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NPABWJIA 191 ABTOPOB
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On Semigroups of Relations

with the Operation of Left and Right
\ Rectangular Products

D. A. Bredikhin

Dmitry A. Bredikhin, https://orcid.org/0000-0003-3600-1294, Yuri
Gagarin State Technical University of Saratov, 77 Politechniches-
kaya St., Saratov 410054, Russia, bredikhin@mail.ru

A set of binary relations closed with respect to some collection of
operations on relations forms an algebra called an algebra of re-
lations. The class of all algebras (partially ordered algebras) iso-
morphic to algebras (partially ordered by set-theoretic inclusion C
algebras) of relations with operations from (2 is denoted by R{Q}
(R{2,C}). An operation on relations is called primitive-positive if
it can be defined by a formula of the first-order predicate calcu-
lus containing only existential quantifiers and conjunctions in its
prenex normal form. We consider algebras of relations with asso-
ciative primitive-positive operations * and x, defined by the follo-
wing formulas p x o = {(u,v) : (3s,t,w)(u,s) € p A (t,w) € o}
and pxo = {(u,v) : (s, t,w)(s,t) € p A (w,v) € o} respectively.

The axiom systems for the classes R{x}, R{x, C}, R{x}, R{x,C},
%% and bases of quasi-identities and identities for quasi-varieties and
. J

varieties generated by these classes are found.

N Keywords: algebra of relations, primitive positive operation, identi-
ty, variety, quasi-identity, quasi-variety, semigroup, partially ordered

HAV"‘ H b' n semigroup.
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INTRODUCTION

Let Rel(U) be the set of all binary relations on a base set U.
A set of binary relations ® C Rel(U) closed with respect to
some collection 2 of operations on relations forms an algeb-
ra (®,Q) called an algebra of relations. Theory of algebras
of relations is an essential part of modern algebraic logic
and has numerous applications in theory of semigroups [1].

© Bredikhin D. A., 2020
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Operations on relations are usually determined using first-order predicate calcu-
lus formulas. Such operations are called logical. It is known that classes of algebras
of relations with logical operations are axiomatizable [1]. Logical operations can be
classified by the type of formulas defining them. An operation on relations is called
primitive-positive [2] (in other terminology — Diophantine operations [3,4], generalized
superpositions [5]) if it can be defined by a formula of the first-order predicate calculus
containing only existential quantifiers and conjunctions in its prenex normal form.

Note that the set-theoretical inclusion C is compatible with all primitive-positive
operations. Thus, any algebra of relations with primitive-positive operations (&,€2) can
be considered as partially ordered (®,€2, C). We denote by R{Q2} (respectively, R{2, C})
the class of all algebras (partially ordered algebras) isomorphic to the ones whose ele-
ments are binary relations and whose operations are members of Q. Let V{Q} (V{Q,C})
be the variety and let Q{Q2} (Q{2, C}) be the quasi-variety generated by R{Q} (ge-
nerated by R{€2, C} in the class of all partially ordered algebras of the corresponding
type).

The following problems naturally arise when the class R{Q} (R{Q2, C}) is considered.
Find a system of axioms for the class R{Q2} (R{,C}).

Find a basis of quasi-identities for the quasi-variety Q{Q} (Q{,C}).
Find a basis of identities for the variety V{Q} (V{Q,C}).

Does the class R{Q} (R{Q, C}) form a quasi-variety?

. Does the quasi-variety Q{Q} (Q{Q2,C}) form a variety?

Numerous studies have been devoted to solving these problems for various classes of
algebras of relations. The first mathematician who treated algebras of relations from the
point of view of universal algebra was A. Tarski [6]. He considered algebras of relations
(Tarski’s algebras of relations) with the following operations: Boolean operations U, N, ~;
operations of relational product o and relational inverse ~!; constant operations A (dia-
gonal relation), @ (empty relation), V = U x U (universal relation). He showed that the
class R{o, 71, U,N, 7, A, @, V} is not a quasi-variety and the quasi-variety generated by
this class forms a variety [7]. R. Lyndon [8] found the infinite base of identities for this
variety.

In this paper, we will consider algebras of relations with one associative primitive-
positive operation, i.e., semigroup of relations. Note that the operation o,N of Tarski’s
algebras of relations are primitive-positive. These operations are determined by the
formulas:

SUESS N

poo ={(u,v):(3s)(u,s) € pA(s,v) €}, pNo={(u,v):(u,v)€pA(uv)€ac}.

[t is well known that the class R{o} coincides with the class of all semigroups and the
class R{N} coincides with the class of all semilattices. The class R{o, C} coincides with
the class of all partially ordered semigroups.

The associative operations >, < of restrictive multiplication were introduced and
investigated in [9]. These operations are defined as follows:

pro = {(u,v): (3s)(u,s) € pA(u,v) € o}, pao={(u,v):(3s)(u,v) € pA(s,v) € g}

The classes R{>} and R{<} coincide with the following varieties of semigroups given by
the identities 2? = z, zyz = yxz and 22 = x, xyz = 22y respectively. Characterization of
the corresponding partially ordered semigroups requires the additional identities zy <y
and xy < x respectively.

Marematrka 281
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There are other associative primitive-positive operations on relations [5]. It is in-
teresting to consider problems 1-5 for classes of semigroups of relations with these
operations. We concentrate our attention on the following associative binary primitive-
positive operations * and = on Rel(U) that is defined in the following way:

pxo={(u,v): (3 s, t,w)(u,s) €pA(t,w) € o},
prxo={(u,v): (3 s, t,w)(s,t) €pA(w,v)€oc}.

Since relations p x o and p x o are rectangular, we will treat these operations as the
operations of left and right rectangular products respectively. Note that the mapping
f(p) = p~! is an antiisomorphism of the partially ordered semigroups of relations
(Rel(U), *,C) and (Rel(U),*, C). Therefore, it will be sufficient to study only one of
these operations.

1. MAIN RESULTS

A partially ordered semigroup is an algebraic system (A,-, <), where (A,-) is a
semigroup and < is a partial order relation on A that is compatible with multiplication,
i.e., z <y implies zz < yz and zx < zy for all z,y, 2z € A.

The main results are formulated in the following theorems and corollaries. These
results provide a solution to problems 1-5 for classes R{x} and R{x, C}. Their proofs
are based on the description of quasi-equational theories of algebras of relations with
primitive-positive operations [3].

Theorem 1. The quasi-variety Q{x, C} forms a variety in the class of all partially
ordered semigroups. A partially ordered semigroup (A,-, <) belongs to the quasi-
variety Q{x, C} if and only if it satisfies the identities:

a?y = wy, (1)
ry? = xy, (2)
ryz = x2Y, (3)
x < o’ (4)
ry < 22 (5)

Corollary 1. The quasi-variety Q{x} forms a variety. A semigroup (A,-) belongs
to the quasi-variety Q{x} if and only if it satisfies the identities (1)—(3).

Theorem 2. The class R{x,C} does not form a quasi-variety. For a partially
ordered semigroup (A, -, <) the following three conditions are equivalent.
1. (A,-, <) belongs to the class R{x, C}.
2. One of the following conditions holds:
a) (A,-, <) satisfies identity (4) and the identity

ry = 1% (6)
b) (A,-,<) contains the zero element o, satisfies identity (4) and the axioms:

y# 0=y =1 (7)
o< . (8)
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3. (A, -, <) satisfies identity (4) and the axioms:

ry =1 Vyz =2y =y, (9)
ry=yr=x =1 < 2. (10)

Corollary 2. The class R{x} does not form a quasi-variety. For a semigroup (A,-)
the following three conditions are equivalent.
1. (A,-) belongs to the class R{x}.
2. One of the [ollowing conditions holds:
a) (A,-) satisfies identity (6);
b) (A,-) contains the zero element and satisfies axiom (7).
3. (A,-) satisfies axiom (9).

2. PROOFS OF RESULTS

Step 1. First of all, let us prove the necessity of the conditions of Theorems and
Corollaries. Let (®, %, C) be the partially ordered semigroup of relations on U with the
operation of left rectangular product and let prip = {z : (Jy)(z,y) € p} be the first
projection of the relation p € ®. It is clear that pxo =pripx U = px*xp il 0 # @, and
pxo = & otherwise. It easily follows that that the identities (1)—(5) hold. It also follows
that if @ ¢ ®, then (P, %) satisfies identity (6), and if @ € &, then & is a zero element
and axioms (7) and (8) hold.

Conditions 2 and 3 of Theorem 2 and Corollary 2 are equivalent. Indeed, axiom (6)
can be represented as (—(Vw) yw = wy = y) = xy = 2. It follows that this axiom is
equivalent to identity (6) if A does not contain a zero element, and it is equivalent to
axiom (7) otherwise. Axiom (10) just expresses axiom (8) as a universal formula of the
first-order language.

Step 2. The proof of sufficiency of conditions of Theorem 1 is based on the result
of [3]. Let us give some definitions and notations to formulate this result.

For any formula ¢(zg, 21,71, ..., 7,) of the first-order predicate calculus with the set
of free variables included in {z¢, 21} and having m binary predicate symbols ry,..., 7.,
we can associate an m-ary operation F,, on Rel(U) delined in the following way:

Fcp(plw-wpm) :{(U,U) eU X UWP(u)U,Plv--me)L

where p(u,v, p1,..., pn) means that the formula ¢ holds whenever 2z, 2; are interpreted
as u, v, and r,...,r, are interpreted as relations py, ..., p,, from Rel(U). As we stated
earlier an operation on relations is called primitive-positive if it can be defined by a
first-order formula containing only existential quantifiers and conjunctions in its prenex
normal form. Let us describe primitive-positive operations by using graphs [2].

Let N be the set of all natural numbers and N° = N U {0}. A labeled graph is
a pair G = (V(G), E(G)), where V(G) is a finite set (called a vertex set) and
E(G) C V(G) x N x V(G) is a ternary relation. A triple (u,k,v) € E(G) is called
an edge from u to v labeled by k, and it will be graphically represented by wu- 5 0.
An input-output-pointed labeled graph is a structure G = (V(G), E(G),in(G), out(G)),
where (V(G), E(G)) is a labeled graph, in(G) and out(G) are two distinguished vertices
called input and output vertices respectively. The input-output-pointed labeled graph G
with in(G) = ¢ and out(G) = o is also denoted by G“°. So, we will just call them
graphs as it does not lead to confusion. The concept of graph isomorphism is defined
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in a natural way. All graphs will be considered up to isomorphism. Moreover, we will
identily graphs differing only in the number of isolated vertices that are distinct from
in and out. These isolated vertices will be omitted.

For a given u € V(G), the number of edges of the form (u,k,v) [respective-
ly, (v,k,u)] we denote by deg*(u) [respectively, deg™(u)]. Given two input-output-
pointed labeled graphs G; = (Vi, Ey,iny,outy) and Gy = (Va, Es, ing, outs), a mapping
f: Vo — V; is called a homomorphism from G, to Gy if f(ing) = iny, f(outs) = outy,
and (f(u),k, f(v)) € E; whenever (u,k,v) € Ey. We write G; < Gy if there exists a
homomorphism from G5 to Gj.

Let F' = F, be a primitive positive operation determined by a formula . Then the
input-output-pointed labeled graph G' = G'» = G, associated with F is defined as follows
(see [2]). Let {0,1,...,n} be the set of all subscripts of individual variables of ¢. We
put G = (V, E,in,out), where V = {vg, v1,...,v,}; in = vy, out = vy; (i,k,7) € E if and
only if the atomic formula ry(z;, z;) occurs in ¢.

Note that the graph G, = (V, E,in, out) corresponding to the considered operation *
of rectangular product can be described in the following way:

V= {00,1)171)277)3,1]4}7 E= {(UOa17US)7(U272vv4)}7 iH:U(), OUt:UIa
n = vy LN V3 Vgt 2, ‘wg - v = out.

Let G = (V, E,in,out) and Gy = (Vj, Ey,ing,outy) (k = 1,2,...,n) be graphs with
pairwise disjoint vertex sets. The composition G(Gy,Gs,...,G,) is the graph const-
ructed as follows [3]: take G and substitute every edge (u,k,v) € E by the graph G
identifying the input vertex in, with w and the output vertex out, with v.

Let us consider the set A = {xy,...,x,,...} of individual variables that are interpre-
ted as elements of a semigroup. A semigroup term p is a word in the alphabet A, i.e.,
an expression of the form xz; xj,...x; _ x; . For convenience, we will also use other
letters of the Latin alphabet as variables.

Suppose that p = xj;xj,...7;, _,x; be the term of a semigroup that satisfies
identities (1)—(3). Then without loss of generality, we can assume that all variables
zj,...,x;, are different. Moreover, we can also presume that variables z,,...,x;, can
be arbitrarily permuted. In what follows, we will use these properties without special
mentions.

For any semigroup term p we define the graph G(p) = (V(p), E(p),in(p), out(p)) in
the following inductive way:

1) if p = xy, then G(p) is the following graph: in- 5 out;

2) i p = pipa, then G(p) = G.(G(p1), Glp2)).

For any term p = zj,xj, ... xj, ,x;,. the graph G(p) has the following form:

in=uvy 25 L. o0 I om0y = out.

Let G be a labeled graph, u,v € V(G) = {wvy,v1,...,v,}, and @ be an input-out-
put-pointed labeled graph. Without loss of generality, we can suppose that V(Q) =
= {wo, w1, ..., Wy}, n(Q) = wy = u, out(Q) = wy; = v, and V(G) NV(Q) = {u,v}.
The labeled grath (V(G)UV(Q), E(G) U E(Q)) we denote by Glu, v, Q]. Note that the
edges set of G[u,v,Q)] can be represented as {vg,v1,...,Un, Uni1ys- -+, Untm_1}, Where
Ups1 = Wa, ..., Upim_1 = Wy, Virtually, the graph G[u,v, Q] is obtained from the graph
G by “gluing” the graph @ to the vertices u and v.
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Define an n-system to be a pair w = («,f3), where o, : {1,...,n} — N° are
mappings, a(k), f(k) < 2+ (k—1)(m —2) for all k = 1,...,n, and m is the number
of vertices of the graph that determines the considered operation on relations (for the
operation * we have m =5 and a(k), 8(k) < 3k — 1).

Given an n-system w = («, ), we construct by induction the sequence of graphs

Gy C---C G, =G, We put Gy: vo-—l>-vl, and for k=1,...,n we put:

Gr = Gr_1[Vak), Vo), G(ZorTor11))-
The following proposition presents the result of [3] formulated for the class R{x, C}.

Proposition 1. A partially ordered semigroup (A, -, <) belongs to the quasi-variety
Q{*,C} if and only if it satisfies the quasi-identity

( /\pk < $2k$2k+1> = 21 < Po (11)
k=1

for every n-system w = (a, ) and arbitrary terms po, ..., p, such that G < G(py)
and G,*%"" < G (py).

Step 3. We are ready to prove the sufficiency of the conditions of Theorem 1. Let
w = (o, 8) be the n-system and pg, p1,...,p, be the terms such that G*"* < G(poy) and
Gl < G(py) for k =1,...n. This system corresponds to the sequence of graphs
GoC Gy C--- CG, =G, where Gy = (Vi, Ey) for k =0,...,n. For any k£ < n we
have that Vk = {’Uo, V1, e v, U3k—1, Usk, U3k+1} and

Ek = {(Uo, 1, ’Ul)} U {('Ua(i)y 22, Ugi_l), (’1)32', 21 + 1, Uv3i+1) . Z = 1, ey k‘}

Let us prove by induction on k that a(k) = 35 for some j = 0,...,k; deg~v3; = 0,
degtvs; > 0 for any i = 0,...,k, and deg v = 1, degtv = 0 for all other vertices v of
the graph Gy.

Let k = 1. Since G,*™"™™ < G(p,), we have p; = x; or p; = 22, and (1) = 0,
(1) = 1; deg= vy = 0, degtvg = 2; deg~ vy = 1, degTv; = 0; deg vy = 1, degTvy = 0,
deg=v3 =0, degtvs = 1; deg vy = 1, degTvy = 0.

Suppose now that it holds for &£ — 1, and let us show that this is true for k. Since
G2 M < G(py), according to the definition of a graph homomorphism, we get
degtvapy > 0. Then according to the induction assumption we get a(k) = 3;j for some
j=0,...,k; deg vs3; = 0, degTvz; > 0 for any i = 0,...,k, and deg v = 1, degtv =0
for all other vertices v of the graph Gj.

Let (A,-, <) be a partially ordered semigroup satisfying identities (1)—(5). Suppose
that the premise of quasi-identity (11) holds for some values of the variables x; = ay,

T9 = G2, T3 = Az, ..., Top = A2p, Lopt1 — A2p41, i e., pk(a) < A2k A2k 41 for all k£ = 1, oo, n,

> _ 0,01 :
where a = (al,ag, . ,a2n+1). Let Po = TjTjy... T4 Tj . Note that Gk < G(po) if
and only if {fL‘jl,ZEj2, e ,xjm_l,xjm} Q {Il,l'g, Ce ,ng,$2k+1}, T = T1 or Ty = T3 fOI'

some 0 < i < k such that a(i) = 0.

Let max(py) be the greatest k such that at least one of the variables o, or oy
is included in the term py. Let us prove by induction on max(py) that a; < po(@). If
max(py) = 0, then p = x; or py = x2. Thus, using identity (4) we obtain a; < po(a).
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Suppose now that a; < po(@) holds for max(py) = k£ — 1, and let us show that this is
true for max(pg) = k.
[T both variables xo, 2ok are included in py, then the following cases are possible:
1) po = TokTort1%j, ... xj,, T, then a(k) = 0. It follows that G < G(przj, - - -
xj,.), and by the induction assumption we get

ap < pe(@)ag, ... aj, _ a;, < Qoplopi10j, - - - aj,,_a;,, = po(@);
2) po = T, TokTop41Tj, - - - T4, T, , then using the induction assumption we get
ap < aj,pp(@)ag, . .. aj, _,a;, < aj Aoplog1Gy, - - - a5, @, = po(@).

[f only one of the variables x9, or o, is included in pg, then the following cases
are possible:

3) po = Ty, ... x4, ,Tj,, then a(k) =0 . It follows that G;>"" < G(pxzj, ... xj,,),
and by the induction assumption we get

ap < pp(@)ay, ... aj, ,aj, < QopGoki1Gjy ... A5, QG <
5
© o (@)
S Aoy - - - Ay Qg = A2k gy - - - A,y Ay = PO\

4) po = v, xkxj, ... xj, ,x;., then using the induction assumption we get

ap < ajypr(@)ag, . . . aj,,_,aj, < a5 Aoplog 1@, - - - GG, A, <
(

5
<)a»a2a« a; a2 a; ama, ... q; (@);
S Uy Aoplys - - - Ay Q. = Aj1 A2k s - - - A, 1 A, = POl

) po = Tj, Tok+1%j, - .. 4, ,xj, , then using the induction assumption we get

ap X %pk( )%4- g, A, S Gy Qo Qo1 Gy - Qg Qg S

5
(<)a<a2 Q- 0 2 g Aoe1ds, .- - O (@).
S Ay Qo1 Ay - - - Ay Ay = Ay Q241G - - - Ay, A, = Dol

Thus, we have proved that the partially ordered semigroup (A, -, <) satisfies quasi-
identity (11). Therefore, according to Proposition 1 we have (A,-, <) € Q{*, C}. This
completes the proof of Theorem 1.

Step 4. Let us prove Corollary 1. Suppose that a semigroup (A, -) satisfies identities
(1)-(3) and A% = {a? : a € A}. We define the relation < on the set A by setting

<={(r,y) e Ax A2 =yz}U{(z,2) €EAx A: 2 € A}.

Let us show that (A4, -, <) is the partially ordered semigroup satisfying identities (4)
and (5). The reflexivity of the relation < follows directly from the definition.

To prove the transitivity assume that = < y and y < z. Without loss of generality,
we can suppose that x # y and y # z. Then 2% = yx, y* = zy and y? = y, 2°> = 2, hence

(2)
2?2 =yr = 2yr = za® = za, i.e., v < z. Thus, < is tran51tlve

Assume that # <y, y < 2 and o # y. Then 2? = yz, y*> = 2y and 2% = z, y? = v,

hence z = 2% = ya 2 y2r = xyx © 2y = 0 xy = y? = y. This contradicts the assumption

x #y. Thus, < is a partially order relation.
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Let us show that the relation < is compatible with multiplication. Suppose that x <y
and z # y. Then 2% = yx and y? = y, hence (22)? = rz22 ®) 2,2 — yx > ©) (yz)(z2)

and (yz)? = yzyz ® Y222 W yz? @ yz. Thus, zz < yz. Further, (22)* = 222 ® 22

= yx © (zy)(zz) and (2y)? = zyzy © 222 W 2y? © zy. Thus, zz < 2v.

. 3 P 1 .
Since 22 € 4% = 2% and (22)? = 2t D 22 we have = < 2. Since (xy)? =

= zyTy © xzy? 0 x2axy? @ r?zy and (2%)? = O , we have xy < 22. Therefore,

4
(A, -, <) satisfies identities (1) and (2), hence (A4,-,<) € Q{*,C} and (A4,-) € Q{x}.
This completes the proof of Corollary 1.

Step 5. Let us prove Theorem 2 and Corollary 2. First of all, it is easy to see that
for U # @, the Cartesian square of the semigroup (Rel(U), ) of relations contains the
zero element (@, @) and does not satisfy axiom (7). It follows that the classes R{*} and
R{*,C} do not form quasi-varieties.

Lemma 1. Let {U; : j € J} be a family of pairwise non-intersecting sets and
U=U{U;:j € J}. If a partially ordered semigroup (A,-,<) is a subdirect product
of a family {(®;,*,C) :j € J} of partially ordered semigroups of relations on U; and
satisfies identity (6), then (A,-, <) isomorphically embedded in (Rel(U),*, Q).

Proof. Let ¢; : A — ®; be the corresponding surjective homomorphisms from A
on the components of the direct product [[{®, : j € J}. According to the properties of
homomorphic images, we have that all components (®;, *, C) satisfy identity (6). Hence,
for all j € J we have @ ¢ ®; or ®; = {@}. It follows that (A, -, <) is a subdirect product
of the family {(®,,*,C):j € Jo}, where Jo={j € J: @ ¢ ¢;}.

For a given a € A, we put pj = ¢;(a). We define a mapping ¢ : A — Rel(U)
in the following way. We put ¢(a) = U{prip§ : j € Jo} x U, if ¢ = a, and
ola) = U{pg : j € o} UU{w(b) : b* = b < a} otherwise. Let us show that ¢ is
an isomorphic embedding (4, -, <) in (Rel(U), *, C).

Note that ¢(a) N U; x U; = p§ for all a € A. It follows that p(a) C p(a) if and only

if @ < b. Furthermore, since @ ¢ ®; and (ab)* = abab D qabb 2 qap Y ab, we have

plab) = Jprp® 5 € Jo} x U= ((Hprpf 5 € Jo} x U =
= prig(a) x U = p(a) * ¢(b). O

Lemma 2. Suppose that (A,-, <) satisfies identities (4) and (6). Then (A,-, <)
belongs to R{x,C}.

Proof. It is easy to see that identity (6) imlies identities (1)-(3) and (5). Hence,
if (A,-, <) satisfies identities (4) and (6), then according to Theorem 1 we have that
(A,-,<) € Q{*,C}. In respect that the class R{x,C} is axiomatizable [1], we obtain
that (A, -, <) is a subdirect product of a family of partially ordered semigroups from
R{*, C}. Hence, according to Lemma 1, we obtain that (A4, -, <) belongs to R{x,C}. O

Lemma 3. Suppose that (A,-) satisfies identity (6). Then (A,-) belongs to R{x}.

Proof. If (A,-) satisfies identity (6), then it satisfies identities (1)-(3). Let < be
the partial order relation constructed in the proof of Corollary 1. Then by Lemma 3 we
have (A, -, <) € R{x, C}. Therefore, (A,-) € R{x}. O
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Lemma 4. Suppose that (A,-) contains the zero element o and satisfies axiom (7).
Then (A,-) satisfies identity (6) or ab # o for all a,b # o.

Proof. If there exist elements a # o and b # o such that ab = o, then for all z,y # o

we have za & %, yb & y?, and zab = o, hence xy & %y 2 2%y = zayb 8 ryab =

= xyo = o. It follows that zy = 22 for all z,y,2 € A, i.e., (A,-) satisfies iden-
tity (6). O

Suppose that (A, -, <) contains the zero element o and satisfies identity (4) and
axioms (7) and (8). We put B = A\{o}. According to Lemmas 3 and 4 we can suppose
that xy € B for all z,y € B, and (B, -, <) satisfies identities (4) and (6), hence (B, -, <)
belongs to R{x, C}. It means that there exists an isomorphism F from the partially
ordered semigroup (B,-, <) to some partially ordered semigroup of relations (®,x*, C)
and @ ¢ ®. Putting F(0) = @, we get the isomorphism from (4, -, <) to (PU{@}, *, C).
Therefore, (A, -, <) belongs to R{x, C}. This completes the proof of Theorem 2.

Suppose that (A,-) contains the zero element o and satisfies axiom (7), B = A\{o},
and let < be the partial order relation on B constructed in the proof of Theorem 2.
Extend the relation < on A by putting o < a for all @ € A. Then (A, -, <) satisfies the
conditions of Theorem 2, hence (A4,-, <) € R{x, C}. Therefore, (A,-) belongs to R{x}.
This completes the proof of Corollary 2.

CONCLUSION

The results of the article show that the classes R{x}, R{x, C}, R{x}, R{x,C} are
finitely axiomatizable and are not quasi-varieties; the quasivarieties generated by these
classes are finitely based varieties, and also that R{<} C V{x}, R{«,C} C V{x,C},
R{r} C V{x}, R{r,C} C V{x,C}.
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O nonyrpynnax oTHOLLUEHMW C onepaLluen Nesoro 1 Npasoro
NpsiIMOYroJsibHOro nNnpou3seneHust
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yHuBepcuteT umeHu ["arapuHa tO. A., Poccust, 410054, r. Capartos, yn. [lonutexHuyeckas, o. 77,
bredikhin@mail.ru

MHOXeCcTBO OWHApHbLIX OTHOLWEHWA, 3aMKHYTOE OTHOCUTENIbHO HEKOTOPOW COBYKYMHOCTU
onepauuii Hag Humu, obpasyeT anrebpy, HasbiBaemylo anrebpoi oTHoweHwin. Knacc Bcex
anrebp (4acTU4YHO YnopsioOYeHHbIX anrebp), KM3oMopdpHbIX anrebpam (4acTWYHO ymnops-
OO4YEeHHbIM TeOPEeTUKO-MHOXEeCTBEHHbIM BK/TIOHYEHNEM - anre6paM) OTHOLLEHWIA C onepaunamm
n3 Q, obosHaumm R{Q} (R{Q,C}). Onepauns Hap OGVHAPHLIMA OTHOLWEHNSMN Ha3blBaeTCs
NPUMUTVMBHO-MO3UTMBHOW, €CNMM OHA MOXeT ObiTb onpegeneHa OPMynol, codepXalen
B CBOeN npedekCHON HopManbHOW COOPMe /Klb KBAHTOPbl CyWEeCTBOBaHWSA W onepa-
LMo KoHbloHKUMKM. B paboTte paccmatpuBaioTcs anrebpbl OTHOWEHUA C accoumaTUBHbLIMU
NPVMUTUBHO-NO3UTUBHBIMW OMNepaunsMn = N *, onpenensemMbiMy cnemnyrowmnmm doopmynamu:
prxo={(u,v): (3s, t,w)(u,s) €pA(t,w) €ctmpxo={(u,v):(3Istw)(st)e€p(wv)ecao}
COOTBETCTBEHHO. HalaeHbl cuctembl akcuom ana knaccos R{x}, R{x, C}, R{x}, R{x,C} u
6a3nchbl TOXAECTB A5 NOPOXAEHHbIX 3TUMMN Knaccamy KBasmMHOroobpasuii 1 MHoroobpasawii.
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MycTb K — OCHOBHOE MONE HYNEBOW XapakTEPUCTMKN. XOPOLIO M3BECTHO, YTO B 3TOM Cnyyae
BCS MHCpopMaLms 0 MHOroobpasuv NHenHbIx anrebp V conepXunTcs B ero NOANANHENRHBIX KOM-
noHeHtax P,(V), n € N, rae P, (V) — nnHeitHas o60no4ka NoNUNUHERHBIX CMNOB OT n Pa3NnNyHbIX
6ykB B cBOboaHOM anrebpe K (X, V). [. dapkaw ana cnyyas anredp lyaccoHa BBen NoHATUE
customary-nofMHOMOB 1 fokasan, 4To ntoboe HeTpusmuanbHoe MHoroobpasue anredp MyaccoHa
yLOBNeTBOPSIET HEKOTOPOMY customary-toxaectsy. Anrebpbl JleiibHuua —MNyaccoHa siBRsOTCS
obobuweHnamn anrebp MyaccoHa. B paboTe vccnemyetcs nocnepnoBaTenbHOCTb customary-
npocTpaHcTe csobonHoi anrebpul JlebHunua—lyaccona {Qan}n>1. MpuBoaomutca 6asnc u
pasMepHOCTb MPOCTPaHCTB (Qs,. [lokasaH aHanor Teopembl L. ®apkawa ans cnyyas anrebp
NeinbHuua —MyaccoHa: B cly4ae OCHOBHOIO MONs HyNeBON XapakTepucTuknu ntoboe HeTpuBK-
anbHoe ToXaecTBo cBoboaHoi anredpsbl JleinbHmua —MNyaccoHa UMeeT B Ka4ecTBe CBOMX Cnen-
CTBUWIA HETPMBMANbHbIE TOXAECTBA B customary-npocTpaHcTBax.
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Jluneitnas anreépa A(+,{, }, K) ¢ K-6uanuHeiiHo# onepauueil yMHOXKeHus {, } Hax
nosieM K HasbiBaetcs aseebpotl Jleilbnuya, ecav B HEH BBIMOJHEHO TOXIECTBO

Hzoyh 2y = oz 2hyy + o {y, 23

Anre6per Jlefi6Huna siBastores o6o6ieHusimu anreép Jlu.

[lanee Besne mpepanoJaraercsi, €C/ld 3TO CIeLHaNbHO He OrOBOPEHO, YTO OCHOBHOE
noJjie K Npou3BOJBHO.

BektopHoe mpoctpaHcTBo A Hax noseM K ¢ aByMs K-OUINHHEHHBIMM ONepalUsMH
yMHOXKeHHs1 - U {,} HasbBaercss asre6poil Jleii6uuua —Ilyaccona, ecnu OTHOCHTEJNb-
HO ONepaLyu - TMPOCTPaHCTBO A sB/seTCs KOMMYTAaTHBHOH acCOLMAaTHUBHOH anre6poi c
eIVHUIIEH, OTHOCUTeNbHO omepauuu {,} — anreGpoil JlefibHUIA, U JaHHbIE ONepaLUH
CBSI3aHBl TIpaBUIAMU

{a-bc} =a-{bc}+{a,c} b,
{c,a-b} =a-{c,b} +{c,a} -0,

rae a,b,c € A. Ecan B anrebpe Jlefi6uuua — [lyaccona BeimosHeHo Toxaectso {x,z} = 0,
TO JAaHHas ajrebpa Oymer siBasitbesi anre6poil [lyaccona. Takum obpazom, afnrebpbl

(1)
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Jleitbnuua — [lyaccona apastorcs o6o00ueHusMu anrebp I[lyaccoHa, KoTopble BO3HUKAIOT
ecTeCTBEeHHbIM 00pa3oM B HEKOTOPbIX pasfesax anreodpsl, 1uddepeHHalbHON reoMeTpuH,
TOIOJIOTHH, COBPeMEHHOH TeopeTuueckod (usuke u T.0. O630pel pador nmo Pl-anre6pam
[Tyaccona u Jle#i6nuna — [lyaccona MoxxHo HallTH B padotax [1,2].

JloroBopuMcsi omyckaTb CKOOKH {,} MpH HX JIeBOHOPMHPOBAHHOH pacCTaHOBKE:
{{a,b},c} ={a,b,c}.

[Tycts L(X) — cBobGonHas anrebpa Jleit6uuua, F'(X) — cBobonHas anrebpa Jlei6Hu-
ua - [lyaccona, rne X = {x1,2,...} — CUETHOe MHOXeCTBO CBOOOAHBIX 0OPA3YIOLIMX.
O6o3nauum uepe3s P, mpoctpaHcTBo B F'(X), cocrosiiee M3 BCeX MOJUJIMHEHHBIX
3/IeMEHTOB CTeNeHU n OT MepPeMeHHBIX 1, ..., Tp.

Onpenenenne toxuaectna, Pl-anre6pel, MHOroo6pasus anrebp Jleiibuuua — I[lyaccona
BBOASITCS CTaHAApTHBIM 00pa3oM. Bce HeoOxonuMmble cBeleHHs 0 MHoroo6pasusix Pl-
anre6p MOXHO HAaWTH, HampuMmep, B MOHorpadusx [3-5].

Jlemma 1 (cMm. [2]). Basuc npocmpancmea P, cocmoum u3 8cex afemenmos 8uda
Thy oo Thy A{Tiy, o b A{xg, T (2)

05 Kanc0oeo U3 KOMOpbLX 8blNONHEHbL CAOYOULUEe YCA0BUSL:

(1) 7 = 0, npuuem ky < ... < k, npu r > 0, a npu v = 0 MOHOM Ty, - ... Ty,
omcymcmayem;

(11) Kaucoas U3 nepemenHovlx Ty,...,T, scmpeuwaemcs 8 (2) posHo 0dun pas;

(14i) kasxcovli mroxcumenrv {x;,, ..., x;. },..., {xj,...,z;} 8 (2) sesonopmuposan u

umeem OAUHY = 2;

(1v) mroxcumeau 8 (2) ynopsadouenol no daune: s < ... < t;

(v) ecau dsa cocednux muomcumens 6 (2), asisoujuecs ckobkamu {,}, umeiom
00uHAKO8YO OAUHY

cooAmpy, o g, Tt

mo p1 < qi.

O6o3nauum yepe3 I',, moampocTpaHcTBo B F,, siBjsiolleecss JUHEHHOH 000J0UKOH
3JIeMEHTOB BHUJa

{zi, o myoooAwyy,myt, s=2,000, t>2

Torpa 13 ckasaHHOrO BbILIE CJEAYET, YTO 6a3UCOM MpocTpaHcTBa I, OYAYT SBASThHCS BCe
sJeMeHThl Buaa (2) ¢ ycaousimu (i4)—(v) U3 semmbl 1 mpu r = 0.
Beinesum B mpocTpancTBe ', MOANIPOCTPAHCTBO (Qs,, MOPOXKAEHHOE 3JeMEHTAMU BHIA

{manxaz} : {xa3,$a4} et {xa2nfl7 xa2n}'

[Io ananoruun co cayuaem anre6p [lyaccona mpoctpanctBa ()2, HazoBeMm customary-
npoctpancteaMu. [lycte S;, — cuMMeTpuueckas rpynna CTelneHHu n.

Jlemma 2. 1. Caedyroujue nosuruHetinoble 3LeMermbl OM NePemMeHHblY Ty,. .., Ta,

{zrq), 22} - AZr0), Try - - {Zr@n-1) Trin) | (3)
TES oy, 7(1)<7(3)<...<7(2n—1), 4)

obpasyrom basuc npocmparncmaa Qoy;
2. dim Q,, = &,

n!
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Joka3areabcTBo. [loHATHO, YTO NMPOCTPAHCTBO (o, fBJSETCS JUHEHHOH 000J104-
KOU 3jeMeHTOB BHIa (3) ¢ ycsoBueM (4). [lokakem, uTO HaHHBIE 3JE€MEHTHl JIHHEHHO
He3aBHUCHMBI.

[lycte A, — Hekoropas anire6pa JIu ¢ ymHOXeHHeM [,]. B BekTopHOM mpocTpaHCTBe
A= A; @ Ay Hapn nosieM K onpelesidM Onepalyio YMHOXKEHHS [, | ceqyomumM 06pa3om:

[(271, 232), (ylv y2)] = ([271, yl]’ ['772’ yl]) ) (5)

rae (z1,x2), (y1,y2) € A. Ilonydyennast anre6pa A Oymer siBasTbest anre6poit JleibHuua.
JleficTBUTE/ILHO, HETPYIHO TPOBEPUTH, UTO A sSBJsieTCS JHHEHHOU anreGpOH Hal ToJeM
K. TlokaxeM, uTo B A BBHINOJHEHO TOXKAecTBO JleiOHMIA. YuuThiBas, 4yto A; siBJasercs
anrebpoit Jlu, nonyyaewm:

[(‘rh x2)7 (y17y2)7 (’217 22)] = ([xlu Y1, 21], [x27 U1, Zl]>7
(21, 22), (21, 22), (y1,92)] = ([21, 21, 01, [w2, 21, 01]) = —([21, 21, 1], [21, 22, 014)),
[(1'1, x2)7 [(yla y2)7 (217 22)]] = ([1’1, [yb Zl]]v [x27 [yh Zl]]) = _([yb 2’1,$1], [yla 2’1,372]).

,U,JIH JI0Ka3aTesqbCTBa TOXKJAecTBa JledOHHIIA A/ JIeBbIX UacTed JaHHBIX TpeX PaBEHCTB
OCTaeTCd NPUMEHHUTDb TO2KIAECTBO HAxobu nas [IpaBbIX yacTem.

Hanee, myctb A — Hekoropas asrebpa JleiiGHuLa ¢ yMHOXeHHeM [,| Ham mo-
aem K. Ilyetb vy, v9,... — nuHeHHBIH 6asuc npoctpaHcTBa A Ham K. Pacemorpum
KOMMYTaTHBHOE KOJIbLO MOJTHHOMOB K [v1,vg,...]. CkoOKM {,} 1/ 3/€eMeHTOB v; ompe-
penuM Kak ymHoxkenuwe B A: {v;,v;} = [v;,v;]. Pacnpoctpanum ckobku {,} Ha Bce
K[vi, vy, ...], ucnonb3ys aunedHocts W mpasuga (1). [locTpoenHass TakuMm 006pasom
anrebpa Oyner siBaaTbesl anredpoit JleiibHuua —[lyaccona, koTopyro 0003HauMM 4Yepes
LP(A).

[lycts Hy, = K[Xy,...,X,,Y1,...,Y,] — accounaTnBHOe KOMMYTaTHBHOE KOJIBLIO

MHorousieHoB. [IpeBpatum Hs, B anrebpy Ilyaccona, BBenss B Hy, ckooku [lyaccona {, }
cJlelyI0lHUM 00pa3oM:

e (2 B )

0X, oy, 0Y; 0X;

[Tonyuennast anrebpa HasbiBaetcss aneebpoii [amurvmona [6].

[lyctb Hy, = Hs, @& Hs, — anrebpa JleliOHuua c omepauued ymHOXKeHHs (D).
Paccemotpum anre6py Jleit6uuna — [lyaccona LP(Hy,).
O6o3HauuM uepe3 T, — MHOXKECTBO BCEX IMEPEeCTaHOBOK M3 Si, ¢ ycjoBueM (4).

[IpennosioxkuM, 4TO 1J1s1 HEKOTOPOTO 1 dJeMeHThl BUAA (3) JIMHEHHO 3aBUCUMBI:

Z aT{xT(l)’ 113'7-(2)} et {$T(2n71)a x‘r(Qn)} =0, a;€ K,

T7€Ton

rIe He Bce o paBHbl HyJW0. [Iycth o, # 0, 0 € T5,. B nanHoi JuHeliHOH KOMOWMHALMH
clieslaeM TakKue MOJACTAHOBKH 3JeMeHTOB anre6pbl LP(Hay,):

oy = (0, X1), 2o — (¥1,0),
x0(2n—1) — (O,Xn), xa(2n) — (Yn,O)
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Torna paccmarpuBaeMas nHHeHHass KOMOMHALMA NPEBPATUTCS B PABEHCTBO
n __
a,(0,1)" = (0,0),

UTO SIBJISIETCS] BEPHBIM TOJIBKO MpH a, = 0. [IpoTuBOpeune.
YcnoBue 2 cnenyet us ycJaoBus 1. O
Mouowm {z;,,...,2;, }, n = 2, cBo6onHol anredpsl Jleit6Huua L(X) HazoBeM JieHOHU-
LleBbIM MOHOMOM [JIMHBI n. DymeM TOBOPUTb, UTO 3JeMeHT BHUAA {Xj,...,x; } = ... -
-{vj,,--..yj,} codogHoit anrebpsl Jleiibunna —Ilyaccona F'(X) sBasiercss mpousse-
IeHUeM JeHOHHULEeBbIX MOHOMOB.

Jlemma 3. B noausuneiinom netibruyesom monome {1, ..., x;, ..., x,} Om nepemen-
HbLX T1,..., T, 8mMecmo nepemenrol ;, 1 <1 < n, nodcmasum x; - x,+1. Toeda

{x17"'7'ri 'xn-l—h“'axn} =
=T; {xlw'wxn—i-la“-;xn} +-Tn+l : {xla'-->$ia"'7$n} +g(x17"'7$n+1)7 (6)
eoe qg — NOAUNUHCLHbBLIL dAeMeHm Oom NepemenHsolx Ti,..., Tpil c80600H01 aﬂeeépbt

Jletibnuya — [lyaccona, ssrarowulics ruHeinol Komburayuel npousgsederutl AetibHU-
Ue8blX MOHOMO8, OAUHA KaxA020 u3 KOMOpbuLX He npesocxodum 3Hauerus n — 1, 8
cayuwae ecau i <n, u g =0, ecau 1 =n.

Hoxka3areabctBo. O6o3Hauum A = {xy,xs,..., 2, 1}. [IpuMeHUM MaTeMaTHYECKYIO
MHAYKIMIO 10 apaMeTpy n—i. [Ipu n—i = 0 ToxkpecTBo (6) BoimosHeHo. [Tycts n—i = 1.
Torna

{A7 Tp—1* Tp41, xn} = {A, Tp, Tp—1- xn+1} + {A, {Q:n—l * Tn41, xn}}

HpI/I 9TOM [IJisd MEPBOTO U BTOPOTro CJaraeMbiX BbIITOJTHEHBI COOTBETCTBYIOLIHME TOXKAECTBA:

{A,zp, w1 X1} =21 - {A T, Tpgr } + Togr - {A, 2, 201}
{Av {xn—l * Tnt1, xn}} = {Av Ln-1 - {xn-i-la an}} + {A> Tn+1 - {:Bn—lv xn}} =
=Tp1 {A A1, 20} H {xnsr, w0} - {A z 1
+Znr A A AT, 2} H{xn1, w0} - {A T} =
= Tp-1- {A> Tn41, xn} — Tn-1" {A, Ly anrl} + {anrl? xn} : {A> xnfl}"i_
+pi1 {A T 1, 0} — i {A T, T b {1, 0} {A T )

B urore

{A7 Tn—1* Tn41, xn} =Tp-1- {A, Tn+1, xn} + Tp+1 - {A, Tn-1, xn}"‘
+{$n+1, :L‘n} : {A7 In—l} + {xn—la mn} : {Aa xn—&-l}-

[IpennosoxKuM, 4To yTBep:KAeHHe BepHO miasg n — i < k, k > 2. [lyctb n — 7 = k. Torna
{A, Ti* Lpaly--- ,xn} = {A, Liv1, Lj * Tpaty- - - ,LUn} + {A, {131 *Tpat, $i+1}, R ,.Tln}.
[IpumeHsis npeanosnokeHne UHAYKLHH, TOJYYaeM:

{A i1, Tty oo T =2 LA T 1, Tty -+ T b+ T LA, Tin1, Tiy oo, T b+ 01,
{A7 {xl * Ln+tl, xi+1}7 s 7‘7:%} -
=z AA AT, T}y T} F T i} {A T T, T
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+In+1 ’ {A7 {‘ria xi+1}7 oo ,SL’n} + {xia Iz’+1} : {A7 Tpt1, Lit2, - - - 713%} + g2,

rae gi,go — JUHEHHble KOMOMHAU MU MPOU3BENeHUH JIeHOHULIEBBIX MOHOMOB, AJHUHA KaxK-
JIOTO W3 KOTOPBIX HE MPeBOCXOAMUT 3HaueHus n — 1. B utore

{A7 L Tptly--- 71:71} = Z; - {A7 Ln+1y Lit1y - - - an} + Tpt1 {A7 Liy Lit1y .- 7'rn}+
+{$n+17xi+1} : {A7$i7$i+2a s 7$n} + {xhgji—i-l} : {A7$n+17$i+2a ce e 7xn} + g1 + g2. 0J

Crenytoiiasi Teopema siB/sieTcst aHajorom TeopeMbl Papkaia [7,8] mis ciayuas anre6p
Jlefionuna — [TyaccoHa u nokasbiBaeT BaXKHOCTb MCCJIEJOBAHHUS MPOCTPAHCTB (Yo, .

Teopewma. /Iycmo V — mnoeoobpasue arcebp Jletibruya — I[lyaccona nad nosem Hy-
1e80U XapaKmepucmuKku, 8 KOmopom BbLNOAHEHO Hempusuaivroe moxcoecmso. Toeda
8 V suinosnsemcs nempusuaivroe moxdecmso euda

Z aT{xT(l)a xr(2)} T {xT(2m—1)7 xT(Qm)} = 0. (7)

TET2m,

Hoka3areabctBo. M3 semmbl 3 paGoThl [2] cjemyeT, 4TO B cjyuyae OCHOBHOTO TI0-
Jisl HYJIeBOH XapakTepUCTHKH unean toxaectB [d(V) mHoroo6pasusi anredp JlelGHua —
[Tyaccona V mnopoxpnaercst COBOKYIHOCTbIO MOJUAMHERHBIX TOXKAECTB U3 M0CJAeI0BATE/b-

noctu I',N1d(V), n > 2. [Toatomy nycts f(xy,...,2,) = 0 — HETPHUBHAJIbHOE TOXKAECTBO
MHoroo6pasust V, rae f € I', N Id(V) nns HeKoToporo n.
Oyukuus f(xq,...,x,) dBAseTCsS HETPUBHAIbHON JUHEHHOH KOMOWHALIMEH 3JIeMEHTOB

Buna (2) npu r = 0. [Ipeanonoxum, 4to snemeHT f He nuMeeT TpebyeMblil BUA (7). Torna B
s/eMeHTe f cpelld BCeX cJaraeMbiX ¢ HEHY/NeBbIMH KO3 PUIHEHTaMH 3aUKCHPYeM TaKoe,
KOTOPO€e MMeeT JIeHOHHLEBbIH MOHOM MaKCHMaJ/bHOH AJauHBL [IycTh 3TO cnaraemoe nmeer
BHIL

af Y Y Az, o), 0£a€EK,

rae {z;,,...,x;,} — JeHAOHULEBbBIH MOHOM MaKCUMa/lbHOH AAHHBI d > 2. Be3 orpanndenns
OOLHOCTH MOXKHO CUMTATh, UTO 7; = n. B s/eMeHTe f BMeCTO nepeMeHHOH z,, MOACTABUM
Ty * Tpy1. TOTTA U3 JIEMMBI 3 CJElyeT, YTO

flxr, o @1, T Tpy1) = - f(21, o Tty Tpg1) + Tpgr - f(T1, - T, 20) + g, (8)

rne g = g(z1,...Ty11) € [y, IpUUEM HH ONHO cJjiaraeMoe C HeHYJEeBBIM Ko3(du-
[IMEeHTOM 3JIeMeHTa ¢ He CONEPXKHUT JeHOHUIEBBIX MOHOMOB MJIMHBI d, B KOTOPBIX Ha
MepBOM MeCTe HaXOOUTCS JUOO0 TepeMeHHas &,, JUOO MepeMeHHas X,.1. 1aK KakK JeBas
4acTh paBeHCTBa (8), a TakKe MepBble Ba CJaraeMblX IPaBOH YacTH JAHHOTO PaBeHCTBA
npuHaniexar Id(V), to g € ',y N Id(V).

Eciu anement g umeer Bup (7), To Bce NOKa3aHo. MHaue mpuMeHsieM K TOXKIECTBY
g = 0 mHoroo6pasuss V aHaJOTHUHYIO MPOLEnypy U T.H. B pesynbrare moaydum TOXK-
nectBo Tpebyemoro Buaa (7). O

3ametum, uto B pabore [9] mokasaH aHasor TeopeMbl Papkaina AJs YHUTAPHBIX
0606ueHHbIX PI anre6p Ilyaccona u ynurtapubix Pl anre6p xopmaHoBbiX CKOOOK, a B
pabore [10] mokaszana Teopema Papkaia a5 MHoroo6pasui o6uux anreép Ilyaccona.
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Let K be a base field of characteristic zero. It is well known that in this case all information about
varieties of linear algebras V contains in its polylinear components P,,(V), n € N, where P,,(V) is
a linear span of polylinear words of n different letters in a free algebra K (X, V). D. Farkas defined
customary polynomials and proved that every Poisson Pl-algebra satisfies some customary iden-
tity. Poisson algebras are special case of Leibniz—Poisson algebras. In the paper the sequence
of customary spaces of the free Leibniz—Poisson algebra {Q2,}»>1 is investigated. The basis
and dimension of spaces (),,, are given. It is also proved that in case of a base field of charac-
teristic zero any nontrivial identity of the free Leibniz—Poisson algebra has nontrivial identities in
customary spaces.
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HoBbi MeTOO UCcCnenoBaHNs KpaeBon 3apgaum MNunbbepra
¢ 6eCKOHEeYHbIM MHOEKCOM NnorapucMmmyeckoro nopsioka

P. 6. Cannmos, 3. H. XacaHoBa

CanumoB Pacux BaxTturapeesuy, OOKTOP (OM3MKO-MATEMATMYECKMX Hayk, npodpeccop Ka-
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XacaHoBa OHXe HasunosHa, cTapwwuii npenogasartesnb Kadpeapbl BbICWEN MaTeMaTuky,
KasaHckuin rocynapCTBEHHbBIA apXUTEKTYPHO-CTPOUTENbHbLIA yHUBEpcuTeT, Poccug, 420043,
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PaccmaTtpurBaetcs 3agada 06 onpeneneHny aHanMTUYeckon B orpaHMyeHHon AeNCTBUTENbHOM
OCblO BEpPXHEeM 4acTu KOMMIEKCHOW MMOCKOCTU MO KpaeBOMY YCNOBUIO Ha BCEW OeNCTBUTENb-
HOW OCu, COrnacHoO KOTOPOMY peanbHasa 4yacTb NPOU3BeLNeHUs 3a0aHHON Ha OeCTBUTENbHON
OCW KOMMEKCHON OYHKLMW, Ha3biBAEMOW KO3 (PULNEHTOM KPAEBOro YCNOBUS, N FPAHNYHbIX
3Ha4yeHun NCKOMOW aHaNMTUYECKON OYHKLMM Ha 3TON OCU pasBHa Hy N0 BCOAY Ha OEeNCTBUTENb-
Hoin ocu. lMpeanonaraeTcs, 4TO apryMeHT KoagpdmumeHTa KpaeBoro ycnosus obpauaeTtcs B
6eCcKOHEeYHOCTb, Kak Ta WM MHasi CTeneHb norapudoMa MoLynsi KOOpAMHATHEI TOYKU OCK Npu
HeorpaHM4YeHHOM yaaneHun 3TON TOYKM OT Hayana oTcyeta B TOM WU MHOM HanpaeieHuu.
BeiBoanTCs hopmyna, onpefensiowas aHanMTMyeckyto B BEPXHEN NONynaoCKOCTU (PYHKLMIO,
MHUMas 4acTb KOTOPOW MpW CTPEMAEHUN KOOPAMHATbLI TOYKU OCWU MONOXUTENBHOM NOMYOCH K
H6eckoHe4HoCTU saBnsieTcsl 6eCKOHeYHO BONbLWOW TOro Xe nopsaka, YTo U apryMeHT Koadhdu-
umeHTa Kkpaesoro ycnosus. [lanee BbIBOAUTCA aHaNornyHas aHanmtmyeckas yHKUmns, MHMMas
yacTb KOTOpOW obpawaeTcs B 6ECKOHEYHOCTb TOFO Xe NopsiaKa, YTO 1 apryMeHT KoadpdpmumeH-
Ta KPaeBOro ycrioBusi, Korga TOYKM OTpuUaTeNbHOM OeACTBUTENbHON ocn yaansTcs B bec-
KOHEYHOCTb. Vcnonb3oBaHne ykasaHHbIX OBYX (OYHKUUIA MO3BONSET yCTPaHUTb GECKOHEYHbIN
paspblB aprymeHTa KoapguumeHTa KpaeBoro ycrnosms. Ha ocHOBe MpYEMOB, aHanoruyHbIX
npuMeHsembiM @®. [I. NaxoBbiM, 3agada NPMBOAUTCA K 3adaye C KOHEeYHbIM uHaekcoM. Ins
pelweHns nocnegHen aagayun ucnonbdyetcs metoq ®. 1. Maxosa. HangeHHoe pelweHne 3aBucuTt
OT NPOW3BONbHON LeNo PYHKLMM HYNEeBOro nopsaka, MoLyfb KOTOPON NOAYMHEH OOMONHU-
TeNbHOMY YCIOBUIO.

KnroqeBble cnoBa: KpaeBas 3apada mnobepTa, aHanuTnyeckas yHKUMsl, 6ECKOHEYHbIN WH-
OeKc, norapndoMmn4yeckunin nopsaok.

MocTtynuna B penakumnio: 16.04.2019 / Mpunsita: 15.03.2020 / Ony6nukoBaHa: 31.08.2020
CraTtbs onybnvkoBaHa Ha ycnosusix nuueHsmn Creative Commons Attribution License (CC-BY 4.0)
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BBELOEHUE. MOCTAHOBKA 3A0A4YU

B pabortax [l,2] maHo pemeHue 3agaud [uabbepra ¢ GECKOHEUHBIM HHIEKCOM
IJIs TIOJYTIJIOCKOCTH TMYTeM CBEIEHHUsI ee K COOTBETCTBYyIOLIel 3anade PumaHa mertomom
H. M. Mycxenumsuau [3, ¢. 130-155]. Ilpu pemenun 3amaun Pumana ¢ 6eCKOHEUHBIM
MHIEKCOM U KPaeBbIM YCJIOBHEM Ha NEHUCTBUTEJbHOH OCH aBTOPAMH MCIOJb3YIOTCS Pe3ysib-
TaThbl, aHaJIOTHYHble pa3paboTaHHbiM paHee H. B. ['oBopoBbiM [4].
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B craree [5] pewenne 3amauu [uabbepra ¢ OGeCKOHEUYHBIM HHIEKCOM IOJYYeHO
HerocpencTBeHHO (6e3 HCMONb30BAaHHSI BCIIOMOTATE/bHOTO pelleHUsl 3agadu PumMaHa
c GeCKOHEUHBIM HHIEKCOM) INyTeM 00O0OIIeHHS Ha paccMaTpHBaeMblil cjaydall MeTona
®. II. T'axosa [6, c. 273], no3BoJsoIIero 3anauy ¢ 6€CKOHEYHbIM HHIEKCOM MPUBECTH K
COOTBETCTBYIOLIeH 3anaye ¢ KOHEYHbIM HHIEKCOM.

B pa6ote [7] npu pemieHun ogHOpoaHOU 3anaur [uab6epTa ¢ 6€CKOHEYHBIM HHAEKCOM
Jorapru(MUuecKoro nopsiika NyTeM fepexofia K 3ajaue ¢ KOHEYHbIM HHAEKCOM HCIIOJb-
soBaHbl pesyabrathl [1. I'. IOpoBa [8], ompenessiomue mnoBeneHHe Ha GeCKOHEUHOCTH
uHTerpasna tuna Koliu, B3sTOro 1no OeCKOHEYHOH MOJYNpPsSMOH, B KOTOPOH MJOTHOCTb
UHTerpasa umMeeT 0COOEHHOCTb JIOrapu(PMHUECKOro MopsiaKa.

B Hacrosiie#i craTbe ofHOpoaHas 3ajnadya l[usabbepra ¢ OGeCKOHEYHBIM HHAEKCOM
Jlorapru(MUUeCcKoro Mopsiika ¢ KpaeBbIM YCJOBHEM Ha [eHCTBUTEJbHOH OCH pellaeTcs
NyTeM NOCTPOEeHUs ABYX (PYHKLUHMH, aHAJUTHYECKHUX COOTBETCTBEHHO B BepPXHEH W HUXKHeH
MOJYIJIOCKOCTSIX C MHUMBIMH YaCTSIMH, UMEIOILIHMH HYKHO€ MoBeJleHHe Ha 6eCKOHEYHOCTH
B TOUKax [eHCTBUTEJNbHOH OCH, C TIIOMOLIbIO KOTOPHIX OCYLIECTBJSIETCS Iepexof K
KpPaeBOMY YCJIOBHIO ¢ KOHEYHBIM HHIEKCOM (OfHA M3 HUX OblJa HCIOJb30BaHa B pabo-
Te [9]).

ITU nBe (PYHKUHMH Ha OeCKOHEYHOCTH MMEIOT OYeBHJHOEe IOBeleHHe, 4yTo obJjeryaer
UccieIoBaHMe 3aladl U MOXKeT OBbITh HCIO0Jb30BAHO MPHU MOCTPOEHHWH YACTHOIO pelleHHs
COOTBETCTBYIOLIeH HeONHOPOAHON 3anauu [nabbepra 6e3 NpuBeneHUs MocjaeHel K 3anaye
Pumana.

[lyctb L — nelicTBHTE/bHAS OCb B MJIOCKOCTH KOMIJIEKCHOTO MEPEMEHHOro z = & + 1y,
D — mnoaynnockoctb Imz > 0. Tpebyercss Haiith ¢yHKuuo P(z), aHaJIUTHUECKYIO
OrpaHUYEHHYI0 B 00/1acTH [, HempepblBHO MPOMOJKUMYIO BO BCe TOYKH KOHTypa L U
YIOBJIETBOPSIIOILYIO KPaeBOMY YCJIOBHIO

a(t) Re &(t) — b(t) Im &(t) = 0, (1)

rae a(t), b(t) — 3ajanuble Ha L neHCTBUTeNbHbIE HempepbiBHbIe PYHKLKH, a(t)?+b(t)* # 0
Bclony Ha L, BKJto4asi GecKoHeuHO ypajeHHywo Touky. O6osnauas G(t) = a(t) — ib(t),
ycsoBue (1) 3anuiuem Tak:

Rele @O () =0, telL, (2)
U 6yﬂeM CHHUTATb, UTO UMEIOT MECTO IMpPeaACTaBJIEHUA

v(t)+ v (Int)*, t>1,
arg G(t) = < v(t), te[-1,1], (3)
v(t)+vt(nt)*, t< -1,

e «, o«f, v, vt — neicTBUTENbHBIE uHcaa, o > 0, o > 0, (Int)* > 0, npu ¢ > 1,
(Inft))® > 0, mpu t < —1, v(t) — QyHKUMSA, YAOBJETBOPSAIIIAs yCAOBHIO [enbrepa
H Bcrlony Ha L, BkJwouas OeCKOHeUHO ynajieHHyw Touky (v(t) € H,t € L). Tloatomy
v(—o0) = v(+00).

[To anasoruu co caydyaem 3afiadd ¢ KOHEUHBIM HHAEKCOM, TOJ MHIEKCOM 3amauu (2) ¢
yCnoBUAMH (3) HY>KHO MOHHMaTb BeqMunHy 7 ‘lim[arg G (t;) — arg G(ty)], npu t; — +oo0,
ty — —o0.
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BCMNMOMOIATEJIbHbIE COOTHOLUEHUSA

[Tonoxkum o — HeHCTBUTENbHOE MOJNOXKHUTEbHOE uucao. Jas Inz = In|z| + jarg z,
0 <argz <, rae (Inz —im)* GyieM paccMaTpuUBaTb Kak HeMpPepbIBHYI OJHO3HAUHYIO
B TMOJIYIJIOCKOCTH Im 2z > 0 aHa/MTHUeCKYIO (QYHKIMIO, KOTopas NpH z = |z|e'r,
NpUHUMaeT nosoxkutesbHoe 3HadeHue (In |z|)?, (arg(ln|z|)® = 0), n arg(lnz — im)* — 0
Ipu z = & — +00.

O603HaunM

rie o — TMPOU3BOJIbHOE NEHCTBUTENBHOE UUCJIO0, j — liesoe uncao. 3anueM [10, ¢. 302]

(1+2)*= i (j) 2 |2 < 1. (4)

J=0

g z = x > 1 uMeeMm

. a+1
(Inz —in)** = (Inz)** (1 — Z—W> : (5)

Inz

1 ; a+1

cumrast, uto (Inx)*™ >0, (1 - =) = 1 npu z — +oo.
[Ipy x > €™ BTOpPOH MHOXKHTeJb MPaBOH YaCTH MocyaefHeld (POPMyJibl PeICTaBUM Kak
CYyMMYy CTeIeHHOTr0 psila C yUeToM pa3J/ioXKeHHs, MoJyueHHoro u3 (4) 3ameHod o Ha o+ 1,

U nipyuaeM K COOTHOWIEHHUIO

Im (Inz — im)*™" = (Inz)* i (a.—i— ! )7r(—1)jJrl <i>2j7 r>e". (6)
=0

25 +1 Inx

[Ipennonoxum, yto o > 1. [lonBepem uesoe yucao k Tak, uToObl ObLJIO CIIPaBEAJUBO
COOTHOLIEHHe
—3<a—-2k< -1 (7)

(xorna k > 2 ). B pasnoxenuu (6) BbleJUM NepBble k CaraeMbiX ¥ 3alHIIEM ero Tak:

a+1

2541 (1) (1 )Y
) e

k—1
Im (Inz —in)**" = —7(a + 1)(Inz)* + Z (
7j=1

+ro—op(z, ), x>€", (8)

rae

raale) = (e (SN G o
j=k

B dopmyse (8) uncio o 3aMeHUM Ha o — 2m, 4yucao k Ha k —m, KOraa m NpUHUMaeT
nocJenoBaTe/bHO 3HaueHus 1,2, ...,k — 1, U moayuum

k—1
-2 1 : , .
2 ( G —m ++ 1) 0T (1T (I

Q
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= Im(Inz —im)* —rg_op(z, 0 —2m), m=1k—1, z>e¢", (10)
rae
o i [a—2m+ 1 o T\ 252k
Facau(, 0 = 2m) = (Ina)* a2ty (2@ —m)+ 1) T ()
=k

CootHorenus (10) mpeacTaB/sitoT co60i CHCTEMY PaBeHCTB, CONEPKALIUX BeJTHUHHBI
(Inz)*%,5=1,2,....k—1. KoasphuieHTbl IPH 3THX BEJHUMHAX 00Pa3yioT TPEYroMbHYIO
MaTPHULY ||@pj||, 971€MEHTBl KOTOPOH Gy = 0 TPU j < m, Ay, = (v —2m + 1) (—m),
m =1,k — 1. OnpenenuTesnb 3Toll MaTPHUILLl paBeH

k—1
A=—(m [](e-2m+1),

m=1

npuueM A # 0, Tak Kak corsacHo (7) umeem —3 < a—2k u 0 < a —2(k — 1) + 1. Ilyctp
A,,j— anre6panueckoe JONOJHEHHEe AJIS 3JeMeHTa @,,; onpeneantenas A.
—925 .
W3 cucremsl (10), ucronbsys dopmynsl Kpamepa, samumem (Inz)* 7, j = 1,k — 1,
yepe3 MpaBble YACTH COOTHOLIEHHH CHCTEMBbI

e

-1

)T = Apj [Im (Inz — i) TP oz, — 2m)]

1

| =

(Inz

3
I

¥ MOJICTABUM II0JyYeHHbIe BblpaxkeHHUsl B Gopmyay (8).

O6o03Hauas
k1
1 a+1 . :
B ——-N"4 . 2j+1(_1)i+1
A ””<2j+1)7r U
MOJTy4UM
k-1
Im [(lnx —im)*™ =y B, (Inz — iﬂ)a_2m+1] =
m=1
= —7m(a+ 1)(Inz)* + Ry_ok(x,a), x> €7, (12)
rae
k1
R ok(z,0) = 1o op(z, ) — Z Bpnra—ok(x,a —2m). (13)
m=1
Beenem B paccmorpenne QyHKIHIO
k-1
To(z) = (Inz — im)**' — B (Inx —im)* > (14)
m=1

Ka)KJI0e CJjlaraeMoe KOTOPOH eCTh OQHO3HAuHasi BETBb B MOJYIMJIOCKOCTH Imz > 0,
onpeessieMasi, Kak yKasaHo Bbilie. MHuMas uyacTh 370 (GYHKUMM OpU z = |x]e,
|| > 1, obpamiaercss B HyJb, a NpH z = x, = > €, onpenensercs Qopmynoi (12),
rae R, op(x,a) — 0 mpu z — +oo B cuay (7), (11), (13).
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®Dyukuus Tp(z) siBAseTCss BCIOMOTaTeNbHOM B CBSI3H C Te€M, UTO OHA HMeeT 0COOeH-
HOCTb B Touke z = (. B cBfi3u ¢ 3TUM BBeJeM HeNpepblBHYIO, aHAJIUTHYECKYI0 U OIHO-
3HAUYHYIO U BO BCeX KOHEYHBIX TOYKAaX MONYMN0OCKOCTH Im z > 0 (yHKUHIO

o

T(2) = (In(z +14) — im)*"" — B (In(z + 1) — im)* 2" (15)

3
I

cuyuras, uto T'(z) = To(z + 1), Imz > 0.
Has ImT'(z) npu x > €™ MOXHO MOJYYUTb COOTHOLIEHHE, cXOxee ¢ popMyJioi (12).
Ho nerue ucnonb3oBate popmyay (12), umes B Buny Im (7'(z)—Ty(z)) — 0 npu z — +o0.
O603Ha4nM
V(z) = Im(T'(z) — To(x))- (16)

[ToncraBasis cropa Beipaxenus aast To(z) u T'(z), yuutsiBas dopmyasl (4), (5), npu
z = x > €" NOKaXeM, UTO UMEIOT MeCTO COOTHOIIEHHUS

1
V(z) ~ ot (Inz)*, =z — +oo,
oz—alc—l (17)
V(z) v ———— (In2)*, 2 — +oo,
x

a NPy o — —OO BBIMOJHSIOTCS COOTHOIIEHHUS, TOJyYaeMble M3 MPeIbIAYIIUX 3aMeHOM

Inz Ha In |z|. Mcnonb3ys BhlllecKkasaHHOe MoBeleHHe Mpou3BoaHO# V'(z) mpu x — +oo,

onMpasich Ha peayabTaThl [3, ¢. 127], moayunm, yto V(x) — QyHKIHS, YAOBJIETBOPSIOLIAS

ycaoBuio [enbnepa B OKpeCcTHOCTH TOYKH = = —+oo (nuddepeHuupyemas B J0OOH

KOHEYHOH Touke x > €™). B ToM umc/ie 3TO BEpHO U /ST OKPECTHOCTH TOUKU & = —00.
dopmyny (13) ¢ yuerom cootHowenuii (9), (11) sanuiem Tak:

ook — TN\ 2i—2k i
Ry ok(z, ) = (Inx) QkZNj(a,x)<E> , T >e€", (18)
=k
rae
k-1
; +1 a—2m+1

N, — (-1 J+1__2k+1 a o B —1)™ —2m ] 1
o) = e | () =S (T ) (19)

[Tpn 0 < a < 1 coryacHo (7) Mbl DOJIKHBL B3Th kK = 1, U B mpeablayLIIHUX (HhopMy/aax
6yoyT OTCYTCTBOBaTb KOHEUHBble CYyMMbl, B KOTOpbIX m = 1,k — 1; npu k = 1 nonoJHu-
TeJbHO OyleM UMeTb 7ok (T, ) = 0, Ry—ox(z, @) = 0, mpudeM nocsegHHe Ba paBeHCTBA
BBIMIOJIHAIIOTCA U B caydae o = 2k — 1 > 1.

B nanpHelem 6yaem cuuTath, 4To a—2k < —1, IOMHS, 4TO B NOJNy4YeHHBIX (POPMysIax
npu o = 2k — 1 HafO MONOKUTE T'q_op(z, ) =0, m =0,k — 1.

B cuny (18), (19) umeem

M(z,a, k)

Ra,gk(x, Oé) = W, €T > eﬂ’ (20)

rie M(x, o, k) — cymma psina npaBod yactu (opmysnl (18) ¢ mpousBopHOi

T3 M- (=)

M (x,a,k) = — 1
z(lnx) Parwd) nw
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C yuetom (14), (18) dopmyny (12) npencraBum Tax:
ImTy(z) = —7m(a+ 1)(Inz)* + Ry_op(x,a), x> €.
Beps B pacuer (16), moaydum
ImT(z) =V(z) —m(a+1)(Inz)* + Ry_or(x,a), x> €. (21)

Ionsg z = x = |z|e™ < 0, |z| > e no dopmyne (14) umeem ImTy(z) = 0, u ¢
yuetoM (16) mosyuum paBeHCTBO

ImT(z) =V(z), z=<—¢€". (22)
Ha ocHoBaHMH H3/10:kKeHHOTO COpMyJIHpYeM JeMMy AJs caydas « > 0.

Jlemma 1. [lpu sviueykasannolx Ycao8usx OAs 3HAUEHUL MHUMOL 4aACMmU QHA-
aumuyeckoti 8 noayniockocmu Imz > 0 ¢ynxyuu T(z) gopmyasr (15) npu = = «z,
|x| > e™ cnpasedausvl npedcmasaenus (21), (22), 8 xomopoix V(r) — @ynkyus,
yoosaemsopsioujas ycaosuio lervdepa u obpaujarouiascs 8 Hysb Ha GeCKOHEUHOCMLU,
R ok (z, o) soipascaemces opmyroti (20) u ucuesaem npu HamyparoHOM HucCAe .

ITycTh o — JeHcTBUTE/bHOE MOJI0XKUTeIbHOE yncio. TTox (In2)*, koraa In z=1In |z|+
+iargz, —m < arg z < 0, 6yeM OHUMATb HENPePbIBHYIO OMHO3HAYHYIO B MOJYIJIOCKOCTH
Imz < 0 ¢yHKUHO, KOTOpas NpU 2z = x > 1 NPUHHMMAET MOJIOKUTEJNbHOE 3HAYeHHE
(In2)*", (arg(Inz)* = 0), u npu z = |zle”™, |z| > 1, arg(In|z| — im)*" — 0 npu
|z| == o0.

3nech mpu = < —e™, T.e. || > €™ masg z = |z|le™™, u (Inz)
corsiacHo (hopmysne (6) umeem

Im (In |z| — i7)* ™ = (In |z|)* i (a* * 1)7?(—1)j+1(i)2j.

o 27 +1 Inx

T — (In|z| — im)

Cuutas noka o* > 1, BeibepeM LeJioe YUCI0 k* Tak, 4TOObl UMEJIO MECTO COOTHOLIEHHE
(xorma k* > 2)
—3<a* =2k < —1. (23)

Otcrona siCHO, YTO B MOJY4YeHHBIX Ha ocHoBaHHH (6) ¢opmynax, Bkarodas (13), Be-
JUYHHBL <, k, T B clIydae < —e™ MOXKHO 3aMeHHUTb COOTBETCTBEHHO Ha o, k*, |z|*.
[Ipu sTom ompenesutens cuctemsl, nosydaemoi us (10), ¢ snementamu aj,; Oymer

paBeH
k*—1

A= —(m)" T ] (0f = 2m + 1),

m=1

npuyeM

p; =01mpu j <m, ay, = (" =2m+1)(-7), m=1k—1

mm

*

[lo snauenusim A}, — anre6pandeckoro JONONHEHHUS NJISA d,,;, BHIUUCIAETCS
k*—1 .
o1 A A YT j+1
A* ‘ 25+ 1
m=
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[Ipu BhilIeyKazaHHOH 3aMeHe U3 (12) moaydum

k*—1
tm | (In(ale 7)) = 37 By, (In(Jafe )" | =

m=1

= —7(a* + 1)(In|z|)* + Ra—op(

x|, o), < —e", (24)

rae
k*—1

x|, ") — Z B 7o —op

m=1

Ra*—Qk*(

x|, &) = 1o o ( x|, a" —2m). (25)
B ¢opmyne (24) BbipaxkeHHe B KBaJpaTHbIX CKOOKaX JIEBOH UaCTH eCTb 3HaueHHe MpH
z = |z|le”™ pyHKUMH

k*—1

Ty(z) = (Inz)* *! Z B (Inz)* ~2m* (26)

Ka)KJ0e cJjaraeMoe KOTOPOHU fIBJISIETCS OJHO3HAUHOM HeNpepbIBHOM BETBbIO B IMOJYIJIOC-
KocTH Im 2z < 0, onpenesnsieMod, KaK yKa3aHO BBILLE.
3amensisi B hopmysie (26) z Ha z — 4, MOJAYYUM (HDYHKIHIO

k*—1

Ty (z) = (In(z —i)* ZB* (In(z — i))* 2™, (27)

HeTpepbIBHYI0 aHAJUTHUYECKYI0 B MOayMmaockocTH Im z < 0 ¢ eqMHCTBEHHOH 0co00# TOY-
KOU 2 = 00.
BBenem B paccMoTpeHue (hyHKIHIO

V' (z) = Im (T"(2) — T3 (=), (28)

3HayeHHs1 KOTOpPoH V' *(x) Ha NeHCTBUTENBHON OCH B OKPECTHOCTH TOUKH & = 00 06J1aaloT
TeMH Ke cBoHcTBaMH, uto U V(z) (mpu = < —e™ u x > €7).

Ha ocnosanuu dopmya (18)-(20) nonyuyaem
M*(|z|, a*, k¥)

$‘7Oé*) = (hl ’x‘)ia*J’»Zk* ) T < _eﬂ-a

Ra*—Qk*(

rae

2j—2k* —1
M*(|z|, o, k) ZN* o k") (mm) :

Jj=k*

0o 2j—2k*—1
M), 0t k) = ————— N7 (% k) (2 — 2k7) [ —
\x|(|$|7a ) ) |LL”(1H‘LE|)2 Z ](Oé ) )( J )(1H|SIZ|) )

j=k*+1

Nj(a*, k*) onpenensercs ¢opmynol, monyuaemodd us (19) samenon Nj, k, a, By,
cootBercTBeHHO Ha N7, k*, o, B, . Ilpu 0 < o < 1 B cuny (23) smec u B dopmy-
nax (24), (25) 6ynyT oTCyTCTBOBAaTb KOHEUHBble CYMMBbI, B KOTOpPHIX m = 1,k* — 1; mpu
k* = 1 NOTIONHUTENBHO OyIEM HUMETb 7o+ ok« (|x|, ) = 0, Ror_op+(|z|, ) = 0, npuuem
nocJeHHe 1Ba PaBEHCTBA BHIMOJNHAIOTCS U B caydae o = 2k —1 > 1.
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B nanbheiimem OymeM cuMTtarth, 4yTo o — 2k < —1, yuuThIBas, 4to npu o = 2k* — 1
(opMyJIBl YIIPOCTATCS.
[Ipu z = x,x > 1 cornacHo (26) umeem Im7j(z) = 0, mostomy c yuetom (28)
nosyuaem
ImT*(z) =V*(x), x>e¢€". (29)

[IpunumMasi Bo BHUMaHHe Gopmysbl (24), (26), umeem

Im T3 (z) = —m(a* + 1)(In |2))* + Raw_op-(

x|, a"), x < —€",
CJIeIOBaTeJIbHO, C yueToM (28) MPUXOIUM K COOTHOIIEHHIO

ImT*(z) = V*(z) — 7(a* + 1)(In|2))* + Raw_op+(

x|, "), x< —e€". (30)

Takum o6pasom, Mbl Moyduan cooTHoineHus (29), (30), aHasoruyHble NMPUBEIEHHBIM
B BbILIEYKa3aHHOHU JieMMe.

Kak u Bbiuie, uMess gyHKuuo 77(z) popmynsl (27), onpenesuM aHaJIUTUYECKYIO B
noJynaockoctd Imz > 0 gpyHKuuIo

%

T (2) = T%(2), (31)
IJIsI 3HAaUeHUH KOTOPOW B TOUKAaX AEUCTBUTEJNBHOU OCH z = Z = T UMeeM

ReT (z) = ReT*(z), ImT (z)=—ImT*(z). (32)

OCHOBHbIE PE3YJIbTATbI

Kpaesoe ycsoBue (2) 3anuiieM Tak:

0
—iv(t) _ F\") _
Rele e,BT(t)JrB*T*(t)] 0, tel, (33)
rae 3, B* — pmelicTBUTE/IbHBIE OCTOSIHHBIE,
U(t) = arg G(t) — BImT(t) — B Im T (). (34)

Cornacho (3) ¢ yuetom (21), (22), (29)-(32) nonyuum

O = pIV(t) —m(a+ 1) (Int)* + Ra—ok(t, )] + BV (t), t> €,
Y+t (Int)* — BV (t) + B [V*(t) — m(a + 1)(In [t))* +
+Ra*_2k*( t|, oz*)], t < —e".

v(t)=v(t)+ v (In
v(t) =v(t

B nanbHelmem Gynem cuuTaTh, 4YTo yucaa (3, 3* BblOpaHbl paBHBIMU

v . vt
P rern 7 T A (%)
Torna
(0) = (1) = BV (1) + Racoplt, )] + BV(0), 1> e, (36)
P(t) = v(t) = V(D) + BV (0 + Roare (.07, t< . (37)
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KpoMme Toro, B cuay (32), (34) umeem
U(t) =argG(t) — BImT(t) + B ImT (t), —e™ <t <e,

npudeM v(t) — HenpepbiBHAasi Ha L (yHKUHs, YAOBJeTBOpsiIOLLas yCaoBU H Ha JH0O0H
KOHeYHOH 4acTtH L, v(—o00) = v(400).
[lanee ompenesuM aHaJUTUYECKYIO B MOJYMJIOCKOCTH Im 2z > 0 (yHKUHIO

I(z) =+ / o(r) -2

s T—2
T

rpaHUYHOe 3HaueHHe KOTOPOH BblpakaeTcs (popmyson

[H(t) = av(t) + To(t), (38)
e 1 d
To(t) = = [ o(r)=——. (39)
T L/ T—1

YuuTbiBast mocjaenHee, KpaeBoe ycjoBue (33) 3amuiieM Tak:

—F+(t)® t
LR ON Py
eBT)+B*T (1)

Otclona icHO, YTO (PYHKIUS

e TEd(2
Flz)= - 20)

= ¢ P D 40
AT S (40)

JIONyCKaeT aHaJUTHUeCKOe MPOAOJKEeHHe Ha MoaymaockocTb Imz < 0. [Ipu saTom mpuxo-
IMM K 3aKJI04eHHo, 4to F(z) siBisercs ueaod QyHKuUeH.

Oyukuus ['F(t) dopmynsl (38) ynosserBopsier ycjoBuio H Ha J060# KOHEUHOH
yacTu L, Tak Kak 3THM CBOHcTBOM objanator v(t) u uHTerpan ['o(t) dopmyns (39) c
njoTHoCThIO V() [3, c. 61].

[IpuHumasi Bo BHUMaHue mnpenctasieHus (36), (37), npencrasienus (17) mnaa V(x),
V'(x) u asanormunble mas V*(x), V¥ (x), a Taxxe dopmyny (20) nns Ra_op(x, ) u
aHaJNOTUYHYIO IS Ry op (||, o), Ipunem K 3akitoueHuo, uto uuterpas (39) crpemurcs
K HYJII0 KaK NpH t — +00 , Tak U npu t — —oo. CJenoBatenbHo, uHTerpad ['y(t) siBiasieTcs
OTpaHHMYeHHOH HenpepblBHOM (PyHKLHeH Ha L.

Ecin ®(z) — orpanuyeHHoe pelieHne 3agadd (33), To

e '@ d(2)| < C = const, z € D. (41)
Torna, npuHumasi Bo BHUMaHue (opmyabl (15), (27), serko NpuATH K 3aKJHOYEHHIO, YTO
MOPSIIOK LeJol (pyHKUMH F'(z), IJas KoTopod crpaBemsnuBa ¢opmyna (40), paBeH Hy-
ao [11, c. 245].
U3 dopmynsl (40) Haxonum (PyHKLHIO
0(z) = T T G p() (42)
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KOTopasi YIOBJETBOPSIET KpaeBOMY YCJOBHIO (2), paBHOCHAbHOMY (33), T.e. siBJsieTCs
pellleHHeM KpaeBo#l 3agauu (2) ¥ CONEP:KUT MPOU3BOJBHYIO Leaylo (yHkuuio F(z) Hy-
JeBoro nopsinka. B cuay (40), (41) umeem

IF(2)| < Ce—f;ReT(z)—ﬂ*ReT*(z)7 €D,
U, B 4aCTHOCTH, corjacHo (32)
|F(t)] < Ce PRETO-F"ReT () 4 ¢ [, (43)
Takum o6pasoM, MBI NPULLIK K CaefyIollell TeopeMe.

Teopema 1. Ecau kpaesas 3adaua (2) umeem oepanuuennoe pewenue ®(z), mo ono
onpedeasiemcs gpopmyaroii (42), 8 komopoti F(z) — ueras pynkyus Hysres0eo nopsoka,
ydosaemsopsowas ycarosuro (43).

CnpaBenavBa U obpatHasi Teopema.

Teopema 2. Ecau F(z) — awbas ueras ¢ynkyus Hyresoco nopsoka, yoos-
aemsoparoujan ycaosuio (43), mo oepanuuennoe peulerue kpaesoti 3adaqu (2) onpede-
asemces popmyroti (42).

B camom pese, pynkuus (42) ¢ ykasaHHo# B Teopeme (pyHKuHe# F'(z) ynoBJeTBOpPSET
KpaeBoMy ycsoBuio (2). Ocraercsi yCTaHOBHUTb OrPaHUYEHHOCTb 3TOTO PelleHHs. YUUTHI-
Basi, uto F(z)— (yHKLHMS HY/NeBOro MopsaaKa u Bepaxkenus aas T(z), 1T (z), mpuaeM K
3aKJII0UEeHHI0, UTO MOpsanoK QyHKUIUH P(2) popmyibl (42) B MOMYIIOCKOCTH [D He MOXKET
ObITb TMOJIOXKHUTENbHBIM [12, ¢. 69], Tak kak [11, c. 244] mas Jaw6oro Mamoro € > 0
max |F(z)| < expr® npu r — oo u B cuay (42) crpaBensvBo

lnr‘n|ax |D(2)| < 7€+ r‘n|ax Rel'(2) + |3] r‘n|ax ReT(z) + || r|n‘ax ReT*(z), r — 0.
Ho B cuay vycaoBusi (43) u  Qopmyasl (42) OymeT BbINONHATHCS HEPABEHCTBO
|®(t)| < C' = const, t € L. [Tostomy, cormacHo Teopeme ®parmena - Jlungeneda [12,
c. 69, 206, 211], Bciony B obaactu D Oynem umetb |P(z)| < C, 4yto u TpeboBasOCh
YCTaHOBHTb.

[Tokasatesb mpaBo# yacTu Qopmyasl (43) ¢ yuetoMm (35) MOXKHO 3amucaTh Tak:

1{ V- vt

—BReT(t) = B"ReT"(t) = — | —— ReT(t) - ———

™

ReT™(t)]. (44)

Ha ocHoBanuu dopmyna (15), (27) umMeeM COOTBETCTBEHHO
ReT(t) ~ (In|t)*™,  ReT*(t) ~ (In|t)* ™, |t| = co. (45)

Ec/au BbIMONHSIETCS YCI0BUE
(5 ReT'(t) + 5" Re T*(t)> — 400, t— —00 WU t — 400, (46)

TO 1esasi GYHKUHUsS HyJeBOro nopsinka F'(z), ynoeneTBopsirouias HepaBeHCTBY (43), obpa-
maetTcsi B HyJIb ToxKIecTBeHHO: F'(z) =0 [11, c. 256]. B stom cayuae no ¢opmyne (42)
MBI [I0JIyUaeM TOJbKO HYJIEBOE pellleHHe KpaeBod 3amauu (2).
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U3 dopmyan (44), (45) BUAHO, YTO MPU BHINOJHEHHH JI0O0TO U3 CJEAYIOUIUX YCIOBHH:

a) a>a* u v <0,
6) a<a* u vt >0, (47)
B) a=ao* u v —vt <0,

OyneT UMeTb MeCTO cooTHolIeHue (46) u KpaeBast 3anaua (2) OyneT UMeTb TOJNBKO HYJIEeBOE
pelieHue.
Hrak, cnpaBennnba

Teopema 3. Ecau soinoarnsemces ycaosue (46), 8 uacmrnocmu, umeem mecmo Aroboe
u3 mpex ycaosuil (47), mo kpaesas sadaua (2) umeem moavko Hysesoe peuieHue.

3AKJTIOYEHUE

TakuM o6pa3oM, JaHO HOBOe Mpo3padyHoe pelleHHe 3agadd [uiabbepra ¢ KpaeBbIM
YCJIOBHEM Ha JeHCTBUTENbHOH OCH, KOIa MHJIEKC 3aJaud oOpalaercss B GECKOHEYHOCTb
norapruMuyeckoro nopsiaka u arg G(t) ~ v~ (In[t|)® npu t — +oo, arg G(t) ~ v (In [t|)*
mpu ¢ — —00, C Pa3/MYHBIMM, BOOOLle IOBOPS, MOKa3aTedsdMH a U a*. DTO pelleHHe
B OOLIeM CJyyae CONEPKHT IPOU3BONBHYIO Lyl (YHKLUHIO HYJEBOTO IOPsiKa,
YIOBJIETBOPSIIOILYI0 NeHCTBUTEBHOMY YCJIOBHIO (43), T.e. 3ajaua MMeeT GeCKOHEUHOe
MHOXECTBO pelleHHH. B oTme/nbHBIX c/lydyasXx paccMaTprHBaeMasi 3ajaua HMeeT TOJbKO
HyJIeBOE pelleHHe.

BaarogapHoctu. Pa6ora BhinosiHeHa npu (uHaHcoBoH mopnepkke POPDU (mpoekt
Ne 18-31-00060).
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We consider the problem of identification of the analytical in the complex upper half plane by
boundary condition on the entire real axis, according to which, the real part of the product, by
the given on the real axis complex function and the boundary values of the desired analytical
function equal zero everywhere on the real axis. It is assumed that the argument of the coefficient
of the boundary condition turns to infinity as one or another degree of the logarithm of the module
of the coordinate of the axis point with unlimited distance of this point from the origin in one or
another direction. Derived the formula that defines an analytical function in the upper half-plane,
the imaginary part of which, when the coordinate of the axis point of the positive half-axis tends
to infinity, is infinitely large of the same order as the argument of the coefficient of the boundary
condition. Then derived a similar analytical function, the imaginary part of which turns to infinity
of the same order as the argument of the coefficient of the boundary condition, when the points
of the negative real axis are removed to infinity. We eliminate the infinite gap of the argument of
the coefficient of the boundary condition by using these two functions. So the problem reduced to
a finite index problem by techniques similar to F. D. Gakhov method. The method of F. D. Gakhov
is used to solve the last problem. The solution depends on an arbitrary integer function of zero
order, whose module satisfy to an additional condition.
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O npubnnXeHHOM peLLUeHnn OJHOro Knacca
cnabo CMHIyNApPHbIX MHTErpanbHbIX YpaBHEHUN
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PaboTa nocBssileHa MCCnenoBaHUIO peleHnst OOHOro knacca cnabo CUHIYNSPHbIX MOBEpX-
HOCTHbIX UHTErpanbHbIX ypaBHeHWA BToporo poga. CHavana naetcs pa3bueHne NoBeEPXHOCTU
NsanyHoBa Ha «perynspHble» 3MeMeHTapHble 4acTW, a 3aTeM B OMOPHbIX TOYKax CTPOMTCS
kybaTtypHas cpopmyna ons 0LHOro knacca cnabo CUHrynsipHbIX MOBEPXHOCTHbLIX MHTErPanos.
Mcnonb3ys nocTpoeHHyto KybaTypHyto doopMyy, paccMaTprBaeMoe MHTErpanbHoe ypaBHeHNE
3aMeHsieTcsl cucTemoi anrebpanyeckmx ypaBHeHuid. B pesynbTtate npu LOMOMHUTENbHO Ha-
naraembix YCNOBMSX Ha SOpPO MHTerpana [okasbliBaeTcs, YTO paccMaTprvBaeMoe MHTerpanb-
HOE ypaBHEHVE 1 MONyYEHHAs cUCTEMa anrebpanyeckrx ypaBHEHUI UMEIOT EOMHCTBEHHbIE pe-
WEeHUS, MPUYEM peLleHNe CUCTEMbI anrebpanyeckmx ypaBHEHU CXOOUTCS K 3HAYEHUIO pelle-
HWS MHTErpanbHOro ypaBHEHUS B OMOPHbIX Touykax. Kpome Toro, ncnonb3dys atm pesynbTaThl,
[laHo 0B60CHOBaHWe MeTona KONnokKaumm Afs pasnnyHbIX MHTEerpanbHbiX YPaBHEHMWA BHELWHe
Kpaeson 3agaym Oupuxne gns ypasHeHus [renbmronbua.

KnroyeBbie cnoBa: MeTon KONMoKauun, MHTerpasnbHble ypaBHEHNS BTOPOro poaa, kybaTtypHas
goopmyna, cnabo CUHIYNsIpHbIA MOBEPXHOCTHBIA MHTErpan, Kpaesble 3ajayn ANs ypaBHEHUs
[Cenbmronbua.
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CraTtbs onybnvkosaHa Ha ycnosusx nuueHsmmn Creative Commons Attribution License (CC-BY 4.0)
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1. NMOCTAHOBKA 3AL0A4YU

l3BecTHO, UTO MHOrOUMC/EeHHbIE TeOpeTHUYeCKHe W MPUKJAAHble 3aJaud MaTeMaTHKH,
(U3MKM W MexaHWKW (Hampumep, BHelllHHe KpaeBble 3amaun [upuxsne u Helimana
I/ ypaBHeHHs! [enbMmMrosbnia v Ap.) NMPUBOAAT K Pa3JHUHBIM KjaccaM HHTerpasbHbIX
ypaBHenu# (1Y) Broporo poma. OTMeTHM, YTO OCHOBHOE IMPEHMYIIECTBO MPUMEHEHHS
MeToJa IPAaHUYHBIX UHTETPasbHbIX YPAaBHEHHWH K HCCJE0BAHMIO BHELIHUX KpaeBbIX 3a1ad
3aKJl04aeTcsl B TOM, UTO MOAOOHBIH MOAXOM MO3BOJAET CBECTH 3a/auy, IOCTABJEHHYIO 115
HeorpaHW4yeHHOH 06s1acTH, K 3a/aye [Jis OTPaHUUYEeHHOH 00JIaCTH MeHblled pa3MepHOCTH.

[Tockonbky MY TouHO pelnaioTcsi JiMlIb B OUEHb PENKHUX CJydasix, MepBOCTeNeHHOoe
3HaueHHe KaK JJs TeOpUM, TaK U B OCOOEHHOCTH MJsl ee TMPHUJIOKEHWH mpuodOperaer
paspaboTka MNpUOJMKEHHBIX MeTonoB pelueHuss MY ¢ cooTBeTcTByOIIMM TeopeTHuec-
KUM o6ocHoBaHHeM. OTMeTHM, 4TO NPUOJMKEHHOEe pelleHHe [Jis HEeKOTOPBIX KJ/acCoB
caab0 CUHTYJSIPHBIX MHTErpajbHBIX YpaBHEHHH HccJenoBaHo B paborax [1-6], a mns
HEKOTOPBIX KJIACCOB CHHIYJSIPHBIX U TMIIEPCUHTYNSPHBIX MHTErpajbHbIX ypaBHEHUH — B
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2. Xannnos. O npnbnrmxeHHOM peLleHrnn 0gHOro Kiacca MHTerpanbHblX YpasHeHNA COSPN

paborax [7—11]. Mbl ke B HacTosiled paboTe paccMOTPUM cJjenyoiiee 6osee obiiee MY,
K KOTOPOMY MOJKET ObITh MPUBEMEH LIeJblH P MPOCTPAHCTBEHHBIX KPAEBBIX 3a1au:

p+Ap=T, (1)

rne

() = [ |K (f"’jlp@)czsy, ces @)
S

S C R3 — nosepxHocTh JIsimyHoBa, n — HarypajbHOe uncio, K (zr,y) — HempepbiBHAast
¢GyHkuus Ha S x S u cyuectByer yucao A € (0,2) Takoe, 4To

K (2,y)| < M|z —y|"™*, Va,yeSs, (3)

f(z) — HempepbIBHas (YHKILHS Ha MOBEPXHOCTH S, a p(r) — HCKOMasi HerpepbIBHAS
¢GyHkuus Ha S. 3mech W jgajnee uepe3 N 0603HAUeHBl IMOJIOKHUTEJbHbIE MOCTOSHHBIE,
pasHble B pa3HYHbIX HepPaBEHCTBAX.

Hacrosiuiast pa6ota nocsiiieHa 060CHOBaHHIO MeToia Kossokauuu s MY (1) .

2. KYBATYPHbIE ®OPMY/J1bl 0719 OOHOIO KJIACCA
C/NNABO CUHI'YNAPHbIX MOBEPXHOCTHbIX UHTEIPAJIOB

N
Paso6bem S Ha snemeHTapHble yactu S = |J 5.

=1
1. Odns xaxporo | € {1,2,..., N} snemeHTapHas 4acTb .S5; 3aMKHyTa U MHOXeCT-

0 0
BO Sl €€ BHYTPEHHHX OTHOCHTEJIbHO S Touek He nyCcTo, IpruyeM mes Sl = mes Sl "

g’;ﬂs(')j =Omnpu j € {1,2,...,N},j # [, rue uepe3 mesS; 0603HaueHa MJIOLIANb
3JleMeHTapHOM 4yacTu 9.

2. s xaxporo | € {1,2,...,N} snemeHTapHas 4acTb .S, MpeACTaBJsieT COOOM
CBSI3HOM KYCOK IOBEPXHOCTH S C HelpepblBHOH rpaHHULEH.

3. Hans xkaxnoro [ € {1,2,..., N} cyliecTByeT Tak Ha3biBaeMasi ONOpHasi TOUKa x; € S
Takasi, uTo:
3.1. 7’[<N) ~ RI(N) (7’[<N) ~ Rl(N> — Cl < 7’[<N)/R1(N) < CQ, Cl U Cg —

TMOJIOKUTENbHbIE TIOCTOsIHHBIE, He 3aBucsiine oT N), rae r(N) = mgn |z — ]
z€edS

3.2. R(N) < d/2, tne d — pamuyc cranuaptHoi cepnl [12, ¢. 400];
3.3. Has Bcex j € {1,2,..., N} Boimosusercs r;(N) ~ r;(N).
OueBunno, uto r(N) ~ R(N) wu A}im R(N) = 0, re R(N) = max R(N),
—00

I=T,N
r(N) = lr_nli%rl(N).

u R(N)= max |z — 2

IIpumep 1. [IpoBenem pasbuenue enuHuuHoM ceprl T Ha anemeHTapHBIE yacTH. [le-
peiineM K cdepuueckoil cucteme KoopauHat. Torna st jr060# Toukd Q(y1,y2,y3) € T

Y1 = sinwu cos v,
Yo = SInu SIn v,

Y3 = COS U.
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3necb u € [0,7m] ecTb yros, o6pa3oBaHHBIH BEKTOPOM O_>Q c ocelo y3, a v € [0,27]
eCTb ABYTPaHHBIA yroJs, oOpa3oBaHHBIH IMJOCKOCTbIO, NMPOXOAsLLel depe3 MOJNSIPHYI0 OCb
Y3 M TOUKy (), ¢ miockoctbio y» = 0. Ilposenem na cthepe T napannens u = 7. Tor-
na T =TiyUTyUTs, tne Ty = {Q € T:0 < u < 7/2} — Bepxusis nogaycdepa,
Ty ={Q € T:u=mn/2} — skBarop, a T3 = {Q € T: 71/2 < u < 7} — HUXKHAA
nosycgepa. T; paBHOMepHO MOKpPOeM CeMeHCTBOM MNapaJuiened u; = ’2%, 1 =1,0—1, rae
¢ > 2 u (-5 napa/Jjesp COBMajaeT ¢ 3KBaTopoM. Kaxnayio i-1o mapaJjnesb, HayMHas OT
TOUKM MepeceueHus ¢ MI0CKOCTbIO iy = 0 (y; > 0), pasnenum Ha 4m;(m; = 2002271 ([.] —
lesiasi 4acTh) PaBHBIX YacTeu %(;') = % j=0,4m; — 1,7 =1,/ — 1. VI3 Kaxx10d TOUKH
JleJieHUsl TIpoBelleM 4acTb MepuaMaHa BIJOThb 10 3kBatopa Ts. Huxkusis noaycdepa Tj,
BBUIY CHMMeTpUYHOCTH T OTHOCUTE/NbHO MJIOCKOCTH Y3 = (, pasoObercs CJeAyIOLIHUM

obpasom:

Ugp—i = T — Uy, 12176_17
o2 = j=0,4m; — 1.

J J o
Touku nepeceuyenus napaJsiiesneil ¢ MepUAMaHAMH HA30BEM y3JlaMH M 0003HAUUM UX 4yepe3
—_— —_—
Qry (k=1,20—-1,1 = 0,4my, — 1). Iyets Qi 1Qkyi (Qkiy @Qky,) €CTh AyTa MO MepH-
nvaHy (napasnsenu), coegursomas yaabl Qr,; (Qr i) U Qru (Qrg,) U colepkalias UX.
[TocTpoennas reorpaduyeckas cetb pazbusaer T (k = 1,3) caenyomum o6pazom:

/-1 4mi 4m[—1

T =To, J (U( _ITU)), To= U (QuQue\{Quii}),

=1 j=

Ty =Ta U (U ( U T2Z—i,j>>a

i=1 ;=0

rage

Tor={QeTi: 0<u< o, 0<v< 2},

T
20’
Tze,eZ{QEngw—%<u<7r,0<v<27r},

T, ={Q €T :u < u<ui+1,v](-i) <w <v](-21},
Tori;j={Q € Ts:m—up1 <u< ﬂ—ui,vj(»i) <v< vj(l_zl}

E)JIeMeH/T_iTQ BK/I0UMM B Ty ; n Tyyy; Mo crenyioleMy 3aKOHy: eC/IM j — HeyeTHoe,
10 Qr,jQej+1\{Q¢j+1} mpucoenunum x Ty_;;, a ecin j — uetHoe, To K Tyyy ;. B pe-
3yJbTaTe Kaxjaas Toyka c(epbl NPUHALNEKUT OLHOMY H3 3JeMeHTapHBIX MHOXKeCTB T g,
Ti;, Tor—i; U Torp. Ilpu 3TOM KOOpAMHATBI ONMOPHBIX Touek Py, € Tyy, P € T;;,
Py € Top_jj v Poyy € Togp HAXOAATCA 10 CIEAYIOLIMM (DOPMYJIAM:

IJ1s1 BepXHeH mnoJgychepbl —
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Hepr,U,HO MOACYHUTATh 00lllee KOJUYECTBO OITIOPHBIX TOYEK:

22m+1 1
N1:2<4 (QWE—TJF) +1>,

rae m — HauboJibllIee YKCIIO, YIOBJIETBOpsiollee HepaeHCTBY 2™ < £ — 1. Ilyers QF; —

TOYKa C KOOPAHHATAMH (u,-,@j(.’)) U

RO,K - Qrél('?aT%’g ’PO,E - Q’a Ri,j - Qrg@}f] |Pi,j - Q‘a

Roy_; . = max |Poy_; . — Ropy = max |Pyyp—
20—1,j QGBTQZ—i,j| 20—1i,7 Q|a 20,0 QE@ng,g| 20,0 Q|a

7 = min |Fy,— (;2 r,, = min |FP;; — (Q
0,0 bt | 0,0 |a i, €oT, , | 2,] |7
To0—i i = min P_"—(Q 7 = min [P —(Q.
20—1i,j €Tos ‘ 20—i,j |7 20,0 €OThp s | 20,0 ’

[IprHuMas Bo BHUMaHUe pa3bueHHe efMHUYHOU cepbl T' HA s/eMeHTapHble YACTH, HMeeM
R%,Z =Toy =Toy = Ro,e, R2£fi,j = Ri,j = Ri,O U Toy—ij; =Tij; =Tio- OueBnpHO, 4TO

Roy = |FPoy— Q| = \/sin2 216 + (1 — cos 2%)2 = 2sin 4%

Kpome Toro, yuuTeiBasi, uto T; ; aBnsercs paBHOOepeHHOU TpamneLreoOpasHOl (PUTYypOH,
HaxOJUM:
Ri,O = ’Pi,O - QHLO’ =

= \/(sin @; cos 08 — sinug1)? + (sin@; sino0)2 + (cos s — cos uzyq)? =

_ (i)
.o Ui — Uj41 . 97U .o
= B e— —_— i it1 =
24/ sin? + sin® % gin @; sin u
2 2 +

= 24 [sin? T + sin? T sin W(Zz * 1) sin W(Z * 1)

8¢ 8m; 40 20

Tio = |Pi,0 - QZO' =

P _(2 . _(2 e e (2 . . (2 _
= \/(sm i; cos ) — sinu; cos ") + (sin @ sin o) — sinu; sino5”)2 + (cos; — cos u;)? =

Lo Uy — Uy . T
= 24/sin® —— = 2gin —

2 8¢

B pesysnbrate nonyuaem R(Ni) = max R;o u r(Ny) = 2sin g;. Tak kak
i=1,0—1

2(i+ 1)(i + 1/2 NCL R
0 < s 25” /)+1<%,z‘:1,£—1,

R

10 R(N7) < @. Kax BuaHo, r(Ny) ~ R(Ny) ~ 1.

Takum xke crnoco6oM MOKHO Pa3bUThb IJJIUIICOULL.
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[Tyctb Sy(x) u I'y(x) ecTb, COOTBETCTBEHHO, YACTH MOBEPXHOCTH S M KacaTesbHOH
myockocTd ['(x) B Touke x € S, 3aK/0UeHHble BHYTPH cepbl By(x) paguyca d ¢ LeHTPOM
B Touyke x. Kpome toro, mycts § € I'(x) ectb mpoekuusi Touku y € S. Torna

[z =gl <lz—y[ <CiS)z =gl 1 mesSy(x) < Co(S)mesTy(x), (4)

rae C1(S), C2(S) — monoxuTesnbHBIE MOCTOSIHHBIE, 3aBHCAIIME JUIIb OT S (ecan S —
cdepa, To C1(S) = V2, Cy(5) = 2).
CrnpaBenJivBa ciefyolas JeMma.

Jlemma 1. Cywecmsyrom maxue nocmosnroie C) > 0 u C] > 0, He 3asucauue
om N, daa komopuix npu scex l,j € {1,2,....N}, j# 1, u scex y € S; cnpasediuso
caedyrouiee HepageHcmeso:

Coly — o] <oy — x| < Clly — 2. (5)

Hoka3areabcTBo. [IpuHuMas Bo BHMMaHHMe croco0 pa3OueHUs] MOBEpXHOCTH S Ha
3JieMeHTapHble YaCTH, UMeeM:

lz; —m| < |y — 2| + |y — 2] < |y — 2| + Ri(N) < |y — o] + Mry(N) < (1+ M)y — x4
U

ly — x| < |zj — 2| + |y — 25| < |z — 2|+ Rj(N) < |z — 2|+ Mr(N) < (1+M)|z; — 2,

yeM U 3aBeplIaeTcsl [0Ka3aTeabCTBO JIEMMBI. O
st HempepblBHOM Ha S GYHKUHHM @(x) BBeIeM MOLYJb HENPEPBIBHOCTH w(p,d) =
=0sup 227§ >0, e w(p,7) = max |p(x) — (y)|. Kpome Toro, mycts
=5 lz—y|<T5z,yeS
, K(zy,z; ,
a; =0 npu l=j, a = szmes S; mpu l#7].
|71 — ]

Teopema 1. [Tycmo Henpepoisrasn na S X S ¢pynkuus K(z,y) yoosremsopsem ycao-
suro (3) u cywecmsyem HamypasbHoe “UCAO M MaKoe, Umo

(K (2,y) = K,y | <MY |y —y'|Ye—y|P |z =y, Vay,y €S, (6)
j=1
ede0<o; <1, 320,v20ua;+8;+v>n—2, j=1m. Toeda svipaicerue
N
AN () = aplx;) (7)
j=1

8 moukax x;, | = 1, N, asasemcsa kybamypHoti ¢opmyroti ors uumeepara (2) ¢ He-
npepvi8Holi Ha S NAOMHOCMbIO p, npuiem cnpasediusa cAedyrou,as OUeHKA:

max |(Ap)(z1) — A" (21)| < Mllplloo(R(N))?|In R(N)| + w(p, R(N)),

I=1,N

, v =min{a,2 =\ a+f+2—n}, a= min a;, f = min {a; +

j=1m j=1m

0 —
20e ||pllos = max|p(z)

+ 0+ o
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2. Xannnos. O npnbnnxeHHOM peLLIeHNr OAHOro KAacca MHTErParnbHbIX YPaBHEHKF COSPN

IIOKaSaTeJIbCTBO. O‘-IeBI/IILHO, 4yTO

X,y K(x,y Xy, T
(Ap)(z;) — AN () /!331 ly’n y) dS, + Z / l]sz:l K, ) p(y) dS,+

J=Li#l g y’n
1
+ K(x, x; dS,+
Z /(!Iz—y!” |Iz—Ij|”> (l ])ﬂ(!/) Yy
J=Lj#l g
.Tl,.Q?]
1)) dS,.
- /m_mn )~ ple;)) ds,

J=Lj#l s

Cuiaraemble B TOCJeIHEM paBeHCTBe 0003HauuM udepes 71 (z;), ra (x;), ri¥(x;), ri¥(z;)
COOTBETCTBEHHO.

YuuteiBast (3) u (4) u npumensisi pOPMyJy CBeIEHHUs MOBEPXHOCTHOrO HHTErpajia K
JIBOMHOMY, TMOJYYUM:

1
N
ry ()| <M oo/—dS<
¥ @) < Mlplle [ = dS,
S

27 R(N)

< M|p]lCa(S) / / Lt dp = M pllo(RON))2

[Tycts y € S; u j # l. Torna no HepaBeHCTBY (D)
ly — 2] < (1+Cly — @i,
a, 3Ha4MUT, 10 ycyoBuio (6)
K (1,y) — K (w1, 25)| < Mlay —y|*a —y|”.
Torpa umeem:
73" (20)| < M(R(N))*[Ipllos / o y|n < M| |plloc(R(N))> o2
S\ S,
npu 3 <n—2;
75 (20)] < M|[plloo(R(N))*|In R(N)| mpu 3 =1 —2;
73 (21)] < Mllplloo(R(N))* mpu >n —2.
Bosee Toro, npuHuMasi BO BHUMaHue HepaBeHcTBa (3) u (D), umeeM

VK (21, 2;)| < MY

(

2 —y|n o — |z — y|

Orcrona HaXxoouM, 4To

3 (@)l < MR ol [ Wd < MlplR(N) npn A< 13
S\S;
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L)

3" (z0)] < Mlpllo R(N)| I R(N)| mpn A = 1;
3 (2] < Mlplloc(R(N))*™* mpu A > 1.

OuyeBUaHO, YTO

1
3 )] < Ml RV) | s dS, < Mas(p, BUN)).
S\S;

B pesynbraTe, cyMMupysi MOJIydeHHbIe OLEHKH 1Jist BbipaxkeHUd ri (x;), rY (z;), ri¥ (x;)

u ry (x;), mosydaeMm 10Ka3aTesbCTBO TEOPEMbI. O
3. OBOCHOBAHUE METOOA KOJTTOKALIUA
[ycts CV — mpoctpanctBo N-mepubix Bektopos 2V = (2,20 ... 20), 2N € C,
[ =1,N, ¢ Hopmoii |2V = max |2|, a C(S) — mpocTpaHCTBO HeMpepbIBHBIX (PYHKIKMH
I=1,N

Ha S ¢ HOPMO# || |0 = magc\f(x)\. Has 2V € CV nonoxum
Te

N
ANN = (ANN AN ANEY), AINZN:ZCLUZ?[, I=1,N.
j=1

Hcnonbsys kybarypryto opmyny (7), 1Y (1) 3ameHsieM cucTeMoi aire6pandecKux
ypaBHeHUil OTHOCHTeNbHO 2 — NpUOJHIKEeHHBIX 3HadeHuil p(x;), | = 1, N, KoTopyio
3aluileM B BHJE

AN ANN = N (8)

rne fN - pr = (flvf?w"va)? fl = f(xl)’ I = L_N’ pN : C(S) - (CN -
oneparop mnpocroro cHoca u AN € Z(CN,CN) (3mech uepes Z(CN,C"N) ob6osnaueHo
NPOCTPAHCTBO JIMHEHHBIX OTPAHUUEHHBIX OIMEPAaTOpoB, 0TOOpPaXKawKuX npoctpancteo CV
B npoctpancteo CV).

O6ocHoBaHMe MeTOna KOJJIOKALMK MoJyduM H3 TeopeMmbl I. M. BafiHukko o cXxo-
AMMOCTH [JI51 IMHEHHBIX ONepaTOpHbIX ypaBHeHUH [13]. [lasi ee popMy MpOBKH TpHBeIeM
B 0003HaueHUsAX paboThl [13] HeoOXomUMBIE ONpesieieHHs] U YTBEPKIEHHS.

Onpeneaenne 1 ([13]). Cucremy Q = {¢"} onepatopor ¢~ : C(S) — CV Gynem
HaswiBaTh ceasvisaroujett nas C(S) u CV, ecau:

D) lg¥¢ll —= [l mprt N — 00 nnst Beex ¢ € C(S);

2) g™ (ap + d'¢') — (ag™p + d'¢V )| — 0 npu N — oo mas Beex ¢, € C(S),
a,a’ € C.

Onpenenenune 2 ([13]). TTocnenosatensHocts {py} anementor oy € CV Q-cxodum-
ca k p e C(S), ecan |lpy — ¢Vl — 0 mpu N — oo. Ilpu sTOM Gymem mucathb cpNgﬂp.
Onpeneaenune 3 ([13]). [MocaenoBatensHocTs {@y} aementoB oy € CN Q-kom-

nakmua, ecau mobasi ee MOANOCIEI0BATENbHOCTb { ¢y, } COTEPKUT (Q-CXOISILLYIOCS MOA-
MOC/IEI0BATENBHOCTD {(PN,, }.

Mpenaoxenne 1 ([13]). Tycmo ¢~ : C(S) — CV auneiinot u oepanuuenv. Toeda
caedyroujue Ycao8uUsL PABHOCULbHDL:
1) nocaedosamenviocme {pn} Q-komnaxkmua u mHoNcecmeo ee (QQ-npedesvHolx
mouex komnakmro 8 C(S);
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2) cywecmeyem omrocumenrvro Komnaxmras nociedosamensvrocmo {p™N} c C(9)
makas, umo ||onx — ¢~ ™| = 0 npu N — oo.

Onpeneaenue 4 ([13]). Iocnenosarensrocts oneparopos BY : CV — CV QQ-cxo-
dumcs x onepatopy B : C(S) — C(95), ecnun nns n1060i (Q-cXonsiuedics nocae1o0BaTeNb-

Hoct {pn} umeen oy 3¢ = BVoy % By, Tpn stom Gynem mucars BY %9 B.

Omnpeneaenune 5 ([13]). [MocnenoarenbHocts onepatopos BY € Z(CN,CN) kom-

nakmuo cxodumcs Kk onepamopy B € Z(C(S),C(S5)), ecnu BN B u sbinonneno
caenyiolee yeaosre KomnaktHocTh: oy € CV, |lon|| < M = {BYpn}, Q-komnakTHa.

Teopema 2 ([13]). [lycmo 6vinoaneHbl caedyroujue ycio8uUs:
1) Ker(I + B) = {0}, ede I — edunuunoiti onepamop & npocmparcmse C(S);
2) IV + BY ¢pedeorvmosvl onepamopo. ¢ Hysesoim urndexcom, ede IN — edunuunbLil
onepamop 6 npocmparcmee CN;
8) Yn 34, Yy € CN, v € C(S);
4) BN — B komnakmro.
Tozoa ypasrnerue (I + B)yp = 1 umeem edurncmsennoe peuienue p € C(S), ypasrenue

(IN 4+ BN oy = ¢y umeem eduncmesenroe pewernue o € CN u oy 5 ¢ oyenxoii
el (1Y + BMg¥ e — on |l < lléw = ¢Vl < 2T + BY)g¥ g — v,
ede

1
>0
sup [ [N+ BN|| ©
N

= cy = sup ||(IY + BM) 7| < +oo.
N

Cdopmynupyem Ternepb OCHOBHOH pe3y/bTaT AaHHOW pabOTHI.

Teopema 3. ITycmo Ker(I + A) = {0}, ¢ynxyus K(z,y) ydosiemsopsem yciro-
suam (3) u (6) u cywecmsyem HamypasbHoe 4UCAO Ny MAKOe, 4mo

no
|K(.T,, y) _ K(.I//, y)| < MZ |I‘, . l’//|aj|[L’/ o y|bj|x" o y|cj7 v JI/,.Z‘//, y € 57 (9)
j=1

ede 0 <a; <1,b0;,20 ¢;20ua;+bj+c; >n—2 j=1nq Tocda ypasrenus (1)
u (8) umerom eduncmeennoie pewenus p, € C(S) u zN € CN coomeemcmesenno, npuwem
12N — pNp.|| = 0 npu N — oo ¢ ouenkoii

12" = " pull < M| flloo(R(N))"[ In R(N)| + w(f, R(N)),

ede n = min{y,c}, ¢ = min{a,2—\, a+b+2—n}, a = min aj, b= min {a;+b;+c;} —a.

j=1,no j=1,no

JokasateabctBo. Ouepuano, uto omepatopbl IV + AN (pearonbMOBH ¢ HyJEBBIM
MHJIEKCOM M CHCTeMa OnepatopoB mpoctoro cHoca P = {p"V'} apasercs ceasbiBatomiei ans
npoctpancte C(S) n CV. Torna f~¥ 5 f u us reopemsr | nonyuaenm, uto IN+ AN X 74 4.
[lo onpesesienko 5 0CTa0Ch MPOBEPUTH YCJIOBHE KOMIAKTHOCTH, KOTOPOE BBHIY TMpe-
JIOXeHus1 | paBHOCHMJIBHO caemylomemy yeaosuio: maa Beex {2V}, 2N € CV [|2V] < M,
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CYIECTBYET OTHOCHTEJBHO KOMIaKTHas mnocsaeposarenbHocts {AyxzV} C C(S), rtakas,
4To

AN — pN(AnzM)| =0 nmpu N — oo.

B kauectBe {An2z"} BBIGEPEM MOC/ENOBATEIBHOCTD

(ANZ / y, T €S,
|z — yl”

Bosbmewm sto6ble Touku 2/, 2" € S, Takue, uto |2’ — ;1:”] = § < d/2. OueBHaHO, YTO

K(2",y)
(An2Y An2M) (") < )12Y / dS, <
(Ax¥)e) — (w) e < ) |0 - T s,
K(2',y) K(z",y)
<[ /—’dS+zN /— ds,+
|27 ] 7 —ypr| 127l =yl | P
Ss2(a’) Ss/2(z’)
K(2",y) K(2',y)
[ [T ds, 1) | A
2" — y| 2" —y|
Ss/2(z’) Ss2(z)

1 1
N
+||Z H / '<|$l_y|n o |x”—y|"> K(l‘/,y)' dsy+
Sa(z")\(Ss/2(x)USs/2(2"))

K('y) — K(2",y)
+2M] P dS,+
Sa(x")\(Ss/2(z")USs2(a"))
Kz K(z"
—I—HZNH / ("an> o (I 7y> dSy
|x’—y[” |$//_y|n

S\Sq(x")

Hcnonbays (3) U Gpopmysny cBeleHHs] TOBEPXHOCTHOTO MHTerpaJja K JABOHHOMY, MOJTYYHM:

K
/ ( ) M / )\ M52_)\7
2" — yl |2 — yl
Ssy2(") Ssy2(x")
K
/ (SL’ 73/) dSy < M(SQ_/\.
’l’” _ y’n

Ss/2(z")

Kpome Toro, npuHuMas Bo BHHMaHHe HepaBeHCTBa |x” — y| > 0/2 nnsa Beex y € Ss/a(a’)
v |’ —y| = 6/2 nns Bcex y € Sy0(x”), nmeem:

K(z 2\
[ e asi<an [ prtmas<ou () mes (i) <
Ss/2(a’) Ss/2(z’)
K
/ (I,y) dSy < M527)\'
|z — y|"
Ss/2(x")
Tak kak
2" =yl <3l2" —y| wm |2" —y| <3z’ —y (10)
318
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nis Beex y € Sq(2)\(Ss/2(2") U Ss/2(2")), To, yunThiBas HepaBeHCTBO (3), mosayuaem

1 1 / M5 / / !
(oo~ ) K| < e ¥ e SN U St

Orcrona HaXO4UM, 4TO

1 1

— K(m’,y)‘ dsS, <
‘(Ix’—yln Iﬂf”—yI"> !

Sa(z")\(Ss/2(x")USs /2 ("))

1
M / S, <M§ mpu 0<\<l1;

| =yt
Sa(z")\Ss/2(z")

/

Sa(@)\(Ss/2(x")USs/2("))

1 1

/ ‘( : - >K(9€/,y)‘dSySMfVA mpu 1<\ <2.
2 —y|m |2 =yl

Sal@\(Ssa(a)US5 ("))

1 1
( / Y )K(x/7y)‘ d5y<M5]ln5| npu )\:1;
2/ —yl* | =yl

[Tpunumasi Bo BHuManue (9) u (10), umeem
|K(2',y) = K(2",y)] < M&%a’ —yl’, ¥ y € Sa(¢")\(Ssja(a) U Ssya(a")).

Torna noJsydyaem, 4To

/ ‘K(x’,y)—f((x”,y)‘ 05, <

‘33‘” o y‘n Y
Sa(x")\(Ss/2(x")US5 /2 ("))

1
Mo / 48, <M mpn b>n—2;
’fl?/ _ y|nfb
Sa(z")\Ss/2(2)
K(',y) — K(«",y)

‘dSngé“Hné] npu b=n—2;

|l’” _ y|n
Sa(x")\(S5/2(x")US5/2(z"))
/ . "
B y) = K@) | g prsert2n mpn b<n—2.
|£L‘” _ y|n Y p

Sa(x)\(Ss/2(2")USs /2(2"))

HerpynHo y6enutbes, uto

/

S\Sq(z’)

K(2',y) K(2",y)

S, < Ms*.

/ 1!
' —y|m |2 =yl
CYMMI/IPYH HOJIyquHbIe BBILII€ OLI€EHKH, l'IO.Hy‘{I/IM

[(An2")(a") — (Anz")(=")] < M[2"]6% Ind], (11)

a, smauut, {Anz"} C C(S). OrHocuTesbHAs KOMIAKTHOCTH MOCJEN0BATENbHOCTH
{An2N} cnenyer us teopembl Apuessi. JleficTBUTEIbHO, PABHOMEPHAS! OrPaHMYEHHOCTD
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BBITEKAeT HermocpeacTBeHHo M3 ycioBus ||2V|| < M, a paBHOCTeneHHas HENpPEepPbIBHOCTD
cnenyet u3 oueHkH (11). Kpome Toro, moctynasi TOUHO Tak e, Kak U B J10Ka3aTeJbCTBE
TeopeMsl 1, mosyyaem

AN 2N — pN(Axz2N)| =0 npu N — oo.

B pesysnbrare mosyyaem, 4TO BBIMOJHSIIOTCS Bce ycaoBuU TeopeMbl 2. Torma ypasHe-
uust (1) u (8) umeror emuHcTBenHble pemenus p, € C(S) u z¥ € CV coorsercTBeHHo,
npuyem

a1y < ||z = pVpil| < cadw,

rae
1
C1 = N N >0
sup ||[IN + AN||
N

On = max |4 (p" p.) = (Ap.) ()]

;e =sup (I + AY) 7| < +oo,
N

[Io Teopeme 1
on < M[|pelloc(R(N))[In R(N)| + w(ps, R(N))].
OueBUIHO, UTO
W(pas RIN)) = w(f = Ap., RIN)) < w(f, RIN)) + w(Ap., R(N)).

[TocTynasi To4HO Tak ke, Kak M MPU JoKazaTeJbCcTBe oleHKH (11), HeTpymHO MokasaTb,

YyTo
(Ap) (@) = (Ap.)(@")| < Mllp.llocla’ — " [| In]a’ —2"||, ¥ a',a" € S,

a 3HA4MT,
w(Aps, R(N)) < M||pufloo(R(N))[ In R(N)|.

Kpowme Toro, yunutbiBas

lpslloe = ICT+A) 7 flloe < N+ A) 7 lloo,

noJjsiydyaeM A0Ka3aTeJbCTBO TE€OPEMBI. ]

3ameuanue 1. Mcnonb3ys Teopemy 3, TakKe MOXHO HCCJENOBaTh MPUOJIHKEHHOE
pellleHHe HEKOTOPbIX KjaaccoB MY Gosee obirero Buga

p+ Ap = Gy,

rae G — HEeKOTOpPHIH OrpaHHYeHHbIH oneparop, a ¢ — 3afaHHasg (PyHKUHA Ha S, IpUUeM
Gg € C(5). HdelicTBUTeNIBHO, B TeOpPeMe 3 NOCTaTOYHO B3sATh f = (ig.

IIpumep 2. PaccmoTpuM BHelIHIOIO KpaeByto 3anauy HupuxJge nis ypaBHeHus [esbm-
ronbua: Haith Qynkmuo v € C*(R3\D)(C(R3\D), yIOBJIeTBOPAIOILYH ypaBHEHUH
Tenbmrobia Au + x*u = 0 B R3\D, ycioBuio usnydenuss 3omMmepdesbia Ha Gecko-
HEYHOCTH W TpaHuYHOMY ycjoBHio u(x) = f(x) Ha S, tne D C R® — orpanuyenHas
06/1aCTh C ABaxKJbl HempepblBHO AU(depeHuupyeMoit rpanuueit S, A — oneparop Jlan-
Jaca, X — BOJIHOBOe uucJgo, npudeM Imy > 0, a f — 3agaHHasi HempepbiBHAS (PYHKIHUS
Ha S.
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PasrickrBas pelleHue BHellHeH KpaeBod 3anauu JupuxJe anas ypaBHeHHs [ebMrosb-
1a B BUJe KOMOWHALMHU TPOCTOrO U IBOHHOIO CJI0EB

o) = [ (Zt)—iuate)) o) as,

B pabore [14, c. 104] mokasaHo, 4TO MIOTHOCTb p(z) SIBJSIETCS pellleHHeM OIHO3HAYHO
paspewnmoro LY

p+ Bp=2f, (12)

rme ¢ = +/—1, 7i(y) — enWHWYHAs BHeWIHssh HOpMaldb B Touke y € S, ®(x,y) =
= eXlz=vl /(47|z — y|) — dynnamentanbHoe peuwenve ypasHenusi [esbmronbua, j # 0 —
POM3BOJIbHOE BellleCTBEHHOE YnciIo, npudeM p Reyx = 0,

= 9®(z,y) — ipd(x T
(Bp)(x) =2 S/ (e = iutte.n)) o) ds,. a

HertpynHo y6enutbes, uto

K(z,y)

’Q? _ y’3p(y) dsy’

(Bp)(z) =

rne K(z,y) = —g-e™X W (iple — y|? + (25, 7i(y)) (1 — ix|e — y])).
OueBHIHO, YTO A/ JHOOBIX x,y,y € S

|K (2, y)| < M|z —y|*,
K (z,y) — K(z, )| < M(ly =o'+ ly = ¥|lx =yl + |y — /| |z = /).

Torpna, npumeHnsis Teopemy 1, mosydaem, 4To BbIpaxKeHHe
N
BN(z)) = byplay) (13)
j=1

B Toukax x;, [ = 1, N, siBasietcsi Ky6aTypHOH (opmyJsiol njsi uHterpana (Bp)(x), rae

by =0 npu [=j,

0P (xy, x; . ;

npuyeM

max |(Bp)(z1) — BY (21)| < M(||plloc R(N)[In R(N)| + w(p, R(N))).

I=1,N

Hcnonbays kybatypuyio dopmyny (13), 1Y (12) samensiem cuctemoil anrebpandyeckux
ypaBHEHHWEH OTHOCHTENbHO w) — MpUOIMKEHHBIX 3HadeHH# p(x;), | = 1, N, KOTOpYyIO

3alyiuieM B BUIe
w” + BNw = 2V, (14)

rne

N
BNwN:(B{VwN,BéVwN,...,B%wN), BleN:Zbljwj'V7 l=1,N.
j=1
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HerpynHo mokasate, uto ans Jobbix 2/, 2",y € S
K (', y) — K@ 9) < M(Ja! = 2P+ |« = a”lly — ] +1a’ — 2"|ly — o).

Torna no Teopeme 3 npu M106OM 3HaYEHHH BOJHOBOTO YHCJA ), YIOBJETBOPSIOIIEr0 YCJI0-
Buto Imyx > 0, ypaBHenus (12) u (14) umeloT enuMHCTBeHHBle pemieHus p, € C(S) u
w = (wi,w},...,wy) € CY coorserctaento, npuuem ||wd —pNp,|| — 0 mpu N — oo ¢

*

OLIEHKOH
[w” = pVpull < M([[fllo R(N)[In R(N)| + w(f, R(N))).

MoxxHo [I0KasaTb, UTO MoOcCJJAe10BaTe/JbHOCTb

09( D
Z ( xo’%) z’ucb(xo,xj)) wjmes Sj, 2o € RAD,

CXOIHUTCSl K pellleHHio u(x) BHelIHeid KpaeBod 3amauu JupuxJe mjsi ypaBHeHus [enbM-
roJiblia B TOYKE X, IPUYEM

un (o) — u(zo)| < M([|fllo RIN)[In R(N)| + w(f, R(N))).

Ilpumep 3. B pabore [14, c. 116] nokasaHo, uto ecau (GyHKUUS u(x) UMeeT HOp-
MaJIbHYI0 TIPOM3BOAHYI0 B CMbIC/J€ PABHOMEPHOH CXOAMMOCTH, TO BHELIHsisi KpaeBas 3a-
nada Jlupuxse njs ypaBHeHHs [e/qbMrosiblia IPUBOAUTCS K PA3PELIUMOMY €TUHCTBEHHbBIM
obpasom NY

p+Ap=Gf, (15)
rae
~ 0d(x,y) .
(Ap)(z) =2 | ——=—=p(y)dS, —2in | ®(x,y)p(y)dS,, z€S,
S/ on(x) S/
~ _ 9 aq)($7y> — (I,y) . T T
N =557 | Tty T4 | / S WS, ~f@) |, s

an # 0 — mpou3BOJbHOE NEeHCTBUTeNbHOE uucao, mpuueM nRey > 0. M3BecTHo, 4TO
BHEIIHIO KpaeBylo 3anady JlupuxJje nis ypaBHeHHs [enbMrosiblia MOKHO MPHUBECTH K
pa3JUYHbIM I'PAaHUUYHBIM MHTErpajbHbIM ypaBHeHHsiM. OnHako ypaBHeHue (15) nmeer TO
NPEUMYLIECTBO, UTO €ro pellleH’e SBJSeTCS HOPMaJbHOW MPOM3BOAHOM PellleHUs] BHEIIHeH
KpaeBo# 3anaun Jupuxne n/s ypaBHeHus ['enbmrosbua Ha S. Ilpu aTom yHKIMUSA

o 3@(m,y) 3\ 7
ulx) = / {10 %) = 2o | a5, 2 € BAD.

SIBJISIETCSl PelleHWeM BHelIHed KpaeBod 3ajmaud [lupuxje Ijs ypaBHeHHs [eabMroJib-
na. Kpome toro, pemieHue ypaBHeHus (15) siBisieTcss pelleHHeM ypaBHEHHS MOMEHTOB
(cm. [14, c. 118]). OrmeTumM, uTO, IPUHKMMAsE BO BHMUMaHHe 3aMeuaHue | W JIOKa3aHHble
cBOHMCTBa B pabote [15] nssi omepatopa, MOPOXKAEHHOTO HOPMaJIbHOH MPOU3BOAHON aKKYyC-
THUYECKOTO MOTeHIHasa ABOHHOIO CJIOsl, TaK Ke, KaK U B MPUMepe 2, MOXKHO HUCCJIE0BATh
npubsuxkenHoe perierue MY (15) MeTomom KosJIOKaLUH.

BaaromapHoctu. Pa6ora BbilosiHeHA NpPU MOAJEP)KKE «YHUBEPCUTETCKOrO TpPaHTa»
Aszep6aii3KaHCKOTO rOCYIaPCTBEHHOTO YHUBEPCUTETA HEMTH U MPOMBIIIIEHHOCTH (MPOEKT
Ne ADNSU-2018-1-01).
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The work is devoted to the study of the solution of one class of weakly singular surface integral
equations of the second kind. First, a Lyapunov surface is partitioned into “regular” elementary
parts, and then a cubature formula for one class of weakly singular surface integrals is construct-
ed at the control points. Using the constructed cubature formula, the considered integral equation
is replaced by a system of algebraic equations. As a result, under the additional conditions im-
posed on the kernel of the integral, it is proved that the considered integral equation and the
resulting system of algebraic equations have unique solutions, and the solution of the system of
algebraic equations converges to the value of the solution of the integral equation at the control
points. Moreover, using these results, we substantiate the collocation method for various integral
equations of the external Dirichlet boundary-value problem for the Helmholtz equation.

Keywords: collocation method, integral equations of the second kind, cubature formula, weakly
singular surface integral, boundary-value problems for the Helmholtz equation.

Received: 04.06.2019 / Accepted: 11.09.2019 / Published: 31.08.2020

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

Acknowledgements: This work was supported by the “University Grant” of the ASOIU
(proect No. ADNSU-2018-1-01).

References

1. Abdullayev F. A., Khalilov E. H. Constructive method for solving the external Neumann
boundary-value problem for the Helmholtz equation. Proceedings of IMM of NAS of
Azerbaijan, 2018, vol. 44, no. 1, pp. 62-69.

2. Bremer J., Gimbutas Z. A Nystrom method for weakly singular integral opera-
tors on surfaces. J. Comput. Phys., 2012, vol. 231, no. 14, pp. 4885-4903. DOI:
https://doi.org/10.1016/j.jcp.2012.04.003

3. Gonzalez O., Li J. A convergence theorem for a class of Nystrom methods for weakly
singular integral equations on surfaces in R3. Mathematics of Computation, 2015, vol. 84,
no. 292, pp. 675-714.

4. Graham I. G., Sloan I. H. Fully discrete spectral boundary integral methods for Helmholtz
problems on smooth closed surfaces in R3. Numer. Math., 2002, vol. 92, iss. 2, pp. 289-
323. DOI: https://doi.org/10.1007/s002110100343

5. Harris P. J., Chen K. On efficient preconditioners for iterative solution of a Galerkin bound-
ary element equation for the three-dimensional exterior Helmholtz problem. J. Comput.
Appl. Math., 2003, vol. 156, iss. 2, pp. 303-318. DOI: https://doi.org/10.1016/S0377-
0427(02)00918-4

6. Kress R. Boundary integral equations in time-harmonic acoustic scattering. Math. Com-
put. Modelling, 1991, vol. 15, iss. 3-5, pp. 229-243. DOI: https://doi.org/10.1016/0895-
7177(91)90068-1

7. Cai T. A fast solver for a hypersingular boundary integral equation. Appl. Numer. Math.,
2009, vol. 59, pp.1960-1969. DOI: https://doi.org/10.1016/j.apnum.2009.02.005

324 HayyHbeir oTaen



2. Xannnos. O npnbnnxeHHOM peLLIeHNr OAHOro KAacca MHTErParnbHbIX YPaBHEHKF COSPN

8.

10.

11.

12.

13.

14.

15.

Farina L., Martinc P. A., Péron V. Hypersingular integral equations over a disc: Conver-
gence of a spectral method and connection with Tranter’s method. J. Comput. Appl. Math.,
2014, vol. 269, pp. 118-131. DOI: https://doi.org/10.1016/j.cam.2014.03.014

Khalilov E. H. Constructive Method for Solving a Boundary Value Problem with
Impedance Boundary Condition for the Helmholtz Equation. Differ. Equ., 2018, vol. 54,
no. 4, pp. 539-550. DOI: https://doi.org/10.1134/S0012266118040109

Kress R. A collocation method for a hypersingular boundary integral equation via trigono-
metric differentiation. J. Integral Equations Applications, 2014, vol. 26, no. 2, pp. 197-
213. DOL: https://doi.org/10.1216/JIE-2014-26-2-19

Lifanov 1. K., Stavtsev S. L. Integral equations and sound propagation in a shallow sea.
Differ. Equ., 2004, vol. 40, iss. 9, pp. 1330-1344. DOI: https://doi.org/10.1007/s10625-
005-0012-x

Vladimirov V. S. Equations of mathematical physics. New York, Marcel Dekker Inc.,
1971. 426 p. (Russ. ed.: Moscow, Nauka, 1976. 527 p.).

Vainikko G. M. Regular convergence of operators and approximate solution of equa-
tions. Journal of Soviet Mathematics, 1981, vol. 15, iss. 6, pp. 675-705. DOL:
https://doi.org/10.1007/BF01377042

Colton D. L., Kress R. Integral equation methods in scattering theory. John Wiley and
Sons, 1983. 271 p. (Russ. ed.: Moscow, Mir, 1987. 311 p.).

Khalilov E. H. Some properties of the operators generated by a derivative of the acous-
tic double layer potential. Sib. Math. J., 2014, vol. 55, iss 3, pp. 564-573. DOL:
https://doi.org/10.1134/S0037446614030173

Cite this article as:

Khalilov E. H. On the Approximate Solution of a Class of Weakly Singular Integral Equations.
Izv. Saratov Univ. (N.S.), Ser. Math. Mech. Inform., 2020, vol. 20, iss. 3, pp. 310-325 (in
Russian). DOI: https://doi.org/10.18500/1816-9791-2020-20-3-310-325

Marematrka 325



‘hﬂss. Capar. yH-T1a. Hos. cep. Cep. Marematnka. Mexarrka. NHpopmartnka. 2020. T. 20, Bbin. 3

Y OK 501.1
napkue annpokcumauum B C|0, 1]

C. A. YymaueHko

YymayeHko Cepreii Anekceesud, acnvpaHT kadpegpbl matematmyeckoro aHanmsa, Capa-
TOBCKWA  HAUWOHAaNbHbIA  WUCCNEOOoBaTENbCKUA  FOCYOapPCTBEHHbIA  YHUBEPCUTET  VMEHM
H. . YepHbiwesckoro, 410012, Poccus, 410012, r. Capartos, yn. AcTtpaxaHckas, A. 83,
chumachenkosergei@gmail.com

MepBbli OPTOHOPMUPOBAHHbIA 6a3nc B NPOCTPAHCTBE HENpPepbIBHbIX OYHKUMIA Bbin NOCTPOEH
Xaapom B 1909 r. ®abep B 1910 r. npouHTErpMpoBan cuctemy Xaapa W Monyyun nepsbiii
npumep 6asuca B NPOCTPAHCTBE HEMPEPbIBHBIX (DYHKLIMIA, COCTOSILLENO N3 HEMPEPbIBHBIX (DYHK-
unii. 3Ty cuctemy nepeoTkpbin B 1927 r. Waynep. Bee dpyHkuun @ abepa— Waynepa sBnsoTcs
KYCOYHO-NIMHENHbIMK, @ YaCTUYHble CYMMbl €CTb BMUCaHHble NoMaHble. B panbHenweM npeg-
NpVHUManMCcb MOMbITKU MOCTPOUTbL Fnamkue aHanoru 6asunca dabepa-—Ilaynepa. B 1965 r.
ato ypanocb K. M. lWainykoBy. MocTpoeHHble UM OYHKUMW BbiU FAankmMMmu, HO COCTOSIN
u3 pyr napabon. larnykoBy yaanochk AokasaTb PaBHOMEPHYIO CXOLMMOCTb MONYYEHHBIX pas-
NOXEHWA, HO He yOoanocb MOMYYNTb OLEHKU OTKNOHeHWs. VHoi aHanor cuctembl dabepa-—
Waynepa B 2007 r. npennoxunu T. Y. Aybaknpos n H. A. Bokaes. OHM nocTponnn Knacc oyHK-
uui, KoTopble 06pasytoT 6a3nc B NPOCTPAHCTBE HENPEPbLIBHbLIX (YHKLMIA, NONYYMIN OLEHKMN OT-
KNOHEHMS YaCTUYHBIX CyMM OT npubnuxaemoi dpyHkuun. MocTpoeHHble B 1x paboTe oyHKUMK
6611, Kak 1 B cucteme dabepa— Waynepa, kycoyHo-nuHeHbiMU. Cuctema dabepa—Laynepa
BXOLAMT B MOCTPOEHHbIA MMM Knacc cucteM. B HacToswer ctaTbe Mbl CTPOMM rnagkve aHa-
norn cuctembl ®abepa—Llaynepa n nony4yaem OLEHKN OTKNOHEHUS HACTUYHBIX CYMM OT Mpu-
6nuxaemoi pyHKLUK. NMOCTPOEHHBIE CUCTEMBI SIBASHOTCS CUCTEMaMK CXaTuiA U CABUrOB OAHOW
PYHKLMMN, KOTOPYIO Mbl Ha3blBaeM ABOMYHbIM Ba3nCHBIM crinaiHoM. Kaxaplii Takoin ABOWYHBIN
6a3uCHbIfi cnnaiH ecTb UHTErpan n-ro nopsaka ot yHkumm Yonwa Wan_ ;. Takum ob6pasom,
HaM yZanocb nocTpouTb aHanoru cuctembl ®abepa—Llaynepa co ckonb yrogHo 60/bLwon cTe-
NeHbio rNagkocT! W NOMAYyYNUTb AN PasfoXeHWn rno 3TUM CUCTEMaM OLEHKU OTKIIOHEHWUS B
TepMyUHax MOLYNen HenpPepbIBHOCTU.

Knroyesbie cnosa: 6asucHble crninaHbl, rnankas MHTepnonsuns, kpaTHoMacw TabHbl aHanms.
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BBEOEHUE

Cucrema dabepa — [llaynepa siBasieTcss OAHUM M3 MPOCTEHIINX 6A3UCOB B MPOCTPAHCT-
Be C[0,1]. Bnepbie oHa BcTpeuaercsi B pesysnbratax Pabepa B 1910 r. [1], B nanbheil-
mem Oblia nepeotkpbiTa [llaymepom B 1927 r. [2]. TlpocToTa mpeacTaBieH|ss U IIHPOKHH
CreKTp 0a3UCHBIX M aNMPOKCHMAllMOHHBIX CBOHCTB cucTeMbl Pabepa — [llaynepa mosso-
JSIOT peliaTh IIMPOKHMH CHeKTp npukaanaHbix 3amad [3-10]. T. ¥. Ay6akupoBbM U
H. A. DBokaeBbiM paccmoTpeHa cucTeMma, BKJuatlias B cebs cuctemy Pabepa — [llay-
nepa [11]. K Hemocratkam cucrem Pabdepa - laynepa u Aybakupoa — bokaeBa Hano
OTHECTH OTCYTCTBHE IVIALKOCTH.

© Yymaverrwo C. A, 2020
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[nankuit anasor cuctembl Pabepa — [llaynepa pacemorpen K. M. [alinykoseim B [12].
OnHako B 3ToH paboTe, XOTb W Oblja MosydeHa OA3UCHOCTb CHUCTEMBI B MPOCTPaH-
ctBe ([0, 1], He ObIIK MOJyUeHBl OLLEHKH CKOPOCTH MPHOIHKEHHS.

B nanHo#i paborte Mbl mocTpouM cemelcTBo cucteM Tuna Pabepa — llaynepa, umero-
IIMX 3aJaHHBIH MOPSIOK IMaAKOCTH. TakKe Mbl J0KaxKeM 0a3UCHOCTb 3TUX CUCTEM B IPO-
crpaHctBe C[0,1] ¥ MOMYyYUM OLEHKH OTKJIOHEHHS UACTHYHBIX CYMM OT MpUOJIHKaeMOH
(PYHKLHMH B TepMUHAX MOLYJ/S HENPEPbIBHOCTH.

B nepBoii yacTu CTaTbh BBOAWUTCS NBOWMYHBIA OA3UCHBIN CMJaiiH, KOTOPBIA SIBJASETCS
o606uieHreM cuctembl Pabepa — llaynepa ¢ 3agaHHBIM MOPSAKOM TJIAAKOCTH, H paccMmar-
pUBAIOTCS CBOWCTBA AHTUIIEPUOAUUHOCTH. Bo BTOpPOH uacTH CTaTbd paccMaTpuUBaeTCs
CUCTeMa CXKAaTMH M CIBUIOB JBOMYHOrO 0a3UCHOro CIJIahHa M [0Ka3blBaeTcs, 4TO 3TO
6asuc B C10, 1].

1. OBOWYHbIE BA3UCHbIE CMNJIAWHbI

[IycTp
If(x)= /f(t) dt, © € [0,1] — omepaTop HHTerpupoBaHus, (1)
0
ri(x) = sign(sin(2*"'7z)) — bynkuun Pagemaxepa, (2)
n—1
Wan-1(z) = Hrk(:v) — ¢yHKUMKM YoJua. (3)
k=0

Torpa dyHkIHIO
Unn(2) = Q(n, N)INWan_y(z), x€[0,1], n,NeN, N<n,

OyneM HasblBaTb 080uUuHbIM 6a3ucHoim cnaatinom N-ii cmenenu om n-t GpyHKyuu Yoa-
wa, rie Q(n, N) — HOPMHUPYIOLHUH KOSPOULUEHT ¢, v (T).

Ha puc. 1 npusenen rpaguk gpyHkuuu ¢, y(z). [Ipy N = n—1 nannas cucrema Gyzer
6asucom Pucca B Ly [13]. Bo BTOpo#i uacTu crathu Gynem paccMaTpuBaTh caydaid N = n,
HO JJI HayaJia BbIBEJEM HECKOJbKO OOLIMX CBOWCTB /51 MPOU3BOJBbHOIO N.

2n—N+1 2n—N

Puc. 1. IBonunbiéi 6asucHeiit craiin / Fig. 1. Binary basic spline

3ameuanue 1. PyHkuus ¢, y(r) UMeeT HempepblBHBIE NPOM3BOAHBIE [0 MOPSAKA
N — 1 BKJIOYHUTEJIBHO.

Onpenenenune 1. Oynkuuo f OyneM Has3bBaTh axnmunepuoouueckol Ha 080UUHOM
unmepsare AV ¢ nepuodom L., ecnu mns JoGHIX c A" cpasannbix
p j p on+1» pit ZE,y ] ,
COOTHOLIEHHUEM T + _2n1+1 = 7, CIIpaBelJIUBO paBeHCTBO () = —f(y).
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3ameuanne 2. Pynkuust Pajgemaxepa rj, MepPHOLHYHA C TEPHOLOM »r W AHTHIIEPHO-
1

k
IW4YHA Ha JIOOOM HHTepBaJe A; )¢ MEePHOIOM 575 -

Jlemma 1. Cnpasedausol caedyrowjue ymsepacoenus:
1) Qpynkuus Yorwa riryi1...7r,_1 NEPUOOUUHA C NepuUOOOM 2%;

k
2) pyukyus Yoarwa ririyq ... Ty 1 QHMUNEPUOOUUHA HA AOOOM UMMepsale A,(,) c

nepuodom i, v =0,1,...,28 = 1;
3) Qpynxyus Yorwa Won_(x) = rory...r,—1 aHmunepuoouuHa Ha 11060Mm uHmepsa-
2e AP ¢ nepuodom s v=01,...,2"-1,k=0,...,n— L

Jloka3areabCcTBO. YTBepxKaeHHe 1) oueBHIHO U3 3aMedanus 2. J[Js [oKasaTesbCTBa
yTBEPXKIEHUS 2) 3aMeTHM, UTO OYHKUHUSA 7jy1Tk4io - .. Tp1 NEPUOAUYHA C TIEPUOLOM 2,%

(k+1)y _ (k+1)
urp(Ay, ) = _Tk(A2y+1 ).
Jlns nokasarenbCTBa yTBepkKAeHHUs 3) 3anuiieM Won_ | B BHIE:

Wgn_l =Tor1...Tk1Tk---Tp—-1-

[To n0Ka3aHHOMY paHee MPOM3BENEeHME T ...T,_; AHTUIEPHOAMUHO Ha JI0OOM HHTepBa-
k k
e AW ¢ MePHOIOM 3y, a MPOM3BENEHHE 7Ty ...T)_1 MOCTOSIHHO HA MHTepBaje AP

[Tostomy Won_ | aHTUNEpHONHWYHA HA AP ¢ nepruoaoM # U
Jlemma 2. [lycmo I — onepamop unmeepuposarus (1). Toeda pyukyus
IN(Won_1)(z) anmunepuoduuna na iwobom unmepsaire AP (k =0,....n—1—N,
N:O,l,...,n—l)u f [NWanldiL':O.
A(ijlfN)

HokasareabctBo. Cayyail N = 0 nokasaH B Jemme 1, m. 3. [lycTe yTBepxkaeHue
JeMMbl BepHO Tipu Hekotopom N, T.e. I™NWyn_| aHTHMIepHONMYHA Ha BCeX HHTepBalax

AP (k=0,...,n—1—N). 3adpuxcupyem k u3 [0,n—1— N] u nokaxem, uto IV W,
AHTUIEPUOAUUYHBI B HHTepBaJax AFD. Bribepem uHTEpBaN

Ak-D) v v+1 2v 2v + 2

v T\ k=1 9k—1 | T 9k ok -

2v 2v+1 2v+1 2v+2 2v+1
- (55 ) U ) U |

)

k—1 k k
®dynxunsa [NWyn_, anTHmepuomMyHa Ha Al U Ha MHTepBaJsax Agy) I/I Agy)ﬂ no

npennosoxennwo. Toraa npu z € (0, 55 ) HMeeM

21/2»1 4z 2;2»1 +x

(I W) (2”2:?1”)— / (INWan_)(t) dt = / (INWan_1)(t) dt =

2v+1
ok

2v 2v
gﬁ'm 2?—&-117
2
= - / (I¥Wan 1) (t) dt = — / (I Won_1)(t) dt = —(I" T Wan_y) (2—Z + x) :
2y 0
ok
T.e. [N Wy aHTHIEpHONMUHB Ha HHTepBaNe (57, 55T). O
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Jlemma 3. Qynxyus P, n:

1) pasna HYyat0 68 MOUKAX Fty;

2) umeem maKcumym no mooyaio 8 MmouKax l;fﬂf ;

3) 3HaKk @ynkyuu onpedearsiemcs anaroeuyro Won-n_1(x).

Hoka3areabcTBo. [IpoBeneM nokasaTesbCTBO METOAOM MaTeMaTHYeCKOW MHAYKLHH.

1. Inas N = 0 Bce yTBepKAeHUS JIeMMbl OYeBUIHBI, TaK KaK 1, o ABJAsSETCS PyHKLHeH
Yoauia.

2. Ilyctb Bce yTBepxaeHHs BepHbl A58 N — 1. Jlokaxkem 3T yTBepxaeHus anas N.

Cornacto Jsemme 2, INWsn_y aHTHIEpHOZMYHEI Ha HHTepBale (5, %ir). Cie-
N0BaTeJ/IbHO, 3HAK (DYHKLHH 1), n ONpefie/igeTcss Kak npousBeneHre pyHKUUN Pagemaxepa
ToT1...Tph—N—1, HJIU cOrIaCHO PyHKUMH Yosawa Won—~_;. Takum oOpa3oM, yTBepxKaeHHe
3) moKa3aHo.

Jns Toro 4toObl nOKa3aTh yTBepxkiAeHHS 1) ¥ 2), JOCTATOUHO PacCMOTPETb OTPE30K
[0, Q%N] MOCKOJIbKY TOTJla MJisi OCTaJbHBIX OTPE3KOB NaHHble YTBepKAeHUs OymyT Mo-
JIy4aTbCsl U3-32 aHTHUIIEPUOAUYHOCTH.

Tak kak mpu N — 1 Ha oTpeske [0, %} 3HAaK (DYHKLUHH 1), y_1 TOJOXKHUTENEH, TO
1p N Ha 3TOM OTpe3ke BospacrtaeT. Ha orpeske [%,W%N] BCJIEICTBUE AHTUIEPUO-
IUUHOCTH, — yOBIBAEeT, MPUUYEM C TAKHMH Ke 3HaueHUsIMH MpOou3BOAHBbIX. K3 aToro cie-
AYIOT cpa3y u 1), u 2) yTBep:KIeHHSl. O

3ameuanne 3. CoriacHo omnpeeseHuo, max(w(n,N)(a:))’ =1,z €0,1].

Jlemma 4. [Tycmo v, n(z) = Q(n, N)INWan_y(z) (z € [0,1]). Toeda
4.-v+4+1 4-v+3 1
Jloka3zareabcTBo. CorsiacHo jemMMe 3 U 3aMedaHHIo 3, WmN (
CTOPOHHI,
2-v+1 N L1
Yo N <m) =Q(n, N)I"Wan_4 <2 5) =1.

/ 2v 2v+2 "
CoryiacHo siemme 2, 9, \ Oy/IeT aHTUNEPUONMYHA Ha MHTEPBAE 5%, 5ix ), @ Yy x —

Ha MHTepBase (52, 2245]. Toraa

2-v+1
2.2n—N

)| = 1. C npyro#

4v+1 4v+1
4.0n—N 4.on—N
/ (IN2Won_y) (t) dt = — / (IN"*Wan_y) (t) dt.
4v 4v
4.9n—N 4.9n—N
CJseoBaTesbHO,
442
4.o0n—N
2-v+1 B
Un.N (m) = Q(n, N) / (I Wany) (t) dt =
4.2’471LV7N
qu+1
4.0n—N
1
_ N-1 —
4423;:]\]

TakuM 00pasoM, ¢ (15—~ ) = 3.

AHaJlorHuHO MoKa3bBaeTCs, 4T0 Uy v (5o ) = 3- O
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Teopema 1. Hopmupyroujuti Koaguuuenm viuucisemcs credyrouum o6pasom:

2nN+3N—N2_2

Q(n,N)=2"""=2 | 1<N<n. (4)

Hoka3areabcTBo. PasbepeMm aBa cayuas.

1. «IlepBoe» UHTerpupoBaHHe — HHTErpUpOBaHHe n-i MPOU3BOAHOH (DYHKUHH 1y, (),
T.e. camod (pyHKuUM Yosama. Ha kaxaoMm orpeske ¢yHKUHsA paBHa Jaubo 1, aub6o —1,
a JUIMHA KaXKIOro OTPe3Ka paBHA 5. 3HAUMT, 3HaueHue (YHKUHUHM B TOUKe 2%16y11eT

7

paBHO 2% AHanornyHO ¥ B OCTa/lbHBIX TOYKaX BHAA 5; OHO OyJeT PaBHO JIMOO s, JIH-

60 0, 1160 —2%. Ho nHam Heo6xonumo, UTOObI MOCJe KaxKA0r0 UHTETPUPOBAHHS 3HAUEHHE B
TOUYKaX JIOKAJBHOr0 MakcuMyMa (MHHUMYyMa) Oblio paBHO 1 (—1). 3HAYKUT, HOPMHUPYIOLIHH
KO3((HUIHUEHT TOC/e TePBOr0 HHTErPUPOBAHHUS AOJKeH Obitb (Q(n,1) = 2". Ecau B
dopmyay (4) mocraButh N = 1, Mbl Takxe mnoaydum Q(n,1) = 2".

2. Kaxmoe nocienyioliee MHTErPUPOBAHUE: TyCTh Mbl TPOBOIKM i-€ HHTErpPUPOBAHHE,
T.€. OT (PYHKLHH wfln_iﬂ)(x) nepexoauM K (DyHKIHU w,&"‘“(:c). B oTsiune oT mepBoro
caydast, (QYHKIHS He SIBJASIETCS KyCOYHO-MocTosiHHOM. OpHako, 1Mo JemMe 3, 3HaueHHe
YHKLHH OYIeT PaBHO 5 B ToUKAX & = 1+ (5itmr) M @ = 2+ (5257 ). Hcnonbayst cBoiteTBO
AHTHUMEPUOIMYHOCTH (JeMMa 2), Mojydaem, quo P(z) = 11— ¢ (3 — z). CrenosaresbHo,
cpelHee 3HaueHHe YHKLHH Ha oTpe3ke [0, z—r| PaBHO 5. 3HAUMT, 3HAUYEHHe (DYHKIUH

D(2) B Touke z = st OYIeT paBHO 3 - zi—mr. Ho amanoruuno m. 1 oHO ZOMKHO
ObITb PABHO €IHHHMIIE, MOITOMY HOPMHPYIOIIUH KOS(M(PHUIHEHT 0CAe BTOPOrO M KaXKIO0ro
MOCJIEAYIOIIEr0 MHTErPUPOBAHUS N0JKeH ObiTh Q(n,1) = Q(n,i — 1) - 272,

OrTcrona HaXOLUM

N
Q(n,N)=2"- H on—it2 _ gnt i, (n-N+2) _

=2

‘n—N N42N-N2_-2_2.nfN N+3N-—N2_
_ 2n+(N—1)72+22" _ 2n+2" +2N-N"=2-2n+ 2nN+3N 2 0

2. CUCTEMA CXATWU U COBUrOB OBOMYHOIO BA3UCHOIO CMIAMHA
B [0, 1]

Onpeneaenne 2. Oyuxuuio ¢, (z) = Q(n,n)["Wan_y(z), = € [0, 1], Gynem Ha3biBaTh
080outHbIM 6A3UCHbIM chaaliHom n-il cmenenu, Tae Q(n,n) — HOPMHUPYOLHMH KO3(hH-
uuent B C0, 1].

3ameuanue 4. [Ipu n = 1 1BOMYHBIH 6a3UCHBIN CIIIAHH v, (x) COBNAfaeT ¢ TOYHOCTBIO
10 MHOXKHTeJs1 ¢ obpasyoliel dyHkuueil cucrembl Pabdepa — [Llaynepa.

[TokakeM, YTO CHCTeMa CXKaTHs ¥ CIBHTOB JBOMYHOTO 0A3MCHOTO CIIJIaiHA SIBJISIETCS
6asucom B Cp[0,1] (3T0T pakT Ge3 mOKazaTesbCTBA B Cjydae n = 2 MPHUCYTCTBYET B
pat6ote [14]), a npu no6aBNeHUH ABYX HOMOJHHUTeNbHBIX (yHKUHH — B C|0, 1].

Paccmotpum cucremy

¢m,j($) - ¢n<2mx - j)? m < ZO; ] S [072m — 1]
[Tycts f(z) — ¢ynxuus us Cyl0, 1]. O603HaUNM

Ro(x) = f(x), ()
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C. A Yymaderro. [nagrne annpokcnmaunn 8 C0, 1]

{
o
\

So(x) = Ry <O 4;01/2) b0 ().

B obuiem cayyae nosaraem:

Son(z) = R (j ;:/2) bms(z), @ € {QLm ‘7;—ml} , (6)

Ha puc. 2 nzo6paxen npouecc npubmanxkenus, rae R,,, R, +1 — rpapuk ocrtatka mnoc-
Je m-ro U (m+1)-To mara COOTBETCTBEHHO, ¢, ; — CXKaTHe U CIBHUI' OCHOBHOH (Ga3HCHOM

CpYHKU,I/II/I, Sm — HpI/I6JII/I}K€HI/I€ Ha m-M 1Iare, KOTOpOoe€ CTPOUTCA He M0 YaCTHUYHLIM
CyMMaM psnaa, a 1o oCTaTKaM.
¢m,j = ¢n,n(2mx - ]) Sm Rm
T
| ~
|
‘ ‘1‘1‘\
e —— N
A j+1/2 j+1
2m 2m 2m
Rm+1 Rm+1

Puc. 2. Tlpouecc npubankeHUs: MO OCTAaTKaM
Fig. 2. Approximation process by residual

Onpenenenue 3. HazoBem modysem Henpepol8rocmy BblpaXKeHHe

wr(0) = sup (f(z+h)—f(x)), =el0,1-nh] (8)

0<h<é

Mo0yrem HenpepvieHOCmU 8mopoeo nopadxka (modyiem eradkocmu) —

w3(0) = sup (f(z+2h) —2f(x+h)+ f(x)), x€[0,1—2h] 9)

0<h<s

Teopema 2. [lycmo ¢, ;(v) — 6asuc 8 Cy|0,1]. Hueem mecmo caedyroujan oyenka
uepe3 MoOYAb Henpepoul8HOCML:

1 17 1 3 3
< — W — 5.2 1a(m—1) 9d—gm
wr <2m+2) TS5 (ngs) + oIS 427 A

(3deco u danree ucnosvzyemcs nopma 6 Cyl0, 1]).

JlokasaTeabcTBO. Jl/151 Hada/sia JoKaKeM

'f(:v) =) Si(@)| = [Rmia(@)]. (10)
1=0
B camom nese, ucnosb3ys (5) u (7), moaydum

Ro(z) — So(x) = Y _ Silx)| =

i=1
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L)

= Ry(x) — Sy(z) — ZSi(x) == Ry (a).

Tenepp nokakem

1 17 1 3 (e 3,
Roa() <y (s ) + 5t (5w ) +5- 2RO+ 2251

[Tycts j € [0,2" — 1]. Onpenenum MoOLy/b ABOMYHOH HENpPEPBIBHOCTH

/(%) ()

¥ MOJYJb IBOMUHOH HEMpPEepbIBHOCTH BTOPOro mopsinka mnpu j € [0, 2" — 2]

(5 (5 o () 8

[To nocTpoeHuto oueBUAHO, UTO R, (2%”) =0. U3 (6) u (7) cnenyer

B, <j + 1/4) h (J+_1/4) s, <J+_1/4) _

Wy = SUP
J

~2

J

- j+1/4 Jj+1/2 J j+1/4
y‘-II/ITbIBaH, 4qTo ¢m,j (]—&2-7171/4) = %, HOJIyT-IaeM
|+ 1/4

o () (. (52) e ()

[TokaxkeM, 4TO
~2 ~2 ~92
Wr,ome2 S Wp, ymya + 1/4- 08 o (13)

B camom nene, ucnonways (12), umeem
j+1/4 1 j+1/4 j+1/2 ]
=|=(2 — —_— — <
1 45+ 1 45 + 2 4j
3 (s (35 = (s (359 e (55) )|+

47 +1 47 + 2 47
25 () = (3 (55) #500s (5) )| )
YuuTbIBas, 4TO

4541 jdiv2+2 454+ 1
Sm—1 (W) =R, (W Pm—1,j div 2 om+2 )
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C. A Yymaderro. [nagrne annpokcnmaunn 8 C0, 1] &SR
45 +2 jdiv2+1 45 +2
Sm—1 ( St ) = Ry <W Pm—1,j div 2 omia )

45 +0 jdiv2+1 4540
Sm—1 (W) = Ry (T Pm—1,7 div 2 om+2 |’

jdiva+1
o (5 )
45 +1 45 42 45 +0
2¢m—1,j div 2 (W) - ¢m—1,j div 2 (W) - ¢m—1,j div 2 ( omto )’ .

HOCJIEILHIOIO CyMMYy, CTOAULYIO IIO4 MOAYyJIEM, 3allMCbIBA€M B BHUIE

J 4+ 1 J 4+ 1 J
2¢m71,j div 2 <22m—_18) - (bmfl,j div 2 (;m——f - ¢m71,j div 2 273_1 . (14)

Paccmotpum 2 cayyasi.
1. Ilyctp j ueTHoe, T.e. j = 2k. Torna Beipaxkenue (14) npuHHMaeT BUI

noJsiyuaem

~2 ~2
me,m+2 g me_l,m+2 +

X

k+ < k+ 1 k
’2¢m1,k (Qm—f) - ¢mfl,k < 2m—f) - ¢m71,k (Qm—l) ‘ . (15)
N3 nemmel 4 caenyet
k+3\ 1
- = —. 16
omis (ot ) = (16)
Tak Kak QyHKUHUSA ¢,,—1,0 ABJASETCH BBINYKJIOH Ha OTpeskKe [O, ﬂ TO
k+ % 1
e R (17)
Torna BeIpakeHue mox 3HakKoM monyJasi B (15) paBHO 4d — % U JIJIs1 Hero BBINIOJHSIETCS
HepaBeHCTBO
1 1 1
——<4d—--< - 18
2 2 2 (18)

2. IlycTb j HeueTHoe, T.e. j = 2k + 1. Torna Bolpaxkenue (14) npuHHUMaeT BHUJ

2k+1 | 1 2k+1 | 1 2k+1
2 T8 > T3 2
20m-1k Tom1 | Prm—1k Tom1 | -1k om—1

M3 (16) u (17) cnemyer, uTo BhIpakeHHe moja 3HakoM Moayas B (19) pasHO
2(1—d) — % —-1= % — 2d W #/1d Hero BbINOJHAETCH HEPABEHCTBO
1 1

ogﬁ—wgé. (20)

. (19)

Mz (18) u (20) cnenyet

N ~ 1 div 2+ 1/4
W%mmHQSZW%mImHa*§‘Rm—1(l——§;—T—l‘)’<

< 52 +1.1.~2 — 52 _|_1.~2
S WR,,_1,m+2 2 9 WR,_om = WR,, 1 m+2 4 WR,,_oms

YTO J0Ka3biBaeT HepaBeHCTBO (13).
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[lokaxxewm, uto npu Bcex t > 2

1
~2 ~2 ~2
me,ert < me 1,m+t + 4 me 2,m (21)

j+1 j+2 j
(2t () = (3o (55) = 2 (5)) )|
Dyt S SUD

j+1 j+2 j
iy (e (5) = (o (7)o () ) ) |
j+1 j+2 j
(2500 () = (500 (55) 500 (5)) )|

Teneps ucnosnbayem (6):
Jj+2 J
(2 (55 ) = (o (57) + e (52) ) )|
+1 Jj+2
+j€[(§gg_2] (2¢m 1,7 div 2t+1 (2m+t) (¢m 1,7 div 2t+1 (W) +

J § div 2t+1 1
s () o (A5 )

— j div 2ttt 1
S WRyymett T+ w(¢m—l,jdiv2i+l)vm+t ’ ‘le ( gm—1 + om ||

B camom nene, us (11)

~9
Wg, m+t = Sup
jef0,2n—2]

[Tpumenus (7), mosyuum

+ sup
j€[0,27n—2]

~2
WR,, m+t < sup
j€[0,2m—2]

Hanee nyis oLleHKH w(2¢ cHoBa npumeHuM (11):

mfl,jdiv2t+1)’m+t

w(qsmfl,j div 2t+1 )Mt -

k42 E+1 k
Pm—1,j divat+1 ( o ) —20m—1,jdivar+t (W) + Q1,5 div2t+1 <2m+t> ‘ =

k+2 kE+1
¢n(2n1§%ﬁ;—jdwzﬂﬁ>—2¢n<?"12;' ]dw2“1)+

= sup
ke[0,2n—2]

= sup
ke[0,2n—2]

k
+1y, (Qm 12m+t jd1V2t+1> ‘ =
kE+2 kE+1 k -
Uy, (W—j div 2”1) — 21, ( TSR div 2”1) + (%—j div 2”1) ‘

YuauteiBas, uto k € [0,2" — 2|, j € [0,2" — 2|, k, j € Zy, uMeeM

k+2 k+1 k
Un ( ot+1 ) —2¢ < ot+1 > +n (2t+1> ‘ S
2\ _, 1 (LY y
oo (2 1) =20 (o ) + 00| < () - s ol
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kel0,2n—2]

2
Wi = sup
1 divatt1)mtt
m—1,5div2 k6[072n—2]

< sup
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C. A Yymaderro. [nagrne annpokcnmaunn 8 C0, 1] COSPN
CTOUT OTMETUTD, UTO MPU 1 = 2 B TOUKAX i, % % BTOPOM NPOU3BOJHOU HE CYLLECTBYET,

OJIHAKO CYIIECTBYIOT BTOpble MPOMU3BOJHBIE CJEBA M CIpaBa, U 3TOrO BIOJHE JOCTATOYHO.
CrieoBaTesibHO, NaHHOE 10KA3aTeNbCTBO CIPABEJINBO AJS n > 2.
CorsacHo Teopeme 1,

Q(n,n)
sup [¢)(z)| =sup |¢y ,(2)| = =————= sup [Ynn_o(x)| =
xe[0,1]| (@) z } ' ( )‘ Q(n,n —2) ze[0,1]| (@)
n2+3n—2

272
- 2n2+3n—12 ) ‘wn,n*2(x)‘ = 25 ‘wn,n72(x)‘ .

2

CornacHo 3amevanuio 3, |¢y,,—2(z)| < 1. Torga

2
1 1
~2 5
w(¢(m—1),jdiv2t+1)7m+t < (2t+1) 2" < 92t—3" (22)
B cBoto ouepenp,
9 9 1 jdiv2t—|—1/4
WRy mt < WRm_1,mit + —22t—3 Rm—l T . (23)
CuJleioBaTeJibHO,
~2 < ~2 ~2 _~2 1 ~2
WRymtt S WRL 1 mtt + 22t_2me_2,m = WRn_1,m+t + Fme_g,rm

1 HepaBeHCTBO (21) mokasaHo.
Bepuemcsi kK HepaBeHCTBY (12):

+1/4 1.
Rerl <]2—m/>‘ < §w12%m,m+2'

YuutbiBas (13), monyyum

j+1/4 1/ 1
Ryia <2—m < 5 \WRno1m+2 + Zw?zm_Q,m :

[Ipeo6pasyem ero ¢ momouibio HepaBeHcTBa (21):

G1aN| 1 ([~ 1 1
Rm+1 (2—777, < 5 W%m72’m+2 + 1_6w]2%m,3,m71 + Z_lw%{m,g,m -

1, 1, 1,

- 2me_2,m+2 + gme_Q,m + 3_2me_3,77171'

Ha cnenytouiem ware npeo6pasyem Bce cjaraeMble ¢ UHAEKCOM R, o

j+1/4 1/ 1 1/ 1.
‘Rm+1 (2—m < 5 w%m_g,m+2 + aw]?%m_zl,m—Q + g w?%m_g,m + Zw%m_4,m—2 +
1, 1, 1, 1, 144,
+3_2me73,771—1 = inm,3,m+2 + gme,&m + 3_2me73,771—1 + mem,4,m—2’
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[Tokaxkem ¢ MOMOIIbIO MeTOAa MaTeMaTHUeCKOU HHAYKIOHWH, UTO IOCJE k-ro 1iara nocJses-
Hee HEPaBEHCTBO MPUMET BU[

. k—1
j+1/4 1 -~
‘Rerl ( 2m/ ) ‘ < 5 Z th}%m—k—lvm_t + Ckw}%m—k—z,m—k ’ (24)
t=—2
rue )
Co=1 C,=0, Cp= Z(qu + Ch_a). (25)
[Iycts npu k — 1 cnpaBennnBo
: (k—1)—1
Jj+1/4 1 5
R ( om S 9 Z Ct m—(k—1)—1,M—t + Ck*lemf(kq)fmm—(k—l) . (26)
t=—2

BoinosiHuM npeo6pasoBanue (26) ¢ momolbio HepaBeHCTBa (21):

i 1/4
o (7)<

2m

k—2
1 9 1 ~2
S 5( Z Ci (me (k—1)—1—1,M— ¢ T gm—t—(m—(k—1)—1)— 1YR,, (kl)lem_(k_l)_l) +
2 _
+Ck1me(k1)27m(k1)) -

1 1
_ E ~2 ~2 _
n 5 Ce YRy g—1,m—t + 4k—t—1me—k—27m [ Ch- le —k—1,m—k+1 | T

k—1
1 ~ *
rme
* 3 1
Ck:Z4kt1 Z TS Ck Q—Z(qu—i-Ck,g),

T.e. C} = C}. HepaBenctso (24) nokasaHo.
B utore nmocne kK = m — 2 11aroB uMeeM

j+1/4
Rm-l—l ( 2m/ ) ‘ <Z thRl m—t + Cm—2w]2%072) . (27)

t=—2

Cnaraemble BUNA W, ,, , MBI MOXeM MepenucaTh C MOMOMIbIO HepaBeHCTBa (23) cile-

OYIOIIMM 00pa3oM:
jdiveml 4+ 1
w5

- 1
Oy mty < OF (mp) + WH]CH = yt+ WWH' (28)

1
~2
le m—t < wRo m—t + 22 (m—t—1)—3

Ho Ry = f, cnenoBaTe/nbHO,
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C. A Yymaderro. [nagrne annpokcnmaunn 8 C0, 1]

[ToncraBum (28) B (27), noayyum

m—3
Jj+1/4 1 C
‘Rm-{-l( / )‘ 5(2 G fm—t+z22(m—_tt)_5||f||> =
t=—2 t=—2
1 m—2 m— 1 m—2
=3 (Z Cidjms + 8IS Z == ) =3 (Z C@f,m_ﬁsnfucm_l) (29
t=—2 t=—2
Takum o6pasom,

t=—2
B JBOMUHO-PALMOHAJNBHBIX TOUKAaX I[I0Jy4yeHa IpefBapUTesbHas
OlLleHKa yepe3 MOAY/b ABOWUYHOH HeNpepbBHOCTH.

Tenepb BosbMeM MPOM3BOMBHBIN = U3 € = 5oy

+1/4
OKPECTHOCTH TOUKH L1/

om - Toma
)+ 1/4
Ry1(7) = Ry (j /

i+ 1/4
) e (H0) <

2m
+1/4
< ‘Rm+1(x) - Rm+1 (J / )

j41/4
om Rm—H( 2m/ )‘

YuuteiBast (10), HepaBeHncTBO (30) MpuUMeT BU
(f(x) - fj&(x)) - (f (25

| R (7)] <

+

(30)
| B (2)] <

=0

n ]Rmﬂ (75| <
b= (- () o (2]

2m
OueHnM BTOpoe cjaraemoe B (31). 3ameTHM, 4YTO eclH z € [2%,1, j;}f}, TO
T € [jdivjm_i, jdi”;_i“] YuureiBas (6) U paBeHCTBO
Q(n,n)
sup [y, ()| = sup ¥ ,(2)| = 57— sup [Ynn-1(7)],
z€[0,1] x€[0,1] | ‘ Q(n,n —1) z€[0,1]
HMeeM
s j+1/4 = jdivemi 4 2
; Si(x) _Si( om < ZZ; B\ ——— i jdivam-i(T)—
jdiv2m 44 j+1/4
( i ¢,jd 2 om
< Z <¢¢,jdiv2m—i(33)
1=0

+1/4 gdiv2m" 4
— Qi j divom—i (j 2m/ )) R;

(1) <

~X

z€[0,1]

SIS

|z (jdivﬁ—i + %)D .
22
“ 4 jdivam—t 1 “ 1 jdivam—t 4+ 1
; (2mz+2 ( 2 ) ‘) ; <2mz ( i ( )
Marematrka
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[TogcraBum (32) B (31)

o - ()5 e (2520 )

=0

(2]

_I_

W3 onpenenenusi Mmonyns raaakoctd B (9) u OHpeﬂe.}IeHI/IH MONyJisl 1BOMUHOW HerNpepblB-
HoCTH BTOpOro nopsaxa B (11) ouesnaHo, uto W7, < wj 2 (5% ). TlepBoe ciiaraemoe OLEHHM
¢ nomoltubio (8). Bropoe u TpeThe ciaraemble comep:KaT TOJBKO JBOUYHO-PALMOHAJbHBIE
TOYKH, OLEHKA MJis KOTOPbIX MoJsyueHa B (29).

Torna (33) mpumet BUL

(R ()] < w (2ml+2) +Z <2m ; % <Z Ciw? (211 t) + 8| f1|Ci- 1>>

t=—2
1 1
5 (Z Cuw (W) +8||f||0m_1> =
t=—2
m —2 O m C
t
—or (o) + 20 0 gt (50) + 30 oo+ 3 Pt (e )+
=0 t=-2 =0 t=—2

-3 i () + (i_”;

[TpousBenem 3ameHy TepeMeHHBIX B NBOWHOH cymme B (34). Ilyetb m — t = iy — tq,
t=m—14. Tak Kak i1 —t1 > 2,9, —t; <Km+2, 70 =2 <t <m—2. C 1pyroé CTOpPOHHI,
m-+t; —i; = —2+m —iq, a 3Ha4uT, ¢ < ¢t + 2. Tak Kak i; < m, To 7 > 0. OKoHUaTeJbHO

TIOJTYUUM
m—2 t+2
1 Cii G 1
|Ripi1(2)] < Wy (2m+2) + Z <Z 9it1 + 7) WJ% <2m—t) +
=0

t=—2

= le
+(2321;+4anauﬂw (35)

=0

1 — - Cy 2 1
+4C, |l f]| = Wy (2m+2) + 2 : Z 2m+11—i1 Wy (2i1—t1> T
ti=—2i1=t

+M%1>Wﬂ- (34)

[lokaxkem ¢ momoulbi0 MeTona MaTeMaTUUeCKOW MHAYKIHWH, YTO IJs Bcex k > —2
_3
C) < 275%, (36)

N3 (25) nns k= —2 u k = —1 umeem

ol

6
1:C,2<257 O:C,1<2
[IycTh yTBepxaeHue noKazaHo A5 k — 2 U k — 1, caefoBaTe/bHO,

Cro <2502y 27800,
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C. A Yymaderro. [nagrne annpokcnmaunn 8 C0, 1] &SR

[Tosb3ysicb HepaBeHCTBOM (25),

6 3
Ck — ;l (Ck—Q + Ck—l) < <277(k 2) + 27*(]? 1)> < 27%](: <25 + 25> < 27%]6’

1
4 4

YTO JI0Ka3biBaeT HepaBeHCTBO (36).
13 (35) u (36) mosnyunm

1 m—2 [ t+2 o~ (t—i) , 1
B <oy (g ) + 3 (2 g+ 278 b (o) +

t=—2 \i=0
m Qf%(mfifl) 3
| (Zz— 2t ) ) <
i=0
m—2
1 3 1 1 133 1
< 27501 1) w? 25 5™ 1 <
X Wy <2m+2)+t;2 <1_2§+ )wf (2m—t>+ >0 1_2,§+ ||f||
m—2
1 5 3, 1 13_3
<wy <2m+2) 3 (Z e <2m) +28 5m||f||> . (37)
t=—2

[Ipu GonblinxX ¢ MOAYJb TIAJAKOCTH

() -ler )

HeJIb35l OLEHUTH Jydlle, 4eM 4| f||. OnHako npu Takux 3HadeHUsX t KoadduuueHts C;
6ynyT massl. C npyroél cropoHsl, Korna C; HeZOCTaTOYHO MaJibl, MOLYJb JBOWYHOH He-
MPepBIBHOCTH (W7, , CTAHOBUTCS NOCTAaTOYHO MaJl M3-3a BeJMUMHEI MHTepBasa pPa3GHeHHs.
[Tepenuiem (37) caeayomnumM o6pasom:

Rl <o 5z )5 (ZT” Wi (o

1 BbiOepeM k = mdiv2 — 1. CnenoBaresibHo, (38) Oynet uMeTh BUJ

1 5 Qé 1 ,,m iv 7,,m
| Ryt (z)| <wy (2m+2>+§ (1 - gw; <2mdiv2_l)+(2 diva+l | o )|yf||>

1 17 1 —3mdiv —2m
S wy <—2m+2> 5w (W) +5- 27 £ 4+ 275 £, (39)

UM, noacTaBus B (39) mdiv2 > mTfl

+ th) + /()

) S oty peatt meH) (38)

t=k+1

1 17 1 o i
o) <y (s ) + 57 () 52300124

Tenepp Heo06XOAMMO [OKa3aTb, UTO PAa3JjOKeHHE B pPSA MO CHCTEMEe eIUHCTBEHHO.
Bosbmem npousBosbHyto GyHKUIHIO fo(x) € Cy[0, 1]. PaccMoTpyM ABOMYHO-pALlMOHANBHYO
TOUYKY % B sToii Touke fy(z) mpUHKMMAaeT MPOM3BOJIbHOE 3HaueHWe. EnuUHCTBeHHAsT QyHK-
LS U3 CUCTEMBI @y, (), KO3(P(HULHEHT KOTOPOH He ompejesieH B 3TOH TOUKe M KOTOpas
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He paBHa HYJO, — ¢go(x). CenoBaTenbHo, fo(r) HoMKHA OBITH NPUOIHKEHA C OMOLBIO
Koa(duureHTa npu @oo(z). Takum obpasom, Kod3(P(ULUHEHT NPH ¢go(x) ompenensercs
OfHO3Ha4HO. Jlajee paccCMOTPUM TOUKH ; M 3. B KaxIOH M3 STHX TOYEK H3 CHCTEMBI
¢m,j(x) cyllecTBYeT POBHO ofiHA (DYHKIIMS, HE paBHAsl HYJIO B 3TOH TOUKe U KO3(D(DUIUEHT
KOTOPO# He GBI orpejiesieH paHee (COOTBETCTBEHHO ¢y o(z) U ¢y 1(x)). [Ipomomxkas nanee
JaHHBIH Mpollece, 3aMeTHM, 4TO AJIS KaKJIO0H JBOMYHO-PALLHOHAJBHON TOUYKH CYIIECTBYET
POBHO OfiHAa (PYHKLHS, KOI(PPUILHMEHT KOTOPOK He OBl ONpeeseH Ha NpelblIyIIUX arax,
M TIPH 3TOM OTJIMYHAs OT HYJS B 3TOH ABOHWYHO-palMOHa/NbHOH Touke. TakuM 06pasoM,
KO3((UIHEHTbl KaXKI0H (QYHKIMH MIPH Pa3JI0KEHHH B PSJ ONPEAeNSIOTCS OIHO3HAUHO.
Ilnst Toro uToGbl cucTeMa Oblia 6asucoM B [0, 1], DOMOJHUM ee CAENYIOLIUMH (QYHK-
muaMu: @11 = Ypn(22) (2 € [0,3]) U d_19 = ¥(22 — 1) (z € [3,1]). [pubausus
npousBosibHYI0 QyHKUMIO f(z) € C[0,1], cooTBeTCTBEHHO, ¢p_19 B2 =04 ¢_13 B & = 1,
MOJIYYUM MPOU3BOJIbHYI0 QyHKIHIO fo(z) € Cp[0, 1] O
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Smooth Approximations in C'[0, 1]
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The first orthonormal basis in the space of continuous functions was constructed by Haar in 1909.
In 1910, Faber integrated the Haar system and obtained the first basis of continuous functions
in the space of continuous functions. Schauder rediscovered this system in 1927. All functions of
Faber—Shauder are piecewise linear, and partial sums are inscribed polygons. There was many
attempts to build smooth analogues of the Faber—Schauder basis. In 1965, K. M. Shaidukov suc-
ceeded. The functions he constructed were smooth, but consisted of parabolic arcs. Shaidukov
proved the uniform convergence of the obtained expansions, but failed to obtain deviation esti-
mates. Another analogue of the Faber—Schauder system was proposed by T. U. Aubakirov and
N. A. Bokaev in 2007. They built a class of functions that form a basis in the space of continuous
functions, obtained estimates of the deviation of partial sums from the approximated function. The
functions constructed were piecewise linear, as in the Faber—Schauder system. We construct
smooth analogues of the Faber — Schauder system and obtain estimates of the deviation of partial
sums from the approximate function. Those are systems of compressions and shifts of a single
function, which we call the binary basic spline. The binary basic spline is an integral of the n-th
order of the Walsh function Ws5»_;. Thus, we were able to construct analogues of the Faber—
Schauder system with a large degree of smoothness and obtain deviations in terms of module of
continuity.

Keywords: basic splines, smooth interpolation, multi-scale analysis.

Received: 18.12.2019 / Accepted: 01.04.2020 / Published: 31.08.2020

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

References

1. Faber G. Uber die ortogonalenfunctionen des Herrn Haar. Jahresber. Deutsch Math. Vere-
in., 1910, vol. 19, pp. 104-112.

2. Schauder J. Zur Theorie stetiger Abbildungen in Fimktionalraumen. Math. Z., 1927,
Bd. 26, pp. 47-65.

3. Matveev V. A. On Schauder system series. Math. Notes, 1967, vol. 2, iss. 3, pp. 646-652.
DOI: https://doi.org/10.1007/BF01094054

4. Ciesielski Z. Some properties of Schauder basis of space C[0, 1]. Bull. Acad. Polon. Sci.
Ser. Sci. Math. Astronom. Phys., 1960, vol. 3, pp. 141-144.

5. Bochkarev S. V. Series with respect to the Schauder system. Math. Notes, 1968, vol. 4,
iss. 4, pp. 763-767. DOI: https://doi.org/10.1007/BF01093716

6. Ulianov P. L. On series with respect to a Schauder system. Math. Notes, 1970, vol. 7,
iss. 4, pp. 261-268. DOI: https://doi.org/10.1007/BF01151699

7. Saburova T. N. Composite functions and their series in the Faber-
Schauder system. Math. USSR-Izv., 1972, vol. 6, iss. 2, pp. 395-415. DOLI:
https://doi.org/10.1070/IM 1972v006n02ABEH001879

8. Goryachev A. P. The Fourier coefficients with respect to the Faber-
Schauder system. Math. Notes, 1974, vol. 15, iss. 2, pp. 192-198. DOL
https://doi.org/10.1007/BF02102406

9. Abramova V. V. Faber — Schauder system on the triangular mesh. Mathematics. Mecha-

nics, 2015, iss. 17, pp. 3-6 (in Russian).

Marematrka 341



kh rss. Capar. yH-1a. Hos. cep. Cep. Matematrka. Mexannka. FHpopmarrka. 2020. T.20, Bbin. 3

10. Kashin B. S., Saakian A. A. Ortogonal’nye riady [Ortogonal series]. Moscow, AFC, 1999.
550 p. (in Russian).

11. Aubakirov T. U., Bokaev N. A. On a new class of function systems of
Faber — Schauder type. Math. Notes, 1974, vol. 82, iss. 5, pp. 643-651. DOI:
https://doi.org/10.1134/S0001434607110016

12. Shaidukov K. M. Parabolic basis in continuos function space. Uchenie zapiski
Kazanskogo universiteta, 1965, vol. 125, no. 2, pp. 133-142 (in Russian). DOI:
https://doi.org/10.4213/mzm3840

13. Lukomskii S. F., Terekhin P. A., Chumachenko S. A. Rademacher Chaoses in Problems
of Constructing Spline Affine Systems. Math. Notes, 2018, vol. 103, iss. 6, pp. 919-928.
DOI: https://doi.org/10.1134/S0001434618050280

14. Chumachenko S. A. One analogue of Faber — Schauder system. Trudy matematicheskogo
tsentra imeni Lobachevskogo. Kazan, 2016, vol. 53, pp. 163-164 (in Russian).

Cite this article as:

Chumachenko S. A. Smooth Approximations in C[0,1]. lzv. Saratov Univ. (N.S.),
Ser. Math. Mech. Inform., 2020, vol. 20, iss. 3, pp. 326-342 (in Russian). DOI:
https://doi.org/10.18500/1816-9791-2020-20-3-326-342

342 HayyHeir oTaen



V. A. Yurko. On Determination of Functional-Differential Pencils on Closed Sets COSPN

On Determination of Functional-Differential Pencils
on Closed Sets from the Weyl-Type Function

V. A. Yurko

Vjacheslav A. Yurko, https://orcid.org/0000-0002-4853-0102, Saratov State University, 83 Astra-
khanskaya St., 410012 Saratov, Russia, YurkoVA@info.sgu.ru

Second-order functional-differential pencils on closed sets are considered with nonlinear depen-
dence on the spectral parameter. Properties of their spectral characteristics are obtained and the
inverse problem is studied, which consists in recovering coefficients of the pencil from the given
Weyl-type function. The statement and the study of inverse spectral problems essentially depend
on the structure of the closed set. We consider an important subclass of closed sets when the
set is a unification of a finite number of closed intervals and isolated points. In order to solve the
inverse spectral problem for this class of closed sets, we develop ideas of the method of spectral
mappings. We also establish and use connections between the Weyl-type functions related to
different subsets of the main closed set. Using these ideas and properties we obtain a global con-
structive procedure for the solution of the nonlinear inverse problem considered, and we establish
the uniqueness of the solution of the inverse problem.
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INTRODUCTION

We study inverse spectral problems for pencils of functional-differential operators
on a closed set of the real line (in literature it is sometimes called a time scale). Such
problems often appear in natural sciences and engineering [1]. Inverse spectral problems
consist in constructing operators with given spectral characteristics. For differential ope-
rators on an interval inverse problems have been studied fairly completely; the main
results can be found in the monographs [2,3]. Inverse spectral problems for differential
pencils on an interval were considered in [4-10] and other works. Inverse problems for
functional-differential operators for Sturm — Liouville operators defined on time scales
were investigated in [11]. Inverse problems for pencils of functional-differential opera-
tors have not been studied yet. In Section 1. of this paper we present main notions and
establish properties of spectral characteristics for pencils of functional-differential ope-
rators on closed sets, and formulate the statement of the inverse problem. In Section 2.
we develop an algorithm for solution of the inverse problem of recovering the pencil
from the given Weyl-type function, and prove the uniqueness of the solution.

1. STATEMENT OF THE INVERSE PROBLEM

Let T be a closed subset of the real line; it is sometimes called a time scale. Consider
the following equation on 7"

Y22 (@) + (p° + pp(x) + q(x))y(o(x)) =0, z€T. (1)
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Here p is the spectral parameter, ¢(z) € Cr, p(x) € C} are complex-valued functions,
y* is the delta-derivative, o(z) = inf{s € T': s > a} for x # supT, o(supT) = supT
(see [11] for notions related to equations on closed sets such as delta-derivative, Cp and
others). The statement and the study of inverse spectral problems essentially depend on
the structure of the time scale 7". In this paper we consider an important subclass of
time scale, namely, the so-called Y1-structure [11]. Let the set 7" have the following
structure:

N
T = U[ak,bk], N}Q, br_1 <ak<bk<ak+1, ai <b1, aN<bN, ak:bk, k’ZQ,N—l
k=1

For Y1-structure one has

yA(bk> _ y(ak-‘rl) B y(bk)’ k= 1,N — 1’

3 y2(z) =y (z), = € [ay,b1] U [an,by].  (2)
Q41 — Ok

In particular, this yields y®(b;) = ¥/(b1), and consequently,

y(az) = y(br) + (as — b1)y'(b1). (3)
Using (1) and (2) we obtain
y"(x) + (p° + pp(z) + q(2)y(x) =0, =z € [a1, 0] U [an, ], (4)
Y22 (by) = 1 (y(ak+2) — Y(br41) _ y(ar1) — y(bk)) _
M kg — b Apq2 — bpy1 ap41 — by

= ((iﬂ)2 = pp(br) — q(bk)>y(ak+1), k=1N -2,

D () = ! (y,(aN) ~ylan) — y(bzv—l)) _

an —by_1 an —by_1

= ((i0)* ~ pp(br-—1) — albx 1) J(an).

Therefore

ansa) = ylbe) + "2 (yfa) = i)+
o = b)awss — been) (G0)? = pplbe) — a(b)plonr), K=TN =3, (3)
an) = D0 ZIOND) o) ((60)?  pplor-) — albwor) ular). (6)

an —by_1

Denote @ = {p, q}. It follows from (3), (5), (6) that

y(an) = ar1(p)y(b1) + ar2(p)y' (1), } (7)
y'(an) = aa(p)y(b1) + aaz(p)y'(b1),

where ;i (p) are polynomials with respect to p of degree 2(N + j —3), and they depend
on Q(by),...,Q(bny;—3). Moreover,

aji(p) = (ip)* NPl 1], |p| — oo, (8)
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where o, = (as — by)(ay — by_1) 522(%“ —b)? (@) = 1 for N = 2, and
aly = (az — bi)(ag — by) for N = 3), afy = (ay — by)a?;, Y, = (ay — by_1)a%,

a9y = (a2 — b1)(an — by-1)a?, [1] = 1+ O(p~'). Without loss of generality, we as-
sume that a; = 0.

We denote by L, the boundary value problem for Eq. (1) on 7" with the bound-
ary conditions y(0) = y(by) = 0. Let S(z,p) and C(x,p) be solutions of Eq. (1) on
T satisfying the initial conditions C(0,p) = S2(0,p) = 1, S(0,p) = C2(0, p) = 0. De-
note Ag(p) := S(bn,p). The eigenvalues {p,o}necz of the boundary value problem Ly
coincide with the zeros of the entire function Ag(p). The function Ag(p) is called the
characteristic function for L.

Let ®(x, p) be the solution of Eq. (1) on T satisfying the boundary conditions

We put M(p) := ®2(0, p). The function M (p) is called the Weyl-type function. Clearly,

®(z,p) = Clz,p) + M(p)S(z, p), (10)
M(p) = =A1(p)/Do(p), (11)

where A;(p) := C(by, p) is the characteristic function for the boundary value problem
L, for Eq. (1) on T with the boundary conditions 2 (0) = y(by) = 0. The zeros {pn1 }nez
of Ay(p) coincide with the eigenvalues of L;.

Now we need to study the asymptotical behavior of the solutions ®(x, p) and S(z, p).
For this purpose we extent the functions Q(z) on the whole segment [a;,by] such that
q(x) € Clay, by], p(x) € C'lay,by] and arbitrary in the rest. Consider the equation

y" (@) + (p* + pp(x) + q(2))y(x) =0, 2 € [0,by]. (12)

Denote

2
Iy ={p: argpe[o,7—4]}, Iy ={p: argp € [7r+ 9,27 — I}

E(x)zl/ozp(t)dt, . ={p: £Imp> 0},

[t is known (see, for example [2]) that there exist fundamental systems of solutions
of Eq. (12) {Y{¥(x,p), Y (x,p)}, = € [0,by], p € IIt, |p| > po, having the following
asymptotical behavior for each fixed x € [0,by], v = 0,1 as |p| — oc:

TV ) = (ip) explilpr + B))[1],

Vi) = (o) exp(—ilpr + B[] (13)

Taking (7) into account we conclude that the function ®(z, p) is the solution of Eq. (4)
satisfying the boundary conditions (9) and the jump conditions

P(an, p) = an1(p)®(by, p) + c12(p)®' (b1, p), }
(14)

(an, p) = a2 (p)®(b1, p) + c22(p)®' (b1, p).

Marematrka 345



H35. Capar. yH-T1a. Hos. cep. Cep. Marematnka. Mexarrka. NHpopmartnka. 2020. T. 20, Bbin. 3

Using the fundamental system of solutions {Y;"(x, p), Y5 (z, p)}, for p € I one has:
O(z, p) = Ai(p)Y1" (2, p) + As(p)Y5" (w, p), x € [0,b1], }
(I)(‘ra p) = Bl(p>le+(x7 /0) + BQ(IO)Y;F('ra p)7 LS [a’N7 bN]

Substituting (15) into (9) and (14) and using (13), we obtain the following linear
algebraic system with respect to Ax(p) and By(p):

A(p)[1] + A2(p)[1] = 1,
Biy(p) exp(i(pby + E(bn)))[1] + Ba(p) exp(—i(pby + E(bn)))[1] =
By(p) exp(i(pan + E(ax)))[1] + Ba(p) exp(—i(pan + E(@N)))[l

= an1(p) (Au(p) exp(i(pbs + E(b1)))[1] + Aalp) exp(—i(pby + E(b))[1])+

(
)

ara(o) (A1()(in) xp(lobs -+ B + o) ip) exp(=i(oh + E(bn))m),
)
)
(-

(15)

Bu(p)(ip) exp(i(pax + E(an)))[1] + Balp) (—ip) exp
— az1(p) (A1 (p) expli(pby + E(br))[1] + As(p) exp(~i(pby + E(by)
+aza(p) (A1 (p) i) expli(pbs + E(b))[1] + Az(p) (—ip) exp(—i(pby + E())1]).

Taking (8) into account we deduce that the determinant D(p) of this system has the
form

)
(=
(=
)

Di(p) = (ip)aza(p) (explip(bn = ax)) exp(i(E(by) — Elax)))[1)-
— exp(—ip(bx — ax)) exp(~i(E(by) = E(an)))[1]) x
< ((expli(phs + BO0)))[1] = exp(—i(phy + B@)(]), ol =00, pe T (16)

Solving this algebraic system by Cramer’s rule and using (8) and (16), for
lp| = o0, p € II} we get:

Ai(p) = (1], As(p) = exp(2ipbi)[1],
Bi(p) = exp(—ip(an — b)O(p* )1,
Bs(p) = exp(—ip(an — b1)) exp(2ipbn)O(p** (1]

In particular for each fixed = € (0,b;) this yields:
®¥(x, p) = (ip)” exp(i(pr + E(@))1], v=0,1, |p| = o0, pelly.  (17)
Repeating these calculations for p € II_, for each fixed = € (0,b;) we get:
oW (x, p) = (—ip)” exp(—i(pz + E(x)[1], v =0,1, [p| = o0, p € II;. (18)

Similarly, we obtain

Sz, p) = — (;iﬁ)y exp(—i(pz + E(x)))[1], v=0,1, [p| = o0, peIlf,  (19)

Sz, p) = (;/2; exp(i(pr + E(2)))[1], v=0,1, |p| = oo, p € Iy, (20)

for each fixed x € (0,by).
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2. SOLUTION OF THE INVERSE PROBLEM

Let the numbers Q(by),...,Q(by_1) be known a priori. The inverse problem is for-
mulated as follows: given M (p), construct @ = {p,q} on T.

In order to solve this inverse problem we will use the ideas of the method of spectral
mappings [3]. Let us prove the uniqueness theorem for the solution of the inverse
problem. For this purpose together with L, we consider a boundary value problem Ly
of the same form but with another potentials Q. We agree that if a certain symbol ¢
denotes an object related to Ly, then # will denote an analogous object related to L.

Theorem 1. If M(p) = M(p), then Q = Q on T. Thus, the specification of the
Weyl-type function M (p) uniquely determines the potential Q).

Proof. For z € (0,b,), we define the matrix P(x,p) = [Pjx(x,p)|jk=12 by the
formula

P(z, p)

KA »-e-u

z,p) S(r,p) 1 [ ®(x,p) S(z,p)
(op) (e, >]‘{<b’<x,p> S’@,p)}' @)

Since ®(x, p)S'(x, p) — ®'(z, p)S(x, p) = 1, it follows from (21) that

Pu(z, p) = (z, p)éi’(fv, p)— S(x,p)ij’(x, p), } 29)
Pro(z, p) = S(z, p)®(z, p) — (x,p)S(x, p),
P(z,p) = Pn(w,p)qj(w,p) + Pia(, p)® ~ "(, p), } 23)
S(z,p) = Pu(z, p)S(z, p) + Pra(x, p)S (2, p).
It follows from (17)-(20) that for each fixed z € (0,b;),
Pii(z,p) = Qz) + O(p™"), Pra(,p) = O(p7"), |p| = o0, p €15, (24)

where Q(z) = cos(E(z) — E(x)). On the other hand, using (10) and the assumption of
the theorem, we get

Pn(l’,p) = C(x’p)gl(g;,p) - é/<l‘,p)5($,p),
PIQ(:B:p) = é(l‘,p)5($,p) - C(l’,p)g(l',p),

and consequently, for each fixed x € (0,b1), the functions Pii(x,p) and Pis(x,p) are
entire in p of exponential type. Together with (24) this yields

Pn(x,,O) EQ([E), PIQ(xap) =0. (25)
It follows from (23) that
®(z,p) = A2)®(z,p), S(z,p) =Q2)S(z,p), x € (0,b1), (26)

for all complex p. Therefore,
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Taking (17)-(20) into account for |p| — oo we infer that:

;i’g; = exp(i(E(z) — E(2))), gg’z; = exp(—i(E(z) — E(x))), p € I},
P(x,p) CiE(x) — Elx S(z, p) (Bl — Ela )
‘i)(%p) = exp(—i(E(z) — E(x))), g(w,p) p(i(E(x) — E(x))), p € Il;.

Together with (22) this yields exp(2i(E(z) — E(zx))) = 1. Since E(0) — E(0) = 0, it
follows that F(x) — F(x) = 0. Hence Q(z) =1 for x € [0,5]. Using (25) we calculate
Pyi(z,p) =1, and p(z) = p(z) for all x € [0,b,]. It follows from (26) that

O(x,p) = B(x,p), S(z,p) = S(z,p), (27)
for all € [0,by], and consequently, Q(z) = Q(x) for all = € [0,b;]. Using the method of
spectral mappings [3] we also obtain an algorithm for constructing the potentials p(x)
and ¢(z) for x € [0, by].

Denote

T0) a1 e (ay, p) = L) (28)

P(ay,p)’ P(ay,p)

Since @y (an,p) =1, ®1(bn, p) = 0, it follows that the function M;(p) is the Weyl-type
function for Eq. (4) on the segment [ax,by]. Taking (14) and (27) into account we infer
M;(p) = M;(p). The specification of the Weyl-type function M;(p) uniquely determines
the potentials p(z) and ¢(z) for = € [an, by]. This means that Theorem 1 is proved, and
the solution of the inverse problem can be found by the following algorithm. O

Algorithm 1. Let the function M (p) be given.

1. Construct p(x),q(z) and ®(x,p) for = € [ay,bi] using the method of spectral

mappings.

2. Find ®(ay,p) and @' (an, p) via (14).

3. Calculate M, (p) by (28).

4. Construct p(x),q(x) and ®(x,p) for x € [an,by] by the method of spectral map-

pings.

We note that the inverse problem of recovering the potentials p(z) and ¢(z) from
the given two spectra {pn;}n>1, j = 0,1, can be reduced to the solution of the inverse
problem from the Weyl-type function. Indeed, using Hadamard’s factorization theorem
one can uniquely reconstruct the characteristic functions A;(p), j = 0,1, and then
calculate M(p) by (11).

Oy (x,p) =
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References
1. Bohner M., Peterson A. Dynamic Equations on Time Scales. Boston, MA, Birkhauser,
2001. 358 p. DOI: https://doi.org/10.1007/978-1-4612-0201-1
2. Freiling G., Yurko V. A. Inverse Sturm — Liouville Problems and Their Applications. New
York, NOVA Science Publ. Inc., 2001. 305 p.
3. Yurko V. A. Method of Spectral Mappings in the Inverse Problem Theory. Utrecht, VSP,
2002. 316 p. Inverse and Ill-posed Problems Series.

348 HayyHbir oTaen



V. A. Yurko. On Determination of Functional-Differential Pencils on Closed Sets COSPN

4. Gasymov M. G., Gusejnov G. S. Determination of diffusion operators from the spectral
data. DAN Azer. SSR, 1981, vol. 37, no. 2, pp. 19-23.

5. Yurko V. A. Boundary value problems with a parameter in the boundary conditions. Soviet
J. Contemporary Math. Anal., 1984, vol. 19, no. 5, pp. 62-73.

6. Yurko V. A. An inverse problem for pencils of differential operators. Sb. Math., 2000,
vol. 191, iss. 10, pp. 1561-1586. DOI: http://dx.doi.org/10.1070/ SM2000v191n10ABEH
000520

7. Nabiev I. M. Inverse spectral problem for the diffusion operator on an interval. Mat. Fiz.
Anal. Geom., 2004, vol. 11, no. 3, pp. 302-313.

8. QGuseinov ., Nabiev I. The inverse spectral problem for pencils of differential opera-
tors. Sb. Math., 2007, vol. 198, iss. 11, pp. 1579-1598. DOI: http://dx.doi.org/10.1070/
SM2007v198n11ABEH003897

9. Buterin S. A., Yurko V. A. Inverse problems for second-order differential pencils with
Dirichlet boundary conditions. J. Inverse IlI-Posed Probl., 2012, vol. 20, iss. 5-6, pp. 855—
881. DOI: https://doi.org/10.1515/jip-2012-0062

10. Yurko V. A. Inverse problems for non-selfadjoint quasi-periodic differential pencils. Anal.
Math. Phys., 2012, vol. 2, no. 3, pp. 215-230. DOI: https://doi.org/10.1007/s13324-012-
0030-9

11. Yurko V. A. Inverse problems for Sturm - Liouville differential operators on closed
sets. Tamkang Journal of Mathematics, 2019, vol. 50, no. 3, pp. 199-206. DOL:
https://doi.org/10.5556/j.tkjm.50.2019.3343

Cite this article as:

Yurko V. A. On Determination of Functional-Differential Pencils on Closed Sets from the Weyl-
Type Function. [zv. Saratov Univ. (N.S.), Ser. Math. Mech. Inform., 2020, vol. 20, iss. 3,
pp- 343-350. DOI: https://doi.org/10.18500/1816-9791-2020-20-3-343-350

YK 517.984

06 onpeneneHnn pyHKLUOHaNbHO-aUddepeHLnanbHbIX Ny4YKOB
Ha 3aMKHYTbIX MHOXecTBax no oyHKUuu Tuna Benna

B. A. FOpko

lOpko Bsiyecnae AHaTonbeBMY, OOKTOP PU3NKO-MATEMATMHECKMX HAYK, 3aBeayrowmnin kaden-
PO MateMaTnu4eckomn n3nKn 1 BbIYUCINTENBbHOM MaTtemaTtnku, CapaTtoBCKMIA HALUMOHAbHBbIN
nccnenoBaTenbCKUA FOCYNapPCTBEHHbIM yHUBEpcuTeT mMmeHn H. . YepHblwesckoro, Poccus,
410012, r. Capartos, yn. ActpaxaHckas, a. 83, YurkoVA@info.sgu.ru

PaccmatpusaioTcs dhyHKUMOHANbHO-ANMdepeHUmanbHble NyYkn Ha 3aMKHYTbIX MHOXECTBax
BELWECTBEHHON OCU C HENNHENHON 3aBMCMMOCTbIO OT CMeKTpanbHOro napametpa. [lonyyeHsb
CBOICTBA VX CNEKTPanbHbIX XapakTePUCTUK U nccnenyetcs obpaTHas 3agaya, kotopas CoctouT
B BOCCTAHOB/IEHMUN KOS PULMEHTOB Nyyka Mo 3afaHHOM pyHKUMK Tuna Beling. MNoctaHoBka K
nccnenoBaHve obpaTHbIX 3a4ay CyWEeCTBEHHO 3aBUCAT OT CTPYKTYPbl 3aMKHYTOrO0 MHOXXECTBaA.
PaccmaTpurBaeTcs BaXHbli K1AacC 3aMKHYThIX MHOXECTB, KOrAja MHOXECTBO siBfisieTcs 06beau-
HEeHVEeM KOHEe4YHOro Habopa OTPE3KOB U M30NMPOBAHHBLIX ToYeK. YTobbl pewnTb 0bpaTHyio 3a-
hady Ong aToro Knacca 3aMKHYTbIX MHOXECTB, JaeTcs pasBuTue naen metona crnektpalsib-
HbIX OTOOpaxKeHWin. TakXe YCTaHOBNEHbl U WCMONb3YIOTCS CBSA3U MexXAy YHKUMSMUA Tu-
na Beiins, oTHocswWwmMecs K pasHbiM MOAMHOXECTBAM OCHOBHOrO 3aMKHYTOro MHoxectsa. C
MOMOLLbIO 3TUX UAE 1 CBOWCTB MosiyyeHa rnobanbHas KOHCTPYKTMBHASA Mpouenypa peweHus
paccMaTprBaeMoil HenvHelrHon obpaTHOW 3adayu, a TakXe YCTaHOB/JeHa eOUHCTBEHHOCTb
peleHns aTo obpaTHO 3aaaudw.
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WccnenosaHo B3auMOLENCTBME TPEXCNOWHOMW MAACTWHBI  C OTﬂ. EN

BUOPVPYIOWMM XECTKMM LITAMNOM Yepe3 TOHKWUIA CHOi BSI3KOW L )
aYd

xugkocTu. MnactuHa n wrtamn obpasyloT y3kuid kaHan ¢ na-
pannenbHbIMA NPAMOYrOfibHbIMU CTeHKamu. KaHan nofHOCTbIo
3anonHeH BSA3KOM HEeCXMMaeMon XWOKOCTblo. LBuxeHne Xug-
KOCTU B KaHane m3y4aeTtcs Kak nonayuee. 3akOH ABUXEHUS
wTamMna cHMTaeTcs 3adaHHbiM Kak rapMOHWYECKUA Mo BPEeMEHMU,
N nccneayeTcsl BONPOC O BbIHYX/AEHHbIX YCTAHOBMBLIMXCA KO-
nebaHnsax TPEXCNOWHON MnnacTuHbl. BepxHWin v HUXHWUIA cnow
nnacTuHbl yO0BReTBOPSIOT runotesam Kupxroda. 3anonHurens
nnacTHbl paccMaTpmBaeTcda Kak CXXNMAEMbIN. I'IonaraeTc;l, 4yTo
aMnnuTyna konebaHuii CTEHOK KaHana 3HayuTenbHO MeHblue
pacctosaHus MeXAay HuUMK, a npoAoSibHbIA pas3Mep KaHana
3HauuTenbHo 6orblue ero nornepeyHoro pasmepa. Mccnepyetcs

<=
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nnockasl 3agada ruapoynpyroctu, cocrtoswas u3d ypasHeHuin Haebe—CTtokca, ypaBHEHMs
HepaspbIBHOCTU N ypaBHEHUI OMHAMUKW TPEXCIONHOM MNacTUHbl CO CXMMAaEMbIM 3aronHUTe-
nem. ["paHnYHbIMN YCNOBMAMUN 3a8a4M ABNSIOTCA: YCNOBMS COBMAAEHUS CKOPOCTER XUAKOCTU
N OrpaHN4MBalOLLMX ee CTeHOK KaHana, yCnoBus COBNaneHns LaBneHus Ha Topuax kaHana c
LaBNEHNEM B OKpYyXarmowWen XWUOKOCTU U YyCnoBusi cBOBOLHOrO ONUPaHUS NNACTWHBI HA TOp-
uax. Mpu nccnepoBaHny BbiNv yYTEHbI HOPMarbHblE U KacaTeNbHble HAMPSXEHUs XULKOC-
TV, OEACTBYIOWME Ha BEPXHWUA CNoi nnacTuHbl. dopma ynpyrux nepeMeweHnii TPeXCcnonHom
nnacTuHbl BblbpaHa B BMOE PSALOB MO TPUFOHOMETPUYECKMM (PYHKLMAM MPOLONBHOW KOOp-
AOnHaThbl. 7k} pelweHns 3anayn HanaeHbl Bblpa>XeHunsa onsa rugpoonHaMmnyecknx napamMeTpoB Cnos
XKWNOKOCTU 1 ynpyrunx nepemeu.leHw?l cnioeB NnacTUHbI. nOCTpoeHbI 4aCcTOTO3aBUCKMble prHKLI,I/II/I
pacnpeneneHna amMmnnantyn ynpyrux nepemeu.leHw?l CNOEB NNacTUHbI 1 OaBNEHUS B CNOE BA3KOMN
XNOKOCTW.

Knro4eBble cnosa: ruppoynpyroctb, konebaHus, TpexcnoHas nnactuHa, Bs3kas XWUILKOCTb,
BMOPUPYIOWMIA WITAMM.
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BBEOEHUE

Hccnenosanus konebaHuil ynpyrux KOHCTPYKLMH, B3aUMOAEHCTBYIOLIMX C KHUIKOC-
ThIO, UMEIOT OOJIbLLIOe 3HAYeHUe KaK [Jisl PAa3BUTUS COBPEMEHHOH MeXaHUKH, TakK U [AJA
Pa3JMYHBIX HHKEHEPHbIX MPUJ0KEeHUH. B G0/MbLIMHCTBE cay4yaeB U3yueHHe NaHHOU Mpoo-
JIeMbl CBOJMUTCS K TOCTAHOBKE W peLIeHHI0 3aJayd TMAPOYIPYroCTH, B paMKaX KOTOPOH
COBMECTHO PacCMaTpUBAIOTCA YPaBHEHHUS] NWUHAMHUKHU YIPYrod KOHCTPYKLUHHU M KHUIKOCTH
C COOTBETCTBYIOLUMMH Haua/bHbIMU M TPAHWYHBIMH ycjaoBUAMH. ONHHM K3 MepBLIX HC-
C/IeIOBaHUI NaHHOHW MPOOJEMbl MOXKHO cYuTaTh padoTy [l], B KOTOpO#H paccMOTpPeHbI
KoJieOaHUsl KPYIJION IJIACTUHBI, 2KECTKO 3alleMJIEHHOW Ha KOHType ¢ abCOJIOTHO KeCTKOH
MJIOCKOH CTEHKOH, C OTHOH CTOPOHBI KOTOPOW HAaXOAMUTCS HEOrpaHWUYeHHBIH 00beM Hiealb-
HOH HeC)KMMaeMOH KHAKOCTH. PellleHHe 3ajaul OCHOBBIBAETCS HA HePreTHUYECKOM TMOJ-
xozne (Meton Pasiest) ompenesieHusi COOCTBEHHBIX UacTOT KojeOaHUH yMPYrod KOHCTPYK-
MU NPU 3aJaHHK (HOopMBbl poruda MaacTHUHBl, KaK B 3a/laye CTaTHUYecKoro mnporuba. yuer
BJIMSHUS JKUAKOCTH NPUBOAUT K CHHIXKEHMIO 4acTOT KoJeOaHHH 3a cueT 3(pdekra yse-
JUUEHUs] HHEePLUHU B KoJlebaTeIbHOU cucTeMe (MPUCOeIMHEHHAs Macca) U 1eMI(UPOBaHUIO
KoJiebaHMil 3a cueT nMpeoOpPa3oBaHUs SHEPrHU HA BOJHOOOpPA30BaHUE B XKHUIKOCTH. B [2]
pellleHHe YKa3aHHOW BBILIE 3aJayd OCYIIeCTBJEHO Ha 0ase pacCMOTPEHHS 3anayu TUM-
poynpyroctd. B [3] uccienytoTes cBobonHble KoJeGaHUsT KPYTJIOH IMJIaCTHHBI HA CBOOOM-
HOM MOBEPXHOCTH MIeasNbHOH HECXKUMaeMOH KUAKOCTH, HAXOASILLEHCH B KECTKOM LH-
JuHApe. AHajornyHasi 3ajgava [IJsi KPYyrJOH IMJIACTHHBI, MOTPYXKEHHOH Moa CBOGOAHYIO
MOBEPXHOCTb HI€aJbHOU KUIAKOCTH, HAXOASIIEHCH B XKECTKOM LHJHWHIAPE, PacCMOTPeHa
B [4]. CoOcTBeHHble KoJeOaHHsI MJaCTHHBI, MJaBaiolled Ha CBOOOTHOH OBEPXHOCTH
UIealbHOH HECKHMAEMOH TSIXKEJOH XKHUAKOCTH KOHEUHOH ryyOHHBI, HccJaenoBaHbl B [5].
B [6] paccmoTpeHa mJjockast 3ajaua M3rMOHBIX KOJeOaHHH W YCTOWYMBOCTH MJIACTHHBI,
SBJISIOIIEHCA 4YacTbl0 aOCOJIIOTHO KECTKOM CTEHKM MNPOTOYHOrO0 KaHaja ¢ HIeaJbHOH
CXKMMaeMOH XKHUAKOCTbIO, a B [7] Hcc/enoBaHa 3ajaua COOCTBEHHBIX TMAPOYNPYTHUX KO-
JeOaHUM U YCTOHYMBOCTH NPSAMOYTOJBHOM MNJIACTHHBI, SABJSAIOIIEACS CTEHKOM KaHaJja 3a-
MOJIHEHHOT'O HJleaJbHOW CXKHUMaeMOH »XUAKOCTbIO. XaoTHuecKue KoJieOaHWs MJIACTHHBI,
B3aWMOJEHCTBYIOIEH ¢ 00eUX CTOPOH C HOeajbHbIM MOTOKOM HEeCKHMaeMOW >KHMIKOC-
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TH, u3ydeHnl B [8]. Pab6ora [9] mocssilieHa MomenupoBaHHUI0 M3TMOHBIX KoseGaHUHU Mpsi-
MOYTOJNIbHOH MJIACTHHBI, MOTPYKEHHOH B HJea/lbHYI0 HeCKHMaeMyl >XKHIKOCTb CO CBO-
601HOH MOBEPXHOCTBbIO. 3ajauya O pacHpoCTPaHEHHH aKyCTHYeCKOH BOJIHBI B HJeasb-
HOH HeCXKHMMaeMOH »KMIKOCTH, BbI3BAHHOH BBIHYKIEHHBIMH KOJ1eOaHHUAMU IJAaCTHHBI, CO-
eUHEHHON C OJHOW CTOPOHBl C BUOPUPYIOLLIEH MalIMHOH, a ¢ APYrod CTOPOHBI KOHTaK-
TUPYIOIIEH ¢ XKUIKOCTbIO, paccMoTpeHa B [10]. B [11] uccnenoBanbl cBoGOIHBIE H3THOHBIE
KoJle0aHUsl KOHCOJIbHBIX MJIACTHH, YAaCTUYHO MOrPYXKEHHBIX B MJEaNbHYI HECXKUMaeMylo
KHUJKOCTb CO CBOOOIHOW MOBEPXHOCTBIO.

HccnenoBanus kosnebaHWi yrnpyrux 3/€MeHTOB KOHCTPYKLUHH, B3aHMOJAEHCTBYIOIIUX C
BSI3KOM JKUJKOCTBIO, TaKXKe MPEACTaBJ/sAI0T HHTepeC, TaK KaK BA3KOCTb ONpefessieT AeMIl-
(upyolire CBOMCTBA B KoJsieOaTesJbHOH CHCTeMe YNpyroe TeJso — KUAKOCTb. Hampumep,
B [12] pemwenue I'. Jlamba [1] o606uieHO ydeToM BSI3KOCTH KuaKocTH. B [13] wuccre-
NOBaHbl KojiebaHHUS OeCKOHeUHOW MJAaCTUHKHU-TIOJOCKH, B3aUMOAEHCTBYIOLIEH CO CJI0eM
BSI3KOH »KUAKOCTH. [Mapoymnpyrasi peakuus ynpyrux CTEHOK IJIOCKOTO KaHaJja, B3auMo-
NEeUCTBYIOLHUX CO CJIOeM BS3KOH »KUAKOCTH, B yCJIOBUSAX BUOpPALMK OCHOBAHUS KaHaJsa UC-
cnenoBana B [14]. 3agaua o ruApOynpyrux KojedaHUsX KOHCOJNbHO3aKperIeHHOH GanKu-
TMOJIOCKH, MOTPYKEHHOH B HEOTpaHHWUEHHbIH 00beM BSI3KOH KUAKOCTH, pelieHa B [15]. To-
nepeyHble KoaeOaHUs IUCKOB, B3AaUMOAEHCTBYIOLIMX CO CJA0€M BSI3KOH HECKMMaeMOM »KHJL-
KOCTH MeXAy HUMH, udyueHsl B [16]. [uppoynpyrue konebaHusi MAaCTHH, OMHPAIOLIAXCS
Ha yNpyryhe OCHOBAaHHUS Pa3/JMYHBIX THUIIOB, U3ydeHbl B [17-19].

Tpexcoiinble 37eMeHTbl KOHCTPYKLUHUH B BUle OA/OK U MJAACTUH LIUPOKO TPUMEHSIOTCS
B Pa3JIMUHBIX OTPAC/SIX COBPEMEHHON NMPOMBILIJIEHHOCTH B CBS3H C OJHOBPEMEHHBIM obec-
reyeHUeM HeOOXOAUMOM KeCTKOCTH MPU COXPAaHEHUH MaJIoHi MacChl KOHCTPYKIHH, a TaKxkKe
BO3MOXKHOCTbIO BBINIOJIHEHUS] 3aLUUTHl OT arpecCUBHBIX BO3JAEHCTBUH pas3jUyHOH MpUpPO-
nbl (Temmepartypa, paguauus u T.A.). [lomxombl K HM3y4eHHIO UX CTAaTUKH U TUHAMUKH
JIOCTAaTOYHO XOpOIIO pa3paboTaHbl M MpeACTaBJeHbl, HanpuMmep, B 0O030pPHOHM YacTH
moHorpaduu [20]. TepMoCHJIOBOH M3THO YHPYTOMAACTUYECKOTO TPEXCJOUHOTO CTEPIKHS
C HecxKHMMaeMbIM KECTKUM 3aloJIHATeJNeM Ha YIpPyroM OCHOBaHWM BuHKJepa wuccie-
noBaH B [21]. M3rubHble KojebGaHHs KPYTJIOH TPeXCJOHHOH MJIaCTHHBI, YCTaHOBJIEHHOH
Ha BUHKJEPOBCKOM OCHOBAaHHUM W HMelolledl HeCxKHMMaeMblH JerKUH 3amnoJHUTe b, MpH
BO3JEHCTBUM Ha MJIACTHHY TEIJIOBOrO yhapa udydeHbl B [22]. B oGeux paborax nss
OMHCAHHSA KUHEMAaTHKH TPeXCJOHHOro MnakeTa HCMOJAb30BaHA TUIOTe3a JOMaHOH HopMa-
au. HccnenoBaHue neopMHpPOBAaHUS TPEXCJAOHHOH OafKU CO CXKHMaeMbIM 3aloJHUTe-
JieM TI0Jl IeACTBHEM JIOKaJbHOM CHHYCOMAANbHOM Harpy3kKd M TeNJOBOTrO MOTOKAa MpOBe-
neHo B [23]. B [24] usyueHa craTHuecKkas U JUHAMHUECKasl YCTOHUUBOCTb TPEXCJIOHHOM
MJIaCTHHBl C BSI3KOYNPYTMM 3aloJiIHUTeJeM, yCTaHOBJEeHHOH Ha ocHoBaHuM [lacTepHaka
C TMepeMeHHOH »KeCTKOCTbIO, MOJ NeHUCTBHEM IMYyJbCHUPYIOIIEH OCeBOH Harpy3kud U TeM-
nepaTypHoro rpaaueHta. FdyueHnue usru6a TpexcJOWHOTO yIPYromJacTUUECKOr0 CTEPXKHS
C YYETOM CXKMMAeMOCTU €ro 3aroJIHUTEJIsl T0J BO3JEeHCTBUEM HEMPEPBIBHBIX U JIOKAJbHO
pacrpeneseHHbIX HAarPY30K U HAXOMSLIErocsi B HEUTPOHHOM MOTOKE BBIMOJHEHO B [25].

HccnenoBanusi ruapoynpyrux Kosne6aHUd MHOTOCJIOHWHBIX 0aJioK U MJACTHH HeA0CTa-
TOUHO OTPaKeHbl B COBPEMEHHOH Hay4yHoH JuTeparype. Hampumep, B [26] ucc/enoBaHbl
cBOOOJHBIE THAPOYNpPYrHue KoJjeGaHUs MHOTOCJOHHBIX MJACTHH, B3aUMOAEHCTBYIOLIUX C
uieabHON XKUIKOCTbIO. B yacTHOCTH, paccMOTpeHbl ciydyan KojeGaHUU MAacTUH B BO3-
LyXe W TOTPYyKEHHbIX B BOAY. 3aa4¥l BBIHYKIEHHBIX KOJeOAHHUH TPEXCJOWHBIX MJaCTHH
C HeCKMMaeMbIM 3aloJIHUTesNeM, KOHTAKTHUPYIOUIUX CO CJ0eM BSI3KOM KHUIAKOCTH, MpPH
OMHMCAHUU MX KMHEMAaTHKH B paMKax THUIOTe3bl JOMaHOH HopMmasu 1o [20] paccMoTpeHBI
B [27,28], a ¢ JOMOJHUTENBbHBIM Y4eTOM YINpPyroro OCHOBaHWs BHHKJepa, Ha KOTOPOM
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yCTaHOBJIeHa TpexcioiiHas 6anka, B [29]. C npyroél cTopoHbl, 32 paMKaM{ PacCMOTpPEHHS
yKa3aHHBIX Bblllle paboT OCTaJUCh BOMPOCH U3YUYeHHs TMAPOYNPYrod peaklunu TpexcJoi-
HOHM MJIaCTMHBI CO CXKMMaeMbIM 3aroJIHUTesNeM, B3aUMOJEHCTBYIOLIeH ¢ BUOPHUPYIOLIUM
ILITAMIIOM, Uepe3 CJOH BSI3KOH »KUIKOCTH, HaxolslleHcss Mex1y HUMH. PaccMOTpUM HHUxKe
JAHHYIO 3a/auy Npu yyeTe MAeHCTBYIOLIMX Ha IJACTHMHY HOPMaJ/bHBIX M KacaTeJsbHbIX
HanpsiKeHUH €O CTOPOHBI KUAKOCTH, a TaKKe OCOOEHHOCTeH TOpPLIEBOrO0 HCTeUeHUs U
3aKpernJieHHs MJIaCTUHBI.

1. NMOCTAHOBKA 3AL0AYN TMAOPOYINPYIOCTHU

PaccMoTpuM MpsMOYTOJIBHYIO TPEXCJOHHYIO MJIACTHHY, 00pasyIolly0 CTEHKY MJI0CKO-
ro kaHasa (puc. 1). [lnacTrHa cBOGOIHO OmMMpaeTcsl HA TOPILBI, TOJIIMHLL €€ BEPXHEr0 U
HUXKHEro HeCylMX cjoeB | u 2 mojaraeM paBHBIMH hy U ho, TOJIIMHA 3aMOJHUTENS I3

20 az paBHa 2. LleHTp nexkapTOBOH CHCTEMBI
4 KOOPOMHAT Xz CBSIKEM C LEHTPOM
~ Zm CPeIMHHOH TMJOCKOCTH  3aIOJHHUTEJS
B :77;::*(% MJIACTHHBl B Hele(OPMHUPOBAHHOM CO-
hy,, Ho L= = o= === 15 CTOSIHMU. BTopasi cTeHka KaHasa mpen-
e e —— cTaB/iseT co6OH MPAMOYTONbHbIH a6co-
26 I — - X JIIOTHO YKECTKUE LITaMIl, COBepLIAIUK
ht S 2 . KoJie6aHUs BIOJIb OCH 2, aMIJIUTY A €ro
¢ / KoneOaHuH z,,. Pasmep o0eunx cTeHOK

Puc. 1. TIlnockwil KaHai, HIKHAA crenka  KaHana B miaHe 20 X b.
KOTOPOro 00pa3oBaHa TPEXCJOHHOH MJIaCTUHOMH: Hanee nonaraem, 4ro b < 2,
I, 2 — HecyllMe CJOM MJaCTHHB, 8 — 3amoj- M pacCMaTpuBaeM IIJIOCKYIO 3ajady.

HUTe/Ib TIAaCTHHBI, 4 — BUOpMpYyIOWMH wTamn — PaccTosiHke MexJAy CTeHKaMH KaHaja
B HEBO3MYILLEHHOM COCTOSIHHUHM IPUMEM
PaBHLIM ho KM 3HAYUTEJIbHO MEHb-
IIMM JJHHB KaHaja, T.e. 2¢ < hg.
Kanasn mnosHOCTBIO 3amoJiHeH BS3KOH
HECXKUMAEeMOH KHUIKOCTbIO, HUCTeueHHe
KOTOpOﬁ Ha Topuax MO2>KHO CUHUTATb CBOOOJHBIM B Ty XKe XKHUIAKOCTb, T.€. NaBJ€HHUE KU~
KOCTHU B TOPUEBOM CE€UYEHHH KaHaJla COBIadaeT C NaBJIC€HHUEM B oxpymafomeﬁ KHUOKOCTH.
ByneM [moJiaraTb OJaHHOE€ MdaBJIEHHE po IMTOCTOAHHDBIM. AMHJII/ITy,ZIbI YOpyTrux HepeMeLU,eHI/Iﬁ
TpeXCJIOP’IHOfI NJACTUHBI U KoJleOaHUM LITaMNa 3HAaUMTEeJbHO MeHbIlle ho. Takum O6p330M,
6y,[1€M U3ydaTb THAPOYIIpyTrue KoJieOaHUsl MJACTUHBI, BbI3BAHHbIE €€ B3aWMOJAEHCTBUEM C
BUOPHPYIOLIMM LITAMIIOM Yepe3 TOHKHU CJIOW BA3KOH HecKHMaeMOH XKUIKOCTH. [IpuHumas
BO BHHMaHHe, UTO B Y3KOM KaHaJjle BO3HHMKAIOT CylleCTBeHHble cuJbl TpeHus [30], obyc-
JIOBJIMBAIOlIMe ObICTPOE 3aTyXaHHe MepeXOAHBbIX IMPoLeccoB, OyIeM OMyCKaTb BJHsSHHE
HauaJbHbIX yCJOBHE [31], T.e. orpaHMYMMCS PacCMOTPEHHEM YCTaHOBHBIIMXCS BBIHYX-
JEHHBIX KoJieOaHHH.
3aKoH JBHKEHMS IlITaMma MpeacTaBUM B BHIe

Fig. 1. Flat channel, the lower wall of which

is formed by a three-layer plate: 1, 2 — plate

carrier layers, 3 — plate filler, 4 — vibrating
stamp

h =z + zm f(wt), 20 = ¢+ hy + hy, (1)

The 2, — aMIJIUTyAa KojeOaHUH LITaMma, w — 4vacToTa KosnebaHUH, ¢ — BpeMs.
TpexcnoliHasi mJjacTUHA COCTOUT K3 BEPXHEr0 W HUXKHEr0 HEeCYUIMX CJI0eB, Mex-
Iy KOTOPbIMM HAXOOUTCS 3aMoJIHUTe/b, 00eClneyruBaOLIUA UX COBMECTHYIO paboTy Kak
efUHOro nakera. [[/isi onvcaHusi KHHEMATHUKH MJACTHHBI BOCIO/b3yeMCsl MOAXO0A0M, Mpef-
noxeHHbIM B [20], T.e. cudMTaeM, UTO HeCyIlIWe CJIOW HM3OTPOMHBI, HECXKHMaeMbl B IO-
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MlepeyHOoM HalpaBJ/ieHHH U yI0BJeTBOPSIOT runotesam Kupxroda. 3anosHuTenb cyuTaercs
KECTKHM C y4YeTOM ero 00XKaTusi, T.e. [JI Hero BBINOJHSIOTCS TOYHbIE COOTHOLLEHUS
TEOpPHH YNPYroCTH, a 3aBUCHMOCTb IepeMellleHUH ero TodyeKk OT IONepeyHoH Koop-
IMHATHl z NpejacTaBasercs JuHeHHOH. [ledopmanuu nosaraeM MaJsblMH, a Ha I'PaHHLAX
CJ10€B IJIACTUHBI BbIMOJNHSIOTCS YCJIOBUS HENpepbIBHOCTU WX NepeMelleHuid. [las yka-
3aHHOTO CJlyyasi Halpsi>KeHHO-e(opMHUpyeMoe COCTOSIHUE MJIaCTHHBI MOJHOCTbIO OMMCHI-
BaeTcsl yepe3 MpoJoJbHble NepeMelleHnsl U POrudbl CPeUHHBIX MJIOCKOCTEH ee BepXHero
Y HHM2KHEro HeCylMX cJ0eB. B paccMaTprBaeMoit ocTaHOBKE ypaBHEHUS 1BHXKEHUS Tpex-
CJIOWHOH TIJIACTHHBI MPEACTABAAIOT co00H nosyueHHble B [20] ypaBHeHUs AHHAMUKH TpeX-
CJIOMHOTO CTEPXKHS CO CXKMMaeMbIM 3aIOJHUTENeM, KOTOPble HMEIOT BHUJL

0%uy 0%uy ow, Ows PPy F3ws
Fiy 4+ ajuy — ajup — Ug s ~ W55 + e + a3=p =~ 2a6 D73 +ar B Py,
0*u 0%uy ow Ows D,y D3ws
Fy —aqur + ajug — as 8:1621 955 T3 8; EEChr v sl 2a7 0B 0,
8u1 (?uQ 83114 83UQ 8211)1 02w2
Fy — i +a10% + 2a¢ 73 + ag O3 +an a2 2755 + (2)
*w 0w 1. 0P,
+a158741 — 2(1168742 + agw; — agwgy = Pzz + 5]21 o s
8U1 8U2 83u1 63U2 (9211}1 82w2
F4_a18%+a198_x _G7W_2a78 5 T 025 +au o
o o
—(116£ + algﬂ — agWi + agws = 0.
Ozt Ox*

SII,QCI) Uy, Uz — YIPYrue NnpoaoJibHbie NepeMelleHr A BepXHero 1 HU2KHEro HeCyuux CJjoeB
[NJaCTUHbI, Wi, W2 — HpOI‘H6bI BEpPXHEro M HHU2KHEro HeCyllHUX CJO0€B IJaCTHHBDI, Pzz,
sz — HOpMaJibHble W KacaTeJIbHOe€ HallpA2KeHHUd, ﬂeﬁCTBy}OHlHe Ha BerHI/Iﬁ HeCYHlI/Iﬁ
CJIOH TJIaCTHHBI CO CTOPOHBI XKHUIAKOCTH, HaHHbIE HAMpPsAKEHHA 3alHUIIyTCA Kak

P, =—pv 8u2+8ux nmpu  z = ¢+ hy +wy,
Jr 0z

Ou,
Pzz:—p—l—Q,oyal npu z=c+ hy +wy,
z

Tae p, ¥ — IJIOTHOCTb U KO3(P(PULUMEHT KUHEeMaTHUeCKON BA3KOCTH KUAKOCTH, Uy, U, —
MPOEKIIMH BEKTOpPA CKOPOCTH KUAKOCTH Ha OCU KOOPAUHAT, p — MNAaBJEHHE XKHUIKOCTH,
pr — IUIOTHOCTb Martepuasna k-ro cjosi maactuubl, Gy, Kj — MOLYyJIU CIOBUTOBOH H
o + _ 4 - _ 4
00beMHOH fiedpopMalu k-ro cjost miactunbl, K;” = Ky + 3G, K7 = Ky — 3G,
[Ipy sToM BBeseHBI cienyolde 0003HAUEHHS:

a1:2—f3, a2:2G3(1+%>—%, a3:2G3(1+%>+%, a4:th1+2[§;C,
a5:K§C, a(;:@, mz@, agzg—f, agzKZ’thﬂLﬂg;C,
a12=K?’_(hjl+h2)+G§C <1+%> (1+%>—%, algngLg Kifh%,
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Kyhy Gsc ho\?  Gse Kih3  Kich? K chohy
14 = ——\1l+5) ——F as= + ;o Q16 = 5
2 2 2c 6 12 6 12
G3 hl K3_ Gg hg Kg_ Gg hg K?)_
S R = B (1 4+2) 423 = B (1 42) 23
a” 2(+20) p T P )T T P ) T
82 6w1 8w2
F1 = @ (m1u1 + mgus + 2m5E - m7% s
82 awl Owg
F2 = ﬁ (m8u1 + mous + m56_1‘ — 27717% s
P 0? Ouy Ous N N 0%wy N 0%ws
= — | —2m5— — m5—— + myw; + mgws — m m
37 5 5 I 5 D 1W1 8Ws 37,2 62 |
(92 8u1 (9u2 82w1 82w2
Fy = 9% (m7% + 2m7% + mgwy + mowsy + Mep s ~ Mg s )
pihi | pschi pah3  pachs
my = prhy + 3P3C M2 = palto + 3P0 s D + g D + 6
S p3chy — pachihy S pachs e Pac
5 6 ) 6 12 ; 7 6 ) 8 3 .
KpaeBbie yc/i0BUsSI ypaBHeHHH (2) HMeEOT BHJ
0 0?
wp =k O oy w =40, k=1,2. (3)

T Oz Ox2

JIBrKeHUe BS3KOH KUAKOCTH B Y3KOH LIe/M, 0Opa30BaHHOU MJACTHHOH W LUTaMIIOM,
MOXKHO paccMmaTtpuBaTh kKak nossyuiee [30]. B atom ciayyae ypaBHeHHS ee AHHAMMKH
UMEIOT BUJ

10p Pu,  0%u, 10p Pu,  0%u, ou,  Ou,
—o- =V + s o=V + ; +
pOox ox? 0z? p Oz 0x? 072 ox 0z

—0. (4

KpaeBbie yc/0BUSI ypaBHeHUH (4) MMEIOT BHI YCJOBUH COBMANEHHS CKOPOCTEH OrpaHHUH-
BAIOUIMX JKUAKOCTb CTEHOK CO CKOPOCTSIMU ABUXKEHHUS KUIAKOCTH HA HUX:

dh
Uy = 0, U = npu z =c+ hy + ho + 2 f(wt),
ou : ow (5)
! =1 npu z=c+ h; +w,

Uy = ——, Uy = ——
Cot G

¥ YCJIOBHH M1Jis1 IaBJIEHHsI HA TOPIAX KaHasa

p=po mpu x = =+ (6)

2. PEWEHWE 3AO0AYM FMOPOYMPYINX KONEBAHUW TPEXCNOMHOM
NMMACTUHDI

BBesiem B paccmMoTpeHHe Ge3pa3MepHble NepeMeHHble

—c—h
r=ut, £=73, (=—7—1,
‘ o 7
EU I +puzmw€2
z — AmWT—Ug, 2z = Zm R = — I
Uy = 2 o Ue u, = zmwle, P = Do he 02
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B nepemennbix (7) ypaBHeHHs IMHAMHKH >KUIKOCTH (4) W KpaeBble yCJOBHS IJIsI CKO-
poctedl (5) W naBjeHus (6) 3amUIIyTCs Kak

OP _ (ho\*&Ue 0 0P _ (ho\* | (ho\* &Uc U
o¢ \t) o9& "o o\« () 02 " A

Y

ovU, oU, ®)
I T Tl G
A
d
UgZO, Ug“:% pu C—1+h_of<>
9)
. ho tm1 OUy . wml oW, _ Wma oW,
Ug_lzm or’ Ue=0, Uc= Zm  OT pr G = ho O1 '’

P=0 mpu ¢==1.

31ech ynpyroe mpoao/JbHOe TepeMelleHre U TPOrud BEepPXHEro HECYIIEro CJO0S MJIACTHHBI

OBbLITM MpeACTaBJeHbl B opMe Uy = Uy Ui (&, 7), w1 = wyy Wi(&E, 7).
B paccmarpuBaemoit nocranoske “=t = O(1), a napameTpsl ho = &m = w}:’o” = o(1),

MO3TOMY 4YJIeHbl MPU AaHHBIX MapaMeTpax B ypaBHeHHsX (8) u KpaeBbIX ycaoBusix (9)
MOXKHO OMYCTUTBb [32], ¥ MBI MOJIYYUM CJEAYIOLIYIO0 3afa4y NTMHAMHKH TOHKOTO CJIOSI BSi3-
KOU XKUIKOCTH:

oP e oP U U

_ _ _ 1
df W1 OW-
Us =0, UCZE mpu (=1, Us=0, U= Zml aTl mpu (=0, (11)
P=0 npu ¢&=41. (12)

B nepemenHBIX (7), C y4eTOM CIeJIaHHOTO Bblllle 3aMedaHusi, HanpsikeHust P,, u P,,,
NEUCTBYOLLHE HAa BEPXHUM HECYLUHUH CJOM MJIACTHUHBI CO CTOPOHBI KUIKOCTH, MMPUMYT BUJL

PV 2wl %
hg  9C |

PV Zmuwl?

sz:_
h{

¢=0

Pemras 3anauy (10)-(12), onpenenunu 6e3pasMepHoe IaBjeHHe U HEOOXOAUMbIE fasiee
MPOU3BOJHBIE TIPOIOJHHOH KOMIIOHEHTHl CKOPOCTH XKHUIKOCTH B BHJIE

P=6(¢— +12@/ / %d§d§+6 1) wml/l/o %dgdg

Wl _ _6§_f gmi 0W1 g mt / /5 oW, dé de, (14)

¢ |e=o Zm Jo
I 9 (09U _@ oY 6@@%
0o\ ac o ¢ dT 2 OT )

Pemienvie ypaBHeHHH (2) mnpeacTaBUM B BHAE, YAOBJETBOPSIOIIEM KpPaeBbIM YCJIO-
BUSIM (3):

E 2n + 1 - 2n + 1
Uy = ZT,?(wt) sin n2+ 71'%, wg = Z R} (wt) cos n2+ W%, k=1,2. (15)
n=0 n=0
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Torna, yuutsiBasi (15) B (14) v pas3joKuB MOCTOSIHHBIH yPOBeHb NaBJEHHS py M BCe
Bxoasitiue B P,, U P,, GYHKIHMU OT & B Psiibl 110 COOTBETCTBYIOUUM TPUTOHOMETPHUECKUM
(GYHKUHSM TPOAOJIbHON KOOPAHHATHI MOJYYHM

> pul? [ 4(—1)m h 2 > dh
P, = — 12— = |-
Z h3 ((2n + 1)m popl/€2 2n+D)r| dt

n=0
2 2 dR? m+1 x
—12 L - 16
{(2n+1)7r} dt )COS 2 0 (16)
ol ) 2 dh ) dR" m+1 z
P,=-> 1=t | —2 | 24 L) g -
;hg< (=1) [(27@—1—1)7?} i " {(Zn—i—l)w] at )T T

[e.9]

1. 0P 1 hg by pvl? 2 dh dR" n+1 o
Sp Lz ol 12—y | —= | & ! z
! 2 e \ PV e @ T ) e

M3 nonyuyeHHBIX BbipaxkeHuit (16) ciemyer, 4To %hl%/Pzz = O (hohi/?) = o(1)
U cjaraemoe %% B (2) MOXHO HCKJIOYUTb M3 PAaCCMOTPEHHs, TaK KakK OHO Ma-
Jo 1o cpaBHeHuto ¢ P,,. [lpuHumasi 310 Bo BHHMMaHHe, noxactasass (15), (16) B (2)
¥ TIpUPaBHHBAsi B IMOJYYEHHOH CHCTeMe 4YJIeHbl MPU OJMHAKOBBIX TPHUTOHOMETPUUYECKHUX
(byHKUUAX, epeiieM K chucTeMe OObIKHOBEHHBIX NU((epeHlMalbHbIX ypPaBHEHUH, B KO-
TOPYIO BXOISIT NBa OJAHOPOAHBIX ypaBHeHHs. Mcrosb3ysi ONHOPOMHBIE YpaBHEHHs, HalIeM

cBA3b Mexny 15, Ry yepes 17", RY:

T1n(b24b41 - b44b21) + R?(b24b43 - b44b23)

baobag — basbao
R T7(bagbor — baobar) + R (baabag — bagbys)
9 = .

b22 b44 - b24 b42

Ty =

)

(17)

JaJjee, YUHTBIBAsI, YTO COIJIACHO IOCTAHOBKE 3aJayd paccMaTpuUBalOTCst rapMOHHYeC-
d2R"
KHe YCTaHOBUBILIHECS KoJiebaHud, T.e., HCIIO0JIb3Ys T; = —wQR?, OKOHYAaTeJIbHO II0-
JYYUM CJIeAYIOIIYI0 CHCTEMY OOBIKHOBEHHBIX an@@epeHuHaﬂbHux ypaBHeHI/II‘/’I:

dRy  A(=1)"'_dh

b T + bRy + 2K}

"dt - (2n+ )7 Mdt’ (18)
dRy  4(—1)"H dh
b, Tl + b5, R + 2K, —L = — 2K, — | .
17+ b3z Ry + it @ntn Po 7
31ech BBeIEeHbBI Caeayoliie 0003HAUEHHS:
bosby1 — bysb Diobo1 — basb
A = bayobay — basbss, by = b1y + blzw + bl4w,
« 5 b21by3 — bygbos bagbaz — baabas
bls = bi2 A + D13 + b1a A )
Douba1 — bagb biobay — baob
b, = byt + bao 24 41A 44091 + by 42 21A 22 417
boubys — bysb biobag — boob
b, = by 24 43A 44023 4 bs + ba 42 23A 22 43,
pvl?

2K, =12

2 ? pvl 2
oKl =P 2
i {<2n+1>7r] IR [<2n+1>w}’
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) o (1 ? 2 o (2 ? )
= a a — mw = —a a — mgw
11 1 4 o0 ™ 1w, 12 1 5 o0 ™ 8W
b 21 oy (211 2+2 ,(2n+1
= ™ | —a9 — 24 ™ msw s
13 2/ 2 6 20 5 2 )
p 2t om+1 \° )
= ™ |—a a ™ — mrw
14 20 3 7 20 7 )

om+1 \? ) on+1 \? )
by = —ay + as 50 T —mgw”, by =a;+ag T T M,

2n+1 2n +1

bos = 57 T |as — ag 57 T +msw”|,
on + 1 n+1 \?

byy = 50 T a2+2a7( 27 W) —2m7w2],
on + 1 m+1 \?

b3 = 50 " 017—2616( 57 W) +2m5w2],
on + 1 om+1 \? )

32 = "5y T |G10 — Qg Y T +msw |,

20

b — o (20 ? n+1 \° om+1 \?*| ,
34 = —ag T a12 i ™ Q16 Y, ™ mg — Mg Y, ™ W,

m+1 \? on+1 \*
633 =ag — Q11 s —|—a15 s —

b _2n+1 n 2n+1 2 9
11 = o0 ™ 18 + az o0 mrw- |,
2n + 1 on+1 \? )
= 2 -2
b42 20 T |aig + 2a7 ( 2/ ’/T) morw ] s

b — o (20 ? m+1 \" om+1 \?*| ,
43 = —ag T a12 Y, ™ Q16 27 ™ mg — M3 Y, ™ W,

(2n4—1 )2 (2n4—1 )4
b44 = ag — Q14 m —+ a3 v —

13 (18) monyuaem

dR} [ZKn QKé] LR {b}b b’{3] B 4(—1)”+1 [po (2Kn QK%) dh}
1 - )
(19)

dt b3 b1 b3 b1y (2n+1)7 b3 b3 b1 dt
T _%Rn B QK}L dR} B 4(—1)7“rl QK%@
Lo, by dt 2n+ D bty dt’

lpencrabiss R = RYW + RY, T0 = Tr0 4 T7, rne BepxHuil uHaekc O COOTBETCTBYeT
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CTaTUYEeCKOMY NaBJIEHHIO pg, B cuay nuHeiHocTH (19) Haxomum, 4To
A=D1 _ o A=De ( 13 1 )
o P ens e \bh d

RnO — -
! 0 (QTL + 1)7T dl

n0 n0 13
5 Tl _R
w=0 11 w=

, (20)

a pyHkunu R} u T umeroT BUA

— 4(_1)n+1 d2w

mn

. . _ 4(_1)n+1
Ry =~ Womet, T = o\ [} + d3e” 2, 21
! (2n+ )7, [d2 + d%aﬂe #m€ ! (2n+ 1)m 3 itz (21)

rae
b*. b QKI d i (dgtd)2 — 2K1wd1d2w
d:*_*ﬁ dZQKn— 31 n t _ 1 ds = 13 n
O g w0 TG T T @)
btadidow 2K w d2w? d
dy = 1321222 - 2222_1 ) tg9:—4.

YuuteiBas (20), (21) B (15), mosyuum BeIpaxkeHHUs AJis IPOrU6a U MPOAOJIBHOTO Iepe-
MeLIeHHs TIePBOro HeCyIlero CJ0si MJIACTHHBI B BUIE

ol on + 1
= Do Z ( o + I dl oS nQZ mc) + 2L (w, ) sin(wt + Y1),
b o+ 1 (22)
s Z ( 2n +1 (bi d1> Y, ”) + zmllu (w, 2) sin(Wt + @u).

31ech

M1 (w, ) =/ E} + F?, 1la(w,z) =1/A2 + B3,

(dQW)Q 2n+1

Eh i 4(_1)n+1

cos T,

— (2n + )7 df + d3w? 20

dl dQCL) 2n+1

» f: 4(_1)n+1
- cos
" = (2n + D)7 di + djw? 20

T,

4= 2n 1 A=D1 2n
A=Y —2—d By=Y ———d
h ZO 2n + Dr 5 T T O ; (2n + Dr o T

; F, . By,
wl — arc -, uwl — aIcC —_—.
Pu & Eh Pul & Ah

Beenenubie B paccmorpenne GyHKuuu I, (w,x), I, (w,x) npencraBasioT co6oi
4acTOTO3aBUCHMble (DYHKLUHMH pacrpefie/ieHdss aMIIATyld Mporudéa U MPOLOJbHOIO
repeMellleH sl BI0JIb BEPXHETO CJI0s TJIaCTHHBI COOTBETCTBEHHO. 3aMeTHM, 4TO, IPUHHUMAas
BO BHMMaHHe CBsi3b (17), Mbl Takxe ONpPeNeNUIH TMPOrud W MPONOJbHOE TMepeMelleHHe
BTOPOT'O HECYLIEro CJjosl MJIaCTHHBL.

3AKNMKOYEHUE

B pesy/nbTaTe MOCTAaHOBKM U pelleHHs 3afaud 00 H3TUOHBIX W MPOAOJBHBIX KOJe-
0aHUAX TPEXCJOUHOW IMJIACTHHBI CO CXKHUMAaeMbIM 3aMOJHUTEeNeM, B3aUMOJAEHCTBYIOLLEH C
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BUOPHPYIOLIMM LLITAMIIOM 4Yepes3 CJ0H BA3KOW HeCXKHMaeMOH KUAKOCTH, HalleHbl Bblpake-
HUSA /I YOPYTUX MepeMelleHU HeCYIIUX CJ0€eB IJACTHHBI, MOJHOCTBIO ONpeae/sooline
Hanpsi>KeHHO Ne(OpMHpPOBAHHOE COCTOSIHWE C3HIBHUU-Nakera. Ha ocHoBe mosydyeHHOro
pellleHHs] MOCTPOEHbl 4YacTOTO3aBUCHMble (PYHKLUHUHU pacnpeleseHduss aMIJIATYA MpPOTu-
6a 11,1 (w,z) u nponosbHoro nepemetenus I1,;(w,z) nepBoro Hecyuiero cjosi. JlaHHbie
(ODYHKUMH TpU (PUKCHUPOBAHHOM 3HAUEHHWH MPOJAOJBbHOH KOOPAMHATBHl TPaHCHOPMHUPYIOTCH
B AMIIJIMTYAHO-4aCTOTHbIE XAPAKTEPUCTUKU COOTBETCTBYIOLLErO IOIEPEYHOro CeueHUSs.
Takum ob6pasom, npenJioykeHHble (PYHKLUMH MO3BOJSIOT HUCCJAEN0BAaTb THAPOYIIPYrHe KO-
JebaHusl TPeXCJOWHOH MJIacTUHBI, HalpuMep, MOTYT OBITh HCIOJb30BaHBl [JIf OMNpene-
JIEHUS ee Pe30HAHCHBIX YacToT KosebaHui. Kpome Toro, mosyueHHoe pellleHHe MOXKET HUC-
M0JIb30BAThCS /ISl COBEPLIEHCTBOBAHUS METOAMK Hepa3pylIalollero KOHTPOJIS COCTOSHHS
TPEXCJOUHOU IJIACTHUHBI, BJSAIOLLIEHCA CTEHKOM KaHaJsa, 3aroJIHeHHOIO BSI3KOW KHUIKOC-
Tbto. [l 3TOro MOCTATOYHO 3KCIEPUMEHTAJNbHO ONPEeNeNUTh aMIJIUTYIHO-4aCTOTHbIE
XapaKTepHUCTUKH Mporuda M MpoA0JIbHOTO MepeMelleH|s BTOPOro Hecyllero CJosi B HEKO-
TOPOM (PUKCHPOBAHHOM CEYeHUH KaHaJja MpU 3aJaHHOM rapMOHHYeCKOM 3aKOHe BUOpalUH
mramna. JTo MO3BOJMT, MCIOMb3ys CBS3b (17), mepecunTaTbh MO CHSITBIM XapaKTepHuC-
TUKaM BTOPOTO CJIOS XapaKTePUCTUKH repBoro cJjosi. CpaBHUBAsi MOJNyUYeHHBIH pe3yJib-
TaT C 3apaHee HM3BECTHBIM PACYETHBIM Pe3yJbTaTOM, MOXKHO CYAUTb O COCTOSIHHUHU CTEHKH
KaHaJsa. [IpuHuMas Bo BHHMaHHe CKa3aHHOe Bbillle, pa3paboTaHHAs MaTeMaTHyecKas Mo-
[e/b MOXKeT OBITh HCII0/b30BaHA KaK /S UCCJAEeN0BAHNA AMHAMUKH TPEXCJIOUHBIX CTEHOK
KaHaJoB, TaK W /5 Pa3BUTHUS TEXHOJIOTHH Hepaspyllalollero KOHTPOJIS TPeXCJOWHBIX
KOHCTPYKLHMHU O MapaMeTpaM HUX BBIHYXKJIEHHBIX KoJieOaHHH.

BaarogapHoctu. Pa6ora BbinosiHeHa npu (puHaHcoBoU nopnaepkke PODU (npoekTsr
Ne 19-01-00014a, Ne 18-01-00127a).
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The three-layered plate interaction with a rigid die through a layer of viscous fluid was investigated.
The plate and rigid die formed a narrow channel with rectangular parallel walls. The channel
was completely filled with a viscous incompressible fluid. The fluid movement in the channel was
studied as a creeping one. The motion law of the rigid die was considered to be given as a harmo-
nic one and the forced steady-state oscillations problem of the sandwich plate was considered.
The upper and lower face sheets of the plate satisfied Kirchhoff's hypotheses, as well as, the
core was assumed a compressible one. The displacements of the channel walls were believed to
be much smaller than the distance between them, and the longitudinal size of the channel was
considered to be much larger than its transverse one. The plane hydroelastic problem consisting
of the Navier — Stokes equations, the continuity equation and the dynamics equations of the three-
layered plate with compressible core was studied. The boundary conditions of the problem were
the no-slip conditions, the conditions for pressure at the channel edges and the simply supported
conditions at the plate edges. In the course of study, normal and shear stresses of the fluid, acting
on the upper face sheet of the plate were taken into account. The elastic displacements of the plate
layers were chosen in the form of a trigonometric function series of the longitudinal coordinate.
From the solution of the problem, expressions of the fluid layer hydrodynamic parameters and
the plate layers elastic displacements were obtained. Also, the frequency-dependent amplitude
distribution functions of the plate layers displacements and the pressure of the viscous fluid layer
were constructed.

Keywords: hydroelasticity, oscillations, three-layered plate, compressible core, viscous liquid, rigid
die.
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BBEILEHUE

[Ipocreiinee  duckpemroe npeobpasosanue Xaapa
(AIX) npencraBaser coG0H JMHEHHBIH omepatop B R? ¢
mMaTpuuen H:

1 1 a a+b
= 5)-(6) =G5
Boccranosnenue curiana ¢ = (a b) € R? BbimosHsieTcst ¢
MOMOLLbIO OrepaTopa 3, BEIYHC/ISIONIEr0 MOTYCyMMBI H 110~
JIyPasHOCTH.
[lepexon k JIIX cooTBeTCTByeT 3aMeHe CTaHIAPTHOTO
basuca {(1 0),(0 1)} B R? Ha xaapoBCcKHH Gasuc

{(11),(1 =1)}. B repmuHax Teopuu BcrmieckoB [1] mepBeri
13 3/1EMEHTOB XaapOBCKOro 6a3uca UrpaeT poib MacluTaOu-
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pYIOILEr0o CHUTHajla, a BTOPOH — MaTepUHCKOro. J{MCKpeTHBIH aHaJor XaapoBCcKoro 6asmuca
B RY mas N = 2" noctpoeH B [2], rae KOHCTPYKIMSI ABOMUHBIX CXKATHH W CIBUTOB
NepeHeceHa Ha NUCKPeTHble (PYHKILHUH.

Tponunoe o6o0611eHHe 3TOH MOJAeNbHOH KOHCTPYKLMH NpOBeleM Ha OCHOBE NUCKpeT-
HbIX MepuHoauyecKux ¢yHKUMHE DBephynnu (6ymeM ©x HasbiBaTh curHasel bepnysin),
BBeJleHHbIX B [3] M moppoOHO HcciefoBaHHBIX B [4]. B oTinune oT (yHKLIHOHAJIBbHOH
(bopMbl 3anKcH, IPUHATOH B [O], GyaeM HCIIO/Ib30BaTh BEKTOPHYIO (GOPMY, B3SIB 32 OCHOBY
0003HaueHHust B nmocoduu [6].

DJieMeHThl cTaHaapTHOro Gasuca B R o6osHauum cumBosamu 0 = (1 0 0) desvma-
cuenanra W ero kpyeosvix cdsueos 6~ = (0 1 0), 6*7 = (0 0 1), a BeiiB/eTHBIH
HEOpPTOrOHaJ/bHBIA 6a3uc 0003HAUUM CHMBOJIAMU

S=(111), A=(-101), A7 =(1-10).

O6o3nauum RJ nopnpoctpanctso R? curnanos x = (a b ¢), yIOBJIETBOPSIOUIUX YCJIO-
BHIO IIEHTPOBKH
a+b+c=0.

AHaJIOrMYHO /st TIOAMPOCTPAHCTB GOJbIIel pasMepHOCTH HHKHUH uHAeKe 0 o3Hauaer
BBIMOJIHEHUE YCJOBUSI [IEHTPOBKH BEKTOPOB B BH/E PaBEHCTBA HYJIO CYMMbl KOOPIMHAT.
Urak, BekTopsl A 1 A~ coctaisiior 6asuc B R3. Pasnoxenune Bektopa y = (o 8 ) € R?
10 BEUBJETHOMY 0as3ucy

a+ [+

3 )

AT mpocTeiiive (GOPMYJIBl PA3JIOKEHHUS JeXaT B OCHOBe Na/jbHeHIIel neTanu3alund
CUTHAJIOB C MOCTPOEHUeM TPOHMUHBIX CXKATHUH U CIBHUIOB.

[IpensioskeHHbI BapHaHT TPOUYHOro 6as3uca ¢ MaTepHHCKUM BelBjaeToM A = (—10 1)
B BHJle CHrHasa bepHyu MUHYC EPBOTO MOPSIAKA JIETKO MO aHAJOTUH PaCclpOCTPaHSeTCs
Ha cjydaii 6oJiblled pa3MepHOCTH, Tak KaK B [4] ycTaHOBJIEHO, UTO Ha0Op U3 p—1 CABUIOB
J1000ro curHasa BepHy/au Ha ceTKe ¢ p OTCUeTaMH COCTaBJsieT 6a3uc mpocTpaHcTBa R,

3anaua novcka 6asnca aHaJOrMUHOTO MOANPOCTPAHCTBA, COCTOSLIETO U3 MAaTEPUHCKHUX
OPTOTOHAJNBHBIX (DYHKIMH, B p-U4HOM cjydae copmynupoBaHa u pemena 0. A. Pap-
KOBbIM [7]. B mocsenyromux ny6adkanusx, HaduHas ¢ [8], 3aHMMa/JUCh MOUCKOM YCJIO-
BUH Ha Macwtabupyromure QyHkuuu. M3 Hux Beienum crateio C. @. Jlykomckoro [9],
Tle IPUBOAMTCS B IPYrMX 0003HAYEHHSX OPTOTOHAJBHBIM BapuUaHT BeliBjeTHOro 6asuca
(1 11), (-1 01), (1 =2 1) ¢ curHanamd DepHy//JH MHHYC T[€pBOr0 U BTOPOTO
nopsinka [4] B KauyecTBe mapbl MaTePUHCKUX CHTHaJoB. B maHHOW cTaTbe Mbl BbIOpa-
JU JPYrod TOAXOH, TaK KakK 3TOT BapHaHT NP Iepexofe K OOJBIINM pPa3MepHOCTSIM
BJeUeT CyLlecTBeHHOe ycJjoxkHeHHe ¢dopmys. Kak npumep HampaB/eHHs HCCIeIOBaHHUH,
YCJIOKHSIOIMX KOHCTPYKLHIO, MpUBeneM ctaTbio [10], roe B IBOUYHOM ciyuae HUIET MOUCK
HECKOJIbKUX MacIITabHpYOUUX (GyHKIHH.

[{esbio MCcCaeOBAHUI CJYKUT MOATOTOBKA anmnapara 1Js HudpoBoid 06paboTKHU CUTHA-
JoB. B 3TOM HampaBseHuu oTMeTuM ctathd [11,12], rie mpoc/exkuBaeTcss TeHIEHIMS K
U3JI0XKEHHWI0 MaTepuasja B TepMMHAX IUCKPEeTHbIX (PYHKLMH, KOTOpoe B JNAaHHOH CTaTbe
peasii30BaHO B BEKTOPHBIX 00603HAUEHUSIX.

1. MACLUTABMPOBAHWE NMPOCTEMULLEIrO BEMBJIETHOIO BEA3SUCA

B ciyuae n = 2 umeem npoctpanctBo RY u ero nopnpoctpanctso RY. Basoseie (hyHK-
LMK B BEKTOPHOW (hOpMe OIperessoTCs ¢ MOMOLIBI0 ONepalHdHu KpPOHEKepoBa MPOHU3Be-

y=coS+ A+ A7, c= c1=7—¢cy, C3=co—f.
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NleHus1 ® BeKTopoB. [Ipensoxum c/aeylolyo HX HyMepaluio, KOTOpylo faJjee nepeHeceM
Ha oOUMH caydal:

o=1=5S®S=(111111111),
o =A®S=(-1-1-1000111), ¢,=A"®S=(111-1-1-1000),
p3=0@A=(-101000000), p=00A"=(1-10000000),
05 =0"®A=(000-101000), @p=6"®@A7=(0001-10 000),
07 =0""®A=(000000-101), ¢s=0"®A7=(0000001—10).

Jlnsi ucxXomHOro BekTopa T = (Tg Ty To T3 Ty Ty T T7 Tg) € R? KOIDPUUHEHTHI
pasJ/ioKeHHsI HAXOAHUM [0 CJedyIolleMy MpaBUIy:

1 1 1
Yo = g(iﬂo +a1+x2), Y= 5(1’3 +as+x5), Yo = §(i€6 + z7 + x3);

C3 =T2 — Yo, C4="Yo—T1, C5==T5—Yi, Co=Y1— Ty, C7=2T8 Y2, Cg=1Y2— T,

1
Co = §(yo+y1 +1Y2); €1 =Ys—Co, C2=Co—Y1.

Otciona nosy4yaeM pasJ/oKeHHe MCXOLHOT0 BeKTopa Mo 6asucy

8

T = ZCJ‘SOJ‘,

J=0

nocJeoBaTeNbHOE BbIUMC/AEHHe YaCTHBIX CYMM KOTOPBIX peaJjiM3yeTcsi B BHJe IOcCJe-
JI0BaTeJIbHOW TMPOPUCOBKU JeTasei, YTO aHaJOTMYHO CUTyalUUH [JI XaapOBCKOTO BEeHB-
JeTHoro 6asuca.

B ofuiem cayyae MocTpoeHHe TPOMYHOro BeHBjeTHoro 6asuca B RY, rme N = 37,
HauHeM C MacluTabupyoued pyHKIUH

po=1=5""=(1111...1).

B oriuune or JBOUYHOI'O BEHUBJIETHOTO 0asuca B TPOUYHOM CJaydae BMeECTO OIHOM
MaTepI/IHCKOﬁ q)y'HKL[I/II/I BbIHY2KJAE€HBI B3ATb Iapy MaTEPUHCKUX q)YHKL[I/II;I — OCHOBHYIO
MaTE€pPUHCKYIO (DYHKU,I/IIO 1 ee KJIOH B BHUE€ KPYroBOro CaBUTa:

pr=AR S, p,=A"®se

Eciu 6bl paccmarpuBaiu BapuanT N = p, TO Ha 3TOM 3Tamne TMpojesanu Obl
(p — 2)-KpaTHOe KJOHHPOBaHHE B BUJE KPYTOBbIX CIBUIOB.

[Tpouenypa TpouuHOro cKatusi (KOTOPYIO BBIMOJIHSEM MapasiieibHO [Js1  Taphl
MaTepPUHCKUX (YHKIHH) COCTOHUT B 3aMeHe OQHOTO KpOHeKepoBa MHOXKHTeJsl S crpaBa
OT MHOXKHTeJs A Ha MHOXHTEJb 0 CJeBa:

@3:5®A®Sn72®, ¢4:5®AH®S1@72®;
Po=0R5R AR S, VIo=0RIQA” ® SV 3%, .

[Ipouenypa TpoUUHOTO CABHUra, KOTOpasi TOXKe MPOBOAMUTCS MapasijieJibHO MJs Taphbl
00pa3oB MaTepUHCKUX (YHKIHUE (HO Termepb COOTBETCTBYIOILYIO 3alHCh He TPUBOIHM),
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COCTOUT B pacrpejieJleHHH 3HAuKOB C/BMra y JesbTa-CUIHAJOB B JIEKCHKOrpaduyeckom
nopsiiKe:

P =000 QARS"® =005 @A ST,
P15=0"QIRARS"? L =0"R5§5T QAR
Pr9=0" R QARSI 0y =T QIR AR ST,
03 =07 T RARS =" RFFTRAR SV,

Jlns pyHKUME ¢ YeTHBIMH HOMepaMU 3TOH MadykW NpeacTaBjeHHe MOoJydyaeTcs yepes mpe-
OBIAYIIYIO 3aMeHOH B pasjoxeHuu A Ha A~. [l KpoHeKepoBa NMPOW3BENEHUS CIBHUIOB
Jles1bTa-CUrHasla, YIopsiloueHHbIX B YKa3aHHOM JIeKCHKOrpauyeckoM nopsiike, 6yaem Hc-
MoJIb30BaTh GoJiee KOPOTKOE 0003HaueHHe 0%, PUHATOE [/l 3JEeMEHTOB CTaHAAPTHOrO
6asuca ¢ 3™ orcueramu. Hanpumep, g7 =67 @457, 607 =07 @467,
HMrak, o6ume Gopmyssl 6a3ucHbX GyHKUUH npu j oT 0 mo 3™ — 1
Paminj =0 @ARS"® =(0...0 ~1...-10...0 1...1 0...0 ),

N——
j3n—m 3n7m71 3n7m71 3n—m—l 371,(j+1)3n7m

O3mi9jp1 = Om AT @S =(0...01...1 —1...—1 00...0 ).
jgn—m 377,777171 gn,m,1 (3m+1_3j_2)3n7m71

2. NMOCTPOEHME TPONYHOIO KPATHOMACLUTABHOIO AHAJIU3A

YKaxeM CBSI3b MOCTPOEHHBIX TUCKPETHBIX (YHKUHMH C aHAJOTMYHBIMH (DYHKIIUSIMH
HeNpPEepbIBHOTO apryMeHTa (KOTOpbIe Jajiee Ha3biBaeM «HeNpepbiBHBIMK»). BBeneMm noHsTHe
UHTEPBaJIOB M-T'0 paHra ¢ HOMepoM k:

Ak—{k k:+1>

m | gm’ gm

a XapaKTepUCTHUeCKyIo (PYHKIHMIO 3TOro HHTepBata 06osHauum Iff(t).

OnpenesuM ¢ MOMOIIBIO CKBO3HOH M IBOHHOH HyMepalWH TPOUUHbIE aHAJIOTH CHCTEMBbI
Xaapa cienyomumMu (popMy/IaMHu Ha UCXOAHOM HHTepBaJe [0, 1), MOJOXKUB UX HyJeM BHe
storo uHTepBasa (3gecb N =3"):  Xy(t) =1,

N_1 —1, ecmut e A%H,
Xamyg;(t) = X(jm)(t) = Z <P3m+2j(5>l(sn)<t> =49 L ecan t € A%ifa
s=0 0 MPU OCTaJIbHBIX ¢,
N_1 1, ecau t € A%H,
Xamygj1(t) = Ydﬂ)(t) = Z <P3m+2j+1(5>[€n)(t) =49 -1 ecmtc Afgiia
s=0 0 IPU OCTAJIbHBIX t.

M3 npuBeneHHOro siBHOro BHAa (DYHKLUMH BBITEKAeT, UTO NaHHAsi CHCTeEMa CJYXKHT
TPOMUYHBIM BapUaHTOM CHCTEMbl TIOCJIENI0BATENbHOH IPOPUCOBKH JeTaJjied, 4TO KOHK-
PeTH3UpPOBAaHO fAaJjee B 3ToM mnaparpade. VM3 paHHOTO yTBep:KAeHHWS W BBITEKaeT cCJe-
LyIollas Teopema.

Teopema. Cucmema ¢ynxuuii {X;(t)}32, asrsemca 6asucom Lllaydepa & arobom
us ocnosuolx npocmpancms C[0,1], L[0,1], L*[0,1]. Ona 3adaem mpouunslii Heopmo-
eonanorolti KMA na [0,1).
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B cnyuae C0, 1] Bce 6asucHble GyHKUUM (He sBasiiomunecs: snementamu C0, 1]) npo-
LI0JI?KaeM B TOYKY 1 10 HempepbIBHOCTH.
Tpouunbiiit KMA npencraBsisieT co60i 11€MOYKY BJIOKEHHBIX MPOCTPAHCTB

L.CA L CANCANiCANyC...CAN,C ..,

VIOBJIETBOPSIIOLIMX CJEAYIOLIUM YCIOBHSIM:

1) U, A = L2(R);

2) (, A = {0):

3)f € Ao< f(-—n) € Ao, n €Z;

) f(z) e \j & f(3z) € Aj, j € Z;

5) cyuiectByeT () Takas, uto {¢(x — n)},ez cocraBser 6asuc Ag.

Otnuuure ot TpaguuuonHoro ([1, c. 21], [13, c. 44]) ABOUUHOrO OPTOHOPMUPOBAHHOTO
KMA 3akJto4eHo B cBoicTBax 4 (3ameHa 2 Ha 3) ¥ b (0TKa3 OT OPTOrOHAJbHOCTH 6a3uca).

B MomesnbHOM ciiyyae JaHHOM KOHCTPYKLUHMH M CHCTeMbl Xaapa MaclITabHpylolas

GyHKUMs ¢ = X, opraHudyeT BpPEMEHHYIO JIOKa/JH3alMI0 3a CUeT pa3JIoKeHHUs
eIMHHILBI
o0
1= Z Xo(z —n)
n=-—oo

Ilns ucxogHoro curHana f € L[0,1] mocsienoBatenbHOCTb NPUOMMKEHUH f,, € A,
BBIUKMCJIIEM OTAEJNbHO /I KaXKIO0T0 1 4epes3 3HaueHuss LM(POBLIX curHanoB x € RY, rue
N = 3™, no hopMyJie 4aCTHOH CyMMBI TUCKpeTHOro npeobpasoBanusi Kpecrencona [14]

xz;=3" N f@)ydt, fn(A?)=uwx; nnsscex j,

AQHaJIOTUUHOU (popMyJsiaM, MPUMEHsieMbIM JJis cucTeM Xaapa M Youaiia. YMbIILJIEHHBIH OT-
Ka3 OT OPTOrOHAJbHOCTH TIPU NMOCTPOeHUH TpornuyHoro KMA BbI3BaH KejlaHHEM COXPaHUTD
MPOCTOTY KOHCTPYKLUHHU U IS c/1ydasl epeHoca ee Ha O0JbllIMe pa3MepHOCTH.

Hckomasi pyHkuus f,,(f) ¥ ecTb 4acTHast cymMMa ¢ HoMepoM 3" cjeyIoLero psiaa:

oo 3k—1

f(t) = coXo(t) + Z Z C3k+2jX(jk) (t) + C3k+2j+1Y(j;;) () = Z cr Xk (1). (1)
k=0

k=0 j=0

Koadduurents pasnoxenus (1) BbIUHCASIOTCS 10 opMyiam

co = /01 f)ydt, ¢ = 3/21 (f(t) —co) dt, co= 3/12/3(00 — f(t)) dt,

/3 /3
Cym yo; = 3" /A L FO = F(A5)) dt = FATT) = F(A]), 2)
oz =30 [ (L) = rie) e = Fah) - AU,

re j = 0,1,2...,3" — 1, f(Al) = 3m Ja; f(t) dt — cpennee sHauenne dyHKUMH Ha
uHTepBase. PopMysbl 151 ¢ U ¢y B 3aMKCH (2) U3JMHIIHK, TaK KaK OHHM COMIEPIKATCS HHKeE
B 00mwux dopmynax npu m =0, 7 = 0.

JloGaByeHHe ABYX BbII€JEHHBIX cjaraeMbix (opmyibl (1) mpu moc/enoBaTelbHOM Bbi-
UHMCJIEHHH YAaCTHBIX CYMM 3TOTO psiia COOTBETCTBYET YTOYHEHHIO 3HAueHMs CTposeHcs
dyHKIMH: 3aMeHa cTyneHbKH f(A7) Ha TpU CTyneHbKH j:(Af’,Zif) npu s = 0,1, 2.
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3. BbICTPbIA TPOUYHbIA ANFOPUTM BbIYUCNEHUA CMNEKTPAJIbHbIX
XAPAKTEPUCTUK

O603HaunM HcxoaHblil MaccuB 0 = (zg 1 o T3...2x_1) € RY kak maccuB Hayasib-
Horo HyJeBoro ypoBHs, N = 3". Ilycte Ny = N, N; = % — obbem MaccuBa k-ro
YPOBHSI.

e AJIropHTM OBICTPOrO TPOHYHOIO BEHBJAETHOTO MPEOOPA30BAHHS C MPOPEXKHBAHHEM
10 4acrorTe.

st k ot 1 10 n BBINOJHSEM:

— pas6uBaeM MaccuB z°7! Ha Hemepecexarwliuecs G/IOKH, 3aHyMePOBaHHbIE MOAPSAL
uHaekcoM j oT 0 no Ny — 1, o Tpu 3JieMeHTa B KaxKJA0M j-M OJI0Ke, KOTOpble 0603HAUUM
(a, b, ¢) nas nanbHEHIIero BbIUKCIEHHS,

— (opmupyeM [Ba MacCHBa CJEAYIOLIEro ypoBHs: z° = (rq x; =y x3...TN, 1)
(o603Hauast 3JeMEHThl TeMH K€ CHMBOJAMH, YTO M Ha TMpeIblAylleM YpPOBHE) U
v* = (Yo Y1 Y2 Y3 - - - Yan, 2, Y2N,_1), BBIUMCSAS 1Jist HOMepa Gsioka j ot 0 1o Ny — 1

a+b+c
Tj= g Y2 = C T Yo = 35— b
—~ (hopMUpYeM BbIXOAHOH MaccHB C' CreKTpabHbIX XapaKTePUCTHK i M3 BHIUMCIEHHBIX
MacCHBOB

C = (x" yn ynil yni? c. yl) = (CO C1 Cy C3.. .CNfl).

e OOparHbli aJIropuTM OBICTPOrO BOCCTAHOBJIEHHS] CHTHAJIA.

CHauasa KOMMEHTapuil K TMPUHATHIM B ajroputMme o6ozHadeHusM. Llaru anroputma
Oyzem HyMepoBaTh B o6paTHOM mopsiike. Ha HauaibHOM n-M 1Iare nBa mMaccua z” = (cg)
(o603HaUUM ay BMeCTO ¢g) U y" = (c; ¢) BbIIeJsi€M H3 BLIXOTHOTO CHTHajla MAJisi
BOCCTAHOBJIEHHSI 10 HUM MaccuBa " ! = (xy x1 7). Ha caenytomem (n — 1)-M wiare,
Koraa MaccuB " ! W3 BBIXOJHOTO MacCHBa MPEBPAILAeTCss BO BXOMHOH [JIsi OYepPeIHOro
ara, ero 3jJeMeHTHl x; Nepeo003HAYMM B BUIe a; U T.A. BbixomHoit maccus (k + 1)-ro
wara z¥ = (xg ¥y x9... TN, 1) COBNALAET C BXOAHBIM MacCUBOM =¥ = (ag ay ay...an, 1)
0451 k-ro wara. [lanee chopmynrpyem ajaroputm.

Jas k ot n no 1 BuIoJIHSEM:

— nast j oT 0 1o Ny — 1 BblUMCAIsieM KOOPAMHATHI BBIXOAHOTO MaccuBa z°~1 mo koop-
JIMHATaM BXOIHOrO MaccuBa z¥ u ouepenroro 6soka y* = (yo yi . .. Yan, 1), U3BJIEUECHHOTO
u3 mMaccuBa C' B BUze ouepedHbIX 2N OTCYETOB:

1

T3j = G5 — Y25 T Y241, T3j41 = Q5 — Y2541, T3j42 = G5 + Yo .

4. NMPUMEPbI TPONYHOI'O PA3/TIOKEHUSA
1

Ipumep 1. [lna n = 4 Beibepem UcXomHb# curHan f(t) = 81t — 5, aApasowMica
JIMHEHHBIM TpeoOpa3soBaHHeM MPOCTeHIero curHana h(t) = t, ycpeiHeHHe KOTOPOTO IO
MHTepBaJaM 4eTBEPTOr0 PaHTa MPUBOIUT K LEJOUHCIEHHOMY AUCKPETHOMY MacCHBY

2 =(0123...80).
HpI/IMeHHH maruv 6bICTp01‘O aJIrOpuTMa, MoJydaeMm:

et =(147...79), y'=(101010...10);
r? = (41322314049 5867 76), 4*=(303030 ...30);
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2 = (134067), ¥*=(909090);
ot = (40), y*=(270).

M3 3THX MaccuBOB (hOPMHpPYeM BBIXOAHOH MacCHB
C=(40270909090303030...30101010...10).
Pasnoxenue (1) B Haliem cyyuyae MpeBpaTHUIOCH B

fa(t) =404+ 27X, () + 9(X5(t) + X5(t) + X7(2)) + 3(Xo(t) + X1 (t) + ... + Xos(2))+
+(Xor(t) + Xog(t) + Xa1(t) + ... + Xro(t)) € Ay.

[TocnenoBatesibHOe BbIYMCJEHHE 3THX CJaraeMblX COOTBETCTBYeT METOAY MOCJe[0-
BaTeJIbHOW IPOPUCOBKU AeTased, KOTOPbIM OTMeualoT B KauecTBe JOCTOMHCTB CHUCTEMBb
Xaapa.

Jlnst ucxonHo# GyHKUMH h(t) KoaDduuMeHTHl (2) pa3sioxKeHUs AJs ee MPUOIHKEHHS
ueTBePTOro ypoBHs (ocTajbHble ¢; = 0)

40+ 1 27 1 9 1
Chn = — _— Cl = — = — Co=Cr =C7r = — —= —
781 1627 8L 3 T T TRl 9
3 1 1
CgZCH:...:C252§Z§,62726292...2679:8—1.

O606111aeM UX AJS Pa3J0KEHUS M-T0 YPOBHS

Co = b% Cakyoj = 3=, Caki2i+1 = 0,
OTKYJia BbITeKaeT passoxeHue Ha [0,1):
1 0o -1
o g S Y X0,
k=0 j=0

a Takxke pasJoxkenue h(t) Ha [0, 00):

o 1 . o0 B o0 )
b= (m+ DI+ 37y XG0,
k=0 =0

m=0

IIpumep 2 (KanrtopoBa sectHuia). OCHOBHBIM TIPUMEPOM CUHYASAPHOU (YHK-
LUK CJYXKHT Kanmoposa secmuuya [15], 3amaHHas KOHCTAaHTOH Ha oTpe3kax (B
JIaHHOM TIpYMepe MpPaBbli KOHEIl CUHWTaeM INpUHAJJ/IeKAallUM HHTepPBaJy), COCTABJSIOMINX
KaHTOPOBO MHOXKECTBO,

2k +1

o ecmu t € AT p e N k=0,1,2,...,2"t — 1,

f(t)

rJle WCMOJIb30Ba/l¥ BHOBb BBEIEHHYIO, Uepe3 pas/ioKeHWe 4Kcjia B JBOUYHOH CHCTEME
cudcnennst k = k120 + ko2' + ..o 4 koi2"% k; € {0,1}, k,1 = 1, QyHKumio
(k) = k3% + ko3 + ..+ k13772, 1(0) = 0. JToompenesum Ha KaHTOPOBOM MHOXKECTBE
BTOPOTO poia 3Ty (pyHKUHMIO 1o cxeMe [15] no HempepbiBHOH Ha [0, 1] (a cienoBaresibHO,
¥ PaBHOMEPHO-HETPePbIBHON).
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OCHOBHBIM CBOHCTBOM, KOTOpPOE OyIeM HCII0JNb30BaTh MPH BHIYHUCIEHHUSIX, CTYKHUT CJle-
nyiollee (pakTasbHOe CBOHCTBO CaMONOOOHs KaHTOPOBOH JecTHHUB! f(3t) = 2f(t)

ft+2) = f(t)+ 35 npu t € [0,1/3]. JonoJHUTEIbHO HCTIONB3YeM CBOFCTBO CHMMETPHH

f(t)+ f(1 —t) = 1. M3 rpacduueckoro npeactaBieHHs ¢ MOMOLILbIO 3THX CBOMCTB BbIUKC-
nsieM (2)

1
=0, =0, =0, =

Co = C1 = 62:0, C3 = g, CgZO,...

1
8’
=27+ g j=0,1,2,...,2F — 1.

1 1
2’ 4’

C3ktap(j) =
[Tosyuunu pasnoxenue (1) cuHrynspHodt GpyHKUMH B psan Ha [0, 1]

00 2k 1

% Z ~(k+2) Z X3k+4u () (t)

k=0 7=0

HYaCTHble CyMMbl KOTOPOTO CJiyKaT armnapatoM paBHOMEPHOI'O l'IpI/I6.HI/I}KEHI/IH KaHTOpOBOﬁ
JIECTHHIIBI.

5. TPOWUYHbIN BEMBJETHbIW BA3UC C NPOPEXXWBAHUEM MO BPEMEHU

B cratee [2] mpensiokeHo nBa BapuHaHTa JABOMYHOIO BeHBJETHOro 06asuca — C
NpPOpPeKMBAHWEM [0 4YacTOTe M [0 BpeMeHH. [pOMYHBIA aHaJjor cucteMbl Xaapa ¢
NpopeXHBaHUEM I10 YaCTOTe OblJ PACCMOTPEH MOAPOOHO BbIU_Ie

[lpuBeneM KpaTkoe omucanue BTOporo 6asuca {ip}r ', rme N = 3", npencras-
JISIOLIEro co6oi TPOMUHBIA AMCKPETHBIM aHajor cucteMbl Xaapa [2] ¢ mpopekMBaHHEM
10 BpeMeHH.

Maciirabupyomieil TUCKPeTHOH (GYHKIHEH CayKHUT ¢y = S, a mapoil MaTepPUHCKUX

wl — Sn—l@ ®A’ 7702 — Sn—l@ ®A—>

MeTonoM TPOUUHBIX CABHUIOB M CXKATHUH MoJyyaeM BCe JAHWCKpeTHble (PYHKUMH Habopa
N0CJIeI0BATebHO 0 MayKaM, HO C APYrod HyMepalued BHYTPH Mayek

w3m+J — gn—m— 1® QAR 53m, w2'3m+j _ Snfmfl® RA”® 5%2

npu HatypasbHblX j oT O o 3™ — 1. 3nech NpUMeHUJIU NMepecTpoiKy Mopsaka HyMmepa-
LMK B COOTBETCTBHM C YIOPSALOUYEHHEM CIEeKTPAJbHBIX XapPaKTePUCTHK ) B BBIXOJHOM
MaccuBe C' NpeJI0KEHHOTO HHXKe ObICTPOro BeHBJIETHOTO aJropuTMa C MpopeKHBaHHEM
10 BpeMeHH.

[To npexHell cxeMe CTPOSATCS «HENPEPbIBHbIE» AHAJIOTH

0= 3 d(s) I (1),

e AJITOpHTM GBICTPOrO TPOHYHOIO BEHBJETHOIO NMpPeoOpa3oBaHHs C MPOPEXKHUBAHHEM
10 BpEMEHH.

Hns k ot 1 no n BbIMONHSAEM:

— maccus z*~! npencraBasem kak 6gounbiit (b0 bt b?) M3 Tpex HemepeceKaroMIUXCs
paBHOBEJUKHUX OJIOKOB oObeMa [NVi;

— BBIUMCJ/IIEM TPU MACCHBa, U3 KOTOPBIX q)opMpreM ABa Maccusa, 1o dopMynam s
BektopoB 2% = £ (0° + b' + b?), yF = (au, Bi) = (b* — 2, 2% —b);
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— (opmMHpyeM BBIXOIHOH MacCCHB CIEKTPaJbHBIX XapaKTEPHUCTHK H3 BBIYMCJIEHHBIX
MacCHBOB
C= "y y Ly 2 . yH=(aparazas...an_1). O

e OOpaTHbIH aJaropuTM ObICTPOr0 BOCCTAHOBJIEHHS] CHTHAJIA.

s k ot n go 1 BbImoJHsSEM:

— BoiuncaseM ¥l = (2% — ap, + B, ¥ — By, 2 + ai) no BexkTopy zF u Gs0kam
maccuBa y* = (ay, Bi), usBaedennoro us Maccusa C. [

[Tpsimoit anropuT™m aHasM3a MPUMEHUTENBHO K CTyneH4YaTod f € A, COCTOUT B BbIYMC-
Jenud BekTopa C' CIEKTPaJbHBIX XapaKTePUCTHK ay 10 BekTopy x € RY snauenuii f(t).
OO6paTHbI#l aNropuT™M CHHTE3a, COCTOSILIUH B BOCCTAHOBJEHHU X, COOTBETCTBYeT BBIYMC-
JIEHHIO MCXOHOTO curHajia Ha [0, 1) no dopmyse

N-1

Ft) = aZi(t),

k=0

rje Ta ke camas Maclitabupytoiias GyHKuus Zo(t) = 1 npu ¢t € [0,1), a ocTajbHble
6asucHble (PYHKIUU

1oy d F1poqd
—1, ecmut e A¥"T R 1, ecmute AP R
+1 . . +1 -
ng+j (t) = 1, ecaut € Aim k+2 3m+], Z2.3m+j (t) = —1, ecaut € Aim k+3m+J,
0 IIPU OCTaJIbHBIX ¢, 0 IIPU OCTAJIbHBIX t.

3rece m=0,1,2,...,n—1,0<j<3" -1, 0< k<3 -1,
OcHOBHO# HEeLIOCTATOK MOAXOMA K MOCTPOEHHUIO BeHBJ/IeTHOro 6asuca ¢ npopeKMBaHUeM
M0 BpeMeHH COCTOHUT B HEBO3MOXKHOCTHU IOCTPOEHHUS] OECKOHEUHOH CUCTeMbl (PYHKLHH,
CJy2Kallleld «HelpepbBHBIM» aHaJ0rOM, KOTOPbIH COOTBETCTBYET YTBEPXKAEHHUIO O TOM, YTO
cucTeMy YoJlla HEBO3MOXKHO YIMOPSIIOUHTb B HyMepauuu Anamapa.
Kparko nokaxkem nedcTBUe anropuTMa C NpopekKHMBaHUeM M0 BPeMeHH [Jis NpHBe-
ZIeHHOTO Bbile mpumepa 1 ¢ f(t) =81t — 3, n = 4
2t = (40),
y'=(2727...2700...0), 3*=(99...900...0), ¢*=(333000),y*=(10).

B maccuBe y' 1Ba MOCTOAHHBEIX 6JI0KA OAMHAKOBOH IJMHBI O 27 OTCYETOB, B Macchpe i>
[IOCTOSTHHBIE OJIOKHU 0 9 0TCYeTOoB.

Ecnu npouenypa cHHTe3a «HENPEPbIBHOrO» HCXOAHOTO CHIHaJja, COOTBETCTBYIOIIAS
00paTHOMY K OBICTPOMY aJTOPHUTMY IO 4YacTOTe, peasu3yeTcsi B BHE MOCJeI0BaTeNbHOM
TIPOPHUCOBKH JieTaJjied, TO Mpolieaypa CHHTE3a, COOTBETCTBYIOIIAsi 00pPaTHOMY K ObICTPOMY
aJTOPUTMY TI0 BpPeMEeHH, peasindyeTcsi B BHJe MapasjesJbHOr0 yYTOUHEHHS neTajei, uTo
MeHee HarJsigHo.
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The discrete version and the basic construction of the ternary multiresolution analysis are given,
similar to the binary model case of the Haar multiresolution analysis. Based on the constructed ba-
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are provided.

Keywords: discrete harmonic analysis, discrete Haar transform, wavelet, shifts and dilations, mul-
tiresolution analysis.

376 HayyHeir otaen



M. C. Becnianos. Tpon4HbIA ANCKPETHBIF BEABAETHLIFI 6a3nc COSPN

Received: 06.05.2019 / Accepted: 31.12.2019 / Published: 31.08.2020

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

References

1.

2.

3.

10.

11.

12.

13.

14.

15.

Novikov I. Ya., Protasov V. Yu., Skopina M. A. Teoriya vspleskov [Wavelet theory].
Moscow, Fizmatlit, 2005. 616 p. (in Russian).

Masharsky S. M., Malozemov V. N. Haar spectra of discrete convolutions. Comput. Math.
Math. Phys., 2000, vol. 40, no. 6, pp. 914-921.

Ber M. G., Malozemov V. N. The best formulae for the approximate computation of
discrete Fourier transforms. Comput. Math. Math. Phys., 1992, vol. 32, no. 11, pp. 1533-
1544.

Bespalov M. S. Bernoulli’s discrete periodic functions. Applied Discrete Mathematics,
2019, no. 43, pp. 16-36. DOI: https://doi.org/10.17223/20710410/43/2

. Malozemov V. N., Macharskiy S. M. Osnovy discretnogo garmonicheskogo analiza [Ba-

sics of Discrete Harmonic Analysis]. St. Petersburg, Lane, 2012. 304 p. (in Russian).
Bespalov M. S., Sklyarenko V. A. Diskretnye funktsii Uolsha i ikh prilogeniya [Discrete
Walsh Functions and its Applications]. Vladimir, Vladimirskiy gosudarstvennyi universitet,
2014. 68 p. (in Russian).

Farkov Yu. A. Orthogonal Wavelets on Locally Compact Abelian Groups. Funct. Anal.
Appl., 1997, vol. 31, iss. 4, pp. 294-296. DOI: https://doi.org/10.1007/BF02466067
Lang W. C. Wavelet analysis on the Cantor dyadic group. Housten J. Math., 1998, vol. 24,
no. 3, pp. 533-544.

Lukomskii S. F. Multiresolution analysis on zero-dimensional Abelian groups
and wavelets bases. Sb. Math., 2010, vol. 201, no. 5, pp. 669-691. DOL
http://dx.doi.org/10.1070/SM2010v201n05ABEH004088

Pleshcheva E. A., Chernykh N. I. Construction of orthogonal multiwavelet bases.
Proc. Steklov Inst. Math. (Suppl.), 2015, vol. 288, suppl. 1, pp. 162-172. DOLI:
https://doi.org/10.1134/S0081543815020169

Farkov Yu. A., Stroganov S. A. The use of discrete dyadic wavelets in image
processing.  Russian Math. (lz. VUZ), 2011, vol. 55, no. 7, pp. 47-55. DOLI:
https://doi.org/10.3103/S1066369X 11070073

Barichev A. A., Lukomskii D. S., Lukomskii S. F. Systems of Scales and Shifts in the
Problem Still Image Compression. [zv. Saratov Univ. (N. S.), Ser. Math. Mech. Inform.,
2014, vol. 14, iss. 4, pt. 2, pp. 505-510 (in Russian). DOI: https://doi.org/10.18500/1816-
9791-2014-14-4-505-510

Daubechies 1. Ten Lestures on Wavelets. SIAM, 1992. 454 p. CBMS-NSR Series in Appl.
Math.

Bespalov M. S. Discrete Chrestenson transform. Probl. Inform. Transm., 2010, vol. 46,
iss. 4, pp. 353-375. DOI: https://doi.org/10.1134/S003294601004006X

Kolmogorov A. N., Fomin S. V. Elementy teorii funktsiy i funktsional’nogo analiza
[Elements of the theory of functions and functional analysis]. Moscow, Nauka, 1976.
944 p. (in Russian).

Cite this article as:

Bespalov M. S. Ternary Discrete Wavelet Basis. [zv. Saratov Univ. (N.S.), Ser. Math. Mech.
Inform., 2020, vol. 20, iss. 3, pp. 367-377 (in Russian). DOI: https://doi.org/10.18500/1816-
9791-2020-20-3-367-377

HHpopmatrka 377



‘hﬂss. Capar. yH-T1a. Hos. cep. Cep. Marematnka. Mexarrka. NHpopmartnka. 2020. T. 20, Bbin. 3

YK 621.3

AHanns BepoATHOCTHO-BPEMEHHbIX XapaKTepucTuk
ob6cnyXuBaHuUst aNacTUYHOro Tpachmka ¢ MUHUMaNbHOMN
CKOpPOCTbIO B CErMeHTe 6ecnpoBoaHOM ceTn
C Hape3KOoM paguopecypcos

A. C. BnackuHa, H. A. NMonsikos, U. A. N'yakosa, 0. B. NanpaMaka

BnackunHa AHacTtacusa CepreesHa, acnupaHT Kadpenopbl NPUKAaLHON MHPOPMATUKIM 1 TEopUn
BeposiTHoCTe, Poccuiickuii yHBepcuteT apyx6bl Hapogdos (PYOH), Poccus, 117198, r. Mock-
Ba, yn. Muknyxo-Maknag, o. 6, vlaskina.anastasia@yandex.ru

MonsikoB Huknta AnekceeBud, CTyOeHT kadedpbl NPUKNaLHOW WHAOPMATUKKM U Teopun
BEpOSATHOCTE, Poccuiickuii yHnBepcuteT apyx6bl Haponos (PYOH), Poccust, 117198, r. Mock-
Ba, yn. Muknyxo-Maknas, a. 6, goto97@mail.ru

N'yokosa MpuHa AHOpeeBHa, kKaHanoaT oM3nKo-MaTeMaTnyeckmx Hayk, AOLEeHT kadeapbl npu-
KNagHoW MHPOPMATUKKM U TEOpUM BeposiTHocTel, Pocculickuii yHuBepcuteT apyx6bl Hapo-
noe (PYIOH), Poccus, 117198, r. Mockea, yn. Muknyxo-Maknasi, 4. 6; VIHCTUTYT npobnem uH-
dopmaTuku, PeaepanbHblil UCcCnenoBaTenbCkuin LeHTp «MHdopmaTtrka n ynpaesneHne» PAH,
Poccus, 119333, r. Mocksa, yn. Basunosa, a. 44-2, gudkova-ia@rudn.ru

anpamaka Onus BacunbeBHa, [OKTOP (hr3nKO-MaTemMaTmyeckux Hayk, npodpeccop kadenpsl
NPVKNanHoN NHhopMaTUKK U TeopUn BepOoSTHOCTER, Poccniicknii yHuBepcnTeT apyk6bl Hapo-
nos (PYLH), Poccus, 117198, r. Mocksa, yn. Muknyxo-Maknasi, a. 6; MIHCTUTYT npobnem uH-
dopmatukn, denepanbHbii UccnenoBaTenbckuii LeHTp «HgopmaTtrka 1 ynpaenexHve» PAH,
Poccusa, 119333, r. Mocksa, yn. Basunosa, 4. 44-2, gaydamaka-yuv@rudn.ru

Mpeanonaraetcs, 4To Oyaylwme MOBUNbHBIE CETW CTaHyT MOAAEPXMUBATH 3HAYUTENIbHOE HUC-
N0 NPWNOXEHUi 1 ycnyr. B ycnoBrsx orpaHMY4eHHOCTM NPOMYCKHOM CrnocobHOCTM ceTn 0bbly-
HOe BblAeNeHe PecypcoB NPUBOAUT K HE3PPEKTUBHOMY MUCMOb30BaAHMIO CeTell paanonocTy-
na. BoaMoXHbIM pelleHMeM BbICTYNaeT TEXHONOrUs CeTeBol Hapesku, NpeaHasHaYeHHas ons
pacnpeneneHus pecypcoB Mexay BMpTyalnbHbiMi MOBUbHBIMU onepaTtopamu. Llenbio naHHoi
paboThl ABNSAOTCS UCCNeA0BaHNE 1 OLeHKa nokasaTenei kadecTsa goyHKLMOHMPOBAHUS Takoi
CEeTV Ha NpuMepe YCnyru 3arpy3ku cpanna ¢ MMHMManbHOM rapaHTMpPOBaHHO CKOPOCTbIO Nepe-
Jayv faHHbiX. 0ns adpdpeKTUBHOro COBMECTHOrO MCMONb30BaHUS PECYpPCOB aBTopaMu Mpen-
NoXeHa maTtemMatmyeckas MoLefNb B BMAE CUCTEMbl MaccoBOro 06C/yXMBAHUS C 9NACTUYHbBIM
TPauKoM, O4EPenblo M KOHEYHbIM YMCIIOM UCTOYHMKOB. lMonyyeHbl goopMynbl Ans pacyeta
TaKMX XapaKkTepuUCTVK, Kak BEePOSITHOCTb B/I0KMPOBKY, CPEHEE KONMYECTBO BPEMEHW ANs Mo-
Ny4YeHUst OaHHOW YCNyr U CpefHee YMCNo 3anpocoB B cucTeme. s 4MCneHHoro aHanusa
paspaboTaHa MMUTALMOHHAS MOAE/b CEeTW LMCKPETHOro Tuna cobbiTust Ans 3afaHHbIX UCXO-
HbIX OAHHbIX, MPUBNXEHHBIX K peanbHbIM 3HaYeHUsM. [okasaHa 3aBUCMMOCTb BEPOSITHOCTHO-
BPEMEHHbIX MapaMeTPoB OT WHTEHCUBHOCTM MOCTYMNEHWs 3asBoK. [MonyyeHHble pesynbTaTthl
SABNSIOTCS MPOMEXYTOYHbIMM MO TeMaTUKe Hapesku CetTu 1 MoryT ObiTb MPUMEHeHbl OAs Mo-
Cnenyowero CCnefoBaHns 1 onTUMM3aLny UCMONb30BaHNs PafMopecypcoB B 6eCnpoBOaHbIX
CETSAX NSATOro NOKONEHWSI.

KnroqeBble cnosa: 5G, 6ecnpoBogHasl ceTb, Hape3ka PaauopecypcoB, aMaCTUYHbIA Tpaduk,
MUHVMaNbHas CKOPOCTb, CUCTEMa MacCoBOro 006Gy XUBaHUS.
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BBEOEHUE

HenaBHue uccenoBaHust MOKa3bIBAIOT, YTO MOOUJIbHBIE CETH MATOTO MokoJeHus (5QG)
OyayT MOAAepXKHBaTh 3HAYMTEJNbHOE YHCJIO T0Jb30BaTeNel, 3ampallvBaoIIMX pasHble
YCJAYTH W TPUJIOKEHHUS, KaXKA0€ H3 KOTOPBIX MpedbsBJseT pasjduHble TPeOOBaHHUS K
KadyecTBy oOcayxuBanust (Quality of Service, QoS) [1]. B ¢Bsi3au ¢ 3TiM 00bIYHOE Bbije-
nenue ceteil panuonoctyna (Radio Access Network, RAN) npuBonut K Hea(hdeKTHBHO-
My HCII0JIb30BAaHHIO PECYPCOB C OTHOCHTENBHO BHICOKMMH 3aTpaTaMH, KOTOPOe GOJibIlie He
npuemJieMo Jisi osib3oBaTesied [2,3]. BmecTo aToro onepatopsl 6oJiblile 3aHHTEPECOBAHBI
B THOKUX pellleHusx [4,5].

Konuenuus napesku panuopecypcoB (Network Slicing) npenHasHaueHa njisi mpoek-
TUPOBAHUS, pasfesleHUs] U OpPraHU3allMd pPecypcoB BHUPTYa/bHOH CETH C y4eTOM pas3Ho-
o6pasHbix TpeboBaHuil [6]. [pyrumu cjoBamu, omHa (u3udeckas ceTb pa3bHUBaeTCs Ha
HECKOJIbKO JIOTHUECKH HW30/MPOBAHHBIX CErMEHTOB CeTH, KaxKAbli M3 KOTOPBIX CIPOEeK-
TUPOBAaH U ONTHMHU3UPOBAH [1Jis KOHKPETHOrO TpeGOBaHUs /MK KOHKPETHOro 3arpoca/
yeayru [7-10].

Hcxons u3 Habopa ycayr W npenbsiBaseMblX TpeOOBaHWM, BBIAENSIOTCS pPa3JMuHbIE
corsiaieHusi 06 ypoBHe oocayxubanus (Service Level Agreement, SLA), koTopbie 06bIu-
HO pasiessioTcss Ha Tpu THna [11]: ¢ rapaHTHpPOBaHHOH CKOPOCTBIO Mepenaud NaHHBIX
(Guaranteed Bitrate, GB), ¢ MuHUMaJbHOH TapaHTHpoBaHHOH ckopocThio (Best effort
with minimum Guaranteed, BG) [12] u 6e3 rapanTtuii Ha o6cayxubanue (Best Effort,
BE).

B naHHOH cTaTbe mpenJsioykeHa MaTeMaTHyecKas MOJeJb B BHE CHUCTeMbl MacCOBOTO
06CIyKUBaHUS C 3JACTHUHBIM TpadukoMm [13, 14], uyBCTBUTENBHBIM K 3aepKKaM U C
KOHEUHBbIM YHCJIOM MCTOYHUKOB. [TosydeHnl hopMysibl /151 pacueta TaKUX XapaKTepPUCTHK,
KaK cpefiHee BpeMsl M CpejiHee YHCJO 3alpoCoB B CHUCTEME, BEPOSTHOCTb OJOKHUPOBKH.
[locTpoeHa uMHTallMOHHAsi MOAEJb CUCTEMbl Ha MpUMepe YCAYTH 3arpy3ku daiina c
MUHHMAaJbHOH TrapaHTUPOBAHHON CKOPOCTBIO Mepefauu, MpoBeieH YHUCAEeHHbIH aHAMU3 AJs
Pa3JIMUHBIX UCXOMHBIX NAHHBIX.

1. 3AO0AYA HAPE3KWU PAOUOPECYPCOB

PaccmoTprM 6ecrnpoBOfHYIO CeTh, B COCTaB KOTOPOH BXOMSAT:

e 6a30BbIi OMepaTop, T.e. MOCTABIIUK YCJayT 6eCPOBOLHON CBSI3H, KOTOPBIH BJageeT U
KOHTPOJIUPYET BCe 3JIeMeHThl, He0OXOAUMbIEe 1151 IPeLOCTaBJAEHUS YCAYT KOHEUHOMY
T0J1b30BATEJI0, BKJIIOUAs paclpefie/leHde PaJuodyacTOTHOrO crekTpa oobema C

e BUPTYya/JbHBIH omepaTop (WM omepatop), T.e. MOCTABUIMK YCJAYT OecrnpoBOAHON
CBfI3U, KOTOPBIM He BJsajeeT (PU3HYeCKOW HH(pPacCTPyKTypod OeClpOBOJHOH CeTH,
yepe3 KOTOPYIO OH IpefoCTaBJ/sieT YCJAYTH CBOMM MoJb3oBaTessiM. [lycTe nMmeercs
M = {1,2,..., M} ycayr, Torna Kakabiii n-omnepaTtop MOXKET MPeaoCTaBJsTh M0Jb-
30BaTessIM CBOH coOCTBeHHbIH Habop yeayr M, C .

B 3aBucuMOCTH OT THNA YCJAYTH MOTYT OBITb YCTAHOBJIEHbl MHUHHMaJbHas U MaKCH-

MaJibHast CKOPOCTH Tlepeladi JaHHbIX, b g hmaX rre m — HOMeEp yCJAYTH U3 MHOXKECTBa
BCeX YCIYT, m € /. Ynco nosb3oBartesieil, HMEIOIKX IOCTYT K m-yCAyTre n-omneparopa,
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00603HauuM K,,,. Torna obiiee yncyo nosab3oBaTesieldl MOXKeT ObITh MPEACTABJIEHO B BHIE

N N
K:Zlf(nzz > Kuym, n=1.N.

n=1 mEMn

[IpennosoxumM, 4TO BbIAENsIEMOE YHUCJO PECYPCOB I0Jb30BATENSIM ONHOM WU TOH Ke
yeayru opuMHakoBo. CjemoBaTesibHO, MPOLenypa pachpeneseHus MOXKeT ObITb copmy-
JIMPOBaHa KakK 3ajadya ONTUMHU3alUK CAeAYIOLUM 06pa3oM:

HlaX f E E anm nm»

n=1 meM, (1)

N
Y G <C. 0K O < Crp < C¥ < C,
n=1 meM,
roe
C — pacnpenesieHue pecypcoB, MpencTaB/ieHHOe B BUAEe MAaTPULbL:

C= [Cnm]meMn,ngNa Cnm > O, m C Mn, Cnm = 0, m §é Mn;

(p — TPUOPUTET YCAYTH, 0 < app < 1;
Cpm — 00beM pecypca, BblIeJeHHBIH AJis1 m-YCJAYTH n-onepatopa, m € M,

(C,= > Cp, — oObeM pecypca, BbleJE€HHBIH /51 n-0MepaTopa);
meMy,
Cmin - C'max _ MpyHUMaJ/bHble U MAKCHMaJsbHble 00beMbl BBIAEJNSEMOTO pecypea.
OTMeTHM, YTO CYyILLECTBYIOT pa3/UyHble BAPUAHTHl ONTHUMHU3ALUH, HATIPUMEp, C yUETOM
TEeXHUUYECKUX BO3MOXKHOCTEH M0JIb30BaTebCKOr0 000PYAOBaHHUS UM AUHAMUUYECKOTO pas-
JleJIeHUsl PeCcypcoB B 3aBUCHMOCTH OT YMCJ/a M0JIb30BaTe/ed B KOHKPETHOM BPeMEHHOM
uHTepBaJse. Korna pecypcoB HeIOCTAaTOYHO ISl YAOBJIETBOPEHHUS BCEX IapaHTHPOBAHHBIX

TpeOOBaHMH, BO3MOXKHO OCJ/1a0J/eHHe OrpaHUYeHUH.

2. MATEMATUYECKAS MOLE/b

[TocTpoum Mopmenb ynpaBseHUs JOCTYIIOM U 3aHSITHUS PeCYPCOB ISl YCAYTH 3arpy3Ku
(hallla ¢ MHUHUMAJbHOM TapaHTUPOBAHHOW CKOPOCTBIO TIepefadyd B BHUOE CHUCTEMBI
maccoBoro o6cayxkubanus (CMO). Ilox 3asiBKamu Gynem MOHUMATh 3aMPOCH! M0Jb30BaTe-
Jeil Ha TIpefocTaBjeHHe YCJAyTH, a MOJ HCTOUHHKaMM — rmoJsb3oBarteneid K. Chenyer
OTMETUTh, YTO UCTOYHHK HE MOXKeT OTIPABUThb HOBBIK 3ampoc, noka He OyneT obpaboTaH
npeapinyni, noganHeli uM. B CMO wumeercs pecypc oobema C, mo KOTOpoMmy mepe-
naTes OJ0KH 3MacTUUHbIX AaHHBIX. [lycth 0 < A\ < o0, k = L_K — HHTEHCHUBHOCTb
TI0TOKA 3as1BOK, a 0 < 0, < 00, k = 1, K — cpenHss anuHa 6maoka. Ecau C' He MoxkeT ObITh
pasaesieH MOPOBHY MexX1y 3asBKaMu c obecreyeHHMeM MHUHHUMAaJbHO TapaHTHUPOBAHHOIO
nopora b, MoCTynuBIIas 3asiBKa 3aHMMaeT MecTo B ouepenu r. CjenoBaTesbHO, MaKCH-
MaJ/IbHO€ YHUCJIO 3a51BOK, KOTOPble MOT'YT 00CJ/YKMBAThCsl OIHOBPEMEHHO Ha pecypce, paBHO
L%J = N. Ilo npuurHe HeTeprnesMBOCTH 3aBKH MOKUIAIOT CUCTEMY C HMHTEHCHUBHOCTbIO
0<y <oo, k=1K.

Paccmotpum momenb (puc. 1), korga nmeercss (GUKCHPOBAHHOE UYHCJO MOJb30BaTesel
U MOBeJleHHe KaxKJI0T0 ONpefieisieTCsl B COOTBETCTBUHM CO CJEAYIOLIUM MPUHLUIIOM: CHaya-
Jla OH OTNpaBJisieT 3amnpoc Ha 3arpysky ¢aisa, 3arpykaet ero, noToM OXHIAeT, 3aTeM
CHOBa 3arpy>KaeT ¢daian u 1. 1. JlaHHaA cUCTeMa OMMUCHIBAETCS OLHOMEPHBIM CJy4YaHHBIM
npoueccom N(t) € {0,...,[$]} — unc/io 3asiBOK, HaXOASLIUXCS B CHCTEME B MOMEHT
BpeMeHHU t > 0.
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Puc. 1. Cxema-Mopiesib B BU€ CHCTEMbI MacCOBOTO 0OC/TYyKHUBaHHUS
Fig. 1. Scheme-model in the form of a queuing system

[TpocTpaHCTBO COCTOSIHMH HCCJenyeMoro ciaydadHoro mnpouecca OyneT HUMeTb BHI
X = {ne{0,..,N,..min(K,N+r)}}. B 3aBUCHUMOCTH OT COOTHOLIEHHS MEXIY
00beMOM pecypca W UHUCJIOM HCTOUHHKOB MOXKHO BBIJEJIUTH TPH Cjaydasi: 1) KOJHUeCTBO
MCTOYHHKOB MeHbllle KOJMUYeCcTBa CBOOONHBIX MeCT Ha pecypce (Bce 3ampockl OyAyT
obpaboranel), 0 < K < N; 2) KOJHYeCTBO MCTOYHHKOB MPEBBIIIAET KOJHUYECTBO CBO-
GOIHBIX MeCT Ha pecypce, HO 3ampocbl moctynamT B ouepenb, N < K < (N +r);
3) KOJHMYECTBO HCTOUHHKOB GOJibllle, YeM KOJHMYECTBO CBOOONHBIX MeCT Ha pecypce U
B ouepentt, K > (N +r).

Hasi cayyass K > (N + r) cuctema ypaBHeHHH ro6asbHOro GajaHca OymeT HMETh
CJIeYIOLIUN BU:

(KEPO - %pla
(K=n)e+$)po=(K—n+1)epp1+$par1, n=1, (N-1),
(K=n)e+G+n—=N)y)pn=(K—n+1)ep, 1+ (2)

(g—i—(n—l—l— )fy)pnﬂ, n=N, (N+r—-1),
( +r’7)pN+r_ (K =N =7+ 1)epnirr-

OTciona mosyyaem CTalMOHApHOE paclpefeseHle BepOsSiTHOCTEH

(

SR

)'A% py, n=1, min(N,K)

) ey kb, n= N+ 1, min(V 1 1K), o
i=1 v

Qle qla

rne

-1
min(N,K) N min(r,K—N) n

(B O e

n=0 n=1 =1

3Hasi pacrpenesieHde BeposiTHOCTeH (3), MOXKHO paccuHTaTh TaKHWe XapaKTePHUCTHKH
CHUCTEeMbl, KaK BEPOSITHOCTb OJIOKUPOBKHU T; CpellHee BpeMsi IpeObiBaHHUs 3asiBOK B Ouepeu
W,, Ha obcayxuBanuu Wi, u B cucteme Wy, s; cpeHee 4MC/IO 3asiBOK B odyepelu L,, Ha
06CyKUBaHUU Ly, U B cucteMe Lg,s. PopMysbl npeacTaBiaeHsl B Tab.1. 1.
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Tabauya 1 / Table 1

CDOpMy.HbI IJid pacyeTa BEPOATHOCTHO-BPEMEHHBIX XaPaKTEPUCTUK CUCTEMBI

Formulas for calculating the probability-time characteristics of a system

[Tapametp 0<K <N N<K<N+r K>N+r
Parameter
™ 0 0 PN+4r
K N K—N N r
Lser Yoip; Yoipi+N- Y DN | 2 ipitN- D PN+
i=0 i=0 i=1 i=0 i=1
K—N T
Lq - Z v PN+i ZZ’pNJri
i=1 i=1
K K N+r
Lgys i p; i p; > Wi
=0 =0 =0
K N K—N N r
> i > ipi+N- Y PNy S ipi+N- > DNy
i=0 i=0 1=1 1=0 =1
Wser K—1 K—1 N+r—1
Z: (K—n)epn 2 (K—n)epn Z:O (K—n)epn
= RN =
;1 DN i _;i'pN-H
Wq - K1 N+r:1
20 (K—n)epn > (K—n)epn
K = K = N+r
Z:li'pi Z:li'm ; ips
WSyS K*l_ K*l_ N+'rfl_
Z_)O (K—n)epn > (K—n)epn - (K—n)epn

3. NMPUAMEP YUCJIEHHOI'O AHAJIU3A

I[aJIee npeacTtaBJjJeHbl OCHOBHBIE DPe3YJbTaThbl OLEHKHW KadeCTBa O6CJIy>KI/IBaHI/IH I1o-
CTpOGHHOﬁ MoAeJk C HUCIIOJAb30BaHUEM MMMHUTALIMOHHOTO MOAEJHWPOBAHUA C NUCKPETHBIM
TUIIOM coObITHSI. B KauecTBe HCXOOHbIX NAHHbIX HCIIOJb3YIOTCA NAHHbIE W3 tabJa. 2.

Tabauya 2 / Table 2
Hcexonusle nannsle / Initial data

[Tapametp XapakTepucTHka 3HayeHHe
Parameter Characteristic Value
K Yucno nosnbsosaresedl / Number of users 50
b MuHHManbHO rapaHTHpOBaHHasi ckopocTh [M6/c] 0.384
Minimum guaranteed speed [Mb/sec]
C O6mwem pecypca [M6/c] / Resource volume [Mb/sec] 16.76; 3500
€ MHTeHCUBHOCTb BXOMASIIEr0 MOTOKA, 9KCIIOHEHIIHaJJabHOe [0.01;20]
pacnpenesenue / Inlet flow rate, exponential distribution
0 Pasmep ¢aiina [M6], sKcroHeHIIMaNbHOE pacripeieieHne 2
File size [Mb], exponential distribution
v WMHTeHcHBHOCTD yXofa M3 cucteMbl 1o mnpuunHe Heteprie- | 0.000001
qauBoctu / Intensity to leave the system due to impatience
r Jnuna oyepenu / Queue length 20

Ha puc. 2, a, 6 oTpaxkeHa 3aBHCHMOCTb XapaKTEPUCTUK OT WHTEHCHBHOCTH MOCTYTI-
JieHus1 3asiBOK B cuctemy npu C' = 16.76 [M6/c] (cornacHo uicTouHuKy [15]). 3amerum,
4TO B TOM cjydae obliee BpeMs AJs cayxk0 oTrnpaBku npesbiiiaer 40 ¢, a pasmep aii-
Ja cocrabnsier 2 M6. [lpy He3HauuTe/NbHOM yBeJHMYEHUH HHTEHCHUBHOCTH IMOCTYIMJIEHHUS

382 HayyHeir oTaen



3> , 2

A. C. BnacknHa n ap. AHann3 BEpOSTHOCTHO-BPEMEHHBIX XapaKTEPHCTHK 0Oy KKBaHKs &>

3aMpocoB CHUCTeMa OBICTPO 3amoJiHseTcss W (opMupyercss ouepeib. UTOOBl NPHUOJIU3UTH
3allepKKy K peasibHbIM 3HaueHHsiM, OblIM NpoBeleHbl pacueThl s C' = 3500 [M6/c]
(puc. 2, 8, 2). Jlng TaKUX HCXONHBIX NAHHBIX 3HaYeHHe CPEJHEro BPeMeHH MpeOblBaHHUS
3afBKM B cHUcTeMe KoJjeOjercs oT 8.27 Mc g0 156.9 MC M NOYTH HanpsiMyl0 3aBHCHUT
OT UHTEHCHUBHOCTH IOCTYyIJIeHHsl 3anpocoB. Ouepenb ¢ BbIOPAHHOW MHTEHCHUBHOCTBIO He

thopmupyercs.

(94
(e}
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/‘/..--....-....-....-.........

o~
vy

, M
N
[e]
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Puc. 2. CpenHee BpeMst ¥ UHCJIO 3alPOCOB B CHCTEME, B OUepelu, Ha Mpubope: a — cpenHee
Bpemsi, C' = 16.76 [M6/c]; 6 — cpenHee yucso 3anpoco, C' = 16.76 [M6/c]; 8 — cpenHee
Bpemsi, C' = 3500 [M6/c]; e — cpentee uucJo 3amnpocos, C' = 3500 [M6/c]

Fig. 2. Average time and number of requests in the system, in the queue, on the device:
a — average time, C' = 16.76 [Mb/sec]; b — average number of requests, C' = 16.76
[Mb/sec]; ¢ — average time, C' = 3500 [Mb/sec]; d — average number of requests,
C = 3500 [Mb/sec]

3AKJTIOYEHUE

Hapeska cereBbix pagunopecypcoB (Network Slicing) siBnsieTcsi onqHo# ¥3 caMbIX mepc-
MeKTUBHBIX TeXHOJNOTHH D@, TMO3BOJSAKIIEH MaKCUMHU3UPOBATh 3(P(HEKTHBHOCTb pacrpe-
[IeNIeHHs] PeCcypcoB MexX1y BHUPTYyaJ/bHBIMU omnepatopaMu. s aHanuza 3PpQpeKTUBHOCTH
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NpefoCcTaBAeHUs YCAYTH ¢ MUHUMaJAbHOH rapaHTUPOBAHHON CKOPOCTbIO Nepeaur JaHHBIX
B paboTe OblJa MOCTpPOEHa CUCTEMa MacCOBOr0 00CJYKHBAaHHUS U MOJMydeHbl (DOPMYJbl A5
pacyeTa BepOSITHOCTHO-BPEMEHHBIX XapakTepucTHK. C romolibio pa3paboTaHHOH MMHTa-
[IMOHHOM MOJeJ/IM MOoJIyYeHbl pe3ysbTaTbl YUCAEHHOI0 aHa/lU3a.

BaaromapHocTu. ABTOpH! GsarogapsiT AoueHTa Kadeapsl MPUKIaIHOH HHPOPMATHKY U
tTeopuu BepossiTHocTed PYJIH M. [I. Manbix 3a LeHHBIE COBETHI 110 (POPMYIUPOBKE 3a1aun
ONTUMH3ALMH HAPE3KHU PAJUOPECYPCOB U ACCUCTEHTA Kadeaphl MPUKJIATHOH HHPOPMATUKH
u teopun BeposTHocTed PYJIH B. O. Berumesa 3a BKjian B NMpoBeleHHe UHUCJEHHOTO
aHa/u3a.

HcenenoBanue BBIMOJHEHO TPH (PHHAHCOBOM moaaep:kke MuHoOpHayku PP (mpoekt

Ne 2.3397.2017/4.6).
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Future mobile networks are expected to support a significant number of applications and ser-
vices. With limited network bandwidth, the usual allocation of resources leads to inefficient use
of radio access networks. A possible solution is network slicing technology designed to distribute
resources between virtual mobile operators. The aim of this work is to study and evaluate the
performance indicators of such a network using the example of a file download service with a mi-
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nimum guaranteed data transfer rate. For effective sharing of resources, the authors proposed
a mathematical model in the form of a queuing system with elastic traffic, a queue, and a finite
number of sources. Formulas are obtained for calculating such characteristics as the probability of
blocking, the average amount of time to receive this service, and the average number of requests
in the system. For numerical analysis, a simulation model of a network with a discrete type of
event has been developed for an initial source data, close to real values. The dependence of
probability-time parameters on the intensity of applications is shown. The results are intermediate
in the subject of network slicing and can be used for subsequent research and optimization of the
radio resources allocation in fifth-generation wireless networks.

Keywords: 5G, wireless network, network slicing, elastic traffic, minimum bit guarantee, queuing
system.
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AHann3 BepoOATHOCTHbIX XapaKTepPUCTUK reTeporeHHom
CMO supa MR(S)/M(S)/oo ¢ napameTpamMu o6cnyXuBaHus,
3aBUCSILLLUMU OT COCTOSIHUSI BNIOXKEeHHOM uenu MapkoBa

E. IN. MonuH, C. IN. Mouceesa, A. H. Moucees

MonuH Esrenuin MaBnoBuy, acnupaHT kKadpegpbl TEOpUU BEPOSTHOCTEN UM MaTeEMaTM4ecKon
cTatucTuku, HaumoHanbHbIli nccnenoBatenbCknii TOMCKUIA rOCYLapCTBEHHbIA YHUBEPCUTET,
Poccus, 634050, r. Tomck, npocn. JleHnHa, a. 36, polin_evgeny@mail.ru

Mowuceesa CeeTnaHa [leTpoBHa, AOKTOP PU3NKO-MaTEMATMHECKMX HAYK, Mpodheccop Kadeapsl
TEopuN BEPOSTHOCTEN M MaTEMATUYECKON CTaTUCTUKKU, HaumoHanbHbIA MCCNenoBaTenbCKUM
Tomckunidi rocynapCTBeHHbIn yHuBepcuTeT, Poccuns, 634050, r. Tomck, npocn. JlennHa, o. 36,
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Mowcees AnekcaHap Hukonaesuy, BOKTOp OM3MNKO-MaTeMaTnyeckux Hayk, npodeccop kagea-
pbl IPOrPaMMHON NHXEHepuK, HaurnoHanbHbIA NCCneaoBaTenbCckmin TOMCKMIA roCy 4apCTBEHHbIN
yHmeepcuteTt, Poccus, 634050, r. Tomck, npocn. JleHunHa, a. 36, moiseev.tsu@gmail.com

MoToKM HaHHbIX B WMHOPOPMALMOHHBIX WM KOMMYHUKAUMOHHBIX CUCTEMax BKIoYaloT B cebs
WHTErpupoBaHHble reTeporeHHble NMoTOKW, cogepXalune ronoc, TeKCTOBble faHHbE N BULEO.
Mockonbky obcnyXuBaHWe pasHbiX WHOPOPMALMOHHbIX GNOKOB 3aHMMAET pas3HOe BPEMS B
3aBNCUMOCTM OT UX doopmara, UCronb3yeMbiX NPOTOKOSOB U T. 4., MpennaraeTcs MoaenmpoBarb
Takme npoueccbl nepenadyn OaHHbIX C WUCMONb30BAHWEM TETEPOreHHbIX CUCTEM MacCoBOro
obcnyxmBaHus co cnyxbamu, 3aBucsWMMM OT MApPaMeTPOB BXOAslWero rnotoka. B crtatbe
paccMaTtprBaeTCs reTeporeHHas cMcTemMa MaccoBoro 06CnyXMBaHUS C HEOTrPaHUYEHHbBIM YuC-
nom obcnyxusarolwmx npubopos. Ha Bxon noctynaeT NOTOK MapKOBCKOFO BOCCTAHOBMIEHUS C
[BYMS COCTOSIHUSIMU, 3aAaHHbIMN PYHKLMAMW pacnpeneneHs OAMH MHTEPBanos 1 Matpulen
BEPOSITHOCTEW MepexofoB. NapaMeTp 3KCMOHEHUMANbHOro pacnpeneneHns Bpemenn obcny-
XUBaHNSA OnpenensieTcs coctosiHmeMm 6a3o0Boi Lenu MapkoBa B MOMEHT MpubbiTS 3asiBKU
N He N3MEHSIeTCs O 3aBeplleHus obcnyxuBaHus. [ns n3yyeHus cUCTeMbl MCMONb3yeTcs
MeTOoA XapakTepucTmyeckmnx doyHKUmi. Vicnonbays nx CBOMCTBA, NOMyYeHbl aHaNMTUYECKUe Bbl-
paxeHna ona Ha4anbHbIX MOMEHTOB MEPBOro M BTOPOro nopsnka 4mcna 3asdBoK Kaxnoro tuna
B CuCTeMe B CTaUlMOHAPHOM peXuMme. ,D,J'ISI aHanm3a B3alMOCBA3N MeX Oy KOMMOHEeHTaMu npo-
Liecca nonyyeH KoppensaumnoHHbI MOMEHT.

KnroqeBble cnoBa: 6eCKOHEYHONMHERHAs CMCTEMa MacCoBOro 06CyXMUBaHNS, NMOTOK MapKOB-
CKOr0 BOCCTAHOB/IEHNS!, METOl MOMEHTOB.

MocTtynuna B penakuuto: 08.11.2019 / MpuHaTa: 30.12.2019 / Onybnukosara: 31.08.2020
Cratbs onybnvkoBaHa Ha ycnosusix nuueHaumn Creative Commons Attribution License (CC-BY 4.0)
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BBEOEHUE

Teopust maccoBoro o6c/ay»KMUBaHUSI — pasfes TEOPHUH BePOSTHOCTEH, MO3BOJSIOMINN
CMOJeJIUPOBATh M MPOAHAJHU3UPOBATh MOBeNeHHe TOW WM WHOHW CHCTEMBI MacCOBOTO 00-
cayxubanus (CMO). B nacrosiiiee BpeMsi 06/1aCTh PUMEHEHUs] TEOPHUHU MacCcoOBOTO 00-
CJY>KUBaHUS BKJIOUaeT B ceOsi MHOXKECTBO pa3JIMUYHBIX Chep UYeJOoBeueCKOH mesiTesib-
HOCTH, B TOM YHCJle MPOMBIIIJIEHHOE MPOU3BOJICTBO, TeJeKOMMYHUKALIMOHHbIE U HH(DOP-
MallMOHHbIE CETH, MEIHUIHHY, CTPAaXOBble KOMIAHWH U MeHCHOHHBIE (oHabl [1-3].

© MonnH E. 1, Monceesa C.[1, MonceesA. H., 2020
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OCHOBOMOJIO)KHUKOM TEOPUM MacCCOBOro O0OCJY>KHMBAaHHUS SBJSETCS AATCKUH yueHBIH
A. K. Dpnanr [4]. [IpenmeTom ero uccjenoBaHusi Oblid Tese(OHHbIE CHCTEMbI, XapakK-
Tepusylollyecss CJAy4alHbIM MOTOKOM BBI30BOB a0OHEHTOB, TpPeOYIOIHUX CJAy4yalHOro
BpeMeHM 3aHSITOCTH Tese(OHHOH JMHHUH. PacuiupeHue KJjacca 3ajnad BIOCJAEICTBUU
NPUBEJIO K TMOSIBJEHUIO Pa3JWYHbIX MOAU(DHUKALMH CHCTEM MacCOBOTO OOCJYKHBAaHHUS.
CoBpeMeHHble HH(OPMALIHOHHBIE U TeJeKOMMYHUKALlMOHHBIE CUCTEMbl BKJIIOUYAIOT B cels
pa3HOTHUIIHble TOTOKH JAHHBIX, KOTOpble MepelaroT TeKCTOBble JaHHble, IOJI0OCOBYIO HH-
¢opmaunio U UH(POPMALHMIO U3 BHIEOMCTOYHHKOB, UTO TpeOyeT HCIONb30BaHUSA OoJsee
CJIOXKHBIX MOfieJiell MOTOKOB. B KauecTBe HHUX HCHOJb3YIOT MaTeMaTHUYeCKHe MOJEeJH
MapKOBCKHX MoaynupoBaHHBIX MoToKoB (BMAP, MAP), nonymapkoBckux (SM) unu ux
YaCTHBIX cJyyaeB (MapKOBCKHH MOIYJUPOBAaHHBIA MyaccoHOBCKUU moTok MMPP, notok
MapKOBCKOTO BoccTaHoBJeHHs1 MR u pekyppeHTHBIN noToK GI).

PasnuyHbie €IUHHNIIBI I/IH(pOpMaLLI/II/I Tpe6y10T Pa3jM4HOro0 BpEeMEHH 06CJIy}KI/IBaHI/IH B
3aBHUCHMOCTH OT CBOE€TO (bopMaTa. B c¢BA3u ¢ 3THM B KauyecTBe MopeJel [IPpOIECCOB B
COBpPEMEHHBIX I/IH(pOpMaLII/IOHHbIX CUCTEMAX HUCIIOJb3YIOT CUCTEMbBI MaCCOBOT'O O6CJIY}KI/IBa-
HHSA C PAaSHOTUIIHBIMU 3asABKaMH [5—7], B KOTOPBIX 06C.Hy}KI/IBaHI/Ie 3d5BOK Ka>KJ0Iro THIIA
3aHUMaeT pas3jJu4HOE BpeMmd.

JlaHHasi cTaThs MOCBSIllEHA MCCJAEJOBAHUIO UYMCJAA 3aHATBIX NPUOOPOB B CHUCTEMeE
C BXOASIIMM TOTOKOM MapKoBCKoro BoccTaHoBjeHHsi (MR). HucuunsnnmHa o6cnyxuBa-
Husi B paccmatpuBaemod CMO onpenessieTcsi COCTOSSHUSIMU BJIOKEHHOW IO MOMEHTaM
BOCCTaHOBJIeHHUs1 Lenu MapkoBa, B oT/IH4YHe OT paboThl [8], rae mapameTpbl 0OC/YKH-
BaHUS [l OMPENEJSIIOTCS BEPOSTHOCTAMH pi. B pabore [9] paccmatpuBaercs CMO c
paciienyieHreM (KOMHpOBaHHEM) 3asBOK, KOTOpble OOC/YXKHBAIOTCS B PasHbBIX OJ0KaxX C
pasHbIMU TapaMeTpaMM napaJiesbHO. B naHHON paboTe ¢ MOMOILbI0 MeTOAA HayasbHbIX
MOMEHTOB HalJeHbl aHaJHWTHUYeCKHe BbIpPa)KeHUS [J/151 OCHOBHBIX BEPOSTHOCTHBIX Xapak-
TEPUCTHK UYHCJA 3aHATBIX NPUOOPOB B CHUCTEME.

1. NMOCTAHOBKA 3ALA4YA

PaccmoTtpum cuctemy mMaccoBoro o0C/yKUBAHUSI C HEOTPAHWYEHHBIM YUCJOM 00C/y-
KMBaloWKX npubopos. Ha BXom mocTymaeT MmoTOK MapKOBCKOrO BOCCTAHOBJIEHHS, 3a-
NaHHbI# HabopoM (YHKUHME pacrpeneseHust AJIUH HUHTepBasoB Ap(x), As(x),...Ax(x) u
marpuuedl P = [p;;], i,7 = 1,2, ..., K — BJIO)KEHHOH 1T0 MOMEHTaM HACTYIJIEHHsl COOBITHH
uenu MapKoBa ¢ KOHEYHBIM YHCJIOM cocTosiHud k(1) = 1,2, ..., K.

Jucuunnnna o6cayKHBaHUs ONpefessieTcs CJAeAYIUHUM 00pa3oM: eCJU BJOXKeHHas
uenb MapkoBa HaxonuTcsi B cocTosiHud k(t) = s, To mocrynawoliasi 3asiBKa Oyaer
00CJy?KHMBaTbCSl CJy4YalHOe BpeMs, paclpeleseHHOe M0 3KCIOHEHIIUAa/JIbHOMY 3aKOHY
Fy(x) =1 — e #* CraBurcs 3afaua UCCJIeI0BaHUs MHOTOMEPHOrO CJY4aiHOro mpolecca
i(t) = [i1(t),i2(t), ..., ik (t)] — uncsa 3aHATHIX MPUOOPOB PA3HOTO THMA B CHCTEME.

2. CUCTEMA OUDDEPEHLUAJBbHbIX YPABHEHU KOJIMOIOPOBA

BBuay rpoMo3aKoCTH BbiBOAa (OpMyJ /sl MPOU3BOJBHOrO YHC/Ia COCTOSTHUH BJIO-
JKeHHO#H 1enu MapkoBa MpuBeeM TeOpeTHYeCKHUE BHIKJAAAKH [Ji HaX0XKIEHHST OCHOBHBIX
BEPOSITHOCTHBIX XAPAKTEPUCTHK st k = 2.

OrmpezieiMM UeTbIpeXMepHBIH MAapKOBCKHE caydadnblil npouecc {k(t), z(t),i1(t), i2(t)},
rae z(t) — mJaWHA WHTEpBaja OT MOMEHTa BPEMEHH ¢ JI0 MOMEHTA HACTYIMJEHHs ouepen-
HOrO COOBITHSI B MIOTOKE MapKOBCKOrO BOCCTaHOBJeHHs!, k(t) — BJIOXKEHHAsi 0 MOMEHTaM
BOCCTAHOBJIeHUS Lienb MapkoBsa.
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Jlns pacripenesieHus: BeposiTHOCTEH
P(k, z,iy,i9,t) = P{k(t) = k, 2(t) < z, i1(t) = i1, i2(t) = ia}
0 TeopeMe IMOJHOH BePOSTHOCTH MOXKHO 3aMUCcaTh CJeNYIOlHe PaBEHCTBA:
P(1, 2, iy, o, t + At) = (P(1, 2 4+ At iy, ia, t) — P(1, AL, iy, ia, 1)) (i101 + dopte)+
+P(1, Aty iy — 1,09, t) P11 A1 (2 — At) + P(2, Aty iy — 1,49, t) Py Ay (2 — Ab)+

+P(1, 2z + Atiy + 1,09, t) (11 + 1) At + P(1, 2 + Aty iy, 09 + 1,1) (12 + 1) p At + o(At),
(1)

P(2,z,i1,09,t + At) = (P(2, 2 + At, iy, 09, 1) — P(2, At, i1, 12, t))(i111 + fop2)+
+P(1, At iy,i9 — 1,8) PiaAs(z — At) + P(2, At, iy, i9 — 1,1) Pao Ag(2 — At)+
+P(2,z 4+ Atyiy + 1,49, t) (i1 + D) At + P(2, 2 + At 14,19 + 1,8) (i + 1) ua At + o(At).
Orciona mosyunm cuctemy auddepeHHatbHbIX YpaBHeHHH Kosmoroposa:

OP(1, z,iy,i9,t)  OP(1, z,iy,43,t)  OP(1, 0,4y,1,1)

ot 0z 0z
, , o OP(1,0,i; — 1,in, 1
— (11 + dop2) P(1, 2,41, 19, 1) + ( 812 2 )P11A1(z)—|—
OP(2,0,1; — 1,09, i . .
+ ( 817: 2 )P21A1(Z) + P(1, 2,00+ 1,49, t) (41 + 1)+
+P(1, 2,21,22+1,t)(12+1)u2, (2)
8P(2, Z,’il,iz,t) . 8P(2, Z,?:l,ig,t> (9P(2, 0,’i1,’i2,t>
ot N 0z 0z
. . o OP(2,0,iy,iy — 1,1
— (11 + dop2) P(2, 2,41, 19, 1) + ( é)lz 2 )P22A2(2)+

OP(L, 0,i1,i> — 1,2 ' i, 1) (i
+ ( 81,2 : )P12A2(Z)+P(27 z0 + g, 1) (i + 1)+
+P(2, z, iy, i5 4+ 1,t)(ig + 1) o

Jlns cTalMoHapHOro pacrnpefiesieHdsl BepOSITHOCTEH 3alullieM 3Ty CUCTeMy B BHJe

II(1 1,1 II(1 1,1
a ( 7Z7ZI7ZQ) i 8 ( ) 0711722) B (il/Ll +Z'2M2)H(1,Z,7:1,i2)+

0z 0z
L on(, o,az'z1 L) 4 202 ogz1 “Li)p 4o
(L, 2041, (01 Vg 0L 2, 1)+ Lo =0, .
aH(Q’;;Zl’ZQ) - 8H(2’aozj“’22) — (i + i) N2, 2, iy, )+
Lo, o,a@';,zg U pane) + 200 0,5'21,@'2 U aon

—|—H(2, Z,?:l + 1, 22)(21 -+ 1),[11 —+ H(2, Z, il, ig -+ 1)(22 -+ 1)/112 = 0.
3. METO.L XAPAKTEPUCTUYECKUX ®dYHKLUA

BBesem xapakreprucTuueckue (pyHKIHH

o0 [e.e]
H(k,z,uy,up) = Z Z el el 22 (k2 iy, i),

11=012=0
rae j =+ —1.
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(
A

Torpa, yuuTsiBasi, uTo

0H(k e o
( 762;;“17152) :jzZZ.leju”leﬂmlzﬂ(k,Z,il,iQ),

11=0142=0

rie ¢ = 1,2, noaydyaem cjaenyoulylo cucteMy IU((epeHLHaNbHbIX yPAaBHEHUH B YACTHBIX
IPOU3BOJHBIX:

8H(1,Z,U1,U2) 8H(1,0,U1,U,2)

, - OH(1, z,ui,u
- + (1 —e) ( 1 2>+

0z 0z ouy
, o OH (1, z,ug,ug)  OH(1,0,up,us)
1 _ Ju2 ]ulP A
+jipa(l —e™7™) oy + pp e’ Pri Ay (2)+
OH (2,0, u1,us)
* : GZUI UQ>6J 'Py1Ai(2) =0, (4)
0H (2, z,u,us)  O0H(2,0,uy,us) | i OH (2, 2, uy, ug)
_ 1 — Jui
0z 0z il c ) ouq +
, i OH (2, 2, up,u OH(1,0,uy,u2) .,
+ipa(l — ") ( G 1) + ( By - 2)69 Py As(2)+
H(2 ,
$ IR0, 1) i py(2) — 5)

0z

Bocnonb3yemesi  cBOWMCTBAMU — XapaKTepUCTUUeCKOW (YHKUMH W Tpoauddepen-
uupyem (4) u (5) mo wuq:

PH(, z,up,u)  O*H(1,0,up, us)

o OH(1, 2, uy, us)
2 Jul L] 9
020U, 0z0u, e Oouq +
i OPH (1, 2, uy, ug) o OPH (1,2, Uy, ug)
] 1 —e 7" T T ; 1 — ¢ Ju2 ) <y Wy
Fim(l = e ou? gl =€) Ous0uy
. OH(1,0,uy,u ” O?H(1,0,ur,u
+je’" 1 P Ay (2) ( 5, ) + 7" P A (2) (azaull 2)—|-
. 8H(2,0,u1,u2) ; 82H(2,0,u1,u2)
Jup A TPy A = 6
+je’" Py Ay (2) B + e’ Pyy Aq(2) 9200, 0, (6)
O2H (2, 2, uy, O2H (2,0, u,, , OH(2, 2, u,
(2,2, u1,u9) ( Uy, Us) o (2,2,u u2)+
0z0u, 020w, ouy
o VOPH (2, 2, uy,u0) o COPH (2, 2, Uy, us)
1 1 — e "1 [ ’ : 1 — e Juz [ ad) 9
il —e™) 07 + jpa(l —e77*) D,
: 82H(1 0 Uy Ug) . 62H(2 0 Uy Ug)
]uQP A ) Y ) ‘7“2P A ) ) ) — ) 7
e 1245(2) 0z0uy te 2 A2(2) 0z0uq 0 (7)

[Tponuddepenuupyem (4) u (5) Mo usy:

82H(1a <, U1, u?) . 82H(1a Oa Uy, u?) 82H(17 2, U7, UZ)

F i (1)

0z0us 020us Ouq0uy
o o OH(1,2,up,u , o OPH(1, 2, up,u
+5% e ( o 1 2) +jpa(l — e7742) ( i 1)
; 82H(1 0 Uy UQ) : 82H(2 0 U1 UQ)
Julp A ) Y 7 julp A Y Y ) — 0 8
+e!" P11 Ay (2) 020 + 7" Py Ay (2) 0200, : (8)
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2 2 2
O°H(2,z,u1,us)  0*H(2,0, u1, us) T (1= ) O°H (2, z,uy,us)
020Uy 020Uy Ouq0us
aH(27Z7u17u2) . i 82H(2,Z,U1,U2)

1— e
90, + jpa(l —e™7"?) 02

j aH 17 07 ) 1 aZH 1, 0, s
+je’"2 Pa Ag(2) ( aZUI u2) + 72 Py As(2) (azauul uz)
2

8H(2707u17u2) J azH(2507u17u2)
v Py, A
0z te 242(2) 020Uy

[Tonoxum B (6) 1 (7) u;y = 0 ¥ uy = 0, moNy4um

a (1) 1’ 8 (1) 1’0 /
mlai 28 mlai ) um®(1,2) + Pud(2)R (1,0)+

om'V(1,0
+P11A1<Z)%)

8m1 (2,2) 3m§1)(2,0) 1)
Oz Oz — M1y (27 Z)+

omiV(1,0)
P, A 20 A ET
+ Py As(2) -

[Tonoxxum B (8) u (9) uy = 0 u upy = 0, mOAYyYUM

+j pge 7"

+j€ju2P22A2(2) = 0. (9)

omi"(2,0) _

+P21A1(Z)R'(2,0) + P Ay (2) Oz (10)

8m1 (2,0)

—+ PQQAQ(Z) az

=0.

om{P(1, 2) 5m1 (1,0) @
82 82 — M2y (1,Z)+

(2) 2)
+P11A1(Z)am1a§1,0) am{?(2,0) o

0z (a1
8m (2 z) 8m(2)<2 0) ) |
132 182 YY) H2m§ )(2, z) 4+ PiaAs(2)R (1,0)+

om; (1,0 / om; (2,0
—|—P12A2( )% —|— PQQAQ(Z)R (2, 0) —|— PQQAQ( )%

3anuwem cucremy (10) B Buge nuddepeHUHAIbHOIO MATPUUHOTO YPaBHEHHUS

omV (= 2, om'M(0) OR(0)
0z 0z 0z

Wy [ (1) | Pu P | A(2) O
3nech miV(z) = [ml 1, 2), m} (2,2’)}, pP— [Pm o } A(z)_{ 0 A |

(1)
I:{l 0]’ Enz{l O}’ aml()_
0z

+ PglAl(Z)

0.

[PA(z) —I] + ——PA(2)Ew — /ﬁlmgl)(z) =0. (12)

(9m1 (1 z) (9m1 (2 z)
dz Dz ’

om{"(0)  [omV(1,0) am{(2,0)]  OR(0) [AR(1,0) SR(2,0)
0z 0z 0z ' dz 0z ' 0z '

A1y cucrtemy audQepeHHaNIbHbIX YpaBHeHUH OyneM pellaTb MPH MOMOLIM Npeodpa-
3oBanus Jlannaca — Ctuntbeca

o0 [e.9]

o1 (a) = / e dmiV (2), A * (o) = / e % dA(z).

0 0
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Beinmosnnue B (12) npeo6pasoBanue Jlamnaca — CTunrbeca, moaydum

m'P
Pr(a)(pn —a) = 85—z(m [PAx(a) — 1] + aRiO)

[Tonoxus B (13) o = 1y, uMeem

omi"(0) _ IR(0)

PA x (a)Eq;. (13)

PA * (11)En [I — PA % (1)) "

0z 0z
Torga
1 OR(0 _
m{" (00) = ¢,(0) = M—%PA s (j)Eqp [T — PA % (1)) [PA % (0) — I] +
1
1 OR(0)
———PA % (0)Eq;.
+M1 B * (0)Eq
OTMmeTuM, 4TO 8%—20) =ArurP =r, re=1.
Jlnsi HauasbHOTO MOMEHTA TIEPBOTO MOPSIIKA MOXKHO 3arucaTth
A
mgl)(oo) = —rE;;.
Ha
YMHOXKHUM Ha eIHHUYHBIH BEKTOD €, MOJyYUM
A
mi¥(o0) = ==,
M1
re \ = = !

4. HAYAJIbHbIE MOMEHTbI BTOPOI'O NOPALOKA

W13 cBolicTB XxapakTepuCTHYeCKOH (PYHKLHUH UMeeM

O?H (k,uy, us, 2)
Ou? Uy = 0
U9 = 0

=J m2 (k z),

roe ¢ =1, 2.
[Tponuddepenunponas (6)—(9) mo u; U uy ¥ NMONOKUB u; = 0 U up = 0, mosmyuum 4
CUCTeMBbl IH((hepeHIHaNbHbIX yPaBHEHUH:

_Omy (1,2 omY 1,0 '
2 ) Ome (LO) 01 24 2pm) (1, 2) — Py ()R (1,0) -

0z 0z
omM(1,0 omM(1,0
_2p11A1(Z)%_p11A1(2)%_
, (1) (4 (1)
—P21A1(Z)R (2, O) — 2P21A1(Z)87/n18—270>—P21A1(2)87/n2a—270> = O, (14)
omi(2,z)  omi(2,0) )
0z N 0z — my (2 2
0 1.0 0 2,0
—|—2u1m51)(2,z)—P12A2( )%—Pm/h( )% 0;
393
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3m1 (1,0)
0z

=0, (15)

om? (1 am? (1 o
_ m2 ( ,Z)+ m2 ( 9 )_i_ljllmgl,g)(l z)_f_u mg )(1 Z) P11A1< )
0z 0z
8m§1,2)(1’ O) amgl,2)<2’ 0)
aZ az
oD (2,2) amiP(2,0
— Qaz( )+ az( )+ 12)( )+N mg )(272)_P12A2(Z)

o2 1.0 om omit? 2,0
% PQQAQ( )8—2) PQQAQ(Z)%
oms"?(1,2)  am$"? (1,0
— 32( >+ - az( )+p1m§1’2)(1, z)+u2mgl’2)(1, z)—PiiAi(2)
om$ (1,0 om{? (2,0 omy"™ (2,0
%—Pm/h(z)%—ﬂﬁh(z)%
omi?(2,2)  am{*? (2,0
- Qaz( Ly Qaz( Lt pam$$ (2, 2) 4 iamlt 2 (2, 2) ~ Pa A (2)
Om; 2(1,0) omi(2,0)
0z 0z
8m 1,z om? 1,0
282 ) 282 : — i (1, 2)+2pam P (1, 2)—
om?(1,0) oms’ (2,0)
Oz 0z

(2
8m28i2 Z) 8mzai2,0) —Mzmg )(2 Z)+2M2m2 (2 Z), (17)

aml (2,0)

—PHAl(Z) 62

— Py A4 (2) — Py Aq(2)

omi’(1,0)
0z

—P12A2(Z> = 0,

omi”(1,0)
0z

—P11A1(Z) = O (16)

0m1 (1,0)
0z

amS"?(2,0)

—P12A2(2> 62

—P22A2( ) P22A2(Z) = 0;

—P11A1(Z) —P21A1(Z) =0,

(?ml (1 0)

0z
om'?(2,0)
0z

8m2 (1 0)

0z
oms?(2,0)
0z

—PlgAQ(Z)R/(l, O)—2P12A2( ) P12A2( )

_PQQAQ(Z)R,<2, O) — QPQQAQ(Z) —PQQAQ(Z) = O

3anuuiem cucrembl (14)—(17) B MaTpuyHOM BUIE:

omy’(z)  omj’(0)
0z + 0z
aR( )
(1,2) (1,2) 0z
1,2 1,2
omy @ om0 pa ) 1) — it (e) 4 ) +
om$"?(2) . om$"?(0)
0z i 0z

[PA(2) — 1] + m{” (2) — 2pm" (2)+

om(0)

5. PA()En + 27—

PA(2)E;; = 0; (18)

om!"(0)
0z

PA(z) =0; (19)

[PA(2) — T — m$"? (2) (1 + o) +

2
+—8maz<0) PA(z) = 0 (20)

D PA )~ 1+ fom®(2) - 2peml? o)+

om'? (0)
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B ypaBHenusx (18)-(21)

mi!e) = [ miea] e D] A= [ AT ]

10 10 0 0

m@%azl%ﬁmﬂ>6MWza &¢W”=[%ﬁmﬂ)&%wwﬂ

0z 0z ’ 0z ’ 0z 0z ’ 0z

OR(0) [OR(1,0) OR(2,0)
0z _{ dz = 0z }

Cucremy nuddepeHIHanbHbIX ypaBHeHUH (18) GymeM pelnath mpu MOMOILIM Tpeobpa-
3oBaHus Jlannaca — Ctunrteeca

[e.9] o0 o0

o) = [ Fam @) o) = [e @), Ax () = [edA)

0 0 0

Beinonnue B (18) npeo6pasoBanue Jlannaca — CTuntbeca, moaydum

1) (1)
do(@) (21 — a) = amg—z(o) [PA % () — 1] + 28mal—z(())PA % ()En+
"‘aR(O)PA * (a)Eqq + o1 (o). (22)

0z

[Tonoxue B (22) o = 2, ©MeeM

% _ (2%}“ ¥ (20) B + af;i())PA ¥ (201) B + u1¢1(2u1)) ‘
x [I—PA * (2u1)] .
Torna
62(0) = 2%1 (2#% ¢ (2B + af;io)PA F (2B + u1¢1(2u1)) «
X [I—PA * (2u1)] ' [PA % (0) —I] + iaf(;_io)PA s (j11)Eqq X
X [I —PA % (j1)] " PA % (0)Ey; + af;iO)PA x (0)Eq; + ArEy;.

OR(0)
Oz

=AdrurP=r,re=1, A= = 1

OTMmeTuM, 4TO _—
J (1-rA(u)e)du
0

JInst HauaIbHOTO MOMEHTA BTOPOTO MOPSifiKa 3asBOK MEPBOTO THUIA B CUCTEME MOJYUUM
paBEHCTBO

1 9R(0)

my (00) = my” (o0)e = ga(0)e = —-—5

PA % (,ul)Ell X
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0R/(0)
0z
J11s1 HauaIbHOTO MOMEHTa BTOPOTO MOPsiAKa 3asiBOK BTOPOrO THIIA B CHCTEME MOJYYHM
PaBEHCTBO

X [I —PA % (j11)] " PA % (0)Eje + PA % (0)Ej e + ArEje.

1 OR(0
) (00) = m?(c0)e = a(0)e = — 2NV PA i (1) B x
po 0z
x [I — PA x (Mg)]il PA x (0)Exe + af;—iO)PA * (0)Ege + ArEqe.

AHasOTHUHBIM 06pa3oM MOXKHO TIOJYYUTb MOMEHTBI MEPBOrO ¥ BTOPOTO TOPSIAKOB
3asBOK k-ro Tuma B cucTeMe. MOMEHTBl MepBOro Mopsiika 4ucjaa 3aHATBIX NPUOOPOB
KaxXKJ0ro TUMa B paccCMaTpUBaeMOH CUCTeMe ONpefesisiloTCs PaBeHCTBAMU

mi(o0) = 2,
Hok
rae A — HMHTEHCHBHOCTb MOTOKAa MapKOBCKOI'O BOCCTAHOBJIEHHS, KOTOpas ONpefessieTcs
BbIpaKeHHEM

1
A= — :
/(1 —rA(u)e)du
0
3nrecb r = [r (1), r(2),..., r(K)] — BeKTOp CTallMOHAPHOTO pacrpeaeseHHs] BepOSITHOC-

Tel 3HAUeHUH BJIOXKEHHOH Lienu Mapkosa.
MoMeHTBI BTOPOro Mopsiika YKACaa 3aHSAThIX MPUOOPOB KaxKJ0ro TUIMA B CUCTEME UMEIOT
BUJ

1
mi (c0) = PA (1) Ex [I — PA x (ju)] "' PA « (0)Ege + ArPA « (0)Eje + ArEe.

o0

3nech A x () = [ e **dA(z), E;, — KBagparHasi MaTpHlila, BCe 3/1eMEHTbl KOTOPOH paB-
0

Hbl 0, Kpome exy, = 1.

5. KOO®PPUUMUEHT KOPPENALUUN

Cucremy nuddepeHuranbHelX ypaBHeHHH (19) OynmeM peliate nmpu MoMolld npeobpa-
3oBanud Jlannaca — Ctuntbeca

() = 76_°‘degl’2)(z), Ax(a) = 7@‘0‘sz(2).

Boinmosnuus B (19) npeo6pasoBanue Jlannaca — Ctuatbeca, moay4um

omS"? (0 om{" (0
o)+ o —a) = 222 O pa () — 1+ 22 O pa (), (23)
0z 0z
YuuteiBasi, 4To améj(o) = 8%£O)PA s (ju))Eqq I —PA % (u1)]”", u nonoxus B (23)

o = [i1 + b2, TIOJYUUM

am$"?(0)  9R(0)
0z 0z
Torna

PA # (1) Eni [T = PA # ()] PA# (11 + p12) [T = PA % (s + )]

1 OR(0 -
m$? = 0(0)e = H1 + o ai )PA # (1) En [[—PA % ()] ' P
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3AKJTIOYEHUE

B naHHOU paGoTe mocTpoeHa W HCCJeNOBaHA MaTeMaTH4yecKas MOJAEJNb 0O0CJYKHU-
BaHHUsl 3afBOK B OECKOHEYHOJHMHEHHOH reTeporeHHOH CHCTeMe MacCOBOI0 OOC/YKHUBa-
Huss MR(s)|M(s)|oo ¢ BXOASILIMM MOTOKOM MapKOBCKOro BOCCTaHOBJeHHsi. OnpeneseHbl
aHAJUTUYECKHE BbIPAaXKEHHUS JJI HAXOXKJIEHHWsl TepPBOro U BTOPOrO MOMEHTOB, Xapak-
TEPU3YIOLIMX YUCJIO 3aHSATHIX TPUOOPOB KAXKJOTO TUIIA B CUCTEME, a TaKxkKe KO3 pHIMeHTa
KOPPeJISLIHH.
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Data streams in information and communication systems include integrated heterogeneous
streams, containing voice, text data and video. Since the service of different information units
takes different time depending on their format, used protocols and so on, it is proposed to model
such data transmission processes using heterogeneous queueing systems with services depend-
ing on the parameters of the incoming stream. In the paper, an infinite-server heterogeneous
queueing system is considered. Arrivals are modeled as a Markov renewal process (MRP) with
two states given by distribution functions of the interval lengths and by a transition probabili-
ty matrix. The exponential distribution parameter of service time is determined by the state of the
underlying Markov chain of the MRP at the moment when a customer arrives and does not change
until the service completion. To study the system, the method of characteristic functions is used.
Using their properties, analytical expressions are obtained for the initial moments of the first and
the second order of the number of customers of each type present in the system in a steady-state
regime. To analyze the relationship between the components of the process, a correlation moment
is derived.
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n exoaswmum MMPP-notokom

E. H. YepHbiwosa, E. 0. Jlucosckas

YepHbiwosa Ennsaseta HukonaesHa, CTyOeHT Kadeapbl TEOPpUN BEPOSTHOCTEN U Martematu-
YecKol cTaTuUcTmku, HaumoHanbHbI nccnegoBaTenbCKuii TOMCKUA rOCy[apCTBEHHbIN YHUBEP-
cuter, Poccusa, 634050, r. Tomck, npocn. JleHuHa, a. 36, chernishova@stud.tsu.ru

Jlncosckast ExkatepuHa KOpbeBHa, kaHaMaat ouanko-maTeMaTnyeckmx Hayk, OOLEHT Kadpeapsl
TEOpPUM BEPOSTHOCTEN MU MaTeMaTUyeckon CTaTUCTUKM, HauunoHanbHbIA nccnenoBaTenbCckui
Tomckunin rocynapcTBEHHbIM yHMBepcuTeT, Pocensa, 634050, r. Tomck, npocn. JleHuHa, a. 36,
lisovskaya-eyu@rudn.ru

B npaHHoOil paboTe paccmaTprBaeTCs pecypcHas cucTemMa C HEOrpaHWYeHHbIM YMCIOM Mpu-
60poB, NPenoCTaBNSEMbIX PECYPCOB U MapannefbHbiM 00CNyXUBaHMEM 3asBOK, MOCTYyMaro-
wux B cuctemy cornacHo MMPP-notoky. C nomollbio KOMOUHALMM METOLOB MHOMOMEPHOr0
OVHaMNYeCKOro NpocemBaHns U acMMNTOTUYECKOro aHanu3a [0oKasbiBaeTcsl, YTO COBMECTHOE
acMMnTOTMYECKOe pacnpedesnieHne BEepOSiTHOCTEN CyMMapHbix 06beMOB 3aHATOro pecypca
KaxZoro Tuvna CXO0AMTCS K ABYMEPHOMY rayCCOBCKOMY pacrnpefeneHunto B yCnoBmax pacTylen
WHTEHCUBHOCTM BXOAAWErO NOTOKA M NPefebHO YacTbIX UBMEHEHMSAX COCTOAHMIA Lenn Mapko-
Ba. Haxopatcs napameTpbl aCMMATOTUYECKOrO (rayCCOBCKOro) pacnpeneneHuns BeposaTHOCTEN
CyMMapHbIX 06 bEMOB 3aHATOrO pecypca Ha 6nokax cuctembl. NPOBOANTCS YNCNEHHBIA aHANN3
TOYHOCTU annpokcMMaLuun 1 onpenensieTcs 06nacTb NPUMEHNMOCTM aCUMMNTOTUYECKUX PE3Yb-
TaToB.

KnroqeBbie cnosa: pecypcCHble CMCTeMbl MacCcoBOro OﬁCJ’Iy)KVIBaHVIﬂ, MeTon OMHaMU4YecKoro
npocenBaHns, aCMMNTOTUYECKNIA aHANN3, rayCCoBCKasa annpoKcuMaLumns.
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BBEJOEHUE

B Hacrosilee BpeMsi BBUAY LUIMPOKOH BOCTPeOOBAHHOCTH MOOUJBHBIX U Te€J€KOMMYHH-
KallMOHHBIX CeTell 3HAUWTeJbHYIO POJib UIpaeT UCCeloBaHHe MoJeJsell MacCoBOro 00C/y-
)upauus [1,2]. DTH MaTemMaTHYeCKHe MOJEJH MCIOJIb3YIOTCS AJs aHa/u3a MokasaTtesen
U yayulieHdss 3pdekTuBHOCTH cucteM. OnHako ajs 6oJiee MpaBAONOAOOHOrO OMUCAHHUS
TpauKa B CeTsIX PeKOMEHAYEeTCS MCIO/Nb30BaTh MAPKOBCKHE WJHW PeKyppPEeHTHbIE MOTOKU
COOBITHH.

[TomuMo 3TOro, BBUAY HEOAHOPOAHOCTH YCAYT (TeseOHHbIE 3BOHKH, CMC-COOOLIEHHUS,
HUHTepHeT-TpahuK) HeoOXOOUMO YUHUTBIBATb 00beM oOpabaTbiBaeMOM HH(MOPMAIUKU BO
u3beXKaHUe TIOTePU WJIM MCKaXKeHWs NaHHBIX M3-3a HeXBaTKU pecypcoB [3,4]. B cBssu ¢
5THUM Ha CerofiHAIIHMAN JleHb aKTyaJbHOH fIBIsIeTCS pa3padoTKa HOBBIX PeCypCHBIX MOje-
Jied, chopMySTUPOBAHHBIX B TEDPMHHAX CUCTeM MaccoBoro obcayxuBanusi (CMO), koTopeie
Obl TI03BOJIUJIH OLIEHUTb 00BEMBI 3aHATOTO pecypca. CHCTEMbI C HEOTPAHUUEHHBIM YHUCJIOM
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NpUOOPOB HCIONB3YIOT IJs1 aNMpPOKCUMAlMH MHOTOJHMHEHHBIX CHCTEM IPH YCJOBHH Ma-
JIOM BepOSITHOCTH OTKa3a B obcaykuBaHuu [5]. Kpome Toro, mMomesin ¢ HeorpaHWYeHHBIM
YHUCJOM TPUOOPOB TMO3BOJISIOT OLIEHHUTh BO3MOXKHYIO 3arpy3Ky B CHCTEMe H INPHUMEHSTb
Mepbl M0 TPEeNOTBPAIEHHI0 MEePerpy3Ku CHUCTEM C OrPaHWYEeHHBIM UYHCJIOM TPUOOPOB |
MHUHHUMH3AIKUK TI0T€Pb, BBI3BAaHHBIX HEXBATKOH CBOOONHOTO KaHaJja W/HJK pecypca.

OTMeTHM, UTO aleKBaTHOH MaTeMaTHYeCKOH MOIEJIbI0 PeasibHbiX TOTOKOB SIBJSIIOTCS
nBaxkabl croxactuueckne MAP-notoku (Markovian Arrival Process) M ero uacTHble
cayyau, B ToM uncie MMPP (Markov Modulated Poisson Process), mpensoxeHHbie
D. M. Lucantoni u M. F. Neuts B 1991 r. [6,7]. B nanHo# pa6oTe C MOMOIIbIO METONOB
MHOTOMEPHOTO IMHAMHUYECKOTO MPOCEUBAHUS W aCHMITOTHYECKOrO aHaJu3a HCCJenyioT-
csl cyyadHble MPOLECCH CyMMapHbIX 00beMoB 3aHsiToro pecypca B CMO ¢ BXoasimium
MMPP-noTokoM 3asBOK U UX NapaJJjesnbHbIM 00CTyKHBaHHEM.

1. NMOCTAHOBKA 3ALA4YU

PaccmoTtpum cuctemy mMaccoBoro o0C/ayKMBAaHUS, COCTOSILLYIO M3 IBYX OJIOKOB, KaixK-
IblH U3 KOTOPBIX MMeeT HeOTpaHWYeHHOe 4HUCJ0 Npubopos; Ha Bxon mnoctynaer MMPP-
MOTOK TpeOOBaHHUH, yrnpaBasieMblil enbio MapkoBa k(t), 3agaHHOH MaTpuiiaMd UHOUHHU-
Te3WMaJIbHbIX XapakTepUCTHK (Q ¥ YCJOBHBIX MHTeHCHBHOCTeH A (puc. 1).

3asBka, npumenmas B CMO, nonanaer B Kax-
OBl OJOK W MIHOBEHHO 3aHuUMaeT J000H CBO-
6onHBIA NpUOOp, rae O0OCAyKUBAeTCS B TeuyeHHe
caydarHoro BpeMmeHH. DyHKUHSA pacrpeneseHUs
BEPOSTHOCTe! BpeMeHH 0OC/NyKHUBaHHS Ha MEepBOM
6aoke — By(r) = P{& < 7}, Ha BTOpOM —
By(1) = P{& < 1}. DyHKuMH pacnpeneseHus
BEpPOATHOCTEH AJS1 cJaydallHOro oObeMa pecypcoB
Ha MepBOM U BTOpoM Osokax — G1(y) = P{v1 <y}
u Go(y) = P{rs < y} coorBerctBeHHO. [locse
3aBeplleHUs1 00CyKHUBaHUSl TpeOOBaHHE MMOKUAAET
cucteMy, 0cBoOOXaasi MpuUbOpP U BCe 3aHUMaeMble
pecypcel. KosmnyecTBo 3aHuMMaeMoro pecypca H
BpeMsl 00C/yKHBaHUS He 3aBUCAT APyl OT ApyTa.
O6o3nauum uepes Vi (t) u V(t) cymmapHbiii 06bem
3aHSITOrO pecypca Ha MepBOM U BTOPOM OJOKax B
MOMEHT BpeMeHH t cooTBeTcTBeHHO. CTaBUTCSH 3a-
Jlaua MCCJe[loBaHUs caydaiiHoro naBymepHoro mpouecca {Vi(t), Va(t)}. BaxHo oTMeTHTD,
4TO JaHHBIH mpollecc He siBaseTcss MapKoBCKHUM, [Js1 €ro JajbHeHIIero Hccief0BaHUS
MapKOBH3MpyeM IPOLecc, UCMOMb3ysl MeTOl AMHAMHUYECKOro MpOoCerBaHUS.

Ha puc. 2 usobpaxensl Tpu ocu BpeMeHH. Ocb nox HoMmepoM 0 oToOpakaeT MOMEHTHI
HaCTYIJIEHUS] COOBITUH BXOASLIEro MOTOoKa. 3afaauM (pYHKLUH, ompeje/siolde AMHAMU-
4eCKYl0 BEpPOSITHOCTb MpocerBaHUs Ha ocu 1 u 2. BeposiTHOCTh mpocerBaHUS Ha i-10 OCb
paBHa BEPOSITHOCTH TOTO, YTO 3asiBKa, MoONaBlias B ¢-H GJOK B MOMEHT BpeMeHH i, He 3a-
KOHUYMJIa 00C/yKMBaHHe K MOMeHTY BpemeHu 1" (i = 1,2). 3aduKcupyemM MpOU3BOJIbHBIH
MoMeHT BpeMeHH ¢t < T'. @dynkuus S;(t) = 1 — By (T —t) — BeposSTHOCTb NPOCEUBaHUs Ha
ocb 1, So(t) =1—By(T —t) — Ha ocb 2, Si(t)-Sa(t) = (1= B(T—t))- (1—Ba(T —t)) —
Ha ocH 1 u 2 ogHoBpemeHHO. O603HauumM Wi (t) u Wa(t) Kak cymMMapHBIE 06beM 3aHSITOrO
pecypca B CMO nocJie npocerBaHUS.

Puc. 1. Pecypchas CMO ¢ Bxoas-
M MMPP-noTokom 1 napasnnesib-
HbIM 00CJ/1yKMBaHHEM
Fig. 1. Resource QS with MMPP
arrivals and parallel service
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Puc. 2. IlpocerBaHue 3asiBOK BXOASILIETO MOTOKA COOBITUH
Fig. 2. Screening of arrival customers

Ilnst ncenenyemoro npouecca {Vi(t), Va(t)} cnpaBeninBo B MOMeHT BpeMeHH 1°:
P{‘/l(T) < Zl,‘/Q(T) < 2’2} = P{Wl(T) < Zl,WQ(T) < 22}, 21, 29 > 0. (1)

Jlnst naneHefiero uccnenoanusi npouecca {V;(t), Va(t)} OymeMm ncrnosb3oBaTh Mporecce
{Wi(t), Wa(t)}.
2. CUCTEMA OUDDEPEHUUAJNBbHbBIX YPABHEHU KOJIMOIOPOBA

Paccmotpum cayuvaiineiit npouece {k(t), Wi(t), Wa(t)}, roe k(t) — cocrosiHue uenu
MapkoBa, ynpasastoueil Bxoasaimum MMPP-notokom. [lanublil npouecc sBgasercs Map-
KOBCKHUM JUJISl (DYHKLIMH pacripelesieHHs BEPOSTHOCTEH

P{k(t) = k, W1<t) < whq, Wg(t) < ’wg} = P(k,wl,wg), k= 1,K, w1, Wy > 0.

Hcnonbays At-meTos, cocTaBuM cucTeMy auddepeHInanbHbiX ypaBHeHHH Kosmoro-
poBa:
w1
A1) / Pk wi — y,ws, 0)dG1 (y) — Pk, w1, w5,1) | +
0

OP(k,wy,ws,t)
ot

w2

+ e So(t) /P(k,wl,wQ ,0)dGy(y) — P(k,wy,we, t) | +

w2 wi

0
S () (1) / / Py w1 — g1, w3 — yo, £)dG (1) dGa(y) + Pk, wr, wn, t)—

w1 w2
—/P(k,wl—y,wz,t)dGl(y)—/P(k,wl,wQ—y, t)dGo(y +ZP v, w1, w2, t) gk (2)
0 0 v#k

C Ha4daJIbHbIM YCJIOBUEM

r(k), w; =wy =0,
0, wuHaue,

P(k’,wl,’LUg,to) = { (3)

rae r(k) — cTauHMoOHapHOe pacrpe/ie/leHHe BEPOSTHOCTEH cocTosiHUE Lenu Mapkosa k(t).
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(
A

BBenem xapakTeprucTuueckue (GyHKLUHH BUIA:

h(k,wy,wy,t) = /ejulwl/ej“WQP(k,dwl,dwg,t),
0 0

rae j — MHHUMas eIWHHLA.
[Tepenumem (2)-(3) a5 XapaKTepUCTHUECKUX (HDYHKIHH

8h(k,g:57 b Akh(k, ui, ug, t) [S1(0)(G(ur) — 1) 4+ Sa2(8)(G3(u2) — 1)+

+S1(8)Sa(8) (G () — 1)(G3(u) — D)+ Y h(v,ua, uz, t)gun
v#k

C HayaJbHBLIM YCJIOBHEM
h(k,uy,ug, to) = r(k),

rae

o0

Gmm:/awamw
0
3anuiieM cucTeMy AudQepeHLHaIbHbIX YPaBHEHHH B MATPUUHOM BHJE!

2D s, ) A S OGi() — 1) + 0G0 ~ D+
+51(1)S2(0)(Gi(w) — D(G5(ua) = D] + Q)
C Ha4aJIbHbIM YCJIOBHEM
h(uy,ug, ty) =r, (5)

rae
h(uy,us,t) = [A(1,ur, ug, t), ..., R(K, uy, us, t)], r=[r(l),...,r(K)],

I — BEKTOP-CTPOKa CTALMOHAPHOTO pacnpeesieHHst BePOSITHOCTeH cOoCTOSTHUM uenu Map-
KoBa k(t), yIOBJETBOPSIOLIAs CUCTEMe MAaTPUUHBIX JIHHEHHBIX ypaBHEHUH:

{rQ:Q (6)

re=1,
€ — eJIMHUYHbIH BEKTOp-CTOoJ0eLl.

3. METOL ACMMNTOTUYECKOIO AHAJIU3A

Jns peuienus 3agauu (4)—(5) BOCMOJb3yeMcsl METOIOM aCHMITOTHUECKOTO aHaJ/M3a B
YCJIOBUSIX pACTylledl MHTEHCUBHOCTU BXOJSIIEr0 MOTOKA M MPElebHO YaCThiX U3MEHEeHUH
coctosHui wenu Mapkosa. O6osHauum A = NA u Q = NQ, rie N — HeKoTophIi
napametp. [lepenuuiem ypaBHenue (4)—(5), UCTIONb3Ysl BBeleHHbIE 00603HAUEHUS:

i 8h(u1, Ua, t)

N = h(uy, up, t) [A[S1(t)(Gi(ur) — 1) + Sa(t)(Gh(uz) — 1)+

+51(t)Sa (1) (G} (ur) — 1)(G3(uz) — 1)] + Q]

C HayaJbHBIM ycJoBHEM (5).

(7)
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Teopema. Cosmecmmuoe acumnmomuueckoe pacnpedenrerue gepoamrocmeti 08ymep-
HOeo npoyecca cymmapHolx 0b6vemos sanamoeo pecypca Ha baoxkax CMO c napaxr-
AeNbHbIM 0OCAYHUBAHUEM 8 YCAOBUAX PACMYyU,ell UKMEHCUBHOCMU 8X00AU €20 NOMOoKa
u npedeavHo uacmolx uamereruti cocmosanutl ynpasaarouietc. MMPP-nomokom yenu
Mapkosa ssasemcs 08ymeproim aycCo8CKUM pacnpedeseruem gepoamrocmeli ¢ 6eK-
MOpOM MAMEeMAMULECKUX OHUOAHULL

a— [NAag”bl NAa§2>b2]
u mampuyet Kogapuayutl

2
NXa$b; + Nk (a§1)> I N+ r)alVal? Biy

K - 2
N+ /-i)@gl)af)ﬁlz N)\ag)bg + Nk <a§2)) B2

Joka3areabcTBo. BrimosHuM B ypaBHeHuu (7) cienyrolive 3aMeHbI:

€= Uy =€exy, Uy =cexg, h(ug,ug,t) = fi(z1, 20,8, €), (8)

1
N7
NOoJy4YHUM:

Of1(x1, 29, t, € o ) *
J9fa( 1(%2 ) _ f1(21, %o, t,€) [A [S1(8)(G(ex1) — 1) + Sa(t)(Gi(exs) — 1)+

+51(8)S2(1) (G (ex1) — 1)(G3(ex2) — 1)] + Q] 9)

C HayaJIbHBIM YCJIOBHEM
f1(z1, 29, %0, €) = . (10)

Haiinem acumnrornyeckoe pemienue 3agaud (9)—(10) mpu ¢ — 0.
Iman 1. Beimonnum B (9) npepenbHbl nepexon npu € — 0, TOMyUUM

fl(l'l, T2, t)Q =0.

CpaBHHM 3TO ypaBHEHHe C NEePBBIM U3 CHCTeMBI (6), ero perleHHe MOXKHO 3aMUcaTh B

BUJIE

f1(x1, 29, t) = vy (21, 20, 1), (11)
rne ®q(zq,x9,t) — ckanspHas QYHKLUHs, YIOBJETBOPSIOIIAs HauyaJbHOMY YCJIOBHIO
Oy (2,29, t9) = 1.

Iman 2. Ymuoxum (9) Ha BEKTOp e, TIOCJEe Uero rnoicTaBuM BbipaxkeHue (11), yuuTh-
Basi pasJioKeHHe SKCIOHEHTHl B psn Tefsopa 10 BTOPOro C/araeMoro BKJIIOYHTENbHO
e’ = 1 + jew + O(e?), pasnesuM Ha € W mepelzieM K mpenesny npu € — 0. YuuTbiBas
HauaJbHOe ycsioBHe Aasi PyHKUMH Py (1, x9,t), moayunm auddepeHIHaNbHOE ypaBHEHHE

0Py (1, x2,1)
ot
pelleHHe KOTOPOro MMeeT BHJL

= @y (a1,22,1) [jmal Si() + oo $(1)]

¢ ¢
Dy (21, 29,1) = exp jxlkagl)/SI(T)dT—l—jxg)\a?)/SQ(T)dT
to to
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BrinonnuB O6paTHbIe 3aM€EHbI (8), 3alnuiuieM aCHMMIITOTHYECKOe HpI/I6JII/I}KeHHOG PaBEHCTBO

t t
h(uy, us,t) = rexp julN)\agl)/Sl(T)dT—I—quN)\aSQ)/SQ(T)dT

to to

[lepeiineM K MOCTPOEHHIO rayCCOBCKOM aMMpPOKCUMAIMK CyMMapHbIX 00EMOB 3aHSITOTO
pecypca Ha 6sokax cucteMmbl. [IpencraBum gyHKuu0 h(ug, us, t) Kak

t t
h(uy, ug,t) = ha(uy, ug, t) exp julN)\agl)/Sl(T)deLquN)\agQ)/SQ(T)dT . (12)

to to
HpOBeILeM cJieAyrue 3aMeHbI:

1
52 = N, Uy = €xy, Uy = EX9, hg(ul,UQ,t) = fz(l'l,l'g,t,&?), (13)

a Takxe, yuuTbiBas (12), 3anuiiem

28f2($1,l'2,t,5)
: ot
= fy(z1, 22, t,€) [A[S1(¢)(G(ex1) — 1) + So(t)(G3(exa) — 1)+

+81()S2(t) (G (ez1) — 1)(Gi(exs) — 1)] + Q] (14)

+ By (w1, 20, 1, €) |jezialt Sy (1) +j€x2)\a§2)52(t)} =

C Ha4daJibHbBIM YCJIOBHEM
f2<$1,x2,t075) =T (15)

Haiinem acumnrotuueckoe pemenne 3agauu (14)—(15) mpu e — 0.
Iman 1. Beimonnum npenesbHbN nepexon B (14) npu € — 0, nosyuum

fo(z1,22,1)Q = 0,
¢ yueTtoM (6) pelieHHe MOXKHO 3amucaTb B BUIE
fo(x1, o, t) = rPy(x1, 29, 1), (16)
rie Po(zy,x9,t) — cKamspHas (QYHKLHs, YIOBJETBOPSIOIIAs HAYaJbHOMY YCJOBHIO

Dy (w1, 12, t0) = 1.
Iman 2. TlpencraBum (yHkuuio fa(xy, z5,t) B BUIe pas3/oxKeHHs:

fo(21, 2o, 1) = Po(x1, 70, 1) [r + g(jezi AalV Sy (1) + jexaralP So (1)) | + O2),  (17)

TIe g — HEeKOTOpas BeKTOP-CTPOKA, YAOBJETBOPSAIOILAS CUCTEME YPaBHEHUH

{ gQ =r(A\I - A),

ge = const,
rae I — nuaroHasbHas eqMHUYHAs MaTpHULA.
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Iman 3. YMHOXHM 06e yacTu ypaBHeHUs (14) Ha emMHUUHBINA BeKTOp e. Mcrosb3yem
passoxenus (17) u skcrioHeHTsl B psin Teisiopa 10 TPeTbero C/araeMoro BKJIIOYHTENbHO

2
e =1+ jex + @ + O(£®). Tonyunm auddepeHLanbHOe ypaBHeHHe

0P t )2 2
2(5(781;$2, ) _ @2(x17x27t> |:(j$21) ()\agl)sl(t) + K <agl)) S%(t)) +

LU (306,00 4+ (o CS20) ) + jmrjaa(h + w)ala® S, () S5 (1)
2 2 2 K CLl 2 JT1)To K al CLl 1 2 .

Pelenue ypaBHeHHMS ¢ y4eTOM HauaJ/bHbIX YCJIOBUH MMeeT BU[
t

t
. 2 2
Oy (1, x9,t) = exp @ )\agl)/Sl(T)dT—l—/f(agl)) /Sf(T)dT +
to to
t

t
. 2 2
+<‘7$22) Aag”/SQ( Jar + 1 (o) /SQQ(T)dT +

to to
t

+ jrijro( A+ /ﬁ)agl al /Sl( )Sa(T)dT

to

[TonctaBum moJsyueHHoe paBeHCTBO B (16), mpoBemem obOpaTHble 3amenbl (12) u (13),
MOJIYYHUM MPHOJHKEHHOE aCHMITOTHYECKOE PaBEHCTBO
t t

h(uy,ug,t) = rexp julN)\agl)/Sl(T)dT—l-quN)\agQ)/Sg(T)dT—I—

to to
t t

. 2 2
+(]U1) N)\Gél)/SI(T)dT—FNKJ <a(1)> /52(7')d7- +

to

2
+(]u2) N)\a2 /SQ dT—i—NH /52 +

+ju1ju2N()\+/1)ag a1 /Sl( )So(T)dT
to

[Tonarasi t = T', ty — —oo, yuutbiBas (1), ciesaeM BBIBOA O TOM, UTO aCUMITOTHYEC-
Kasi XapaKTepucTHueckas (yHKuus caydainoro nponecca {Vi(t), Vao(t)} B cranuonapHom
pexKHMe HMeeT BUJ FayCCOBCKOW XapaKTEePUCTHUECKOU (PYHKIIUH

h(uy,us) = exp {julN)\agl)bl + jugNAa§2)bg + jupjus N (A + /-e)al a; )512 +

U i 0 (o)1) + 2282 (s (),

rae
b, = /(1 — Bi(1))dr, p;= /(1 — Bi(1))%dr, Pra = /(1 ~ Bi(n))(1 — By(7))dr,
0 9 J
OTKyZHa cjaenyeTr (POpMyJHPOBKA TEOPEMBI. o
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4. YNCNEHHbIVN 3KCMNEPUMEHT

IMIHUpHUYecKoe paclpeeseHre BepOATHOCTeH MOCTPOUM Ha OCHOBE HMUTALMOHHOH MO-
neau [8]. B cyuiecTBylouell nmporpaMMe y4TeM BO3MOXKHOCTb «KOMHMPOBAHHUS» KaxKIOTO
nocTynampulero Tpe6oBaHusi Ha BTOpod OJioK. McxonHble naHHBIE /I paccMaTpUBaeMoH
peCcypCcHOH CHUCTEeMBl C MapaJjiiejbHbIM 00CAYKMBaHHEM 3aafiuM CJelyIoIHUM 00pa3oM.

1. Bxogsamwmi MMPP-noTok onpenensiercs MaTpUllaMu:

0,5 0 O -0,8 0,4 0,4
A=N- 0 1 0 , Q=N-| 0,3 —-0,6 0,3
0 0 1,5 0,4 0,4 —0,8

Takum o6pasom, MOJyYUM UHTEHCHUBHOCTb MOTOKA A = /V.

2. Bpewmsi o6cayKMBaHUSI UMeeT raMMa-pacrpeesieHde BEPOSITHOCTEH ¢ MapamMeTpamu
ar =01 =051 ay =y = 1,5 i nepBoro 1 BTOPoro 6J0KOB COOTBETCTBEHHO,
TOrJla cpelHee BpeMsi 00CayKUBaHUS by = 1 u by = 1.

3. KosnuecTBo pecypca, He0OX0AUMOro 1Jist 00CAYKUBAaHHS ONHOH 3afBKH, UMeeT paB-
HOMepHOe pacripefie/ieHre BeposiTHOCTeH Ha MHTepBaJe [1,2] Ha mepBoM OJIOKe U Ha
[0, 1] Ha BTOpPOM.

Brlna mpoBeneHa ceprst UMHTALMOHHBIX 9KCIIEPUMEHTOB C yBeJUUeHHeM 3HaueHUH V.

B ra6sauue npuBeneHsl 3HaueHUsl pacctossHUH KosnmoropoBa mexny ¢yHKUMSIMH pacrpe-
JleJleHUs] BEpOSITHOCTEH CyMMapHOro o6beMa 3aHATOro pecypca Ha MepBoM K BTOpoM 6iio-
Kax cucteMbl — A; U Ay COOTBETCTBEHHO, a TaKKe MeXAy (PYHKUHUSAMU pacrpeseseHns
IBYMEpHbBIX pacrpejiejieHUH BeposATHOCTEH CyMMapHbIX 00beMOB Ha 06oux OJsokax Ajs
IJIS1 pPa3JUYHBbIX 3Ha4YeHUH napamerpa N.

Paccrosinust KonmoropoBa mMexxay acHMITOTHYECKOH M SMIUPHUYECKOH (QyHKUHSIMH
pacrpeesieHusi BepOsITHOCTEH
Kolmogorov distances between the asymptotic and empirical distributions
'~ 1 | 38 | 5 | 7 [ 10 | 20 | 5 [ 100 |
Ay || 0373 | 0.111 | 0.061 | 0.041 | 0.028 | 0.018 | 0.011 | 0.008
Ay || 0.000 | 0.101 | 0.053 | 0.036 | 0.025 | 0.016 | 0.010 | 0.007
Ajp || 0369 | 0.110 | 0.059 | 0.040 | 0.028 | 0.018 | 0.011 | 0.008

Ha puc. 3 u 4 usoOpaxkeHbl rpaduku pacnpeneseHruss BepOSATHOCTEH CyMMapHOro
o0beMa 3aHSATOr0 pecypca Ha MepBOM M BTOPOM OJIOKaX CHUCTEMbl COOTBETCTBEHHO.

13 tabauiel MokeM clienaTh BBIBOL O TOM, UTO TOYHOCTb allpOKCUMAllMKU BO3pacTaeT
MpY yBeJUYEHHH aCHMIITOTHYeCKOro napamerpa N (mpu yBeJMYeHHH UHTEHCHBHOCTH BXO-
ASIIEro MOTOKA), a JaHHble PUC. 3 U 4 JIeMOHCTPHPYIOT 3TO.

OnpenenuB o6sacTh MPUMEHUMOCTH aNMpoOKCHUMalKUKU B TeX CJaydasX, KOTjia paccTosi-
e Kosmmoropoa A < 0.05, T.e. KoTla HHTEHCUBHOCTb BXOJSIIEro MOTOKA B 7 U OoJiee
pa3 Bbillle WHTEHCHUBHOCTHU OOCJYXKHUBAaHMS, 3Has YUCJOBble XapaKTePUCTUKU pacrpee-
JIEHU, HETPYyAHO OLEHWUTb OTpaHHYeHHe Ha pasMep Oydepa Ha OJ0Kax, HaNpuUMep, IO
MPAaBUJIYy «TPeX CHUTM».
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6/b
Puc. 3. Pacnpenenende (MyHKTHPHAsI JUHHS — SMIIHPHUYECKOE, CIJIOLIHAS JMHHS — aCHMII-
TOTHUYECKOE) BEPOSITHOCTEH CyMMapHOTO 00beMa 3aHSITOr0 pecypca Ha MepBoM OJI0Ke CHCTEMBbI:
a) N = 10; 6) N = 100
Fig. 3. Probability distribution (dashed line — empirical, solid line — asymptotic) of the total
resource amount on the first system block: a) N = 10; b)) N = 100
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Puc. 4. Pacnpenenende (MyHKTHPHAs JUHHS — SMIHPHUYECKOE, CIJIOLIHAS JUHHS — acHUMII-
TOTHYECKOE) BEPOSITHOCTEH CYMMapHOTo 06beMa 3aHSITOr0 pecypca Ha BTOPOM OJIOKE CHCTEMBbI:
a) N=10;6) N =100
Fig. 4. Probability distribution (dashed line — empirical, solid line — asymptotic) of the total
resource amount on the second system block: @) N = 10; b) N = 100

3AKJTIOYEHUE

B nanHo#l pabGoTe HaliieHbl OCHOBHBble BEPOSITHOCTHblE XapPaKTEPUCTUKU pPeCypCHOH
CUCTeMBbl TNapaJJesbHOro obcaykuBaHusi ¢ Bxoasiuium MMPP-notokom 3asBok. Hc-
10/1b3ysl KOMOMHALHMIO METOA0B AMHAMMYECKOTO NMPOCEUBAHUA U aCUMITOTHYECKOrO aHa-
JiM3a, OblJIO MOKAa3aHO, YTO COBMECTHOE aCUMITOTHYeCKoe paclpefiesieHHe BepOsiTHOCTeH
CYMMapHbIX 00BEMOB 3aHATOrO pecypca Ka)KAOro THUIMA CXOAUTCH K JABYMEPHOMY
rayCCOBCKOMY pacllpefiesIeHHIO B YCJOBHSAX pacTyllled MHTEHCUBHOCTH BXOASLIEro IOTOKa
U Mpele/bHO YaCThlX M3MeHeHHH cocTosgHUH uenu Mapkosa. [Ipencrasien unciaeHHBIH
aHaJIM3 TOUHOCTH aNllpPOKCUMALUH.

BaaromapHocTu. ABTOpBE BbIpaxkarT OsarogapHoctb npodeccopy [Iuzanckoro yHu-
Bepcutera Mukese [larano 3a coBmecTHyl0 paboTy Hal NPOrpaMMOH MUMHUTALlMOHHOTO
MOJeJNMPOBaHUs, a Takxke npodeccopy HaunoHanbHOro uccienoBaTesnbcKoro ToMCKOro
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rocy1apCTBEHHOTO YHHBEpPCUTETA, 1OKTOPY (PH3UKOo-MaTeMaTHuecKnx Hayk Cetnane [lert-
poBHe MouceeBoii 3a UlleM U peKOMeHJalUH B Ipoliecce NPOBeNeHHUs UCCeL0BaHUS.
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In this paper, we consider a resource system with an unlimited resources and servers number, with
parallel customers servicing, arriving at the system according to the MMPP. Using a combination
of multidimensional dynamic screening methods and asymptotic analysis, it is proved that the joint
asymptotic probability distribution of the total resource amounts converges to a bi-dimensional
Gaussian distribution under conditions of increasing intensity of MMPP. The parameters of the
asymptotic probability distribution are found. A numerical analysis of the approximation accuracy
is carried out.
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