJTIOYEHUE

B nanHO# cTaThe pa3paboTaHa MoJe b HAKOMJIEHHS YACTHUL Ha TIOBEPXHOCTH MJIaCTUKO-
BOTO CTEHTA [/l IPOTHO3a CPOKa (PYHKLUHUOHAJIbHOH 3((heKTHUBHOCTU OUJIMAPHOTIO CTEHTA.
CBs3b MexXJy KOHIEeHTpalUWed XoJecTepruHa W BpeMeHeM 3aKyMopKH Oblja HakaeHa
C MCMOJb30BaHHEM pa3pab0TaHHOW HWTepPalHMOHHOH mnpouenypsbl. JlMHAMHKa H3MeHEeHHs
NpocBeTa CTEeHTa TakxKe Oblja CMoJe/]MpoBaHa. Pe3dy/bTaTbl MOKas3ajd, YTO NapaMeTphl
CTEHTA, BSI3KOCTb 2KeJ/JUM U Haya/ibHasi KOHLUEHTPALKS OKa3blBAIOT 3HAUUTEJbHOE BJIUSHHE
Ha BpeMs OKKJIIO3UM. PaspaboTaHHasi Mojesb HMMeeT XOpOllue MepCleKTHBbl Js pea-
JIM3aLMU B BHUJAe IPOTPAMMHOrO TMPOAYKTA M0 MOAAEPXKKE INPUHATUS peLleHUH IpH
YCTaHOBKE MJACTHKOBOTO CTEHTAa WU CIOCOOHA YJYYLIHTb pPe3yJbTaThl AaHHOTO 3HI00U-
JIMAPHOTO BMellaTeJ bCTBA.

BaaromapHocTu. Pab6ora BeimosHeHa npu ¢uHaHCOBOH mopuaepxkke PDODU (mpoekt
Ne 18-29-10020) u rpanTa Ha pa3BUTHe Hay4yHoH WIKoJbl [lepmckoro kpas «Kommbio-
TepHas GHOMeXaHHKa U LU(PPOBbIe TEXHONOTHH B OHOMeAUIMHEe». ABTOp 6/1arofapuT KaHg.
¢us.-mat. Hayk M. P. KamantnunoBa (PenepasbHblil Hay4HbIH [EHTP MeIHUKO-ITPOHUIaK-
TUYEeCKHUX TEXHOJIOTHH yIpaBJeHHs] PUCKaMHU 3/I0pPOBbIO HaceseHus, T. [lepMb) U 1-pa men.
Hayk, npod. B. A. CamapueBa (ITepmckuil rocynapcTBeHHbIH MeIULHMHCKUE YHUBEPCUTET
uMeHH akazeMuka E. A. Barnepa) 3a 1eHHble 3aMeyaHUs NpU 06CYKAEHUH CTAThbH.
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Mathematical Modeling of Deposits Accumulation
on the Plastic Biliary Stent Surface for Predicting Its Occlusion

A. G. Kuchumov

Alex G. Kuchumov, https://orcid.org/0000-0002-0466-175X, Perm National Research Polytechnic
University, 29 Komsomolskiy Prospect, Perm 614990, Russia, kychymov@inbox.ru

Endoprosthetics with plastic stents has been used to restore bile drainage through the percuta-
neous or endoscopic method since the late 1970s. The long-term results cannot be considered
satisfactory due to the high incidence of jaundice recurrence which is caused by the occlusion of
plastic stents with a biliary sludge (accumulation of cholesterol crystals, pigment crystals, bacte-
ria and calcium salts). Cholesterol is considered to be the main component of biliary sludge that
stimulates the reduction of the stent lumen. The average lifetime of stents is 3—6 months. Despite
numerous experimental studies of the occlusion process, the optimal timing for the replacement
of the biliary plastic stent has not been established. Too frequent replacement of the stent can
lead to additional complications, so an individualized forecast of the stent’s lifetime for a particular
patient is needed. In this paper, a model of the flow of lithogenic bile as a non-Newtonian fluid
is developed taking into account the transport of particles describing the behavior of cholesterol
crystals that accumulate on the inner surface of the stent, stimulating a decrease in its lumen. A
correlation was found between cholesterol concentration and occlusion time based on the use of
a specially developed iterative procedure. The results of the numerical computations show that
individual parameters (age, gender, bile viscosity, cholesterol concentration) have a significant
impact on the rate of occlusion of the stent.

Keywords: bile, biliary stent, non-Newtonian fluid.
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Arnwesa YnbsHa OneroBHa, kaHOupaTt OU3MKO-MAaTEMATMYECKUX HayK, CTapwuii HayyHbI
COTPYIHUK, NHCTUTYT MexaHnku nmenun P. P. Masniotosa Y ®VILL PAH, Poccus, 450054, r. Yda,
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HenvHelHble BONHOBbIE NpOLIECCh B ABYX(PA3HOM cpeae (My3bpbKOBOM XUOKOCTU) HE TEPSIOT
aKTyanbHOCTU Kak 06beKT UCCNenoBaHusl B CUMY LUMPOKOro PacrnpoCTpaHeHNs B pas3nmyHbiX
obnacTsx uanKK, TEXHWKU, XMMUYECKOW 1 HedpTerasoBol NpOMbIlWIEHHOCTW. B nocneaHue
LECATUNEeTUS CKa4yoK PasBUTUS BbIYUCIIUTENBHON TEXHWKWU paclimpui BO3MOXHOCTU B UCCe-
LOBaHNU CYLECTBEHHO HeNWHeNHbIX 3apad. Llenbto pgaHHol paboTbl cTano monyyeHne cra-
LIVIOHAPHOTO PELIEHNSI YPaBHEHWA, OMUCHIBAIOWMX OBUXEHNE YEONHEHHON BOMHbI B ra3oXum-
KOCTHOM cMmecy 6e3 y4eTa AMCCUMaTMBHBIX MPOLECCOoB. bbino paccMoTpeHo ofHoMepHoe cTa-
LMOHApPHOE TeYeHre XWUIOKOCTW C rasoBbiMY My3blpbKamy Npu cremyowmx npeanonoXeHusx:
CMecb MOHOZMCMepcHas, T.e. B KaX/AO0M 3/eMeHTapHOM obbeme Bce My3blpbky capepuyec-
Kne MW OOHOro pagnyca; BSA3KOCTb W TenjonpoBOLHOCTb CYWECTBEHHbl NMWb B MpoLecce
MexXas3HOro B3aUMOLENCTBMA U, B YACTHOCTW, MpW Mynbcaumsix ny3blpbkoB. Kpome Toro,
npennonaraeTcsi, YT0 MaccoobMeH Mexay oasamu OTCYTCTBYET, a Temnepartypa XWIOKOCTU
MOCTOSIHHA, B OT/IM4ME OT TemnepaTypbl rasa B nyabipbke. ocneaHee Bceraa BbINOHSETCS
NMpu He OYeHb BLICOKUX [OaBleHMsIX M3-3a npeobnajaioluero MaccoBOro COAepXaHus Xua-
KOCTW (4TO MO3BONSIET CYATATb €€ TEepPMOCTaTOM) U CyWeCTBEHHO ynpowaeT 3amjady, Tak
KaKk oTnamaet Heob6XOLUMOCTb PACCMOTPEHUS! yPaBHEHUS 3Heprum XxupkocTu. [asneHve B
ny3blpbKe Mpeanonaranocb 0AHOPOAHBIM, 4TO obecneymBaeTcs, ecnv panuanbHas CKOPOCTb
CTEHOK My3blpbKa 3HAYNTENbHO MEHbLIE CKOPOCTM 3Byka B rase. [aBneHue a3 v pasmep
ny3blpbKOB ObIN CBSA3aHbl YCNOBMEM COBMECTHOro AeddopMupoBaHus. B kavectBe Takoro
YCNIOBUS B O@HHOM ClyyYae npuHMManoch ypasHeHue Panesl, coOTBETCTByolWee MNynbcaunsm
OLVHOYHOIO CHIEPMYHECKOrO MNy3bipbka B 6e3rpaHnyHon HECKMMAeEMOl XuakocTu. [ns nose-
LEeHUs ra3a B ny3blpbkax Obln MPUHAT NONUTPONUYECKUI 3aKOH. Ha ocHOBE OLHOMEpPHbIX CTa-
LIMOHAPHBIX YPaBHEHUI TEYEHUS! XULKOCTM C ra3oBbiMU Ny3bipbKaMmy MOCTPOEHO peLleHne Tuna
«ye[VHeHHas BOJIHa», YacTHbIM C/ly4aeM KOTOporo Ans cnabbix CONMMTOHOB SIBNAIOTCS pe3yb-
Tatbl, NONy4YeHHble Ha ocHoBe Mogenu KopTesera — ne Bpuaa ans nysbipbkoBbIX cpea.

KnroqeBbie cnosa: yeanHeHHas BOJIHa, COJIUTOH, Ny3blpbKOBasA XUAOKOCTb.
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BBEIEHUE

Pa6oTa nocBsillieHa aHAJIUTHYECKOMY OMHUCAHHUIO HEJUHEHHOT0 IBUKEHUS My3blpbKOBOH
cpenbl 0e3 yyeTa JAMCCHNATHUBHBIX MNpolleccoB. Ha ocHoBe 0gHOMepHBIX CTaLMOHAPHBIX
ypaBHeHUH TeUeHUS KUAKOCTH C Ta30BbIMHU MYy3bIpbKaMH IOCTPOEHO pellleHHe THUMA «yelu-
HeHHasl BOJIHA», YAaCTHBIM CJy4yaeM KOTOPOTo IJsl C/J1a0blX COJMTOHOB SIBJSIIOTCS Pe3yJib-
TaThl, NIOJy4eHHble Ha ocHoBe Mofesau Kopresera — ne Bpusa nsa ny3blpbKOBBIX Cpejl.

HenvneliHble BOJTHOBBIE Mpollecchl B NBYyX(as3HOU cpefie (My3bIpbKOBOW KHUIKOCTH) He
TepSI0T aKTYaJbHOCTH KaK OOBEKT HCCJeJOBAHMS B CHJY LIMPOKOTO PaclpoOCTPaHEHHUS B
pPa3UUHbIX 00/1aCcTAX (PUIUKH, TEXHUKH, XUMUUECKOH U He(TerasoBOH MPOMBIILIJIEHHOCTH.
B [1-3] mompo6HO omucaHbl aHaJUTHYECKHE, UHCJIEHHble WU 3SKCIEePUMEHTaJbHble HC-
C/Je/I0BaHUsl NUHAMMKHA aKyCTHUECKHX BOJH B KHAKOCTH C My3blpbkKaMd. B mocsennue
JECSATUJIETHS] CKAUOK PA3BUTHUS BBIUYMCJANUTENbHON TEXHUKH PACIIMPHUJ BO3MOXKHOCTH B HC-
CJeIOBaHUMU CYILIeCTBEHHO HeJHHeHHBIX 3anad. Ho yuc/ieHHble MeTonbl TpeOylOT BepH-
(pUKauMK pe3y/bTaTOB, U AHAJUTHUYECKH I[OCTPOEHHbIE pellleHHs] KJIaCCHYECKHX CHCTeM
YPaBHEHUH MOAXOAAT I/ 3TOW LeJIH.

B paGote [4] mpoBeneHO cpaBHeHHe TpeX pa3JHUYHBIX YUCJEHHBIX MOJEJEH ydyera He-
JIMHEHHOCTH TIPU PaclpoCTpaHEHUU BOJH B My3bIpbKOBOH KuAKoCTH. [lokaszaHo, uto He-
JIMHEHHOCTb Ta30BBIX BKJIIOUEHHWH HMMeeT ompefeJsiollee 3HayeHWe, B AJHHHOBOJHOBOM
NPUOJIHKEHUH NTOJyJIMHeHHas TaMUJIbTOHOBA MOZIeJb SIBJISETCS CaMOJOCTaTOUHON 3aMKHY-
Tol Mozmesbio KopreBera — e Bpusa, koTopasi TouHO peluaeTcsi aHaJUTHUECKUM MeTOI0M
obpatHoil 3anauu paccesHusi. B [5] mpoaHannM3upoBaHO B/MSIHME BSI3BKOCTH M Ipoliecca
TensJooOMeHa Ha MeXX(as3HOH TpaHHLEe Ha BOJIHOBblE MPOLECChl B MY3bIPbKOBOH KHJ-
KocTH. [locTpoeHo ceMeHCTBO HeJNMHEHHBIX 3BOJIIOLMOHHBIX yPaBHEHHWH [J/51 ONHCAHHUA
BOJIH JaBJIeHUS] B Ta30XKUAKOCTHOH cMecH. [locTpoeHBl TOUHBble pelleHHsl MOJyYeHHBIX
ypaBHeHH#. B paborax [6,7] nmokazaHo, UTO TOUHbIE COJHUTOHONONOOHbBIE PEILIEHUsT IBOJIO-
LIMOHHBIX yPaBHEHHWH HeJHHEHHOH BOJHOBOM MeXaHHKH MOXKHO MOJydyaThb MNPSMBIM MeTO-
[IOM BO3MYILLIEHHH Ha OCHOBEe pellleHHsl JTHHeapU30BAHHOIO ypaBHEHHS.

ABTOpamu HacTosIILel cTaThbH ObLJ MPOBE/IEH PSil UUCJAEHHBIX PACUETOB 110 PaclpocTpa-
HEHHUI0 JBYMEpPHBIX BOJIH B My3bIPpbKOBBIX W MeHHBIX cTpyKTypax [8-11]. B [8] usyua-
JIUCb OCOOEHHOCTH 3BOJIIOLMH ABYMEPHBIX BOJH B XKHAKOCTH, cojepxKalleidl 00/acTb C
My3blpbKaMH rasa, OblJIM YCTaHOBJIEHbl KPUTEPHU YCUJIEHHsI U ocaabseHus curHagaa. B [9]
B [BYMEpPHOH MOCTAHOBKe A/ CJaydyas LUJIMHIPUYECKOH CHUMMETPUM UHCJEHHO Hccile-
NI0BaH Ipouecc (OPMHUPOBAHHUS M PaACIPOCTPAHEHHSI YAAPHBIX BOJIH B IY3bIPbKOBBIX H
MeHHBbIX CTPYKTYypaxX, MPOBeLeHO CpaBHeHHe ¢ dKcrepruMeHTOoM. Ocob6eHHOCTH YAapHOro M
M309HTPOMHUUECKOTO BO3/IEHCTBUSI HA Ta30XKUIKOCTHBIE cpelbl uccaenoBanbl B [10] ¢ wmc-
M0J1b30BAHWEM LIMPOKOAHANA30HHOTO YpaBHEHUS COCTOSIHUA BOABI M mapa. Ha ocHoBe
COOTHOLIEHHWH P3HKUHA —[10roHUO mNoJy4YeHbl MapaMeTpbl NAfAKLKMX W OTPaKeHHBIX
yIAapHBIX BOJIH B Ta30XKMAKOCTHOH cpefie A/ cjaydaeB U30TE€PMHUECKOro, ainadaTuyecko-
ro U yIApHOTO CXKAaTHH rasoBoil KomroHeHTH. B [11] u3yueHo pacmpocTpaHeHHe cabbIx
BO3MYILEHHH B BOJOBO3AYLIHOH NYy3bIPbKOBOH cpele B YCJOBHUAX, KOrga B MYy3bIpbKax
MIOMMMO HepacTBOPHMOIO B BOJe Tra3a MPUCYTCTBYIOT mapbl Boabl. [IpoaHanusupoBaHo
BJMSIHAE HayaJbHBIX MapaMeTpPoB ABYX(Aa3HOH CMeCH Ha 3BOJIOLHI0 TapMOHHYECKHX
BOJIH B Iy3bIPbKOBOH KHUAKOCTH. J[laHHas pabGoTa B/sSeTCH MPOAOJKEHHEM LHKJa
pab6ot [12,13].

[{esnp HacTosillell paboTbl — MOJyYeHHE CTAllMOHAPHOTO pellleHUsl ypaBHEeHUMH, ONUCHI-
BAIOILMX JBUXKEHHe yeIUHEHHOH BOJIHBl B Ta30XKHAKOCTHOH cMmecu 0e3 yuyeTa AHMCCH-
MaTUBHBIX TpoOLeccOoB. Pe3ysnbTaTbl aHAJIUTHYECKOrO IOCTPOEHUS] CYLIeCTBEHHO He-
JIMHEHHOTO COJIMTOHHOTO pelleHUs PaCLIMPSIT 3HAHUS B 00J1aCTH MeXaHUKHU MHOro(asHbIX
CUCTEM U MOTYT OBITh MCIOJb30BAHbI AJS TECTUPOBAHHUS YUCJIEHHBIX MOJeJeH.
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1. OCHOBHbIE YPABHEHWUA O/ OOHOMEPHOIo CTAUMWOHAPHOIO
ABUXEHUSA

PaccMoTpuM onHOMepHOe CTallMOHAapHOe TeYeHHWe XKUAKOCTH C a30BbIMH Ny3blpbKaMH
NpY CJEAYIOUMX NPeANoI0KeHUsAX: CMeCb MOHOAMCIIEPCHAS, T. €. B KaXKA0M 3JleMeHTapHOM
oObeMe BCe My3bIPbKHU C(hepUueCcKHe U OJHOTO pafuyca; BA3KOCTb M TelJIONPOBOAHOCTD
CYLLECTBEHHBI JIMILb B Ipolecce MexK(a3HOro B3aUMOAEHCTBHUS U, B UACTHOCTH, MPH MyJIb-
cauusax My3blpbKOB. Takoe TeyeHHe, HalpuMep, MOXKET BO3HUKHYTb IPU JaMHUHApHOM
JIBUXKEHUH NY3bIPbKOBOH XKHUIKOCTH B KaHajie MOCTOSSHHOTO CeueHMs, KOT[a BJHSHUE
CTEHOK KaHaJsa Ha BHYTpHUKaHAJbHbIE MPOLECCHl OTCYTCTBYET (PUCYHOK).

1
1
1
)
> >
0/000 00 0 %0, ©, 0lo
od 05° 00000000'00
(o]
oo o o
%o, 3 ° o 0 °%Joo %0
0o 000|990 00 0o 90| —P
oloopo0o 000 00lo0i00
o
(o)

ool

o\oo [o2e) Oo 00 00100
00030 0 L0 o4M ol0

Sl

o
o

>
X

Cxematuyeckoe M300pakeHHe OJHOMEPHOr0 CTALlMOHAPHOTO TeueHHs
Schematic representation of a one-dimensional stationary flow

Kpome Toro, mpeanosaraercsi, 4yTo MaccooOMeH Mexay (pasaMu OTCYTCTBYeT, a TeM-
nepatypa KUAKOCTH 1) MOCTOSIHHA, B OTJMUMe OT TeMIlepaTyphl rasa B mysbipbke. [lo-
cnennee (1T, = Ty = const) Bcerja BBITOJNHSIETCS NPH HE OUeHb BLICOKHUX [ABJEHHUSIX
M3-3a Npeo6J/aaliero MacCoOBOrO CONEpPKAHUSA KHIKOCTH (UTO MO3BOJISET CUMTAThH ee
TEPMOCTATOM) H CYLIECTBEHHO YIpollaeT 3ajgady, TaKk KaK OTMNagaeT HeOOXOAHMOCTb
paccMOTpPEeHHUsl ypaBHEHUS] SHEPTUU KHUAKOCTH.

Pacuetsl [14] mnokaselBamT, uUTO JHaxe IPH OuUeHb CHJIbHOM CXKATHH Iy3bIpbKa
(pe/po ~ 10), Korma B LEeHTpPe My3bipbkKa PeaU3yITCsl BHICOKHE 3HAYEHHsI TeMIepaTyphl
(rasa), Temmeparypa MOBEPXHOCTH My3bIpbKa MOBbILIaeTcss He3HauuteabHO (1, ~ 1.17).
[laBneHue B mny3bipbKe [OCTHUraeT MPH 3TOM 3HAUeHWH, MHOTOKPATHO MPEBOCXOASIIMX
napuMa/jbHOe JaBjeHHe HACbIILIeHHbIX MapoB, COOTBETCTBYIOLLee TAKUM 3HAUEHHUSM TeM-
mepaTypbl MOBEPXHOCTH My3bIpbKa. JTO O0OCTOSITEJNBCTBO CBUAETEJNBCTBYET B MOJB3Y [0-
NyllleHUs] 0 HeCYleCTBEHHOCTH MexX(a3HOro MaccooOMeHa.

Jlns paccmaTprBaeMo# cMecH B paMKax IMpeaCTaBJeHHH CIJOLIHON Cpelbl 3amuileM
nuddepeHIMalbHble YPAaBHEHHSI COXpPaHEHHUs] MacChl KaxKAOH (pasbl, UMc/aa My3bIPbKOB U
UMIy/1bCa BCEH CMeCH B OfIHOMEPHOM CTallMOHAPHOM ABHKEHHUHU:

d(piv) d(nv) dv  dpq
AR - = — 4+ === 1
7 0, . 0, ’Ovdx + . 0, (1)
0 4 3
pi = pi, gt aoy =1, ozg:§7ra n, p=p+pg

rie MHAEeKC ¢ = { U g OTHOCHUTCS COOTBETCTBEHHO K lapameTpaM »KHUAKOCTH U rasa, a —
pafuyc nmysblpbKa.
YpaBHeHUSs1 cOCTOSIHUSA (ha3 NpUMeM B BHUJE

Dg = prTm Uy = cyyTy, Py = const.
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Jlns yno6cTBa MCNoOJb30BaHUS ypaBHEHHS TENJONPOBOJHOCTH BHYTPHU INy3bIpbKa 3a-
MULLIEM ero B MepeMeHHbIX JlarpaHika:

dl ) ( Pt o1 ) dp

0 g 9 9 g 9

PoaCpg¥ = A . + v ,
9P dy Pe&2 06 7 ph&? O dt

rae r — cdepuueckas sinepoBa KoopauHata, 0 < r < a(z); & — narpaHkeBa KOOpAHHATA,
0 < €& < ag. dna manbix o0beMHBIX colep:KaHUH rasa (ag < 0.1) ¥ He O4YeHb CHJbHBIX
BOJIH (py/po < 10), KaK mokasaHo B [14], rpaHUuHOe YCJIOBHE Ha MOBEPXHOCTH My3bIPbKa
MOXKHO TIpelCcTaBuTb B BuUie 1, = T = const, Tak Kak OObIYHO XKHAKOCTb OOJazaer
3HAUUTeJbHO O0JbllIeld TeNJONPOBOJHOCTbIO W 3HAYUTEJNbHO MeHblIEH TeMIepaTypornpo-
BOJLHOCTbIO, UeM Tas3.

M3 mMukpoypaBHeHUS] Hepa3pbIBHOCTH MJ51 Ta3a BHYTPU MYy3bIPbKOB B JlaTPaHXKEBbIX
KOOpIMHATaX UMeeM

(2)

& - Pgofz
o¢  pgr?

JlaBieHre B MysbipbKe MpearoJaraeTcsi OIHOPOAHBIM (romobapuyHocTb [15]), uTo
obecreunBaeTCst, eCJIM pajfivaibHast CKOPOCTb CTEHOK My3bipbKa 3HAUHMTEJIbHO MEHbIIIe CKO-
POCTH 3ByKa B Trase.

YpaBHeHHe /i1 TABJEHHS, SIBJSIONIEECS WHTETPasoM ypaBHeHHs (2) MpH clesaHHBbIX
JOTYILIEHHUSIX U IPAHUUHBIX YCJIOBUSX, UMEET BHU]L

dp, w  3(y—1) da Py T,
v—2 = =3yp,— — ——=q, =v—, q=-XN|—>-2) ,
dx Py a ! dz’ 1 0 Poo 98/
rue ¢ — TMOTOK Telja M3 My3blpbKa B XKUAKOCTb, w — pajHajibHasi CKOPOCTb CTEHOK

My3bIpbKa.

JlaBneHue a3 u pasmep My3bIpbKOB JOJKHbBI ObITb CBSI3aHbl yCJOBHEM COBMECTHOIO
nepopmupoBaHusi. TakuM ycJoBUeM B JaHHOM cJydyae siBaseTcsl ypaBHeHHe Pages,
COOTBETCTBYIOLLEE MYyJNbCALHUsM OIMHOYHOrO C(hepuuyecKoro mnysblpbka B Oe3rpaHUYHON
HeCXKMMaeMoH KUAKOCTH. [lJil paccMaTpUBaeMOro cJjydasi OHO UMeeT BHJL

dw 3 w 20 0
av—— + W + 41/55 = (pg —pe— 7) /py. (3)

YpaBuenus (1) mosHOCTBIO HHTerpupytoTcsi. MIHTerpasbl 3anuiineM B BUle

POV = Pulo,  Pgl = Pgolo, MU = Ngly,  pU° + Py = poui + Do (4)

3neck u B nanbHeieM uHaeke (0) BHH3Y OTHOCHUTCS K PaBHOBECHOMY COCTOSIHUIO TIEpe]l
BOJIHOH.

OTMeTHM, UTO NPU YMEPEHHbIX AaBjeHusx py ~ 1071 =10 MIla oTHOLIEHHEe UCTHHHBIX
nnotHocTel has p)/p) < 1 (npu pe ~ 107" MIla umeem p)/p) ~ 107%). B atom cayuae
MaCCOBBIM COJepKaHHEM rasza MOXKHO MpeHeOpeub MO CPaBHEHHIO C p; (T.e. MOXKHO MO-
JOXKUTb p A p;). B Hacrosimell paGoTe peub HAET O TMY3bIPbKOBBIX MKHUAKOCTSX, IJIs
KOTOPBIX BBITIOJIHEHO YCJIOBHE vy 3> (g, THE g = po/peC?, Cy — CKOpPOCTb 3ByKa B
XKUAKOCTH. JIJIS TaKMX cpell pacCMOTpeHHble naBjeHHs py = 0.1 MIla moryTt cuuTarth-
csl yMepeHHbIMHM. B uacTHOCTH, /s BOIbl ¢ My3blpbKaMu mpu py = 0.1 MIla umeem
Qg & 0.5- 1074

Torpma cuctemy nepBbIX HHTerpasoB (4) ¢ yueToM KHHeMaTH4yecKUX 3aBuUcHMocTed (1)
MOYKHO TIPUBECTH K BHIY

v — vy = agouo(@® — 1),  pr=puw + plawagug(l—a’), (a=a/ag). (5)
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2. YEOWUHEHHbIE BO/HbI B FA30XUOKOCTHON NY3bIPbKOBON CMECHU

PaccmoTtpuM cranmoHapHble pellleHMs] ypaBHEHWH MY3bIPbKOBOH KMIKOCTH, NpeHed-
perasi IMCCUNATHUBHBIMU MPOLIECCAMHU H3-32 MeK(asHOro Temnsjoob6MeHa M BA3KOCTH. [ns
NOBeIeHHUs Ta3a B My3blpbKaX MPUMEM MOJUTPONHYECKHH 3aKOH

p A\
9 9
n_ (1) o
Pgo pg(]
3HayeHusi n = 1 U m = 7 COOTBETCTBYIOT H30TEPMHUECKOMY H afHabaTHUeCKOMY [Mpo-
neccaM. [Ipu n = 0 uMeeM mpenebHBIE 3aKOH /151 TAPOBOr0 My3bipbKa. [Ipy 0TCYTCTBHH
MaccooOMeHa MeXIY My3bIpbKaMH U KUIKOCTbIO, T. €.
4 4
3.0 _ 3.0
gﬁa Pg = g”aopgm (7)
u3 (6) u (7) momyunm
_—3
Pg/Pgo =1a " (8)

Torna ypaBueHnue (3), npeHeGperasi KalUJISPHBIMHA CUJIaMH U ¢ yueToM (D) U (8), MOKHO
MPUBECTH K BUIY

_ d w2 3 Po /__3n _

(I% (7) + 511)2 = p—g (CL sn 1) -+ OégoOégoUg (a3 - ].) . (9)
HerpuBuanbHOoe pellleHHe 3TOr0 ypaBHEHHUS, yIOBJeTBOpsiiollee ycaoBuio w = ( mpH
a = 1, uMeeT BUJ,

w® = f(a), (10)

i 2p [(na—3 —a 3" 1 _ __3/9\2

o) = 35 (M 1) + et (@ = a0

Yro06bl 3TO pelieHHe UMeNO (PU3HUECKHE CMBICJ B OKPECTHOCTH @ = 1, ero mpasas 4acTb
noskHa ObITh moJsoxkuteabHoll (f(a) > 0). Kak caenyer uz (9) u (10), ¢pynkuus f(a)
yrosserBopsiet yeaosusim f(1) = 0, f/(1) = 0. CnenoBaTenbHO, A5 TOJOKUTENBHOCTH
f'(a) mocratouno BbimosHeHus ycaous f”(1) > 0 [16]. YpaBHeHue (9) c¢ yuyetrom (10)
3amuiieM B BHJE

_ _ _2170 __3n 2(-3

af (a)+3f(a) = F(a — 1) + 2ag0vy(a” — 1),

i

[IponnddepeHunpyem 3To ypaBHeHHe MO & M 3alHllIeM MOJy4YeHHOe BbipaKeHHe TMpH
a = 1. Torpa 6ynem umethb

" 6n
fa)=- pg?o + 60000 > 0.
¢
n
Otcropa moayuum ycjaosue vy > C, C = 0&. [IpyupaBHfiIB K Hy/I0 NpaBylo
Py Qoo

gacte (10), mosyuum ypaBHeHHe, CBSI3bIBalOllle€ CKOPOCTb BOJIHBl Uy C MHHMMAJbHBIM
6e3pa3MepHbIM PaIUYCOM '

3

V2 2 nag —EL;?’" B o 2
0_02:‘(”—) [ @ —azy (1)

n n—1

236 HayyHeir otaen



B. L. laranocs n_gp. YeanHeHHble BOHbI B ra30HaKOCTHON 1y3bIpbKOBOK CMecH P

Kpome Toro, u3 uHTerpasa UMmyJabca IJs aMIIMTYAbl yeAUHEHHOH BOJIHBI UMeeM

Apys V2 B
= ngg(l=al) (Ape=p =), (12)

CootHomenust (11) u (12) onuchiBalOT 3aBUCUMOCTb CKOPOCTH vy YeIAWHEHHOHU BOJIHBI OT
ee aMIUIUTYAbl B napameTpuyeckodl ¢opme (a, — mnapamerp). B ciaydae ciaGbix BOJH
(Apgs < pp) MOXKHO MOJYUHUTh SIBHYIO 3aBUCHMOCTb, OMHUChIBaeMyto (opmysoi Hakopsiko-

Ba — [Ipeiibepa [17]:
1A
U0:C<1+n+ pzs)‘
6 po

C nowmoturbto Beipaxkenusi vda/dxr = w, ucnoabsys dopmynsl (5) u (10) cooTBeTCTBEHHO
IJ U U w, CBSI3b MeX1y 0e3pa3MepHbIM pPaguyCcoM M TeKyIleH KOOPAWHATOH HMeeT BH[

/“ vda :l:x
[Tpu 3anucu (13) mosarajoch, 4TO MHHMMAaJibHOE 3HaYeHHWE paanyca AOCTUraeTCs
B Hayase KoopauHat (r = 0). Takum o6Gpasom, Bbipaxenus (5), (10) u (13) samaioT
pellieHHe B BHJE yeIMHEHHOH BOJHBI MJM coJuTOHa. B paborax [18, 19] paccmotpeH
YaCTHBIA CJydal, a MMEHHO MOJIYYeHO JIHIIb OJHO pelleHHe B BHAE YeIHUHEHHOH BOJI-
Hbl. B Hacrosiell xe paboTe moJayueHO OAHO oOlllee BOJHOBOE YpaBHEHHE, KOTOPOE,
B YaCTHOCTH, JMOMYyCKaeT H3BECTHble pelleHHs] B BHIE YeIWHEHHOH BOJIHBI, KOTAa
CXKHMaeMOCTb HecylleH »KUIKOCTH HeCylleCTBeHHa.
CootHowenus (5), (10) u (13) 3agmaroT COJMUTOHHOE pelleHHe B TapaMeTPUUYeCcKOH
¢dopme. B cayuae cmabpix conmutoHoB (Apgs < po) 43 (D), (8), (10) u (13) caemytor
3aBUCHMOCTH

(13)

Do = peo + Apgesech? (2z/L), p,=pe, a=1+ Aagsech? (2z/L) /ay,

A S /— 2,1.2 2
w=1y—v=anwC(l—a), f@=mn+1) p@f (@ — 1)2h*(2x/L) /a2,

(L = 4ayC\/p/ (n + 1) Apes) 7

COBINAJaloLIMe C pelleHHeM, TOJyueHHbIM Ha ocHoBe Mopenu Kopresera-—ne Bpusa nns
My3bIPbKOBBIX cpen [17].

3AKJTIOYEHUE

B pabore aHanMTHUeCKH MOCTPOEHA CHUCTEMa COOTHOLIEHWH, 3a/alolluX B Napamer-
puyeckoll (hopme COJNMTOHHOE pellleHHe B Ta30XKHAKOCTHOH cMecH 0e3 ydeTa AMCCHINA-
THUBHBIX TIpOllecCcOB. 3aNyCcaHO HeTPUBHAJbHOE pelleHHe ypaBHeHHUs Pases Kak yc/a0BHS
coBMecTHoOro nedopmupoBaHus (a3. B ciayyae ciabbix BO3MyILleHHH AaHHAs cHCTeMa
CBOAUTCSl K pe3ysbTaTaM, MojydyaeMblM Ha ocHoBe Moaenn Kopresera — ne Bpusa.

BaaromapHocTu. PaGoTa mnomnep)kaHa cpeicTBaMU TOCYIapCTBEHHOrO OMOMXKeTa M0
roczaganuto Ha 2019-2023 ropb (mpoekt Ne 0246-2019-0052).
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Nonlinear wave processes in a two-phase medium (bubbly liquid) do not lose their relevance as
an object of study due to their wide use in various fields of physics, engineering, chemical and
petroleum industries. Last decades the jump in the development of computing has expanded the
possibilities for the study of significantly nonlinear problems. The aim of this work was to obtain
a stationary solution of equations describing the motion of a solitary wave in a gas-liquid mixture
without taking into account dissipative processes. A one-dimensional stationary flow of a liquid
with gas bubbles was considered under the following assumptions: the mixture is monodisperse,
i.e. in each elemental volume all bubbles are spherical and of the same radius; viscosity and
thermal conductivity are considerable only in the process of interfacial interaction and during bub-
ble pulsations. Moreover, it is assumed that there is no mass transfer between the phases, and
the liquid temperature is constant unlike the gas temperature in a bubble. This is always fulfilled
under not very high pressures due to the bigger mass content of the liquid (therefore it can be
considered as a thermostat). It greatly simplifies the task since there is no need to consider the
equation of the energy in the liquid. The pressure in the bubble was assumed to be uniform. It is
ensured if the radial velocity of the bubble walls is significantly less than the speed of sound in
the gas. Phase pressure and bubble size were bound by the condition of combined deformation.
The Rayleigh equation corresponding to the pulsations of a single spherical bubble in an infinite
incompressible fluid was taken as the condition in this case. Properties of the gas in bubbles were
described by the polytropic law. Based on one-dimensional stationary equations of fluid flow with
gas bubbles, a solution of the “solitary wave” type is constructed. This solution in a special case
of weak solitons is equal to the results taken on the basis of the Korteweg—de Vries equation for
bubble media.

Keywords: solitary wave, soliton, bubbly liquid.

Received: 12.03.2019 / Accepted: 08.08.2019 / Published: 01.06.2020

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

Acknowledgements: This work was supported by the government budget for the state task
for 2019-2023 years (project No. 0246-2019-0052).

References

1. Nigmatulin R. I. Dinamika mnogofaznykh sred [Dynamics of multiphase media: in 2
vols.]. Moscow, Nauka, 1987. Vol. 1, 360 p.; vol. 2, 464 p. (in Russian).

2. Kutateladze S. S., Nakoriakov V. E. Teplomassoobmen i volny v gazozhidkostnykh sis-
temakh [Heat and mass transfer and waves in gas-liquid systems]. Novosibirsk, Nauka,
1984. 301 p. (in Russian).

3. Kedrinskii V. K. Gidrodinamika vzryva: eksperiment i modeli [Explosion hydrodyna-
mics: experiment and models]. Novosibirsk, Publishing House SB RAS, 2000. 435 p. (in
Russian).

MexaHnka 239



kh nse. Capart. yH-1a. Hos. cep. Cep. Matematrka. Mexannka. FMHpopmarrka. 2020. T. 20, Bbin. 2

4. Kim D. Ch. Physical nature of acoustical solitons in liquid with distributed gas bubbles.
Doklady Physics, 2008, vol. 53, iss. 2, pp. 66—70. DOI: https://doi.org/10.1007/s11446-
008-2004-9

5. Kudriashov N. A., Sinelshchikov D. I. Nonlinear waves in liquids with gas bubbles with
account of viscosity and heat transfer. Fluid Dynamics, 2010, vol. 45, iss. 1, pp. 96-112.
DOI: https://doi.org/10.1134/S0015462810010114

6. Zemlyanukhin A. I., Bochkarev A. V. New Exact Solutions to the Generalized Konno -
Kameyama — Sanuki Equation. Vestnik Saratov State Technical University, 2015, vol. 2,
iss. 1, pp. 5-9 (in Russian).

7. Zemlianukhin A. I., Bochkarev A. V. Exact Solitary-wave Solutions of the Burgers -
Huxley and Bradley — Harper Equations. /zv. Saratov Univ. (N. S.), Ser. Math. Mech.
Inform., 2017, vol. 17, iss. 1, pp. 62-70 (in Russian). DOI: https://doi.org/10.18500/1816-
9791-2017-17-1-62-70

8. Galimzyanov M. N. Propagation of Pressure Waves in Finite-Size Bubbles Zones. /zv.
Saratov Univ. (N. S.), Ser. Math. Mech. Inform., 2010, vol. 10, iss. 4, pp. 27-35 (in
Russian). DOI: https://doi.org/10.18500/1816-9791-2010-10-4-27-35

9. Agisheva U. O. Shock wave impact on bubble and foam structures in two-dimensional
axisymmetric volumes. Vestnik Bashkirskogo Universiteta, 2013, vol. 18, no. 3, pp. 640-
645 (in Russian).

10. Agisheva U. O., Bolotnova R. Kh., Buzina V. A., Galimzyanov M. N. Parametric analysis
of the regimes of shock-wave action on gas-liquid media. Fluid Dynamics, 2013, vol. 48,
iss. 2, pp. 151-162. DOI: https://doi.org/10.1134/S0015462813020038

11. Shagapov V. S., Galimzyanov M. N., Vdovenko I. I., Khabeev N. S. Characteristic Features
of Sound Propagation in a Warm Bubble-Laden Water. Journal of Engineering Physics and
Thermophysics, 2018, vol. 91, no. 4, pp. 8564-863. DOI: https://doi.org/10.1007/s10891-
018-1809-9

12. Galimzyanov M. N., Shagapov V. Sh. Analytical studies of suspension acous-
tics. Multiphase Systems, 2019, vol. 14, no. 1, pp. 27-35 (in Russian). DOI:
https://doi.org/10.21662/mfs2019.1.004

13. Galimzyanov M. N., Agisheva U. O. Wave equation for bubble liquid in Lagrangian
variables. Lobachevskii Journal Mathematics, 2019, vol. 40, no. 11, pp. 1922-1928. DOI:
https://doi.org/10.1134/S199508021911009X

14. Nigmatulin R. I. Osnovy mekhaniki geterogennykh sred [Fundamentals of Heterogeneous
Media Mechanics]. Moscow, Nauka, 1978. 306 p. (in Russian).

15. Nigmatulin R. I. Small-scale flows and surface effects in the hydrodynamics of multiphase
media. Journal of Applied Mathematics and Mechanics, 1971, vol. 35, iss. 3, pp. 409-423.

16. Goncharov V. V., Naugol'nykh K. A., Rybakh S. A. Steady-state perturbations in a liquid
containing gas bubbles. Journal of Applied Mechanics and Technical Physics, 1976,
vol. 17, iss. 6, pp. 824-829. DOI: https://doi.org/10.1007/BF00858105

17. Nakoriakov V. E., Pokusaev B. G., Shreiber 1. R. Rasprostranenie voln v gazo- i parozhid-
kostnykh sredakh [Wave propagation in gas and vapor-liquid environments]. Novosibirsk,
Institut teplofiziki, 1983. 237 p. (in Russian).

18. Boguslavskii Yu. Ya., Grigor’ev S. B. On arbitrary amplitude sound propagation in gas-
liquid mixture. Akusticheskij Zhurnal, 1977, vol. 23, iss. 4, pp. 636-639 (in Russian).

19. Lyapidevskey V. Yu., Plaksin S. I. The structure of shock waves in a gas-liquid medium
with nonlinear state equation. Dinamika sploshnoi sredy [Continuous Media Dynamics].
Novosibisk, Institut gidrodinamiki, 1983, iss. 62, pp. 75-92 (in Russian).

Cite this article as:

Shagapov V. Sh., Galimzyanov M. N., Agisheva U. O. Single Waves in a Gas-Liquid Bubble
Mixture. Izv. Saratov Univ. (N.S.), Ser. Math. Mech. Inform., 2020, vol. 20, iss. 2, pp. 232-240
(in Russian). DOI: https://doi.org/10.18500/1816-9791-2020-20-2-232-240

240 HayyHeir otaen



E. E. Vearko, C. M. YeprHckn#i. VlccnegqoBaHne BbIKNMBAeMOCTH MOAENBHON MONyAsLnn G2 SR

WHPOPMATUKA

YK 519.688:519.876.5

MUccnenoBaHne BbIXXMBaeMOCTHU
MOOeNbHOW Nonynsiuuu B 3aBUCUMOCTHN
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MeX.Oy opraHu3mMamm

E. E. UBaHKoO,

C. M. YepBuHCKUIA ‘

MeaHko EBreHuin EBreHbeBuny, [OKTOP OM3MKO-MaTEMATNYECKNX
Hayk, 3aBegyowmini nabopaTopueit aHannsa CMOXHbIX CUCTEM,
OTHOEN BbIYUCAUTENbHBIX cucTeM, WHCTUTYT Matematvkm u
mexaHukn wuM. H. H. Kpacoeckoro Ypanbckoro otneneHus
PAH, Poccusi, 620990, r. EkatepuHbypr, yn. C. KoBaneBckoil,
n. 16; BeOyWunin HayYHbIA COTPYOHUK, YpanbCckun doenepanbHbii
yHuBepcuteT uMeHun nepsoro lpesmpeHTta Poccum B. H. Enb-
uvHa, Poccus, 620002, r. ExatepuHbypr, yn. Mwupa, a. 19,
evgeny.ivanko@gmail.com

YepsuHckuii Cepreii MMpoHOBUY, KaHAMAAT TEXHUYECKUX Hayk,
HayuYHbIA COTPYOHMK nabopatopun aHanmsa CMOXHbIX CUCTEM,
OTAEN BbIYNCAUTENbHBLIX CUCTEM, VIHCTUTYT MaTemMatukm n Mme-
xaHukn um. H. H. Kpacosckoro Ypanbckoro otgeneHns PAH,
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B pabote wuccnemyetca BnvsiHWE cTpaTerun sHeproobmeHa
MexJay opraHvm3mamu nonynsuMyM Ha BbIXXUBAEMOCTb OaHHOM
nonynsiuMm B NOCTENEHHO M3MEHAWENCS BHewHen cpende. Ha
nepBOM 3Tane Bbl4UCANTENbHBIX 9KCMEPUMEHTOB OMpeaenseTcs
«norpaHunyHasi> 06nacTb B NPOCTPAHCTBE LBYX NapaMeTpoB (CKo-
pPOCTV MyTaumn 1 CKOPOCTW MOLAYN SHEPrUM B CUCTEMY), BHYTPM
KOTOPOW BbIXMBAEMOCTb MOMNYNSLUUA C HYNEBLIM S3HEPrOOOMEHOM
nexunT B uMHTepsane ot 5 0o 95% (T.e. BbISBNSAOTCA YCNOBUS
SKCMepuMeHTa, nexauwme Mexgy YCNoBUSMU, XapakTepHbIMM
L1151 BEPOSITHOTO BbIMUPAHUS, U YCNOBUSIMU, 0BecreynBaowmmMm
yBEPEHHOE npouBeTaHne nonynsumn). Ha BTOpom aTtane Ha
OCHOBE ClyyalriHO BbIOOPKM MapaMeTpoB SKCMEepUMEHTA U3
MorpaHny4Hon o0bnacT CTPOUTCH 3aBUCUMOCTb BbIXMBAEMOCTY
MOAENbHbIX MONYyASUMA OT AOAN  SHepruv, nepenasaemon
npu B3aMMOLEWCTBUM OT opraHuama ¢ Oonblueit aHepruein k
OpraHnua3my C MeHbluel (ypOBHS «anbTPyUCTUYHOCTW»). [pose-
[EeHHble 3KCNEepuUMEHTbl AEMOHCTPUPYT: 1) nonoxurtenbHoe
BAMSIHNE anbTPYWUCTUYECKOro aHeproobmMeHa (opraHuam ¢ 60/b-
Wwew sHepruemn BbICTynaeT LOHOPOM) Ha BbIXXMBAeMOCTb NOMyns-
LUnn 1 2) OTCYTCTBME CYLWECTBEHHOMO BANSHNS Ha BbIXXUBAEMOCTb
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nonynsiLMU NPOMNOPLMK, B KOTOPOW AENNTCS SHEPrUS MEXAY POANTENBCKUM U HOBOPOX AEHHbBIM
opraHvamoM. lMonyyeHHble pesynbTatbl MOTYT MPEACTaBNsATb UHTEPEC MPU MOCTPOEHWU WC-
KYCCTBEHHbIX MONynsauunii, Hanpumep, Npv NpoeKTUPOBaHUM POEB MeOMLMHCKMX HaHOPoOOoTOoB
unn npu  paspaboTke SBOMIOLMOHHBIX META3BPUCTUYHECKMX aNrOPUTMOB LS PELEHUs
pa3Ho0bpa3HbIX ONTUMMU3ALIMOHHbBIX 3a4ay.
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BBELOLEHUE

CHcTeMbl, COCTOSILI[ME H3 B3aHMOMEHCTBYIOLUIMX MO OTHOCHTEJbHO MPOCTBIM 3aKO-
HaM 3/JIeMEHTOB, MOTYT JeMOHCTPUPOBAThb CJOXKHOe CJ1abo MpencKasyeMoe [OBeleHHe
(cm., Hampumep, attpaktop Jlopenua [1], Momenb mecuyaHodl Kyuu [2], JorucTHUecKoe
orobpakeHue [3]).

OrpannueHHasi 3(p(HeKTHBHOCTb MaTeMaTHYeCKMX MOJEJeHd MPU H3YUeHHH CJIOXKHBIX
CHCTEM KOMIIEHCHPYEeTCS] BO3MOKHOCTBIO HEMOCPEAICTBEHHOIO YHCIEHHOT0 MOJIEIMPOBAHHUS
(nanmpumep, RePast [4], NetLogo [5], MASON [6], Golly [7], PyCX [8]). ITono6Hble
9KCMEePUMEHTAJIbHble HCCJIEIOBAHUS CJYXKAaT OCHOBOM Kak [JIsi PA3BUTHSI TeopeTHYec-
KOro TMOHMMAaHHS TMPOLIECCOB 3apOXKIeHUs] M 3BOJIOUMH caoxkHocTH [9, 10], tak u ass
MHOXKECTBa aKTyaJIbHbIX TpPUJIOXKEHUH (Hampumep, yrpaBjieHue posMu podotoB [11],
H3yyeHHe MeXaHHW3MOB BO30YXKIeHHs HeHpoHOB [12], mocTpoeHHe Mopesied 3MUIEMHE
M JIeCHBIX T0XKapoB [13], nccenoBaHHe CHHXPOHH3aLMH MHOXKECTBA CBS3aHHBIX OCIIHJI-
asitopoB [14]). Hepenko cJ/I0KHOU cHcTeMy HeJAal0T MMEHHO 3aKOHBI 83aumoldelicmeus
(make 04YeHb MPOCTble) MEXKMIY 3JeMeHTaMHU 3TOHW CHUCTeMbl (CM., HANpUMep, KJeTOYHble
aBTomatel [15], chip-firing games [16], voter model [17]). [lpu atom marematnuec-
Ky MOJe/b, MO3BOJISIONIYIO YIOBJIETBOPUTEJbHO TEOPETUYECKU TMpeaCcKas3biBaTh MOBe-
JleHHe TaKOH CHUCTEeMBl KakK €JHMHOTO LeJoro, Kak MPaBHJO, He yIaeTcsl TMOCTPOMTb Ha
OCHOBe MOJieJiell MOBe/IeHUsl 3JIEeMEHTOB CHUCTEMBI.

B Hacrositieit pabote Mbl 3KCIIEPUMEHTAJbHO H3ydyaeM BJHSHUE CTPaTerdu sHepre-
THUYECKOTO B3aUMOJEHCTBHS MeXAY JeMeHTaMH MOJAEJbHOW TOMYJSIIUU Ha BbI)KMBaHHE
3TOU TOMYJSLKKU B YCJIOBUSIX YMEPEHHO HU3MeHsiolleiicss BHellHe# cpenbl. HMccenoBanuio
BJIMSIHUST SHEProoOMeHa Ha KM3HECTIOCOOHOCTb TMOMYJSLHE MOCBSIIEHO OTHOCHTENBHO Ma-
JI0 paboT, B OCHOBHOM OHH COCPEIOTOUYeHbl Ha: 1) M3ydyeHUM BJMSHHUS BKJIana 0coOed B
«ob1iecTBeHHoe Osaro» (public good) Ha ¢yHkIHOHMpPOBaHMe Bcel momysasuuu [18-20]
Ja160 2) M3y4YeHUM pas3JUYHbIX POJIEH 3JeMEHTOB MOMYJASLUHWH B 3aBUCHMOCTH OT HX
FeOMETPUUYECKOTO TMOJOXKEHHsI B MOJEJNbHBIX KOJOHHSIX MHKPOOPraHH3MOB (Hampumep,
noBepxHOCTb/BHYTpeHHOCTh) [21-23]. [lpenbinymias pa6ora E. E. MBauko [24] 6wlia
MOCBsIII[eHa HCCJeIOBAHUIO BJIUSIHUS JBYX AMAMETPAJIbHO MPOTHUBOMONOXKHBIX CTPATETHH
5HeprooOMeHa MeXKIy OpraHu3MaMu («aJbTPYHUCTHUECKOH» U «3TOMCTHUECKOH») Ha BbI-
JKUBAaeMOCTb MHUHHMAJHUCTHUHOH MOJEJNH MOMYJAsSLHHd B YCJOBHSIX KaTaCTPOPUUIECKUX
U3MeHeHHH BHellHed cpenbl. OTMETHM, YTO B paboTax, CBSI3aHHBIX C UCCJIeOBAHHEM aJib-
TpyH3Ma, OObIKHOBEHHO PacCMaTPUBAETCSl He KOHCTPYKTHBHOE HCIOJb30BaHHE NaHHOTO
(eHOMEHa, a MeXaHU3Mbl ero 803HUKHOBeHUs [25—30].

[To cpaBHeHuio ¢ [24], B maHHOH cTaTbe: 1) HampaBjeHHe W CHJIa 3HEProoOMeHa
OTpeNIe/ISIFOTCS YUCJIEHHBIM MapaMeTpoM 3KCIepUMeHTa, NMPUHUMAIOLUIMM 7 3HaueHHHd OT
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BbIPa>K€HHO-a/IbTPYUCTHYECKOTO 10 HEHUTPaJbHOTO M Jajiee 10 BbIpaKeHHO-3TOMCTHYeC-
KOT0; 2) CyLIeCTBEHHO pacllihpeHa MOJeJ b MOMYJsLHH, B 4YaCTHOCTH, N00aB/eHbl (yHK-
LIMM POCTa M €CTEeCTBEHHOIO YMHUpPAHHUS OPraHU3MOB; 3) M3MEHEHHS OKPYrKalolleH Cpembl
BbIpaKeHbl YMepeHHO (MMeIOT MPOTOTHIIOM peasibHble H3MeHEHHs CpelHed TeMIepaTypbl
3eMiu), KaTacTpodsl OTCYTCTBYIOT.

[IomuMO yKCTO TeopeTHYeCKOro UHTepeca, NoJayYeHHble pe3yabTaThl MOT'YT MOCTYXKHThb
pU NPOEKTHPOBAHUU ABTOHOMHBIX POeB POOOTOB, Ile KOHCTPYKTHBHOE€ HCIOJ/b30BaHHUe
HeprooOMeHa MexAy 3JeMeHTaMH posi MO3BOJUT 3(P(PeKTUBHEee NPOTUBOCTOATh HeOJsaro-
MPUSITHON BHellHed cpene. ONHUM K3 MPUMEPOB TAKOT'O POAA MOXKET CJAYXKHUTb POH Melu-
LUHCKHX HaHOPOOOTOB, CYLIECTBYIOLUIMX aBTOHOMHO B OPraHM3Me MaLMeHTa U PeLIaLHuX
3a/laud KOMIJIEKCHOH NMarHOCTHKU HJIM 6OPbObl CO CJO0KHBIMH 3a00J€BaHUSIMU (CM., Ha-
npumep, [31]).

1. MOJAEIJb

B nanHOM pasnesie MPUBOAMTCS KOHIIENTYaJbHOE OMUCaHHWe HCIOJb30BaBlIeHcs B IKC-
nepuMeHTax Mopesau. Crporasi ¢opManu3anusi pacCMaTPUBAETCs B CJENYIOLIEM pasielie
B XOIe H3JI0KEHHUSl aJropuTMa 3KcrepuMmeHTa. MonenupyeMasi Momy/asiiuds COCTOUT M3
«OpPraHU3MOB», HaXOISLIUXCS BO «BHEILHeH cpele», XapaKTepHU3YyOlleHcs elHHCTBEHHBIM
M3MEHSIIOLIUMCSl BO BpeMeHU MapaMeTpoM — TeMIepaTypoi (pacCUuHTBIBAeTCs Ha OCHOBe
MUCTOPUYECKHUX 3HAYeHUH cpeaHel rofloBOH TeMIMepaTypbl MOBEPXHOCTH 3eMJju 3a 168 ser
[32]). Kaxnblit opranusm nonysasinuu: 1) o6sanaeT HeM3MEHHBIM T€HOMOM W MeHSIIoLIeHCs
B TeUyeHHe KMU3HU dHepTHel (CKasspHble BEJTUUHHBI); 2) CMOCOOeH K HAKOMJIEHUIO SHEPTHU
(pocT), MOpOXKIEHHIO HOBBIX OPraHHW3MOB (pa3MHOXKeHHe) U 0OMeHY Heprued ¢ IpyruMu
opraHM3Mamu (B3aWMOIEHCTBHE); 3) MOABEp:KEH CTapeHUIO U cMmepTu. [Ipenmosaraercs,
4TO B CHJIy OTPAaHUYEHHOCTH PeCypCOB Cpe/ibl pasMep MOMYJASIMUA OTPaHUYEH CBEPXY.

Bsn3ocTb Be/MUYHMHBI TeHOMAa K 3HAUEHHIO TeKylLleH TeMIepaTypbl OKpyXKarolled cpe-
Ibl BJWSIET HA JIBe BaXKHble XapPaKTEPUCTHKU OpraHusMa: 1) «IpucrnocoO/JeHHOCTb», BbI-
pakarolasicst B yCIeIHOCTH MoTpe6aeHHs peCypCcoB Cpellbl U COOTBETCTBYIOIIEH CKOPOCTH
pocTa Hepruu; 2) «IJOLOBUTOCTb» — BEPOSITHOCTDb MOPOXKIEHHS HOBOI'O OpraHu3Ma IpH
JNOCTH2KEHUH TyOepTaTHOrO YPOBHSI IHEPTHH. [eHOM TOTOMKA HacJefyeTcss OT POIHUTe-
Jsi ¢ HeOOJNBUIMMH MyTalUsMM, a H3HAua/jbHas SHEPrdsi HOBOPOXKAEHHOI'O BbIYMTAETCH
M3 3Hepruu poautess. [IoMHMO OMMCAHHBIX <«UHOUBHIyaJbHBIX» COOBITHH — POCT,
pasMHOXKeHHe, yMHUpaHWe, — B MOMYJSIUM MOTYT MPOUCXOIUTb B3aUMOAEHUCTBHUS MeX-
Ly HIBYMsl OpraHu3MaMH, XapakTepuaywolluecs oOMeHOM 3Heprueil. B 3aBucumoctd oT
napameTpa dKCIepUMeHTa MpU BCTpPeue OpPraHu3M ¢ OOJBbIINM 3HAYeHHEM SHEPTHU MOXKET
JMU60 OTHABATh YACTb CBOEH HEPTHH OpPraHM3My C MEHBIIHM 3HaueHHeM («aJbTPyH3M»),
160 3a6Upath («3rou3m»). B pesysnbraTe Takoro sHeproo6MeHa ypOBeHb IHEPTHUH OIHOTO
M3 OPraHU3MOB MOXET OTMYCTUTbCS HUKe MOpOTa »KHU3HEeCNOCOOHOCTH, UTO BJeueT THOesb
opraHuama.

O6bem nepenaBaeMol MPU B3aUMONEHCTBHUH SHEPrUH (BKJOYasl 3HAK, OMPeeJsIoIInN
HalnpaBJieHHe Tepenayu) sIBASeTCS TapaMeTpoM, BJHMSHHME KOTOPOro Ha 3((eKTHBHOCTb
BBDKUBAHUS TOMYJISIIMKA B H3MEHSIOIIEHCS BHEIIHEeH cpele BLICTYNaeT OCHOBHBIM TIpel-
MeTOM Hallero ucciaenoBanus. /sl pelleHHs NAaHHOH 3aJauyd MPOBOAUTCS MaclITaOHbBIH
BBIUHCJIUTENbHBIH SKCIIEPUMEHT, B KOTOPOM >KM3HEHHBIH LHKJ MOJAEJbHOU MOMYJISLHH
MOBTOPSIETCS TIPH PA3JUUHBIX 3HAYEHUSX [apaMeTPOB, OMPEeAeNsOUX (MIOMHUMO CH-
JIbl U HampaBJeHWs SHeProoOMeHa) CKOPOCTb POCTa OpraHW3Ma, YPOBeHb MYTallUd TpH
pa3MHOXEHHH, a TaKyKe HadasbHBIH 00beM JHEepPruH y HOBOPOKIeHHoro. B cienyroriiem
pasnesie (OpMaJbHO OMHUCHIBAETCS MOIENb MOMYJISIHH M pPAacCMaTPUBAETCS aJTOPUTM
MPOBEIEHHOTO BBIYMCIUTENBHOTO SKCIIEPUMEHTA.

NMHpopmatrka 243



&hﬂaa Capar. yH-T1a. Hos. cep. Cep. Marematnka. Mexannka. FHgpopmatnka. 2020. T. 20, Bbin. 2

2. AJITOPUTM XXU3HEHHOI'O LLUKJIA nonyndaunu

[Tycts T9: 1,168 — R — MaccuB 3HauYeHWH cpelaHed TemrepaTypbl MOBEPXHOCTH 3eM-
au ¢ 1850 mo 2017 r. (cm. [32]). CnBuHeM HayajJo MaccMBa K HYyJO: paccMoTpum 1"
takoi, uro T"'[i] := T°[i] — T°[1]. TlocTpouM HHBEPTHUPOBAHHBIE MACCHB CO CIABHHYTHIM
BHOBb K Hyawo craptom: T"[i] := —T'[i]. [lyete T3 = T’ u pnanee mJsi BCSIKOTO
JE€2,60 T;: Tili] = T[i] + T;-1[168], roe mMaccuB T paBHOBeposiTHO BbIGpaH u3 {17, T"}.
CocraBuM MaccuB 7', HaudHas C MYCTOTO W IOCJEI0BAaTeIbHO KOHKAaTEHHpYs CIIpaBa
maccusbl T nast j € 1,60. Hopmanusyst T' aaist yno6ersa B unrepsas [0, 1000]

6] = 1000 - (T'[i] — min(T"))
(max(7") — min(7)) ’

(1)

MOJIYYUM BXOIHBle naHHble t: 1,168 - 60 — [0, 1000].
Auaroputm Life(t, o, k, 8, E) — {True, False} Modeao susHennoc0 yukia nonyASyuL

HHAHBH AR HEH T HH Bxoornoie danrole
[. dyukuus t (em. (1));

HEHBHBHBHBHHH Broonole napamempol

II. @ — Koa(ppuuMeHT, onpeneAOLMKA HaNpaBleHUe U UHTEHCUBHOCTb dHeproodMeHa
MeXJy OpraHu3MaMy MPH B3aUMONEHUCTBUH (cM. ypaBHeHus (2), (3));

[II. & — xo3dduuMeHT, onpenessOMIUA CKOPOCTb POCTa OpraHuM3Ma (CM. ypaBHEHHE
(5));

IV. 8 — koacdduuueHT, onpenesiolinil MPOLUeHT MyTalUWH, OTJIHYAIOUIUX MOTOMKA OT
ponutens (cm. mar XIV.3.8);

V. F — BeJWYMHA 3HEPTHH KaxKJOT0 <«HOBOPOXKAEHHOTO» OpraHuM3Ma (CM. Iiar
XIV.3.B), BblpaxkeHHasi B nossx ot puberty (cm. mar [X);

HARHHBH AR B Peayromam pabomolr areopumma
VI. Ins kaxpgoro HaGopa BXOOHBIX [aHHBIX W BXONHBIX TNapamerpoB (a,k, [, E)
aJTOPUTM BO3BpalllaeT 3HaueHue True uau False;

HARHHBH A B LB Koncmanmor u 0603HaueHus

VII. N = 10, Haya/bHBIA pa3Mep KaxKAOH U3 UCCJedyeMbIX MOMYJ/sALHNH;

VIII. max_pop_size = 100, UCKYCCTBEHHO YCTAHOBJEHHBIH MaKCHMaJIbHbIH pasMep Momy-
JSIUUU (CYUTaeM, UTO cpelia He MOXKET TMPOKOPMUTH OOJIblliee UHUCTIO0 0CO6eN);

[X. puberty = 2000, MUHMMaJbHBIH YypOBeHb 3HEPrUHM OpPraHusMa, IpPU KOTOPOM
CTaHOBUTCS TOTEHLHANbHO BO3MOXKHBIM €0 BOCIPOU3BEeHHEe (/asee B HEKOTOPBIX
(opmysax ans ypoO6CcTBa 3amucHh BMecTO puberty OyneM HCIOJAb30BaTh KpaTKoe
0603HaueHHe ppb);

X. ipy = 0.1 -n(n —1)/2, rie n — TeKyIWHH pa3Mep MOMYJSIHUH, €CTbh KOJHYECTBO
COOBITHH 3Heproo6MeHa (MPOMOPIHOHANBHOE YUCTY PA3JHUUHBIX HEYTOPsA0UeHHBIX
nap B nonyasuuu, cM. XIV.1), mpoucxoasmux Mexay opraHu3MaMy TOMYJSLHN B
TeueHHe roga (rogoM CUMTaeM €IWHHUIly TUCKPETHOTrO >KHU3HEHHOTO IUKJA TOMYyJIsi-
MM, B TeYeHHe KOTOPOU TeMIepaTypa MOBEPXHOCTH OCTaeTcsi Heu3MeHHOH (cm. 1));

XI. ad = 0.001, BeposITHOCTb «CJAy4aHHOM» CMePTH B TeueHue omHoro roaa (7);

XII. bd =5, napameTp, ONpeaeNsiOlIMi CKOPOCTh «CTapeHHsi» B COOTBETCTBHH ¢ (7) Tak,
uyToObl K Bo3pacTy B 100 seT BepOATHOCTb cMepTH pocTuraa l;
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HHHBHBH B HBHHH Hriuyuaruzauua

XIII. Cospmaercs mnonyasiuus Pop = {orgy,...,orgy}; TpU CO3MAHHUH JJIST  Kax-
JIOT0 opraHuaMa org € Pop caydaldHO PaBHOBEPOSITHO BBIOMPAIOTCS: 3HEPTHSs
e(org) € [1,ppb], rerom g(org) € [0,1000] u Bo3pact a(org) € 0,99;

HUHHBHBHBH BT Kusrennolil YUKA NONYAALUL
XIV. Ins kaxporo roja y, IOCJeN0BaTeJbHO MpPUHUMAIOLLEro 3HaueHUss oT 1 1o
168 - 60 = 10080, BBIMOJHUM CJeAYOLHe N1eHCTBHUS:

// Modeauposanue 83aumodeiicmsus opearu3mos

1) BeiGepem Haynauy (C BO3MOXKHBIM IOBTOPEHHEM) ipy HEYIOpPsAOYEHHBIX Map
OpraHU3MOB M3 MHOXKeCTBa Pop® Tak, uTOObl BHYTPU KAXKIO0H Mapbl OpraHU3Mbl
He COBMajald MeXAy coOOH; KaXKAyl BbIOpPAaHHYI Mapy yMopsigiodnM B BH-
ne (orgy,orgs) Tak, utobbl e(org;) = e(orgs); onpenesuM HampaB/ieHHe U
MHTEHCHBHOCTb 3HEProoOMeHa B 3aBUCHMOCTH OT MapameTpa «:

mpi o > 0 e(orgr) += |a| - e(orgs), ©
e(orgs) —= |a| - e(orga),
e(orgr) —= |a| - e(org),

e =t {e<orgz> = ol - eforgy); )

2) BCe OpraHM3MBbI, Ubsi HEPTrUsl B Mpollecce IHEProoOMeHa CTAHOBHUTCS MeHbIle
SHEPrud HOBOPOXKAeHHOro e(org) < FE - ppb, cuurtaroTcs morubmumu (cm.
takxe mar XIV.3.r);

// Modeauposanue uHouuUOyarbHbIX OPSAHUIMOB
3) nns Bcsikoro org € Pop:
a) paccyuTaem KO3(ppuLHeHT «TeHeTHU4eCKOU NPUCIIOCOONEHHOCTH»
OpraHuaMa K TeKyIled TeMIlepaType OKPYKalolleld Cpemsl:

L [t(y) — g(org)| .
A=1 max{gggé{g(o)},t(y)} —min{oréllijglp{g(o)},t(y)}’ (4)

6) pocm — yBeJHUYHM SHEPTUI0O OPraHU3Ma B 3aBHCHMOCTH OT €ro «IIPUCIIO-
COOJIEHHOCTH» (COOTBETCTBHS MEXY FeHOMOM U TeMIIepaTypok OKpyKaio-
ILeH Cpefibl):

Yorg € Pop e(org) +=k-ppb- A, (5)

B) paamHogcerue — (3TOT LIar MpoOMyCKaeTcsl, eCU JOCTUTHYT MaKCHMaJb-
HbIH pasmep monynasuuu |Pop| > max_pop_size) Beskui org € Pop ¢
BEPOSITHOCTBIO pgen MOPOXKIAeT HOBBIM OpraHuaM org’, rie

0, e(org) < ppb,
pgen = A {3+ 929 ppb < eorg) < 2pph, (6)
1, e(org) > 2ppb,
glorg’) — cayuaiiHasg BeJWUYHHA, pABHOBEPOSITHO BBIOpAaHHAs U3

npoMexxytka [max{0,g(org)(1 — p)}, min{g(org)(1 + [),1000}], a
e(org’) = E - ppb (puc. 1);
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T) cMepmb — BePOSITHOCTb TMOeM OpraHM3Ma org B TEeKYILIMH rof, OCHOBaHHas Ha
monesiu cMepTHocTH [ommneprua — Maiikxama [33]:

1, ecnu e(org) < E - ppb,
pd = : a(org) =100 (7)
mln{l,ad—f—e bd }, HHaue;

rae a(org) — Bo3pact opranusma (cm. XIII, XIV.3.n), F - ppb — MUHHMaibHO HOMYyC-
TUMBIH yPOBEHb SHEPTHUHU ISl TIOANEPKAHHUS KU3HH (TakkKe «pa3Mep» HOBOPOXKAEHHOTO,
cm. XIV.3.B), ad = 1073 — BepoOATHOCTb CMePTH OT HecyacTHoro cayyas (cM. XI), a
bd = 5nonobpaH TakK, 4YTOObl BEPOSITHOCTb THOENH «OT CTApOCTH» «IJIABHO» yBeJUYHBA-
nacb, pocturas equHunbl K 100 urepauusam (cm. XII, puc. 2);

1.001 —~1.001
/_ 2
0.751 20.751
- -
L 0.501 ©0.50
Q S
0.251 5 =0.25/
a <
0.00{ ——— < ©0.001 - ‘ ‘ ‘ |
0 2000 4000 0 25 50 75 100
e(org) a(org)

Puc. 1. T'padux 3aBucHMOCTH BeposAT-
HOCTH Pa3MHOXEHHSI pgen OT IHEPruu

opranusma e(org) B UeaNbHOM Cjyuae
A =1 (cm. (6))

Fig. 1. Dependence of the reproducti-
on probability pgen on the energy of
the organism e(org) in the ideal case

Puc. 2. I'paduk 3aBUCHMOCTH BeposiT-
HOCTH  CMepPTH  «OT  CTapoOCTH»
exp((a(org) — 100)/5) ot Bo3pacra
a(org), HCMOJb30BABIIUHCST B MOJAENH
(em. (7))
Fig. 2. Dependence of the proba-
bility of death “because of age”
exp((a(org)—100)/5) on the age a(org)

AN =1 (see (6)) used in the model (see (7))

1) cmapexue
Yorg € Pop a(org) +=1; (8)

4) ecnu |Pop| < 2, To octaHaBirBaeM paboty asroputma u Bo3dspamaeMm 0 (False);
XV. Bosspamaem | (T'rue) (ecau BBINOJHEHHE AITOPUTMa He ObLJIO JOCPOYHO TPepBaHO
Ha mare XIV.4, 3Hauut, nonyasinus ycnemmHo npoxusna 10080 ser).

3. BbIBOP NMAPAMETPOB AINIMOPUTMA: SMINMUPUYECKUE PACCY X OEHUA
N NPEOBAPUTEJIbHbIE BbIYHUCJTUTEJIbHbIE SKCMNEPUMEHTDI

2KusHeHHbldl UHKA nomyasinud, (opManuzoBanHbii B Asroputme Life, mapamerpu-
30BaH UYeThIpbMS BeJWYMHaMU «, k, 3, E (cm. warn [1-V). O6cynum comepkartesbHbIE
MHTEPBAJbl, B KOTOPBIX 3TH BEJHYHHBI MOLJIU Obl BapbUPOBAThCS MAJISi MOCTAHOBKH pe-
MPe3eHTATUBHOTO, HO HEH3OBITOYHOTO BBIUHUCIUTENHHOTO IKCIIEPUMEHTA.
ConeprkatesibHble 3HAUEHHs] MapaMeTpa 3HEProoOMeHa «v MO MOCTPOEHUIO JIeXKAaT B
untepBase [—1,+1] (em. (2), (3)). B BbuMcaAHTEeNBHBIX 3KCIIEpPUMEHTaX HacTOsIIEH
paboThl MCIOJb30BaJKCh 3HaYEeHHSs!, BIOpaHHBIE B JaHHOM HMHTEpBaJje ¢ (PUKCHPOBAHHBIM
marom 0.25:
a € M, 2 {—0.75,-0.5,—0.25,0,0.25,0.5, 0.75}. (9)
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[Tapamerp E omnpenessieT M0JI0 HEPIHU POAUTEJS, OTHAABAEMYI0 HOBOPOXKIEHHOMY
NnoToMKy. B HekoTopo#l cTemeHu BesnnunHa E XapakTepusyeT BbIPa)KEHHOCTb - HJH
K-cTpaterun pasmuoxenus [34]. [elicTBUTebHO, MPH MajoM F pOAHUTENbCKUHA OPraHu3M
NopoXKJ1aeT MeHee 3HepPreTHUeCKH OCHALIEHHbIX MOTOMKOB, OJHAKO IPH KaxKIoM [e-
JIEHHH TepsieT MeHbllle 3HepruM M OblcTpee OKa3blBAeTCS CHOCOOHBIM K HOBOMY Je-
qeHuto. [Ipu 6osblukix 3HaueHUsIX F Bo3HMKaeT oOpaTHas cuTyauusi. B HacTosel padoTe
9KCMEPUMEHTHl TPOBOAUMNCE /IS KaxKIOro M3 CJAeNYIOLIMX 3HauyeHWH F, oTpakalolinx
HEeKOTOpble XapaKTepHble s Ouocepbl 3eMJM CTpaTeruu pasjiefieHUs HEPruu IMpH
pPa3MHOXKEHHUH:

E € Mg = {0.01,0.1,0.25,0.5}. (10)

Ionsi MyTauuu (3 T0pU TMOPOXKAEHUH HOBOTO OpraHWU3Ma, OUYEBUIHO, OrpaHHYeHa
untepsasioM [0,1]. B skcrmepuMeHTax HacTosiiedl paGoThl Mbl CY3HJIM 3TOT HHTEpPBAJ [0
S € [0.01,1/2], ncriosnb3oBaB 3HaueHHsI

B € Mg £ {0.0lm,m € 1,50}, (11)

cuuTasi, uto OoJiee yeM MATHAECATUIPOLEHTHAs MyTalus NPU Pa3MHOXKEHHH CJabo
COOTBETCTBYeT MJee 3BOJIOLMOHHBIX U3MeHeHMH. Huxuss rpanuuna S = 0.01 paBHa BHI-
OpaHHOMY ILIAry M3MeHeHHs HHTEHCHBHOCTH MYTalLlHH.

[Tapametp k BaMsieT HA CKOPOCTb POCTa OpraHU3Ma (MJM MHaue Ha CKOPOCTb MOCTYI-
JIEHUS] 3HEPrHH B CHCTeMYy) MocpeacTBOM ypaBHeHMs (O) B Auaroputme Life nHapsanmy c
KOHCTaHTOH ppb U KoappuureHToM npucrnocodseHHocTH A. [TockoabKy comepKaTenbHbIH
MHTepBaJs BapbUPOBaHHUS k HeoueBHIeH (KpoMe Toro, uto k > (), M3Ha4a/bHO 110/1aranoch,
uTo

k € My = {0.01m, m € N}, (12)

a JJ1s1 fajbHelero yTouHeHUs rpaHul U3MeHeHHUs k UCII0JIb30BaJCs CJAeyIOWUH BblYMC-
JIUTEJIbHBIH 3KCIePUMEHT.

[Tyctb npu ¢uxcupoBanHbix t u3 (1) 1 o = 0 (ynmpolueHHBIH 3KcrepuMeHT 6e3
sHeproodmeHa) QyHKUUsS Suce Aas Kaxnoi Tpoiku (k, §, F') MOKa3blBaeT CPeIHION I0JI0
ycrexoB B 100 He3aBUCUMBIX 9KCIIEPUMEHTAX MO BbIXKMBAHHIO MOMYJISUHN (HAOMHUM, 4TO
Anroputm Life HemeTepMUHHPOBaH):

1

Suce(k, B, E) = 100

> " Life(t,a = 0,k, B, E). (13)

100

C copmepKaTeJbHOH TOUKHM 3peHHs] HAC HHTEPeCyloT MPOMeXYTOYHble 3HAaYeHWS CKO-
POCTH MOJAYU SHEPTHH B CUCTEMY: He CJMILIKOM MaJble (crocobHble o6ecrneduTb 6a3oBylo
’KHM3HECMOCOOHOCTb MOMYJSLUHY, KOMIEHCHUPYs CMepTb OpPraHM3MOB OT HECUYAaCTHBIX
cJlyuaeB, BO3pacTa ¥ B3aHMOJEHCTBHI), HO U He CJAMLIKOM 60JIblIHe (KOTa MOTOK SHEPTHH
B OpPraHM3Mbl HaCTOJBKO BeJIMK, UTO MOMYJSLMHU CTAaOUIBHO BBIKMBAIOT MPAKTHUYECKH BHE
3aBUCHUMOCTH OT 3HAueHWH NPYTHX MapameTpoB). B najibHeHIIMX 3KCMepUMeHTax xe-
JlaeMble HHTEepBaJbl BapbHPOBaHUS k 1/151 (DUKCHPOBAHHBIX 3HaUeHUH [ 1 F onpenensinch
¢ ucrnosnb3oBanueM (13) cienyromum o6pasom:

M (B, E) ={k € My: 0.05 < Succ(k, 5, E) < 0.95}. (14)

B xo/e BBIYMCIUTENbHBIX 3KCIIEDUMEHTOB BbISICHUJIOCH, uTO Mpu 3 = 0.01 (¥ MeHbIIUX:
0.005+0.0014, roe i € 0,4) BepxHsist rpaHuLia MHOXKecTBa (14) s Jo6oro F € My nexut
BhIIe BesuuHbl 220, B gasbHeAINX 9KCrepuMeHTax OblJIO IPUHATO PElleHHe 0TKAa3aThCs
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oT paccmorpenus ciydas = 0.01, samenun Mp: Ha Mg = Mp \ {0.01}. Ha puc. 3
TMPUBOASTCS TIPUMEPBI BHIUMCIUTEbHBIX SKCIIEPUMEHTOB 0 BbISIBJEHUIO HHTepBaJoB (14)
IJIs1 Pa3HbIX 3HaYeHWH [ u F.

E 3 € [0.015,0.055] 3 € [0.055,0.505]
151 0.31
0.01 « 19 021
21 0.1&
0L ‘ ‘ ‘ | | | ‘ ‘
0.02 0.03 0.04 0.05 001 02 03 04 05
B B
151 0.31
0.1 10 <021
51 0.1¥
(o — ‘ ‘ ‘ | | | ‘ ‘
0.02 0.03 0.04 0.05 01 02 03 04 05
B B
151 0.31
0.25 MY ~ 0.2
51 0.1L
[ — ‘ ‘ ‘ | | | ‘ ‘
0.02 0.03 0.04 0.05 001 02 03 04 05
B B
7.51 0.31
0.5 29 ~ 02
2.51 0.1¥
0.0 | ‘ ‘ | | | ‘ ‘
0.02 0.03 0.04 0.05 01 02 03 04 05
B B

Puc. 3. O6nactu napamerpos M} (3, E) s pasjnyHbIX 3HaueHHH E B pas3jH4HbIX MacluiTabax
Fig. 3. Parameter areas M (3, E) for different values of E at different scales

M3 pnaHHbIX pHc. 3 BHUAHO, uTo (popma obsacted M| (S, E) cnabo 3aBUCHT OT

napametpa F, mo3ToMy ISl TOCAENYIOMHX PacyeToB ObIIO MPUHSTO PellleHHe YCPeIHHTh
obnactu M, (3, E) no E (puc. 4):

M!'(B) = {k € M;:0.05 < i Z Succ(k, B, E) < 0.95} ) (15)

EeMp

Kak yxe ynomuHasnoch Bbille, npu mnoctpoenun M (B) B (15) mpocTpaHCTBO
napamMeTpPOB 3KCIEpUMeHTa (haKTHUECKH pas3fiefisieTcss Ha TPH KaueCTBEHHO PasJIHuHBIX
obnactu (cMm. puc. 4): 1) BbDKHBIIKWE MOMYJSLUM MPAaKTHYECKH OTCYTCTBYIOT (He3akpa-
meHHasi 06J1acTh MOA HUXKHHM rpaduKoM); 2) TOMyJsiLUs MOXKeT KaK BbIXKHUTb, TaK H
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MOoru6HYTh (3aKpalieHHass 06JacTb MexAy TpaduKaMu); 3) MPAaKTUUYEeCKHU BCe MOMYJISLHH
BBDKHMBAIOT (He3aKpallleHHas 00/1acTb Hajl BEPXHUM T'paUKOM).

151
0.3

101
X ~ 0.2
3] 0.11

0.02 0.03 0.04 0.05 0.1 0.2 0.3 0.4 0.5
B B
a/a 6 /b

Puc. 4. «Ycpennennas» obnacte napamerpos M (3): a — f € [0.015,0.055];
6 — 5 € [0.055,0.505]

Fig. 4. “Averaged” parameter area M) (f): a — [ € [0.015,0.055];
b — j € [0.055,0.505]

W13 rpadukoB BUAHO, UTO NONagaHUe YCJIOBUH KCIIEPHMEHTA B I1€PBYI0 00/1aCTh MOXKET
OBbITh CBSI3aHO, HANIPUMep, OJHOBPEMEHHO C MaJIOH CKOPOCThIO MyTalMHU [3, HELOCTaTOYHOH
1J151 TIOJIep2KaHUsl COOTBETCTBUS F€HOMOB OPraHU3MOB MOMYJ/SLUM H3MEHSIOLIENCs cpe-
ne (A — 0), 1 Majod CKOpOCTbiO k TIOTOKa 3HEPTHH B CHUCTEMY, HEIOCTATOUYHOU
AJ151 KOMIIeHCalluM cMepTHocTH. Mbl mpeanosaraeM, 4To B 9TOM CJlyyae BapbHUpPOBaHHE
napameTpa HeprooOMeHa < He M3MEHUT INPUYMH BbIMHUPAHHS NONYJasUUU. TpeTbs 00-
JIACTb COOTBETCTBYET «TeMJIMYHBIM» YCJOBHUSAM, KOraa, € OAHOH CTOPOHBI, CKOPOCTb
MyTalUHU [03BOJIIeT MOMYJSILUKM He OTCTaBaTb OT CKOPOCTH IepeMeH B cpefle, a C
Apyro#, >HEpPromnoTOK B CHCTEMY HACTOJBKO BeJHK, UTO BapbHpOBaHUe CTpPaTeruu
3HeprooOMeHa MpeaMoJIOXKUTENbHO TepsieT 3HayeHHe — J00asi cTpaTerdsi C BBICOKOH
BEPOSITHOCTbIO OKaxkKeTcsl ycrnellHOH. JlaibHeHIIMH HHTepec MpelcTaBJseT UCCael0BaHUE
BTOpO# — noeparuuroti — o6JacTH, Tie OTCYTCTBHe U30bITKA SHEPTUU B CUCTEMe JeJaeT
CYLIECTBEHHBIM 3aKOH ee MepepaclnpesiesieHHs.

B 3aBepuieHue paspesna OTMETHM, 4YTO XOTSl MOTpaHHYHas 00JaCcTb UMeeT HebOJib-
IIYI0 IJIOLUIafb OTHOCHTEJNbHO BCETO TMPSIMOYTOJIbHUKA MapaMeTpoB (MO TMOCTPOEHHUIO
(k,B) € ]0,16] x [0.015,0.5], cM. puc. 4), ee BeJHUHHA IKCIIOHEHIIHANBHO YBeJIUUHBAETCS
npu npubanxeHuu [ K Hyso. [Ipy aToM Masible 3HaueHUs] MPOLEHTa MyTallUHU He TOJBbKO
MUHTEPECHbl C NPUKJAATHON TOYKH 3PEHHUS MPH KOHCTPYUPOBAHHWH MCKYCCTBEHHBIX MOMYJIS-
LMH, HO U fIBJSAIOTCH HauboJsiee MPaBoONOAOOHBIMU ((PaKTHUECKH eIUHCTBEHHO H3BECTHBI-
MU HaM Ha npumepe GHochepbl 3eMJIH).

4. CBA3b NAPAMETPA SHEPITOOBMEHA N BbIXKUBAEMOCTH
B MNOrPAHU4YHOU OBJIACTU NAPAMETPOB

HanomHuM, 4YTO OCHOBHOH UeJbl0 HacTosilled paboTbl SBJAsSETCS UYHUCJAEHHOe
UCCJIeJOBaHHE 3aBUCHMOCTH BbI)KMBAEMOCTH MOJI€NIbHON TMOMYJSLMU B TMOCTENEHHO
U3MeHsIIollelics B TeueHHe [JUTEeJbHOrO BpPEMEHHM Cpelle OT CTpaTeruu 3HeproobMeHa
MeXJy OopraHusMamu (CTerneHH <«aJbTPYHCTHUHOCTH», hopmanusoBaHHOH B (2), (3)). B
MpeablAyLIeM pasjieie Mbl MPUBEJNH Psil apryMeHTOB B M0Jb3y OrpaHUueHHsi 006J1acTH
MPOCTPAHCTBA TMapaMeTpoB k, 3, BHYTPU KOTOPOH OyneT MPOBOAWUTHLCS NAHHOE HCCJe-
nosanue (cMm. (15), puc. 4). O603nauum 3Ty o6sactb Kak .# (rne .# C R?) u BoinuieM ee
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B SIBHOM BHJe KaK 0ObelMHeHHe TPEYTroJbHUKOB, MOJYYeHHBIX NPU NOCTPOEHUH TPUAHTY-
nsiuun Jenone [35] Ha anckperrom muoxectse {(k, 8) € My x Mg: k € M/(B)}. Iyctb
MHO)KecTBO A coctouT u3 1000 Touek, paBHOBEepPOATHO BbIOpAaHHBIX W3 .Z. Jns oTBeTa
Ha OCHOBHOMH BOMpPOC HAcCTosilel paboThl onpenesum GopmMasbHO QYHKIHIO ¢(x), MOKa3bI-
BAIOLYI0 OTHOCUTENbHOE YHCJO YCIeXOB B 3KCIEPUMEHTaxX 110 BbIKHBAHHUIO MOJEJNbHOH
nonynsuuu npu (k, f) U3 A B 3aBUCHMOCTH OT TapameTpa 3HeproobmeHa x € M,:

q(z) = |A|| Z Life(t,a =z, k, B, F). (16)

(k,B)eA
EeMp

['papuk ¢(x) (puc. 5) mokaspiBaeT, 4TO TpPH MOTPAHUYHBIX NapaMeTpax SKCIepH-
MeHTa («yMepeHHOM» 3SHeprornoTOKe B CHUCTEMY IPH JOCTATOYHOH CKOPOCTH MYTAllMH)
CYLLECTBEHHO 00Jiee BBIMOAHBIM C TOUKH 3PEHUS BbIXKMBAHUSA MOMYJSALUN SBJASIOTCH «aJib-
TPYUCTHYECKHe» CTpaTerud 3HeproobMeHa MexK1y OpraHHU3MaMH.

[Ipy nocTpoeHMHM MHOXKeCTB

1007 90.3 942 (14), (15) u dyukuuu (16) wuc-
MOJIb30BaJICs THOPUAHBIA BBIYMC-

80 A
. JUTeJb KaacTepHoro tuna Y PAH
2 60 - [36], BkuOuaroIHMi B cebs 2264
= snep CPU tuna Xeon (3.0 I'Tu)
X 40 u 216 spep GPU tuna NVI-
< DIA Tesla, u3 KOTOpPbIX AJSI 3KC-
20 - nepuMeHTOB Obl10 BhigeeHo 1000
2.3 0.01 01 O 0 snep CPU. Ilporpammer 6bi1n Ha-
0 nucaHbl Ha s3bike Python3d wu
-0. 75 O 5 -0. 25 0 0. 25 0 5 0. 75 BBINOJIHSIJINCh [0  YyIIpaBJeHHeM
a orepauydoOHHON cucTeMbl Linux.

Jlns moctpoeHus MHOxkecTB (14),
(15) wucmosb3oBaICs MeTOH 3KC-
MOHEHIIMAJIbHOTO IOKWCKA 10 K
. 20 urepauui OJs KaxKAOH Maphl
30BaHHOM @ € M, (20 pan A A p

Fig. 5. Dependence of the success (16) of survival (8, E)). Kax yxe ynOll\A;HaHOCb
of model populations with the borderline parameters npu - popmannsaunn  (13), s

on the energy exchange strategy parameterized by Kaxnoi tpoiiku  (k, 5, E) Obino
o e M, npoBeneHo 100 He3aBUCUMBIX 3KC-

NepuMeHTOB. B o011ell c10KHOCTH
npu noctpoeHnd MHoxkecTB (14), (15) u dynxkuuu (16) Aaroputm Life 6bi1 3anyiien
okoJsio 450 000 pas, cymMMapHOe BpeMsi BBIMOJIHEHHUST — OKOJIO 16 4acos.

3AKJNMKOYEHUE

[IpoBeneHHblE HCC/IEIOBAHUS MOMOJHSIOT MPebAYIly0 padoTy [24], HeMOHCTPUPYS
MOJIO’KUTEJIbHOE BJIHUSIHHE <«aJIbTPYUCTHUECKOr0» HEeprooOMeHa Ha BbIKMBAHMe MOMYyJs-
UM B YCJOBHUSIX He TOJIBKO PEe3KO, HO M IMOCTeleHHO HU3MeHSILleHCs BHeIIHed cpe-

bl. [IoMMMO neMOHCTpaLMK OKHUIAEMOTO MOJNOXKUTEIbHOTO 3 peKTa 0T aJbTPyHUCTHUEC-
KOr0 HeprooOMeHa, B HOBBIX YCJOBHUSIX MPOBeJeHHbIe SKCIIEPUMEHTH! MO3BOJUJMN CleJaTh
JIOTIOJTHUTEJ/IbHBIH BBIBOJ: [0JIS 9HEPTHH, NlepelaBaeMOi HOBOPOXKIeHHOMY opranusmy (E),
No-BUAUMOMY, cJab0 BJIMSIeT HA BbIXKMBaeMOCTb mnonynasuuu. [losyueHHble pe3ynbTaThl
MOTYT NPeNCTaBJ/SATb YUCTO TEOPETHUYECKHUH HMHTepec, CBSA3aHHBIM C M3ydyeHHeM MpPaBlo-

Puc. 5. 3aBucumoctbh ycnemHoctd (16) BbikMBa-
HHSI MOJEJbHBIX MOMYJSLUKHA B MOrPAHHYHOM 06JaCTH
napaMeTpoB OT CTpPAaTerHd HepProoOMeHa, MapaMeTpH-
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MONOOHBIX MOJeJed 3apOXKAEHHST W afanTally MOTEHIHaJbHO BO3MOXHBIX OHOCHCTEM.
B npuk/aanHeiX 3agayax ajJbTPyHUCTHUECKHH 3HEPrOOOMeH MOXKeT ObITh KOHCTPYKTHBHO
MCIOJIb30BaH MPH MPOEKTHPOBAHWH CAaMOOPraHU3YIOIIUXCS COOOIIECTB BHPTyaJbHBIX
areHToB (Kak 4YMUCTO mporpaMMmubix [37, 38], Tak ¥ BOIJIOLIEHHBIX B HHXXEHEPHBIX
yerpoictBax [11]). B yacTHOCTH, TMepCrneKTHBHBIM BUAMTCS HCIOJb30BaHHE aJib-
TPYHUCTHUYECKOTO HEProoOMeHa MPH CO3AaHUH POEB MEIHIUHCKUX HaHOPOOOTOB, (PyHK-
[IMOHHUPYIOIIUX B CJabo, HO HempeacKasyeMo H3MeHsolelcss OHOXHMHUYECKOH cpefe
opranusma nauueHta [31].

B Xome manbHeHIIMX HCCaeNOBaHWH Mpeanosaraetcss 106aBUTb B MOJAEIb JBa HOBBIX
napametpa. [lepBbiii U3 HHUX, mapaMeTp 7y, OyAeT ONpPeneNsATh CTelNeHb 3aBUCUMOCTH MpH-
CTMOCOONIEHHOCTH OpraHu3Ma OT COOTBETCTBHSI €ro TeHOMa OKpY»Kailled cpeje, AJs Uero
ypaBHeHHe (4) OymeT 3aMeHeHO Ha

A1 [t(y) — g(org)|

-\ max{max{g(0)}, 4(y)} — min{ min {g(0)}, t(y)}

Bropoii, napameTp 4, onpefeqUT YUCJIO COOBITHH HeprooOMeHa B TeueHHe roja: Ha
ware X Anaropurma Life Beipaxenue ipy = 0.1 - n(n — 1)/2 npennosaraetcs 3aMeHHTb
Ha ipy = 0 - n(n — 1)/2. Hakonen, B Oynyuieil paGoTe mnpennosaraeTcs H3yUUTb
M3MeHeHHe (OpPMBI rpadyKa Ha PUC. D NPH BapHalMK KaxKJI0ro U3 napametpos k, 5, E, 7, d
BBIYMCJIUTENBHOTO SKCIIEPUMEHTA 110 OTAEJbHOCTH.

BaaromapHoctu. Padora BeinmosiHeHa npu ¢uHaHCOBOU nonaepxke PODU (npoekTol
Ne 18-07-00637, Ne 19-01-00573).
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The paper addresses the influence of the energy exchange strategy between the organisms of
a population in a gradually changing environment on the survival rate of this population. At the
first stage of computational experiments, a “boundary” region is determined in the space of two
parameters (mutation rate and energy supply rate), within which the survival of populations with
zero energy exchange is ambiguous (lies in the interval from 5 to 95%). At the second stage,
on the basis of a random sampling of experimental conditions from the boundary region, the
dependence of the survival rate of model populations on the fraction of energy transferred dur-
ing interaction from an organism with larger energy to an organism with smaller one is constructed.
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The performed experiments demonstrate: 1) the positive effect of altruistic energy exchange
(where the organism with larger energy plays the role of a donor) on the survival rate of the
populations and 2) the absence of an observable influence of the amount of energy transferred
by the parent to the newborn on the survival rate of the populations. The results obtained may
be of interest for the construction of artificial populations, for example, in the design of swarms
of medical nanorobots or in the development of evolutionary metaheuristic algorithms for solving

various optimization problems.

Keywords: altruism, energy exchange, population, survival rate.
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Knaccudpukaumsa coctTosHMM MapKOBCKOM Lienu B Moaenu
TaHOeMa C LUKJ/IMYeCKUM yrnpaBJieHUeMm c npoajieHuem

B. M. KoueraHoB

KoyeraHos Buktop Muxannosud, acnupaHT Kadpenpbl MpPorpaMmMHON UHXeHepuun, Ha-
LUMOHanbHbIA MccnenoBaTenbCkuii HUXeropoackuin rocynapCTBEHHbIA YHUBEPCUTET WUMEHU
H. W. Nob6auesckoro, Poccus, 603950, r. H. Hoeropoa, npocn. [arapuHa, n. 23,
kocheganov@gmail.com

Ha paHHbI MOMEHT cyuwecteyeT orpaHm4eHHoe 4ucno pa60T, NOCBALWEHHbIX TaHOeMaM nepe-
KPeCTKOB. B nmTepartype, Kak npasnno, ndy4yarTcd cnenyroune snabl anropuTtMoB yrnpaBneHus:
LMK NYECKUIA anropnTtMm c q:)MKCMpOBaHHOIZ ONNTENbHOCTBIO, LMKIMYECKNIA anropnTtMm c neTnem,
LMK TNYECKUIA anropnuTMm co CMeHon pexmnmoB 1 T. O. I"Ipvl NOCTPOEHUN MaTeMaTun4ecknx mMmone-
nen cetel MaccoBOro O6CJ'Iy)KVIBaHI/I9| N TaHOeMoB B 4aCTHOCTWU, KakK npaBuio, NPUMEHSAETCA
onucaTeNbHbIA Noaxoa. I'Ip|/| TakoM nogxone 3adaHune BXOOHbIX MOTOKOB W anropmTtMoB 006-
CNnyXxXmnBaHMsa nNpom3sBognTCAa Ha coOoepXate/bHOM YpOBHE, 3aKOHbl pacnpeneneHnsa onntenb-
HoCTENn O6C}'Iy)KI/IBaHI/I$| Tpe6OBaHI/II7I CUHNTAKTCA U3BECTHbIMU N 3a0a0TCA C NMOMOLWbKO UHTE-
rpaanon pyHKUMM pacnpeneneHns BpeMeHu OﬁCJ‘IY)KI/IBaHI/IFI npon3BOIbHOro Tpe60BaHVIF|.
ﬂpm 3TOM He ynaeTcsa pewnTb np06neMy N3Yy4EeHUAa BbiIXOOAWMX NMOTOKOB U3 Y3J/10B, a4 TaKXe
paccMoTpeTb CETU C HEMIHOBEHHbLIM NepemMeLlleHnem Tpe6OBaHI/II7I MeXagy ys3namu n ¢ 3aBUCUMbI-
MW, pas3HopacnpeneneHHbiMn ONTNTENbHOCTAMU OﬁCHY)KI/IBaHVIFI Tpe6OBaHI/II7I. B HacToswemn
pa60Te NPpUMEeHSAETCA HOBbIN NOOX04 K NOCTPOEHNIO BEPOATHOCTHbIX Momenen TaHOeEMOB KOH-
NNKTHbIX CUCTEM MACCOBOIo OﬁCJ’IY)KVIBaHI/IFI C pa3nyHbIMK anropnTtMamim ynpaBneHns B yanax.
B paMKax 3Toro nogxona yoaetcsa pewnTb r|p06neMy Bbl60pa onncaHnm w 3NIeMEeHTapPHbIX NCXO-
noB CﬂyLIaVIHOFO 3KCnepnMeHTa n matemMatn4eCkm KOPpPEeKTHO onpenennTb cnyanlem npouecc,
OonncCbIBAKOWMIA 3BOSOLMIO paCCManMBaeMOVI CUCTEMDI, a TakKXe pewnTb nepevyncrieHHble Bbl-
Wwe YyacTHble 3agayn. Ha ocHose KOHCTPYKTMBHO 3a4aHHOIo BEPOATHOCTHOroO npocCTpaHCTBa
yaaeTcsa CTporo 060CHOBaTb JOCTUXUMOCTb OOHUX COCTOSIHUIA 13 Opyrunx, Tem cambiM MONHO-
CTbtO ONMncaBs e AUHCTBEHHbIN Klacc CylWeCTBEHHbIX COCTOSIHUIA MapKOBCKOI7I Lenu, onucelBaroLLemn
O/HaMUKy TaHOoema.

KnroueBble cnosa: CTauMnoHapHOe pacnpeneneHue, ynpasnsdwowas cucrtemMa MaccoBoro 06-
CNnyXunBaHWUA, LMK INYEeCKNn anroputM c npopgneHmem, KOHMNUKTHbIE MOTOKW, MHOromepHas
cyeTHasa MapkoBckas uernb, CyleCTBeHHble COCTOAHUA.

Moctynuna B pepakumo: 07.11.2019 / Mpunsita: 30.12.2019 / Ony6nukosaHa: 01.06.2020
Cratbs onybnukoBaHa Ha ycnoeusx nuueHsnm Creative Commons Attribution License (CC-BY 4.0)

DOI: https://doi.org/10.18500/1816-9791-2020-20-2-257-265

1. NMOCTAHOBKA 3A0AYN U MATEMATUYECKASA MOLE/b

B pa6orax [1-8] npencraBieHbl pa3inuHble MOJEJNH TAaHIEMOB YIPABJSIOUIMX CHCTEM
00C/1y>KMBaHHSI B NOCTAHOBKe 3alady aBTOMOOMJbHOrO Tpaduka. McexonHo# sanauedl a4
MCCJ/IeN0BAHUS B HACTOsilled paboTe A/feTCs aHa/lM3 TaHAeMa JBYX MOCJeN0BaTe/bHbIX
NepeKpecTKOB, aBTOMOOMUJ/IM MexX1y KOTOPbIMH IepeMellalTCsl HEMCHOBEHHO U 00cJy-
’KMBaHHe Ha OHOM M3 MEepeKpPecTKOB JONyckaeT MnpoaseHue. Popmynupys 3agady B
TEepPMHUHAX YNPaBJ/AKOLIUX CUCTeM 00C/ayKUBaHHUS, OyaeM NpeAnoJsaraTb, YTO B Ie€pPBOH

© KoyeraHos B. M., 2020
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CUCTeMe TaHAeMa OOCJYKHUBAITCS KOH(PJIUKTHblE MOTOKH 110 LHKJIUUYECKOMY aJrOpPHUTMY,
a BO BTOPOH — MO0 a/JrOPUTMY C npoiJeHueM. [laHHas TaHAeMHas ceTb NOAPOOHO OnUcaHa
B paborax [9, 10]. PasBuBaemblii TaM MOAXOA TO3BOJIMJ TPEACTABUTh TaHIEM CHCTEM
KaK eIMHYI0 CUCTeMy MacCOBOIO O0OC/Y>KUBaHHSA. HamOMHUM CyllecTBeHHble MOMEHTBI U3
onucaHus cucteMbl. Ha Bxon oOcayKuBawlleMy yCTPOHCTBY IOCTYIAIOT YeTbipe BXO.-
HBIX noTtoka TpedosaHuid: II;, Ily, I3 u II,. TpeboBanus BxogHoro mortoka II; mocty-
naior B ouepenp O; C HeorpaHWueHHOH BMecTuMocTelo, j € {1,2,3,4}. TpeGoanus
u3 ouepenu O; o0CJayKHBAIOTCA B MOPsAJKe MOCTyN/aeHHs. TpeOoBaHHA BXOAHBIX MOTO-
koB [I; u II3 cdopmupyloTcs BHellHel cpelnod, UMelollled BCero OAHO coCTosiHMe. Kax-
OBl M3 3THUX MOTOKOB SBJSETCS HEOPAMHAPHBIM MYacCOHOBCKUM MOTOKOM. O603HauuM
A1 M A3 HHTEHCUBHOCTH NOTOKOB Ipynn TpeGoBaHUH MOTOKOB II; W II3 coOoTBeTCTBEHHO.
[Tpoussonsiias (yHKuMs KoauyecTBa TpeOOBaHMK B rpynne no notoky II; mmeer Buz
fi(z) = Zi‘;lpl(f)z”, j € {1,3}. Ilpennonaraercs, uro f;(z) cxogures ans qwoodoro z € C
TaKoro, 4to |z| < (1+¢), € > 0. [Tocne o6eayxuBanns TpeGoBaHUs U3 odepenn (Jq TOCTY-
narT oOpaTHO B cUcTeMy Kak TpeboBaHusi nmotoka [I4. Tpeb6osanus mortoka Il;, B cBot
oyepeslb, mocse 00CAy>KHBaHUS MOCTYNAIOT B CUCTEMY B KayecTBe TpeOOBaHMH NOTOKa
IT,. TTotoxku Il u I3 KOH(IMKTHBIE B TOM CMBICJE, YTO UX TPeOOBAHHUS He MOTYT OBITh
00CJ/Ty2KeHbl OTHOBPEMEHHO.

3acukcupyeM TMOJNOXKHUTENbHBIE LieJble yucaa d, ng, nq, ..., Ng. LOTAa MHOXECTBO
COCTOSIHUH O0OCJ/Y>KHUBAIOLLEro YCTPOHCTBA OyAeT BHIIVISAWTb CJAEAYIOLUM 00pa3oM:
I ={r®": gk =01,....,d; » = 1,2,...n}. B cocrosuuu '™ ceppep maxomurcs B

TeyeHue Hecayydaiinoro spemeny 7 F") . AIropuTM cMeHBl COCTOSIHME yUUThIBaeT Kak mpe-
AbIAYlee COCTOsSIHHe NMpubopa, Tak U AJUHY odepenu (J3 B MOMEHT MPUHATHS pelleHusl U
(dopmasbHO ommcaH B pabore [9].

Jlna 3ananus npouecca 00C/ayKHBaHUS MCIIONB3YIOTCS NMOTOKK Hackienus I17%¢, T15%¢
1157, IIj*. Hueno tpeGoBaHni B MOTOKe HackilieHus 117 3a Bpems T®") gecnyyaiiHo u
paBHo ((k,r,j), ecin obcTyKUBatoIlee yCTPOHCTBO HaxoauTes B coctosinuu I'*7) € T,

[IpencraBneHHas cucrteMa MaccoBoro oOC/Hy>KHMBAaHUSI MOXKET paccMaTpHUBaTbCsl Kak
KrOepHeTHYecKasl yrpasasiomas cucreMa. Cxema ynpasJ/siiollledl CUCTeMBbl MpeaCcTaBaeHa
Ha pUCYHKe.

1 o1 |61 : BBIX
: | | Hl
190 : : >
ol | S |
|> : TTH™™
T1-Hac I I 3
2 | |
I3 03 1 &3 I TI3™™
I |
> o

I1y"e¢ I Oy

Cxema CMO kak ynpasJsiiolied KubepHeTUUeCKOH CUCTEMBI
The queuing system as a cybernetic system scheme
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Ha cxeme mpucyTcTByIOT caenyouie OJOKH: BHELIHSIS cpela C OAHHUM COCTOSIHHEM,
BXOAHble noJsoca (BxogHsle noToku 11y, 11y, I3, 114 u moToku Haceimenns I172¢, 152, TI5%¢
[1}2), BHewHsAs namaTb (odepenut Oy, Oz, O3, Oy), YCTPOHCTBO MO MepepaboTKe BHELIHEH
naMsaTh (yCTPOHCTBA MOAJEPXKAHHUS NUCUMIIKMH odepenedt di, Oz, O3, 04), BHYTPEHHSIS
naMsaTh (ob6cayxuBatllee yctpoicTBo, OY), ycTpoiicTBO no mnepepaboTKe BHYTpPeHHeH
namsAtd (rpad nepexomoB u3 ogHoro coctossHus OY B apyroe), BbIXOAHBIE MoJsOca (BBI-
xopHble moToku II3%% TIS™* ) TI5™*) TI5X).

B pabore [2] Oblin BbIIeJNeHb HH(DOPMALHUS, KOOPAUHATBL W (YHKIHS TaHHOH
CHCTeMBl. DTO MO3BOJHUJIO0 KOHCTPYKTHBHO 33/aTh IMOCJEN0BATENbHOCTH CJIyYaWHBIX Be-
JIUUMH W CJAY4YaWHBIX 3/IeMEHTOB, OMHUCBIBAIOLIUX NUCKPETHYIO BPEMEHHYIO LIKaay HabJito-
[IeHHUS U COCTOSIHUS BCeX OJIOKOB CXeMbl. B 4acTHOCTH, B KauecTBe AUCKPETHOH BpeMeHHOH
ILIKaJbl BelOpaHa MOCJe10BaTeNbHOCTb Tg = 0, 7Ty, T2, ... MOMEHTOB CMeHbl COCTOSIHUSA
obcayxuBatomiero ycrporictea. O6osnauunm I'; € I, @ = 1, 2, ..., cocTosiHHe 0OCJYy-
JKHUBAIOILEr0 yCTPOHCTBA B TeueHue BpemeHu (7;_1;7;] u ['g € T' — ero cocrosiHue B
MOMEHT BpPeMEeHHM Ty, U MYyCTb i, € Zy — KOJU4YecTBO TpebGoBaHui B ouepend O; B
MOMEHT BpeMeHHU T;, , ¢ > (. Bbl10 n0KasaHo, 4TO cToXacTUyecKas MOCJ/e40BaTeNbHOCTD
{(Ty, 51,4, 2004, 234, 224,4);1 = 0,1, ...} siBAIsieTcs OMHOPOLHOH Lienbio Mapkosa.

2. KJIACCUDUKALUSA COCTOSAHUN MAPKOBCKOM LLEMWU
{(Fia %i); 1 =0,1,.. }

Tenepb [IOCTAaBUM BOIIPOC O CYILIECTBEHHLIX COCTOAHHAX MapKOBCKOﬁ emnu
{(Fu %Z),’L = 0, 1, .. .},

KOTOpasi OMUCBbIBAeT NUHAMHUKY HCCJeqyeMod B paboTe KUOepHeTHYeCKOH cucTeMbl. Mbl
M0CJeI0BaTeNbHO PACCMOTPUM COCTOSIHHSI Pa3HOTO BHIA W OMNpefesuM coobliatlimecs
nonkJaaccel. Ha mepBom sTame BBISICHUM, YTO COCTOSIHHSI BUIA

(F(Oi)’j), /f = 1777/0, j == (0,0,L+ ]-70)

SIBJISIIOTCS CylIeCTBeHHBIMH (JeMMbl 1, 2, 3). JleMma 1, B 4acTHOCTH, TOBOPHT O TOM, 4TO
U3 COCTOSIHUH MPOJJIEHHS C NMPOU3BOJIBHBIM KOJHYecTBOM TpeboBaHUU B odepensix Oy, Os
U O, MOXKHO MepedTH C HeHYJIeBOH BEPOSITHOCTBIO TaKxKe B COCTOSIHWE MPOMAJIEHHS, HO C
nycteiMu odepensamu Op, Oy 1 Oy.

Jlemma 1. CocmosHus suda
(POD.(0,0,25,0)), 7 =T,no, &3 > 30
docmuacumol U3 COCMOAHUL 8UOQ
(F(O’T‘)),xo), ro = 1,ng, 2" € Zi, 20 = (21,0, T2,0, T30, Tap), T30 < L.

I[OKaSaTeJ'[bCTBO. I[OKa3aTe.HbCTBO COCTOHUT M3 HECKOJIbKHUX 3TAIlOB. CHaanIa, OCHO-
BbIBafCb Ha 3aJI02KEHHbLIX B MMOCTPOEHHOE BEPOATHOCTHOE TMPOCTPAHCTBO CBOKMCTBAaX, A0Ka-
3bIBa€TCs, UTO BEPOATHOCTL KaxKAOro 1iara B LEMOYKe

(F(O”’O),xo) — (DOro®ol) by _y (POro@02) 52y (F(O””O@ONQ), zN?)

nas mo6oro Ny > 0 nosoxurenbHa. Bekropa z7, j > 1, onpenenuM HUXe.
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HYCIb CHUCTEMA CTapToBaJia B COCTOSIHHUHU (l 0, %0) = (| (0770)7:50). Uz )
ﬂ}‘el, 4qTo HOCIPOEHHH cJie
1 h(I 0 %3,0> - h(F( ’ O),xg’(]) — I (Q’OEBOI)7

rie oTobpaxeHue h(-,-) omnpenesneno B pabore [10].
[Tonoxxum

ot = (211, 20, 3,1, 241) = (max {0,210 — £(0,79 B 1,1)};
max {0, X2,0 + X400 — 6(0, 0 Do ]_, 2)}, X305 min {.I'LQ, E(O, 0 Do 1, 1)}) .

B o6uem cayyae

PI"({CL): FjJrl _ F(O,ro®0j+1)’ i1 = xj+1}|{w: Fj — F(O,ro@oj)’ ;= l'j}> >0

TSI
27T = (max {0,21; —0(0,70 B0 j+1,1)};
max {0,1}2’]' + $4’j — 5(0, To EBO] + 1, 2)};373,0; min {LULJ', 6(0, To @0] + 1, 1)}) ,
roe j =1, 2, ..., No. Hucsno N, Gynet onpeaeseHo HUXKeE.

Jlnst HekoToporo N; > (0 KoaudecTBa TpeGOBaHUH X1 n,, TanN, U T4nN, B COOTBETCT-
Bytomux odepensix O, Oy u Oy paHO WM MO3AHO CTAHYT PaBHBIMU HYJIO, T.€.

Pr({w: FNl _ F(U,T()@ONI)’ N, = .CENI}’{UJZ FN1—1 — I‘(O,ro@o(]\h—l))’ YN, 1 = l’Nl_l}) > 0’

pas Nt = (0;0;230;0). [TockombKy Bce COCTOSIHUS MPOAJIEHUs] 00PA3YIOT LUUKJ (4 TOJIb-
KO Takde rpadbl MepexoioB pacCMaTPUBAlOTCS B paboTe), TO CYLIECTBYET TAKOe UHCJO
Ny > Ny, 4To To@oNg =7r6plu

Pr({w: Ty, = DO70®0N2) 50— N2y £y Ty, = DOm0@oWe=1) 5 — g N2=11y 5

roe ™ = (0,0, 230,0). lJsi 3aBeplieHks] [0KAa3aTeIbCTBA Terepb HEOOXOMMMO PACCMOT-

peThb Nepexon
(F(O,ro@oNz) xNz) N (F(O,F) xN2+1)7

Y Y

T. €. OLI€HHUTb BEPOATHOCTHb
. — 107 — No+l . — 1 (0,m0®0N: _ .
Pr<{w' FNQ+1 - F( T)7 XNy+1 = T ’ }|{w FN2 - F( 1o 2)7 KN, =X 2}>7

roe
(FN2+17 %N2+1) - (F(OJOEBONZ))a xNQJ’_l) - (F(Oj)v (Oa 07 5737 0))

€CTb KOHEUHOe COCTOSTHHE.
[Tonoxxum N = Ny + 1 1 cobepeM BCce BOEIHHO:

Pr({w: Ty =0 sy = 2V} {w: Ty = DO gy = 20} =
= Pr({w: Tnyer = DO sy, 11 = 2™ {w: Ty = TO) g = 201) >

> Pr(Cl{w: Ty = TO) 54 = 2°}),
rie

C= {w: I'nyt1 = F(O’f), KN4l = a:N2+1} N {w: I'y, = F(O"Z@Ol), N, = xNQ} n...
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N {w: Iy = F(O’TO@OQ), My = :1:2} N {w: Iy = F(O’T°®01), n = .:1:1} .

HaKOHeLI, K3 TEOopeMbl YMHOXKEHHUSA U MAPKOBCKOI'O CBOHCTBA 3akKJryaeM, 4To

Pr({w: Ty =T00 5y = xN} {w: Dy =T 5y = x0}> >
> Pr({w: I'nyt1 = F(O”:), HNy+1 = xN2+1} Hw: I'y, = I‘(O’Feol), nN, = xN2}> X
X Pr({w: I'y, = F(O’feol), N, = :ENQ} Hw: I'nyo1 = F(O’Feoz), N, -1 N2_1}> X
X

=x
X ... X Pr({w: Iy = F(O’TO@OZ), My = xQ} Hw: Iy = F(O’m@ol), w = a:l}>
x Pr({w: Ty = D020 g — ot i T =T, 00 = 2%} ) > 0,

4yTO U TpeboBasoCh A0Ka3aTb. TakuM o6pa3oM, KaxK[blil Mepexof B Ierouke MepexoaoB
(DO70) 50y _y (DOro@ol) o1y oy (POro®02) 52y y 4 (P(Oro®oNa) 5:Na) _y (P(OF) 5 Nat1)

OT HAYaJbHOIO 0 KOHEYHOI'O0 COCTOSIHUS UMEEeT HeHYJEBYI BEPOSATHOCTD. 0J
JlanbHele pe3dy/bTaThl MpuBeeM 6e3 10Ka3aTe bCTBA.
B snemme 2 nokasaHo, KaK W3 MPOM3BOJBHOTO COCTOSIHUS LHKJIA kg > 0 mepedTH B
COCTOSIHME TNPOMJIEHUS C 3aflaHHbIM KoJudecTBoM TpeboaHuil 0, 0, L + 1, 0 B ouepensx
Oy, O3, O3, O4 COOTBETCTBEHHO.

Jlemma 2. Cocmoanus suda
(T 7, 7=T,ng, &=(0,0,L+1,0)
docmuscumel u3 cocmosarull suoa
(F(ko’”’),mo), ko >0, 79=1,ng, 2°€ Zi.

Jlemma 3 3akJjouaeT o ToMm, uto coctosiuus supa (I'®7) (0,0, L + 1,0)) seasiorcs
CcyllecTBeHHbIMH. Ha/liuie HeKOTOPOro MHOMKeCTBA CyLIECTBEHHbIX COCTOSHHH MO3BOJIHUT
B Ja/bHeliIlleM HalTH Bce OCTABIIMECSH CYIIEeCTBEHHbIe COCTOSHMS.

Jlemma 3. Cocmosanusa suda

T 7, F=T,n9, &=(0,0,L+1,0)
docmugcumel U3 A00bLX COCMOAHULL cucmembt, m. e. U3 cocmosaHull suda
(Do) 29) kg =0,d, 1o=1,ng, 2°€Zi.
Taxkum obpasom, cocmosnus (I'O7) %) seararomes cyuwecmeenmvimu.
B nemmax 4, 5, 6 omnpenesnsitoTcsi COCTOSIHMS, COOOIMIAIOUIHMECS C CYIIeCTBEHHBIMH
coctostnusimu (T'O70) 20) g = (0,0, L 4+ 1,0), 79 = I, ng. Takum crnoco60M onpeenuTes

BCE€ MHO2KECTBO CYLIECTBEHHbIX coctostHUH. B YaCTHOCTH, JeMMa 4 KacaeTrcsi COCTOSIHHH
LIHUKJIOB.

NMHpopmaTtrka 261



&hﬂaa Capar. yH-T1a. Hos. cep. Cep. Marematnka. Mexannka. FHgpopmatnka. 2020. T. 20, Bbin. 2

Jlemma 4. Cocmosnusa suoda

(0D, 7), 7= (0,0,75,0), Fs>max{0,L+1-3 t(k5,3)},
s=1

= y s k> O, F(k’l) = hg(ro)
docmunicumosl U3 COCMOAHUL 8U0aQ

(F(U,’I‘o) ’

9, xo=1(0,0,L+1,0), 79=1,n.

8

Jlemma 5. Cocmosnusa suda

T

(DOD,3), & =(0,0,7,0), 75> max{0,L+1-> ((ks,3)},

s=1

2de k=1,d, 7 =1,ng, docmuncumol u3 cocmosnuti 8uda
(170 20 25 =(0,0,L+1,0), 79=1,n.
Jlemma 6. CocmosHus euda ~
(. 3),

ede

Nk

7 = (0,0,73,0), 3>max{oL+1—max{ZM,s,3)}} 7 =T o,
k=1,d

docmuscumsl U3 cocmoarul suoa
(170 20y 2% =(0,0,L+1,0), 7o =T1,no.

Jlemma 7. Ecau cocmoarnus suda

(T (0,0, min{L, #3},0)), 7=1;ng, &3>0
docmuncumol U3 HA4ANbHbIX COCMOAHUL 8U0a
(TOr0) 20y 29 =(0,0,L +1,0), 7o =1;n,
mo moeda u3 HAUAAbHLLX COCMOAHUL OOCMUNCUMbL UL COCMOSHUSL 8UOAQ
0. 2), Te{y=(yy295u2) € Z{: ys =Tz (11 > 0) = (ya > ((0,7,1))}.

Jlemma 8. Cocmosanus euda (I'%7) %), 2de & maxoso, umo &y > 0, To > 0, a maxoce

:E3>max{0 L—I—l—maX{ZE , S, )}},

k=1,d

Ty =2 0u (v >0)= (x4 = £(0,7,1))

docmudcumosl U3 CoOCmoanuL suoa

(TOr0) 20 2% =(0,0,L+1,0), TO™ T,
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Jlemma 9. Cocmosanusa suda

(1—\(0,7’0)’ .IO), Ty = (07 O, L + ]-7 0)7 To = 1a no

docmuacumol us cocmosnuii uda (I'*7 %), ede k =1,d, 7 =1, ng U T MaxKogo, 4mo

+
(71 > 0) = (&g = Lk, 7,1)), (1)
j?,}max{O,L—l—l—Zﬁ(k,s,?))}, ecau k>0, (2)
s=1
g
T3 2maX{O,L—irl—km??;{gf(k,s,i%)}}, ecau k=0, (3)

U moavKO OHU docmuofcu/vzbt U3 COCMOAHULL
0 0 0 E
(TOr0) 20y 2% =(0,0,L +1,0), 7o=T1, 10
u, C/leaOBLZme/leO, ABAAOMCA cyu;ecmeeﬂﬂbmu.

B 3axkaouenune BBeJeM MHO2KeCTBa

ng:{(l“(o”"),xg): x3 € Ly, w3 > L — maxd{Z€(k,t,3)}}, 1 < r < ng,

k=12,..,

S,z”T:{(F(k’T),xg):xg,EZJr, x3>L—Z€(l€,t,3)}, 1<k<d, 1<r<n.

t=1
M3 nokazaHHbiX JeMM 3—-9 Takxke cjenyeT Apyras Teopema.

Teopema 2. Mnoacecmso cyuecmsentvix cocmosnuii mapkosckoti yenu {(Ty, se3,);
i=0,1,...} umeem 6ud ( U Sg’,r> U < U S]%,r)'

1<r<ng 1<k<d
1<r<ng

3AKJTIOYEHUE

[IpoBeneHHast Kjaccu(pHUKalMs TO3BOJSET CY3UTh MHOXECTBO COCTOSTHHH MapKOB-
ckoit nenun {(I';,55);4 = 0,1,...} 00 MHOXeCTBa CYyLIECTBEHHBIX COCTOSHHH. B nasp-
HeHlIeM HCCJIeIOBAaHUH, CBS3aHHOM C IMOMCKOM HEOOXOOMMBIX M JOCTATOUHBIX YCJOBHH
CYILECTBOBAHHUSl CTAl[MOHAPHOI'O pacIpefie/ieHnsl, HeCylleCTBEHHblE COCTOSIHHUS MOTYT
OBITb OTOPOLIEHBI, MOCKOJBKY MapKOBCKasi IleMb B HUX HUKOTAA He BEpHETCS.
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Markov Chain States Classification in a Tandem Model
with a Cyclic Service Algorithm with Prolongation

V. M. Kocheganov
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There is a limited list of papers about crossroads tandems. Usually the following service algo-
rithms are under consideration: a cyclic algorithm with fixed duration, a cyclic algorithm with a loop
a cyclic algorithm with regime changes etc. To construct a formal mathematical model of queuing
systems nets and crossroads tandems in particular a descriptive approach is usually used. Using
this approach input flows and service algorithms are set at the level of content, service duration
distribution is known and set via a particular customer service distribution function. However with
this approach one can not find nodes output flows distribution, as well as investigate customers’
noninstanteneous transfering between systems and with dependent, different service time
distributions. In this paper a new approach is utilized to construct probability models of tandems
for conflict queuing systems with different service algorithms in subsystems. Within this approach
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one can solve a problem of choosing the description for w elementary outcomes of the stochastic
experiment and mathematically correctly define the stochastic process, which describes the entire
system, as well as solve the above mentioned problems. Based on a constructively given proba-
bilistic space one can strictly justify the reachability of one state from another the other which in
turn gives a full description of the entire essential state space.

Keywords: stationary distribution, cybernetic control system, cyclic algorithm with prolongations,

conflict flows, multidimensional denumerable discrete-time Markov chain, essential state.
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MeTon aHanusa OTKpbITOM CETU MaccoBOro 06cnyXmnBaHus
c nerpagupyeMou CTPyKTypou
W MTHOBEHHbIM BOCCTaHOBJ/IEHUEM CUCTEM

W. E. TaHaHKoO, H. . ®okunHa

TaHaHko Wropb EBcTapbeBuny, kaHonpaTr OU3NKo-MateMaTuyeckmx Hayk, 3aBelyowwnin kKa-
doeapori CUCTEMHOrO aHanmaa 1n aBToMaTu4eckoro ynpaeneHns, CapaToBCKUiA HALMOHAMbHbIN
nccnenoBaTenbCKUn rocynapCTBeHHbIR yHUBepcuteT uMmeHn H. . YepHblwesckoro, Poccus,
410012, r. Capartos, yn. ActpaxaHckas, o. 83, TanankolE@info.sgu.ru

dokuHa Hapexnpa lMeTpoBHa, kaHAMAAT (PM3MKO-MaTeMaTMyecKux Hayk, AOLEHT kadenps
CMCTEMHOrO aHanuaa v aBToMaTMyeckoro ynpasneHuns, CapaToBCcKuii HauLMOHanbHbIA Uccne-
[OBaTeNbCKUI FOCYAapPCTBEHHbIV yHUBepcmTeT nmenn H. M. YepHbiwesckoro, Poccus, 410012,
r. Capatos, yn. ActpaxaHckas, o. 83, FokinaNP.sgu@gmail.com

PaccmatpmBaeTcsl OTKpbiTas CeTb MaccoBOro 0OCMYXMBaHUS C HEHaLeXHbIMU CUCTeMaMu
MaccoBoro obcnyxwvBaHus. B ceTb M3 BHEWHEro WCTOYHMKA MOCTYyrnaeT MyacCOHOBCKMA
noTok TpeboBaHmii ofHOro knacca. Lnsi KaxmAoi CUCTEMbl ANUTENbHOCTb O06CNYXUBaHUS
TpeboBaHuin B nepuon ee OecrnepeboiiHoin paboTbl M LANTENbHOCTb HapaboTKM Ha OT-
Ka3 SABNAKOTCA SKCNOHEHUManbHO pacnpeneneHHbIMn Cﬂyan7IHbIMI/I Benn4nHamm ¢ N3BeCTHbIMU
napameTtpamu. nOCﬂe,EI,OBaTeJ'IbeIVI BbIXOL N3 CTPOA CUCTEM NMPUBOONT K M3MEHEHUIO B CTPYK-
Type 1 COOTBETCTBYOLWEMY N3MEHEHNIO XapakKTepUCcTuk CeTu. I'Ipep,nonaraeTCH, 4TO MHTEepBanbl
BpeMeHn Mexay USMeHeHUsAMN CTPYKTYpPbl CeTU OOCTATO4YHbI ONA HACTynneHns ctaumMoHapHOro
pexunma OyHKLUNOHMPOBAaHNSA. XapakTepUCTUKOM KayecTBa (DYHKLUNOHMPOBaHUS CETN Ha KaX-
OOM MHTepBane NoCTosAHCTBA CTPYKTYpPbl ABNAETCA MaTeMaTnieckoe oXmnagaHmne gnanTenbHOCTU
peakunn ceTn. MrHoBeHHOE BOCCTAHOBNIEHNE BCEX CUCTEM ocyuwecTBnsaAeTCcsa B MOMEHTbI, KOr-
Ja MatemMatmyeckoe oXunaHue AIUTENbHOCTU peakumn ceTu CTaHoBMTCS 6o/blie 3aAaHHOro
MOPOroBOro 3HAYEHWS MU HapylWwaeTCsl CBA3HOCTb ceTu. lNokasaHo, Y4To cTaumoHapHoe pac-
npeneneHne BEPOSITHOCTEW COCTOSIHWIA HEHadeXHoW ceTu 06CnyXunBaHUs UMeeT MybTUMnIu-
KaTuBHyl0 oopMy. MNMpennoxeH MeTon aHanuaa ceTu C UCronb3oBaHueM Lenein Mapkosa ¢
HernpepbIBHLIM BPEMEHEM 1 MOMYyYeHbl BbipaxeHusl AN onpefeneHnst cTaumoHapHbiX Xapak-
TEPUCTUK HEeHaOeXHbIX CUCTEM U CceTn 0BCNyXMBaHWUS, B TOM YUC/e MaTeMaTnyeckoro oXu-
0aHUs ONUTENbHOCTU MHTEpBana BPEeMeHM MeXAay MOMEeHTamu BOCCTaHOBNeHUs cucTeM. Ha
YMCNEHHOM MpUMepe NPOBeAeHbl NCCNeA0BaHUS 3aBUCUMOCTEN XapakTepucTK CeTH OT HeKo-
TOPbIX €e NapaMeTpoB.

Knto4eBble cnoBa: ceTn mMaccoBoro obcnyXxuBaHus, uenu MapkoBa, MeTon aHanusa ceTei
MaccoBoro o6cnyXuBaHus, HeHaLeXHble CUCTEMbI 0OCNYXMBAHNS.
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CeTH MaccoBOTO O6C.Hy}KI/IBaHI/IH HCIIOJNb3YIOTCA B KayeCTBE MATEMATHYECKHUX MOME-
JeH OUCKPETHBIX CTOXAaCTHYECKHUX CHCTEM C ceTeBOH CTpYKTypOﬁ N C HeHaJde>XKHbIMH
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N. E. TaHaHko, H.[1. PornHa. MeToq aHanr3a OTKDBITOF CeTn MaccoBoro obCiyrBaHNA &

sjeMeHTaMd. Hanpuwmep, nis MonenMpoBaHHs CHUCTeM, B KOTOPBIX YUHTBIBA€TCS peak-
LISl Ha TI0sIBJI€HHE HexKesaTeJbHbIX HM3MeHeHUH B 00C/ayXKHBaeMbX 3J€MeHTax, HC-
MONB3YIOTCS CETH MacCOBOrO 0OC/HYXKHBAaHUS C CHCTEMAaMH WJM TPYIINaMH CHUCTeM 00-
CJyKUBaHUS ¢ 0OpaTHOH CBsA3bl0. Tak, [nJd OLEHKH TpeOyeMoro oObeMa NaMATU U
NPOM3BOJUTEBHOCTH MPOEKTHPYEMOH MYJIbTHMEIMHHON CUCTEMBl HCIO/Nb30BaHA OTKPHI-
Tasi ceTb MacCOBOTO OOCJ/YKMBaHHS, B KOTOPOH CHCTEMBbl MacCOBOI'O OOC/IY>KHBaHHUS C
00paTHOH CBsA3bI0 0TOOpaXKaOT Mpollecchl BOSHUKHOBEHHSI OLIMOOK MpH Mepejaye AaHHbBIX
M0 HeHaleXHbIM KOMMYHHKALIMOHHBIM YCTPOHCTBAM MyJbTHUMeIHHHONH cucteMbl [1]. B
pabote [2] paccmarprBaeTcs ceTb Nepefayd MAKETOB W UccaenyeTcsi 3(P(HeKT BIHUSHHSA
MHTEHCUBHOCTH BO3HHKHOBEHMS OLIMOKM B KaHaJjle Ha CpelHION 3alepKKy nakera. Kax-
IbI M3 HeHa/leXXHbIX KaHaJ0B MOJeJNHpPyeTCs CHUCTeMOH MacCOBOrO OOCJYyKHBAaHUS C
00paTHOH CBsI3blo, 0TOOpaXKakollel NOBTOP Mepefayu MakeTa, ecjad TOT MepefaH ¢ OLIMO-
Kod. Jlns MonesMpoBaHHS MPOU3BOACTBEHHBIX CHUCTEM C HEHANeXKHbIMH 3JeMeHTaMU
MOXKeT OBITb HCIOJIb30BaHa CeTb MacCOBOr0 OOC/YKMBaHMS, COCTOSALLAs W3 HECKOJb-
KHX 10CJIeI0BaTeNbHO CO€MHEHHBIX MHOTONPUOOPHBIX cUCcTeM 00cC/ayXHBaHHUs. [Ipubopsl
CUCTEM II0CJ/IeIOBATE/BHO MEPeXOAST M3 paboTOCIOCOOHOrO COCTOSIHUS B HepaboTocmo-
co6Hoe. [locsie 3aBepiieHHs1 oOC/ayKUBaHUS B MocJeqHell cucTeMe TpeGOBaHHE C ompe-
JleJIEeHHOU BepPOSITHOCTBIO MOXKET TepedTH B MePBYI0 CUCTEMY LeNH CUCTeM 06C/yKHBa-
aus [3].

Pelenue 3anau aHa/fu3a W CHHTe3a peasibHbIX CHCTEM C yUeTOM BbIXOfAa W3 CTPOS U
BOCCTAHOBJIEHUS] OTHEJ/bHBIX 3/J€MEHTOB MPHUBOIUT K HEOOXOAMMOCTHU Pa3BUTHS TEOPUU H
MEeTOJIOB aHaJ/iM3a ceTedl MaccoBoro o6c/ayKUBaHHUS ¢ U3MeHsieMOU cTpykTypoi. Tak, mns
ceTedl MaccoBOro OOC/YXKHBaHHUsI C MEPEMEHHBIM UYHCJIOM CHUCTEM OOC/yXKHBaHHs [4—6]
M ceTedl MaccoBOro oOCAYyKHWBAHUS C BKJIOUEHHEM W OTKJ/IOUYEHHEeM CBSI3ed Mexay
cucTeMaMHu 00c/yKUBaHHUs [6,7] MoJydeHO CTalMOHAPHOE pacrpejieieHHe BepOsiTHOCTEM
yncsa Tpe6oBaHUN B cucTeMax ceTei. [{/is 3aMKHYTOM ceTH 06CayKUBaHUS C ITepeMeHHON
CTPYKTYPOH HCMOJb30BaH MeTol (hOPMUPOBAHHUS MAPLIPYTHBIX MATpPHUL, 06ecrneyruBaoInX
OIMHAKOBble CpeJHHe AJUTENbHOCTH MpeObiBaHUA TPeOOBAaHUU B cHUCTeMax OOCJYyXKHBa-
nus [8]. B pabore [9] ucnosb3oBaH MeTO MPOU3BOASAIIMX (DYHKIUH AJIT HAXOXKIEHHUS Te-
PEeXOJHBIX BEPOSITHOCTEH unc/aa TpeOOBaHUN B HeHalleXKHbIX CUCTEMaX 00CJ/YyKUBaHHUS OT-
KPBITOH CeTH MaccoBoro o6cayXuBaHus. B padorax [10,11] paccmaTprBaeTcst 9KCIOHeH-
IMa/ibHAasl CEeTb MAacCOBOI0 OOCJYKUBaHHS, B KOTOPOH J06asi U3 CUCTEM OOC/YKHUBaHUS
MOXKeT BBIXOAUTb M3 CTPOS, T. €. MpeKpaulatb o6cayKnBaHUe TpeOOBaHUH, U BOCCTaHAaB-
auBatbcsi. TpeGoBaHHs B MePUOA BOCCTAHOBJEHHS MNPUOOPOB MPOAOJKAKT MOCTYNATh
B cucTeMbl obcayxKuBaHusi. [Ipenmosaraercsi, 4TO MHTEHCHBHOCTH BOCCTAHOBJIEHHUS
NpUOOPOB CUCTEM OOCJYKMBAaHHs HaMHOTO 060Jbllle WHTEHCUBHOCTEeH HapabOTKU Ha OT-
Ka3 3TUX NpubopoB. Mcrosb3yss MeTon yMeHblUEHUS MWHTEHCHBHOCTEH OOC/YKHBaHUS
TpeOOBaHUU B CHUCTeMax CeTH, 3ajJauya aHajM3a HeHaJeXHOHW CeTH MacCOBOro 00C/y-
JKMUBaHHUsl CBeleHa K pelleHHI0 3aJadyd aHajau3a abCoJIIOTHO HaleXHOH 3KCMOHEHIH-
anbHON ceTH oOcayxuBaHUS. OTKpbITass CeTh C IEpPeMEHHBIM YHCJOM MapaJJesbHbIX
cucteM obcayxuBaHusl [12] ucrmosb3yercss B KadecTBe MaTeMmatHueckoi momenn GRID-
cucTeMbl. HeHanexXHble cucTeMbl 00CTYyKMBaHHS O0TOOpAaKAalOT HE3aBUCHUMbIE MPOLECCH
MOAKJ/IOUEHHUSI U OTKJ/IOUEHHsI BRIYUCAUTENbHBIX pecypcoB GRID-cuctems.

B nanHOll paGote paccmarpuBaercs ceTb [[’KeKCOHa, B KOTOPOH CUCTEMBI 00CJYKH-
BaHHs B mpoliecce (PyHKLUHOHUPOBAHUS CETH MOCJeN0BaTeNbHO BBIXOAAT U3 cTposi. lau-
TeJbHOCTH HApaOOTKH Ha OTKAa3 CUCTeM OOCJYKUBAHUS ABJSIOTCSA SKCIIOHEHLMAJNBHO pac-
npefeseHHbIMU CJAy4alHBIMH BeJMYMHAMU. B MOMEHT 0TKa3a ouepefHOH CHUCTeMbl 0OCy-
JKUBaHHUsl Bce TpeOOBaHHWsl, HaXOAsllMecs B 3TOH CHUCTeMe, MTHOBeHHO Tepsitorcs. [Ipu
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3TOM MapLIpPyTHasi MaTpula CeTH OOCHYyKUBaHUS HM3MEHseTCs TakKUM 00pa3oM, UTOOBI
TpeOOBaHUSl He MOCTYyNa/Ju B JAaHHYIO cucTeMy obcayxkuBaHusi. [Ipennosaraercsi, uto
KaK TOJIbKO CpelHee BpeMsl peaklLUU ceTH 0oOCayKHUBaHHs OyHeT MPeBOCXOAUTH IMpe-
JlelbHOe 3aJaHHOe 3HaueHHe M3-3a MO0C/e10BaTeJbHOIO BbIXOAA M3 CTPOsl CHUCTEM 00-
CJIy?>KHBaHHUS, BCe OTKa3aBliMe CUCTeMbl 00CTYKUBAHUSI MTHOBEHHO BOCCTAaHABJIMBAIOTCS.
MrHoBeHHOe BOCCTaHOBJIEHHE paHee OTKAa3aBLIMX CHUCTeM OOC/YKUBAHUS NPOU3BOIUTCS
U TOTJa, KOTrJa BBIXOJ U3 CTPOSl OuepeqHOl cUcTeMbl 06CayKHUBAaHUS HapyllaeT CBSI3HOCTb
CeTH OCTaBLIMXCS PabOTOCNOCOOHBIMU cUcTeM obcayxxuBaHus. CaydalHbIE mpolecc OT-
Ka30B CHCTeM OOCJY)KMBaHHMSI C MTHOBEHHBIM MX BOCCTAHOBJIEHHEM IpeJCTaBJ/IeH LeMNblo
MapkoBa ¢ HempepblBHBIM BpeMeHeM. [/ onpejesieHUss BpeMeHH MeX1y MOMeHTaMH
BOCCTAHOBJIEHUS] CHCTeM OO0CJY>KHMBaHHS MCIOJb3yeTcs Torsoulawlas uenb Mapkosa.
[TonydyeHbl BeIpaxKeHHsl AJis ONpeeseHUs] CTALMOHAPHBIX XapaKTePUCTUK CHUCTEM U CeTH
00C/y>KHBaHHUs € ferpanupyemoit cTpyktypoit. [Ipencrassen yucaeHHblil npuMep pacuyeta
XapaKTepUCTHK THUIOTETHYECKOH CeTH MaccoBoro oOC/Jy:KUBaHUSI paccMaTpUBaeMoro
THUIA.

1. OMNUCAHMUE CETH

PaccmoTpum oTKpeITYIO ceTh MaccoBoro obcayxuBaHus I', cocrosuiyo U3 L cucrteMm
MaccoBoro obcayKuBaHusi S;, @ = 1,...,L, tuna M/M/k; ¢ HHTEHCHUBHOCTSIMU 0OCIy-
KHUBaHUA ;1 = 1,...,L. VI3 ucrounuka Sy B ceTb NOCTyNaeT MyacCOHOBCKUH MOTOK
TpeOOBaHUN OJHOTrO KJlacca C MHTEHCHBHOCTBIO Ag. [lepexonbl TpeGOBaHUH MeXAy BCEMH
cUCTeMaMu OOCJYKUBAHUSI B CETH OINpeNessloTCs HadaJbHOH MapLIPyTHOHW MaTpullel
@:(Qij)v Z,]:0,7L

[Ipennonaraercsi, 4TO CHCTEMBl CE€TH MOTYT BBIXOAHUTb W3 CTPOSI HE3aBUCHMO APYT
oT apyra. [dnurenbHoCcTb HapaOOTKM Ha OTKa3 CHUCTEMbl S5; UMeeT 3KCIOHEeHIUaJbHOe
pacrpenesieHue C napameTpom ;, ¢ = 1,..., L. Ilpu oTkase cucremel Bce TpeOoBaHUS,
Haxolslllecss B Hel, TepsitoTcsl. BbIXo# cucTeMbl M3 CTPOSl NPUBOAUT K H3MEHEHHIO TO-
MOJIOTHH CeTH U COOTBETCTBYIOLIEMY M3MEHEHHI0 MapLIPyTHOH MaTpulbl © ¢ TeM, YTOOHI
UCKJIIOUHTD MOCTYyIJIeHHe TpeOGOBaHUH B HEPAOOTOCIOCOOHYIO CHCTEMY.

[lyets b = (b;), i = 1,..., L, — BeKTOp, OMpeNesIOLINI CTPYKTYpy ceTH, rae b; = 0,
ecu cucTema S; BbllllIa M3 cTpos, MHade b; = 1. Ilycts ©(b) — mapupyTHas maTpuua
CeTH CO CTPYKTYpOH b. PaccMOTpUM cMexHble CTPYKTYpbl b W b, OTJIMYAIOLIMECS TOJIb-
KO OJHOH KOMIMOHeHTOH ¢ HomepoM m, m € {1,...,L}, npuuem b, = 1, b, = 0. B
MOMEHT BBIXOJla M3 CTPOSi CHCTEMBI Sy, BEKTOD CTPYKTYphl ceT b mpeoGpasyercst B b, a
MapuipyTHasi Matpuua O(b) — B mMatpuuy O(b). DiaeMeHTbl MaTpulibl O(b) onpenesioTes
no opMmynam:

0

Omk(): s k’: ,...,L, kz%m,
0:m(D) =0, i=0,...,L, i%#m,
O (D) = 1
[lyete n = (n;), @ = 1,...,L, — COCTOSIHHe CeTH, TIle n; — 4YHUCJ0 TpeOOBaHUH B

cucteme S;, TOTAa B MOMEHT BBIXOA M3 CTPOSI CUCTEMBl S, M, = 0. OcHOBHOI xapak-
TEPUCTUKOH, OMNpefessiolledl KayecTBO paboThl CeTH CO CTPYKTypod b, Oynem cuuTaThb
MaTeMaTHuecKoe OXKuAaHue (M.0.) HJHUTENbHOCTH peakuuu cetd 7o(b). IlycTb nss certu
00C/Y>KMBAaHUS 3a[aHO MOPOrOBOE 3HAU€HHe M.O. AJUTEJbHOCTH peakuuu 7. [Ipouecc
(PyHKLIMOHUPOBAHUSA CETH C HECTALHMOHAPHOH CTPYKTYPOH OCYIIEeCTBJSETCS CJedyHLINM

268 HayyHbeir oTaen



N. E. TaHaHko, H.[1. PornHa. MeToq aHanr3a OTKDBITOF CeTn MaccoBoro obCiyrBaHNA P

o6pazom. CucTeMbl 00CTYKMBAHUS BBIXOAAT U3 CTPOSI HE3ABUCUMO JAPYT OT ApPyTra ¢ IKC-
MOHEHHAbHOH IJIUTENbHOCThIO HAPAOOTKH Ha OTKAa3 C pa3HbIMH MHTEHCHUBHOCTSIMH, BbI-
3bIBasl U3MeHeHUs1 B CTPyKType ceTd b. [loka

70(b) < 7o, (1)
He MpeANPUHUMAEeTCs AeHCTBUE 110 BOCCTAHOBJIEHUIO BHILIEAIIMX U3 CTPOs cucTeM. Ecau
70(b) = o, (2)

TO TIpenanoJsqaraetTcd, 4YTO BCe Hepa6OTOCHOCO6HbIe CHCTeMbl MI'HOBEHHO BOCCTaHaB-
auBatotes. Ecaum [IpHh BbIXOAE U3 CTPOA oqepem{oﬁ CHUCTEMBI O6C.}Iy}KI/IBaHI/IH CBA3HOCTDb
CETHU HapyllaeTcCsd, TO BC€ CUCTEMbI TaKXK€ MIHOBEHHO BOCCTaHaBJHWBAIOTCA.

TpeéyeTCH HaUTH BEPOATHOCTHO-BPEMEHHBIE XAPAKTEPUCTUKHU CETHU O6CJIy}KI/IBaHI/IH.

2. METOJM AHAJIN3A CETU OBCJ1Y XUBAHUSA

DBosolns cet ' mpeacraB/sieTcsi MHOXKeCTBOM peanusauuii nopcereit I'(b). Kaxnas
peasu3alus MoAceTH 00CayKHBaHUS OJHO3HAUHO OIpe/ieisieTcs BEeKTOPOM CTPYKTYpbI b 1
MapuipyTHo# Matpuueil ©(b). Ipyrie napameTpsl peanusaluil mojaceteil CoOBNanamoT.

[Tycth B — MHOXKECTBO BCEBO3MOXKHbBIX BeKTOpPoB cTpyKTyp b. [Toncers I'(h) HazoBem
MOJICeTbI0 CO CBSI3HOH KOH(UrypauueH, ecau MapuipyTHas MaTpulla MHOXeCTBa HC-
MPaBHBIX CHCTEM OOCJYKHUBAaHUA fIBJSETCS HeNpUBOAMMOHW. IlycTb D — NOAMHOXKECTBO
BEKTOPOB b, oOpasytouux noacet I'(b) co cBsI3HOH KOH(UrypalHuei, /s KOTOPbIX BbI-
nosHeHo ycsosue (1). Torna B\ D — nogMHOXKeCTBO BEKTOPOB CTPYKTYp b, AJIsT KOTOPBIX
BBITIOJIHEHO ycJIoBHe (2), BKJIOYAsi CJydad HapylleHUsl CBA3HOCTH, IJisi KOTOPBIX MOJaraem
T(](b) =0 .

DBoJIOLHKIO ceTH [' MOXKHO paccMaTpuBaTh Kak [Ba MPOTEKAIOIIUX MapaJJesbHO Tpo-
1iecca: mpolecc 0TKa3oB CUCTeM OOCJYKUBAHHUS C MIHOBEHHBIM HX BOCCTAHOBJIEHHEM T10
coObITHIO (2) M BJIOXKEHHBIH B Hero npoiecc (QyHKUHOHUPOBAHUS CETH ¢ (PUKCUPOBAHHOU
TOIIOJIOTHEH.

M3MeHeHHe CTPYKTypbl CETH MPUBOAWUT K BO3HHUKHOBEHHIO IEPEXOMHOTO IMpolecca,
IJUTEIbHOCTb KOTOpPOro OyAeM CUMTaTh CYLIECTBEHHO MeHblle JUTeJbHOCTH (YHK-
LIMOHUPOBAHUSA CeTH co cTPyKTypol b € D. [lostomy Oynem npeHebperaTb nepexoaHbIM
MPOLECCOM M CYMTATh, YTO ceTb ['(h) MIHOBEHHO MEPeXOAUT B CTALlMOHAPHBIH PeXUM
(dyHKuHOHUpOoBaHUs. CTallMoHapHble XapakTepucTHKH cetH ['(b), b € D, MoryT ObITh TI0-
JIy4eHbl U3BECTHBIMH MeTonamu [13].

CayyailiHbl# MpoLecc OTKA30B CHUCTeM OOCJYKUBAaHHS C MIHOBEHHBIM MX BOCCTAHOB-
JeHreM 1o cobbeiTHIO (2) MoxeT ObiTh omucaH lenbio MapkoBa M ¢ HempepbiBHBIM
BpeMeHeM W MHOXKeCTBOM cocTossHUH D). IlepeHymepyeMm cocrtosiHMsI MHOxecTBa D Ta-
KUM 00pasoM, uTo b)) — cTpyKTypa, mpu KOTOPOH BCe CHCTEMBI CeTH PaGoTOCIOCOGHHI,
HyMepalusi 0CTaJbHbIX COCTOSSHUH — Npou3BoJibHAsA. B nasbHelileM, ecid U3 KOHTEKCTA
SICHO, O KAKOM COCTOSIHUM HJET peub, TO HyMepauHH COCTOHHI/II/I Oynet onyckarbes. [IycTb
D C D — NOAMHOXKeCTBO I'PaHMUYHBIX cOCTOSHHMI b)) € D, U3 KOTOPEIX BO3MOXKEH BBIXOJ
us muoxkectsa D. Jlns coctosinus b¥) € D ob6osnaunm uepes T; C B \ D HO,ILMHO}KeCTBO
CMEXHBIX COCTOSIHMM Takux, yto b € T; torma u TOJIbKO TOTAa, KOraa Hb — b =1m
BBIMOJIHEHO ycsoBKe (2). MHTencuBHOCTL mepexona us bl € DBT, paBHa

alh9,7) = 3 S 300~ )

beT; k=1
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WUurencusHocty nepexonos us b € D B b9 € D nenu Mapkosa M

L i j i .
o o _ [ @ =5, ecan B0 — b0 =1,
ad V) = .
) HHaye

¥ HHTEHCHBHOCTb BbIXOHa M3 cocTostuusi b € D npu ¢ # 1

L
(b)) = Z vkb,(j).
k=1

MrHOBeHHOEe BOCCTAHOBJIEHHE CHCTeM IIPH BBLINOJHEHHH YCJIOBHS (2) B Mopenu
o3HauaeT, uTo Aas coctosHui b € D npu i # 1 ocyliecTB/IseTCs Nepexof B COCTOSHHUE
b ¢ MHTEHCHUBHOCTBIO

oz(b(i), b(l)) - a(b(i),Ti).

Ecau b € D, To HHTEHCHBHOCTb BBIXOAA M3 cocTosnus bl
L

a(b) =" by — a(h, 1)
=1

O603HaunM MH(pUHUTE3UMAbHBIH omeparop Lenu Mapkosa uepes A = (a;;), Tae

a; = a(®,09) ana vD 09 € D, i #
CrauuoHapHOe pacrpeleseHHe BeposiTHOCTeH coctossHu# uenu 7 = (w(b)), b € D, siB-
JsieTcs pelleHMeM ypaBHeHHsl mA = 0 ¢ yc/JoBUeM HODMHPOBKH ), ., m(b) = 1.

Torma crauvoHapHble XapaKTePUCTHUKH CHUCTeM O0OCyKHBaHUS ceTH ' MOTyT ObITh
ornpeneJieHbl o Gopmysie

Xk =Y xu®)r(d), k=1,... L,
beD

rjie X, — HHTerpajbHasi XapaKTepUCTHKA CHCTEMBI Sy, Xk (b) — XapaKTepHUCTHKA CHCTEMBI
Sy cetu obcaykuBanus I'(b), a M.0. IJUTEIbHOCTH peakuuu cetd I’

To = ZTO(b)W(b>-
beD
B YaCTHOCTH, CpeaHAsA MHTEHCUBHOCTb BXOASIIEr0 MMOTOKA B CUCTEMY Sk paBHa
A=Y M(b)w(b), k=1,..., L
beD

TOI‘Jla MIpOoIyCKHas CIocoOHOCTh HeHaJeXXHOH ceTH OorpeneadeTcs BblpaxKeHHueM

] =

A= k-

k=1

[lokarkeMm, 4TO cTaLlMOHApHBIE BEPOSTHOCTH CTPYKTYP UMEIOT MYJbTUIJIMKATUBHYIO (OpMY
U MOTYT OBbITb ONpeJeJ/eHbl CAeAYIOLHUM 00pa3oM.
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[Tyctb L(b) — MHOXKECTBO HOMEPOB OTKAa3aBILIMX CHCTEM OOCJIYXKHBaHHS B CTPYKTYype
b, A(b) — MHOXeCTBO MepecTaHOBOK M3 3jeMeHToB L(b). Bynem cuutath, 4TO B Kax-
noit u3 |L(b)|! BO3MOXKHBIX MepecTaHOBOK CJeBa HAMpaBO yKasaHa MOCJel0BATENbHOCTb
HOMEpOB cHCTeM 00C/yKHBaHHUS B MOPsiiKe MX oTKaza. O603HAUMM HOMepa 3THX CHCTEM
uepes ky, kg, ..., kjLp) U onpeneaum

o) = 30 o
AB) Yy DL v >
i=1 =1 i=1
ik iZL(O)\k (b))

Maremarnyeckoe oxHUAaHWe IJIUTEJNbHOCTH NpeObIBAHUA CeTH B CTPyKType b € D

paBHa
L -1
i) = (L) -

1=1

Torna BepoOSTHOCTH COCTOSIHUH CTPYKTYP

rie G =3 ,.pp(b)d(b) — Hopmasnusylollas KOHCTAHTA.

OnpenesuM M. 0. BpeMeHU (PYHKLIMOHHPOBAHHUS CETH MeXK1y MOMeHTaMH BOCCTaHOB-
nenus. [lyctb d = |D| — MourHocTh MHOKecTBa D. O603HaunM uepe3 M* morJomaomnryo
Henb MapkoBa, oTJHYalolLylocs OT Lend M HajuuuMeM Morjomawulero coctosHus b,
OueBHaHO, 4TO HH(UHUTE3UMAJBHBIH onepaTop A* nenu M* orauyaercs oT oneparopa A
TOJIbKO CTPOKOH, COOTBETCTBYIOLLEH COCTOSHHUIO b u umeer BUL

. [0 o
el )

rae S' — BeKTOp BeposiTHOCTEH MorIolieH st pasmepHocth (d—1) x 1, S — cy6reneparop,
MaTpulla HHTEHCUBHOCTEH Mepexoia B MHOXKEeCTBe HEBO3BPATHBIX COCTOSTHUH Pa3MepHOCTH
(d—1)x(d—1), 0 — HyseBo# BekTOp padmepHocTH 1 X (d—1). HauanbHoe pacnpenenenue
uenu M* nosmoxuMm paBHbIM [ = (f3;), i =1,...,d — 1, rne B; = a1 41/(—a;). YI3BecTHO
[14], uTo BpeMsi 10 MOTJIOLIEHHS] UMeeT (pa3oBoe paclpesie/leHHe ¢ MaTeMaTHUeCKUM OXKH-
JNaHWeM, PaBHBIM —BS711, rne 1 — enMHUYHBIA BeKTOp-cTosOel. Torna M.o. BpeMeHM
MeXJy MOMEHTaM{ BOCCTAHOBJIEHHS] PABHO

g = —55711 + (—all)fl.

3. NMPUMEP

PaccMOTpUM OTKpPBITYIO 9KCTIOHEHLIMAJbHYIO CeTh MAacCOBOrO 0OCHYKHUBAHHUS C OHHUM
KjaaccoM TpeGoBaHud, L = 8, N\g = 1.1, 75 = 9.2, BekTop uHcJa NPUOOPOB
k = (1,2,1,2,1,1,2,1), BeKTOp HHTEHCHBHOCTeH O0OC/HYXHBaHUs TPeOOBAaHUH OIHUM

npubopom p = (1.8,1.0,1.7,1.0,1.9,2.0,1.1,1.9), BeKTOp MHTEHCUBHOCTEH HapabOOTKH Ha
oTKa3 cucteM obcayxubanus v = (0.01,0.02,0.04,0.03,0.04,0.02,0.01,0.01), HeHysneBble
3JIeMeHTbl MCXOAHOW MapUIpyTHOW MaTpullbl paBHbl Oy = 0.2, Op3 = 0.3, 6y = 0.3,
907 = 02, 912 = 1, 920 = 1, 034 = 1, 940 = 1, 056 = 1, 960 = 1, 978 = 1, 980 =1.

[Ipu naHHBIX 3HAUEHUSIX APaMETPOB HEHAIeXKHOU CeTU 00CyKHUBAHHUS MOJyUeHbl CJe-
NYIOLIHe 3HAUEHUSA XapaKTEPUCTHK: |D| = 325, 19 = 2.627, A = 3.143, BepoOsITHOCTb TOTO,
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4TO BCE CHUCTEMbl 0OCJTYKHBAHUS HAXOASTCS B MCIpPaBHOM cocTosiHuM, paBHa 0.202. las
CpaBHeHHMs, aHaJOTHYHasl CeTb MacCOBOrO OOCJYXKHUBAaHMS, HO C abCOJIOTHO HaleXXHBIMH
cUCTeMaMM HMeeT CJefylollie XapakKTepUcTuku: 7o = 2.531, A = 3.203.

[TpoBeneHbl HccenoBaHUS 3aBUCUMOCTEH XapaKTEPUCTHK CETH OT ee MapaMeTpOB.
['pacduku pyHKUUU Ty TPU U3MEHEHUH HHTEHCUBHOCTH BXOJSILEr0 MOTOKA TpeOOBaHUH A
I0JS1 CeTH C HEHaNeXXHbIMH M aOCOJIIOTHO HAJeXHbIMM CUCTEMAaM{ IPU MOPOTOBBIX
3HaYeHUsIX 7y = 15, To = 3 U Ty = 2 npeacTaBJ/eHbl Ha puc. 1, a, 6, 8 COOTBETCTBEHHO.

To [ ]
4
3.5
3
2.5
2
1.5
02 04 06 08 1.0 12 14 A
a/a
To| |
1.7 //
1.6
s
14 peeem==T :
02 04 06 08 1.0 12 14 A 02 04 06 08 1.0 12 14 A
6/0b 8/ c

Puc. 1. Maremaruueckoe OXHAaHHe IJIUTENbHOCTH peaklHu aOCONIOTHO HaleXHOH (MyHK-
TUpHAsi JIMHHS) W HeHaleXKHOW ceTell (CMJIOMIHAS JIMHHSI) TPH TOPOTOBOM 3HAUYEHHH:
a —720:15;6—720:3;6—720:2
Fig. 1. The average response time for a reliable network (dashed line) and an unreliable
network (solid line) at the threshold value: a — 79 =15, 6 — 79 =3;¢c — 7p =2

D] _ M3 pesynbTaToOB 3KCNEPUMEHTOB, Mpef-
150 | %0:15 CTaBJEHHbIX Ha pHC. 1, scHO, 4UTO TH —

! KyCOUHO-HerpepbiBHAas  (yHKUUA. ToukH
' paspeiBa (PYHKUHU Ty COOTBETCTBYIOT H3-

100 | RIS 3| MEHEHHI0 MOUIHOCTU MHOXecTBa [) u3-3a
L — : 00— o
[ S COCTOSIHMH, B KOTOPBIX Ty CTAHOBUTCS 00Jb-
50 ek llle TIOPOroBOro 3HayeHus 7. I'paduk ckau-

i KOB MOLLHOCTH MHO)KecTBa [) TOKa3aH Ha
02 04 0.6 08 1.0 12 14 2y PHC 2

Uem MeHblle [OpPOroBoe 3Ha4yeHHE Ty,
TeM uallle NMPOUCXOIUT HM3MeHeHHe COCTaBa
MHOXKecTBa [ ¥ TeM OoJiblie TOYeK paspbl-
Ba — CKauKoB MMeeT (QyHKuHs 7p. Ha kax-
JIOM UHTepBaJie HeMpepblBHOCTH (DYHKIUS Ty

Puc. 2. MoIIHOCTH MHOXKeCTBa JOMYCTHMbBIX
COCTOSIHHH NJIs1 HeHaJeXKHOU CEeTH
Fig. 2. The cardinality of the set of admis-
sible states for an unreliable network
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MMeeT TeHJIEHLHI0 K JKCIIOHEHLHAJTbHOMY POCTY IPH YBeJHYEHHH HHTEHCHBHOCTH BXO-
JSIIEero MoTtoka Ag.

Ha puc. 3, a mnokasaH rpapuk 3aBUCUMOCTH M.0. BPEMEHH MeX1y MOMEHTaMu
BOCCTAHOBJIEHHSI ¢ OT MOPOTOBOrO 3HAUEHWs JJHUTEJNbHOCTH PeaKklHMU CeTH Ty MPU (PUK-
CHPOBAaHHOM 3Hau€HWH WHTEHCHBHOCTH BXOMSIIEro MOTOKa Ag. MoliHocTh MHOXKecTBa D
CKauKo0Opa3HO BO3pacTaeT MpPH YBeJUYEHUH 7o U (PUKCUPOBAHHOM g, OSTOMY 3HAUeHHe
g BelleT ceOsl aHAJIOTMYHO M MMeeT MOCTOSIHHbIe 3HaUeHHsI Ha MHTepBajaX H3MeHEeHHUs Ty,
I/ KOTOPBIX CTPYKTYPbl [ MOCTOSIHHBI.

Ha puc. 3, 6 nokasaH rpapuk 3aBHCHMOCTH M.0. BpPEMEHH MeXIy MOMEeHTaMHu
BOCCTAHOBJIEHHS] ¢ OT WHTEHCUBHOCTH BXOMSIIEr0 MOTOKa Ao MpU 7o = 2. Ckauku (PyHK-
IMK g HA 3TOM TpadrKe COOTBETCTBYIOT U3MEeHEHUSM CTPYKTYpPbl MHOXecTBa ), KOTOpBIE
OTpaxKeHbl Ha pUC. 2, Korjaa 7o = 2.

g ‘ ‘ ‘ —
60 | 1
50 | |
40 | 1
30} 1
20 1
> 4 6 8 10 12 f4%0 02 04 06 08 10 12 14 Lo
a/a 6/b
Puc. 3. MareMaTuueckoe OXKHUJIAHHE MJUTEJIbHOCTH (DYHKUHOHHUPOBAHUS CETH MEXIY
BOCCTAHOBJIECHUSAMHU. a4 — Kak prHKL[I/IH HOpOFOBOFO 3HAYEHUA MaTeMaTHu4deCKOIro OXKHUAaHUusa

NJIUTENbHOCTH peakiMy MPU UHTEHCHBHOCTH BXOMASIIEro MOToKa A\g = 1.6; 6 — Kak (QpyHKIHs
MHTEHCHBHOCTU BXOMASIIIETO MOTOKA MPH TOPOTOBOM 3HAUEHHH MaTeMaTHUECKOTO OXKHIaHHS
IJIATEJIBHOCTH peakluu Tg = 2
Fig. 3. The average of repair time intervals: a — as a function of the threshold value at
the arrival rate \g = 1.6; & — as a function of the arrival rate at the threshold value 75 = 2

3AKJTIOYEHUE

B pabore mpenJsioxkeH MeTON aHa/K3a CeTHM MAcCOBOro 0OC/JYXKHBaHHUS C MOCJeN0Ba-
TeJbHO OTKJ/IOUAIOUIUMHUCS MHOTONPUOOPHBIMU CHUCTEMaMM OOCJYXKHUBAaHUS W HUX TOCJ/e-
AYIOLLMM MIHOBEHHBIM BOCCTAaHOBJIEHHEM, KOTJa MaTeMaTHUeCKoe OKHIaHHe BpeMeHH
peaklUM CeTH MpeBbllAeT 3alaHHOe MOPOroBOe 3HAYeHHe WJIM BBIXOI U3 CTPOs Ouepes-
HOH cHCTeMbl 00CJYyKUBAaHHS MPUBOIUT K HapYyLIEHHIO CBA3HOCTH ceTH. PazpaboTaHHbBIH
MeTOJ MOXKeT ObITb MCIIOJb30BAH /51 pPelleHrs 3a1ad MPOeKTUPOBAHUS M aHa/IM3a ceTel
nepefayd UHGOPMALUU C HEHAeKHBIMU 3JeMeHTaMU. B MonesnbHOH ceTH 00CayKHUBaHUS
peasn30BaH MeTOJ TEeXHHUECKOro OOC/YyKHMBAaHMS, CYyTb KOTOPOrO COCTOMUT B TOM, 4YTO
BOCCTAHOBJIEHHE OTKAa3aBIUMX 3/E€MEHTOB CeTH HauyuHaeTcs I0CJe TOro, Kak KauecTBO
(hYHKLIMOHUPOBAHUS CETH AOCTHUIJIO KPUTHUECKOrO yYPOBHS.
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An unreliable open queueing network with Poisson arrivals is considered. For each queueing sys-
tem the service and failures times are exponentially distributed random variables. The failures of
systems lead to changes in the structure of the network and corresponding changes in the per-
formance measures of the queueing network. It is assumed that the times between changes in
the network structure are sufficient for the steady-state regime. The main measure of the quality
for the network at each structure constancy interval is the average response time. Repairs of all
queueing systems occur immediately when the average response time becomes greater than the
threshold value. This article presents a method of the network analysis using continuous time
Markov chains. It is shown that the steady-state probability distribution of the unreliable queue-
ing network has a product form solution. Expressions for the stationary performance measures
of queueing systems and the network including the average of system repair time intervals are
obtained. A numerical example to investigate the dependence of the performance measures on
some network parameters is demonstrated.

Keywords: queueing networks, Markov chains, unreliable queueing systems, degradable struc-
ture of queueing network.
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