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NMPABUNA /11 ABTOPOB

XypHan npunumaer k nybankaumun cra-
Tbi, COZePXKaLLe HOBbIE OPUrMHANbHbIE
pe3ynbTaThl M0 BCEM OCHOBHBIM pasgenam
MaTeMaTiKI, MeXaHUK1 U MHOPMATUKK.
PepKonnerveil He paccMaTpUBAIOTCA CTaTbK,
HOCSLLME NCKIOYMTENbHO NPUKNAZHON Xa-
paKTep, paHee onybaMKOBaHHbIE UM NPUHS-
Thie K ONY6NKOBAHMIO B AAPYTX XypHaax.

06bem ny6nukyemoii CTaTbi He AOMKEH
npeBbiWwath 12 cTpaHuL, 0YOPMAEHHBIX B
LaTeX cornacHo ctunesomy ¢ainy, pasme-
LeHHoMy no agpecy https://mmi.sgu.ru/
ru/dlya-avtorov. Ctatbin 60nbLuero obbema
NPUHMMAKTCA TONLKO MO COFNACOBAHMIO C
pegkonnerveii xypHana.

Bce pykonucu, nocTynuBLLKe B peaKLyio
W COOTBETCTBYIOLME NPOGUAI0 XypHana,
MPOXOAAT PeLieH3NPOBAHIe, N 3aTeM peAKon-
nerus NpUHUMAeT peLlieHine 0 BO3MOXHOCTH
X onybaMKoBaHWs. B cnyuae nonoxuTens-
HOTO pelenns cTaTbs NojBepraeTcs Ha-
YYHOMY 11 KOHTPONbHOMY PefaKTPOBaHMH.

CraTbl, HanpaBneHHas aBToOPY Ha fi0-
paboTKy, JOMKHA ObITb BO3BpALLEHa B UC-
MpaBJeHHOM BIZE B MaKCUMA/bHO KOPOTKIe
cpokn. CraTbs, 3ajepxaHHas Ha cpok bonee
TPEX MecsLeB, paccMaTpuBaeTcs kak BHOBb
noctynusLuas. K nepepabotaxHoii pykonucu
HeobX0A41MO MPUNOXUTL MUCLMO OT aBTO-
POB, COfiepXaLLiee OTBETbI Ha BCe 3aMeyaHins
1 NOSCHAIOLLee BCe M3MEHeHWS, CAeNaHHble
B CTaTbe. Bo3BpaLLieHye CTaTbit Ha 4OPabOTKY
He 03Hauaer, uTo CTatbsl bygeT onybanKoBa-
Ha, nocne nepepaboTku OHa BHOBb byfeT
PeLieH31pOBaThCS.

ABTOpY CTaTbi, NPUHATOI K MybAMKaLyum,
OAHOBPEMEHHO C pelleHreM peaKosnerny
BbICbINAETCH IMLIEH3MOHHbII JOrOBOP.

JlaToii nocTynnenus cratbi CunTaeTcs fata
MOCTYNNeHIs ee OKOHYATeNbHOT0 BapuaHTa.

Mnata 3a nybaukauuo pykonuceii He
B3VMaeTCs.

bonee nogpo6Ho ¢ npaBunamu Ans asTo-
POB 1 MOPAAKOM peLieH3NpoBaHNA MOXHO
03HaKOMMTbCS Ha caifTe XypHana: https://
mmi.sgu.ru
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K Bonpocy 06 annpoxcumanuu Kiaacca C(0)
KOMITOHEHT (PU3UYEeCKHX BeJUYNH
B KPMBOJMHENHBIX CUCTEMaX KOOPIAMHAT

H. A. T'ypeesa', P. 3. Kuceaesa®™, 10. B. Knouxos?,
A. II. Hukoaaes?

! dunancoswiii yausepcuter npu [paButesnserse Poceuiickoit Penepanym,
Poccust, 125993, I'CII-3, r. MockBa, JleHuHTpaacKuil npocnekT, 1. 49
2BoJirorpaAckuii rocylapcTBeHHBIH arpapHblii yHMBepcuTeT, Poccus,
400002, r. Bosrorpan, YHUBEPCHTETCKUE MpocHekT, A. 26

I'ypeeBa Hatauaps AHaTonbeBHA, JOKTOP (DU3MKO-MaTeMaTHYeCKHX Ha-

YK, OOLUEHT, NOLUEHT [ernapTaMeHTa aHaJ/Jn3a NAaHHBIX, NPUHATHA pelle-

HUi W (QuHaHCOBBIX TexHosorui, Natalya-gureeva@yandex.ru, https:
//orcid.org/0000-0003-3496-2008, AuthorID: 306195
Kucenesa Pymus 3aiinynnaeBHa, KaHAMIAT TEXHHUECKUX HAyK, JOLEHT
%% Kadepbl NMPUKJAAAHOH reofe3nu, NpUpoaooOyCTPOHCTBA U BOAONOJb30-
Banus, rumial970@yandex.ru, https://orcid.org/0000-0002-3047-5256,
PAS J W AuthorID: 573150
o KiaoukoB IOpwuit BacuabeBuu, NOKTOp TEXHUYECKHX HayK, Npodec-
HayL-le”/I cop, 3aBenyowui Kadeapoil Beicued marematuku, Klotchkov@bk.ru,
https://orcid.org/0000-0002-1027-1811, AuthorID: 161677
OTﬂleﬂ Hukonaes Anartonuii IlerpoBuu, HOKTOp TeXHHUECKHX HayK, Ipo-
(beccop, mpodeccop Kadenpbl MNPUKJIANHOW Teofe3nH, MNpUpPoaoody-

CTpOMCTBa M Bofonoab3oBanus, anpetrd0@yandex.ru, https://orcid.org/
0000-0002-7098-5998, AuthorID: 161676

-

U AnHoTtanus. B uyucieHHBIX MeTomax pacyeTa NMPOYHOCTH TEXHO-

cepHBIX 00BbEKTOB LIMPOKO HCIOMb3YIOTCS aNlpoKCUMUPYIOLHe
BBIPa’KEHHUS] UCKOMBIX BEJIMYHMH Uepe3 UX Yy3J/0Bble 3HaYeHHus. Teo-
pHUsl alNPOKCUMUPYIOLIUX (DYHKLIHUH CKaJSPHBIX BEJUUHUH B HACTOS-
llee BpeMsl pa3BUTa JOCTAaTOUHO MOJHO, HO ee HeloCpPenCTBeHHOe
UCIIOJIb30BAHNE B KPUBOJMHEHHBIX CHCTeMax KOOpAMHAT IJIs arl-
NPOKCUMALMK KOMIIOHEHT BEKTOPOB MepeMelleHUH U AJs1 KOMIO-
HEHT TEH30pOB HaNpsKEHWH MOXKET TNPUBOIUTH K 3HAYUTEJbHOH
HEKOPPEKTHOCTH IPH CYLIECTBEHHBIX IpaJlieHTaX KPUBU3HbBI H CMe-
IIEHHUSIX PACCYUTBIBAEMOr0 00beKTa KaK KeCTKOrO LeJIoro M3-3a

© lypeesa H. A., Kucenesa P. 3., Knoukos FO. B., Hukonaes A. I1., 2022
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H. A. l'ypeesa n ap. K sonpocy 06 annpokcumaumm knacca C @

OTCYTCTBHS B aNMpPOKCUMHUPYIOIIMX BbIPaXKEHHSX TapaMeTPOB HCIOJNb3yeMOH B pacueTe KPHUBO-
JIMHEHHOU CHCTeMbl KOOpPAMHAT. B HacTosiiiel paboTe ¢ 1e/bl0 TONYyYEHHsT alMpOKCUMHUPYIOLIHX
BbIpaXKEHUH [J1s1 OTHEeJbHBIX KOMIIOHEHT BEKTOpa TepeMellleHHsi BHYTPEeHHEH TOUKH KOHEUHOTO
37eMeHTa B (DOpMe IIeCTUTPAaHHUKA HCIIOJb30BaHbl M3BECTHBIE anMpOKCUMUPYIOIIHE (DYHKLUHUH
HeroCpPeCTBEHHO MJIs BEKTOpa NepeMellleHHs] yepe3 BeKTOpbl MepeMelleHui y3J0BbIX Touek. B
pe3ysibTaTe KOOPAMHATHBIX NMpeoOpa3oBaHHi, a UMEHHO B HUCIIOJb30BAHWH MATPHUUHBIX BBbIPaXKEeHUH
6a31UCHBIX BEKTOPOB Y3JIOBBIX TOYEK KOHEYHOTO 3j1eMeHTa Yepe3 Oa3HUCHBbIE BEKTOPBI €r0 BHYTPEHHeH
TOUKH, MOJNYYAKOTCS aNMPOKCHMHUPYIOLIHE BbIPAXKEHHS KaXK[I0H KOMIIOHEHTBI BEKTOpa MepeMelleHus]
BHYTPEHHEH TOUKH KOHEUHOTO 3J1eMeHTa Yepe3 BCe KOMIIOHEHThI BEKTOPOB TepeMelleHHH Y3JI0BbIX
TOUeK KOHEYHOro 3jemMeHTa. C Lesbl0 MONyYeHHUs alnpOKCHMUPYIOIIMX BbIPAXKEHUH AJIST KOMIIOHEHT
TeH30pa HamnpsKeHWH BHYTPeHHEH TOYKHM KOHEYHOT'O 3JIeMEHTa HCIMOJb3YyeTCsl U3BECTHAs almpoK-
cumupyomas (GyHKLUHsS HENOoCPEACTBEHHO [/l BbIPAaXKEHHS] TEH30pa HamNpsiKeHWH BHYTpeHHeH
TOYKH KOHEYHOTrO 3JIeMeHTa Yepe3 TEH30Dbl HaTpsiKeHHH B ero y3JoBbIX TOYKaX. KoopauHaTHble
npeo6pa3oBaHusl 3aKJIH0YAOTCH B UCMOJIb30BAHHHM MAaTPUUHBIX BBIPAaXKEHHWH NUATHBIX MPOU3BENEHUN
6a3MCHBIX BEKTOPOB Y3JIOBbIX TOYEK 4epe3 NHaIHble MPOU3BeleHHs Ga3UCHOTO BEKTOPA BHYTPEHHeN
TOYKM KOHEUHOro 3JeMeHTa. B pesysbTarte KOOpAMHATHOrO MPeoOpa30BaHUs OMpeessieTcs: anmnpok-
CUMHpYIOLlee BblpaxkKeHHe KaXKI0HW KOMIIOHEHTHI TEH30pa HampsKeHHs] B OKPECTHOCTHU BHYTpeHHeH
TOYKM KOHEYHOTrO 3dJeMeHTa 4epe3 BCe KOMIIOHEHTHl TEH30pPOB HATNpsiKEHWH B Y3JIOBBIX TOYKaX.
[TonyyeHHble anMpOKCHMUPYIOLIHE BblpaKeHHs /151 KOMIIOHEHT BEKTOpPA MepeMelleH|s] i KOMIIOHEHT
TeH30pa HaMpsXKeHHsI ¢ UCMOJIb30BAHHEM MATPHUYHBIX BbIpaKeHHH 0a3UCHBIX BEKTOPOB Y3JIOBBIX
TOYeK 4yepe3 Ga3HUCHbIE BEKTOPbl BHYTPEeHHeH TOUKH KOHEYHOTO 3J€MEHTa, a TAaKxKe dyepe3 MaTphu-
Hble BbIpAXKEHWS] UX THANHBIX MPOU3BENEHHH MO3BOJISIOT YUHUTHIBATH MapaMeTPhl UCMOJIb3yeMOH
KPUBOJIMHEHHOH CHCTEMbl KOOPAMHAT, YTO MPUBOAUT K pelleHHI0 o0uen3BecTHOH B MKD nmpobaemsl
yueTa CMelleHHs] KOHEUHOTo 3JeMeHTa KaK TBepAOro TeJa.

KaioueBbie ciioBa: BeKTOp MepeMelleHHs, TEeH30p BTOPOTO paHra, KpUBOJUHEHHAs! CHCTeMa KOop-
IHMHAT, 6a3UCHble BEKTOPBI, allpPOKCHMHPYIOLIHe (DYHKIIHH
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Abstract. In numerical methods for calculating the strength of technospheric objects approximating
expressions of the desired values in terms of their nodal values are widely used. The theory
of approximating functions of scalar quantities is currently developed quite fully, but its direct
use in curvilinear coordinate systems for approximating the components of displacement vectors
and for the components of stress tensors can lead to significant inaccuracies with significant
gradients of curvature and displacements of the calculated object as a rigid whole due to the
lack of parameters in the approximating expressions of the curvilinear coordinate system used
in the calculation. In this paper, in order to obtain approximating expressions for the individual
components of the displacement vector of a finite element internal point in the form of a hexagon,
the known approximating functions directly for the displacement vector through the displacement
vectors of the nodal points are used. As a result of coordinate transformations, namely, using
matrix expressions of the basis vectors of a finite element nodal points through the basis vectors
of its internal point approximating expressions of each component of the displacement vector
of the finite element internal point through all components of the displacement vectors of the
finite element nodal points are obtained. In order to obtain approximating expressions for the
components of the stress tensor of a finite element inner point a well-known approximating
function is used directly to express the stress tensor of a finite element inner point through the
stress tensors at its nodal points. Coordinate transformations consist in using matrix expressions
of the dyad products of the node points basis vectors through the dyad products of the basis vector
of the finite element inner point. As a result of the coordinate transformation, the approximating
expression of each component of the stress tensor in the vicinity of the inner point of the finite
element is determined through all the components of the stress tensors at the nodal points.
The obtained approximating expressions for the components of the displacement vector and the
components of the stress tensor using matrix expressions of the nodal points basis vectors through
the basis vectors of the finite element internal point as well as through the matrix expressions of
their dyad products allow taking into account the parameters of the curved coordinate system
used. That leads to the solution of the well-known problem in the FEM which takes into account
the displacement of the finite element as a solid.

Keywords: displacement vector, tensor of the second rank, curvilinear coordinate system, basis
vectors, approximating functions
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Beenenue

KpuBonuHeliHble CUCTEMBl KOOPAMHAT LIMPOKO HCIOJb3YIOTCS B TEOPUU MeEXaHHUKH
nedopmupyemoro TBepnoro tesa [1-3]. KpuBosnHeiiHble cHCTEMBl KOOPAMHAT HCIIOJb3Y-
IOTCSl U B UHUCJEHHBIX MeTOJaxX OmpeeseHUs] HalpsiKeHHO-1e(OPMUPOBAHHOI'O COCTOSIHUS
TOHKOCTEHHBIX KOHCTPYKIHH MHKEHEPHBIX COOPYKEHHH pas3indyHoro HazHaueHusi. Cpenu
YUCJIEHHBIX METOJOB pacyeTa TaKUX KOHCTPYKLMH 0COOEHHO LIMPOKOe pacrnpoCTpaHeHHe
MOJIy4UJl MeTOl KOHeuHbIX 3jeMeHTOB (MKD) kak B (opMynupoBke MeToma mepemelle-
Huil [4-7], Tak U B cMelnaHHo# opmynupoBke [6-9].

OcHoBHBEIMM omepauusiMu Hcronb3oBanusi MKD npu onpenesnennn HanpskeHHO-aepOp-
MHUPOBAHHOTO COCTOSIHHSI HAarpyKeHHOT'O0 TBEPAOTO TeJsa SIBJASIOTCS MOJyuyeHHe MaTpPULbI
’KECTKOCTH KOHEYHOTO 3JeMeHTa U BEKTOpa ero y3JOBbIX HAarpy3oK, UTO BBIIIOJHSETCS Ha
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OCHOBE HCII0/Ib30BaHUS ANNPOKCUMHUPYIOLIMX (PYHKIHMH, TO3BOJSAOIIUX BbIPA3UTh HCKOMBIE
BeJMUMHbBl BHYTPEHHEH TOYKM KOHEUHOTO 3JIeMeHTa Yepe3 COOTBETCTBYIOLIHME UM Y3J/I0Bble
HEU3BECTHBIE.

[Tpu pacueTte MpoYHOCTH TOHKOCTEHHBIX KOHCTPYKLHH Ha ocHoBe cMelaHHoro MK
B KaueCTBE y3JIOBbIX HEU3BECTHbIX KOHEYHBIX 3/JeMEHTOB NPUHUMAIOTCS NepeMelleHNus U
HanpsikeHus. [losiBasieTcss HEOOXOAMMOCTb aNMNPOKCUMALUMK UCKOMBIX BeMdMH MKO B cme-
IIAaHHOU (OPMYJIHPOBKe (MepeMelleHHH U HaNpsKeHUH B OKPECTHOCTH BHYTPEHHEH TOYKH
KOHEUYHOTO 3/1eMeHTa) Yepe3 UX Y3J/10Bble 3HAUeHHs MPH yueTe MapaMeTpoB HUCIOJb3yeMOH
KPUBOJIMHEHHOM CUCTEMbl KOODAUHAT.

[IpencraBnenHasi paboTa OTHOCHUTCS K MaTeMaTH4eCKOH olepaldyd OCHOBHOIO pasje-
jJa MKD3, rae TpaaiMLMOHHO NPU pacueTax B KPUBOJMHEHHBIX CHCTeMaX KOOPAMHAT /15
anmpOKCHMALUK UCKOMBIX BEJMUMH Yepe3 UX Y3J/10Bble HEM3BECTHbIE UCIO/b3YIOTCS 3aBUCH-
MOCTH KaK JAJIl CKaJsPHBIX BeJIMYHMH, KOrJa KaxK1ash UCKOMas BeJMYMHA allPOKCUMHUPYETCs
yepes3 y3J/I0Bble 3HAUEHMS TOJIBKO 3TOH K€ BEJMUYMHBI, UTO IPUBOAUT K HEKOPPEKTHBIM
pesyJibTaTaM NP 3HAYMTEJbHBIX KPUBU3HAX PaHULL KOHCTPYKLHH U CMEILEeHHAX KOHEeUHBIX
3JIEMEHTOB KaK TBEPIOro TeJa.

B Hacroswell pabore npeacTaBieHbl KOPPEKTHbIE AJrOPUTMBl MOJy4YeHUS] B KPHUBO-
JINHEUHBIX CHCTEMaX KOOPAMHAT alNpOKCHMUPYIOLUIMX BbIPAaKEHUH KOMIIOHEHT BeKTOpa
nepeMeLleHNs TPOU3BOJIbHON TOYKH KOHEYHOIrO 3JeMEeHTa 4Yepe3 KOMIIOHEHThl BEKTOPOB
nepeMelleHHH Y3JI0BbIX TOYeK KOHEYHOro aJjeMeHTa. PazpaboTaHbl Takxke alMmpOKCHUMHUPY-
IOLLMEe BbIPAXKeHUS [JI KOMIIOHEHT TEH30pa BTOPOr0O PaHra yepe3 KOMIIOHEHTHI TEH30POB
BTOPOTO pPaHra y3J/I0BbIX TOYEK.

1. DBasucHblie BeKTOpPbI TOUEK KOHEUHOro 3jieMeHTa

Pannyc-BekTop mpou3Bo/ibHOH TOUKH N 000JOYKHU ONpefessieTcsl BblpaKeHneM
D 0 0 m/on\;
R =R’ +1ady =z"(0")im, (1)

rae R® = 2%™(u, v)i,, — pagnyc-BeKTOP COOTBETCTBYIOLIEH TOUKH CPeIMHHOl MOBEPXHOCTH;
1, v — KPUBOJMHEHHbBIE KOOPAMHATH CpefMHHOM noBepxHocTH [10]; 29 — nekapToBbl KO-

RO x RO,
R
NMOBEPXHOCTH; —% < 7 < 2 — paccrosiHue 0T cpeMHHO} OBEPXHOCTH [0 PACCMATPHBAEMO
Touku (h — ToamKMHa 060J0UKK); 01 = u; 67 = v; §3 = 7 — KpUBOIKMHEHHbBIE KOOPAUHATHI
POM3BOJILHOH TOUKH paccMaTpuBaeMoro tesa; ™ (u, v, 7) = 29" (u,v) + ¢(ad (u,v),7) —
J€KapTOBbl KOOPAMHATEI MPOU3BOJNBHON TOUKM TeJa; in, — OPThl AEKAPTOBOH CHCTEMBI
KOODJHMHAT.

[Tpy mpoYHOCTHOM pacyeTe 06OJOYKH OHA MPEACTABJSETCS CHCTEMON KOHEUHbBIX 3Jie-
MEHTOB, COeIHHEHHBIX MeX1y co00i B y3/Jax. B KauecTBe KOHEUHOrO 3JIEMEHTa MOJaraeTcst
LIeCTUTPAHHUK C BOCEMbIO Y3JIOBBIMH TOYKaMU w = 1%, j, k,l, m,n,p, h.

JI/11 KaXkKI0ro MIeCTUTPAHHOrO0 KOHEYHOTO 3JIeMEHTa BEKTOPbI JIOKAJbHBIX 6a3UCOB BHYT-
DEHHHUX M Y3JIOBBIX TOYEK olnpenesiioTes nuddeperurposanuem (1) mo KpUBOJUHEHHBIM
KoopauHaTtam 6

OPAMHATBI CPEIHHHON OBEPXHOCTH; @9 = a}"(u, v)i,, — HOpMaJb K CPEIUHHOH

—

Gh =Ry =a™(0) kim,  G° =20 pim, k=1,23, (2)

roe w =1, 7, k,l,m,n,p, h — y3/Jbl KOHEUHOTr0 3JEeMEHTA.
Ha ocHoBe (2) dopmMupyrOTCS MaTpHUUHbIE COOTHOLIEHUS JJisi BHYTPEHHEH M y3JI0BBIX
TOYEeK KOHEYHOr'o 3JIeMeHTa

@y =m{i}, {3} ="},  w=ijklmmnph, (3)
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rae {g}* = {g1 g» g3} — cTpoKa BeKTOPOB JOKaJbHOro 6asuca touku M; {G}T = {gV ¥

—.

G¥'} — cTpoka BEKTOPOB JIOKAJbHOrO 6asuca y3JOBOH TOUYKH w IIeCTUrpaHHuKa; {i}’ =
= {i1 1243} — CTPOKa OPTOB NeKapTOBOH CUCTEMbl KOOPIHHAT.
Hcnoabaysi cooTHoteH st (3), MOXKHO MOJYYHUTh MATPUUHbBIE BbIPAXKeHUsT OA3UCHBIX BeK-

TOPOB y3JIOBOH TOYKH w uepe3 6a3uCHble BEKTOPH TPOU3BOJNBHON TOYKH M IIeCTUrpaHHUKA

{7°} = [m“]lm] {3} = [="{g}. (4)

3x1 3x3 3x3 3x1 3x3 3x1

2. AHHpOKCI/IMaHI/IH KOMIIOHCHT BEKTOpa MnepeMeleHud

JI/151 BBINOJIHEHUS] YUCJIEHHOTO UHTErPUPOBaHUS M0 00beMy KOHEYHOTrO 3JeMeHTa lile-
CTUTPAHHOU (POPMBI C y3naaMHu ¢, j, k,l,m,n,p u h oH oToOpaxkaeTcs Ha JIOKaJbHBIHA KY0,
JIOKaJIbHBblE KOOPIMHATHl KOTOPOro u3MeHsitoTes B npenenax —1 < En¢ < 1. CkanspHbie
BEeJIMUMHBI, OTHOCSIIIKMECS K TOUYKe M 1IeCTUTPaHHHUKA, allPOKCHUMHUPYIOTCS Uepe3 3HaueHUs
B Y3J/I0BBIX TOYKAaX W KOHEUHOTO 3JeMeHTa TPUJIHUHEHHBIMH COOTHOIIEHHSIMH

1-¢1—-n1-¢ 1+&61—n1—¢ 1+&61+n1—¢

A= N N AP
> 2 2 T2 2 2 T T 0T
1—€14n1—C¢, 1—-€61-nl1+¢ 1+&1—nl1+¢
A AT N
> 2 2 T2 T2 T g AT
1+&1+n1+¢ 1—-€&1+ 1+§
M DEoN = (€ m O N (5)
2 2 2 2 2 1x8 8x1

T o . .

re {A\, = {N AN AN A A" AP A} — cTpoka y3/10BBIX 3HAUEHHH CKAJIAPHON BEJHUMHBI A
8x1

B y3J/1ax IIeCTHUPAaHHHKA.

K cka/sipHbIM BeJqM4nHaM TOUKH M LIeCTUrpaHHHUKA OTHOCSTCS, HApUMep, 3HAYeHMUsI
KPUBOJIMHERHBIX KoopauHat 0'020% u temneparypa t.

51 BeKTOpa mepemellleHnsi BHYTPEHHEH TOUKH KOHEUHOTO 3/1eMeHTa, MPeACTaBAsSeMOro
BbIpaXKeHHEM

V=0vg={g"{v}, i=1,23, (6)
1x3 3x1
anmnpokcUMaluio [5-7] KOMIOHEHT v’ uepe3 y3J/I0Bble HEH3BECTHbIE MPUHHUMAKT BbIpaA-
xenuem (5) (A = v'; {N,}" = {v}}"). HemocraTkom 3Toil ammpokcumauuy siB/seTCs
OTCYTCTBHE B aNNpOKCHMHUpyLKX Bhipaxenusx {f(£n¢)}’ napameTpoB HcnoJb3yeMoi
KPHBOJIMHEHHON CHCTEMbl KOOPAHHAT.

Jlist ycTpaHeHHs1 9TOrO HeLOCTaTKa MpejJjaraeTcs B allpOKCHMHPYIOIIEM BbiparKe-
HuM (5) Mo CHMBOJIOM A MOHMMATb BEKTOp MepeMellleH sl BHYTPeHHeH TOUKH KOHEUHOro
3/eMeHTa, a MOA CHMBOJOM A“ TOHMMAaTh BEKTOp MepeMelleHHsl y3/0BOH TOUYKH w H
3alucaTh annpoKCHMUpYIollee BbipaxeHne (5) B BeKTOpHOH (opme

V={1"{V,}, (7)

1x8 8x1

T P,
rue {V,} = {VIVIVFVIVmYr VPV — cTpoka BEKTOPOB B y3/aX LIECTHUIPAHHHUKA,
1x8
VW = ¢ g¥ — BeKTOp MepeMelleHks Y3/I0BOH TOUKU w.
JI1l BBIMOJIHEHHS] KOOPAMHATHOTO NMPeoGpa3oBaHHs CTOJGEl Y3/I0BBIX BEKTOPOB LIECTH-
rpaHHHMKA MPeJCTaB/IAeTCS MATPUUHBIM BbIpaXKeHHeM

{V,} = [ {v,}, (8)

8x1 8x2424x1
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T o o . . .
e {Uy} — {,Ulz ,UQz ,US’L vl] UQ] ,U3] .. Ulh ,U2h ’l}2h},
1x24

g G G T
- . . . o
e D O
A

B matpuue [L] Toukamu 0603HaUEeHBI €€ HYyJeBble 3JIeMEHTHI.
C yuerom (8) anmpokcuMupYyIOllee BblpaxkeHHe (7) 3amuIIeTcsi B MATPUUHOM BHJE

. - T LT T
V= ()18 () = { £47) ) ) ©)
1x8 8x2424x1 1x3 1x3 1x3 24x1
[Ipunumasi Bo BHUMaHHe (4), U3 cooTHoweHus (9) mosyyaeTcss MaTpuuHOe COOTHOIIEHHE
- . T T, . T S
V= (" [ AR AT | = 0 ) ) (10)
1x3 1x3 1x3 1x3 1x3 3x2424x1

[IpencraBasia seByto yactb (10) BbipaxkeHueM (6), MOXKHO HaWTH aNMPOKCHMHUPYIOIIHE
BbIpaXKEHUS 11 KOMIIOHEHT BEKTOpPa BHYTPeHHel TOUKH KOHEUHOro 3JeMeHTa

vt = {h;} {v,}, i=1,2,3, (11)

1x24 24x1

T C o o
rae {h;}  ompenensieTcs i-#i CTPOKOH MaTpuusl [H].
1x24 3x24 ‘
Kak BuaHO, B anmpokcumupyolieM BbipaxkeHnd (11) KOMMOHEHTHI v' BeKTOpa mMepe-

MellleHHs] Yyepe3 MaTpHUIy [z] YYUTBIBAIOTCS MapaMeTpbl HCMOJMb3yeMOH KPHUBOJHHEHHOH
cucteMbl KoopauHat. Kpome Toro, kaxkaasi KOMIOHEHTa v’ BEKTOpa MepeMelleHus onpe-
llesisieTcsl Yepe3 Bce KOMIOHEHThl v, v?¥, v®% BeKTOpPOB MepeMelleHHE Y3J0BbIX TOUEK
KOHEUYHOTO 9JIEeMEHTa.

Ecau B AlllIPOKCUMHUPYIOLILEM BbIpa>K€HHUH (10) IIOJIO2ZKHWTb MAaTpPULY [Zw] e,U,I/IHI/I‘—IHOPI',
3x3
4YTO O3HA4YaeT PaBEHCTBO 0a3UCHBIX BEKTOPOB Y3JIOBbIX TOYEK 0a3UCHBIM BEKTOPaM BHYT-

peHHel TOYKH KOHEUHOIO 3JeMeHTa NPU UX eIWHUYHOH IJIMHE, TO allPOKCUMHPYIOLIHe
BbIpaXKeHUsl Ui v’ MPUMYT BUI 3aBUCHMOCTel (D), Tie Kaxkaasi KOMIIOHEHTa BeKTopa
nepeMelleHNs annpoKCUMHUpPYeTCs yepes3 y3JI0Bble 3HAUE€HMS 3TOH Ke KOMIIOHEHTHl. Tak

KaK B KPUBOJHMHEHHOH CHCTeMe KOOpAHHAT MaTpuia [z"] He sBAseTCS eIUHUYHOH, TO
3x3

HEKOPPEKTHOCTb MCIIOJIb30BAaHUS annpokcuManuu (5) BeJMuHH v OYeBUAHA.

3. AnnpokcuMaunusi KOMIIOHEHT TeH30pa BTOPOro paHra

Ecau Q)HSquCKaH BeJHWYHHA B Touke M IeCTUTPaHHHKA ABJAETCA TEH30pOM BTOPOr'o
paHra, orpeneJ/sieMblM BblpaK€HHUEM

TO annpoKCHMAalUsl KOMIIOHEHT 3TOH BeJMuuHbl BripaxkenueM (5) (A = T, {\,}* = {T,7}")
1x8 1x8
[6,7] Takxke GyneT HEKOPpPeKTHa B KPUBOJMHEHHOH CHCTeMe KOOPAHHAT.

JL7ist oJTyueH sl KOPPEKTHBIX HCKOMBIX COOTHOLIEHHH CJieyeT B ammnpOKCHMUPYIOUUX
BbIpaXKeHHsX (D) MOA CHMBOJIOM A IoJiaraTh TE€H30p BTOPOTO paHra B Gasnce BHYTpeHHEH
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TOUKH KOHEYHOTO 3JIeMeHTa, a MOJ CUMBOJIOM A" — TeH30p BTOPOro paHra B 6asuce y3/0BOH
TOYKH KOHEYHOTO 3JieMeHTa M 3amucaTh COOTHolLIeHUe (5) B BUIe

T ={f}Y"{T,}. (13)

1x8 8x1

~ T ~ o~~~ o~ o~~~
rue {T,} = {T"T9TFT'T™T"TPT"} — cTpoKa TE€H30POB Y3JIOBBIX TOUEK KOHEYHOrO
8x1
aneMeHnTa; TV = Tinggvgjw — TEH30p Y3J/I0BOH TOUKH w KOHEUHOTO 3JIEeMEeHTa.
Jns xoopnuMHATHOTO NpeoOpa3oBaHust cooTHouleHHs1 (13) TeH3op BTOpOro paHra B
Touke )/ MOXKHO MPENCTaBUTb MaTPUUHBIM NPOU3BENEHHEM

T = {1Y"{5} = {3} {1}, (14)

1x9 9x1 9x1 9x1

rae {7} = {T" TRV TA 278 | T332 T33) _ crpoka KOMIOHEHT TeH30pa BTOPO-
1x9

=A L I e L S G G T Gy o
ro paura; {g} = {§101:G1G2:G173: * - - :G3G1:G302:G3G3 } — CTPOKA NHANHBIX MPOU3BENEHHH
1x9
0a3UCHBIX BEKTOPOB TOYKHU M.

JI151 y3/10BOH TOYKM w TEH30Pbl BTOPOT'O PaHra ONpelesisiioTcsl MaTPUYHBIMH Bblpazke-
HUSIMHU

Tw wi T [ Sw w1 T
™ =A{T"}"{g"t = {g"} {T"}, (15)
1x9 9x1 1x9 Ix1
rae {T%}" = {T"w 712w 713w 2w 722w 723w pdle 782w T33WY _ c1poKa KOMIOHEHT TEH30-
1x9
=2 T . . . . . .
pOB BTOPOTO paHra B y3/10Bo# Touke w; {gV} = {g\'q\ g\ gy :g\ ' gy - - 95 G795 G595 g5 } —
1x9

CTPOKa IMaJHBIX NPOH3BeLAeHUH OAa3UCHBIX BEKTOPOB Y3JI0BOH TOUYKH.
Ha ocHoBanuu (15) crosibel y3/0BbIX T€H30POB BTOPOrO paHra MOXeT OBITb MPeICTaB-

JIeH MaTPUUHBIM BBIPaXKeHHEM
{Ty} - [L] {Ty}a (16)
8x1  8xT272x1

rie

T . . . . . . . . .

{Ty} :{Tl11T12ZT131T212T221T231T311T322T33z .. Tl1hT12hT13hT21hT22hT23hT31hT32hT33h} _

1x72

CTPOKa KOMIIOHEHT TEH30pOB BTOPOTO paHra B y3J/aX LIeCTUTPAaHHHUKA,;

=T
=g
Gy
= 1x9
[L] = ce ce ce — ManI/ILla AUaaHbIX HpOI/ISBeIleHI/Iﬁ 6aSI/ICHbIX BeKTOpOB y3'
8XT72 = T
—h,
1x9

JIOBBIX TOYEK (TOLIKEIMI/I 0003HaueHHl ee HYJIEBbIE BHGMGHTbI).
]_II/IaHHbIe [IpOU3BENCHNA 0a3UCHbIX BEKTOPOB y3HOBOﬁ TOYKH Ha OCHOBe€ (4) MO2XHO
NPEACTaBUTb BbIpaKE€HUEM

W

G'g7 = (2101 + 2502 + 2i3G3) (2101 + 25202 + 2j3G3)- (17)

Hcnonbayst (17), MOXKHO COPMHPOBATH MATPUUHOE COOTHOLIEHHE

(3 = WHay, {3 =@ " (18)

9x1 9x9 9x1 1x9 1x9 9x9
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Annpokcumupyioiiee Beipaxkenue (13) mss TeH30pa MPOM3BOJBHOM TOUKH LIECTUTPAH-
Huka ¢ ydetom (16) u (18) mpumer Bun

T () D) = @) [T = @ s mE a9)

1x8 8x7272x1 1x9 9x9 9x9 9x9 1x9 9x7272x1

[IpencraBasis sneByto yactb (19) BeipaxkeHuem (14), MOXKHO MOJNYYHUTb MaTPHUHOE
BbIpaXKeHHe

{I'y = [S]{T,}. (20)

9x1 9IXT7272x1

Kax&aaﬂ KOMIIOHE€HTa Te€H30pa BTOPOr0 paHra (aﬂeMEHT CTOH6Ha {7}) ornpeneJnuTcd
9x1
BbIpazKE€HHUEM

T = {H}'{T,}, 1=1,2,....9, (21)

1x72  72x1

rage {fﬁ}y‘—-aHHpOKCHMprHHHee BbIpaxKeHue, orpeaesisaeMoe [-oH CTpOKOﬁ M&TpHubI[Sﬂ.
9x72
Ha ocuHoBe (21) Kaxaasd KOMIIOHEHTa TE€H30pa BTOPOT'o paHra HpOHSBOﬂbHOﬁ TOUKH

[IeCTUTPaHHHKa alllpOKCUMHPYETCH 4Hepe3 BCE€ KOMIIOHEHTHI TE€H30POB Y3JIOBBIX TOYEK
KOHEYHOT'0 3JIEMEHTA.

Ecau npuHsite Matpuuy [z*] ennHUuHOH, To MaTpuua [x*] B (19) Takxe Oymer enu-
3x3 6x6

HHUYHOH, U KOMIIOHEHTa Tlij TEH30pa BTOPOr0 paHra B OKPECTHOCTH BHYTPEHHEH TOYKH
KOHEYHOT0 3JeMeHTa Oy/ieT MpPeACTaBasATbCS yepe3 Y3J/0Bble 3HAUeHHsl 3TOH Ke KOMIIOHEeH-
TBI aNMPOKCUMHUPYIOIIUMHU BhIpaXkeHUsiMU (5). HeKoppeKTHOCTh TaKOH amnmpoKCHUMalUHu B
KPHUBOJIMHEHHOW CHCTeMe KOOPAMHAT OYeBHIHA.

Ec/u KOMMOHEHTHI TeH30pa BTOPOro paHra o6JiafaloT CBOHCTBAMHU CUMMETPHUH, TO B
anmpOKCHMHUPYOMIUX cooTHOIIeHUsAX (20) pasmMepbl MaTpPHUI] yMEHBIIAOTCS.

BripaxkeHue TeH30pa BTOPOTO paHra B MPOW3BOJBHOH TOUYKe KOHEYHOro ssemeHTa (14)
IPUHUMaeT BUJ

T = {1y = {3} {7}, (22)

1x6 6x%1 1x6 6x%1

=T
e {TY = {TU TR TS TR TBT3Y, LGy = {161 20152 25155 G202 202 G233}
1x6 1x6
AHanornyHo npeo6pasyloTCs TeH30phl BTOPOTO PaHTa y3J0BbIX TOUEK.

B urore annpokcumupyoiiee Boipaxenue (20) npuHHMaeT BUJI

{T'}y = [SI{T,}. (23)

6x1 6x48 48x1

Kak Bunno, yepes marpuusl [S] u [x*]T B annpokcumupyroumx seipaxkenusx (20) u
(23) yuuTBIBaIOTCS MTApaMeTPhl UCIOJIb3YEMOE KPHUBOJHMHEHHON cHCTeMbl KoopauHat. Kpome
TOT0, KaXk[asi KOMIIOHEHTa TeH30pa BTOPOr0 paHra BHYTPEHHEH TOYKHM KOHEUHOrO 3JeMEHTa
BbIPaXKaeTcsi MPH aMMPOKCUMAIMK Yepe3 BCe KOMIOHEHTBI TEH30POB y3JI0BBIX TOYEK.

3akJjrouyenve

Kak BungHo u3 (11) u (23), HEKOPPEKTHBIM SIBJISIETCSI HEMOCPENCTBEHHOE HUCIOIb30BaHUE
anMpPOKCUMUPYIOIIUX COOTHOLIEHHH (D) IJIsl BbIpaXKeHHsI KOMIIOHEHT Te€H30pOB 1-T0, 2-T0
paHTOB uepe3 MX y3JOBble 3HAYEHHsI MPH MePEMEHHbIX 0a3UCHBIX BeKTOpaX. AMMPOKCHMH-
pytotide GyHKUUK (D) cleayeT MPUMEHSITb K TeH30paM, a alMnpOKCUMUPYIOLIHE BbIParKeHHs]
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AJid KOMIIOHEHT TE€H30POB ONpPeNeJsATb, BLITIOJHAA KOOPAWHATHDBIE Hp606paSOBaHI/IH MexX-
oy 0a3UCHBIMH BEKTOPaMH Yy3JIOBBIX TOYEK U 0a3HUCHBIMH BEKTOpaMH BHYTpeHHEIZ TOYKH
KOHEYHOI'o 3JIEMEHTA.

Paspa60TaHHb1e ANMPOKCHUMHUPYIOIIKE BbIpa>K€HHA BEKTOPHBIX WU TEH3O0PHLIX BEJIHUYHUH
CJeayeT UCI0Jb30BaTh B UUCJAEHHBIX METOAAX OIIpeaeJeHUs HaHpH}KeHHO-HquOpMHpOBaHHOI‘O
COCTOSIHUS 000JI0UeUHBLIX 3JEMEHTOB HUH2XKEHEPHBIX COOPY)KGHHIZ [IpyU NepeMeHHbIX KPHUBHU3-
HaX UX CPEAUHHBIX HOBerHOCTeﬁ, d TakKxKe IJis y4eTa CMellleHUH 000JI04eYHbIX KOHEUHHIX
9JIEMEHTOB KaK TBEPALIX TE€JI IIPU pacyeTax B KpI/IBO.HI/IHeI;'IHbIX CHUCTEMAX KOOpAHHAT.
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Abstract. The article proposes a stochastic mathematical model of the diffusion of consumer
innovations, which takes into account changes over time in the total number of potential buyers
of an innovative product. A stochastic differential equation is constructed for a random value of
the number of consumers of an innovative product. The interaction of random changes in the
number of consumers with changes in the total market volume of the product under consideration
is investigated. Following the Euler - Maruyama method, an algorithm for the numerical solution
of the stochastic differential equation for the diffusion of innovations is constructed. For each
implementation of this algorithm, the corresponding stochastic trajectories are constructed for a
random function of the number of consumers of an innovative product. A variant of the method
for calculating the mathematical expectation of a random function of the number of consumers of
an innovative product is developed and the corresponding differential equation is obtained. It is
shown that the numerical solution of this equation and the average value of the function of the
number of consumers calculated for all the implemented implementations of stochastic trajectories
give practically the same results. Numerical analysis of the developed model showed that taking
into account an external random disturbing factor in the stochastic model leads to significant
deviations from the classical deterministic model of smooth market development with innovative
goods.
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CamapcKu#l HallMOHAJbHEIE HCC/Ief0BaTeNbCKUH yHUBepcuTeT uMeHH akageMuka C. 1. Koposnesa, Poccns,
443086, r. Camapa, yn. MockoBckoe miocce, 1. 34

ITapcdenoBa Anena HOpreBHa, crapiuinil npenonaBarte/b Kapeapel MaTeMaTHKH U OH3Hec-MH(OPMATHKH,
egorovaalena@inbox.ru, https://orcid.org/0000-0001-7374-3663, AuthorID: 783145

CapaeB Jleonun AnekcaHApPOBUY, IOKTOp (DU3MKO-MaTeMaTHUYeCKUX HayK, 3aBelyOLIUi Kadenpoll MaTeMma-
THKH ¥ Ou3Hec-MH(OPMaTHKH, saraev.leo@gmail.com, https://orcid.org/0000-0003-3625-5921, AuthorID:
2919

AHHoTanusa. B cratbe npensiokeHa cToxacThyeckasi MaTeMaTudeckasi Mofiesib [UMO(y3UH moTpe-
OUTeNbCKUX WHHOBALIMH, YUYUTHIBAIOAsh U3MEHEHHUS] BO BPeMeHH OO0Iero YucJsaa MoTeHIHaMbHbIX
MoKymnaTesell HHHOBallMOHHOTO ToBapa. [locTpoeHo cToxacTuyeckoe nudQepeHLHaIbHOE ypaBHEHHe
IJIs1 Cy9alHOH BeJIMYMHBI YKCJa MoTpebuTe el HHHOBALIMOHHOTO ToBapa. MccsenoBaHo BausiHUE
CJAy4YalHBIX U3MeHeHUH yucya notpebuTesell Ha U3MeHeHHe 00lIero o6bemMa pbIHKA paccMaTprBa-
eMoro ToBapa. B cooTBeTcTBHHU ¢ MeTonoM Diinepa — MapysiMbl TIOCTPOEH aJrOPUTM YHCJIEHHOTO
pellleHHs] CTOXaCTUYeCKoro Nud@epeHLnanbHOr0 ypaBHeHUsT AUPdy3nn uHHOBaUMWH. Jlid Kax-
JIOH peasiu3alid 3TOTO aJTOPUTMA CTPOSTCS COOTBETCTBYIOLIHE CTOXACTUYECKHE TPAEKTOPUH AJiS
cay4yauHo# (PyHKUHH unc/aa noTpebuTesiel HHHOBALIMOHHOTO ToBapa. Pa3paboTaH BapHaHT MeToza
pacyeTa MaTeMaTHUECKOrO OXKHAAHHUS CAy4alHOH (PYHKUMH ducja noTpebuTesell HHHOBALHOHHOTO
TOBapa M MOJIy4eHO COOTBETCTBYMOIlee 1Js Hero nuddepeHuranbHoe ypaBHeHHe. [lokazaHo, 4yTO
YUCJIEHHOE pellleHHe 3TOTO YpaBHeHHs U cpelHee 3HauUeHHe (PYHKIUM Yhcja MoTpebuTesed, Bh-
YUCJEHHOE T0 BCeM peasiu3allusiM CTOXaCTHYECKHUX TPAeKTOPHH, NAIOT MPAKTHUECKH ONHHAKOBbIE
pe3yabTaThl. UHC/IeHHBIH aHaIM3 pa3paboTaHHOM MOJeJH MOKasaJj, uUTo y4eT B CTOXaCTHUECKOH
MOJIe/IU BHEILHEro CJAy4aiHOro BO3MYIIAMOIIEro (hakTopa MPUBOAUT K CYLIECTBEHHBIM OTKJOHEHHUSM
OT KJIaCCHYECKOH NeTepMHUHHUPOBAHHOH MOJEJH IJaBHOTO HANOJHEHUs PbIHKAa WHHOBAallMOHHBIMH
TOBapaMmH.

KuroueBbie cioBa: nud¢ysnss HHHOBAMH, CTOXaCTUYECKUe YpaBHEHHs, BHHEPOBCKHH IpOLECC,
KO3(p(hULUEHT UHHOBALUHU, KOIPPULUHUEHT UMUTALUU

Hdasg uuruposanus: Parphenova A. Yu., Saraev L. A. Stochastic model of innovation diffusion
that takes into account the changes in the total market volume [[Tapgerosa A. IO., Capaes JI. A.
CroxacTtuueckasi MofieJib IU(PPY3UH WHHOBALMH, YyUUTHIBAIOLIAs U3MeHeHHe 0011ero o6bemMa pbiH-
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Introduction

One of the important and relevant areas of modern economic theory is the development
of economic and mathematical methods for predicting the features and patterns of
stochastic processes of distribution in the markets of goods with new properties.
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New stochastic models developed using these methods to assess the parameters of the
diffusion of consumer innovations help to assess the growth rate of sales of goods with
new properties, adequately predict the indicators of market capture by them, calculate
the time intervals of stagnation or decline in their sales, etc.

A significant contribution to the development of theoretical principles of the diffusion
of consumer innovations is presented in the works [1-4].

On the basis of these provisions, researchers have developed a number of models for
assessing the parameters of the diffusion of innovations, in which the total market size
of the considered innovative product was considered constant [5-8].

The nature of the dynamic development of the process of diffusion of consumer
innovations is determined by the ratio of consumers-innovators and consumers-imitators,
the volatility of the volume of sales and changes in the total volume of the market,
consisting of the total number of potential buyers of the innovative product.

Many well-known statistics on sales of various innovative products show the stochastic
nature of their distribution among consumers. Therefore, while constructing mathematical
models of the dynamics of diffusion of innovations we should rely on the theory of random
functions. Stochastic modeling makes it possible to fully take into account the unstable
nature of the market and make significant additions to the existing similar deterministic
models.

An effective tool for constructing non-deterministic models of diffusion of innovations
is the theory of stochastic differential equations, which takes into account the influence
of random external influences. The construction of the defining equations for the diffusion
of innovations based on this theory significantly enriches the corresponding well-known
deterministic models, in which external random disturbing factors cannot be taken into
account. Methods of studying applications of the stochastic differential equations theory
for modeling random processes are described in detail in [9-13].

This work aims to develop a new economic and mathematical model of innovation
diffusion, taking into account the random nature of consumer behavior and possible
variations in the total market volume.

The peculiarity of the proposed model and its scientific novelty lies in the fact that, in
contrast to the classical models of innovation diffusion, it takes into account the change
in the total volume of the market of potential buyers over time.

1. Stochastic differential equation of innovation diffusion in an
unstable market

Let some fundamentally new innovative product appear and spread on the market.
Let us denote U(t) as the volume of that part of the market, which is formed by all
purchasers of this product at the moment of time ¢, V/(¢) as the maximum volume of
that part of the market, which is formed by all potential purchasers of this product at
the moment time ¢. The units of measurement for the values of U(t) and V() can be
percent — the number of buyers of the product and the relative number of buyers of the
product. In the latter case, the maximum market volume for the entire period under
consideration is taken as a unit. The function U(¢) is assumed to be continuous and
continuously differentiable on the interval (0 <t < o0).

The increment in the number of buyers of the innovative product AU over a certain
period of time At can be represented in the form of three terms

AU = AU + AU + AUY, (1)
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where AUY is a partial increment over the time interval At of the number of innovative
buyers oriented towards advertising and the media, AU is a partial increment over the
interval time At of the number of imitator buyers relying on reviews of people who have
already made a purchase, AU"Y stands for random fluctuations in the number of imitator
buyers due to market volatility.

The quantities AUY, AU!, AU can be represented as [14]

(AUN(t):a-V(t)-< —%)-At,
AUI(z):b.U(t).( —%> At )
Wi — U(t)

where a is the coefficient of innovation, which determines the share of buyers-innovators
from the total number of potential buyers V(¢), b is the coefficient of imitation, which
determines the share of buyers-imitators from the number of buyers who have already
made a purchase U(t), w is standard Wiener process, Aw = e-v/At, p is market volatility,
¢ is a random variable with normal distribution, zero mean (¢) = 0, and unit variance
(e?) = 1.

Ut
The multiplier (1 — ﬁ) describes the process of market saturation up to a certain

V(t)
limit value V (¢).
[t should be noted that in the considered model, in contrast to the classical model by
F. Bass, the total number of potential buyers V' (¢) is not a constant but is assumed to be
a variable [14].
Substitution of the quantities (2) into the equation (1) leads to the relation

AU(t) = (1_%) : ((a~V(t)+b~U(t)> -At+p~b-U(t)-Aw). (3)

Passing to the limit in the formula (3) for At — 0, Aw — 0 allows one to obtain the
nonlinear stochastic Ito differential equation [12]

dU(t) = S(U(t),t) - At + Z(U(t),t) - Aw, (4)

e S0 = (a-vier .00 - (1- L0 5

is a drift coefficient,

2@Wit.0) =p-0-00)- (1- 1) ©)

is a volatility coefficient.
The initial condition for the equation (4) has the form

U(0) = Up. (7)

[t is obvious that if the process of diffusion of innovations is observed from the very
beginning, then U, = 0. Otherwise, the value of U, may differ irom zero.
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2. Diffusion model of innovation for a market with the variable
total volume

Let us consider a variant of the development of promoting an innovative product
to the market, in which at the initial moment of time ¢ the maximum number of its
potential buyers is Vj, and then this number gradually decreases to its limiting value V.
In this case, the function of the total market volume V() can be represented as [14]

V(t) =V + (Vo — Va) - exp(—=A-t), (8)

where A is a parameter characterizing the rate of change in the total number of potential
buyers of an innovative product.

The numerical solution of the equation (4) with the coefficients (5), (6) and the
initial condition (7) is performed on the divided system of points ¢ty <t; <ts < ... <1,
time interval [ty,¢,] by the method of successive approximations of Euler - Maruyama in
accordance with the algorithm [3]

Usi1=Us + S(Us, tg) - Ats + 5 - Z(Us, ts) -/ Alg, (s=0,1,2,....n— 1), (9)

where n is the number of time partitions.

At each small time step Aty =t 1 — t,, starting from the initial value Uy, a random
number &, is generated and the following is calculated the value of U,;.

Thus, random sequences {¢;} and {Us} are formed. On the coordinate plane, these
sequences form a system of points {¢,, Us} and the corresponding stochastic trajectory.

When repeating the implementation of the algorithm (9) m times, each time a new
stochastic trajectory is formed, since each time the random variable £ generates new
random values.

To find the mathematical expectation of the function (U(t)), it is necessary to
statistically average the equation (4) with the coefficients (5) and (6)

(o) =((avioro-ve) - (1-73)) o (10)

The result is a differential equation containing the statistical moment of the required
second-order function (U(t)?)

A _ vy (a L (h—a)-

V(1) CV(t)?

2

) _y. Gy i

Sequential calculation of the moment (U(t)?) leads to the appearance of moments of
the third, fourth and higher orders. An endless chain of statistical equations is formed,
which must be cut off by making certain assumptions.

In the case under consideration, it is natural to assume that fluctuations in the value
of U(t) are determined by random fluctuations in the number of buyers-imitators, and it
can be represented as [15]

Ut) = (UW) + p- U() - (1 - %?) (12)
Then
o =iy (120 (1= 80 o (1LY )y
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Averaging the equality (13) gives

(U?) = (U)?*- (1 + p* - (1 — <—g>)2> (14)

Substituting the formula (14) into the ratio (11), we find the differential equation for
the mathematical expectation of the value U(t)

%:v- <a+(b_a). <g> . <522,<1+p2. (1_@)2)). (15)

The initial condition for equation (15) has the form

(U(0)) = Ub. (16)

The Figure shows five from a hundred stochastic trajectories obtained as a result
of numerical implementations of the Euler - Maruyama algorithm (9), (7), numerical
solution of the Cauchy problem (15), (16), as well as graphs of the function of the total
market volume V (¢) and its limit value V.

When comparing the numerical solution of the Cauchy problem (15), (16) for the
mathematical expectation of the function U(t) and the mean value of this function
calculated for all m = 100 implementations of the algorithm (9) it turned out that they
practically coincide.

For a deterministic process of diffusion of innovations at p = 0, the results obtained
coincide with those of [14].

Figure. Stochastic trajectories constructed from 1
the results of numerical implementations of N )
the Euler — Maruyama algorithm (9), (7) and
the expectation curve for the function U(t),
constructed in accordance with the numerical — — —— =
solution of the Cauchy problem (15), (16) (solid 0.5
lines). Graph of the total market volume function
V(t) and its asymptote V = V, (dashed lines).
Calculated values: tg = 0; ¢, = 30; n = 100;
m=100; Vo =1, Voo =0,6; a =0,01; b=10,5;
p=0,35. 0 t

50

3. Conclusion

A new model of innovation diffusion has been developed in the form of a stochastic
differential equation that takes into account the change in the total number of potential
buyers over time.

An algorithm for the numerical solution of the obtained stochastic differential equation
for constructing stochastic trajectories of a random function of the number of consumers
of an innovative product is presented.

A variant of the method of statistical averaging of the stochastic differential equation
for the diffusion of innovations has been developed and a differential equation has been
obtained to determine the mathematical expectation of a random function of the number
of consumers of an innovative product.
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[t was found that the numerical solution of this equation and the statistical average
value of the function of the number of consumers of an innovative product, calculated for
all realizations of stochastic trajectories, give almost the same results.
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AnHoTtamusa. B cratbe paccmartpuBarOTCs AMHAMHUECKHE CHCTEMbl Ha TJIOCKOCTH, 3a1aBaeMble
HerpepblBHBIMU KYCOUHO-TJIAAKUMH BEKTOPHBIMU MOJISIMU. TakHe CHCTeMBI UCIIOIb3YIOTCS B KAUeCTBe
MaTeMaTHYeCKHUX MoJeJsell peasbHBIX MPOLECCOB C MepeKaodeHnsIMU. BaxkHoH 3anauedl siBJsieTcs
HaXO0XJIeHHUe YCJIOBUH POXKAEHUS NepUOfMUeCKUX TPaeKTOPUH NpH U3MeHeHHH napameTpoB. B paboTte
onucaHa 6u¢ypKaLus poxKIeHHUs IepUoa1YeCcKOH TPaeKTOPUH U3 MeTJH CeNapaTPHUChl CLIMTOrO Ceflo-
y3Jla — aHaJIoT KJIAaCCHUeCKOH OU(ypKaIMK METIN CEeMapaTPUCHl CEelJI0-y3Ja IIagKol TUHAMUYeCKOH
cucteMbl. PaccMoTpuM onHonapameTpudeckoe ceMedcTBO { X} HelnpepblBHBIX KYCOUYHO-TJIAJAKHX

BEKTOPHBIX noJied Ha MJOCKOCTH. HYCTb ZO

KOOpAHHAaThl X, Yy, B KOTOPbIX ZO HUMeeT HYyJIeBble KOOPAHWHATDBI, 4 JUHHUSA MEePEKJIIUYEHHUS 3adaeTCd

— TOYKa Ha JIMHUU TEePEeKJII0YEeHHU . BbI6ep6M JIOKAJIbHbIE

ypaBHeHueM y = 0. IlycTb BekTOpHOE mosie X B mosyokpectHocTH 3y > 0 (y < 0) coBmanaer ¢

0

[VIAIKUM BEKTOPHBIM I0JIEM Xgr (X( ), s KOTOPOro TOYKa z° ABJSETCS YCTOHYMBBIM TPYOBIM

y3JoM (rpyObIM cemsioM), a COOCTBEHHBbIE MOAMPOCTPAHCTBA MATPHIBl JUHEHHOH YacTH MOJs

0 0

B Z~ HE€ COBIIaAalOT C HpHMOﬁ Yy = 0. Ocobasti Touka z° Ha3bIBAETCSl CIIMTHIM CeJ10-y3JI0M.

0, - z —
C H1eCTBYeT €IUHCTBEHHAA TpaeKTopUusa L npeneJsbHas K 0 BbIXOAfIlasaA ceraparpuca TO4YKH

0, [Ipu4yeM BXOOHUT B ZO 10 BeAyUIEMY

20, Tlpeanonaraercsi, 4To OHa TaKxKe w-TpeiesbHA K z
HAMpaBJIEHHIO y3/aa nons X, . [l TUIMYHOrO ceMeficTBa NPH M3MEHEHHH MapaMeTpa & CLIMTHIH
censo-y3es b0 pacnagaercs Ha rpyOble y3esa U celio, Jubo ucyesaet. B paGote mokasaHo, 4To B
nocsienHeM caydae u3 KoHTypa Lo U {2°} poxnaercs enmHCTBeHHas meproaHMYeCcKasi TPAeKTOPUS
noJsi X, — yCTOHUMBBIN NpefebHbIA UK.

KnroueBbie ciioBa: HerpepbiBHAsi KYCOYHO-TJIaKas IMHAMHUECKast CUCTeMa, (pa3oBasi MJIOCKOCTD,
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Haa uutupoBanus: Poimenbepe B. [II. O poxneHnH NpefesbHOTO UKJIA U3 METIN CerapaTpUChl
cuntoro cengo-ysaa // Mssecrust CaparoBckoro yHuBepcuteta. Hosast cepust. Cepusi: MatemaTnka.
Mexanuka. Madopmatuka. 2022. T. 22, Bein. 2. C. 159-168. https://doi.org/10.18500/1816-9791-
2022-22-2-159-168

Crartbst onmy6/MKoBaHa Ha ycJjoBusx Julensuu Creative Commons Attribution 4.0 International
(CC-BY 4.0)

© PoviteHbepr B. ll., 2022


https://mmi.sgu.ru
https://orcid.org/0000-0002-1293-7998
https://elibrary.ru/author_profile.asp?id=421907

@Ms& Capar. yH-1a. Hos. cep. Cep.: Maremarvka. Mexanuka. ViHgpopmarnka. 2022. T. 22, Bbin. 2

Article

On generation of a limit cycle from a separatrix loop
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Abstract. The article considers dynamical systems on the plane, defined by continuous piecewise
smooth vector fields. Such systems are used as mathematical models of real processes with
switching. An important task is to find the conditions for the generation of periodic trajectories
when the parameters change. The paper describes the bifurcation of the birth of a periodic
trajectory from the loop of the separatrix of a sewn saddle-node — an analogue of the classical
bifurcation of the separatrix loop of a saddle-node of a smooth dynamical system. Consider a
one-parameter family {X.} of continuous piecewise-smooth vector fields on the plane. Let 2°
be a point on the switching line. Let’s choose the local coordinates z,y in which 2" has zero
coordinates, and the switching line is given by the equation y = 0. Let the vector field Xy in a
semi-neighborhood y > 0 (y < 0) coincide with a smooth vector field XOJr (X, ), for which the
point z¥ is a stable rough node (rough saddle), and the proper subspaces of the matrix of the
linear part of the field in 2% do not coincide with the straight line y = 0. The singular point 2° is
called a sewn saddle-node. There is a single trajectory Lg that is a-limit to 20 — the outgoing
separatrix of the point 29, It is assumed that Lg is also w-limit to 2%, and enters 20 in the leading
direction of the node of the field Xf. For generic family, when the parameter ¢ changes, the
sewn saddle-node either splits into a rough node and a rough saddle, or disappears. In the paper
it is proved that in the latter case the only periodic trajectory of the field X, is generated from
the contour Lo U {2} — a stable limit cycle.

Keywords: continuous piecewise smooth dynamical system, phase plane, bifurcation, sewn
saddle-node, limit cycle
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BBenenue

Hccnenosanue 6udyprauuil GpasoBeix NOPTPETOB THHAMHUUECKHUX CHCTeM ObLIO HaYaTO
A. A. AunponoBeim B 1930-e rr. Budypkanusi pokaeHus peiebHOTO LHKJA U3 MEeTIH
cerapaTpHUChl Ce/I0-y3Ja IagKoH AHHAMUYECKOH CHUCTEMBI Ha MJIOCKOCTH ObljIa ONMHCaHa B
pa6ore A. A. AunponoBa u E. A. JleontoBuu [1]. Ciyuail paszoBoro npocTpaHcTBa JHOOH
pasmepHoctd Obl1 pacemotper JI. I1. [lunbHukoBbiM B [2]. [T AMHAMHUYECKHUX CHCTEM,
3a/1aBaeMblX Pa3pbIBHBIMH KYCOUHO-IVIAAKUMH BEKTOPHBIMH MosssMu B R", poxaeHuUe nepu-
OIMYECKOU TPAeKTOPUU U3 MeT/IH CernapaTpuchl 0COOOH TOUKHU THIA CLIUTBIA CeNJ0-y3el
6b110 nosydeHo B [3]. Teopuu JloKaJdbHBIX W HEJOKAJbHBIX OU(PYPKALHUH KYCOUHO-TJIANKHUX
IMHAMHUYECKUX CHCTEM MOCBSIIIEHO GOJIbIIOe YKCIO0 HayuHbIX padot (cM., Hampumep, [4-7].
HecoMHeHHBIH TeopeTHUeCKHUH U MPUKJAAJHON HHTEpeC MpeacTaBjaseT U3yueHue Oudypka-
LUUH TUHAMUYECKHUX CUCTeM, 3a/laBaeMblX HelpepbiBHBIMH KYCOUHO-TVIAAKUMH BEKTOPHBIMH
MOJISIMU. 3/1eCb U3y4YeHBbl B OCHOBHOM JIOKaJibHble 6udypkanuu [8]. B uacTHoCTH, onucaHbl
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oudypkaunu ocoboit Touku O = (0,0) THNA CeNNO-y3eJ, «CIIUTOH» U3 Celia U y3ja raaji-
KHUX BEKTOPHBIX I0JIeH, 3alaHHBIX COOTBETCTBEHHO B BepPXHeH U HUKHEH MOJIYMJIOCKOCTAX
MJI0CKOCTH R

B HacTosuell paboTe paccMatprBaetcsl OU(ypKaLus MeTNAU CenapaTpUChl TaKOH TOU-
Kd. JlokasblBaeTcsi, YTO NPU HCUE3HOBEHHH OCOOOH TOUKHM pOXKAaeTcss eNUHCTBEHHas
neproauyecKasi TpaeKToOpHs.

1. HemnpepbiBHble KyCOUHO-IJaJKHe BEKTOPHBIE IO/ Ha MJIOCKOCTH

[TycTtb samMkHyTas o6smactb M Ha miockoctd R? ¢ C" l-rmagkoit (r > 1) rpanuuei
OM npencras/eHa B Buie o0benuHeHust C"Tl-riafgKkux AByMEPHBIX KOMMNAKTHBIX MOAMHO-
roo6pasuit My, (k=1,2,...,n) c kpaeM OM,, npuaeM M; N M; = OM; N OM; npu i # j.
[Tyctb X"(M)) — 6anaxoBo mpocTpaHcTBO C"-BeKTOPHBIX MoJsield Ha M), ¢ C"-Hopwmoii [9],
KoTopyto 0603HauuM || - || k. Henpepvienowm xycouno-eaadxum sexmoproim nosem B 06aa-
ctu M c pasbuenueMm D = {M,, M, ..., M, } Ha30BeM Takoe HelmpepblBHOE BEKTOPHOE IOJIE
X : M —TM =R", uro gast mo6oro k =1,2,....n X*:= X |y, € X"(M). MuoxecTBO
X"(M, D) rakux BEKTOPHBIX MoJell ¢ HopMoH || X ||, = lax. | X |, ||F siBnsieTcs Ganaxo-

BBIM IpocTpaHcTBOM. MHoxecTBO S := |J OM; N OM; 1 ero KOMIOHEHTHl Ha3bIBAIOTCS
AUHUAMU NePeKNIOUeHU. 7

Bekrtophoe nose X € X"(M,D) ynosaerBopsieT ycaoButo Jlunmunua. [Toatomy s
JI060H TOYKH 2o € intM cyllecTBYeT eIMHCTBEHHAas TPAaeKTOPHs, HauWHAIOLIAsics B
3TOH TOuKe, — oToOpaxkeHue ¢(zo,-) : I — M, rtne I — MakCHUMaJbHBIH TPOMEXKYTOK,
cofepKaliKii Hylb, st KOTOPOro g(zo,0) = zo ¥ Lg(20,t) = X (g(zo,t)) npu Beex ¢t € I.
Kak o6bluHO, MHOXecTBO Touek L = {z = g¢(z0,t): t € I} Takxe OymeM Ha3blBaTh
TPaeKTOpPHeH.

2. ®dDopmyanpoBKa pe3yJbTaTOB

Bynem paccmarpusath cemeiictBo { X, }\.|<5 BeKTOpHBIX nosedt X, € X"(M, D), r > 3,
3aBUCSLIMX OT MapameTpa € € (—d,d), U Mpearnoaaratb, YTo 0ToOpaKeHHe

(=0,0) >e— X. € X"(M, D)

— C'-rnagkoe. Torna mis Beex k= 1,2,...,n oToOpaxKeHus

My x (=0,6) 2 (z,€) = XF(2) € R?

— C"-rnapkue. CornacHo Teopeme Yuthu [10, c. 587-599], BekTOpHBIE MOJIS Xf = X |,
MOXKHO TMPOJOJIKHUTH 10 BEKTOPHBIX mosiell X na M Tak, uToGbl 0TOOpaKeHus

M x (=6,0) 3 (z,¢) — XF(2) € R?

Takxke Oblin C7-rnagKuMHU.

[TycTs BekTOpHOE MoJie Xy HMeeT 0coOyIo TouKy 2” Ha JIMHUM MepeKIIoYeHus. DIeMeH-
Thl pasbuenust D, comepKaliyie 3Ty TOYKy, o6o3Hauum M, u M_. [lycte XF = X, ’Mi'
[Ipennosioxkum, uto nuHelHbIE onepatop dX T (2°) umeer pasjnuHble OTPULIATEIbHBIE COO-
CTBEHHble 3HaYeHHs, a COOTBETCTBYIOLIMe COOCTBEHHbIe MOANPOCTPAHCTBA TPAHCBEPCAJbHBI
KacaTesibHO# K OM, B Touke 2°; yuuednbiit onepatop dX ~(2°) umeer co6CcTBEHHbIE 3Ha-
YeHMs NPOTHUBOIOJOKHBIX 3HAKOB, & COOTBETCTBYIOLIHE COOCTBEHHbIE MOANPOCTPAHCTBA
TpaHcBepcasibHbl KacatenbHol K OM_ B Touke z°. Touky 2" B 3TOM ciydyae HaszoBeM
cuumoim cedro-y3som. OHa MMeeT OIUH yCTOMUYMBBIN MapaboJqHuecKUil CeKTop M JBa
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- -

Puc. 1. ClunTelil censio-y3es v metT/is ero cemnapa-
TPHUCHI

Fig. 1. The sewn saddle-node and its separatrix
loop

+

runepbosryeckux cekropa (puc. 1). I'pa-
HUYHAsl TPAeKTOPHS MEeXAy NBYyMS T'H-
nepOOJUUECKUMH CEKTOPAaMH Ha3bIBaeT-
csl sbLxo0Aweli cenapampucoii, a nBe
rpaHUYHblEe TPAaeKTOpPUS MeXIy mapa-
60JMUYEeCKUM U TUnepboJUUeCKUMU CeK-
TOPAMHU — 8X00AWUMU CENAPAMPUCAMU.
Budypkauuu cumToro ceao-ysJsaa omnu-
canbl B [8].

Bribepem B okpecTHOCTH Uy TOUKH
20 nokasbuble C™1-koopuuHaThl (21, 29),
|21] < 1, |22 < 1, B KOoTOpPBIX 2° HUMeeT
HyJeBble koopauHatel, Uy NM,, UgNM_
" ¢ := UyN S 3apa0Tcss COOTBETCTBEHHO
yeaoBUAMU 0 < 20 < 1, =1 < 20 < 0
M2z = 0, a Uy He CONePXKUT JAPYruX
ocobObIx ToueK. B 3THX KoopanHaTax

X (2) = PE(21, 20,2)0/021 + Py (21, 20,€)0/ 024,

rie P* — C"-pyukuun, PE(0) =0 (i = 1,2),

7

P (2,0,e) = P/
det dX (2") = det(0P;(0)/0z) < 0. (2)

det dX (%) = det(OP;(0)/0z) > 0,

Beaencreue (1) onpenenutenu

A:I:

(217076)7 (1)

_|0PE(0)/0= 0PE(0) /0
= |9PE(0)/02 OPE(0)/0e

COBIIAaAgarOT: AT = A~ =: A. X BeJMuMHA He 3aBUCHUT OT clocoba IPOAOJIKEHNA BEKTOP-

. . <+
HbIX osiell X T 10 BeKTOpPHBIX mosedi X _ .

[To Teopeme 0 HesIBHOH (YHKIMH TMOJyYaeM, YTO TIPU £, AO0CTATOUHO GIM3KUX K HYJIO,
B OKpecTHocTH U, BeKTOpHOe moJje X HMeeT eIMHCTBEHHYI 0COOYI TOuKy z¥(g) ¢
koopaunatamu (h*(g),v%(e)), tme h*(+), vE(-) € C",

RE(0) = v=(0) = 0,

0vE(0)/0= = —A/ det(OPE(0)/0z;). (3)

[Tpennosnoxum, uro A # 0. Be3 orpaHuueHusi 06IIHOCTH MOXKHO ToJarathb, 4to A > 0.
Torna us (2) u (3) mosyyaem, 4To cyliecTByeT Takoe dg > 0, 4TO

sgnv¥(e) = Fsgne aas Beex € € (—dp, o). (4)

Ecnu §p BeIOpaHO MOCTATOYHO MaJsibiM, TO U3 (4) caenyeT, 4To BeKTOpHOe moJsie X, B

okpecTHOCTH Uy
— He uUMeeT 0coObIx Touek 1pu € € (0,dp);

— HMeeT eIMHCTBEHHYI0 0COOYI0 TOUKY — CIIMTHIA cemto-y3ea z-(0) = 2° npu e = 0;
— MMeeT POBHO JIB€ 0COOBIX TOUKH — IpyObld y3en 2zt (e) € intM, u rpy6oe cemjo

27 () € intM_ mipu € € (—0y,0).

HpeILHOJIO}KI/IM Telnepb, YTO Yy BEKTOPHOIr'O TIOJA XO BbIXO[dllas cenmapatpuca Lo CIIH-

TOro cemyo-ysna 2°

TpaHCBepcasbHa JUHUHM TepeKJIoueHus S, w-npejesbHa K z

9 Ho He

COBMaaaeT HU C ONHOK M3 BXOASWIKX cenapatpuc (cm. puc. 1). O6osnauum Iy := LoU{2°}.
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Ecan uueno 0 € (0,8) mocratouHo Maso, To npu € € (—0,0] B 10CTaTOYHO MaJjoi
OKPECTHOCTH TOMOKJMHHMYECKOTO KOHTYpa [y HET 0COOBIX TOYEK, OTJIMUHBIX OT z&(g),
HeT 3aMKHYTBIX TPaeKTOPHH.

Onuiem O6udypkauuu B okpecTHocTH KoHTypa [’y mpu ¢ > 0. Ham nonapo6utcs
cJenylolee

Omnpepenenne. [lycts A., € € [0,&(), — TOIMHOXKECTBA HEKOTOPOTO TOMOJOTHIECKOTO
npoctpaHcTBa. MHoxecTBO Ay — monosoeuueckuti npedes MHOXKecTB A. mpu € — 0
( lto A. = Ap), ecaut 151 11060# okpecTHocTH U MHOXKecTBa Ag Haitnerces Takoe €, € (0, &p),
E—r

uto A, C U s Bcex € € (0,¢,).

Teopema. [Ipu cOerannoix omrocumenrvro cemeiicmsa { X, } <5 npednososcenusx
cyujecmeyrom maxue okpecmuocmo V(I'g) konmypa Ty u uucao § € (0,dy), umo 0as
ar0boeo e € (0,0) sexkmopHoe nosre X., umeem eOUHCMBEHHYIO 3AMKHYMYIO MpPaeKmo-
puro I, npunaorexcauyyro V(L'y). Ima mpaekmopus — ycmoiiuusgoiil eunepboiuteckut
npedesvroill YUKA, ee monosocuieckum npedesom npu € — 0 asasemcea 1.

JlokazaTesbCTBO TeopeMbl PUBENEHO B pasfesnax 3—9o.

3. JlokaabHasi PyHKL¥S COOTBETCTBHUS M0 TPAeKTOPUAM moss X

[To ycsnoBuio auHednbil onepaTop dX (2") umeer cobcTBeHHble 3HaueHuss A < A\J < 0.
Bes orpaHuueHHs 0GIIHOCTH MOXHO CYMTaTh, YTO KOOPIAHHATHI 21, Zo BbIOPaHbl TaK, 4TO

P (z1,21,0) = M 21 + o(]2]), Py (21,22,0) = azy + A\§ 20 + 0(|2]), rtme a < 0.

B koopmuHatax x1 = 23 — ht(e),z0 = 20 — v (e)

—
X (2) = Qf (w1, 29,8)0/ 021 + Q3 (w1, T2,£)0 /02,

QY (z1,12,8) = N 1 + z1q11 (21, Ta, €) + Toqia(w1, 22, €), (5)

Q;(xla Tg,€) = axy + >\§r$2 + T1q21(21, T2, €) + T2 (21, T2, €), (6)

rue ¢;; — C"'-dynkuun, ¢;;(0) =0, i,j =1,2.

O6osnaunm Kg, = {(r1,72) : 0 < 29 < d,
|z1| < kaxo} (puc. 2). M3 (5) u (6) mosayuyaewm,
YTO MPU AOCTAaTOUHO Manbix d > 0, k > 0 wu
0 < 01 < dg PyHKIHSA

R(xy,w9,€) := QF (21, w2,€)/Q3 (w1, 2, €) M,
onpenesnena nas € € (—d1,01), (z1,72) € K. M.
[Tockosbky A{/\g > 1, To npu 3TOM :
+R(£kwxy,x9,e) > k. Ho Ttorma pereHue z'(¢) X,

r1 = o(r2,u,e) nubhepeHIHansbHOT0 ypaBHe-

Hus dxy/dry = R(xq1,22,€), yoOBAETBOpSIOIIEE ) ,
€

HavyaspHOMY yeaoBuio ¢(d,u,e) = u ¢ |u| < kd, Pnc. 2. Konye Kgy, nyrn T wn TZ,

ompeJesieHO MpU Bcex zo € (0, d]. dyukuus f1
[lpoussomnas ¢, (72, u,€) ynoBIeTBOPAeT  Fig. 2. The cone K&, , the arcs T and
yYpaBHEHHIO B BapHalUsiX T2, the function f!

d;;QSOfu = R/zl (QO(I’Q, u, 5)7 T2, 5)90;
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¥ HayaJbHOMY ycaoBHio ¢! (d,u,e) = 1. [Toatomy

(2, 4,€) = exp /d CRL (o6, u,e), 6, €) d. @)

BhiGepem uncsio y Tak, uto 1 < v < A /AS. Hcnoanays (5) u (6), sanumem R B
BUJIE
)\f)\;xl + 1'181(33'1, X, 8) + Q?QSQ(LEl, Za, 8)

(axy + )\;332 + 21q21 (21, T2, €) + T2go2 (21, T2, 6))27

Rg;l(1717$2a5) = (8)
rae s; — C"l-pynkuun, 5;(0) =0, ¢ = 1,2. Cuuras d, k u §; nocTaTouHo Majbimu, u3 (8)
MoJIydaeM CJIEAYIOILYIO OLEHKY:

R;l(acl,xg,g) < ’7/[L’2 npu € € (-51751), (.7)1,1‘2) S Ké,k

Otciona u us (7) umeem
0 < ¢, (z2,u,e) < (z2/d)”. 9)

OGosnauum T! u T? nyru, sagaBaemble B KOOPAMHATAaX (Ty,T3), COOTBETCTBEHHO
YCJOBUSIMH Ty = d, |z1| < kd ¥ 29 = —vT (), |z1] < —kvT(e). [TockonbKy cenapatpuca
Ly He coBmajgaet ¢ BXOASAIIEH CenapaTpucod CLIUTOro cemso-ysqaa 2°, To ona Bxonut B 2°
Mo BeAylleMy HalpaBJeHHI0, COOTBETCTBYIOIEMY COOCTBEHHOMY 3HaueHuio \j . [Tostomy d
MOXKHO BBIOPaTh TaK, 4ToObl L mepecekasa ayry T BO BHyTPEHHEH TOUKe, '1-KOOPAHHATY
KOTOpod 0603HauuM &y. Pukcupyem k u d. BeibpaB §; noctaTouHo maJjbiM, 6yneM UMeTb
Ve € (0,61) 0 < —vT(e) < d. Oynkuus u — f1(u) := p(—v* (), u, ) aBasgercs pyHKuUeH
COOTBETCTBHsI M0 TpaekTopusim nojst X., e € (0,d;), mexay ayramu T C M, u T2 C /.
Jlnist ee mpou3BoaHOU mosydaeM U3 (9) cjenyrolLyio OLEeHKY:

0<(f2) (u) <P (e)/d. (10)

4. JlokaabHad (PyHKUMS COOTBETCTBHSA IO TPaeKTOPUAM moad X_ .
DyHKUUA NOCAeI0BaHUSA

[To ycnoBusmM teopeMel Marpuua (OF; (0)/0z;) uMeeT coOGCTBEHHble 3HAUEHHS pas-
HBIX 3HAKOB, @ COOTBETCTBYIOLIME COOCTBEHHBIE MOAMPOCTPAHCTBA TPAHCBEPCAJbHBI MPSi-
Mol zp = 0. Iloatomy Habinercs Takoe 0o € (0,60;), 4To npu € € (—d2,02) MaTpHLA
(0P (h™(¢),v™(g),€)/0%z;) uMeetr cobGcTBeHHBle 3HAYeHUS A (€) U A, (€) (A5 €)<0<AT @)
M COOTBETCTBYHLIHE cobcTBeHHbIe BeKTOpHI (a1(g), —1)T u (ay(e), 1)T (ai1(e)> 0, as(e) > 0),
C™'-rnanko sasucsiume oT €. Torna B KoopauHaTax (Zj, Z1), 3aaBaeMblX PaBEHCTBAMH

Z1 = h_(€) + CL1(6)21 -+ GQ(E)EQ, Z9 = U_(E) — 21 + 52,
rnoJsydyaeM
X;(Z) = ()\1(8) zZ1 + 61(51, 52,8))8/851 + ()\2(8) 2o + 02(51, 52, 8))8/822,

rae ¢, (k = 1,2) — O™ !-pynkuuu, obpamiamiiyecs B HyJb BMeCTe CO CBOUMHM IIep-
BbIMH TPOM3BOIHBIMU MO Z; U Zo MU Zz; = Zo = 0, Ha ayre £ = SN Uy (22 = 0)
uMeeM Zp = —v~ (g) + Z, a yeqoBue z € Uy N M_ (22 < 0) paBHOCHJBHO HEPaBEHCTBY
2o < —U_(g) + z.

[Tpu nmocratouHo Manbix lyp > 0 U J3 € (0,02 JOKaNbHEIE WHBAPUAHTHBIE MHOTI000-
pasusi censa z () npu Bcex £ € (—d3,03) 3analOTCs B KOOpAMHATaxX (Z,Z) ypaBHe-
HUAMHU z; = w1(§2,€), 29 € (—lo,lo) U 29 = w2(21,5)7 Z1 € (—lo,l()), rae wg € Oril,
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wk(()’g) = (wk);'<7—7 8) |T=0 =0, k= 172 [9] 3ameHa =21 _wl(g%g)’ Yo = Z2_11)2<217€)
ABJsgeTcs 1U(pdeoMopprU3MOM, KOTOPEIA MOXKHO CHeNaTh CKOJMb YrOAHO OJM3KHUM K TOX[Ie-
ctBeHHOMY B C'l-TOmoJIOrKH, BBIGPAB J0CTATOYHO MaJibie [y U d3. [Ipu KaxkaoM Iy 4HcIo
d3 MOXKHO BBIOPATh CTOJIb MaJjbiM, UTO MpH € € (—J3,d3) Ayra ¢ mepecekaeTcsi ¢ OKpecT-
Hoctbto 17 = II; _ Touku 27 (g), 3anaHHoi HepaBeHcTBaMu |Zi| < o, 22| < lo (puc. 3).
[TosToMy MOXKHO CUHTaTh, 4TO [y ¥ d3 TakoBbl, uTo V ¢ € (0,d3) £ NII- uMeeT ypaBHeHHe

y2 = ¥(y1,€), rae

¥(0,¢) < —v7(e)/2 <0, (11)
0 <4y, (y1,€) <2, (12)
a ycaosue z € IIZ N M_ paBHOCHJIBHO Hepa- 1 %

BEHCTBY Yo < ¥(y1,€).
B okpectnoctu 117

X7 (2) = (Male) +71(y1,y2,€))110/0y1 +
+(AL(e) +72(y1,y2.€))y20/ 012, (13)

rne 1, € C™72, 14(0,0,6) = 0, k = 1,2, u
MOXKHO CUMTaTh, UTO

A(e) +r Yo, &) > 0,

i( ) 1y v ) (14)  Puc. 3. OxpectHocTb ceana z~ (g). Hyru
Ay (€) + 12y, y2,€) <0. T2 u T3, Gpyuxkuus f2
Fig. 3. A neighborhood of the saddle z~(¢).

W13 (13) nosnyuaem, uTo npousBogHast (GyHK- ¢
! b by The arcs T2 and T2, the function f2

MU Yo — (Y1, €) TIO HAMIPABJIEHUIO BEKTOPHOTO
noas X_ paBHa

(A2 (&) + 72y, y2,))y2 — ¥y, (y1,€)(Ay (€) +7r1(y1, 92, €)1

Beuny (11) u (14) MoxXHO cunTaTh, YTO NP BBIOPaHHOM J3 B Toukax ¢NII- ¢ KoopauHaToH
y1 < 0 oHa ToJIOXKHUTe/bHA, T. €. nose X, € € (0,03), B 9TUX TOUKaX HaNpaBJeHO BHYTPb
M, . TlockosbKy B Toukax nyru T2 moje X. HampasjeHo BHyTpb M_, TO BCe TOYKH
T? UMET MOJIOKHUTEbHYIO KOOPAMHATY y;. Tak Kak /s KOOPAMHAT T, Ty TOYeK 172
uMeeM Iy = —vt(g), |r1] < —kvt(e), a v(0) =0, To MOXKHO cuuTaTh, uTo pHU € € (0, d3)
T? C TIZ u cyuwectByet Takas nocrosiidasi C' > 0, uTo

0 < y; < Ce i KOOPAMHATH ¥; JIIOOOH TOUKH Tf. (15)

[Tepexon ot mapamerpa z; (Jx1| < —kv'(e)) Ha nyre T2 K mapamerpy z; 3amaercs
Bo3pacrawleil ahpuHHON dyHKUMel Z; = (21 —h™(€) +av—(€))/(a1(e) + az(e)). [epexon
OT mapamerpa z; Ha T2 K mapameTpy y; 3aaeTcs PaBeHCTBOM y; = z; —wy(—v ™ (€) + 21, €).
[losToMy mepexonm oT mapameTpa x; K NapameTpy %; HMeeT BUA y; = U.(r1), THe
(z1,€) = Jo(x1) — CT 1 -dbyukums, (7.) (1) > 0.

O603HauuM TS AYTY, 3aflaHHYI0 B KOOPAMHATAX Y1, Ys YCJAOBUAMU Y1 = lo/2, |yz| < I,
rie 0 < [ < lp. B kauectBe mapamerpa Ha T Bo3bMeM KOOpPAMHATY Y. Ilpu & = 0
cemnaparpuca Ly nossi X, TpaHcBepcasbHO MepecekaeT Ayry 7 B TOUKe ¢ KOOPAHHATOM
yo = 0. Tak Kak L, TpaHcBepcasbHO TepecekaeT U Ayry T B ee BHYTpPeHHe# Touke, a
TaK»e TPaHCBepcasbHa S, TO MPU HOCTATOUHO MaJbiX [ U 0y € (0,d03) masi mo6oro € € [0, dy)
onpeesieHo 0TOOpaXkeHue Mo TpaekTopusiM nosst X, nyru T° B myry T2, crassiiee B
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COOTBETCTBHE TOYKE C KOOPAHHATOH ¥ = v TOUKY C KOOPAMHATOH 11 = f3(v), mpu 3TOM
otoGpaxenue (v,e) — f3(v) npuHagmexut kiaaccy C" 2,

O603Haunm H”t oObeUHeHHe OyT MOJIOKUTEbHBIX MMONYyTPaeKTOpui noJs X., Hauu-
HAWIMXCs B ToUuKax T2 u KoHYamoluxes B Toukax T2 . TIpu mocTaTtouHo majom 4 st
moboro € € (0,d4) muoxectso U(k,d,ly, 1, €) == K3, UTI, _ UTI}Z" siBasieTcst OKPECTHOCTBIO
netau I'y.

Tpaektopust mosnsi X ., HAUMHAKOWIAACA B TOYKE OKPECTHOCTH IIZ ¢ KOOpAMHATaMH
Y1,Y2, 0 < y1 <, lyo| < [, mepecekaer nyry 77 B TOUKE C Yo-KOOPAMHATOH Y (y1,Ys,€),
rae Y — C"2-pynkuus. Uz [11, n. 13.8, sameuanus 2 u 3] caenyer, uto

Y(yla Y2, 8) = C(@?Ji\(s)?ﬁ + n(yla Yo, 5)7 (16)

rae A(e) = =5 (e)/A[ () > 0, ¢,n € C, c(e) >0,
07 (Y1, 92,2) /Oyi0ys] < Nyt P97 0<i+i <1, (17)

aa>0, N>(0—HeKoTopble NOCTOSIHHBIE.

Dynkuns f2(y1) = Y(y1,¢(y1,€),€) 3anaer orobpaxenue nyru T2 B ayry T2 mo
TpaekTopusam noJsi X, (cM. puc. 3). Mbl MokeM cuuTaTth, 4To 4 < 1. M3 (16), (17), (12)
u (15) monyyaewm, 4To HaiimeTcs takoe uncao N; > 0, uto npu Beex € € (0,04) B 061acTH
onpenesenuss GyHKIuK f2

(f2) (1) < Nie*® < Ny, (18)

Ilpu ¢ € (0,64) dyukuusa f. == f2o fZog. o f! : [—kd kd] — [~kd, kd] sanaer
oToOpaxkeHue ayru T) B cebst Mo TpaeKTOpUsiM BekTopHOro mnojst X.. M3 ouenok (10),
(18), orpaHHYeHHOCTH MPOU3BOAHBIX BYHKUMEH ¥., f> U paBeHCTBA lin% vT(e) =0 caenyer,

E—

4TO ImpH JAocTaToyHo MastoM § € (0,64) V e € (0,0) 0 < (f.)(z1) < 1/2. ITosTomy
(YyHKLHS MocJaenoBaHUs f. MMeeT eIMHCTBEHHYIO HEMONBHXKHYI0 TOYKY (YCTOHYHBYIO
runepbosrdeckyio) &(g). Uepes cooTBETCTBYIOILYIO TOUKY AYTH T, MPOXOAUT YCTOHUHMBAS
runepbosnyeckas 3aMKHyTasi Tpaektopus ['. moas X..

5. OxpectHocts V(1))

[Toctpoum okpectHocts V(Iy), o KoTopoi#l umeT peub B Teopeme. [Ipu mocratou-
Ho MmajoM dg € (0,d5) Hailmercsi okpectHocTh Vi(I'g) koHTypa Iy, comepxxkaiuasicsi B
mo6oit okpectroctu U(k,d,ly,l,e), € € (0,0s). Beibepem uucio o > 0 Ttak, 4ToOHI
—kd < & — 0 <& < & + o < kd. TlockonbKy KoHTyp I'g coctouT us Cl-rmagkux nyr ¢
KOHLIAMH Ha JINHUSX TePeKJI0YeHHs] U TPAaHCBEPCAJIbHBIX STHM JIMHHSM, TO, B35IB 0 J0CTa-
TOUHO MaJibIM, MOXHO MOCcTpouTh oKpecTHOCTb V' (I'g) C Vi(T'g) KOHTYpa, OrpaHHUYEHHYIO
JByMsI 3aMKHYTHIMH KYCOYHO-TJIAJIKUMH KPUBBIMH Y, M 7y_, [I€PECEKAOUIUMHUCS ¢ 1yrod T
TOJIBKO B TOYKAX COOTBETCTBEHHO AJ W Ay ¢ xy-KoopauHatamu & —o u &+ o. Mcnosbays
TeopeMy O HesiIBHOH (DYHKLHH, MOJYYHM, U4TO g MOXKHO BBIOpPaTb Tak, 4To mpu € € (0, dg)
nyra T! mepecekaercsi ¢ KpuBoH v, (7_) B eMHCTBEHHOH TouKe AT (AD).

BLIGpaB 0CTATOYHO MaJible MOJOKUTEIbHBIE YHCIA d, l(),l u o € (0,05), mo HUM AJist
mogoro € € (0,5) MoxHO nocTpouTsh okpectHocTs U(K, d, ly,1,€) KouTypa I'y aHAaJOrMUYHO
okpectHoctu U(k,d,ly,l,e) Tak, 4TOObI U(k:,d, lo, l,e) C V(I'y). BekropHoe mose X, mpu
e € (0,6) umeer B U(k,d, ly,,<), a noromy u B V(I'y) 3aMKHyTYI0 Tpaektopuio I'.. Tak Kak
yactb nyru T2 mexnay Toukamu AT u A_ pasousaer V(I'g) Ha ABe OLHOCBSI3HBIE 00JIACTH,
He cojepsKallye ocobble TOUKH M0Jis, To 1. mepecekaer ayry 7. Ho npu € € (0,0) I'. —
e[IMHCTBEHHAs] 3aMKHYTasi TpaekrTopusi noJist X., nepecekatwomas ayry 77 . CienosaresibHo,
. = I'. — eqHHCTBeHHas 3aMKHyTasi TpaekTopus nossi X., comepxkamasics B V (I'y).
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[Tokaxxem, 4To lto I'. = I'y. 3ananum okpectHocth U(Iy) cemapaTpHCHOTO KOHTY-
E—

pa I‘O.~ I?bl?paB OCTATOYHO MaJble J, l~0, [ u d. € (0,6), OymeM ¥MeTb TpH BCex 5~€~(0~, )

U(k,d,ly,l,e) CU(To)NV(Iy). Bekroproe none X, npu ¢ € (0,,) umeer B U(k,d, lo, [, €),

a notomy u B U(I'g) NV (['y) 3amkHyTyt0 Tpaektopuio I'.. CienoBaTesbHO, lto I'. =T,.
E—>

Teopema nokasana.
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AnHoTtanusa. B HacTosiielr paboTe uccsenyeTcs Kaacc HeJUMHEHHBIX HHTErpasbHbIX ypaBHEHHH
Ha I0JyOCH C HeKOMIIAaKTHBIM onlepaTopoM ['ammepiiteiina. Ilpeanosnaraercs, 4To Apo ypaBHe-
HUSl 3KCIIOHEHLHaJbHO YOBbIBaeT Ha IOJIOKUTEJbHOH 4YacTH YUCJIOBOH OCH. YpaBHEHUS TaKoro
pola BO3HUKAIOT B Pas3/MUHbIX 00/1aCTsAX €CTeCTBO3HAHUS. B uacTHOCTH, TakMe ypaBHEHUS BCTpe-
YalTCsl B TEOPUHM IepeHOoCa U3JyuyeHHs B CIEKTPaJbHbIX JHHHUAX, B MaTeMaTHUYeCKOH TeopuH
NPOCTPAHCTBEHHO-BPEMEHHOT0 PAaCIPOCTPAHEHUS SMUAEMHH, B KHHETUYECKOH TeopuH razos. OT-
JIMUUTEIbHOH 0COOEHHOCTBIO pacCMaTPUBAeMOr0 KJjacca YpaBHEHHUH SIBJSIOTCS HEKOMIIAKTHOCTb
COOTBETCTBYIOLLEI'O HeJIMHEHHOro MHTerpaJjibHoro oneparopa ['ammepiuteliHa B IpOCTpaHCTBE CY-
[IECTBEHHO Or'PaHHWYEHHBIX (PYHKUHUH Ha TMOJOXKUTEJNbHOM YacTH UHUCJIOBOM MPSIMOH M yCJOBHe
KPUTHUHOCTH (T. €. HaJHMUHe TPUBHMAJBLHOIO HY/NeBOro pelieHus). [Ipu onpenesieHHBIX OrpaHHUEHHUSIX
Ha HeJIMHeHHOCTb [0Ka3blBaeTCsl CyLleCTBOBAHHUE [10JIOXKHUTENbHOTO OrPaHUYEHHOI0 U CYMMHPYeEMOro
pewenus. Mccienyercs Takyke acHMITOTHYECKOe MOBeleHUe pelleHUsl HAa H6eckoHeuHocTH. Jlokasa-
TEeJNIbCTBO TEOPEMBI CYL[eCTBOBAHUS HOCHUT KOHCTPYKTHBHbIH xapakTep. CriepBa peliast ornpezeeHHOe
IPOCTOE XapaKTepUCTHYeCKoe ypaBHeHHe, CTPOUTCSl HyseBoe NpUOJHKeHHe B pacCMaTpUBaeMbIX
UTepaLHrsX. 3aTeM M3ydaeTcsl ClelMajbHOe BCIIOMOraTesbHOe HeJIMHeHHOe HHTerpasbHoe ypaBHe-
HHe, pellleHHe KOTOPOro CTPOUTCS C MOMOLILbI0 NPOCTHIX [0OCJef0BaTeNbHbIX NpubanxeHui. [locse
3TOr0 [OKa3blBAETCS, YTO BBeJEHHble HAMH HTepallyd MOHOTOHHO BO3PACTalOT U CBEPXY OpPaHHYeHb
pellieHHeM BbIIIEOTMEeYEHHOI0 BCIIOMOraTeJIbHOIO HHTerpasbHOro ypaBHenus. [asee, ucnosbays
COOTBETCTBYIOLIHE YCJIOBUS Ha HEJIMHEHHOCTb U Ha SIAPO, NOKa3bIBAETCS, UTO Npees ITUX UTepaluil
SIBJISIeTCS pellleHHeM [epBOHAYaJbHOIO YPaBHEHHUS] U 9KCIOHEHLHUANbHO yOblBaeT Ha 6€CKOHEYHOCTH.
[Ipy pmomosHUTE/BHOM OIpaHHYEHHMH Ha HEJIMHEHHOCTb yCTAHABJMBAETCS €IHHCTBEHHOCTb IOCTPO-
€HHOTO pelleHUs B ONpejieleHHOM KJacce M3MepHMbIX (pyHKUHMH. B KoHle pa6oTbl mpuBOAATCA
KOHKpETHbIe MTPUMEPHI siipa U HeJIMHEHHOCTH MPUKJAAIHOrO XapaKTepa, IJs1 KOTOPBIX aBTOMaTHYeCKH
BBIMIOJTHSIIOTCS BCE YCJIOBUS I0OKA3aHHOH TEOpPEMBI.

KaroueBble c10Ba: MOHOTOHHOCTb, UTepaLldd, CyMMHpyeMoe pellleHHe, BbIYKJOCTb, AP0
BaaromapHocTu: Vccnenosanue BbINOJHEHO NMPH (rHaHCOBOH mopnepkke Komurera mo Hayke PA
B pamKax HayuHoro npoekta Ne 21T-1A047.
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Abstract. The paper studies a class of nonlinear integral equations on the semiaxis with a
non-compact Hammerstein operator. It is assumed that the kernel of the equation decreases
exponentially on the positive part of the number axis. Equations of this kind arise in various
fields of natural science. In particular, such equations are found in the theory of radiation transfer
in spectral lines, in the mathematical theory of the space-time propagation of an epidemic, in
the kinetic theory of gases. A distinctive feature of the considered class of equations is the
non-compactness of the corresponding nonlinear Hammerstein integral operator in the space of
essentially bounded functions on the positive part of the number line and the criticality condition
(i.e., the presence of a trivial zero solution). Under certain restrictions on nonlinearity, the
existence of a positive bounded and summable solution is proved. The asymptotic behavior of the
solution at infinity is also investigated. The proof of the existence theorem is constructive. First,
solving a certain simple characteristic equation the zero approximation in the considered iterations
is costructed. Then a special auxiliary nonlinear integral equation is studied, the solution of
which is constructed using simple successive approximations. After that, it is proved that the
iterations introduced by us increase monotonically and are bounded from above by the solution
of the aforementioned auxiliary integral equation. Further, using the appropriate conditions for
nonlinearity and for the kernel, it is proved that the limit of these iterations is a solution to
the original equation and exponentially decreases at infinity. Under an additional constraint
on nonlinearity, the uniqueness of the constructed solution is established in a certain class of
measurable functions. At the end of the work, specific examples of the kernel and nonlinearity of
an applied nature are given for which all the conditions of the theorem proved are automatically
satisfied.
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X. A. XayatpsH, A. C. lNeTpocsiH. O paspeiumocT OIHOro Kacca MHTerpasibHbIX ypaBHeH @

Beenenue

HaCTOHHlaH pa60Ta [IOCBsIIE€Ha U3YUEHUIO U pEIIeHUIO CJAEAYIOLIEro KJacca HeJIUHeH-
HBIX MHTErpaJJbHbIX ypaBHeHI/Iﬁ Ha I10JYOCH:

o) = /K(x COHE F)d, x € RT = [0, +00) (1)

OTHOCHTEJbHO HCKOMOH HeOTpULATeJNbHOH U u3MepuMoil (yHKUuH f(z). B ypaBHeHuUH
(1) smpo K — cymmupyemasi 1 orpaHudeHHasi GyHKILHs Ha MHOXkecTBe R := (—o00, +00),
YIOBJIETBOPSIOLLASl CJAEAYIOIIHM OCHOBHBIM YCJIOBHSIM:

K(z) >0,z e R, / K(z)der =1, v(K) = /xK(z)dm <0, (2)

—00

TMpHUYEM CUHTAETCsl, UTO TOCJEIHHH HHTErpas abCOMOTHO CXOAUTCS.

Henunedinocts H (t,u) onpeneneHa Ha MHoxecTBe RT x R, npuuem ynoBJseTBopsier:

a) ycJouio kputuuHoctu: H(t,0) =0, t € RT;

6) ycaosuio Kapateomopu mo aprymeHTy u Ha MHOXecTBe R x RT| T.e mpu kaxmom
¢ukcupoaHHoM u € RT ¢yHkuns H(t,u) n3mepuma mo ¢t Ha R* u mouTtu mpu Beex
t € R* nanHasi QyHKIHs HempepbiBHA Mo u Ha RT;

B) TpU BCsiKOM (ukcupoBaHHOM ¢ € RT dyukuus H(t,u) MOHOTOHHO BO3pacTaeT 1o

aprymeHTy u Ha RT.

Il KOHKPETHBIX MpeAcTaBieHud sinpa K W HenuHedHocTH H ypaBHeHHe (1) Bo3HHKa-
eT B pa3/JMUYHbIX 00JIaCTSX ecTecTBO3HaHUs. B uacTHocTH, Korna siapo K mpencraBiser
BIOJIHE MOHOTOHHYI0 (DYHKI[HIO, HMEIOILYI0 OTPHIlaTe IbHBIE MepBblii MOMeHT, ypaBHeHHe (1)
BO3HHKAET B TEOPUH MepeHOCa HU3JyUYeHHs B CIEKTPAJbHBIX JUHUSX, B TEOPUH MAPKOBCKHX
MPOLECCOB U B KHHETHUECKOH Teopuu raszos (cm. [1-5]). B cayuae korma snpo K pmomyc-
KaeT HeCHMMETPHUYHOe rayCCoBCKoe pacmpepesienue: K (x) = \/ige_(x“)?, ze€R, ¢c>0,
ypaBHeHHe (1) BcTpeuaeTcsi B MaTeMaTHUYeCKOH TEOPHH MPOCTPAHCTBEHHO-BPEMEHHOTO
pacnpocTpaHeHus anuaeMuu (cM. [6-8]).

OTmMeTHM, 4TO B cjyudae Korga HeJuHeHHOCTb H (t,u) He 3aBUCHT OT MePeMeHHOH
t: H(t,u) = Q(u), rme () HempepblBHass MOHOTOHHO BO3pacTawllasi (YHKLHs Ha HEKO-
tTopoM otpeske [0,7], (n > 0), npuuem Q(0) = 0, Q(n) = n, Q(u) = u, u € [0,7],
ypaBHeHHe (1) moctaTouHo moapoOHO MccaenoBanoch B padorax [9,10]. B cayuae korma
H(t,u) = u— w(t,u), tne w(t,u) >0, (t,u) € R* x RT, w(t,u) | no u nomy6eckoHe4yHOM
uHTepBase [4,+00), (6 > 0), npruuem w(t,u) < W(t+u), t =0, u >0, wu) =0, u =6,
we Li(RT)NCy(RT) 1w | Ha [6,+00) (3mech Li(RT) — MpoCTPaHCTBO CyMMHPYeMbIX
¢yukuui Ha RY, a Co(R") — nmpocTpaHCTBO HempepbiBHBIX (YHKUHE Ha RT, uMeromux
HYyJIeBOH mpenes B OeCKOHEUYHOCTH), B pabore [11] mns ypaBHeHusi (1) mocTpoeHo of-
HOMapaMeTPUUECKOe CeMeHCTBO MOJIOKUTEIbHBIX U OTPAHHUEHHBIX PEIleHUH, UMEIOIIHX
KOHEUHBIE MOJIOXKHUTE/bHbIE MPe/iesibl B 66CKOHEUHOCTH.

Haxkownen, korna nss HesmuHeiiHocTH H (t,u) MaxopaHTtoi B cMbicie M. A. KpacHocesib-
CKOTO CJIYXKHT JHHelHas ¢pyHKuus (no u) Buga cou + S(t), 0 < co < 1, 5(t) 20, t € RT,
g € Li(R"), a munopanToit ajsi H(t,u) CayKUT 3KCIOHEHIHANbHO yObIBalOIIas QyHKIHsI
CrelMaJbHOU CTPYKTYpPHI, ypaBHeHHe (1) usyuasnoch B paGote [12]. CienyeT Tak»ke oTMe-
TUTb, YTO JJIsi CUMMeTPHUYHBbIX sifep K ypaBHeHHe (1) mpH pasUUHBIX OrpaHHUUEHHSIX Ha
H(t,u) ncenenoBanoch B padorax [13-16].
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B Hacrosimell paGoTe NpH CyILIeCTBEHHO APYTHX YCJIOBHUAX (Caa0blX MO CpPaBHEHHIO
C yCJIOBHSIMH U3 paboThl [12]) Ha HesnuHelHOCTH H (t,u) MBI JOKa)KeM CYyILIeCTBOBAaHHE
TOJIOKHTEJLHOTO OrPAaHHMYEHHOr0 U cyMMupyeMoro Ha R pemennsi. Bosee Toro, Mbl Takxe
OylIeM Hcc/Ief0BaTh aCHMIITOTHUECKOE TIOBeJleHHe NTOCTPOEHHOr0 pelleHHsl Ha OecKoHeu-
HocTH. [Ipy momo/IHUTEIPHBIX OrpaHUYeHUsIX Ha H (f,u) MBI yCTAHOBUM €IMHCTBEHHOCTb
MIOCTPOEHHOTO pelIeHHUs] B ONpPefeeHHOM KJacce U3MePUMBIX (DYHKIHH.

B koHue pa6oTsl npuBoasATCs npuMepsl GyHKUMN K (z) n H (t,u), 1Js KOTOPBIX YCJIOBHS
TEOPEeMbl BBITOJHSIOTCS.

1. OcHoBHble yciaoBus Ha K u Ha H. ®opmMyIupoOBKa OCHOBHOTO
pe3yJbTaTa

[Ipexxne yeM HakJaablBaTh OCHOBHBIE OLEHKH Ha (QyHKUMIO H (¢, u), BBeIeM ClenyloLine
o6o3HayeHus1. [lycte G(u) — HempepbIBHAS MOHOTOHHO BO3pacTaloliasi U BbIMyKJjasi (BBEpX)
Ha Rt dyHKuus, npuuem

G(0) =0, cymecrsyer G'(0) > 1, G'(0) < +oo, (3)
Gu) <G (0)u, ueR", (4)

Paccmotpum caenymouryio ¢pyHkunio Jrnkmana (cum. [6]):
LN =GO [ K@y, Az0, )

npenmnoJsarasi, YTo “HTErpan B (5) cxomutes, Korna A € [0, Ao}, A\g > 0. 3ametum, 4to

L£(0) = G'(0) _}O K(y)dy = G'(0) > 1, L'(0) = G’(O)jfo K(y)ydy < 0 (B cuny ycsosus

(2)). C mpyroit croponsl, L”(N) = G'(0) [ K(y)y*e*dy > 0 (mocjefHuil HHTErpas MOXKeT

ObITh U OECKOHEUHBIM).

CnenoBatesibHO, L£(A) mpencrtas/sieT co60i BBINYKAYIO (BHH3) (HYHKLUHIO Ha OTpe3Ke
[0, \o]. B cuny HenpepoiBHOCTH (pyHKUMH L'(\) cyuiecTByeT yncao A\* € [0, \g] Takoe, uTo
L'(N\) <0, A € [0,\]. B nanpHeiiieM npeanosoxuM, 4To

L) < 1. (6)

3adukcupyem yncsao \*. Termepb Mbl TOTOBBI HaKJ/adblBaTh MOCJEAHHE [Ba YCJOBHS Ha
HeJUHeHHOCTb H (¢, u).

[Ipenmnosiokum Tak»x e, 4To

I') BBIIOJHSETCS] HEPaBEHCTBO

H(t, e—A*t) e—A*t

WV

. teRT, (7)

1
«

re YUCJO (v 3a[aeTCS COIJIACHO Caeayrouled (popmyJe:

0

m:/mwwm ®)
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1) cyllecTByeT UaMepumasi hyHKuHus Y(t), onpenesneHHas Ha MHOxecTBe RT co cBoil-
CTBaMH

W) > 2e N teRT, (e € M(RY) (9)
(M(E) — npocTpaHCTBO CYyLIECTBEHHO OPraHUYHbIX Ha F (YHKUHUE), Takas, 4To
H(t,u) < G(u) +7(t), uw=0, t=0. (10)
CrnpaBensivBa cienyolias

Teopema. [Tycmo sdpo K € Li(R) N M(R) ydosaremsopsiem ycrosusm (2) u (6), a
Heauretinocmo H (t,u) — ycarosuam a)-0). Toeda ypasnenue (1) obaradaem nosoxncumens-
HbLM 0ZDAHUYEHHbIM U Cymmupyemoim peuenuem. Boree moeo, e* ® f(x) € M(RY). Ecau
donoanumenvro ynkyus H(t,u) yoosiemeopsem caedyroujemy ycrosuro Jlunwuya no

apeymenmy u Ha R pasromepro omuocumenrvro nepemennoti t € RT:

e) cyuecmsyem uucro L € (0, %) makoe, 4mo

|H(t,u1) — H(t,us)| < Lluy —ug|, t€RY, uy,up € RT,

mo peuierie eOUHCMBEHHO 6 KAACCE HeOMPUUAMENbHOLY U umepumbly Ha RY ¢yukyull
f(x), ydosremsopsrouux ycrosuro e* ® f(x) € M(RY).

2. OO0 onHOM HeJMHEHHOM BCIIOMOTaTeJbHOM MHTErpajbHOM
ypaBHEHUM

PaccMoTpuM cienytolilee BcriomoraTesibHOe HeJIMHeHHOe UHTerpasbHOe YpaBHEHHE Ha
T0JIYOCH:

b(z) = /K(m—t)G(gb(t))dt—l—g(a:), z € RY, (11)

OTHOCHUTEJIbHO UCKOMOM H3MepPUMOH W HEeOTPHULATESbHOH (PYHKUHHU ¢(z), THe
g(z) = /K(x —t)y(t)dt, zeR*. (12)
0

Bo-nepBrix, 3ametum, 4to u3 cBoiicTB (6) u (9) caenyer, uto e* *f(z) € M(R*). Iei-
CTBUTeJIbHO, yuuThiBasi (6) u (9), U3 npexncrapyenus (12) 6ymem nmMeTh

M g(x) =N / Kz —t)e MMty (t)dt <
0

< sup(e" (1)) / Kz — )04t <
0

t=>0

<sup(e(0) [ Kty = Sodsip(e () = C < 400 (13)
>0 G'(0) =0
Bo-BTOpBIX,
glx) = e™* 1z eRT (14)
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Ha camom nene, yunteiBasi HepaBeHCTBO (9) u o6o3HaueHHe (8), mosyunum

17 . 1 .
—/K (x —t)e Ndt = —/K(y)e’\ @V dy >
(81 «

0

0

]. *
—e /K ety = e N, x> 0.
a

Tenepb paccMOTpUM cCjieAyIOlHe TPOCThie HTEPALMH [AJisl BCIIOMOTaTeJIbHOTO ypaBHe-
Hus (11):

G (@) = / K(x — )G(6a(t))dt + 9(2), 5

do(r) =g(x), n=0,1,2,..., xeR".

HMcnonb3ysi HeoTpuLaTebHOCTD siipa K, QYHKUHH ¢, @ TaKKe MOHOTOHHOCTb (DyHKUUU G
1 cootHouleHne G(0) = 0, HECNOXKHO MPOBEPUTH, UTO

On(z) T WO n. (16)

Jlokaxxem Temnepb, 4TO

C

— =0,1,2,... R*. 17
1_£()\*)a n ) D ) YIS ( )

M, () <

Hepagenctso (17) B ciyyae n = 0 cpasy cjaeayeT U3 ONpeeseHust HYJeBOro MpUO/IHKEeH s
¢ yuetoMm HepaBeHCTB (6) u (13). [Ipennosoxum, yto (17) ©MeeT MeCTO NMPHU HEKOTOPOM
n € N. Torna u3 (15) ¢ yuerom HepaBeHCTB (4) u (13), a Takke omnpenesneHUss PYHKIUH
L()\) 6ynem nmeThb

NP () < C + e *G(0) / K(z —t)e NN, (t)dt <
0

ccoyy  C
—LOV)  1-L(v)

Tak kak cBepTKa CyMMHpPYeMBIX U OTPaHHYEHHBIX (PYHKUHH NpefcTaBiseT cOO0H HempepbiB-

Hyi0 ¢yHKUHIO (cM. [17]), TO HHAYKUMEH MO N JIETKO MOXHO y6eauThesi, uto ¢, € C(RY),

n=20,1,2,.... Urak, B cuny (16) u (17) 3akmaouaeM, 4TO MOCAELI0BATENBHOCTb HeMpe-

PbIBHBIX (QYHKUHUH {¢y, ()}, MMeeT MOTOYEUHbIH Mpefes Mpu n — 0o: ILm on(z) = 0(2),
n—oo

npuyeM, corsacHo TeopeMe b. JleBu (cm. [18]), ¢(x) siBnsieTcs peweHueM ypaBHeHus (11).
M3 (16) u (17) cienyeT Takxke OlleHKa

Ce N
g(x) < o) < T—LOv) z € RY. (18)

CHOBa HCMO/b3Ysi HEMPEPbIBHOCTb CBEPTKH CYMMUpPYEMbIX U OTPaHHUEHHBIX (DYHKLHH,
zakarodaeM, yto ¢ € C'(RT).
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3. Moka3sareibcTBO TeopeMbl. IlocnenoBarenbHble NPUOIANIKEHUS
nas ypaBHeHus (1). ETMHCTBEHHOCTDH pemeHust

[Tepeiinem Tenepb K 0CHOBHOMY ypaBHeHHio (1). PaccmoTpum cienylomimre urepamiu
nJsi ypaBHeHus (1):

fuala (/Kx—t ( Fat)i 9)
0
folx)=e" n=0,1,2,. r € RT.

Muaykuued mo n g0KaxKeM ClpaBelJHBOCTb CJAeAYIOMNUX (DaKTOB:

1) fu(x) 1 0o n, x € RT;

2) {fu(x)}2, uamepumel Ha R*;

3) fulx) < oP(x), n=0,1,2,..., z€R".

CHavana mokaxeM, 4to fi(z) = fo(x) u fi(x) < ¢(z), € RT. Hcnonbays ycmosue r),
MOJIOKHTENbHOCTD sinpa K u o6o3Hauenue (8), us (19) moayuum

le—‘

/K (z —t)eMdt > e = fo(x), =R

0

C npyro#t cropoHbl, U3 ycaoBus €) B cuay (10), (2) u (11) umeem
/Kx—t (o(t)) +~(1)) —l—/Kx—t o(t))dt = ¢(x), =R,
0 0

M3mMeprMOCTb HYJIEBOrO MPHUOJIHKEHUST CPady CJelyeT U3 HEMPEPBIBHOCTU SKCIOHEHI[Hab-
Hod ¢yukuuu. [Ipenmnonarasi, uto f,(z) usmepuma no x Ha R* nsis HEKOTOPOro n ¥ TpH
3TOM HCMoJb3ys ycaoBue Kaparteomopu (cM. yciosue 6)), u3 (19) mosyuaem n3amepumocThb
byukuun f,y1(z). lpennonarasi, uto f,(z) > f._1(x) u fu(x) < ¢(r) npu HeKOTOPOM
HaTypaJibHOM 7 ¥ MCIOJIb3ysl MOHOTOHHOCTb (PyHKIUMH H (¢, w), MOJ0XKUTEIBHOCTD sifpa K,
a takxke oueHky (10), us (19) npuxomum K caedywolWuUM HepaBeHCTBaM: f,i1(x) = fu(z) u
for1(z) < ¢(x). Urak, B cuay 1)-3) Mmbl nonyqaeM MOTOYEUHYI0 CXOAUMOCTb TOCJEN0Ba-
TeJIbHOCTH U3MepPUMBIX QYHKUMH { f,(2)}22 : hm fn(z) = f(z), npuuem

e < f(z) < d(z), v E€RY. (20)

CHoBa ucnoJb3ys yciaoBue 6) u TeopeMy b. JleBu, 3akimouaem, 4to npenesbHast (GyHKIHS
f(z) moutn Bcropy Ha R ynonetBopsiet ypastenuto (1). M3 (20) ¢ yuerom (18) cienyer,
uto e f(x) € M(R"). [Nepeiizem Tenepb K 10Ka3aTeJbCTBY €IMHCTBEHHOCTH PEILEHHUS
ypaBHeHusi (1) B crenyrouieM Kjacce H3MEPUMBIX (YHKIHE:

Pi={f(x): f(x) >0, 2 € RT, *f(x) e M(R")}. (21)

[Ipennonoxxum o6paTHOe: ypaBHeHHe (1) MMeeT aBa pelieHHs f U f u3 knacca P. Torza,
HCIIOJIb3Yys YCJAOBHe 1), onpenesneHde pyHKUMH [MkmaHa U ycjaosue (6) mas pasHocTH f
u f, monydum

|ﬂ@—fmn<p/Ku—Mﬂw—ﬂMﬁ<
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teRT

<1 / K(z — t)etdt sup (7| (1) — F(£)]) =

teR+ GI(O) teR+

= 2o [ Ry sup (150 - F0) < e 28 sup(150) - fo))

M3 KOTOPOro CJeAyeT, 4To (1 — Lg,%?) sup ()| f(z) — f(z)]) < 0.
z€RT
Tak kak L € (O, %) , TO U3 TOC/IeHEr0 HepaBeHCTBA cpasy caeayet, uto f(z) = f(x)

noutu Bciony Ha RT. Teopema mokasaua.

4. Ilpumepsn! aapa K u HeauHeinHoctu H

CnepBa npuBefieM KOHKpPeTHble MPUKJ/aAHble TPUMepbl siapa K

b
A) K(z) = [el#tdsG(s)ds, x € R, ¢ > 0, rae G(s) > 0 — HenpepbiBHas QyHKUHS Ha

b
[a,b) (0 < a<b< +00), mpuyeM Qf@ds =1

B) K(x)= \/%Te_(HC)Q, reR, ¢>0.
[TpsiMmo#i mpoBepKOH MOKHO yOemuTbCS, UTO MJI NMPUBENEHHBIX SII€P BBIMOJHSAIOTCS
ycaoBust (2). [IpuBenem Tenepb comepkaTesbHble MPpUMephl HequHeHHOCTH G (u):
x) G(u) =v(1 —e™), u € RT, 79 > 1 — unc/I0BOH mapamerp;
3) G(u) = M, Y% >1, ueRT.
Brinosninenue ycnosuil (3) u (4) coBepiieHo oueBUaHO. [IpoBepHUM BBIMIOJIHEHHE YCJIO-

Bus (6) Ha mpumepe B). Nmeem

L(N) = G'o) / e_(y+c)2e)‘ydy = 'yoeg_&.

NG

3ametnm, uto L'(A) =70 (5 —¢) s <0, korma A € [0,2d],

" Yo A2y A ? 22
£()\):§e4 + 5 ¢ et > 0.

Vrak, £(\) | Ha otpeske [0,2¢] Brinykaa (BHu3). OueBnaHo, uto L£(2¢) = yoe~® < 1 npu
¢ > +/In~y. Urak, ecin ¢ € (/In~y, +00), To B KauecTBe A* MOXKHO BbIOpath \* = 2c.
[IpuBesiem Tenepb npuMephl 1JIst HesrHeHHOCTH H (¢, u). PaccMoTpuM cienytomuii Kaace
(pyHKLUH:
H(t,u) = A(t,u)/Gu)e >t (t,u) € RT x RT, (22)
rae A(t,u) — onpeneneHHast Ha MHOxkecTBe RT x Rt MOHOTOHHO Bo3pacTaroilasi o u Ha

R* u HempepbiBHAst 0 COBOKYITHOCTH CBOHX apryMeHTOB (DYHKIIHsI, YAOBJETBOPSIOINIAS
C/JeNyIolleMy IBOMHOMY HEPaBEHCTBY:

1 + +

o SAfw < (Hu) €RT xR, (23)

re @ > L — HekoTOpOE YHCIIO.
OueBupaHo, uto H(t,0) =0, t € R*, u6o G(0) = 0.
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31echb IOMOJMHUTENBHO MPEATONOXKUM, UTO CYIIeCTByeT YHCJ0 7 > 1 Takoe, 4TO
G(n) = n (o1 MPUMEpPOB 2K) U 3) TaKOe UUCJIO BCETAa CYLIECTBYET).
M3 3Toro B CHsly COOTBETCTBYIOILIMX CBOHCTB (pyHKUHH G mogaydaem, uto G(u) > u,
u € [0,n]. CnepBa mpoBepuM BbITONHeHHe HepaBeHcTBa (7). B cuay (23) u oueHkn
G(u) = u, u € [0,n] u3 (22) numeem
H(t,e™") = Alt,e ™ ) /Ge X t)e >t > é e~ Nt = éeA*t, teRT.

MoHoToHHOCTb (QyHKUMM H (t,u) cpady cienyeT u3 MoHOTOHHOCTH A(t,u) (mo uw) u G(u).
Teneps BbiGepem ¢yHKIMIO ¥(t) (co cBOFicTBaMU (9)) TaK, 4TOOH! BBIOJMHSAIOCH HEPABEHCTBO
(10). B cuny cBoictB ¢pyHkuuil A 1 G naHHOe HepPaBEHCTBO PABHOCHUJIBHO OLIEHKE:

At u)Gu)e ™ < G?(u) + 2G(u)y(t) +72(t), (t,u) € RT x RT,
WJIH, YTO TO JKe CaMoe,

G?(u) + G(u)(2y(t) — A%(t,u)e™ ) +~2(t) = 0, (t,u) € RT x RT. (24)
3aMeTUM, 4TO Kormna

1 *
v(t) = Z/@(t,u)e’)‘ b (t,u) e RT x RT, (25)

TO HepaBeHCTBO (24) OymeT aBTOMAaTHYECKH BbIMOJHEHO. J[eHCTBUTENBHO, €C/IH BBITIOJNHSET-
cs1 (25), To

GA(u) + Glu)(2y () — A2(t, u)e ™) +42(1) = (G<u> () + T ) "

2
re 2, (50 - e ) s

OueBHHO, YTO eCsM B KauecTBe (t) BbIOpaTh PyHKUHUIO ¥ (t) = max{%Q; e ', t € RT,
to ycaoBus (9), (10) u (25) 6ynyT BeIMOJHEHBI. YcaoBue Kapareomopu mis QyHKUHH
H(t,u) BbinosHsieTcss B cualy HenpepblBHOCTH G(u) U A(t,w). [l MOMHOTE U3J10KEHUS
MpUBeneM Takxke npumepsl A(t, u) :

u

o A(t,u) = 24 ¢ € (0,1) — mapametp, a uucJo « 3agaetcst corsmacHo (8);

T oa(l-e)
o A(t,u) = (i%—#l) L), (t,u) € R* xRY, rne I' € C(RT), T'(¢t) > 1, t € RT,
sup I'(t) < +o0.
teR+

B KOHLIe pacCMOTpPHM ellle OfHH KJacc hYHKLHH, YAOBJIETBOPSIIOUINX YCAOBHSIM a)—11):
H(t,u) = G(u) + B(t,u), (t,u) € RT x R*,

roe B(t,u) — HenpepbiBHasi GpyHKIHs Ha MHOXKecTBe RT X RT U ynoBsieTBopsieT ciienyomum
YCJIOBUSIM:

e B(t,u) T mo u Ha RT;

o B(t,e ™) > ée"\*t, t e Rt

e sup B(t,u) =~(t), teR".

u€RT
B kauectBe B(t,u) MOXKHO BbIOPAThb CJAEOYIOUIYIO (PYHKLHIO:
Y(t)u P
B t7 = T g ta eR™ xR )
(tw) = 0 ()

rie (t) ynosaersopsier yeqaosuo (9) u y(t) > (2 +¢) e t e RY, e € (0,1).
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Abstract. An approach to solving the inverse problem of the simultaneous identification of
two thermomechanical characteristics of a functionally graded rod is presented. Two problems
of thermoelasticity with different heat loads at the ends of the rod are considered. The input
information is the temperature measurement data at the end of the rod over a finite time
interval. Direct problems after applying the Laplace transform are solved on the basis of the
shooting method and inversion of transformants based on the expanding the original in a series
in the shifted Legendre polynomials. The analysis of the influence of the variable characteristics
change laws on the values of the input information taken in the experiment is carried out.
The solution to the nonlinear inverse problem is based on an iterative process. The initial
approximation for the iterative process is in the class of linear functions, the coefficients of
which are determined from the condition of the minimum value of the residual functional. To find
corrections to the laws of change in thermomechanical characteristics on the basis of a weak
statement of each direct problem and the linearization method, a system of Fredholm integral
equations of the lst kind is obtained. The system of integral equations is regularized based on
the method of A. N. Tikhonov. Computational experiments on the simultaneous reconstruction
of two thermophysical characteristics with known laws of change in other characteristics are
carried out. Pairs of both monotonically increasing and monotonically decreasing functions were
reconstructed.
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BBenenue

OObIUHO pacueThl, CB3aHHblE C HaXOXKAEHHWEM Harpsi>KeHHO-Ie(OPMHUPOBAHHOTO CO-
CTOSIHUS CTEPKHEBBIX KOHCTPYKLMUH, HAXOASIIUXCS B YCJOBUSIX BBICOKOTEMIIEPATYPHOrO
Harpy»KeHus, MPOBOAAT A/ OOHOPOAHBIX MaTepHasoB. OfHAKO B HacTosillee BpeMs B pas-
JUYHBIX 00/aCTSX TeXHUKH BCe LIMPe CTaJH HUCIONb30BaTh (DYHKIMOHANBHO-TPAIHEHTHBIE
mateprasibl (FGM) — HeonHOpOQHBIE MaTepHaJbl ¢ 3aJaHHBIMU cBodicTBamu [1]. B aTnx
MaTtepHanax, B OTIHUHE OT CJIOUCTHIX KOMIIO3UTOB, YAaeTcs H30eKaTh CKayka TepMOMeXaHH-
UeCKHX XapaKTepPHUCTHK uyepe3 MOBEPXHOCTb pasnena. K3-3a cnoxHON! U MHOrocTyrneH4aTou
TEXHOJIOTMH U3roToB/eHUss FGM B KOHeYHOM HM3eJUU MOT'YT MPUCYTCTBOBATH OTKJIOHEHUS
OT 33/laHHBIX 3aKOHOB HeonHopoaHocTU. [loaTomy Tpebyercs HaeHTH(UKALKS peabHBIX
CBOWCTB H3e/Hsl Mocje U3rotoBiaeHus. OQHAKO H3-3a TOTO, YTO TePMOMeXaHHUECKHe
XapaKTePUCTUKHU SABJSIOTCA (PYHKIUSMUA KOOPIHWHAT, OHH MOTYT OBITb OTpe/ieseHbl TOJIb-
KO HepaspyLIalolMMH MEeTOAaMHU KOHTPOJS, TeOpeTHUYeCKH ONMUPAIOIIMMUCS Ha annapat
K03 puumreHTHBIX 06paTHBIX 3anau (KO3) TepmomMexaHHKH.

KO3 tepmoymnpyroctu [2] —3To 3aauu HaXOXKIEeHHs TepMOMEXaHUYECKHUX XapaKTe-
PUCTHK (MOMyJiell yNnpyroCTH, MJIOTHOCTH, KO3 (hHUIIHEHTA TENJONPOBOAHOCTH, YIeJbHOM
TEIJI0eMKOCTH, KO3(D(HLIHEHTa TeMIIePAaTyPHOT0 HATPsKeHUs) KaK Kod(pdureHToB nudde-
pEHIMaNbHBIX OTepPaToOPOB yPAaBHEHUH TEPMOYMPYTOCTH MO JOMOJHUTENbHON HH(POPMALUH
0 TMOJISIX MepeMellleHni WK TeMIlepaTypbl, U3MEPEHHON Ha YacTH I'PaHUILBl 00beKTa, Ha
HEKOTOPOM BpPEMEHHOM OTpe3Ke.

W3-3a HekoppekTHOCTH U HesquHelHocTH KO3 B HacTosiliee BpeMsi akTya/JbHOH 3anadel
SIBJISIETCSl MIOCTPOEHHE 3KOHOMHBIX M YCTOHUMBBEIX a/lrOPUTMOB UX peluenusi. Hanbosee
pacrnpocTpaHeHHbIM MeTonoM perieHuss KO3 saBisieTcss nocTpoeHre (PyHKLUHOHANA HEBSA3KH
M ero MHHHUMH3ALHUS KAKUM-JTH00 W3 TpaJUeHTHbIX MeTONOB [3,4] WM reHeTHYeCKUM
anroputMoM [5]. Ha ocHoBe Takoro moaxoia BBHIIOJHEHO JOBOJBHO 6OJIblLIOE KOJUYECTBO
uccaenoBanuit KO3 rensonpoBonHocT [3-8] u Teopuu ynpyroctu [9-11]. Onnako nns
psila MarepuasioB HeOOXOAMMO YUYHUTHIBATh CB3aHHOCTb MoJiel u pewatb KO3 tepmoymnpy-
roctu [12]. Ilpu pemennn KO3 TepMoynpyrocTd Bo3HHKaeT mpobJema MOCTPOEHHUs Orle-
paTOPHBIX YpaBHEHUH, CBSI3BIBAIOLIMX HCKOMBIE M H3MepsieMble B IKCIEPUMEHTe (PYHKIHH.

Panee aBTopamu 6bl1 paspaboTaH v anpoOUPOBAH YUCAEHHBIH MeTOJ pelleHUs] OfIHOMEp-
Hbix HesuHeldHbIX KO3 Teopun ynpyroctu [13] u Tepmoynpyroctu [12,14,15], ocHOBaHHBIH
Ha MOCTPOEHWH UTepalMOHHOro mporecca. s 3Toro Ha ocHOBe cJab0H MOCTAHOBKH Tpsi-
MOH 3a/la4¥l U JIMHeapu3aluuu Oblja MojydeHa CUCTeMa JIMHeapU30BaHHBIX OMePaTOPHBIX
ypaBHeHMH B TpaHchopMaHTax Jlammaca [12]. OrpaHHUHBIIKCHE BOCCTAHOBJIEHHEM TOJBKO
OJIHOW M3 TepMOMeXaHHYEeCKHX XapaKTePUCTHK INPU U3BECTHBIX APYTHX, MOCJe Mepexosa
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oT TpaHcdopmaHT Jlansmaca K opurvHajzam Oblia MpoBeieHa WAEHTU(UKALUSA TepMoMe-
XaHUYECKHUX XapaKTepUCTHK cTepxkHs [14] u uuaunnpa [15]. HayanbHoe mpubmankeHne
OIpenessiyioch B Kjacce JUHEHHBIX (DYHKUUH, KO3((OULHUEHTbl KOTOPBIX ONMpelessiioT U3
yCJIOBUSI MUHHUMAJIBHOTO 3HAueHHs (pyHKLHOHAa HeBsI3KU. [l/ig HaX0XKAeHHS MOMpPaBoOK
TePMOMeXaHHUECKHUX XapaKTEePUCTUK Ha KaxK[O0M Lliare UTePaLlMOHHOrO Mpoliecca pelanoch
UHTerpaJsbHoe ypaBHeHue dpenronbma 1-ro pona.

OnHako 06bIYHO Ha NMPaKTHKE HEU3BECTHBIMU SIBJISIOTCS HECKOJBKO TEPMOMEXaHHUECKUX
xapakTepucTuk. [losTomy obpaTHas 3agaya 0 peKOHCTPYKLMH HECKONbKHUX TePMOMeEXaHHU-
YeCKHX XapaKTepUCTUK HEOTHOPOIHBIX TeJ SBJSETCS aKTyaJbHOM.

B nannoil pab6ore paccmatpuBaercs KO3 06 onHOBpeMeHHOH HAeHTHU(HUKALKU IBYX
TepMOMeXaHUYeCKHUX XapaKTepPUCTHK (PYHKIHOHAJIbHO-TPaJUEHTHOrO CTep:KHs. PaccmoTpe-
Hbl JIBe MOCTAHOBKH 3a/lay TEPMOYINPYTOCTH C Pa3JMUHON TelJoBOH Harpys3koi Ha Topuax
crepxxHs. [IpsiMble 3a1auu nocJie npruMeHeHUs npeo6pa3oBaHus Jlanaaca pelieHbl ¢ UCTOJb-
30BaHHEM METO/a MPUCTPENKH U 0OpalleHns: TpaHC(HOPMAHT Ha OCHOBE METOJA Pa3JIoXKeHHS
OpUTHMHAaJa B psif MO CMelLleHHbIM MHorouseHaM Jlexxanapa. Perienuve oOpaTHbBIX 3aiad
MIOCTPOEHO HAa OCHOBE HTEPALIMOHHOIO IMpolecca, Ha KaXKJOM liare KOTOPOro YUCJIEHHO
pellasach cHUCTeMa UHTerpaJjbHbIX ypaBHeHUH Ppenrosbma 1-ro poga. B xone Bbiunc/u-
TeJIbHBIX 3KCIIEPUMEHTOB BOCCTAHABJIMBAJNUCh Mapbl KAK MOHOTOHHO BO3pacTaloIMX, TaK U
MOHOTOHHO YOBIBAIOIIUX (DYHKLHMH.

1. IlocTtaHoBka oOpaTHOH 3aJayu TEPMOYNPYrocTU
1 (PyHKIMOHAJbHO-TPAAUEHTHOTO CTEPIKHS

Paccmorpum KO3 06 onpenesneHun 3akKoHOB U3MeHEHHUS! IBYX TeMN0O(PU3UUECKHUX XapakK-
TEPUCTUK (PYHKIIMOHANBHO-TPAJAHEHTHOr0 cTepKHs AnuHbl [. Toper cTepxHs © = 0 KecTKO
3aKpelJleH U Ha HeM MOAJep:KUBaeTCsl HyJeBas TeMmIepaTypa, Ha ApPyrom topue = = [,
CBOOOJHOM OT HamNpsi)KeHWH, NeHCTBYeT TeMJOBOH MOTOK. B paMKax TemnnoBod AHArHOCTHUKH
UIeHTU(PUKALIUS NTepeMeHHBIX CBOMCTB MOXKET ObITh OCYLIEeCTBJIEHA MO AaHHBIM O TeMIepa-
Type, U3MepPeHHOH Ha ToplLe CTepKHS, HA KOHEYHOM BpeMeHHOM HHTepBaJe. [locko/bky
HEH3BECTHBIMH SIBJISIOTCS [Be TEMJO(PHU3NYeCKHe XapaKTepUCTUKH, TO PACCMOTPUM [iBe
3a/la4yu TepMOYIIPYroCTH C Pa3HOM TelJsIOBOM Harpy3kod Ha Topue x = [. B nepsoi 3agaue
Ha TOpIle JEHCTBYET TEIJIOBOH MOTOK ¢ote™'; BO BTOPO#H 3amaue — TemjoBoi noTok goH (1),
rie H(t) — ¢dyukuus XeBucaima.

[ToctanoBka 3agaun 1 umeer BUI

e o)t relnd, e 0

0. = Bla) e — ()0 @

& k)2 = @)%+ Ty T w0l e [0.o0) 3)
u(0,t) =0, o.(l,t) =0, (4)

6(0,t) =0, —k(l)%(l) = qote ", (5)

8(z,0) = u(z,0) = %(:ﬁ, 0) = 0. (6)
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[TocTaHoBKa 3a1auu 2 coBMajgaeT ¢ MOCTAHOBKOH 3a1aud | 3a MCKJIIOYEHHEM TEIJIOBBIX
TPaHUYHBIX YCJOBHH (D), BMECTO KOTOPBIX CTaBSTCH YCJIOBHS

@
ox

[epefinem B (1)-(7) x GespasmepHbIM MapamMeTpaM M mepeMeHHbIM, o6osHauas [14]:

T k(x — ce(x — T i E(zx _ T
p=% k(z) = M2 ge) = =8 p(z) = 22 B(x) = B2, 5(2) = 1,

2
— o _t — 0 —u _ oz — %To — 070! _ ta
tQ =1 Eo’ T = ) W— Eo U— I Q— Eo” (50 = ko’ ﬂ— ko Eo €y — e

3necs Ey, po, ko, Co, Yo — HEKOTOPBIE XapaKTepHbIE BEJHUHHBL.
B nanbHelimeM B o6e3pa3MepeHHBIX (popMysnax 0003HAUMM (PYHKLHUH ¢ UHIeKcaMH «I»
u «Il» Kak QyHKIUM, OTBeuarolie NepBOH U BTOPOH MOCTAaHOBKE 3a/1ady COOTBETCTBEHHO.
Torna 3agaua 1 B 6e3pazmepHoll popme UMeeT BUJ

0(0,t) =0, —k()5-() = qH(t). (7)

0, 0

. =en) 55, 201, Te000), (8)

Q= E@)% —3(2)W, (9)

%(/@(@agf) = a(z)ag: L 507(2)23;, z€0,1], 7e€l0,00), (10)
U (0,7) =0, Q;(1,7)=0, (11)

W;(0,7) =0, —k(l)%(l,ﬂ = Bre’, (12)

Wi(z,0) = Ur(z,0) = %(2,0) = 0. (13)

O6es3pasmepeHHasi MOCTAHOBKA 3a/laul 2 OTJIMYaeTcs OT 3a4aud | TOJNBKO TenJOBBIMH
TPaHHUYHBIMH yCJOBUAMU. BMecTo rpaHndHbIX ycnoBu# (12) nmeem

I 14%
Wi(0,7) =0, —k(l)WH

MHOXUTeNb ), CTOSILKMA B NMpPaBOH YacTH ypaBHeHHs JABHKeHHs (8), oueHb MaJ
(107%6..107'%), mosTomy B naJbHedlIeM I/l YNPOLIEHHs PAacyeToB OyAeM pacCMaTpH-
BaTh KBa3UCTaTHYeCKHe MOCTAHOBKH MPSMBIX 3a[au TEPMOYIIPYTOCTH, He YUHUTHIBAIOMINX
WHEPLUOHHBIE YJIeHBI, T.€. % =0, 8&” =0.

[Ipsimast 3a1aua TepMOYIIPYTOCTH COCTOUT B HaxXOXKIeHUH GyHKuMd Wi(z, 7)
u3 (8)—(13) mo u3BecTHBHIM TepMOMexaHHUeCKHM Xxapaktepuctukam (E(z), p(z), €
7(2))-

Oco6eHHOCTH HAEHTH(PHUKALUN MeXaHHYeCKHX XapaKTEePUCTHK HEOJHOPOAHBIX TeJl
uccyenoBanbl B [13]. MBI ke TOAPOGHO pacCMOTPUM OCOOEHHOCTH HIEHTH(PHUKALUH TerJIo-
(r3UYeCKUX XapaKTEePUCTHK.

B o6parHoii 3agaue TpeGyeTcs OLHOBPEMEHHO BOCCTAHOBHTH [IBe TeNo(HU3UUECKHe
XapaKTEePUCTHKHU NPH H3BECTHBIX OCTAJBHBIX 0 JOTMOJHUTENBHON MH(POPMALMU O TOPLEBOH
tremnepatype f;(7), fir(7), U3MepeHHOH B XOfe TPOBeNeHUsI NBYX 3SKCIEPUMEHTOB C
TeIJIOBOU HAarpy3KOH, MOeNUPyeMOl TpaHUUHbIME ycaoBUsIMU (12) u (14) cooTBeTCTBEHHO:

(1,7) = BH(r). (14)

WI(LT):fI(T)? T E [abbl]? (15)
W]](]_,T) = f[](T), T € [ag,bg]. (16)
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2. PemeHue npsiMoil 3aJa4yu TePMOYIPYroCTU

[Ipy NpOU3BOJILHBIX 3aKOHAX H3MEHEHHsI TePMOMEXaHHUECKHX XapaKTePUCTHK MPsiMble
3agaud Buaa (8)—(13) mMoryT ObITb pelleHbl JHIIb YUCJEHHO, HAlPUMEP METOIOM IpH-
cTpeskd. [IpuMeHHUM ero K pelleHHI0 TOCTaBJEHHBIX MPSAMBIX 3anad. [y 3Toro npumMeHuM
npeo6pa3oBanue Jlannaca k ypaBHeHUsIM paBHOBecus (8), TemonposonHoctH (10), rpa-
HuuHeIM yesaosuaM (11), (12) ¢ yueTom HauaibHEIX yenosuil (13) u Toro, uto Q(z,p) = 0,
MocJie HEKOTOPBIX MpeoOpa3oBaHUil MepeiieM K KAHOHWYECKOH CHCTeMe OOBIKHOBEHHBIX
nuddepeHIMaNbHbIX YPaBHEHUH 1-ro mopsinka ¢ nepeMeHHBIMU KO3(D(PULIHEHTAMU:

aw; 1 -
E T B (17)
(e + 8 ) Wit (18)
U, () <
= "B Wi(z,p). (19)

Hanee nnsi 1-it 3apaun metonom PyHre — KyTtTa peluaercs BcmoMmoratesibHast 3agada
Koun, cocrosimas us cucremsl nuddepenunanpubix ypasuenui (17)-(19) co crenyromumu
ycaioBusiMU Ha Topue z = 0: U,(0) = 0, Wy(0) = 0, Q1(0) = 1. CocTaBasiOTCS BbIpaXKEHHS
Ur = a Uy, Wi = ay Wy, QI = alQl. HewnsBecTHas KoHCTaHTa < ompenessieTcss MyTeM
YIOBJIETBOPEHHS YCJOBHIO Ha Topue z = 1: Q;(1,p) = ﬁ.

Hns 2-i1 3anauu pemraercst BcroMorate bHas 3agada Komu, cocTosiiiasi U3 CUCTEMBI
nuddeperHuranbubX ypaBHeHud (17)—(19) co caenyrouumu ycaoBusiMyd Ha Topue z = 0:
[72(0) =0, Wz(O) =1, QQ(O) = 0. CocTaB/SIIOTCS BbIPAXKEHHSI Urr = anlUsy, Wi = aoWo,
Q11 = a3Q,. HensBecTHas KOHCTAHTA vy OTpeJie/IsieTCsl TyTeM YIOBJIETBOPEHHS YCJIOBHIO
Ha Topue z = 1: Q(1,p) = 'B

[Tocsie HaxoxAeHUS pemeHHH MPSIMBbIX 3274 B TPAHC(HOPMAHTAX AJs KAXKAOT0 3HAUEHHS
napaMetpa p = 1,2.... 075 HaXOXAEeHUS OPUTHHAJOB (PYHKUHH B paboTe MPHUMEHSIOCH
obpaleHue npeodpasoBaHus Jlamnsaca Ha OCHOBe MeTONA Pa3JiOXKEHHsI OPUTHHAJNA B PSif
10 CMelleHHBIM MHorouseHam Jlexxanapa. Ha mpumepe ofHOPOAHOTO cTepKHS MPOBEIEHO
CpaBHEHHE Pe3yJbTaTOB, MOJYUEHHBIX TPeNJ0KEHHBIM METOIOM pelleHHs TIPSIMOH 3aJaun C
AaHAJIUTUYECKUM pellleHHeM. BbIsicHEHO, UTO IJIs1 TOrO UTOOBI MOTPELIHOCTh BEIYUCJIEHHUS
OpPUTHHAJIOB TeMmmepaTypbl ajst Bpemenu 7 > 0.01 He mpeocxoausa 1%, mOCTaTOYHO
orpaHuuuThesl O0 ueHaMH psifa B PA3JIOXKEHHH MO CMeIleHHBIM MHOrouseHam Jlexanppa.

BaXHbIM 3Tanom mpu pelleHHH 0OpaTHBIX 3ajau fIBJsSeTCs aHAJTHU3 BJIUSHHUS 3aKOHOB
M3MeHeHUs TepeMeHHBIX XapaKTepPUCTHK Ha 3HAUeHHUsS] CHUMaeMOH B 3KCIepHMeHTe BXOIHOH
MH(OPMALIUH.

[IpoBeneH aHa/MU3 BAUSHUS 3aKOHOB M3MEHEHUS TeMI0(PpU3NIeCKIX XapaKTEePUCTHK U TIa-
pameTpa CBS3aHHOCTH )y Ha TeMIepaTypy, U3MEPEHHYI0 Ha TOplle CTepxkHs z = 1, KoTopas
BBICTYTIAeT TIPH pellleHHH oOpaTHBIX 3aflad B KayeCTBe BXOAHOH MH(MopMmauuu. BriscHeHO,
4TO 3aKOHbl M3MeHeHHs KO03(P(HUIMeHTa TeMIONPOBOAHOCTH U YIEeJbHOH TENJI0eMKOCTH IS
paccMaTpUBaeMbIX 3a[au OKAa3bIBAIOT CHUJIbHOE BJIHSIHHE HAa TOPLEBYIO TeMIepaTypy MpH
Jo00M napameTrpe CBI3aHHOCTH Oy = 0.01...0.4. BausiHue ke Ko3ppuuueHTa TeMneparyp-
HBIX HaTps>KeHUH Ha TOPLEBYIO TEMIEPATypy CHJAbHO 3aBHUCHT OT BEJHYHHBI MapaMeTpa
CBSI3aHHOCTH M OKa3bIBAETCs CYIIECTBEHHBIM TOJBKO MpPHU gy = 0.2.

Ha puc. 1-3 nokasaunsr rpapuku Wi(1,7) u Wi(1,7) nas pa3inuuHbiXx HaBOPOB 3aKOHOB
M3MeHeHHsl CBOUCTB MaTepuasa mpu 5 = 1.
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Tak, Ha puc. 1, gjst Toro 4tobbl MOKa3aTb BJHsIHHE KO3(h( OHIIMEHTa TEeMJIONPOBOI-
HOCTH k(z) Ha TOpUEBYIO TeMmmepaTypy, Obliu moctpoensl rpaduku Wi(1,7) u Wy (1, 7)
npu Jp = 0.03 U nByx Habopax 3aKOHOB H3MeHEeHHsi CBOHUCTB MaTepuana: 1) k(z) = 1,

c(z) =7(z) = E(z) = 1+ 3z (cnnowHas nuuus); 2) ¢(z) =5(2) = E(z) = k(2) =1+ 32
(TyHKTHP).

W1 W

0] 0.8

015 0.6

0.1 0.4

0.054 0.29

a/a 6/b
Puc. 1. I'padguxu TOpLeBo# TeMIepaTypbl, MOCTPOEHHbIE MPH PA3JTHYHBIX 3aKOHAX H3MeHe-
HUs KoapduumeHTa TemyonposogHoctr: a — Wi(1,7); 6 — Wyr(1,7)
Fig. 1. End temperature graphs plotted for various laws of change in the heat conduction
coefficient: a — Wi (1,7); b— Wir(1,7)

JL/1s1 OLleHKH BJIMSIHUSI 3aKOHOB M3MeHEHHs YAeJbHOH TemoeMKOCTH ¢(z) aHaJOrHYHO
Ha pHc. 2 TMOCTPOeHBl rpauKHU TOpLEBOH TeMmepaTypbl npu 0y = 0.03 u aByX Habopax
3aKOHOB M3MeHeHHs CBOHCTB MaTepuana: 1) é(z) = 1, k(z) = 7(z) = E(z) = 1 + 2%
(cntomnas unus); 2) &(2) = k(2) = 4(2) = E(2) = 1 + 2e~% (nynkrup).

W

0.54

W

0.154 0.44

- 0.3
0.14

0.2

0.05+

o
002040608 1 12 14 16 18 ¢
al/a 6/0b
Puc. 2. Tpaduku TopueBoi TeMmepaTypbl, MOCTPOEHHbIE TMPH Pa3/HUHBIX 3aKOHAX HU3MeHe-
HHUS yaenbHO# Teroemkoctu: a — Wi(1,7); 6 — Wir(1,7)

Fig. 2. End temperature graphs plotted for various laws of change in the heat capacity
change: a — Wiy (1,7); b—Wrr(1,7)
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Ha puc. 3 mokasaHo BiusiHMe KO3(pQUIHEHTa TeMIIepaTypHOro HampsikeHus 7(z)
Ha TOPLEBYIO TeMIepaTypy HEOJHOPOLHOTO CTepPXKHsI NP OOJIbLIOM MapaMeTpe CBs3aH-
HocTH 0y = 0.4. PaccmoTpeHsl cienyioiine nBa Habopa 3aKOHOB H3MeHEHHSI CBOKHCTB
matepuana: 1) 5(z) = 1, k(z) = &(z) = E(z) = 2 + cos(3z) (cnyomnas nuHHUSA);

2) k(z) =¢(2) = E(2) = 9(2) = 2 + cos(3z) (myHkrup).

w W —
’_..-F’
0.54
0.154
0.44
0.1 0.37
0.24
0.054
0.1
B s T 0 . . : . .
] 1 2 3 4 o] 5] 7 T 0 0as 1 15 2 2.5 T
al/a 6/0b

Puc. 3. T'paduxu TopueBo# Temmeparypbl, OCTPOEHHbIE NPH Pa3JHUHBIX 3aKOHAX M3MeHe-
HUs Ko3((hHLHeHTa TeMIlepaTypHoro Hanpsikenus: a — Wi(1,7); 6 — Wir(1,7)
Fig. 3. End temperature graphs plotted for various laws of variation of the thermal stress
coefficient: a — Wy (1,7); b — Wyr(1,7)

['papuku TopleBo# TemnepaTypsl Ha pUC. 2 1Js Pa3JHYHbIX HAO0OPOB 3aKOHOB yIeJbHON
TEeMNJ0eMKOCTH U Ha pUC. 3 AJS Pa3JMuHbIX HaOOPOB 3aKOHOB KO3((ULIMEHTA TeMIepaTyp-
HBIX Halpsi?KeHUH OTJIMYAIOTCS APYT OT APYra He3HAUUTEJbHO, YTO JiesaeT HeBO3MOXKHbBIM
OJHOBPEMEHHYI0 PEKOHCTPYKLHIO yIeJbHOW TeMNJOeMKOCTH U KO3(P(pHULIUEHTa TeMIepaTyp-
HbIX HaMpsIXKEHUH.

3. Pemenue oOpaTHOU 3aga4yu TepMOyNPyrocTH

KO3 rtepmoynpyroctu siBisieTcsi HeJiMHeWHOM 3amadeit. [loctporm ee peleHne Ha
OCHOBE HTePaLHOHHOrO Tpoliecca, BOCNO/b30BaBIINCh TEXHUKOH, onucaHHOH B padoTe [12].
3anucas a4 3anad 1 v 2 cnabele MOCTaHOBKU B TpaHcdopMmaHTax Jlamjaca v ucnoJb-
3yl METOJ, JIMHeapHU3aLUHuK [JIsl HAXOXKAEHUS MONPABOK TelI0(pHU3UUEeCKUX XapAaKTEePUCTHUK
sa™ Y (0K, eV §5("=) pa (n — 1)-it utepaunu, Gblaa NoaydeHa cHCTeMa ABYX
OnepaTopHbIX ypaBHeHUH l-ro popa:

1

/ A\
(p+1)2/612:(”1) (—I ) dz +p(p+1)2/55<”1)(W}”‘”)2dz+

dz
0 0
1 ~
dOj" ™V ) ; © (1)
soplp + 17 [ 30 LWV = () - W L), (20)
0
1 ——" 2 1
p / k) (—éfz ) dz + p’ / e D (W) 2dz+
0 1 ~ 0
2 1 dU(nil) ir(n—1) 3 i (n—1)
+dop /57(71— )%WH dz = B(fr(p) — Wi 7(1,p)). (21)
0
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HMcxonsi M3 aHa/iu3a BAHSIHUS 3aKOHOB M3MEHEHHUsl TelI0(PU3HUECKUX XapaKTepUCTUK
Ha TOPLEBYIO TeMIepaTypy, PaCCMOTPEHO ABa Pa3/HUHBIX CJAydasi OIHOBPEMEHHOH MIEHTH-
(pUKaLKUKU ABYX TeMNIO(pHU3UUECKUX XAPAKTEPUCTHK.

1. Tlycts #4(2) usectna. Heo6xonumo onpenenuts k(z) u ¢(2).

B stom cayuae, noaaras B (20), (21) §5™~Y = 0, nonyuum

1 2 1
2 [ sT(n-1) dw,"™V 2 [ s (n—1) /77 (n—1)\2
(p+1)° [ ok o dz+p(p+1)° [ 6™ (W,;" )dz =
0 0

= B(fr(p) — WV (L,p)), (22)

! n—1)
p / ok (dwgz ) dz + 7 / (WY dz = B(fulp) = WiV (1,p)- (23)
0

0

O6partasi onepaTopHble YpaBHEHHs] B TpaHcpopMaHTax (22), (23), mosyduM CHUCTEMY
OTepaTOpPHbIX yPaBHEHHWH B OPUTHHAJaX, KOTOpPas SIBJSETCSl CUCTEMOH HHTerpasjbHbIX
ypaBHeHnu#t ®Ppenronsma (MYP) 1-ro pona:

1
/ (SR DRy (2,7) + 66" D Ria(z, 7)) dz = fi(r) - WL 1), 7€ [ar b, (24)
0

/ (0K Y Ry, (2,7) + 66V Roo(2,7))dz = frr(r) = Wi (1,7), 7€ [as,bs].  (25)

0

3neck sapa (24), (25) umeroT BULI

n—1) 9 3177(n—1)
Rin(27) 5/ <8W (z 1) L9 8 W (z 1) N oWy (z,n)) y

0z 02071 02072

y ('9WI" 2 (z, T—11)

0z an,
Ria(z,7) %/ ( (z,71) + 28W1(n_817)—(z,71) + 82WI(7;;;<2771)> X
O X@W;nil)(Z,T—Tl)dTl,
or
Fater) = / 0*W azaT(z Tl)awnla(z T g
Ros(2.7) -1 / oW 17_(2 1) oW 8(72_ T — >d7'1.
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2. Tyctb ¢(2) usBectna. Heo6xonumo onpenennts k(z) u 7(2).

B atom cayuae, nosaras B (20), (21) §¢™ Y = 0, nocse obparienus TpaHchOpPMaHT
MOJIyYMM CHCTEMY ONEpPaTOPHBIX YpaBHEHHH B OpHIHMHAMax /s HAXOXKAEHHs MONpPaBOK
SR, 5n-),

1

/ (5];’(”_1)M11(Z, T) + 5’7(n_1)M12<277—))dZ = fI(T) - Wl(n_l)(laT)a T E [ab bl]a (26)

0

1
/ (ORTD My, (2, 7) + 67D Mag (2, 7)) dz = fri(r) = WV (1,7), 7 € [as,by). (27)
0

3nech sapa (26), (27) umeroT BUA

Mn(Z,T) = Rn(Z,T), M21(Z>7') = R21(2,T)7

oW (2, 7) N PW (2, 1)

do f (n—1)
Mlg(z, 7') = E/ WI (Z, 7-1) + 2 or 8’7'2
0

82U1(n_1)(z,7 -7)

0201 dm,
) f o= Z,T U 2, T —T
MQQ(Z,T) _ EO 11 87—( 1) II 82(87_ 1>d7_1'
0

Ha ocHoBe cucrtembl onepatopHbiX ypaBHeHHH Buaa (24)—(27) MOXXHO OpraHHW30BaTh
UTEPALMOHHBIM MPOLECC /I ONpelesieHUsI UCKOMBIX XapaKTePUCTHK.

HtepaunonHbiil nmpoiecc cTapTyeT ¢ BbIOOpa HauasbHBIX MPUOIUKEHUH ABYX (DYHKIHUH,
KOTOpbIE OMpeNesloTCcs B KJjacce JUHEHHBbIX (DyHKIUH ag‘” =my + msz, C_L20) =ms3 + myz
Ha OCHOBe MHHHMMM3alUK (PYHKLHOHAJIA HEBA3KH

J = / (f[(T) — W](l, T))2d7' —I— / (f][(T) — W[[(l, T))QdT, (28)

Ha JByX MHOxkecTBax A; ¥ As, MOCTPOEHHBIX IO aNPUOPHONH HH(OPMALMHK 06 OrpaHHyYeH-
HOCTH UCKOMBIX (yHKuME 0 < a] < a1(2) < af, 0 < a; < ax(z) < ay, 2 € [0,1]. 3nech

Wi(1,7) u Wrr(1,7) — peluenus 3anad 1 v 2 B Touke z = 1 npu 3aJlaHHBIX 3aKOHaX &50),

EL;O), TIe napaMmeTpsl my, Ms, M3, M4 BIOPAHBI U3 COOTBETCTBYIOIIUX MHOXKeCTB A; U Aj.
UucneHHast peasu3allysi 3TOTO TOAXOAA OCYIIECTBJASETCS MyTeM 3aMeHbl HHTerpaJibHbIX
OmepaTopoB B MpaBoi yacTH (28) Ha KOHEYHblE CyMMBbl, BHIUUCJIEHUEM UX 3HAUEHHUH AJis
KaxX1oro Habopa To4yeK Ha ceTKaxX pa3bueHUN MHOKecTB A; U Ay U BBIOOPOM TOYeK, Ha
KOTOPOM [OCTHTaeTCsl HauMeHbllee 3HauyeHHe (PyHKLHOHaMa .J.

Jlanee ocyliecTBsieTCs KOPPEKTUPOBKA TEKYILIHMX 3aKOHOB U3MEHEHHUsl TepMOMeXaHUuYe-

o —(n—1 —(n—1
CKOW XapaKTEPUCTHUKH MyTeM HaXOXKAEHHS ABYX IONPaBOK 6a§” ), 5@5” ) u3 peLIeHus
cootBeTcTByROIIUX cucteM MYD 1-ro pona. Ilocne HaxoXaeHHs MONMPABOK CTPOSTCS HOBbIE
_ —(n—1 —(n—1) — —(n—1 —(n—1
npuamkenns a\” = a" " +6a" Y, @l = al"™V + 6a{""". Ilanee mpouecc sambikaetcs

U TOBTOpsIeTCA [0 TeX Mop, NMoKa He OyneT NOCTUTHYTO yCJOBHE OCTAHOBKH: HNOCTHIKe-
HHSI HEKOTOPOrO MOPOrOBOro 3HauyeHMsi (yHKIHMOHana HeBsiskH (28), pasroro 1074, wau
INOCTHKEHHUs TIpelesbHOr0 KOoMMdecTBa UTepauni, pasHoro 20.
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[Tpu 3TOM c/ienyeT OTMeTHUTb, YTO OCHOBHAS CJIOKHOCTb peasM3allu 3TOro npouecca
COCTOUT B MOCTPOEHUHU YHcaeHHOro perieHus cucteM MY®D 1-ro pona. [Tockonbky pelenue
cucteMbl YD 1-ro pona siBisieTcss HEKOPPEKTHOH 3aadyel, TO AJS €r0 pery/sipusalnuu
npumMensietrcss meton A. H. TuxonoBa [16]. lsi5 3TOro BBOAUTCS paBHOMEPHOE pa3OHeHHe
orpeska [0,1] Ha n OTpe3KoB ToUKaMu z; = Az (j — 1), j = l..n, rie Az = —= —war
pasbueHus no 6e3pasMepHOl KOOpAMHATe U paBHOMEpHOe pa3bueHHe Oe3pasMepHBIX BPEeMeH-
HBIX OTPE3KOB [ay, by] H [ag, by] Ha m oTpe3koB TouKaMHu Ty; = ATy (i — 1),79; = Amp(i — 1),
i=1.m, rne Am = 2=% Ar, = 2=% _ yjary pasOueHust 10 6e3pasMepHOMY BPeMeHH.

CoryacHo MeTony TI/IXOHOBa pemeHHe oOpaTHOH 3afa4u CBOAUTCS K PELIeHHIO peryiis-
PU30BAHHOHU CHUCTEMbl YpaBHEHUH:

Bay = Fom (29)
rme B, = B+ aC, B = ATA, F, = A"b, AT — rpancnonupoBannas marpuua A,
C = E + Cy, E—enuHryHasg MaTpuua, o — NapaMeTp peryasprh3aluu, KOTOPbIH BbI-
6upaetcsi Mo 0600LIEHHON HeBsI3Ke corsiacHo [16].
[Ipy 3TOM KOMMOHEHTHI BEKTOPOB Yy, b U MaTpulll A UMeIT BUJ

dl(Zj), j = 1n, f[(TZ'), 1= 1m,

Y= \aa(zion), j=n+1.2n, Frr(r), i—m+1.2m,

Rll(zjaTi) 1= 1m, j = 17’l,
( =1.m, j=n+1..2n,
Ro1 (%5, Tiem), i=m+1.2m, j=1..n,
(

~.

R12 25— mTz)

Aij =
Roo(2j—nsTiem), i=m+1..2m, j=n+1..2n,

Cp — MaTpulla pa3mMepoM 2n X 2n, KOTOpasi UMeeT BUJ

1 1 O 0
5 5 U.....
_Azl %z 1 0
5 5 T eeees
Az Az Az2 !
Az2 4}22
----- - Azz AZQ

4. PGSyJIbTaTbI BbIYUCJIUTEJIbHBIX 39KCIICPUMEHTOB

B naHHOM pasgnesie mpencTaBsieHbl Pe3y/bTAThl BHIUHCIUTENbHBIX IKCIIEPUMEHTOB T10
OIHOBPEMEHHOH PEKOHCTPYKIMHU JABYX TeMJO(PHU3NUECKHX XapaKTEPUCTHK B KJaccax CTe-
TMIeHHBIX, JOTapU(OMHUECKUX, TPUTOHOMETPHUECKUX M IKCIOHEHLHAJNbHBIX (QYyHKIHH. B
BBIUMCJEeHUAX npuHATo = 1, n = 31.

Haiinensl HanGoJsee HHPOPMATHBHbIE UHTEPBAJIbI [/ H3MePEHHs] BXOAHOH HH(MOPMALMH.
B ciayyae TensioBod TOpLEBOH HAarpyskd, COOTBETCTBYOLIeH l-f MOCTaHOBKe 3aiaud,
Hauboslee HH(POPMATHBHBIM SIBJSIETCS OTPe3oK [a1, by] = [0.04,0.72], a mpu 2-if nocTaHOBKe
3ajlauk — OTPe30K [ag, by] = [0.03,0.48]. CbeM HOMOJHUTENBHON HH(POPMALIUH TTPOUCXOLHIT
B 11 Toukax (mapamerp m = 11) BHyTpU BHIOPAaHHBIX HH(OPMATHBHBIX OTPE3KOB.

Ha puc. 4-7 npeacrab/eHbl pesy/bTaThl PeKOHCTPYKLHH Nap TenJo(pH3HIeCKUX Xapak-
TepucTHK (¢(2) 1 k(2)), (k(2) u ¥(2)). [lpn 3ToM CIIOWIHON JMHHeH H300paXkeH TOUHBIH
3aKOH HEOIHOPOIHOCTH, TOYKAaMH — BOCCTAHOBJIEHHBIN.

B nepBoii cepuu 3KCIepUMEHTOB BOCCTaHaBJMBanach napa GpyHKuui ¢(z), k(z) npu
usBecTHbX ¥(z) = E(z) = 1+ 22 u &, = 0.03.

CHayasia OblIM MPOBEEHBI SKCIIEPUMEHTHI 110 OJHOBPEMEHHOH PEKOHCTPYKIMH IBYX
XapaKTEPUCTHK, UMEIOIMX MOHOTOHHO BO3PaCTalOLIHe 3aKOHBI HEOAHOPOAHOCTH: k(2) =
=1-0.5(z—1)% &(z) = 0.5(1 + z?) (puc. 4). HauasbHbie npubnKeHnsi K03(hPHIUEHTOB:
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ko(2) = 0.45 + 0.5z, (z) = 0.5+ 0.452. [TotpeGoBanoch 16 uTepauuii; MakcuMaabHas
MOTPELIHOCTh BOCCTAHOBJEHHUS ABYX (YHKUHE He mpeBbicuaa 6%.

k1 a
D.g' Dg_
0.8 0.5
0.7 074
0.5 e
0.5 . . . : 0.5
] 02 0.4 06 0.8 Z
a/a 6/0b

Puc. 4. PesybTaThl peKOHCTPYKIHH Bo3pacTalolkx GyHKuuit: a — k(z) = 1—0.5(z —1)?;
6 —c(z) = 0.5(1 + 22)

Fig. 4. Results of reconstruction of increasing functions: a —k(z) = 1 — 0.5(z — 1)%
b— &(z) =0.5(1+ 22)

3aTeM OblJIM MPOBEIEHBl IKCIEPUMEHTbI MO0 OJHOBPEMEHHOH PEKOHCTPYKLUHH [BYX
XapaKTepPUCTHK, UMEIOLIMX MOHOTOHHO yOBIBAIOIIME 3aKOHbI HEOMHOPOLHOCTH: k(2) = 1+
+ 0.5c0s(32), ¢(z) = 1.2cos(z) (puc. 5). HauanbHble mnpubauxkeHuss Ko3()UIHEHTOB:
ko(z) = 1.45 — 0.9z, ¢9(z) = 1.25 — 0.6z. TlotpeGoBasoch 14 uTepaumii; MakcuMasbHas
MOTPEIIHOCTh BOCCTAHOBJEHHsI ABYX (PYHKLHH He mpeBbicHaa 5%.

i 02 0.4 06 08 z

6/b

Puc. 5. PesynbTaTel PEKOHCTPYKIMH yObIBaIOIMX ByHKUMEH: a — k(2) = 1+ 0.5 cos(32);
6 — ¢(z) = cos(z)

Fig. 5. The results of the reconstruction of decreasing functions: a — k(2)=1+40.5 cos(3z);
b—¢(z) = cos(z)

Bo BTOpo# cepun 3KCIepUMEHTOB BOCCTAaHABJMBaJMach napa QGyHKUHH k(z) U y(z) npu
U3BeCTHBIX ¢(z) = E(z) = 1+ 2z. [Ipu 3T0M ofHOBpeMeHHasi PeKOHCTPYKUHUs k(z) u 7(2)
OKa3aJsiacb BO3MOXHOH TOJIbKO TPH MapaMeTpe CBSA3aHHOCTH dg = 0.2.
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Ha puc. 6 mokasaHbl pe3y/nbTaThl BBIUMCIUTENbHBIX KCIIEPUMEHTOB M0 OJHOBPEMEHHOH
PEKOHCTPYKIHH ABYX TEMI0(H3UUECKUX XapaKTePUCTHUK, UMEIOLIMX MOHOTOHHO BO3pacTaro-
lIMe 3aKOHBI HeoHopoaHoCTH: k(z) = 140.2¢%, ¥(z) = 1++/22 npu & = 0.4. HauanbHbie
NpUOIHKEHHS KOI(PDUIHEHTOB: ko(2) = 1.2 + 1.25z, Fo(2) = 1 + 1.452. Beixon u3 utepa-
LIMOHHOTO Tpoliecca MPOU30LIes MO MpeAeSbHOMY KoJudecTBY HTepauuit. [Ipn sTom Ha
nocJenHe# UTepallid MaKCHMaJbHas MOrPELIHOCTh BOCCTAHOBJIEHHS ABYX (DYHKLUHE He

npesbicuaa 8%.

k v |
24 i

221
229

2_
1.81
167
1.41

1.21

0 02 04 06 08 Z a 02 04 0% 08 z
a/a 6/0b
Puc. 6. PesynbTaThl peKOHCTPYKIMM Bo3pacTaiomux GyHkuui: a — k(z) = 1 + 0.2¢2%;
6—7(z) =142z )
Fig. 6. Results of reconstruction of increasing functions: a —k(z) = 1 + 0.2¢%;

b— y(2) =1+ 2z

Ha puc. 7 nokasaHbl pesysibTaThl BBIYMCJUTENbHBIX 9KCIIEPUMEHTOB MO OIHOBPEMEHHOk
PEKOHCTPYKIHH JBYX TeMJ0(GU3MIeCKMX XapaKTepPUCTHK, UMEIOIIMX MOHOTOHHO yGbiBa-
folllMe 3aKOHBI HeOAHOpOAHOCTH: k(z) = 1+ e %%, §(z) = 2 — In(1 + 52) npu dy = 0.4.
Hauanbuble npubsuxkenus kosdduunentos: k0 (z) =2 — 0.9z, 5p(2) = 2.1 — 1.85z.

0 02 04 08 08 z
6/b
Puc. 7. Pesy/ibTaThl PeKOHCTPYKLMH YObIBalOIMX (QyHKIME: a —k(z) = 1 + e 4%
6— (z) =2 —1In(l+52) )
Fig. 7. The results of the reconstruction of decreasing functions: @ — k(z) = 1 + e~ %%;
b—(z) =2 —In(1+ 52)
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MakcuMaJjibHasi TIOTPENIHOCTb BOCCTAHOBJIEHHsT ABYX (GYHKUMH Ha 20-H WTepauud He
npesbicHaa 7%.

3akJjrouyenve

Hccnenosana o6patHas 3afaya o6 OLHOBPeMEHHOH HMAEHTU(PUKALUU ABYX TepMOMeXxa-
HUYEeCKMX XapaKTepPUCTHK (PYHKLHOHAJbHO-TPAJHEHTHOTO CTEPXKHS 0 AOMOJHUTEbHOH
MH(pOPMaLNH, MOJyYeHHOH B pe3yJbTaTe NPOBEIEHHUS] IBYX BBIUHUCIHUTEBHBIX SKCIIEPHUMEH-
TOB C Pa3/IMUHBIM THIIOM TOPLEBOH HarpyskH. [IpsmMele 3anauu nmocse o6e3pa3MepruBaHUS U
npeo6pasoBanus Jlannaca pewrasuch ¢ UCMONb30BAHWEM MeTO/A MPUCTPEJKH M 0OpalleHus
TpaHCc(OPMAHT Ha OCHOBE Pa3JioKeHHsl OPUTHHAJ/a B DS MO CMEIeHHBIM MHOrO4JieHaM
Jlexxaunpa. i HaxoXJeHHUs ABYX MOMPABOK TEPMOMEXaHHUECKHX XapaKTEPUCTHUK B HTe-
pallMOHHOM Mpoliecce TOJyYeHa CHCTeMa HHTerpaipHbIX ypaBHeHu#H Ppexnrosnbma 1-ro poxa.
B xozme BEIUMC/HTENBHBEIX SKCIEPUMEHTOB BBEISICHEHO, 4TO: 1) Ha pe3y/bTaT PeKOHCTPYKLHH
napel GyHKUME (6(2) ¥ k(z)) BeMUMHA MapaMeTpa CBI3aHHOCTH Oy OKa3blBaeT HeGOJb-
oe BAMSHHE, B TO e BpeMs ycreluHas pekoHcTpykuus napsl (k(z) u 4(z)) BoaMoxkHa
TOIBKO MpH &g > 0.2; 2) mapel GyHKumi ¢(z) u k(z) BoccTaHaBJAMBAIOTCA C MeHbllek
norperHocTbio (He npesbimaoieil 6%), uem napbl k(z) u J(z).
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Generalized model of nonlinear elastic foundation and longitudinal
waves in cylindrical shells
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Abstract. A non-integrable quasi-hyperbolic sixth-order equation is derived that simulates
the axisymmetric propagation of longitudinal waves along the generatrix of a cylindrical
Kirchhoff — Love shell interacting with a nonlinear elastic medium. A six-parameter generalized
model of a nonlinear elastic medium, which is reduced in particular cases to the models of
Winkler, Pasternak, and Hetenyi, is introduced into consideration. The equation was derived
by the asymptotic multiscale expansions method under the assumption that the dimensionless
parameters of nonlinearity, dispersion, and thinness have the same order of smallness. The use
of the introduced model made it possible to reveal additional high-frequency and low-frequency
dispersions characterizing the response of the external environment to bending and shear. It is
shown that non-classical shell theories should be used to reveal nonlinear effects that compensate
for dispersion. It was found that the Pasternak model admits a “dispersionless” state when the
dispersion due to the inertia of normal displacement is compensated by the dispersion generated
by the reaction of the nonlinear elastic foundation to shear.

Keywords: cylindrical shell, axisymmetric waves, nonlinear elastic foundation, high-frequency
dispersion, asymptotic integration
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AHHoTanus. BriBeleHO HeHHTerpupyemMoe KBa3UTHUIepOoIMYecKoe ypaBHEHHE ILIeCTOr0 MOpsiiKa,
MOJeJIUpYIolllee 0CECHMMETPUYHOE PaCIpPOCTPAHEHHEe MPOLOJNBHBIX BOJH BIOJIb 00pasylolled LHu-
JUHIpHYecKol ob6osouku Kupxroda — JIsiBa, B3anmoneiicTyollell ¢ HeJMHEHHO-YIIPYTrOH CPenoH.
BBeneHa B paccMoTpeHHe liecTHNapaMeTpuueckasi 060011eHHass MOIeNb HEJHHEHHO-YIPYTOH Cpelbl,
CBOASAIIASICSA B YACTHBIX Caydasix K mofensMm Buukiepa, [lactepHaka u XereHou. BreiBon ypaBHeHHS
OCYLIEeCTBJIEH aCUMITOTHUECKHM METOIOM MHOTHX MaclITabOB B MPEAIOJIOKEeHHH, uTo Oe3pas-
MepHble MapaMeTpbl HEJUHEHHOCTH, TUCIIEPCHH U TOHKOCTEHHOCTH HMEIT OIMHAKOBbIH MOPSIIOK
MaJsiocTd. Mcnonb3oBaHre BBeJIEHHOH MOJEJH TO3BOJIUJIO BBISBUTb TOTOJHUTENbHbIE BBICOKOYACTOT-
Hble ¥ HU3KOYACTOTHYIO THUCIEPCHH, XapaKTepHU3yIollie PeaKlHio BHELIHEH cpellbl Ha U3THO U CIBHT.
[TokaszaHo, uTO AJ1s1 BbISIBJIEHUs] HeJMHEHHBIX 3(D(PeKTOB, KOMIIEHCHPYIOILIUX AUCIEPCHIO, HEOOXOIUMO
HCI0/1b30BaTh HEKJIACCHUECKHe TeOPHUH 000/I0UeK. YCTaHOBIJEHO, 4To Mofiesib [lacTepHaka nomyckaer
«06e3I1CTIepCHOHHOe» COCTOSIHUE, KOTa JAUCIepCHs, 00yc/I0BIeHHAsT HHEpPLHeH HOPMAJBHOTO TMepemMe-
I[eHHs, KOMIIEHCHPYeTCsT TUCIIepCHel, TTIOpOoKIaeMOl peaklHeld HeJMHeHHO-yIIPYyroro 0OCHOBAHHUS Ha
CIIBHT.

KnioueBble ciioBa: LHMJIHHAPHUECKass 0000UKa, OCECUMMETPUYHbIE BOJIHbI, HEJUHEHHO-YTIpyroe
OCHOBaHHe, BbICOKOYACTOTHASl AUCIEPCHs, ACUMIITOTHUECKOEe HHTErPUPOBaHHe
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Introduction

The need to study and take into account the influence of an elastic foundation on the
statics and dynamics of deformable systems was realized more than a hundred years ago
from an analysis of the problems put forward by construction practice. The theoretical
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foundations for modeling the interaction of structures with an elastic foundation are
contained in [1-5]. In the monograph [6], published in 1960 and has already become
a classic, a wide class of problems on the refinement of the calculation schemes of
the foundation and the development of simplified methods for calculating structures
on an elastic foundation were solved. In recent decades, numerous results have been
obtained, indicating that the interaction with the surrounding elastic (nonlinear-elastic)
medium must be taken into account when studying the static and dynamic stability
of structures [7-9]. The procedure for the formal construction of elastic foundation
models is described in [10]. An extensive bibliography is given in the review [11]
of theoretical models of elastic and viscoelastic foundations used in the analysis of
oscillatory systems. The review [12] discusses the importance of using the Winkler base
model in problems of adhesive mechanics and “soft matter”. When solving problems of
nonlinear wave dynamics of deformable systems, taking into account the influence of an
external elastic medium leads to a complication of mathematical models, but allows one
to identify new effects that are used in acoustic diagnostics and non-destructive testing
of materials. In [13, 14], in a linear formulation, edge bending waves in a Kirchhoff
plate interacting with the elastic foundations of Winkler and Pasternak were investigated.
In [15], the features of localization in a Bernoulli— Euler beam on an inhomogeneous
elastic foundation are analyzed. It is shown that the existence of a localized solution to
the dynamic problem caused by the weakening of the stiffness of the foundation leads
to a local loss of stability in statics. The phenomenon of localization of nonlinear waves
in elastic bodies with inclusions is studied in [16]. It has been established that the
cubic nonlinearity of the elastic foundation does not eliminate the localization phenomena
and does not distort the shapes of localized waves, but leads to the dependence of the
frequency of oscillations of the localized wave on the amplitude. In [17], the dispersion
and spatial localization of flexural waves in a Timoshenko beam lying on a nonlinear
elastic foundation were investigated. Localized longitudinal and flexural waves in a
rod interacting with a nonlinear elastic medium are considered in [18]. In [19], as a
result of an analysis of an axisymmetric wave process in a cylindrical Kirchhoff - Love
shell, it was shown that for the existence of exact solitary wave solutions and the
development of modulation instability, a soft type of nonlinearity of the external elastic
medium is required. A generalization of the Winkler model, taking into account the
reaction of the base in the longitudinal direction, was introduced in [20]. In the same
place, for longitudinal waves in a reinforced cylindrical shell, the generalized Shamel -
Ostrovsky equation is derived, and solitary wave, periodic and compact solutions are
constructed [21].

This article, devoted to the derivation and analysis of an equation that simulates the
axisymmetric propagation of longitudinal waves in a cylindrical shell interacting with
an external nonlinear elastic medium, is organized as follows. In the first section, a
nonlinear quasi-hyperbolic equation is derived from the equations of motion of an element
of the Kirchhoff — Love shell using the asymptotic method of multiscale expansions. A
multiparameter model of a nonlinear elastic medium is introduced, which generalizes
the classical models of Winkler, Pasternak, and Hetenyi. In the second section, we
briefly analyze important special cases of the derived equation. In conclusion, the results
obtained are discussed.

1. Derivation of a nonlinear quasi-hyperbolic equation

The initial object of research is the equations of motion of an element of an infinite
cylindrical Kirchhoff — Love shell [22], interacting with a nonlinear elastic medium. An
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axisymmetric case is considered, which ignores the dependence on the circumferential
coordinate:

ho*u  ON,

oE e = (1)
vh&*w  O*M, 1 0 owY
g Ot? ox? RNy ox N or )

0%w M*w
= - (fwlw + fuaw® + fuzw® — gpw + gh@) (2)
The coordinate axes Ox, Oy, and Oz are directed respectively along the longitudinal axis
of the shell, along the circumference of its cross-section, and along its radius towards
the cross-section center. The motions of the shell’s middle surface along the axes Ox
and Oz are designated as w and w. The other designations shall be as follows: N,
and M, are normal force and bending moment in the cross-section of the shell, N, is
normal force in the longitudinal section of the shell, v is the specific gravity of the shell
material, R and h are the radii of curvature of the shell and thickness of its wall, ¢
is the gravitational acceleration; ¢ is time; fu.1, fu2, fws are coefficients characterizing
the resistance of the external medium during its normal deformation, f,; is coefficient
characterizing the resistance of the external medium during its shear deformation, g,
gn are the coefficients of the Pasternak and Hetenyi elastic foundation models, taking
into account, respectively, the shear and bending stifinesses of the external medium
layer. Thus, a generalized six-parameter model of an external nonlinearly elastic medium
is introduced into consideration, which is reduced in particular cases to the models of
Winkler, Pasternak, and Hetenyi. On the right-hand sides of the system (1)-(2), there
are terms responsible for the influence of the external environment on the shell dynamics
and are absent in the case of the classical model.
Taking into account physical relations

h3E

it ©

hE hE
Nle_—/ﬂ(é‘x—i—ﬂgy), Ny:l——'[ﬂ(gy—i_ugx)’ Mx:
where ¢,,¢, are deformations along axes Oz and Oy, k, is the parameter of curvature
change, F and p are Young’s modulus and Poisson’s ratio of the shell material,
together with the equations for the connection of deformations with displacements

£r = 2% 4 %(%)2, e, =—2, k, = —2% we obtain the equations of motion of the shell
element in displacements:
2 2 2
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After the transition to dimensionless variables

u w
—— W= X= Nt
U A? h? 9 (6)

z
!
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where scaling factors A and [ play the role of the amplitude of longitudinal displacement
and the characteristic wavelength of the disturbance, respectively, in the system of

equations (4), (5) dimensionless combinations of parameters %, \/';—QR and }% are revealed,

which characterize the nonlinearity of the wave process, its dispersion and the thinness
of the shell. We will consider the case when the parameters of nonlinearity, dispersion,
and thinness are of the same order of smallness:

A hR h
— =/ =5=cK 1L (7)

Thus, we consider a thin-walled shell (h < R), in which long (R < [) longitudinal
(h < A) waves of small amplitude (A < R) propagate. Introducing dimensionless
parameters

R 1 1
Fu = uly G = ) G = )
R 2uR? 3 2R3
lezE_ngwb Fw? Iu fw27 F’w3_ H} fw37

we pass to the slow-time coordinate system 5 =X-0CT, 7= 5T. Finally, in accordance
with the multiscale method, we represent the dependent variables as the sum of the main
part and the small correction

Ur)=U (& 1) +eU (§,7), W(ET)=Wo(&T)+eWi(£,7). (9)

Assuming that the new dependent variables (9), their derivatives with respect to £ and 7,
as well as dimensionless parameters (8), are of the order of unity, we group the terms
in the equations in powers of the small parameter ¢. Equating to zero the terms in the
leading order, we obtain the system of linear equations

9*U, oW,
(2 o_ Yo _
oU,
—u85°+wo—o (11)

the compatibility of which requires the fulfillment of equality W, = uago, which
establishes the relationship between longitudinal and transverse displacements in the

linear approximation, and also condition Cy = y/1 — u?, from which it follows that the
perturbation propagates along the shell with a rod velocity [23].
In the next order in £, we have the system of equations

an 82U1 . 24/1 — /ﬂ 82U0 2
M oa = v g (=) Palh, (12)
o°U, 93U, U, 1 oUu\? 1 Uy \ >
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Eliminating variables W; and U; from system (12), (13), we obtain
2 02U, U, 0*U,
. Gh > — (Gp - 1) ag4o+

2, /1 — p20¢ (97' &6

200 Hay4Hbii otgen




A. I. Zemlyanukhin et al. Generalized model of nonlinear elastic foundation and longitudinal waves @

8U0 an 2 82UO
+ <Fw1+Fw28_€+Fw3(a_§) ) a—é,Q_Ful Uy = 0. (14)

The derived equation (14) is a sixth-order nonlinear quasi-hyperbolic equation, containing,
in addition to the traditional gradient-type terms, the term with the component of the
desired displacement field, which characterizes the resistance of the external medium
during its shear deformation. For the first time, such an additional term appeared in
the already classic article by L. A. Ostrovsky [24] devoted to the study of nonlinear
waves in a rotating ocean. The presence of this term, which introduces additional low-
frequency dispersion into the model, significantly complicates the analytical structure
of the equation and does not allow obtaining exact solitary wave and periodic solutions.
The derived non-integrable equation (14) can be called the sixth order generalized
Boussinesq — Ostrovsky equation.

2. Special cases of equation (14)

1. The classical model of Winkler’s linear elastic medium. In this case F,; = Fy» =
= Fy3 = Gy = G, =0, and equation (14) becomes linear. This means that when studying
longitudinal waves in shells, the geometric nonlinearity of the classical Kirchhoff — Love
model does not affect the wave process. This conclusion is valid on a time interval of the
order of 1/e.

2. Nonlinear-elastic Winkler — Pasternak — Hetenyi foundation (F,; = 0). Equation
(14) in this case contains three dispersion terms: to the traditional dispersion caused by
the inertia of normal displacement, two additional ones are added, due to the reaction
of the elastic foundation to shear and bending. With respect to the component of the
longitudinal deformation 88% equation (14) takes the form of the modified Kawahara
equation ((14) without the last term), which has classes of exact periodic and solitary-
wave solutions [25]. Here the problem of their physical realizability becomes the most
important. In [26] it is rightly noted that “... many equations have solutions that are
unsuitable from the point of view of common sense. For example, taking into account
the higher-order dispersion leads to the fact that the group velocity of small-scale
perturbations becomes greater than the phase velocity, while in the original equations
the group velocity is always less than the phase velocity. In addition, such equations
often have additional solutions that do not correspond to the known data on waves in the
framework of equations complete in nonlinearity.”

3. The bending stiffness of the external medium layer is not taken into account
(G, = 0). The higher-order dispersion disappears in equation (14). The result is a
combination of the classical and modified Ostrovsky equations — the so-called Gardner -
Ostrovsky equation

9 2 AU, 83U, Uy Fus (0U\"  Fus (U _
3_§<u2 Tmor (U ge thage Ty e ) T \ae) )T
— P\ U, (15)

Recently, there has been a significant increase in interest in the study of its exact and
approximate solutions [27]. In this case, the external medium can be called the nonlinear
elastic Pasternak medium, which, in contrast to the Winkler medium, allows one to
reveal a new property of equation (14). The high-frequency dispersion coefficient can
be positive, negative, or even zero, depending on the value of the coefficient GG,. In the
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“dispersionless” case, the reduced Ostrovsky equation

o 2 U, Uy Fus (0Ug\?  Fus (0U\*\
3—5<M2 Fior e T (ag) +T<a_§> =fulh {19

is obtained, which has integrable reductions and exact localized solutions [28,29]. The
possibility of "controlling” the sign of the high-frequency dispersion makes it possible to
use the "antisoliton theorem” [30] and to identify regimes that allow stable propagation
of soliton-like perturbations.

3. Discussion and conclusions

When studying the propagation of axisymmetric longitudinal waves in elastic thin
shells on the basis of the geometrically nonlinear Kirchhoff — Love model, it is not possible
to analytically describe deformation solitons. In other words, asymptotic integration of
the equations of motion of a shell element does not allow one to obtain an equation of
the Korteweg —de Vries type for the longitudinal deformation component. This is due to
the absence in the equations of motion of terms with quadratic (so-called hydrodynamic)
nonlinearity such as U? and U,U,,. It is obvious that the use of geometrically nonlinear
equations of the classical model of the Timoshenko type for the analysis of longitudinal
waves leads to similar results. Consequently, an equation containing the necessary
nonlinear terms can only be obtained using nonclassical shell theories based on refined
models. In this article, nonlinearity, which compensates for dispersion and contributes
to the formation of soliton-like longitudinal waves, is introduced on the basis of a
generalized model of a nonlinear elastic foundation. Taking into account the fact that
in shells, in contrast to plates and rods, longitudinal and normal displacements are
connected already in the linear approximation, both equations of motion (1)-(2) contain
terms that characterize the resistance of the external medium. The introduced model
in particular cases is reduced to the linear and nonlinear models of Winkler, Pasternak,
and Hetenyi. The use of the Pasternak model makes it possible to control the sign in
front of high-frequency dispersion and to reveal the conditions for the propagation of
solitary waves. In this case, a dispersionless state becomes possible, when the dispersion
due to the inertia of normal displacement is compensated by the dispersion generated
by the reaction of the nonlinear elastic foundation to shear. A brief analysis of special
cases of the generalized Boussinesq — Ostrovsky equation (14) showed that the choice
of a nonlinear elastic foundation model has a significant effect on the resulting wave
pattern, and the problem of physical realizability of the corresponding exact solutions
comes to the fore.
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Abstract. Oriented continua play an important role in micropolar elasticity modelling. All
realizations of micropolar theories are conceptually possible only within the framework of the
pseudotensor formalism and the orientable manifold notion. This particularly concerns the theory
of micropolar hemitropic elastic media. In this paper, a pseudotensor description is used in
contrast to Kartan’s formalism. The pseudotensor formulation of Stokes’ integral theorem is
almost unknown in the current scientific literature. Here we consider various formulations of
Stokes’ integral theorem for an arbitrary asymmetric covariant pseudotensor field of a given
weight and valency. This extends the theorem to the case of pseudotensors. This fact makes it
possible to use the mentioned generalization for micropolar continua. The study mostly relies
on the class of special coordinate systems often employed in classical physical field theories. A
procedure for orientations consistency inside and on the boundary of a manifold is discussed for
various formulations of Stokes’ integral theorem.
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Preliminary remarks

An orientable manifold [1-3] naturally appears in micropolar elasticity. In continuum
mechanics, it is usually required that the continuum be immersed in an external
“plane” space. This is of crucial importance for modeling the mechanical behaviour of
materials with microstructure, micropolar media [4], and industrial processes of additive
manufacturing [5,6]. Special attention should be paid to the orientations consistency
of elementary cell repers frames taken inside the continuum and on its boundary. It is
also true for integral theorems and balance laws of non-linear continuum mechanics.
The tensor elementary volume measurements lead to the employment of pseudotensor
calculus and the fundamental concept of orientable manifolds [1-3,7].

Throughout the paper, we are going to follow the terminology and notions related to
multidimensional geometry presented in [3]. The requisite notations and equations for
the tensor elementary volume and area can be found in monographs [1, see Appendix on
Invariants by J. L. Ericksen] and [3]. Applying pseudotensor algebra to the problems of
mechanics of growing solids and micropolar elasticity are discussed in the studies [5-10].

In the present paper, the problems of orientations consistency (situated inside and
on the boundary) for a micropolar continuum immersed in an external plane space of a
given dimension N are discussed.
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After the Preliminary remarks in Sec. 1, the definitions of fundamental orienting
pseudoscalar, covariant derivative, M-manifold, M-cell, and tensor elementary volume
are recalled for N-dimensional space. The covariant differentiation of an arbitrary relative
tensor is considered. Based on the concept of an M-cell tensor elementary volume (area),
an algorithm for comparing and spatial orientations consistency of M-cells is described.
Processes of continuous transfer of directions associated with an M-cell along a given
path are considered.

Then, in Sec. 2 generalized pseudotensor formulations of Stokes’ integral theorem
are refined due to the class of special coordinate nets geometrically constrained by the

2
equation e = [1}1.

Finally, in Sec. 3 the orientations consistency procedure for Stokes’ integral theorem
formulations in the case of a 2-manifold is considered and discussed. The preferable
bypasses of boundary contours associated with boundary 1-cell direction for different
formulations of Stokes’ integral theorem are discriminated and discussed.

As a whole, the present paper should be considered as a contemporary framework for
problems of Stokes’ integral theorem formulations for tensors and pseudotensors fields
that is important for non-linear continuum mechanics.

1. Orientation of M-manifold. Pseudotensors of integer weights.
Tensor and pseudotensor elementary volume

In this study we shall not recall the definitions and properties of pseudotensors. A
detailed discussion of pseudotensor algebra and analysis can be found in the tensor
analysis textbooks [2,3] and in the papers [5-10]. Hereafter, the weight of a relative
tensor (pseudotensor) is embraced by square brackets situated above the root symbol.
The zero weight of absolute tensors will not be noted.

Consider an N-dimensional Euclidean “plane” space supplied by a curvilinear coordinate
net 2% (k = 1,2,..., N), local covariant basis 18,0 and the metric tensor g¢;;. A

manifold (surface) of mathematical dimension M (M < N) immersed in external space
is called an M-manifold. Consider two repers with different corner points 2* and 7% and
endpoints z* + dxk and 7% + dxk (¢c=1,2,...,M). Then the external coordinates of the

first and the second reper vectors are d:U and dx respectively.

Orientable manifolds are of cruc1a1 1mportance for the micropolar theories of
continuum mechanics [4]. It is then clear that the reper orientation at a micropolar solid
point is determined by an enumeration of directions. The reper orientation is changed
after a permutation of two numbers of reper directions, i.e., the right-handed frame
becomes left-handed. In continuum mechanics, the orientation of the coordinate frame is
conveniently determined by the sign of fundamental orienting pseudoscalar e [5,8]. In
three-dimensional space, e can be defined by the triple product of the covariant basis
vectors -

e:e:(%xg)-'g. (1)

Evidently, the orienting pseudoscalar (1) apart of the sign is the parallelepiped volume
constituted by the vectors 2. It is easy to show that

e =g, g=det(g;). (2)

'The terminology and notations worked out in [7,9, 10] are employed throughout the paper.
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1 1
It is clear that e >[B] for a right-handed coordinate net, and e <[B] for a left-handed
coordinate net.
Note that the fundamental orienting pseudoscalar allows us to transform a pseudotensor
of a given weight W and valency into an absolute tensor following the rule

W
T=e¢"T. 3)

By comparing weights on the left and right sides in (3), we conclude that T is an
absolute tensor. In what follows, for fundamental symbols such as e, the indication of
their weights is usually omitted.

The covariant derivative of a pseudotensor ﬂlﬁjg” of a given weight W is defined
similarly to the corresponding operation for absolute tensors [2,3, 8]:

[W]l [W]l (W] . w ]l
VTl = 0, T T 4 T -
l [W]lm...n l [W}lm n ]lm ns
_Fsstj...k _”'_Fspng .8 WT’LJ k:F

In particular, for a pseudoscalar, the covariant derivative takes the form

wl W W)
VT_@T WTrgp, (4)

wherein

Ope

—

Taking account of the Christoffel symbol properties and equation (2), we obtain an
expression for the covariant derivative (4) as follows

s _
Iy =

W W]
V, ' =0,T —e " WT 0.

Let the differentiable M-manifold be parameterized by Gaussian (intrinsic) coordinates
u* (a=1,2,...,M):

o =2Fwtu? M) (B=1,2,...,N). (5)

In equation (5) z* are the external coordinates for the M-manifold and u® are the
intrinsic ones.

Let us divide the M-manifold into a system of M-cells. Each M-cell is defined by a
corner reper characterized by a corner point (with external coordinates 2* and intrinsic
coordinates u®) and endpoints of the reper with intrinsic coordinates

u* +du® (a=1,2,...,M)

or external coordinates
¥ fde* (k=1,2,...,N),
o

where the “fraktur” index ¢ enumerates the reper directions (¢ = 1,2,..., M). From
the external (spatial) point of view, the reper directions are given by the absolute
contravariant vectors

da® da®, ... da® (k=1,2,... N).
1 2 M
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We proceed to define the operation of continuous transfer of the M-cell reper along
the path II from the point 2* to the point Z* (Fig. 1). Consider a piecewise smooth
path II on the M-manifold linked two points z* and Z*. There always exists a linear
transformation from one reper to another, acting according to the well-known formula

dz® = P¥da", (6)
¢ a

where P% is the transfer matrix.

k k k k

Tk +L1l7.’Ek

Fig. 1. Directions associated with M-cells. The comparison of orientations is due to continuous
transfer along the path II

The transfer is continuously deforming the reper from the starting point to the
endpoint so that the reper directions remain linearly independent. It is assumed that
the reper does not degenerate during the transfer process, i.e. the skew product of
the reper vectors is never equal to zero along the path II. The initial and final repers
orientations can be then compared: if the orientation of the final reper is the same,
i.e. the determinant of the transfer matrix in (6) is positive, then they are treated as
co-oriented. If it is true for each pair of repers on M-manifold then the manifold is called
orientable or two-sided. Contrariwise, if there exists a pair of differently oriented repers
then such a M-manifold is called a non-orientable or one-sided one.

The tensor elementary volume of the M-cell is defined by

dri-i = Midzlda® - - - da™, (7)
1 2 M
Here the square brackets denote index alternation.

By considering the following formula for the differentials of external coordinates

along with the reper directions of the M-cell

k _ k «
cbix = (Oax )chlu :
equation (7) reads (see [3, pp. 256-257])

e O T o N -8aMx"Mdet(%iu7). (8)

The factor before the determinant in (8) is called an intrinsic elementary volume of the
M-cell. Using the concept of the intrinsic volume of the M-cell, one can propose an
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algorithm that orients M-manifold (for details see [3]) if it is possible at all in the sense
discussed above.
If elementary M-cells are divided by the coordinate surfaces u® = ¢, then for the

case M = N we obtain

(-1
ivigein _ 7 120N itiz..in
dr =dr € :

—1]
where dr!2-V is the natural elementary volume being a pseudoscalar of weight —1 and

defined as follows

(—1]
dr %N = det(9,2%)dutdu® - - - du® = dx'da? - - - da.

2. A generalized pseudotensor formulation of Stokes’ integral
theorem

The integral transformation theorems play an important role in continuum mechanics
and thermomechanics while formulating conservation laws. For a differentiable asymmetric
covariant field A one can formulate Stokes’ integral theorem in the form [3,
p. 269]

119200 —1

/aiMAili2---iM—1dT v = fAiliQ---i]\/I—ldT L Y (9)
0

where dr1%2-M is the tensor elementary volume of M-manifold calculated due to the
intrinsic parameterization u!, u?, ..., u™ whereas dr®1%2iv-1 is the tensor elementary
volume of the boundary of M-manifold calculated by an intrinsic parameterization
a',u?,...,uM~1. The operation with formula (9) implies the orientations consistency
inside M-manifold and on the boundary. At this aim, we introduce a non-degenerated

vector field s* on the boundary directed outward with respect to the M-manifold. Arrange

the parameterizations u!, u2, ..., ™ and ﬂl,ﬁQ,...,ﬂM*1~so that the corresponding
systems of vectors dya%, dox®, ..., Oya® (0; = 0/0u?) and 0 2%, Bo2%, ..., Oy_12F, s*
(0; = 0/0u") are co-oriented in the sense described in Sec. 1.
In previous studies [1,2] Stokes’ integral theorem is formulated as [2, p. 103]
/ailAi2i3miMd7'i1i2"’iA/[ = fAi2i3miMd7'i2i3'"iM. (10)

0

Once again, arrange the parametrizations inside the M-manifold and on the boundary. In
this case, the orientations consistency procedure differs from the one mentioned above
by the order of vectors on the boundary of M-manifold. In such a case the vector s*
should be placed in the first position.

Note that the Stokes’ theorem formulations (9) and (10) imply that the field A
may not have a tensor nature.

Stokes’ theorem (9) remains valid for a pseudotensor field of a given integer weight W

1192 M —1

[Z} ilig...ijw [IIZ] iﬂg...i]w,l
aiM ilz'2...iM,ld7' = z‘lig...z‘M,ldT . (1 1)
o
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Invariant integral extended to an orientable M-manifold for a covariant pseudotensor

W]
fleld Ailiz...iMf1

of weight W can be furnished as

W]

A

z’lz‘Q...z’Me_WdTmQ“'ZM. (12)

Here we emphasize that the integral (12) is an absolute invariant.
In such a case Stokes’ integral theorem (9) can be reformulated as follows

W] - o W] W oo ivie
/aiM<Ai1i2...iMl€_ )dTlm'"lM ng Aijig.ipg_, € dr™tMoL (13)
1o}

where the absolute tensor field is enclosed in parentheses.
[t is obvious that the integrand in (13) can be transformed according to

M _wOiye ) _wa W
8iM <€ Ailiz--~i1v1—1) =—We T Ailiz-uiM—l +e aiM Ailiz--~i1\/f—1' (14)
Substituting (14) into (13) we come to
0. elW] L (W] L
—/We_W eMe Aivigeigg_ AT+ /e_WaiM Aijig.ipg_ 1M =
[ =W g _i1ig...ipr—1
= Ailig...iMfle dr . (15)
Is]

On the other hand by virtue of

dTiliQ...i]\/[ — d,,_[hig...i]w]

the integrand in (13) is transformed into

! W\ g itiz..i ! W\ g iiz..i
aiM ( Ai1i2--~i1\171€ >dT v = a[iM < Ai1i2-.-iM71}6 )dT re =
[Z]
_ V[il\/j 21712..~Z]\/[71]dTiliQ...iA{' (16)

eW

Taking account of covariant constancy of integer powers of the fundamental orienting

pseudoscalar, i.e.
Ve = [76} (m=0,£1,£2,--),
equation (16) reads
[Z] W]

i M) g dvigein W - ivining
V[i}yj €W dT =€ V[ZAI A’LllQ---’leﬂdT .

Finally, Stokes’ integral theorem (13) is rewritten as
/6 V[iM Ahiz...iM_l]dT 102 0M (8102 0N %6 Ailig...i]\/[_ldT 1h2e M_l, (17)
)

which once more confirms the validity of the formulation (11).
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By comparing the formulations of Stokes’ theorem (15) and (17) we conclude that

- (W] L
/e‘W—azMe A driet — (), (18)

11920 —1
e

[t is then seen that equation (18) is satisfied by

[+1]
de=0 (i=1,2,...,N). (19)

The introduced equation (19) can be interpreted, following the paper [10] by a choice
of special coordinate systems constrained by the condition

[+1]
e==+1. (20)

The equation (20) can be used for simplification of governing equations in mechanics of
hemitropic micropolar continuum when the constitutive tensors are sensitive to space

[+1]
orientations. Note that if e = —1 then there is an ambiguity in the calculation of the
non-integer degrees e~"V.2 The latter fact means that pseudotensors cannot have rational
weights.

(+1]
Note that the constraint \/g = 1 following from (20) is often used not only in
astronomy and the theory of relativity [11] but also in the mechanics of solids [12].

[+1]
In the monograph [11, p. 135-142], the equation /g = 1 is used for the gravity
equation derivation in 4-space-time, which greatly simplifies the field theory equations.

[+1]
In the monograph [12] the equation /g =1 is systematically used while separating
isostatic coordinates in the three-dimensional differential equations of the conventional
mathematical theory of plasticity.

3. Different Stockes’ integral theorem formulations
for a two-dimensional manifold

Consider the orientations consistency procedure developed for Stokes’ integral theorem
formulation (9) in the case of a given 2-manifold. In the two-dimensional case, a 2-cell
reper consists of the two enumerated vectors 1 and 2 as shown in Fig. 2. Let us transfer
a continuously deforming reper from an interior point of the manifold to another point on
the boundary contour, so that the reper directions remain linearly independent during the
transfer. Let s be a vector directed outward relative to the 2-manifold and co-oriented to
the vector 2 (see Fig. 2). Thus, there are two possible cases. Vector 1 defined by the
1-cell boundary reper can have two different directions corresponding to two ways of a
2-manifold boundary contour bypassing. In the first case (as can be seen from Fig. 2, a),
the repers orientations 1, 2 and 1, 2 are consistent as one is obtained from another by
in-plane rotation. Since it can also be seen from Fig. 2, a, the boundary contour should
be bypassed in the clockwise sense. In the second case, as it can be elucidated in Fig. 2,
b, the repers 1, 2 and 1, 2 have opposite orientations in virtue of one is obtained from
another by mirroring the vector 1 into 1. Apparently, the boundary contour is bypassed

[+1/2]

W — 4 ., which is impossible within the framework of

[+1] 1
2For example, if e=—1 and W = =, then e

real analysis.
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in the counterclockwise sense. Note that in Stokes’ integral theorem formulation (9),
we should accept the orientations consistency as shown in Fig. 2, a, i.e. the boundary
contour should be bypassed in the clockwise sense.

9\s 2\%
s §
va
1\
a b

Fig. 2. Orientations consistency rules for tensor elementary volume in the case of 2-manifold
according to the monograph [3]: a is the contour bypassing in the clockwise sense; b is the
contour bypassing in the counterclockwise sense

The Stokes’ integral theorem formulation (10) corresponds to orientations shown in
Fig. 3. The vector field s is chosen co-oriented to the vector 1, and the vector defined by
a 1-cell boundary reper is denoted by 2. Once again, there are two possible orientations
of vector 2. In the first case (as it can be seen from Fig. 3, a), the repers orientations 1,
2 and 1, 2 are opposite because one is obtained from another by mirroring the vector 2

S, S,
2
>
a b

Fig. 3. Orientations consistency rules for tensor elementary volume in the case of 2-manifold
according to the monographs [1,2]: a is the contour bypassing in the clockwise sense; b is the
contour bypassing in the counterclockwise sense
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into 2. In this case (as it can be also elucidated from Fig. 3, a) the boundary contour
should be bypassed in the clockwise sense. In the second case, the reper 1, 2 can be
obtained from the reper 1, 2 by in-plane rotation, so that they are co-oriented. As follows
from Fig. 3, b, the boundary contour should be bypassed in the counterclockwise sense.

Note that, for example, in complex analysis, the positive direction of a loop is bypassed
in the counterclockwise sense. Therefore, the formulation of Stokes’ integral theorem in
the form (10) is much more preferable in this case.

Conclusions

The present study is devoted to Stokes’ integral theorem formulations for an
asymmetric covariant pseudotensor field of a given weight and valency:

— the notions of orientable manifold and continuum playing an important role in
micropolar elasticity have been discussed. In particular, this concerns the hemitropic
micropolar elasticity;

— the fundamental tensors characterizing the metric and orientational properties of
N-dimensional space have been introduced. The notion of the fundamental orienting
pseudoscalar and its covariant constancy has been discussed,

— the rule providing a scheme of reducing pseudotensors to absolute ones has been
given;

— the concepts of tensor and pseudotensor elementary volume (area) of M-cell have
been revisited;

— the generalized pseudotensor formulations of Stokes’ integral theorem have been

2]
refined for the class of special coordinate nets constrained by the equation e? = 1;

— a procedure of elementary cells orientations consistency for Stokes’ integral theorem
formulations in the case of a 2-manifold has been considered and discussed. The
preferable bypasses of boundary contours associated with boundary 1-cell direction
for different formulations of Stokes’ integral theorem have been discriminated and
discussed.
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AnHoTanusa. B cratbe paccmarprBaeTcs 3ajada ONTHMH3aLUHU C OTPaHUYEHUSAMHU Ha (HopMy aJis
MOCTPOEHHUsS] MOHOTOHHOH perpeccHH, KOTopasi B TOCJeIHHe TOfbl TPHUBJeKaeT GOJblIoe BHUMA-
HUe uccyeoBaTeseld. B cTaThe mpencTaBsieHbl Pe3ysbTaThl MOCTPOEHUs HEJHHEHHOH perpeccHu ¢
3-MOHOTOHHBIMH OrpaHHUYeHHUsIMH. MOHOTOHHASI PErpeccHsi BBICOKUX TOPSIAKOB MOXKET MPUMEHSIThCS
BO MHOTMX 00J1aCTsSIX, BKJIOUasi HeMmapaMeTPUUECKy0 MaTeMaTHYeCKYI0 CTATHCTHKY U CryIaXKUBaHUe
IMITUPUUECKUX AaHHBIX. [IpelaraeTcs UTepalMOHHbBIA aArOPUTM MJisl OCTPOEHUS pa3perKeHHOH
3-MOHOTOHHOH perpeccHH, T.e. IJIsl HAX0XKIEeHHS] 3-MOHOTOHHOTO BEKTOpa C HaWMeHblllel KBaapa-
THUYHOH OLIMOKON MPUONHKEHHs K 3aJJaHHOMY (He 00s13aTesIbHO 3-MOHOTOHHOMY) BeKTOpY. 3azauy
MOXKHO 3amucaTb KaK 3aJauy BBINYKJOrO MPOrPaMMHPOBAHHSI C JHMHEHHBIMH OrpaHUUEHHSIMH.
JlokasaHo, 4TO MpeasOXKEeHHBIH NBOHCTBEHHbIH aJrOPUTM Ha OCHOBE MCIOJb30BAaHHSI aKTHBHOTO
MHOXKECTBA HMEET MOJIMHOMHANBHYIO CI0XKHOCTh U [aeT ONTUMaJjbHOe pelleHHe.
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Introduction

Let 2 = (z1,...,2,)7 € R™ be the vector of a given function values taken at some
points = (z1,...,2,)7 € R", n € N. Denote A; = ;41 — 2, i = 1,2,...,n — 1. Then
the k-th order finite difference operator A* (for k > 1) is defined recursively as follows:
B 1
k-1

> Aiyj
7=0

AF 2 (Ak_lZiJrl — Ak_lzi) ;

where Az, =2,i=1,...,n.
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We will call the vector z = (21,...,2,)7 € R™ as k-monotone with respect to
= (z1,...,2,)7, il AFz; >0 foralli=1,...,n— k.

The shape-constrained problems in statistics (the task of finding the best fitting
monotone regression is one of them) have attracted much attention in recent decades [1,2].
The most studied has been the problem of constructing monotone (or isotonic) regression,
i.e. the task of finding the best fitted non-decreasing vector to a given vector. One can
find a detailed review of isotonic regression in the work of Robertson and Dykstra [3,4].

k-monotone regression is the extension of monotone regression to the general
case of k-monotonicity. Both isotonic and k-monotone regression may be applied in
many fields, including non-parametric mathematical statistics [1, 5], the empirical
data smoothing [6-8], the shape-preserving dynamic programming [9], and the shape-
preserving approximation [10, 11]. Moreover, k-monotone sequences and vectors are also
used in solving various mathematical problems [12-15].

In this paper, we will use the idea of a dual active-set algorithm that proposes and
analyzes regularized monotonic regression in the paper [2]. It should be noted that some
algorithms for constructing k-monotone regressions were considered in papers [16, 17].

Denote A% the set of all vectors from R", which are 3-monotone. The task of
constructing 3-monotone regression is to obtain a vector z € R™ with the lowest square
error of approximation to the given vector y € R (not necessarily 3-monotone) under
condition z € A%:

z=9"'(z—y) =D (s—y)° = min . (1)
= ZEAL ()
In this paper we propose a dual active-set algorithm for constructing 3-monotone
regression and prove that the algorithm has polynomial complexity and obtains the
optimal solution.

1. Preliminary analysis

The problem (1) can be rewritten in the form of a convex programming problem with
linear constraints:

1
F(z)= §sz —yT2 = min, (2)

where the minimum is taken over all 2z € R™ such that

i+2
gi(z) == — (Ai—i—lAi(Ai—H + A)zips — Di(Airo + Ai) (Z A; ) Ziyot

i+2
+A (A + 4A)) (Z Aj) Zig1 — DipaDNip1 (Do + Ai+1)2i> <0, (3)
j=i
for 1 <i < n—3. Problem (2)-(3) is a quadratic programming problem and is strictly

convex, therefore there is a unique solution for it.
Let Z be the global solution of the problem (2)-(3), then there is Lagrange multiplier
p=(u1,..., o3’ € R"3 such that

z) + ZMV%(Z) =0, (4)
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gi(2) <0, 1<i<n-—3, (5)
i =0, 1<i<n—3, (6)
wigi(z) =0, 1<i<n-—3, (7)

where Vyg; is the gradient of the function g;.

The equations (4)-(7) are the Karush — Kuhn — Tucker conditions. From (4) it follows
that

n

! Z —y;)’ + Z ,Uz( N1 Ai(Aipr + Aj)zigs+

+2 +2
+A;(Ajro + Ajtq) <ZA > Zivo — Dipa (A + A) (ZA ) Zit1+

+A 2 A1 (Aige + Ai-i—l)'zi)

0
87:]

=0, 1<j<n—3

2. A dual active-set algorithm for 3-monotone regression

In this subsection, a dual active-set algorithm is proposed. It will be shown that it
possesses the following useful properties:

— the number of operations required to complete the algorithm for a given input
y from R" is O(n*) for some non-negative integer k, i.e. it has the polynomial
complexity;

— the solution is optimal (the Karush — Kuhn — Tucker conditions are fulfilled).

The proposed algorithm uses as so-called active set. The active set S consists of

blocks of the form [I,r — 3] C [1,n — 3|, such that [l,r —3] C S,l—1¢ S,r—2¢ S, and
S = [11,7’1] U [l27 TQ] U---u [lm—la Tm—l] U [lmvrm]a
where I; > 1, r,, <n — 3, and m is the number of blocks. If r; = [; then the ¢-th block

consists of only one pomt.

At each iteration of the algorithm, the active set S C [1,n — 3] is chosen and the
corresponding optimization problem is solved

- Z 2 5 min, (8)

where the minimum is taken over all z € R" satisfying

i+2
A1 Ai(Air + D) zips — Ai(Aipa + D) (Z A; ) Zito+

i+2

A2 (Aig1 + A) (ZA ) Zir1 — DigaDNiy1 (Dipo + A1)z =0, Vie S, 9)
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THE DUAL ACTIVE-SET ALGORITHM FOR 3-MONOTONE REGRESSION
begin
- Input data y € R™ - Active set S = @ - Initial approximation z(S) = y while
2(S) ¢ A} do
- Change the active set S <~ SU{i: ¢i(2(S)) > 0} - We solve the problem
(8)—(9) using values from the active set S - Rewriting the vector z(.5)
end
- Returning the solution z(.S)
end

The computational complexity of the dual active set algorithm for 3-monotone
regression is O(n?). It follows from two remarks:
— at each iteration of the algorithm, the active set S attaches, at least, one index
from [1,n — 3], which means that the number of the while loop iterations can not
be greater than n — 3;
— the computational complexity of solving the problem (8)-(9) is O(n?).

3. The convergence and optimality analysis of the dual active set
algorithm

We need the following auxiliary lemmas, the proof of which can be obtained similarly
to the proof of the corresponding lemmas in the paper [16].

Lemma 1. Let z be a global solution to the problem (2)-(3). Then the Lagrange
multipliers p = (py,. .., pn—3)? € R"73, identified in (4)-(7), are calculated as follows:

i+2
(A + Aiq) Z Aj
Zi — Yi J=i

i = — +
H Ao A1 (Aipo + Aiy1) Ao (Ajo + Ajya)

AVEDYAVERI PAVED R = AF&;)M ,
Ao (Djpa + Apq) 7

(Ajprfricr — Dj_opti—o)+

1<i<n-3, (10)

and p; =0 Vi < 1.

Lemma 2. Let 1 € S i.e. A%y, <0 and suppose that 2,3,4 ¢ S. Let 2y, 2o, 23, 24 be
the values of linear regression, built on pairs of values (x1,y1), (z2,Y2), (3,Y3), (T4, Ys)-
Then the values of the corresponding Lagrange multipliers (10) will be non-negative.

Lemma 3. Let at some iteration of the algorithm the pairs of wvalues
Y ={(x1,21), -, (¥hs1,2611)} Such that [1 : k—3] C S, A3z, <0 forallie[l:k—23]
and k — 2,k —1,k,k+1¢S. Let 29 e [1: k| be an optimization problem solution

7 2
k

! Z(Q — 2)? — min,

2 4
=1

where the minimum is taken among all values ¢ € RF satisfying ¢:(() = 0 for all
i € [1:k— 3], where g;(¢) is defined in (3). Moreover, suppose that g,_»(2")) < 0 i.e.
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(1)

7 2

T2 will be added to the active set S at the next iteration of the algorithm. Let z
i €[1:k+ 1] be an optimization problem solution

k+1

%Z(Cz - Zi)2 — min,

i=1
where the minimum is taken among all values ¢ € R¥*! satisfying the equality g;(¢) = 0
forallie[1:k—2]. Then foralli=1,2,... k—2 get
u >0,
a

i

I IO R

where \") is Lagrange multiplier for 2 and p(", = iV = iy =

Theorem 1. For any initial S C S*, the algorithm converges to the optimal solution
of the problem (1) in, at most, n—|S| iterations. Where S* is the active set corresponding
to the optimal solution and n is the dimension of the problem.

Proof. The algorithm is designed in such a way that, at each iteration, the active
set S is expanded by attaching at least one index point from [1,n — 3|. This point should
not previously belong to the set S. In the case of S = [1,n — 3], the number of blocks is
equal to 1 and the input vector is already 3-monotone. Another case is |S| < n — 3. Then
the number of iterations must be less than n — |S| where |S| is the number of indices in
the initial active set S.

If the point 7 has a negative value of the third-order finite difference A3z; and is
isolated (i.e. i —3,i — 2,0 —1,i+1,i+ 2,9+ 3 ¢ S) then the dual active set algorithm
replaces z;, zi11, Zi12, zir3 With the values of linear regression constructed by the points
(x4, 2i), (Tix1, Zit1), (Tive, Ziva), (Tivs, ziv3). This situation is considered in Lemma 2 in
which is proved that the values of the corresponding Lagrange multipliers are non-
negative.

Another case we should analyse is the case when the violation of 3-monotonicity
occurs at several consecutive k£ > 1 neighboring points, which can be written as follows

APz < 0,7 =1,...,04+kand A%z_5, APz_o, N2 1 > 0, A% py1, A2 pia, AP2igpys > 0.
In this case, the algorithm replaces values z;, z;11,...,2i1x+3 With the values of a
linear regression constructed by the points (z;, 2;), ..., (Zitk+3, Zi+k+3). This situation

is considered in Lemma 3 which shows that the values of the corresponding Lagrange
multipliers are non-negative.

In the same way, in this theorem, the non-negativity of the Lagrange multipliers can
be proved in other cases. i

Conclusion

The paper presents the algorithm for constructing optimal 3-monotone regression
based on an active set. This algorithm has already been applied when constructing
regression of other orders and with a constant distance between values [16]. At each
iteration of the algorithm, it first determines the active set and then solves a standard
least-squares subproblem on the active set with a small size, which exhibits a local
superlinear convergence. Therefore, the algorithm is very efficient when coupled with
parallel execution. The classical optimization algorithms (e.g. coordinate descent or
proximal gradient descent) only possess sublinear convergence in general or linear
convergence under certain conditions.
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Abstract. This article discusses the possibilities of using artificial intelligence technologies,
namely computer vision, in the field of medicine. The relevance of the topic is due to the growing
burden on medical personnel and medical institutions due to an increase in the number of elderly
people, an increase in the number of patients with chronic diseases, as well as unforeseen
circumstances, such as the SARS-CoV-2 pandemic in 2019-2021. In addition, many medical
institutions are interested in providing high-quality services, increasing loyalty, and increasing the
number of regular patients, and therefore feel the need to introduce the latest technologies and
follow strategic development trends. The article describes how the physician can use the solutions
offered by artificial intelligence in the course of his work to obtain a more accurate diagnosis
and save time spent on the patient’s history review. The authors propose an IT and technological
architecture of a medical organization that uses computer vision in its work, created on the
basis of the IT and the technological architecture reference model of a medical organization. The
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AnHoTtamusa. B cratbe paccmMaTprBaTCs BO3MOXKHOCTH HUCIOJNb30BAHUS TEXHOJOTHH HCKYCCTBEH-
HOT'O0 WHTEeJJIEKTa, 8 UMEHHO KOMIIbIOTEPHOTO 3peHHUs], B cepe MeIUIHHbB. AKTyaJbHOCTb TE€MBI
o0ycJsioB/IeHa pacTylllell Harpy3kod Ha MeIHMLHHCKHH MepcoHas U Ha MeAHLHHCKHE YUYpeXKAeHHs
B CBSI3H C yBeJHUEHHEM UYHCJa MOXKUJBIX JIIOfeHd U MalHeHTOB C XPOHUYECKHMH 3a0oJieBaHUs-
MM, a TaKXKe HeNpelIBHAEHHBIMH OOCTOSITENbCTBAMM, KaK, HalpHUMep, MaHIeMUs KOpPOHaBHpYyca
SARS-CoV-2 B 2019-2021 rr. Kpome Toro, MHOTHe MeIULMHCKHE YUpeKIeHHs 3aHHTEPECOBAHbl B
TMpeNoCTaBJeHHH YCIyT BBICOKOTO KauecTBa, MOBBILIEHUH JIOSIJIBHOCTH U YBEJHUEHHH YHC/a MOCTOSH-
HBIX MALIMEHTOB, B CBSI3U C YeM OLLYLIAI0T HeOOXOAUMOCTb BO BHEJIPEHUH HOBEHIIMX TeXHOJOTHH U
XOTSAT CJIeIOBAaTh TPEHIAM CTPATErMYecKoro pa3BUTHS. B cTaTbe omuchiBaeTcs, KaK Jedalldi Bpad
MOXKET HCIOJb30BaTh MpeJjaraeMble UCKYCCTBEHHBIM MHTEJIJIEKTOM pelLleHHs B Mpolecce CBOeH
paboTbl 115 MoJydeHHs1 6oJiee TOYHOTO AHUATHO3a M SKOHOMHH BPEMEHHM Ha 03HAKOMJIEHHE C aHaM-
He3oM nanueHta. [Ipensnoxena MT- u texHosoruueckas apxurekTypa MeIULMHCKOH OpraHU3alHH,
HCII0/Ib3YIOIIel KOMIIBIOTEPHOE 3peHHe B CBOell paboTe, CO3faHHAs HA OCHOBE pedepeHTHOH MOJIEJIH.
ApxuTeKkTypa moppasyMeBaeT HCIOJb30BaHHE 00/1a4HON HH(PPACTPYKTYPbI, CllelHaIUu3UPOBAHHO-
ro [1O u nmpenycmarpuBaeT Kak BHeIpeHHe HOBBIX THIIOB obopynoBaHHs, Hanpumep 3D kamep,
IATUYMKOB BH3yasM3alMH, TaK W HCIOJNb30BaHHE TPAJAHLMOHHOrO 0O60opynoBaHus: anmapara ¥Y3H,
peHTreH-o60pynoBaHus, annapata MPT.
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Introduction

The concept of artificial intelligence (AI) has evolved since 1950 when Alan Turing
described the use of computers to develop critical thinking and human decision-making.
Currently, artificial intelligence is an integral part of the development of the digital
world and is used in all spheres of activity from medicine to industry and production [1].
Initially, Al was represented by a number of simple algorithms such as “if this, then that”,
then the algorithms rapidly became more complex, mimicking the neural connections of
the human brain. The result of the development of the concept is the appearance of such
classes of artificial intelligence as machine learning, deep learning, natural language
processing, and computer vision [2]:

— machine learning is a field of artificial intelligence, which implies the “training”
of computer algorithms to make decisions on their own. Machine learning is
the driving force behind the intelligence of modern systems. Thus, the system
learns independently (learning without a teacher) or with reinforcement from
the environment, analyzing and classifying large amounts of data to identify the
detected patterns and use them for further insights;
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— deep learning is represented by machine learning methods that allow training a
system not with algorithms, but with representations. Deep learning has proven
to be effective after the increase in computing power has allowed the creation of
complex neural network architectures. The use of deep learning made it possible
to solve problems using computer vision, speech recognition, machine translation,
etc.;

— natural language processing is a field of Al used to convert a natural language into
a format understandable for computer systems for further analysis. It is used for
speech recognition; handwritten and typewritten notes recognition;

- computer vision is an area of Al that deals with the identification of video and
photographic images by raw pixels. Computer vision allows performing tasks such
as detecting, classifying, and interpreting various objects to categorize predefined
analysis results [3].

The purpose of this article is to study the application of computer vision methods in
the field of medicine: areas of use, advantages and possible difficulties; development of
an IT model and technological architecture of a medical organization that uses computer
vision in its work, based on the reference architecture model, as well as the workflow of
the physician using the opinion of artificial intelligence to make medical decisions.

Materials and methods

This study is based on the concept of an enterprise architecture. Currently, there are
several standards and methodologies for modeling an enterprise architecture, but one
of the most commonly used is the TOGAF (The Open Group Architecture Framework)
standard, developed by The Open Group consortium.

The TOGAF standard is based on the Architecture Development Method (ADM),
which describes a cyclical, phased plan for developing an enterprise architecture. In this
study, ADM phases C and D were used.

Also, the authors use in their work the reference model presented in [4]. The reference
model describes the IT and technology architecture of a healthcare organization, following
the concept of value-based, personalized medicine and Health 4.0.

Results

In the last decade, in the field of medicine the most urgent problem is appeared to be
the insufficient provision of medical institutions with personnel: general practitioners,
specialist doctors, and junior medical personnel. The current medical staff bears the
burden associated with examination, admission, counseling, prescribing treatment, and
maintaining medical records, which affects the quality and quantity of work performed
by them [5]. In addition, the population of most countries is aging rapidly, which in the
near future will mean an increase in the flow of patients and the demand for medical
services and examinations.

Controversial yet important is the issue of medical error in the process of making
decisions about the further treatment of the patient. Telemedicine is actively used in
Russia and around the world, which makes it possible to quickly assemble a medical
consultation of highly qualified specialists and conduct it in a remote format. Patients
also have access to solutions that allow them to remotely consult with their doctor,
automatically collect, store and process data on medical indicators, for example, blood
pressure, pulse, blood sugar level, etc.
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Currently, the possibilities of using Al and machine learning in medicine are beginning
to actively develop. The use of technologies such as computer vision, deep learning, and
natural language processing will make it possible to fully implement such concepts as
personalized, value-based, and predictive medicine [6]. Machine learning algorithms can
be used to improve the accuracy of diagnosis, the efficiency of medical personnel and
increase patient flow, therapeutic follow-up and clinical operations, the experience of
interaction between the patient, and the medical organization as a whole.

The use of the latest technologies in medical data analytics is relevant because the
volume of medical data already available is large and continues to grow daily. Medical
data include data from electronic and paper medical records, results of clinical studies,
and visual results of studies: MRI, X-ray, ultrasound, ECG, etc. [7]. In addition to the
variety of types and sources of medical data, it is also characterized by high requirements
for data confidentiality and security, anonymity, and medical secrecy.

Until recently, the healthcare industry could rely on small open source datasets or
data collected by commercial companies. However, the dynamics of data exchange and
data availability are already affecting and will continue to influence the development and
availability of the use of big data analytics and artificial intelligence technologies [8].
These changes are stimulating research in the field of computer vision in medicine,
which is reflected in the growth of research in areas such as multimodal education that
combines computer vision and language recognition; 3D vision used in intensive care
units, as well as work with videos-activity recognition, understanding of the ongoing
movements to detect adverse events and respond to them [9].

In general, the process of computer vision operation consists of three stages:

— image acquisition — the basic stage, which consists of obtaining a photo or video

image from hardware, for example, cameras of various types;

- image processing — the stage at which software is used for image processing:
quality improvement, compression, reduction or increase in size and noise removal.
At this stage, primitive operations are performed, which allow faster and better
image processing and obtain the necessary analysis results in the future;

— image analysis and decision-making — the most important stage at which image
segmentation or object identification occurs, and then the obtained characteristics
are transferred to machine learning algorithms or other artificial intelligence
technologies.

Thus, computer vision can be implemented using traditional machine learning
algorithms, for example, hidden Markov models, random forest or random tree algorithms,
or deep learning algorithms — convolutional neural networks, recurrent neural networks,
and multilayer perceptron [10]. Deep learning is preferred because it allows the processing
of large amounts of data without sacrificing hardware performance.

In medical practice, computer vision based on deep learning algorithms can be
successfully applied in such areas as:

- gastroenterology [1];

- pulmonology [3];

— cardiology;

- dermatology;

— ophthalmology;

— clinical and imaging studies;

- surgery, etc.

The workflow implemented by a medical institution that uses computer vision
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algorithms in its activities may look like this (Fig. 1). Al algorithms at the current
stage of their development and application in medical practice cannot be the final link
in making medical decisions. This means that the physician must familiarize himself
with the results of the algorithms and, on their basis, make a diagnosis and prescribe
treatment for the patient. For example, a system developed by the Californian company
Gauss Surgical allows to accurately assess a patient’s blood loss during surgery or
childbirth by visualizing bloodied medical supplies — surgical sponges. The algorithms
are able to distinguish between blood and non-blood fluids and trigger alerts about
bleeding and critical blood loss in a patient, which allows them respond as quickly as
possible and start a blood transfusion [11]. Nevertheless, the final decision, in this case,
is made by the operating doctor, and the observation of artificial intelligence algorithms
is a tool in the work of medical personnel and not a decision-making tool.

Hospitalization
g Visual medical Visual data:
= data gathering photos, videos,
=% online streams
Data sent to Aly
£ Data Similar patient's Opinion's
= classification situations are D]
=X and segmetation found 9
c
o
)
>
= Result's
= presentation
S r———
[
|
Cloud storage |
e Final opinion is
s rendered based
=1 | |eesesssases on the Al
E algorithm's
o opinion
Diagnosis and
prescriplion
Fig. 1. An example of a medical institution workflow improved by computer

vision algorithms

The use of computer vision technologies in the process of carrying out diagnostic

procedures has a number of specific features, for example:

— the need to find a balance in the accuracy of the interpretation of the results —
minimization of false warnings, but sufficient accuracy is needed, not to miss the
detection of the desired element on the image;

— the complexity of the configuration of the IT inirastructure of the solution, especially
in the case of multifunctional use;

— features of working with medical images: the problem of transparency when
visualizing the location of body organs — special instructions are needed to
determine the location of organs in the image; high image resolution, which can
exceed 100 thousand square pixels and several gigabytes of memory;
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— insufficient amount of data available for training algorithms in the field of computer
vision in medicine — despite the increased interest in this topic and the growing
number of works devoted to research in the field of computer vision, the amount
of high-quality and balanced data available for evaluating various computer vision
techniques is not sufficient yet.

The use of computer vision by a medical institution unambiguously affects its
IT architecture [12]. The medical institution must be mature enough to implement
deep learning concepts: have transparent business processes described, have sufficient
computing power and technological equipment, have sufficient funding, etc.

To build the IT and technological architecture of a medical organization using
computer vision in its activities, the authors will rely on the reference model of IT and
technological architecture of a medical organization presented in the study [4]. The model
is performed in Archi software using the ArchiMate language supported by the TOGAF
standard, which is actively used by international companies and institutions.

The reference model (Fig. 2) at the technological architecture level represents a
cluster of servers, medical equipment, and personal gadgets used by patients to monitor
vital medical indicators.

Patient {0
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Fig. 2. Reference model of IT and technological architecture of a medical organization [4]

The application layer of the reference model is represented by a set of information
systems used by a medical organization [13]:

— ERP —used by the organization to manage all types of resources; financial,
operational, strategic, and tactical planning; marketing activities; etc.;

— MIS is a medical information system, used in work with patients to automate
document flow, maintain electronic medical records, store and analyze clinical trials,
manage bed funds, etc;

— BI system in a medical organization is used for advanced analytics, predictive
analytics and forecasting, visualization of the results.

Based on the reference architecture from [4], the authors propose a model of IT

and technological architecture of a medical organization that uses computer vision
technologies (Fig. 3).
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Fig. 3. Proposed model of IT and technological architecture for a medical organization using
computer vision technology in its activities

The architecture model proposed by the authors consists of the following elements

depicted on the technology layer:

— a server cluster located in the cloud infrastructure. The choice was made in favor of
cloud technologies since training and testing machine learning algorithms requires
large amounts of data and infrastructure flexibility [14]. For a medical organization,
it will be more profitable and more convenient to use cloud resources, rather than
maintain its own hardware infrastructure;

— in the cloud infrastructure, there is a LAN network, in which servers for the
operation of MIS and BI systems, and software for the implementation of computer
vision are located. The ERP system is not reflected in this diagram, since it is not
directly related to the use of machine learning in the situation considered by the
authors. Nevertheless, the ERP system of a medical organization can and should
be used for more efficient business and resource management;

— load Balancer, an application that balances the load on servers to increase their
performance and fault tolerance, has been added to the diagram in the cloud
infrastructure. In addition, since the organization has to deal with medical data, a
secure VPN connection to avoid leakage of especially sensitive data is provided;

— the diagram shows medical equipment that provides visual information for the use
of machine learning. The type of equipment depends on the requirements and work
of the medical organization: it can be either an X-ray machine or an MRI machine
that is already available in the clinic, or cameras and sensors that are not used in
traditional procedures.

The application layer has undergone changes in the part of Medical Equipment

Software — it is presented by the use of soitware for the implementation of computer
vision technology. As the deep learning model is trained on the provided medical data,
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it will not be able to access the server and the database, but offer its opinion to the
attending physician directly using the software on the application layer.

Thus, the proposed architecture can be used to implement computer vision technology
in the work of medical clinics if they are ready to incur financial, time, and resource costs.
The use of computer vision will relieve the medical staff, providing them with more time
for important actions; will increase the accuracy of diagnosis and treatment prescription,
which will affect the patient’s attitude and loyalty to this medical institution [15]. The
use of machine learning algorithms will reduce mortality in intensive care units and
predict the deterioration of the patient’s condition. All these advantages are especially
relevant in our time since we see the impact of the SARS-CoV-2 pandemic on healthcare
institutions around the world: the load on bed funds and medical personnel at the peak
of the incidence rate was so high that it was not possible to provide adequate and
high-quality medical care.

Despite the fact that the use of computer vision in medicine is a promising direction,
in the field of medical imaging, some difficulties hinder the scaling of such solutions [16].
Firstly, testing the concept and conducting research, and introducing it into the work of
the clinic, is characterized by high financial and time costs and requires the involvement
of highly qualified specialists, which not many medical institutions can do. In addition,
collecting data for training and testing a system can be time-consuming and expensive,
as a particularly large volume of medical data is required, which must be collected,
stored, protected, and anonymized.

The introduction of a new medical practice requires mandatory validation and
certification, which is also costly for a medical institution both in terms of time and
finances. Finally, compliance with international and local laws, policies, and practices is
required, which can be a deterrent to implementation. At the same time, integrating new
services with traditional research, familiar to patients, can be expensive and difficult,
and the likelihood of sabotaging and ignoring the latest services using Al technology by
patients of a medical institution is very high.

Conclusion

In this paper, the main areas of artificial intelligence are considered, the prerequisites
for the popularization of machine learning and computer vision in the field of medicine
are determined, and the areas of application of computer vision in medicine are considered.
The authors studied the reference model based on the source [4], and proposed a modified
model of IT and technological architecture of a modern medical organization, using
computer vision algorithms in its work. The article briefly described the advantages and
possible difficulties that may prevent the introduction of computer vision into the main
processes of hospitals.
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AnHotauus. [IpencraB/ieH psig BepXHUX U HHXKHHUX OLEHOK MJISi PACCTOSTHUE MO BapHAaLlUK MeXIy
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pacCTOSTHUH 10 BapHallMK MeX1y OJHOMEPHBIMU rayCCOBCKUMH, MEXIY ABYMS MyacCOHOBCKHMH,
MeX1y IByMsi OMHOMHAJbHBIMH pacrpelneseHUs MU, MexXAy OWHOMHUAJNbHBIM U MyacCOHOBCKHUM
pacrpeneseHUsIMA U MeXIY [IBYMsl HeraTUBHbIMH OWHOMHAJbHBIMH pacrpeleseHUsiMU. Takxke
uccnenyercst paccrosiue Kosmoroposa — CMupHOBa.

KuioueBble cjoBa: pacrpesiesieHre BEPOSITHOCTEH, pacCTOsIHHE BapHalH, HepaBeHCTBO [1MHCKepa,
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Introduction

A tale that becomes folklore is one that is passed down and whispered around. The
second half of the word, lore, comes from Old English lar, i.e. 'instruction’. Different
bounds for the distances between the most popular probability distributions (see [1])
appear in many problems of applied probability. Unfortunately, the available textbooks
and reference books do not present them in a systematic way. In this short note, we
make an attempt to fill this gap.

Let us remind that for probability measures P, Q with densities p, ¢

TV(P.Q) = sup [P(4) = Q) = 5 [ Ip(w) — a(wldu.

ACRA 2

Let us remind the coupling characterization of the total variation distance. For two
distributions P and Q, a pair (X,Y") of random variables defined on the same probability
space is called a coupling for P and Q if X ~ P and Y ~ Q.

One of the useful facts is that there exists a coupling (X,Y’) such that P(X #Y) =
= TV(P, Q). Therefore, for any function f, we have P(f(X) # f(Y)) < TV(X,Y) with
equality iff f is reversible.

1. Gaussian distributions

The total variation distance between one-dimensional Gaussian distributions is equal
to

7 =7(X1, Xz) = TV(N (1, 07), N(pi2, 03))
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and it depends on the parameters A = |§|, with § = y; — po, and o?, o3

1
300 min [1, max|

l0? — o3| 40A ]<T< 3lo? — o3 N A

2

min[o?, 03] min|oy, 9] T 2max[o?, 03] 2max(oy, 05

In the case o} = o3 the following identity holds: 7= ®(£) — 1.

1.1. Pinsker’s inequality

In the general case, the upper bound is a version of Pinsker’s inequality [2] for
T(Xl, XQ) = TV(Xl,XQ)I

7(X1, Xo) < min{1, /KL(Px,|[Px,)/2}, (1)
where ) ) )
1 /0o A o
KLPy |Pyx)=-[=2—-14+= —In22).
PP =3 (Z -1+ 5 -0 2)

For multidimensional Gaussian case

KL(Px,|[Px,) = = (tr(S7'S, — I) + 6"S7'6 — Indet (5,57 1)) .

N | =

Let us prove the Pinsker’s inequality (1).
We need the following bound

|x—1|<\/(§+2§) o(x), ox)=xlnzr—2x+1. (2)

[f P and Q are singular, then KL = oo and Pinsker’s inequality holds true. Assume P
and Q are absolutely continuous. In view of (2) and Cauchy — Schwarz inequality

1 1 P
7(X,Y) :§/|P—Q| :§/C]|5_1|1{q>0} <

(4] (o)
= G/pln(g)l{qw}})m = (KL(P||Q)/2)"/.

To check (2) define g(z) = (z — 1)? — (5 + %) ¢(z). Then g(1) = ¢'(1) = 0, ¢"(z) =

= —4@& < 0. Hence,

T

1)? = —%(m —1)*<0.

6¢
Remark. Mark S. Pinsker was invited to be the Shannon Lecturer at the 1979 IEEE
International Symposium on Information Theory, but could not obtain permission at that

time to travel to the symposium. However, he was officially recognized by the IEEE
Information Theory Society as the 1979 Shannon Award recipient.

o(z) = 9(1) + () — 1) + 24"(E) (x —
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1.2. Le Cam'’s inequalities

Le Cam’s inequalities were presented in [3] for Hellinger distance defined by

o) = s (i@ V@ﬂwﬂmym

as follows:
1/2

n(X, V) <7(X,Y) <n(X,Y) (2 -n(X,Y)?)
For one-dimensional Gaussian distributions we get
V20102 ity
——e¢ itz
Vol + o3

Let us present the proof of Le Cam’s inequalities (3).

From 7(X,Y) = 3 [|p — ¢/ = 1 — [min[p,¢] and min[p,q] < /pg, it follows
T(X,Y) > 1— [/pg = n*(X,Y). Next, [min[p,q] + [max[p,q] = 2. Therefore, by
Cauchy — Schwarz inequality we get

(o - s < f i
= [winlp.a) (2 [ miniq)).

(1-n(X,Y)?)* < (1 —7(X,Y))(1 +7(X,Y))

(3)

n(XaY)Q =1-

Hence, it follows from

that
1/2

T(X> Y) < 77(X> Y) (2 - 77(X> Y)Q)

2. Poisson and binomial distributions
2.1. Two Poisson distributions

Let X; are Poisson distributed random variables, i.e. X; ~ Po();), where 0 < A\; < Xs.
Then the distance between two Poisson distributions is

A2
T(Xl,xg):/A P(N(u) =1 — 1)du < min [Ag Al,\/g(\/fg—\/x)],

where N(u) ~ Po(u). Here [A\] <1< [A], and

L=1(M, %) = [(A2 = M) (In (Aa/ M) 1.

2.2. Distances between binomial distributions

Let X; are drawn from binomial distributions, i.e. X; ~Bin(n,p;), 0 < p; < py < 1.
Then the distance between two binomial distributions is equal to

T(Xl,Xz) = n/p2 P(‘Snfl(u) =1- 1>du S g(l —1/}55?192__}?1]31))27
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where S,,_1(u) ~Bin(n — 1,u) and ¢ (z) = z,/5—%2~. Finally, define

2p1(1—p1)

—nln(1l — B=LL)
l — P1
ln(l + p2p—1p1> _ ln(l _ P2—p1))

1=p1

with [np;] <1< [npo].

2.3. Distance between binomial and Poisson distributions
Let X ~Bin(n,p) and Y ~Po(np), 0 < np < 2 — /2, then

T(X,Y) =np[(1 —p)" ' —e ™).

For the sum of Bernoulli r.v. S,, = > X; with P(X; = 1) = p; we have
j=1

7(S,, Yy) Z|PS = k) ——e )‘”\<sz,

where Y,, ~Po(\,), A\, =p1 +p2+ ...+ p, [4]. A stronger result: for X; ~ Bernoulli(p;)
and Y; ~ Po(\; = p;) there exists a coupling such that

(X3, Y;) = P(X; #Y;) = pi(1 — ™).

2.4. Distance between negative binomial distributions

Let X; be drawn from negative binomial distributions, i.e. X; ~ NegBin(m,p;),
0 < p; < ps <1. Then

T(X1, Xo)=(m+1-1) /Pz P(Smii—2(u) =m — 1)du,

p1

where S,,(u) ~Bin(n,u) and
111(1 + pz—m)
l: _ b1
( mln(l _ I’z—m)—l

1-p1
with [mi222] <1 < [mir],

3. Multidimensional Gaussian distributions
In the case of multidimensional Gaussian distributions the distance is
T =TV(N (p1,%1), N(p2, X)) ,

where X1, Y, are positive-definite.
Let 6 = p3 — po and II be a d x (d — 1) matrix whose columns form a basis

for subspace orthogonal to §. Let Ay,...,\;1 denote the eigenvalues of the matrix
d—1
(HT21H)_1HT22H — Id_1 and A = Z )\ZQ If M1 7é M2 then
i=1
L minfL, (6, 51, )] < 7 < 2 min[1, (8, Ty, 5o), 4)
200 min 1, 242 \’T 2111111 1, 242
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where
0T(B —32)0  VoT6 \
00 VTR0

In the case of equal means p; = po the bound (4) is simplified as follows:

(0, %1, 35) = max [

1 3
—— mi <7< —-mi .
100 min[l, A\] < 7 < i min|1, \]

[ d
Here \ = )\]2., Al,...,\q are the eigenvalues of X;'3, — I; for positive-definite
j=1

21, s In the case 3y = %, the following equality holds: 7 = @ (||£71/24]|/2) — 1.

Let us present below the sketch of proof, cf. [5].

Let X; ~N(u;, %;),7 = 1,2. Without the loss of generality we can assume that ¥, ¥,
are positively definite as

TV(N(0,%,), N(0,%5)) = TV(N(0, 173, II), N (0, ITT $,11)),

where II is d x r matrix whose columns form orthogonal bases for range(X;3). Denote
w=(py + p12)/2,8 = p1 — o and decompose Vw € R? as

w=u+ f1(w)s + fa(w), fo(w)'§ = 0.
Then

max[TV(f1(X1), f1(X2)), TV(f2(X1), f2(X2))] < TV (X1, Xp) <
< TV(fi1(X1), f1(X2)) + TV (f2(X1), f2(X2)).

All the components are Gaussian and fi(X;) wN(1 5T215>, f1(X3) ~N< L ‘STEZ‘S),

27 5Ts T2 76T
F2(X1) ~N(0, P, P), fo(Xy) ~N(0,PE,P), P =1, — %= We claim that
5T (2 — 29)8 40V/67T6
—min |1 < TV(f1(X1), f1(X2)) <
500 min |1, max [ 29Ty, 5 —5T§315 (fl( 1) fl( 2))

PO VTS
= 2576 26725
Then

1 3
ﬁmm[l,)\] < TV(f2(Xq), f2(X2)) < §>‘>

1/2
d
where \ = (Z )\j> and )\; are the eigenvalues of X%, — I,
j=1

Here we present only the proof of the upper bound. Let d =1 and o5 > ¢;. Then for
2
T = % we have z — 1 —Inz < (z — 1)? and, by Pinsker’s inequality,

o5 o2 A2
TV (N(p1,07), N(pz, 03)) < —\/—3 —1-In2+5 <
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<oy/2-1-Im=2+-,/=<
S 2\ o7 na%+2 o2 2 0’% 201

For d > 1, by Pinsker’s inequality, one gets the upper bound in the case p; = s = 0: if

d d
ATV (N(0,%4),N(0, %)) Z)\l—ln +\) Z —

4. Kolmogorov — Smirnov distance

Kolmogorov — Smirnov distance (only for probability measures on R) is defined by

I’I’I(P, Q) = sup |P<—OO, l’) - Q(—OO,$)‘

zeR

We have

m(P,Q) < TV(P,Q).
Suppose X ~ P, Y ~ Q are two random variables and Y has a density with respect to a
Lebesgue measure bounded by a constant C. Then

Kolm(P, Q) < 2/CWass, (P, Q),

where Wass; (P, Q) =inf[E| X —Y|: X ~P. Y ~ Q].
Let N(t) ~ Po(t) then, via integration by part,

P(N(t) <n) = Ze_t;;l /too e‘“Z—Tdu = /too P(N(u) = n)du.

Hence,
KOlm(Xl,Xg) = T(Xl,XQ) = P(XQ > l) — P(Xl = l) =

A2
P, < 1)— P(ngl—l):/ P(N(u) = [ — 1)du,

where [ = minlk € Z, : f(k) > 1] and f(k) = %.

Conclusion

This short review discusses only the most popular and well-known inequalities.
Another interesting cases, i.e. the total variation distance between Binomial distribution
and Gaussian with equal parameters, deserve special attention. Also, applications of these
bounds in different problems of mathematical statistics, including classification theory
and machine learning algorithms, are a rich field in the state of extensive development.
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AnHoranusa. PaccmarpuBaercsi 3agada (popMHPOBaHHUS (DYHKLHOHAJNBHOH CTPYKTYpPbl CHCTEMBI
IPraTHUYeCcKOro yrpaBJ/ieHHsl CJIOXKHBIM (cab60 (opMasnu3yeMblM) MPOHW3BOACTBEHHBIM 00BEKTOM
(TeXHOJIOTHUECKHUM arperaToM, 4esJOBEKO-TEXHHUECKHM KOMIJIEKCOM, MPOHU3BOIACTBOM), pelleHHe
KOTOpo# 6asupyeTcsi Ha MPUMEHEHNH MpeLeleHTHOTO MOAX0Aa K BhIpa0OTKe U peasu3alrH yIpaBJs-
IOIMX pelneHUi (Bo3nedcTBuit). [IpencTaBieHa noctaHoBKa 3a1ayn CUHTE3a MPOLELYPhl MOCTPOEHHS
YIPaBJSIOIINX pPellleHui B apratudyeckoil cucteme. /laHo onucanue knaccudeckoro CBR-nmkia
NPUHATHUS NpeLeleHTHbIX pelleHUH U pa3paboTaHa ero MOAH(HKALMS, YUATHIBAKOIAs 0COOEHHOCTH
rnpolecca yrnpaBJeHHs CJI0XKHbBIM 00bekToM. OmnpesesieHbl OCHOBHbIE MOJACHCTEMbl U YKPYITHEHHbIE
(hyHKIMOHaJIbHBle OJI0KH yIpaBJsitollell cucteMbl. [IpencraBiaeH npumep npuMeHeHHs (yHKILIHO-
HaJIbHOU CTPYKTYPbl CUCTEMbI MPELEeNeHTHOr0 yIPaBJeHUs IPUMEHUTENbHO K TPOU3BOACTBEHHOMY
TpoLecCy BHIIJIAaBKH CTa/JHU B KHUCJOPOAHOM KOHBepTepe.

KiroueBble cjI0Ba: CHCTEMa 3PraTHUECKOro yIpaBJeHUs], IPOU3BOACTBEHHBIH 00BEKT, MpeleneHT-
Hbld nonxon, CBR-1uks npuHATHA pelieHUH, (PyHKIHOHAJbHAS CTPYKTypa, METPUKH OJHM30CTH,
ONTHMaJbHBIA BBIOOD MpeLefeHTOB.
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[Ie[IEHTHOTO YIPAaBJEHHUs] CJIOXKHBIM MPOU3BOACTBEHHBIM 0ObekToM| // M3BecTuss CapaToBCKOro
yHuBepcuteta. HoBas cepus. Cepus: Maremaruka. Mexanuka. MHpopmaruka. 2022. T. 22, Bbim. 2.
C. 241-249. https://doi.org/10.18500/1816-9791-2022-22-2-241-249
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Introduction

The problem of automated control of poorly formalized production facilities (PFPF),
which include many technological units and human-technical complexes of different
industries, today cannot be recognized as effectively solved on the basis of the traditional
(model) approach. This is due to the following factors: a wide variety of states of objects;
intensity, complexity, multi-connectivity, and nonstationarity of production processes;
incompleteness and errors of control of numerous parameters; multi-mode operation and
variability of the characteristics of machines and units during operation; multivariance
of products; the presence of a person in the control system. The named factors, as well
as the insufficient efficiency of modern automated management of many PFPFs, induce
to look for other approaches to making management decisions [1-4]. In particular, to
develop the theory of decision-making and the theory of control of objects belonging
to the class of PFPF, in the direction of creating automated (ergatic) control systems
capable of accumulating and using field data on the practical experience of developing and
implementing control decisions. In this paper, we consider the problem of constructing
the functional structure of the ergatic control system of the PFPF, based on the method
of precedents (precedent control systems, PCS). The latter allows you to move from a
model approach to making control decisions to go to a full-scale model [5] and full-scale
approaches, which are limited to the use of models of the control object “in small”, verbal
models, or, in some situations, do without models.
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1. CBR-cycle of decision-making as the basis for constructing
ergatic control of PFPF

The method of decision-making based on precedents is widely known and is clearly
represented by the so-called CBR-cycle, [6-8]. The classic version of CBR (Case-based
reasoning) — the cycle includes 4 main stages of forming a solution for a new problem
(new situation):

— retrieving from the knowledge base of one or more solutions — precedents of similar
tasks (situations);

— reuse of the best solution-precedent;

- correction (adaptation, revise) of the selected precedent, taking into account the
peculiarities of the new task (situation);

— retention of a new use case in the precedent library.

Concretization and modification of the classical CBR-cycle in relation to decision-
making in the ergatic control system of PFPF consists in taking into account its features
associated with the presence of a decision-maker (DM), with a variety of situations in
the system (external influences, states of control objects, output actions, control impacts,
control objectives, constraints), with the implementation of the decisions made and the
results obtained, with the correction (retrospective optimization) of the implemented, but
insufficiently effective control actions, with the actualization of the precedent database.
The result of such concretization, in the form of a modified cycle for the development
and implementation of control decisions, is shown in Fig. 1.

New situational task

!

Description of the task
and situation

Selection of
precedents (tasks-
analogs) from BP

Retaining an optimized
precedent Retained precedents

| e—

A
Presence of

precedents
Base of -

precedents (BP)

Retrospectively optimized Selected precedents

ineffective precedent

| E—

Retention of an
effective Relevance analysis and|

|

|

|

|

. precedent | archiving of irrelevant
Retrospective |
AR precedents

optimization of |
|

controls Implemented precedent

Correcting the best
_________ precedent

Approved by DM
precedent

Corrected precedent 4—)

Decision formed by

the DM €-——-

Fig. 1. Modified cycle for the development and implementation of management decisions
in the management system of PFPF
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2. The proposed functional structure of the precedent
management system

The functional structure of the PCS is determined by the procedure for the formation
and implementation of management decisions. Such a step-by-step procedure for manage-
ment decisions in the form of a program of work for PFPF in the coming period includes
the following actions.

1. Determination of data related to the conditions of the task of forming a program of
work for a production facility in the coming period [¢,t 4 T7.

2. Search in the base of precedents for such programs of the object’s work, which
according to the initial conditions and the results obtained are as close as possible
to the conditions and required results of the task of the forthcoming period. The
metrics recommended in [9] can be used as optimality criteria, supplementing them
with restrictions on the admissible values of the parameters of the result obtained.

3. Correction of the control solution of the optimal precedent, taking into account
significant differences in the initial conditions of the new and precedent problem of
forming a work program. In this case, the model of the control object “in small”
is used, as presented in the work of the authors [10]. The decision-maker (for
example, operator-technologist, foreman, deputy head of the shop) participates in
the correction procedure.

4. The implementation of the resulting control solution is carried out by a special
subsystem after the approval of its decision-maker. Replenishment and updating of
the base of precedents include the following operations:

- reading of data corresponding to the implemented program of operation of the
production facility;

- retrospective optimization of the actually implemented work program, if it
has drawbacks (unforeseen downtime, errors of personnel, or automation
equipment, decrease in the values of performance indicators), using simple
rules for recalculating in increments;

— saving the actual (if there are no comments to it) optimized precedent;

- removal from the base of precedents of those instances that become obsolete
over time (due to significant changes in the characteristics of PCS, updating
the assortment of products, and for other reasons).

The general diagram of the precedent management system of the PFPF, corresponding
to the above actions, is shown in Fig. 2. The latter contains the following conventions:

— 7 denotes measurement information sensors;

- ? denotes executive devices;

- U, Y W, W are vectors of actual (with subscript d) control actions (decisions),
output actions, uncontrolled (subscript H) and controlled (subscript K) external
influences of the control object;

- UH, SH WH are vectors of full-scale (index H) signals of measuring information
about control actions, about the state of the object, about controlled external
influences, about the output actions of the control object;

— {PR"} is a subset of natural (subscript H) retrieved precedents;

— PR* is the optimal case solution.
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mathematical [11], as well as ontological [12] models. Updating the base of precedents
is necessary in cases where the base fills up quickly and some of its precedents
become obsolete, that is, it becomes very rarely in demand in new conditions. This part
complicates and lengthens the procedure for finding optimal use cases and should be
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3. An example of concretization of one of the subsystems
of the functional structure of the PCS

The general functional structure presented in Fig. 2 is further partially concretized in
relation to the production organizational system — the steelmaking shop, for which the
problem of the automated construction of the steel melting program is solved by each
shift brigade. Concretization refers to the subsystem for forming the base of precedents.
The problem of choosing the optimal precedent is formulated as follows [13]. Given:

1. The information model of the j-th smelt is a precedent, the structure of which

is enlarged in Fig. 3 and includes information: about the output effects Y; of the
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control object (the steel-making complex), control U; and controlled external W/
effects on the object, the parameters S; of the state of the main technological unit.
2. Formed at the current time base of precedents, including data Z;,{Y,U, W, S}, on
the set J = {j} of past melts of steel for a period of time 7" (month, quarter, year).
3. Many known measures (metrics, criteria) M = {my,...,mg} of the proximity of
situations for past and forthcoming steel melting.
4. Limitations that should be taken into account when selecting the best case heats:
— the precedent should include the steel grade specified for the upcoming
melting;
— the actual precedents should include only those steel melts that were smelted
further than a day (week, decade, month) before the upcoming melting;
— an acceptable precedent (for rarely smelted steel grades) can be melting
performed on another similar unit of the workshop.
[t is required to choose on a set M the best metric of the proximity of the past and
present melts of steel and to develop an algorithm for selecting a given number of optimal
melts according to the criterion of the proximity of situations — precedents that satisfy
the constraints.

Information model of the precedent

Description of the situation Control actions Smelting result

Specified steel grade and weight Weight of cast iron poured into
the converter, tons

Smelting parameters, %

Chemical composition of cast iron 0
P Weight of scrap, tons Slag parameters, %
Chemical composition of scrap o
T Weight of deoxidizers, kg Process gas parameters, %
| Chemical composition of ferroalloys | l l
| Oxygen consumption Smelting duration, min
: 3
Chemical composition of slag-forming for blowing, m l
| l Steel temperature, °C
. Time of start and end of blowing,
I Oxygen blast composition I . l
hour/min
l Melting weight, tons
Lance position during blowing, |
meters
l Actual cost of smelting, rubles

Weight slag-forming, kg

Fig. 3. Structure of the information model of the smelting-precedent

The following metrics were chosen as the initial set of proximity measures.
1. Euclidean measure dx(Z;, Z*), which is represented by the following expression:

n

de(Z;, 2°) = | > (2 — 22, (1)

i=1
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where Z; is the vector of parameters of the j-th precedent, Z* is the vector
of parameters of the upcoming melting; z;; is the normalized value of the i-th
parameter of the j-th precedent; 2z} is the normalized value of the i-th parameter of
the upcoming melting.

2. Hamming measure, represented by the expression:

u(Z;,7%) Z|zﬂ— (2)

3. The Manhattan measure is an extended case of the Hamming or Euclidean measure,
with the only difference that it uses the parameter importance coefficient, for
example:

dME(Z],Z*) = Zai('zji —Z;()Z, (3)

n

dvn(Zy, Z%) = Zai|zji -z, (4)

=1

where a; is the coefficient of the importance of the i-th melting parameter (as a
rule, a; € [0, 1]).
4. Generalized counting distance:

1 if 2 € (2F 262
do(Z;,2%) = ! i 5
o(Z;,27) g{o i o d (b 16Z) (5)

where dy(Z;, Z*) is the number of vector coordinates Z;, Z* by which these vectors
differ from each other by an amount less than the neighborhood +§7; of the vector
Z* coordinates {z}}.

The proposed human-machine procedure for selecting the optimal precedents includes
the following actions, which must be performed 10-20 minutes before the end of the
current steel melting.

1. The workstation of the decision-maker (foreman and operator of the distributor)
receives a task for the upcoming smelting (new situational task), containing the
parameters of the situation for a new smelting, including: a given smelt mass and
steel grade (chemical composition, temperature), the chemical composition of liquid
iron, scrap, ferroalloys, and slag-forming.

2. The decision-maker launches the process of forming the 2 closest, to the current
moment in time, samples from the base of precedents and an algorithm for selecting
several optimal precedents, while:

(a) out of 2 samples, subsets of precedents are selected that satisfy the restrictions
on the grade and temperature of steel, the weight of the melt, the presence of
bulk materials;

(b) on the basis of a given measure of proximity, a limited group of optimal
(that is, the ones closest to the up-coming melting in terms of the values of
situational parameters) precedents is formed,;

(c) representatives of the group of optimal precedents are consistently displayed by
decision-makers in a concise form, who, at their discretion, choose a use case
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for implementation. If the decision-maker does not find a suitable precedent,
then they can change the measure of proximity or constraint and again refer
to step 2.2 to form a new group of optimal precedents.
3. The decision-makers accept the selected precedent for implementation “as is” or
make adjustments to it.

Conclusion

The CBR-cycle of decision-making is considered the basis for constructing a procedure
for human-machine control of a poorly formalized production object. The general
functional structure of the precedent control system has been developed. The concretization
of individual modules of the functional control scheme associated with the selection of
optimal precedents for the production organizational system — steel-making workshop is
presented. Criteria and limitations are presented, as well as a procedure for choosing
optimal precedents from a regularly updated database of past steel melts.
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Iypa CTaHIapTU3alUHH HEeCTPYKTYPHUPOBAHHOH TeKCcTOBOH HH(opmauuu. [losydyeHHble mpoueny-
pBbl BKJIIOYAIOT 3TaNbl MIEHTH(PHUKALUK CHHOHMUMOB M OOIIMX TEPMHUHOB Ha OCHOBE COYETaHUS
noaxonoB TF-IDF u n-rpaMMoB /sl epeBelleHHBIX U TPaHCJUTEPUPOBAHHBIX TEPMHUHOB. 3aTeM
TMPeNJIOKEHHbIH aJrOPUTM TMPOBEPSIETCs HAa AaHHBIX, MOJYUYEHHBIX C MEXKPeruoHaJbHOH MIaT)OpPMBbI
online-pekpyTmeHnTa. AJroputMm obecreydBaeT NMPOBEPKY KOJIMYECTBA M3BJEUEHHBIX KJACTEPOB,
BKJI0Yast MepapXHUUeCKUH KJIacTepHbIH aHa/lIU3 U KOAJULUHOHHBIH MoucK [upBaHa — HolomaHa. Pesyib-
THpYIOIllee KOJMHUYECTBO KJIaCTEPOB MPOBEPSIETCs MPH TOMOLIM BHYTPEHHUX OLIEHOK TOCTOBEPHOCTH U
npenJaraeT Herepecekarolirecss HabOpbl TEPMHUHOB, KOTOPbIE OMUCHIBAIOT ONpeesieHHble I'PYIIIbI
npodeccuil B cekTope HHPOPMALIMOHHBIX TexHoJoruid. Ha ocHOBe moJsiyueHHBIX KJIacTepPOB XOPOILO
COBMajamllye U HeCOBMaalolie TePMUHBI HIEHTH(MULIHUPYIOTCS ¢ UCMONb30BaHWeM HHAeKcoB Cu-
aysta (Silhouette Index). YkasanHble B cTaTbe MpoOLEypPHl MO3BOMNSIOT MUHUMHU3HPOBATh yyacTHe
yesioBeKa B Mpolecce KAacTeprU3alyy U CO3/aBaTh HHTEPIPETHPYeMble KJIacTephl /s MOC/eayolle-
ro aHaausa. B mesom, noaxox K HIeHTH(PHUKALHH KJIaCTEPOB HA OCHOBE KaTeropHaJsbHbIX JAHHBIX
Tpe/CTaB/eH U NMPOTECTUPOBAH Ha BBIOOPKe OHJAMH-00bsABAEHHH 0 BakaHCHsIX. OH HMeeT GOJbLIONH
MOTEHIHaJ/ UCTONb30BaHUs [Js1 3a1au (POPMHUPOBaHHsI (PAKTOPOB B HUCCJENOBAHHUSIX MALIMHHOTO
oOyueHHs U JJIsl TIPUKJIaIHBIX HUCCAeIOBAaHUN PBIHKA TPYAa B SKOHOMHMKE.

KiroueBbie cioBa: OHJIAHH-00BSIBJIEHHS O BaKaHCHAX, Habop HaBblkoB B KT, HecooTBeTCcTBHE
npocdeccri, KJaacTepru3alrs BakaHCHIH, 00pab0oTKa eCTECTBEHHOIO f3blKa

Hdasa untupoBanus: Ternikov A. A. Skill-based clustering algorithm for online job advertisements
[Tepruxos A. A. ANTOPUTM KJacTepU3allM¥ Ha OCHOBe HABBIKOB [JIs1 OHJIaWH-00bSABJIEHHH O
BakaHcusx] // M3sectusi CapatoBckoro yHuBepcuteta. HoBast cepusi. Cepusi: Matematnuka. Mexa-
nuka. Mudopmatuka. 2022. T. 22, ein. 2. C. 250-265. https://doi.org/10.18500/1816-9791-2022-
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Introduction

Job seeking process involves employers, employees, state authorities, and the
educational system. In order to provide powerful matching signals, different parties
disclose skills that are required or possessed. From the side of the employer, skills contain
extended information about relevant experience, knowledge, and character required.
Especially in the IT-sphere, this information is highly valuable due to incessant changes
arising in the era of digitalization. However, new job occupations and professional tasks
with their own mix of competences are inevitably created. Thus, the particular set of
skills determines not only job occupations themselves but also new job directions in a
broad sense. The last-mentioned allows discovering issues of job occupations clustering
on the basis of skills required. Accordingly, the appropriate clustering approach should
satisfy at least the criteria such as a reasonable number of clusters for interpretation and
a stable connection between cluster elements. This paper introduces the novel clustering
approach for data structures based on linked sets of elements.

The paper’s structure is the following. Section 1 provides an overview of related
work about online job advertisements clustering issues and state-of-the-art approaches.
Section 2 describes the data sample extraction and processing of unstructured information
about skills. Section 3 contains the algorithm description. Section 4 provides results. The
last two sections relate to the discussion and concluding remarks.

1. Related work

Several studies highlight issues of the importance of certain skills in the IT-sphere.
Firstly, this branch of the labor market relates to the high volatility of technical and soft
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skills required [1-3]. Secondly, skills, especially technical, have an outstanding structure
due to the presence of precise formulation of programming languages, technological
stack, interface instruments, etc., so it is easier to classify them in attribution to several
job positions [4-7]. Thirdly, the adoption of new technologies requires to changing
combinations of skills of workers in order to perform newly created tasks [8-12].
The current paper is aimed to provide the clustering algorithm of vacancies based on
information about skills.

The existing clustering approaches used in related works have their advantages and
disadvantages. In general, algorithms are sensitive to the data structure and the initial
parameters set for a number of clusters. We can highlight the following state-of-the-
art clustering algorithms, which take associations between elements in set-based data
structures. For example, some researchers use Structural Topic Modeling, in particular,
Latent Dirichlet Allocation [13-16] and Latent Semantic Analysis [17, 18], that provide
probabilistic matching between textual tokens but the number of topics is set beforehand.
The other uses Hierarchical Clustering, which takes a dissimilarity matrix as input, but
the results can be unstable because of the empirical choice of appropriate linkage function
and the direction of clusters’ aggregation [19-21]. In addition, several works introduce
multiple-view clustering algorithms, which are based on several input matrices [22-24].
However, the initial parameter setting issues, such as choice of clusters number and
cluster collaboration strength is chosen empirically.

Concerning the experimental setting with job advertisements data, many studies
provide algorithms for information extraction from online vacancies. However, the way
of their implementation differs from the stated research task. For example, if the main
research objective relates to the process of matching the unstructured text fields from
job advertisements with the official classifier for occupations and skills classification
algorithms are implemented for the job titles and extended job descriptions [25-28]. The
other researchers use a data-driven approach where obtained data is manually corrected
by domain experts in order to provide the appropriate systematization [14,29].

2. Data collection and processing
2.1. Online job advertisements sample

The data are collected from one of the largest hiring platforms in the CIS (Common-
wealth of Independent States) region named HeadHunter (https://hh.ru). The typical
structure of an online job advertisement (vacancy) includes the main following fields:
vacancy ID, job name, specialization codes (from 1 to 6 professional area codes) publishing
date, area (region), description (unstructured text), skills (the set of the size from 0 to
30 elements that consist of unstructured texts each up to 100 symbols). The main stages
of the sample creation with the number of observations in parentheses are presented
below.

1. IT vacancies extraction (3,066,707 obs.) with “description” fields, containing not
less than 30 symbols and at least one “IT” specialization code according to HeadHunter
classifier (“1.*”: “IT, Internet, Telecom”)!. Time frame: from May 2015 till September
2019. The subset of specialization codes for “IT” includes 37 IDs in total.

2. Removal of ambiguous occupations by the classifier (2,815,605 obs.). Seven groups
are dropped: “Art Director”, “Content”, “Marketing”, “Sales”, “Producer”, “Business
Development”, “Other” (8.2% reduction).

'"HeadHunter API: Specializations, https://api.hh.ru/specializations?locale=EN
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3. Identification of portion with skills specified? (501,512 obs.): 28.7% out of 1,744,839
vacancies created since 2015.

4. Checking of the sample representation by professional codes: no significant
difference between the structure of specialization codes in the sample with skills specified
and in vacancies with non-specified skills is found by paired t-test (582 pairs of IT
specialization codes mixed with non-IT).

9. Checking of yearly difference for aggregation purposes by IT specialization codes:
slight diversification in combinations with the first presented year (2015) in terms of
the structure of specializations but in general no significant differences in median values
according to sign-test (Table 1).

6. Removal of duplicated entries by both “description” and “skills” fields (351,623
obs.). So, obtained yearly distribution of vacancies: 17,551 in 2015; 53,110 in 2016;
74,560 in 2017; 116,262 in 2018; 90,140 in 2019.

7. Checking the sample represented by the structure of regions where vacancies are
published. According to the t-test, the geographical structure of given data preserves
in the sample (p-value for 4,457 regions comparison is close to 1). The top-10 regions
(cities) in the cleaned sample represents 61.1% of the data (Table 2).

A. A. Ternikov. Skill-based clustering algorithm for online job advertisements

Table 1
Sign-test of paired yearly differences over
the structure of IT specialization codes

Table 2

Distribution of vacancies by regions

Year #1 Year #2 p-value Region (city) Country | Share, %
2015 2016 0.01 Moscow Russia 27.53
2015 2017 0.03 Saint-Petersburg Russia 11.68
2015 2018 0.07 Minsk Belarus 6.02
2015 2019 0.24 Novosibirsk Russia 3.29
2016 2017 0.87 Kiev Ukraine 2.44
2016 2018 1.00 Voronezh Russia 2.34
2016 2019 0.41 Ekaterinburg Russia 2.05
2017 2018 0.62 Nizhny Novgorod Russia 2.01
2017 2019 0.24 Almaty Kazakhstan 1.95
2018 2019 0.62 Kazan Russia 1.77

8. Extraction of all skills from the sample
(70,198 unique).

9. Removal of extra punctuation symbols
(except #, + at the end) and white-spaces;
lowercase applying; then, separation by
punctuation symbols followed by white-spaces
(60,111 unique).

10. Reduction of rare terms. The setting of
the threshold was obtained with Zipf’s curve
(Fig. 1). The term with the rank log 8 relates
to 28 occurrences in the sample, thus, all

log(frequency)

8 10
log(rank)

terms with the lower frequency are removed.
As a result of data processing, the sample of
IT vacancies consists of 351,623 observations.
In addition, the set of 3,034 unique frequent skills is prepared for further standardization.

Fig. 1. Zipf’s curve and threshold detection

The first vacancy with “skills” field was published in June 2015.
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2.2. Skills’ standardization

The general logic of skills’ (terms’) standardization is followed by the steps of similar
terms finding (synonyms) and generalized terms aggregation (the common term for the
particular subset of skills). Moreover, the steps of matching abbreviations and multi-
lingual terms processing are highlighted separately. In order to minimize the stage of
manual processing the following steps are made:

1) removal of extra punctuation and digits;

) splitting of terms into smaller ones with regexp “/|:|:7;

3) tracking of terms with white spaces (words reordering and stemming);

) finding potential abbreviations by the first letters extraction from terms with white

spaces;

5) translation of terms with Cyrillic letters using Yandex.Translate API® (from Russian

to English).
In the next step the following databases are obtained:

1) perfectly matched synonyms (281 observations);

2) potential synonyms after stemming (102 groups of 249 observations);
) potential generalized terms (83 groups of 699 observations);

) potential abbreviations (35 groups of 99 observations);

) perfect synonyms after translation (81 observations);

) potential synonyms after translation (38 groups of 128 observations);

7) potential generalized terms after translation (56 groups of 179 observations).
After manual processing of obtained databases, the terms that are not matched at least
in synonyms or generalized terms (1,969 terms) are processed with TF-IDF uni-grams
and bi-grams. Then, such processed terms are added to given databases. Finally, such
terms are merged with the database of synonyms (2,297 terms) and generalized terms
(1,394 terms generalized to 251).

Using the notation, which is given in the initial dataset such terms are matched with
obtained synonyms and generalized terms by the number of occurrences of the initial
term (or the written in Latin translated analog). Moreover, some narrow in their meaning
terms are substituted with generalized terms by the co-occurrence in the initial dataset.
So, at the endpoint of this stage 1,730 terms are obtained (including both synonyms and
generalized terms only) that are matched with the initial sample data. After matching
343,669 vacancies are stayed with at least one matched term from the obtained dataset
out of 351,623 (97.7%).

3
4
5
6

3. Vacancies’ clustering algorithm

The data structure of vacancies (343,669 entries) obtained after the previous step is
a 2-tuple (id, skills), where id stands fo ID of the vacancy entry and skills is a subset
of standardized skills (several from 1,730 terms) corresponding to such ID. Then, this
data structure is transformed into skills representation (1,730 entries), so, each skill
has a set of vacancy IDs. In order to perform the clustering procedure, the measure of
similarity between skills is needed. Following the data structure (categorical data), the
Jaccard similarity index and confidence metrics (over pairs of skills) seem to be the
most appropriate. In order to find Jaccard indexes, the MinHash procedure (introduced
in [30]) with one hash function over 100 members is performed. Based on obtained
indexes the relative confidence metrics were calculated.

3Yandex.Translate API, https://tech.yandex.com/translate/
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The main logic of an algorithm, introduced in this paper, is based on the automatic
finding of disjoint clusters of relatively equal size that are ready for human interpretation.
Inputs are taken from categorical data and represent dissimilarity matrices. One of the
relevant clustering algorithms, hierarchical agglomerative clustering (HAC'), deals with
symmetric dissimilarity matrices [31], so, three dissimilarity matrices were obtained.
Denote them as J (filled with 1 — Jaccard(A, B)), C1 (filled with 1 — conf(A — B)),
and C2 (filled with 1 — conf(B — A)), where A, B are sets of IDs for corresponding
skills.

The concise description of the algorithm and its supporting procedures (see Appendix),
which is presented below, includes the following steps.

1. Three dissimilarity square matrices (J, C1,C2) are taken as input. Indexes of such
matrices represent terms (skills in particular), where the i-th row and column attribute
to the same skill. Threshold ¢ (in current data it takes a value of 100) describes the
reasonable (for research objectives) number of elements in a particular cluster, where the
HAC procedure is needed to be stopped.

2. Detection ol aggregated items for all dissimilarity matrices. Iterated HAC
procedure with 2-cluster separation is run till the number of elements in the bigger
cluster is greater than ¢.

3. Filtering of obtained clusters by their average size and introducing the pairwise
aggregation procedure over clusters using the Girvan — Newman algorithm [32,33]. Then,
rearrangement of duplicated items in obtained clusters for each input matrix. Finally,
rearrangement of items in obtained clusters for three input matrices between each other
with recalculation of dissimilarity measures.

4. Iterated reduction of the number of clusters by merging smaller-sized clusters with
bigger-sized ones obtained with the cut-off.

5. Matching of non-matched terms obtained on the second step with given clusters.
Then, the previous step is repeated.

6. The result of the algorithm is a disjoint set of clusters including all input terms.

4. Results

The algorithm proposed in the previous section is applied to the data sample obtained
in Section 2. The final number of clusters is 13. Seeing the fact that the data itself is
non-labeled and the algorithm takes three dissimilarity matrices as an input only internal
validity could be assessed. The choice of the indexes is adapted for the input data in
accordance with [34]. So, three measures are assessed: C' index [35,36], I' [37] and

G(+) [38].
The results for all different input matrices Table 3
and their transformations are presented in Internal validity
Table 3. The clusters, their sizes, and main [Parameters | C index | T | G(+)
representatives are given in Table 4. J 019 10121 0.10
According to provided measures, clusters C1 0.25 002 | 0.11
have a low proportion of disconcordant elements. C2 0.39 |0.04] 0.11
However, due to the presence of terms that max; H; 0.20 0.12 | 0.10
are highly related to several clusters, certainly min; H; 0.36 | 0.01]| 0.11
matched terms could be separated from the other > Hi/3 030 | 0.05] 0.10

terms for further analysis. Silhouette scores [39]
are calculated for such separation. So, 293 terms (16.9% from all) with negative Silhouette
scores are supposed to be mismatched (negative values indicating the presence of the
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Algorithm Skill-based Clustering
Input: H = (J,C1,C2) is a set of dissimilarity matrices, ¢ is a threshold
Output: C' stands for obtained clusters

: Let D = (d1,d2,d3); U is an ordered set of terms (indexes of input matrices)
Iterated HAC
: for 7 in H do
ji=t+1, m:=1
while j >t do
s < HAC(H;) with 2 clusters: s = (s1, s2)
sk = (ng,ug), k = {1,2}, where ny is a number of items, wuy is a set of items
D;[m] < u,4, where g = arg min(ny, ns)
m:=m+ 1, j := max(ny, ny)
H,; < sub-matrix of H; without rows and columns for u, terms
10: end while
11:  D;[m] < u,4, where g = arg max(ny, no)
12: end for
Relatively big clusters extraction
13: for 7 in D do

—

R R A

14:  |d| is a mean number of items among d; € D;, where [ € [1,|D;]
15: D« {dy C D;: |di| < |d], k € [1,]|D;] — 1]}
16: end for

17: D « JCLUST(D,, Ds, 0)

18: U + CCLusT(JDUPL(D;), JDUPL(D,),0)

19: U « JCLUST(U, Dy, 0)

20: S + CCLUST(JDUPL(U;), JDUPL((),), 0)

21: A« JCLust(U, S, 1)

22: B+ CCrusT(JDUPL(A;),JDUPL(A,), 1)

23: Bl <+ Bi(1): By(2)=1,i€[1,|B]]

24: B2« B;(1): Bi(2) =2,1€[1,|B]]

25: C' < SBCLUST(B2, B, 3)

26: while |C|#|SBCLUST({¢;(1) € Cl1: ¢;(2) = 1}, {c:(1) € C: ¢;(2) = 2}, 1)| do
27:  C + SBCLUST({¢;(1) € Cl: ¢;(2) = 1}, {c;(1) e Cl: ¢5(2) = 2}, %)

28: end while

29: F + {U\ {ci(1)€Cl1}} is a set of non-matched terms

30: C' <+ TMATCH(F, C)

3l: v = %

32: while {c;(1)cCl: ¢;(2) =1} ¢ @ do

33:  while |C|#|SBCLUST({c;(1) €ClL: ¢;(2) = 1}, {cs(1) €Cl: ¢;(2) = 2}, v)| do
34: C «+ SBCLUST({c;(1) €O ¢;(2) = 1}, {c;i(1) € Cl: ¢5(2) = 2}, v)

35:  end while

36:  vi=g
37: end while

39: return C
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term in different clusters), the rest of the terms with non-negative scores indicate the

relation to one cluster (well-matched terms). The resulted word clouds are presented in
Fig. 2.

Bug Tracking Systems
Multithread Programming
Unreal Engine

result orientation Animation Shell Seripting .
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MS SQL Server repair Project Documentation Backend diagnostics
optimization contextual advertising receivables  product - Engineering atlassian  distance learning
responsibilty  business correspondence gamedev \is Office ~ Marketing Analysis — AXAPTA
Communication skills equipment  AngularJS wifi netw"ng branding  administration MS Project )
the company Business communication Junit  unitysp  Jira Pl Design ©enios Visual Basic
Sales Management  \Windows Negotiation skills cnc macr;n:csuser promotion aF’R tomation marketing strategy
i u | ETL
Phone Calls contracts _ ' IBM
acsunin Project Manager — gonrects cidtore gk organizational skills  Mc0S
Java Git SQL technlcal website audit Algorithms PawerShell
Sprin, g 1C Bitri ython ~  staff training user qug‘nurt M n m n teaching
W =, Management .
MVC customer PHP CSS Ilteracy Soearch programmer g oo
calls Tragi Excel SharePoint ~ Scrum FTP Bootstra HmoCRM
'rl?eg;?ng OB%P HTM L teamwork API Code\gni(e?re on CMS p primary documents
content TSSNG, J S t Adobe  sie email personnel management  Business Planning
iOSy and C++ ava Crl p Yii NcELfrstongeRrMengagement Teamleading copywrltlng Perl ui testing  MATLAB
documentation . MSSQL Linux System Analysis  fechnical support  Word OpenGL
SAP google social network highload
dit
1c programmlng ‘ MySQL jQuery AASP NET Google API Software Development Umt Testlng
setting up the pc PostgreSAGL. SEO  English Sjaall:s Skmssoﬁware setting paperwork Helpdesk  server Development
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Web Design  Advertising Framew?rk q Celery  Event Management Microsoft
writing skills Presentation skills configuring dns Account Management marketing research retail trade !
server administration CLE  Training competitive analytics management reporting
Internet Marketing web analytics systgm _admm’::tratlon
Team management REST usiness Management
Client management ~ Nginx the collection and analysis of information
a b

Fig. 2. Word clouds of terms and their frequencies separated by Silhouette scores:
a stands for top-100 well-matched terms; & stands for top-100 mismatched terms

The results of clustering provide some insights for further research. For example,
the algorithm detects some supporting areas such as marketing and management that
are obtained separately from the main provided IT technologies. So, the researcher may
decide the comparison of managerial skills and senior positions or just concentrate on the
technical skills only. The other advantage relates to the quite clear separation between
“hard” and “soft” skills. It allows to maintain and update already existing databases of
such skills (see e.g. [4-6]).

Comparing the introduced approach with the traditional clustering algorithms (for 13
clusters), we mention the relative cluster size and internal validity scores. Our approach
allows us to obtain relatively the same-sized clusters based on three dissimilarity
matrices (the variation coefficient of the number of cluster elements equals 0.83).
However, by providing traditional Hierarchical Clustering with several agglomeration
methods* over different variants of the input matrix (provided in Table 4) we obtain an
unbalanced clusters distribution. Intervals for variation coefficients of cluster numbers
in attribution to different methods are as follows: [1.33,3.17] for “ward.D”, [1.95, 3.18]
for “ward.D2”, [3.37,3.57] for “UPGMA”, [3.39,3.53] for “WPGMA”, [3.54,3.58] for
“WPGMC”, [3.55,3.58] for “UPGMC”.

Observing the relative distribution of elements among clusters, we can note that
traditional clustering approaches are inferior to Skill-based Clustering, but due to
the highly-skewed proportion of cluster members (on average one of the clusters

Clustering was implemented with “hclust” function in “R”, https://rdrr.io/cran/fastcluster/man/hclust.
html
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Table 4

Obtained clusters

Name

Size

Top-15 representatives

Marketing

Hardware

Big Data

Software

Administration

Security

Web Design

Engineering

Analytics

Soft Skills

Management

Testing

ERP

110

184

o7

467

96

52

104

70

83

140

76

80

211

SEO, Advertising, google, technical website audit, contextual
advertising, Internet Marketing, optimization, web analytics, Yandex
Direct, yandex, social network, site, SMM, search, project

Linux, Windows, equipment, server administration, configuring dns,
network equipment, setting up the pc, software setting, IP, TCP,
pc repair, server configuration, Active Directory, Windows Server,
maintenance

Python, C++, BigData, Data Analysis, Machine Learning, SCALA,
Hadoop, ElasticSearch, Mathematical Statistics, Data Mining, Spark,
Mathematical Modeling, Data Science, Kafka, Cassandra

HTML, JavaScript, CSS, PHP, SQL, Git, MySQL, Java, OOP, jQuery,
C#, PostgreSQL, MSSQL, 1C-Bitrix, Framework

SAP, C, Unix, Unit Testing, Qt, STL, System Integration,
Teamleading, Boost, ABAP, Unreal Engine, ARM, Embedded,
teaching, sed

audit, Information Security, Cisco, security, competitive analytics,
antivirus protection network, means of cryptographic protection
of information, technical means of information protection,
implementation of information systems, domains, Juniper, audit
information systems, SIEM, DLP, Check Point

Adobe, Testing, organizational skills, copywriting, Bootstrap, Web
Design, writing skills, content, Functional testing, UI, Graphic
Design, UX, layout, video, writing

Design, Project Documentation, repair, documentation, Engineering,
control, AutoCAD, Visio, gost, automation of processes, process
control system, circuitry, programming, circuit design, normative-
technical documentation

Excel, technical support, processing, database, powerpoint, ERP,
Reporting, paperwork, Financial Analysis, VBA, financial statements,
SAP ERP, work with current customer base, analytical studies,
primary documents

Communication skills, responsibility, result orientation, stress
resistance, diligence, Customer Support, care, analytical thinking,
Event Management, Bitrix, dedication, punctuality, Game
Development, E-Mail Marketing, initiative

Management, personnel management, administration, ui testing,
Recruitment, dbms, BI, Delphi, Business Planning, Web Application
Development, Xcode, ExtJS, Strategic Planning, mobile app,
personnel evaluation

QA, Business Analysis, Selenium, modeling of processes, UML,
BPMN, ITIL, Redmine, ITSM, Blockchain, banking software, IDEF,
Test Automation, Quality Control, manual testing

sales, Project Manager, teamwork, Negotiation skills, English,
literacy, Business communication, 1C, customer, Presentation skills,
business correspondence, accounting, lc programming, B2B, the
company
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contains more than 55% of observations) internal validity scores are better. Accordingly,
for “ward.D” method the internal validity scores varies as follows: [0.05,0.18] for
C' index, [0.55,0.89] for I', [0.02,0.11] for G(+). Interpreting the obtained results, we
denote the higher proportion of compact clusters (with smaller distances between
elements) compared with Skill-based Clustering in accordance to I'. Such performance is
caused by the relatively high number of small-sized clusters (typically from five to ten
elements) obtained after traditional Hierarchical Clustering. Moreover, the C' index also
indicates that overall pairwise distances among elements from the same cluster are lower.
Interestingly, the G(+) index, which indicates the proportion of disconcordant pairs of
elements is not substantially different from Skill-based Clustering procedures.

Thus, the proposed in the paper algorithm mainly deals with the task of relatively
same-size clusters identification provides their number, and precisely allocates sub-
clusters. Taking into account internal validity scores estimations, the point for the
discussion is between interpretability of obtained clusters and sub-clusters detection.

5. Discussion

The algorithm provided in the current paper is performed to prevent unnecessary split
of clusters into smaller ones and at the same time to avoid too much clusters aggregation.
The research objectives are satisfied in the matter of detection of relatively same-sized
clusters which could be described by a human. The novelty of the current study is the
skill-based approach and the usage of the initial categorical data structure where only
unweighted links between categories exist. However, it is hard to validate the result of
the clustering (especially based on multi-lingual data) on the basis of specific classifiers
of occupations and skills that are officially introduced and used for job position names
validation in the other studies. Moreover, the database of some software developers’ skills
(e.g. the data from the annual Stack Overflow Developer survey®) cannot cover the
whole IT sphere with hardware and support specialists. In addition, newly created sets of
vacancies broaden the links between several skills from different professional occupations
and tasks performed in the modern IT sector.

The overall algorithms’ procedures are aimed to automate data pre-processing for
further use. Followed by the steps of skills standardization the main proposed algorithm
solves the task of particular skills reallocation among the reasonable (interpretative)
number of clusters. Thereby, it is difficult to talk about the time and memory complexity
of the algorithm because of the combination of different algorithmic techniques and their
iterations from one side. On the other side, research objectives do not rely on the inner
performance but the result expressed in the content of obtained clusters. Such clusters
could be interpreted by the sub-field or purpose of usage in the IT sector. However, there
is a tiny amount of entries that might be put into different groups because the algorithm
itself is data-driven and it processes only the categorical data flows.

Conclusion

The provided algorithm extends the traditional Hierarchical Clustering by the
proposition of several dissimilarity matrices as input, which allows for obtaining more

5Stack Overflow Annual Developer Survey, https://insights.stackoverflow.com/survey
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stable results (clusters) compared to a traditional approach. Given procedures help to
get relatively same-sized clusters for further interpretation by providing the cluster-size
threshold. Moreover, the algorithm is scalable for applied data science tasks, which
are based on associations inside the sets of elements, in particular for categories in
natural language. For example, market basket analysis (clustering of customers’ receipts),
topic modeling (detection of common semantic patterns), recommendation systems (user
experience pattern recognition), etc.
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Appendix

Algorithm’s procedures

JCLUST aggregates clusters on the basis of the Girvan - Newman algorithm and similarity indexes;
returns enlarged clusters.

TMATCH takes the set of terms and adds them into given clusters using similarity metrics;
returns clusters, filled-in with new terms.
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Procedure 1

JCLUST(X, Y, switcher)

1

2
3
4:
5:
6
7
8

9:
10:
11:
12:
13:
14:
15:
16:

: Let S =X xY; M is an edge weights vector for the Girvan — Newman algorithm
. if switcher = 0 then

for s in S|sd(0) 5.0
s(x)NSs(y
Ms < Tss@oss
end for
M« My : My >1.5-IQR(M)
. else

for s in S do

1Ss(@)NSs ()] 1S5 (2)NSs ()]
Msemax( S@ 0 [S()] )

end for
M+ Mg: My > 2
end if

Let [ number of communities obtained with the Girvan - Newman algorithm over M
Cll + the set of community items, N stands for clusters that are not in communities
M« (C,N)

return M

Procedure 2

TMatcH(F, C)

._.
e ©

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

P NN

while F'¢ & do
for f in F' do
C2 < sub-matrix of C2 with rows stands for the term F
Let £ be the vector, where |k| = |C|; m =1
for ¢ in C do .
C2 - sub-matrix of C2 with columns stands for C. terms
if C2ij¢® Vi € [1, ’Ff”,j € [1, |CcH then
klm] < Z'iﬁ' ZLC:?\ (/j\zij
else
k[m] <0
end if
m:=m++1
end for

if |[argmax k[m|| = 1 then
Cargmaxk[m] (1) — Cargmaxk:[m] (1) U Ff
end if
end for
F«{U\{a(1)eCl}}
end while
return C
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JDupL rearranges duplicated items from the set of overlapping clusters and returns disjoint ones.

Procedure 3
JDUPL(X)
I: m:=1
2: while m > 0 do
3 LetH:{(xZ-, l;, Z')‘.%'Z'EX“ li:‘Xi‘,iE [1, ‘XH}
4 H1={(z;, I(argmin L))| L C H;(2), I C Hy(3) : z; € H;}
5: X < the set of new communities obtained in H1
6: if $i,j: H;(1) = H;(1), i # j then
7
8
9
0

m:=0
end if
: end while
: return X

SBCLUST takes small and large clusters (by the number of elements), merge small clusters to
bigger ones with similarity threshold; returns enlarged clusters.

Procedure 4
SBCLUsST(X, Y, threshold)
1. t:=1,s:=1
2: for z in X do
3:  C1 <« sub-matrix of C1 with rows stands for X, terms

4. Let k be the vector, where |k|=|Y|; m:=1
5 for y in Y do -

6: C1 < sub-matrix of C1 with columns stands for Y}, terms
7 it Cl;;¢@ Viell,|X,],j€[1,]Y,]] then
8 k[m] — MaX] <] X, |,1<5<|Yy Clij

9: else

10: klm] «+ 0

11: end if

12: m:=m+1

13:  end for

14:  if maxk > threshold then

15: Rs + (t, argmax k[m])

16: s:=s54+1

17:  end if

18: t:=t+1

19: end for

20: for r in R do

2L Yoy = Yogg) U X

22: end for

23 X« X;:i1¢{Rj(1) e R:j €1, R[]}

24: J + {{(z,1): 2 € X} U{(y,2) : y € Y}} is the set of item sets
25: return J
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CCuLusT takes item sets and returns rearranged clusters based on recalculated similarity metrics.

Procedure 5
CCLUST(X, Y, switcher)

l: Let S =X xY

for s in S do
M. « [Ss@nSs()|
s 1S5 (y)]

end for R )

G=1{(i,T): T =X, My, i € [1, [X[J, j € [1, [X[]| X « X, C )

G = {g € Gi|i € [k]}, where [k] stands for indexes of G(2) sorted increasingly
for g in G do

9: for sin S do

10: M. « [9:@)N5s(y)]

' N 1S5 (v)]

I1:  end for R R
12: S= {8 € S;ie [k]}, where [k] stands for indexes of M; sorted increasingly
13:  for 5in S do

14: A:=3(x), B:=35(y
15: it |5(z)| < |5(y)| then
16: A:=5(y), B = 3§(x)
17: end if

18: QR:=ANB

19: if M; < 1 then

20: Ss(y) « Ss(y) \ Q
21: else

22: Sy(z) « Ss(z)\ Q
23: end if

24: end for

25: S « S: re-clustered items
26: end for

27: if switcher =0 then

28: J + {{X CS}U{Y C S}} is the set of item sets by rearranged clusters
29: else

300 T+ {{(z,1):2eXCStU{(y,2):yeY CS}}

31: end if

32: return J
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10 deBpans 2022 r. ucnonnugoch 60 JeT AOKTOPY (DPU3UKO-MaTeMaTHUYECKHUX HayK,
npocdeccopy [Oputo Hukonaesnuy PanaeBy — n3BecTHOMY yueHOMY B 00JaCTH MeXaHUKH
ne(opMHUpPYyeMOro TBEPAOTO Tesa U MPUKJIaJHOH MaTeMaTHKH, Tearory, AesiTe/ 0 HAyKH U
BhICILIEro o6pasoBaHusi B Poccuu.

I0. H. PanaeB — aBTop pyHIaMeHTATbHBIX PabOT MO MaTeMaTUYECKOW TEOPHH MJia-
CTHUHOCTH, MeXaHUKe Pa3pyIlleHHs, TEOPUN TPELIUH U HAKOMJIEHHS MHKPOIIOBPEXIEHNH,
CBSI3aHHOH THUIepOOJIUUECKOH TEPMOYNPYTOCTH U T€PMOMeXaHHKe, MUKPOTOJSPHOH yIpy-
TOCTH, MeXaHHWKe CBIMYYHUX U I'PAHYJHPOBAHHBIX CpeJl, MeXaHHKe pacTyIux Tesa (cM.,
Hanpumep, [1-38]).

Hayunele npoektsl mox pykooactsoMm 0. H. PagaeBa B TeueHue psina JieT ObLIM MOM-
nepxkanbl MuHncTepcTBOM 06pa3oBanusi U Hayku PP, MexmyHapoaHbIM Hay4HBIM (DOHIOM
u Poccuiickum (onnoM (QyHIaMeHTaJbHBIX HCCJaeNoBaHUN (TpoeKThl «MonennpoBaHue
TEePMOMEXaHWYECKUX IPOLECCOB B CJAOXKHBIX CpefaxX C MOMOIILbI0 MPHUHIMIA TePMOMeXa-
HUUECKOH OpPTOTOHAJbHOCTH», «[HmepOosMueckye TemaoBble BOJHBI B TBEPABIX Tejax C
MHUKDPOCTPYKTYpOH», «Bo/iHOBble 3a1auu CBI3aHHOH TUIIepOOJUUECKONH TePMOYNPYTOCTH».
OH HeONHOKpPAaTHO MPUHMMAJ y4acTHe B KPYMHBIX HayUHBIX NPOEKTaX, TaKux Kak «Mope-
JIMPOBaHME MPOLEeCCOB MPOU3BOACTBA TKaHBIX 3D-Mmarepuasnos» n «MexaHUYeCcKHe aCTEKThI
IM3aiiHa U aHaJM3a U3[eJHH aIJIUTUBHOIO TIPOU3BOACTBA: TEOPHS U IKCIIEPUMEHT»).

B 1993-1995 rr. IO. H. Panaes npoiues HayuHyH CTaKHUPOBKY B yHHBepcuTeTe Haros,
Anonusi (Department of Mechanical Engineering, Nagoya University, Nagoya, Japan),
(pMHAHCHPOBAaHHE KOTOPOH OCYIIeCTBJANOCE MUHUCTEPCTBOM HAyKH WU KYJAbTYypbl SNOHUH;
B 1999-2000 rr. npu nonnepxkke CNRS npoBoausn HaydHO-KCC/Ie10BaTENBCKYIO PabOTy B
J1abopaToOpuu MaTeMaTH4YecKOro MOAeJHpPOBaHUS B MexaHUKe Npu YHuUBepcutete [Ibepa u
Mapun Kropu, @pannus (Centre National de la Recherche Scientifique, Université Pierre
et Marie Curie (Paris VI), Paris, France); B 2017-2018 rr. pa6otan B YHUBEpPCHTETE
Kuoro B momxHoctu visiting professor (Department of Energy Conversion Science,
Graduate School of Energy Science, Kyoto University, Japan), rune uutan Kypcel 1o
MeXaHHKe paspyllieHHUs] U MeXaHHKe MOBPEeXIEeHHOCTH.
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B 2004-2007 rr. 1O. H. PanaeB pykoBoau/ KPyNHbIM Hay4YHbIM NPOEKTOM, peanusye-
MbIM CaMapcKHUM TroCy1apCcTBeHHbBIM YHHBEPCHUTETOM, [0 HOBOMY MPOYTEHHIO, EPEBOAY H
KOMMEHTHPOBaHHIO (DyHIAMEHTaJbHOH TPeXTOMHOH MoHorpadpuu A. Ya#itxena u b. Pac-
cesa «Principia Mathematica» [7]. CoBpeMeHHBII MepeBox Ha pycckuil sisbik «Principia
Mathematica» [8] BocrmosiHsieT cyllecTBYy0OIIMHA NMpobes B JUTepaType MO MaTeMaTHue-
CKOH JIOTHKe W OCHOBAHHSIM MaTeMaTHKH, a TaKxKe CIOCOOCTBYeT Pa3BUTHIO (popMasibHOH
MaTeMaTHKH B JlyXe ee OCHOBOIOJIOKHHKOB.

B cocraBe kosnnekTuBa uccaenoateneir 0. H. PanaeB pabGoran Hax Bompocamu mpu-
MeHEeHHs1 a/are6pbl M aHa/NM3a MCEBAOTEH30POB K 3alladaM MeXaHWKH PacTyLIUX Tesa U
MHKPOIOJ/ISIPHOHM TE€OPHUH YHPYTOCTH U NpoOJeMaMHu YCJIOBHS THIepOONTHYHOCTH U (DAKTOPH-
3yeMOCTH IH((pepeHLHaNbHbBIX ONepaTOPOB U30TPOITHOH MHUKPONOJSPHOH yHIPYTOCTH.

B Hacrosiiiee Bpemsi Hay4yHble uHTepechl IOpus HukonaeBuya HanpaB/ieHBl Ha pelieHHe
CJeNYIOMUX 3aay: KAacCU(UKALUS MUKPOIIONSPHBIX YIPYTUX Monesel ¢ TOUYKU 3peHus
npeoOpa3oBaHUM 3epKasJbHOH CUMMETPHH W WHBEPCHUM; UIEHTHU(UKALHS TeMUTPOMHBIX
OUOJIOTHYEeCKUX TKaHel W OMoMaTepHaJsioB; MOAENHPOBAHHE MOBENEHUS CTPYKTYPHBIX 3JIe-
MEHTOB CKeJIeTOB M 3K30CKeJeTOB JKMBBIX OPTaHU3MOB IOJ BO3AEHCTBHEM Pa3JUYHBIX
MeXaHMYeCKHX U OHOJIOrMYecKUX (PaKTOPOB (B TOM YHCJe MATOT€HHBIX); pacueT Ha MpodY-
HOCTb MaKeTOB TeMHUTPOINHBIX CheprHuecKux 000/0UeK, HUIUHIPOB U MAaKETOB LIUIHHAPOB
noj AeHCTBHEM Harpy30K NaBJIeHHs, KPyueHHUsl U u3ruoa.

IO. H. PanaeB npuHuMaeT akTUBHOe y4yacTHe B IOAIOTOBKE KaJpOB BBICIIEH KBaJH-
¢ukanuu. Yuraemele uM Kypcol «MaTematnyeckasi Teopys MJAaCTHUHCOTH», «MexaHuKa
paspylieHusi», «JluHaMUuecKHe 3aJaud TEOPUM YNPYrocTH», «Peosoruyeckue Moaesu
CIJIOLIHBIX cpef», «Maremarnyeckass (hU3uKa U ee NPUJIOKEHHs», «[[BymepHble 3aja-
4K TEOPUM YIPYTroCTH», «Bsiskoynpyrue u Hac/efCTBeHHble Cpe/ibl» BbI3bIBAIOT OOJbLIOH
UHTEepeCc U CHOCOOCTBYIOT MPO(ecCHOHANbHOMY Pa3BHUTHIO MOJIOABIX yueHbIX. MHorue
rOlbl OH SIBJISIETCS BeAYLIMM OpraHusaTopoM BcepoccHHCKHX KOH(pepeHLMH 1Mo MexaHHKe
ne(opMHUpPYeMOro TBEpIOro TeJa.

C CaparoBckuMm yHuBepcutetoM IOpusi HukonaeBuua cBsi3biBaeT A0Jroe HayuHoe
coTpyiHU4YecTBO. OH MHOrO JIeT SBJ/ISIeTCS UJIeHOM AMCCEPTALUOHHOIO COBETa M0 MeXaHHKe
neopmupyemoro Tesa npu CapaTOBCKOM YHHBEPCHTETE WU UJIeHOM pelKOJJIerHH »KypHasna
«M3Bectusa CaparoBckoro yHuepcutera. Hoas cepusi. Cepusi: Matematuka. MexaHuKa.
Wudopmaruka» (Bxonut B Web of Sciences, Scopus u RSCI).

[Tosgpasasiem IOpusi Hukonaesnua ¢ 60-1eTHeM U kejaeM eMy HOBBIX SIPKHX JOCTHXKe-
HUH B HayKe, TaJaHTJIMBbIX YUEHHUKOB M YCIEXOB B €r0 MHOTOTPAHHOH NesiTeNbHOCTH.
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