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Abstract. A three-stage di erence method for solving the Dirichlet
problem of Laplace's equation on a rectangular parallelepiped is proposed
and justi ed. In the rst stage, approximate values of the sum of the
pure fourth derivatives of the solution are de ned on a cubic grid by the
14-point di erence operator. In the second stage, approximate values of
the sum of the pure sixth derivatives of the solution are de ned on a
cubic grid by the simplest 6-point di erence operator. In the third stage,
the system of di erence equations for the sought solution is constructed
again by using the 6-point di erence operator with the correction by
the quantities determined in the rst and the second stages. It is proved
that the proposed di erence solution to the Dirichlet problem converges
uniformly with the order O(h®(j In hj+1)), when the boundary functions
on the faces are fromC”! and on the edges their second, fourth, and
sixth derivatives satisfy the compatibility conditions, which follows from
the Laplace equation. A numerical experiment is illustrated to support
the analysis made.
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Introduction

A highly accurate method is one of the powerful tools for reducing the number of unknowns,
which is the main problem in the numerical solution of di erential equatio ns to get reasonable
results. In the most of approximations to get highly accurate results the di erence operators with
a high number of patterns are used, which increase the number of bandwidth of the di erene
equations. It is obvious that the complexity of the realization methods for the di erence eqiations
increases depending on the number of the bandwidth of the matrices of these systems diference
equations. As it was shown by R. E. Tarjan [L], in the case of the Gaussian elimination method
the bandwidth elimination for n  n matrices with the bandwidth b, the computational cost is of
order O(k?n).

One of the e ective methods of increased accuracy which uses the simplest nite di ererce
approximation by correcting the right-hand-side term with the application of the high order
di erences of the numerical solution of di erential equation, was proposed by L. Fox [2] without
theoretical justi cation. Some modi cation of Fox's approach was given by Woods [3]. A
theoretical justi cation of Fox's method was presented by Volkov in [4,5]. From Volkov's results
in the case of the Dirichlet problem for Poisson's equation on a rectangular domain , it follows
that the approximate solution obtained by the g-th correction of the right-hand side of the 5-point
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scheme, the convergence order in the uniform metric isO(h?%), h is the mesh step, when the
exact solution u has (2q+ 2) -th derivatives on  satisfying a Holder condition with exponent
2 (0;1), i.e., u2 C2*2: () .

In Berikelashvili and Midodashvili [ 6] it is proved that the corrected 5-point di erence scheme
on the rectangular grid is convergent at the rate O(jhj™), jhj2 = hZ+ h3, in the discrete L »-norm,
provided that the exact solution belongs to the Sobolev spac&/]", m 2 [2; 4].

In Volkov [ 7] a two-stage di erence method for solving the Dirichlet problem for Laplace's
eguation on a rectangular parallelepiped was proposed. It was assumed that the given boundary
functions on the faces of a parallelepiped have the sixth derivatives satisfying the bllder condition,
and on the edges, besides the continuity they satisfy the compatibility condition for second
derivatives, which results from the Laplace equation. It was proved that by using a sinple 7-point
scheme in two stages the order of uniform error can be improved up t®©(h*Inh 1). From the
conditions imposed on the boundary functions in f], it does not follow as it was mistakenly
declared in [6] that the exact solution belongs to C% () .

Moreover, as it was shown in [8], the theoretical justi cation of the di erence schemes
needs special attention when the boundary values of a solution belong to the élder classes
C2 Ll and2l 2 order derivatives satisfy the conjunction condition followed from the Laplace
equation. In this case, some of2l order derivatives may be unbounded near the boundary of the
solution domain, and for the rate of convergence of the 27-point di erence saltion, when | = 3,
O(h®(kInhj + 1)) of order is obtained.

In this paper, a three-stage di erence method constructed a special combination of 15-point
and 7-point schemes for solving the Dirichlet problem of Laplace's equation on a rectayular
parallelepiped is proposed and justi ed. It is proved that the obtained di erence method conveges
uniformly with an order of O(h®(kInhj + 1)) when the boundary functions on the faces are
from C71, and on the edges their second, fourth, and sixth derivatives satisfy the compatibility
conditions which follows from the Laplace equation.

A numerical experiment is illustrated to support the analysis made.

Eca. Nadao. 6i-0a. iia. idd. Nad.: lacdiaoeéa. iadaieéa. Eidigiaceéa. 2024. O. 24, adi. 2

1. The Dirichlet problem on rectangular parallelepiped

Let R = f(x1;X2;%x3) : 0<Xx;j <aj; i =1;2 39 be an open rectangular parallelepiped, ;
(j =1;2;::;6) be its faces including the boundaries such that j for j =1;2;3 (for j =4,5;6)
belongs to the planex; = 0 (to the plane x; 3= & 3). Let = [j6=1 j be the boundary of the

parallelepiped, let be the union of the edges oR, and let j°= jn and = \' L We

say that f 2 C% (D) if f has continuousk th derivatives on D satisfying a Holder condition
with exponent 2 (0; 1], which is a Lipschitz condition when =1.
We consider the boundary value problem
4u=0o0nR; u="jon j; j=1,2:56 (1)
where 4 @=Q@%+ @=@%+ @=@%, ' j are given functions.
Assume that

"p2CH ) i =126 )
="' on )
@@% + @g@% + g% =0on ; (4)

¢ , @ _@ , @

ot " @@t~ et @@t " ®)
@' @ @ _ @ @' @'
ot  oter @ oter oitet ot  otar " ()
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where1l6 < 6 6, 63,t isanelementin ,t andt is an element of the normal
to on the face and , respectively.
Let (j)=3fj=3g+1, where fag is the fractional part of a.

Lemma 1. In the open parallelepiped R it holds that

@u(x1; X2; X3) _ @u(x1; X2; X3) N @u(x1; X2; X3) @u(x1; X2; X3) .

+2 ; (7)
@f @3, @R 1) @Rj) @R ;.
@u(x1;x2;x3) _ @u(x1;x2;x3)  @u(x1;X2;X3)
@g @%) @)
g @u(x1iXaixa)  J@U(xa;Xa;X3) @)
@ﬁ(j)@%(i +1) @%(i)@ﬁ(j +1)
where u is the solution to the Dirichlet problem (1).
Proof. The proof directly follows from the Laplace equation.
On R, we de ne the functions
X3 k iy
VK = vK(x1;x2;x3) = 1% e u()(1')(2')(3); k=2;3 9)

K
Kje  @F
where u is the solution to the Dirichlet problem (1).

Lemma 2. The functions (9) coincide with the unique continuous solution on R of the
boundary value problems

vK=0onR; vk= Fon j; j=1;2:56 k=2;3; (10)
where
22 20 ()X (an) = @ (X )X g+n) , @ (X )X g+p),
X
b @k @)
@ (X ()X (+1).
MRCTINGT ; (11)
() (i+1)
@ (X )X G+1)) @ (X ()X (+1))
j3: j3(x @)X (+1) = I\ (G) 2 (+1) AP ()7 () /. (12)

@ﬂ(j)@%(i +1) @%(i)@ﬂ(l‘ +1)

Proof. On the basis of(2) (6), Theorem 2.1 in [9] it follows that a solution u of problem (1)
belongs to the classC” (R), 0< < 1. Since any order derivatives of a harmonic function are
also harmonic, the functions vk, k = 2; 3 satisfy Laplace's equation. The boundary conditions in
(10) with (11) and (12) follow from (1), Lemma 1 and (9). Then by Theorem 3.1 in P] each of
the functions v¥, k = 2; 3 is the unique continuous solution onR of problem (10).

Lemma 3. Even order derivatives in the form

@@u

@RP@RI@R 2p Zq; 06 p6 4 06 q6 4 p; a3

of the solution u of problem (1) are bounded onR.
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- @u
Proof. Let! = af We have

'=0onR; ' = j on j; |j=1;2:6

where
@
J @g’
o @ 3@'j 3@'j @
. @8 @3@% @3@% @%’

From (1) (6) follows that the boundary functions ;, j =1;2;:::;6 de ned by (14) and (15)
satisfy the conditions

] =2,3,5;6; (14)

j=1;4 (15)

j 2 Cl;l( j); = on

Then, on the basis of Theorem 4.1 in 9] the pure second-order derivatives of the function! are
bounded inR. Then

@u @!
sup — = sup — < 1;
(x1:x2;x3)2R @g (x1:x2;x3)2R @%
@u @!
sup = sup — < 1;
(x1:x2:x3)2R @g@g (x1:x2:x3)2R %
@u @!
sup = sup — < 1:
(x1:x2:x3)2R @g@% (x1:x2:x3)2R @g
Similarly, by taking ! = @u and! = @Y the boundedness of the remainder even order

@%’
derivatives in (13) are proved.

@%

Lemma 4. Let u be the solution of problem(1), (x1;X2;X3) be the distance from the current
point of R to its boundary and let @=@| 1@=@% @=@% 3:@=@x 2+ 3%+ 3=1be
the | directional di erentiation operator. Then

@%u(x1; X2; X3)

@Y

where ¢p is a constant independent of the direction | of the operator @=@|

6 Co 2(X1;X2;X3);  (X1;X2;X3) 2 R; (16)

Proof. Since any tenth-order derivative of u can be obtained by two times di erentiating
some of the derivatives of the form(13), on the basis of Lemma 3 from [LO, Chapter 4, Sec. 3]
and Lemma3, we have

@°u(x1; X2; X3)

max max 0
06 61006 610 @)E@)é@%

6 ¢ 2(X1;X2;X3); (X1;X2;X3) 2 R: (17)

From (17) follows the inequality (16).

2. O(h®kInhj) order accurate approximate solution

Consider a cubic mesh with the mesh sizén > 0 formed by the planesx; = 0;h; 2h;:::(i =1;2; 3).
Assume that aiz=h> 4 (i =1, 2; 3) are integers. Let Dy, be the set of mesh nodesR;, = R\ Dy,
ih= j\ Dn n= \ Dp, J-Oh = jO\ Dh,and 2= 9 [ [ & WeputRp=Ruh[
ﬁg = Ry[ D Let RE Ry be the set of nodes oR}, lying at a distance of kh away from the
boundary of R. Itis clear that k =1;2;:::; N (h), where N (h) = [min fay; az; azg=(2h)].
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For the grid functions on Ry, we consider the 6-point di erence operator A as

1 X
Au(X1;X2;X3) = = Up;
p:l 1)
and the 14-point di erence operator S as
0 1
1 X6 A4
Su(X1; X2; X3) o @g Up + ugh ;
p=1 1) q=7 (3)

P _
where the sum ®) is taken over the grid nodes that are at a distance OP kh from the point
(X1;X2;X3), Up and uq are the values ofu at the corresponding grid points.
Consider two systems of grid equations

Vh = Avh+ gh; OnRp; vy =0 on Q; (18)
Vh= AVh+ Ty, OnRp;, Vv, =0 on Q; (19)
where g, and gy, are given functions andjgnj 6 g, on Rp.

Lemma 5. The solutions v, and vy, to systems(18) and (19) satisfy the inequality
jvaj 6 Vh, on Ry:
Proof. The proof of Lemmab follows from the comparison theorem (see 11, Chapter 4]).

2.1. The rst stage

Let vﬁ be a solution of the following nite di erence problem
V=SV onRp, Vi= jon jn; | =1;2:56 (20)

where ,j =1,2;::;6 are functions de ned in (11).
Let c; ¢ ; cp; :i: denote positive constants independent of the nearby multiplier, of which some
possibly have identical values.

Lemma 6. The following estimation holds
max _ jv2 V% 6 cth*(jInhj+1);
(X1:X2:X3)2Rp
where v2 is the function (9) when k = 2 and v is the solution of the system of grid
equations (20).
Proof. By Lemma 2,
vZ=0onR; v= Zon j; j=1;2:;6

where functions J-2 de ned by (11).
For the error function
"2z v v (21)
we have
"2=g5"2+ SV v? onRp; "2=0 on
Let "2 be represented as
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where "ﬁ;k, 16 k 6 N(h) is the solution of system

w2k

ko gy kK onRy; "2X=0 on p;
with (
K Sv2 v onRE
0 on RhnRE:
By virtue of Lemma 4 in [12], we have
max _ j"Z%j6 5k max jSV V%; 16 k6 N(h): (23)

(x1;x2;x3)2Rp (x1:X2:x3)2RE

To estimate SV  v2 on Rﬁ, for k =1;2;:::;N(h), rst we note that, from (9) and Lemma4
follows

@V2(x1; X2; X3) 6 c @°u(x1; X2; X3)

@t 2 @10

6 C3 2(X1;X2;X3); (X1:X2;X3) 2 R:  (24)

Let Xg = ( X10; X20; X30) be a node of the gridREO Ry, where kg be an arbitrary integer number
26 ko 6 N(h) and let rg(x1;X2; X3; Xp) be the Lagrange remainder corresponding to this point
in Taylor formula

VZ(X1;X2;X3) = Ps(X1; X2; X3, X0) + Fe(X1;X2; X3; X0); (25)

where
SPs(X10; X20; X30; X0) = VZ(X10; X20; X30) (26)

Then on the basis of g4), we have

6 h4
Sre(X10; X20; X30; X0) 6 % eomZ = kg (27)
From (25) ( 27), we obtain
h4
max jSV? V%6 ca 26 k6 N(h): (28)

ey
(x1,x2:X3)2RE k2

Let Xo = ( X10pX20; X30) be a node of the gridR% Rp, and the nodes of operatolS lie at the
distance h or = 3h from this point. We estimate rg at the nodes of the operatorS. To do this we
take a node(x1go h;x20 h;Xxs9+ h) and consider the continuous function

e’(s) = v® Xio ps—é;xzo p%;x3o+ p% ; P36 s6 p§h; (29)
of one variables. By estimation (24), we have
6 _ 2 _
%ez(s) 6 cs p3h s : 06s< IC’3h: (30)

The function

is the remainder term of the representation of the function (29) around the points = 0 by
Taylor% formula with the fth order polynomial.
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By using integral form of the remainder term and (30), we obtain (see [8])
S S S
"6 X1 PziXao P=iXsot PiXo 6 csh*: (31)

For the remaining nodes of the operatorS the estimation (31) can be obtained analogically.
Since the maximum norm of the operatorS is equal to one, we have

jSre(X10; X20; X30; X0)j 6 c7h*: (32)
By (25), (26) and (32), we obtain

max  jSvV? V% 6 cgh*: (33)

(X1;X2:X3)2 R}
On the basis of Q1) ( 23), (28) and (33), we have
L)

max _ jvi V%6 ch? 1g cth* (kinhj+1) :
(X1;X2;x3)2Rp ‘1 k

2.2. The second stage

Let vﬁ be a solution to the following nite di erence problem

Va=Avp onRp; vi= P oon §; j=1;2:6 (34)
where J-3, j =1;2;:::;6 are functions de ned by (12).
Lemma 7. On Ry, it holds that,

max jvi V36 ch?(jInhj+1); (35)

(x1:x2;x3)2Rp
where v3 is the function (9) for k = 3, v3 is a solution to system (34).

Proof. By Lemma 2, we have

3_ 3

v¥=0 onR; v Poon gy j=152u6 (36)

where functions J-3 de ne boundary values in (12), and from (2) ( 6) it follows that
F2CH( ), 0< < L j=1;2:56 (37)
3= 3 on (38)
on the basis of(36) (38) that satisfy the conditions of Theorem 5.1 in [9] which follows estimation
(35).
2.3. The third stage

Let v2 and v be the solution of the di erence problems (20)) and (34) respectively. We
approximate the solution of the given Dirichlet problem (1) on the grid Ry as a solutionuy, of
the following di erence problem
h4 h®
3—6vﬁ 7—20v;°; on Ry; (39)
up="'j on R; j=1;2:u;6 (40)

Up = Aup
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Theorem 1. Under the conditions (2) (6), the estimation

max __jup Uj6 csh®(kin hj +1); (41)

(X1:X2;X3)2R},

is valid, where u is the solution of the Dirichlet problem (1) uy, is the solution of system (39),
(40).

Proof. Under the smoothness properties of the boundary values speci ed in(2) (6), the
solution u of the Dirichlet problem (1) has eighth-order partial derivatives that are continuous
on R, and by using Taylor's formula with the remainder term in the Lagrange form for each
(X1;X2;X3) 2 Ry, we obtain

4 h6
u(X1;X2;X3) = AU(X1;X2;X3) %Vz ﬁv3 r(X1;X2; X3); (42)
where VK, k = 2; 3 are the functions de ned by (9)
max _ jr(xg;X2;x3)j 6 C4h82 (43)

(x1;%2;x3)2R
We put
m 70
h=Uy U onRy;

where uy, is the solution of the nite di erence problem ( 39), (40).
From (39) and (42), and taking into account that u, = u=";j on j,, we obtain the following
system of di erence equations for the error "y, :

h? h
= AT (v VR F 25V v+ T on Ry (“44)
"n=0 on (45)

On the basis of Lemma6 , Lemma 7, and the estimation (43)), we obtain

4 6
%(vz VE) + %)(v3 vi)+ r 6 csh®(kinhk+1);

where ¢5 = max f ¢1=36; C,=720; C40.
Furthermore, from Lemma 5 it follows that for the solution ", of problem (44), (45) the
following estimation is true
"ni 6 "h; (46)
where ™, is a solution of the problem
"= A"+ csh®GInhj+1) onRp; "1 >0 on : (47)

. . . P>
It is easy to check that the function *, = csh®(kInhj+1)(12  r2), where | = = aZ + a3+ a3,
andr = x{+ x5+ x3 is a solution of problem 47). Then from (46), follows (41).

3. Numerical results
Let R= f(X1;X2;%3): 0<xi< 1 1=1;2,3g, and let j, | =1;2;::;6 be its faces.
u=0 onR; u="(X1;X2;X3) on ; (48)
where

' X2
(X1;X2;x3) = €1 cosh(4,) cos(5x3) + x5 28x8x3 + 70x{x3 283x§+ x§ tan 1! ~
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+ 8xIxp 56X3+56x3x3  8xix5 In x%+ x3;

is the exact solution of problem @8) and' 2 C”() .
We use the following notations:

kUh U2 mk h i
kUh U2 (m+1) k h,

where U is the trace of the exact solution of the continuous problem on 4, and Uy, is its
approximate value obtained by the proposed method.

The numerical results given in Table show that the maximum error of the approximae
solution obtained by the proposed method absolute values convergent of ord®©(h® In h), since
2>E,> 2n=(n+1).

kU, Uk kK =maxjUp Uj; Ep=
h

Table. Numerical results for Problem (48)
2 " max nju, n U En 2n=(n + 1)
1.53MD 07 48394 48.000
317D 09 60:231 51:200
527D 11 62:625 53333
842D 13 63071 54:857
1.33D 14

N NDDNDNDNDS
~ o o » ol ll

Conclusion

A new three-stage di erence method with an accuracy of orderO(h®(j In hj + 1)) , where h is
mesh size, is proposed and justi ed by using one fourth-order and two second-order schemes for
the approximate solution of the 3D Laplace's equation. It is assumed that the boundary funions
on the faces are fromC”1, and on the edges, their second, fourth, and sixth derivatives satisfy
the compatibility conditions, which follows from the Laplace equation.

The idea of this method can be used to design a new scheme with an order of convergence
O(h8(jInhj+1)), when'; 2 C¥Y( ), j =1;::;6.

Moreover, from the estimation (41) the multiplier jIn hj can be removed by replacing in(2)
the condition ' j 2 C”( ;) with the condition ' 2 C® ( j),0< < L1

The proposed method can be applied when parallelepiped is used as one of the covering
gures in some version of domain decomposition methods 13], in the composite grids method for
problems in polyhedra and a prism with polygonal base (seell4, 15]). Furthermore, this method
can be used to highly approximate the derivatives of the unknown solution of Lalace's equation
(see [16 19)).
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Introduction

The concept of convexity for a number of scienti c disciplines related to mathematics
(Optimization Theory, Numerical Analysis, Computational Mathematics, etc.) is the main concept
since it is closely related to estimating the mean value of a function given on a interval. Today
in the literature there are many di erent classes of convexity of a function that extend this
concept. The De nition of convexity is given in the literature as follows:

Denition 1. The function :[ ;# ]! R, is said to be convex if we have
(&y+(1 &x)6 & (y)+(1 & (x)
8x;y2[ ;#]and&2 [0; 1]

In [1], a fairly wide range of convexity classes and their relations are given.
In the literature, the well-known Simpson-type inequality is presented as follows.

If 2C% ;#)and @ | = sup @(x) <1, then
X2( #)
# () ) v 00 R
3 5 +2 > (x)dx 6 2880 L (1)

A number of recent studies have been devoted to re nements and generalizatns of Simpson's
type inequalities for various classes of convex functions. For example, for the quasi-convex
functions Alomari and Hussain in [2] and Set et al in [3] in terms of di erentiable functions
obtained some Simpson's type inequalities. Bayraktar in 4], presented Hadamard and Simpson's
type parametric integral inequalities for concave andr-convex functions in terms of special
means. New generalized integral inequalities of the Simpson and Hadamard type for convex
functions, or functions satisfying the Lipschitz or Lagrange conditions, were obtained by the
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authors in [5]. In [ 6] Dragomir et al and Liu in [ 7] presented Simpson's type inequalities
for the continuously di erentiable functions and their application. Hussain and Qaisar in [8]
established some new inequalities of Simpson's type for functions whose third derivatives ar
prequasiinvex and preinvex. In B] Park presented generalized Simpson's type and Hadamard type
integral inequalities for functions whose ¢-th powers of second derivatives are decreasing ;m )-
geometrically convex. In [10 13] authors established new inequalities of Simpson's type based
on s-convexity. In [ 14 16] authors established new inequalities of Simpson's type for extended
(s; m)-convex and generalized(s; m)-preinvex functions. Extended Simpson-type inequalities for
the class of di erentiable concave functions related to the Hadamard inequality were btained
by Hsu et al in [17]. Simpson's type double integral inequalities and applications for numerical
integration were given by Ujevic in [18].

In [19 21] we presented the following De nitions.

Denition 2. Leth:[0;1]! (0;1] and :X =[0;+1)! [0;+1). If inequality

(& +m1 &)6h%& ()+mld h%&) () (2)

is fullled forall ; 2 X and &2 [0;1], where06 m 6 1, s2 (0;1]. Then the function will be
called the (h; m)-convex modi cation of the rst type on X.

Denition 3. Let h:[0;1]! (0;1]and :X =[0;+1)! [0;+1). If inequality

(& +m1 &)6h%& ()+mld h(&)?* () 3)

is fullled forall ; 2 X and &2 [0;1], wheres2 [ 1;1;06 m 6 1. Then the function  will
be called the(h; m)-convex modi cation of the second type onX.

Remark 1. From the De nitions above, the sets (h; m)-convex modied functions of the
rst and second types characterized by the triple (h(&; m;s) are denoted byN ﬁ;’;[ # ] and

Nﬁjrzn[ ;# ], respectively. In [20,21] you can see the convex classes obtained from the special
cases of this triple.

Remark 2. In the di erent notions of convexity, if the direction of the inequality changes, it
will be called concave.

In our work, we use the Euler Gamma functions [22] and [23]:
Z,
(2)= & e 4d&; Re(z) > 0
Z 1
(2) = & led= d&; >0
0

Here (2)=( )A 1 2 and (z+ )=z (2), and Ii'm1 (2) = ( 2).

To facilitate understanding of the subject of research, we rst give the De nition of the
Riemann Liouville fractional integral: (with 06 <& <# 6 1).

Denition 4. Let 2 Li[ ;# ]. Then the Riemann Liouville fractional integrals of order
2 C, Re( ) > 0 are de ned by (right and left respectively):

()= @& & *'d&; > (4)

and L Z,
le ()= (&& ) 'd&; <#: ()
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Next we present the weighted integral operators, which will be the basis of our work.

Denition 5. Let 2 L ([ ;#]) and let function w 2 C[0;1]; andw 2 R* [f Og, with a
piecewise continuous derivative on[0; 1]. Then

Z
M ()= @w — % g

and Z,

&
W= @ o de

are de ned respectively as right and left weighted fractional integrals with < 6#.

Remark 3. Consider some particular cases of De nition5:
1) putting wq& 1, we get the ordinary Riemann integral;
2) if wO(& = %, then we obtain (4), and (5) can be obtained similarly;
3) with convenient kernel choices w® we can get:
the k-Riemann Liouville fractional integrals, from [ 24];
the fractional integral (right-sided) from [ 25], of a function  with respect to another
function gon[ ;# |;
the right and left integral operator from [ 26];
the right and left sided generalized fractional integral operators from [27];
the integral operators from [ 28] and [29], can also be obtained from above De nition by
imposing similar conditions to w°.

Of course, there are other known integral operators, fractional or not, that can be btained as
particular cases of the previous one, but we leave it to interested readers.

The purpose of this work is to obtain new Simpson-type inequalities through the weighted
integrals of De nition 5 and to show that these results generalize a number of well-known results
from the literature, including those for Hadamard-type inequalities.

1. Results
Our results are obtained using the following lemma:

Lemma 1. Let [ ;#]! Rand 2 C[ ;#]with ;# 2 Rand# > 0. If
2LY([ ;#1]), then the equality

% 2 %tt + # + % + +#
1)( (#)+ -7  + 27
m w)( (#)+ () w() Yor 3 % 2
%2 2 .
%# + + # +\]\0A.)I+ + =
7 # o v/:z + #) : %2 . ()
1
_ g 0 Lr%rE, 1 & o 1+%r& 1 & .
0 %t 2 %t 2 %t 2 %t 2

is true for every %2 N.

Proof. By properties we have
Z,

1+% 8, 1 & 1+%8& 1 &
| = 0 2Ty = & 0 + =S de=
i , e %or 2 % 2 %or 2 %or 2
1 1
1+% 8, 1 & 1+%8& 1 &
= 0 + d& 0 = T 7 4+ "¢ d&= 171 Iy
A %or 2 T %r 2 LR
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P

Integrating by parts and changing the variable in |1, we state that

21 o 1+ %+ &
& - -

1 &
d&=

|4 =
T w( %ot 2 %ot 2
%o+ 2 Vol + # +
= W) () wO)
Z ! %ot +# +
opr2 2T 0 %2 .
# %H +# + w #7 (Z)dz.
%2 %2
Since g = #  ®TET nally for 11 we get
Z,
1+ %t & 1 &
_ 0 _
1= 0 W& %t 2 Yowp 98
Y%t 2 %# + # +
= W) () wO)
Z ) Oott +# +
%r2 27 * e —
# Yol +# + WO %#fft + (Z)dZ =
Wz # %2
Yot 2 %ort + # + %2 2, _
W) #) wo , Mo . (#) O
Similarly for 15, we obtain
Yot 2 % + +# %+2 2
= 1 %o+ s ; 7
w@d) () wO S 2 L ()

|2_a b

Subtracting (7) from (6) we obtain the desired equality. This completes the proof.

Remark 4. Consider in the previous result %= 0, w(& = &7

%, then Lemma 2.1 of [L6] is

easily obtained.
& 3, then Lemma 1 of [11] is easily

2

Remark 5. Analogously, if %= 0, and w(& =

obtained.
Remark 6. If we choose%-=0, andw(& = &

Remark 7. In the case%=0, w(& = & we obtain Lemma 1 from [5]

%, then we get Lemma 1 from [10].

1 Z 4
frac ( )+ (#)2 m (2)dz =
Z
# ! 1 & 1+ & 1+ & 1 &
= & ° + # 0 + #  d&:
4 2 2 2 2
2
Remark 8. Multiplying both sides of (6) and (7) by #O/T , We get respectively
# 2 # %ol + # +
l,= ———— w(l) (# W #)=
% 2 1% 9w W()Z( ) w(0) %t 2 ZETI (#)
241 +0
_# W © 1+ %+ & 1 & de.
%+ 2 B %t 2 %t 2
# 2 # % + +#
l,= —— w(l . =
% 2 2% o w( )Z( ) w(0) %or 2 AR ()
# 2o 1 o 1+%r& 1 &
= — _  + ——# :
w2 @ o2 w2 &
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Let us call
# 2 # 2
= l1 lo=
%t 2 %t 2
oot + # + % + + #
= 1 # )+ _—  + -
s WOCE)+ () wo) o 3
J)),/\:#+#+ + (#)+J\°I/\: + + # ( )
%+2 %o+2

Theorem 1. Let :[ ;#]! R a dierentiable function. If 2LY([ ;#1]),then we have
jLj6 B w(©) °_;

“ 2 Ry, . _
whereB = #— ,and k %, = i )jdx< 1.

Proof. From Remark 8 after changing variables, we obtain

z
241
1+%+ & 1 &
iLj w® ° T o+ d&
S o L o & %or 2 %t 2
# 2o 1 o 1+%r & 1 &
- + # d&6
w2, "9 Yot 2 %ot 2
4 oz, ; Wr#
0 %2
—_— w —m z) dz +
%t 2 %#t)/i2+ #O/T 0()
Z % + +# " % + +# Z# )
%+2 om0
+ we — 22— qz) dz

%2
Therefore, the proof is nished.
Remark 9. If we take w(& = & 1 and %= 0, we have the Theorem 3.2 of 16].

Theorem 2. Let0O<m 6 1, 06 <# and function de ned on the interval [ ;#],
and 2 CY( ;#), where ;# 2R:If 2L #Dandj 92 Nﬁ;ﬁ][ . # ] for some
xed s 2 (0;1], then the inequality

B N S I
6 X )+ %) Zzolw(gahS %& d&
im0+ O Olw(&a 1 h S “de ©)
holds with
A= wy e () wo  ELEE . BT R

Proof. By using the second type(h; m)-convex property of the ©function, we get

o 1+%r&, 1 & _ o l+wre& 1+ %+ &
%ot 2 Yot 2 - %ot 2 %ot 2
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1+ %+ & 1+ %+ & ° )

6 hS —— — #) + 1 h
%t 2 ) +m %t 2 m
and
1+ %+ & 1 & 1+ %+ & 1+%+ & ° #
0 + 6 hS —— — + 1 h —— A
%t 2 %+ 2 %+ 2 T)+m %t 2 )
So, using the Lemmal we obtain
w2 2 w
# J%# :/::2+ + (#)+ ‘]% ;/U+2+# ( ) 6
Z, s
1+ %+ &
6 + 9 1 h ———— d&
¥ )+ %) OW(;% % 2

# 1 1+ %+ &
+m O(H)+ O(E) OW(&hS o2 d&:

Which is the inequality sought, this ends the proof.

Remark 10. Taking ©s-convex function, %= 0, and w(& = &7 % from (8) we obtain the
Theorem 6 of [L1]. Under these conditions, Corollary 1 and Remark 3 of this paper remain valid.

Remark 11. If we take j § s-convex, i.e.h(#)= #, m=1 andw(& = &, and %= 0, we get
Theorem 5 of [30].

Theorem 3. LetO<m 6 1,06 <# and function de ned on the interval [ ;# ],
and 2 CY( ;#),where # 2R:If 2L ;#Dandj 992 Nﬁ;é[ :# ] for some

xed s2 (0;1] and q > 1 with % + % =1, then the following inequality is ful lled

%r2 2

W .. #)+ Iy, . 6

m LR (#)+ Iy s ()

q q 0 a o # 1

B +  9# + — 4 T D :
6 1) )% c+m - - ’ 9)

with A as before, andB, C and D they will be speci ed later.

Proof. As in the proof of the previous result, we have

2

%+ 2
A # \Dl/\ul# +# + + (# )+ \J\ﬁ,/\: + +# ( ) 6
%+2 %+2
‘1 o 1+%re&, 1 & ‘1 o l+wr& 1 &
6 + d&+ + # d&: (10
, Ve %or 2 %t 2 , e %or 2 %or 2 (10)
Using the Holder inequality on the two integrals of (10) gives us % + % =1 :
‘1 o l+%r &, 1 &
+ d&6
, %t 2 %or 2
Z, 17, 1
p + 0 q
6 wP(Qd& o 1% &, 1 & Tt (11)

0 0 %t 2 %ot 2
o 1+%+ & 1 &

1
+ d&6
, e %t 2 %or 2
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Z 4 17, 1
p 1+ % 1 4 a
6  wP(&d& 0 o & &

+ d& 12
0 0 %+ 2 %+ 2 (12)

Taking into account the (h; m)-convexity of j 49 we obtain

Z, 1

1+ %+ & 1 & 9 q
0 + d& 6
o %+ 2 %+ 2
1+ %+ & =1 1+9%+ & 5 _a
6 Qu)? ps % e _ 1 h /7% 4& . @3
) o %+ 2 m ) o %+ 2 @3
Z1 1
1+ % 1 aq q
o Lt e 1 & 0.
o Yot 2 %t 2
IR U ) g 9%t 1+%+& S a
6 AL T " 1 h 7% "4 a4
) o %or 2 m ) o %or 2 (14)

S0, using (13) and (14) in (11) and (12), and then in (10), rearranging, grouping and denoting
1

R 0 0 s
B= wP(&d&'",C= sh® H%& ggandD = , 1 h L%& “ggleads us to the
desired inequality.

Remark 12. As in the previous Remark, this result yields Theorem 6 and Corollary 1 of B0].

Remark 13. If we work with convex functions, i.e. h(& = & s= m =1 andw(& = & then
the above result becomes Theorem 2.3 fromdl]. Theorem 1 of [32] is also a particular case of
this result.

Remark 14. The Theorem 7, Corollary 2, and Remark 4 of 1] are also particular cases of
this result.

The next result is a di erent version of (9).

Theorem 4. LetO<m 6 1,06 <# and function de ned on the interval [ ;# ],
and 2 CY( :#),where ;# 2R:If 2L ;#]and j G942 Nﬁ;ﬁ,[ :# ] for some
xed s2 (0;1] and q > 1, then the following inequality is ful lled

%+2 2
J}‘%#+#+ + (#)+\]¥/\ol + + # ( ) 6

# %+2 %+2

q # 4
6E )" T)'F+m X )+ ) G

1

R 1 R 9
with A as before,E = w(®d& °,F= jw(@h® %& dgand

1+ %+ & °
G = 1 h ———— d&:
. %r 2
Proof. As before
%2 2 . . 6
# \] %# :/:2 + + (# ) + ‘] % 4;/0'.2 + # ( )
21 o 1+ %+ & 1 & 21 o 1+ %+ & 1 &
6 w # + d&+ w + d&:
0 @ %t 2 %t 2 0 @ %ot 2 %t 2
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Using now that well-known power mean inequality with modulus properties takes us to:

+
%t 2 %t 2

Zl Zl
1+%+ &, 1 & 1+%+ & 1 &
0 = T %% o+ = d&+ 0 + d&6
, e %or 2 %t 2 , e %or 2 %or 2
Zl 1 L Zl 1
g 1+%+ &, 1 & a
6 d& 0 + d& +
. , e %or 2 %or 2
Z, 1 Zy 1
g 1+%+& 1 & g
+ w(&d& w(g ©° d&
0 0

From the (h;m)-convexity of j 49 and a simple but tedious algebraic work, the proof of the
Theorem is completed.

Remark 15. Under assumptionj 49 s-convex andw(& = & , we get Theorem 7 of B0]. If
we additionally put that =1, it follows Theorem 2 of [32] and Theorem 1 of [33]. The reader
can also easily check that Theorem 9 and Corollary 4 of]1] are particular cases of our result
and that Remark 6 of said work is still valid.

Conclusions

In this paper, various extensions and generalizations of the classical Simpson's inequality
have been established, in the context of weighted integral operators. Throughout our workwe
have seen how various results reported in the literature are particular cases of ours, whit
shows the breadth of strength of these. However, we did not want to conclude withoutpointing
out two more aspects regarding the breadth of our results. Firstly, referring to the integral
operator used, given that the weight function can include several known cases, wean add that if

wo(& = % (or that is, we consider the k-integral of [ 34]), the Lemma 1 reduces to
Lemma 2.1 of [35], obviously many of the results of that work, can also be obtained from ours,
considering convex functions. The second issue is the notion of convexity used, which evhave
shown contains several well-known. This, together with the way of writing the argument (in
reality we obtain families of inequalities), means that our results cover many of those published
so far. Finally, we want to point out that this weighted operator can be used in the stuly of other
inequalities, for example, the Minkowski inequality (see, for example, B6]), in this paper they
use the weight indicated above, thus these results can be generalized using a general waig

w{q8).
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Abstract. In the study of the equations of motion of systems of various physical naire, there are problems
in determining the qualitative indicators and properties of motion accordingto the known structure and
properties of the equations under consideration. Such qualitative indicators for nte-dimensional systems
are, in particular, integral invariants integrals of some functions that retain their  value during the system
movement. They were introduced into analytical mechanics by A. Poincae. In the future, the connection
of integral invariants with a number of fundamental concepts of classical dynamics was dablished. The
main purpose of this work is to extend some notions of the theory of integral invariantsto broad classes
of equations of motion of in nite-dimensional systems. Using a given Hamilton's action, the equations of
motion of potential systems with an in nite number of degrees of freedom areobtained, generalizing the
well-known Birkho equations. A di erence analog with discrete time is constructed for them. Based on i,
a di erence approximation of the corresponding integral invariant of the rst order is found.
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Algorithmic search for integer Abelian roots of a polynomial
with integer Abelian coe cients
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Abstract. In this work, we consider the operations over Abelian integers of rankn. By de nition, such
numbers are elements of the complex eld and have the form of polynomials with integr coe cients

c O0&acey E. 1., 2024



@ Eca. Nadao. 6i-0a. iia. idd. Nad.: lacdiaoeéa. iadaieéa. Eidigiaceéa. 2024. O. 24, adi. 2

from the nth degree primitive root of 1. In contrast, the degrees of such polynomials are not greater
than Euler's totient function ' (n). We provide an example to show that there are in nitely many Abelian
integers inside any zero-centered circle on the complex plane. In this work, for considered opations we
give in particular the algorithm of calculation of the inverse for the Abelian integer of rank n. It allows us
to analyze not only the rings of such numbers but also the elds of Abelian integers. Naural arithmetics
for such algebraic structures leads us to study the polynomials with integer Abeliancoe cients. Thus,
in the presented work we also investigate the problem of nding roots of such pdynomials. As a result,
we provide an algorithm that nds the integer Abelian roots of the polynomials over the ring of Abelian
integers. This algorithm is based on the proposed statement that all roots of the polynomiaare bounded
by some domain. The computer calculations con rm the statistical truth of the statement.
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lofol c= o+ +::+g 1! L, c20Q,T22Z G =[cg] 64eay +anol ~ensac. Olaaa

a=bc; a=bc cbh+cb; a=Ibc+ bc Ix;

dada aaeeiia, b adeeoadén, c iaineiia +anoiia, bc bc=r Thoaoié
Tiodadedied 7. laciadl b a&eeodsdl a, afée THoaolér daddi ivdp, a , fAtanoadiidi
adéeodedl ~enea ,, aneé ; aaeeo e ! (1)6 ! ( 2):
indaaiéia isiasaiia, inovuanoagypudé ieneé v( ) T4daodiial agy b( )
Adia: bo;byiiiil 1 @ foifyyiiiif 1 élyooesedion iinai+eaia b(x) & n(x)
A0BIA: vo;vi;iii;vp 1 Biyd0esedion iiai+-eaia v()
b:=array[b], i=0;:::;1 1
f =array[f;], i=0;:::;1 1
u:=array [0], i =0;:::;1 1
v:i=array [0], i=0;:::;1 1
Function Euclidean Algorithm(array b, array f, array u, array v)
g:=array [0], i=0;:::;1 1
WHILE: daciad b> daciada f
mul = iifiédaieé yeaiaio b/ iinedaieé yeaiaio f

= mul

|

Hil:=bi] mul fl[i]
6aacdied eeaedopued i6edé a b
up :=array [0], i =0;:::51 1
vo:=array [0], i=0;:::;1 1
Euclidean Algorithm(f; b; ug; vo)
for i from O to daciad up do
for j from O to daciad g do
uli + jI:=voli] dli] uoli]
V[i]:=uoli]

i |

1+2 +3 2+4 345 446 5=(6+5 +4 2+3 3+2 4+ O+ + %+ 3+ 44+

2 5 62 344443 °5=(1+5 +10 2+10 3+5 4+ 5( 1+ ):

+6 %+ 3HB+7 )+6+10 22+2 3

A é3+ar0aa oidaseidiey ileeil iMAiT0dA00 4d&died fi THoaoél a &leluvd 64800 AaoffTand
+enaeZ[i] e enneaaiaaon aiciieeiifiol 1afauaiey ia éleust Zan( ).
3. [a0icadied 64600 42468400 &16idé iilal+eaia

faa éieudii 0aend adaeaans +enae

AG5aa0 188a6Teedi a6A10e01 [adleeddiey 64€00 aadeaand éidiaé iiai+eaiia f(x) n
alyo0eoeaioaie ec  Zap( ). Alcileeill 43a Aeo+ay:

1) eadaéuiné ned+aédegf = s; 1;:::; s 03€0a addeaal éiaie iitai-eaia f;

2) Niagaiité neo+aé q;:::; , 0aélta aaaeaan éisie iiai+-eaia f,16 r< degf, a

r+1lll o [Ad4ae4al acdaddae+anéed ~enea.
Neo+aé, 61aaa a44eaand é1oiaé iao, ia danmaodeaadony
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0
[ 2max j—';j; k=1;2;:::;n;
q
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10 46441 efielciaaol iiadha, Tiitaaiiié ia 1adaie+aiee adna éioiaé iiai+eaia f (x).

16A0o0
W=1(D+!'( 2+ (+!'( D+ )+ ( e

Aagad n+eoadi! ( 1) 6 W aeaaiay nenoadia 1adaie+aieé, S(W) Mflfoadonoadpuay iieina,
elapuay +ait alelgop gédeio. Oidaa i aasiyoiiiolp, aéecéié é 1, éidail 1 Miadado a
yoo 1eiio. lieeil fi+éoaol, +oi i yoié aadiyoiiioup eidao ianot

iddaéiedied 2. Nidaddaseal iedaopudd aéép+aied: 12 S(W)

Aiéacaodelnoal yoial idaacisediey Tiilaail fa iaielil nefaelié oai+éa ioaiié aea ai0o
+anoaé 6aeno aadedand +~enae é caanu ia iveaiaeony. 10 1adaié+einy caanu, oaé néacaol
yafioaoenoe+anéel aiéacaodelnoalis: 10aaéieeadied® eidao 1anot i aasiyoiinolp, aéecéié é 1

A~ N

root :=array[ W]i=0;:::;1 1
WHILE: fiédadpuéé it aano root

If F(root)==0:

print root
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Addiyoiifioe L-8aa6eyaiiioe iiai+-eaita i élyodesedioaié ec Zav( )
Table. Probabilities of L -regularity of polynomials with coe cients from Zg,( )

n P( 1) S N¢ P(L1) | P(L2) | P(L4) | P(Ls) | P(Ls) | P(L7)
8 | 1000000| 2 10 000 1 1 1 1 1 1
8 7 15 1000 0.996 1 1 1 1 1
8 7 20 1000 0.993 1 1 1 1 1
3 7 20 1000 0.931 1 0.972 1 0.997 1
3 3 2 | 100000 | 0.746 | 0.980 | 0.940 | 0.995 | 0.894 1
97 10 5 100 1 1 1 1 1 1

=
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Global solvability of the inverse spectral problem
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Abstract. The inverse spectral problem is studied for non-selfadjoint systems of ordinary di erentid
eqguations on a nite interval. We provide necessary and su cient conditions for the glo bal solvability
of the inverse problem, along with an algorithm for constructing its solution. For solving this nonlinear
inverse problem, we develop ideas of the method of spectral mappings, which allowsie to construct the
potential matrix from the given spectral characteristics and establish conditions forthe global solvability of
the inverse problem considered.
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Introduction

We study the inverse spectral problem for the following system of di erential equations on a

nite interval

Y (x):= QoY)+ Q)Y (x)= Y (x); 06 x6 T: (1)
Here Y = [yk]{(zﬁ is a column-vector (t denotes the transposition), is the spectral parameter,
Qo = diag[q<]k:1;—n, where ¢ 6 0 are dierent complex numbers, and Q(x) = [ ¢; (x)]k;j =T
where g (x) 2 L(0; T) are complex-valued functions, andg,(x) 0: The matrix Q(x) is called
the potential.

Inverse problems for systems of the form(1) in di erent formulations were studied by many
authors. Most of the works are devoted to inverse problems for Dirac and AKNS systems, i.e.
to the case ofn = 2 (see, for example, [L]). The main tool for these investigations was the
transformation operator method, and the obtained results are similar to the results for the
Sturm-Liouville operator (see [1, 2] and the references therein). These results can be easily
generalized by the same method fon > 2 but only in the exceptional case when allg, are real
(see, for example, B 5]). However, for system (1) of general form with arbitrary complex ok
and arbitrary integrable potentials the inverse problem is essentially more dicult t o study. The
method of spectral mappings ] was created for solving the inverse problem in this general case.
In particular, by this method the inverse problem for system (1) on the half-line has been solved
in [7]. The inverse problem for system (1) on a nite interval in the general case has been solved
in [8], where the uniqueness theorem was proved and a constructive procedure for the soioh of
the inverse problem was suggested.

In this paper, we study the inverse spectral problem for system(1) with arbitrary complex ok
on a nite interval. As the main spectral characteristic we introduce and investigate the so-called
Weyl matrix which is an analog of the classical Weyl function for the Sturm Liouville operat or
and the Weyl matrix introduced in [9, 10] for higher-order di erential operators. The main method
of the investigation is the method of spectral mappings. Developing the ideas of this rthod in
connection with systems of the form (1) and using discovered properties of the Weyl matrix, we
provide necessary and su cient conditions for the solvability of the inverse problem consideed.
We will use some notations and facts from BJ.

1. Properties of the spectral characteristics

Let the matrices h=[h ]. _zz andH =[H ]. _17 be given, whereh , H are complex
numbers, and deth 6 0; detH 6 0. We introduce the linear forms U(Y) = [U (Y)]t:ﬁ,
VY)=[V (Y)]t:ﬁ by the formulae U(Y) = hY (0), V(Y) = HY (T); i.e.

Let the vector-functions n(X; )= m (X )]tzﬁ, m = 1;n be solutions of system(1)

under the conditonsU ( m)= m, =1Im,V( n)=0, = 1,n m. Here and in the
sequel, m is the Kronecker delta. LetMp ()= U ( m), M()=[Mn ()] =1n» (X )=
= [ 120 )it a0 ) =1 m ).m=1n- The functions M, () are called the Weyl
functions. The matrix M ( ) is called the Weyl matrix for system (1).

Inverse problem 1. Fix Qg;h;H; i.e. the numbersg;h ;H ,k;; = 1;n are known and
xed. Given the Weyl matrix M ( ); construct the potential Q(x), 0<x<T:
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It is easy to see that in the general case, the speci cation of the Weyl matrix does not
determine uniquely the matrices of the linear formsh and H: It is possible to point out particular
cases (when the matricesh and H are normalized and have a special structure) for which the
speci cation of the Weyl matrix uniguely determines not only the potential but also the matrices
of the linear forms. For simplicity, we con ne ourselves here to the most principal and di c ult
problem of recovering the potential Q(x):

Let C(x; ) =[Cim(X; )xm=1n be @ matrix-solution of system (1) under the initial condition
U(C) = hC(0; ) = | (here and below| denotes the identity matrix of the corresponding
dimension or the identity operator in the corresponding Banach space). In other words, tb
column-vectors Ch(X; ) = [ Ckm (X; )]tszm m = 1;n; are solutions of (1) under the initial

conditions U (Cy) = m; ;m = I;n: The functions Cym (x; ) are entire in  for each xed x:
Clearly, ( x; )= C(x; )N( ); where N( ):= M!( ): One has

Mmk()=(C mm()) ' mk(); 16 m<k 6 n; )

where
mk( )= ()M det]V (C )] =Tn m; =mmk: 16 M6 K6 N m()=1:

It is known that the -plane can be partitioned into sectorsS; = f : arg 2 (j; j+1)0,

j=02r 1,06 o< 1<:::< 2 16 2 in which there exist permutations iy = ix(S;) of

the numbers 1;:::;n; such that for the numbers Ry = Ri(S;) of the form R = j, one has
Re(R 1) <:::< R Ry); 2 §: 3)
We put jiok = j, Sk = S, k2 Z, and denote j = f : arg = jg. Clearly,
j+2kr := j, K2 Z: We note that the number 2r of the sectors S; depends on the location of

the numbersf yg,_ 1 on the complex-plane, and1 6 r 6 n(n  1)=2: For example, if all  lie
on a line containing the origin, then r = 1: Denote

TkGuiim)=detlhy | otm1x -t 16 M6 k6 n;

i

0Gr:im) = QmGuiiim) 921
%n(jm+l;:::;jn)::det[H;j ]:1;n m; :m+1;n:
Let
O@1;:::im) 60;  Y(ims1;:::;in)60; m=TIn 1, j=02r 1, @)

where iy = ik(Sj) is the above-mentioned perturbation for the sectorS; . Condition (4) is called the
regularity condition . Systems, that do not satisfy the regularity condition, possess qualitatively
di erent properties for investigating inverse problems and are not considered in this paer.

Fix j = 0,2r 1. For 2 j; strict inequalities from (3) in some places become equalities.
Let mi = m;i(j), pi = pi(j), i = 1;s; be such that for 2 ;

Re(Rm 1)< Rg(Rm)=::=R&({Rm+p) < R(Rm+p+1); 1=1s;

where Ry = Rk(Sj)Z
Der@te Nj = fm: m=mymi+p L:iimgms+ps 19, Jm = fj © m 2 Njg,

m = i m=Cn nisthe - plane without the cuts along the rays from p,. Clearly, the
i2dm
domain n = Su consists of sectorsSy, ; each of which is a union of several sectorsS; with
the same collectionfR g ;. Let j; =f :dist(; ;)6 g > 0;be a strip along the ray
S 2GS 1 2GS 1
j,and let m = p =f :dist(; m)6 g Denote !:= . L= i
j2Jdm j=0 j=0
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Denote by m =f mgs1, m= 1;n 1, the set of zeros (with multiplicities) of the entire

nS1
function m( ); and put := m: The numbersf |, g>1 coincide with the eigenvalues of
m=1
the boundary value problemL , for system (1) under the conditionsU (Y)=V (y)=0, = 1;m,
nT1
=Tn m. DenoteG =f :j mji> ;1 >19, G = Gm.Let & =1 2051,

m=1
m = 1;n 1, be the eigenvalues of the simplest boundary value problemd.{, for system (1)
with Q(x) 0: The following properties of the Weyl matrix were established in [8].

Theorem 1. 1. The Weyl functions M ( ); kK > m are meromorphic in  with the set
m=1Tf mgs1 of poles. Forj jl1 ;arg = 2(;j; j+1);

Mmc( )= M+ O( b;

where M8 =( Q(ig;::isim) * O (i1siii;im): Moreover,
Mmk()i6 C;  2Gm: (5)
S
2. There exists > 0 such that m: . Moreover, . = mj, where mj 2 . is
j23m

the subsequence of  located in the strip j; ;] 2 Im.

3. The numberny, of zeros of mm( ) inthe domain 5. =f : 2 5 ;jj2[aa+1]g
is bounded with respect toa:

4. There exist positive numbersry !'1  such that for su ciently small > 0; the circles

jj=rn liein G forall N:
5.Form=1In ZIonehas = 2, +0O( Yasl!1

We consider the di erential system

TZ() = Z00Qo+ Z(x)Q(X) = Z (x);

where Z = [z],- 1, is a row-vector. Clearly,

Z(x)Y(x) ~Z(X)Y(x)= % Z(x)QoY (x) : (6)

It follows from ( 6) thatif "Y(x; )= Y (x; )and Z(x; )= Z (x; ); then

(206 Y06 )= o 206 )QoY (X ) | )

Put U (Z) = Z(©)h ; V (Z) = Z(T)H ; where h = [h, ]. -tz = Qoh LH =

= [Hy e =g == QoH % Then U (Z) = [Uy(2);:::5 U (2)]s V (Z) = [V (2)::::5Vy (2)];
where U, 1 (Z) = ZOIhy Iie g Vo 41 (Z2) = Z(T)Hy o

n

Denote Ry, = Rp m+1. Let vector-functions . (X; ) = [ (X k= M = L;n
be solutions of the equation” Z = Z; satisfying the conditons U ( ,,) = m; = 1,m;
V(mn=0; =Ln mWeput (X )=[ 5 me(X )]tm=ﬁ:[ n m+1;k(X; )]m;k:ﬁ'

2. Solution of the inverse problem

It was proved in [8] that the speci cation of the Weyl matrix M ( ) uniguely determines
the potential matrix Q(x): In this section, we provide a constructive solution to the inverse
problem of recovering the potential matrix Q(x) from the given Weyl matrix M ( ): For this
purpose, we reduce our nonlinear inverse problem to the solution of the so-callethain equation,
which is a linear equation in a corresponding Banach space of sequences. We givedarivation of
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the main equation and prove its unique solvability. Using the solution of the main equation we
provide an algorithm for the solution of the inverse problem along with necessary and su cient
conditions for its solvability. For simplicity, in the sequel we con ne ourselves to the case when
the functions mm( ); m= 1;n 1; have only simple zeros (the general case requires minor
technical modi cations).

For o2 we de ne the matrix F( o) =[Fjk ( 0)]j;k=ﬁ via

F(o)= (Nui( o) Np 5( o)

Here and belowf i ( o) = (f ( ))jrkl . denotes thek-th Laurent's coe cient for the function f( )
at the point = . In particular, fi, 3j( o) = Res f( ):
- 0

Denote As( o) =[Fj ( olj=tn s == S= LN 1 o= n=7.
Property Si. If o2 m,thenFms1(0) = 1:= Frj(0)=0,] = 1;m. If, moreover,
<m 1 92 ; 02 4+ i mi1, 02 m;16 +1<m6 n,thenFy +1( o) 60:

Property S,. The following relation holds rank As( ¢) 6 1, s= 1;n 1.

Fix N > 1. Denote by Wy the set of functions f (x) such that f ()(x); = O;N 1; are
absolutely continuous on|[0; T]: We will write ~ 2 Vy if Q(x) 2 Wy . We will solve the inverse
problem in the classesVy .

Let * 2 Vy and let the Weyl matrix M () for system (1) be given. We take an arbitrary
o -diagonal potential Q(x) 2 Wy : We agree that everywhere below if a symbol denotes an
object related to Q; then ~ will denote the analogous object related to@; and * ;= +

Choose > Osuchthat 1:= [ ~ 1: Let ! be the contour (with a counterclockwise
circuit) which is the boundary of 1,ie.! :=f :dist(; )= g
DenoteJ := f : dist(; 1)> g Then the following relations hold
1 z d
U6 )= (x )+ o0 ()7 06 )QTx )—— 2 (8
(5 )Qo(x ) T (% )QoTx ) _
1 z d
= = X; X, )7 (% X, ) ——~——~: i 2 9
2 (X )Qo (% )7 (% )QoT )( )X ) €)
Denote
x K1 _
= Jk 1 ok dt Jsk ekl s > L
k=2 s=1

where g = Frs( 1k 1) ~sk = Fks(mk 1); 8= Lk 1, k= 2;n; | > 1. It is possible to
chooseQ(x) such that ;= O(I N 1) forl!1
For o2 ! we introduce the matrix D(X; o; )=[Dsm(X; o; Nsm=1n by the formula

T (X% )QoT X ) _hOi . naul 0)+ ~mi(x;00) QoT x ):

J =0 ( 0)2

Denote ko= Kk; k1= "~k = sk iX=~sq.We introduce the matrices

D(x; o; ):=

0= E etz 0= [ OO0l me 20
Pr(6 ) =[P 06 Mk=zmm=zm P0G ) =IPE™ (6 Miezm m=1in0
Gmy(lp"e) (X) = [GI((IT)(IO"O)(X)]k;mzz;T; G(1m)(1o"0) (X) = [Glglm)(lo"o)(x)]k;mzﬂ;
Illo> 1, ""0=0;1
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by the formulae

RO = ki (5 k1) ) = T (6 k1)
X1 K 1
P (x; ) = FDem(X 1 15 )i PEM(G ) = FDam(X% 1k 175 )
s=1 s=1
(| M(lom) (X) = PI i (5 1om 170); G(I Yiomo)(X) = P Kol O tom 1)

Denote Uim x) = jeXp(m 1RmX)j; 12 "m 15 ] 2 JIm 15 Rm = Rm(Sj): Using (8) and taking
our notations into account we obtain

X
Tx )=0x )+ "1o()Pio(x; ) T in()Pi(x; ) (10)
I>1

It follows from (10) that

X
S0mo(X) = "1 (X) + "10(X)G0)1e"0) (X) " 12(X)G11y(1p70) (X) (11)
I>1

lo> 1 "9g=0;1

For each xed x 2 [0;T], relation (11) can be considered as a system of linear equations with
respectto' (x), | > 1, " =0; 1. But the series in (11) converges only with brackets . Therefore,
it is not convenient to use (11) as a main equation of the inverse problem. Below we wiill
transfer (11) to a linear equation in a corresponding Banach space of sequences (Sekb)).

For this purpose we introduce the matrices

F0) =1 K ictmk=zr Hoto'o ) = [H 150 Okem=zms Llo> 1L %"0=0;1;

by the formulae

KOO = u) 2RO TR K0 = (ukx) K x); (12)
H(k|r(T)1)(|Oo)(X)— Uk (X)( 1oUiom (X)) * G(|o)(|oo)(x) GI((|r8)(|01)(X) ;

H(|o)(|01)(x) = Ui (X)(Uiom (X)) G(|o)(|01)(x);
k — k k k k .
H (D(100) ) = Uk () 1oUiom (X)) G(i5y100) ) G(iGy1onX)  G(iDy1a0 () + GiiTyipn) (X)

k — ki k .
H(|T)(|01)(X) = Uk (X)(Uiom (X)) ! G(|r8)(|01)(x) G(|T)(|01)(X) .
Similarly, we de ne the matrices 7 (x) and H .,y (X): Then

i K(x)j6C; (X6 C; (13)
C

T : (14)

jH(k|"m)(|o"o)(X)j; jH(l(I"n;(IO"O)(X)j 6
Let V be a set of indicesu = (I;"), | > 1, " = 0; 1. For each xed x 2 [0; T]; we de ne the vector

)= u®luzv =1 10(X); 11)]i>1=[ 10; 115 20 215:::];

and the block matrix
" #
H0y100)(X)  Haoyo1)(X)

H =[Huw uv =
() = [Huv (]uvav Ha100)(X)  Hanyo1)(X)

’

lo>1
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u=(l"); v=_(~lo;"0); ""0o=0;L

Analogously, we de ne the matrices ~(x) and H(x): In view of our notations, relation (11)
transforms to the form
X
Tono(X) = 1gme(X) + rOH @1y (X)s Blo> 1 " "0=0;1;
15"

or, which is the same,
T(x) = () + H(x)): (15)

According to (13) and (14), the series in(15) converges absolutely and uniformly inx 2 [0; T]:
Starting from (8), we arrived at (15). By similar arguments, starting from (9) one can get
the relation
(+ B HEX) =L

Interchanging places for Q and Q, we obtain

(I HE) + HX) = I

Let us consider the Banach spacen of bounded sequences = [ yJu2v Wwith the norm
k k= sup,,y]j uj. It follows from (14) that for each xed x 2 [0; T]; the operators| + H(x) and
I H(x); acting from m to m; are linear bounded operators, and

X
kH (x)k; kKEr(x)k 6 C sup !

I>1 |0>1JI |0j +1

Thus, we have proved the following theorem

Theorem 2. For each xed x 2 [0; T]; the vector (x) 2 m satis es the equation (15) in
the Banach spacem: Moreover, the operator | + H(x) has a bounded inverse operator, i.e.
equation (15) is uniquely solvable.

Equation (15) is called the main equation of the inverse problem. Solving (15) we nd the
vector (x), and consequently, the functions' |+ (x). Then, by (10) we calculate ( x; ): Denote

4
0= 5 (X )76 ) Qo(x )T ) (16)

Theorem 3. The following relation holds

Q(x) = Q(x) + "(x): 17)
Proof. Di erentiating ( 8) and using (7), we calculate
z
)= )+ % YT )~ (6 )QoT X )
Z !
1 . [ . . .
2, (x )7 (5 )Tx )d:

Since ( x; ) is a solution of system (1) it follows that qx; )=( Bo B(x))( x; ); where
Bo = Qol; B(X) = BoQ(x): Similarly, ~qx; Y=( Bo B(x))T x; ): This vyields

7 (Bo B(X)Tx )=(Bo B(X))(ZX; )+
1 d 1
o I(Bo BON (X )7 06 )QTxX )—— 5+ | (x )7 )Tx )d:
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Replacing here ( x; ) from (8), we calculate
Z Z

BHOTx )= 5 Bo(x )™ (¢ )QTx ) 5- (% )7 (x )Tx )d:

Multiplying this relation from the left on Qp, we obtain (x)~(x; ) = "(x)~(x; ); and
consequently, (L7) holds.

The solution of the inverse problem can be found by the following algorithm.

Algorithm. Given the Weyl matrix M ( ):

1. Choose@(x); and construct ~(x) and H (x):

2. Find (x) by solving equation (15).

3. Calculate ( x; ) via (10), where ' | (x) is constructed from (12).

4. Construct Q(x) by (17).

Let us now formulate the necessary and su cient conditions for the solvability of the inverse
problem. Denote byW the set of meromorpl'gc matricesM () = [Mmk ( )mk=1r Mmk () mk
for m > k; having only simple poles = m m (in general, the set is dierent for each
matrix M ( )) and such that (5) is valid and for each ¢ 2 the properties S; and S, hold.

Clearly, if 2 Vy and M () is the Weyl matrix for *; then M ( ) 2 W' :

Theorem 4. A matrix M( ) 2 W is the Weyl matrix for some ~ 2 Vy if and only if the
following conditions hold: =

1) (asymptotics) there exists ©2 Vy such that | < 1

2) (condition S) for each xed x 2 [0; T] the linear bounded operator | + H (x); acting from
m to m; has a bounded inverse operator;

3) "(x) 2 Wy ; where "(x) is de ned by (16).

Under these conditions, the potential Q(x) is constructed by Algorithm.

The necessity part is proved above. In the su ciency part, we have a matrix M( ) 2 W
satisfying the conditions of Theorem 4. Using the Algorithm we construct the potential Q(Xx); i.e.
we construct ~ 2 Vy: By similar arguments as in [8], one can check that the matrix M ( ) is the
Weyl matrix for °

Remark. The inverse problem from a system of spectra.

The zeros mk := f 1mk g of the entire functions k() coincide with the eigenvalues of the
boundary value problemsL  for system (1) with the boundary conditions

U(Y)= = Um 2(Y)= U(Y)= Va(Y)= 1=V m(Y)=0:

The inverse problem of recovering the potential from the system of spectra isformulated
as follows: given the spectra ., and p of the boundary value problemsL, and Lk
(m=1,n 1, k>m), construct the potential Q(x): Since the functions n( ) are uniquely
determined by their zeros, it follows from (2) that this inverse problem can be reduced to the

inverse problem from the Weyl matrix.
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Abstract. A new approach to solving the problem of identifying the variable characteristts of an
inhomogeneous elastic isotropic body is presented. The most common formulations of prolies on
determining variable mechanical characteristics (the Lane parameters and density are functions of
coordinates) are presented. The inverse problem of identifying properties, due to its signicant nonlinearity,
is usually solved iteratively, with each iteration requiring the solution of a direct problem for some initial
approximation and a system of the Fredholm integral equations of the rst kind with smooth kernels to
nd corrections. This approach, in turn, requires specifying the displacement eld in the area in which the
loading occurs. An approach is proposed on the basis of which it is possible to carry out reconstructn by
obtaining additional information about the displacement eld in an area other than the loading area in a
narrower search space. An example of such a reconstruction is presented in the gotem of longitudinal
vibrations of an inhomogeneous rod, where the amplitude-frequency response is speci ed dlhe internal
point of the rod, and the loading is implemented at the end. The results of computa&inal experiments on
the reconstruction of the elasticity modulus and density in the form of two functions of the longitudinal
coordinate are presented.
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3 TNeoaeuit imoaaié [ 15].
Aazeil dacaeoed 6idluaiind asaideciia daélifiodoesee 1adaiaiind naiénoa (aiciieeii,
i fdaediedi 1difiodaifioaa eféa e 1Moadaé oi+iiioe), é10id0a Al ia odaalaaee dagdiey
26160880100 cada+ & daéeaed 1aanid+eaace alniéop nedinou at-eneaieé. Aey ned+ay, éiaaa
fienodit EOO aéy iadieedaiey 1Midaaié ia 11a0o anod Mnodiail 1l ééanne+anéié néaia [ 15],
idadacadaaony agaioeoi eoadaseliiial iienéa Mdaaié a éeanna ieeifiéaeuitd o6ieceé
liegdi Thifaita yoail yoial iiadiaa
1.1. Idyiay cada+a
banfiiodel énoailacaeeany éieadaiey ialaiisiaiial 6i66aial odea i +~anoioié I . ToRol
04€l caieiado 1adaie+aiidp 1aéanot  V i adaiecaésS = Sy[ S [ S . Eeanne+anéay ifoaiiaéa
caaa=e fiaddeeed 6daaiadiey éieddaieé
20— i—1-9a
ijij + ! u=0; 1=1;23; Q)
Tidaadéypued niioiigdiey aey eciodiiiié ndaad
i = Ukk j + (Ui + Uji) (2
& adaie+ita oneaey
Uijs, =05 injjg, =05  ijnjlg = P 3
a34u; éfiaiol adéoida iadaiavaieé, j gliiiaiol oaicida iaidyaeaieé, Nj, Pi
fiffoadonoaaiii éfiiliaiot aaeie+iial adéoida aiagiaé iidiage é S é éfiifiaion adéoida
aiawiaé iaddocee. Adaal danfniaodeaaol m dacee+ild aadeéaiola iadddeeaiey, n+éoay, +of
p = pi(m) (4a80pa fM0adofioacpueé &iadéi m 6 fidudieé & faidyaedieé fiofiéad). 1aganol
S, caéddiedia, S¢ nailaiaia 1o iaddoeediey, ia S caaaia aiagiyy iaddocéa. lonou  ,
Oy Eont (ie Tiéfaeéodeditie d6iéseyie éfvaeiac ( . Tadaiaodl
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jadieeadiee 0020 66ieveé , fiiéiecaediié e 7 i1ea 1adaiauaieé Ui,

cadadaaiié a 1audi fned+ad a aeaa do6ieoeé éiidaeiao e +afnoiol éieddaieé. A caaeneiinoe
0éia afieieoaeilé eioisiacee acadi aladeyou feaadpued ode ifoaiiaée 1adaoiié

VAR

=
[0}
o)}
ox

)
3

-

D
Qo

UijSu =0; tj njjsf =0; tj njjs =P 1i=1;23;

Aatay faiciasaied ™ = oPUl) § + ) U™+ UV | adiesdl caaaso ide i6ea-

=0; tPn; _=0; tPn; =P i=1:23
Su St S

(6)
i6e180 aea

’ (7)
@ —pg- D - D1 @ 14O ©) . i—1-99
U, . =0; N —_ O Uk i + &0 Uy’ + U n; sis =123

(1) 0 2,,@® _ 1),,0 (1) (0) (0) 1 2,0
tij +8 U= O Uk i + 07 Uy + U j +0 U
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i1adeaé), oaé e ioe iliite iaolaa élia+itd yeaiaioia. Caaa+a (7) fladdeeeo idecaanoita

' & & Tiyofié 18yidi +eneaiitl 1ao0fall dagadia atou ia iiedo. 6
dagaiée 1adaoiié cada+e ai ao I 64ad 3 da~e (7) 1604
efiéép+aiey niduaieé 140aial ideacesediey & efileuciaaiey oneiagy dacdageiinioe. A yoii
fie6+ad aéy iadleeddiey Mdadié enielcoaony fefodia eicdadaenitnd 6daadidieé neaaopudal
ae4a [30]

4 ) 1 4
oi? Ul “dv+ 5 g’ U+ Ul Ul + Ul av
z Vv z v
2 PuOuav+  POE uDds=0; 2[ ;.1 s=1;23  (8)
\% S

A 7O N AN ANANA A

fenodia eeidéil iacadeneind

o) = as's k=1;23 (10)
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8ly00eoeaiot cs; k = 1;2;3;s = O;N. [a 1iifad (10)

LTS

=N
o
o
: D
Q

0 2 _ -n- _ 1.
uty T+ %gu=0; u(0)=0; ull)a(1)=1; (13)
83301, O, AACOACIABINA 11a6U 6idOAIR0S, iE10IoU & +afioioa éledaaieé
A 8a:+8M0a4 ATileie0asnié eioidiacee caaadony aiiceodaa &iedaaieé a 0i+6a o2 (0;1)
036 838 ¢ 6 1, 1186+a31 Tada0i0p cadd+6 0BA0UAAT Oeia
ux; Jix= o =fC ) 2[ 15 2 (14)
Aditeiel seidasdecacep caaa+e ( 13) a Aloaaonioase i 6) ( 7)
i8¢ "0 ffed+adi caga+o
0
0(0) 2.0, _n. a0y @ 1y — 1 -
Ui’ + “O Uo=0; ug(0)=0; ug(l)g;’(1)=1: (15)
Caaara ide"! 46430 &idou aea
040 °, 2,0, - 0D 0 24, .
Ui0; O U1 = U0 g, "Uo,

u0)=0; wW)g®@ = uwe@):

N T U

481 ROGTEOU BACAIRA caaa~e (16), o0RGeAay MidAaee A Ae4A MEaAOPUES Eeiaéins

X X
o’ = Al s = b s() (17)
s=0 s=0
& Med+ay 161io0a édadala cada+e aey élydooeceaioia dacéiadieé.

Casase 08ia(15) & (16) (17) dagei ide iiue 1aotaa ideRodasee, TROUAR0AEYY fadadied
cada+ é éailie+anééi fénoaial. 1oe dagaiée (16) e iaiadiaeiifioe iadiaeol idiecaiaita 7o
flatiaieé fa+-aéuiial ivedeeaeaiey efiielciaaia fieaéi-andieéneiacey +enéaiil iaéaaiiié
ec
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338 ups dagdied  (16) e ol = ' (%), oY = 0, a uys Bacdied (16), asad® = o,
(1 _
% =" s(x).

58 idTadadiee A0+eNBe0asuins Yeriaseidion

66ie6eé ' §(x):

W )
"s(x) = Xk X) Xk Xs); (19)

N =1, N =2, 43pled eeidéiop & eaaadaoe+iop aiidieneiaoee a&y imoaaie. Eifiodoesey
6oieseé (19) 0a8iaa, 01 ' s(Xk) = < ©, NEAATAA0A8HI, 6y00L0eAI00 as, by OCETANA
cia+aiey ooieoeé iiivaaie  gl;ol" a oi+eadxs = s/ N
fa Tiitaa foileaiey u( o) f  uo( o) 0AAEYAORY a8aaadae-aneay fenodia aey
jadieeadiey iAeCAANOING Bly00eseaiola  as, bs, s=0:N
X X o
asUis( o; j)+  bsuas(o; j)=1F( ) uo(o; j); J=21LM: (20)
s=0 s=0

Refodia (20) ei&&o M fiodie & 2(N +1) foleasia, ; 2[ 1; 2.

A~ N AN

[61adaai aya ad+eneeodedi
(&80T

1:05, 3= 1:45,08aai4ie4
AN O — X 1

eda u(x)= g g, (x)dx.

161664 g (x)= o/ f(0). ia ficaacp-
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A 1. Aaooeuyi, A. 1. baia. 1 iiali 1145148 & eadidedoeeadee i&iaildl4aias 1a0aie+aréed naiéoa 4@

1 22
2.6 4 : N
[ S S — ..//............ 1.6, \\
’ rd 1.41 N
g 1.21 <
1.6~ 11 \
0 02 04 06 08 1 0 02 04 06 08 1
X X
‘_1....2__3. w4 ‘_1....2__3. =4
al a alb
Peén. 1. Dacteiioaon 8&élinodoeoed, =0:6+ e (a) € gp =3:2 &
(a: 1 éﬁé”ay 006iéoey; 2 fa+aéuiia idedeeaediea; 3, 4 dacoel-
0400 BaéIiN0d0etee & éeanna eeiaéild é é5aadaoe~itd 6oieveé
fiftoadofioaaiil

Fig. 1. Reconstruction results g =0:6 + & (a) and g, =3:2 €°8 (b):
1 required function; 2 initial approximation; 3, 4 reconstruction
results in the class of linear and quadratic functions respectively

1.4 1.4 5
N /
1.2 N 1.21 prd
Ny 7
1.1 N ] je
N 1.1 S
0 02 04 06 08 1 0 02 04 06 08 1
X X
‘—1....2——3- -4 ‘—1....2_—3- -4
al a alb

Pen. 2. Dacéelioaol 8aéiinodéeceeg; = 1:4 0:4sin(x=2) (a) é
=14 O0d4sin( (1 x)=2) (8

Fig. 2. Reconstruction results g = 1:4 0:4sin(x=2) (a) and
g =14 04sin( (1 x)=2)(b)

1.8; S 1.9% 3

| .f,f¥x§i N
¥ N e

0.9° . 0] N

1514

1.
0 02 04 06 0.8 1 0 02 04 06 08 1
X X
‘_1....2__3. 4 ‘_1....2__3- =4
al a alb

beri. 3. DAacoeuocaot daéiinodoesee  iailiioiiiid 0d6ieseé
00=1+0:8sin(x) (a) &g =1:8 0:8sin(x) (4
Fig. 3. Results of reconstruction of non-monotonic functions
00=1+0:8sin(x) (a)and gy =1:8 0:8sin(x ) (b)

ladaieéa 217



@ Eca. Nadao. 6i-0a. iia. idd. Nad.: lacdiaoeéa. iadaieéa. Eidigiaceéa. 2024. O. 24, adi. 2

A 7

1iN080E0ey doiévee O2(Xx) T0é caaaii

1.5 1.44
13 1-2’\ /
1.1 T TN

] / e \.\\\ 0.8 N

0.9 N L1 AT
07y A\ g:j//

X/

]
X
AN

\

0 02 04 06 08 1 0 02 04 06 08 1
x X
‘—1....2——3- -4‘ ‘—1....2_—3- -4‘
al a alb

O AAZ~ N X Z Azt x N

ben. 4. Dacéeuoaol 8aéiinodoéseeg, = 0:66 + 0:53sin(x ) (a) e
0, =1:39 0:62sin(x) (&)

Fig. 4. Reconstruction results g, = 0:66 + 0:53sin(x ) (a) and
02 =1:39 0:62sin(x ) (b)

Bacoeuoaol al+efiéeoaslilsd yeéniaceiaioia iiéacaee, +of iagay éefaéiay inoaaéa
jadiaeofiy i aofiéié oi+iifoup ca Tai6 eoadaodep, oi+iifiol dagiinodoedee iatgadofy ive
o! 1, aidé o< 05 fidadia idaéoe+anée 1adanoado daaioaou. Ii ioiigdiep & cada+ai
T aifificaitacaiee Taiié 66iéoee adyaéail, +oi, idfiéhéay aoioié yoai (N =1) é foago
iaoaoiay € ieféeod Moaaée a éeafnna eéaaadcaoe+itd 66iéoeé (N = 2), ifled+aai fefioaio,
00346pudp daasceydecacee ide dagaiee. [dé+eiié yoié fiéodacée yaeyaony idaifioaoi-ii
aéecéia é enéfilio ddgaiep ia+aeliia ideaceaedied.

10id0ei, +0oi ideididied daaceydecasee 4ado idediedila dacoeiioact 83éiinodoésee a
fieo+aa aifioaoi+iié agecifioe oi+éeé fvaia eioidiadee é oi+éa iadddeediey
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edge loading of the tangential type. These equations are derived by asymptotdly integrating of the exact

three-dimensional theory elasticity equations in the special coordinate system. This systemalnes the
boundary layer region. The wave front has a complicated form, dependent on the shellucvature and
therefore its asymptotical model is constructed. This geometrical model of the front @& nes it via the

turned normals to the middle surface. Also, these turned normals de ne the geometry of the hyperboti
boundary layer applicability region. Constructed asymptotically optimised equations ae formulated for
the asymptotically main components of the stress-strain state: the longitudinal diplacement and the
normal stresses. The governing equation for the longitudinal displacement is te hyperbolic equation of the
second order with the variable coe cients. The asymptotically main part of this equation is de ned as the
hyperbolic boundary layer in plates.
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Aiiidacey. A &a
I

1
14iei+4é Nao+aoié nod6eosdl ia adénoacdi aeadaceiiiido & 0ailadacsdils aicadénoaeé aoa-
deae Taiei-ee 6ivoaeé, 15010aniine, Taiisiaité, Madeedodiné inaasieioeiooin Enasa, i
AOARMIAIINT adaudiedl +anoes. 18eiyo caéli Apaaidey iaéiaia. Nao+aoay nod6eooda 6+oaia i
iiadee A. E. Igdie+iiaa, dalidode-aneay iaeeidéinou i oaioee Oaidioa oii Eadiaia. Odaai aiey
aaecediey, adaie+idd & fa+asiild onelaey 1Meo+ail e aaseaceliial iseioeia Tnosiasaanéelal
Aaieeoiia ia Thitad eeidiaoce+aneéie iaaee N. 1. Oeiigéiél. linostaiiay iaodiace+aneay i adeu
6840 TTeaciié, a ol ~efea idé énfnedaiaaiee ifadadiey 6aeadiailo iaifiodoaié a dacee +i00 onéTaeyo
yéfiédaoaoee.
Eep+&a0a nelaa:  oeseiade-anéed alei+ee fao+aocié nodoeosdl, 1addiaoe+aneia nadeesiaaied,
oadiiaéiaieéa, vacasiaiay iaifosoaéa

aodiaoe+aneay iiadeu eieddaieé 180108106 NAd+aolod 1e&di-
&1+-86 A ONETaeyd 0AiTadan6ditd aicadénoace // Ecaanoey Nasaoianéian
040a. faay nasey. Nasey: laodiaoeéa. ladaieéa. Eidisiaoeéa. 2024. O. 24, adi. 2. N. 231

S 0.18500/1816-9791-2024-24-2-231-244 EDN: VLEBOS
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Mathematical model of orthotropic meshed micropolar cylindrical shells
oscillations under temperature e ects

E. Yu. Krylova

Saratov State University, 83 Astrakhanskaya St., Saratov 410012, Russia

Ekaterina Yu. Krylova , kat.krylova@bk.ru, https://orcid.org/0000-0002-7593-0320, AuthorID: 722982

Abstract. In the work the mathematical model of micropolar meshed cylindrical shells oscillations undethe
action of the vibrational and temperature e ects is constructed. The shell material is an elastic orthotropic
homogeneous Cosserat pseudocontinuum with constrained rotation of particles. The DuhameNeumann's
law was adopted. The mesh structure is taken into account according to the model of G. IPshenichnov,
geometric nonlinearity according to Theodor von Karman theory. The equations of motion,boundary
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and initial conditions are obtained from the Ostrogradsky Hamilton variational pri nciple based on the
Tymoshenko kinematic model. The constructed a mathematical model will be useful, aong other things,
in the study of the behavior of carbon nanotubes under various operating conditius.

Keywords: mesh structure cylindrical shells, mathematical modeling, thermodynamics, carbon naotube
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A. b. Ea0¢18A. [a08ia0e-Aneay i1adsi SeaAaiee 10030 0eeeiAde-Anees 141si-a6 4@

Oaeadiaiay iailodoaéa yaeyaony iaiidaciaditi 1andeoti, iyoiio ide

aaaiey neaascao

B3aaTon eRTelCGAORy NAidAY (ieedTieydiay) 0Aidey i AOARTATINI AGAUAIRAT ~afides.

OO Aifoled ec Taflé eee AReTeieed RAADIGON0 & 000480 ASA0ANTAGS  iEiEiR0as.
A3a0ai eoefidasse-aRees 1adadeas. A 5aaloa [17] VeRiABeIAI0a’H 6ROAITAGAN, ~Of &
iBI6AMMAE 430101088 E0efi0AsEIA Adseiob dl6l e40apd Maaede & 11aioio0, a feaaiaaodsu,
Taifiaaia ATAGIASITROU efillelciadiey 158 liadcediaaiee &b iadaaiey 0aldeé oeia
N. 1. Oeligaiat

Aaoidaie 5aaion [ 18] 5144470 caai0AT-6eie-Afeed eRfedataaiey  1Acaie-aRees faisfoa
4020474 @ fleacall, ~of fi GiAilizaieal 6eiaéiis dACIaAsia 40a04MATAT 8éfioa daciesa 18mas
o 746836 biaa 4 44 1 135ia1ae806Y5106 faidaaBaIeys 6anoad. NEaanoaa-

ie lieaéoeyaiié aeiaieée a enneasiaaiee [ 19] ned+ai aiagiae~ia H8U0a0. EC yoial
fie4a6ao iaTastaeiinod 1Mnodidiey 1audé odidee éledaaieéé OI0 i 6+40i aieciooniee
(iBotoaTiee)

Dagadiaiay iaildodoaea eaé 1adaie+aneeé 1audeo ivaanoaacyao iaié caieéiodop oesei-
ade+aneéop 1aiei+eo nao+aoié Nodoeosdad. A 6aiead aaiiié daaiol & nod6evsdo idaagadadony
6-anoil fa ififaaiee oaioee A. E. Tgdie+iial, éioiday idaaieadado, ~oi 6adoeydiop fenodaid
a6no1 daniieiaediind 6aaad iieell caiaieou nieiaill AETa.

IYIN & 1YIN, fAifioaaitié +afoyié &10id06 yaeypony OIO, i6ediaeony daaidaol a
onelaeys adniéed 0aiiadandd, iyoiié 1adcdiaoe+anéay iiadéu fodieony i 6+aoli fivadeliad-
fial odaaiaiey odietiataiaiinoe.

Efifiédataaiey iTadiiioaé iaéeidéié aeiaieée éiinodoeseliind yéaidiota IYIN é
IYIN (RaifioTa, odaicenoidia) a cadeneiifioe 10 o6feiaeé ed yéniedaoacee +ail aazeil aey
iieiaiéy 1616aniia, idiendiayued a ideaidad, aey noadeéecacée daseeiia dadiod, iaéoda-
gecaoee iaddailc aiagied aicadénoaeé (0aicials, aeadaveliiis e o.1.). ddaéisediiay a
aaiiié daaioa oaisey iicaieyao idiaiaeol aiacec ideeiaéiié aeiaieée nao+aond iaidac-
186100 veeeiade+anéed 1aiei+~4é anedanoaed 6+aoa a iaé aanaodé+anéié jaseiaéiinoe
2. ladcdiaoe+aneay iiadel éleddaieé fielpilé ieestieysité 1aiei-éee

a onetaeyod 0aiiadaoddilo aicadénoacé

idaaieiaeel, <01 caiéivoay oeeeiade+anéay
T'Tél+ﬁ§é caiéiado a idifodaifioaa %3 T1aéanou

= 06 6b06 62; 562675 .A3%44 A ’
dannifodaiéa fnenoaid élisaeiao neaasdpuel Tadacii:
glioaeiaoa z iof+eotaaaony 10 fndaaeiiié 1maddo-
fifioe 1ajei+ée asieu 44 iadoeeiié ioiase;

b O iaidadedia asiel 1adacopuaé;

0 O iaidadédia aaiel 1édoaeiiioe oeéeiada, 1a- )
daciaaiiiar noaaeiiié iaasdiinoup 1aiei+ée (den 1).

AdGaal fi+e0aol, +of 1a0ddeas Taiei+ée 6ivdaee, 1o-
01081ii0é, 1ai1d1aité, 11adéedoailé indaaiénoeio- bef. 1. bafi+-aofay fidaia oeeeiade-
oifi Eififidda (il ioani&iidl adandiedl ~anoes). lida- +afnéié 1aiei+éé
adeyhuea fioizaiey aey ieesiieyaial 13oT03- Fig. 1. Design diagram of a cylin-
a1 12080883 40400 €140l aea [ 20]: drical shell

= a1 +tap +a = bum + biom  + biamyy;
=ap +tax +axg iz, = bom  + bpom  + pzmy;
=a;1 t+tap +a = bpym  + biom  + biamy; 1)
=ap +tax +axm gz, = bpom  + bpom  + pamy,;
zz=a13  tax  tass zz, zz= bism o+ bpsm + bzamyy;

ladaieea 233
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= a4 + ays ; = ags + ass ; z = a6 z t 867 z ;
= bysm  + bysm = lysm  + bssm z = bsem; + bs7m; ; @
z = a7 z tagy 2z ; z — agg z t aAgg 7 ; z —agg z tagg z ;
z = bgrm, +byym; ;= bgom, + byom; z = bggm, + bgom; ;
dsda; e by 6id0aea éiifoaiol ieéatiieysital 180i0aiiiial 1acadeaea, ij » mj  Eiii-
iaiol odicioa neeiaial e iMiaioiial iaidyseaieé AM0Aa0N0AAIIT, i € j éfiiiaiod
odicida aaoidiacee é odicida ecaeda-edo+aiey.
|5eadaadiiay ieeed 0aidey ififaaia ia éeidiaoe+anéié iiaaee N. I. Oeligadiéi. Efiii-
iaio0 aaéoida radaiauaieé a oaéii ned+aa iveivo aea [ 21
u =u(;;t)+z (33t ))u =v(;;t)+z (;;t ) uz=w(; ;t); 3)
u, v, w Tiaada niavaiey noaaeiiié 1aaddiifioe 1aiei+-ée a iaidaaeaieyo ., z ilio&aao-
AOAAIT, , 04a&0 aidioa 1Madd+iio na+aieé 1aiei+éeé. Eniiaiod neiiaodé=iar
0dicida aaoidiaoeé oeeeiade~anéié 1aiei-ée n 6+aoil 1deiyold aeioac e aadliacde+anéié
jaeeiaéiinoe 1t odioee O. o1 Eadiaia [ 22] ioeido aéa
_@u+1 @W2+Z@_ _1@v+ 1 @W2+W+Zl@_
@ 2 @ @ ' R@ 2R? @ R@'’
1 1@u \Y; 1 w z 1
= = i7+@ +i@@+, i@7+@7 : (4)
2 R@ @ R@@ 2 R@ @
1 N l@w v 1 N @w e, =0
z 2 R @ R 1] Z 2 @ ) z
ENTAI00 adeo01da 18601i1aid1o1a ., ; Anéo6+ad nedan Einndda it Aoafiaiii
adavdiedl ~anoeo (indaaiétioeiddia EiNnasda) adaco eiaou aea

_1 lev 16w @ 1 1@u @ @w @ @
2 R@ R®@ @ 2R R@ @ @@ @ @

1 1@u 1@ B @ 1 1@v. 1@Gw @Gw @ 1@
“"2 Re Re @ | 4 e Re’ @ @ R@
= } 1 @U + l+ @ i@w _ E@ Z@ (6)

‘4 R@@ R? @ RP@ R R@@ @2 °
_i 1@.{. @V+@W £@+Z@
* 2R R@2 @@ @ R@? @@

Neadaody ideiyoli aeilddcal, idaidacddadl a caélia Acea (1), (2) iaidyaedieyie 22
?ﬁeaéﬁ()aéé &0 1aéinoe il fidaaidiep fi adoaegie iaioysedieyie. O+eo0aay aeioach Apaaiaey
aéiaia, n+eo0adi, ~oi 0aieiata aadisiacee yaeypony noiadiiceoedé 6iddaed aaodisiaceé e
04i&1a00 dangedaieé. deieiay ai aieiaied neiidodep 0aicidia fneeiansd & inaioins
jaidyeedieé (asq = ass, Ase = ar7, agg = age, bus = bss, bee = by7, beg = bog), caiewdi
Tiddaaeypued iiioilgadiey aey iaoddeaea Taiei+ée

0 0 0
_ A a2 a11 a1z _ 1 ,
0 0 0 ags+ ags
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0 0 0
_ A a2 d1 A1 _ 1
0 0 0 ays + auy
[— 1 - [— 1 .
_867"‘8662' 2_889"‘8992’
n = bii biibss b3 bz (biobss  bisbps) bis(biabps  bishy) ()
- ZZ»
m = b2 (brobss  bp3bs) N by biibss b, 3 (br1bp2  bizbio)
- ZZ»
o bia(biabse  babig) bos (buibps  biobia) bss bubpe b,
2z — ZZ»
m = ! © m, = ! © m, = - :
us + bag 2 eyt b Z " bggt+ by °’
b1 b b3
88 o= anaxy @, = by by bz, = ( ;;z ) écadnoiay 66iesey aaniepoiie
bz bp3 i3
0aiiadaoodl 1aiéi+éé , ély60e0eaiol odieialal dangedaiey iadcadeaca a filioado-
fioaopued iaidaaeaieyo.
Aadaai Taicia+aiéy neeians e iMaioitd oneeeé e inaioia
Z 3 Z3 Z 3
fN :M g= z2'%9dz; Q, = 2 kedz; fY ;J g= m z/%9dz:
5 5 5
Zn Zn Zn
2 . 2 . 2
fY, :J, g= m, ksz'%9dz; fT;Hg= 2%19qz: vy = m dz; (8)
5 5 5
24
Yzz = A mz; dz;
2

Ely00e0edio ks 6ada80a8ec6a0 daniddadedied anaodsiild iaisyeedieé il oleteid Taiei-ée
i

(3 afOWUAé BaAloa ideiyol ks = 8=0 [24]).
Opaaidiey aacaediey fisialié 1eediieyaiié 150130TITE ceseiade-aneié 1aisi-ee f
6+80T OAIIAGA06BIN6 AlcaR6R0ASE, ABAIS+I0A & (a+ABUI0A GRETALY TTed+el ¢ AABRADSTI-
a7 ideioeia Aaiesuolia TRoSIASAAREaT [ 25,26]
Z,,
to(K U+ W + Wgdt=0; (9)
CAARK eefaoe-afeay yiadasy, U iodibeasuiay yiddaey, W oaaloa aideied fiee,
faycaiiay n Gafiosadeaiioie nesaie (W) & aefifeiacesé yidsaee (W ). N 6+80i n&ioie
daidee [27] ioAiseasi 4301512086 13347102A81A & 4843
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aadeaoey daaiol aiagied nee:
z,z
Wy

0 0

/\AI\

ly00e06edio aenneiacee,
laguiay iadoocéa.

TA6UAR oaeyy aaduesiaaie
6daaidiey aaéaediey acaaéié |
0411ada06oilo aicaaénoaeé:

a,
100

1

b z

q(; ;t )wdd; aw

@th

q(; ;t ) aideiyy iio-

w

i&foifiol 1aoadéaea Taiei-ée,

aeday élyooeoeaiol ioe Taé'aé“

i
1007ii1é 1eéaiieyoiié deéeiade+a

@Y, | ay, @Y 1 @Y,

1@N.
R @
1 @Y

2R?

2R@@

,@T. Q. 1@y  1@Y
@ 2R 2R @ 2R @
Y, 1@Y, 1 @Y,

@ @2 @

@v

2RZ2 @

SIS

R@
1@Q

+ =

+2@TQW

2RZ2 2 @2 2R@@
@ ;ew 1@
@ @ @ R? @

1@Y 1 @Y

@%
@W
@

1
=N

2
R R

R @
1@

2R2 @
Q; +

, 1OH
R@

1 @Y 1 @Y
Re@e@ ROO@ 2@2 2R2 @2
Yy 1oy @w
2R@ + h@t+ h@
1@Y+}@7Y+i@\]z 1 @J,
R@ 2@ 2R@@ 2R2 @2
1 @Y, h*@ |
2R @ ﬁ 12 @% '
1@Y 1 @J
“ 2@ "®mRe
1 @I,

1@y
2R @
h3@

Yz,
2R

o

e adaie+ita onéfaey:

u=0 eee N

@u
— =0 eée

@

v =0 eée

=0eée M
@
@

=0 eéé

fJ, g

=0 eee H
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1@, _ _
2 @2 2R@@ 12 @%'

1@y
2R @

1 @Y
2R @

YZZ

2

Y

2R

1 @J
2R @

fJ; @

1@J,
2@

1@J

77+Yzz
2 @

R 2R

0 eéé
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2R @

0;
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E. KO. Kpbinosa. Matematnyeckasi MOAe/b KoebaHui OpTOTPOMHbLIX LUMINHAPUYECKMX 060/104eK @

{Mﬁﬁ_yﬁ ;8;;ﬁ} = 0; (10)
Tg
8;25 =0 wm {J.alp, =0, {Jzﬁ}rﬁ 0; 8:;;5 =0 wuu {Jzﬁ}rﬁ
{_Nb’ﬁg— - 2Tg — Q.o+ %853“ _ %% _ %g;ﬁ 52/;;} o
629%0 =0 wnin {Yasp, =0, {~Yaa+Ysslp, =0;
a;—/;u =0 wm {—Yaa+Vsgly, =0, {Yap}p, =0

JL1s1 mocTpoeHUs1 MaTeMaTUYeCKOH MOJeNH KoJeOaHUH OPTOTPOMHBIX CeTYAThIX MUKPOMOJSPHBIX
LUJAUHAPHUUECKHUX 000/104U€eK B YCJOBHUAX TeMIIepPaTypPHbIX BO3AEHCTBHUH K ypaBHEHUSIM ABHKEHHS
[IPUCOEIMHUM CTaLlHOHAPHOE TPeXMepHOe ypaBHeHHe TelJIONpPOBOLHOCTH

100 82@> 1 9%0 2’0 0

Aa (E% T a2 ) T e T g

rie Ao, Ag, A, — KOMIIOHEHTbI T€H30pa KO3(D(HULHEHTOB TENJONPOBOJHOCTH.
K ypaBHeHMIO TemJOMpPOBOAHOCTH MPHUCOEIUHUM TPAHWUHBIE YCJOBHS MEPBOTO Poaa

n(a, 8, 2) = Fu(e, B, 2).

3. Maremarnueckass MoaeJib KOJe0aHUI CeTYATOH MHUKPOIOJSIPHOU 000J0UKH
B YCJOBHSIX TEMIEPATyPHBIX BO3IEHCTBUU

[Ipennonoxum, 4To paccmatpruBaemas 060J04Ka CO- A
CTOUT U3 1 CEMEHCTB T'yCTO PacIoJioXKeHHbIX pebep d;, B
aj, @; — PacCTOsAHHEe MexXay peOpaMu, LIMpHHA pedep,
YyroJl MeXIY OCbl0 v U OCbl0 pebep j-ro ceMeHCTBa CO-
oTBeTcTBeHHO (puc. 2). Onupasicb Ha KOHTHHYaJbHYIO
mozedb [ M. [Twennynoro [28], 3ameHUM peryJsipHyO
cucTteMy pebep CIJIOWIHBIM CJOEM. ,

Hedopmanus ocu kakoro-aubo pebpa paBHa nedop- 7 ﬂ P
MalUWH JUHUH, COBMNANAIOILEN C OCbIO 3TOTO CTEPXKHS B ‘ AN ) >
pacueTHoOH Mozesu. Bynem cuutate, 4TO OlHA U3 IVIaBHBIX \ /N
LEHTPaNbHBIX OCell MOoMepeuHblX ceueHuH pebep 0060J09- \ /

KM COBNAjaeT C HalpaB/eHHeM HOpMaJjd K CPeqUHHOH A on
NIOBEPXHOCTHU 000JI0UKH. B TakoM cJjiyyae HanpsiKeHus, RN
BO3HHKAIOILLIME B 9KBUBAJEHTHOH IJIafgKOH 000JI0YKE, CBS-

3aHHblE C HaNpsiKeHUSIMU B pebpax, COCTABJSIOLMUX yT-

JBl ©j € OCblo v, OynyT umetb Bua (1), (2). Haunbie  Ppyc. 2. CTpyKTypa CeTKH LHUJIUHIpUUe-
COOTHOUIEHHS [10JY4YaloTCsl U3 yCJIOBUH paBeHCTBA CUJI, CKO# 000JI0YKH
NEeHCTBYIOIIMX HAa OJMHAKOBBIX MJolIaakax o0ojouku, Fig. 2. Cylindrical shell mesh structure
cocToslled U3 cUcTeMbl pebep, U 3KBHUBAJEHTHOH eH

rJafiKoH 000J10YKU:

{07, mI}d; cos? p; = {07, mI}s;sin? p;
{0aas Maa} = Z » {ossmpst = Z P )

Qa;
J j=1 J
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X f I:migjcos |sin'; Xml
f ym g= v Mzz = ;
i ’ = (11)
X s iomig - - Xf omig:sin'
5;mbg j cos' | Lymbgjsin'
fz,mzg= a , f 2 ,mzg= a :
j =1 / ] =1 i
Aliiéieoaeuind oneiaey foaoe+anéié yéaeaagaioiinoe endiaiié nao+aoié aiei-ée é
yéaeaagaioiié aé nieigiié
= cog';+ sin®'j+ cossin'j; L= , cos;+ , sin'j; 12)
m =m cod'j+m sin’';+m cos sin'j;m,=m, cos |+ m, sin';+ my;
ieg+ei i iMitup 1&oiaa ileeeodedé Eaddaiseea éc¢ Ofeiaey aifogaediey doieéoeiiast
foaceiiadiial cia+aiey. I8¢ iifodiaieé doiéceiiaca éniielicbdony atdazedied aey ioaioe-
aelié yiddaee aadioiacee, aldazdiiié +adac iaidysediey € iliaiod alfiged 1oyaéia
adaal nedaspuea iaicia+aiey:
X cos' ;i sink a a
A = J ) I sk=04 cC1=2%2; c,= =22
i=1 g 0 0
aio . 1 . 1 . 1 .
C3= —; C=——" C= ——; Cg= ———;
0 a5+ aug ae7 + Ag6 agg + Agg
_ by biibzs B35 _ b (bl byshps) | _ biz(bobpz  bisbpo)
Bl - 1 BZ - ’ B3 - ]
_ by brabsz  bfs _ bpa(bibpy  bisbyo) _ bz bl b,
B4 - y BS - ] BG - ]
1 1 1
Bz = ; Bg= —7—] =
bys + byg bs7 + bss bgo + koo

AANOEIN0U f0ddaeidé ia ecded a ieinéinoe, éanacaeliié é noaaeiiié maasdiinoe 1aiei+-
ée, ia 6-eoliaaaony, 1yoiio 1oyaée fefiodl ae06adaiveaeuits dédaaidieé, fientaapued
Taaadied nao+aold e Mielgito Taiei+aé, flaiaaapo. 16e yoil filaiadapo & 618i6eedia ée
adaie+i00 6neiaeé niioadonoadpued édadand caaa+ [28).

O-e008ay Taiciasaiey & (3) (9), (11), (12), el caiefaoi A00aseaiey 46y Aeaffe-afees
oneeeé e iMiaiola, a dcaéaed oneeeé, alcaaiito inaioitie iaidyaedieyie, agy oeééi-
ade+anéié agaagié Taiei+-ée, yéaeaacaioiié enoiaié nao+aoié (ioidoei, ~oi a naiénoaad
afiiaaiécediaaiiié 1aiei+ée 0aiiadaodoité 6aéoio ia 6+eotaaaony):

n I
2
h 2(A2C3+ AyC v 1 w 1 v
NS = D (A22C3 + AC») W+Q+7Q + AsiCa leu ov
2 R @ 2R @
I#
2
2 @waw @u_ @w
S——— +(AgpC1+ AnCy) 2—+ — ;
R@ @ @ @
h3 1@ @ 1@ @
M S = — A3Cy ——+ — +2(A4Co+ AxC _—  — ;
24 s Re ' @ (Ago 3) R@ @

NS = NS ) MS =MS fi ¢ Y Ago! Aop; Azl Aga; Aszr! Ajg;
TS=N®; H®=M?® fcaidilé As! Az, Ax! Az As! Ay
hk @w v l@w

= =S mtoes o @ =QF
2R R@
nge iaiié A20 ! All; A]_l ! Aoz;
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\\\\\\ 2 N s

A. b. Ea0¢18A. [a08ia0e-Aneay i1adsi SeaAaiee 10030 0eeeiAde-Anees 141si-a6 4@

vs = h 2(As(B2 B3)+ Ax(Bs Bs)) @
B @

R +2A40(B3 Bl)%"’

N

1 1 1
2haBs BIG AT 2B o Gt G o

2(A20(B1  B2)+ An(B2 B4)) @v, 2(A4(B2 Bs)+ A22(B4 Bs)) @u

R @ R?2 @
L 2(A20(B1  B2)+ An(B2 Ba)) @w
R @@ '’

YS =YS; fAcaidiié Agp! Az, Ax! A Az;! Agg;

€ As! Az Ax! A Azl A
VS = h AuBg 1@4_ @v L @w  2A10(Bs) Bs @w .
z 4 R R@2 @@ @ R @ @
2A10(B B 1 2A10(B3)+ B
+ 10(Bs 5) @ 7@u +2A10(B3 Be)@ + 10(B3) 5@\4_
R @ R@ @ R @
@v 1 @w v 1 @u
tABs — o35 5753 o ;
R @ R R R@ @
YZS = YZS i calaiié A11! Aoz, Ao2! A1, Ao! Aogg
YZSZ = st ] (}\\Ié.l”l\é A11 ! AOl; A02 ! AlO; AlO ! Aoo;
3 = h3(A22B2 + ApsBs) @ |
24R @'’
s = h® AuBy 1@ @ ABs @ @ |, 2A1Bs@
z 48 R R@? @@ R @@ @°2 R @ '
JZS = ZS 7] Q\ié’ll”l\é All ! A02 A20 ! All AlO ! A()l
lfafoaaeyy iieo+aiind atdasediey a 6daaidiey asesediey yedidioa aeaaéié 1aiei+ée,
ife6+el dacdagapudp fenodio ddaaiaieé aaeaediey ieéaiieydiié 18010aiiié oeéeéi-
ade+anéié 1aiei-ee iadee N. 1. Oeiigaiél, yéaeaaéaioiié efdiaiié fao+aoié 1aiéi+é4, i
6+a01i 04i1ada00dil0 aicaaénoaeé a iadaiauaieyo

[EGIEN] onoaiiagaiey [ 29] énneaasdaony ifadaaiead oeeeiade+anéié ieéaiieyaiié Taiei+-
ée, NiNolyuaé ec 4400 Naiaénoa acaeiiiadiaiaeéoeydilo daaad ia adénoaedl noaoe+anéié
iidlaéuilé daniodadediiié iaddoceée a noaceiiadiii 0aiiadaodaiii 1ea. oi o0l 1aiéi+-
éé f+e0adl gadiedit Tiadodie. Adaie+ita onetaey ia itaaieé 1atanaiind asaie+iad
oneiaeé (10) a oaéii neo+aa a6aoo éiaou aéa

1 @Y 1 @J . _ _
N +ﬁ@—0, M Y+ﬁ@ 0, Y, =Y =7J, =0;
@ )_@y;, )_@w;, )_@ (G )_@ ( ):0.
@ @ @ @ @ ’
v(i; )=w(; )= (; )=0 ise =0: =b

Pafifiacdéaapony i6eaalta ia+aéuitd oneiaey.

OAiiadanssita iea fadiaeony ec fioaceliadiial odaaiaiey odietigiaiaiinoe i adaie+-
itié 6nefaeyie 1a0aial 6iaa. Aagda iadiayony 0aitadacodita oneeey e iniaiod, é1o0idta
ifanoaaeypony a éa+anoad iaddocée a renoaio 6daaiaieé aseaediey yedidioa 1aici-ée. Aeo-
dadaiveaeliay cada+a a +anoild 161écaiaito, Tieftaapuay aaésedied yéaidioa 1aigi+ée,
faiaeony é casa+a Fige 18014l Adaitaa Aasdoéeia a alfged ide4eemaieyd
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Agy 0atacaoaisaiey adaie+ilo oneiagé &fiiliaiot adéoida iadaianaieé e 6aea naisioa
ataedapoiy a fneaaopual aéaa
u(; )= Aj cos 'y sin > v(; )= Bjj sin 'y cos >
i=1 j=1 i=1 j=1
w(; )= Cjj sin 'y sin > (; )= | Dj cos 'y sin -
i=1 j=1 =1 j=1
XX i
(; )= Kij sin cos > (13)
i=1 j=1

Table. Convergence of the solution { = 0:002 mkm, g = 0:2 Pa, excluding

temperature at point 2; )

n=m 1 3 5 7

w(2; ), ié 0.001309800| 0.000405923| 0.000449531| 0.000436341

n=m 9 11 13 15

w(2; ), iél 0.000437318| 0.000435868| 0.000436013| 0.000435907

1801y Aadeaioaie daainadiar ia
( : 6 0&iETATAT  darigedaiey 45204
0&1i45a068 2 [400 1300] &i4&0 cia+&ied 1 = 0:000004K 1 >
e84 jaiei+ee. Oae, i@ = 600 K idiaea

153200340 434 OleUeil
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A. b. E50&134. 1a0diaoe+8neay i1adeu e1684aieé 1601081106 eeeiade+anées 1aiei-ae

w Knaccu4yeckas Teopusn

| = 0.003 MKM

| 1=0005mKkm_—

/

ﬁ‘Z Z‘—' Z‘f 3‘1 q “'
pefi. 3. Adabeéw(q) a cadeneiinoe 1o cia+aiey |
(64do Tieaél)

Fig. 3. Graph of w(q) depending on the value ofl

(color online)

"4 $%"& &"()" &S+

R

Deéf. 4. Adadeéw(; ) a caaefeiinoe 10 0aiia-
8206380 (6aao Tieaéi)
Fig. 4. Graph of w(; ) depending on temperature
(color online)

A 324104 iinodiaia jacdiaoe+anéay 11adei éledaaieé 1601081106 Nao+aold oeeeiade+a-
fiéeod 1aiei+aé i 6+aol faaeda, ita adénoaedl 0aiiadaosdils, noace+anéed e aeadaceliitd
iaaoogie. liadeu aaao aiciieeiiiou efifédaiaaol 1aiei+ée i dacee+iié aaliaodeaé naoée, +oi
ifee&0 a0ou iieaciti ide isiacoedsiaaiee éiifiod6eoeliins yeaiaion IYIN e 1YIN. ia
Thifaaiee Meo+aiiié ifadee 161adaai aiaéeg foaceée eciodiiiié vasadiaiié iaifoddaée
aneaanodea 04aiiadaoooitd aicaaéfioaeé e fioaveiiadiié iaddogée
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Abstract. One of the current and widely used non-destructive testing methods for monitoring ad
determining the elastic properties of materials is nanoindentation. In this case, tointerpret the test results,
a non-trivial task arises of constructing an adequate mathematical model of the identation process. As
a rule, in many cases, analytical formulas are used that are obtained from an elastic linedormulation
of problems about the introduction of a non-deformable stamp into a homogeneous elits half-space.
Currently, the numerical formulation of the problem makes it possible to obtain and use anumerical
solution obtained taking into account the complete plastic nonlinear behavior of thematerial. In this work,
a study of contact problems on the introduction of a spherical and conidaindenter into an elastoplastic
homogeneous half-space was carried out. To verify the numerical solution, the probie of introducing
a spherical and conical indenter into an elastic homogeneous half-spasgas also solved and compared
with known analytical solutions. Issues of convergence and tuning of nunerical methods, the in uence of
plasticity and the applicability of analytical solutions are explored. Problemsare solved numerically using
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Fig. 1. \ertical force from displacement
for a spherical indenter, mm (color online)
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Fig. 3. Contact pressure in the contact zone
for a displacement of 0.1 mm for a spherical
indenter, mm (color online)

Fig. 2. Contact radius versus displacement
for a spherical indenter, mm (color online)
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Fig. 4. Deformation in the contact zone (imprint)
for a spherical indenter, mm (color online)
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b is elastoplastic model (color online)
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Fig. 10. Deformation eld in the contact zone for a conical indenter, mm: a is elastic model;
b is elastoplastic model (color online)
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Abstract. Various intersystem shunts are widely used methods of treatment of newborns with congenith
heart disease and reduced pulmonary blood ow. Shunt placement is associated with a high risk of
postoperative complications and mortality. It is possible to predict the development ofsome complications
using mathematical modeling methods and adjust the treatment. In this study we invetigated the system
aorta shunt pulmonary artery . Three kinds of shunt placement with three di erent diameters for
three patients have been analyzed. To solve hemodynamic problems, 27 cases were inigated using the
common hemodynamic indices (wall shear stress, time-averaged, oscillatory shear index, relativeesidence
time, etc.). The dependence of pulmonary artery blood ow distribution on shunt locatin is shown; the
preferred location di ers for di erent patient geometries. The energy loss of 4 mm diameter shunts is
almost 2 times larger that of 3 mm shunts. A patient-speci ¢ approach to the treatment of each child based
on objective data can signi cantly reduce the number of pediatric deaths and increase th e ectiveness of
the rehabilitation process.
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0aasesa 2 / Table 2

Daciddl @6ioia / Shunt dimensions

D,ii | 130808 |a i | b il 18581808 Tonneoasuray
fesoeiifioe, yeseina, ii Bagiifiou
i 1858130514, %
3.0 9.4 10 | 1.9 9.47 0.53
35 11.0 12 | 22 10.93 0.56
4.0 12.6 15 | 2.4 12.52 0.35
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04elifol Racad+ial oeéea daaia 0.5 fi. laéfeiaeiiay NedInol ANoadaeyad 1.4 /i [ 25]
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Fig. 2. Finite element mesh and mesh convergence
Oaaéeva 3 / Table 3

120214080 Aaoie, enilélciaaiitd a enfedaiaaieé / Mesh parameters

paciad | Eiyo- | Eiee- | EWo- xenet xenet Jagfie- wmax Jagfe- win
yEAlAl- | 08ORAI0 | +Af- | OGGeAId | yeAlai- | oceia | iasuiia jasuiay
oa, 1l | 1a0461- | oal | &ifoa of 4288318, feiaifou,
aa | Aeda ia i
0.20 0.30 1.50 | 4204752| 968582 | 19 330.5 | 1.562541| 4.96512 | 0.913411

5
0.21 0.33 5 1.47 3617334 | 848 329 19 033.1 | 1.587344| 5.01089 | 0.940209
0.23 0.35 5 1.45 2782675| 673 045 18 735.7 | 1.930265| 5.05845 | 4.065203
5
5

0.25 0.40 1.40 2155081 | 539 698 18 380.9 | 1.894773| 5.27280 | 5.604678
0.27 0.45 1.30 1684686 | 440 474 | 18 039.1 | 5.585870

1.4. Aaiiaéiaie+anéea 1adaidodd
Agy i6aiéeé acaei aa'ﬁ(‘)ééy & daniddaaeaiey ioiéia danf+eolaaéenu idenoait+ita
ganaoaeunita ia'ray y (WaII Shear Stress WSS), 1idaaidiita ca nadad+ité oeée ioe-
aa

AL IAQ AN AN PN

foaii+ida éanacaéuita |6yaea|ey (Time Averaged Wall Shear Stress TAWSS), eié
&1e € éanaoaeuind iaidyeeadieé (Oscillatory Shear Index OSI), fiéigifionu, aaaéaiea

foiifieéoaelita asaiy i6dataaiey (Relative Residence Time RRT), 110ady yiadaeeé (Energy
Loss EL), T‘ﬁéééiébéy (Delivery oxygen Do) e (Affoiiedied éaiaioiéia idsead edaié é
idaaié edai+itie asoaseyie).
I6en0a||—|'0a éanaoadeuina faioyaediey yaeypony aaeeili dailaeiaie+anéei iadaiao-
ol [ 27,28]. Tié aigieéapo ide oddiee édiae T fodiee flfoaia & 11a00 anou faycaid
yidiodeeaeuiié aenosdieoeaé é 1alediitl denéll odiidica adoadeé [ 29]. I8enoaii+ina
ganaoaeulita iaidyesediey at-eneypory il 6idiéea
wss= @Y.
r
d3a u NEIdTNOU eeedéinoe adeece noaiée, r dannolyied &l noaiée, aefaie+anéay
aycéinou.
f084iaii0& ca fdadad+iné oeee 9endail+itd eanacdélind iaidyaediey at+eneypony i
0181664
1 Zr
TAWSS = - jWSSdt;
0

N

daaT aoaly nacaa+iial oeéea, oaaiia 0.5 .
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parameters in the healthy
athology, Pa

eé :
ay ec ioéiveia Values of hemodynami
giofaa [ 37,38), ieo+aai state an
0

pCV Oy fleacaoasi Cia+aied Efioi+iee

o
T O O

o WSS <40 >40.0 [28]
TAWSS >1.5 | 70 15 & 45 [14,29]
(0N >0.2 [30]
aaea. RRT >8.0 [31]
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2. Dacoéeloaod
2.1. lsenoaii+ina éanacdédina iaidyeediey, Noaaiaiida ca nadad+ité oeee
idenoait+ita éanaodéuita iaidyaeadiey, eiaaén éieadaieé éanaodéuins
faioyaedieé, Toiifieodelita asaly idaataaiey
[acalelioed cia+aiey idenoait+iio eanacdeuino iaidyaedieé iadépaapony a 1aeanoe

BaMAdAITNS fal f6&105650poRy & Tasanoe ABOAATAT & cafd
A 637116 ad0Adee (AITHGAANOAAIT 1A @6iOf, A4 &5TAl foaseeaddony Al foaleaie
aB0A5ee, & dadeed fa 10A0ABAIEYD AI000, ABEp-ay 8aA0h iTaéep+e-i6h adoAdep, 83adh
1406p 480388 & T6a-AATEIANE AOATE. [AGIATUrea cla+aiey WSS faaspaapony A 1a8anoys
ieRGiayUAé ~anioe 500 & fa 6aal:11é ad0Adee A Tasanoyd Gaainadiial oa+aiey esiae [ 22).
Cia-&iey TNBAAIAIN0 ca AASAA+I06 6eee iBeM0AN-05 eARA0ABIIND faidyaaies A
ie&1A06 1Miaid Aefofel alfoeaapo 1AREIABINNG claaieé A TaBaf0e @6ida, +of iledd fil-
AiAROATAR00 OBTIAIG @6ida [ 41,42). EBNiA 0fal, A0fTEea cla=aiey SaRa0aslins faidyaaies
iaaspaapony a 1asanoe Ae6B4AIAT aacaaiey e51ae A eeeidé +afioe 8aal-iié adoadee [ 43]
[ag4ieloed cia-aiey TAWSS iadebaapony a Ta8afoyd fodea A Ai00ié & eaai:iié
a00ABRA6, ~0f 66ac0ARRD fa TANPAIINE Befié OdliAica A AAM06 fasanoys (fi. oef.  3)
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WSS, Ila TAWSS, I1a OSI

LlenrpanbHblii Jlesbiit  Ilpasbiit Llentpaneuniii  Jleswit  Tlpaseiii | llentpanenwii  Jleswiii  [paBsiii
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0 3 MM
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B e < < 3 <
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Maunenr 2

$< e e

Mauuent 3

beén. 3. bafidaadedied 18enoaii+~itd éanacde ai-
00 ca Nadad+iné oeée e eiadéna éiedaaie gé
¥,ai00a @6i0 edai+iay adoaoey., ide dacitd ia

(6430 Tieaél)
Fig. 3. Distribution of wall shear stress, time-averaged wall shear stress and oscillatory shear indexn
model aorta shunt pulmonary artery at di erent diameters and locations of the Blalock T aussig shunt
(color online)
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Fig. 4. Streamlines, pressure, and relative residence time in model aorta shunt pulmonary artery
at di erent diameters and locations of the Blalock Taussig shunt (color online)
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oeaiinoe fnenoaii-eadi+~ial goéioedsiaaiey () 48y 0040 iacediola ide dacee+ind aea-
& 1N0iaad0cee fa Taei sedesai+aé. xai iaiu- ja00ad @o6iola & addeaioad &6 onoaiaée
24 1odde yiadaee, oai aliga yooaéoeaiiniou (6440 tieaéri)
idatadaciaaiey yiadaee fnenoaiii-eaai+iad Flg-_ S. LPA/RPA_fatIOS () for three patl?nts

501 [ 34 at di erent shunt diameters and various locations

goioia [ 34]. .

L e o e e (color online)

¢ aeadadaiil aéain, +of i iada 6aaee-

+ajey aéaidoda gobioa Moadaiaiita ca Raos-
aa+i0é oeéé 1oade yiadaee aicdanoapo (déf. 6). Eféep+aiedi yaéyaony caodaeliia danii-
glaedied gbioa 6 Tadeaioa 3. YOI Naeaaodelnoasdac 14 6adee+aiee iaddocée ia nasdaoca ioe
0adee+aiee 48aidoda goioa.
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Fig. 6. Energy loss distribution: a is shunt of 3 mm diameter; b is shunt of 3.5 mm
diameter; c is shunt of 4 mm diameter (color online)
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Fig. 7. Oxygen delivery distribution in the right pulmonary artery: a is shunt of 3 mm
diameter; b is shunt of 3.5 mm diameter; c is shunt of 4 mm diameter (color online)
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Fig. 8. Oxygen delivery distribution in the left pulmonary artery: a is shunt of 3 mm

diameter; b is shunt of 3.5 mm diameter;c is shunt of 4 mm diameter (color online)
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al a
alb
Peén. 9. bafigazdeaied éeneidiaa, Noaaiaiita ca Nadaa+ité oeée a eadaié ( a) e idaaié ((a) edai+ins
ad0adeys (0diodacelila, edaia e idaaia danielsediey Nif0aaoN0AAIN); P1 iacédio 1 (fieieé); P2
iaceéaio 2 (idaieedalé); P3 1aceéaio 3 (:eaeolé) (6aao tieaél)

Fig. 9. Time-averaged oxygen delivery distribution in the left (a) and the right (b) pulmonary artery
(central, left, and right locations); P1 patient 1 (blue); P2 patient 2 (orange); P3 patie  nt 3 (yellow)
(color online)
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Abstract. This article describes and analyzes the development of a
system for identifying and recognizing the cognitive behavior of students
to determine interest in facial expressions. The purpose of the study is

to nd suitable technologies for the implementation of this system. The W . °

de nition of emotions will allow organizing control over the quality of J } W L
the educational process, conducting statistics on the cognitive behavior X n 0

of students during classes, and showing the level of interest of students | u

in the material presented. The identi cation system will automatically
determine and register the time of arrival and departure of students in
real time. Based on the joint application of the Viola Jones method and
the nearest neighbors method using histograms of centrally symmetric
local binary images, a system for face recognition in a real-time
video sequence has been developed. The structure of the project is
described and the software is developed in the Python programming
language using the Keras open-source library. The developed system
consists of two subsystems: an identi cation system and a cognitive
behavior recognition system. The scienti ¢ novelty lies in an integrated
approach to the development and research of algorithms for real-time
face recognition and identi cation for solving applied problems.
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Introduction

Recognition is the identi cation of the transformation of input information, whi ch is
appropriately de ned by some features of recognizable objects in the output informatio,
representing the conclusion about which class the recognizable object is foundl].

Face recognition is a system designed to identify people in a static image or video. This
technology has been around for decades. However, its use has become more visible in the last
few years, as it is now used as part of innovative solutions, such as photo recognith of people
and additional authentication on mobile devices.

By recognition, we will understand the identi cation of an image of an unknown person
with one of the well-known persons. Thus, the concept of recognition can be de ned as the
assignment of the object under study (face image), given as a set of observations, to erof the
mutually exclusive classes (persons), or the conclusion that this object does not belong to known
classes. The task of face recognition is relevant both in the eld of intelligent environmentsand
in security systems [2].

Face recognition has a number of advantages over other methods of human identation:

no special or expensive equipment is required;
physical contact with devices is not needed: it is enough just to pass or linger in front of
the camera for a short time.

The authors of the article developed two Python applications using theTensorFlow, OpenCV,
Numpy, TKinter, Keras, MatPlotLib , PIL, and Threading libraries. These applications process
the video stream (or selected le) from the webcam in real time. The Windows 10 operating
system was used as a platform for work.PyCharm was used to work with the code.

The Viola Jones method and convolutional neural network (CNN) are used for implementation.
The Viola Jones method is considered one of the best in terms of the ratio of its speetb the
accuracy of the determination. Also, this method can successfully interact with otheralgorithms
and can be adapted to speci c needs and requirements. It works not only with static images tu
can also process data in real time.

In the process of work, the authors faced the problem of the lack of a training set for each
de ned emotion: anger, joy, neutrality, sadness, and surprise B]. To solve this issue, lectures
were recorded on the subject of System analysis and operations research for third-yeastudents.
A database of students with de ned emotions was created for the subsequent trainingf the
system being developed.

1. Project structure

The process of face recognition is usually called a set of di erent tasks that serve to idntify
a person by a digital image or video fragment. In general, this process looks like this: after
the system has received an image from the camera, the face boundaries (detection stage) are
determined using algorithms [2]. This is followed by the recognition stage, at which the face is
transformed (its brightness changes, it is aligned, scaled, etc.) and brought to a certain speci ed
form. After that, the features are calculated and directly compared with the standards embedded
in the database. This nal stage of comparison is called identi cation or veri catio n, depending
on the system.

The processing of video stream frames consists of two main stages. In the rst stage, the
detection of faces in the frame takes place, and in the second, the recognition of theetkcted
faces itself [4].

When developing the identi cation subsystem, the Viola Jones face detection method was
used in this work, and the nearest neighbor method with the use of histograms of centrally
symmetric local binary patterns was used for recognition.

As a result, the generalized algorithm for processing frames of the developed identi cation
subsystem contains the following stages:

1) face detection;
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2) processing of found faces using a Gauss lter;

3) LBP transformation of the found faces with subsequent application of the mask of sigircant
areas;

4) calculation of histograms of found faces;

5) Classi cation of persons by the nearest neighbor method by histograms %].

The general algorithm of the subsystem being developed is shown in Figl.

Fig. 1. Generalized algorithm for processing video stream frames

The Viola Jones method is used to determine objects in real time. This algorithm was
created to simplify the identi cation of faces in a photo or frame and is now widely useddue to
the processing speed because it allows you to recognize a face in a photo or frame in real time
without using a large amount of computing powetr.

Convolutional neural network is used to determine emotions on a frame or pbto because it
has high accuracy, but it already requires large computing power, it is also processecdbhger.

The operation of a convolutional neural network can be interpreted as a @nsition from speci c
features of the image to more abstract, but numerous details, and then to more abstractand
even more numerous. Two main operations are de ned in this neural network: the cowolution
operation and the subdiscretization operation.

The convolution operation is a passage of convolution kernels, or rather smbmatrices of
weights of small size, through the layer, which eventually generates so-called prism mps. Each
fragment from the feature map shows the presence of some feature that has been encodatbiits
convolution core.

The subsampling operation, also a subsampling operation, is used to reduce the dim&on of
the created feature maps. In this architecture, it is considered that the presence of a feature is
more important than its location, so the maximum is usually selected from several neighbormg
neurons of the map. Due to this operation, the speed of the algorithm itself increases.

Viola Jones algorithm was created in 2001 for real-time
face recognition. It relies on the use of so-called features. The
features used by the algorithm are based on the summation of
pixels in rectangular areas (Fig. 2). The value of each feature is
calculated as the di erence between the sums from di erent parts
of the feature. The use of these features is quite primitive,
while they are sensitive to the vertical and horizontal features
of the image and, as a result of all of the above, give a rather
rough result.

Figure 3 shows a diagram of the use cases of the emotion
recognition subsystem. This diagram shows a pattern of behavior
and interaction between roles. The main block is the application
itself. On the right is a user who has speci ¢ goals and behaviors
regarding this application. The main role of the user is to launch
the application and use the application. Launching the app involves checkp for the presence of a
camera. If there is a camera, then the application will work correctly. Otherwise, the application
will not start. The application will also work correctly if the user's face is in the eld of view of
the camera. Next, let's take a closer look at the role of the developer.

Fig. 2. Types of features
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Fig. 3. A case diagram of the emotion recognition subsystem
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The main task of the developer is to install all the necessary components and develop an
application. The installation of components includes checking the operatio of the model, if the
model is installed and con gured correctly and the necessary libraries are connected, then the
application will recognize emotions without any problems. Otherwise, a recognition error will
occur. Creating an app is an important process related to setting up a camera. Since dliteraction
with AR objects occurs through it, the camera must be connected and properly con gured;
otherwise, the application will not work and perform its original facial recognition functi on.

2. Creation of basic structures

Figure 4 shows the interaction of the components of the developed identi cation sbsystem.
When the application is launched, it is rst loaded from CascadeClassi er les using OpenCVand
a ready-made model by theKeras module, which is imported from the TensorFlow library. The
OpenCVsearches for the webcam and starts recording, and also creates an application window.
After that, for every iteration of the inner loop, the frame is processed usingCascadeClassi er,
and a face search is performed. After that, a frame showing the face is applied to the image.
Then, through the NumPy library, the image is converted into a binary array, which is already
fed to the nished model, and the result is output as text, as well as the processed image itself
on the screen.

Fig. 4. Interactions of components of the identi cation subsystem

Figure 5 shows a diagram of the work of the emotion recognition subsystem presented. When
calling the update method, rst the active frame is taken through the get frame method, then the
Viola Jones method determines the boundaries of the face on it, and the frame is transformed
for processing and processed by a convolutional neural network. To pass this stage, libraries duc
as cv2, karas, numpy, and tensor ow are used. Next, there is a check for the presence of a frame
and for the presence of a tkinter window, in the absence of the program, the program is clesl,
otherwise, the frames and instance variables are updatedkinter widgets are updated, matplotlib
graphs are saved and the results of the work are saved to a le using théhreading library. A
separate stream is created, to which the method for saving data to a le and its arguments a
passed. At the very end, the update method is called with a delay.

When creating an instance of theVideoCapture class, a connection to the video stream is
made viacv2. Also, when calling the get_frame method, the active frame is updated usingcv2.

The project consists of two classes: the main App class and the auxiliaryideoCapture class.

The App class is the main one; it initializes the GUI, widgets, main components and methods.
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Fig. 5. Application at work

First, let's create and describe all class

variables:

the class_labelsvariable contains a tuple of
all emotions that are de ned in the program;

the variable preds is a list that contains
the values of the emotions in the active frame
and is updated as the program runs, the value
of this variable is used to plot the active frame
(picture 36);

the count variable contains the number of
frames that will be displayed on the emotion graph
for count frames (Fig. 6);

Eidisiaoeéa
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the le variable le contains the path and name of the le in which the result of the
program is saved,;
the lines variable is a list that contains data for count frames about each emotion, used to
plot emotions for count frames
(Fig. 7);
the face_classier variable
contains a model for determining
faces on a frame using the Viola
Jones method;
the classier variable contains
a ready-made convolutional neural
Fig. 7. Diagram for count cadres (color online) network model for determining
emotions.

Also in this class, we will create the necessary methods. The init__ constructor is used
to initialize the main variables of the class instance, as well as to create a selection menwith
three buttons: Dynamic recognition , Static recognition , and Exit .

When __init__ calling, you must pass the following parameters:

the window parameter is a Tk class from the Tkinter library that creates the main
working window;

the window_name parameter is a string variable to create a name in the window's title bar;

the window_logo_path parameter is a string variable that speci es the path to the logo
in the program header;

the fps parameter is a limiting parameter that indicates the desired number of frames per
second, but due to the possible limitation of the device's power, it only allows to reducdhe load;

the video_source parameter is a parameter with a default value that determines the
program's operation mode. If it is equal to zero, then the de nition is based on the video tseam
from the webcam, and, if not, then get the path and load the video.

Next, the method creates and con gures the window, its size, title, protocol, background, and
logo. This is followed by the creation of three buttons and their con guration:

the Exit button closes an application after pressing;

the Dynanic recognition button calls video_recognisemethod in web camera mode after
pressing;

the Static recognition button calls video_recognise method in static video mode after
pressing, the user should choose a video for recognizing emotions in the video;

The video_recognisemethod is used to initialize the main graphic widgets, as well as to call
the update method. The input is one parametervideo_source in which the mode of the program
is transmitted. Next, the buttons that were created in the constructor are deleted and the main
window is recon gured. After that, an instance of the VideoCapture class is created and the
main widgets are created (Fig. 8).

3. Approbation of the system

To implement the project, the Python programming language and its libraries were used:
NumPy, TensorFlow, and OpenCV. When you run the script, the interface is called, which
displays the image from the webcam. When determining the face, an encircling square witlan
inscription identifying the person's identity is displayed.

To test the identi cation subsystem, the trainees were entered into the KnownFaces database,
as shown in Fig. 9.

The program successfully saves the results of the work in separate les for each run.
Automatic search, use, and operation of the webcam are carried out (Figl0).
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Fig. 8. Main widgets and frames

Fig. 9. Adding images to the database

Fig. 10. Testing of the identi cation subsystem

Testing of the accuracy of the model of the subsystem of recognition of the cognite behavior
of the observed was carried out to determine each emotion. In this test, the ability of the rodel
after training to determine the emotions embedded in the algorithm in di erent light co nditions
and from di erent angles of the face location is tested (Fig.11 15).

As a result of the conducted testing, it was determined that the emotions Neutrdity , Joy,
Sad and Surprise are determined by the system virtually unmistakably. However, there are
di culties with de ning the emotion Anger. This problem is a consequence of the lack o f
training of the neural network for this emotion and requires further development.
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Fig. 11. Testing the emotion Angry

Fig. 12. Testing the emotion Happy

Fig. 13. Testing the emotion Neutral
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Fig. 14. Testing the emotion Sad

Fig. 15. Testing the emotion Surprise

For the subsequent approbation of the system, the authors identi ed the followingmain testing

criteria:

the accuracy of the model in identifying the observed;

model accuracy at di erent distances from the camera;

model accuracy in di erent lighting conditions;

the accuracy of the model at di erent positions and turns of the head,;

the accuracy of the model in determining a certain emotion;

the accuracy of the model in determining emotions for several people in theframe;

the accuracy of the model in determining emotions in both sexes.

Conclusions

As a result of the conducted research, suitable technologies have been developed and teeia
for the implementation of an emotion identi cation and recognition system. The conducted testing
showed 82% accuracy in the identi cation of the observed. The accuracy of recogriitn of the
ve emotions obtained in this work is 65.56%. The results obtained show that the identi cation
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subsystem can be used to automate the registration of student attendamcand register the time
of arrival and departure automatically. The subsystem for determining tte cognitive behavior of
the observed requires further re nement.
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Introduction

A call center is a centralized customer service department for many businesses that dea
with incoming and outgoing phone calls via voice communication channels. It is refered to as
a call center because traditionally, customer service is based on phone sywrt as the main
method of contact between customers and companies. The calls are handled by a teafmagdlvisors,
otherwise known as agents. The article [l] focuses on reviewing the state of call centers research.

Telephone customer service organizations should track key performance inditors to measure
the e ciency of call centers and agents. In particular, they strive to improve call ha ndling time,
call waiting time, and placing calls by agents. The quality and operational e ciency of these
telephone services must be exceptional in order to meet the needs of the custars [2, 3]. Agents
of a large best practice call center have to cater to thousands of phone tta per hour. The waiting
time for delayed calls must not exceed a few seconds. To achieve high levels of service qugli
and e ciency, it is necessary to accurately describe the reality of call center operation, and to
mathematically model this reality.

Mathematical models of call centers are of great value, but at the same time, eaclf them
is somewhat limited in its ability to characterize system performance. Traditiondly, queueing
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theory can be used to analyze call centers' e ciency and optimize their structure. Indeed,
there is a natural t between standard queueing models and telephone systems4]. Queueing
systems, particularly, Markovian ones, are widely used for call centers' modelling, analyang their
performance, planning, and managing $ 8]. Queueing systems with impatient customers [5, 8],
retrial queueing systems [6,7,9], and many others have emerged from the need to mathematically
model the behavior of telephone service customers, to nd the optimal sta ng for call centers
in order to guarantee maximum pro tability and a desired grade-of-service, measured in terms
of acceptable waiting and blocking. A tandem queue is suitable for modeling call ceaars with
interactive voice response machines 10]. Queues with general service are widely used to model
call centers, e.g., a two-phase hyperexponential approximation can be applied foervice time
distribution [ 11]. In the article [ 12] a multi-server queueing system with a generalized phase-type
service time distribution is used as a model of a call center with a call-back option.

The subject of mathematical study and modelling in this paper is an inbound caltenter
that receives calls initiated by customers looking for information support, technical support,
billing questions, reservation support, order-taking functions, and other customer sevice issues.
First, an arriving call is routed towards the automatic call distribution switch, whose function
is to distribute the inbound calls among the agents according to the customer's need. When
the topic of the client's request goes beyond the scope of the current agent's specialization,
the client is redirected to specialists who are competent in resolving the issue. Thus, calls a&
routed according to their speci city between agents of various specializations. Therefore, the
organizational structure of a call center can be graphically represented Y a network diagram
showing the call routing between call center agents on di erent service issuesaccording to their
speci cs.

Queueing networks are e ective mathematical models for studying discrete probabilistc
systems with a network-like structure. A queueing network is a collection of interdependent
gueuing nodes that provides processing and transfer of jobs or customers. Everyone knows that
telephone customer who receives a busy signal repeats the call until the required conngon is
made. As a result, the ow of calls circulating in a call center consists of two parts: the ow of
primary calls and the ow of repeated calls. It is natural to take into account a ow of imp atient
customers who nd that the residual waiting time is too long and leave the queuwe forever. These
considerations emphasize the need to use the network of retrial queues with impatientustomers
as a proper modelling of customer behavior in a call center. So, the purpose of this paper call
center mathematical modeling and analysis of call processing e ciency using a cbsed exponential
gueueing network with retrial and impatient customers. An asymptotic analysis of the model is
performed, which implies an approximation method of queueing network study under tk critical
assumption of a large but limited number of customers L3 15].

1. Model description

The focus of this paper is the queueing network model of a large call center. We sef as the
total number of customers. The closed network consists oh + 1 exponential m;-linear queueing
nodes (systems)S;, i = 1;n+ 1, and K -linear hypothetical node Sp, which plays the role of a
dependent source of arriving customers or an external environment. It should be rted that,
unlike the others, the node Sy+1 is the retrial queueing system without a waiting bu er. The
node S,+1 has the orbit O,+> which plays the role of a virtual waiting room for K customers.
Each customer can be in one of the following nodes (states) at any given point inime:

So no need to turn to the call center;

Sh+1 a customer call is serviced by one of the mp+1 lines of the automatic call distribution
switch;

On+2 a customer call is waiting in the orbit;

S; a customer call is handled by one of the m; agents supporting the ith type service
issue or is queued in the unlimited waiting bu er, i = 1;n.
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The customer transition from the node Sp to the node Sp.+1 Wwith probability pon+1) = 1
corresponds to a customer call to the call center. We assume that the arrival of cusmers from
So to Sp+1 forms the Poisson process of rate (t)ko(t), the rate parameter is proportional to the
number of customers in the sourcekg(t). Inbound call ow is non-stationary.

From the node Sy+1, the call is routed to the node S; with probability pgn41yi, I = I;n, or
with probability pih+1)0 to the external environment Sp in case of an erroneous customer request.
After the end of call service in the nodeS;, i = 1;n, the customer is transferred to So with
probability pjo, in case his request is completely ful lled or redirected to specialists on another
service issue to the nodeS;, j = 1;n, with probability pj,i 6 j, i;j = I;n. Customers are
served according to the FIFO rule. The service facility of the nodeS; consists of m; identical
servers and service times are exponentially distributed with rate parameter j, i.e., ; Lis the
mean service time,i = 1;n+1.

Taking into account the peculiarities of telephone services, it is assumed that the custorr
waiting time in the queue of the node S; is limited by an exponential random variable ; with

an expected value of ; 1, i = I;n. At the same time, customers who leave the queue are called
impatient. If during time ; the call is not answered, then it is lost and transferred to the external
environment So with a probability go=1,i = 1;n.

It is worth noting some important features of the automatic call distribution switch whi ch is
modeled by the retrial queueing nodeS,.1 . If an incoming customer call nds some of my.1
servers free, he instantly occupies one of them and leaves the node after service. On tlo¢her
hand, any request that nds all servers busy upon arrival is required to leave the servie area
but it is not lost, it is transferred to the orbit Op.2. The customer in the orbit repeats his
call and retries reaching the free server again after an exponentially distributed time [,, with
parameter . Thus, we are assuming that the repeated attempts follow the classical retrial policy,
where the repetition times of each customer are assumed to be independenha exponentially
distributed with the rate parameter . In addition, we suppose that the customer's time in the
orbit is limited by an exponential random variable J,, with an expected value of | }2. After
this time 3., , the customer leaves the orbit and is transferred to the external environmentSy
with probability 420 = 1. We also assume that inter-arrival periods, service times, waiting
times, and retrial times are mutually independent.

Probabilities pj are elements of a transition matrix P = (pj)n+2) n+2) for serviced

customers, i;j = O;n+1. Non-zero elements of the matrix P are ppin+1y =1 and pj, i 6 j,
1

i = 1In+1,j = 0;n. The matrix P is a stochastic matrix, so P pj = 1. Probabilities g
j=0

are elements of a transition matrix Q = (gj )(n+2) (n+2) for impatient customers i;j = O;n+1.
Non-zero elements of the matrix Q are go = 1, i = 1;n. Retrial customers are circulating
between the systemS,+; and the orbit On+2 . Impatient retrial customers transfer from Op.o
to Sp. We have to keep in mind the non-zero elements of transition matrices. The rouhg of
serviced customers (solid line), impatient customers (dashed line), and retrial custorars (long
dash) is shown in Fig. 1.

The allocation of customers by possible states at time fully describes the situation in the
call center at that time. Accordingly, the allocation of customers by queueing nodes completely
determines the state of the queueing network. Taking into account the above-described, thetate
of the network model under study at time t is represented by a continuous-time Markov chain on
nite state space:

K(t) = ( ka(t); ka(t); 25 Ko+ (1) Kn+2 (1))

where k;(t) is the number of customers in the nodeS;, i = 1;n+1, kn+2 (t) is the number of
customers in the orbit, at time t, t 2 [0; +1 ). Obviously, the number of customers in the external

P2
environment Sy is Ko(t) = K ki (t).
i=1
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ORBIT

Fig. 1. The state-transition diagram

2. Asymptotic analysis of the network model

Asymptotic analysis implies an approximate method for studying a queueing netwrk under
the assumption of a large number of customersK and is based on the theory of diusion
approximation of Markov processes [L6]. In this paper, the passage to the limit from a Markov
chain k(t) to a continuous-state Markov process (t) is considered. Unlike discontinuous processes,
continuous processes in any small-time interval t! 0 have some small change in the state

x! 0.

Theorem 1. In the asymptotic case of a large number of customersK the probability
density function p(x;t) of the random process

(t) - k(t) — kl(t) . kz(t) ..... Kn+1 (t) . Kn+2 (t)
K K"K ™7 K ' K

provided that it is di erentiable with respect to t and twice continuously di erentiable with
respect tox;, i = 1;n + 2, satis es up to O("?), where " = Ki the multidimensional Fokker
Planck Kolmogorov equation

@mt) _ X* @ " X2 @
= — (Ai(x;)p(x;t))+ = — (Bji (x;t)p(x;t)) ; 1
@ T, @xMOSOPK 5 gy (B (iUR(D) (1)
with drifts
2
Ai(x;t) = i (B gi)minClsxp) i ) (i ) b= L4 (2)
j=1
X2 !
An+1 (X t)= n+t MiN(lh+1; Xn+1 )+ (1) 1 Xj (In+1 Xn+1)+ Xn+2 (In+1 Xn+1); (3)
i=1
X2 |
Anv2(X;t)= (1) 1 xi (1 (In+1  Xn+1)) Xn+2 (In+1  Xn+1) n+2Xn+2; (4)
i=1
. mi .. 1, x> 0; . . .
j is the Kronecker delta, li = —, i;j = Ln+2, (x)= is the Heaviside function.
K 0 x60
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Di usion coe cients Bj; (x;t) are not given in this paper because of their cumbersomeness
and also because they are not used for further calculations.
Proof. Let a vector k = (ki;ky;:::;Kkn+1;Kn+2) be formed by componentsk;(t) = ki,
i = 1,n+2, at some time point t. In this case, we will say that the queueing network under
study is in the state (k;t). Let P(k;t) denote the probability that the network is in the state
(k;t). Denote I; as a(n + 2)-vector with zero components excluding i-th, which equals to 1.
Consider all possible state changes of the Markov procesk(t) in the short time  t:
from the state (k I,+1;t) the process transfers to(k; t+ t) with probability
2 !
(t) K ki+1l (Mp+1 Kpsr +1) t+ o t);
i=1
that corresponds to the customer call arrival from the nodeeSy to the nodee S+, when there
are free lines of the automatic call distribution switch;
from the state (k I,42;t) the process transfers to(k; t+ t) with probability
X2 !
() K ki+1 (1 (Mnaa Koer)) t+o( t);
i=1
that corresponds to the customer transition to the orbit due to the fact that all lines of the
automatic switch are busy;
from the state (kK + In+2  In+1;t) the process transfers to(k; t+ t) with probability

(Kn+2 +1) (Mp+y knsg +1) t+0( t);

that is, the arrival of a retrial call from the orbit to a free line of the automatic swi tch;
from the state (k + I 442 ;t) the process transfers to(k; t + t) with probability

n+2 (Kn+2 +1) t+ o( t);

in case the time spent by an impatient customer in the orbit while trying to reach a free server
of the automatic switch has expired;
from the state (k + I;;t) to the state (k; t+ t) with probability

( ipomin(mi;ki +1)+ igo(ki+1 m;) (ki+1 m;)) t+ o t);

that is, the customer departure from the nodeS; to the node Sy, when his request is fully
satised, i = 1,n+ 1, or the transition of an impatient customer from S; to S, i = 1;n;
from the state (k + I; 1j;t) the process transfers to(k; t+ t) with probability

ipj min(mi;ki +1) t+ o( t);

that corresponds to the transition of the serviced customer from the nodeS; to the node S§j,
i=Ln+1,j=1n;
from the state (k;t) to (k; t+ t) with probability
!

9(*-2
1 () K ki (Mp+1 Kp+z )+
| i=1
X2
+ (t) K ki (1 (mn+1 kn+1))+ kn+2 (mn+1 kn+l)+ n+2kn+2+
i=1
X1 K1 !
+  (ipomin(mi;ki)+ igo(ki mi) (ki m;j))+ ipj min(mi;ki)  t+o( t);
i=1 i =1

if the model state does not change;
from other model states transfer to (k;t + t) is possible with probability o(t).
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Taking into account state changes listed above and using the law of total probabilitythe
following set of equations is valid for the probability P (k;t) = P (k(t) = k):
!

52
P(kit+ t)= (1) K Ki+1 (mps1 Kper +1)P(K Tpeast) t+
i=
X2 '
+ (1) K Ki+1 (I (mp+1 Kns))P(K  Ths2st) t+
i=1
+ (kn+2 +1) (Mp+1 Kpnsr +1)P(K+ The2  Tpert) t+
L
+ ne2(kns2 + 1) P(K+ Tnizit) t+ iPiomin(mi; ki + 1) P(k + Ij;t) t+
i=1
51
+ igoki+1 m) (ki+1 m)P(k+ Ij;t) t+
i=1
XL ¢l
+ ipj min(mi;ki +1)P(k+1;  1j;t) t+
i=1 j=1 |
X2
+ 1 (1) K Ki (Mp+1 Kn+1) +
| i=1
X2
+ (t) K ki (1 (mn+1 kn+1))+ kn+2 (mn+1 kn+l)+
i=1
51 w1
+ ne2Knez + iPio min(m;j; ki) + igo(ki mj) (ki mj)+
i=1 1 %
51
+ ipy min(mi;k)A  t3P(k;t)+ o t):
ijj =1

Let us denote the following di erences:
o+ P(Kit) = P(k  Tnea;t)  P(KE);  omez) P(Kit) = P(k Tne2it)  P(k;1);
ioP(kit)= P(k+ Ii;t)  P(kt);  jP(kt)=P(k+1;i 1;5t) P(kit); i;j = Ln+2:

Assuming that t! O, we obtain the set of Kolmogorov di erence-di erential equations for

state probabilities:
!

k;t X+
@RI (1) K Ki (Mn+1r Kn+r) om+py P(K D+
@t i=1
X2 !
+ t) K ki+1 (Mp+1 Kn+r +1)
i]——l |
%2 !
(1) K Ki (Mp+e1 Knsz) P(K Tpeas )+
i=1
X2 !
+ (1) K ki (1 (Mn+1 Kne1)) ome2) P(K )+
w 1=l
X2 !
+ () K ki+1 (1 (Mp+1 Kns+1))
i=1
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! #
XFZ
K ki (1 (Mn+1 Kn+r)) P(K Theo; )+
i=1
+ Kn+2z (Mns1 Knez)  (ne2y(neny P(K D)+
+[ (kn+2 +1) (Mp+1 Kner +1) Kn+2 (Mn+1 Kn+)]
P(k+ Insz  Insit)+ (ne2o P(Kt) nezknsz + ne2P(K+ Ins2;t)+

X1 X1
+ iPio min(m;i; ki) ioP(k;t)+ ( ipiomin(mj; ki + 1) iPio min(mj; ki)) P(k + Ij;t)+
i=1 9(,_1 i=1
+ igo(ki  mi) (ki mj) joP(k;t)+
wl i=1
t [igo(ki+1 mj) (ki+1 mi) igo(ki mi) (ki m;j)]
= Kl el
P(k+1;;t)+ ipj min(mi; ki) j P(k;t)+
i=1 j=1
X ¢l |
+ [ ipj min(mi; ki +1)  ip min(mi; k)] P(k+ 1;  1j;t): )
i=1 j=1

The resulting equation cannot be solved analytically for largen. Call centers undoubtedly
handle a large number of customer calls. In this regard, we consider the important asymptat
case of a large number of customers in the model. Let us pose the problem of studyingpe
probability distribution of the state vector k(t) under the critical assumption of a large number of
customers K in the queueing network.

Suppose we are interested in the properties of the relative process(t) = k,gt) when K
becomes very large. Vector (t) indicates the relative proportion of the company's customers
who contacted the call center and how calls are distributed across model nodes at time In
time t! O, the possible changes in process(t) are g, whereg = |; " = L—' Assuming that
K!1 wehaveg ! 0, and the vector (t) will be a continuous-time continuous-state Markov
process. A probability density function of (t) is de ned as

v o P(x26 q(t) <x1+ "inXne2 6 ¢ (f) <Xnpe2 + ") _
P t) = lim_ T3 =

- lim P(Kx16 ki(t) <Kx 1+1;:5KXns2 6 Kpaz (1) <KX pe2 +1)

"0 "n+2 ’

KM"2p(k:t)! p(x;t); where x2 X; (6)
X2 )
X = X=(X1;X2;: i Xn+2) i X >0; i=1n+2; Xi 61
i=1
Realizing the asymptotic transition (6) for the equation (5), we obtain the following partial

di erential equation
!

. X2
@pt) _ (HK 1 Xi  (In+1 Xn+1) om+1) PO )+
@t i=1
P2
@ 1 y Xj (In+1 Xn+1)
A i=1 o P(X  en+1;t)+
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2
+ (DK 1 Xi (L (lns1 Xn+1)) o+2) PO )+
i=1
P2
@1 Xi
R e — I+ Xn+ X o )+
@ o ( (In+1  Xn+1))P(X  €n+2:t)

+ KX ne2 (In+1 Xn+1) (ne2)(n+) POGT) + (Insr Xn+1)P(X + €n42 Enep s 1)+
+ ne2KXni2  (ne2o POGE) + ne2 X+ Ene2; )+

X1 X1 (] s
+K ipiomin(li; xi) iop(X;t) + ipio@Tm@gl;('X')p(X*' g;t)+
i=1 i=1
Xt Xt il il
+K igo(xi 1i) (xi 1) iop(x;t)+ iQO@(X é;x ) p(x + &;t)+
i=1 i=1
K ¢l XL 1 (] oy
+K ipj min(li; xi) i p(x;t) + i Di @mn@gl;(,x.)p(“ e g;t) (7)
i=1 j=1 i=1 j=1

If p(x;t) is twice continuously di erentiable function with respect to x, then we can use the
following Taylor series:

L@pGt) . "2@p(xit) .
@x T2 @x; o),

Y — o . @pxt)  @px;t)
p(x+e g;t)= p(xt)+ @x @x

p(x  &;t) = p(xt)

L2 @it 2@p(x:t)+ @p(xt) +0("%); §j =Ln+2:

2 @% @x@x @%

Substituting the above-mentioned Taylor series into equation(7), having grouped the terms
in the resulting equation, we conclude that the compact mathematical expession (1) is valid. The
theorem is proved.

The probability distribution of the vector (t) given by the probability density p(x;t) is a
complete and exhaustive characteristic of the network model state at timet. However, such an
exhaustive characteristic cannot be found, since equatior{l) is not explicitly solvable. From a
practical point of view, it is enough for us to know what the average value of (t) is. For this
reason, we con ne our study to nding expected values E ,(t) = E(i(t)),i = Ln+2.1Itis
known [15,17] that the expected value E . (t) is determined with an accuracy of O("?) from a set
of ordinary di erential equations:

dE (1)
dt

here A;() are drifts given by formulas (2) (4). Then the expected number of customers in each
node of the network modelEy, (t) = E(ki(t)) = E(K i(t)) can be found from the set of equations:

= Ai(E (t); i=1n+2;

dEy (t 1 L
'(;'t():KAi CE® © = TIn+2: (8)
Taking into account (2) (4), (8) and the transition matrices of the network model, the
expected number of customersEy, (t) in node S;, i = 1,n+2, can be found by solving the
following set of equations:
dE, (1) _ X* . .
glt( ) = iBji min m;j; Ekj () i min (mi;Eki (1)
j=1
i6i
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i(Ek (1) m;j) (Ex (1) my); i=1n;
"'Ekdt(” = et MIN(Mnet; Ey (O)F
X2 '
F O K EG® (Mt Egu @)+ Ero® M Eiu ) (©)
i=1 I
d X2 '
Bac® ) kT B @ (M B )

i=1
E Kn+2 (t) (mn+1 Ekn+1 (t)) n+2 Ekn+2 (t)

3. Numerical example

Consider the queuing network model of a call center withn = 4. Let the number of customers
be equal toK =50000.

Let the operation of the call center be speci ed by the following parameters. The strature of
the network is set by the following non-zero elements of the transition matrix: pos = 1, p1o = 0.7,
P12 = P13 = pP1a = 0:1, P20 = 0:8, P21 = P23 = 0:05, P24 = 0:1, P30 = 0:75, P31 = 0:07, P32 = 0:15,
P34 = 0:03, Pao = 0:9, Pa1 = 0:03, Pa2 = 0:04, Pa3z = 0:03, Pso = 0:15, Ps1 = 0:1, Ps2 = 0:15,
ps3 = 0:2, psg4 = 0:4. The number of node servers iany = m3 =6, my, =8, mg =4, ms = 20.
The service rates are 1 =70, 2 =40, 3=22, 4=60, s5=270. The waiting rates are

1= 2=5, 3= 4=3, g=10. The retrial rate is =50. The initial placement of customers
is Ek,(0) = 50000.

Firstly, consider the case when the arrival rate is constant = 0:0117 The inbound call ow
is stationary. Let us solve the set (9) by numerical methods using Maple software. Figure 2
shows a graphical solution of(9). It is possible to predict the mean number of customers at each
network node with time. Figure 2 demonstrates that the process quickly reaches a steady state.
The largest number of customers accumulates in the nodé&,. The servers in most nodes of the
network are idle in the mean.

Secondly, consider the case when the arrival rate is not constant and it changes accordj to a
wave-like law (seasonal process) (t) = 0:002coq t= 12) + 0:0095 Figure 3 shows the dynamics
of the expected number of customers in the network nodes. In this situation, the nurher of
customers varies depending on the arrival rate. Obviously, the number of agents needs tbe
adjusted.

L1 101, '/".‘ "\
/ X it a
e I - l ! ,’r\\
i N
i " [
6 o1 b /i N ¢
1
N\ ; I . / \
\ PN s
NG LN .
4 41 - J \ ! .
. /0 .\ s
.............................................. \.\_/ : "..~\._,/‘_ . .
- - Tl — telll.tl —
24— 2 \\—// \\// ~
W
0 0 '
0 5 4 6 3 10 0 100 20 30 40 50
t t
|_s1 ..... Sy ——8 == 8 — S — -8 |_S1 ..... Sy —— 8 == 8 — e S — -8
Fig. 2. Dynamics of Ey, (t) when the arrival rate Fig. 3. Dynamics of Ey, (t) when the arrival rate
is constant is not constant

296 jao+i0e 1oaae



T. V. Rusilko, A. V. Pankov. Queueing network model of a call center with customer retrials

Conclusion

In this paper, the network stochastic model of a call center was presented as a queing
network with customer retrials and impatient customers. The model was investigated in the
asymptotic case of a large number of customers. The results make it possible to predithe
dynamics of the expected number of customers by model states, regulate the parameter$ he
call center operation, analyze the call center workload, and make decisions. Tleare applicable
with a speci ed accuracy O("?) in both the transient and steady state, this is a fundamental
advantage of the used asymptotic method.

References

1. Gans N., Koole G., Mandelbaum A. Telephone call centers: Tutorial, review, and resealcprospects.
Manufacturing and Service Operations Management, 2003, vol. 5, iss. 2, pp. 79 141. https:
//doi.org/10.1287/msom.5.2.79.16071

2. Stolletz R. Performance Analysis and Optimization of Inbound Call Centers. Heidelberg, German,
Springer-Verlag Berlin, 2003. 219 p. https://doi.org/10.1007/978-3-642-55506-0

3. Srinivasan R., Talim J., Wang J. Performance analysis of a call center with interative voice response
units. Top, 2004, vol. 12, pp. 91 110. https://doi.org/10.1007/BF02578926

4. Koole G., Mandelbaum A. Queueing models of call centers: an introductionAnnals of Operations
Research 2002, vol. 113, pp. 41 59. https://doi.org/10.1023/A:1020949626017

5. Takagi H., Taguchi Yu. Analysis of a queueing model for a call center with impatient custoners
and after-call work. International Journal of Pure and Applied Mathematics , 2014, vol. 90, iss. 2,
pp. 205 237. https://dx.doi.org/10.12732/ijpam.v90i2.10

6. Aguir S., Karaesmen F., Zeynep Aksin O., Chauvet F. The impact of retrials on call center
performance. OR Spectrum 2004, vol. 26, pp. 353 376. https://doi.org/10.1007/s00291-004-0165-7

7. Nazarov A. A., Paul S. V., Lizyura O. D. Two-way communication retrial queue with unreliable server
and multiple types of outgoing calls. Discrete and Continuous Models and Applied Computational
Science 2020, vol. 28, iss. 1, pp. 49 61. https://doi.org/10.22363/2658-4670-2020-28-1-49-61

8. Mandelbaum A., Zeltyn S. Data-stories about (im)patient customers in tele-queues.Queueing
Systems 2013, vol. 75, iss. 2, pp. 115 146. https://doi.org/10.1007/s11134-013-9354-x

9. Artalejo J. R., Gomez-Corral A. Retrial Queueing Systems. A Computational Approach Heidelberg,
German, Springer-Verlag Berlin, 2008. 318 p.https://doi.org/10.1007/978-3-540-78725-9

10. Kim Ch., Klimenok V., Dudin A. Priority tandem queueing system with retrials and reservation of
channels as a model of call centerComputers and Industrial Engineering, 2016, vol. 96, pp. 61 71.
https://doi.org/10.1016/j.cie.2016.03.012

11. Nazarov A., Moiseev A., Moiseeva S. Mathematical model of call center in the form of muti-server
gueueing system.Mathematics, 2021, vol. 9, iss. 22, art. 2877.https://doi.org/10.3390/math9222877

12. Dudin A., Kim C., Dudina O. Multi-server queueing system with a generalized phase-type service
time distribution as a model of call center with a call-back option. Annals of Operations Research
2016, vol. 239, pp. 401 428. https://doi.org/10.1007/s10479-014-1626-2

13. Rusilko T. Asymptotic analysis of a closed G-network of unreliable nodes.Journal of Applied
Mathematics and Computational Mechanics, 2022, vol. 21, iss. 2, pp. 91 102. https://10.17512/
jamecm.2022.2.08

14. Medvedev G. A. Closed queueing systems and their optimizationProceedings of the USSR Academy
of Sciences. Engineering Cybernetics 1975, vol. 6, pp. 65 73 (in Russian).

15. Rusilko T. V. Application of queueing network models in insurance. Izvestiya of Saratov University.
Mathematics. Mechanics. Informatics, 2022, vol. 22, iss. 3, pp. 315 321. https://doi.org/10.18500/
1816-9791-2022-22-3-315-321EDN: ONZHCB

16. Tikhonov V. R., Mironov M. A. Markovskie protsessy [Markov Processes]. Moscow, Sovetskoe
radio, 1977. 488 p. (in Russian).

17. Paraev Yu. . Vvedenie v statisticheskuyu dinamiku protsessov upravleniya i I'tratsii  [Introduction
to Statistical Dynamics of Management and Filtering]. Moscow, Sovetskoe radio, 1976. 185 p.(in
Russian).

fifodieea & dadaaéoep / Received 18.05.2023
16eiyoa é i6aceéadee / Accepted 20.07.2023
libdeeéiaaia / Published 31.05.2024

Eidisiaoeéa 297



Eca. Nadao. 6i-0a. iia. idd. Nad.: lacdiaoeéa. iadaieéa. Eidigiaceéa. 2024. O. 24, adi. 2

Ecadfnioey Nadaoianéeial 6ieadsneodoa. iiaay nadey. Nasey: iacdiaoeéa. iasaieea. Eioidiaoeéa.
2024. O. 24, adi. 2. N. 298 315
Izvestiya of Saratov University. Mathematics. Mechanics. Informatics , 2024, vol. 24, iss. 2, pp. 298 315

https://mmi.sgu.ru https://doi.org/10.18500/1816-9791-2024-24-2-298-315, EDN: LXBVIR

LAfife1é aifioaadioadiiné odsie+aneeé 6ieadsneodo, Dififiey, 344003, A. Pifola-ia-Afi6, ie. Aagadeia, a. 1
2Qaaaiotaneeé @ifioeoso eidie A. 1. xaoiaa (6eeeas) Difotanéial a o+4fié

(PEID), bififiey, 347936, 4. 0aAaidia, 68. Eiddeaceaiay, a. 48

*peei(ié 63480a80i0é 6ieaddRe0a0, Dififiey, 344006, 4. Difiota-ia-Ali6, 68. Aléugay Nasiaay, 4. 105, &di. 42

N6aasN0Aaaiiar yélilie+anéial 6ieaasneodo a

Nodeita Aedéfiaiad Eaaitae+ , &1eoid déceéi-iaddiace+anéed iace, +84i-e1ddamniadio DAI, caddaopueé
8203401¢ vlaodiaoeéa & &ioidiaoeéas, sukhinov@gmail.com, https://orcid.org/0000-0002-5875-1523, AuthorID:
143825

xgfioyéta Asdenaiad Aaadindae+ |, &ieoid deceéi-iacdiace+aneed iade, iBi6anfid eacdadl ¥xidiadaiiita
1adnia+-aieéd ad+eneeodéuilé oadieée e aaoliaoecesiaaiiid nenodi¢, cheese_05@mail.ru, https://orcid.org/
0000-0002-8323-6005AuthorIlD: 474527

Neaigyéeia Aasdiodia Asaaeiesiaia , BAIAAA0 Oecedl-lacdiace+aniéed ace, &I6ai0 64064480 Ylaodiaoeéa
¢ eididianeea,; 24i6aio ea64ad0 Ylaodiaoeéa,, cvw9@mail.ru, https://orcid.org/0000-0001-7744-015X, AuthorlD:
124086

Eocidsiaa Eiia baidaia , licadpeé i0ailaaaacdsi
824220860 6a04480 €i0aceacotasiiind & iiandioannioind
0000-0003-1996-1605AuthorID: 650783

Aoayi Any 1edaceiaia |, foadeeé 108itaaaa0del 6204400 vI5140ai1i14 Tadfia+aied Al+eneeodeniné odoieée
& aaoiiaocecesiaaiins fnenodi¢, atayan24@mail.ru, https://orcid.org/0000-0003-4629-1002, AuthorlD: 919484

8208400 .1a0dia0eea e eididiaceea;; >noadeeé ida-

éfoai, ikuznecova@sfedu.ru, https://orcid.org/

Aiildagey 7 111de6 fodaiad iéda Toid+adony 606aeaied adlyésieiae+anéial Anolyiey aiaiad
Tandéoia, faycaiiia it cia+eoaéuil aicaifigel aiodiiiaaiitl aicadénoaed ia isesiaida amad. 1 oé
yoii aadaioediaaiiia éa+anoal aiaild oanoonia & aal iaddeeiifiol 1aafia+eaapony fliiioadeaieai
dAasecoaiial ea+anoaa e aasaioediaaiinal. A ianolyudé foaocid danniaodeaapony iiaaée nodiediey

& iAdalanaiey caddyciypued aauanoa, faddeeauedny a alaité nodad. fa hilad efineuc 6aito a
janoiyuad asaiy iadiaia e éde0adeda caadyciaiey aia dacdaaioai &liieaén 1adaceadenius ioiadaii
aey alniénisiecaiaeodeuiis a+eneecdeuits fenodl, iicaieypueé iiadéediaaot dafnniaodeaa ZN[IE]

iad // E¢
lacaieéa. Eididiaoeéa. 2024.

Noaouy Tivaéeétaaia ia ofeiaeys eedaicéé Creative Commons Attribution 4.0 Internation al (CC-BY 4.0)

c Nooeiia A. E., xefioyeia A. A., Neaisyeeia A. A., Eéciasiaa E. b., Adayi A. 1., 2024



NN Qr

A, E. N6Beiia e 4d. Efiiléiciaaied 1adassdsiins ad-enedieé asy ivdiee idioanina iadaiiia

Article

Using parallel computing to evaluate the transport of pollutants
in shallow waters

A. . Sukhinov 1, A. E. Chistyakov 1, V. V. Sidoryakina %2,
l. Yu. Kuznetsova 13, A. M. Atayan 1!

!Don State Technical University, 1 Gagarin Sq., Rostov-on-Don 344000, Russia

2Taganrog Institute named after A.P. Chekhov (branch) of the Rostov State University ofEconomics, 48 Initiativnaya St.,
Taganrog 347936, Russia

3Southern Federal University, 105/42 Bolshaya Sadovaya St., Rostov-on-Don 344006, Russia

Alexander I. Sukhinov , sukhinov@gmail.com, https://orcid.org/0000-0002-5875-1523, AuthorIiD: 143825
Alexander E. Chistyakov , cheese_05@mail.ru,https://orcid.org/0000-0002-8323-6005, AuthorlD: 474527
Valentina V. Sidoryakina , cvww9@mail.ru, https://orcid.org/0000-0001-7744-015X, AuthorlD: 124086
Inna Yu. Kuznetsova , ikuznecova@sfedu.ru,https://orcid.org/0000-0003-1996-1605, AuthorlD: 650783
Asya M. Atayan , atayan24@mail.ru, https://orcid.org/0000-0003-4629-1002, AuthorID: 919484
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(16)
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SELEY
si(xy,2;0) = sio(xy;2); (xy;2)2G; i=115 (17)

e fédaopueie adaie+idie oneiaeyie

.....

.....

3) foaie
0 a 1}
4) 3af+&0 6a8oIsa deReR fa Tiad 615680

R = Efs Es;

.....
o

\\\\\\

5) fidiasecatey 6aeoisa defiea R:
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6) ia Tnifaaiée eo+aiiié 1oaieé denéa aaeapony 18aaaade0delita caéép+aiey: dené
fi-eoaaony adniéei ive ¢, > 0:55, ifodioéaéuil cia+eidi ive 0:3< cy < 0:55, 10fi60-
ficdopuei ide ¢y, < 0:3.

2. xefeaiila 1aolal dawgadiey cadare aedodocee-éliadéoee-addadediaaiey
é(;ééﬁ°é
2.1. Tinosiaied yaii-iayaiié noaid
Odaaidied (11) caiewai a aeas
@c _ ey o . 1.
o Ac, + Fr (X y;z;1); (Xy;2)2G; t2][0;T]; (21)
dad Ac, aeoodadaiveaelité yeeeioe+anéeé T1iadacio 1M 16iiodaifioddiitl 1asaiaiidi
i ieaaeeié idiécaiaitie, aéy €1018ial nidaddaceal neaadpuaa idaancaacaiea

e = @ucy) + @ve) + @(w + wgr) cr)
' @x @y @z
@ @¢ @ @¢ @ @c

. h—=x —.  h - — v =(Awnt A3,
@x "@x @y @y @z @z (22)
A12C = @UC,-) + @IVCr) @ h@: @ h@: :
@x @y @x "@x @y @y '
A, = @t we)e) @ @
3 @z @z '@z
la asaiaiii 100acea 06 t 6 T ifodiel daailiadiop facéd I A gadl , 0.
iifaednioal oi+aé
I =ft,=n; n=0;L:;N; N =Tg:
Anee dagdied ok L(x;y;z;ty 1) & i&éioidné inaio asaiaie tn 1 €caanoil, of dagaiead
a ilaio asaiaie t, ileell atidaceol +adac yoi ecaanoiia daeadied. la éasedll gadd 1
adaiaie dagaied caaa+é (21), (12) ( 15) idaanoadel a aéaa
n+1 n
Cr r+A n+A n+l1=2 _ n. — 4 e N~
_— 126G 3G = Fr ; n=21;::;N: (23)
Agy 6adee+aiey alionoelial gada it adaidie 10 aiidiéneiacee aaoiadiié caaa+e (7), (22
yaiié daciifioiié noaiié aiaaael a eaaodp ~anol 6daaiaiey idiecaiaiop i adaiaie aoi-
; . X i N o e 52 .

2
Cn+l cp Cn+1 n 1= (24)
+1=2 _ —
r > ' r+A2Cr'|‘A3Crn —Frn, n=1;

aaa élyooeceaio ( =e), Naycai i 6adaéoaditi gaail 16iiodaifioaaiiié naoée e
dadaéoadiié néidinoup cadéa a aiaiié noaaa. AGel iiéacaii [ 19], <01 ide I 0 dawgaiea
caaa+e Q4) nodaieony & davaiep casare (23)

A N A ~n n N

In =X =ihx; y; =jhy; z¢« = khy; i = 0:iNy; j = 0:Ny; k= 0:Ng;
Nyhy = Ly; I\|yhy: Ly, N,h, =L, ;
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3aahy, hy, h; gade 11 181iodaifioas, Ny, Ny, N; giee+anoal océia 1 1dinodainoaaiii
xa0a¢ 0.« Taicia+aia ycaineéfaiiinoue, y~aéée (i j;k ). Aaiayony élyooesediol g, o1, Kb,

B, 4, G5, O, TiEAGAAPUEA call&idiiTiol 1aganodé, iadiayuedny a iédanoiiioe y-aéée [ 20].
[a TAifad 14o0Taa aagaifa i 6+-aoi glyooeceaioia caiéiaiiinoe éliodietits 1aéanoaé

On, M = 0;::;6 leeil andiéneiediaaot 6daaiaiey (24), 18e yoil aenésaoid

dadoeydecediaaiiial odaaiaiey aey dan+aoa odaifiiidoa acaane ideido aea

ajaéia

M-

c+l N 40l i+l c
r(ik ) rijk) ~ Tr(ifk ) ripk)  Tr(ifk)
(i ik ) > 2 * Ooisjik ) *

Cp(i+1:j;k) Crr1(i:j;k) CP(i:j;k) Crr1(i Lik)

Qi Ui =2k) oh T Qi) UG 1=2:j5k) h *
X X

Cp(i:j +1 k) Cp(i;j;k) Cp(i:j;k) Cp(i;j 1;k)

T Wik ) V(i;j +1=2k) N T GGk )V 1=2ik) oh +
y y

Cn+1 =2 n+1=2
r(i;iik +1) r(ijik )
T OBijk ) W(iijk +1=2) + Wor oh, *

n+1=2 n+1=2
Criijk)  Cragk 1) _
Ok ) W(ijk 1=2) T Wgr 2h, -

Cp(i+1;j;k) Cp(i;j;k) Cp(i;j;k) Cp(i Lik) Cp(i;j +1K) Cp(i:j:k)

= Oigigik ) h h2 ®(ijk ) h h2 + ®B(ijk) h h

iy Ol =z ntl=2

N r(i;;k ) r(i;j 1k) + N - r(i;;k +1) r(i;;k )
Q(ijik ) h h2 O5(isik ) v(ijk +1=2) h2
y z

Cn+1=2 Cn+1:2
T (k) r(iik 1) .
ik ) v(iik  1=2) 2 + Pk’ (25)

Caieodl fiao1+10& 60aaAIey 46y caaa+e ( 25) A eaiiie+aneé oi3ia [  21]:

1 1 ! = ;
A%y B S+ B2 %k 1y = Frio

_ Wik +1=2) T Wor v(ijk +1=2)
Bagijk) = G(ijik ) anh, ¥ 2h,? '

_ W(i;jik +1=2) T Wgr v(ijik +1=2)
Bl(i;j;k ) = O(ijik ) 4h, * 2hz2 ,

+ =2
Ak ) = Qogijk)—=2— * Bagj) + Bagj)s (26)
Frlik) = Dok ) Ok )y + Dk ) Crgien k) + D2eiik )G 1y ™
+ Dk ) Crig +10 T Dagiik )Gy 10+ Bagik ) S +1:0 ™
1 .
B ) O 1o B0 Sk T Friigk)
_ UGi+1=2;j:k ) h . _ Ui 1=2;jk) ho.
Dk ) = i) T ohy  h2 'Dagiik) = ik ) ~ 2hy  hZ
_ v(i;j +1=2;k) h . _ v(i;j 1=2k) h .
Dagijk ) = ik ) T ohy + h2 Dagijk ) = %ijik ) T 2hy, * hy?
X4
+
Do) = Wik )~ Dpdinyi - i) = Bk )52
p=1

Eidisiaoeéa 305



Eca. Nadao. 6i-0a. iia. idd. Nad.: lacdiaoeéa. iadaieéa. Eidigiaceéa. 2024. O. 24, adi. 2

Agy dan+aoa idaaié ~anoe iatadiaell 16N adeodidoe+anéed Tiddaceé. Aey dagaiey
cada+e (26) ia 1aoaill asaidiili neia iatadiaeit 8N, a aey iineaasdpued fnefaa 5N
adeodiace+anéed fiadaoeé. Oaéel 1adacii, anaai aey 1adadiaa iasead neiyie iaradiaeii
21N 7iadaceéé. Pan+ao 1 yaiié ndaia ataeyaeo

n+1 — — n+1 —A.. n+1 n —A . .
Criik) = B AGi) Sk +n T B2ai)TA Gk 1t Fraio A o (@27)

2.3. lifooiaiea 1adaeeaenind agaideoiia aéy dafi+aoa aadiasitd cada+
bafifiiiodei Mifiodiaied 1adaeeasuitd aedioeoiia agy dafi+aoa aadiasitd caaa+. baf-+aoiay
faéanou 1édloa daaiiiasiié naoéié:

o

C®)
:
_C)
Q»

I"#$%&$ (&)*"+ ,-JO(* 1

I"#$%&$ (&)*"+ ,-/O(*' 2

peén. 1. Adéiiiicesey dan+aoiié 1aganoe (6aao fieaéi)
Fig. 1. Decomposition of the computational domain (color online)

Agy i8aanoaacaiey ciaraiey ey u(x;y) a adéoisiié 6iaia iad
aaeou a nio 11 3 i
i+jNx,06 m6 n

1Mo
m =

A
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N

A LA s . . s e

aaéddxc 006ieoey ¥4iie. T16aadéyaony éaé iacdiéligdd 6aeid, 1ailgdd eéé daa-
. 3 oo -

ty adaly iadaaa+e 1aiiai aaiia
la defi. 2 16eadadi a0a0eé caaénelinoe adaidié 1addaa+e 10 1atdia aaiild aéy oaciial
giee+anoaa 1aiaiia 1deead oceaié at-eneeoadéuiié nenoaid. la a0aceéa aeail, ~of 66iésey
caaeneiinou asaiadié idddaa+e €iado féaié ide Tandiad iadaaaaaaitd aaiins, daaitd
ideiadit 512 +efeai i 1eadapudé oi+éié. laicia+ei aaiiia cia-aiea Nmax = 512.
IHSY68! ()" *HA):
g0
12 16 24
1-10"
-5
510
% 100 200 300 400 500 600 700 800 900 1

Dbéfi. 2. Caaenéiiiou addiaié iddaaa+e aaiitd
al-eneeoaelitd oceia (0ado Tieaér)

Fig. 2. Dependence of data transfer time on volume when working with di erent numbers
of computing nodes (color online)

Pafi-a0 4aii06 ia INATBI6aRATBNE A0-eReeoasnNe AENOAIA TTCATEVAD & cia+eoasiiié
1354 Aieda0eol AdAly a0+efeaied. Taiasl yooaeoeaiiiou ASAIAIe 5aalon Al+efeeoasniié
FefoAal0 1A AfaAaa Tieedd 400U Teeeaddlié. A yoii feo+aa &155a801 iSiaanoe 0aisaoe-aneeé
ajasec Gan-aoa adAidie a+eneaieé ia TRiad BAABARNETIAT alaseca.

Paffiiosel 1fadel ifieeafioadiiié daadannee. Aaeois  t eoialala adaly 5a&ion al-ef-
6e0AEUNE REROAIN (AG6AN), A860TB0 N, p TAUYAIYPUSE 6ABOTB0: TAUA TAGAAAAAAING
4ai106 & efee+An0al efileicoains al-eReeoaenins 6gela. Asy adaidie savdioiiioe &iaao
1afor oisicea (

H(pin) = 5:21 10 ®+1:53 10 ’p; afi€én 6 512 28)
1P 6:733 10 °p: &figen > 512

Ase s

Asaiy iaddaa+e Taial aaiial tk =3:3 10 °.
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Aif0aayo
t=21ta(Nx  2)(Ny 2) (29)
58 Gaf+A04& TA0AEERENINTI A6AT6R0IN A 1TATISIGARMISIE a0+enseodeiilé fiefoaia
48481y dafi+20a fifi0aaed

t=1ta2l(Nx 2)max (N; 2)+2(ti(p;Nx 2)+(Nx 2)ty);
Ny 2

alal 1a0daaaadito aaiitd aiéugd Ny 2 > N pmax, OF adiéiyaony
I 3 : a

M DMy 2 o4 (dNy D=k k+(Ny 2t (30)

< - 21pta(Nx  2)(Ny  2)
PT 22 (Nx 2)(Ny 2)+2p tie p; M2 k+(Nx 2)ty

Z
x

ja oef. 3 i6aancaaéait dacoelioacl daalol adaseaeliial aadeaioa agdioeoia 46y dacee+-
fial ~enéa 916anniota 16e aadueddaiié aaéiiiicecée dan+aoiié 1aéanoe. Caan O égladasedil
Adaoeée oneivaiey 1adaceaéuiié addnee agaideoia noail danuaiediey ia aadiadiop yaiop
e 1aifiadiop iayaiop ia fitad oadiieiaee MPI e eéeidéiial 6néidaiey a cadenéiifioe ic
+eféa caadénoalaaiiio at-eneeocaeaé (i 6+aoll dacee+ilo aadeaioia adéiiiicesee dan+ao-
iié Taeanoe). laéneiaeliia ~enél enenciaaiinsd at+eneéeodedé 24, daciad dan+aoiié
fidaoée fificadéé 10001000 60 6¢éia.
20 100
18 o 97
16 °. 94
14 $ a1
g 12 S 88
3 10 R 85
S 8 » 82
& *
* 6 279
4 76
2 73
0 70
0 2 4 6 8 10 12 14 16 18 20 22 : 0 2 4 6 810 12 14 16 18 20 22 :
Y$H(+&",-$ . %$/&""$%$- )-&H%' ) [0)1#+%)0)
al a alb
Def. 3. Dacoélioaol dadiol iadacéaeliial aadeaioa aeaideoia a6y dacee~iial ~efiéa 1816anniaia
i6& Aadlieddaiié aadéiiiicesee dan+aoiié 1aeanoe a éilivaiodacey acaane a ajaa; a iea

Fig. 3. Results of the parallel version of the algorithm for di erent numbers of processors with
varying decomposition of the computational domain:a concentration of suspended matter in water;
b density eld of the aquatic environment
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Fig. 4. Concentration eld of suspended particles at di erent times: a initial moment; b after
15 min; ¢ 30 min; d 45 min after the moment of unloading (color online)

l6eaaaail cia+aiey ifey éfivaiodacee acaane a fa+aiee dafi+aoiié 1aéanoe ieiféifoup,
ioidlayudé +~adac oi+e6 altdoocee e tadaciaaiiié adéoicaie, iaidaasaiitie adsoeéasuit
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¢ azieu oa+aiey. Oa+aiey iaidaaedin fedaa iaidaal. Endiay ec iMeo+aiind iacaoeasia,
danfi+e004aadl 1auad éiee+anoal casadyciaiilé aial ioe 10aa6ad 400i0a (0aaeesa)

TaGAI0 caadyciaiié atad ide RadT

A ol ~éfiéd ajad i Taneé 1auai aao
. Taneé 1auai glivaiodaceyie Ele-al fi élicdiodaceyie
6+-andéal caadycidiié araa CA, igii 3 RasIAta CA, igii 3
i8e daciail nasina, >0.25 | >20 | >100 >0.25 >20 | >100
ieii 3 ia/e | iae | iae ia/e ia/e | ia/e
1 1.285 0.890 | 0.245 | 0.150 124 110.360 | 30.38 | 18.6
2 1.120 0.813 | 0.202 | 0.105 50 4.650 10.10 | 5.25
3 1.279 0.889 | 0.240 | 0.150 45 40.005 | 10.80 | 6.75
la Tritad dacoaaloaiiial idiadaiiital efiieaéna, aéep+apudal a naay ifacee dafn+aoa
aeadiaeiaie~anéed ioivaniia, odaifiiidoa aicadudiitd +anoeo é aéigiae+anéié isiade-
0eaiifioe 6eoi- e cilieaiéoiia, T16dadéai 1audl aia, caddyciaiiio ide 10aaead adoioa;
dann+eoail iéfuaae Taéanoaé, a éioiolo iadépaadony dedadel aiiiié danoeodeliifioe ia
1042620 ¢ A daéiiad ailvaeoae0deiins daaio. Aaiité i8iasaiiité éiiedén icaieyao
figtaiicediaaol éaé daniginodaidied péaéodia acaane a aiaiié nodaa, oaé é éciaidiea  daela-
0a aia a nayce i aliasdiedl acadeaiins ~afoes 400i0a a ihasié. ia iilad dacdaaioaiiial
idiadaiiiial éfiedéna onoaiiagail, +of oidiligdied daciddia Taeanoaé 10aaeia asoioa
licaiéyao ieieiécediaaou 6uada, iaiifieité aeiofiai
3.2. la4eediaaied 0daifiiiooa acadwaiind +anoed a 6noiaan daélia
panfitodel 8acoelioaot dadiol idiadaiiiial éliiedéna ia 16eidda aiaiial 6+-anoéa, da-
il6leediiial & onoUuAal daélia. Adiaila aaiité 1T aéaaoidee & acaane: aéeia aiaiaia 5 07;
gedéia aididia 50 i; dedaeia aidtaia 2 1; néidinou oa+aieéy 0.2 i/i; AéIdIRol Thaze-
adiey acaane (it Noiéens) 2.042 ii/f;
iefoitiou 1danité aiad ide fidiaeuits
2 bhieiaeys 1000 &N 3; ieloiifion AcAA-
80 fie 2700 éa/i 3; tandiiay aey acaane
1/17. 1adaiaodn dan+aoiié 1aganoe: gaa
60 il aidéciicaelitn idinodainoaaiiai éi-
0 1idaeiaocal 0.5 1; gaa 1t addoeéaeuiié
40 idtnodaifoaaiiié éiidaeiacd 0.1 1; dafi-
+ao0ité eioddaae 5 ieéi, gaa 1 adaia-
20 i¢ 0.25 fi. [a den. 5 iddanoaasdia aai-
0 o 1400ey dafi+aoiié Taeanoe & aeaa éasol
0 20 40 60 80 aeoael
. la def. 6, 7 idaancaaeait dagoeloa-
D_éﬁ. 5. Eadoa aedaei dan+aoiié Tééélﬁ(‘)é_(i)'éé’l() Tl'ééléi_) 00 ifadeedtaaiey 1810affa 0daiiiaoa
Fig. 5. Depth map of the. computational domain AcAARE A BACOBUNAOA MiAgAiey & Aadaa-
(color online) Cae Ams A A A @ AR XA ZArQ wox AL A
ey aia a onolaall daélia ioe iagé+éé
foUanoAaaiiiarl adaaeadioa ieioiifioe aiaiié ndaan (fedaa éacaia ndaaiyy élicaiodacey i 1
aeoaeia, nidada T1eioiinou a na+aieé 1einéinoup Oxz, i8iGiayudé 11 6aiodd dan+aoiié
jaganoe (is¢ y = 251)). la 4dooeéaéuind fnoacad fidaaa iieil iadepaddu ecididied éii-
daiodacee acaane a nodacedesediaaiind nelys aiaiié nddaa ide iaiypuaény igioiinoe i
oa+aiéal adaiaie
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(6430 Tieaéi)
Fig. 6. Movement of water in the mouth area in the presence of a signi cant density gradient of the
aquatic environment after 1 min: a concentration of suspended matter in water; b density eld
of the aquatic environment (color online)

a
Pen. 7. Aaéeedied aia a 6noudan da ;
fdaad 5ief: a élivaiodacey acaane a aiaa;
(6430 Tieaéi)
Fig. 7. Movement of water in the mouth area in the presence of a signi cant density gradient of the
aquatic environment after 5 min: a concentration of suspended matter in water; b density eld
of the aquatic environment (color online)

Pacaa&ioaliné idiadaiiiné afiieaen iieedd ideIAyouRY a6y dafi+a0a iadailia eas aey
Oyeeas0s 1BRIANAE, 038 & A8y 1BRIANAE, B10T00A BAA+A ATA0. 158 a0yasaiee cif yélsiae-are 1
& 48af0ALY & Befiea efifelcaaeenl wES0A5ee Toaice yelsias-anelé Tanoaiase 0ad5e015eeE
a6y A0yAsAiey cii +0Acal-aéilé yeleiae+anaié Aeocaee & cif yaleiae-aneial adafoasye L,
a dadeed Saaion A. A. Aeiaadaads, 24]. loaiea yeleiae-aneial mnofyiey isiataceani it
657aip ai0TTAAINE aad6cee A fildadondaee A D 52.24.661-2004 2, To&ieaasedi aey &
ROAIAIT AlOBTTAAITAT AlcARER0ARY T OT3I68AI

D =(N;=N) 100% C =(N»=N;) 100%

Ipoeéiaiayueé aiesiaio bA 52.24.643-2002. |

e a0fa éliiedéniié 16aiée nodidie cadsyciaifinoe 1aasci fioi0o
g+aneei imeacacdey. iseeieaied A. URL: https://meganorm.ru/Data2/1/4293831/4293831806.
htm#i238828 (aao0a tadavdiey: 05.04.2023).
2poéiaiayueé aieciaio bA 52.24.661-2004. Tvaiea 6eféa aiodiitaaiiial Alcadénoasy i5eideodoitd caadyciy-
puied dauanoa ia 11adddiinoitd aiad foge. URL: https://meganorm.ru/Data2/1/4293834/4293834036.pdf (aada
1a5a0aiey: 05.04.2023).
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a8ia Toaiea ea+aR0AAINAT & slee+an0aailaT Mfoaaa AADARNAAAINE cAadYCiypUEs AAUANOA,
a dacaed i5iAlcesiAAied 1A48AATIORYOINE VABAIes, ANCAAITNG AlOBTITAAITGI Alcadénoas-
3 [ 27]. EcA&nof, +of aaase 1o fiolea 04e A AlTAl & A0INOABO iTH06IAA0 4T84 60%
CcAAdYCIyhUed AAUANOA, T6ACHAAPUSD ROUAROAAINE A6eyied 1A IBIGANNN dacacoey & Acadse
48100, Afieaafioaa 6adee-aiey aiodiiaaiié iaadocee ia iBeadaaeioa AeROAIN Algiesadd io-
Bay [ATAGTRINOU alaseca & idialica GaniIOdATAIeY cAAdYCiypUes AAUAMOA A A6AA0TDEE
ataiaia [ 28],

Pacda&ioaiing isiacaiiiné enieae 280 02684 13 3388573
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