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O kBasumHorougenax Kanesaau. 111

C. I0. AntoHoB™, A. B. AHTOHOBa

KasaHcKuil rocynapcTBeHHbIE 3HepreTHUecKHil yHuBepcurtet, Poccus,
420066, r. Kasaub, yn. KpacHocenbckas, a. 51

Anrtonoe Creman IOpneBuu, crapuiuil npenopaBatesnb Kadeapbl BbiC-
weii MmaTeMaTHkH, antonovst-vm@rambler.ru, https://orcid.org/0000-
0003-1705-3929

AHToHOBa  AsmHa  BaagumupoBHa,  KaHaMpat — (PU3HKO-Ma-
TEeMaTUYeCKUX  HayK, JOUEHT KadeIpbl  BBHICIIEH  MaTeMaTHKH,
antonovakazan@rambler.ru, https://orcid.org/0000-0001-7047-7275

AnHoranusa. B pabote wnccienyoTcs MHOrodsieHol Tuna Kames-
au (IBOHHBIE M KBasUMHOToYJseHbl Kamesnau), TpuHamIexKallHe
cBoOOIHOH accounatuBHo# anrebpe F{X UY'}, paccmarprBaemoi
HajJl TPOU3BOJIbHBIM TIOleM F U TOPOXKAEHHOH JByMsI He-
nepecekaUMUCT CUeTHBIMU MHOXKecTBaMu X, Y. [TokasaHo, 9To
nBoiiHble MHoOrouseHbl Kanemnu Cyy 1y, Cyp {2y SABISAOTCS Clel-
CTBMSIMM CTaHAapTHOro MHorodsena S,,. Bonee Ttoro, mokasano,
YTO 3TU MHOTOYJIEHBI OOHYJISIIOTCS KakK Ha KBaIpaTHBIX, Tak ¥ Ha
NPSIMOYTOJIbHBIX MaTPHIIAX COOTBETCTBYIOIIMX pa3MepoB. B crartbe
Tak»Xe I0Ka3aHO, UTO BCe KBa3HMHOrodjeHbl Kamennu cremneHu
4k+1 6ynyT MUHUMAJbHBIMH TOXKAECTBAMH HEUETHOH KOMITOHEHTHI
Zo-rpalyMpoBaHHOi MaTpuuHoil anre6per M ™) (F) npu JoGbix
Fum+#k.

KuaroueBbie cioBa: 7T-ujeas, CTaHAApPTHbIH MHOrOYJieH, MHOTO-
yneH Kanesau

Hnsa wuutupoBauusa: Aumonos C. [0., Anmowosa A. B.
O kBasumHorousnenax Kamesmmu. III // Wssectusi CapatoBcko-
ro yHuBepcutera. Hoas cepusi. Cepusi: Marematuxka. Me-
xaHuka. HMudopmaruka. 2021. T. 21, Bwmm. 2. C. 142-150.
https://doi.org/10.18500/1816-9791-2021-21-2-142-150

Crarbs ony6snuKoBaHa Ha ycaoBuax auiensun Creative Commons
Attribution License (CC-BY 4.0)
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Quasi-polynomials of Capelli. III

S. Yu. Antonov™, A. V. Antonova

Kazan State Power Engineering University, 51 Krasnosel'skaya St., Kazan 420066, Russia

Stepan Yu. Antonov, antonovst-vm@rambler.ru, https://orcid.org/0000-0003-1705-3929
Alina V. Antonova, antonovakazan@rambler.ru, https://orcid.org/0000-0001-7047-7275

Abstract. In this paper polynomials of Capelli type (double and quasi-polynomials of Capelli)
belonging to a free associative algebra F{X U Y} considering over an arbitrary field F' and
generated by two disjoint countable sets X, Y are investigated. It is shown that double Capelli’'s
polynomials Cjyy 1y, Cyp g2y are consequences of the standard polynomial S,,. Moreover, it is
proved that these polynomials equal to zero both for square and for rectangular matrices of
corresponding sizes. In this paper it is also shown that all Capelli’s quasi-polynomials of the
(4k 4+ 1) degree are minimal identities of odd component of Z,-graded matrix algebra M (™F)(F)
for any F' and m # k.

Keywords: T-ideal, standard polynomial, Capelli polynomial
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Beepenue

[lycte F' — mnpousBoibHoe mnose, F{Z} — cBobGoxHasi accouuaTHBHas anredpa
Han F', MopoXKieHHast CUeTHBIM MHOXKECTBOM Z = {2, }neN, KOTOPOE MPeICcTaBUM B BHJE
Z =XUY,rne X ={zp}nen, Y = {Yn}neny — Hellepecekarolyiecsi CUeTHblE MHOXKECTBA,
Jakt1s 9ak+ 15 Oakr1s aky1, Qarv1s Cangts far, Gar, Da, Pk, Gag, 4 — KBasuMHorousieHsl Kanes-
JI1 HEUeTHOM M UEeTHOH CTermeHW COOTBETCTBeHHO. B craTtbe [l] mokaszaHo, 4TO Bce
KBa3UMHorousieHbl Kanennu creneHu 4k + 1 SBAAIOTCS TOXKIAECTBAMH HEKOTOPBIX IMOM-
MPOCTPAHCTB HEUETHOH KOMIIOHEHTBI Z5-TPaflyMpOBaHHON MaTpuuyHOU anredpbl M, r(F).
[lenp naHHOW paboTBl — MH0Ka3aTb, UYTO 3TH MHOrOYJEHbl OYAYT TOXKAeCTBAMH CaMOH
HEeYeTHOW KOMIIOHEHTBl. 3aMeTHM, UTO, HECMOTPS Ha OTHAeJbHbE HMEIOLIHECS pe3y/ib-
TaThl (CM., Hanpumep, [2-6]), omucaHus uaeasa Zp-rpagyHpOBaHHBIX TOXKIECTB Zo-rpa-
LYUPOBaHHOH anredpsl M, (F') npu Npou3BONbHBIX M, k, F' 10 CHX TOp HeT.
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1. HexoTtopsie cucTeMbl JUHEHHBIX aJredpanyecKux ypaBHEHUH

[Tyctb k& € N, Sy, — cuMMeTpuuecKas rpymnmna creneHu 2k, <; — JeKCHKorpapuieckui
nopsiiok Ha Sy. Onpenennm Ha So, HOBOE OTHOLIEHHE MOPSiAKa =, MOJOXKHB /s JIIOObIX
T,m € Sop, T X 7, €CJIM SgNT < SgNm, a €CJU SgN7T = Sgnmw, TO 7 = 7 TOTJa U TOJbKO
TOrjga, Korjga 7 =< 7.

Hanee, nyctb H,U — HeKOTOpble HEMyCThble MOAMHOXKECTBA IPYMIbl Sox(=), KOTOpbIE

npenctaBuM B Buge H = Hy U Hy, U = Uy UU,, tne Hy = {0 € H|sgno = —1},
Hy ={oc € H|sgno =1}, Uy = {0 € U|sgno = —1}, Uy = {6 € U| sgno = 1},
MpU 3TOM Mbl cuyutaeM, uto |Hi| = p; = 0, |He| = p2 > 0, |[H| = p = p1 +p2 > 0,

Uil =q =20, |Us] =g =20, |U| =q=q + ¢ > 0. Buacthoctu, eciu H = Sy, TO
p1=p2=n=(2k)!/2, a ecnu U = Sy, T0 ¢1 = q2 = n = (2k)!/2.

Kpome toro, nyctb m € N, Myxm(F'), Mpy«i(F) — BeKTOpHbIE TIpoCTpaHCTBa Han F,
3/IeMEHTaMH KOTOPBIX SIBJSIFOTCS MPSIMOYTOJIbHBIE MaTpUllbl pasmepa k X m ¥ m X k
cooTBeTCcTBeHHO, M) (F') — anrebpa KBagpaTHBIX MaTpul pasmepa k x k, T[My(F)] —
uieas ee MOJUHOMMANbHBIX TOXKIeCcTB. Teopema Amuiypa — JleBuukoro yteepxaaet [7],

UTO CTaHAAPTHHIE MHOrouseH S, (Z) = Sy (@1,...,%ok) = Y SEOTTr) - Tr(2k) AB-
TESoy
JsieTcst ToXAecTBOM anre6pel My (F) u uto eciu 0 # & € T[M(F)], To deg ® > 2k, npu

sToM ecant deg® =2k u k > 2, To & = 35, (%), rne f € F.

PaccMOTpUM 4eThipe CHUCTEMBl JUHEHHBIX anrebpandecKux ypaBHEHHH (C.J1.a.y.) OT pg
HEH3BECTHBIX d’;]%‘ € F', MHIEKCHPOBaHHBIX MOACTaHOBKaMu 7; € H, 7; € U, cuutas, urto
T <My < ... <M, I <Tp <...=< Ty U P+ q yPaBHEHHH:

q p
Zd?:ov t=Lp, dejz(), J=5Lgq (1)
s=1 r=1
q - p p
dodr=0, i=TLp Y du=-t a=ILg, voo=t j=Ta, (2
s=1 r=1 r=1
p q q
Zdir:o’ J=54 Zd:: = ﬁa a=1,p1, delerl_ﬁa t=1,P2, (3)
r=1 s=1 s=1
Zp: d 1q 3 d 1,92
ZTI_IS? a = 1,41, U :ta j:17QQ7
— a — Tq1+j
1”31 r=1 - (4)

q )
Zdzsu = _Ba u=1,p1, Zd?rrflﬂ :Ba
s=1

~
I
—_
3
B

Ipennoxenue 1. [lycmo mrozourer Pu(T,y) = Y Y 0Fxra)Yr(1) " Tr(2k)Yr(2k) €

neH reU
€ T[My(F)] u ®u(2,y) # 0. Toeda nodcmanoska dii = of', ede i = Ip j=1.4¢q
T <My < ... X T T1 < T2 < ... < T, A6isemcs peweruem xoms 6Gv. 00HOL U3

cucmem (1)—(4).
Hoka3sareabctBo. [lycThb
LA, Ay € My(F), A= (Ay,...,A%), 1=(1,...,1) 1%,

Torjaa

‘I)4k(;1§ i) = Z Za:Aw(l)lf(l)Am) e 'Aw(zk)lT(gk) =

neH reU
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— z:(a:1 +al, + .. +al YAz Arary = 0.

TeH

[Monoxum 7™ = af, +af, +... +af, ©ou(Z) = D V" Tr(1)Tr(2) - - Tr(2k), TOTAA
TeH

Otciona u u3 TeopeMbl Amuirypa— JIeBHuKoro cJefyeT OIHO U3 IBYX: 1) Bce KO3pPu-

nueHTs ¥* = 0; 2) H = Sy, 1 Torna v* = fsgnm, rae § = const # 0.
[IycTh uMeeT MecTo caydail 1), Torna crpaBeiJMBbl paBEHCTBA
q
Y afi=0, i=Tp, (5)
s=1

1, 3HAUUT, MHOTOUJIEH or(Z) = 0. Bosiee Toro, u3 paBeHcTB (5) M ompeleseHUs MHOTO-
unena Oy (Z,y) BEITEKaET, uTo ¢ > 1. Jla caydas 2) IpUXOOUM K paBeHCTBaM

Zo/” = Bsgnm, i=1,(2k),

W, 3HAUMT, @i (T) = BS54, (Z), mpu atom ¢ > 1. B
AHaJsiornuHo /st TOACTAHOBKH aprymMeHToB T = 1, § = A Oynem UMeTb

Su(T; A) =Y (o +al +... +af") Aty -+ Avar) = 0.
TeU
MonokuM a, = o + o + ...+ a7, YY) = Y. aryr)¥r(@) * - Yr(2k), TOTAA Yop(A) =

TelU
= ®y(1; A) = 0. Paccyxnas Tak xe, Kak U AJsi MHOTOUJIEHA o (T), IPUAEM K PaBEHCT-

BaM
Za =1,q, p>1,
Za”’"*tsgnn, j=1,(2k), p>1.

YuuteiBasi Tenepb TO, 4T0 MHOrouseH Py (Z,y) 3aBUCUT OT ABYX I'PYII apryMeHTOB,
MPUXOLHUM K OJHOH M3 CHCTEM BO3MOXHBIX PaBEHCTB /ISl KOI(DDULHEHTOB a7 :

q p
Yar=0, i=Lp g>1 Y al=0 j=Lg p>1, (6)
s=1 r=1
2n P D
Y an=0i=Tp p=21 Y ay=-ta=Ln Y oy =t j=Ln, (7)
s=1 r=1 r=1
2n q q
ZO[:JT :0’ j: ’q7 q> 1’ ZO[:: :—5’ a = ’n’ Za::+2 :/B’ Z: 77’]/7 (8)
r=1 s=1 s=1
2 2n
So=-s Sai=p Yer-t Yem. -t aiin=Tu 0
r=1
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DTO 3HAUUT, UTO IOACTAHOBKA d’” = ozT , THe 1 = m ] = m m < T < ... <X T,
71 < Tp < ... =T, OyleT pelleHHeM XoTs1 GbI onHo# u3 cuctem (1)—(4). O
BosHuKaeT BOmpoc: BEpHO JiM, YTO BCSIKOE pellleHHe onHOH M3 c.i.a.y. (1)-(4) ompe-
nensieT HekoTopbl MHorouseH ¢ € T[M;(F)]? OtBer oKasblBaeTCcs OTPHULATENBHBIM.
HeiicTBUTeNbHO, NPU p = 2n ¥ ¢ = 1 pellenue cuctembl (3) dfi = sgnm;, rae i = 1,2n,

npuBoAMT K MHorouseHy Kanemnu Cu(Z,7) = Y SgLTTr0)Y1Tr(2)Y2 " Tr(2k)Y2k, HE
TESoy
siBJIsiIOlEMYyCsl ToxKaecTBOM anre6pul My (F) (em. [8,9]).

C zmpyro# CTOPOHBI, HETPYAHO BHIEThb, 4TO NMpU char F' =0 U p = g = 2n pelieHUsIMU
cucrem (1)-(4) Oynyr (d7f) = (sgnm sgn7y), (d7f) = (sgn7;), (df}) = (sgnm),
(d;rj?) = (8gNT; O sgnr, sgnr,), STHM PELIEHHUSM COOTBETCTBYIOT MHOTOUJIEHbI

Cu( Z Z SEN T SN TLr(1)Yr(1) * * * Tr(2k) Y (2k) 5
TESo, TESo)
Cur,11)(7, ) Z Z SEN TTr(1)Yr(1) * * * Tr(2k)Yr(2k)

TI'ESQk TGSQk

Cur2(T,7) Z Z SEN T r(1)Yr(1) " ** Tr(2k)Yr(2K)>

ﬂESgk TESQk

Ju(Z,9) = Z Z SEN MO sgn  sgnTr(1)Yr(1) * * * Tr(2k) Y (2k)

€S, TESo

npuuem, cornacHo pa6oram [10-12], Cuk, Cur g1y, Cuak g2y, far € T[My(F)] npu no6om
noJie F'.

3ameuanue 1. B [13] nokasano, uto ansa mobbix mMatpui Ay, ..., Aoy € My (F),
By, ..., Box € My« (F) cupaBeniuBo paBeHcTBO Clyr(A; B) = 0.

Huxxe MBI MOKaxkeMm, 4TO 3TOT pPe3y/bTaT OCTAeTCH BEPHBIM M JJS MHOTOUJIEHOB
Cur,(13(Z,7), Carg23(Z,7), fau(Z, 7).

2. MuHuMaJbHBIE TOXKAECTBa MOANPOCTPAHCTBA Ml(mk)(F )

[ycts I, = {1,2,...,k}, P,Q — Kakue-n1u60 MHorodnensl anreépel F{Z}, {P}1 —
T-unean anre6pbl F{Z}, nopoxieHHbI# MHOrodseHom P. Bynem roBoputb, 4TO MHOrO-
ueH (Q ABJAseTCs caeacTBHeM MHorodneHa P (caenyer us P), ecin Q € {P}T.
B uyacrtHoctH, eciu MHorousneH P(xi,y) = P(x1,Y1,...,Ym) SIBJISETCS ONHOPOAHBIM H
degx1(P(z1,7)) = n, To nosHast nuHeapusauus Lin,, (P(z1,y)) mHorounena P(xq,y) mo
nepeMeHHOH x1 OymeT caeacTBueM MHorousena P(wq,¥), 3nech (cm. [14,15])

Ling, (P(z1,9)) = P(z1 4+ 22+ ... + 20, J)+

n—1

+3 (=1)° > Plai+...+az; +...+;

2

+otT 4t x, ) =

s=1 1<i1<i2<...<is<n

=P(ry+ a4 ...+ 0, 7) — Z Pz + ...+

1<i1<n

+ > Ptz bt b A T g) —

1<ii<io<n

+(=1)"" NPz, 9) + ...+ P(z,,7)).

T 4. T, y)+

i1
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Jlemma 1. Mroeouserot

Py(Z,91) = Z SEN T r(1)Y1Tx(2)Y1 * * * Tr(2k) Y1,

TESoy

Qur(1,7) Z SENTL1Yr(1)T1Yr(2) = * * L1Yr(2k)

TESoL
caedyrom uz Sy, (7).

HMoxka3areabctBo. Ortpenenaum 3HAOMOPGUIMBL @, 1, x anredpel F{Z}, nonoxus

o) = {z, eciu z ¢ {xy,..., Tor}, b(z) = {z, ecad z ¢ {xy,..., oo},

Ty, €CaH z = x;,i0 € Iy, Yi, €CIH z = 14,1 € Iy,

1Y, €ClIH 2z = yl,’L € [2k-
HeprnHO BUOETh, UTO

Py (Z,y1) = 0(Sy(T)) = Sy (w191, - -, Bwn),
Qur(71,9) = x(S89,(7)) = x(S91.(¥)) = Sop(1y1, - -, T1yar)- O

pennoxenne 2. [aa awboix mampuy A; € Mpym(F), B; € Myxp(F), ede
1,7 = 1,2k, cnpasedausel pasencmsa

Py (Ay, ... Ao B) =0, Qui(Ay; By, ..., By) = 0.

HokasareabctBo. [lofcraBnsis 3agaHHble MaTPHIBl B MHOroujeHbl Py (T, yy),
Qux(z1,7), OynemMm UMeTb

P4k A Bl Z sgnﬂA A . Aﬁ(gk)Bl == Sg_k<AlBla Ce ,AQkBl) == O,

TI’GSQk

Q4k(A17§) :S;]C(AlBl,...,AlBQk) =0. 0

Jlemma 2. Muoeounenvt Cuy13(Z,9), Cuk 2)(T,7y) A6aa10mes credcmeuamu cmam-
dapmnoeo mHoeounrena Sy, (T).

Hoka3areabctBo. [IpuHuMasi Bo BHUMaHue paboTy [l14], HeTpymHO BUIETb, UTO

Cue,(1y(Z,9) = Ling, (Que(21,9)), Cargy(@,y) = Liny, (Py(Z,y1)), 1 N0TOMYy C yueToMm
JeMMbl | UMeeM BKJIOUeHHSs

Cur 13 (2,9) € {Qu(z1,9)} C {S5.(2)},
Curg2}(%,7) € {Pw(z, 1)} C {95 (2)}". O

3ameuanue 2. [Ipu nokaszatenbCTBe JeMMbl 2 ObLIH MMOJyYeHbl PABEHCTBA

Cur,(13(Z,9) = Ling, (Qui(x1,7)), Cukg2y(Z,7) = Ling, (Pu(Z,11)).

Mpennoxenne 3. [as awborx mampuyy A; € My, (F), Bj € mek(F), eode
i,j = 1,2k, cnpasedruso pasencmea Cuyp13(A; B) = 0, Cupq23(A; B) =
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HoxkasateabctBo. IIposenem ass MHorouneHa Cuyg1)(Z,7), mockoabKy mis Cyyo)(7,7)
oHO aHaJjoruuHo. CorjacHo 3aMeyaHuio 2

C4k,{1}(121§ B) = Qu(A1 + ...+ Ay B)+

2k—1
+ D) > QulAi+. A+ + A+ 4 Aw B).
s=1 1<i1<...<is<2k
YuuThiBast Teneps npensoxenue 2, nomydaeM, uto Cyy 1y (A, B) = 0. O

Mpennoxenue 4. Jlas awborx mamputyy A; € My (F), Bj € My (F), ede
i,j = 1,2k, cnpasedﬂuebt paa’encmea b4k(A B) =0, ha(4;B) = 0

Hoka3areasctBo. [lycTb char F' # 2, Torna B cuay npemjoxeHus 7 pabotsl [12]
ClpaBe/l/IMBbl PABEHCTBA

2a4k(A; B) = O4k {1}(14 B) + O4k(A; B), 2C4k(A; B) = C4k7{1}(A B) C (A B)
Ortciona, a Takke U3 3aMedyaHus | U mpensiokeHus 3 cjenyeT, 4To npu char F # 2

bar(A; B) = har(A; B) = as(A; B) = can(A; B) = 0.

M3 Ttoro, uTo mocJenHHe paBeHCTBAa BepHBI MPU JHOOOM Toje F' XapaKTePUCTHKU He
IBa, U TOTO, YTO MHOTrOuJeHbl bay(Z,y), hak(Z,7), as(T,7), car(T,y) TOMUIUHEHHB H
UMelT Ko3((UUHeHTbl +1, BbITEKAaeT, YTO 3TH PaBEHCTBA OCTAHYTCS BEPHBIMH U TIPH
char F' = 2.

Ilasee, cornacHo mpensoxkeHUto 7 paboTel [12] cnpaBenivBb paBeHCTBa

9ae(A; B) = bay(A; B) — as(4A; B),  fue(A; B) = hap(A; B) + as(A; B).

OTciona ¥ U3 10Ka3aHHOro Bbille caenyet, 4to gu(A; B) = fi(4; B) = 0. O
[lycte M, 1 (F) — anrebpa MaTpHll, rpagyHpoBaHHAs MOANPOCTPAHCTBAMU

= (T oin) ) et o-{(e )

T[Ml(mk)(F)] — HuJieas TOXIECTB BEKTOPHOTO MOATNPOCTPAHCTBA Ml(mk)(F)

Teopema. [Jas a106bLx HamyparvHolx 4uces m,k u npoussorvrozo nois F muo-
80WL€H(bl kg?4k+1(faﬂ), har1(Z,9), Ga1(Z,9), Cak1(Z,9),  faer1(Z,9), Gaei1(Z,Y) €
€ T[M,"™" (F)].

Joka3atenbcTBO. BhiTekaeT u3 npensioxenuss 5 padotsl [1] u npennoxenus 4. [

B paGote [13] mokasaHo, 4TO ecau HeHy/neBOH MHorousneH ®(z,y) € T[Ml(m’k)(F)}
um # k, to deg®(z,y) > 4k + 1. Otciona u U3 TeopeMbl CJelyeT, UTO KBa3HMHOIO-
unenbl Kanennu buyi1(7,9), haps1(Z,9), aany1(2,9), car1(Z,9), far1(T,9), ganir(Z,7)
SBJISAIOTCH MUHUMAJbHBIMUA TOXKAECTBAMH IMOANPOCTPAHCTBA Ml(mk)(F) MaTPUYHOH anred-
pbl M, i (F') npu m # k.
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Introduction

In the classical initial value problem for a linear differential equation of the first
order

y/—l—p(m)y = Q(I)u y(a’) =Y, TE [a7 b]v (1)
the coefficients p(z) and ¢(z) are continuous functions. However, some problems of dry
friction and electric circuit with relay are given the equations with the discontinuous
functions p and ¢. For example, the RL-electric circuit with relay is described by a

linear differential equation
di R(t). e(t)

LT

with the discontinuous function R(¢). In this case, it is assumed that the functions p(x)
and p(x) are (L)-integrable and a function y(z) is called a solution to equation (1) if
y(x) is absolutely continuous and satisfies the equation (1) almost everywhere on [a, b].

There are no effective methods for the approximate solution of equations with un-
bounded coefficients p(z) and ¢(x). If the coefficients p(z) and ¢(x) are unbounded in
some neighborhood of the point a, then Runge - Kutta method does not work. If the
coefficients p(z) and ¢(x) are unbounded in some neighborhood of the interior point
¢ € (a,b), then Runge — Kutta method has a very large error, usually more than 1.

Some authors use Haar and Walsh functions to solve linear equations [1-3]. In [4,5]
G. Gat and R. Toledo propose to approach the solution y(z) by the Walsh polynomial

Un(z) = i Wi ().
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In [4] for continuous function ¢(x) (z € [0,1]) and p(x) = const, an estimate for the
error |y(z) — g(x)| is obtained. In [5] the authors consider the case when ¢ € L(0,1) is
a continuous function on [0, 1[ and prove that g,(x) converges uniformly to the solution
y(x) on the interval [0, 1].

In [6], the authors present the derivative ¢ of the solution y as a Haar expansion and
obtain an estimate of the approximate solution in terms of the modulus of continuity
of the coefficients p(z) and ¢(z). This method can also be used for equations with
unbounded coefficients p(z) and ¢(x).

In this article we will assume that p(z) and ¢(x) are Henstock integrable functions on
the interval [a,b]. We construct the approximate solution 7(z) and obtain the estimate of
the error |y(z) —g(z)| in terms of modulus of continuity w (e”), w, (e7"), and w1 (Q),
where P and @) are f-primitives for p and ¢ respectively.

The paper is organized as follows. In Sec. 1, we recall some facts from Henstock
integral. In Sec. 2, we indicate the necessary and sufficient condition, under which the
Cauchy problem has a solution. This solution is given in terms of the Henstock integral.
In Sec. 3, we construct the approximative solution and find the error. In Sec. 4, we give
two examples.

1. Henstock integral on the interval

Any function §(x) > 0 on [a,b] is said to be a gauge. Let X = (x;)}_, be a par-
tition of the interval [a,b]. The point & € [zx_1, 2] is called a tag of [xy_1,xx], the
set of ordered pairs ([xp_1,xx],& )7, is called a tagged partition and is denoted by
X= ([zx—1, 7&], &) =1

The tagged partition X= ([xx_1,xx], &)}, of the interval [a,b] is called o0-fine and is
denoted by %<< o ifforany k=1,...,n

|Tr—1 — k| < (&)

It is known that for any gauge d(x) > 0 on [a,b] there exists a ¢-fine partition
X= ([xk—la xk]a gk)Z:l of [CL, b]

A function f : [a,b] — R is said to be Henstock-integrable (or generalized Riemann-
integrable) on the interval [a, b] if there exists a number I(f) € R such that

Ve>0348(x)>0o0n bV X< d(x), |S& f)—If)<e.

b
The number I(f) is called Henstock integral and is denoted by (R*) [ f(z)dz or

a

f fa)ds

The collection of all functions that are Henstock integrable on [a,b] is denoted by
R*(a,b). A function f : [a,b] — R is called absolutely integrable if f € R*(a,b) and
|f| € R*(a,b). There exist Henstock integrable functions that are not absolutely inte-
grable. If the function f : [a,b] — R is absolutely integrable, then f € L(a,b).

The function G : [a,b] — R is called a c-primitive (f-primitive) for a function ¢ if
G is continuous on [a,b] and there exists a countable (finite) set E C [a,b] such that
G'(x) = g(z) on [a,b]\E . We will use the following properties of Henstock integral.
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Theorem 1 ([7]). If [ : [a,b] — R has a c-primitive F' with a exceptional set E,
then f € R*(a,b) and for all x

/x f(t)dt = F(x) — F(a).
[t follows that for = € [a,b] \ E
= "yt = ().

Theorem 2 ([7]). Let f € R*(a,b) and F(x) = [ f(t)dt. The function f is abso-
lutely integrable on [a,b] if and only if \/"(F) < +oco. In this case,

b b
/ (1)l = \/(F).

Theorem 3 ([7]). If f € R*(a,b) and g is monotone on [a,b], then there exists
¢ € [a,b] such that

/ab f(z)g(z)dr = g(a) / 5 f(x)dz + g(b) /; f(x)de.

Theorem 4 ([7]). Let F and G be a c-primitives on [a,b|. Then F'G € R*(a,b) if
and only if FG' € R*(a,b). In this case,
b b
— / FG'dt.

a

/ b F'Gdt = F(t)G(t)

Theorem 5 ([7], Hake’s theorem). Let f : [a,b] — R and f € R*(a,c) for any
c € (a,b). Then f € R*(a,b) if and only if there exists

lim /Cf(:z:)da::[

c—b—0

In this case, I = (R*) f:f(a:) d.
A detailed exposition of the Henstock integral theory can be found in [7,8].

2. Linear differential equations and Henstock integral

Let p,q : [a,b] — R be two continuous functions that the differentiable on the interval
[a,b] with the exception of a countable set E. We will consider the classical Cauchy
initial value problem

Y+ (r)y=q(x), x¢€la,b]\E, (2)
y(a) = yo. (3)

[t follows from Theorem 1 that functions functions p'(x) and ¢'(z) are Henstock
integrable. This is a weaker condition than p’,¢" € L(a,b).
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Example 1. Define the function ¢ on [a,b] in the following way. Let z, = a + %2

Assume g¢(a) = q(z,) = 0,q(=FE) = g(z) is lineal on [z,.1, 5] and

1
[—xﬁ;"“,xn]. Then ¢’ € R*(a,b), but ¢ ¢ L(a,b).

Theorem 6. Equation (2) has a continuous solution that is differentiable on the
set [a,b] \ E if and only if the function e?™®q () has a c-primitive differentiable on
la,b] \ E.

Proof. Necessity. Let y(x) be a solution of (2), that is

y'(x) + P (@)y(x) = ' (x)
for all z € [a,b] \ E. Then
"y (@) + p (@)y(2)e"™) = ¢/ ()™
for all z € [a,b] \ E or in another words

(y(a:)ep(”))’ = q’(x)ep(m) (x € [a,b] \ E). (4)

It means that the function ¢'(z)e?® has c-primitive y(z)eP®).
Sufficiently. Let ¢/ (x)e?™ has c-primitibe F(x), that is

F'(z) = ¢ (2)e’™ € [a,b] \ E.

Let us denote y(z) = L9 & F(z) = y(z)e?@ (z € [a,b] \ E). Then

eP(I)

Vaelat)\E y(2)e!' +y(2)e"Pp () = ¢ (@)’ & y'(2) + y(o)p'(2) = d'(x). 5

Corollary. A solution of Cauchy initial value problem (2)-(3) is given by the
formula

y(x) = ep(a)—p(w)g(a) + e P@) / q'(t)ep(t) dt,
where an integral is the Henstock integral.

Proof. It follows from Equality (4) that the function y(z)eP® is c-primitive for
¢'e?®) it means ¢'eP® is Henstock integrable and the equality

/ ¢ (D dt = y(z)e"® — y(a)e®

holds. 0

Example 2. [t is possible to construct the continuous functions p and ¢ so that
the function ¢/(x)eP™® has a c-primitive, but ¢'(x)e?™ ¢ L(a,b). For simplicity, we
consider the case [a,b] = [0,1] and select the function ¢(z) as in Example 1. In
this case z, = 27", q(z,) = ¢(0) = 0, ¢(x) is lineal on [z,41,&,] and [&,,z,], where
&n = 5(2x + 2511). Now we define the function p(z) by the conditions:

(@) e =5, >1,8,11(n— 0);

(b) €@ is lineal on any interval [27"71 27"
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[t is evident that the series

() 2—k
Z / q’(:v)ep(x) dz
n=1 27kt

converges. It follows from the Hake theorem that f(z) = ¢/(x)e?™® € R*(0,1). Therefore
the function F(z) = [ f(t)dt is continuous. Since the function f(z) = ¢'(z)e’™ is
continuous on any interval (2777!,27"), it follows that F'(z) = ¢'(2)e?™® on any interval
(27m=1,27"). It means that F(z) is c-primitive for ¢'(z)e?®. It is not difficult to check
that f(z) = ¢'(x)eP® ¢ L(0,1).

3. Approximate solution of Cauchy problem (2)—(3) on interval [0,1]
Now we will find an approximate solution of Cauchy initial value problem

(9)
(6)

We assume that the functions p and ¢ are continuous and have derivatives with the
exception of some countable set £. We also assume that ¢?®)¢/(z) has a c-primitive
differentiable on [a,b] \ E.

We choose an arbitrary n € N, define the functions p(z) and ¢(x) by equalities

k) k (kY [k
p 2n - p 2n ) q 2n - q 2n )
o) = p £\ o X k+1) (& E_k k1]
p T _p 2n T 2n p 2n p 2n ) x 2n’ 2n )
o —a B ok k+1) (& E_k: k41
9\r)=4q on r omn 4 on q n ) x on’  9n
and consider the Cauchy initial value problem
J+pi=4, (7)
y(0) = wo. (8)

It is evident that the function ¢?™®)§ has a f-primitive. By Theorem 6 the functions

T

y(z) = yoeP O PE) 4 o—P@) /q’(t)ep(t) dt,

0
T

§(z) = yoePO7e) | 5te) / 7167 dt
0
are solutions of Cauchy problems (5)-(6) and (7)-(8) respectively. The function 7(x)

is the approximate solution of Cauchy problem (5)-(6). In the following theorem, we
indicate an estimate for the distance y(z) — g(x).
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Theorem 7. The following inequality
ly(2) — §(@)] < Crwy, (€77) + Crowy () + w1 (@)Co + Cowry (@), (p),

2

holds, where

1 1
C_1 = |yole”® + €7 ]|cpo,1) \/q, C1 = 2[[e?]|cpo, \/(L
0 0

1

Co = [le’llcro + ll€”llcroa \/ep7 Cy = [le?[|20.1y-
0

Proof. 1. First we estimate the difference y(z) — g(z) for v = 35,k = 0,1, ...,2". We

have

k_
o) = 3(w) = ) [( (0 — () dt =
0

Y=

Kk
k ‘VL
2w )
= ¢ Plem) / (¢'(t) = G (t)e!D dt + e (z%) / — PN dt =1, + L.
0
0

To estimate integrals in [; and I, we will assume that p’ and ¢’ — are Henstock

absolutely integrable. ‘ '
Assume I,. Integrating by parts and using the equality ¢'(5) = ¢'(55) we obtain

So

2mn

L] < lle?lleonw g (g()) |/ e
0

Since the function e”® is monotonic on any interval [Qj—n,ginl], it follow that

|(e?® — )| L w e (eP()). Therefore

1

ol < [l wp () \ a(-),
0

and

() -9 (5 )| <1l (w;((-»\:/eﬂwm @)\ gt )

0
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2. Now we consider the case z € [Z, Et1]. Let us write the difference y(z) — g(z)
in the form
y(z) —j(z) = yoep(o)(e—p(w) — —ﬁ(w))+
L
+(e7P@) — 7P(@)) /q /q/(t)ep(t) dt | +
0 o
2 &
277, 271
+e P / ¢ (t)er™ at / q)e’V at | +
0 0
Kk
2n z
+e P / q (t)er™ dt — / '0)ePDdt | = Ap + Ay + (Az + Ay)e P, (9)
We will estimate A4, (I =1,2,3,4). ’
2.1. Since the function e 2 o) is monotonic on any interval [, %1] it follow that
|e—p(x) — e—ﬁ(w)| < w%n(e_p). (10)
2.2. Using (10) again, we get
el < wy (77) / 0 dt| < wy (e HGPHCM]\/Q (11)

2.3. An estimate for A; was obtained earlier

|43 < ((w;xq))\/epw;(ef”)\/q) : (12)

2.4. Let us write A, in the form

Ay = /q’(t)(ep(t) — eﬁ(t)) dt + /6ﬁ(t)(q'(t)(j') dt. (13)
B B
2mn on
Since the function e’ is monotonic on the interval [Z, £t both integrals exist. For

the first integral, we have the obvious inequality

xT

/ ¢ (1)) — PO)dt <y (e) -

K
2n

1

q (@) dt <w, () g

kol
%)
5“‘- \m
- :‘R‘
o

Integrating by parts the second integral in (13) we have

/eﬂ”(q'(t)—q'(t))dt < la(@) = 4@)] +wy (9) / ()] dt <
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(
A

¥

i
<wa(q) +wa(q) / PO (1) dt| <
Kk

N

wa (@) + w1 (Q)le’llcp

2

k—+1 k
o (550) = (3)| € on @+ 10y )

Finally, we obtain

[

As| Sw i () g +ws (@0 + e llepws, (9): (14)

1
oM

Substituting inequalities (10), (11), (12), and (14) in (9) we get

1
ly(a) = §(2)] < lyole" Vw1 (e7) +w s (e e \ o+
0

on

1 1
+lle?llco (W;L(Q)\/ep‘FWan(@p)\/Q) +

0 0

1
+le”lep.y (w;ﬂ(ep) \/q tw (@)1 + H€pHC[O,1]W21n(p))> -

0

= Cw (e7) + Cw () +wa (¢)Co + Caw s (q)wr (p)- 0

4. Some examples

Example 3. Let us consider the Cauchy problem
/ 1 _ 1

y+my_1+\/57 xE[O,l], (15)
y(0) = 0.

Here p(z) = x, q(x) = = + 2y/x. The solution y(x) = 2/x of this problem is a
continuous function on [0,1], but the derivative ¢'(0) does not exist. We denote by
y(x) the approximative solution for some N = 2" > 1. In the Table 1 we give the
approximative solution of Cauchy problem (15).

Table 1
The approximative solution of Cauchy problem (15)

x y(x) g(x) for N

N=16 | N=32 | N=64 | N =128
0.000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000
0.125 | 0.70710 | 0.70485 | 0.70629 | 0.70681 | 0.70700
0.250 | 1.00000 | 0.99793 | 0.99927 | 0.99974 | 0.99991
0.500 | 1.41421 | 1.41244 | 1.41359 | 1.41399 | 1.41413
0.750 | 1.73205 | 1.73050 | 1.73151 | 1.73186 | 1.73198
1.000 | 2.00000 | 1.99862 | 1.99952 | 1.99983 | 1.99994

In this table y(x) is the sharp solution, g(z) is the approximative solution.

Marematrka 159



*’@ 13s. Capart. yH-T1a. HoB. cep. Cep.: Marematnka. MexaHnka. FMHpopmarnka. 2021, T.21, Bbin. 2

Example 4. Let us consider the Cauchy problem

Y+ (r)y=q(x), =el0,1], 16
{y<0> 0, 1o
where
Vi if z €10,1/3],

pa) = (2/3— V3 ifxe(1/3,2/3)
x—2/3 if x €[2/3,1],

ﬁi if z €10,1/3],
Px)={—V3 if v €[1/3,2/3],
2\/;7_2/3 if z €2/3,1],
S +\r—2/3 it 2 €[0,1/3],
q(z) = —z(2+V3) + 322 + % if x €[1/3,2/3],
S+ —2/3-1 if x €[2/3,1],
31+ =) if x €]0,1/3],
d(x) =4 —2—V3+3x ifxe(l/3,2/3],
1+ \/951——2/3) if x €[2/3,1].
The solution
\/Ev T € [0’1/3]7

y(r) =< V3(2/3 —x), x€[1/3,2/3],
x—2/3, x € [2/3,1],

of this problem is a continuous function on [0, 1], but the derivatives y/(1/3), v'(2/3),
y'(0) do not exist.

In the Figure we demonstrate graphs of the approximate and exact solutions. Both
graphs are drawn on 512 points. First, we drew a graph of the approximate solution
(blue color), then a graph of the exact solution (red color). We see that these graphs
coincided.

0.6

o N\ yd
| N it
" \ S e
1/ N4
Clf Ny

f N

0.2 0.4 0.6 0.8 1.0 X

Fig. The graphs of g(z) (blue) and y(z) (red)
for 2" = N = 512 (color online)
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We denote by ¢, (x) the approximative solution for the point system (j27)

omn

J=0

and

0, = max; |,(727") — y(j27™)|. In the Table 2 we give the error of the approximative
solution of Cauchy problem (16) for n = 4, 10.

Table 2
The error of the approximative solution for 2"
n 4 5 6 7 8 9 10
on 16 32 64 128 256 512 1024
S, | 1.1-107% [ 53-107* | 1.8-107* | 86-107° [ 2.8-107° | 1.2-107® | 3.9-107°
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AnHorauusi. B padore usyuaercsi CKOPOCTb paBHOMEPHOH CXOAMMOCTH AMMPOKCUMALMH DpMUTA —
i J k
[Tage (coBmecTHBIX ammpokcumauuii Ilane) {7rn7m(z) j—1 AJst HabOpa SKCMOHEHLHANbHBIX (QYHK-

POV Ak )
unit {eV*}7_,, rae {Aj}j pas/jMuyHble He paBHble HYJMIO KOMIJIeKCHble 4yucsaa. Mceie
[OBaHHe ACHMIITOTHYECKHX CBOHCTB ammpokcumauuii Opmuta — [lage B oOwem ciaydae siB-

JISeTCSl JOCTATOUHO CJOXKHOHM 3ajadeid. IDTO CBSI3AHO C TeM, UYTO MPH WX H3YYEHHH HCIIOJb-
3yI0TCSl B OCHOBHOM aCHUMIITOTHUYECKHE METOMbl, B YACTHOCTH METOA MepeBaja. BaKHbIM 3Tamom
B TPUMEHEHHUH 3TOTO METOIa SBJISETCs HaXOXKIEeHHe CMelHabHOro MepeBaJbHOr0 KOHTYpa (MHTe-
rpaibHasi TeopemMa Kolu mno3BosisieT BEIOMPATh KOHTYP HHTETrPUPOBAHHUS AOCTATOUHO TPOU3BOJb-
HO), 10 KOTOPOMY MAOJI)KHO OCYIIECTBJSATbCS HWHTerpupoBaHue. [Ipu 3TOM, Kak MpaBHJIO, MPUXO-
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IBPUCTHYECKHE COOOpaKeHus, Jexallde B OCHOBe MeTofoB Jlanmaca u nepesasa, a Takxe Ha I10-
JIydeHHBIH HAMH MHOTOMEepHBIH aHaJsor ToKaecTBa BaH Poccyma. JlokazaHHble TeopeMbl 06001aI0T
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Abstract. This paper studies uniform convergence rate of Hermite — Padé approximants (simulta-

neous Padé approximants) {wiﬁ(z)}?:l for a system of exponential functions {e*/ ;‘?:1,

where
{)\j}";zl are different nonzero complex numbers. In the general case a research of the asymp-
totic properties of Hermite — Padé approximants is a rather complicated problem. This is due to
the fact that in their study mainly asymptotic methods are used, in particular, the saddle-point
method. An important phase in the application of this method is to find a special saddle con-
tour (the Cauchy integral theorem allows to choose an integration contour rather arbitrarily),
according to which integration should be carried out. Moreover, as a rule, one has to repy only
on intuition. In this paper, we propose a new method to studying the asymptotic properties of
Hermite — Padé approximants, that is based on the Taylor theorem and heuristic considerations
underlying the Laplace and saddle-point methods, as well as on the multidimensional analogue
of the Van Rossum identity that we obtained. The proved theorems complement and generalize
the known results by other authors.
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BBenenue

MHoxecTBO k-MepHBIX MYJbTHHHIEKCOB (HHIEKCOB), T.e. YIOPSIOUEHHBIX HabOpOB,
COCTOSIIUMX M3 k LeJIbIX HEOTPHLATEbHBIX UHces, 0603HaunM Z% . TIopsiiok MyJbTHHH-

nexca m = (my, ..., mg) — 310 cymma |m| = my+. ..4+my. 3apukcuposas nuuexe n € Z

W MyJIbTHHHIEKC 17 = (ma,...,mg) € Z%, nonaraem n; =n+ |m| —m;,j =1,2,...,k.
PaccMOTpMM ~ cHCTeMy 9KCIOHeHUHMAMbHBIX GyHkuuit Fy = {e¥*}F e

A= {/\j};?:1 — Habop pasJMYHBIX HE PaBHBIX HYJIO KOMILJIEKCHbIX 4ucen (mpu k = 1

cuntaem A = 1). Annpoxcumayusmu pmuma - [lade muna (n, m) cucmemsr Fy Hasbl-
BalOT pallMOHaJbHBEIE 1POOH BHIA

™ (z) = (ZF)—M j=1,2 k
mm n,m s LA Qmm(Z)’ y Ay ey Iy
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rae anrebpamyeckue MHOrousleHbl Q,m(2) = Q. m(z F)), Pim(z) = Pgm(z; Fy),
deg Q7 < |m|, deg Pim < m; YIOBJETBOPSIOT YCJOBUAM: Npu j = 1,2,... k

R (2) = Ri’m(z; By) = Qumi(2)eM® — Przm(z) = Apntimit

n

MHorouneHsl @, 7, Pi’m MPUHSTO Ha3bIBaTh [1] mroeourenamu pmuma — [ade 2-co
poda oas cucmemol F. BriepBble Takiie MHOTOYJIEHbI MOsIBUIKCH B padoTe [2] 1. Dpmura
B BHJe HMHTerpajoB DpPMHTa, KOTOpble MOCJe HeGOMBIIKUX MPeo6pa3oBaHUN MPUBOAST K
paBeHcTBaM (mompoGHee cM. [3]):

Zn+|m|+1

|/ T(z)e *dx,
HJo

Qnm(2) = ot m))!

Pj e)szzn+|m|+1 00 T —

J

Rj €Aj22n+|m|+1 Aj - ey |
i (2) = W/o (z) e " dx, (1)

re T(x) = 2" [[*_,(x — \,)™. B unrerpane (1), ompenensioniemM oCTaTouHyI0 (yHK-
LU0 Rflm, WHTEeTPUPOBAaHUE TMPOBOAUTCH MO JIOOOW KPHUBOW, COENUHSIONIEH TOYKH
0 u )\jf JluaroHaJbHOMY CJly4ald COOTBETCTBYeT Ha0Op HWHIEKCOB, IPH KOTOPOM
n=my=...=my.

O. Ileppon [4] npu k = 1, A. WM. Anrtekapes [5] mpu k > 1 mokasa/nu, uTO NpH
n+[m| — oo npobu m (2 F)) cxomates K eti* paBHOMepHO Ha Komnaktax B C. 3a-
Jlaya OMMCaHHUsI CKOPOCTH 3TOM CXOOMMOCTH B HACTOsIIlee BpeMs sIBJISIETCS BeCbMa akK-
tyanbHoi [1], [6—13]. MMetoiuecs: pe3ysbTaThl OTHOCSITCS B OCHOBHOM K JMaroHajJbHOMY
cJlydaro, M, MO CYIIeCTBY, €IMHCTBEHHBIM METOIOM B TaKHUX HCCJEIOBAHUSX SIBJSETCS
memod nepesara (memod cedro80li mouku). 3hech CJeNyeT CKa3aTb, 4TO OJM3Kas 110
COAePKaHMIO 3ajlaua paccMaTpuBasach emé dpMuToM [2]. B 370l CBA3H HAanmOMHHM, 4TO
B JMaroHasJpHOM Cjydae NPU \; = j 3HAUEHHUS 7TZL7m(1) SIBJISIIOTCST PALlUOHAJbHBIMH UHC-
JaMH U JAI0T yfauHble NPUO/IHKEHHUs CTeneHed e/. DTo U Apyrue aHaJOrHYHble CBOHCTBA
apobe# wiﬁ(z) OB BUPTYO3HO HCIIOJIBb30BaHbl DPMUTOM [2] mJisi 060CHOBaHHS TpaHC-
[IeHJEHTHOCTH 4YHCJa e, HEMHOro Mo3:xe JIMHIeMaHOM M/ 10Ka3aTeJNbCTBA TPaHCIEH-
neHTHocTH 7 (cM. [14]), a 3arem K. Manepom [15-17] nnisa pelenus psina 3ajgad TeOpuH
IMO(paHTOBBIX MPUOIMKeHHH (cM. Takxke [18,19]).

lpu k = 1 (B 3TOM cyuae 7 = my = m, a m, p(2;€f) = 7! () HaspBaIOT an-
npokcumayuamu I[lade pynkuuu e*) I'. Meiinapayc C@)OpMyJII/IpOBaJIVI‘I/IHOTesy 00 acumn-
TOTHKE MOBENEHUs] PA3HOCTH e — , ,,(2;€%). Tumoresa I'. Meiinapayca 6biia JoKaszaHa
I1. bpaeccom [6]: mpu n +m — 400

(—=1)™ n! m! e2m=/(ntm)

(n+m)! (n+m+1)!

e* — Tp,m(2; eg) =

(14 o(1)). @)

37ech ¥ 1asee B aHAJOTHYHBIX PaBEHCTBAX MpeIosaraeTcs, 4To oleHka o(1) paBHOMepHa
no z Ha komnaktax B C. M3 Teopembl 6.4 pa6othl Ban Poccyma [20] cienyer, uto mnpu
n-+m — oo

mz/(n+m) Sntm+1

mlnle
" s (m+Ln+m+2z). (3)

(nm+m)! (n+m+1)

e — Tp, m(%; 65) = (-
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HanomuuwMm, uto

> (@),
1B (e, Z (8)
p=0 V7P
rie (v)o =1, (), =v(v+1)---(y+p—1) — cumson [loxrammepa. U3z (2) u (3)
BBITE€KAET, UTO MPH 1 + M — OO

1F1(m—|—1,n—|—m—|—2;z):exp{n7j_—zm}(1—|—o(1)). (4)

3aMeTHM, YTO aCUMIITOTHUECKOe PaBEeHCTBO (4) HETPYAHO A0KA3aTh U HEMOCPEACTBEHHO.

B pa6ore [7] B cayuae, korma k = 2, \y = —1, Ay = 1, ¢ moMollbl0 TMepexo-
1a K MaTpuuyHod 3amade Pumana —[unbbepra HaiieHa CKOPOCTb CXOAUMOCTH «CXKATbIX»
IMaroHaJ bHBIX annpokcumauui dpmuta —[lame. [lpyu cxkatuu nepemeHHOH z = n( mo-
JIIOCBl TAaKHX PallMOHAJBHBIX aNNPOKCHMAUH 3aMeTalT HEKOTOpble KPHBble B KOMIIJIEKC-
Hoil myockoctH C.. Bomnpocel, cBf3aHHbBIe ¢ OMMCAHUEM 3THX KPHBBIX M C aCUMITOTHKOH
CXKATBIX aNMpoOKCUMAalWH, Ha CErOfHSLIHUH IeHb BbI3bIBAIOT OOJBIION HHTEpeC y Ccrelua-
quctoB [7-10].

OTmeTuM TakKe, 4TO IpH k > 1 ¥ \; = j aCUMNTOTHUECKOe MOBeJeHHe MHOrO4YJ/IeHOB
Opwmuta —[lage 1-ro poma onucano P. Busonckum [21]. [lis MpOU3BOJNBbHBIX NEeHCTBH-
TeJbHBIX {/\j}§:1 aHaJIOTUYHBIA pe3ysbTaT MoJydeH B paboTe [22], rme Tak ke, Kak H
B [21], cyllecTBeHHO 3aleHCTBOBAH MeTOJ MepeBaJa.

[Tpu KoMmIeKCHBIX {)\j}le M B HeAHWaroHa/JbHOM CJyuyae METOMbl, PUMEHseMble MPH
M3y4YeHUH AHAroHaJbHBIX anmpokcumauuii dpmuta —I[lage (B wactHocTH, Mertonsl Jlam-
Jaca W mepeBasa), He paboratroT. B Tako#l cuTyauuu Ojs HUCCJIENOBAHUS ACHUMITOTHK
COOTBETCTBYIOLIMX pasHocTed B [13] mpuUMeHEH HOBBIM MOAXOMA, B CBOEH CyIlIeCTBEHHOH
YacTH OMNMUpAIOILMUCS JHIIb Ha Teopemy Teljopa W 3BpUCTHYECKHe COOOpaxKeHUs,
Jiexkalllie B 0CHoBe MeTonoB Jlamnsaca u nepesaJa.

B naHHO# cTaThe MOKa3aH MHOTOMepHbIH aHaJsor TeopeMbl 4 U3 paboThl [13], B KoTopoH
paccmatpuBajics cayuaid k = 2. [lpu nokasatesbcTBe Mbl HCIIOJNB3YeM MeTon padoThl [13]
M yCTaHOBJIEHHBIH HaMH MHOTOMEpHBIH aHaJjor ToxaectBa BaH Poccyma (3). Kpome Toro,
[P HEKOTOPBIX YC/IOBHSIX HAa 711 U A OCHOBHOE OrpaHHueHHe ILm m(n)/y/n = 0 Teope-

n—oo

Mbl 4 ynaércs CHSTS.

1. OcHoOBHOH pe3yJbTar:

m| = o(v/n), {};}jo CC

Teopema 1. [Tycmo m = (my,...,my), a {\;}i_, — nabop pasiuumbLx Komniexcroix
uucen, omauurolx om Hyas. Toeda ecau lim, o m(n)//n =0, mo pasHomepro no ecem
maxum m, umo 0 < |m| <m(n), npun — +oouj=1,2,... k

\jz J _
eVt = o(2) =
mj! n! Zn+\m\+1

= (=DM N QL (k) (1+o0(1)),

(n+ |m)! (n+m; + 1)!
2de (1) =1, Q;(k) = H’Zil(/\y —\)™, ecau k> 1.
vF#]

Hpe)K,ue yeM HepeflTI/I K ﬂOKa3aTEJIbCTBy TeopeMbI 1, 3aMeTuM, 4To HpH CAeJIaHHBIX
B Heﬁ HpejlrIO.HO)KeHI/IHX U3 U3BECTHOI'O ACHUMIITOTHUUECKOI'O paBEHCTBa A I/I AHTeKapeBa
(em. [5])
SE am
Qui(z Fy) = exp — == 20 (1+0(1)), (5)

n+[m|
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CrpaBesIMBOro 1pu n + |m| — oo, cienyet, uto @, 7(2) = 1+ o(1), ecnu n + |m| — oco.
[TosToMy 10CTaTOUHO HAHTH aCUMNTOTHKY OCTaTOUHBIX GyHKUMEA R .. Jlns atoro poka-
XKeM CJIefyIolInH aHamor TokaecTBa BaH Poccyma B ciydae nmpoussosibHoro k > 1.

Teopema 2. [lpu aw0bom k>1u j=1,2,....k

R (z; F\) = (_1)\m\ \rmst Q. (k) wx
" ’ ARCET
ESE m; + 1)
g Z n—l—m + 1+ 1)! 1Fi(m; +1+1,n+m; +142;\;2), (6)
j

edeag=1, anpul>1

oo 2 e ()

ity —tj=l
t,>0 V#J

HokasareasctBo. [lpu & = 1 toxngecrBa (3), (6) cosmamaior. IlosTomy nasee
cuntaeM, uto k > 1. CuenaB 3aMeHy = = \;t epeMeHHOH MHTerpPUPOBAHUS B UHTErpale,
onpenessitomieM B (1) ocTaTouHyo (YHKIMIO, MOJYIHM

k

' n+|m|+1 1

Rl i(2) = X / £t =)™ gt = A N0 (1)
’ (n 4 [m])! oo
v#j

Hurerpan B (7) o6osHaunm uepes [;(z). CnenaeM B 3TOM HHTerpaje 3aMeHy IepeMeHHON
MHTErpupoBaHus u = 1 — ¢, a 3aTeM BbIHeceM 3a CKOOKH MHOxHTesb ();(k). Torma

! y Aiu M
;(2) = (~1)™ Q,(k) /0 (1—u)"ume<1+ AVJ_Aj) Ny 8)

Ij_ .
v#£j

O6o3Haunm uHTerpals B (8) yepes J;(z). Ecau Teneps, npruMeHHB GHHOMHAJBHYIO HOPMY-
Ay HbloToHa, BOCMOJ/Ib30BaThCS H3BECTHBIM TOXIECTBOM (CM., Hampumep, [5])

I{Se (725) J= ©

L VM ,=0
V#J

TO UHTerpan .J;(z) MOXKHO NPeACTaBUTh B BHJE

|m[—m;

Jj(z)Z/Ol(l—u)"umﬂ'{ > alul} i()‘;f)pupdu:

=0

|m|—m; oS »
= > al{ZB(mj+p+l+1;n+1)—()‘jz) }:

|
=0 p=0 p:

|m|—m;

+1

=n! Z a (n—l—(zj—i—l)jt 0 Fi(mj +1+1,n+mj+14+2;),2). (10)
1=0 J
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3nech u nanee B(u;v) — Oera-pyHkuus disepa. [lostomy us pasencts (7), (8) cie-
nyet (6). Teopema 2 nokasana. O
[lepeiiném K n0Ka3aTeNbCTBY TeOpeMbl .
Jloka3ateabctBo. O603HauuM depe3 H;(z) cymMmy, CTosllyl0 B KOHLe paBeHCTB (6)
1 (10). Tornma, BbiHOCS 32 CKOOKH MepBO€ CJaraeMoe 3TOH CyMMbl, MOJNYYHUM

m;!

y 1+Mgfja (m;+ 0! (n4m;+ 1) (Fi(mj+1+1,n+m;+1+2;\z)
l(n+mj+l+1)! m;! 1Fi(mj+1,n+mj +2;\2)

=1

W3 (4) cnenyer, 4To OTHOLIEHHE ABYX TMIIEPreOMeTPHUECKUX (DYHKIMH B MPaBOH YacTH
focJiefHero paBeHCTBa IpH N — OO pPABHOMEPHO Ha KOMIIAKTaX B C CXOOHUTCHA K 1.
HOSTOMy OJid JOCTAaTOYHO 00JbIIMX 3HAYEHUH n MOAYJAb BTOPOTO cCJlaraeMoro CyMMbI
B (DPUTYPHBIX CKOOKAaX MpelblAyLIero paBeHCTBA He MpPEeBbIIIaeT
lm|—m;
22 o m]—i—l m]+2 m]+l <
~ ntmi+2n+mi+3  ntmy+l4l

|m|—m; l
Im|
<2 | — ] —1¢,
{53‘”<n+mu

=0

rae a; ONpelessieTcs Tak »Ke, KaK M @, C TOH JMIIb PasHULEH, 4To BMeCTO \;/(A, — A))
crenyet B3aTh |Aj|/|A, — A;|. Ilpu nokasartesbcTBe MOC/IEIHEr0 HEPaBEHCTBA BOCHOJb-
30Ba/UCb TeM, 4To Npu t > 1 dyHkuusa o(t) = (m; +t)/(n + m; + 1 + t) sBasercs
MOHOTOHHO Bo3pacTarolueii. Tenepb, npumensisi eiié pas ToxaectBo (9), B KOTOPOM BMeCTO
A/ (A, — A;) crout |\;|/|A, — Aj|, mpuaéM K paBeHCTBY

S (LY Ty L bl Y™
"\n+|m|) A, — N\j| n+|m| '

=0 v=1
VF]

Ocraérest 3aMeTHTb, UTO, MOCKOJBKY lim, o |m|/y/n = 0, mpaBas uyacTb MoCJeIHEr0
paBeHCTBa Mpu n — oo cTpemutcs K 1. Teopema 1 nokaszana. 0J

2. OcHOBHOI1 pe3yJbTaT: {)\j}?ﬂ — KOpHH ypaBHeHHs 2~ = 1

B ycnoBusix TeopeMbl | MMeIOTCS CYIleCTBEHHbIE OrPAHMYEHHUs HA POCT MOPSIAKA MYJlb-
THUHAEKCA: |m| = o(y/n) npu n — oo. PaccMoTpUM OOMH YacTHBIN ciydai, Korga 3TH
OrpaHHueHUs] yIaéTcsl CHSAT.

Iycts {\;}h_, — xopuu ypaBuenus z¥ =1, 1.e.

2m(j—1)
N=€e"k , j=12 ..k, (11)
TIe ¢ — MHHMas elMHUIlA. 3aMeTHM, 4To JJs jawoboro j =1,2,....k
k k
N T =2 =TI -1 = (1", (12)
v=1 v=2

Vi
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PaBenctBa (12) jierko 060CHOBATb, €CJIM B JIEBOH W TPABOM UaCTSAX TOXKAECTBA

AP r
J
— —\
Z — >\j H(Z )
v#j

MEePEeHTH K MpeNesy NpH 2 — Aj.

Paccmorpum cuctemy skcroneHT Fy={e™*}¥_  rme \; ompenmensiorcst paseHctBa-
mu (11). B pabore [13] B auaroHasbHOM cjydyae, Korga n = mj = ... = my, C IO-
MOIIIbIO MeTO/Ia MepeBasia MoJyUueHbl CIefyIolHe aCHMIITOTHYeCKHe paBeHCTBa: npu k > 1
uj=12 ...k

‘ n+kn+1
eNF =) (2 Fy) = (1) A () ———— (1= Y1/ ) (1+0(1)),  (13)

(n + kn)!
rie
2m k
n/(k+ )2 \ {/(k + 1)kt

Teopema 3. [Tycmo my = ... =my, =m, a n € Z. Tozda ois awboco k > 1 npu

n+m—oouj=12 ...k
eN® — Wi’m(z; Fy) = (=" At x
1 n+1y znthmtl A (1= 4/n/(ntkm) ) k
ZB(m+17—) ATV )E i A (1 4 o(1)). (14
Xz B(m+ ’ (n—i—km)!e e (1+o0(1)). (14)
HMokasareasctBo. [lpu k£ = 1 acumnroruueckoe paBeHcTBO (14) coBmamaer c

paBeHctBoM [I. Bpaecca (2). Ilostomy nanee cuurtaem, yto k > 1. B stom cayuae
Zle A; = 0. Torna us (5) caenyert, 4to @, 7(2) = 14+o0(1) npu n+m — oo. Heo6xonumo
HaWTH aCUMITOTUKY OCTAaTOYHOHW (PYHKLIUH

e/\j zZn—i-km—I—l

. Aj
B (2) = (~1)" /O 27 (1 — 2K ey (15)

(n+ km)!

O6osnaunm uepe3 [;(z) wunterpan B (15). CnenaB B 3TOM HHTerpase 3aMeHY
TnepeMeHHOH MHTeTrPUPOBAHUS T = \;ju, MOJYUHM

1
Ii(z) = A / u" (1 —uP)™e " duy. (16)
0
PaccmoTpum uHTErpaJbl
1
Jp, = / (1 —u""u"Pdu, p=0,1,2,....
0
Jlerko 3aMeTHUTb, YTO

1 1 n—k+p+1 1 1
Jpz—/ (1 — by () % duk:EB<m+1;w>. (17)
0
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Onpenenum Tenepb uy U3 paBeHcTsa' J; — ugJy = 0. Beipasus Geta-pynkuuio diisepa
yepes3 raMma-(pyHKLHIO U TpuMeHUB popmyny CTHPJAHHTA, IPU N+ 1M — 00 MOJYUUM, YTO

= (4. (18)

Uy = — =
0 Jo n+km

OTcioma, B 4aCTHOCTH, caenyet, 4To ug € (0, 1) mpu gocTaTouHo GOJMBIIOM 1 + M.
Jlns HaXoXKJeHHSI aCUMIITOTHKH MHTerpasa [;(z) pasnoxuMm QyHKUuH exp{—\uz} B
psix Tefiiopa B OKPeCTHOCTH TOYKHU ug. Torma

e*/\juz _ ef)\juozef)\jz(ufuo) _ efAjuoz{l o )\jz(u o UO> + pu(z)};
roe npu |z| < L uw € [0,1]

L? L
| pu(2) [< NP —ug |? {§+"'+ﬁ+"'}<L1‘U_uO 2.

3nech u nanee L, L; — abCoOIOTHBIE TOCTOSIHHBIE. YUHUTBIBast BEIGOD g, (16)—(18), mpuxo-
UM K PaBEHCTBY

1 1
Ii(2) = /\;-‘Jrl e~ hiuoz {/o (1 —u*)™ u™ du +/O (1 —u")™u" py(2) du}:

_ 1 n+1
_ \ntl —Xjuoz ) .
=N"e {k8<m+1, ’ ) +Ap(z)},

rae

1 1
|A,(2)] < Ly / (1 —u")™u"™ (u— up)* du = L, / (1 —u")™u™ (u? — wug) du =
0 0

Jo J1\2
— L (2= (2))
Jo Jo
[Ipu noKasaresbCTBe MPENBIAYLIEr0 HEPABEHCTBA BOCIONb30BANKUCh MPEACTABIEHUEM
(u —up)? = (u* — uugy) — up(u — ug) u paBeHcTBOM J; — upJy = 0. YunTbIBasi paBeHCT-

Ba (17), usBectHoe BhIpaxkeHue GeTa-PyHKUUHU Diljepa uepe3 raMMma-QyHKUHH Disepa u
ucnosbaysi popmyny CTUPJAWHTA, TIPU N + M — 0O MOJYYUM

é n—k+3 \¥* ﬁ 2 n—k+2 \*
Jo n+km-+3 ’ Jo n+km+2 '

Otclona v U3 MpeapIAyLIero HepaBeHCTBa CAeYeT, YTO MPHU n + m — o0

n+1
k

J

1
() = A+t et = B(m 4+ 15— ) (1+0(1)). (19)
[Tockonbky mpu n +m — 00 @Q,7(2) = 1+ o(1), To u3 (15), (16) u (19) BhTeKaer
acuMnrotTHyeckoe paBeHCcTBO (14). Teopema 3 nmokasaHa. O
B szak/ioueHue cuesiaemM 1Ba 3aMeUaHusl.

1]31)160}:) TOUKH Ug onpeneﬂéH TeM, 4YTO OHa AaCHMIITOTHYECKH 0/IM3Ka K TOuKe MaKCHUMYyMa

uy = &/n/(n+ km) dynkuuu Inu™ (1 — w*)™, u € (0,1) (nonpodree cm. [13]).
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[Ipu n — o0

%B<n+1;nzl>~ Gr(n).

[Tostomy, eciu m = n, To acumntoTudeckue paBeHctBa (13) u (14) coBnapator. Takum
obpasom, TeopeMa 1 pabothl [13] siBasteTcs caenctBreM TeopeMbl 3. O6pariaeM BHUMaHHe
Ha TO, YTO 3TH TEOPEMbI JOKa3aHbl COBEPIIEHHO Pa3HBIMU METONAMH.

Ianee, HETPYIHO MOKa3aTh, YTO ecau m = o(y/n), TO MpHU N — 00

a2 e
[Tpunnmas Bo BHUMaHHe paBeHcTBa (12), mpu my = ... = my = m noJay4aem, 4TO
k
(=D)mINFEETT (O = )™ = (= 1)
7=

[Tosromy Teopembl 1 u 3 cormacyiorcsi. OTMETHM TaKKe, YTO €CJH MPU N — 00 YCJOBHE
m = o(y/n) He BBIMIOJHSETCS, TO KBUBaJeHTHOCTh B (20) Hapyuiaercs. DTO 3HAUMT, YTO
ycaoue m = o(y/n) B Teopeme | HeOGXOAUMO.
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Bsegenue

Anrnuiickuit pusuk J. W. Strutt, 6osee nsBectHblil Kak 6apon (naopa) Paneir — onuu
M3 OCHOBOIOJIOXKHUKOB TeOpHH KoJeOaHuil, B kuure [l, c. 137] Beimucan nnas mone-
JIMPOBAHUsI 3BYKOBBIX KOJieOAHHH TPOCTHUKOBOTO KJapHeTa ypaBHEHUE

i+ ki +n’u =0, (1)

KOTOpPO€e BIIOCJENCTBUM OBIJIO HAa3BAHO €ro MMeHeM. DTO ypaBHEHHe M03BOJIMJO PeLIUTb
OCHOBHbIE 3aJ]aul aKyCTHUKH.

YpaBHeHue Pases MogupuuupytoT, 000011AI0T U NPeICTaBJASAIOT B Pa3JIUYHBIX GopMax
3anucu. Hanpumep, ero 3amnucbiBaloT B BUJE

ij—(e—9)y+y=0. (2)

YpaBHeHHe 2 myTeM 3aMeHbl & = /3y CBOAMTCA K APYTOMY, BeChbMa M3BECTHOMY B
TEOpUH KoJiebaHWH, ypaBHEHHUIO JIAMIIOBOrO reHepatopa — ypaBHeHHo BaH aep [Tosst (cm.
0630p [2, ¢. 7] u pyHIamMeHTanbHYI0 MOHOrpadwuio [3, c. 385]):

i—(e—a¥)i+z=0. (3)

OtmeTuM, UTO U3 ypaBHeHHs (3) MOXKHO MOJy4YuTb ypaBHeHHe (2). Takum obpaszom,
MOXKHO CKa3aThb, YTO ypaBHeHUe P3jiest B onpenesieHHOM CMbIC/ie PABHOCHJIBHO YPaBHEHHUIO
BaH zaep [lons [4, c. 67].

YpaBHenue Pasiess mopo# 3amuchiBalOT B 60Jiee yHUBepcaJbHOM BuIe [5, ¢. 99]

2"(t) + f(@' (1) + g(t, 2(t)) = 0. (4)

ITO JaeT BO3MOXKHOCTb PaCLIMPUTb KPYT SIBJEHUH, KOTOpble MoAeNupyeT ypaBHeHHe P3-
nest. Hanpumep, B pa6ote [6] 3T0 ypaBHeHHe Gbli0 0000I1eHO Ha BSI3KHUE XKHIKOCTH.

OCHOBHBIMU ~ BOINPOCAMH, pacCMaTpUBaeMbIMM B HCCJAEIOBAHUSX, CBS3aHHBIX C
ypaBHeHHeM Pasest, OblJIM BONPOCHl CYyLIeCTBOBAHMS, €IMHCTBEHHOCTH W YCTOHUYUBOCTH
nepuopnueckux pemteHuil [7]. [Ipy 3TOM MNOCTOSIHHO OTKPBIBAIOTCS HOBbIE CTOPOHBI
ypaBHeHusi Pasnesa. Hanpumep, B [8] yXe paccmarpuBaTcs pPa3HOBUIHOCTH
HeaBTOHOMHBIX ypaBHeHWH Pajiess ¢ 3ama3ibiBalolldM aprymeHToM, a B pabdore [9] mgs
BO3MYILIEHHOI'0 YypaBHeHHUs1 Pajies BBIBOAATCS HEKOTOpble KPHUTEPHUM, TapaHTUPYIOLLIHE
CYLLeCTBOBAHHE, €IUHCTBEHHOCTb M AaCHUMITOTHYECKYI0 YCTOHUYMBOCTb MO JIAMyHOBY
MepUOMUECKHX pellleHHH 3Toro ypaBHeHusi. B pa6ote [10] usyuaercs ypaBHeHue Pagjes
C CHHTYJISIPHOCTbIO, KOTOPOE MOJeNHpyeT BUOpOyAapHble (usuueckue cucrembl. Jlokasa-
TEeJIbCTBO OCHOBHOTO pe3yJsbTata padotel [10] omupaercsi Ha TOMOJMOTHUECKHE METOMIbI AJIS
OOBIKHOBEHHBIX AU(pepeHHaNbHbIX YPAaBHEHHUH.
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B cBsiau ¢ pasBuTHeM TeopuH AU(epeHLHAIbHBIX yPaBHEHHH € 3amnas/blBaiolnM
apryMeHTOM BO3HHKJ/O HOBOE HampaBJjieHHe ucciefoBaHUH ypaBHeHUs: Pases. Tlocnennne
I1Ba NECSITUJETHS B OCHOBHOM BCe PaOOTBI CBSI3aHbl MMEHHO C 3THM HampaBJjeHHeM (CM.
Harpumep, o sTomy nosony paboty [11]). Kpome storo, paccmatpuBarTcsi passduHble
Monudukaunn ypaBHenus Panes. Hanpumep, nobaB/sieTcs HeHysneBasi NnpaBasi yacTb —
cuna. [Ipu atom nns ucc/enoBaHUS NPUBJIEKAIOTCS Pa3/JUyHble UHCTPYMEHTHI, HalpUuMep,
Takue, Kak (DyHKIHOHAJNbHbBIHA aHaau3 [12] u KoMnbloTepHOE (YMCIEHHOE) MOJEeJHPOBaHHE
[13], rne mpUBOOMTCS CpaBHEHHe Pe3y/bTaTOB YUCJEHHOTO MCCJ/EN0BaHHUS TIEPUOANUECKUX
pelleHH ypaBHeHHs1 Pajiest ¢ U3BeCTHBIMHU peIIeHUSIMHU /IS KBAa3UJIHUHEHHON OCTaHOBKH.

Takum o6pazom, HccJeOBaHUS, CB3aHHble C ypaBHeHUM Pajes, He TepsilOT cBoei
aKTyaJbHOCTH.

OcHoBHBIE pe3yJbTaThl

B nanHO# paGore paccmaTpuBaeTcsi ypaBHeHHe Pasesi B BHle

d*x dx
_FlZ= =0 5
at? (dt) +tz=5 ®)
rae F — (QyHKUHs TOIbKO OZHOTO aprymenta 2. YpasHenne (5) BO3HMKaeT [IpH aHa/u3e

paboThbl cXeMbl 3JeKTPOHHOIO TPUOAA C 0OPAaTHOH CBA3BIO.

ABtop moHorpaduu [14, c. 252] oTMeuaeT, 4TO JIeTKO MOCTPOUTb ABTOKOJEeOATeb-
Hble CHCTEMbI, UMelollHe JI000e YUCJO0 NpelesbHbIX LHKJI0B. OnHaKo, 10 ero yTBepx-
JIEHHUIO, 10Ka3aTeJbCTBO €IMHCTBEHHOCTH MPEeLeNbHOr0 LHKJ/A A/ KaKOro-Jub0 KOHKpeT-
HOTO CcJlyyasl sIBJISIeTCS HeJIerKOW 3anaved.

OnuH M3 METONOB /0KA3aTeNbCTBA €MHCTBEHHOCTH TMPeNebHOr0 LHUKJa CHCTEMBI

dr __
a — Y

%:F(U)—:L‘,

(6)

9KBHBaJIeHTHOH ypaBHeHMI0 Pasies (5), ocHoBaH, corsiiacHo yTBepxkaeHuio Jxk. CTokepa,
Ha Wee U3BeCTHbIX MaTeMaTHKOB JleBuHcoHa u Cmuta [15]. OHa mpenmnosaraet nokasa-
TeJIbCTBO €IMHCTBEHHOCTH NPEeeJbHOrO LIMKJ/Ia B Ba 3Tama.

Ha nepBom sTane pokasbiBaeTcsl yTBep:KAEHHE: €CJAU H30JHPOBAHHBIH YCTOWYUBBIN
npeaesbHbIH LUK/ CONEPXKUT BHYTPU cebsi APYrod TaKOH »Ke YCTOHUMBBIA MpeaesbHbIH
LMKJ U TIPA 3TOM B KOJIblle MeXIYy HUMH HeT COCTOSIHMH paBHOBecHsi cucTeMBbl (6), To
MeX1y 3THMH LHKJAMU CYLLeCTBYeT [0 KpalHeld Mepe ellle OAUH NpelesbHbIA UK.

Ha BTOpoM 3Tane nokasbiBaeTcsi, YTO BCe BO3MOXKHbBIE TpefiesibHble LUKJBl OyAyT U30-
JIMPOBAHHBIMU U YCTOHUMBBIMHU. B COBOKYNMHOCTH € IOKAa3aHHBIM Ha [IEPBOM 3Talle yTBEpXK-
JIeHHeM 3TO O3HauaeT, YTO y CHUCTeMbl (6) MOXKeT CylLlecTBOBaTb caMoe OoJibliee OAHH
LUKJ.

B kauecTBe 10CTAaTOYHBIX YCJOBUH CYILI€CTBOBAHUS XOTS Obl ONHOTO NMPeLeJbHOr0 UK-
Jia cucteMbl (6), OKpy»Kalolero Hayaao KOOpAHHaT, B MoHorpaduu [14, c. 253] npuBeneHbl
cJeyolre YCA0BHUS:

1) F(v) =Gv) —av (a>0)

2) G'(v) >0, G'(0) > oy
3) G(—v) = ~G(v);
4) |G(v)| < C.

B aroii ke paboTe 10Ka3bIBaeTCsl, UTO JJISI CYLIECTBOBAHHS €IHHCTBEHHOTO Mpeesib-
HOTO I[MKJa CUCTeMbl (6) HapsiLy C BBIMOJHEHHEM YKa3aHHBIX YeThpeX YCJOBUH H06aB-
JSIIOTCS ellle Ba ycqioBusi: F'(v) MMeeT HempepblBHYIO MPOU3BOAHYIO BTOPOrO MOpsiAKa H
G"(v) <0, v >0.
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ABTopbl MoHorpaduu [7] W crathu [16] wuccaemoBasu BOMPOC O MEPUOTHUECKHX
pelieHusiX ypaBHeHHs Pajes.
Jlsis cucTeMbl

a =Y 7
B _ o)~ F(y) )

9KBUBAJIEHTHOH YpPaBHEHHIO

APz dx
dt? dt

__+F._)+m@=a (8)

Jl0Ka3aHa TeopeMa [7], corsiacHoO KOTOpoi#l cuctema (7) uMeeT, MO KpalHeHd Mepe, ONMH
NpelesbHBIA LHKJ, €CJIH BBIMOJHSIOTCS YCJIOBHUS:

a) Fly)-y <0 ans |yl < (m > 0); Fly)sgny > € >0 s |y 2 n2 > m
max [F(y)| = M > 0; [y| < n4;

6) g(x)sgnz > M + ¢ nas |z| > 6.

JloKkasaTesibCTBO 3TOH TeOpeMbl MPOBOAUTCS MYTeM MOCTPOEHHUSI KOJbLEBOH 00JacTH,
yIOBJeTBOPsiOLLeH ycaoBusiM Teopembl [lyankape — bennukcona [14].

B [16] mokazaHa TeopeMa O HOCTAaTOUHBLIX YCJIOBHSIX CYIIECTBOBAHHSI XOTsI Obl OJHOTO
MPeesbHOTO [HKJ/IA CHCTEMBI

W -~ —yfly),

9KBUBAJIEHTHO} ypasHeHuo (8), rae F (%) = 2 f (4) g(z) = wa.

DTH yCJIOBHS TIO3BOJSIOT BBIETUTD KOJbLEBYI0 o6s1acTh [lyankape — Benaukcona, T. e.
OLIeHUTb MeCTOMOJIOXKEeHHe MPejebHOro LMKAa chucTeMbl (9) Ha (hasoBOH MIOCKOCTH.

B naHHOH paboTe HaXoiATCs J0CTAaTOUHble YCJOBMSI CYIIECTBOBAHHMS MepPHOAMYEC-
KOTO pelleHHs, a TaKKe yCJOBHs CYLIECTBOBAHHS M €IMHCTBEHHOCTH TAKOrO peLleHHs
cuctembl (9). JloKasaTesbCTBO CyIIeCTBOBAHHMS XOTSl Obl OIHOTO MpeNe/bHOrO ILMKJa
cucteMbl (9) OCHOBaHO Ha NpUMEHEHHWM KPMBBIX Tomorpauueckoil cucrtembl IlyaHka-
pe [17] ¥ HEKOTOPBLIX KOHCTPYKLME aBTOPOB. EJIMHCTBEHHOCTb NpeNe/bHOro LHKJA,
OKDY’KaIOLIero CJAOKHBIA (hOKYC, I0Ka3bIBAeTCsl ¢ MCMONb30BAHHEM pPe3yJNbTaToB MOHO-
rpaguu [18].

[locpenctBom npeo6pasoBaHus

T = wx,
n =y,

HO C YCJIOBUEM COXPaHEHMSsI CTapbix 0003HAaueHUH (a3oBbIX MepeMeHHbIX MepelueM OT
cucreMmbl (9) K cucreme

dat :waP<l’,y),

W= —wr—yfly) =Qz,y), w>0. (10)

Teopema 1. [Tycmo Qpynxkuus f ydosiemsopsem ycio8uiM:
1) f — Juggeperyupyema;

2) f(—y) = f(y), m. e. pynkyus f uemuas;

8) lim f(y) = +oo;
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4) fly) <0 ora |yl <a, fly) >0 0aa |yl > a, aubo f(y) < 0 0aa 0 < |y| < qa,
fly) >00aa |y >a (a>0).

Toeda cucmema (10) umeem, no Kpaiineil mepe, 00uH Ycmouuuswlii npedesvrblll
UUKA, OKpYHcaroujuil Heycmotiuusoe anmucedro (ysea uiu ¢okyc).

Hoka3areabcTBo. PaccmoTpum B KadecTBe Tomnorpaduyeckoir cuctembl [lyankape
CEMEHCTBO OKPYXKHOCTEH

Gz,y)=2*+19° =C. (11)
[Tonnast npousBonHas ¢yHkuuu G B cuay cucremsl (10) 3amuuercs B Buze
dG
— = =2y f(y). 12
7 v f(y) (12)

W3 (12) caenyert, uTo KOHTAKT TpaekTopuil cuctembl (10) ¢ OKpYKHOCTSIMH ceMelicTBa
(11) Ha npsimoii y = 0 «yoxHbI#» [17]. Kpome 3TOTrO, MpsiMble y = +a SBJASIOTCS NPSIMBIMU
KOHTaKTa TpaekTopuii cuctembl (10) ¢ kpuBbiMH cemedctBa (11). B cuny ycnosus 4)
BbipaxkeHue (12) HeoTpuuaTesbHO BHYTpU Kpyra ) : z2 + y? < a®. Orciona cienyer, uTo
(0;0) — HeycToiuMBOe aHTHCeNJO U y cucteMbl (10) OTCYTCTBYIOT TpenesbHble LHUKJIbI,
okpyxxatoure Touky (0;0) U pacrosioxkeHHble BHYTpPH (2.

[lyctb b > a. OueBunno, A(—vb? —a?;a), B(Vb? —a? a) — TOYKH mepecedyeHUs
npsAMol y = a ¢ okpyxkHocThio [ : 2% + y? = b®. HenocpencTBeHHbBIMH BBIYHC/ICHUSIMH
MOXHO ybenutbcst B ToM, uto M(b*/v/b?> —a?;0) — Touka mepecedenuss ¢ ocbio Ox
KacaTeJIbHOM, MPOBeIeHHOH K OKPYXKHOCTH [ B TouKe B.

[TokaxxeM, 4TO CyIIECTBYeT UHCJO b > a TaKoe, YTO BBITNIOJHSETCS HEPABEHCTBO

b2 /Vb2 — a? < p(—b), (13)

rie = = —£f(y) = ¢(y)-
B camom nene, HepaBeHcTBO (13) paBHOCHJIBHO HEPABEHCTBY

1/y/1— a?/b? < @ (14)

13 nepaBenctBa (14) u ycJuoBus A
3) cremyeT CylLIeCTBOBaHHE TaKOro
yucsaa b > a, UYTO BBINOJHAETCS /4 b
HepaBeHCTBO (13), KakoBbI Obl HH Obl- /L/ N B
J1 (PUKCUPOBAHHbIE UHCHA @ U W.

3ameTuM, uto npu t — +oo
TpaekTopuu cuctembl (10) BxomsT
BHYTpPb OKpY2KHOCTe# cemeiictBa (11) M
B obnmactu S = {(z;y)/ly] > a, R, 0 R x
—00 < & < +00}.

O603HaunM yepe3 L TPaeKTOPHIO
cucrtembl (10), mpoxomsiryio uepes
Touky W (¢(b);b) B MOMeHT BpemMenn O~ T p— o~
t = {9, U NPOCJAEOUM €e IOBeIeHUe -b W,
npu t > to. Ilas atoro o6paTuMcs K x=¢(y)
PHUCYHKY.

/
Taxk kak (%) = —1 10 B no- Puc. Kapruna neuxxenus no tpaektopusim L u L
zy) ) . y

JYIJOCKOCTH Yy > 0 (y < O) Tpaek- Flg Motion pattern along the trajectories L and L1

—a
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topusi cuctembl (10) nmeer BeimyKJ/I0CTh BBepxX (BHM3). CiefoBarte/ibHO, TpaeKTopus L mpu
t > to nepBBIll pa3 nepeceuet ocb Ox B Touke R, jexkalled cjaeBa oT Toukd M. B cuny
OTMEYEHHOT0 XapaKTepa BBHIMYKJIOCTH TpaekTopuu L u HepaBeHcTBa (13) L mepeceuer
M30KJHUHY HYJs © = (y) mepBBId pas mpu t > ty B Touke N, PACMOJIOKEHHOH MeKIy
npsiMmeiMH y = —b U y = —a. [lockonbky BekTopHOe moJsie (10) CHMMeTPUYHO OTHOCH-
TesibHO Hadasa koopauHaT O(0;0), TpaekTopus L;, mpoxoasiiias B MOMEHT ¢ = t, uepe3
Touky Wi, npu t > t, mepeceueT HM3OKJHWHY HYJas = = (y) mepBbld pa3 B Touke Ny,
pacroJioXKeHHOH MexKAy MpsiMbiMU y = a W y = b. Takum o6pasom, TpaekTopuu L U
L, npubnuxatoTes npu ¢t — +oo K coctosinuto paBHoBecusi O(0;0) B Bume cnupased.
Tak kak O(0;0) — HeycTOHYNMBOE aHTHCEMJIO, TO CYIIECTBYeT XOTsi Obl ONMH YCTOHYMBBIM
npefebHbIA UK/, OKPY?KAMOIIMHA Hauajo KOOPAUHAT (HeYeTHOe YHCJIO LMKJOB C YUETOM
UX KpatHocTeit). Teopema nokasaHa. U

3ameuanue. [lpenebHBIH [UKJ, CYIIeCTBOBAHHE KOTOPOT'O JOKAa3bIBAETCS B TeOpe-

Me 1, pacrosioxeH B obJacT §) = {(x y)/|z| < b3/ /B2 — a2, |y| < bo}, rae by — KopeHb
ypaBHenusi b?/v/b? — a2 — p(—b) = 0 u mepecekaet npsiMele y = +a.

IIpumep 1. Paccmorpum cucremy

@ wy, , (15)
% = —wx — y[-ma® + (m — na®)y? + (n — da®)y* + 6y°].

3mech

fy) = —ma® + (m — na®)y* + (n — 6a*)y* + 6y° = (y* — a*)(m + ny® + dy*),

16
w>0, 0>0, m>0, |n|]<2Vmd. (16)

Cucrema (15) mpu BbinmosiHeHHM ycsoBHE (16) ymoBJeTBoOpsieT BCeM YCJOBHSM Teope-

_ _ Jt_ a4 _
Mbl 1. B 4acTHOCTH, NP KOHKPETHBIX UMC/IEHHbIX 3HaYeHusiX b= 1/2, a = ,/; ViroT

= ap ~ 0.111 B obmactu Q2 = {(x;y)/|z| < 1.05; |y| < 0.5} pacronokeH XoTsi Obl
OIUH YCTOWYMBLIM IpefesbHBbIA LUK/, NepeceKarollui npsamele y = tag U OKPYKaIOIHUK
HeyCTOHUHBOe aHTHucen10 ¢ KoopauHatamu (0;0).

Teopema 2. [lycmo pynxkuusa [ yoosiemsopsem ycio8uaM:

1) umeem Henpepvi8Hble NPOU3BOOHbLE D0 8MOPO2O NOPAOKA BKAKOUUMENbHO;

2) f(=y) = f(y);

3) lim f(y) = +oo;

Yy—00

4) f'(0) = f(0) = 0;

5) flyy <0odaa 0<y|<a, fly) >00za |yl >a (a>0);

6) (y) =y*f"(y) +yf'(y) — f(y) > 0.

Toeda cucmema (10) umeem edurcmeenmolil, npuuem ycmoiluusolll, npedesbHolil
UuKA, okpyrcarowuil caoxcHolil Heycmotiuusolii gpokyc O(0;0).

HNoka3zareasctBo. CorsacHo ycaoBuio 4) y = 0 — HyJdb QYHKOUM f, UMEIOLIHH
KPaTHOCTb He HHUXKe BTOPOH, caenoBaTesibHo, P (y) = y°Po(y), rme Po(y) = 0.

Paccmotpum napy ¢yukuui a(z,y) = 0, B(z,y) = —S—;, YIOBJIETBOPSIIOIIHUX (PYHK-
LHMOHAIbHOMY ypaBHeHuio o) — BP = P, + @, [18]. 3mecs P, = 0. Dyukuus
Q;_ngz

wy?

D(z,y) = oy (2,y) + B,(x, y) sanaercs popmynoir D(x,y) =
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2o(y)

Y4uTeIBag, 4To Q; — ngz = O(y), monyuum D(z,y) = o 4
d
lim—o(y)( 24+ 9%) =0. (17)
e W

M3 (17) cornacho [18, Teopema 4.4] cnenyer, uto cucrema (10) squb6o coBcem He
UMeeT MpeesbHbIX [IUKJOB, TUO0 UMeeT TONbKO MPOCThie UKL, [[puHUMas BO BHUMaHUe
TeopeMy |, mpUXoAMM K BbIBOAY, uTO cucTeMa (10) UMeeT TOJIBKO MPOCThIE MpPenesbHbIE
uukJael. Jlonyctum, 4to cucrema (10) umeer Gosiee omHOro mpenesbHOTO LMKJa. Tor-
na Gmkaimui Kk Touke O(0;0) LMK [ 6ymeT yCTOHUYMBLIM, a CJAeAYIOUMH LMK [, —
HEYCTOHUHBBIM.

IIpuuem u3o6parKaroLias Touka 06XOAMT LMKJBL [ U ] 1O 4acoBOH CTpeJKe.

Brlunciienus nokasniBa IOT, 4UTO

(Q(w,y)>' _ 2|alfo(y)
—_—=c = —2 (18)
P(l’,y) la| w

rae fo(y) = 0.

C yueToMm Hampab/eHMs Ha UMKJaX | U [; W 3HaKa mpoussopHoil (18) mpuxomum K
BBIBOAY, UTO C YBeJHUeHHEeM |a| BeKTOpHOoe moJie cucteMbl (10) Bpalaercss mpoTHB Xona
4acoBOH CTpeJKH. DTO B CBOIO OYepe/lb O3HAYaeT, UTo LMK/ | paciuupsercs, a [; cyxaercs
¢ yBesnnueHueM |a|. [TockosbKy MOJIOCY MIOCKOCTH MeXIY MPSIMBIMH ¢y = @ U Y = —a
MOXKHO paclIMPsiTh HEOrPAHMYEHHO, TO HalJeTcs 3HadeHue |a|, IpH KOTOpoM LMKJAbI [ 1 [
MCUE3HYT. DTO BO3MOXKHO TOJBKO TIPU YCJIOBUM, YTO [ ¥ || B KAKOH-TO MOMEHT COJILIOTCS B
OJIMH, TIOJIYYCTOHYMBBIN MpeNesbHBIN UK. DTO NpoTHBOpeuuT TeopeMe 4.4 [18]. Teopema
[l0Ka3aHa. 0J

IIpumep 2. PaccmoTpum cucremy
dx
@~ (19)
{— = —wr =y} (y? — a®)(a + By?).
Bnech f(y) = y*(y* — a®)(a + By?), ®(y) = 358y*(y*> — p)(y* —v), a >0, B> 0,

158a2 — 15a + /22502 — 30afBa? + 22532a*
o= 708

158a% — 15a — /22502 — 30aBa? + 22532a*
V= 708 .

HertpynHo nposeputs, uto 0 < u < a?, v < 0. Cienosaresibo, ®(y) > 0 mis J060-
ro y, YIOBJETBOPsOILEro HepaBeHCTBY |y| > a. Cucrema (19) ynosseTBopsieT BceM yc-
JIOBUSIM TeOpeMbl 2 U MO3TOMY HMeeT eIWHCTBEHHBIH YCTOMUYUBBIN MpeNesbHbIA UK,
OKpPY2KaloIIKi HeycToHUUBLIN cioxkHbIH (hokye O(0;0).
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L. V. Bessonov et al. Constructing the dependence between the Yound's modulus value COSPN

Abstract. Patient-specific biomechanical modeling requires not only the geometric model of
the studied object of a particular patient, but also the mechanical properties of its tissues.
Quantitative computed tomography provides the initial data for geometric modeling, as well
as data on X-ray density (Hounsfield units) of the object. It is known that Hounsfield units
correlate with mineral density of the scanned objects, as well as with their strength properties.
The aim of this study was to determine the relationship between Hounsfield units and Young’s
modulus values of human femoral heads spongy tissue. This study was conducted on samples
of femur bones spongy tissue. The tissue was obtained from patients who underwent total
hip replacement for coxarthrosis. Samples were scanned on a Toshiba Aquilion 64 computed
tomograph and then subjected to uniaxial compression on an Instron 5944 universal testing
machine. As a result of the study, the average Hounsfield units were obtained for each sample,
as well as the Young’s modules values. Regression dependencies were calculated linking the
Hounsfield units and the Young’s modulus values of samples of femoral heads spongy tissue in
different types of diseases. The obtained dependences allow one to determine Young’s modulus
value of femoral heads spongy bone noninvasively for a particular patient, depending on his
disease, and using it in the process of preoperative planning. Also, the obtained dependencies
can be used in biomechanical modeling of diseases and injuries of vertebral-pelvic complex of
a particular patient treatment and can be implemented in medical decision support system in
surgery of vertebral-pelvic complex.

Keywords: quantitative computed tomography, bone mineral density, Hounsfield units, Young’s
modulus
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AnHotanumsa. [launeHT-opueHTHPOBAHHOe OMOMeXaHHYECKOe MOJeJHpOBaHHe TpeOyeT 3HAHUH He
TOJIBKO O TeOMEeTpHYecKOH Mone/aM HccjaenyeMoro oObeKTa KOHKPEeTHOrO MalHeHTa, HO U O
MeXaHM4YeCKHX CBOHCTBax ero TkaHei. KojnyecTBeHHast KOMIBbIOTepPHAs TOMOrpacusi NMpeaocTaB-
JISleT UCXO[Hble NaHHble 1151 FeOMeTPUYECKOr0 MOJeNHPOBAHUS, a TaKxkKe JaHHble 0 PeHTIeHOBCKOH
MJIOTHOCTH (uucaax XayHcduiana) uccaenyemoro obbekta. KsBecTHo, yTo umcsia XayHcduina
KOpPPEeJNUPYIOT C MHUHepa/JbHOH MJIOTHOCTBIO CKAHUPYEMBIX OOBEKTOB, a TaKKe C UX MPOYHOCTHBI-
MU cBodicTBaMHU. llesb MccienoBaHUsl cocTosila B ONpelesleHHH 3aBHUCUMOCTH MeXIYy 4HCJIaMU
XayHchuaaa v 3HaueHusiMU Monyasl KOHra ry6uatoil TKaHH roJIoBOK OeJpeHHbIX KOCTeH 4esoBeKa.
JlaHHOe nccJieoBaHUe MPOBefeHO Ha obpasliax ry6yaToll KOCTHOW TKaHU OeqpeHHBIX KOCTeH ma-
LIMEHTOB, NepeHeCIINX TOTalbHOE 3HJO0NPOTE3NPOBaHHe Ta300ePEHHOr0 CyCcTaBa 110 MOBOLY KOKC-
apTpo3a. OOpasubl CKaHHpOBaaW Ha KommbioTepHoM ToMmorpacde Toshiba Aquilion 64 u 3atem
TOJIBEpraji OJHOOCHOMY CXKaTHMIO Ha YHHBepCaJbHOH HCIblTaTesqbHOH MaminHe Instron 5944. B
pesysbTaTe MCCJ/IELNOBAHUS AJIs1 KaXKA0ro obpasua OblIM MOJNy4YeHbl CpefHHe YKciaa XayHchuana, a
TakKe 3HayeHHs1 Monyned IOHra. Bulnu paccyuTaHbl perpeccHoHHble 3aBUCUMOCTH, CBS3bIBAOLINE
yucaa XayHcopuaga U 3HadeHds Moaysas HOHra o6pasuoB ry64aToil TKaHM TOJIOBOK OelpeHHbIX
KOCTeH Npu pasHbiX THUnax 3adoseBaHuid. [losyueHHble 3aBHCUMOCTH [03BOJISIOT HEMHBA3HBHO
onpene/uTh 3HadeHHe Monyns OHra ry6uaToidf KOCTH ro/IoBOK Oe/lpeHHOH KOCTH [1J/151 KOHKPETHOT0
NaLKeHTa B 3aBUCUMOCTH OT ero 3a00JieBaHMs U UCII0JIb30BaTh €ro B IIpoLiecce NpeonepaluoHHOr0
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nJIaHupoBaHUs. TakKe MosyyeHHble 3aBUCHMOCTH MOT'YT ObITh MCIIOJb30BaHBI MPH OHOMeXaHHYeC-
KOM MOJIEJIMPOBAHUM BaPUAHTOB JiedeHHs 3a00JieBaHUH U MOBPEKIEHUH TT03BOHOYHO-Ta30BOT'0 KOM-
MJIeKca KOHKPEeTHOr0 MallMeHTa U BHEPEHbl B CUHCTEMY TOAEPKKH MPUHSATHS BpaueOHbIX pelleHuH
B XHPYPTHH MMO3BOHOUHO-TA30BOI0 KOMILJIEKCA.

KiroueBbie ciioBa: Ko/MuecTBeHHast KOMIbIOTepHAsi TOMOrpadusi, MUHepaJ/bHasl MJIOTHOCTb KOCT-
HOW TKaHH, yucao XayHchuana, Mmonyab fOHra

BaarogapuocTtu: PaGora BhinosiHeHa npu nopuepxke PoHia nepereKTUBHBIX HCCJIeI0BaHHH.
Has mutupoBauus: Bessonov L. V., Golyadkina A. A., Dmitriev P. O., Dol A. V., Zolotov V. S.,
Tvanov D. V., Kirillova I. V., Kossovich L. Yu., Titova Yu. I., Ulyanov V. Yu., Kharlamov A. V.
Constructing the dependence between the Young’s modulus value and the Hounsfield units of
spongy tissue of human femoral heads [becconos JI. B., loasoxkuna A. A., Imumpues I1. O.,
Hoav A. B., Soromos B. C., Hsarnos JI. B., Kupuarosa H. B., Koccosuu JI. IO., Tumosa 0. H.,
Yavanos B. 10., Xapramos A. B. TlocTpoeHne 3aBUCUMOCTH MeXIy 3HadeHuneM moxynasi IOHra u
yncaamMu XayHcduiana ry6yatoil Koctu ronoBok 6enpal // MsBectrs CapaToBCKOrO YHHBEPCHTETA.
Hosas cepus. Cepusi: Martematuka. Mexanuka. Mudopmaruka. 2021. T. 21, Ben. 2. C. 182-193.
https://doi.org/10.18500/1816-9791-2021-21-2-182-193

Cratbst ony6aukoBaHa Ha ycaoBusix JauneHsud Creative Commons Attribution License
(CC-BY 4.0)

Introduction

Biomechanics as a tool for surgical treatment planning and predicting the conse-
quences of treatment is increasingly used in an integrated approach to the preparation
for surgery in recent years. At the same time, it is obvious that modeling based on av-
eraged data (whether geometric parameters or materials properties) is unable to provide
a sufficient degree of accuracy in predicting the outcome of treatment for a particu-
lar patient. In this regard, determination of the mechanical characteristics of patient’s
tissues is an extremely important and relevant stage of patient-specific biomechanical
modeling.

One of the methods for determining in vivo mechanical characteristics of a particular
patient’s bone tissue is based on the analysis of computed tomography (CT) data. Bone
density according to CT data (Hounsfield units or HU) strongly correlates with the
volume bone mineral density [1,2], as well as with mechanical strength of bone tissues
[3-5].

When performing the study, CT images are transiormed by convolution kernels. The
use of convolution kernel can significantly change the Hounsfield numbers of tissues
relative to their initial values [6]. It is known that different convolution kernels change
Hounsfield numbers in different ways [4,7,8]. Therefore, the problem of choosing the
convolution kernel when performing quantitative CT is non-trivial, and to obtain the
relationship between Young’s modulus values and Hounsfield units of bone tissue, it is
necessary to first calibrate the tomograph [9, 10].

In many studies, authors attempted to construct dependencies between Hounsfield
units and mineral density of tissues [3,11,12]. But in most cases the dependency is
based on a small data set.

As a rule, authors devote their work to obtaining the relationship between Young’s
modulus values and bone mineral density estimated by densitometry [13]. This method
is not very convenient when it is necessary to numerically solve biomechanics problem
based on initial CT data of a particular patient. Therefore, the problem of determining
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the relationship between Young’s modulus values and initial data of quantitative CT
(which are Hounsfield units) arises. For example, in [11], in addition to constructing
the relationship between HU and density, the authors obtained a formula for calculating
Young’s modulus, after which the relationship was verified using mechanical experi-
ments. A significant disadvantage of this work is that all the studies were conducted on
rabbits’ bones. Thus, the obtained dependences may not be completely accurate in case
of human bone tissue studies [10].

Authors in [14] showed that the best correlation between mechanical properties
and density is observed for spongy bone tissue. They also found that the power func-
tion, compared to the linear function, gives better correspondence between density and
Young’s modulus values.

In [15], a correlation was established between X-ray density of spongy bone tissue
of the ankle joint and its elasticity modulus. At the same time, the authors did not
specify CT settings, and the number of samples was only 42 pieces. Moreover, bone
tissue material was collected from human cadavers.

The purpose of this study was to determine the relationship between Hounsfield
units and Young’s modulus values of human femoral heads spongy tissue. Within the
framework of this study, dependencies were also obtained for various diseases of hip
joint. The obtained dependences allow to noninvasively determine the Young’s modulus
value of the femoral heads spongy bone for a particular patient, depending on his disease,
and using it in preoperative planning process.

1. Materials and methods

To identify the relationship between Hounsfield units and Young’s modulus of the
femoral heads spongy bone, a full-scale experiment was conducted.

Transfer of bone tissue of patients from Research Institute of Traumatology, Orthope-
dics and Neurosurgery of Razumovsky Saratov State Medical University was approved
by the Ethics Committee. The transfer was performed in the framework of the imple-
mentation agreement of the Russian Foundation for Advanced Research project. The aim
of the project is to develop a prototype of a decision-making medical supporting system
to improve effectiveness of treatment of patients with vertebral-pelvic complex injuries
and diseases. One of the project objectives is to create and to fill in the “Mechanical”
database which will contain mechanical characteristics of bone tissues [16]. Bone tissue
research was carried out within the framework of this project objective.

The femoral heads removed no later than a day after the hip replacement surgery
were taken from the hospital for further examination. The samples were prepared using
a hand-held metal hacksaw with the initial fragments fixed in a vise. Samples from 1
to 4 were prepared from one fragment of the femoral head. An average prepared sample
was a rectangular parallelepiped with an edge size of at least 5 and not more than 10
mm [13].

In order to avoid drying out and loss of properties, the prepared fragments were
packed in a plastic film, after which their CT scan was performed on a Toshiba Aquilion
64 computed tomograph. During the study, the convolution kernel FC17 was selected
as the tomograph settings [9, 17].

Samples of the femoral heads of 150 patients were scanned on CT. For each head
the first letter of the last name, age (year of birth), gender, volume of the experimental
sample, and the average value of Hounsfield units were recorded.

Next, the femoral head fragments were subjected to uniaxial compression experi-

186 HayyHeir otaen



L. V. Bessonov et al. Constructing the dependence between the Yound's modulus value @,

ments to determine their Young’s modulus on Instron 5944 universal testing machine.
The preload value was 10 N, the loading speed was 30 mm/min. Shape of the samples
made it possible to measure their cross-sectional area by simple measurements of length
and width using an electronic vernier caliper.

As a result of the experiments maximum values of stress and displacement were
determined, “stress-strain” graphs were plotted (Fig. 1) and Young’s modulus values
were calculated. Next, the average values of Young’s modulus were determined as the
arithmetic mean for bone samples

Stress,

within a single fragment of the femoral “Mpa P
head. But since the prepared samp-  3.00 -
les had different volumes, the average 2,50 -

values of Young’s modulus were de- 2,00 _

termined as the weighted average har- 1,50 /

monic for bone samples within a single 1,00

fragment of the femoral head. Further, 1,00 /

the study used Young’s modulus values 0

as a weighted average harmonic. Ta- 000 002 004 006 008 Strain
ble 1 shows examples of the results of Fig. 1. “Stress-strain” graph for spongy bone

the study for three randomly selected o the patient’s femoral head fragment (S.,
patients. In total, data for 150 patients 1962, female)

was obtained.
Table 1

Young’s modules of femoral head fragments determined from
full-scale experiments

. ICD-10 Young’s module, MPa
Identifer - -
code | Experimental Weighted average
value a hrmonic value
48.2
37.7
B., 1951, male | M 16.0 109 42.6
45.7
116.7
B., 1954, i le | M 16. 133.
, 1954, female 6.0 1503 33.5
74.6
T., 1953, female | M 16.1 aw 73.1

Next, a statistical analysis of the accumulated data was carried out in order to
identify the regression relationship between Young’s modulus and Hounsfield units.
Statistical analysis was performed in the Microsoft Office 2019.

Regression analysis was used to identify factors, degree, and form of influence of the
results of field and numerical experiments on the value of the Young’s modulus [18,19].

The following information was analyzed: age and gender of the patient; nosology
(disease code according to ICD 10); Hounsfield units (HU); Young’s modules determined
from the data of full-scale experiment. The last indicator was considered as a dependent
variable (the resulting attribute).

At the first step, statistical analysis of the experimental data and the results of CT
studies was carried out without taking into account specific features (age, gender, ICD-
10 code), at the second — taking into account patient’s gender, at the third — taking into
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account ICD-10 code. Hounsfield units and Young’s modulus had a normal distribution
(Kolmogorov — Smirnov test, the significance level was 5%).

In the statistical analysis of experimental data and the results of CT studies, models
of linear multiple regression (additive model) and linear regression in logarithms (mul-
tiplicative model) were constructed and analyzed. The level of statistical significance of
the coefficients was less than 5%.

2. Results and discussion

At the first step, the dependences between Young’s modulus and Hounsfield units
were studied without taking into account specific features (age, gender, ICD-10 code).
A specified linear multiple regression model was constructed:

E =020« HU +598, R?>=0.67, (1)

where E is Young’s modulus, HU is Hounsfield unit. R? is the coefficient of determina-
tion.

The level of statistical significance of the coefficient for HU variable was less than
0.1%, but the free term is statistically insignificant at 5% level, so the model (1) can be
implemented as:

E=022«HU, R*>=0.6T7. (2)

The constructed model (2) satisfies the standard assumptions of linear regression
(normality of the initial data distribution and model residuals, homoscedasticity) and
explains 67% of the variation in the Young’s modulus values (Figure 2).

A slightly higher value of the deter-

E L]

E=0.22*HU mination coefficient can be obtained by
150 | R=0.67 o specifying the multiplicative model:
JF B e
100 i 5 2 T E = eMTIn(HU)-255 - p2 63, (3)

L ]
50 e

Model (3) explains more than 68%

e of the dependent variable variation. The
(1)00 200 300 400 500 600 700 mu  advantage of this model is high (at the
level of less than 0.001%) significance
of the coefficients.

The conducted studies allowed us to
calculate the predicted values of the
Young’s modulus for the considered
tissues and errors in them. The difference in values between the Young’s modules
determined from the full-scale experiment data and predicted using model (2) was on
average 19%, and when using model (3) — 20%.

Next, step 2 of the study was carried out — identifying the dependence of the Young’s
modulus on the Hounsfield units analysis, taking into account patient’s gender.

The linear regression of Young’s modulus versus Hounsfield units for the female
patients’ femoral heads was more adequate than for male patients (the values of the
determination coefficients were 0.72 and 0.62, respectively), but the Chow test showed
no structural differences. The constructed models are presented in Table 2.

Fig. 2. Dot diagram: Hounsfield units values (CT

data) are plotted along abscissa axis, and Young’s

modulus values (data from full-scale experiments)
are plotted along ordinate axis
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Based on the constructed mo- Table 2
dels (4)—(7), predicted values of the
Young’s modulus and errors in them
for the studied tissues were determined.

Linear multiple regression models
and multiplicative models based on gender

The difference between the Young’s | Gender Models

modules determined from the full-scale E=0.20*HU+8.01, R?=10.62 (4)
. . Male v

experiment data and predicted by for- E=el 024n(HU)"168 — R2 _ (169 (5)

mulas (4)—(7) are presented in Table 3.
From previously obtained results | Female
and data in Table 3, it can be seen that
the introduction of a gender attribute in
the analysis did not significantly affect Table 3
the improvement of the predicting re-  The difference between the Young’s modules

sult. In linear regression models, there  determined by the full-scale experiment data
is an improvement of 1 unit, and in the and predicted by the formulas (4)—(7)

E—022*HU+3.74, RZ=0.72 (6)
E:e1.26*ln(HU)v3.04’ R2 =0.68 (7)

analysis of the results of the multiplica- "5 4er | Models Average difference, %
tive model (for females), there is a de-
terioration of 1 unit. Male *) 18

To improve the results of the (5) 18
Young’s modulus values prediction, the (6) 18
3rd stage of the study was carried Female (7) 921

out — an analysis of its dependence on
Hounsfield units, taking into account the code of international classification of dis-
eases (ICD-10). In the experiment, bone fragments of patients with ICD-10 codes were
studied: M16.0, M16.1, M16.2, M16.3, M16.5, M16.6, M16.7, M17.0, M21.9, M84.1,
M87.0, M87.2, M95.8, M95.9 (Table 4).

Table 4
Number of studies for each ICD-10 code

ICD-10 code | Number || ICD-10 code | Number

of studies of studies
M16.0 85 M17.0 2
MI16.1 23 M21.9 2
M16.2 6 M84.1 6
M16.3 3 M87.0 12
MI16.5 | M87.2 1
M16.6 3 M95.8 1
M16.7 3 M95.9 2

The dependence of Young’s modulus on Hounsfield units for each ICD-10 code was
studied, the volume of full-scale experiments carried out for each of them amounted to
at least 5 measurements.

Data on ICD-10 codes (M16.3, M16.5, M16.6, M16.7, M17.0, M21.9, M87.2,
M95.8, M95.9), for each of which less than five full-scale experiments were conducted,
were collected together. Generalized models were obtained for these data. The construct-
ed models are shown in Table 5.
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Table 5

Linear multiple regression models and multiplicative models taking
into account the ICD-10 code

ICD-10 code Models
— * 2 _
MI16.0 E = 0.19*HU + 14.46, R =10.64 (8)
E = el.OS*ln(HU)71.77’ R2 = 0.74 9)
E = 0.24*HU - 5.79, R? =0.
M16.1 ' 071 (10)
E = el.OS*ln(HU)fQ.OQ’ R2 = 0.75 (1 1)
— * _ 2 _
MI6.9 E = 0.18*HU - 50.10, R 0.67 (12)
E = e064I(HU)+0.95  R2 _ )61 (13)
E = 0.18*HU + 13.67, R? =0.
M84 1 + , 0.75 (14)
E = eO.?Q*ln(HU)70.287 R2 —=0.78 (15)
— % 2 _
MS7.0 E =0.17*HU + 12.20, R“=0.80 (16)
E = eO.SQ*ln(HU)70.497 R2 —=0.78 (17)
M16.3, M16.5, M16.6, | E = 0.20*HU + 4.55, RZ=0.60 (18)
M16.7, M17.0, M21.9,
M87.2, M95.8, M95.9 E = l56:In(HU)=4.96 B2 — 066 (19)

Based on the constructed models (8)-(19), the predicted values of the Young’s
modulus and errors in them for the studied tissues were determined. The differences
between Young’s modules determined from the full-scale experiment data and predicted
by formulas (8)-(19) are presented in Table 6.

Table 6

The difference between Young’s modules determined by the
full-scale experiment data and predicted by the formulas (8)-(19)

ICD-10 code Model Average difference, %
M16.0 ®) 27
9) 16
M16.1 (19 1
(11) 16
M16.2 (12) 16
(13) 14
M84.1 (14 H
(15) 12
M87.0 (16) 16
(17) 16
M16.3, M16.5, M16.6, (18) 20
M16.7, M17.0, M21.9,
M87.2, M95.8, M95.9 (19) 27

Table 6 shows that when considering the data separately for each ICD-10 code,
the difference in values between the Young’s modulus determined from the full-scale
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experiment data and predicted by formulas (8)-(18) does not exceed 16% on average.
The exception is the linear regression models for the M16.0 code and the last line in
Table 6, which contains codes with studies of less than 5 dimensions. At the same time,
it is worth noting that the multiplicative model for the M16.0 code gives results with
an average error of not more than 16%.

[t was found that the Young’s modulus values obtained during the full-scale exper-
iment almost do not differ from the predicted values obtained from the results of the
numerical experiment for the femoral heads tissues. The presence of an error in the pre-
dicted Young’s modulus value is due to the significant heterogeneity of bone tissue due
to the presence of pathological processes (osteonecrosis, osteosclerosis, osteoporosis).
[t is worth noting that the error for the predicted Young’s modulus values, determined
by formulas taking into account the ICD-10 code, is much lower. On this basis, it is
advisable to use them in future.

Chow tests at a significance level of 5% showed no structural differences in the
models constructed for different ICD-10 codes. The case for M16.1 stands out slightly,
but there were no statistically confirmed deviations from the general trend. This makes
it possible to use a single pair regression model (2) or (3) for predicting purposes.

[t should be emphasized that the revealed dependencies between Young’s modulus
values and Hounsfield units can only be used for processing CT studies performed on
Toshiba Aquilion 64 tomograph, since different models of scanning devices can give
different values of HU [20]. Moreover, it was found that the CT study protocols also
have a significant effect on Hounsfield units [9]. Thus, as a continuation of this work,
we see the study of the influence of manufacturer, the model of tomograph, as well as
its settings on the reliability of the results obtained using the proposed formula. In the
event that the predicting is not accurate enough, it is necessary to calculate correction
factors or re-specify the model taking into account new data.

To determine the correction coefficients for each tomograph, calibrated samples of
an aqueous solution of potassium hydroorthophosphate [9, 14, 17] with a known mineral
density could be scanned, after which it will be possible to obtain similar regression
dependencies and final models. By comparing the existing and newly obtained models,
it will be possible to determine correction factors for each specific tomograph.

Conclusion

In the study, the relationships between Hounsfield units and Young’s modulus of
bone tissue were obtained without taking into account specific features (age, gender,
ICD-10 code) and also taking into account patient’s gender and ICD-10 code. It was
revealed that the error for the predicted Young’s modulus values, determined by formulas
taking into account ICD-10 code, does not exceed 16%. Based on this, it is advisable to
use them in future.

These formulas can be used to determine the mechanical characteristics of bones in
biomechanical modeling of surgical treatment. This approach will allow one to obtain
the properties of the particular patient’s tissues, which is extremely important for a per-
sonalized approach to treatment planning. At the same time, to generalize the obtained
formulas, it is necessary to conduct a series of experiments to test them on tomographic
studies using tomographs of various manufacturers and modifications.
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AHnHoTtanusa. B KBaTepHHOHHOH MOCTAaHOBKE pacCcMOTpPeHa 3ajaua MaTeMaTHuecKoro Moje-
JIMPOBaHUs JBHXKeHHUsI KocMuueckoro annapata (KA) nmo sniaunTudeckoit opoute. IloctosiHHOE MO
MOZYJIIO yTpaBJjieHHe (BeKTOpP YCKOPEHHSI OT PeaKTHBHOH TSITHM) HAlpaBJeHO OPTOrOHAJbHO MJIOC-
kKoctd opouthl KA. s onmucaHusi nBHXKeHHs lleHTpa Macc KA HcCrmosb3oBaHO KBaTepPHHOHHOE
IuddepeHLalbHOe ypaBHEHHe OpHeHTaUuu opOUTa/bHOM cucTeMbl KoopauHaTt. [locTpoeHo mpu-
OJMKEHHOE aHaJUTHYeCcKoe pelleHHe KBAaTePHHOHHOIO AH((epeH1IMaNbHOIO ypaBHEHUs] OpHeHTa-
UMK OpOUTa/NBbHOH CHCTEeMBbl KOOPAMHAT B BHME Pa3J/IOKeHUsl O CUCTeMe JIMHEHHO He3aBHCHUMBIX
6a3ucHbIX (PYHKUUH. [ Haxox[IeHUs HEU3BECTHBIX KBAaTEPHUOHHBIX KO03((HULHUEHTOB 3TOrO
pasJioxKeHHUs Obll MCIOJAb30BaH METOA MOTOUeYHOH KOJJIOKALUUHU. YUY€T H3BECTHOIO pelleHHs
ypaBHEHHS] OpHEHTAlMH OpOMTAJbHOH CHCTEMbl KOOpAMHAT I/ caydasi, korga opouta KA sB-
JIsileTcsl KPyroBOM, MO3BOJIMJ YNPOCTUTh BHA BblIlLeyKa3aHHOTO passoxKeHHs. OTHOCHUTENbHO HC-
KOMBIX KO3(D(HULHEHTOB I0JyueHa CHCTeMa JHHeHHbIX a/nrebpauuyeckuX ypaBHeHHH, B KOTOPOH
KOMIIOHEHTBl MaTpPHULbl XKECTKOCTH U CTOJI0LA CBOOOAHBIX UJIEHOB SIBJSIOTCS KBaTepHUOHaMHU. s
TPOBeIeHUs] UUCJIEHHOT0 MOJeNUpOBaHus ABHKeHUs1 KA Obla cocTaB/eHa MporpaMma Ha si3blKe
Python. IlpoBeneHo cpaBHeHHe pacuéToB MO aHaJUTHYECKHM (DopMyJaM, MOJY4YeHHBIM B padore,
U yucseHHoro peulenus 3anaud Komn metonom Pynre — KytTel 4-ro nopsinka TouyHoctu. CocTas-
JieHbl TaOJIULLbl MOTPELIHOCTH OIlpefie/leHHs] OpUeHTaUuu OpOUTa/IbHOM CHCTEeMBl KOOpPAMHAT AJf
c/aydaeB, Korga 6asucHble (PyHKLHH SIBJASIOTCS IOJHHOMAMHU ¥ TPUTOHOMETPHUYECKUMH (PYHKLUAMHU.
[TpuBeneHsl mpuMepbl YMCJAEHHOTO pellleHHsl 3afadyM IJs cjydas, KOrfa HauajbHasi OpHeHTalus
opOUTabHOM CHCTEMBl KOOPAMHAT COOTBETCTBYET OpPHEHTALMH OpPOUTBI ONHOrO H3 CIYTHUKOB
op6utansuoit rpynnupoBkd [JIOHACC. [TocTpoeHsl rpaduKH M3MeHeHHsT KOMIIOHEHT KBaTePHHOHA
TMOr'PEeLIHOCTH OINpefie/ieHHsl OpHeHTalUKU opOUTaIbHON cHcTeMbl KoopauHaTt. [IpoBenéH ananus mo-
JIYUEeHHBIX pelleHHH. YCTaHOBJIEHbl 0COOEHHOCTH W 3aKOHOMEPHOCTH Mpolecca ABHkeHHs KA mo
3JIIMIITUUECKOH opOuTe.

KuroueBble caoBa: KocMHUeCcKUH anmapar, opouTa, onTHMaJ/bHOe yIpaBjeHHe, KBATePHHUOH
BaaromapHoctu: PaGora BeimosHeHa mpu ¢uHaHcoBod mnompepkke PODU (mpoekt Ne 19-01-
00205).
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Abstract. In the quaternion formulation, the problem of mathematical modeling of the spacecraft
movement in an elliptical orbit was considered. Control is an acceleration vector from jet thrust.
Control modulus is constant. The control is directed orthogonally to the plane of the spacecraft
orbit. The quaternion differential equation of an orbital coordinate system orientation was used to
describe spacecraft movement. An approximate analytical solution of the quaternion differential
equation of the orbital coordinate system orientation in the form of an expansion system of
linearly independent basis functions was constructed. The method of pointwise collocation was
used to find unknown quaternion coefficients of this decomposition. The above decomposition was
simplified taking into account the well-known solution of the orientation equation of the orbital
coordinate system for the case when the spacecraft orbit is circular. With respect to the desired
coefficients, a system of linear algebraic equations is obtained in which the components of the
stiffness matrix and the column of free terms are quaternions. A program in Python was written
to conduct numerical simulations of the spacecraft movement. A comparison of calculations for
analytical formulas obtained in the paper and the numerical solution of the Cauchy problem by
the Runge — Kutta method of the 4th order accuracy was done. Error tables have been obtained
for determining the orientation of the orbital coordinate system for cases when basic functions
are polynomials and trigonometric functions. Examples of numerical solution of the problem are
given for the case when the initial orientation of the orbital coordinate system corresponds to
the orientation of the orbit of one of the satellites of the GLONASS orbital grouping. Graphs
describing changes in the components of error quaternion in determinig the orientation of the
orbital coordinate system are constructed. The analysis of the received results is given. The
features and regularities of the spacecraft movement on an elliptical orbit are established.
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1. IlocranoBka 3amauu

[IycTb BeKTOp YCKOpeHMS] w OT TACM PeaKTHUBHOTO ABHUTraTe/si BO BCe BpeMsl yIpab-
asiemoro nBvxkeHust KA HanpaB/ieH opTOroHaJsIbHO TMJIOCKOCTH €ro opOouThl. B aToMm cayuae
op6uta KA B npouecce ynpaB/eHus ABHKeHHeM LeHTpa Macc KA He MeHsieT cBoed (popMBbl
U CBOMX pa3MepoB, a MOBOpPAuMBaeTCsl B MPOCTPAHCTBE MOJ AeHCTBHEM yINpaBJeHHs Kak
HenaMeHsieMasi (Henedopmupyemasi) Gurypa.

PaccmoTrpum opOuTanbHyl0 cUCTeMy KoopauHaT 7. Hawaso 3ToH cucTteMbl KoOOp-
IMHAT HaxomuTcs B ILeHTpe Mmacc KA, ock 7; HampaB/jeHa BHOJb paguyca-BeKTOpa
neHtpa mMacc KA, ocbk 73 TeprneHOMKY/spHA TJIOCKOCTH OpPOMTHl M HMMeeT HalpaBJieHHe
TIOCTOSTHHOTO MO MOIYJ/I0 BEKTOpa € MOMEHTa CKOpPOCTH ILeHTpa Macc KA, a ock 7
oOpasyeT MpaBylo TPOUKY C OCSIMH 7)1 U 7)3.

YpaBHeHHUs OpHeHTaLMK OpPOMTANbHON CUCTeMbl KOOPAMHAT 7) B TapaMeTpax Jijepa A
umeroT BUI [1]

dX . . . T, c .
2@ = Ao Wy, A= )\0 -+ )\121 -+ )\212 + )\31,37 wy = Euzl + T—Q’Lg,
(1)

dp ¢ P

——=—, r=——, c¢=const

. r 1+ ecosyp
3necb A — HOPMHUPOBAHHBIH KBAaTE€PHHOH OpPHEHTAIMH OpPOUTANbHOM CHUCTEMbl KOOp-
IUHAT 1), %1, %3, ¢3 — BEKTOPHble MHHUMble eIWHUIBl [aMUIbTOHA, © — CHMBOJI

KBaTePHUOHHOI'O YMHOXEHHUS; ¢ — HCTHHHAs aHOMaJus, XapaKTepU3yollas MOJOKeHHe
KA Ha opburte; r = |r| — Mopy/ib paauyca-BekTopa LeHtpa macc KA; p u e — napametp u
SKCLUEHTPUCHUTET OPOUTHI, ¢ = |r X v| — MoCTOsIHHAs mJiomaned (MoLy/Ib BEKTOpA MOMEHTA
ckopocTH v LeHTpa Macc KA); u — mpoekiusi BeKTOpa PeaKTHBHOTO YCKOPEHHsS u Ha
HarpaBJieHHe BeKTOpa MOMeHTa cKopocTH HeHTpa Mace KA (anrebpanueckasi BesHuMHA
PeaKTHBHOTO YCKOpPEHHUsI, MepPreHANKYISPHOrO MTHOBEHHOH MIOCKOCTH opOUTHl KA).

Ilns  wuccienoBaHusi ypaBHeHWE (1) ymoOHO TepedTH K HOBOH He3aBUCHMOM
repeMeHHOH — MCTHHHOH aHOMAJIMH ¢, U BBECTH Oe3pa3MepHble nepeMeHHble. Pa3oBbie
nepeMeHHble \; sIBJsOTCs Ge3pasMepHbIMH. Bespasmephbie nepemennsie ¥, t° u ynpas-
Jenue u’ CBSI3aHbl C Pa3MEPHBIMH TEPEMEHHBIMHU 7, ¢ ¥ YIIPaBJEHHEM U COOTHOLICHHSIMH:
r = Rr’ u = upau®, t = Tt®, roe R — xapakTepHoe paccTosHue (BeJMUHHA, OJHU3Kas
K JIJIHHe OOJbIION mosyocH opOUTHl ynpasasemoro KA); V) T' — xapakTepHble CKOPOCTb
¥ BPeMsi COOTBETCTBEHHO, OmpeleJsieMble cooTHouenusimu: V = c/R, T = R?/c.

[Ipu nepexome Kk 0Oe3pasMepHbIM IepeMeHHbBIM B YpaBHEHUAX JJs (Da30BbIX
mepeMeHHBIX MOSIBJISETCS XapaKTepHbli GespasMepHbiid mapametp N° = w3 /2

Takum o6pasom, cucrtema (pa3oBbIX YypaBHeHHH B 0e3pa3MepHBbIX IepeMeHHbIX
npuMeT BUI [2]

dx 1
do §A o [IN*(r*Yuldy +145),

1

=— 2
1+ecosp @

2. MeToa MIOTOYEUHOHN KOJLJIOKALIUU

AHanmuTHYecKoe pelleHWe YpaBHeHHWH (2) B cjydae TMPOM3BOJBHOIO YIPABJIEHHUS
u = u(t) He HaimeHo. 3ajaya WHTErPUPOBAHUS ypaBHeHHH (2) ecThb W3BeCTHas 3a-
nada [lap6y. Pemenue sToll 3amayu B 3aMKHYTOH (opMe HaHAeHO JHIIb AJS HEKOTO-
PBIX YAaCTHBIX cJy4yaeB (cM., Hampumep, pabotel [3-5]). M3BecTHO, 4TO ONTHMaJbHOE
no [lonTpsirnny [6] ynpaB/eHHe, COOTBETCTBYyHIlee 3anade ObICTPOAEHCTBHS M 3ajaue
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MUHMMH3ALKUH 3aTPAT XAPAKTEPUCTUUECKOH CKOPOCTH, IBJISAETCS KOHCTAHTOH Ha CMEXKHBIX
yuyacTKaxX akTHUBHOTO nBHxKeHHs KA [7].

[TycTh HeoOX0ooMMO HaMTH MPUOJIMKEHHOE pellleHWe KBAaTePHHOHHOTO ypaBHeHHs (2)
npu ¢ € [0; ¢*] ¢ HAaYAJbHBIM YCJIOBHEM

mpu o =0 pax A(0) = A® (3)

1151 caydas, Koraa u’ = const.

BuiGepem cucteMy GasucHbIX (GyHKUMH Ni(@), k = 1, M, IMHefiHO He3aBUCHMbIX Ha
orpeske [0; ¢*|. Tlpennosoxum, uto opbuta KA ssasiercs annnntudeckoit (0 < e < 1).
Bynem wnckath pelieHue 3agaddl B BHIE pas3JioKeHHs] M0 Ga3UCHBIM (YHKIHAM (aj —
TMofI/IeXKall[ie OIpe/ieJIeHHI0 KBaTepHHUOHHbIE KOI(D(HUIIHEHTBI):

A~ = AP () + Z arNi(p). (4)

3neck NP () — pemienue ypaBHeHus (2) B caydae, korna KA nBukeTcsi o KpyroBoi
op6ute (e = 0). UsBectHO [8], uTO

1
AP (o) = A0 o (cos w2_30 + = sin %wn) , w=|w,|=-const, w,=Nui + ;.

Basuchble pyHKUHH Ni () TOKHBI YIOBJIETBOPSTH YCJIOBHIO
Ni(0)=0, k=1, M

IJs TOro, uToObl HauyajbHOe YyCJOBHe (3) BBIMOJHSIOCH MPH JIOOBIX 3HAYEHHUSIX
HEH3BECTHBIX KO3(P(ULUHEHTOB. 3aMeTHM Takxke, 4To ecau opbuta KA sBisercs
KPyroBO#, TO pasjoxeHue (4) sBJseTCs TOUHBIM pelIeHHeM KBaTePHUOHHOTO
ypaBHenus (2) npp a, =0, k=1, M

AnnpokcHMaluio MPOU3BOAHOH OT KBaTePHHOHA OPHEHTALMU OPOUTAJbHOH CHUCTEMBI
KOOPJIMHAT TMOJIyunM, NpoauddepeHIHpoBaB pasJoxenue (4):

AN dA AP Y
A DA _ X)) | 5, Wely) )
de  dy de pt de

Tak xak A" ecTb pemenune ypasuenus (2) npu r° = 1, To (5) MoKHO npeoGpa3oBaTh
cJeyIoUHM 06pa3oMm:
dx _dh 1 z

2= 2 (p) o [Nbub'i1 —|—'i3] + Zakw

~ (6)
de dp 2 — dy

[ToncraBasis pasnoxenue (4) ¢ yuétom (6) B ypaBHeHHe (2), MOJYUHUM HEBSIZKY ROW .
CJIeIyIOIIero BU/A:

M
dNg(
[O,w Z ag { dNi(0) — Ni(p) - [N*u(r®)? 41 + 3] } + Ao NP2 [1 — (r*)?] 4.

k=1
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Jns nonydyeHust npubIHKEHHOTO PABEHCTBA Rﬁ‘w*] = 0 nput ¢ € [0; ¢*| Bocmoab3yeMcs
MeTofioM mnoTouedHod Kosokauuu [9, 10]. [asg atoro BeiGepeM M ToueK KOJJIOKALUH
BUIA 0, = 5 - p* /M, s =1, M. B KauecTBe BeCOBbIX (DYHKLHH BO3bMEM Je/1bTa-DyHKLHUH
Hupaka Wy = 6(p — ;). [loTpebyeM, 4TOOBI BHIMONHSAINCH PAaBEHCTBA

* *

/R[)(‘);@*]Ws dp = /R[)(‘J;@*ﬁ(cp— ps) =0, s=1,M.
0 0

Hcnonb3yst uabTpytoliee CBOHCTBO HesbTa-GyHKUHH [11], mocnenHioro dopmyny
MOXKHO TepenucaTh Tak:
A — —
Ry, , =0, s=1M. (7)
PaBenctBa (7) mpencraBssitoT co6oé cucteMmy M JHHEHHBIX anrebpandyecKUxX ypaBHe-
Huil Buna K-a = f. [Ipy 3TOM KOMIIOHEHTBI MATPULbl KECTKOCTU K U cTONOLA CBOOOAHBIX

4JIeHOB f SIBJISIOTCS KBaTepHUOHaMHu (s, k = 1, M):

dN, Noub
K= QM — Ni(ps) - [—ug 11+ 3|,
de |, (1 + ecos pg) (8)

Fo= (NPTo N (") = 1] &)

p=ps
Pemus cucremy (8), Mbl Hali1éM HCKOMBble KO3(h(GHUIMEHTHl B pa3JiokeHHH (4).

3. IIpumepsl yHCIEHHOTO pelleHUs 3aJa4yu

BBEJléM B paCCMOTpeHHe KBATEPHHOH IOTPEIIHOCTHU OIlpeaeJsJeHHUdA OpHUeHTaluuu Op6I/I-
TaJbHOH CHUCTEMBbI KOOpAWHAaT

err(e) = arg max |)\”p”6”(g0, e) — Ay, e)|.
p€l0;7/2]

3neck A" (¢, €) — MpUGIMKEHHOE pelleHHe, B KOTOPOM KO3(DMUIMEHTh @ MOJyUYeHHl
us pewmenus ypasuenuit (8); a A'¥(p, ) — pesysnbrar MHTerpupoBaHus ypaBHeHHs (2)
metoznoM Pynre — KyTThl 4-ro nopsinka tounoctu [12] ¢ mwarom h = 0.001 pan.

[Iycth HavyasnbHOe mosoxkeHne KA onuceiBaeTcs cjeqyoNMMU MapaMeTpaMu:

Q) =Q,(0) =215.25°, I°=1(0) =64.8°, w) =w.(0)=0°,
o =0 pam., Umax = 0.101907m/c*, N b = 0.35.

3nech {2, — monrora BOCXOASILIETO y3/aa, I — HaKJOHEHHe OpPOUTHI, a w, — YIJOBOE
paccTosiHMe MepuleHTpa oT y3Ja.

Torma KOMMOHEHTB KBaTePHHOHA OpHUEHTAIMM OPOUTAJNBHOH CHCTEMBI KOOPAHWHAT B
HayaJje NBHKeHHs] OyoyT paBHbI

Ao = —0.255650, A} = —0.162241, A5 = 0.510674, A3 = 0.804694.

YKa3aHHBIH KBaTepPHHUOH A" COOTBETCTBYeT OPHUEHTAIlUH OPOUTBI OTHOTO W3 CHYTHH-
koB rpynnupoBkd [JIOHACC (npu ycsoBuM, 4TO HauaJbHOe 3HaYeHHe MCTHHHOU aHOMa-
JIUM ¢ — HOJIb paJfaH).

B rtabn. 1| npuBeneHbl 3HaueHHs MOMYJsS KBaTePHHOHA MOTPELIHOCTH errT(e) IJsi
caydasi, Korna OasdCHble (YHKIUM SIBJASJIKCH MOJMHOMaMH. B xome mnpoBeneHus
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MaTeMaTHYeCKOoro MofesaHpoBaHusi IBHKeHHs KA Obl10 ycTaHOBJIEHO, UTO MpH yBe-
JUUEHUH KOJHUecTBa OA3UCHBIX (YHKUHHA M MOTPelIHOCTb OlpeneseH st OpHeHTalHH
OpOHTaNbHOA CHCTEMBl KOOPAMHAT yMeHbluaercsi. TakKe OblIM MPOBENEHBI PACUETHI MPH
Ni = (¢/¢*)k. PesynbraThl COBNaNM ¢ TEMH, YTO yKa3aHbl B TabJ. 1.

Tabauya 1 / Table 1
3HaueHHs MONY/s KBaTepPHHOHA MorpernHocty err(e) aas Ny = oF

Error quaternion modulus values err(e) for Ny = apk
e M =2 M = M=4 M=5 M=6 M=7 M =
0.01 [9.1-100%|35-107* | 1.8-107* [ 1.2-107% | 85-107° | 6.3-107° | 4.8-107°
0.02 | 1.8-107% | 68-107%|34-107* | 23-107* | 1.7-107* | 1.2-107* | 9.4-107°
0.03 126-103]99-107*{5.0-107* | 34-107*|24-107* | 1.8-107* | 1.4-107*
0.04 | 34-1073[13-103|64-107* | 43-107*[31-107*|23-107*|1.8-107*
0.05 | 42-103 | 15-1073 [ 7.8-107* | 53-107* | 3.7-107* | 2.8-107* | 2.1-107*
0.06 | 5.0-1073 [ 1.8-1073{9.1-107* | 6.1-107* | 43-107* | 3.2-107* | 2.5-107*
0.07 | 5.7-1073 [ 2.0-1073 [ 1.0-1072 | 6.9-107* | 49-107* | 3.6-107* | 2.8-107*
0.08 | 64-103|22-1073|1.1-107% | 7.7-107* | 55-107% | 4.0-107* | 3.1-107*
0.09 | 71-1073|25-1073 | 1.3-107% | 84-107* | 6.0-107* | 44-107* | 3.4-107*
0.10 | 7.8-1073 | 27-1073 [ 14-1072 | 9.1-107* | 6.4-10"* | 4.8-107* | 3.7-107*

B rtabn. 2 npuBeneHbl 3HaueHWsT MONYJS KBAaTePHHUOHA TMOTPEIIHOCTH err(e) AJs
cayyasi, Korna 0OasucHble (PYHKUHH SBJSJIHACH TPUTOHOMeTpHYeCKHMH. MuHUMa/ bHOE
3HaueHHe TOTPElIHOCTH (Takoe ke, Kak B Tabsa. | mpu M = 8) ObLJIO JOCTUTHYTO IpPH
MeHbIlIeM KoJinuecTBe Ga3UCHBIX (yHKUHH (a umMeHHO mpu M = 5). B To Xe Bpemsi npu
yBeJMUEHHUH KOJHMYeCTBA CHUHYCOUJ B Pa3JIOKeHHWH MOTPELIHOCTh HAaUMHaeT yBeJUYUBAThb-
csi. 3ametnm, uto 6asucHble QyHKIUK Ny = sin (ke /(2¢*)) naT 66JbLIYIO TOrPEIIHOCTD,
ueM Ta, YTO TpHUBeneHa B TadJ. 2.

Tabauua 2 / Table 2

k
3HaueHHs1 MOLYJSl KBATEPHHOHA TOTPELIHOCTH err(e) miasi Ny = sing f
¥
k
Error quaternion modulus values err(e) for Ny = sing f
P
e M =2 M=3 M=4 M=5 M=6 M = M =38

0.01 |[48-107*|15-107* | 9.8-10° | 52-107° | 7.1-107® | 7.9-107° | 1.6-10~*
0.02 193-100*(30-107*{1.9-107*/99-10° | 14-10*| 1.5-107* | 3.0-107*
0.03 | 1.4-1073 [ 43-107%{28-107* | 1.4-107* | 2.0-107* | 2.2-107* | 44-107*
0.04 | 1.8-1073 | 56-107* | 3.6-107* | 1.8-107* | 2.6-107* | 2.8-107* | 5.6-107*
0.05 | 22-1073 | 68-107*|43-107*|22-100*[31-107* | 34-107* | 6.8-107*
0.06 | 2.6-107% | 8.0-107* | 5.0-107* | 2.5-107* | 3.6-107% | 3.9-107* | 7.9-10~*
0.07 129-1073[91-107% | 5.7-107* | 2.8-107* | 41-107* | 44-107* | 9.0-107*
0.08 [33-107%|1.0-1073 | 6.3-107* | 3.1-107* | 45-107* | 49-107* | 9.9-107*
0.09 | 3.6-103[1.1-1073|7.0-107* | 34-100*[49-107*|53-107* | 1.1-1073
0.10 | 3.9-103(12-103 | 75-107* | 3.6-107* | 53-107* | 5.8-107* | 1.2-1073

[ToMuMO yKa3aHHBIX Bbillle 0a3WCHBIX (YHKLUHH, ObLIM PACCMOTPEHBI MOJHHOMBI
OTHOCHTENIbHO panuyca-Bektopa opoutel KA (N, = (r(p) — r(0))*). B stom cayuae
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MOTPEIIHOCTh OTNpefiesieH|s] OpUeHTAlluU OpOUTANbHONH CUCTEMBl KOOPAHUHAT OKasaJjach Ha
MOPSIIOK BhILIE TOH, UTO yKazaHa B Tab.j. 1, 2.

Ha PUCYHKe TII0Ka3aHbl 3aKOHbl W3MEHEHHSA KOMIIOHEHT KBaT€pPHHWOHA IMOrpelIHOCTH

onpesieseHUs] OpUEHTALHWH OpOUTANbHOM CHUCTEMBbl KOOPAMHAT MAJs CJyyas, KOrha B
passoxeHue (4) BXOAAT MNSATb TPUTOHOMeTpPHUYeCKHX OasucHBIX (yHKUHH. [Ipu asToM
MOTPELIHOCTb ONpefie/leHHs] CKaJsIpHOH 4YacTH oOKasajach Ha MOPSiIOK MeHblle, ueM
MOTPELIHOCTb ONpesie/ieHHs] KOMIIOHEHT BEKTOPHOH YacTH.

erro errj
0.00005 ,/ 0.00025 -
0.00004 0.00020 err, | _—
/ / errs
0.00003 L 0.00015 v -
0.00002 v 0.00010 s T
y G
/7
0.00001 0.00005 —
0.00000 0.00000
0 002 004 006 008 e 0 002 004 006 008 e
a/a 6/b

Puc. KommnoHeHTHI KBaTepHHOHa MOrpelIHOCTU: a — CKaJdpHas 4acCTb; 6 — BEKTOpHasA 4acCTb

Fig. Components of the error quaternion: a — scalar part; & — vector part

HpOBeIIéHHOG MaTeMaTH4YeCKoe MOAEJ/JHMPOBaHUe MoKa3aJo MePCneKTUBHOCTb NMPpHUMeEHE-

HUS pas3JjioxkeHHs (4) mjas wccaenoBaHUsi opOutasbHoro nBukeHuss KA. B oriuume ot
pesdysnbTaToB padoThl [13], ymasock B HecsiTb pa3 YBeJHUHTb MaKCHMa/bHOe 3HAueHHe
SKCLEHTPUCHTETA OPOUTHI, IJIs1 KOTOPOro ObIIH MPOBENEeHbl PACUETHl M0 IMpPeNsOXKEeHHBIM
dopmynam (3KcueHTpUcHTeT opOUTHl KA He o00si3aTesbHO MO/KEeH ObITh MaJjiod Be-
JIUUUHOM).
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AnHoramus. Pabota nocesiieHa npodJeMe OYKCHPOBKYA KOCMUYECKOT0 MycOpa ¢ TeOCTalMOHAPHOH
OpOUTHl 10 OpPOUTH 3aXOpPOHEeHHs] GeCKOHTAKTHBIM CHOCOOOM C MOMOILbBI0 HOHHOTO MOTOKA, CO3-
JABaeMOTro BUraTeseM aKTHUBHOI'O0 KOCMHUUYEeCKOoro anmnapara. ljsi maockoro caydasi ¢ OMOLIbIO MO-
IM(UIUPOBAHHOH 3afaun XHJJia OmpeleseHbl TOYKH OTHOCHTEJNbHOTO paBHOBeCHS (TOUKH JHOpa-
[IMM) aKTUBHOI'O KOCMHUYECKOT0 armnapaTa OTHOCUTE/bHO 00beKTa YBOAA U MPOH3BeJeHa OLEHKa UX
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Abstract. The work is devoted to the problem of towing space debris from a geostationary orbit
to a graveyard orbit by a non-contact method using an ion beam created by the engine of an
active spacecraft. For the planar case using the modified Hill task, the points of relative equilib-
rium (libration points) of the active spacecraft relative to the object of removal are determined
and their stability is estimated. It is shown that, depending on the values of radial acceleration,
there are up to 6 libration points, but only one point is suitable for towing a space debris object.
The required amount of fuel was determined for different values of thrust and specific impulse of
the active spacecraft compensating engine during simultaneous operation of electric propulsion
thrusters. The results can be used to stabilize the relative motion of the active spacecraft and
determine the required amount of fuel for the mission to remove space debris.
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BBepenue

Kocmuuecknii Mycop mpencTaBssieT Cepbe3HyH Yrposy Ajs (yHKUHOHHPOBaHUS
kocmuueckux annapatoB (KA). Tlpu cTONKHOBEHHM C KOCMHUYECKHM MYCOPOM MOXKET
npousort Bbixox KA u3 crpos. Ilpu B3auMHOM CTOJIKHOBEHHH OOBEKTOB Ha OpOHUTE
MPOUCXOAUT 0Opa3oBaHHe HOBOro, 0o0Jiee MEJKOTO Mycopa, UTO CO BpeMeHeM TPUBEIET
K HEKOHTPOJHPYEMOMY POCTY OOBEKTOB KOCMHUECKOro Mycopa Ha opbute. CorsacHo wuc-
cnenoBanuio D. J. Kessler [1], urHopupoBaHue mpoGeMbl 3aCOPEHHOCTH OPOUTHI CliesaeT
HEBO3MOXKHBIM HCIOJIb30BAHKE OKOJI03€MHOTO KOCMHUYECKOTrO TPOCTPAHCTBA.

[IpensioskeHbl pasJiMuHble BapUaHTHl yBOAA KOCMHUYECKOro Mmycopa [2, 3], KoTopble
MOXKHO pasfesUThb Ha JBa BHAA. KOHTAKTHBIH M OeCKOHTAaKTHBIA. [IpH KOHTakTHOM
croco6e MPOUCXOAUT B3aUMOAEHUCTBHE C 0OBEKTOM yAaJeHHMs C MOMOLIbI0 BCIIOMOraTe/b-
HBIX YCTPOHCTB, TaKHMX Kak rapnyH [4,5], cetb [6], MexaHWYecKHe MaHUMNYJSATOPH [7].
K 6eckoHTakTHBIM croco6aM OTHOCAT yHajeHHe C TOMOLIbID KYJOHOBCKOrO B3aHMO-
nedctBUsi [8], BHemHero WoHHOro moToka [9], nazepHbix ycrtaHoBok [10], mensr [11].
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B craTbe paccMmarprBaeTcst OUHMCTKA OKOJI03€MHOI0 KOCMHYECKOrO MPOCTPaHCTBA GECKOH-
TaKTHBIM CIIOCOOOM C MOMOIIbI0 akTHUBHOrO KA, o6opynoBaHHOrO IBYMs 3J€KTpopeak-
TUBHBIMM JABUTaTeISIMH: MOHHOH NMYLIKOH W KOMIEHCHPYIOLUM ABUrareseM. C MOMOILbIO
MOTOKA HOHOB, UCIYCKaeMOTr0 MOHHOH MYLIKOH, MPOUCXOANUT B3aUMOJeHcTBHe ¢ 0ObEKTOM
KOCMHYECKOTr0 Mycopa, C MOMOLIbIO KOMIIEHCHPYIOIIero ABUraTessl MPOUCXOAUT YIpaB-
JIeHHe cucTeMo# «akTHBHBIH KA — xocmuyeckuil mycop» (puc. 1).

Wonnas mymka

Komnencupyromuit Aurarens

AxtuBHbI KA Kocmuueckuii mycop

Puc. 1. Cxema ynasneHusi KOCMUYeCKOr0 Mycopa ¢ TIOMOIILbI0 HOHHOTO MOTOKa (uBeT online)
Fig. 1. The scheme for removing space debris using an ion beam (color online)

B 3aBHUCHMOCTH OT pacCTOSIHUS OT COIMJa HOHHOH MYLIKH 10 00beKTa YBOAA BO3MOXKHO
YaCTHYHOe WJU MOJIHOEe TMOKPbITHE HOHHBIM MOTOKOM OOBbeKTa KOCMHYecKoro mycopa. B
CTaTbe pacCMaTPHUBAETCs BAPUAHT IOJHOTO HAaXOXAeHUs 00beKTa yBOAa BHYTPU MOHHOTO
NOTOKa, TaK KaK B 3TOM CJyyae 3ajaya OyKCHPOBKM Jerye peaju3yeMa B 4acTH OT-
CJeXHMBaHUS TONAJaHWs UOHHOTO TOTOKAa Ha 0OBEKT KOCMHYECKOTO Mycopa, KOpPeKLHH
MOJIOXKEeHUSI aKTHBHOro KA OTHOCHTE/bHO KOCMMYECKOTO Mycopa, ONpelesieHHs] CUJIbl OT
WOHHOTO MOTOKa, HalpUMep, C IOMOLIbI a3pOAMHAMHYECKHX XapaKTePUCTHUK 0ObeKTa
yBoza [12]. OnHo#t u3 mpobseMHBIX 3aa4 OYKCHUPOBKH SIBJISE€TCS CTaOMIM3AlUsi OTHOCH-
TeJbHOTO ABHKEeHUS akKTUBHOTO KA 1 06bekTa KOCMUYEeCKOTO Mycopa MpH MOJHOM TOKpHI-
THU WOHHOTO TMOTOKA 0ObeKTa KocMHuYecKoro mycopa. Llesbio paboThl ABJSIOTCS omnpene-
JIeHHe TOYKH OTHOCHUTEJIbHOTO paBHOBecHs (TOYKHM Jubpanuu) akTuBHoro KA oTHocuTesb-
HO 00beKTa yBOJA U OlleHKa ee yCTOMYMBOCTH. [l OYKCHPOBKH KOCMHUYECKOT'0 Mycopa
C TeOoCTalMOHAPHOH OPOUTHI A0 OPOUTBHl 3aXOPOHEHUs ompefessieTcss HeOOXOAHMOe KO-
JIMUECTBO TOMJMBA MPH OJHOBPEMEHHOH paboTe HOHHOHW MYLIKH U KOMIIEHCHPYIOLLEro
neuratens. [Ipennosaraercsi, uto n0 Hauaja 3Tana OYKCHMPOBKH MpoM30LIIa CTaOUIU3A-
sl OBHKeHUs akTUBHOTO KA M yBOOMMBbIH 0OBEKT KOCMHUYECKOTO MYCOpPa TOJHOCTBIO
HaXOMUTCSI BHYTPH MOHHOTO MOTOKA, UCXOMSIIEr0 U3 MOHHOU myuiku [13].

1. MaremarnueckKue MoIeJu

B nanHoM pasnesie onucaH MeTO HaXOKIEHHUS] TOYKH OTHOCUTEJBHOrO PaBHOBECHS
akTuBHOTO KA oTHOCHTe/bHO 06BEKTa KOCMHUYECKOTO Mycopa AJisl MJIOCKOH 3aJaud | Io-
JydeHa OlLleHKa ee yCTOMYMBOCTH C MOMOLIbI0 PaCCMOTPeHUs] MOAU(PULHPOBAHHOH 3a1auu
Xunna. BoiBeneHa ¢opmysa onpenesneHrds HEOOXOAUMOTO KOJMUYECTBA TOIJIMBA Ha 3Tame
OYKCHUPOBKH KOCMHUECKOI0 Mycopa NpH OLHOBpPeMeHHOH paboTe HOHHOH MYLIKH U KOM-
TMIeHCUPYIOLLEro 1BUraTedIsl.

1.1. OnpeneseHue TOYKH JAMOpanuu

JI7151 BbISIBJIEHUS] OCHOBHBIX KaueCTBEHHBbIX 0COOEHHOCTeH 3afaud MpUMeM Cleyolline
yIpOLIAIOLIUe MPeANON0KEHHUS:
1) dhopma ynansiemoro o6beKTa KOCMHUYECKOro Mycopa 6JiM3ka K cdepe;
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2) B3aUMOJEHCTBHE KOPITYCKYJ HOHHOTO MOTOKA C yaassieMbIM 00beKTOM KOCMUYECKOT0
Mycopa MPOUCXOIUT MO cXeMe abCOJIOTHO HEYINPyroro coyaapeHus;

3) yroa TojypacTBOpa HOHHOTO TMOTOKA IIOCTOSSHEH BO BCEM  JHana3oHe
paccMaTpUBaeMbIX pacCTOSHUM MexAy akTUBHbBIM KA U ynanseMbiM 06beKTOM;

4) axktuBHBIE KA oTciexuBaeT HampaBJeHHe Ha YAajsieMbli OOBEKT C MOMOLIBIO
pPasBOpPOTOB BOKPYT LEHTpPa Macc Tak, 4TO OCb HOHHOTO TOTOKA BCEria HarpaBJjeHa Ha
00BEKT KOCMHUUYECKOr0 MYyCOpa;

D) BeJMUUHBI TATH HOHHOH MYLIKH U KOMIIEHCHPYIOLIEro IBUrate/si He MEHSIOTCS Ha
BCEM 3Talle yBoJa KOCMHUECKOI0 MYCOpa;

6) usmeHeHHe Mmacchl akTuBHOro KA M o6bekTa KOCMHUYECKOrO Mycopa B Tpolecce
yhoaJeHus: MaJjo, ¥ UM MOXKHO TpeHebpeub;

7) paccmarpuBaeTcsi IBUKEHHE CHCTEMbl B I[EHTPaJbHOM T'PAaBHTALIMOHHOM IOJE,
BHEILIHHEe BO3MYIAILHe YCKOPEHHS He YUUTBIBAIOTCS;

8) paccrostHue Mexny akTHBHbIM KA W ynansieMbiM 06beKTOM MaJjo MO CPaBHEHUIO CO
CpPeIHHUM PagUyCOM UX OpPOUTHI.

[Ipy npUHATBEIX DONYIIEHUAX CHUJa BO3AEHCTBUS HOHHOIO NMOTOKA HA 0ObEKT KOCMHUYeC-
KOr'O Mycopa MOCTOSIHHA, €CJIM pacCTOsiHUE MeX Iy akTHBHBIM KA u ynasnseMbiM 06beKTOM
MeHbllle HEKOTOPOr0O MHHHMAJIbHOTO, U U3MeHsieTCcsl 00paTHO MPONOPLUOHANBHO KBaApaTy
3TOr'0 PACCTOSIHUSA, eCJU OHO 6O0Jibllle MUHHUMAJbHOTO.

Ha puc. 2 nokazaHa 3aBUCHMOCTb MHHHMAJbHOTO PACCTOSIHUS dpi, OO0 OOBEKTa
KOCMHMYECKOT0 Mycopa MPH Pas/HYHBIX 3HAUEHHSAX yIJa MoJypacTBOpa MOHHOTO MOTOKA,
IPU KOTOPOM TPaHCIOPTHUPYEeMbIH OOBEKT KOCMHMUYECKOTO Mycopa LEeJUKOM HaXOAMTCS
BHYTPH MOHHOTO MOTOKA, UCXOASILLET0 U3 MOHHOW MYILKH.

150
=

S

100¢

AxtuBHbIl KA

50f*,

Kocmuuecknii Mycop

0 2 6 8 10 12 14 Bg.rpazn

Puc. 2. 3aBUCHMOCTb MHUHMMaJbHOTO PACCTOSIHUS 10 00bEKTa KOCMHYECKOro Mycopa MpH pas-
JIMUHBIX 3HAUEeHMSIX YI/a MoJypacTBopa HOHHOro notoka (uset online)
Fig. 2. The dependence of the minimum distance to the space debris object at different values
of the half-angle of the ion beam (color online)

C yBesnYeHHeM pas3Mepa KOCMHUECKOro Mmycopa R, mpu (pUKCHPOBAHHOM 3HaU€HHHU
yrJia moJiypacTBOpa HOHHOTO TOTOKA, TPOUCXOIUT yBeJUUeHHe MUHUMA/bHOTO PACCTOSIHUS
10 oObeKkTa ympajeHus. MakcuMajbHOe 3HaYeHHe IepelaBaeMON CHUJIbl JTOCTUTAeTCs MpH
MOJIHOM TMePEeKPBITUM HOHHOIO TMOTOKA YBOAMMBIM 00BEKTOM KOCMUYECKOT0 Mycopa.

BBenem opOHTasbHYIO CHCTEMY KOOPAHHAT OTHOCHTENbHO 3aJaHHOH TOUKH OMOPHOH
op6uTthl (puc. 3). Ocb Ox HampaBJjeHa BIOJb paauyc-BeKTopa K 3emJse, ocb Oy MPOTHB
HarnpaBJ/IeHHs] J1BUKEHHUS.
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Puc. 3. Op6uTtanbHas cucTeMa KOOPAMHAT M CHJIBI, JeHCTBYMolMe Ha akTHBHBIH KA (1BeT online)
Fig. 3. The orbital coordinate system and forces acting on an active spacecraft (color online)

YpaBHeHHe IBHMKEeHHs B JaHHOM cjydyae GynyT uMmeTb Bun [14]:

2 ~ 27~ =
o _ 2w—dy1 —3%w’ =@ & + 2w i a
dt? dt’ Tt dt’ v (1)
2 ~ 27 =
e B B B R o AP L S
dt? dt’ e dt’ v
rae a,, d, — MPOeKLUH yIPaBASIOIMX U BO3MYIIAKIINX YCKOPEHHH Ha 0CH OpOUTAIbHOM
CHCTEMBbl KOODAMHAT, 7| = {2} % fgz{;fi} — ynasnenue akthBHoro KA W Kocmwuyec-
KOr0 Mycopa OT 3aJaHHOHW TOUKH OTMOPHOH OpOHTHI, {' — BpeMsi, w — YIJOBasi CKOPOCTh

JBU2KEHHUSI OMOPHOH TOUYKH MO 33aJaHHOH KPyTroBOH opOuTe.

Beenem Ge3pasmepHble repeMeHHble C eIHHHLIEH BpeMeHd ¢ = 1/w U eIMHULEN NJIUHBL
I = (p/w?)Y3, rne p = Fiad?,,/my (Flo — TAra HOHHOH MYLIKH, My — Macca KoCMHUec-
KOTO Mycopa, NPHU 3TOM BEKTOP PeaKTHBHOTO YCKOpPEHMSs, KOTOpoe NeHCTBYeT Ha KOCMH-

yecKHMi Mycop, paBeH —%r). Beena o6osHauenus f:{”yf =7 —T9, = {Zz} =a; — Qo
Y
¥ BBIYMTAsI U3 MEPBOM CHCTeMbI ypaBHeHHH (1) BTOpYIO, MmocJje mepexoaa K Ge3pa3MepHbIM

BeJIMUMHAM [0J1y4aeM CJAeAYIOLLYI0 CUCTeMY ypPaBHEHHH:

2 2
dr @—?w:aw—ki, ﬂ+2d—x:acy+2. (2)
dt? dt r37 dt? dt 73

[Ipu a., = a,, = 0 cucrema (2) npencrasiseT co6oi ypaBHeHHs 3anaud XwuJjia, B

KOTOPOH CHJIa MPUTSIKEHUs MeXAy MaCCHMBHO-TPABUTHUPYIOUIMM TesjioM (aKTHBHBIM KA)

¥ TPUTSATHBAIOLIMM TeJOM MaJjod Macchl (0OBEKTOM KOCMHMYECKOTO0 Mycopa) 3aMeHeHa

Ha paBHYIO MO BeJHYMHE, HO OOpaTHYI0 MO HAMpaBJEHHIO CHJy (CHJY OTTAJKHBAHHUS).

HpI/I paCCManHBaeMOﬁ cxXeMe KOMIIeHCalMuHu CHJIbl TATH HOHHOI'O HUCTOYHHKA Q. = arf,
Fi—Fip 2

ey = 0,2, TIPHUEM G, = vk

rne Fy; — Tdra KOMIEHCHPYIOIIETro ABUTATeNs, My —
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macca aktuHoro KA. Ilpu paguanbHOM yCKOpeHHH a, = const cucteMy (2) MOXHO mepe-
MHCaTh:

d*x  _dy d*y  _dx
2— = T 1.0 2— = Q )
dt? dt dt? + dt v

rie Q = 327 — L + a, — cunoBasi QyHKIKS paccMaTpuBaeMoii 3anaun, r = \/z% + y2.
[lepBbiii uHTErpan O6yneT UMeTb BUJ

2 2
(d_) ; (d_y) R
dt dt
rne H — mpou3BoJibHAs NOCTOSIHHAs. DTOT WHTerpaJ onpejesserT o06JacTb BO3MOKHOTO
nBrkeHust aktuBHoro KA HepaBenctBom 22 + H > 0.
Ha puc. 4, 5 nmoxkasaHbl U30JUHUHM CHUJIOBOH (PYHKUMU {2 MPH Pa3JIUYHBIX 3HAYEHHUSX
paiuajbHOrO ycKopeHHus a,.. [Ipy nocTaToyHo MasibiX 3HaYEHHUSAX @, B MOAHU(DUIIUPOBAHHOH

zagade XHJJA TOSIBJSIOTCH JBE HEYCTOHYMBBIE TOYKH JMOpauud Ha ocd Oy ¢ KOOp-
nunaramu (0; +|a,|~Y/2) (puc. 4, 6, 8).
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Puc. 4. M3onunuuun cunosoit dpyukuuu 2 npu a, = 0 (a), a, = —1 (6), a, = —2 (8) (uBet online)
Fig. 4. The isolines of the force function Q for a,=0 (a), a,=—1 (b), a,=—2 (c) (color online)
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C yBesqnyeHHeM abCOJIIOTHOH BeJNHYHHBl @, MPOUCXOAWUT MepecTpanBaHHe TOIMOJOTHH
KPUBBIX HYJEBOH CKOPOCTH, MOSIBJSIOTCS JBe HEyCTOMUYMBBIE KOJIJMHEapHble TOYKH JHOpa-
uud Ha Oz (puc. 5, a), Ka)kaas U3 KOTOPLIX NPH JajbHeHIeM pocTe a, pacllenserTcs Ha
napy KOJIJIMHeapHBIX ToueK Jubpauru (yCTOHUMBYIO U HeycToHuuBy0). [Ipn KpuTHUecKom
3HaueHWu a, = 4,68 (puc. 5, 6) MPOUCXONUT TepelLeNeHne CenapaTpuc, MPOXOASIINX
yepe3 HEyCTOHUMBble TOUKH JUOpaLMH.

y : : : : : : : y
1.5¢ s 154
b
hd
1k 4B R 1 N . 5/
0.5l & — 0.5 .
0L 2 @6\ 29 0 > 3?6‘5 ¥ b o) ¥ ‘ .
X . . oy (é? : {‘?96‘5 >
—0.5} Y I, “‘*’75% vl —ost R gL = ;
228 ’5/_\_5__’/‘\
-1} g SR S S 5 . -1 v~ : : : BN
h 4
b
~1.5} -15
-2 i i i i i i i -2 i i i i i i i
-2 -15 -1 05 O 0.5 1 1.5 x -2 -15 -1 -05 0 0.5 1 1.5 x
a/a 6/b
Puc. 5. M3onunuu cunosoit pyHkuuu €2 npu a, = —4 (a), a, = —4,68 (6) (uBet online)

Fig. 5. The isolines of the force function 2 for a, = —4 (a), a, = —4,68 (b) (color online)

Taxkum o6pazom, B 3aBUCUMOCTH OT 3HAUEHHUH PaJUa/IbHOrO YCKOPEHHUS @, CYLleCTBYeT
1o 6 Toyek JuOpalMH, HO JHLIb TOYKAa C KOOpPAHUHATaAMH (0;:I:|ar\‘1/2) MpPUroIHa AJS
OYKCHPOBKH 00beKTa KOCMHYECKOI0 Mycopa.

1.2. OmnpeneseHue HEOOXOTUMOTO KOJUYECTBA TOIIUBA

Ilns  ompeneneHus KoJMyecTBa TOIMJIMBA M3, HEOOXOAUMOro mJsi OyKCHPOBKH
KOCMHYECKOT0 Mycopa C reoCTalHOHAPHOH OpOUTHI 10 opOUTH 3axopoHeHus (Ah = 200

KM), BocroJib3yemcsi [14]:
e ()]
mg =mq |1 —exp )
J290

TIe go — YCKOpeHHe CBOOONHOrO MajeHHs Hajl CpPeIHUM YPOBHEM MOpsi, m; — Macca
aktuBHoro KA, J, = 95%2 yIeJbHbIH HMIyabc akTHBHOro KA mnpu pabote Kom-
MEeHCUPYIOIIero JBUraTesss M HMOHHOW NywWKW, Av — pasHHUlla MeXIy HadyajJbHOH U

KOHEYHOH OpOUTA/NbHONW CKOPOCTBIO:

T T
Ny = = I~
TN Vi

roe p TPaBUTALlMOHHBIA napameTp, hy
hi = ho + Ah KM — BBICOTA OPOUTBI 3aXOPOHEHHUSI.

MaccoBbl#l pacxof TOMJIMBA 1y aKTHUBHOrO KA GyneT paBeH cyMMe MaccoBOro pacxoja
TOMJIMBA KOMIIEHCHUPYIOLLEr0 ABUTATe/s 77y U MOHHOHU MYILIKH 7715 akTUBHOro KA:

F12)
+ - ’
J12

(3)

BBICOTA TeO0CTALHOHAPHOH OpPOUTHI,

1 [ F
Mo = My + Mg = —( 1 (4)

gOJ_ll
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roe Ji1, Fi11 — yoeJpHBIM MMIYJbC M TArMa KOMIEHCUpyoLlero asuraress, Fia, Jio —
yaeJ/JbHBIH UMIYJIbC U TAra HOHHOH MyLIKH.

CymmapHas Tara Fj, nefictytomasi Ha KA npu paboTe KOMIEHCHUPYIOLIEro ABUraTess
U UOHHOU MYLIKH:

Fy = Fi1 — Fis. (5)
C yuetom (4), (5) BeIpaxkeHue (3) MpUMeT BHUJ
—AU Fll F12)):|
mg=mq |1 —e _ | —+ = ) 6
’ ' [ P (90 (Fi1 — Fha) (Jn J12 ©)

Boipaxkenue (6) mosBoJsieT onpefe/UTb HEOOXOAHMMOE KOJMYECTBO TOIIMBA Ha 3Tare
OYKCHPOBKH KOCMHUYECKOr0 Mycopa IpH OJHOBPEMEeHHO paboTaOLIMMH KOMIIEHCHPYIOILEM
JBUrateje U HOHHOU myluke. Bpemsi OyKCUPOBKM 00BEKTa KOCMHYECKOrO Mycopa [0
reoCTalMOHAPHOU OPOUTBI COCTABUT -

3

t=—. (7)

mo
2. Pe3yabTaThl YMCJIEHHOT'O MOJAEJMPOBAHUS

PaccmoTpuMm OyKCHMPOBKY KOCMHYECKOTO Mycopa C TeOoCTallMOHApHOM OpPOUTHl [0
op6uThl 3axopoHeHud. [Ipennonaraercsi, 4To Ha 3Tane OYKCHPOBKH 00bEKTa KOCMHUYECKO-
ro Mycopa paboTalT KOMIIEHCHPYIOLIMH ABUraTeJib U MOHHas nyuka. Macca akTUBHOTO
KA cocraBasier m; = 1500 Kr. ¥YnenpHBIH UMIYNbC U TATAa KOMIEHCUPYIOLLETO IBUTATENS
paBHbl Jy; = 2800 ¢, Fj; = 170-1072 H, 3HaueHHst UMIyJbCa U TATH HOHHOM IYLIKHA PaBHbI
Jia = 1500 ¢, Fis = 100 - 1072 H cooTBeTCTBeHHO.

C yuetom (6), (7) Heo6XomHMMOE KOJHUYECTBO TOMJHBA — M3 ~ 2 KT, BpeMsi OYKCHPOB-
K1 — t ~ 43 4. Pacxon Ton/auBa U BpeMsi OYKCHPOBKH TPH Pa3JHUYHbIX 3HAUEHUSAX YIeJib-
HOTO HUMIYJbCa U TATM KOMIEHCHUPYIOLIEro ABUraTesst MpH (PUKCUPOBAHHBIX 3HAYEHHUSIX
COOTBETCTBYIOLMX BeJUUHMH MOHHOH MYILIKH MMOKa3aHbl HA puc. 6. C yMeHblIEHUEM TATH U
yMeHblIeHUeM UMMYJ/bCa KOMIEHCHPYIOILEro JBUraTesisi pacxo/ TOIMJIUBA yBeJHUUBAETCS.
[Ipy BbIOpaHHOM NHanazoHe yaeabHOTO UMIYJbCA U TATH NMOTPedyeTcss MUHHMAJbHOE KO-
JIMUECTBO TomuBa ms = 0.64 kr npu Ji; = 4500 ¢, Fy; = 350 - 1073 H.

10
" 0.15 I
02023 3000 € 0. 3000 €
03 ~——2000 3200 0.3 2000 3300
Fy. H 4500 Fi, H 4500
a/a 6/b

Puc. 6. Pacxon TonsuBa (a) u BpeMsi OYKCHPOBKH (6) MpH pa3iHuHbIX 3HAYEHHSX TATH U yIelb-
HOT'0 UMITyJbca KOMIEHCHpytomlero asurarens (uset online)
Fig. 6. Fuel consumption (a) and towing time (b) at different values of thrust and specific
impulse of the compensating engine (color online)

MexaHrKka 209



kh 13s. Capart. yH-T1a. HoB. cep. Cep.: Marematnka. MexaHnka. FMHpopmarnka. 2021, T.21, Bbin. 2

AXGOS YBesnnyeHHe YAeJbHOTO HMIMYJbCa KOM-
ne”cupytouero asuraress ¢ 2800 ¢ go 4500 ¢
npu Fy; = 170 - 1073H wne mnpuBoguT K
M3MEeHEHHUI0 BpeMeHH OYKCHPOBKH, TaK Kak
MaKCHUMaJbHOe 3HaueHWe BeJUUHHbl A =
= % = 12107 (puc. 7), rue to, t; —
BpeMs OyKCHUpoBKM mpu .J;; = 4500 ¢ #u
J11 € [2800;4500] ¢ COOTBETCTBEHHO.

BruiBog

-2 i i i i i i i i
2800 3000 3200 3400 3600 3800 4000 4200 4400 J,,, C

B cratbe paccMoTpeHa 3ajauya Haxox-
NIeHHsI TOUKH Jubpanuu akTuBHOrO KA oTHO-
Puc. 7. 3aBucumocTb BeJMuMHBI A mpu  CUTEJbHO O0OBEeKTa KOCMHYeCKOro Mycopa.

pasIMYHbIX 3HAYEHHUSX J11 [TokazaHo, uTo cyllecTByeT eAHHCTBEHHas
Fig. 7. The dependence of the value A for ~ Touka ¢ koopauHatamu (0;+|a.|7'/?), npu-
different values of Ji; ronHasi 1Jisg OyKCUPOBKH OObeKTa yHaJieHust

Ha op6uTy 3axoponenus. Touka (0; +|a,|7/2
HeyCTOHUMBa, MO3TOMY /s CTaOMIM3ALUH OTHOCUTENBHOTO NBHXKEHHS aKTHBHOro K
HeoOXOMMa MepHOIHUecKasi KOPPEKLUsl OTHOCUTEbHOr0 TosoxkeHus: KA.

OnpeneneHo KOJMUECTBO TOMJMBA, HeoOXoauMoe MAJsi OYKCHPOBKM KOCMHYECKOIo
mycopa. [lokasaHo, 4yTo Ha pacxon U BpeMsi OYKCHPOBKM KOCMHUYECKOTO Mycopa BJIUSIET
TAra KOMIIEHCUPYIOLIEro JABUraTessi W MOUTH He BJAHsAeT ylaeJbHbId uUMnynabc. [Ipu Bbl-
OpaHHOM [AMaNas3oHe YAeJbHOIO HMIYJbCAa U TATH MHUHUMaJbHOE KOJMYECTBO TOIJIMBA
ms = 0.64 kr notpebyerca npu Ji; = 4500 ¢, Fi; = 350 - 1072 H.

PesysnbraTthl paboTbl MOTYT OBITh HCIOJIb30BAaHbI NMPH OTPAOOTKE TEXHOJOrMH OyK-
CUPOBKHM KOCMHYECKOTr0 Mycopa OeCKOHTAaKTHBIM CIOCOOOM M INpPU NPOEKTHUPOBAHHH aK-
tuBHOro KA.
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AHHoTamusa. B KBaTepHMOHHOH MOCTAHOBKe paccMaTpUBaeTcs KJjaccuueckasi 3ajada ONnTHMasb-
HOTO yIpaBJIeHUs IPOCTPAHCTBEHHOH MepeopHeHTalHeld KOCMUYECKOTro arnapaTta Kak TBEpAOro Te-
Jla ¢ OAHOH OCbI0 CHMMETPHUHU TIPU MPOU3BOJBHBIX IPAHUUYHBIX YCJIOBUAX MO YTJOBOMY MOJOXKEHHIO
U YIJIOBOH CKOPOCTH KOCMHYecKoro ammapaTta 0e3 orpaHMuYeHHsl Ha BeKTOpP-(QYHKLHIO yMpaB-
Jenusi. B kauecTBe KpUTEpHUS ONTHMAJbHOCTH HCIOJIb3YyeTCs KOMOMHHPOBAHHBIM (DyHKLHOHAJ,
KOTOPBIH 00belHHSIeT BpeMsi U IHEPrHi0, 3aTpadeHHble HA Pa3BOPOT KOCMHUecKoro ammnapara. Mc-
MoJib3ysi B3aWMHO-OJHO3HAYHble 3aMeHbl TepeMeHHBIX, UCXOAHAsi 3ajada yrpoliaercss (B CMbIC-
Jie NTUHAMMYeCKHX ypaBHeHMH Jisepa) [0 3afaud ONTHMaJbHOIO Pa3BOpOTa TBEPLOTO Tesa CO
chepuuecKUM paclrpefeseHHeM Macc. YTPOLIeHHasi 3a/adya COePKUT OHO AOMOJHHUTE/bHOE CKa-
JsipHoe nuddepeHLrasbHOe ypaBHeHHe. B kjacce 06001IeHHBIX KOHHUECKHUX JABHMXKEHHH 3Ta 3a-
nada MOOU(pULUPYeTCs I/ MOJYYeHUs] aHAJUTUUECKHUX pellleHnH ypaBHeHUH NBUKeHUs. Pelenus
colepaKaT TPOU3BOJIbHbIE KOHCTAHTBI M JIB€ TPOM3BOJIbHbIE CKaJsipHble (YHKUHUH (060O0LIEeHHbIE
napaMeTpel KOHHUECKOro ABH:KeHHs). [Ipensaraemblii Mmoaxon XOpoIIO cOTsiacyeTcsi ¢ KOHILET-
nueir IlyaHco, 4To BcsiKoe NPOM3BOJIbHOE VYIJIOBOE MABHXKEHHE TBEPAOTO TeJsa BOKPYT Hero-
JIBUKHOHM TOYKHM MOXKHO pacCMaTpPUBaTh KaK HEKOTOpoe 000O0IIeHHOe KOHUYeCKOe [BHXKEHHe
TBepporo Tesa. [lpy sToM s ciaydyaeB aHaJUTHYECKOH pPaspellMMOCTH KJAaCCHYeCKOH 3afauu
ONITHMaJIbHOTO pa3BopoTa C(hepuuyecKu-CUMMETPUYHOTO KOCMUYECKOTO amnnapaTa, KOria HaJloKeHbl
OTpaHHUYEHHsI Ha KpaeBble YCJOBHUS 3afadyd — MJOCKHH 3UJepoB pa3BoOPOT, KOHUUECKOe JBHXKeHHe,
— pelleHHs KJacCHUYecKol U MOLU(ULIUPOBAHHON 3a1a4 NOMHOCTbIO coBnaaanT. ChopmynupoBaHa
W pellieHa ONTHMH3aLHOHHAs 3a4adya OTHOCUTE/JbHO MapaMeTPOB KOHMUYECKOTrO JIBHKEHHs, BTOpPbIE
TPOM3BOJIHBIE KOTOPBIX fBJSAIOTCS ynpaBiaeHusmu. [losyueHHoe aHannTHUeCKOe pelleHHe MOAU(DH-
IMPOBAHHOM 3a7a4M MOXKHO pPacCMaTpPUBaTb KaK MpUOJKeHHOe (KBa3HOMTHMAJbHOE) pelleHHe
TPaJAMLIMOHHOH 3ala4yd ONTHUMAJIbHOTO pas3BOpPOTa IPHU IMPOHU3BOJBHBIX TPAHWYHBIX YCJIOBHAX.
JlaeTcsi KBa3WONTUMAJ/BbHBIE aJrOPUTM ONTHMAJbHOIO Pa3BOPOTa KOCMHUecKoro ammapara. [Ipuse-
JIeH YHCJIOBOH NMpHUMep, MOKa3bIBAOIIUKU OJM30CTh pelleHHH TPaAULIMOHHONH U MOAHM(HULHUPOBAHHOH
3ala4 ONTHMAaJIbHOTO Pa3BOpPOTa OCECHMMETPHUYHOI0 KOCMHYECKOro amlmapara.

KaroueBble cioBa: KBasHONTHMaJsbHOE YINpaBJeHHe, Pa3BOPOT, KOCMHUUYECKHH ammapar, 0CeCHM-
METPUYHOEe TBepAoe TeJs0, NPOU3BOJbHBIE TPAHUYHBIE YCJIOBHS
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Abstract. The optimal attitude maneuver control problem without control constraints is studied
in the quaternion statement for an axially symmetric spacecraft as a rigid body under arbitrary
boundary conditions on angular position and angular velocity of a spacecraft. The performance
criterion is given by a functional combining the time and energy used for the attitude maneuver.
Using substitutions of variables, the original problem is simplified (in terms of dynamic Euler
equations) to the optimal slew problem for a rigid body with a spherical mass distribution. The
simplified problem contains one additional scalar differential equation. In the class of generalized
conical motions, the traditional optimal slew problem is modified to obtain analytical solutions for
motion equations. The solutions contain arbitrary constants and two arbitrary scalar functions
(generalized conical motion parameters). The proposed approach fits well with the Poinsot
concept that any arbitrary angular motion of a rigid body around a fixed point can be considered
as some generalized conical motion of a rigid body. Moreover, for the cases of analytic solvability
of the classical problem of optimal reversal spherically symmetric spacecraft, when restrictions
are imposed on the edge conditions of the problem (plane Euler turn, conical motion) solutions of
the classical and modified tasks are completely the same. An optimization problem is formulated
and solved with respect to these functions, the second derivatives of which serve as controls
in the optimization problem. The resulting analytical solution of the modified problem can be
treated as an approximate (quasioptimal) solution of the traditional optimal slew problem under
arbitrary boundary conditions. The quasioptimal algorithm of the optimal turn of a spacecraft is
given. Numerical example showing the closeness of the solutions of the traditional and modified
optimal slew problems for an axially symmetric spacecraft is given.

Keywords: quasioptimal control, attitude maneuver, spacecraft, axially symmetric rigid body,
arbitrary boundary conditions
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Bsenenue

fIBHOe aHa/MTHUeCKOe pellleHHe 3adayd ONTHMAaJIbHOH TepeopHeHTalrud (ONTHMAaJb-
HOTO pasBopoTa) Kocmuyeckoro anmapata (KA) nns HauGosiee 4acToO HCIOJb3yeMbIX
(hbyHKLIMOHAJ/IOB ONTHUMH3aLMK TIPU NTPOU3BOJIBHBIX TPAHUUYHBIX YCJOBUSX 110 YIJIOBOMY I10-
JIOXKEHHIO ¥ yryioBoH ckopocTH KA He HailieHO na)ke B caydae chepUuecKod CUMMETPUH
KA, He roBopsi y»Ke 0 €ro npou3BOJbHON THHAMHUYECKOH KOH(HUrypaluuu. MI3BeCTHBI JHUIIIb
HEKOTOpble YacTHbIe pellleHus 3anadu (Hanpumep, pabotsl [1-8]); B obiIem caydae nmpuxo-
IUTCSl PACCUMUTHIBATh TOJbKO Ha MPUOJHIKEHHble YHCJeHHble MeToibl. Mexay TeM sBHOe
aHaJMTHYeCKOoe pellleHHe 3afayd ONTHMaJjbHOro pasBopota KA (TBepmoro Tesa) Mmeer
He TOJIbKO TeOpeTHYeCKHH, HO W OOJbLIOM MPAKTUYECKHUH HHTepec, TaK Kak I03BOJISeT
ucnosb3oBath Ha 60pty KA roToBble 3aKOHBI MPOTPaMMHOTO yIpaBjeHUs W H3MeHEeHHUs
ONTUMAJIbHOW TPAEKTOPHH.

B cratbe paccmarpuBaeTcs KJaccHueckas 3ajaua ONTHMaJjbHOro pasBopora KA kak
TBEPIOro TeJja C OAHOM OCbI0 CHUMMETPUM IPHU IPOU3BOJBHBIX T'PAHUYHBIX YCJOBHSX
M0 YTJIOBOMY TIOJIOXKEHHIO M yTIJoBoH ckopoctd KA 6e3 orpaHuyeHHs Ha yIIpaBJieHHe.
B kauecTBe KpHUTepHs ONTHUMAJbHOCTH HCHOJb3yeTCs KOMOMHHUPOBAHHBIM (DYHKLHOHAJ,
KOTOpbIH 00beqWHseT BpeMsi W 3SHEpPruio, 3aTpaueHHble Ha TepeopueHTaunio KA. C
TIOMOILLbI0 3aMeH IepeMeHHbIX HCXOJHAas 3ajadya ynpollaeTcs 10 3aJauyd ONTHUMAaJ/bHOrO
pas3BopoTa TBEpIOro Tesa €O cdepryecKHM paclpefieleHHeM Macc, coiepzKalled OIHO
NOMOJIHATEJIbHOE CcKaJsipHoe AuddepeHLIMalbHOe ypaBHeHHe. B kJjaacce 0060011eHHBIX
KOHMYECKHUX JBHXKEHUH MpOoU3BelileHa MOAM(PHUKALHA KJACCUUECKOH 3aJaud ONTHMaJlb-
HOTO pa3BoOpOTa, KOTOpas I03BOJIMJA IOJYUYUTb SIBHble aHAJUTHUUECKHe pelleHUs MAJis
YPaBHEHHUH [BHIKEHHs, COIeprKalllhe MPOU3BOJbHBbIE I[OCTOSHHbIE M JBE IIPOHU3BOJIb-
Hble CKaJsisspHble (PYHKUHUH (TMapaMeTpsl 060011eHHOr0 KOHHUEeCKOoro aBukeHHs). OTHOCH-
TeJbHO 3TUX (PYHKUMH M HX MNPOU3BOAHBIX (POPMYJIUPYeTCd M pellaeTcss ONTHUMM3a-
LIMOHHA$ 3a/laya, B KOTOPOH B KauecTBe yIPaBJeHUH BBICTYNAOT BTOPble NPOU3BOJAHBIE OT
3TUX ABYX (QyHKUMH. [lonydyeHHOe aHa/nuMTHUeCKOoe pelleHHe MOAM(PULIUPOBAHHOH 3aauu
MOXKET pacCcMaTpHUBaThCsl KakK TNPUOMHKEeHHOe (KBa3HONTHMaJbHOE) pelleHHe HCXOMHOH
3ajmaud ontuManpHoro passopora KA. Crenyer oTMeTHTh, YTO AJIS CydaeB aHaJUTHYeC-
KOW pa3pellirMMOCTH KJACCHUYeCKOH 3aJaud ONTHMAJIbHOIO Pas3BopoTa INpH cheprHuecKou
cummerpun KA, korzma Hajlo)keHbl OrpaHWYeHHs] HA KpaeBble YCJOBHSA 3aJauyd — IJOC-
KUHA 3HJ1epoB pa3BOpPOT, KOHHYECKOe [BHXKEHHe, — pelleHHsl KJIaCCHUYeCKOW M MOIH-
(ULMpOBaHHON 3amay mojHocThio coBrnagatoT [8]. [lpuBomsitcss aHAaMMTHUECKHH KBasu-
ONTHUMAJIbHBIA aJTOPUTM M YHUCJEHHble NPUMephl, MOKa3blBalolIMe OJNHU30CTb peLIeHHH
KJIAaCCMUYECKOH W MOAM(HUHPOBAHHOH 3ajau ONTUMaJbHBIX pa3BopoToB KA mnpu mpowus-
BOJIbHBIX I'PAHUUHBIX YCJOBUSX.

1. IlocraHoBKa KJjacCU4YeCKOM 3agadyu

IBuxenne KA Kak TBepmoro Tesia ¢ OIHOH OCbIO CHMMETPHUH BOKPYT II€HTPa Macc
onuchIBaeTCsl NU(PepeHInalbHbIMHA ypaBHeHUsMHU [1]:

dL=Low, (1)
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Ly = My, Iy = My — (I} — L) wyws,  Iys = My + (1) — L) wyws. (2)

3n1ech Ga3oBbIMU KOOpAHHATaMH siBJsitoTesi L(t) — HOpMUPOBaHHbBIH KBaTePHHOH MOBOPOTA
KA:

L(t) = lo(t) + L1 (t)iy + la(t)ia + I3(t)is = [lo(t), 1 (t), lo(t), lg(t)]T,
IL|| =+ 5+05+15=1,
rae il, ig, ig — OprI I‘I/IHepKOMHJIeKCHOI‘O HpOCTpaHCTBa (MHI/IMbIe (SFI0%050%0005)1 raMI/I.Hb-

TOHA), KOTOPble MOXKHO HAEHTH(ULHUPOBATb C OPTaMH ij, iz, i3 :KecTKo cBsizaHHOro ¢ KA
TPEXMePHOT0 BEKTOPHOTO TMPOCTPAHCTBA, U W(t) — BeKTOp yryioBo# ckopoctu KA:

w(t) = wi(t)iy + wy(t)ig + w3 (t)iz = [wy (), wo(t), ws(t)]",

NpUYeM CHMBOJ “o” 03Ha4aeT KBaTePHHOHHOe YMHOXKEHHe, a yrpaBjeHHe — BekTop M(?)
nedctBytoiiero Ha KA BHeliHero MomeHTa

M(t) = My ()i; + Ma(t)is + My(t)iz = [My (), Ma(t), My (t)]”.

daszoBble KOOpPAMHATH M ylpaBjeHHe MOAYMHEHBI TPeOOBaHUAM 3a4ayd MOHTPATHH-
ckoro tuna (L(t), w(t) — HenpepbiBHble (PyHKUKH, M(f) — KyCOUHO-HenpepbIBHAst (PyHK-
uusi). B nuHamudeckux ypaBHeHusix Dugepa (2) nas KA c¢ omgHo#él ocbio cumMeTpuu (Ha-
MpaBJeHHOH B HallleM cJjydae BHOJb opTa i; cBsizaHHOH ¢ KA cucrtembl koopaunar) [,
I, — rJaBHBIe LI€HTpaJbHbIE MOMEHTHl UHEPLHH TBepaoro Tena, I, I, = const > 0.
3ajaHbl IPOU3BOJIbHbIE TPAaHUYHBIE YCJIOBHS MO YIJIOBOMY TOJIOXKEHHIO

L(0) =Ly, L(T)=Ly (3)

U yIJIOBOH cKopocTH KA
w(0) =wo, w(7T)=wr. (4)

TpeGyercst ompenenuTh onTHMasbHOe yrpaBjaeHue MC°™(t) cuctemoii (1), (2) mpu
ycsoBusix (3)—(4), mocTaBisitoliee MUHUMYM (PYHKIIHOHATY

T
J = /1+a1\/[2 (5)
0

rae a = const > 0, Bpems 1" He 3anaHo. PyHKuMOHAN (D) mpencraB/isieT co60d KOMOUHA-
LMI0 [BYX KPUTEpHEB C pa3MepHbIM BECOBbIM MHOXKHTEJEM a: BPEMEHW M 3SHEpruu,
3aTpaueHHbIX Ha pa3Bopotr KA.

2. Ilepexonm K 6e3pa3MepHBIM MepeMeHHbIM

[lepefinem oT pasMepHBIX NepeMeHHbIX B 3afaye K 6e3pasMepHbIM MO (opMyaam

Jyacm _ ((]12 + 2]22) /3) 1/27 Il?espa:% _ Ik/lmacm7 L — 1,2;
W6espa3 _ (IMacm>1/2CL1/4W, 2f6e3pas _ (IMacm>71/2a71/4t’ M6e3pas _ CLl/ZM,

Jéespas _ ([Macm)71/2a71/4(]’
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npu 3ToM BeipaxkeHus (1)—(4) He U3MeHsITCS, a KpUTepU (5) MpUMET BUL
T
J = / (1+M?)d (6)
0

Jlanee Oynmem uMeTb B BHAY mocTaHoBKy 3amauu (1)—(4), (6) B Ge3pasmepHbIX
repeMeHHbIX U BepXHHe UHAEKChl y HUX OynyT onyuleHbl. TakuMm o6pa3oM, Ge3pasMepHast
3a/laya SIBHO He 3aBHCHUT OT MapameTpa a. 3aBUCUMOCTb BO3HUKHET JIMIIb MPH 0OpaTHOM
nepexofie K pa3MepHbIM TepeMeHHBIM.

3. 3ameHbl MepeMeHHBIX B 3ajade ¢ oceBoii cuMmMmeTpuein KA

C uespio ynpolueHus (B OTHOIIEHUH THHAMUYECKHX ypaBHeHHE Diinepa) 3amaun (1)-
(4), (6) ocyliecTBUM 3aMeHbl MepeMEHHBIX, CBOASIIME MCXOAHYIO 3agady K 3ajgade
onTuMajbHOro passopota KA co cdepuueckuM pacrpenesieHHeM Macc, COfeprKallei
OJIHO OTIOJIHUTEJIbHOE CKaJisipHOoe AuddepeHiinaibHOe ypaBHeHue. [[/151 9TOro nepenuiiem
ypaBHeHus (2) B BUIe

Wy =my, We = bime —bwiws, w3 = bims— bwjws,

rpe mp; = Ml/lla mo = M2/11, ms = M3/11, b= (]1 - ]2) /]2, by = ]1/]2-
3aMeHUM nepeMeHHble Wy, Wg, W3 Ha HOBBIE Wy, W2, W3!

wy bt 0 0 Wi
wy | =1 0 cos(f(t)) —sin(d(t)) wy | - (7)
w3 0 sin(f(t)) cos(d(t)) ws

Torpa monyuum asst ypaBHeHHE Diisiepa (2) B KBaTePHHOHHOH 3aMUCH

w=DBobmoB, (8)
B (t) = exp {.0(t) /2}, (9)

rae «» — COIpsKEeHNe KBaTEpPHHOHA, «exp{- }>> — KBAaT€pPHHWOHHAas 3KCIIOHEHTa, BEKTOP

m = [mh ma, m3}Ty
t

0(t) = bg/wl (1) dr, (10)

by =bb;'=1—I,/I, =1—b;'. Ormerum, uto |B(t)| =1, V ¢.
KBaTepHUOHHOE ypaBHeHHe yraoBoro ABuxenuss KA (1) mpu 3ToM sanuiuercs Tak:

2L =LoBo (bl_lwlil + w2i2 + W3i3) e} B, (1 1)

rie KBaTepHHoH B onpenensiercs (9).
C ydeToM HadajbHOTO YCJOBUs MO yraoBod ckopoct KA (5) ypaBHeHHe (8) MOXKHO
MepenucaTh CJeAYIIHUM 00pa3oM:

w=LBobmof, (12)

ﬂ(t):exp{ile/ot (/OTm1 ©) d§+w01) dT/Q}. (13)
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Henuneiinoe BeipaxkeHue, crosiiee B mpaBod yactd (11) u 3aBHcsilee TOJBKO OT
nepeMeHHbIX My, (t), k = 1,3, npuMeM 3a HOBOe ynpasjeHue u (1):

u=BobmoJ3, (14)
rie (3 ompenmensiercs (13). Ortmetrum, 4to wuy (t) = bymg (), ¥ Mo3TOMYy B 3aMmeHe
nepeMeHHbIX (14) Bcerma MOXHO COBepUIMTb OOpaTHBIE XOH: MO HOBOH BEKTOPHOH
nepeMeHHOH u(?) (korma oHa OymeT H3BECTHA) BOCCTAHOBUThL YIpaBjeHHe m (f) 3a-
nauu (1)-(4), (6).

Mopny/ab BeKTOpa HOBOTO YIpABJEHHS CBfI3aH C MOMYJeM BEKTOpa YIPABJSIOLIEr0O
momeHnTa KA rtak:

jul = [Bobimo 8| = br |B| Im] |8] = by [m| = by M| /1, = M| /I
Hcxonst us (11), ocylecTBUM ellle OIHY 3aMeHYy TepeMeHHbIX:
L=AoB, (15)

rie A = A (t) — HOBasi KBaTepPHUOHHAsI MepeMeHHasi, OMUChIBAKOIIAs YTJIOBOE MOJIOXKEHHE
KA, npu stom, Tak Kak ||B (t)|| = |B ()] =1,V ¢, To |[L (1) = ||A(t)]| =1, V ¢.

C yuyeToM BceX yKasaHHBIX BbIlle 3aMeH MepeMeHHbIX 3afiada ONTHMaJbHOrO Pa3BopoTa
KA (1)-(4), (6) npumet BUA

2A = Aow, (16)
w = u, (17)
é = bgwl, (18)
0(0) =0, (19)
w (0) = Wo = blwolil + w02i2 + w03i3, A (0) = Ao = Lo, (20)
w(T) =wr =B (0(T)) o (bywr iy + wr,iz + wr,iz) o B (6(T)), 1)
A(T)=Ar=LroB(0(T)),

T

J = /(1 + IZu?) dt — min, (22)
0

roe wp,, Wo,, Wos, Wry, Wr,, Wy, — KOMIOHEHTBl BEKTOpa YIJOBOH ckopocTH KA
w(t) = [wi(t), wy(t), ws(t) ] B HauanbHBIH M KOHEUHBI MOMEHTBI BPEMEHH

COOTBETCTBEeHHO, a KBaTepHHoH B (6(T)) ompenensiercs mo popmyie (9).

Coraacuo (15), (21), 3amauy (16)-(22) moxHO mepeOpMy/IMPOBATh TaK: B BOCbMHU-
MepHOM (a3oBOM MpocTpaHCTBe A X w X ¢ ynpaBisemyto cuctemy (16)-(18) Heo6xonnmo
ONTHUMAaJbHO B CMBICJe (YHKUHOHaa (22) mepeBecTH M3 HadasbHOro cocrosiHus (20),
(21) na mHOrOO6pa3re, KOTOPOE OIMpeNeNsieTCss COOTHOILIEHUSIMH

vect(AoB () oLy) =0, w —B(0) o (bywp iy + wpyis + wpyis) o B(0) =0,  (23)

rae «vect (-)» 0603HaUaeT BEKTOPHYIO YacTb KBAaTEPHUOHA.

M3 »sroii 3amauu HaligeMm onTuMajdbHble ynpaBaeHHe u™ u TpaekTopuio A°",
w". Kak BuAHO, BekTopHOe nuddepeHUHanbHOe ypaBHeHHe (17) HMMeeT CTPYKTypy,
COOTBETCTBYIOLLYI0 TUHAMUYECKHUM YpaBHEHHUAM Diisepa 151 chepuiecKr-CHMMETPUUHOTO
TBEPAOTO TeJjia. DTO CYLIECTBEHHO obJerdyaer UCClef0BaHUEe 3a[adH.

Ilanee 6ymem paccMatpuBath 3amady (16)—(22) ((23)).
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4. MomucdunupoBaHHasa 3agaya onTUMaJbHOro passopora KA

OnHoOll M3 OCHOBHBIX MPOGJEM MPH NMOCTPOEHHH aHAJIUTHUECKOTO pelLIeHHs B 3ajade
onTHMaJbHOro pasBoporta TBepuoro tesna (KA) siBasercss paspeliMMoCTb KJacCHYeCKOH
3agaun Jlap6y — aHaJUTHUECKOTO omnpeneseHUs KBatepHuoHa A(t) u3 ypaBHeHus (16)
TMpU U3BeCTHBIX Ay, w(t).

st kBaTepHUOHHOTO AU(depeHIHaabHOr0 ypaBHeHus (16) mpu yCJI0BHH, YTO BEKTOP
YTJIOBO# CKOPOCTH w(t) 3aaeTcsi BhlpakeHneM

w(t) =11 f(t)sing(t) + iaf(t) cos g(t) + i39(t), (24)

B KotopoM f(t) u g(t) — mpou3BoJibHBIE (DYHKLIHH BpeMeHH, H3BECTHO pelleHHe, yIOB-
JIeTBOpsIfolllee HauaJbHOMY ycsoBHio (20)

A(t) = Ag o exp{—izg(0)/2} o exp{—i2f(0)/2} o exp{ia f(t)/2} o exp{isg(t)/2}. (25)

Dopmyasr (24), (25) BkJOUalOT B cebs BCe H3BECTHblE TOUHBIE aHAJUTHUECKHE
pelleHusl TPaAJAMLUHMOHHOH 3ajaud ONTHMaJsJbHOro pa3Bopora KA mnpu ero cdepudeckont
CUMMETpPHH, KOTJa BEKTOP YTJIOBOH CKOPOCTH Ha BCEM HHTepBaJsie BpeMeHH ABHKeHHsT KA
MOCTOSIHEH 110 HAMPABJIEHHIO HJIM OMHUCHIBAET B MPOCTPAHCTBE KPYTroBok KoHyc [1-3,5,6,8].

3ameTuM, 4To 3amady Japly ¢ MpoM3BOJNIbHO 3alaHHBIM BEKTOPOM YIJIOBOH CKOpOC-
1 w(t) ¢ MOMOLILbIO 3aMeH TepPeMeHHbIX MOXKHO CBECTH K pelleHHI0 YpaBHeHHUs Tuna (16)
C YIJIOBOH CKOPOCTBIO

w*(t) = —(inf(t) sing(t) +ia f(¢) cos g(t) + isd(t)).

otnnyarwueics ot (24) Tonbko 3HakoM. [Ipu 3ToM siBHOe aHa/JUTHUYECKOe pelleHHe 3TOU
3aJlauu, KaK U TpU MPOU3BOJBHOM BeKTOpe w(t), HEU3BECTHO.

CriefyeT OTMeTHTb, UTO TpelJjaraeMasi CTPYKTypa YIJIOBOH ckKopocTH (24) xXoporio
COOTHOCHTCSI ¢ KoHLenuued [lyaHco, 4To BCsiKOe IPOM3BOJIBHOE YIJIOBOE [BHUXKEHHE
TBEPIOrO TeJja BOKPYT HEMONBHXKHOH TOUKH MOXKHO pacCMaTpUBaThb KaK HEKOTOpOe
0000111eHHOe KOHUYeCKOe [BHXKEeHHe TBepAOro TeJa.

Bripaxkenue (24) u perieHue (25) MOXKHO 0600IIUTb, T0OABHUB MOBOPOT HA MOCTOSIHHBIH
yroJ BOKPYT HEKOTOopod ocu. Takoil MOBOPOT 3amaeTcsi ¢ MoMolllbio KBaTepHuoHa K,
|K]|| = 1. Torna BekTOp w M KBaTepHHOH A OyLyT ONpeNesiTbCs COOTHOLIEHUSIMHU

w =Ko (i, f(t) sin g(t) + in f(£) cos g(t) + i3g(t)) o K, (26)
A = Ag o K oexp{—izg(0)/2} o exp{ia(f(t) — £(0))/2} o exp{isg(t)/2} o K.  (27)

Bynem paccmaTpuBaTh BTOpblE MPOM3BOAHBIE OT (PYHKUHUH f W g B KayecTBe YIpaB-
JAOUMX NapameTpoB. Toraa, ecau BBeCTH 0003HAYEHUS

f=hHh =g, (28)

MO2KHO COCTABUTb CHCTEMY ILI/IQJqOepeHL[I/IaJIbeIX ypaBHeHHﬁ, OIMHUCBhIBAIOUIUX YyIIpaB-
JIAEMYIO CUCTEMY:

f:fl, g =91, f1:V1, g1 = V2, (29)

rne f, fi, g, g1 — dasoBble KOOpPAMHATHI, 1y, Ve — VIpaBJAOLIAE [apaMeTphl.
Orpanuuumcs caydaeM, Korna KBaTepHuoH K mpencrasssieTcss B BUe NMPOU3BENEHHUS

K=Ky,oK;, K;=-exp{ijai/2}, K;=exp{iray/2}, (30)
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rie oy, (o — HeKoTopble mocTosiHHble. OTMmeTHM, uTo KBaTepHHoHbl K; u K, ompene-
JISIIOT TIOBOPOT BeKTopa w (24) BOKPYT oced i, ir. [ToBOPOT BOKPYT oCH i3 yKe BKJOUEH
B (opmyay (26), ecau ydecTb, uTo B (DYHKUHIO ¢(t) BXOAWUT aJAWTUBHAS IMOCTOSHHAS.

ConpsikeHHBIH KBaTepHHOH K OyneT mpencTaB/siTbCs Tak:

K= Kl O KQ, Kl = exp{—ilal/Q}, KQ = eXp{—i2a2/2}. (31)

Yci0BUSI TOTO, UTO BbipakeHuss s w, A (26), (27) ynoBieTBOPSIOT TPaHHUUHBIM
yeqoBusim (20), (21) ((23)) ¢ yuerom (30), (31), 3anumyTes Kak

K o (i1 £1(0) sin g(0) + 21 (0) cos g(0) + 391 (0)) 0 K — bywe, iy + wo,ia + wo,is = 0, (32)
K o (s fi(T) sin g(T) + i fo(T) cos g(T) + isg1(T)) o K~

—B (0(T)) o (bywr, iy + wryis + wp,is) o B (A(T)) = 0, (33)
vect(Lo o K o exp{—izg(0)/2} o exp{i>(f(T) — f(0))/2}o
oexp{isg(T)/2} o K o B(A(T)) o Ly) = 0. (34)

YuutbiBas (30), KOMIIOHEHTBI BeKTOpa w (26) HMeIT B BHOH (hopMe CJeNyoui BUIL:
wy =f1 8in g cos ag — gy sin ap,
wo =f1(sin g sin oy sin aig + cos g cos a ) + gy sin vy cos g, (35)
w3 =f1(sin g cos g sin g — cos g sin @) + g1 COS Ay COS a.
KomroHeHTBI BeKTOpa ynpaBJeHus U, KOTOPbIH, coryacHo (17), sBjsieTcss MPOU3BOAHOM
M0 BPEMEHHU OT BEKTOPa w, OMPEAEJSIOTCS 1o popMyaam
uy = Wy =(vy sing + f1g1 cos g) cos ay — e sin g,
Us = Wy =14 (sin gsin v sin ap + cos g cos o)+
+ f191(cos g sin oy sin g — sin g cos ) + Vo Sin a; €oSs A, (36)
uz = w3 =14 (sin g cos o sin ap — cos g sin oy )+
+ f191(cos g cos a sin aig + sin g sin o) + v, €OS vy COS Qa.
Torna nns ynpasasiemoii cuctembl (29) MOXKHO c(hOpMynHPOBaTh CAEAYIOMLYIO 3a1ady
ONTUMAaJBHOTO YIPaBJEHUs, pellleHHe KOTOPOH MOXHO pacCMaTpUBaThb (C yueToM 3aMeH
nepeMeHHBIX pa3fiena 3) Kak Mpub/MKeHHOe (KBa3HOMTUMaJNbHOE) pelleHue 3anaun (16)—

(22) ((1)-(4), (6)): TpebyeTcs HallTH ONTHMAaJbHBIE yrnpaBiaeHHs vi(t), vo(t), KOTOpBIe
MepeBOASsIT ynpasjsieMyto cucteMy (29) U3 HayaJbHOTO COCTOSIHHUS

f:f(0)7 flzfl(o)v 929(0)7 glzgl(o) (37)

B KOHEYHO€ COCTOsSAHHEe

f:f(T)a fi = [T, g:g(T), glzgl(T)> (38)

YIOBJIETBOPSIIOILIME COOTHOIIEHUSIM (32)—(34), B KOTOPBIX @, (o BBICTYMAT Kak
napaMeTpbl, MOAJIEXAIHe OMNpeleseHHI0, ¥ AOCTABJASIOT MHUHUMYM KOMOMHHUPOBAHHOMY
(GyHKIHOHAY, Tie BpeMsi T  He 3afaHO:

T
J = /1+V1+V2d (39)
0

Takyto 3apauy ontuManbHOro ymnpabJjeHHs OylneM Ha3blBaTb MOAM(DULHMPOBAHHOH 3a-
nadeil oNnTHMaJbHOTO PasBopoTa ocecHMMeTpHuHOro KA.
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5. Pemenune 3aJjayy C MOMOUIbIO MPUHLUIIA MAKCUMYyMa

Oyukuusi [amunabrona — [lontpsirnna [9] nis mocTaB/ieHHOH 3agauyd ONTHMAaJbHOTO
yTpaBJIeHHs UMeeT BU]L

H=—(1+vi+vd)+Uifi +Yags + sy + havs, (40)
rae ¥y, ¥y, V3, Y4 — CONPsKEHHbIE NepeMeHHbIe, YA0BJAeTBOPAIOLINE CHCTeMe yPaBHEHHI:

dip/dt =0, dipo/dt =0, dips/dt = —1p1, dipy/dt = =i, (41)

Oob1iee perieHde ypaBHeHHH (41), comeprkalllee MPOU3BOJIbHBIE TIOCTOSIHHBIE Cq, ..., C4,
MMeeT BH]L

Y1 =c1, Ya=2co, Y3=—c1t+cs, Y4=—cot+cy. (42)

U3z ycaoBus makcumyma [9] masi dpyHkumn [amunabrona - [lontpsiruna (40) onpene-
JIsieTCsl ONTHUMAJIbHOE yIpaBJeHHe

vy = ¢3/2 = (—Clt + 03)/2, Vo = @ZJ4/2 = (—Cgt + 64)/2. (43)

[Tocnie mopcranoBku (43) B cuctemy ypaBHeHu#d (29) Haxomutces oblilee pellieHHe [Js
(ha30BBIX KOOPAMHAT, COiepxKallee BOCEMb MPOU3BOJIbHBIX MOCTOSHHBIX Cq, ..., Cg:

f=—cit?/12 + cst? /44 cst +c7, g = —cot® /12 4 c4t* /4 + cgt + cs,

(44)
f1 :—C1t2/4+03t/2+C5, g1 = —Clt2/4—|—C4t/2+CG.

Tak Kak B MOCTaBJeHHOH 3ajfaye ONTHMAaJbHOrO YIpaBJeHHs KOHEUHbIH MOMEHT
BpeMenu 1" He 3anaetcs, To pyHKuus [amunabroHa — [lontpsiruna (40) npu ¢ = T noskHa
obpallaTbCsl B HYJb:

H=—14vXT) 4+ v3(T)) + c1 f1(T) + ca91(T) + s(T)n (T) + 1pa(T)vo(T) = 0. (45)

Hns cucrembl ypaBHeHu# (29), (41) dynkuus H sBasercs nepBblM uHTerpasom. [lo
5TOH NpHYMHEe ycjoBHe (45) BeimosiHseTcs Aas joboro ¢ € [0,7]. B cBasu ¢ Tem, uto ¢;
BXOIHUT B (OYHKUHIO [ Kak aJIUTHBHAs MOCTOSTHHAs, TO U3 GopMyJsbl (27) BUAHO, YTO 3T
MOCTOSIHHASI HE OKa3bIBAET BJIMSHHS; MOITOMY C7; MOXKHO TOJIOXKHUTH PaBHOW HYJ0. Takum
o6pa3omM, JJisi ONpefeseHHs] 1eCATH HEeU3BECTHBIX MOCTOSHHBIX 3aJaud i, ..., Cg, Cg, 1 W
Qy, (ip CIyXaT JeBSITb ypaBHeHU# cuctembl (32)—(34) u ycsaoBue (45). Ecau dopmy-
Jbl (44) momctaBuTb B (26), (27), To OyayT TMOJNydYeHbl AHAJUTHUECKHE BbIPa’KEHUS
N7 OnpefiesieHUsl 3aKOHOB HM3MeHEHHSI ONTHMA/JbHOH YTJIOBOH CKOPOCTH M ONTHMAaJb-
HOM TPaeKTOPHUH TBEPAOrO Tesa. DTH BbIPAXKEHHS OMPENENAT ONTHUMAaJbHBIH B CMBICJE
MHUHHUMyMa KOMOWHHDPOBAaHHOTO (yHKIHOHasa (39) pasBOpOT TBEpAOro Teja B KJjacce
000011IeHHBIX KOHHUYeCKHX nBUKeHHH. [lanee mo dopmyaam (7), (10), (16) BeruncasiiOTCS
BeKTOp Oe3pa3MepHON yIJ0BO# CKOpocTH W U KBaTepHUOH opueHTanuu KA L. [To dgopmy-
jgam (36) ompemesisiloTcss KOMIOHEHTbI BeKTopa u. M3 Buipaxenwuit (8), (10), (13), (14)
cJenyeTt, 4To 6e3pa3MepHbIil yrpaBJsioUi MoMeHT M BeIpaxKaeTcsi uepe3 BEKTOP U TaK:

M = L,B(f) ouoB(0). (46)

dopmyna (45) ompenensieT aHAJIUTHYECKOE DEIleHHe /s YIPaBJsiOllero MOMEHTa,
COOTBETCTBYIOILETO pelleHU0 MOAU(pUUHPOBaHHON 3amadu. MoauduurpoBaHHas 3agada
onTUMasbHOro pasBopora KA Tem cambiM pelieHa MOJHOCTbIO. [losyueHHBIE TaKHUM
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crioco6om kBaTepHHOH L U BekTOpel W, M MOXHO paccMaTpuBaTb Kak MPUOJHKEHHOEe
peleHMe KJacCH4yecKol 3afadyu ONTHMaJbHOTO pasBopora ocecuMMmerpuyHoro KA (TBep-
JIOro TeJsa).

Cnenyetr OTMeTHTb, 4YTO Tpu cdepuueckoil cummerpuu KA (4 = [, = I3) kBa-
IpaT MOLyJst 6€3pa3MepHOro YrpaBJsioLero MOMeHTa TPAAULMOHHON 3a/1aul BeIPaKaeTcs
yepe3 yIpasJsiollye NapaMeTpbl U (pa3oBble KOOPAUHATH MOIU(PULHPOBAHHOH 3a1a4H CJle-
LyIOLHAM 00pasom:

M? = v + figi +v3. (47)

Eciu B 3ajmade onrtumasbHOrO pasBopota cdepuyecku-cuMmmerpuuHoro KA Bek-
TOpPbl TPAaHUYHBIX YCJOBHH IO YTIJIOBOH CKOPOCTH Wq, Wy TMOJOXKHTh MapaJ/esbHbIMHU
vect(Ag o Ap) (miockuii silepo passopor KA), To pelueHus 3aay B KJaCCHUECKOH
¥ MOIU(HUIIMPOBAHHON MOCTAHOBKAX IMOJHOCTBIO COBMAAyT. To »Ke caMoe MOXHO CKasaTb
M 0 cJyuae, KOTIa pellleHHe KJacCHYecKOH 3a/aur ONTHMA/bHOTO pa3BopoTa chepuyecKu-
cumMetpuuHoro KA mosydeHo B Kjacce KOHHUECKHUX ABMXKEHHH (CM. Ha TpUMepe 3afadyu
obicTponeticTust B [8]). B atux cayuasx ciaraemoe f2g? B (47) oGpauiaercss B HyJb
1 QyHKUIMOHAN (39) MOMHOCTBIO MEPeXOAUT B (YHKIHOHAJ (6) KJacCHYecKOH 3agauu.

[IpuBeneM aHaJUTHUECKHH aJrOPUTM KBa3HONTHMAJbHOTO MO IHEPIrHM W BpEMEHH
pasBopora ocecumMerpuyHoro KA Tpu NpOM3BOJNBHBIX T'PAaHUYHBIX YCJIOBHSIX B
6e3pa3MepHbIX MepeMeHHBbIX Ha OCHOBe (hOPMYJIMPOBKH 3anauu (16)—-(22).

[lae 1. Tlo 3amaHHBIM TPaHUUHBIM YCJOBHUSIM IO YIJIOBOMY MOJOXKeHUI0O Ay, Ar U
YIJIOBOH CKOPOCTH wy, wr KA u3 ¢opmyn (30), (31), mecaru ypaBuenu# (32)-(34),
(45) ompenensitoTcs OeCsiTh HEM3BECTHBIX MOCTOSTHHBIX 3aadd Cy, ..., Cg, Cg, 1, 1, Qo U
crpositest pyHkuuu f, fi, g, g1.

llae 2. Vicnionb3ys dopmynsl (30), HaXoouM KOMMOHEHTH! KBaTepHHoHa K.

Llae 3. Tlo dopmyne (26)

w =Ko (irf(t)sing(t) + iof () cos g(t) + is(t)) o K

BBIYUCJISIETCS] BEKTOP YTIJI0BOE ckopocTu KA.
llae 4. Tlo dopmyne (27)

A = Ao Ko exp{—isg(0)/2} o exp{ia(f(t) — £(0))/2} o exp{izg(t)/2} o K

BBIUMCJ/ISIETCS] KBATEPHHUOH OPHEHTALIMK TBEPIOro TeJa.
llae 5. Wcnoabsys ¢dopmyasl (36), (46), BbIUHC/AsSETCS BEKTOP YIPaBJSIOIIEro
momenta M(t). Tlo dopmynam pasmena 3 ocylecTB/sieTcsi BO3BpaT K 0e3pa3MepHbIM
nepemeHHbiM L(t), w(t) HCXOOHOU 3aJau ONTHMaJbHOrO Pa3BOPOTA OCECHMMETPHUYHOIO
KA (1)-(4), (6).
Ilae 6. Tlo dhopmynam (6), (46) BhUMCAsieTCsl 3HaYeHHe Ge3pa3MepHOro (pyHKIMOHAIa
ONTHMH3ALHKK 3a/laul ONTUMAJbHOTO PAa3BOPOTA.

6. UYwucaooii npumep

Ha npumepe KA «Cneiic [arta» [10], nuHamuyecKHe XapaKTePUCTHKH KOTOPOroO
TaKHe e, KaK y MOYTH 0CECHMMETPHUUHOrO TBEPAOTO TeJja, NPUBENEM CPaBHUTEJbHBIE pe-
3yJbTaThl YUCJEHHBIX PelleHWH 3alaud ONTHMaJbHOro pasBopora KA B kJjaccHueckoi u
MOIM(DUIIUPOBAHHOH MOCTaHOBKaX. Jlajiee Ha PpUCYHKaX MPHUBEIEHbl Pe3yJabTaThl PelleHHs
MOIM(DUIIUPOBAHHOM 3aaud ONTHMaJbHOrO pa3Bopota KA mpu mpou3BoJbHO BEIOPAHHBIX
TPAaHUYHBIX YCJIOBUSIX IO YIJIOBOMY TMOJIOKEHHIO U YIJoBoH ckopoctd KA mo dopmy-
nam paspenoB 4, 5. Ha puc. 1-3 npexncraBseH mpuMep KBa3HONTHMAaJbHOTO Pa3BOpPOTa
ocecummerpuunoro KA npu 7' = 0.9850.
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Puc. 2. I'paduku M3MeHeHHs] BO BpeMeHH BEKTOPHOH 4acTH KBaTepHHOHA opueHTauuu Li(t) (a),

Lo(t) (6), Ls(t) (6)
Fig. 2. Graphs of changes in time of the vector part of the orientation quaternion L;(¢) (a),

La(t) (b), Ls(t) (c)
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Puc. 3. Tpadukn naMeHeHHs: BO BpeMeHH KOMIIOHEHT BEKTOpa YINPAaBJISIOLIEr0 MOMEHTa
My (t) (a), Ma(t) (6), Ms(t) (6)
Fig. 3. Graphs of changes in time of the components of the vector of the control torque
My(t) (a), Ma(t) (b), Ms(t) (c)

Pacuernl nposoguauch Aas 3HadeHuid: [; = 3400648 kr-m?, [, = 21041672 kr-m2,
I3 = I, = 21041672 kr-m? wnu I, = 0.1967, I, = 1.2168, I3 = I, (Ge3pa3MepHble MOMEHTHI
MHEpPLHHN);

Lo = [0.79505,0.29814, —0.39752, 0.34783] ",

. (48)
Ly = [0.84434,0.39846, —0.3260, 0.14848] ",
wo = [0.27388, —0.23883, —0.3]",  w¢ = [0,0, —0.59]". (49)
3HauyeHUs TOCTOSHHBIX «y, Qo, Cq,..., Cg, Cg, BXOAAIIUX B aHaJUTHUYECKOE pelieHHe
3ajlauM, TakoBhl: «; = —1.22190, as = —0.89091, ¢; = —0.44648, ¢ = —3.82943,

cg = —0.63861, ¢y = —2.71375, ¢5 = —0.37172, ¢ = 0.28961, cg = —0.20978.

C rpaHuuHbIMU ycsoBUsIME (48), (49) npu momomM yHUBepCaJbHOH MPOrpaMMBbl YHC-
JIEHHOTO pellleHHs], paHee MOJyUeHHOH aBTOpaMHU, TaKKe pellasach 3ajaya ONTHMaJjbHOIO
pasBopora KA B ksaccuueckod moctaHoBke (1)—(4), (6) B 6e3pa3aMepHbIX MepeMeHHBIX.
PesysibTaThl pelieHus IBYX 3aaad MpakTHUeCKH coBnanud. J{sis npumepa B Tabsule NpUBe-
[IeM 3HaueHust KOMIIOHEHT BeKTopa M(1) Ha KOHLAX U B OJM3KHUX NMPOMENKYTOUHBIX TOUKAX
MHTepBasioB BpeMeHu aBuxkeHuss KA [0,7] B aTux aByx pemenusx (7" = 0.9850, 0.9679
COOTBETCBEHHO).

Tabauya / Table
3HaueHHsi KOMIOHeHT BeKTopa M(t) Ha UHTepBase BpeMeHu nBuxkeHus KA [0, T
Values of the components of the vector M(¢) on the spacecraft motion time interval [0, 7]

" MlTpanuu MQTpanmL Mgpannu ¢ MiVIOI[HC]J Mé\’lOJJ,I/ICp Mgaonucp
0 —0.1574 0.8887 —0.6587 0 —0.2123 0.8856 —0.7918
0.4925 —0.0792 0.2893 —0.3699 0.4840 | —0.0521 0.3001 —0.3691
0.9850 0.1460 —0.2898 —0.0539 0.9679 0.0881 | —0.3024 0.0072
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3HaueHue (QyHKIHOHAMA (6) /s KJacCHUECKOH 3aJaud B pacCMaTpHBaeMOM MpHMepe
cocrapJjsieT 1.35662. 3HaueHUe TOro e (PyHKLHOHAJMA, BBIYUCJAEHHOI0 Ha OCHOBE pelleHHs
MOIM(HULHPOBAHHON 3aauu, coctaBaseT J = 1.35928. IpyruMu cioBaMM, B paccMmaTpH-
BaeMOM IIPUMepe pacxXoXKJeHHe MeXIy BeJWYMHAMM (yHKUHOHAMA (6) mas KIacCHUECKOH
U MOAM(ULUPOBAHHOH 3anauu coctaBsasgeT MeHee (.00266. Takum obGpas3om, MOCTPOEHO
yIpaBJjieHHe, KOTopoe coobliaeT (PyHKLUHOHANy 3HayeHHe, OJU3KOe K ONTHMAaJbHOMY /5
KJ1acCH4eCcKod 3anauu. M3 Tab/uibl BUIHO, UTO MOCTPOEHHBbIE YIPaBJSOLIMEe MOMEHTHI
AJ1s1 3TUX IBYX 3aiay OJM3KH APYT K APYTY.

Crnenyer OTMeTHTb, UTO KBaTepHHOH opueHTauuun KA L(f) wmoxer ObITb
nBy3HayHbM [1], T.e. L 1 —L cOOTBETCTBYIOT OIHOMY M TOMY K€ YIJIOBOMY IOJIOXKEHHIO
KA B npocrpaHcTBe.

JakjaroueHue

[IpencraBieHHOe B cTaTbe AaHaJUTHUYECKOe KBA3HONTHMAJbHOE pellleHHe 3aiadu
pasBopoTa ocecuMMeTpuuHoro KA mpu mpou3BOJIBHBIX I'PAHHUUHBIX YCJOBHSIX MOXKHO HC-
MOJIb30BaTh MJis TIOCTPOEHHs cUcTeM yrpaBiaeHus KA, Kak v M3BeCTHOe aHaJUTHUYECKOEe
pellleHMe 3a1a9M ONTHMAJbHOTO pa3BopoTa ceprudecku-cuMmmerpudHoro KA, mosydyeHHoe
B KJlacce IMJIOCKHUX 3HJIepPOBbIX pa3BopoToB [1].

OTMeTHM, UTO pellleHHe MOAWGUIMPOBAHHON 3aJaud ONTHMAJbHOrO Pa3BOPOTa
ocecummerpuyHoro KA, mosydeHHoe Ha OCHOBe TpuBeneHHOH 3amauu (16)—(22), oka-
3aJ10Ch CYIIECTBEHHO TOoYHee, yeM perieHde [11] (mpUMeHHTEIbHO K CJydar0 OCEeBOH
cummerpund KA). B [11] kBasuonTumasbHbid ynpaBasiomuid MoMeHT KA cTpouscs Ha
OCHOBe 00paTHOM 3anaud aAuHaMuKu KA mo pesysnbratam pelleHHs: MOTU(HIIMPOBAHHOH
3amaun 0e3 TNpHBEeleHHs C IMOMOLIbI0 3aMeH TepeMeHHBIX CHCTeMbl ypaBHeHHiH diisepa
I/ 0CECUMMETPUYHOTO TBEPIOTO Teja K TAaKOH Ke CHCTeMe MJsl Tesa co cepruueckou
NHUHAMUYECKOU CUMMeTpHUeH.
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YacToTbl COOCTBEHHBIX KOJI€0AaHMU KPYIJION TOHKOM MJAaCTHHBI
C HeJJUHEHO BO3MYILIEHHBbIMM NapaMeTpamMu

A. JI. Cvupros™, T. II. Bacuibes

Cankr-IlerepOyprckuil rocynapctBeHHbld yHUBepcutet, Poccus, 199034, r. Cankr-IletepGypr, YHuBepcH-
TeTcKast Haob., 1. 7-9

CmupHoB AHgpeit JleoHUIOBIY, KaHAUIAT (PU3HKO-MaTeMaTHYeCKHUX HayK, NOLEHT Kageapsl TeopeTHUec-
KOH M NpUKJaIHOH MexaHWKH, https://orcid.org/0000-0002-1526-2869, a.l.smirnov@spbu.ru

BacuabeB I'puropmii ITaBnoBuy, acnupaHT MaTeMaTHKO-MeXaHHYecKoro (akysabreta, https://orcid.org/
0000-0002-8647-1385, vasiliev.gregory@gmail.com

AnHoramusa. B cratee uccnenyoTcs monepedHble KoseGaHHS HEOTHOPOAHOH KPYIJIOH TOHKON
n/acTUHBl. PaccMOTpeHbl MJACTUHBI, TeOMeTpHUecKHe U (pU3HUecKHe MapaMeTpbl KOTOPBIX MaJo
OTJIMYAIOTCS OT IOCTOSIHHBIX, NpPHYeM HCCaenyeTcsl CJydad, Korga rapameTpbl 3aBUCAT TOJIBKO
OT palua/jbHOM KOOPAMHATHI, UYTO I03BOJIsSIeT pasfesuTb NepeMeHHble. [losydeHHble ypaBHeHHs
KolleOaHWH TIPeNCTaBASIOT COOOH OMHOPOAHbIE OOBIKHOBEHHBIE MU((epeHIHaNbHble YpPaBHEHHS,
KOTOpble BMECTe C OIHOPOAHBIMH I'DAHHYHBIMH YCJOBUSAMU 0OPa3ylOT PeryJ/sipHO BO3MYLIEHHYIO
KpaeBylo 3ajauy Ha coOcTBeHHble 3HaueHHs. C MOMOIIBI0 METONa BO3MYILEHUH MOJyueHbl aCHMII-
TOTHYeCKHe (OPMYJIbl AJsI 4acTOT COOCTBEHHBIX KOJeGaHHH MJIACTHHBI, TOJLIMHA H/HJIH MO-
nynb HOHra KOTOpOH HeNHHEeHHO 3aBUCAT OT pajMa/JbHON KOOpPAMHATHL. B KadecTBe MpHMepoB
paccMoTpeHbl coOCTBeHHble KoJieOaHHsl MJIAaCTHHbI, 3aBUCUMOCTb [1apaMeTPOB KOTOPOH OT paiualb-
HOH KOOpAMHATHl SIBJSIETCSl KBaJApPaTUUHOH HJM 3KcloOHeHUUasnbHOH. IlpoaHanusupoBaHo mMoBe-
JleHHe 4acToT B 3aBUCHMOCTH OT MaJsIoro napameTpa BO3MYLIeHHs MPH YCJIOBUM (PHKCHPOBAHHOCTH
Macchl NPU HM3MEHEHUM TOJILIMHBl WU CpelHeH KeCTKOCTH IJIACTHHbl NPH M3MeHEHUM MOAYJIsl
IOnra. PaccmoTpeHo BaHMsiHMe KpaeBBIX YCJOBUH Ha XapakTep MOBeNeHHs HM3IIHUX 4YacTOT IpPH
U3MeHeHHH MaJsioro napamerpa. PaccmMoTpeHa 3aBUCUMOCTb BeJIMYMH, BbI3blBaeMbIX HEONHOPOI-
HOCTbIO IONIPAaBOK K 4acTOTaM, OT 3HAUeHUH COOTBETCTBYIOLIUX BOJIHOBBIX uMces. [Jisl LIHMPOKOro
[1anasoHa 3HayeHWH MaJsioro napameTpa acHMITOTHUeCKHe pe3y/bTaThl 151 HHU3LIMX 4acTOT KO-
JnebGaHUH MJIaCTHHBI XOPOLIO COIVIACYIOTCSl C pe3y/bTaTaMH KOHEUHO-3JleMeHTHOr0 aHaJju3a B Ia-
kete COMSOL Multiphysics 5.4 u pesyabTaTaMu IPYyTHX aBTOPOB, MOJYUEHHBIMH C TTOMOIIbIO
Pas/IMUHBbIX YUCJEHHbIX MeTonoB. Majioe HeJlMHeHHOe M3MeHeHUe NapaMeTpOB OKas3blBaeT Ha BCe
4acTOThl, BKJOUas (PyHALaMeHTa/bHYI0, 3aMeTHO GoJbliee BAHsSHHE, UeM JHHEHHOe.

KaroueBbie cioBa: coOcTBeHHble KosleOaHHUs MJIACTHH, HEOJHOPOAHAs KPYyr/as MJacTHHA, MEeTO
BO3MYLLEHHUH

BaarogaprHoctu: Pab6ora BeinmosHeHa npu ¢uHaHcoBod noxuepxkke PODU (nmpoextsr Ne 18-01-
00832-a u 19-01-00208-a).
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Free vibration frequencies of a circular thin plate
with nonlinearly perturbed parameters
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Abstract. Transverse vibrations of an inhomogeneous circular thin plate are studied. The plates,
which geometric and physical parameters slightly differ from constant ones and depend only
on the radial coordinate, are analyzed. After separation of variables the obtained homogeneous
ordinary differential equations together with homogeneous boundary conditions form a regular-
ly perturbed boundary eigenvalue problem. For frequencies of free vibrations of a plate, which
thickness and/or Young’s modulus nonlinearly depend on the radial coordinate asymptotic for-
mulas are obtained by means of the perturbation method. As examples, free vibrations of a plate
with parameters quadratically or exponentially depending on the radial coordinate, are examined.
The effect of the small perturbation parameter on the behavior of frequencies is also analyzed
under special conditions: i) for a plate, the mass of which is fixed, if the thickness is variable
and ii) for a plate with the fixed average stiffness, if Young’s modulus is variable. Finally, effects
of the boundary conditions and values of the wave numbers on the corrections to frequencies
are studied. For a wide range of small parameter values, the asymptotic results for the low-
er vibration frequencies well agree with the results of finite element analysis with COMSOL
Multiphysics 5.4 and the numerical results of other authors.
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Bsegenue

CrpoeHue criekTpa COOCTBEHHBIX MOMEPeYHBbIX KoJeOaHUH KPYT/bIX TOHKHX MJIaCTHH
MpU pa3IMYHbIX KPaeBbIX YCJOBHUSIX SIBJSETCS XOPOLIO U3yueHHOH 3afauyed. DTO CBSI3aHO,
BO-TIePBbIX, C YaCTbIM NPHMEHEHHEM TaKHX CTPYKTYPHBIX 3JE€MEHTOB B HHKEHEPHBIX
KOHCTPYKLHAX, a BO-BTOPBIX, C NPOCTOTOH TFeOMeTPHUH, KOTOpas B HEKOTOPHIX CJydasx
JeNaeT BO3MOXKHBIM TOJydeHHe aHaJuTHuecKoro pemieHusi. Cnucok paboT Mo 3ToH
TeMe OOLIMpeH, CHCTeMaTU3WPOBAHHBIH 0030p pe3y/bTaTOB MCCJAEeN0BAaHUH IpUBeJeH
B [1]. IlpumeHeHMe YHCJEHHBIX METOMAOB I03BOJISIET HAUTH 3HAUEHHS 4YACTOT U (POPMBI
COOCTBEHHBIX KOJeOaHUHU /151 TOHKOH MJIaCTHHBI JIOO0H reoOMeTpUH.
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[lesiblo Halllero MccjefoBaHUsI OBIJIO TOJyUeHHe aCHUMITOTHYECKHX (HOPMYJ, OMHCHI-
BAIOLIMX BJHsSHHWE MaJjiod HEOJAHOPOAHOCTH MapaMeTPOB TOHKOH MJACTHHbI, TOJIIHHbI
MJIH 2KeCTKOCTH, Ha ee COOCTBeHHble 4acTOThl. Ec/M 3amaya JomyckaeT pasfelieHue
MepeMeHHBIX, TO JAJIsI MOJydaionieiicss OMHOMEPHO! 3a1ayy ajropUTM MOCTPOEHHST aCHMII-
TOTHYECKOT'0 pelleHHs] KpaeBOH 3amayd Ha COOCTBEHHble 3HAYeHHsI OIMHCaH, HampUMep,
B [2]. AcumnToTHYeCKHE METOAbI MPH HCCAEI0OBAHUH KOJeOaHHE HEOMHOPOAHBIX KPYTJIBIX
MJIACTHH C JIMHEHHBIM BO3MYIIEHHEM MapaMeTpPoB ObIIK KCIOJIb30BaHbl B [3], a MiacTHH
C OTBepCTUSIMH — B [4].

B nanHo#l paGoTe HccieqyeTcsi 3aBUCUMOCTh COOCTBEHHBIX 4acTOT KoJieGaHHH KpyT-
JIBIX TIJIACTHH OT MaJibiX BO3MYILEHHH, HeJIHHEHHBIX 110 pajHabHONH KOOPAMHATE, B MPEJ-
TMOJIOXKEHHH, YTO MapaMeTphbl MJIaCTHHBI, FeOMeTpUUeCKHe U (DU3UUECKHUe, SIBJSIIOTCS TJaf-
KAMH (DYHKIUSIMA KOOPIUHAT.

1. YpaBHeHMs KoJeOaHUI1 TOHKOU KPYIJIOHU NMJAaCTHUHBI
C NepeMeHHBIMU NlapaMeTpaMu

PaccmoTpum cobGcTBeHHbIe TomnepeuHble KoJjebaHUsi KPYTJIOW TOHKOH MJACTHHBI pa-
nuyca R c nepemeHHbiMH MopayneM IOura E u toauuHod h. OcrtasnbHble (usnyec-
KHe MapaMeTpbl MJacTHHBI (p — TJIOTHOCTh MaTepuasa, v — Ko3dduuueHt [lyaccona)
CUMTaeM MOCTOSHHBIMH, NIPUYEM BO BCEX PACCMOTPEHHBIX NpPUMepax, KpoMme ClelHalbHO
oroBopeHHbIX, ¥ = (.3. B crarbe paccmaTpuBaeTcsi caydai, Koraa napameTphbl MJaacTHHBI
3aBUCAT TOJbKO OT pajaua/bHOH KoopauHaTel. Ha puc. 1 MOXHO BHIETb BHUI CBEpPXY
paccmaTpuBaeMoi IJIACTHHBL, a TaKXKe ee I0lepeyHoe CeyeHHUe.

2 A
T .
&L
hy > S
r S
=

R

a/a 6/b
Puc. 1. Kpyrnas niactrHa nepeMeHHO# ToOJILKHBI (2) U ee ceueHue (6)
Fig. 1. A circular plate with the variable cross-section (a) and its section (b)
B Mopmenu nsacTuHbl, HCHoJb3ylolled runote3sl Kupxrodga - JlsiBa, ypaBHeHHe I0-

nepeyHbIX KoaeOaHUH B 6e3pa3MepHOM BHJe MOcJe pasfelieHusl epeMeHHbIX [/ nporuda
oo

w(r,p) = > wy(r) cos(my) umeer Bup [3]:

m=0

Ll (7)) = h () Xun(r) =0, L) = Yo bigum®), (1)

rae Ko3puuueHThl JuHelHoro nuddepeHrasbHOr0 onepartopa L

1 g2 2 3m? omi41 ., 2mi41
bp= M M Py e T ey 2 R Yy,
r r r " " "
Im2 41 2 2
b= D 2y by =D 42D b =D.
T T T
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3necb D = D(r) — UMNHHIPUUECKAs )KECTKOCTb, M — YHCJIO BOJH B OKPY?KHOM Harpas-
JIeHMH, W U A — COOTBETCTBEHHO pa3MepHas U Oe3pa3MepHasi 4aCTOThl KoseOaHUH.
CBs13b pasMepHBIX U 6e3pa3MepHbIX (C ~ ) MepeMeHHBIX TaKOBa:

D(r) = DoD(7),  h(r) = hoh(7), E(r) = EyE(r), w(r) = Rw(r),

12(1 — v*)R'w?p  En
Eoh? YT 12(1 = 2y

r=RF, M=

<r <L

3necb Dy, hg, Ey — COOTBETCTBEHHO HEBO3MYILEHHbIE JKECTKOCTb, TOJLIMHA M MOAYJb
IOnra. [anee 3HaK « » W HHAEKC m OMYCKAlOTCs, BCE BEJHUMHBI B TabJHLAX U Ha
rpajukax Ge3pas3MepHble, MpUYeM JJIsl IJACTHHBI [ePeMEHHON TOJILMHBI U MOCTOSHHOM
xecTKocTH D(r) = 1, a /st MJIaCTHHBI NTepeMeHHOMN KECTKOCTH W MOCTOSTHHON TOJILIHHBI
h(r) = 1.

2. MeTton Bo3MylIeHUH

151 uccaenoBaHus 4acTOT KoJieOaHUH KPYTJIOH MJACTUHBI C MapaMeTPaMU »KEeCTKOCTH
¥ TOJILIMHBI, OJU3KUMH K MOCTOSIHHBIM, TIPUMEHHUM METO[ BO3MYlIeHHH. B otinyume ot [3],
CYMTaeM 3aBHUCHMOCTb MapaMeTPOB OT € He JIMHEHHOH, a MOJMHOMHUAJBHOH, T. €. oJiaraem
2 2
h(r) =14c¢chi(r) +e*ho(r)+---, E(r)=1+4+cEi(r)+e°Ey(r)+---,

2
A=Xo+ed+e2h+-, wr)=w(r) +ew(r) +wy(r)---, <1, @

[TocJie MMOACTAaHOBKH (2) B ypaBHeHHE (1) U TIpUpaBHUBAHUA KOSq)(I)I/ILLI/IeHTOB pyu oguHa-
KOBBIX CTEIIEHAX & MOoJydaeM CepHIO KPaeBbIX 3a1ay:

A?wo(r) — Agwo(r) = 0,

Azwl(r) — )\éwl(r) = Fll()\Oa wo(T’)) + F12(>\0, ’on(?“)) . )\1,

50
81 : (3)
82 : AZU)Q(T) — )\é’ll)g(?") = F21()\0,w0(1"),>\1,w1(7“)) -+ FQQ()\Q,U)()(T), )\1,’(1}1(7’)) . )\2,
3
e

YcioBHEM CYILECTBOBAHHSI PeIIEHHS] CHCTEMbl SIBISETCS OPTOrOHANBHOCTb MPABBIX
yacTell ypaBHEHHH pelleHHI0 wy(r) [2], a ©MeHHO

1
/ (F;l()‘jij(r)) +E2()\j’wj(r)) ! )\i)wo(r)rdr =0,7=0,...;i—1,1=1,2,..., (4)
0

rJie CKaJsipHoe TpousBeneHue GyHKUMH f(r) U g(r) 1 HOpMA ONpeNeNsIOTCs paBeHCTBAMH

1 1
. = dr, = 2(r)r dr.
(F(r)-9(r) / F@)gyrdr, (170 / 2y dr
OTtkyna nony4aem (pOpMyJibl /151 IOMPABOK K 4acTOTaM:

1
Ai:—%, Ilk:/o Ekwo(T)TdT, k = 1,2, 1= 1,2,.... (5)
(2
['pomo3nkue hopMyJsibl /15 OnpeneseHns onepaTopoB Fj; mpuBeneHsl B [Ipusoxenun.
[TocienoBaTeIbHOCTh MOCTPOEHUS pelleHust w(r) TakoBa. [Ipy 3agaHHBIX TPaHUYHBIX
YCJIOBUSIX M3 ypaBHEHHs [Jis HYyJeBOro NpuO/MXKeHUs (3) HaXomuM pelleHHe wp(r) H
4acToTy Ag. 3aTeM ompefensieM A, no dopmyne (4) u peiieHue wi(r) ypaBHeHHs MepBOro
npuoIHKeHus (3) U T. .
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3. MaJjoe HeJnMHeHOEe N3MEHEHHE TOJIINHbI

B pa6ote [3] uccnenoBanuch NIAaCTHHBI ¢ JTHHEHHBIMU BO3MYILeHUsIMU hy (1) U Ey(r).
B aToli cTatbe paccMaTpuBarOTCs BO3MYILEHHSs, MMeIOIIHe BUI KBaAPaTHUHOH HJM IKC-
MOHEHIMAJTbHONW (PYHKLHH.

Buauane uccienyeM, Kakoe BJHMSIHME HA CIEKTP YACTOT KoJeOaHWH OKa3blBaeT MaJoe
KBaJpaTHUHOE M3MeHeHHe TOJIILHHBI, TPHUEM BBIIEJNHUM [Ba CJaydas:

1) h =1+ er? — yBeauuenue (UM yMeHbIIEHHE) TOJNLIMHbI I/ BCEX T

2) h =1+ ¢&(l — 2r?) — KBagpaTUUYHOE H3MeHeHHe TOJIIMHbBI, COXpaHSIIIlee Maccy
naactubl. [Ipu atom A(0) =1+eu h(l)=1—¢.

31ecb W Jasee 3HAUEHWs 4YacTOT KoseGaHUU TMJIACTHH, IMOJy4eHHble aBTOPAMHU 10
acuMnToTHYecKo Qopmysne (5) u uuciaenHo B nakere COMSOL Multiphysics 5.4.,
CPaBHHBAIOTCS C pe3yJbTaTaMH IPYTHX aBTOPOB.

B rtabsa. | 3HaueHus yacTOT KoseGaHUU [1Jis MJIACTHH C JUHEHHBIM U KBaapaTHYHBIM
M3MeHeHWeM TOJIIMHBI MpUBeneHbl 175 € = —0.3, a (m,n) — YHUCJI0 BOJH B OKPYKHOM H
paznaJbHOM HarpaB/eHHUsIX COOTBETCTBEHHO.

Tabauya 1 / Table 1

Huszmue yacToThl OCECUMMETPUUYHBIX KoJleOaHuu JIaCTHH, TOJIIHMHA KOTOPBIX MEHSAETCHA

Mo JUHEHHOMY M KBaApaTUYHOMY 3aKoHaM NpH € = —0.3
The lower axisymmetric vibrational frequencies for plates with linear and quadratic
thickness variations for ¢ = —0.3
h(r)y=1+er h(r) =1+ er?
(m,n) | 2KecTkas 3anenka [lapuupHoe 2KecTtkas 3anenka [lapuupHoe
onupaHue onupaHue
Clamped edge Simply supported Clamped edge Simply supported
edge edge

(5) [5] (5) [5] (5) [5] (5) [5]

(0,0) | 2.8144 | 2.7890 | 2.0385 | 2.0287 | 2.8635 | 2.8418 | 2.1012 2.0984
(0,1) | 5.7409 | 5.6975 | 5.0020 | 4.9726 | 5.8825 | 5.8447 | 5.1598 5.1359
(0,2) | 8.6628 | 8.5992 | 7.9307 | 7.8785 | 8.8903 | 8.8388 | 8.1656 8.1264

B cratee [5] pelueHusi /s 0CECUMMETPUYHBIX KOJieOAaHUH ObIIM MOJy4eHbl B BHJE
6eCKOHEYHBIX CTeNeHHbIX PSI0B.

Ha puc. 2, a usobpakeHa 3aBUCHMOCTb OT MapaMeTpa & HU3LIMX YaCTOT KoJeOaHUH
3alleMJIeHHON MJIaCTHHBI, TOJIIMHA KOTOPOH MeHsieTcst 1o 3akoHy h(r) = 1 + er?. Touka-
MM H300pakeHbl 4acTOThbl, HalneHHble yucaeHHO B COMSOL, cn/omHbMyu JUHUSIMHA —
noJsiydeHHele 110 opmysie (5). 3aBUCHMOCTb YaCTOT OT € GJiM3Ka K JIMHEHHOH mpu £ > 0,
a BeJIMUMHA MePBOU MOMPABKH K 4aCTOTe, Ay, CYLIECTBEHHO 3aBUCHUT OT BOJIHOBBIX YHCEJI
(m,n).

Jns ciayuas KBagpaTHYHOTO H3MEHEHHs TOJIIMHBI MPU COXPAaHEHWH OOILEH MacChl
MJIACTUHBI I'padUKK 3aBUCHMOCTH YacTOT OT MapaMeTpa & NpPUBENeHbl Ha puc. 2, 6.
BiiusiHie U3MeHsIeMOCTH TOJIILIMHBI Ha YAaCTOThI OKAa3bIBAETCSI CYIIeCTBEHHO OOJBIINM, YeM
B JIMHEHHOM CJy4yae, B UaCTHOCTH, BCe YACTOThI, KpoMe (pyHIaMeHTaJ bHOH, YOBIBAIOT TIPH
6OJIBIIMX TI0 MOMLYJIO 3HAYEHUSIX €.
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L)

(0,0

-08 -06 -04 -02 0 02 04 06 08¢ -08 -06 -04 -02 0 02 04 06 08¢

a/a 6/0b

Puc. 2. Husmune 4yacToThl nomnepeyHbX KoJeOaHUH 3alleMJaeHHOH MaacTUHbl Mpd h = 1 + er? (a)
uh=1+¢e(l—-2r%) (6) (user online)

Fig. 2. The lower transverse vibration frequencies of the clamped plate for h =1+ er? (a) and
h=1+¢(1—2r?) (b) (color online)

B kadecTBe noc/iefHero npuMepa pacCMOTPUM CJydal SKCIOHEHIMAIbHOTO HU3MEHEeHHU S
tounbl h(r) = €. Tlockosbky B 3ToM caydae h(r) ~ 1+ er + O(g?), To npu Mambx
3HAYeHUSX € CJelyeT 0KUAATh, UTO JHHeHHoe pUO/IMKeHHe JAaCT XOPOIIYI0 annpoKcHMa-
LMIO [J8 4aCTOT MJACTHHBI C SKCIOHEHIHAJIbHEIM H3MEeHEeHHeM TOJILIMHBL.

B rtabsn. 2 mnpuBeneHbl YMC/IEHHble W ACHMIITOTHUECKHE 3HAYeHHs] 4acTOT M HX
CpaBHeHHe C pe3y/bTaTaMH APYTHX aBTOPOB.

Tabauya 2 / Table 2

3HayeHHUs1 YaCTOT MPH JUHEHHOM U IKCIIOHEHLHATbHOM BO3MYIIEHUH TOJIIMHEI
The values of vibrational frequencies for linear and exponential perturbation of the plate

thickness
€ (m,n) h(r)=1+4er h(r)=¢€" | h(r)=1+4er h(r) = e"
COMSOL | (5) COMSOL (6] (7]
0.1 | (0,0) 3.3172 | 3.3235 | 3.3227 3.3216 3.3267
(0,1) 6.4651 | 6.4949 | 6.4720 6.4916 6.4979
(0,2) 9.6125 | 9.6984 | 9.6212 9.6927 9.7016
—0.1 | (0,0) 3.0631 | 3.0689 | 3.0687 3.0669 3.0720
(0,1) 6.0913 | 6.1179 | 6.0986 6.1137 6.1209
(0,2) 9.1060 | 9.1805 | 9.1152 9.1717 9.1838

4. MaJjoe HeJIJUHEHHOE N3MEHEHUEe KEeCTKOCTH

[Tycte Temeppr Momynb IOHra nsiacTunbl sBAsieTcs (yHKIHWeH paadaJbHOH KOOP-
OWHATHl, B TO BpeMs Kak TOJIIMHA MJAaCTHHBI OCTaeTcs MOCTOossHHOW. Cjaydail JuHeHHOH
3aBucuMocTH F(r) Obl1 paccMoTrpeH B pabote [3], 3mech ke OyneT MpoaHaAIU3UPOBAHO
BJIMSIHAE Ha Y4aCTOThl KBaJPaTHUHOH U 3KCIIOHEHLHAJbHOU U3MeHsieMocTH F(r).
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['pauku 3aBHCHMOCTH YaCTOT KOJIEGAHHH JKECTKO 3aKPEl/IeHHOH MIIACTHHBI OT MaJioro
napamerpa ¢ npu E(r) = 1 + er? npencras/enbl Ha puc. 3, a. XapakTepbl 3aBUCHMOCTH
YacTOT OT & MNPH KBAAPaTHYHOM H3MEHEHHH KECTKOCTH OJH3KH K JHHeHHbIM [3, 8],
HO 3HAYeHHs MEePBBIX MOMPABOK K YacTOTaM [Jisi JHHEHHOro ciydasi GoJblue (Tabu. 3).
3aMeTuM, uTO 3HaueHHs A] " MOHOTOHHO YBEJMUHBAIOTC C DPOCTOM 7, @ 3HAUCHMS
ATV — ¢ pocToM m.

101\ -
_—— —
§0,2 - . e
21 —
(5.0 — o
40 " J—
L)—" —
GO . B
0,1) —
20 > "
1,0 4
———— 3
0,00 ; ; ; : ; ; ; ; OO0 T ‘ = ‘ M SN
-0.8 -0.6 -04 -0.2 O 0.2 04 06 08¢ -0.8 -0.6 -04 -0.2 0 0.2 04 06 08¢
a/a 6/0b

Puc. 3. 3aBUCHMOCTb 4acTOT KoJebGaHHuil 0T MaJjoro napametpa € npu E(r) =1+ ¢er? (a)
u E(r) =1+¢(1—2r?) (6) (user online)
Fig. 3. Vibrational frequencies vs. small perturbation parameter ¢ for E(r) =1 +¢er? (a)
and E(r) = 1+¢&(1 — 2r?) (b) (color online)

Tabauya 3 / Table 3
[lepBas mompaBka K yacToTaM KoseOGaHWH, A1, /5 JUHEHHOTO U KBaApPaTHUYHOTO
BO3MYIIEHHUH KECTKOCTH
The first correction to the vibrational frequencies, Aj, for linear and quadratic
stiffness variations

(m,n) | E(r)=1+¢er | E(r)=1+e¢er? || (m,n) | BE(r)=1+er E(r)=1+er?
(0,0) 0.5194 0.4113 (1,1) 1.0815 0.7451
(1,0) 0.7240 0.5299 (4,0) 1.4285 1.0545
(2,0) 0.9386 0.6848 (2,1) 1.3093 0.8976
(0,1) 0.8709 0.6166 0,2) 1.2422 0.8513
(3,0) 1.1799 0.8624 (5,0) 1.6803 1.2567

Pasymeercsi, 06/1acTh, B KOTOPOH acCUMITOTHUECKHe (DOPMYJBI CIPaBeAJIUBhLI, OrpaHHU-
uyeHa OKpecTHOCThI0 £ = (. OmHAaKO MHTEPeCHO TMOCMOTPETh, HACKOJBKO 3TH (DOPMYJIBI
HEeTOYHbl NPU HapylleHWH ycjoBus ¢ < 1, ckaxewm, npu ¢ = 1. CpaBHeHus B Tabs. 4
MPOU3BOASITCS [Jisl TIEPBBIX TPEX YACTOT OCECHMMETPUUHBIX KOjeGaHU# /51 KBaApaTHu-
HOro M3MeHeHHs yactot npu v = 0.1. B ctatbe [9] misi BHIYMCIEHUS YaCTOT UCIOJb30BAJ-
csi Meton cTpenbb. Jlaxke IJ1s TaKMX 3KCTPeMaJsibHbIX 3HAUEHWH MapaMeTpa & 3HaUeHHS
YacTOT, Hal/leHHble YHCIEHHO U ACHMMTOTHYECKH, JOCTATOYHO OJIHU3KH.

CpenHee 3Hauenue monynst FOHra coxpaHsieTcsi MpH ero KBaJpaTUYHOM H3MeHEHWH,
ecin E(r) = 1+ &(1 — 2r?). PesynbraThl BbIUKC/IEHHH 4acTOT AJIsI MJIACTHH C yKasaH-
HOH KeCTKOCTbIO TIpeicTaBjeHbl Ha puc. 3, 6. B oTauume ot mpenbiayliero ciaydas,
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3aBUCHMOCTb HAaCTOT OT MapaMeTpa BOSMYILIEHUA (HpI/I > 0) HEMOHOTOHHA4, B HaCTHOCTH,

y yactor A™° MakCHMyM J0oCTHraercs npu &, 6u3KoM K 0.

IOnra npu e =1

Tabauya 4 / Table 4
YacTtoTel Kose6aHUH NPH KBAAPATHYHOM M SKCIIOHEHIIMAJbHOM H3MEHEHUH MOMIYJIst

Vibrational frequencies of plates with quadratic and exponential Young modulus

variations at e = 1

E(r) | (m,n) Kecrkas 3anenka [IlapHupHOe onupaHue
Clamped edge Simply supported edge
(5) COMSOL (9] (5) COMSOL (9]

(0,0) 3.6288 3.5345 | 3.5384 | 2.3342 2.3081 2.3087
1+72] (0,1) 6.9364 6.7860 | 6.8081 | 5.9046 5.8089 5.8198
(0,2) | 10.3003 10.0560 | 10.1257 | 9.3326 9.1510 9.1929
(0,0) 4.8299 42011 | 4.2048 | 3.0937 2.7643 2.7659
1+e | (0,1) 9.1916 8.1145 | 8.1406 | 7.8240 6.9627 6.9757
(0,2) | 13.6254 12.0390 | 12.1227 | 12.3456 10.9680 11.0182

B 3aBepieHne paccMOTpPUM 3KCIOHEHIHabHOE U3MeHeHHe Moayas fOHra:
1) E(r) =1+ c¢e;

2) E(r)y=e"";

— (2(e" = b= 1)/("?)).

3HayeHUsl 4acTOT AJis MepBOro Cjayyas
npu ¢ = 1 mnpuBemeHbl B Taba. 4, W,
KaK U B cJydae KBaJpaTHYHOrO H3MEHEHHs
JKECTKOCTH, OHH OKa3blBAalOTCS JOCTATOUHO
OJIM3KH K TOUYHBIM 3HAUEHHSIM.

Bropoii cayuaii mpencrtaBisieT Ipak-
TUYECKHI MHTepeC TPU HCCJAEeOBaHUH KO-
Jeb6aHUi OMOMeXaHHYeCKHUX CTPYKTYp, Ha-
MpUMep, pelleTyaToll TMJIACTHHBI TJ1a3a,
1.0 , JKECTKOCTb  KOTOPOH  anmpoKCHUMHpPYeTCs

yOBIBalOLled OT LEHTpPa 3KCIOHEHLHA/b-
4 Ho ¢ynkuue#r (cm. [10]). ITockombky

e = 1 — er + O(e?) npu Mambx
3HAYeHUsIX &, HMHTEPECHO CpPaBHUTb pe-
3yJIbTaThl YUCJIEHHOTO OMpesie/IeHUs YaCcTOT
npu E(r) = e W acHMITOTHYECKOTO
s E(r) = 1 — er. 3HaueHUs yacTor,
MpUBeleHHble Ha puc. 4, NEeMOHCTPUPYIOT
Xopolllee COBNAfeHHEe UUCJIEHHBIX (TOUKH)
¥ aCUMITOTHYECKHUX (CIJIOUIHBIE JIHHUH)
pe3ysbTaToB.

Hakoneu, n/si TpeTbero ciyuas u3aMeHeHHsi F(r), Korma coxpaHsieTcs CpenHee
3HaueHHe Moayas IOHra, cyliecTBeHHOe BJIMsIHME HMMeeT BesJM4yMHa napamerpa b. Ilpu
TMOJIOKUTENBHBIX 3HAYEeHUSX b YacTOThl Majo OTJIWYAITCS OT YacTOT IJIACTHHBI C
MoCTOSIHHBIM MoayseM IOHra, Kak 3To BHUAHO Ha puc. 5, a. B cBowo ouepesb, U3 NaHHBIX
puc. 5, 6 TOHSITHO, YTO NPH OTPHULATEJ]BHBIX 3HaYeHHsX b HeKOoTopble GoJsiee BBICOKHE
4acTOThl OBICTPO YOBIBAIOT C POCTOM €.

(0,0)p—=
3
-0.8 -0.6 -04 -0.2 0 02 04 06

0:8 8

Puc. 4. YactoThl KoJieGaHUH [Jis TJAACTHHBI
¢ x)ectkoctbto E(r) = e " (COMSOL) u ¢
)ectkocTbio E(r) =1 —er (5) (uset online)
Fig. 4. Vibrational frequencies for a plate

with the stiffness FE(r) = e=" (COMSOL)
and E(r) =1 —er (5) (color online)
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Puc. 5. UacToTbl KoeGaHU# NPU COXpaHEHUH cpelqHed kecTKOCTH npu b =4 (a) u b = —1 (6)

(uBet online)
Fig. 5. Vibrational irequencies for a plate with the fixed average stilfness for b =4 (a) and
b= —1 (b) (color online)

3akaoueHue

[lonyueHHble B paboTe acHMnTOoTHYeCKHe (HOPMYJBI MO3BOJSIOT YKa3aTh XOpOLIHe
NpUOMMKEHUS [JI1  COOCTBEHHBIX 4acTOT KosJeOaHMH MJacTMH B cJAydae Ma-
JIOTO BO3MYIIEHHWS MapaMeTpoB TOMUIMHBI W Moaynas [OHra, mnpuuem cam BHT
BO3MYILEHHsI MOXKeT MMeTbh [IPOU3BOJIbHBIA XapaKTep, B YaCTHOCTH, KBaApPaTHUYHBIA HJIH
BCTpeUaloLMiCcsa B TNPUJIOKEHUAX 3KCINOHeHIHUa bHBIHA. [IpencraB/sier MHTepec BbIUHC-
JIeHUe CJIeNYIOLlero ujeHa B aCUMIITOTHUUYECKOH (opmyse /5 4acTOT, YTO MO3BOJIUT XOTS
Obl YaCTUYHO OOBSCHUTb HEJUHEeHHBbIH XapakKTep UX 3aBUCHUMOCTH C pocToM &. Heo6xo-
AUMOe [1JI 3TOr0o OIpejeJsieHUe MepBOH MOMPaBKHM K pelIeHHI0 MNpeACTaB/seT Olpefe-
JIeHHble BBIYUCJHUTENbHbIE TPYAHOCTH.
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IIpunoxenue / Appendix

ﬂ.}]ﬂ ypaBHeHHfI nepBoro l'IpI/I6JII/I}KeHI/IH
F11 = ((3H1 + El).Rl + CHQl).WOT, F12 = 4)\811)0(7“)
ﬂ.}IH ypaBHeHI/Iﬁ BTOpPOTo HpI/I6JII/I}KeHI/IH

Fyy = Fio,

236 HayyHbeir oTaen



A.N. Cmnpros, . 1. Bacnnses. YacTtotsl co6CTBEHHBIX KonebaHn KpYr/or TOHKOF NNacTriHkl &S

Fo1 = ((SHQ -+ Ez).Rl + By + (Hl.(?)Rl, Rs, R3))T.E1T+
5
+> HyAjHY + CHy). Wi + ((3Hy + E1).Ry + By + CHpp) WY .
i=1
31ech

Wo = (w(] (T)v ’11)6 (’I”), w{)’(r), w()ﬂ(r

Co = (23,0,0), C1 = (4X3)1,0,0),

CHy, = (Cy.H{,0,0,0,0), CHy, = (C1.HT,0,0,0,0),
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Annoranusa. [pap G = (V,«) Has3blBaeTCs NpumMumuBHolMm, ec-
JU CYlLlecTByeT HaTypaJ/bHOe k, Takoe UTO MexXay J000H mnapoi
BepiinH rpada G cyulecTByeT MapuipyT AJauHbl k. B paborte
paccMaTpUBaIOTCs HEOPHEHTHPOBAaHHbIE rpadbl ¢ KCIIOHEHTOM 2.
JlokasbiBaeTcsi KpUTEPUH MNPUMHUTUBHOCTH rpada ¢ 3KCIOHEHTOM
2 u HeoOxonuMoe ycjoBHe. ['pad sB/sieTCS MPUMUTUBHBIM C 3KC-
MOHEHTOM 2 TOT/ia U TOJIbKO TOT/a, KOTa ero JuameTp paBeH | uin
2, a Kaxpaoe ero pebpo BXOOUT B TpeyrobHUK. ONKChIBaeTCs Bbl-
YUCJAUTE/bHBIH 3KCIIepUMEHT 0 ITOCTPOEHHIO BCeX MPUMHUTHBHBIX
OHOPOAHBIX TPadoB C UYHUCJAOM BepUIMH 10 16 M 3KCIIOHEHTOM
2, aHa/NM3UPYIOTCs ero pesysabTathl. [IprBoOAATCS BCe OLHOPOAHBIE
rpagel nopsiaka 2, 3 u 4, KoTOpble SABJSIOTCS MPUMUTHBHBIMH C
9KCTIOHEHTOM 2, a IJIsi ONHOPOAHBIX r'padoB MopsiaKa O onpeme-
JIsieTCsl KOJIMYeCTBO NPUMHUTHUBHBIX I'pa)oB C SKCIIOHEHTOM 2.
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ponHBIe rpadbl, pery/aspHble rpagsl

© Abpocnmos M. B., Nock M. B., KoctnH C. B, 2021



M. B. Abpocnmos n ap. [IpnMATHBHBIE 0AHOPOAHBIE rpagbl C SKCMNOHEHTOM 2 COSPN

Baarogapuoctu: Pa6ota BbimosiHeHa npu noanepkke MunHo6pHayku Poccrnn B pamKax BBINOJ-
HeHUs rocynapcTBeHHoro 3ananus (mpoektT Ne FSRR-2020-0006).

Hdas uutupoBanus: Abpocumos M. b., Jloco H. B., Kocmun C. B. IlpuMUTHBHBIE OIHOPOIHbIE
rpadbl ¢ 3KCTMOHEHTOM 2 W uucjaoM BepiuuH go 16 // MsBectusi CapaToBCKOro yHHBepCHTeTa.
Hogas cepus. Cepusi: Matematuka. Mexanuka. Mudopmaruka. 2021. T. 21, Bem. 2. C. 238-245.
https://doi.org/10.18500/1816-9791-2021-21-2-238-245

Cratbs omy6aukoBaHa Ha ycaoBusix JsuneHsun Creative Commons Attribution License
(CC-BY 4.0)

Article
https://doi.org/10.18500/1816-9791-2021-21-2-238-245

The construction of all nonisomorphic minimum vertex extensions
of the graph by the method of canonical representatives

M. B. Abrosimov'™, I. V. Los', S. V. Kostin?

!Saratov State University, 83 Astrakhanskaya St., Saratov 410012, Russia
2MIREA — Russian Technological University, 78 Vernadskogo Ave., Moscow 119454, Russia

Mikhail B. Abrosimov, mic@rambler.ru, htpps://orcid.org/0000-0002-4473-8790
Ilya V. Los, los.ilia.ru@gmail.com, htpps://orcid.org/0000-0001-6393-7157
Sergej V. Kostin, kostinsv77@mail.ru, htpps://orcid.org/0000-0003-3690-1233

Abstract. A graph G = (V,«) is called primitive if there exists a natural k such that between
any pair of vertices of the graph G there is a route of length k. This paper considers undirected
graphs with exponent 2. A criterion for the primitivity of a graph with the exponent 2 and
a necessary condition are proved. A graph is primitive with the exponent 2 if and only if its
diameter is 1 or 2, and each of its edges is included in a triangle. A computational experiment
on the construction of all primitive homogeneous graphs with the number of vertices up to 16
and the exponent 2 is described, its results are analyzed. All homogeneous graphs of orders 2,
3, and 4, which are primitive with the exponent 2, are given, and for homogeneous graphs of
order 5, the number of primitive graphs with the exponent 2 is determined.

Keywords: primitive graphs, exponent of graph, regular graphs

Acknowledgements: This work was supported by the Ministry of Science and Higher Education
of the Russian Federation in the framework of the state task (project No. FSRR-2020-0006).
For citation: Abrosimov M. B., Los I. V., Kostin S. V. The construction of all nonisomorphic
minimum vertex extensions of the graph by the method of canonical representatives. [zvestiya
of Saratov University. Mathematics. Mechanics. Informatics, 2021, vol. 21, iss. 2, pp. 238-245
(in Russian). https://doi.org/10.18500/1816-9791-2021-21-2-238-245

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

Marpruua A HasbBaeTcs HeompuyamenvHol, €CAU BCe ee 3JeMEHThl SIBJSIOTCS
HEOTPULATEJbHBIMA [EUCTBUTENbHBIMU YHCJIAMH, U NOAOHCUMEAbHOU, €CIu BCe ee
3JIEMEHTBl — IMOJIOXKHUTeJbHBle uucsaa. HeoTpuuarenbHasi KBagpaTHasi Matpuna A Hasbl-
BAeTCs MPUMUMUBHOL, €CIM CYLIeCTByeT HaTypasnbHoe k Takoe, uto AF mosoxwutesnn-
Ha [l]. MuHHUMaJbHOE TaKoe 3HaueHHe k HasbiBaeTcsi akcnonenmom matpuiibl A. Ec-
JIM paccMaTpUBaTh KBaApaTHYIO MaTPHIy KakK MaTPUIy CMEXHOCTH rpada, TO MOHSTHE
MPUMHUTHUBHOCTH €CTeCTBEHHBIM 00pa3oM TMepeHOCHTCss Ha rpadul. B pabore [2] Oblia
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roJlyyeHa YHHBepcaJ/bHasi OlleHKa 3KCIIOHEHTa n-BepIIMHHOTO MPHMHUTUBHOIO oprpada.
O630p Mo OlEHKaM 3KCIIOHEHTOB MaTpHIl U TpadoB MOXKHO HalTH B pabore [3]. Psin
paboT MOCBSIIIEH HCCIeI0BAHNIO SKCIIOHEHTOB OHOPOAHBIX MPUMUTHUBHBIX MaTpul [4,5]. B
pa6oTe [6] paccMaTpuBalOTCA MPUMHTHBHbBIE MATPUIBI ¢ SKCTOHEHTOM 2. C TOUKH 3peHHUs
rpadoB paccmMaTpuBaeMble B 3THX paboTax MaTpPHUILBl COOTBETCTBYIOT oprpadam. B naHHo#
pab6ore Mbl OyneM paccMaTpuBaTb I[POCTble HEOPHEHTHPOBAHHBIE ONHOPOAHbIE Tr'padbl C
sKcroHeHTOM 2. [TpumuTHBHBIE rpadbl MpeaCcTaBasIOT 00JbILIOH HHTEpeC KaK ¢ MpUKJIaf-
HOM, TaK M C TeopeTHdyecKoil Touek 3peHus [7-10].

BepiirHa v nocTHKKMMa M3 BeplIMHBl w 32 k > 1 1maros, ecau CyLIeCTBYeT MocCJe-
noBatesnbHOCTb pebep (MapupyT) {u,w;}, {wy,ws}, ..., {wk_1,v}. Ecmu A — maTpuua
cmexkHocTtH rpada G = (V, a), T.e. nBonuHasi GyJeBa MaTpPULAa OTHOIIEHHS] CMEXHOCTH «,
TO NOCTMXKUMOCTb BEPIUMHBI ¥ U3 BEPLIMHBl © 32 k LIAroB O3HauaeT, YTO Ha MepeceyeHuH
CTPOKH M CTOJIOLA, COOTBETCTBYIOIIMX BepliMHaM u U v, B Matpuie A crout 1.

I'pad G = (V, «v) Ha3BIBaeTCS NpUMUMUBHBIM, €CJIH CYLIECTBYeT HATypaJbHOe k TaKoe,
4TO MexKy J000H NMapoi BeplkH rpada G cyllecTByeT MapIIpyT AJHUHLL k (MHAUe TOBOPS,
B MaTpuue AF Bce snemenTwl paBHbl 1). MuHMMasbHOE Takoe 3HaueHHWe k Ha3bIBAETCH
akcnonenmom rpada G u o6osHadaercs exp(G).

OO0HOpOOHbIM WU pecyrsipHbiM N-BEePIIMHHBIM TpadoM TOpsaKa p Ha3blBaeTcs
NPOCTOH HEOPUEHTHPOBAHHBIM 7-BepLIMHHBIA rpag, BCe BepIIMHBI KOTOPOrO MMEIOT CTe-
neHb p. MHOXeCTBO n-BepIIMHHBIX OJHOPOAHBIX r'padoB mnopsaka p OyaeM 00603HaYaThb
R, .

OueBrHO, 4TO J11060H NPUMUTHUBHBIH rpad siBjaseTcs CBA3HbIM. LIMKJ AaMHBEI 3 Ha3bl-
BaloT TpeyroJbHHUKOM. Uepe3 ¢(G) Oynmem o6o3Hauath obxBart rpada (G, T.e. HaHMMeHb-
LIYI0 U3 JJUH LUKJI0B rpaa G. HanomHuM, 4TO aKkcyenmpucumemom BepLIMHBl Ha3bl-
BAeTCsl pacCcTOsIHUe 0 MAKCHMaJbHO yJaJleHHOH OT Hee BepILUMHBI, a duamempom rpada
(G HasblBaeTCsl MAaKCUMaJbHBIH SKCLEHTPUCUTET €ro BepIMH M o6o3Hadaetcs d((G). Tak
KaK B HEOPHEHTHPOBAHHBIX Ipacax HeT neTesb, TO MIPUMUTHUBHBIX IPadoB ¢ SKCIIOHEHTOM,
paBHBbIM 1, He cyiiecTByeT, T. €. exp(G) > 1. Hac 6ynyT nHTepecoBaTb OIHOPOAHBIE IPadbl
¢ exp(G) = 2. OyeBuaHO, 4TO nuaMeTp Takux rpadoB d(G) < 2, OLHAKO 3TO YCJOBHE
He sBJSIeTCSl J0CTaTOYHBIM. Hanpumep, mosHeldl rpad K, nmeerT nuamerp 1, HO He 4B-
JISleTCsl IPUMUTHUBHBIM, a LieNb 3 HMeeT AHaMeTp 2, HO TaKKe He sIBJ/ISeTCs] IPUMUTHBHBIM

rpagom.

Teopema 1. Ipagp G ssasemcs npumumusnoim c exp(G) = 2 moeda u mMoavKo
moeda, koeda d(G) < 2 u kaxdoe pebpo epaga G 8xo0um 6 mpeyeorbHUK.

Hoka3ateabctBo. Heobxodumocmo. Ilycts G — npuMHUTHBHBIN rpad ¢ exp(G) = 2.
PaccmoTpuM 1Be npou3BoJIbHbBIE PAa3/UYHBIE BEPLIMHBI U, v. B CHUIYy NPUMHUTHUBHOCTH MeX-
1y HAMU eCTb My Th AJHHBI 2, CJIe0BATe/bHO, SKCLIEHTPUCHUTET STUX BEPLIUH He MPEBOCXO-
IUT 2. B cUJIy NpoOM3BOJBHOCTH BbIOOpa BEPIIMH MoJydaeM, 4YTO W AuaMeTp rpada
d(G) < 2. 3ametuM, uto d(G) = 1 TosbKO mJIsi NoJHOTO rpada. [losHbIHA n-BeplLIHHHBIHA
rpa¢ [, ABJasSeTCS OAHOPOAHBIM rpadom mopsiaka n — 1 U Npu n > 2 NPUMUTUBHBIM C
sKcroHeHToM exp(K,) = 2.

PaccMoTpuM 1Be MpOU3BOJIbHBIE CMEXKHbIE BEPIIUHBI U, v. MeXay HUMU H0JKeH ObITh
MyTb IJWHBI 2, KOTOPbIH He MOXeT comepaTb pebpo {u,v}. CienoBaTesbHO, €CTb OT-
JMYHasi OT u W v BeplLIMHA w, CMeXHasi ¢ u U v. TakuM obpasom, pebpo {u,v} BXOTHUT B
TPeyroJibHUK, 00pa30BaHHBIN BepLIMHAMH U, U U W.

Hocmamounocme. [lycts B mpousBosbHOM rpade G ¢ nuametrpom d(G) < 2 Kaxuoe
pebpo rpada G BXxoguT B TpeyrosnbHUK. Torna rpad G — CBS3HbIH, U OYEBUOHO, UTO B HEM
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€CTb MapLIPYT JJHMHb 2 U3 JI0O0H BepIinHBI B camy cebsi. [lokaxkeM, 4To TakOH MapuipyT
eCTh ¥ MeXAy JIOObIMM ABYMSl PA3JHUHBIMH BeplidHamu v U v. Tak kak d(G) < 2, To
d(u,v) < 2. Ecaiv BeplUIMHBl © U v HECMEXHbI, TO MeX1y HUMH HET MaplipyTa IJHHBI 1,
CJIefloBaTe/IbHO, €CTb MapIIPyT IJIMHBI 2.

Ecav BepIIMHBI « ¥ ¥ CMeXHBI, TO M0 YCJOBHIO pe6po {u,v} BXOOUT B TPEYTOJNbHHUK,
CJIe[I0BATeNIbHO, €CTh OTJHYHAs OT u W v BeplIMHA w, CMeXHas C u W v, ToJydyaeM
MapLIpyT IJIUHBL 2: uwuv. U

3amMeTHM, UTO BTOPOE YCJIOBHE TeOpeMbl OTHEJbHO TaK-
XKe He sIBJIseTCsl JOCTaTOYHBIM.

Ha puc. 1 npencraBnen 10-BepiiMHHBIA OTHOPOIHBIH
rpad mnopsinka 4. Kaxpnoe pebpo 3Toro rpada BXOZUT B
TPEYTOJNbHUK, T'pad sSBJSETCS TPUMUTHBHBIM, OIHAKO €ro
9KCIIOHEHT paBeH 3.

Ecsnn paccmatpuBaTh MPOM3BOJIbHBIE TPa(el, TO MOXKHO
HaWTH TpUMep C MEeHbIIMM 4YHcJAoM BepwnH. Ha puc. 2
npencTaBjeH 7-BeplIMHHBIA Tpad ¢ exp(G) = 3, Kaxmoe
pe6po KOTOPOTO BXOAWUT B TPEYTOJNBHUK.

Puc. 1. 10-BepuMHHBIA of-
HOpPOAHBIH rpad mopsinka 4
cexp(G) =3

Caenytouui pes3yJbTaT MO2KHO MCMOMB3OBATD  p a0l
KaK HeoOXONMMOe YCJOBHe TPUMHUTHUBHOCTH rpada ¢ wi%ﬁ '10 vergtices gaﬁd
CaenctBue 1. [lycmo G — npumumusHoll epag c

exp(G) = 2. Toeda eeo obxsam g(G) = 3.

Jlerko 3ameTuTh, 4TO J00OH MOJHBIH rpad
K, mpu n > 2 sBJSeTCS MNPUMUTHBHBIM,
n exp(K,) = 2. Tak kak Kaxnoe pebpo
npuMHTHBHOTO rpada G ¢ exp(G) = 2 BXOAUT 0 0
B TPEYTOJIbHUK, TO CTeMeHb BCEX BEPIIMH rpa- .

peyrod , TO CTEMe cex Bep Pa~ pye. 2. 7-BepIUMHHBIH rpad ¢ exp(G) = 3
ta G He Huxke 2. OKasbiBaeTcsl, OLEHKY MHUHH- . . .

) Fig. 2. A graph with 7 vertices and

MaJIbHOH CTereHH BepIIMH rpad)oB ¢ IKCIIOHEH- exp(G) = 3
TOM, PaBHBIM 2, MOXXHO YTOUHHTB. B pabore [6]
MOJIyYeH CJEeNYIOIUH pe3ysnbTaT: JJisi HEOPUEHTHPOBAHHBIX TPadoB C IKCIOHEHTOM 2
MHHHMAJIbHOE YHCI0 pebep ecTb 222 nyist HeweTHoro n u 22 nus yetHoro n. M3 storo

cpasy cienyer

Teopema 2. Cpedu odnopodnbix epagos R, o moarvko epag Ks umeem axcnonenm,
pasHolll 2.

Ky6uueckue rpadpl (HamoMHHUM, 4TO 3TO OLHOPOAHBIE rpadbl MopsinKa 3) Comep:Kat
37” pebGep W YHOBJIETBOPSIIOT ycJaoBHIO M3 paboThl [6]. OnHako W Kybudecku# rpad c
9KCIIOHEHTOM 2 TOJIKO OJMH.

Teopema 3. Cpedu kybuueckux epagos R, 3 moavko epad K, umeem axcnonenm,
pasHolil 2.

HokasareabctBo. Ilyctb G — NPUMHUTHUBHBIH KyOW4YecKUHl n-BepLIMHHBIA rpad c
exp(G) = 2, npuueM n > 4. Ilo caencrtBuio 2 ob6xBat rpada G paBen 3. PaccmoTpum
NPOU3BOJIbHBIA TpeyroabHUK B rpade G: uqi,us,us. Tak kKak rpap G KyOUUeCKHH, TO
BepIIMHA 1] KPOMEe BEepIIMH up U w3 CMeXHa ellle C ONHOH BeplIMHOH w. PaccMmoTpum
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pebpo {uy,w}. [To Teopeme 1 3T0 pedpo MOIKHO BXOAUThH B TPEYTOJbHUK. Tak Kak Kpome
w BepUIMHA u; CMeXXHa TOJIbKO C BepUIMHAMH us W U3, TO w JOJKHA ObITh CMeXKHa C
OLHOH M3 HUX. Eciu BepmiMHa w CMeXHa U C uy U C ug, To noaydaeMm rpad K,. He
orpaHuurBasi OOIIHOCTH, Oy/ileM CUHUTAThb, YTO BepLIMHA w CMEeXKHAa C U, HO HECMeXXHa C
us. CJlieoBaTesIbHO, BEPLIMHA w CMeXKHa elle ¢ HEKOTOPOH BepLIMHON v, OTIUYHOH OT 1y,
us 1 ug. CHoBa no Teopeme | pe6po {w,v} MOMKHO BXOAUTb B HEKOTOPBIH TPEYroJbHUK.
OnHako BeplIMHA w KPOME U CMeXKHa TOJIbKO C %1 W Uz, a BepIIMHA v C HUMH CMeXHOH
ObITh He MOXKeT, TaK KakK BepLUMHbI U U Uz MUMEIOT CTeleHb 3, NpUYeM CMeKHbl MexX1y
co00¥ U ¢ BeplIMHaMU w U ug. [lonyuuau npotuBopeuue. U

Teopema 4. Ecau p > n/2, mo a060i n-sepuiurHolii 00HOPOOHbLL epag nopsdka p
A8AeMCS NPUMUMUBHBIM C IKCLOHEHMOM, PABHbIM 2.

Hoxka3ateabctBo. [lyctb G = (V, ) — Npou3BOJIbHBIH p-OMHOPOIHBIN 71-BePLIMHHbIN
rpacd, npuuem p > n/2.

BriGepem Be MpoU3BOJIbHBIE HECMeXHble BeplInHbl u U v. Tak Kak d(u)+d(v) = 2p >
> n, TO CYIIECTBYeT, M0 KpailHel Mepe, OHA BepILIHHA, CMeXHas C u U v, CJe0BaTelb-
HO, paccTOsiHMEe MEXIY MPOM3BOJbHBIMH HECMEXKHBIMH BeplunHamu rpada G pasHo 2. B
YaCTHOCTH, 3TO 03HayaeT, uto d(G) < 2.

BriGepem nBe Mpou3BOJIbHBIE CMeXHble BepLIMHBI w W v. B 3Tom ciyuae ectb p — 1
BepwrHa u3 V\{u,v}, cmexnas ¢ u. AHajoruyHo, ectb p — 1 BepummHa u3 V\{u,v},
cmexHas ¢ v. Tak Kak p—1+p—1 = 2p —2 > n — 2, TO CylllecTByeT, N0 KpakHeH
Mepe, onHa BepwvHa U3 V\{u,v}, cMexHas ¢ u U C v, CJeIOBATEJbHO, MEXKIY ABYMS
MPOU3BOJIbHBIMU CMEXKHBIMH BepliivHaMu rpada G ecTb MyTb AAuHBI 2. B yacTHOCTH, 3TO
03HayaeT, UTO MPOHU3BOJbHOE pebpo {u,v} BXOAUT B TpeyrosbHUK. TakuM oOpasom, H
HEMOCPeNCTBEHHO MO ONpelesieHHI0, U MO TeopeMe | mosaydaem, 4to rpad G sBisercs
TNPUMHTHBHBIM U nMeeT exp(G) = 2. O

Pesysibrat 37Ol TeopeMbl siBseTCs Hey/ydliaeMblM. Hanpumep, Ha puc. 3 npuBeneHbl
Bce KyOHuecKHe 6-BepiunHHble rpadbl. [TepBoiil rpad siBseTCs MPUMUTHBHBIMH, HO HMEET
3KCIIOHEHT 3, a BTOPOi — He sIBJISIETCS] TPUMUTHBHBIM. 8-BepILIMHHBIX OIHOPOIHBIX rpa)oB
nopsiika 4 Bcero 6 [11], HO TOJBKO 2 SIBJASIIOTCS MPUMUTHBHBIMU C 9KCIIOHEHTOM 2.

B pabGorte [4] nokasbiBaeTcs, 4YTO ONHOPOAHBIE
OPHEHTHpPOBaHHbIe I'padbl NOpsiaKa p (CTeNeHH UCX0na
M 3aX0[a KaxK[0# BepLIMHBI PaBHBI P) C SKCIIOHEHTOM,
PaBHBIM 2, MOTYT OBbITb TPH CJAEAYIOLUX 3HAYEHUSIX 7

p+1<n<2p—1.

Puc. 3. JIBa 6-BeplIMHHBIX KYyOH- Ecniun paccmaTtpuBaTh Kaxaoe pebpo HeEOPUEHTH-
4ecKux rpada poBaHHOTO rpada Kak mapy BCTPeUHBIX OYT, TO OIHO-

Fig. 3. Two cubic graphs with 6  ponHBIll HeOpHeHTHPOBaHHBIH Tpad MOPSIKA P MOKHO
vertices paccMaTpuBaThb KakK OIHOPOIHbBIH OpPHEHTHPOBAHHBIM

rpad nopsinka 2p. Torna olleHKa [1Jisi HEOPUEHTUPOBAHHBIX TPa(OB MPUHUMAET BUJ
p+1l1<n<dp—1.

HuxHsst olleHKa gocTuraetcsi AJs MOJAHBIX rpadoB K.

Beil mpon3BeneH BBIUKCJAWUTENbHBIA 3KCIEPHMEHT C KCMOJb30BAHHUEM KJacTepa Bbl-
cokonpousBonutebHbix Bbruncsaenuin [IPLL HUT CIY (http://prenit.sgu.ru) mo mnon-
CUETY OMHOPOAHBIX T'padoB C IKCIIOHEHTOM, PAaBHBIM 2, M YHCJOM BeplidH ao 16 [12].
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PesysbraThl mpencTaBieHbl B Tabsuie. TeMHBIM 1IBETOM BbIAeJeHbl SYEHKH, KOTOpbIE
COOTBETCTBYIOT MOJHBIM rpadaM: n = p — 1. Bblille 9THX s4yeeK CTOST HYJNH, TaK Kak
OIHOPOIHBIX TpaoB C TAaKUMH 3HAUYEHUSMH n U p He cyulecTByeT. CepbiM LIBETOM
B TabJillle Bbie/eHbl 3HaueHHs, KOTOpble MOAMAAAIOT MON AefcTBHE TeopeMbl 4: Bce
COOTBETCTBYIOIIHE OTHOPOIAHbIE rpadbl SBJSIOTCS NPUMUTHBHBIMKM C 3KCIIOHEHTOM 2, He-
MOCPEACTBEHHBIX BBHIYUC/IEHUH 1Jif TAKUX 3HAYEHHH n U p MOXKHO He Mpou3BoauTh. Oc-
TaJbHble 3HAUEHHs] BBIYMCSJIUCH B paMKaX dKcrepuMeHTa. [/ reHepaluy OfXHOPOAHBIX
rpadoB ucnosb3oBanack nporpamma GENREG [11].

Tabauya / Table

Yucio oqHOPOIHBIX IpadoB ¢ SKCIOHEHTOM 2 [/ Pa3JHUUHBIX 1 U D
The number of p-regular graphs with the exponent 2 for different values n and p

n Pla] s 6 7 8 9 10 11 12 |13
4 0] O 0 0 0 0 0 0 0 10
5 1, 0 0 0 0 0 0 0 0 10
6 1] 1 0 0 0 0 0 0 0 |0
7 (2] 0 1 0 0 0 0 0 0 |0
8 2| 3 1 1 0 0 0 0 0 10
9 31 0 4 0 1 0 0 0 0 10
10 [0] 24 21 5 1 1 0 0 0 10
11 [1] O 266 0 6 0 1 0 0 10
12 |0] 210 5457 1547 94 9 1 1 0 |0
13 0] O 135775 0 10786 0 10 0 1 0
14 |0] 116 | 2806846 18851867 3459386 88193 540 13 1 1
15 0] 0 | 40242765 0 1470293676 0 805579 0 17 1 0
16 [0] 2 [337592332|214047388578| 733351105935 |113314233813 | 2585136741 | 8037796 [4207 | 21

Jns BBISIBIEHWS] MPUMUTHBHOCTH TPHUMEHSJIOCh BO3BEIE€HHE MaTPHIbl CMEXHOCTH
rpada B cTeneHb 2 U NPOBOAMJACH MOCJeAYIOllas NpoBepKa MOJYYeHHOH B pesysbTaTe
MaTpHulibl Ha OTCyTCTBUE HyJsel. [Ipu TeKymux orpaHndeHusx Ha n < 16 CTPOKM MaTpHILIbI
MOXKHO XPaHUTb B BHJE NBOMYHBIX MacOK B Jil0OOM 32-OUTHOM THIE NAHHBIX, HalpUMep
B Tune int. B aToM c/ayyae Jierko cBecTH NepeMHOXKeHHe IBYX MaTpHL, MpeacTaB/eHHBIX
B TaKOM BHIe, K I10CJe10BaTeJbHOMY TpUMeHeHHI0 no6uToBoH onepauuu M (&) x mapam
qrcesi, XpaHSALUIMX HYXKHble CTPOKH MATPHIl, €CJH BTOPYIO MAaTpULy XPaHHUTb B TpaHC-
TIOHUPOBAHHOM BHJE. DTO I03BOJSET BHIMNOJHATb yMHOXKEHHe [IBYX MaTpHLl 3a BpeMs
nopsinka O(n?).

OtnenbHO OblM 00pabOTaHBl CBSI3HBIE OJHOPOAHbIe 18-BeplIMHHBIE Ipadbl NOpsaKa
5. 3ameTum, 4To Bcero Takux rpados 2 807 105 250 897 (https://oeis.org, Sequence
A006821), u ux mosHBIN Mepe6Op UpPe3BbIUAHHO 3aTPYyAHHUTEJEH, MO3TOMY IPOBOAUJICS
lleJleHanpaBJ/eHHblH MoucK rpadoB ¢ o6xBaToM 3, yaoBJjeTBopsitoliux Teopeme 1. Cpe-
IM HHUX He O0Kas3a/joCb NPUMMTHUBHBIX I'paoB ¢ 3kcrnoHeHToM 2. Takum oOpasoM, eciu
OLEHHUTb KOJIMUECTBO TMPUMHUTHUBHBIX OJHOPONHBIX TPa(oOB MOPSAKa p C IKCIOHEHTOM 2,
TO IIPU p = 2 U p = 3 eCTb TOJbKO MO ofHOMYy rpady K3 u K, coorBercTBeHHO. [Ipn
p =4 ectb 10 rpaos ¢ urcaom BepwvH n npu 5 < n < 11: nonHeld rpad K5, rpad R 4,
KOTOPBIM TOJy4aeTCsl U3 MOJHOro rpada K¢ ynaneHueM Tpex pedep Mexay TpeMs NapaMu
pa3MUHBIX BeplIuH, U 8 rpadoB, npruBeneHHble Ha puc. 4. M3o6paxenune 11-BepuinHHOTO
4-onHoponHoro rpada ¢ IKCIOHeHTOM 2 mpuBoauTes mo padore [13]. Hakonew, npu p =5
€CTb TOJbKO 356 MPUMHUTHBHBIX OJHOPOAHBIX TPadoB MOPSAKA O C IKCIOHEHTOM 2 MPH
5<n <11
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(

L st B
= X

Puc. 4. OnHopoznHble NPUMHUTHBHBIE Tpadbl nopsinka 4 ¢ exp(G) = 2
Fig. 4. The number of p-regular graphs with the exponent 2 for different values n and p
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NMPUMEHAEMbIX IIPUA UCIIBITAHUAX CTPEJIKOBOIO OPYyKUA
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AHnHoTranusa. B Hacrodllee BpeMs /51 TeCTUPOBAHUS PA3/JIMYHOIO OOOPYAOBAHUS U OLEHKH ero
napamMeTpoB LIMPOKO TPUMEHSIOTCS pa3HooOpa3Hble UMUTATOPBl (cpeacTBa uMuTannu). OcHoBHas
eJb pa3pabOTKH HOBBIX CPeACTB MMHUTALMU B cepe CO3[aHHUS aBTOMATHU3UPOBAHHBIX CHUCTEM,
NPUMeHsIEMBIX TIPU UCIBITAHUSX CTPENKOBOIO OPYKHUS, 3aKJ/l04aeTcsl B YCKOPEHUH U ylelleBleHUN
npouecca pa3pabOTKU U BHeJIpPeHHUS B IKCIIyaTalHUI0 NOA0OHBIX cUCTeM. B crTaTbe paccMoTpeHB!
ofIiye CTPYKTYphl INPHMEHSIeMBIX MPH HCIBITAHUSX CTPEJKOBOTO OpPYKHS HH(OPMALHOHHO-
M3MEepPUTEJbHBIX CHCTEM Ha OCHOBE aKyCTMUYeCKHX H ONTHYEeCKHX OJIOKHPYIOLIMX YCTPOHCTB, a
Tak»>ke Ha OCHOBe BHuJeoKaMepbl. Mcxoas U3 paccMOTpeHHBIX CTPYKTYP, NpedJsoxkeHa KJacCH(HUK-
auus cpencts umuranun (CH): CH maccuBa un@poBbIX HaHHBIX (mporpamMmHble BapuaHThl), CH
AHAJIOTOBBIX CHTHAJIOB JAaTUMKOB CHCTeMbl (ammapaTHble W NporpamMmHo-annapartHsle), CH nnu-
LMUPYIOLUIMX BO3JIEHCTBUI Ha UYBCTBUTEJbHbIE 3/1€MEHTHl CHCTeMbl (ammnapaTHble W MPOrpaMMHO-
annapaTHele). BeimosiHeH NOApPOOHBIH aHaMM3 CPAaBHUTE/bHBIX MPEUMYLIECTB W HELOCTATKOB
YIOMSHYTBIX THIIOB UMUTATOPOB, ONUCaHbl BO3MOXKHbIe TPYAHOCTH MPH UX CO3JaHHH, OTPAHUUYEHHS
Ha NpHUMEeHeHHe TOrO0 WJM MHOrO BapUaHTa peasu3alldd, a TakxKe MepCHeKTUBbl UX Pa3BUTHS U
IPUMEHEeHHUS.
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A. 10. BgosnH. CpeactBa nMHTaUnN A/19 aBTOMATH3HPOBaHHbIX CHCTEM &SR

Abstract. Currently, various imitators (imitation tools) are widely used to test various equip-
ment and evaluate its parameters. The main goal of developing new imitation tools in the field
of creating automated systems used in testing small arms is to accelerate and cheapen the de-
velopment and implementation of such systems. The article discusses the general structure of
information-measuring systems used in testing small arms based on acoustic and optical block-
ing devices, as well as on the basis of a video camera. Based on the considered structures, a
classification of imitation tools (IT) is proposed: IT of digital data array (software), IT of analog
signals of system sensors (hardware and software-hardware), IT of initiating effects on sensitive
elements of the system (hardware and software-hardware). A detailed analysis of the compara-
tive advantages and disadvantages of imitators of these types is carried out, possible difficulties
in their creation, restrictions on the use of one or another implementation variety, as well as
prospects for their development and application are described.
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Beepenue

MmurtaTopel curHa/oB (B MPOrpaMMHOM HJIM alNapaTHOM HCIOJHEHHH) MIHPOKO MPH-
MEHSIIOTCSI B CaMBIX Pa3JMYHBIX 00/ACTSIX HAayKH W TeXHHUKHU JJIsi MPOBEPKH paboTo-
CIIOCOOHOCTH, TECTHPOBAHHUSI Pa3/JUYHBIX (PYHKLUHH W OLIEHKH TapaMeTpoB paavOHABUTra-
nuoHHoro [1, 2], pamuoJsiokauuoHHOro [3], THApoaKycTHYecKoro [4] ¥ MeTUIIMHCKOTO
[0] ob6opynoBanusi, reodusuueckoi anmapatypsl [6]. IlomoGHBIE HMHTAaTOPHl HCIOJb-
3yloTcsl U B cepe CO3MaHMS aBTOMATH3UPOBAHHBIX CHCTEM, MPUMEHSIEMbIX IPH HCIIbI-
TaHusx crpeskosoro opyxusi (AC MCO), nanpumep, /s OLlEHKH NMapaMeTPOB ABHKEHHS
nmyJb W CHapsiioB [7, 8], a Takxke y3JIOB aBTOMATHKHU CTPEJKOBOro opyxus [9-11].
Mpl 6ymem paccmatpuBath, TyiaBHeIM o6pasoM, AC HMCO, mnoctpoeHHble ¢ HCIHOJb-
30BaHMEM BHIeoKaMephl [12], a TakKe (OTOJEKTPOHHBIX U aKYCTHUECKUX OJOKHUPYIOMIHX
yerpoiieTB [13—19]. CTpyKTypHBIE CXeMbl CUCTEM Ha OCHOBe GJIOKUPYIOLUIHX YCTPOUCTB H
BHJIEOKaMephl NPeACTaB/IeHbl Ha PUC. 1, 2 U 6 COOTBETCTBEHHO.

MaccuB nudpoBbix Ananorossiii  MHuIMMpYyOLIee
JTAaHHBIX CHUTHAI BO3/ICHCTBHE

5BM BITO BY K- OOBeKT

a/a

MaccuB mudppoBIxX Wnunuupyromee
JTaHHBIX BO37CHCTBHE

OBM Buneokamepa [<v OObekT

6/b

Puc. 1. CrpykrypHas cxema AC MCO, nocTpoeHHbIX ¢ UCTOJb-
30BaHMEM OJIOKMPYIOLIMX YCTPOHCTB (&) U BHUIeoKamephl (6)
Fig. 1. The block diagram of AS ISO, built using blocking
devices (a) and video cameras (b)
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Hmuratopom nns AC MCO Gynem HasbiBaTh MPOrpaMMHOe, MPOrpaMMHO-aInapaTHoe
WJIM almnapaTHOe CPeACTBO, MpelHa3HAaueHHOe [JIs CO3[JaHHUS HeKOero BO3[eHCTBHUS Ha
OfIMH WJIM HECKOJIbKO 3JeMeHTOB cucTeMbl. CHcCTeMa BbIIACT pe3y/bTaT, KOTOPBIH MOT
OBITh TOJIyUeH U MPH peaJbHOM HCIBITAaHUU (BBICTpEJE), caMo TakKoe BO3feHcTBHe OyneM
Ha3blBaTh MHULHHPYIOLLKM.

Ha puc. 1 ucnonbsytorcs caenytouime o6o3nadenusi: bY — 6moxkupyroiire yctpoiicTBa
cucTeMbl (onTHuyeckue uiM akyctuueckue), BIIO — 6ok nmpenBapuTeibHOH 06pabOTKH
(undpoBoil BUPTYaMbHBIH OCLHUJIOTPA] UK YCTPOHCTBO HA OCHOBE MHKPOKOHTPOJIIEPA),
npefAHa3HaYeHHbIH /151 BPEMEHHOro XpaHeHHWS M OLU(POBKU NAHHBIX € AaT4MKOB. [lox
UHUIMUPYIOLUIUM BO3JeHCTBHEM OyleM MOHUMAaTb BO3JEHCTBHE 0ObeKTa Ha BHUAEOKaMepy
U1 OJIOKHpPYIOLIMe YCTPOHCTBA CHUCTEMBl, OCYLIECTBJseMOe IpPH peajbHOM BBICTpeJE.
O6bekToM B HaHHOM caydyae OyfeM HasblBaTbh OOBEKT HCC/AENOBaHUs (HAmpUMep, MYyJIo
UJIM 3J1eMEeHT aBTOMATHKH CTPEJKOBOTO Opy»KHSl B CJyyae C HUCIOJb30BaHUEM (DOTO3JEK-
TPOHHBIX OJIOKHUPYIOLIMX YCTPOMUCTB, JUCT C OTMETKAMH JIPOOOBBIX WJM TMYyJeBbIX IOMa-
JIaHHH B CJydyae MCIMOJb30BAaHUS BHAEOKaMepel). B cucTemax Ha ocHOBe GJOKHMPYIOLIMX
YCTPOHCTB IOC/e 3aMyCcKa OCHOBHOM MporpaMMbl 06paboTKK AaHHBIX Ha DBM ocyuecTs-
asietcst KoHpurypuposanue BIIO, 3aTeM oH UHULIMAIU3IUPYETCS U MEPEXOAUT B COCTOSIHUE
perucTpaluu CHUTHAJOB, MOCTYNAOUIMX C JAaTYKKOB Ha BXOAbl €ro KaHaJoB. [Ipu BHI-
nonHeHun BeicTpesna DBIIO ¢dukcupyer cobbiTHe 3amycka (MO TMpeBBILIEHUIO 3aJaHHOH
TIOPOTOBOM BEeJMUWHBI HampsikeHus) U ¢dopMmupyer Oydep AaHHBIX, KOTOPBIH OTMpaB-
asietcss Ha [1IK u aBTOMaTuuecku coxpaHseTcss Tam B (ailje creuuasbHoro Qopmara.
3aTeM ocylllecTBJ/IsIeTCs MaTeMaTHueckas o6paboTka naHHbiX [20]. B cucremax Ha ocHOBe
BUJIeOKaMephbl NporpaMma MocJ/ef10BaTeNbHO (POPMUPYET PA3HOCTHBIE KaApbl U OCYLIECTB-
JIleT OLEHKY IpOU30lIeAnX U3MeHeHUH. [Ipu mpeBblllleHUM 3anaHHOH MOPOroBOH Be-
JIMUMHBl (DUKCUPYeT COObITHE 3alycka, 1ocje 4ero (popmupyer Oydep AaHHBIX, KOTOPBIH
coxpansiercs Ha [IK B datine. lanee ocyuiecTBisieTcs MaTeMaTuuyeckass 00paboTka
JAHHBIX.

1. Kuaccudukamnusa cpeacTs UMHUTALUN

CpenctBa umutauuu ajas AC MCO, uMes eiuHYI 1leJlb CBOEro CO3[aHHs, 3aKJio-
Yalollylocs B YCKOPEHHM M YIelIeBJeHHWH Mpoluecca pa3paboTKH W BBENEHHS B 3IKC-
MJIyaTaluio aBTOMAaTH3UPOBAHHBIX CHCTEM [/l UCTBITAHHH CTPEJSKOBOIO ODPYKHS, MOTYT
MpYU 3TOM pellaTb NOCTAaTOYHO LIMPOKHUH CIEKTP pas3iuuHbIX 3anad. [Ipensaraercs cie-
nymoouas knaccudukauus cpencts umutaund (CH), npumensiembix npu cosnanuud AC
HCO (puc. 2). Heo6xonrnmo nMeTb B BHIY, YTO YaCTb TAKCOHOB B IpeJaraeMoil KJaccHu-
¢dukauun otHocutcsi He Ko BceM Thnam AC MCO (c yuetom puc. 1).

Takoit BapuaHT KyaccH(UKALKHU MPeLyCMaTPHUBAET pas3fiesieHHe CPeICTB UMHUTALUHU Ha
THUIbl B 3aBUCUMOCTH OT TOT'O, UTO UMEHHO HMHUTHpPYEeTCS:

1) MaccuB UMQPOBBIX AAHHBIX, MocTynawmux ocHoBHOH mporpamMme AC MCO nas
00paboTKH;

2) COBOKYMHOCTh aHAJIOrOBBIX CHI'HAJ/OB, MocTynawomux Ha Bxox BI1O;

3) WHHLUMpYIOllee BO3/eHCTBHE O00bEKTa Ha BHIEOKaMepy WJH OJOKHUpYIOLIMe
YCTPOHUCTBA CUCTEMBI.

PaccmMoTpuM HeKoTOpble BapHAHTBI peasu3alid MOJ00HBIX UMHTATOPOB, MPUMEHSIeMbIX
Ha pa3JUuHbIX 3Tanax co3nanus U BHenpeHus AC MCO (nasee 6yneM pyKOBOJICTBOBAThCS
tepmuHamu [OCT 34.601-90 «ABromartusupoBaHHble cucTeMbl. CTaIuu CO3NaHUS»), UX
BO3MOXKHOCTH, CPAaBHUTEJIbHbIE MPEUMYIIECTBA ¥ HEJIOCTATKH.
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CpenctBa mmuraruu(CIH)
r——"" " ~-—"—""—"7T """ "—"—"—"—" A
| |
CH maccuBa | CH aHanoroBbIxX | CH mHAINUPYIOIINX
IU(GPOBBIX TAaHHBIX : CHTHAJIOB : BO3IEHCTBUI
| |
| |
| |
| |
Nmuranmonnsie _ IIporpammuo-
DjleMeHTapHbIe H || Anmaparsbie| |IIPOrpamMmuo : AnnaparHbie POrp
MOJICITH I anmaparHsie | | arnmnapaTHble

— N ___| be—

|

|| Ha ocHoBe Ha ocnHose C UCIoap30BaHUEM |

MaTeMaTquCKHe: Mojeaen CTaHJapHOM nononaautensHol | | [IK-He3aBHCcHMEBIE :
SJICKTPOHHBIX | | ammapartypsl ITK anmaparypbl

| |

| CXeM |

| |

| |

Tonbko 715t ccTEM Ha OCHOBE OJIOKHPYIOIINX YCTPOHCTB

Puc. 2. Knaccudukauus cpencts umurauuu nias AC UCO
Fig. 2. The classification of simulations for AS ISO

2. CpencrBa MMHTALMU MaccuBa HU(POBLIX JAaHHBIX,
nocrynamwmero ajisa oopa6orku ocHoBHou nporpamme AC UCO

dnemeHTapHbIMH OyneM HadbiBaTh CH MaccrMBa LM(POBBIX NAHHBIX, OCHOBaHHbIE Ha
nyOJIMPOBAHUM NAHHBIX peasibHbIX OMBITOB. K TakuM BapuaHTaM OTHOCHTCS, HamlpuMep,
MOANPOrpaMMa, BKJIOYaeMas B COCTaB MPOrpaMMHOr0 oOecreyeHHs CUCTEMBl U IM03BO-
Jiollas 3arpyzkathb (haisbl, COXpaHEeHHble MPH BLINOJHEHUH peasibHbIX BBICTPEJNOB. DTOT
BAPUAHT HMeeT CMBICJ IPUMEHSTh JIUIIb Ha 3aKJ/II0YHUTEJNbHBIX CTAAUAX CO3AAHUS CUCTEMBI
(mpu oTnangke paspabaTbiBaeMOro MporpaMMHOr0 obecredeHHs, BO BpeMsi MPeaBapUTe/b-
HBIX MCIBITAHWH W TIPU OMBITHOHM 3Kcmsyatauuu). OCHOBHOW HENOCTaTOK BapHaHTa 3a-
KJI04aeTCcsl B TOM, YTO OTCYTCTBYeT BO3MOXKHOCTb BHECEHHUS KaKUX-IHU0O0 HU3MeHeHHH B
YCJIOBUS y2Ke NPOBELIEeHHbIX IKCIIEPUMEHTOB.

Crlienyolyi M0 CJ0XKHOCTH BapUaHT — CO3[aHHe ClelHaJbHbIX UMHUTALLUOHHBIX MO-
Jlesiefl CUTHaJIOB ¢ HeoOXofHMbIMU napaMerpaMid. [lono6Hoe MopmenupoBaHHe NpenoCTas-
JifieT ropasno OoJsiee LIMPOKHE BO3MOXKHOCTH: MMesl NMPUOJIU3UTENbHOE NPEeLCTABJICHHE O
napameTpax lIyMa M IOJIE3HbIX HMIY/bCOB B peasjibHOM CHCTeMe, MOXKHO OLEHHUTb JAHa-
Ma30H NapaMeTpOB CUTHAJIOB, IPU KOTOPBHIX cUcTeMa OyneT (PyHKLIHOHUPOBATb KOPPEKTHO.
MMuTtauroHHble MOfie/NM pa3fesnuM Ha YHUCTO MaTeMaTHYeCcKue, HHKAK He YUYHThIBAIOLIHe
(bu3uKy npouecca GOPMHUPOBAHUSA CUTHAJA, U MOJAEJH HA OCHOBE JIEKTPOHHBIX CXEM.

Jlns cucteM Ha oOcHOBe OJIOKMPYIOUIMX YCTPOUCTB [axKe TpocTelllasg HMHUTa-
LMOHHA MaTeMaThdyeckas MoJe b, MpeACTaBjdlollass Co00M I0C/1e40BaATENbHOCTD
CreHepHpOBAHHBIX B 3aJlaHHble MOMEHTBI NPSMOYTOJbHBIX HMITYJbCOB, B HEKOTOPBIX
C/lydasix MO3BOJISIeT OLEHUTb KOPPEKTHOCTb PabOTbl OCHOBHBIX aJTOPUTMOB CO3[JAaHHOTO
nporpaMmHoro otecrneudenusi. [y cucTeM C MCMNOJNb30BAHHEM BHJeOKaMepbl MOAOOHOH
UMHUTALMOHHOM MOJEJIbI0 MOXKeT OBITb COBOKYIHOCTb KPYrOB Ha KOHTPACTHOM (pOHe,
CreHepUpPOBAHHBIX B COOTBETCTBUHM C HEOOXOAUMBIMH TMapaMeTpamu. FKmurtauuoHHble
MaTeMaTHYecKhe MOJAeJHd MOTyT OBITb M CyllecTBeHHO OoJjee cjoxkHbIMHA. Hampumep,
IJIST CUCTeMbl Ha OCHOBe CBETOBBIX 3KPaHOB (OOMH M3 BapUaHTOB (DOTO3JEKTPOHHBIX
6JIOKMPYIOIIMX YCTPOHCTB) CO3aTh MOLOOHYI0 MOJENb MOXKHO Ha OCHOBE COBOKYITHOCTH
paHee MOJIyYeHHBIX IpPH BBINOJHEHWH BBLICTPEJIOB CHUTHAJOB. [l 3TOro MoxHO cdop-
MHUPOBaTb HEKHH 3TAJOHHBIA HUMIYJbC, COOTBETCTBYIOLIUHN IepPeCceYeHHI0 CBETOBOI0 3K-
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paHa TyJeH orpejieseHHOro THMA, a 3aTeM HAJOXWUTb HAa ITOT UMITYJbC MOJE/b LIyMa,
reHepUpyeMylo TakxKe Ha OCHOBE aroCTePHOPHBIX AaHHBIX. B 3TOM caydyae UMHUTALIMOHHOE
MOJIeJIMPOBaHKE TO3BOJISIET CYIIECTBEHHO OOJIETUYUTh MPUHSATHE PA3JUUHBIX pPellleHHuH MpH
paspaboTke mporpaMmHoro obOecrneueHus. Tak, Hampumep, C MOMOILbI0 HMHTALHMOHHBIX
MojeJiell MOXKHO OCYLIEeCTBUTb W OOOCHOBAaTb BBIOOP OMNTHUMAJbHOrO TMopora cpabaTsl-
BaHUSA C TOUKH 3peHUs] OOHApy»KEHHUs T0JIe3HOr0 CHUrHaJja WK BbBIOOP ONTUMAJbHOTO C
TOYKH 3PEHUs] TOUHOCTH KPUTEPHS ONpeeseHUsi MOMeHTa BpeMeHH MpUXoIa UMIyJbca (B
cjlydae BBINIOJIHEHHSI peasibHbIX BBICTPEJOB MCTHHHOE BpeMsl TMpHUXofa HeusBecTHO) [21].
[Tomo6Hble HccenoBaHus yIoOHO MPOBOAUTbL B MaTeMaThdeckux naketrax MATLAB, Sci-
lab, Mathcad, cpene paspaborku LabView. Eule 6osee cI0XKHBIE U TPyNIOEMKHH BapUaHT
CO3/1aHUsI UMUTALIMOHHBIX MOJeJIel MpearnoaaraeT MoaeJupoBaHUe 3JeKTPOHHBIX CXeM HC-
MOJIb3YEMBIX JATUMKOB C MOMOIILbI0 CUMYJISTOPOB 3JEeKTPOHHBIX Lienel (Hampumep Micro-
Cap [22] uan Ques [23]). Ilpu aToM BO3HHKaeT HEOOXOAMMOCTb MMETb MOJEJb BO3-
NefCTBUS HA UYBCTBUTEJbHBIA 3/J€MEHT AaTUHKa.

B cnydyae cuctembl Ha oOcHOBe (DOTOIJIEKTPOHHBIX OJIOKHPYIOIIMX YCTPOHCTB
notpedyeTrcsi pazpaboTka CrelMaJbHOTO MPOrpaMMHOr0 obecreueHusi, TT03BOJSIOILIETO HA
OCHOBE MOJEJIU MepeMeleHHs] PErHCTPUPyeMoro o0beKTa (HampuMmep MyJad HJIM 3JeMeHTa
AaBTOMATHKH CTPEJKOBOTO OPYXKHSI) OTHOCHTEJbHO CHCTEMBI NaTUYUMKOB M H3JjydaTeseidl B
MPOCTPaAHCTBE MOJYUHTh MOJE/]b BO3AEHCTBHUS Ha AaTUMK [24], KoTopas u OymeT HCIOJb-
30BaThCsl B CUMYJISITOPE 3JIEKTPOHHBIX Liened (puc. 3).

[TapameTpsl MaccuBbl [U(POBBIX
JIBUKEHUS O0BEKTA IIporpamma Mol}em’ JTAHHBIX — MOJIEIT
u KoHpurypauus bY MOZCIMPOBAHUS BO3ACUCTBHUA CxeMa ONTHYeCKOro o1(pPOBAHHOTO
B IIPOCTPAHCTBE npouecca u3MEHEeHus | Ha JaT4uK CUTHAaJIa
>  CBETOBOIO MOTOKA » JaT4uKa B CUMYIIATOpE >
K hOTOMpHEMHOMY DJIIEKTPOHHBIX Lienen
YCTPOHCTBY

Puc. 3. MonenupoBaHue Ha OCHOBE CXeMBI B CUMYJSATOPE 3/JeKTPOHHBIX IleMel ¢ MCMOoNb30BaHHEM
IOTIOJIHUTEIbHO Pa3paboTaHHOrO MPOrpaMMHOI0 06ecredeH s
Fig. 3. Simulation based on a circuit in an electronic circuit simulator using additionally
developed software

Mopenb BO3IEHCTBUS Ha JNATUMK TPH STOM TPEACTaBJsSET COO0H MacCHB pa3HOCTEH
MOTEHLIMAJOB Ha BbIXOfe (DOTOAMOMAA, COOTBETCTBYIOIIUN MPOLleCCY U3MEHEHHUSI CBETOBOTO
notoka K ¢oronuony. [Ipy aToMm Ha cxemMe ONTHUECKOrO NATUMKA B CHUMYJATOPE 3JeK-
TPOHHBIX [IeMeH UCIOMb3yeTCsl SKBUBaNeHTHasi cxemMa (DOTOAMOAA.

Ecnu ontuueckWil naTyMK SIBJASETCS NOCTATOYHO CJIOXKHBIM YCTPOHCTBOM (MOMHMMO
(oTonpreMHUKA CONEPKUT KacKalbl YCHJWUTEeJeH, (UAbTPH KU mpod.) [25], MOXKHO Hc-
M0JIb30BaTh elle OAMH BapUaHT MMHTALMOHHOW MOJEJH Ha OCHOBE 3JEKTPOHHBIX CXeM —
MOJie/Ib PeaKIMK UyBCTBUTEJIBHOrO djeMeHTa ((POTOnpreMHOro yCTPOHCTBA) Ha BO3/EHCT-
Bre. Heobxonumyto MH(poOpMalUuio AJ5 MOCTPOEHUS TAKOH MOJEeJNH MOXHO MOJYy4YUTh, Ha-
nprUMep, C MOMOIIbI0 LHU(POBOTO ocUU/IOrpada, U3Mepsisi Pa3HOCTb IMOTEHLHAJIOB He-
MOCPEICTBEHHO Ha BHIX0OJe (DOTONPHEMHOrO YCTPOHCTBA MPH BBIMOJHEHUH BBICTPEJIOB.

[ns mepBoro c/aydasi MONEJIMPOBAHHS 3JEKTPOHHBIX CXeM HEIOCTAaTKOM SIBJISIETCS
HeoOXOMUMOCTb Pa3pabOTKH [IOMOJHUTEJNBHOTO JOCTATOYHO CJIOKHOTO MPOrPaMMHOTO
obecrieyeHusi, BO BTOPOM K€ CJydae OTCYTCTByeT BO3MOXKHOCTb KaKOTr0-IM00 Bapb-
UpoBaHUs ycsaoBHE ucnbitanuil (Hampumep, s AC MCO Ha ocHOBe CBETOBBIX 3K-
paHoB [26-28] peakiius (oTOAHONA 3aBUCUT OT BECOBOH (BYHKIIMHM CBETOBOr0 3KpaHa [29)]
M €ro TOJIIIMHBI B TOYKE IMepecedyeHrst 0ObEKTOB, TMOJOKEHHUSI PETUCTPUPYEMOr0 06beKTa
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B TIPOCTPAHCTBE U ero CKOpPOCTH H mpod.). OCHOBHOE Ke MPerMYILIeCTBO UMHUTAIIMOHHOTO
MOJe/INPOBAHHUSl HAa OCHOBE 3JEKTPOHHBIX CXeM 3aKJ/I04YaeTcsi B TOM, YTO YyKe Ha 3Ta-
e 3CKU3HOTO MPOEeKTa MOXKHO IMOJYYHUTb JOCTATOYHO XOpollee INpelcTaB/leHHe O (opme
perucTpUpyeMblX UMIYJIbCOB.

Bce paccmoTpeHHBIE BapHaHTbl MMHTALMOHHOTO MOJAEJHUPOBAHUS TPUMEHHUMBI YiKe
Ha paHHUX CTaJMAX CO3[JaHHS ABTOMATHU3WPOBAHHOH CHUCTEMbl, HauWHasg C Pa3pabOTKH
3CKM3HOTO TPOEKTa M BIJIOTb JO TPOBENEHHUS ONBITHOW 3SKCIJIyaTallMd, MPH 3STOM
pa3paboTaHHYI0 MOJEJb MOXKHO YCJOXKHATb [0 Mepe HAaKOMJIEeHHS anoCTepUOpPHOH HH-
(opmaunu. BakHBIH HETOCTAaTOK BCEX CPEACTB MMHUTAMM MacCHBA LH(POBBIX AaHHBIX
B LIeJIOM COCTOMT B TOM, UTO TOLOOHOE MOJEJHPOBaHHE OPUEHTHPOBAHO B OCHOBHOM Ha
CO3/laHHe KayeCTBEHHBIX a/JTOPUTMOB 0OpabOTKH CHUTHAJIOB U He TI03BOJISIET MOJYUYHTh
MpeCTaB/AeHHe O MHOTHX CYIIECTBEHHBIX XapaKTePUCTHKAX anmnapaTHOM YacTH CHUCTEMBI
(peanbHBIH YpOBEHb M XapaKTep TOMEX, CKOPOCTb Mepefadyu NaHHBIX 10 TPUMEHSEeMbIM
UHTepdelicaM ¢ Yy4eTOM pa3JWYHbIX OrpPaHHYEHHH, HAKJAAbIBAeMbIX OCOOEHHOCTIMHU
(DYHKIMOHUPOBAHUS B KOHKPETHBIX YCJIOBHSX, U MPOU.).

3. CpexncTBa MMHUTAIMM aHAJOTOBBIX CUTHAJOB (TOJBKO AJII CHCTEM Ha OCHOBE
OJIOKHPYIOMMX YCTPOMCTB)

Pemienue Tako# mpo6JsemMbl BO3MOXKHO JHIIb ¢ puMeHeHreM CH aHasioroBBIX CHrHa-
qoB. [Ipu 3TOM co3naHue nMomoOHBIX UMUTATOPOB BOBCE He 00s513aTeNIbHO MOAPa3yMeBaeT
NOTOJIHUTENIbHBIE  3aTpaThl, HauboJsee CTTTTTTTT T 7
NPOCTOM BApUAHT MpPeNyCMaTPUBAET HC- ! :
[10JIb30BaHWE CTAHAAPTHBIX allapaTHbIX | |
pecypcoB KOMIIbIOTEpa, HaNpUMep, 3BY- : |
KOBOH mjaThl. CXxeMa HMHUTATOpa CHTHA- 3ByKOBas I1aTa Kanan 1 Kanain 2
JgoB onTtuueckux npatyukos AC HCO,
pa3paboTaHHOTO Ha OCHOBe 3BYKOBOM
mathl, npeacrabaeHa Ha puc. 4. OguH
WJIM [1BA BBIXOJA 3BYKOBOH MJIATHI MOJ-

Puc. 4. Cxema cucremMbl ¢ HIMHTAaTOPOM CHTHAJIOB
KJIOYATCa K U3MEPUTe/IbHBIM KaHalaM . _ . .
BIIO Fig. 4. The system diagram with a signal simulator

9BM  [use}—uss] bIO

B npocrefiieM ciaydyae TakoH HMHUTAaTOpP MOXKET TeHEPHPOBAThb IMOCJEL0BATEIbHOCTD
MPSIMOYTOJIbHBIX HMIYJIbCOB, TJleé MOMEHTHl MPUXOAa HMIYJIbCOB PACCUMTHLIBAIOTCS Ha
OCHOBE MaTeMaTHUeCKOW MOJeJH B3aMMHOIO pacloJiOKeHHs NaTuukoB (a mns QoTo-
9JIEKTPOHHBIX CHCTEM — U H3JydaTesell) B mpocTpaHcTBe. HemocTaTKH HMMHTAaTOpOB
Ha OCHOBe 3BYKOBOH IJIaThl LIEJUKOM OOYCJOBJIEHBI OrpaHUYEHHSIMH, HaKJalblBaeMbIMH
XapaKTepUCTHKaMU CaMO# 3BYKOBOH TMJIaThl, Ja)Ke TPU HCI0Jb30BAaHUU ONTHUECKHUX 0J10-
KHPYIOLIUX YCTPOUCTB XKeJaTeJIbHO UMEeTh 4acTOTy AMCKpeTHsauuu oT 1 MIu u Beie (a
nast akycrudeckux [30,31] — ot 10MI1y [32]), nosTomy npH reHepainuu cUrHajga Heo6Xo-
JMMO BBITIOJIHATh TEPEeAUCKPeTH3aluio (HampuMep, Ha OCHOBE JIMHEHHONU MHTEPIOJSILHH),
UTO MPHUBOIHUT B pe3ysbTaTe K HCKaXKeHUsM (opMbl curHana [33,34].

[TonoGHBIE MMHUTATOPBI TO3BOJISIIOT OLIEHUTb XapaKTEPUCTHKH TIPAHUUHBIX PEXKUMOB
pabotsl BIIO u ero xaHana nepenaud (Hampumep, Mo OBICTPOAEHCTBUIO WJIM MO MAaKCH-
MaJIbHOMY TeMIY CTpPeJibObl, MO AePKUBaeMOMY CUCTeMO). JIJisT TaKOTO UX MpPUMeHeHHUs
yKa3aHHble OTPaHUUYEHHs] CTAHOBSATCS HECYIIECTBEHHBIMH, B 3TOM CJyyae BMeCTO CHUTHa-
JIOB CJIO?KHOH (DOPMBI 10CTATOUHO T€HEPHUPOBATh MOCAEA0BATENbHOCTD MPSIMOYTONbHBIX HM-
nysabcoB. Ec/iu e pacCMOTpeHHBIH HENOCTATOK MPUHIMIIHAJIEH, €r0 MOXHO YCTPAHHUTb
MepexoIoM K BapHaHTy UMHUTATOPA C HCIOJNb30BAaHHEM [OTOJHUTENbHOH anmnapatypsl —
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criennanbHo paspabdoranHoil miatsl LIATI, monkmiouaemoil K KOMIBIOTEDY.

Ellle o1HUM HeOOCTAaTKOM MMHMTATOPOB Ha OCHOBE 3BYKOBOH MJIAaThl fIBJSIETCS MOTEH-
[Ma/jbHOe BJMSIHME Ha CTA0MJBHOCTb HX paboTel mporpammHoro obecrneyenus [IK
(OC wu pasauuHbBIX NpUJOKeHHH). Perenue 3To# mnpo6JeMbl, OYEBHIHO, BO3MOMXKHO
¢ ucnosab3oBaHueM [IK-He3aBUCHMBIX HMHTATOPOB Ha OCHOBE MHUKPOKOHTPOJJIEPOB H
YMCTO ammnapaTHHIX peanusaluil. B cBoio oyepenb, 04eBHAHBIH HENOCTATOK ammapaTHbIX
UMUTATOPOB W mporpammHo-anmnapatHeix ([1K-HesaBucHMBIX U TpeOyIOLIUX HCIIOJb-
30BaHHUsl JOTIOJIHUTEJNBHOM anmnapaTypbl) — JAOMOJHUTEJbHBIE 3aTPaThl HA UX Pa3paboTKy.
[IpocTteiilunii annapaTHbld UMHTATOP MOXeT ObITb peasu30BaH HA OCHOBE CUETYHMKOB U
CIBUTOBBIX PErHUCTPOB.

4. CpencTBa UMHTALMM MHUIHUHPYIOUUX BO3AEHCTBUM

CpencTBa MMHUTAUMM HHULUMPYIOLIMX BO3AeHCTBUH, B MepBYI0 oO4epeib, MNpeaHas-
HaueHbl MJisi TIPOBEPKH PabOTOCIOCOOHOCTH uyBCTBUTEbHBIX 3jeMmeHToB AC HCO.
OneMeHTapHbIMK aNMapaTHbIMH CPeACTBAMH MMUTALMK HHULUUPYIOUUX BO3IEHCTBUH
051 (POTO3JEKTPOHHBIX CHUCTEM MOTYT ObITb CaMble MPOCTble U JNOCTYIMHbIE HUCTOYHUKH
cBeTa (CBETOOMONBI, JIaMIbl HaKaJWBaHWS W TPOY.), IS AKYCTUYECKHX — HCTOUHHKH
3ByKa (IMHAaMMKH), IJIsI CHCTEM C HCIOJb30BaHWEM BHIEeOKaMepbl — YCTPOHCTBA Ha
ocHOBe cTpobockona. B (oTo3/MeKTPOHHBIX CHCTEMaX TaKKe BO3MOXKHO TNpPUMeHeHHe
MeXaHUYeCKUX UMHUTATOPOB, KOTOpPble 60Jiee TOUHO MO3BOJSIOT HMUTHUPOBATh MepecevyeHne
CBETOBOr0 3KpaHa ABMXKYLIUMCS o0bekToM. [locsenHnii BapuaHT ¢ TOUKHU 3peHUs JIOTHKH
paboTbl CUCTEMbl MaKCHMaJbHO MPUOJMKEH K BBIMOJHEHHWIO peasibHOro BbicTpesa. Ho
BO3MOXKHbBI M CYIIECTBEHHO OoJiee CJI0XKHBble — TMPOrpaMMHO-annapaTHble BapUaHThl CO-
3MaHUS TMOAOOHBIX CPENCTB, MO3BOJSAOIIME HUMUTHPOBATh BO3[EeHCTBUS Ha BCe NATUMKH
paspaboranHoii AC HMCO B mnporpaMMHO 3ajaBaeMble MOMeHThI BpeMmeHu [35]. B
3TOM CJlyuyae MOXKHO TOBOPHUTb O IpPOrPaMMHO-aNnapaTHbIX CHCTeMaX HWMHUTAUWH WHHU-
HUUpyroUuUx Bo3nedcTBUU. Co3naHue TaKMX CHCTEM HMHUTALMKU HAa OCHOBE COBPEMEHHBIX
MHUKPOKOHTPOJIJIEPOB MOTEHLHUANBbHO TO3BOJIUT OCYLIECTBJATb KOMIJIEKCHYIO ITPOBEPKY
pabortocrnoco6HOCTH mporpammHoil U anmnapatHod uacth AC MCO kak B sabopaTOpHBIX
YCJIOBUSAX, TAK U HEMOCPEACTBEHHO MOC/E ee MOHTAaXKa B pPeaJsibHbIX YCJOBHAX, 6oJee TOro,
nofo0Hble CHCTeMbl UMHUTAUMH OYAyT He3aMeHHWMbl NPH HeOOXOAMMOCTH OlepaTUBHOU
ouenku padorocnocoonoctr AC MCO. B satom ciydae HemocTaTKy 3aKJIOUAOTCS JHULIb B
JOTMOJHUTEbHBIX 3aTpaTaxX Ha pa3pabOoTKy CHUCTEMbl UMUTALMMU U CJIOKHOCTH MUMHTALUU
TaKUX BO3[AeHCTBUH HA NAaTUMKH, KOTOPble AaBa/ju Obl UMIYJ/bCH KesaaeMoi opMbl. Bechb-
Ma MepCcreKTHBHBIM BbITIIAUT BapUAHT peasu3alidd CUCTeMbl UMUTALMK HHULHUHPYIOLINX
BO3JIEACTBUI C MCMOb30BaHHEeM OecrpoBoiHbIX HHTepdeicoB (Bluetooth, Wi-Fi, paxuo-
KaHaJs ¥ Tpod.), YTO MO3BOJMUT CYIIECTBEHHO MOBBICUTb I'MOKOCTb CUCTEMBI M YMEHbLIUTD
BpeMs ee pa3BepThIBAHMUS.

BroiBoanl

[TonBonst uToru, MoXKHO cfiesaTh cjaeylolile BbIBOAb. [Ipy HEOOXOMMMOCTH CO31aHUA
B cxkatble cpokn AC MICO, K KoTopo#i mpeibsBAAIOTCS TOCTATOUHO BBICOKHE TPeOGOBaHUS
(mo ToyHOCTH, WH(MOPMATUBHOCTH W MPOY.), He 00OHTHCH 0e3 pa3paboTKHU MpPOrpamM,
M03BOJIAIOLIMX CO3/1aBaTh aeKBATHYI0O MUMMUTALIMOHHYIO MOJeJb CHrHajla ¢ GOJbLIMM KO-
JIMYECTBOM BapbHpyeMBbIX NapaMeTpoB.

Jlns pelueHus BONPOCOB, CBSI3aHHBIX C IMPOBEPKOH BO3MOXKHOCTH PabOThl CHUCTEMBI
B 3aJaHHbIX peXUMax (HampuMep MPH 3aLaHHOM TeMIle CTPeJbObl), MOXKHO pPEKOMeH-
J0BaTh MPOrPaMMHO-aNMNapaTHEIl WMHUTATOP Ha OCHOBe 3BYKOBOH TMJaThl (pasymeercs,
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ec/M ee XapaKTepUCTHKH IO3BOJSIOT CO3/aThb HEOOXOAMMBIH CHTHA/N C HOMYCTHMBIMH
OTKJIOHEeHHsIMH). [Ipy HEOOXOLMMOCTH BBIMOJHEHHS] ONEPATUBHOH IMAarHOCTHKH PabOoTHI
CUCTEMBl W BBIIBJIEHUS] KOHKDETHOH HEHCIIPAaBHOCTH C MHHHMaJbHBIMH 3aTpaTaMu
He3aMeHHMbl OyIyT CPeACTBa MMHUTALMKM HHULHHUPYIOIIMX BO3LEHCTBUH HA UyBCTBHUTEJb-
Hele asementsl AC MCO.

[IpensoxeHHast KaaccuUKaLKsi CPEICTB HUMUTALIMK MOXeT ObITh TpuMeHeHa u k CH
nias AC ICO na ocHOBe OpyrHUX THUIOB OJOKHPYIOLIMX YCTPOUCTB, HaNpUMep MarHUTOMH-
AYKUHOHHBIX [36,37] unn anektpocratrdeckux [38], a takxke mas AC MCO Ha ocHoBe
MK-kamepsl [39]. Bosiee Toro, Mo:kHO yTBep»KAaTh, YTO HAa OCHOBE OJHAK[bl CO3aHHBIX
MporpaMMHBIX U NTPOrpaMMHO-annapaTHeix cpencts uMutauuu ogHol AC MCO Bo3moxKHa
paspaboTKa ¢ MUHHMaJbHBIMU 3aTpatamu cpeacTs uMmutauuu aas apyrux AC MCO, naxe
CYL1eCTBEHHO OTJIMYHBIX OT MEPBOM.

Cnucoxk aurepaTtypsbl

1. Kpam H. M., Casun A. A., lllapsieur I'. C. KoHTpoNBHO-IPOBEpOUHAs anmnaparypa CHCTEMbI
AaBTOHOMHOH HaBHTalM¥ KocMuuyeckux amnmnapatoB // oknansl TYCYP. 2014. Ne 1 (31).
C. 28-32.

2. Kpacnenko C. C., Hedopesos [I. A., Kawkun B. b., Xasaeapos I0. I., Iluuxkares A. B.
MHorokaHa/ bHBIH HU(QPOBOH CHHTE3 B HMHUTATOpax paJHOHABUTAlMOHHBIX CHTHAJOB //
Kypuan Cubupckoro QenepaibHOro yHuBepcutera. Texuuka u TexHosoruu. 2013. T. 6,
Ne 5. C. 521-526.

3. Anmonos K. A., I'pucopves B. O., Cyukos B. b., @abpuunovii M. I'. Borpocsl peasnusa-
LIMH MMHTATOpa BXOAHBIX CHUTHAJOB CHCTeM OJMXKHEeH pafuoJioKalUu [/ IOJYyHATypPHOro
MOJIeJIUPOBAHHsI TOMEX OT MOACTHJaILled NoBepxHOCTH // BecTHHMK MOCKOBCKOro rocy-
JapCTBEHHOro TexHuueckoro yHusepcutera uM. H. 9. Baymana. Cepus : [Ipu6opoctpoenue.
2006. Ne 4 (65). C. 45-58.

4. [Mloarcos A. H., Packuma M. A. VIMuTaTop TrUApOaKyCTHUECKHX CHTHAJIOB MJs OTJAAKH
Hay4HOTO THIPOAKyCTHUECKOro 06OpYNOBaHHS, TpeIHa3HAYeHHOTO /11 MOHHUTOPHHTrA BOJ-
HbIx OGuopecypcos // UsBectust FOxHoro dhemepanbHoro yHuBepcuTera. TeXHHUECKHE HAYKH.
2011. Ne 9 (122). C. 52-56.

5. Kocmenkos C. I0., Cudoposa M. A. OcobeHHOCTH pa3pabOTKH MPOrPaMMHOr0 MMHTaTOpa
seKTpousnosornueckux curuajos // XXI BeK: UTOrM MPOLIJOrO U MPOGIEMbl HACTOSIIETO
nitoc. Texuuueckue Hayku. Mubopmanuonnsle Texnosorun. 2013. Ne 10 (14). C. 210-214.

6. Konowros E. [O. VIMuTtaTop CUrHasIoB JJISL 9JIeKTPOPa3BELOYHOIO H3MEPUTENBHOTO KOMIJIeK-
ca // Bectnuk Keiproizcko-Poccuiickoro CaassiHckoro yHuepcutera. 2016. T. 16, Ne 5.
C. 146-150.

7. Aganacvesa H. [O., Bepxuenko 0. B., Kasakos B. C., Kopobeiinuxos B. B. ; HCTHTYT
npukaanHoid Mmexanuku ¥YpO PAH. CeeroBasi mutenb. [latenTt Ha uzobperenne RU 2213320
Cl, MIIK F41J 5/02. Ne 2002116940/02 ; 3asiBn. 24.06.2002 ; Ony6a. 27.09.2003.

8. Bepkuenko 0. B., Kasakos B. C., Kasaxkos C. B., Kopob6eiinukos B. B. ; Wucturyt
npukaanHo# mexaHukd ¥YpO PAH. Cnoco6 onpenesneHusi BHelIHeGaJJUCTHUECKHX Xapak-
TEPUCTHK TIoJIeTa MyJb U cHapsinoB. [lateHT Ha uszobperenne RU 2231738 C2, MIIK F41J
5/06, GOLS 5/18. Ne 2002119931/02 ; 3assa. 22.07.2002 ; Ony6a. 27.06.2004.

9. Ilemyxos K. IO. Anroputmbl 06paG0oTKK aHAJIOTOBBIX CHTHAJIOB NP LU(POBBIX H3MEPEHHSX B
MH(OPMALMOHHO-U3MEPUTE/IbHBIX CUCTEMAX /ISl CTPEJNKOBOIO OPYKHUS : AMC. ... KaHMI. TEXH.
Hayk. Mxesck, 2003. 156 c.

10. Bepkuenro fO. B., Kasakos B. C., [lemyxos K. 0., Apparnacees A. H. ; IHCTUTYT npuKAan-
Hoil MexaHuku YpO PAH. YcrpoiicTBo 1/ U3MepeHUs MepeMelleHHsi, CKOPOCTH, YCKOpPeHHS
¥ TeMma ABUXKeHHsi oObekTa. [lateHT Ha u3obperenne RU 2223505 C1, MIIK GO1P 3/68.
Ne 2002116945/28 ; 3asBn.24.06.2002 ; Ony6a. 10.02.2004.

HHgpopmatrika 253



m M3B. Capar. yn-1a. Hos. cep. Cep.: Matematnka. Mexarnka. Vnpopmarnra. 2021. T.21, Bbin. 2

11. Bdosun A. IO., Mapkos E. M., Kopnuaos H. I. CoBpeMeHHast aBTOMaTU3MPOBaHHas CHCTeMa
IJIS OLIEHKH CKOPOCTH TepeMellleHHs] 3aTBopa CTPeJNKOBOro opyxus // MHTesnnekTyasbHble

cuctembl B npoussonctee. 2017. T. 15, Ne 3. C. 82-87. https://doi.org/10.22213/2410-9304-

2017-3-82-87

12. Mapkos E. M. PaspaboTka MeTOAMK M CPEICTB KOHTPOJS MapaMeTpoB IpoOOBOT0 OPYKHS C
MCMOJIb30BAHNEM TeJleKaMephl : OHC. ... KaHAd. TexH. HayK. Mxkesck, 2011. 171 c.

13. Kownosanos A. A., Hukoaraes [O. B. Buemnsisi 6annuctuka. Mocksa : [IHUHW undopmannuy,
1974. 228 c.

14. 3aamuwn H. A., Kpacurvuwuxos A. I1., Muwun I'. H., [Tonos H. H. Banauctuueckue ycra-
HOBKHM M MX TPHMeHeHHe B KCIepPUMeHTa/bHBIX HccaenoBanusx / mox pex. H. A. 3nartuna,
['. 1. Mumnna. Mocksa : Hayka, 1974. 344 c.

15.  Amumpuesckuti A. A., Jloicenxo JI. H., boeoducmos C. C. BHeluHsist 6aN1UCTHKE | Y4eOHUK
17 cTyneHToB BTy30B. MockBa : Mammunoctpoenune, 1991. 640 c.

16. Hsanos A. II., Koaues M. P. ; denepanbHoe rocylapcTBEHHOe YHHTApHOE MpPEANPHUATHE
«leHTpa/bHBI UHCTUTYT aBHALMOHHOTO MoTopocTpoenus uM. 1. M. Bapanosa». ¥YerpoiictBo
IJIs1 U3MepEeHHUs] CKOPOCTH U yCKOPeHHUs MeTaeMoro sjemeHta. IlateHT Ha uszobperenne RU
2285268 C1, MIIK GO1P 3/68. Ne 2005109398/28 ; 3asB.1.04.04.2005 ; Ony6.1. 10.10.2006.

17. Aganacves B. A., Aparnacvesa H. [O., Bepkuenko [O. B., Kasaxos B. C., Kopobetinu-
koe B. B. ; Unctutyt npukaaguoi Mexanuku ¥YpO PAH. Tup. [lartent Ha nzobperenne RU
2388990 C2, MIIK F41J 5/02. Ne 2008129857/02 ; 3asB.1.18.07.2008 ; Ony6a. 10.05.2010.

18. Agpanacves B. A., Apparnacvesa H. IO., Bepkuenxo IO. B. ; UHCTUTYT NpUKJIaTHOH MeXaHUKH
¥pO PAH. YctpoiicTBo ompenesieHUs] BHeIIHeOANIUCTHUECKUX MapaMeTPOB B COBMeLIEHHOH
¢ 0a/JJIMCTHYEeCKOH Tpaccoil MHBapUaHTHOH cBeTOBOH MulleHH. [laTeHT Ha u3o6perenne RU
2388991 C2, MIIK F41J 5/02. Ne 2008131125/02 ; 3as8s1.28.07.2008 ; Ony6.a. 10.05.2010.

19. bBauswwk A. M., Kouwes [0. B., Xopowrxo A. H. ; Poccuiickas Penepauus, ot
MMeHH KOTopoi BblcTynaeT ['ocynapcTBeHHasi Kopropalnusi Mo aTOMHOH 3Hepruu «Pocatom»,
DenepanbHoe TOCymapcTBeHHOe YHHUTapHoe Tmpennpustie <«Poccuiickuii ®PenepanbHbiit
sIepHbIA LeHTp — BcepoccHicKuil HayuyHO-HUCCIeI0BATEbCKHI UHCTUTYT JKCII€PUMEHTAJb-
HoU ¢usnukuy» — DPIYIT «POALI-BHUNID». Criocob onpeneseHusi KOOPAUHAT TIONOKEHHS
B MPOCTPAHCTBE W BO BPEMEHH IyJsb U cHapsinoB. [latent Ha nzobperenne RU 2470252 Cl,
MIIK F41J 5/06, GO1S 5/18. Ne 2011128198/28 ; 3as8.1.07.07.2011 ; Ony6a. 20.12.2012.

20. Bdosun A. K. PaszpaboTka CHCTeMbl Ha OCHOBE CBETOBBIX 3KDAHOB JJis OIpeAe/eHHs
BHelLIHeOaNJIUCTHUECKHX MTapaMeTpoB @ IHC. ... KaHM. TexH. HayK. Mxkesck, 2010. 157 c.

21. Bodosuw A. I0. udpoBas ¢uJbTpaluss B aBTOMAaTH3HPOBAHHBIX CHCTEMax OIpeeJeHHUs
BHeIIHe0aNIUCTHYeCKUX napaMeTpoB // MH(opMaloHHbIe TEXHOJIOTMH B MPOMBbILIIEHHOCTH
1 06pasoBaHuH : c6. Tp. Hayd.-TexH. KoH(. MxeBck : Usn-Bo MxkI'TY, 2009. C. 52-55.

22. Bodosuwn A. I0., Kasakos B. C., Kopobeiinukos B. B., Kuceses B. A. MonenupoBaHue B
cpezne Micro-Cap onTudeckoro natyuka HH(QOPMALUOHHO-U3MEPUTENBHON CHCTEMBI HA OCHOBE
cBetoBbiX 3KkpaHoB // BectHuxk MxkITY um. M. T. Kanamnukosa. 2012. Ne 3. C. 108-110.

23. Boosuwn A. I0., lanuros C. A. MonenupoBaHue ONTHUECKOTO HaTYMKa CBETOBOTO KpaHa B
cpene Ques // MHpopmMalnoOHHbBIE TEXHOJOTHH B HayKe, MPOMBILIIEHHOCTH U 00pa30BaHHUH :
c6. TP. peruoH. Hay4.-TexH. 04HO-3a04. KoH(. Mxkesck : U3n-so Mk TY, 2013. C. 130-133.

24. Bwikuna A. H., Boosun A. KO. MopenrpoBaHue mpoliecca fepecevyeHusi CBETOBOr0 3KpaHa
Tesiom BpatueHust // VH(bOpMaLHOHHBIE TEXHOMOTHH B HayKe, MPOMBIIIJIEHHOCTH U 06pa3o-
BaHUU : cO. TP. pPervoH. Hayd.-TeXH. ouHo-3ao4. KoH(]. Mxesck : M3n-so MxkITY, 2014.

C. 247-251.
25. Acgpanacves B. A. CoBeplieHCTBOBaHHE MoJeseldl W NPOrpaMMHO-aNnapaTHbIX CPEACTB s
KOHTPOJISI M3e/UH M0 BHELIHeOaNUCTHUECKUM MapaMeTpaM : IHC. ... KaHI. TeXH. Hayk.

Mxesck, 2013. 159 c.

26. lapunos P. M. CBeToBOH 3KpaH /sl OTpefie/ieHHss KOOPAUHAT MpoJieTa MyJd U KOMILJIEKT
3JIeMEHTOB CBeTOBOTO 3KpaHa. [laTeHT Ha mosesnyto momenbs RU 109284 U1, MIIK F41J
5/00. Ne 2011122389/28 ; 3asBn1.02.06.2011 ; Ony6a. 10.10.2011.

254 HayyHeir oTaen



A. 10. BgosnH. CpeactBa nMHTaUnN A/19 aBTOMATH3HPOBaHHbIX CHCTEM &SR

27. Agpanacvesa H. 1O. UHpopMalMOHHO-U3MepHTeNbHAs CHCTEMA Ha OCHOBE CBETOBBIX 9KPaHOB
IJIs UCTIBITAHUH CTPEJKOBOTO OPYKHS : AWC. ... KaHH. TexH. Hayk. Mxesck, 2003. 127 c.

28. Aganacvesa H. 0., Aganacves B. A., Bepxuenxo I0. B., Kasakos B. C., Kopobeii-
Hukos B. B. ; WucrutyT npuknagHoil Mexanuku YpO PAH. YcrpodictBo nns onpene-
JIeHUsl BHEIIHeOa JUCTHYeCKUX T1apaMeTPOB MeTaTe/IbHOTO 3JeMeHTa C MOMOILbI CBETOBBIX
skpaHoB. [latent Ha wusobperenne RU 2279035 Cl1, MIIK F42B 35/00, GOIP 3/68.
Ne 2005100994/02 ; 3asBa.18.01.2005 ; Ony6a. 27.06.2006.

29. Aphanasiev V. A., Vdovin A. U., Kornilov I. G. Weight functions of light shield and
the signal at the input of optical sensor at the intersection of the bullets of lig-
ht shield // Journal of Measurements in Engineering. 2019. Vol. 7, iss. 2. P. 74-83.
https://doi.org/10.21595/jme.2019.20441

30. Kasakos B. C., Kopobetinukos B. B. Axyctuueckasi MHII€Hb C BBIHOCHBIM HaTYMKOM //
WuTtennekryanbHble cucteMsl B npoussoactse. 2013. Ne 1. C. 127-129.

31. Eeopos C. ., Kopobetinukosa H. B., Kopobeiinuxos A. B. ViccienoBanue BJUSIHHSI Ha
TOYHOCTb aKYyCTHUECKOH MHUILIEHH, UHBAPUAHTHOH K paboyel MO3WLHUKU MaTeMaTHUeCKOH Mo-
nenu // UnrennektyanbHble cuctembl B mpoussoactee. 2015. T. 13, Ne 3. C. 45-49.

32. Kasaxkos C. B. PaspaboTka W uccieqoBaHHe HH(POPMALUOHHO-H3MEPUTENBHOH CHCTEMB
Ha OCHOBe aKyCTHYeCKHX MHUIIeHeH MJl HCIBITAHHH CTPEJKOBOTO OpYKHs Ha OTKPLITOH
MEeCTHOCTH : aBToped. IHC. ... KaHI. TexH. HayK. Mxkesck, 2002. 19 c.

33. Bdosuwn A. IO., lokywes A. H., Makcumosa A. B. Co3naHue Ha OCHOBe 3BYKOBOH IJIaThl
MMHTATOPA CHUTHAJOB JNATYMKOB CHCTEMbl [/ OLEHKH MapaMeTpOB [BHKEHHs MeXaHH3MOB
cTpesnikoBoro opy:kusi // MHdopmaunoHHble TeXHOMOTHH. [IpoGieMbl U pellieHHs : MaTepUaJbl
MeXIyHap. Hayu.-pakT. KoHop. ¥Ypa, 2018. Ne 1 (5). C. 67-71.

34. Boosuwn A. IO., Mapkos E. M., Maxcumosa A. B., Ilokyues A. H. Co3naHue Ha OCHOBe
3BYKOBOH MJIaTbl HMHTATOPa CUIHAJIOB ONTHYECKHX JATUMKOB aBTOMATH3UPOBAHHOH CHCTEMBbI
IJIsl ompeJiesieHUs] BHellHeOaIUCTHUECKUX TMapameTpoB // MHTessekTyaslbHble CHCTEMBI B
npousBoactee. 2016. T. 14, Ne 3. C. 52-55.

35. Bdosuwn A. [0., Xamuoyarrun P. P., [lladpun B. B. CpencTBO MMHTAlLlUKA MHUILUHPYIOLUIMX
BO3IE€HCTBUU Ha MATUUKU ONTHUKO-3J€KTPOHHOH CHUCTeMbl, NPUMEHSIEMOH NPHU HUCHBITAHUIX
crpesnkoBoro opyxusi // Ilpubopoctpoerne B XXI Beke — 2019. HuHrerpauus Hayku,
o0pa3oBaHMs M TMpPou3BoACcTBa : c¢b6. mMatepuanoB XV Bcepoc. Hayu.-TexH. KoH(}. HkeBcK :
Hsn-so UxkI'TY umenu M. T. Kanamnukosa, 2019. C. 23-29.

36. Bowokos H. H., Akumos A. B., Asepur H. H. ; lleHTpaJbHBId HayuHO-HUCCAEN0BATENbCKHUE
MHCTUTYT TOUHOTO MallMHOCTPOEHHs. YCTPOHCTBO /IS M3MepPEeHUsi CKOPOCTH MoJjieTa MyJad H
cHapsina. [larent Ha usobperenue RU 2089917 Cl1, MIIK GO1P 3/66. Ne 4540242/28 ;
3asaBa.15.03.1991 ; Ony6a. 10.09.1997.

37. 3ybauros A. B., Huxoraes B. A., Kopmiwokos H. H., bamapes C. B., Cmpaboikun B. B. ;
Poccuiickass Penepaunsi, oT uMeHH KOTOpoH BbicTynaer [ocymapcTBeHHasi Kopropauwusi IO
aToMHO# 3Hepruu <«Pocatom», PenepanbHoe TroCyAapCTBEHHOE YHUTapHOE MPeIrpHsiTHe
«Poccuiicknit ®enepanbHblil saepHbld LeHTp — Beepoccuiickuil HayuHO-HCC/I€10BaTeIbCKHUH
UHCTUTYT 3KcrepuMeHTanbHOH (pusukny — DPIYIT «POAL-BHUNID». Cnocob 3amycka
PETHCTPUPYIOLIUX CUCTEM M H3MEPUTENb CPeiHeHd CKOPOCTH MeTaeMoro oobekTa. [laTeHT Ha
u3o6pererne RU 2525687 C1, MIIK GO1P 3/66. Ne 2013116297/28 ; 3assn.09.04.2013 ;
Ony6.a. 20.08.2014.

38. Awuxmurn A. C., [losnyxoe A. B. ; PssaHcKas rocymapcTBeHHasi paIdOTeXHHUecKas
akazemus. Crnoco6 cooOlLleHHsl 3JeKTPUYECKOro 3apsjaa MeTasnuueckod myse. [lateHT Ha
uzo6pererne RU 2251113 C1, MIIK GO1P 3/66. Ne 2003137273/28 ; 3assn.24.12.2003 ;
Ony6a. 27.04.2005.

39. 3axapos B. H., Pomawxun B. B., Pybres H. H. Cnoco® omnpeneseHus KOOpAMHAT Moma-
IaHWH B MHUIIEHb JJISi CTPEJKOBOTO THPa W YCTPOHCTBO JJIsi €ro ocyllecTBjeHus. [laTeHT Ha
usobperenne RU 2255294 C1, MIIK F41J 5/08. Ne 2004107951/02 ; 3assn.19.03.2004 ;
Ony6a. 27.06.2005.

HHgpopmatrka 255



kh 13s. Capart. yH-T1a. HoB. cep. Cep.: Marematnka. MexaHnka. FMHpopmarnka. 2021, T.21, Bbin. 2

References

1. Krat N. M., Savin A. A., Sharygin G. S. Test equipment for autonomous navigation system
of space vehicles. Proceedings of TUSUR University, 2014, no. 1 (31), pp. 28-32 (in
Russian).

2. Krasnenko S. S., Nedorezov D. A., Kashkin V. B., Hazagarov Yu. G., Pichkalev A. V.
Multi-channel digital synthesis of radio navigation signals simulator. Journal of Siberian
Federal University. Engineering & Technologies, 2013, vol. 6, no. 5, pp. 521-526 (in
Russian).

3. Antonov K. A., Grigoriev V. O., Suchkov V. B., Fabrichny M. G. Questions of implementa-
tion of the simulator of input signals of near-field radar systems for semi-natural modeling
of interference from the underlying surface. Herald of the Bauman Moscow State Technical
University. Series: Instrument Engineering, 2006, no. 4 (65), pp. 45-58 (in Russian).

4. Dolgov A. N., Raskita M. A. Sonar signal simulator designed for debugging research sonar
equipment used for monitoring aquatic bioresourses. lzvestiya Yuzhnogo federal’nogo uni-
versiteta. Tekhnicheskie nauki, 2011, no. 9 (122), pp. 52-56 (in Russian).

5. Kostenkov S. Y., Sidorova M. A. Features of development software simulator of electrophys-
iological signals. XXI century: Resumes of the Past and Challenges of the Present plus.
Series: Engineering Sciences. Information Technologies, 2013, no. 10 (14), pp. 210-214
(in Russian).

6. Kopylov E. Iu. Simulator of signals for electromagnetic prospecting measuring system.
Herald of KRSU, 2016, vol. 16, no. 5, pp. 146—150 (in Russian).

7. Afanas’eva N. Ju., Verkienko Ju. V., Kazakov V. S., Korobejnikov V. V. Light target. Patent
RU 2213320 C1.

8. Verkienko Ju. V., Kazakov V. S., Kazakov S. V., Korobejnikov V. V. Method for determi-
nation of exterior ballistic characteristics of flight of bullets and projectiles. Patent RU
2231738 C2.

9. Petukhov K. Iu. Algorithms for processing analog signals for digital measurements in
information and measurement systems for small arms. Diss. Cand. Sci. (Tech.). Izhevsk,
2003. 156 p. (in Russian).

10. Verkienko Ju. V., Kazakov V. S., Petukhov K. Ju., Afanas’ev A. N. Device measuring
translation, velocity, acceleration and rate of motion of object. Patent RU 2223505 C1.

11. Vdovin A. Yu., Markov E. M., Kornilov I. G. Modern automated system for evaluation of
movement velocity of firearm bolt. Intelligent Systems in Manufacturing, 2017, vol. 15,
no. 3, pp. 82-87 (in Russian). https:doi.org/10.22213/2410-9304-2017-3-82-87

12. Markov E. M. Development of methods and means of controlling parameters of shotguns
using a camera. Diss. Cand. Sci. (Tech.). Izhevsk, 2011. 171 p. (in Russian).

13. Konovalov A. A., Nikolaev Yu. V. Vneshnjaja ballistika [External Ballistic]. Moscow, CNII
informacii, 1974. 228 p. (in Russian).

14. Zlatin N. A., Krasil’'shhikov A. P., Mishin G. 1., Popov N. N. Ballisticheskie ustanov-
ki i ih primenenie v jeksperimental’nyh issledovanijah [Ballistic Installations and Their
Application in Experimental Research]. Moscow, Nauka, 1974. 344 p. (in Russian).

15. Dmitrievskij A. A., Lysenko L. N., Bogodistov S. S. Vneshnjaja ballistika [External Bal-
listic]. Moscow, Mashinostroenie, 1991. 640 p. (in Russian).

16. Ivanov A. P., Koliev M. R. Device for measurement of speed and acceleration of thrown
object. Patent RU 2285268 Cl1.

17. Afanas’eva N. Yu., Afanas’ev V. A., Verkienko Ju. V., Kazakov V. S., Korobejnikov V. V.
Shooting gallery. Patent RU 2388990 C2.

18. Afanas’eva N. Yu., Afanas’ev V. A., Verkienko Ju. V. Device for determining outer-ballistic
parametres in invariant light target combined with ballistic track. Patent RU 2388991 C2.

19. Bliznjuk A. M., Kochnev Ju. V., Khoroshko A. N. Method of defining bullet and shell
position coordinates in space and time. Patent RU 2470252 Cl1.

256 HayyHeir oTaen



A. 10. BgosnH. CpeactBa nMHTaUnN A/19 aBTOMATH3HPOBaHHbIX CHCTEM &SR

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Vdovin A. Yu. Development of a system based on light screens for determining external
ballistic parameters. Diss. Cand. Sci. (Tech.). Izhevsk, 2010. 157 p. (in Russian).

Vdovin A. Yu. Digital filtering in automated systems for determining external ballistic
parameters. In: Informatsionnye tekhnologii v promyshlennosti i obrazovanii [Information
Technologies in Industry and Education: Collected Papers Scientific and Technical Conf.].
Izhevsk, 1zd-vo IzhGTU, 2009, pp. 52-55 (in Russian).

Vdovin A. Yu., Kazakov V. S., Korobeynikov V. V., Kiselev V. A. Optical sensor modeling
in micro-cap medium for information-measuring system on basis of light screens. Bulletin
of Kalashnikov ISTU, 2012, no. 3, pp. 108-110 (in Russian).

Vdovin A. Yu., Danilov S. A. Light screen optical sensor modeling in Qucs. In: Informa-
tsionnye tekhnologii v nauke, promyshlennosti i obrazovanii [Information Technologies in
Industry and Education: Collected Papers Scientific and Technical Conf.]. Izhevsk, Izd-vo
[zhGTU, 2013, pp. 130-133 (in Russian).

Zykina A. 1., Vdovin A. Yu. Simulation of the process of crossing the light screen by
the rotation body. In: Informatsionnye tekhnologii v nauke, promyshlennosti i obrazo-

vanii [Information Technologies in Industry and Education: Collected Papers Scientific and
Technical Conf.]. Izhevsk, 1zd-vo IzhGTU, 2014, pp. 247-251 (in Russian).

Aphanasiev V. A. Improvement of models and hardware and software for controlling
products by external ballistic parameters. Diss. Cand. Sci. (Tech.). Izhevsk, 2013. 159 p.
(in Russian).

Sharipov R. M. Light screen for determining the coordinates of the bullet passage and a
set of light screen elements. Patent for useful model RU 109284 U1.

Afanas’eva N. Yu. Information-measuring system based on light screens for testing small
arms. Diss. Cand. Sci. (Tech.). Izhevsk, 2003. 127 p. (in Russian).

Afanas’eva N. Yu., Afanas’ev V. A.,Verkienko Ju. V., Kazakov V. S., Korobejnikov V. V.
Device for determination of exterior ballistic parameters of projectile component with the
aid of light screens. Patent RU 2279035 Cl1.

Aphanasiev V. A., Vdovin A. U., Kornilov I. G. Weight functions of light shield and
the signal at the input of optical sensor at the intersection of the bullets of light
shield. Journal of Measurements in Engineering, 2019, vol. 7, iss. 2, pp. 74-83.
https:doi.org/10.21595/jme.2019.20441

Kazakov V. S., Korobeynikov V. V. Acoustic target with portable sensor. Intelligent Sys-
tems in Manufacturing, 2013, no. 1, pp. 127-129 (in Russian).

Egorov S. F., Korobeynikova 1. V., Korobeynikov A. V. Research for the influence of
mathematical model invariant to working position on the accuracy of an acoustic target.
Intelligent Systems in Manufacturing, 2015, vol. 13, no. 3, pp. 45-49 (in Russian).
Kazakov S. V. Development and research of an information and measurement system
based on acoustic targets for testing small arms in open areas. Thesis Diss. Cand. Sci.
(Tech.). Izhevsk, 2002. 19 p. (in Russian).

Vdovin A. Yu., Pokushev A. N., Maksimova A. V. Creation on the basis of the sound card
the simulator signals of the system for determining of mechanisms movement parameters
of weapons. Informacionnye tehnologii. Problemy i reshenija [Information Technology.
Problems and Solutions: Materials of the International Scientific and Practical Conference],
Ufa, 2018, no. 1 (5), pp. 67-71 (in Russian).

Vdovin A. Y., Markov E. M., Maksimova A. V., Pokushev A. N. Creation of automated
system for determining the external ballistics parameters based on the sound card of signal
imitator for optical sensors. Intelligent Systems in Manufacturing, 2016, vol. 14, no. 3,
pp. 52-55 (in Russian).

Vdovin A. Yu., Khamidullin R. R., Shadrin V. V. Initiating impacts imitator on the sensors
of the optical-electronic system used in small arms testing. Priborostroenie v XXI veke -

HHpopmatrika 257



kh 13s. Capart. yH-T1a. HoB. cep. Cep.: Marematnka. MexaHnka. FMHpopmarnka. 2021, T.21, Bbin. 2

2019. Integracija nauki, obrazovanija i proizvodstva [Instrumentation in the 21 centu-
ry — 2019. Integration of science, education and production: Proc. All-Russ. Scientific and
Technical Coni.]. Izhevsk, [zhGTU imeni M. T. Kalashnikova Publ., 2019, pp. 23-29 (in
Russian).

36. V’jukov N. N., Akimov A. V., Averin N. N. Projectile velocity-measuring device. Patent
RU 2089917 C1.

37. Zubankov A. V., Nikolaev V. A., Kortjukov I. I., Batarev S. V., Strabykin V. V. Method to
start recording systems and meter of average speed of thrown object. Patent RU 2525687
Cl.

38. Ashikhmin A. S., Poznukhov A. V. Mode of transferring a charge on a metallic bullet.
Patent RU 2251113 ClI.

39. Zakharov V. N., Romashkin V. V., Rublev N. . Method for determination of coordinates
of target hits for small arms and device for its realization. Patent RU 2255294 Cl1.

[Toctynuaa B penakuuio / Received 17.02.2020
[Tpunsta kK ny6ankauun / Accepted 05.10.2020
Ony6aukoBana / Published 31.05.2021

258 HayyHeir otaen



R. P.Kim, S.A. Korchagin. Mathematical and computer simulation &SR

HMsBectust CapatoBckoro yHuBepcurera. Hosasi cepus. Cepusi: Martematuka. Mexannka. MH-
¢dopmatuka. 2021. T. 21, Boim. 2. C. 259-266

lzvestiya of Saratov University. Mathematics. Mechanics. Informatics, 2021, vol. 21, iss. 2,
pp. 259-266

Article
https://doi.org/10.18500/1816-9791-2021-21-2-259-266

Mathematical and computer simulation of the electrophysical
properties of a multicellular structure exposed to nanosecond
electrical pulses

R. P. Kim'™, S. A. Korchagin?

Yuri Gagarin State Technical University of Saratov, 77 Polytechnicheskaya St., Saratov 410054, Russia
2Financial University under the Government of the Russian Federation, 49 Leningradsky Prospekt,
Moscow 125993, Russia

Roman P. Kim, kimrp1988@gmail.com, https://orcid.org/0000-0002-7986-5810
Sergey A. Korchagin, korchaginser@gmail.com, https://orcid.org/0000-0001-8042-4089

Abstract. The article presents mathematical and computer models which allow to study the elec-
trophysical properties (permittivity, impedance) of a multicellular structure exposed to nanosec-
ond electrical pulses. The paper proposes a simulation approach that includes complex use of the
classical theory of describing the electrodynamic properties of dispersed systems and the effec-
tive medium theory. We describe cell geometry using Gielis equations, which allow us to take
account of the irregular shapes of cell membranes. We carry out a computational experiment
with cell models to study the frequency dependences of permittivity and impedance exposed to
nanosecond electrical pulses. The article considers the influence of membrane porosity on cell
conductivity and permittivity as well. We carry out computer simulation of the plasma membrane
electroporation mechanism. The obtained results will help to understand better the fundamental
processes in the cell membrane exposed to electrical pulses and can be used in various practical
applications, such as targeted drug delivery, incorporation of DNA and RNA genes into bacterial
and mammalian cells, as well as the selective destruction of cancer cells.

Keywords: mathematical simulation, cellular membrane, electroporation, impedance, permit-
tivity

For citation: Kim R. P., Korchagin S. A. Mathematical and computer simulation of the electro-
physical properties of a multicellular structure exposed to nanosecond electrical pulses. /zvestiya
of Saratov University. Mathematics. Mechanics. Informatics, 2021, vol. 21, iss. 2, pp. 259-266
(in English). https://doi.org/10.18500/1816-9791-2021-21-2-259-266

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

© KmR. P., Korchagin 5. A, 2021



*@ 13s. Capart. yH-T1a. HoB. cep. Cep.: Marematnka. MexaHnka. FMHpopmarnka. 2021, T.21, Bbin. 2

Hayunasi crartbs
YIK 517.98
https://doi.org/10.18500/1816-9791-2021-21-2-259-266

MaremaTnuecKoe M KOMNbIOTEPHOE MOJEJHPOBaAHME
3JIeKTPO(PU3NYECKUX CBOMCTB MHOTOKJIETOYHOU CTPYKTYpPbI
NPY BO3JE€MCTBUM HAHOCEKYHIHbIX 3JEeKTPUUECKUX MMITYJbCOB

P. IT1 Kum'™, C. A. Kopuarun®

!Caparosckuil rocynapcTBenHbldl TexHuueckuil yuusepcuter umenu larapuna 0. A., Poccus, 410054,
r. Caparos, ya. [Tosurexunuueckasi, n. 77

2®unancoBwiil ynusepcuter npu IlpasutesnbctBe Poccuitckoii @enepaunu, Poceus, 125993, r. Mocksa,
JlenuHrpanckuii npocr, . 49

Kum Poman IlaBmoBuu, acnupaHT Kadenpbl HHGOPMALHOHHOH 6e30MacHOCTH aBTOMATH3HPOBAHHBIX CHC-
teM, kimrp1988@gmail.com, https://orcid.org/0000-0002-7986-5810

Kopuarun Cepreii AnekceeBud, KaHIUAT (PU3NKO-MaTeMaTHYeCKUX HayK, HOLEHT JerMapTaMeHTa aHaJu3a
JaHHbIX, TIPUHATHS PelleHHH W (MHAHCOBBLIX TeXHOJOTMH, korchaginser@gmail.com, https://orcid.org/
0000-0001-8042-4089

AnHoranusa. B cratbe npuBomATCS MaTeMaTHUeCKHE W KOMIbIOTEPHbIE MOJEJH, TO3BOJSIOLIHE
MCC/Ie0BaTh 3JeKTPo(rU3nyecKre CBOUCTBA (IH3/NEKTPUUECKYI0 TPOHUIAEMOCTb, HMIIENAHC)
MHOTOKJIETOUHOH CTPYKTYPBl TIPU BO3IEHCTBUM HAHOCEKYHAHBIX 3JEKTPHUECKHX HMIYJabCOB. B
paboTe mpepnaraercs NOAX0[ MOAEJHPOBAHUS, BKJIIOUAIOINN B ceOs KOMIJIEKCHOE HCI0Jb30BaHHe
KJIACCHYECKOH TEOPHM OIMUCAHHUS 3JeKTPOAMHAMUYECKUX CBOHCTB IMCIEPCHBIX CHUCTEM H TEOPUH
3¢pdekTUBHOH cpenpl. [l onucaHWs TeOMETPHUH KJETOK HCMoJb3yloTess (opmyabl Jxuauca,
KOTOpble TMO3BOJISIIOT YUYUTBIBATH HEMpPaBUJbHBIE (POPMBI KJAeTOYHbIX MeMOpaH. [IpoBeneH BbIUHC-
JIUTEJIbHBIA 3KCIIEPUMEHT C MOIEJSMH KJETOK M0 HMCCJAeNOBAHHIO YaCTOTHBIX 3aBUCHUMOCTEH M-
3/IEKTPUYECKOH MPOHUIAEMOCTH W MMIeIaHca TPU BO3AeHCTBHM HAHOCEKYHIHBIX 3JE€KTPUYECKHUX
UMITYJIbCOB. M3ydeHOo BiHMsiHMEe MeMOpPaHHOH MOPHUCTOCTH HAa TPOBOAMMOCTb U IHUIJIEKTPHUECKYIO
MPOHULAEMOCTb KJeTKH. [IpoBefeHO KOMMbIOTEPHOE MOIEJMPOBAHHE MeXaHHW3Ma 3JeKTpPOornopa-
UK TJa3MaThdeckKod MeMmOpaHbl. [losyueHHBIE pesysnbTaThl OYAyT MoJie3HBl AJs Oojiee Tay6o-
KOTO MOHHMaHMs (PyHIaMeHTaJbHBIX TPOLECCOB, MPOUCXOASALINX B KJIETOUHOH MeMOpaHe MpU HUM-
MyJbCHOM 3JIEKTPUUECKOM BO3IEHCTBHH, U MOTYT HCIOJb30BATHCS B PA3/JUYHBIX MPAKTUYECKUX
MPUJIOKEHHUSX, TAKUX KaK ajgpecHasi nocTaBKa JekapcTs, BkiaoueHus reHoB JHK u PHK B 6ak-
TepHasbHble KJIeTKH U KJETKH MJEKONUTAIIINX, a TaKKe U30UpaTebHOM YHUUYTOKEHHH PAKOBBIX
KJIETOK.

KuroueBble ciioBa: MaTeMaTHyeckoe MOJeTUPOBAHKE, KIeTOYHAsi MeMOpaHa, 3/JeKTPOnopalnus, uM-
nefaHc, NU3JIeKTpHUUecKasi MPOHHULAEMOCTb

Hns uurupoBanusa: Kim R. P., Korchagin S. A. Mathematical and computer simulation of
the electrophysical properties of a multicellular structure exposed to nanosecond electrical pul-
ses [Kum P. Il., Kopuaeun C. A. MaremaTHueckoe ¥ KOMIIBIOTEPHOE MOIEJHPOBAHHE JEKTPO-
(pM3HUUECKUX CBOMCTB MHOTOKJIETOYHOH CTPYKTYPBI MPH BO3AEHCTBUH HAHOCEKYHIHBIX 3JIEKTpHUeC-
kux ummnysabco] // WsBectust CapatoBckoro yHuepcutera. Hosasi cepusi. Cepusi: MartemaTuka.
Mexanuka. Mudopmartuka. 2021. T. 21, o, 2. C. 259-266. https://doi.org/10.18500/1816-
9791-2021-21-2-259-266

Cratbs omny6aukoBaHa Ha ycjaoBusix JuneHsun Creative Commons Attribution License
(CC-BY 4.0)

260 HayyHbeir oTaen



)
:

R. P.Kim, S.A. Korchagin. Mathematical and computer simulation

(
A

Introduction

Field experiments which are carried out to study the cell membrane electroporation
mechanism are time-consuming, expensive and require high-precision calibration of the
equipment, as well as careful preparation of the object of study [1]. The main task
during the experiment is to obtain the most reliable data at minimum cost. We find
dependencies between factors as a part of the study, construct an approximation of the
response function of various orders, perform a sensitivity analysis and determine the
probability of one kind or other event.

Analysis of scientific literature [2-5] shows that short rectangular pulses are used in
the overwhelming number of studies. For instance, Maxwell’s equation is used to calcu-
late the transmembrane electric potential induced by an external electric field in a spher-
ical cell. As a consequence of the electric shock, temporary pores are formed in the cell
membrane, thus increasing its permittivity. Electroporation conditions change depend-
ing on the type of substance introduced into the cells. The electroporation method [6],
awarded the Nobel Prize in Chemistry 2003, is a needle-free alternative to classical
mesotherapy. Seriousness of the method is confirmed by its active use in the field
of medicine. Nowadays electroporation is the only non-injection effective method of
transporting an active substance to skin cells while maintaining the maximum possible
concentration — more than 90% [7].

Mathematical and computer simulation is a powerful tool for theoretical research in
biophysics [8]. Development of mathematical models opens up a wide range of possi-
bilities for a multimethod research of electroporation mechanism. It happens because
parameter structure of mathematical models physically corresponds to the objects of
study. Computer simulation as a research method denotes the concept of an iterative
paradigm of the computational experiment, since we define a mathematical model more
precisely, improve the computational algorithm and, in some cases, revise computational
process organization in the experiment.

Analysis of such models allows to predict the most favorable conditions for their
subsequent experimental study. In addition, it also allows to acquire new fundamental
knowledge about dynamics of the cell membrane exposed to electromagnetic pulses. It
helps to apply practical knowledge to medicine, cosmetology and other fields of science
and technology in the future. Mathematical and computer modeling to study the effect
of electrical pulses on biological objects is a relevant field of research, which allows to
obtain detailed information about the object of study as well as data for further full-scale
experiment and prediction of experiment results.

In the study we use a complex approach to carry out mathematical simulation of the
electrophysical properties of cell membranes exposed to nanosecond electrical pulses.
The approach includes the classical theory of describing the electrodynamic properties
of dispersed systems and the effective medium theory [9].

1. Mathematical simulation of the electrophysical properties of a cell

The object of study is a multicellular structure exposed to uniform pulses of an
electric field and consisted of arbitrarily shaped cells (Fig. 1), each of which has a
plasma membrane and an intracellular organelle.

Every cell is described by the following values: €. — complex permittivity of a cell;
0. — conductivity of a cell; €, — complex permittivity ol a cell membrane; o, — con-
ductivity of a cell membrane, ¢,,, — conductivity of a cell organelle, ¢,,, — complex
permittivity of an organelle membrane. The following parameters simulate cell geomet-
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Fig. 1. Schematic image of a cell exposed to uniform pulses of an electric field

ry: rij, T;j, ¥i; — position vector and rectangular coordinates, which describe lateral
view of a cell, 6;; — polar angle, which characterizes a local coordinate system of
a membrane; 7,,, Tmn, Ymn — Position vector and rectangular coordinates, which
describe lateral view of an organelle, ¢,,, — polar angle, which characterizes a local
coordinate system of an organelle, h, — thickness of a plasma membrane, h,, —
thickness of an organelle membrane.

We use Maxwell’s equations in dispersed media to describe electrophysical properties
of a multi-cell structure:

VxH=¢g%24+20E, (1)

The simulation approach is quite common and used in many studies, e.g. [10,11].
The system of equations is rather difficult to solve for realistic multicellular structures.
However, due to the small size of a cell, we can neglect the change in the magnetic
field over time, hence V x E = 0. An electric field E can be derived from the scalar
potential ¢ using the equation:

E=-Vo. (3)
Substituting (3) for (1), we obtain the following partial differential equation:
V- (2052 +0Ve— L) =0, (4)

where o is static ionic conductivity. The following boundary conditions are imposed to
the mathematical model to satisfy the continuity equation V x J = 0:

- (J|pr = Jr-) =0, ()

where
J=(0+e2)E+ 9L (6)

' and I'~ are outer and inner boundaries of cell membranes, respectively, 7 is normal
vector, which is taken outside the membrane boundaries. The electric potential for
each cell is calculated by root-finding algorithm (4). The transmembrane voltage U, ;
is calculated as the difference between the electrical potential at the outer and inner
boundaries (¢;; and ¢;; respectively) of each cell membrane:

Uij=¢;; — i (7)

1,J (VN
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We propose to use the effective medium theory to simulate complex permittivity
of a multicellular structure. The study considers cells from 10 to 100 micrometers,
frequency of the electromagnetic radiation wave is 3-30 GHz, the wavelength of the
electromagnetic field is by an order of magnitude more than the cell size, so the
simulation method is acceptable for use.

We can use the Rayleigh equation to describe complex permittivity of a multicellular
structure [12]

3V
Em = E¢ 1 + 5h+25mv 131 r—— s (8)
eh—em entgen®

where ¢, is complex permittivity of a multicellular structure, ¢, is complex permittivity
of the matrix, V' is cell volume fraction in the medium. Permittivity of a cell is calculated
by modifying the equations which were obtained in [13]:

agorg (359 + (= 1) (5g + 250rg)> — & (3507’9 +(a—1) (59 + 2507‘9))
P e (@ — 1) €y + 2 (00 + 1) €org) + Eorg (a0 + 2) £, + 2 (& — 1) Eorg)
+ (1 — prav) ey, = 0,

o Eora (Beg+ (v — 1) (g4 + 2€0rg)) — €c (Beorg + (@ — 1) (g4 + 25org))+ )
P2 e (@ — 1) €y + 2 (@ + 1) €org) + Eorg ((a+ 2) £, + 2 (4 — 1) Eorg)
Eg— €
+ (1= pror) F— =0,

Eg + Eorg

=y
where ¢, is permittivity of a cell nucleus, p; = m is volume fraction of the plasma
membrane to the total cell volume, py = 7“3”—"3 is volume fraction of the organelle

(Tm,n+horg)
membrane to the total organelle volume, o = 73 3

7,]° m,n’

Cell geometry is simulated by Gillis equations:

xi,j = Ai,jRi,j (91'0‘) COS Gi,j, (10)
yivj = Bi,jRi,j (91‘7]‘) sin 0i,j7 (1 1)
coS(—mi’zj_lei’j s gin (204 ) "\ TR
Ri, (6i,) = cos(ZHE) I e ) ’ (12)
Qi 25-1 Qi,2;

where ¢ = 1,...,p and j = 1,...,q and M = pq is a total number of cells and mem-
branes, 6, ; € [—m;7] is a polar angle, which characterizes a local coordinate system,
mi2i—1, Mi25, Mi2j—1, T 2j and bi,j € }%Jr (positive real numbers), Qi 25—1, 04 2j € RS_
(strictly positive integers), A;;, B;; are scale parameters, R;; is a position vector of
the corresponding cell profile.

2. Computer simulation of the electroporation mechanism

We develop a computer model and carry out the computational experiment to study
the electroporation mechanism of a multicellular structure. We use an algorithm for in-
terpreting a full-scale experiment with an “ex vivo” method. Figure 2 shows a capacitor
discharge circuit for generation of an exponentially decaying electric field pulse of a
multicellular structure simulated using NI Multisim software package.
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We use a multicellular structure
| PC with dimensions of 30x30x3 mm in
S Oscilloscope 1 the computational experiment. We use

AR U values in the range of 4-5 kOhm
(1) Ve —C = as the initial data of the impedance
value of the object of study. The
Electrodes values are obtained as a result of a
full-scale experiment in the research
paper [14]. A computer model allows
Fig. 2. .Corpputer mode} of a capacitor .dis- to study 160 samples, which are di-
charg'e circuit fgr generahon of an expogenhally vided into 4 groups depending on the
decaying electric field pulse to a multicellular voltage applied to the object of study
structure (230, 550, 750, and 1000 V for each
group, respectively). If the electric properties change, the current which flows through
a multicellular structure is calculated by the voltage change in the electrodes. We use a
model of a 4-channel digital oscilloscope with the following characteristics: bandwidth
(3.5 GHz), sampling frequency (10 GHz) in the computational experiment.

L)

Multicellular structure

3. Results and discussions

Figure 3, a shows a dependency graph of voltage on the time of exposure to an
electric field pulse for each sample group. The graph shows that voltage increases
significantly in the range of 25-30 ns until it reaches its maximum value and then
exponentially decreases. It means that the electrophysical properties of a multicellular
structure can significantly change under the influence of electrical nanopulses. Figure 3,
b shows dependence of the impedance of a multicellular structure on the volume fraction
of cells in the medium.

UV — & T z, kOhm
10001 N 1 Tr
800[ group 4 1 or
600F .- - st
‘ “e—.group 3
400¢ e 4t
—group2 |
200 //\\w 3t
L ! L 1 | L | L ! 0 I 1 I I i
00 10 20 30 40 50 60 70 80 90¢ ns 0 200 400 600 800 1000 U V
a b

Fig. 3. Dependence of voltage on the time of exposure to an electric field pulse (a) and
dependence of the impedance of a multicellular structure on the volume fraction of cells in
the medium (b)

The computational experiment shows that impedance drops significantly near the
peak of the electric field pulse and then changes insignificantly. High intensity of elec-
trical pulses results in slower impedance recovery. Hence, time values of electrical
pulses of 40-100 ns approximately have a greater effect on the cell membrane recovery.

Figure 4 shows dependence of permittivity of a multicellular structure on the wave-
length of external factors. Simulation results show resonant bursts which can be con-
nected to relaxation phenomena of the nuclear membrane and plasma membrane polar-
ization.
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Fig. 4. Dependence of permittivity of a mul-
ticellular structure on the wavelength of
external factors

Conclusion

The paper presents a simulation approach that includes complex use of the classical
theory of describing the electrodynamic properties of dispersed systems and the effective
medium theory. Gielis equations provide a wide range of possibilities for simulation of
multicellular systems of various geometric configurations. As a result of the study, we
find out that the electrophysical properties of a multicellular structure exposed to elec-
trical nanopulses can significantly change. We study the dynamics of the electrophysical
properties of a multicellular structure against the frequency of external force and the
duration of the electric field pulses as well. We set time values of electrical impulses
which have a greater effect on the cell membrane recovery. The obtained results will
help to understand better the fundamental processes which occur in the cell membrane
exposed to electrical pulses and can be used in various practical applications, such as
targeted drug delivery, the incorporation of DNA and RNA genes into bacterial and
mammalian cells, as well as the selective destruction of cancer cells.
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AnHoTtanusa. B pa6ore paccmatpuBaroTesi rpadbl, BepUIMHBI WK pedpa KOTOPBIX PacKpalleHbl B
3alaHHOe KOJIMUeCTBO L(BETOB — BepLIMHHble U pebepHble packpacku. MayueHue packpacok rpa-
¢oB Havasock ¢ cepenrHbl XIX B., oflHaKO OCHOBHOe BHHUMaHHe yJeJsieTcsl IPaBUJIbHBIM pacKpac-
KaM, B KOTOPbIX HaKJ/aJblBaeTCsl OrpaHHYeHHe, YTO LiBeTa CMeXXHBIX BepLIMH WM pebep H0JXK-
Hbl OBITb Pa3/UYHBIMH. B naHHOH padoTe paccMaTpUBAIOTCS pacKpackd rpados 6e3 Kakux-jau00
orpannueHuil. Mccienyercss 3amaya reHepaldd BceX HEU30MOP(HBIX BEPLIMHHBIX U pebepHBIX
k-packpacok 3agaHHoro rpada 06e3 HemoCpeiCTBEHHOH MPOBEPKM Ha H30MOppU3M. 3agada o
HaXOX/eHUH HeU30MOpP(HBIX pebdepHbIX k-pacKpacoK CBOAMUTCS K 3ajaue MOCTPOEHUS BCex
BEPUIMHHBIX k-packpacok rpada. B ocHoBe meTomoB reHepauuu rpadoB 6e3 HemocpencTBEHHOH
MPOBEPKH Ha HM30MOP(H3M JIEXKHUT METOA KaHOHUYECKHUX INpeiacTtaBuTesed. Mnes meroma cocrout
B TOM, YTO MpejJaraercs crnoco6 KoAMpPoBaHHUS TpacdoB U BbIOMpPAETCS HEKOTOPOEe MPaBUJO, MO
KOTOPOMY M3 BCeX H30MOP(HBIX rpaoB OfHH rpag oObsBiseTcs KaHOHUYecKUM. CTposTcs Bce
KOJIbl M U3 HUX OCTaBJISIOTCS TOJIbKO KaHOHHUYecKHe. HacTo B KauecTBe KAHOHMYECKOro BeIOHpaeTcs
NpeicTaBUTe/ b C HAWOOJBILIMM WM HauMeHbLIMM KoioM. Ha mpakTuke mopoxkieHHe BCeX KO-
N0B TpeOyeT OOJBLIMX BBIYUCAHTE/bHBIX PECYPCOB, MO3TOMY HCIOJb3YIOTCS pa3/UYHblE MeTO.bI
onTHMH3aUuu nepebopa. B pabore mnpensaraioTes nBa aAropuTMa pelLIeHMs 3aayd TeHepaluu
BepLIMHHBIX k-packpacok 0e3 nposepkd Ha usomop¢usM MetonoM MaxKes u mertomom Pupa -
®@apapkeBa. [IponsBopuTcsi cpaBHeHHe pa3pabOTaHHBIX A/ITOPUTMOB TeHepallMH PacKpacok Ha
IBYX KJaccax rpagoB — Uensix M LUUKJAax. BerauciauTesbHble 3KCIEPUMEHTBI MOKA3bIBAIOT, YTO
IJ15 Leneld ¥ LUKJOB aJTrOPUTM, MOCTPOEHHBIH Ha ocHoBe Merona Pupa — PapamxeBa, paboraer
OblcTpee.

KaroueBbie caoBa: rpad, pasmeTka rpada, packpacka rpaga, 1BeTHoH rpad, remepatop
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Abstract. In the article we consider graphs whose vertices or edges are colored in a given
number of colors — vertex and edge colorings. The study of colorings of graphs began in the
middle of the 19th century, but the main attention is paid to proper colorings, in which the
restriction applies that the colors of adjacent vertices or edges must be different. This paper
considers colorings of graphs without any restrictions. We study the problem of generating
all non-isomorphic vertex and edge k-colorings of a given graph without direct checking for
isomorphism. The problem of generating non-isomorphic edge k-colorings is reduced to the
problem of constructing all vertex k-colorings of a graph. Methods for generating graphs without
direct checking for isomorphism or isomorphism rejection are based on the method of canonical
representatives. The idea of the method is that a method for encoding graphs is proposed and
a certain rule is chosen according to which one of all isomorphic graphs is declared canonical.
All codes are built and only the canonical ones are accepted. Often, the representative with
the largest or smallest code is chosen as the canonical one. In practice, generating all codes
requires large computational resources; therefore, various methods of enumeration optimization
are used. The paper proposes two algorithms for solving the problem of generating vertex k-
colorings with isomorphism rejection by McKay and Reed - Faradzhev methods. A comparison
of the proposed algorithms for generating colorings on two classes of graphs — paths and cycles
is made. Computational experiments show that the Reed — Faradzhev method is faster for paths
and cycles.
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Bsegenue

Bosbiio#i uHTepec B Teopuu rpadoB MpeACTaBseT 3ajada pa3paboOTKH reHepaTopoB
IJIST  TIOCTPOEHHs] BCeX Heu3oMOpP(HBIX TrpadoB orpeneseHHoro Tuma. Fl3BecTHBI
reHepaTopbl HEOPHUEHTHUPOBAHHBIX T'padoB, OPUEHTHPOBAHHBIX rpados, TypHUPOB [I, 2],
perynsipHbix rpadoB [3], ky6uueckux rpacdos [4] u ap. [5] Bce 3Tu reneparopsl mo3so-
JISIFOT CTPOUTH I'pachbl 6e3 METOK: BEpPIIMHBI IOCTPOEHHBIX IPaOB UMEIOT ONUHAKOBBIH THII
(meTky uau 1BeT). Ha mpakThke rpad MoXKeT sIBASTbCS MOJAEJbIO CHCTEMbI, B KOTOPO#H
3/7IeMEHTBl UMeIOT pasHblil THM [6]. Hanpumep, mjsi aHanusa KJHeHT-CepBEPHOH MOMIEJH
BBIUMCJIEHUH BEPLIMHBI, COOTBETCTBYIOLIME cepBepaM, OYAyT UMETh OJHH THII, a BEpPIIHHBbI,
COOTBETCTBYIOIIME KJIHEHTaM, — IPyrod THUM. B 3ToM ciyuae BeplIMHAM MPUMHCHIBAIOTCS
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MeTKH, 0o0O3Hauallllde THI, UJH, UTO sBJseTcs OoJiee TPaJAHMLMOHHBIM B TEOPUH Tpa-
(0B, BeplIMHBI pacKpallKMBaloTcs B pasHble LBeTa. COOTBETCTBYIOLWIMU rpad Mbl Oynem
Ha3blBaTh LBETHBIM. MoOryT HaK/aablBaTbCsl [OMOJHHUTEJNbHblE OFPaHUYEHHS Ha LIBETa,
HasHauaeMmble BepiirHam. Hampumep, mpu mMpaBUIbHOH pacKpacke CMeXKHble BEPLIMHBI
IOJDKHBI UMeThb pasHble LBeTa. MI3yueHue packpacok rpacoB Hauagoch ¢ cepenuHbl XIX
B., OJIHAKO OCHOBHO€ BHUMaHHe yJeJssieTcs NpaBU/bHBIM packpackaM B MHHHUMaJ/bHOE YHC-
JIo 1BeTOB [7-9].

B nanHo#i cTatbe Mbl OyfeM paccMaTpuUBaTb IPOM3BOJIbHBIE PACKPAaCKH 3aJaHHOTO
rpaca, a OCHOBHasi 3ajaya COCTOMT B TOCTPOEHHWH BCEX CYLIECTBEHHO pPa3JMUYHBIX
packpacok 3afaHHoro rpada B k LBETOB HWJM k-packpacok. B Oosee obuiem ciaydae
CBSI3M MKy 3JeMeHTaM{ TakKe MOTYyT HMeTb pasHbld THI, 4YTO MPUBOAHUT K
rpady, B KOTOPOM MeTKH MJHM IBeTa MPHUIUCHIBAIOTCS Takxke HU pebpaMm. B naHHOH
paboTe wcc/enyeTcss reHepauusi BceX HeH30MOP(HBIX Kk-pacKpacok [J/s 3a4aHHOTO
rpacda. Mpl OynemM paccMaTpuBaThb Kak BepLIMHHBbIE, TaK U pebOepHble pacKpacku. 3a-
Jauya 0 HaxOoXJeHWH Hen30MOp(HBIX pebOepHBIX k-pacKpacok OyIeT cBeleHa K 3anaye
MOCTPOEHHsI BCeX BEpIIMHHBIX k-packpacok rpaca. BymyT paccmarpuBaTbesi packpacku
HEOPUEHTHPOBAHHBIX TpacoB, OAHAKO MOJyUeHHblE aJrOPUTMBI €CTeCTBEHHBIM 00pa3oM
MOXKHO MepeHeCTH W Ha CcJydyall OpUeHTHPOBAaHHBLIX rpados.

1. OcHoBHbIe onpenesieHUs

[Tpexxie yeM paccMaTpUBaTb METOIbI OCTPOEHHS LBETHBIX TPadoB, HEOOXOIUMO AATh
OCHOBHBIE OTpefle/ieH s, CToMb3YyIolIecs B 1aHHOH padoTe. OcTanbHble ONpeneneHns U3
Teopuu rpadoB MoxkHo Ha#th B [10, 11].

[lycts G(V,a) — rpad, k € N. ®ynkuus Buna f : V. — {l1,..,k} HasbiBaetcs
sepuiunroll k-packpackoii G, f(v) — uBerom BepwHHbl v € V, a rpap G, Kax-
L0 BepLIHHE KOTOPOrO COMNOCTaBJseTCS KaKOH-HUOYAb LiBEeT, Ha3blBAETCS UBEemHbLM
aubo epagom ¢ uysemuoimu sepuiuramy. Taxkue rpadpbl 0003HAYAOTCH CJAEAYIOLIUM
o6pazom: G = (V, a, f).

AnanornuHeiM 00pa3oM omnpenessitorcs rpadbl ¢ [BeTHBIMH pebpamu. [lanee mpisi
yHoOCTBa rpad C IBETHHIMH BepIIMHAMU OydeM Ha3blBaTh LIBETHBIM TpadoM HJH TPOCTO
packpackoil epaga, a rpad ¢ LBETHBIMH pedpaMu — pebepHoil packpackol epaga.

Hzomoppusmom ysemmoix epagos G = (Vi,aq, f1) u Go = (Va, ag, fo) HasbiBaeTcs
uzomopduam rpados G; = (Vi,aq) u Gy = (Va, ap), coxpaHsiiolinii upeta. Ato OHEKIHs
¢ : Vi — V5, IpU KOTOPOH BBIMOJIHAITCS [1Ba YCJIOBHS:

) VuoveV:(uv) €a < (pu),pv)) € as,

2V ve Vi filt) = falp(v)).

M3omopduam 1BeTHBIX TpaoB Tak:Ke HA3bIBAETCH ygemHolm uzomop@uamom. AHa-
JIOTHUHO BBOAUTCS TMOHSITHE H30MopU3Ma epagos ¢ uysemuoimu pebpamu. MoxHO
paccMaTpUBaTb BapHaHT CHJBHOTO H30MOpP(U3Ma, T.e. U30MOP(H3Ma C TOUHOCTHIO M0
uBeToB. Hanpumep, Ha pucyHKe MoKa3aHa 3-BepIIMHHAs Lelb P; U 3 ee HEM30MOpP(HHBIE
packpacku B 2 1peta. [lepBble ABe packpackd M30MOP(HBI ¢ TOUHOCTBIO 10 LBETOB.

o000 600 0O e0Oe

Puc. 3-BepunHHas uenb P3 U ee packpacku B 2 IBeTa
Fig. The path P and its 2-colorings

[{semnoti asmomopgpuszm epaga — 310 H3oMophH3M LBeTHOro rpaca Ha cebs.
MHoxKecTBO BceX IBETHBIX aBTOMOP(H3MOB, BKJOYAs W TOXKIECTBEHHBIH, oOpasyer
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epynny asmomop@duamos epaga. JBe BepluuHBI rpada HasblBalOTCH n0J0OHbIMU, €cC-
JIU CyLleCTBYeT aBTOMOP(H3M, 0TOOpaxKalIUi OfAHY BepLIMHY Ha Apyryto. MHoxecTBO
NofoOHBIX BEpLIMH Ha3blBaeTcs opbumoi.

[Tycts S — mHOXecTBO, a F' = {57,...,S,} — ceMelcTBO €ro pasjWUHBIX HEMYCTBIX
MOAMHOXKECTB, oObenuHeHne KoTopeix naet S. [pag nepeceuenuti Q(F) cemeiictBa F
onpenessercs MHoxecTBOM V (2(F)) = F' u ycioBueM «S; U S; CMeXHBI TOTZA U TOJBKO
TOrna, Korma i # j A S; US; # @» [11].

Paccmotpum MHokecTBOo X Bcex pebep rpada (G Kak ceMeHCTBO JBYXBEPLIMHHBIX
TIOIMHOXKeCTB MHOXKecTBa BepiinH V' (G). Pebeproim epagpom L(G) rpada G HasbiBaeTcs
rpad nepeceyenui 2(X). Takum oGpasom, BepiinHamu rpada L(G) siBasitores pebpa
rpada G, u nBe BepliuHbl rpada L(G) CMeXHBl TOTAA U TOJBKO TOTJA, KOTJA CMEXHbI
COOTBETCTBYHOLIME UM pebpa rpada [11].

2. Iloctpoenue HeusoMopHBIX R-pacKpacok rpadga

Mbl 6ynem paccMaTpuBaTh CJENYIOLIYI0 OCHOBHYIO 3amauy. s 3agaHHoro rpada
G = (V,«a) ¢ n BeplIMHAMH U 3alaHHBIM KoJM4YecTBOM LBeToB k, 1 < k < |V, Heo6xo-
IUMO TIOCTPOUTDH BCe HEM30MOp(HBIe k-pacKkpacku rpada (G, mpuyeM Bce LBeTa JOJKHbI B
packpacke npucytcTBoBaTbh. OueBHIHO, UTO AJs k = 1 3aaua UHTepeca He NpeiCTaBJsIeT,
Tak KaK eIMHCTBEHHBIM 00pa3oM MOKHO PAaCKPaCHTb BCe BEPLIMHBI B OAMH LIBET.

Jlns 3amauu mocTpoeHMs BceX HeM30MOP(HBIX PACKpPacOK BepIIMH WKW pebep 3a-
IAHHOTO Tpada poBHO B k 1BeTOB Hen3BeCTHO 3(dexkTHBHOe pelleHue. CyllecTBYIOT
pasJiMuHble TMepeGOpHble TMOAXOAbl [Js1 pellleHHs NaHHOH 3amauu [12-14], Haubosee
pe3y/JbTaTUBHBIMH M3 KOTOPBIX SIBJSIOTCS METOAbl C MCIOJb30BaHHEM TEXHHUKH HC-
KJoueHus: usomopgusma (isomorphism rejection), T.e. 6e3 HermocpeACTBEHHOH MPOBEPKH
Ha u3omopduaM. XopowHil 0630p MO ITHM TEXHHKAaM MOKHO HalTH B padore [5]. B
OCHOBe TaKHMX TMOAXONOB JIEXKUT MeTOJ KaHOHMUYeCKUX TpeactaBuTesed. KMnes mertona
COCTOUT B TOM, YTO BbIOMpaeTcsi HEKOTOpPOEe IPaBUJIO, 10 KOTOPOMY M3 BCEX H30MOpP(-
HBIX TpadoB OIUH rpac oObsAB/ISETCS KaHOHUYeCKHM. HacTo B KauecTBe KaHOHHYECKOro
BbIOMpaEeTCs MpeNcTaBUTeb ¢ HAaUOOJBLIMM WM HaWMeHbLIMM KoioM. B obuiem Buue
MEeTOJl MOXKHO OMHCaTh CJAEeAYIOMHUM obpasom [5]:

1) onpenensieTcst crnoco6 KOAMPOBaHHSI 00BEKTOB,;

2) cpenu BCeX KOIOB H30MOP(HBIX 0OBEKTOB BBIOWPAETCsl KAHOHUYECKHUH KO

3) MOpOXKAAIOTCH BCe BO3MOXKHbIE YHHKAJbHbIE CTPYKTYPbl BMECTe C MX KOAAMH;

4) mopoxaeHHas CTPYKTypa MPUHHUMAETCS, €CJIU ee KOJ KaHOHWUYECKHH, B MPOTUBHOM
caydyae — HCKJI0YaeTcs.

Ha npaxkthke mnopoxaeHue Bcex KOAOB TpeOyeT OOJBLIMX BbIUACAUTENbHBIX
pecypcoB, TO3TOMY MCIIOJb3YIOTCS pasjHuHble MEeTOAbl ONTUMHU3auuu mepedopa. B
HacTosilled paboTe IPOU3BOJUTCS CpPaBHUTe/bHAsi XapaKTepHUCTHKa [BYX HauboJee
pacrmpoCcTpaHeHHBIX MeTonoB reHepauuu: Mertoga MaxkKes [1] u wmerona Puna-
DapamxkeBa [5]. Ob6a mopxona HCMOIb3YIOT TEXHHKY KAHOHHUUECKHX TpelCcTaBUTeNeH,
OIHAKO KaXKIbld OTJMYAETCS CBOMM YHHKAJbHBIM CIIOCOOOM OTCEUEHHS HEMOAXOASIINX
BapUaHTOB packpacku. PaccMoTpuM nasnee ob6a metona.

B memode MaxKes reHepauusi CTPyKTYp NPOHUCXOAUT MTEPALLMOHHO OT MEHBLIMX K
60JIbILIKMM: OT poAMTessi K MOTOMKY. [Ipy 3TOM onHa M Ta Ke CTPyKTypa MOXKeT ObIThb
MOTOMKOM OT HeCKOJIbKMX poauTesed. Heo6XoouMo 0CTaB/sATh CTPYKTYPY B TOM CJyuyae,
ecsii OHa ToJlydeHa M3 MOAXOAsIIero poautess. UToObl peasn3oBaTh MOPOXKAEHHE BCEX
UCKOMBIX CTPYKTYyp 0e3 mpoBepku Ha n3omopdusm, B Metone MakKes npensnaraercs Bbi-
MOJHUTb CJeAYLIHe [Iaru:

1) masi KaXmo# CTPYKTYPBI OINpefesisieTcsi YHUKAJbHBIH (KaHOHHYHBIH) POOHUTENb U
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croco6, KOTOpbIM [aHHasi CTPYKTypa AOJKHA ObITb MOJyyeHa U3 Hero;

2) CTPYKTypa MPUHUMAETCsI, TOJIbKO €CJIM OHa TeHepUpyeTCcsl BHIOPAHHBIM CIIOCOOOM U3
KaHOHHYHOT'O POAUTE/IS;

3) M3 KaxKIOro pPOIUTeJisi Bce HeH30MOP(HbIE TOTOMKH MOJKHbBl T€HEPHUPOBATHCS 10
OIHOMY pasy.

Ha Bbixone mosyyaetcsi MHOXKECTBO BCEX HEM30MOP(PHBIX PACKPACOK 3aJaHHOTO rpada.

B memode Puda - Papadxesa, B oTiuunMe OT MpelblaylIero ajJroputMa, ornpeye-
JiileTcsl He Crnoco0 MoJy4YeHUs] KaHOHMYECKOTo IMpefKa M ero KaHOHHYEeCKOro MOTOMKA,
a 3ajaetcs crnocod KoaupoBaHUs TpadoB 15 MOJyuyeHUs] KaHOHUYEeCKUX IpelcTaBUTeNel
U onpefessiercs crnocod cokpalleHus nepebopa: ecjM HeKOTopas 4acTb KoJa MOCTPOeHa,
TO OCTaBILAsICS YacTh KOAA CTPOUTCS TOJBKO B TOM CJydyae, €CJAU MOJYUMBLIHHCS KOI
MOKeT ObITb KAHOHHYECKHUM. Y[aJ0Ch pa3padoTaTh aJrOpUTMbI, peasusytolide o6a MeTo-
na [13,14]. [lanee Mbl MpHBefeM aJTOPUTMbI U CPaBHHUM pe3yJabTaThl MX PabOTHl /s
rpadoB 1BYX BHJOB: Lienell U IIUKJIOB.

3. Ioctpoenne HensomopdHbIX rpacdoB C LBETHBIMU pedpamu

3ajaua mnowcka peGepHBIX PaCKpPacoK MOXKeT ObITb CBelleHa K 3ajade TeHepaluu
BEpLIMHHBIX PACcKpPacoK 4Yepe3 MOCTPOeHHe HJisi 3afgaHHoro rpada G pebGepHoro rpada
L(G): mpennaraetcsi CBeCTH 3ajauy reHepanuu peGepHbIX packpacok rpada G K 3amaue
reHepaly BepLUIMHHBIX packpacok pebepHoro rpada L(G). Onwuinem crnocod mpUBeaeHHs
UCXOAHOTro rpada K pebepHOMY.

Ecau rpadgel Gi u Go uszomopdubl, To rpadel L(Gi) u L(Gy) Toxke H30MOP(HBI.
YutHu ycraHoBua [11], 4yTo obGpaTHOe cnpaBedsIMBO TOYTH BCErAa, M yKasas TpH 3TOM
eMHCTBEHHYIO Mapy pasju4HbIX rpagos K3 U K(13), UMEIOLIHX ONHH U TOT XKe peGepHbIH
rpad.

Heob6xonumo BBecTH a/fropuTM MOCTpOeHUsi pebepHoro rpaca nJs AajbHEHIIero uc-
MOJb30BAHUS B aJATOPUTMe I'eHepallid PacKpacok.

[Tyctp nan ucxomswiél rpap G = (V) ).

1. Cospnaercs nycroit rpap L(G) 6e3 pebep W BepLIKH.

2. 1nst kaxporo peépa (u,v) € a B rpad L(G) nobasiasieTcs HOBasi BepIIMHA ¢ METKOM
(u,v).

3. Hdnsa xaxnpoil BepmwmHbl (u,v) € V(L(G)) mnepebupatorcsi BepuwinHbl (u',v’) u3
L(V)\{(w,v)}. Lns Kaxpod napbl BepIIMH CPAaBHUBAIOTCS METKH, U B 3aBUCHMOCTH OT
KOJIUUeCTBa OJIMHAKOBBIX 3JIeMEHTOB B peOepHbId rpad nodasssieTcs ogHo Jubo nBa pedpa.

4. Ha Bbixone nosyvaercsi pebepublii rpad L(G) = (V(L(G)), a(L(G))).

Tenepb, nmoctpouB rpad L(G) ¥ paccMOTpeB YacTHble cJydad, ONMHCAHHble YHUTHH,
MOXHO MOCTPOUTh HeH30MOp(Hble pebepHble pAacKpacKH AJsi HCXomHoro rpada G.

4. IlocrpoeHue HeusomMop(HbIX packpacok meronom MakKes

Anroputmusupyem merton MaxKesi, mpuMeHUB ero s TOCTPOEHHsT Heu3oMopd-
HBIX packpacok rpaga. B kauecTBe BcrmomorarejqbHOTO MHCTPYMEHTA [/ TOCTPOEHHS
pa3bHeHU W BBIUMCJEHHWS OPOUT MCMOJb3yeTcs MporpaMMHbIH naker nauty [2], pea-
nusoBaHHbE MakKeem [1].

ANropUTM BBITJISIANT CJEIYIOIIUM 00pa3oM.

Ha Bxoxn mopaetcs rpad G = (V, «), kKosuuecTBo 1BeToB k : 1 < k < |V].

1. Tlpn nmomomu nporpamMmbl nauly CTPOUTCS KaHOHUYecKass Hymepauwus lab rpada,
BBIUHCJIIOTCS OPOUTHL 0rby.
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2. CosnaeTcst BEKTOp pacKpackH col, B Hero no6asJ/sieTcs UBeT 1 115 MepBOH BepLIUHHL;
colsize = 1 — pasmep col; mec = 1 — MakCHMaJ/IbHBIA 10 3HAYEHUIO LBET, HAXOASAIIMHUCH
B col; colent = 0 — KOJIMUeCTBO HAaHAEHHBIX PacKpacok.

3. Ilepebupatorcsa Bce uBeTa oT 1 10 mc + 1, odyepenHON LBET NPUCBAUBAETCS Cur.

4. Jlast cur nepebGUpaIOTCsl 3JMeMEeHThl packpacku col; = 1...colsize. Ilyctb colli] > cur
u orb.[i] = orb.[colsize + 1], tme orb, — OpOUTH, NONy4YeHHBle pa3OHeHHEM BepIIHH
packpackod r = (cq,...,c;_1) — mnepBble (i — 1) uBera col. Torma paHHasi packpacka
00bABJSETCS U30MOP(HOHU, OTCEKaeTCsl U cur NMPUCBaUBaeTCs CAeAYIOLEMY LIBETY.

. cur pobasssercs B col.

6. BoluucssieTcss MHOKECTBO OPOUT 0rb.,, MONYUYeHHBIX pa3OuWeHHeM BeplUuH rpada
packpackol col.

7. Ecu cur > mc v me # k, To me = cur.

8. Ecau colsize < |V|, To colsize = colsize + 1, 1 IPOU3BOAMUTCS MePEXOA Ha war 3.

9. Ecau colsize = |V| 1 me = k, TO NPOM3BOIUTCS IONOJHUTENbHAS MPOBEpPKa pac-
KPacKH: Jisl KaXKJ0H BepIIHHBI ¢ MPOBEPSIETCS BBIMOJHEHHE YCJIOBUS

<Vj =1--(i— 1)) (colj > col; N orbe;,(J) # orbcoljfl(i)) .

Ecau ycnoBue BbINOJNHSIETCS, TO pacKpacka CuuTaeTcsi U30MOP(HOH M He BKJOUaeTCs B
orBeT. MlHaue He0OXOAUMO BBIBECTH HOBYIO pacKpacky, colcnt = colent 4+ 1, v 3aBepLINTD
nepe6op AJsl JaHHOH pacKpackH.

B 9-M nyHKTe MpoU3BOAUTCS NOMONHHTEbHAS MTPOBEPKA PACKPACKH C yUETOM H30MOp-
¢usma uBetoB. Ecau ke M30MOp(pHU3M pacKkpacok paccMaTpHBaeTcss Kak MU30MOP(U3M C
TOYHOCTBIO [0 LIBETOB, TO 9-U MYyHKT ajJroputrmMa HEOOXOAMMO OMYyCTHUTh.

[TonydyeHHBIe pacKpacKd yIOBJIETBOPSIOT YCJOBHIO JIEKCUKOIpapUyecKOH MHHUMaJb-
HOCTH M HeH3oMop(HOCTHU. Bosee Toro, He Hcrosb3yeTcs NMpoBepka Ha HM30MOP(U3M,
TOJIBKO TPOBEpPKa Ha HM30MOP(U3M PaCKPACOK, MPeNCTABJAEHHBIX B BHIE UHUCJIOBBIX BeK-
TOPOB, YTO yJayullaeT ero 3h(HeKTUBHOCTb.

5. Iloctpoenue HensomopHbIX packpacok Metogom Puna — Papamxkena

[IpousBenem anropurMmusauuio Mertona Puna— @PapamxeBa 175 NMOCTPOEHHS HEU30-
MOP(HBIX pacKkpacok 3azaHHoro rpada. CHayasna omuiieM oOllyl0 cXeMy MOMCKa pac-
Kpacok, a 3aTeM AaJUM OCHOBHOH aJrOpUTM reHepaluH.

Cxema noucka 6asupyercsi Ha pUHIKIEe epebopa ¢ oTceueHUssMU. Ha Kaxno# urepa-
MU BBIYMUCJASETCS MHOXKECTBO OPOUT IJs1 3alaHHOH pacKpackH, BbIOWPAEeTCsl MO OAHOMY
NPeACTaBUTENI0 U3 KaxKI0W OpPOUTHI, U KaxK[bli MpeACTaBUTeNb pacKpallhBaeTcsl BO BCe
1BeTa BbIOpaHHBIM criocob6oMm. K3 Habopa Mo/yyeHHBIX PACKpPacoK OTCEKAarTCs HEKaHOo-
HUUHBIE.

JlaHHas cxema npenmnoJsiaraeT CJAeAYIOLMH XOJ IeHepallUH: Ha BXOJ MOAAeTCsl BEKTOp
IBeTOB (packKpacka) BeplIMH rpaca, HHUIMAJIU3UPOBAHHBINA NepBbIM 11BeToM 1. CTpoutcs
MHOKECTBO OPOUT, U3 KaxKJI0U OpOUTHI BBIOMPAETCs OAWH HAWOOJMbILNN ee MpeACTaBUTENb
B BUJle UHJEKCA 3JeMeHTa pacKpackKd. Kaxkablil nmpeiacTaBHTesb pacKpallKMBaeTcs BO BCe
uBeta oT 2 mo k. Bce packpacku, mosydeHHble NaHHBIM 00pa3oM, MpPOBePSIIOTCS Mepe-
KpallMBaHHEM — eCJId NepeKpallleHHass pacKpacka MeHblie poBepsieMo, To poBepsieMas
packpacka orcekaercs. [lajee ajqropuT™m reHepauuu 151 BCeX HEOTCEUYEHHBIX PacKpacok
CTPOUT MHOXKECTBO OPOUT U MOBTOPSIET MpPeAblaAylLIHe NeHCTBHS, HO C TOH OrOBOPKOM, UTO
BBIOMPAIOTCS TOJNBKO Te MpeNCTaBUTeNH OpOUT, Uel HHAEKC MeHblle pacKpallleHHOro Ha
npeAblAylleM Liare sjeMeHTa packpacku. Hampumep, ecau /s packKpacku pasMepHOCTH
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NATh NMPebIAYLIUM pacKpalliliBaeMbIM 3JIeMEHTOM Obll UeTBEPTHIH 3JeMeHT, TO Ha TeKy-
I[eM LIare reHepaluy OYAYT pacKpalleHbl TOJbKO Te NpeiCcTaBUTe/]d OpOUT, Yel MHIEKC
MeHbllle YeTblpeX. [eHepauus 3akaHUMBaeTCs, KOrga Ha OUepedHOM liare He OCTaHeTCs
HEOTCEeYEHHBbIX PaCKpPaCOK.

OdopMUM HNaHHYIO CXEMY B aJrOPUTM TeHepalWud HeM30MOP(HBIX BEpPIIMHHBIX k-pac-
Kpacok 6e3 mpoBepKH Ha usomopdusm MeronoMm Puna — Papamxesa.

Jlnst BblunceHUs: opOUT Mo 3aJjaHHOMY pa3breHHI0 OyeT UCMO0Jb30BaThCS MPOrpaMma
nauty [2], peanusoBaHHas 1o pazpaboranHomy bpennanom MakKeem anroputmy [1].

Ha Bxon mopaercs rpadp G = (V, «), kosmndecTBo 1BetoB k : 1 < k < |V].

1. 3anaercs nocnenoBarebHOCTb clr = (1,--- | 1), |clr| = |V| — uHnumManusupyomas
TM0CJ/Ie0BATeNbHOCTD L[BETOB 3a4aHHOrO0 rpada, rae clr; sBjaseTcs LBETOM ¢-i BEPLIMHBI.

2. Tlo 3apaHHOM clr BBIUHAC/SIOTCS OPOUTHI NIPH OMOLLM NPOrpaMMbl nauty.

3. U3 xaxkmoit opOUTHI GepeTcsi MO OAHOMY HAaHWOOJbLIEMY MPEICTABUTENIO O.

4. Kaxnapli BblOpaHHBIM MpeacTaBUTeNb clr, MOCJeN0BAaTEeJbHO pacKpallliBaeTcs B
uBeTa oT 2 10 k, moJaydyas paCKpacKd € pacKpalleHHbIMH BepLIHHAMHU clr,.

5. Kaxpnasi clr, mosyueHHasi IepeKpallMBaHWeM o-# BepLIMHB B KaKOH-HHOYIb
IBET, NpPOBepsieTCs Ha KAHOHMYHOCTb ee pOoAUTe/]sl MyTeM I[epeKpallMBaHHs MO cJe-
AYIIIMM [paBuaaM. Packpacka mepekpallvBaeTcss CJAeAYOLUM 00pa3oM: HHHULHA-
JIU3MPyeM IepeMeHHYI0 [ TepBbIM 1IBETOM; LIMKJIUYECKHU MPOXOAUMCS MO BCEM BepLIMHAM;
ec/M TeKylllas BeplllMHA paHee He BCTpeuyasacb B pacKpacke, NpucBauBaeM el LBeT [
M yBeJMUYMBaeM [ Ha eIWHHUILY; eCJId Ke BepLIMHA yXKe MPHUCYTCTBOBaja B pacKpacke,
packpallrBaeM ee B IPUCBOEHHBIN el LBeT. Ec/u nepekpalleHHasi pacKkpacka MoJyyusaach
JIeKCUKOrpa(huuecKy MeHbllle IIPOBepsieMOl, TO NpoBepsieMasl pacKpacka OTCeKaeTcsl.

6. Ecau He ocranoch HM OIHONM HEOTCEUEHHOH pacKpackd, TO ajJrOPUTM 3aKaHYM-
BaeTcs.

7. {51 KaxK10H HeOTCeUyeHHOH pacKpacKW CHOBA CTPOUTCS MHOXKECTBO OPOMT, U3 KaxK-
f0# OpOUTHI BbIOMpPAETCs MO OJHOMY HauOOJIbllIeMY MPEeACTAaBUTENI0 0 C TOH OroBOPKOH,
4TO MHIEKC TpefCTaBUTessl JOJKeH ObITb MeHbllle MHJAeKCa pacKpalleHHOHW Ha Mpebl-
AylleM liare reHepalMd BepLIMHBI, TPOU3BOANUTCS Mepexon Ha war 4.

[TonyyeHHBle pacKpacKu yIOBJIETBOPSIIOT YCJOBHIO JIEKCHKOIpa(UyecKoH MHHHMaJb-
HOCTH W HeuzomopdHocTH. [IpoBepka Ha H30MOP(H3M He HCIOJNb3YeTCs.

6. CpaBHeHHe aJTOPUTMOB reHepallid HEU30MOP(PHBIX PacCKpacok
metogamMu MakKes u Puna — Papanxena

OmnucaHHble BbIIIE aJrOPUTMbI ObLJIM peasd30BaHbl Ha f3blKe MporpaMMHupoBaHus Py-
thon. IlporpammMa ucmosb3yeT ONHOMOTOUHBIH PEXKHUM HCIOJHEHHS, OIHAKO MOXeT OBITh
JIETKO TepeHeceHa Ha CJydyall MHOTOMOTOUHOH TeHepalMH packpacok. s Toro 4tobwl
3aMycKaTb aJrOPUTMbl B MHOTOMOTOUHOM peXHMe, HEeOOXOAMMO /s KaXJIOro ypPOBHS
(MTepanuu) reHepalMy 06BEKTOB 3alyCKaTb HOBBIH MOTOK, KOTOPBIH OyIeT 3aBeplleH Npu
3aBeplIeHUH HOBOTO Habopa HEH30MOP(PHBIX CTPYKTYP.

[IpoBenem cpaBHeHHEe METONOB reHepallid, OCHOBLIBAsICh HA BpPeMeHH BBITIOJIHEHHUST pea-
JIN30BAHHBIX alrOPUTMOB. B nanHO# pa6oTe misi cpaBHeHMs ObLIM BBIOpaHBI 1Ba KJjacca
rpaoB: Henu U uukabl. Hamomuum, yto yuksom C, HaswiBaetcs rpadh G = (V,«), rue
Vo= Av,v2, ..., un}, 1o = {(v;,v;) : |i — j| = 1} U{(v1,vn), (vn,v1)}. Lenvro P, Hasbl-
Baetcs rpap G = (V,a), tne V = {v1,vq,...,0,}, 1 a = {(v;,v;) : |i — j| = 1}

CpaBHUM BpeMsi FeHepalUl PACKPacoK [Jist BCeX LieNeld U IUKJOB C YUCJIOM BEPIIHH 7
ot 3 10 9. PesysnbraThl reHepalliy packpacok AJs Lenel ¢ n BepLIMHAMU TPeICTaBJIeHbl B
taba. 1, a ns uukaoB — B Tabs. 2. Bpems paGoTel mporpaMMbl MPeACTABAEHO B CEKYHAAX.
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Tabauua 1 / Table 1

CpaBHenue Bpemenu paboTsl MetonoB MakKes u Puna — @apanrkeBa Ha 1ensx

The comparison of the running time of the McKay and Reed — Faradzhev methods on paths

n | k | KonuuectBo packpacok | Mertonx MakKes Meton Puna — ®apanxesa
Number of colorings | McKay’s method Reed - Faradzhev’s method
3|2 3 0.0002 0.0002
4 2 6 0.0004 0.0003
3 6 0.0023 0.0014
2 13 0.0008 0.0006
5|3 24 0.0082 0.0042
4 10 0.0475 0.0173
2 27 0.0020 0.0012
6 3 88 0.0313 0.0142
4 65 0.2370 0.0808
) 15 1.1499 0.3123
2 5 0.0040 0.0026
3 291 0.1098 0.0457
714 348 1.1181 0.36
5 140 6.7178 1.8045
6 21 29.6244 6.4205
2 115 0.0118 0.0057
3 951 0.4270 0.1528
g 4 1698 5.3225 1.6220
5 1050 38.8733 9.8318
6 266 203.6058 41.1898
7 28 795.6863 146.3406
2 231 0.0255 0.0125
3 3199 1.3646 0.5251
4 10942 23.9317 7.1255
915 17890 222.7841 54.4089
6 20536 1462.2332 287.4058
7 20998 6415.6784 1002.7468
8 36 25239.4394 3526.7013

Tabauya 2 / Table 2

CpaBuenue BpemeHu pa6otel MetonoB MakKes n Puna — @apanxeBa Ha nukJ/aax

The comparison of the running time of the McKay and Reed - Faradzhev methods on cycles

n | k | KoauuectBo packpacok | Merton MakKes Merton Puna — ®@apanxesa
Number of colorings | McKay’s method Reed - Faradzhev’s method
312 2 0.0002 0.0002
A 2 4 0.0002 0.0002
3 9 0.0017 0.0009
2 7 0.0004 0.0003
5|3 25 0.0059 0.0033
4 34 0.0372 0.0152
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Oxonuanue maba. 2 / End of Table 2

n | k | KomuuectBo packpacok | Meronx MakKes | Meron Puna — ®apankesa
Number of colorings | McKay’s method | Reed — Faradzhev’s method

2 13 0.0012 0.0011

6 3 73 0.0200 0.0103
4 127 0.1825 0.0664
5 141 1.1719 0.2687
2 24 0.0019 0.0013
3 219 0.0945 0.0325

7|4 500 0.9011 0.3196
5 625 6.4083 1.8937
6 645 27.7829 6.8833
2 46 0.0029 0.0025
3 655 0.2493 0.0930

g 4 1978 43110 1.4072
5 2885 35.7415 9.4039
6 3130 186.3902 37.2708
7 3157 775.4324 124.2052
2 93 0.0121 0.0054
3 2027 0.9505 0.3762
4 8024 21.1162 6.2137

915 13916 187.8341 43.5724
6 16296 1154.5761 235.9630
7 434 4884.8862 892.7705
8 35 18988.9581 3017.8236

MoXHO 3aMeTHTb, 4YTO aJrOPUTM, T[OCTPOEHHBIH Ha OCHOBe MeTona Puma-—
®apankeBa, paboTaeT B HECKOJIBKO pa3 ObICTpee, YeM ajJrOPUTM Ha OCHOBe MeTona Mak-
Kest Ha Tex ke BXOIHBIX JaHHbIX.

3akaoueHne

B nanHo# padoTe OblI0 MPOM3BENEHO HCCE0BaHUE TeHepalluil Heu30MOp(HbIX TpadoB
C LIBETHBIMH BepLIMHAMH U LBETHBIMH pebpaMH, T.e. FeHepalysl BePLUMHHBIX U peOepHbIX
k-packpacok cOOTBeTCTBEHHO. Dblna Hcrosnb3oBaHa TeXHUKAa reHepalWH packpacok 6es
NpoBepkH Ha wn3oMmopduaM. OnuchBAIOTCS JABa aAropuTMa TeHepalud HeU30MOP(HBIX
packpacok Metonamu MakKes n Puna — @apanxesa. [IpousBeneHa cpaBHHUTeNbHAs Xapak-
TEpUCTHKA [BYX METONOB Ha LenaxX M LMKJaX. V3 mojydyeHHBIX pe3y/JbTaTOB MOXKHO
cliesaTb BBIBOJ, 4TO [J/51 Lered M LHKJOB aJrOPUTM, IOCTPOEHHBIH Ha OCHOBe MeTo.a
Puna — ®apanxesa, paboraet OpicTpee.
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