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NMPABUNA /11 ABTOPOB

XypHan npunnmaer k nybaukauun cra-
Tbi, COZPXKaLLe HOBbIE OPUrHHANbHbIE
pe3ynbTaTbl M0 BCEM OCHOBHBIM pasgenam
MaTeMaTuKI, MeXaHUK1 U MHOPMATUKK.
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Thle K ONY6NNKOBAHMIO B AAPYTX XypHaNax.
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1 COOTBETCTBYIOLNE NPOdUAI0 XypHana,
MPOXOAAT PeLieH3MpOBaHHe, 1 3aTeM pejKon-
nerus NpUHUMAeT peLlieHine 0 BO3MOXHOCTH
nx onybnukoBaHua. B cnyyae nonoxurens-
HOTO peLleHns CTaTbs NOABepraercs Ha-
YUHOMY 11 KOHTPONbHOMY PeJaKTPOBaHMI.

CraTbsl, HanpaBNeHHas aBTOPY Ha f0-
paboTKy, AOMKHA 6bITb BO3BPALLEHA B UC-
npaBNeHHOM BUAe B MaKCMManbHO KOPOTKHe
cpoku. Cratbs, 3aepxaHHas Ha cpok bonee
TpéX MecsLeB, paccMaTPUBAETCS Kak BHOBb
noctynusLuas. K nepepabotaHHoil pykonucu
Heo6X0ANMO MPUAOXMTb NMUCbMO OT aBTO-
POB, COlepXKalLiee 0TBETbI Ha BCe 3aMeyaHus
W NOSACHSIOLLIEe BCe M3MEHeHNS, CienaHHble
B CTaTbe. Bo3BpalLieHve CTatbit Ha 4OPaboTKy
He 03Hauaer, 4o craTbs byzer ony6anKoBa-
Ha, nocne nepepaboTku OHa BHOBb byfeT
peLieH31poBaThbCs.
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[laToi nocTynnenus craTby CYnTaeTcs Aata
MOCTyNAeHNs ee OKOHYaTebHOro BapuaHTa.

Mnata 3a nybaukaumio pykonuceii He
B3MMaeTcs.

bonee noApo6HO € npaBunamm Ans asTo-
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03HaKOMUTbCS Ha CailTe XypHana: https://
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Article

A highly accurate difference method for solving
the Dirichlet problem of the Laplace equation
on a rectangular parallelepiped
with boundary values in C*!

A. A. Dosiyev

Western Caspian University, 31 Istiglaliyyat St., Baku AZ1001, Azerbaijan
Adiguzel A. Dosiyev, dosiyevadiguzel@gmail.com, https:/orcid.org/0000-0001-
9154-8116

Abstract. A three-stage difference method for solving the Dirichlet
problem of Laplace’s equation on a rectangular parallelepiped is proposed
and justified. In the first stage, approximate values of the sum of the
pure fourth derivatives of the solution are defined on a cubic grid by the
14-point difference operator. In the second stage, approximate values of
the sum of the pure sixth derivatives of the solution are defined on a
cubic grid by the simplest 6-point difference operator. In the third stage,
the system of difference equations for the sought solution is constructed
—~ - - ﬁ again by using the 6-point difference operator with the correction by
o the quantities determined in the first and the second stages. It is proved
HayL—l HblI that the proposed difference solution to the Dirichlet problem converges
uniformly with the order O(hS(|Inh|+1)), when the boundary functions
OTﬂleﬂ on the faces are from C™! and on the edges their second, fourth, and
sixth derivatives satisfy the compatibility conditions, which follows from
- the Laplace equation. A numerical experiment is illustrated to support
the analysis made.
Keywords: finite difference method, 3D Laplace equation, cubic grids
on parallelepiped, 14-point averaging operator, error estimations
For citation: Dosiyev A. A. A highly accurate difference method for
solving the Dirichlet problem of the Laplace equation on a rectangular
parallelepiped with boundary values in C*'. Izvestiya of Saratov Uni-
versity. Mathematics. Mechanics. Informatics, 2024, vol. 24, iss. 2,
pp. 162-172. https://doi.org/10.18500/1816-9791-2024-24-2-162-172,
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HayuHasi cratbs
YIK 518.517.944/947

Pa3HoCTHBII MeTOJ BbICOKOW TOYHOCTH MpuU pemeHuu 3agaum dupuxie
aJg ypaBHeHud Jlanjaca Ha NpsIMOYTroJIbHOM MapaJiesenunese
C TPaHMYHbIMU 3HaYeHUusiMH B CF!

A. A. Tocues

3ananHo-Kacnuiickuil ynuBepcurter, Azep6aiinxkan, AZ1001, r. Baky, ya. Ucturnanusr, n. 31

HocueB Anuresans Axmen oray, JOKTOp (DM3HKO-MAaTeMaTHUECKUX HAyK, MpernofaBate/b kKadeopbl MEXaHHKH U MaTeMa-
tukH, dosiyevadiguzel@gmail.com, https://orcid.org/0000-0001-9154-8116

AHHOTaI_lI/IH. B pa60Te npenJsaraeTcsa u 000CHOBBIBAETCS TpexaTanglﬁ paSHOCTHbIﬁ METON OJid pelIeHHsd 3a-
nauun [upuxse ypaBHeHus Jlamsmaca Ha mpsiMOyrosibHOM NapasJenenunene. Ha nepsoM artane npubmukeHHOe
3HadyeHHWe CYMMbl U3 YUCTBIX HETBEPTbIX MPONU3BOAHLIX pEIIEHHs OIpenesasaeTCs 14-ToyeyHbIM Pa3HOCTHBIM
orepaTopoM Ha Kybuueckodl ceTke. Ha BTopoM sTame nmpubiuKeHHOe 3HaYeHHE CYMMBI M3 YHCTBIX MIECTBIX
TIPOM3BOHBIX pelLlIeHHs] ONpefessieTCsl MPOCTeHIINM 6-TOYeYHbIM Pa3HOCTHEIM omepatopoM. Ha TpeTbem
JTare CUCTeMa PAa3HOCTHBIX YPaBHEHHWH JJISi HCKOMOTO pelleHHsi KOHCTPYUPYETCsl TaKxKe ¢ MOMOIbi0 6-To-
YeyHOro Pas3HOCTHOTO OMepaTopa ¢ KOPpPeKLHel 10 pe3y/bTaTaM [epBOro W BTOporo 3TanoB. JlokasaHo, 4To
Tpe/JIoKeHHas Pa3HOCTHAs cxeMa pelueHus Ans 3anaun dupuxae cxomutesi co ckopoctbio O(hS(|Inhl + 1)),
KOrJia rpaHHYHble (QYHKLIMK Ha rpaHsax u3 Ol a Ha peGpax MX BTOpbIe, YeTBepThE U LIECThble MPOM3BONHbIE
YIOBJIETBOPSIIOT YCJIOBHIO COIVIACOBAHHSI, BbITEKAIOLLEr0 W3 ypaBHeHHs Jlamsaca.

KoroueBble ciioBa: KOHEYHO pasHOCTHBHIN Merton, 3D ypaBHeHnus Jlansaca, kyOH4yecKHe CeTKH B mapasJele-
nunene, 14-ToueyHslll onepaTtop yCpeiHEHHSs, OLLeHKH MOTPEIHOCTH
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Introduction

A highly accurate method is one of the powerful tools for reducing the number of unknowns,
which is the main problem in the numerical solution of differential equations to get reasonable
results. In the most of approximations to get highly accurate results the difference operators with
a high number of patterns are used, which increase the number of bandwidth of the difference
equations. It is obvious that the complexity of the realization methods for the difference equations
increases depending on the number of the bandwidth of the matrices of these systems of difference
equations. As it was shown by R. E. Tarjan [1], in the case of the Gaussian elimination method
the bandwidth elimination for n x n matrices with the bandwidth b, the computational cost is of
order O(b%n).

One of the effective methods of increased accuracy which uses the simplest finite difference
approximation by correcting the right-hand-side term with the application of the high order
differences of the numerical solution of differential equation, was proposed by L. Fox [2] without
theoretical justification. Some modification of Fox’s approach was given by Woods [3]. A
theoretical justification of Fox’s method was presented by Volkov in [4,5]. From Volkov’s results
in the case of the Dirichlet problem for Poisson’s equation on a rectangular domain II, it follows
that the approximate solution obtained by the g-th correction of the right-hand side of the 5-point
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scheme, the convergence order in the uniform metric is O(h??), h is the mesh step, when the
exact solution u has (2¢ + 2)-th derivatives on II satisfying a Holder condition with exponent
A€ (0,1), ie., ue C?IH2AII).

In Berikelashvili and Midodashvili [6] it is proved that the corrected 5-point difference scheme
on the rectangular grid is convergent at the rate O(|h|™), |h|? = h? + h2, in the discrete Lo-norm,
provided that the exact solution belongs to the Sobolev space W3, m € [2,4].

In Volkov [7] a two-stage difference method for solving the Dirichlet problem for Laplace’s
equation on a rectangular parallelepiped was proposed. It was assumed that the given boundary
functions on the faces of a parallelepiped have the sixth derivatives satisfying the Holder condition,
and on the edges, besides the continuity they satisfy the compatibility condition for second
derivatives, which results from the Laplace equation. It was proved that by using a simple 7-point
scheme in two stages the order of uniform error can be improved up to O(h*Inh~!). From the
conditions imposed on the boundary functions in [7], it does not follow as it was mistakenly
declared in [6] that the exact solution belongs to C®A(II).

Moreover, as it was shown in [8], the theoretical justification of the difference schemes
needs special attention when the boundary values of a solution belong to the Hdélder classes
C?'=11 and 21 — 2 order derivatives satisfy the conjunction condition followed from the Laplace
equation. In this case, some of 2/ order derivatives may be unbounded near the boundary of the
solution domain, and for the rate of convergence of the 27-point difference solution, when [ = 3,
O(RS(||In h| + 1)) of order is obtained.

In this paper, a three-stage difference method constructed a special combination of 15-point
and 7-point schemes for solving the Dirichlet problem of Laplace’s equation on a rectangular
parallelepiped is proposed and justified. It is proved that the obtained difference method converges
uniformly with an order of O(hS(||Inh|+ 1)) when the boundary functions on the faces are
from C™!, and on the edges their second, fourth, and sixth derivatives satisfy the compatibility
conditions which follows from the Laplace equation.

A numerical experiment is illustrated to support the analysis made.

1. The Dirichlet problem on rectangular parallelepiped

Let R = {(x1,22,23) : 0 < x; <a;, i =1,2,3} be an open rectangular parallelepiped, T';
(j =1,2,...,6) be its faces including the boundaries such that T'; for j =1,2,3 (for j =4,5,6)
belongs to the plane xz; = 0 (to the plane z;_3 =a;_3). Let I' = U?le“j be the boundary of the
parallelepiped, let  be the union of the edges of R, and let I'; = I';\y and 7, =TuNTv. We
say that f € CHX(D) if f has continuous k—th derivatives on D satisfying a Holder condition
with exponent A € (0,1}, which is a Lipschitz condition when A = 1.

We consider the boundary value problem

Au=0on R, u=¢;only, j=1,2,..,6, (1)

where A = 9%/02% + 0%/0x3 + 02 /0x3, ¢, are given functions.
Assume that

pj € 0771(Fj)7 ] = 1’ 27 "'a67 (2)
Pu = Pv 00 Yy, (3)
8280u 82901/ az‘Pu
atz + 8t3 875;%” =0on /7/1«113 (4)
84‘9# 6490;L 0490” 8490;4
pu— 5
an ooz, ~ o oerz, O ©)
Pon, Pon | Pon _ Do Fow, Tou (6)
ots  otlot2,  othotz  ototh oS - otiorz, M
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where 1 < pu<v <6, v—p#3,t, is an element in v,,, t, and ¢, is an element of the normal
to v, on the face I', and I',, respectively.
Let o(j) = 3{j/3} + 1, where {a} is the fractional part of a.

Lemma 1. /n the open parallelepiped R it holds that

OMu(zr, z9,23)  OMu(zr,x0,23)  OMu(zy, 29, 23) Otu(zy, 29, x3)

- + +2 (7)
1 1
O] 0%, (5) 0z541) 005511y
aﬁu(x17x27x3) _ 86U(3}1,3§‘2,ZE3) a U(l‘l,[lﬂ'g,l‘?,)
6 - 6 - 6 o
630]. ama(j) 8x0(j+1)
86u(:1:1,:1:2,x3) aﬁu(xl,xg,xg)
"0zt 922 922, . Oz’ ®)
()" o(i+1) a(4) (J+1)
where u is the solution to the Dirichlet problem (1).
Prooi. The proof directly follows from the Laplace equation. O
On R, we define the functions
3
1 82ku(371 xIo 1’3)
k_ & . , T2, B
v =0 <$1,$2,$3) — % J:Zl 81’?1{: ) k= 2737 (9)

where u is the solution to the Dirichlet problem (1).

Lemma 2. The functions (9) coincide with the unique continuous solution on R of the
boundary value problems

AvF=0o0n R, v*=4FonT;, j=12,.6 k=223, (10)
where

0*¢j(0(j): To(j11)) N 0 (T4(j)s To(j11))

¢ wQ( s To(j41)) = 1 1 +
9755 O%5j41)
34 . To(i
N gﬂ (a) <a+1>), (11
o) 0% +1)
%0i(xo(j) To(ir1))  O%pj(y 1))
1/1 %( () (j+1))=— 8] (é)x o(j+1)/) a; (gx a(j+1) ' (12)
a(§)” " a(j+1) a(3) 7" a(i+1)

Proof. On the basis of (2)-(6), Theorem 2.1 in [9] it follows that a solution w of problem (1)
belongs to the class CT*(R), 0 < A < 1. Since any order derivatives of a harmonic function are
also harmonic, the functions v*, k = 2,3 satisfy Laplace’s equation. The boundary conditions in
(10) with (11) and (12) follow from (1), Lemma 1 and (9). Then by Theorem 3.1 in [9] each of
the functions v*, k = 2,3 is the unique continuous solution on R of problem (10). g

Lemma 3. Even order derivatives in the form

ABu

ot o 0SPsd 0sgsd-p, (13)

of the solution u of problem (1) are bounded on R.
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Proof. Let w = %. We have
1

Aw=0onR, w=®; only, j=1,2,.,6,

where
¢
o, =1 §=23056 14
7 83:(15 ) j y Yy Yy Yy ( )
36g0‘ 86@' 8680' 8690.
o, =——"1_3 J__3 J J i =1,4. 15
I T8 oot Coadond  oay b (15)

From (1)-(6) follows that the boundary functions ®;, j = 1,2,...,6 defined by (14) and (15)
satisfy the conditions
;e CH(Ty), ®,=3, onyu.

Then, on the basis of Theorem 4.1 in [9] the pure second-order derivatives of the function w are
bounded in R. Then

Bu 0w <
sup a8 = sup a2 o0,
(x1,x2,23)ER afUl (z1,72,23)ER &rl
OBu 0w _
sup A 6a.2|— sup a9 o0,
(x1,22,23)ER axla'rQ (x1,22,23)ER axQ
Bu 0w -
sup A 602 = sup "l Q.
(z1,22,23)ER dxi0x3 (z1,22,23)ER Oy
.. . 6 6 .
Similarly, by taking w = 372, and w = % the boundedness of the remainder even order
2 3
derivatives in (13) are proved. 0

Lemma 4. Let u be the solution of problem (1), p(x1,x2,x3) be the distance from the current
point of R to its boundary and let 80l = a10/0x1 + a20/0x2 + a30/0z3, aF + a3 + a3 =1 be
the | — directional differentiation operator. Then

OOu(x1, 9, 3)

8[10 < COp_Q(xlaxQMZ'?))? (-711,.%2,1‘3) S R7 (16)

where ¢y is a constant independent of the direction | of the operator 0/0l.

Proof. Since any tenth-order derivative of u can be obtained by two times differentiating
some of the derivatives of the form (13), on the basis of Lemma 3 from [10, Chapter 4, Sec. 3]
and Lemma 3, we have

OOu(xq, 22, 23) 9
< - .
o5iZlo0< s [afaugoaty | S 07 (e () €D
From (17) follows the inequality (16). O

2. O(h%||Inh|) order accurate approximate solution

Consider a cubic mesh with the mesh size h > 0 formed by the planes x; = 0, h, 2h,...(i = 1,2, 3).
Assume that a;/h >4 (i = 1,2,3) are integers. Let Dy, be the set of mesh nodes, Ry = RN Dy,
th = Fj N Dy, I'y, =T N Dy, F;h = F; N D;,, and F;z = Fllh U..u F%h We put Ry, = Rp U Ty,

E;l = RpU T, Let Rﬁ C Ry, be the set of nodes of Ry, lying at a distance of kh away from the
boundary I' of R. It is clear that k =1,2,..., N(h), where N(h) = [min{a, az,as}/(2h)].

166 HayuHbiii otgen



A. A. Dosiyev. A highly accurate difference method for solving the Dirichlet problem of the Laplace equation 4@

For the grid functions on Ry, we consider the 6-point difference operator A as

6
1
Au(zy, 2, 73) = 8 Z Up,

p:l(l)
and the 14-point difference operator S as
1 6 14
SU(JZl,I‘Q,IEg)E% 8 Z Up + Z uqg |,
p:l(l) q:7(5)

where the sum Z(k) is taken over the grid nodes that are at a distance of vkh from the point
(21,22, 3), up and u, are the values of u at the corresponding grid points.
Consider two systems of grid equations

vy = Avy +gn, on Ry, v, =0 onT}, (18)
vy = AU, +7p, on Ry, T, =0 onTY, (19)
where gp, and g, are given functions and |gn| < g, on Ry.
Lemma 5. The solutions vy, and vy, to systems (18) and (19) satisfy the inequality
lvp| < T on Ry.
Proof. The proof of Lemma 5 follows from the comparison theorem (see [11, Chapter 4]). O]
2.1. The first stage
Let v2 be a solution of the following finite difference problem
v,% = Sv,% on Ry, U,QL =jonly,, j7=1,2,..,6, (20)

where v, j =1,2,...,6 are functions defined in (11).
Let ¢, ¢y, ca, ... denote positive constants independent of the nearby multiplier, of which some
possibly have identical values.

Lemma 6. The following estimation holds
max _ |[v7 — 0% < chY(|Inh| +1),
(z1,22,23)ERY,
where v? is the function (9) when k = 2 and v} is the solution of the system of grid
equations (20).

Proof. By Lemma 2,
Av’=0o0n R, v=v¢jonT;, j=12..6,

where functions 7 defined by (11).
For the error function
6%21}%—1}2, (21)

we have
ep = Sej + (Sv* —v?) onRy, e =0 onTY,.
Let €2 be represented as

5,21 = ai’l + 62’2 + ...+ Ei’N(h), (22)
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where 52’“, 1 < k < N(h) is the solution of system
aik = Ei’k —|—£k on Ry, 52’“ =0 on I,

with
e — Sv? -2 on RE,
0 on R,\RF.
By virtue of Lemma 4 in [12], we have

max  |e7F <5k max  |Sv®—?, 1<k < N(h). (23)

(z1,22,23)ERp, (z1,2,23)ERF

To estimate Sv? —v? on RF, for k =1,2,..., N(h), first we note that, from (9) and Lemma 4
follows

OMOu(xq, 29, z3)
3[10

< e < 03p_2(:v1,:v2,x3), (r1,22,23) € R. (24)

O5v* (21, x9, x3)
ol6

Let z¢g = (210, z20,30) be a node of the grid RfLO C Ry, where kg be an arbitrary integer number
2 < ko < N(h) and let r¢(z1, 22, x3;x0) be the Lagrange remainder corresponding to this point
in Taylor formula

v? (21,22, 73) = ps(21, T2, T3; 70) + 76(21, T2, T3; T0), (25)

where
Sps (10, 20, 230; o) = v2(210, Z20, T30)- (26)

Then on the basis of (24), we have

R’ h4
57"6(331071’207253055%) < C4W = 04?02- (27)
From (25)-(27), we obtain
h4
max  |Sv? — 0% <y, 2< k< N(R). (28)
($1,$2,$3)6RZ kQ

Let 29 = (210, 220, %30) be a node of the grid R,ll C Rp, and the nodes of operator S lie at the
distance h or v/3h from this point. We estimate r¢ at the nodes of the operator S. To do this we
take a node (x10 — h,x20 — h,x30 + h) and consider the continuous function

~92 2 S S S
P(s) =0 (210 — —=, 220 — —, T30+ — |, —V3h < s<V3h, 29
(s) < 10 = 75T = 75 T30 \/§> (29)
of one variable s. By estimation (24), we have
< — <
J5s)| < (V3h-s) ", 0<s<Van, (30)

The function
s s

_ s
T6 =T <:C1o—\/§,9320 \f’ T30 + —F= \/§ )

is the remainder term of the representation of the function (29) around the point s = 0 by
Taylor’s formula with the fifth order polynomial.
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By using integral form of the remainder term and (30), we obtain (see [8])

S S S
6 <3310 — ﬁ,xm — 7375630 + \/5;330)

For the remaining nodes of the operator S the estimation (31) can be obtained analogically.
Since the maximum norm of the operator S is equal to one, we have

< cgh. (31)

|S76(210, 220, T30; T0)| < c7h®. (32)
By (25), (26) and (32), we obtain

max  |Sv? —v?| < egh?. (33)
(1‘1,1‘2,1‘3)61%,11

On the basis of (21)-(23), (28) and (33), we have

N(h)
(xhzrzr,ljyf%ERh v —v?| < coh® ; % <eht (|| Inh] +1).
O
2.2. The second stage
Let v} be a solution to the following finite difference problem
v = Avi on Ry, v = ¢§? onT%, j=1,2,..,6, (34)
where 2, j =1,2,...,6 are functions defined by (12).
Lemma 7. On Ry, it holds that,
max v — 03| < eah®(|Inh| + 1), (35)
(z1,22,23)ERy,
where v3 is the function (9) for k =3, v} is a solution to system (34).
Prooi. By Lemma 2, we have
Av’=0 on R, v*=4¢? onT;, j=12.,6, (36)
where functions 1/133 define boundary values in (12), and from (2)-(6) it follows that
pleCh(Ty), 0<A<1, j=12,.,6, (37)
V3 =93 on Yy, (38)
on the basis of (36)—(38) that satisfy the conditions of Theorem 5.1 in [9] which follows estimation
(35). O

2.3. The third stage

Let v? and v} be the solution of the difference problems (20)) and (34) respectively. We
approximate the solution of the given Dirichlet problem (1) on the grid Ry, as a solution wuy, of
the following difference problem

up, = Auy, — h—402 — h—6@3 on R (39)
b= AT e h T T T
Up = @5 on F;’lw j = 1,2, ...,6. (40)
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Theorem 1. Under the conditions (2)-(6), the estimation

max _ |up —u| < csh®(||Inh| + 1), (41)

(CD1 , L2 ,a?g)GR;L

is valid, where wu is the solution of the Dirichlet problem (1) uy is the solution of system (39),
(40).

Proof. Under the smoothness properties of the boundary values specified in (2)—(6), the
solution u of the Dirichlet problem (1) has eighth-order partial derivatives that are continuous
on R, and by using Taylor’s formula with the remainder term in the Lagrange form for each
(z1,22,23) € Ry, we obtain

u(wy, 29, v3) = Au(21, T2, 23) — o=0? — ——v> — r(x1, 29, 73), (42)

where v¥, k = 2,3 are the functions defined by (9)

max ‘T(xlvx%x?))’ < C4h8. (43)
(w1,22,23)ER
We put
en=up —u on Ry,
where uy, is the solution of the finite difference problem (39), (40).

From (39) and (42), and taking into account that u; = u = ¢; on I';,, we obtain the following
system of difference equations for the error e :

h* h
Eh:AEh-F%( 2—1);21)4—%(1)3—7)2)-%7“ on Ry, (44)
enp =0 onIY. (45)

On the basis of Lemma 6 , Lemma 7, and the estimation (43)), we obtain
h4 hS
ﬁ(zﬁ —vi) + ﬁo(v"3 — )+ 7| <esh®(||Inh|| + 1),
where ¢5 = max {c1/36, c2/720,c4}.
Furthermore, from Lemma 5 it follows that for the solution e of problem (44), (45) the
following estimation is true

len| < En, (46)

where £, is a solution of the problem
En = Agp +csh®(|Inh|+1) on Ry, Z,>0 onTY. (47)
It is easy to check that the function &, = ¢5hS(||Inh| + 1)(1*> — r?), where | = \/a? + a3 + a3,
and r = \/a% + 23 + 23 is a solution of problem (47). Then from (46), follows (41). O

3. Numerical results

Let R = {(z1,22,23): 0 <z; <1, i=1,2,3}, and let I';, j = 1,2, ...,6 be its faces.
Au=0 on R, wu=p(x1,z,23) on T, (48)

where

o(21, 72, 23) = €**! cosh(4xs) cos(5as) + (2§ — 282023 + T0zix} — 28272§ + 28) tan™" <Z> +
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+ (sza:g — 56325 + 56x3x5 — 8371:(}5) In /22 + 23,

is the exact solution of problem (48) and ¢ € C™}(T").
We use the following notations:

|Un — Us—m|l,
1 = Ul = mgex U = Ul Eon = = o
where U is the trace of the exact solution of the continuous problem on €, and U} is its
approximate value obtained by the proposed method.
The numerical results given in Table show that the maximum error of the approximate
solution obtained by the proposed method absolute values convergent of order O(h%In h), since
26 > E, > 25n/(n+1).

Table. Numerical results for Problem (48)

h=2"" | maxqn [ug-—n —u| | E, | 20/(n+1)
273 1.537D — 07 48.394 48.000
24 3.176D — 09 60.231 51.200
275 5.273D — 11 62.625 53.333
276 8.420D — 13 63.071 54.857
2-7 1.335D — 14 - -

Conclusion

A new three-stage difference method with an accuracy of order O(h®(|Inh| + 1)), where h is
mesh size, is proposed and justified by using one fourth-order and two second-order schemes for
the approximate solution of the 3D Laplace’s equation. It is assumed that the boundary functions
on the faces are from C™!, and on the edges, their second, fourth, and sixth derivatives satisfy
the compatibility conditions, which follows from the Laplace equation.

The idea of this method can be used to design a new scheme with an order of convergence
O(h¥(|Inh| + 1)), when o; € C¥(T;), 1 =1, ..., 6.

Moreover, from the estimation (41) the multiplier |In k| can be removed by replacing in (2)
the condition o; € CT}(T;) with the condition p; € C¥*(T;), 0 < A < 1.

The proposed method can be applied when parallelepiped is used as one of the covering
figures in some version of domain decomposition methods [13], in the composite grids method for
problems in polyhedra and a prism with polygonal base (see [14,15]). Furthermore, this method
can be used to highly approximate the derivatives of the unknown solution of Laplace’s equation
(see [16-19]).
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AnHotauma. B crarbe ompenesieHbl HOBble B3BelleHHbIE HHTerpasbHbie onepaTopbl. ChopmynupoBaHa
JleMMa, B KOTOpO# MosiyueHO 0600LIeHHOe TOXKAECTBO Uepe3 3TH HHTerpajbHble onepaTopbl. C HCMO/b30-
BaHMEM JaHHOTO TOXKIECTBA MOJyYeHbl HEKOTOPbIE HOBble 0600IIeHHbIe HepaBeHCTBA Tula CUMIICOHA AJIst
(h, m)-BbINYKJbIX (PYHKUMH. DTH pe3y/bTaThl MOJyUeHbl Ha OCHOBE CBOMCTBA BBIMYKJOCTH, KJIaCCHUECKOTO
HepaBeHCTBa [esbepa u ero npyroil GpopMbl — HepaBeHCTBa CTeNeHHOro cpenHero. OGLUIHOCTb Pe3y/bTaToB
CTaThbU 3aKJ/IOUAETCsl B JBYX OCHOBHBIX MOMeHTax. [lepBbifi — HCIOJMb3yeMbl HMHTErpabHBIH OmepaTop, Tak
KaK «BEeC» T03BOJISIET OXBATUTh MHOT'ME M3BECTHBIE MHTErpajbHble OMEPaTOpPhl, B TOM YHCJ/IE KJIaCCHYECKHE
Pumana u Pumana — JInyBusss. Bropoii MOMEHT — HCMOJIb3yeMOe MOHSITHe BBIIYKJOCTH, IIPH afieKBaTHOM
BeIGOpE MapaMeTPOB OHO COAEPXKHUT HECKOJBKO YK€ H3BECTHBIX MOHSITHH BBIIYKJIOCTH. DTO MO3BOJSET
clleslaTh 3aKJII0UeHHe, YTO MHOTHE M3BECTHBIE B JIUTEPAType Pe3y/bTaThl SIBJISIOTCS YAaCTHBHIMH CJIydasiMu
paccMaTpUBaeMbIX B CTaTbe.
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Introduction

The concept of convexity for a number of scientific disciplines related to mathematics
(Optimization Theory, Numerical Analysis, Computational Mathematics, etc.) is the main concept
since it is closely related to estimating the mean value of a function given on an interval. Today
in the literature there are many different classes of convexity of a function that extend this
concept. The Definition of convexity is given in the literature as follows:

Definition 1. The function ¢ : [v*,9*] — R, is said to be convex if we have

¢(y+(1—9)z) <so(y) + (1 —<) o (2)
YV z,y € [v*,9*] and ¢ € [0, 1].

In [1], a fairly wide range of convexity classes and their relations are given.
In the literature, the well-known Simpson- type inequality is presented as follows.
If ¢ € C*v*,9*) and qu(‘l)Hoo = sup |¢ ‘ < 00, then

ze(v

ﬁ*gv* ¢(U*)_;_¢(19*) 2 <U _1_19*)} - /:* o(e)dz| < (2880 H ¢(4)H

A number of recent studies have been devoted to refinements and generalizations of Simpson’s
type inequalities for various classes of convex functions. For example, for the quasi-convex
functions Alomari and Hussain in [2] and Set et al in [3] in terms of differentiable functions
obtained some Simpson’s type inequalities. Bayraktar in [4], presented Hadamard and Simpson’s
type parametric integral inequalities for concave and r-convex functions in terms of special
means. New generalized integral inequalities of the Simpson and Hadamard type for convex
functions, or functions satisfying the Lipschitz or Lagrange conditions, were obtained by the
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authors in [5]. In [6] Dragomir et al and Liu in [7] presented Simpson’s type inequalities
for the continuously differentiable functions and their application. Hussain and Qaisar in [8]
established some new inequalities of Simpson’s type for functions whose third derivatives are
prequasiinvex and preinvex. In [9] Park presented generalized Simpson’s type and Hadamard type
integral inequalities for functions whose g-th powers of second derivatives are decreasing (o, m)-
geometrically convex. In [10-13] authors established new inequalities of Simpson’s type based
on s-convexity. In [14-16] authors established new inequalities of Simpson’s type for extended
(s, m)-convex and generalized (s, m)-preinvex functions. Extended Simpson-type inequalities for
the class of differentiable concave functions related to the Hadamard inequality were obtained
by Hsu et al in [17]. Simpson’s type double integral inequalities and applications for numerical
integration were given by Ujevi¢ in [18].
In [19-21] we presented the following Definitions.

Definition 2. Let 4 :[0,1] — (0,1] and ¢ : X = [0, +00) — [0, +00). If inequality

¢ (€ +m(1 =<)¢) < h*(¢)o(€) +m(1 = h*(¢))9(¢) (2)

is fulfilled for all £, € X and ¢ € [0, 1], where 0 < m < 1, s € (0, 1]. Then the function ¢ will be
called the (h, m)-convex modification of the first type on X.

Definition 3. Let i : [0,1] — (0,1] and ¢ : X = [0,4+00) — [0, 4+00). If inequality

¢ (& +m(l =<)¢) < () (§) +m(1l — h(s))*d(C) (3)

is fulfilled for all £,¢ € X and ¢ € [0,1], where s € [-1,1],0 < m < 1. Then the function ¢ will
be called the (h, m)-convex modification of the second type on X.

Remark 1. From the Definitions above, the sets (h, m)-convex modified functions of the
first and second types characterized by the triple (h(s), m,s) are denoted by N}f:}n[v*,ﬁ*] and

N,f,’?n[v*,ﬁ*], respectively. In [20,21] you can see the convex classes obtained from the special
cases of this triple.

Remark 2. In the different notions of convexity, if the direction of the inequality changes, it
will be called concave.

In our work, we use the Euler Gamma functions I" [22] and T [23]:
I'(z) = / ¢ le™*ds, Re(z) >0,
0
Iu(z) = / Gre™ R ds, k> 0.
0

Here T (2) = (k)= ~'T (£) and Tx(z + k) = 2x(2), and limlFH(Z) =T(2).
K—
To facilitate understanding of the subject of research, we first give the Definition of the
Riemann — Liouville fractional integral: (with 0 < v* < ¢ < ¥* < 0).

Definition 4. Let ¢ € Li[v*,9*]. Then the Riemann - Liouville fractional integrals of order
a € C, Re(a) > 0 are defined by (right and left respectively):

"1eo(0) = g [ =" e, g @
and »
“Ly-p(o) = 1“(104) o(<)(s— o) tds, o<V (5)
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Next we present the weighted integral operators, which will be the basis of our work.

Definition 5. Let ¢ € L ([v*,9*]) and let function w € C[0,1], and w € Rt U {0}, with a
piecewise continuous derivative on [0,1]. Then

sote) = [ ot (225 )

9*

spole) = [ ot (527 )

ez

and

are defined respectively as right and left weighted fractional integrals with v* < o < ¥*.

Remark 3. Consider some particular cases of Definition 5:
1) putting w'(s) = 1, we get the ordinary Riemann integral;

2) it w' (¢) = % then we obtain (4), and (5) can be obtained similarly;

3) with convenient kernel choices w’ we can get:

— the k-Riemann — Liouville fractional integrals, from [24];

— the fractional integral (right-sided) from [25], of a function ¢ with respect to another
function g on [v*, ¥*];

— the right and left integral operator from [26];

— the right and left sided generalized fractional integral operators from [27];

— the integral operators from [28] and [29], can also be obtained from above Definition by
imposing similar conditions to w’.

Of course, there are other known integral operators, fractional or not, that can be obtained as
particular cases of the previous one, but we leave it to interested readers.

The purpose of this work is to obtain new Simpson-type inequalities through the weighted
integrals of Definition 5 and to show that these results generalize a number of well-known results
from the literature, including those for Hadamard-type inequalities.

1. Results
Our results are obtained using the following lemma:

Lemma 1. Let ¢ : [v*,9*] — R and ¢ € Clv*,9*] with v*,9* € R and v* > 0. If
¢ € L' ([u*,9*)]), then the equality

2 L) 00+ 0 - (o) [ (LT g (25T

0+2\* [ .. . . )
_< > [Ww+¢(19)+JM¢(U )]:

U* —v* ot2 ot2

! 1+o0+5 1—g 1+90+5 11—
— / 19* * _ / * 19* d
/ow(g)[(b( 0+2 +g+2v) ¢< o+2 U tore )] °

is true for every o € N.

Proof. By properties we have

! l+o+¢ 1—¢ l+o0+5¢ 1—¢
/Ow(g)[¢< 0+2 Q+2U> ¢ 0+2 0 T ox2 N

! 1 1- ! 1 1-
—/ w(<)¢'< oty gv*) dg—/ W(<)¢'< TorS oy gﬁ*)clg—h—fz.
0 0

o+ 2 o+ 2 o+ 2 o+ 2
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Integrating by parts and changing the variable in I, we state that

! 14+o0+¢ 1—
I = N —=——v* ds =
1 /()w(g)(b( 012 + +2 ) S =

:ﬁgji[mn¢wﬂw®w(m%Zf;Hﬁﬂ

* 919*+19*+U*
o+2 2 7 0+2
- 19* _ ,U* 00* +9* Fu* w P* —v*
o+2 o+2

9 —v* 9* — o +9* +v*

(z)dz.

Since , finally for I we get

o+2 0+2
! 1+o0+¢ 1-
I = | —=="+— )d =
' /ow(g)qs( 0+2 Q+2 $ T
2w )~ wions (2521
* 9* +9* 4u*
-(-2r2 o w s - P(z)dz =
v* — v 99 £0% 4 g% — QU+t tur -
et2 0+2
_o+2 ] x o0 + 9* +v*\] 0+2\? , «
SO — _w(l)qﬁ(ﬁ) w(0)¢< 0o+2 | 9* — u* ngn’#_ﬁb(ﬁ ) (6)

Similarly for Is, we obtain

2' * * 19*' 2 2
B 252w w) - we (2EEEE) 4 (2 ) e o). ()

Subtracting (7) from (6) we obtain the desired equality. This completes the proof. O

Remark 4. Consider in the previous result o = 0, w(s) = % — %, then Lemma 2.1 of [16] is
easily obtained.

Remark 5. Analogously, if o = 0, and w(s) = % - %, then Lemma 1 of [11] is easily
obtained.

Remark 6. If we choose o =0, and w(s) = § — %, then we get Lemma 1 from [10].

Remark 7. In the case p = 0, w(s) =, we obtain Lemma 1 from [5]

o*
fracop(v*) + ¢(9%)2 — o 1 el ) o(2)dz =

- (YT, (1=, 14¢., 14+ . 1—g .,
- /0§[¢<2U+ 219>—¢<21)+ 219)]d<.

Remark 8. Multiplying both sides of (6) and (7) by (

.
) , we get respectively

g+2
0* — v+ 2 v —o* . oU* 4+ 9* + v* .
( o+ B) ) Il = o+ B [w(l)(ﬁ(ﬁ ) — w(O)(b ( o+ 9 ):| gﬂ*::’—’;+v +¢ (19 ) =

9 — v\ 2 L 14+0+¢ 1—
(Q+2 /c)w(g)¢< 0+2 +Q+2 ) >

* * 2 * * * * *
(ﬁ‘”) b:ﬁ"“'mw¢wﬂ—www(m’+“*”’ﬂ T (%) =

Q+2 o+2

®\ 2 1
—-v ! 1+Q+§ * 1—¢ *
— v+ ——9V" ) ds.
> w(g)¢( ot2 | otz ) °

o
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9 — v+ 2 9 — vt
() o (5 o
_19*_1]* * * oU* + 9% 4 v QU+ vt U
- {w(l)(¢(19 )+ ¢(v*)) — w(0) [¢ <9+2>+¢<g+2>]}_

Let us call

— |: Zuﬁ*+19*+v*+¢ (’[9*) _|_ J:ﬁ)*+iz+19*_¢ (U*):| .
4

o+2

Theorem 1. Let ¢ : [v*,9*] — R a differentiable function. If ¢ € L' ([v*,9*]), then we have

LI <B-w(0) ¢,

*_ ¥ 2 *
where B = <19g+2 ) ,and ||¢)); = f;’; |¢/(z)| dz < oo.

Proof. From Remark 8 after changing variables, we obtain

o — v\ ! 1+o0+¢ 1-g
L| < w(s) |¢' < U + v*> ds+
. <Q+2>/o €)1 0+2 0+2
9* — v\ ? [t (1+o+s 1—¢
+ w(s v* + 19*) ds <
<Q+2>/o ()¢(@+2 o+2
« 9* 9% +u*
9* — v*\ 2 9 z— 972
S < +2 ) {/;719*+19*+v* w' ﬁ*—it ‘d)/(z)‘ dz +
e T et2 0o+2
gv*zi’;w* gu*+v*2+z9* .
+
L )
v* Q+2
Therefore, the proof is finished. O

Remark 9. If we take w(s) = & — % and ¢ = 0, we have the Theorem 3.2 of [16].

Theorem 2. Let 0 < m < 1, 0 < v* < ¥* and ¢ [unction defined on the interval [v*, V"],
and ¢ € C*(v*,9*), where v*,9* € R. If ¢ € L' ([v*,9*]) and |¢| € N,f:;[v*,ﬂ*] for some
fixed s € (0,1], then the inequality

<

9 2
IR

v — ¥ or2 012

1
< (o] + o)) [ uom (R4S ) ase
19*

, ! 1+o0+¢\]°
¢<>)/0 w(s) [1—h(g+2 )] ds (8)
holds with

A= 795 f i {w(l) (6(07) + ¢(v")) — w(0) [sﬁ (W) +9 (Wﬂ } ’

+

Proof. By using the second type (h, m)-convex property of the ¢’ function, we get

/ 1 Q §* 1 §* / 1 Q S * 1 Q S *
+ = SEE (1 5 <
¢< Y 10) 012 0 012 v

v
0+2 o+2
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14+0+S\ |, o 14+o0+¢\]°
<h | ————= ) 1-h| ——
( 0+2 )W )Hm[ ( 0+2 )}

l+o+s 1—g l+o+s 1+o+¢\1]°
/ * * / *

+ )| < B —2 +m|l—h|—"2

( ot2 o2 ) ( 0+2 )WU ) m[ ( 0+2 )}

So, using the Lemma 1 we obtain

U*

¢'(—)

m

and

5.

m

<

A - 979*+79*+'u*+¢(19 )+ JQU*+U*+19*_¢('U )

* *
9* —v ot2 o+2

b ()4 () [Cwon (FEEE Y ac

Which is the inequality sought, this ends the proof. O

Remark 10. Taking ¢’ s-convex function, o = 0, and w(s) = % — %, from (8) we obtain the
Theorem 6 of [11]. Under these conditions, Corollary 1 and Remark 3 of this paper remain valid.

Remark 11. If we take |¢/| s-convex, i.e. h(¥) =4, m =1 and w(s) =¢%, and p = 0, we get
Theorem 5 of [30].

Theorem 3. Let 0 < m < 1, 0 < v* < 9* and ¢ function defined on the interval [v*, V%],
and ¢ € Ct(v*,9*), where v*,9* € R. If ¢ € L' ([v*,9%]) and |¢'|* € Nfbfn[v*,ﬁ*] for some
fixed s € (0,1] and q > 1 with % + % =1, then the following inequality is fulfilled

<

0+2 \?[ 0 * w *
A - gﬂ*+ﬂ*+u*+¢w )+ ng*+v*+19*_¢(v )

v —v* oF2 oF2
GG
m m

with A as before, and B, C and D they will be specified later.

q

B [(\¢’(v*)\q+ \¢’(ﬁ*)]q)c+m< +

Proof. As in the proof of the previous result, we have

<

o+2 \’[ o qw .
‘A - < ) |: 919*+19*+v*+¢(19 )+ JQU*+U*+19*_¢>(U ):|

* *
9 —wv o+2 0+2

! 14046, 1-¢ ! 1404 . 1—¢
< ! 9* + *)d+/ ’< *+ 19*>d 10
/ow(g) <9+2 0+ 2 ° Ow(g)¢ ot+2 | To+2 (10
Using the Hoélder inequality on the two integrals of (10) gives us (% + % = 1):
(1+9+< g4 L=¢ *>
ds <
0+2 0+2
1
140+ A
< 9* )| ds| 11
(/ ) [/ ( 0+2 +Q+2U> g} ()
1 g+< 1—§
wole (s o[
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¢/ 1+Q+§U*—|—1_§19*
0+2 o+2

([ o) [f

Taking into account the (h, m)-convexity of |¢'|? we obtain

1 _ q
[ ( —%g—kgﬁ*+_1 cU*>
o+2 g+2
. r 1+g+<
<[WW>K/h<
0
[ < o)l
o+2 Q+2

o Lo () L (o2 o]

so, using (13) and (14) in (11) and (12), and then in (10), rearranging, grouping and denoting

B = (fo wP (s dg) 1, C = fol h? (1;%“) ds and D = fol (1 —h <%>)Sdg leads us to the

q q
d§:| . (12)

Qe

d% <

I+o+s i
ORI ) P

desired inequality.
Remark 12. As in the previous Remark, this result yields Theorem 6 and Corollary 1 of [30].

Remark 13. If we work with convex functions, i.e. h(s) =¢, s =m =1 and w(s) =g, then
the above result becomes Theorem 2.3 from [31]. Theorem 1 of [32] is also a particular case of
this result.

Remark 14. The Theorem 7, Corollary 2, and Remark 4 of [11] are also particular cases of
this result.

The next result is a different version of (9).

Theorem 4. Let 0 < m < 1, 0 < v* < ¥* and ¢ function defined on the interval [v*,9*],
and ¢ € CH(v*,9%), where v*,9* € R. If ¢ € L ([v*,9*]) and |¢'|? € stn[v ,0*] for some
fixed s € (0,1] and q > 1, then the [ollowing inequality is fulfilled

2
'A—( P2 s 6 0) 4 T 807

* *
P —wv 0+2 o+2

*

(=)

q

<EkW@UVﬂWWW%F+m<

1—-1
with A as before, E = (fol w(g)dc) FF = fol w(s)h® (%) ds and

o[ o122 s

Proof. As before

0+2 \’[ o .
A - I — o 90*+0*+v*+¢ (%) + ng*+u*+ﬁ*_¢(v )| <

ot2 ot+2

1 1
l+o+g 1—¢ (1+o+s l1—¢
< | w()|d | ———9" + v* dg—l—/ w(s v+ 9
/0 ()¢( o+2 o+2 ) 0 ()¢( o+2 o+2
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Using now that well-known power mean inequality with modulus properties takes us to:

! 1 1— 1 1 1—
/ w(s) <Z>'< TOF ey gv*)’d<+/ w(<) ¢'< Ot .y gv&‘*)‘dgé
0 0

o+2 o+2 o+2 o+2

1 1-3 1 1404+ 1— ¢
(f wtom) [l (St e imze)| o]+
! e 1+o0+¢ 1—g :

d ! * 9 || d

+</0 wis) g) [/0 wis) ¢( otz U T2 > g]

From the (h,m)-convexity of |¢'|? and a simple but tedious algebraic work, the proof of the

Theorem is completed. O

Remark 15. Under assumption |¢'|? s-convex and w(s) = ¢%, we get Theorem 7 of [30]. If
we additionally put that o =1, it follows Theorem 2 of [32] and Theorem 1 of [33]. The reader
can also easily check that Theorem 9 and Corollary 4 of [11] are particular cases of our result
and that Remark 6 of said work is still valid.

Conclusions

In this paper, various extensions and generalizations of the classical Simpson’s inequality
have been established, in the context of weighted integral operators. Throughout our work, we
have seen how various results reported in the literature are particular cases of ours, which
shows the breadth of strength of these. However, we did not want to conclude without pointing
out two more aspects regarding the breadth of our results. Firstly, referring to the integral
operator used, given that the weight function can include several known cases, we can add that if

w' () = % (or that is, we consider the k-integral of [34]), the Lemma 1 reduces to

Lemma 2.1 of [35], obviously many of the results of that work, can also be obtained from ours,
considering convex functions. The second issue is the notion of convexity used, which we have
shown contains several well-known. This, together with the way of writing the argument (in
reality we obtain families of inequalities), means that our results cover many of those published
so far. Finally, we want to point out that this weighted operator can be used in the study of other
inequalities, for example, the Minkowski inequality (see, for example, [36]), in this paper they
use the weight indicated above, thus these results can be generalized using a general weight
w'(s).
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Abstract. In the study of the equations of motion of systems of various physical nature, there are problems
in determining the qualitative indicators and properties of motion according to the known structure and
properties of the equations under consideration. Such qualitative indicators for finite-dimensional systems
are, in particular, integral invariants — integrals of some functions that retain their value during the system
movement. They were introduced into analytical mechanics by A. Poincaré. In the future, the connection
of integral invariants with a number of fundamental concepts of classical dynamics was established. The
main purpose of this work is to extend some notions of the theory of integral invariants to broad classes
of equations of motion of infinite-dimensional systems. Using a given Hamilton’s action, the equations of
motion of potential systems with an infinite number of degrees of freedom are obtained, generalizing the
well-known Birkhoff equations. A difference analog with discrete time is constructed for them. Based on it,
a difference approximation of the corresponding integral invariant of the first order is found.
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BBepenue

B paGote [1] nosnydyeHbl HEOOXOAMMbIE ¥ NOCTATOUHbIE YCIOBHS BapHALMOHHOCTH (MOTEHLHA/b-
HOCTH) OIEepaTOPHOr0 YpaBHEHHs C TePBOH MMPOU3BOAHOH MO BPeMeHH

N (u) = Pyyus — Q (t,u) =0,
(1)

-~ ~ ~ d
ueD(N)QUQV, tG[Tg,Tl]CR, utEDtuE%u.

Snecb Vit € {fo, fl} , Vu € Uy onepatop P,; : Uy — Vi aB1seTca nuHeHHbIM; @ : [Tg,ﬁ] xUp —
— V1 — npou3BoJIBHBEIN OllepaTop, BOOOILe roBOps, HeJUHeHHbIH; D (N) — 00J1acTb ONpefieieHHs

oreparopa ]V,
D(N) = {uEU:u(t) eWvte [Cfo,ﬁ}, “|t:ﬁ, = 1, u|1t:7~11 = o, p; € Uy, i:1,2};

U=t ([Tvo,ﬁ} ;U1>, vV =C"! ([Tvo,ﬁ} ;Vl), Uy, Vi — nvHeliHBle HOPMHUPOBAHHBIE NPOCTPAH-
CTBa Hajl noJeM AedcTBUTeNbHBIX uncesa R, U; C Vi. MHoxectBo W omnpenessieTcst BHELIHUMHU
CBSI3IMH, HAaJIOKEHHBIMU Ha CUCTEMY.

OneparopHoe ypaBHeHHe (1) MoxkeT ObITb OOBIKHOBEHHBIM AH((epeHHaNbHEIM, AU hepeH-
LMaJbHbIM ypaBHeHHeM B UYacTHBIX I[IPOU3BOAHBIX, HHTerpo-auddepeHHaNbHbIM ypaBHEHHEM,
ypaBHEHHEM C OTKJOHSIOLIMMHUCS apryMeHTaMU U APYTHMH, 4 TaKkKe CUCTEMOH TaKHUX ypaBHEHHH.

Ha sTom myTH, B 4aCTHOCTH, BbIsSIBJIeHAa B3aWMOCBSI3b TOJyYeHHOI'O OMEPaTOPHOTO BapHALMOH-
HOTO ypaBHEHHsI C KJaCCUYeCKUMHU ypaBHeHHsIMH Bupkroda [2,3], sBasiomumucs 00001eHUIMA
KaHOHMYECKHX ypaBHeHHH ['aMu/bTOHA.

Bynem ucnosb3oBath 0603HaUeHHsI U TePMUHOJOTHIO padoT [4-7].

1. IlocranoBka 3amau

[Tyctb cocTosinre 6eCKOHEYHOMEPHON MOTEHLIHANbHON CUCTEMBI ONpefeisieTCsl BEKTOP-(DyHKIUeH
u(z,t) = (ul(z,t),v*(z,t), - ,u?(z,t)), (z,t) € Qr = Q2 x (0,T), 2 — orpaHuyeHHas 06/1aCTh
u3 R™ ¢ KycouHo Iagkod rpanuuei 0f2.

Martemarvka 185



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

HpeanonomnM, 4YTO IIPU 3TOM JeHCTBHE TI0 FaMI/IJIbTOHy HMeeT BUL

ZJ

Z R; (xata uoé) U% - B (ua) dx dt,
i=1

(2)
a=(a,a, - ,an), o= Za,, la] =0, s,
o out
raie R; = R; (z,t,uq), B = B (uy) — 3a1aHHble JOCTATOYHO IJafiKhe QYHKUUH, u) = s 1=1,2n,
olaly
a = DOé = «a «a am *
“ U 021)™ (922)™ - (Bary)™
Bynem paccmatpuBath QyHKIHMOHAN (2) Ha MHOXKECTBe
D(N) = {u ceU= U .UM €U =C% (A% [0,T]) : u',_, = pi(2),
i i 0"’ i C T 9 I
u |t:T_s01(x)7 87”6; Iy _wy(xvt)a 1_152’”7 |V| _07871}’ (3)

rie Q =0QUQ, I'r = 90Q x (0,T), n, — BHewHsAsA HOpMaNb K I€2; ¢h, ¢}, V! (z,t) — 3anannbie
JIOCTaTOYHO TJIafKhe (QYHKIHH.

Lesb paGoThl — HAiTH ypaBHEHHUs IBUXKEHUS, ompejessieMble aeHcTBHeM no [aMuabToHy (2),
MOCTPOMTb HX PAa3HOCTHBIH aHAJIOr C NMCKPETHBIM BPEMEHeM M Ha 3TOH OCHOBE HaHTH PasHOCTHYIO
annpoKCUMAal|I0 COOTBETCTBYIOLIEr0 JUHEHHOr0 MHTErpaJbHOTO HHBAPHAHTA.

2. Cucrema ypaBHeHHMU ABHIKEHUS

O603HaunM MIOTHOCTb (PyHKUMM Jlarpanxa
n
L =L (z,t,uq,ur) :ZRkuf—B. (4)

[TepBasi Bapuauus (2) paBHa

T 2n s 0.
[u, du| = L+ =90 dz dt. 5
/ / > ug i | do ®)
0 o =1 \Ja|= 29
BBenem nioTHOCTH 0600IIeHHBIX UMITYAbCOB P;, ¢ = 1,2n mo popmynam
oL S
i = ;= 1, i = 17 2”7
ouy

oL
roe L = /.,?dx; Sul BapHallMOHHAasl MTPOU3BOAHAS.
Uy

[Tockoabky

5“%:0 =0, 5ui‘t=T =0,

I'r

TO, HHTErPUPYs MO 4acTsM, U3 (5) moaydaem
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[TpupaBHKBasi 3Ty BapvaLHIO K HYJ/IO, HAXOOUM CHCTEMY YPaBHEHHH IBUKEHUS B BHJE

> (-1 D, <a°§’.ﬂ> - CZZ' =0, i=1,2n. (6)
|a|=0 @

OTMeTHM, 4TO

0L\ 2" ARy, i ORy . OB
Da (au) = Da (Z Fui auz> 3p3 ( ) (au) Dy = Dag

o k=1 @ k=18|=0

dpi _ dR; _ aR iiaﬁ,

dt  dt
k=18|=0
rie
o a1 av) [ 9m , ecmuVie{l,2,--- ,m}:a; =05,
ﬁ = 51 /61 Bm
0, eci 34 € {1,2,--- ,m}:a; < By,

(67 o Oéi!
Bi)  Bil(ei—Bi)

C yuyetom 3TOro cucrema ypaBHeHHH (6) MOxeT ObITh TpeaCTaBJieHa B BHIE

o ORy\ OR; OR;
Ni = ZE Z |<5>D0‘5<8u§) ok | D7~ o

k=1|8]=0 | |a|=0 B
ol 9B _ .
- Z 1) D, Gt =0, i=1,2n. (7)
Ja|=0

CnpaBenvBa
Teopema 1. Ixcmpemaru yruxyuonara (2) ssrsomces peuerusmu cucmemot ypasreruti (7).

OtmetuM, uTo U3 (7) KaK 4acTHBIH c/aydail cienytoT ypaBHeHus Bupkroda [3].

3. Jluckpermusanus no BpeMeHU

Paso6bem orpesok [0,7] Ha [ paBHBIX yacTell yanamu t; = j7, j = 0,1, rie 7 = [7'T. Beenem
orepaTtopbl cyxkeHus [8]

Toui(z,t) = a0 = (u (2,11))_,, i=T1,2n

(ctonbuel BeicoTHl 7 = [ + 1). Takue cTo/61BI 06pa3yIOT JHHEHHOE MPOCTPAHCTBO, KOTOPOe OyaeM
77 w7 1 =2 =2\ o~ N i i )
0003HaYaTh UT.EJIH yro6¢TBa 0603HaunM @, = (uy, u2, -, u2"), uj = u(x,t;), u; = u' (z,t;).
O6o3Hauum N omnepaTop AMCKpeTHOro aHasora 3amaud (7), (3), mosydyeHHOH Ha ocHOBe (DyHK-
uuoHasa (2).

[Tonoxxum
D(N) ={m €T, = (Tp, ,T") 0 € C% (@) : ) = giy(a), T = ¢} (),
ol

onY, 169
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Z;

2n az 11— ut

K72 ~ ~ z i+ J

< (l‘,t, Dau]',u]'_H) = Ri,ji - Bj,
i=1

j=0,1-1,

T

rne Ri,j = Rz (l’,t]’, Daﬁj), Bj =B (Daﬂj).
I[a.nee alllIPpOKCUMHUPYEM UHTErpaJibl

ti+1

T [
/fd:cdt%l/fjd:v.
ti Q Q

®yHkumoHaa (2) 3aMeHsieM PasHOCTHBIM AeHCTBHEM MO [aMUJIBTOHY

-1
Fla,) = %Z / Zdz. (8)

jZOQ
Torna
— T [ 07, N 0P
OF [, 67,] = = / D, (Dauf) + ﬁaug‘ﬂ da. 9)
i=09 k=1 |jaj=0 9 (Dauj> i1
[TockosbKy
§ y % (5&;‘.)
@ =0, & =0, an;‘m: . i=T,2n, j=01, |v|=05-1,
TO, HHTErpuUpys no 4actam, us (9) nmeem
o T -1 2n s 8? 6?‘_1
§F [u,,6u,] = — /Z > (-nbp, J + — 2 sukde. (10)
Ls 0 ( Dot ouy |
Jj=1¢ k=1 ||a|=0 all; J
OTMeTHM, 4TO
s N 0L s o OR;; U, — U Ry
Z (_1)\ |Da 73% — Z (_1)| ‘ZDO‘ ik ]+T il T,J_
jaf=0 o (Do) | a5 = o (vai)
S B
— ( 1)|04\ D,, 9 JNk —
jaf=0 0 (Do)
2n s e}
=3 Y (- (a> Do aRm'k (“JH “a) _ By
ot T T
i=1 Ja |5]=0 b o (Da“j>
S B
=3 (el |2
41=0 0 (Do)
0L 51 _ Brj
ou® T
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W3 paBeHcTBa Hymo nepBod Bapuauuu (10) mosydaeMm cucTeMy ypaBHEHHH NBUXKEHHS B
JIUCKPETHOM T10 BpeMeHHU CJjiyuae

Ny = |a< )Da_ﬁ _ORi; Dy (M> N
’ ZZ; |a|%|: 0 ’6 0 (Daﬂk> T

J

A . s B.
By = R > (-1 D, _ 9B Lo =0 k=T, j=T1-1 (11)
- .
jaf=0 0 (Daith)

Teopema 2. ¥Ypasnernus (11) seasromes pasrHocmuoim no spemeru ararozom (7)
4. HuTerpajbHble HHBAPHAHTHI
4.1. HenpepbIBHBIN cy4yaun
[lyete u = u(A;z,t), A € A = [0,1] — npou3BobHOE OfHONAPaMeTPHUECKOE MHOXKECTBO

s7eMeHTOB U3 U HenpepblBHO nuddepeHuupyeMbx mo A. Ero MoxxHo paccMarpuBaTh Kak KpHUBYIO
C B U. Bynewm cuutate, uto u(0;x,t) = u(l;z,t) onsa Bcex (z,t) € Qr, T.e. KpUBasi 3aMKHYyTa

ou(A;z,t
BBenem o603Hauenue du = u(a,/\x,)d)\' BosbmeM npousBosbHbIN oTpe3ok [Tp, 71| us [0, 7.
T
Bapuauus ¢pyskunonana F [u(X;z,t)] = [ Ldt npuHuMaer BrI
To
7 0.7
F [u,du] = //Z O‘+8 ~dul | dadt =
=1 |o¢‘ O
7 0% d d
1l i pi —
//Z{ D, <8ua>6u+[dt( ou') — déu]}dazdt
To Q
//Z el b, (g%) —% ou' dx dt+
i=1 | |al=0 Ha
2n
iou'|  do— iou'|  dw.
+/z;p b t=T1 v /Z;p b t=Top v
Q = Q =

Bronb meficTBUTENbHBIX TPaeKTOPUil — peleHu# cucteMsl (6) — Bapuauus O F [u, du] nmpuHnMaeT
BHUJ

dr =

t=Top

2n 2n
Flu,du] = /Zpidui dw—/Zpiéui
o =1 =T i=1
2n
:/ZRiéui‘ B dm—/ZRéu
o =1 -

Qzl

dz.

t=To

1
[TockosibKy A/ 3aMKHYTOH KpuBoi C HHTerpal /(5F = 0, To nmoJy4aeM paBeHCTBO

0
1 1

2n 2n
//Z;Riéul t:Tldw: //Z;Riéul
0 Q = =

0 Q

dx.
t=Tp

Martemarvka 189



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

Taxum obpasowm,
2n 2n
/ / > Ridu'de = 7{ / > Ridu'dx (12)
A Q =1 c a =1

SIBJISIETCS] OTHOCHTEJIbHBIM JIMHEHHBIM HHTerpajbHbIM HHBAPHAHTOM IEPBOrO MOPSIAKA CUCTEMBI,
OTMHUCHIBaE€MO# JiarpaHKuaHom (4).

Teopema 3. Cucmema ypasreruti (7) umeem omHOCUMENbHBLL UHMESPALbHLL UHBAPUAHM
nepsoeco nopadka suda (12).

4.2. JIucKpeTHBIH ciaydau

Hcnoabays (8), 3anuiieM (pyHKIHOHA

fé}/ (13

cyutas, uto 0 < jo < j1 < I.
Haxonum nepsyio Bapuaiuio (13)

SF [y, 0u,) = Z/Z Z <ik>5 (Doﬁk) 68.,? 5u 1| de =

J=jo g k=1 ||al= —0 0 auj W41

j=jo gy k=1 | Jal=0

1yl 0% ; - 0% ; B
lz Z Z Da a(Da';?) &L? 8u3+ 5UJ+1 dz =

; _ _
= i/z Z elp, | —2Zi | 8‘2?’,;1 §uk da+
J

i=jo g k=1 ||al=0 a(ma%)
/Zagh 16~kdx /Zagjo 1(5~kd$

Bnosb peficTBUTEIbHBIX TPaeKTOPUE ero nepsasi Bapuauusi (13) paBHa

_ Z; 2
oPlau) =7 [ 3Ot ae ][5 Factat
omn 2n
:/ZR’fdl—l&ﬂézdm_/ZRkJO_léﬂ?de'
a k=1 Q k=1

Ilanee, MOBTOpPsisi TIPUBENEHHbBIE BhIIIE PACCYXIEHHS, TTONydaeM
1 2n 1 2n
~k _ ) ~k
//g Rk,jlléujldx—//g deo,l(Sujodx.
0 o k=1 0 O k=1

CJie10BaTebHO,

2n
%/ZRkﬁj_léﬁfda:,j: 1 (14)
c q k=1

SIBJISIFOTCS] aHAJIOTAMH JIMHEHHBIX HHTErpasbHbIX HHBAPUAHTOB MepBOro mopsiaka cuctemsl (11).

Teopema 4. ©opmyra (14) onpedessem Juckpemroiti o 8pemeHu AHAAL02 OMHOCUMENbHO
UHmeeparbHo2o uHsapuarma nepsoco nopsoka (12).
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5. IIpumep
paCCMOTpI/IM caenyrouiee ypaBHeHHe B HaCTHBIX TMIPOMU3BOAHbBIX:
~ 0%u Pu 0%u ou
N(u) = — — 2k2— =0 15
() = 5z —@ <0m2 + ay2> o~ (15)

OMHUCHIBAIOLIEE JBHKEHHe MeMOpPaHHI.
3neck u = u(z,y,t) — HeusBecTHas QYHKUHS; a, k — KOHCTaHTH, (2,y,t) € Qr = (0,1')

x (0,1%) x (0,T).
[TosnoxxuMm

D (N) = {u eU =C? (@T) : u‘xzo = u‘y:O = u|x:l1 = u‘y:p =0,
ul,_g = @1(@), vl _y = e2(a) .
TIe 1, Y2 — 3anaHHble PYHKIHH.

1_
0O603HaYUM u2 N u,l YpaBHenue (15) 5KBUBaAJIEHTHO CUCTEMe BHIA

u” = uy.

2,1 2,1
S S T d%u 2 2k2¢ 2 N 2k% 1 2Kk%, 2
Ny = ety — e*lg <6x2+82>+2k‘ fu? =0, Ny=—e*tuy + e ? =0.
(16)

E#l cooTBeTCTBYeT JarpaHxKuaH

21

1
:2//62k2t{ wup +utul 4+ 2kPutu? +(u2)2+a2

(22 (%) ]

1 52 1 52
Rl — _§€2k tu2’ R2 — §€2k tul’

2 1\ 2
2 1 92 2\ 2 2 aul ou
2k*u —I—(u) +a <<8x> +<8y> )]

Orciona MOXKHO BBIBECTH CUCTEMY yPaBHEHWH B JUCKPETHOM MO BPeMeHH cJydae
2k2t; 172
e J uj_l

u ¢pyHKUMU bupkroda

1 52
B—=_Z= 2k=t
26

~20 2 2k%t;~2
N, = 1wz M — U5 1€ 7
] 2 2
-

82u1- 82’&1
2k2t; 2~2 2 J J
+e J [/{7 uj —a ( 1’2 + y2

2kt 01 g2kt gl )
Ny i=——e*"l - = I +62kt kQu +u%) =0.
7] 2 2 T ( )

+

)

Hcnonbayst dopmyanl (12) u (14), HaX0nUM OTHOCHTEJIbHBIE JIHHEHHbIE HHTErpaJjbHble WHBAPH-
aHTBbI MIEPBOTO Mopsifika cucTeMbl (16) B HempepbiBHOM ciydae

2t

f//( 2Kty 25qy1 —i—;e%tléu)da:dy

WU B JUCKPETHOM CJyydae
2

j{//( 12’”9 1u 1(5u +;2’”J 1u 15u>dmdy.
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JakaoueHue

W3 BaprauMOHHOTO MPUHLIKIA C UCTOJb30BAHWEM 33JaHHOT0 NeHCTBHS Mo [aMUabTOHY TOJYy-
YyeHbl BecbMa 00lllMe ypaBHEHHs [BUKeHUs OecKOHeYHOMepHBhIX cucTeM. Kak yacTHBIH ciaydait
U3 HHUX CJelyIOT U3BeCTHble ypaBHeHHUs1 bupkroda. s HUX MOCTPOEH PasHOCTHBIH aHaJjor ¢
OUCKpPEeTHbIM BpeMeHeM. Ha ero ocHoBe HaliieHa pa3HOCTHAst annpoOKCHMAaLMs OTHOCHTENBHOTO
JIMHEMHOTO MHTerpaJ/ibHOr0 MHBapHaHTa IepBOro MOpsIKa.

Cnucok gureparypsbl

1. Savchin V. M. Operator approach to the Birkhoff equations // Bectuuk Poccuiickoro yHuBepcuTera

npyx6b1 HapomoB. Cepusi: Matemarnka. 1995. T. 2, Ne. 2. C. 111-123.

Bupxeod [Tonc. /[I. Nvnamuueckue cucrembl. VMkeBck : ¥Yamyprekuit yH-T, 1999. 408 c.

Santilli R. M. Foundations of theoretical mechanics II. New York : Springer, 1983. 370 c.

Camapckuii A. A. Teopusi pasHoctHbIXx cxeM. MockBa : Hayka, 1989. 656 c.

Caguun B. M. MateMaTHUeCKHe METOIBl MEXaHUKH GeCKOHEUHOMEPHBIX HEMOTEHLHAIbHBIX CHCTEM.

Mocksa : M3n-Bo YHuBepcuteTa npyx06bl Hapomos, 1991. 237 c.

6. Duaunnos B. M., Casuun B. M., [llopoxos C. I'. BapuaunoHHble NPUHLHUIIBL AJI51 HEMTOTEHIIUANBHBIX
oneparopo // Wroru nayku u texuuku. Cepusi: CoBpeMeHHble poGJeMbl MateMaTHKH. Hogefiime
noctkenus». 1992. Ne 40. C. 3-176.

7. Tanuyrrun A. C., Tagpapos I'. I'., Maratiuka P. I, Xean A. M. Ananurudeckasi IMHAMUKA CHCTEM
[enbmrodibiia, Bupkroga u Hamby. MockBa : Yenexu ¢dusudeckux Hayk, 1997. 324 c.

8. Tperoecur B. A. ®yHKuHOHANbHBIH aHaMu3 : yueOHUK. 3-e u3n. Mocksa : @usmaraut, 2002. 488 c.

Gl

References

1. Savchin V. M. Operator approach to the Birkhoff equations. Vestnik Rossiiskogo universiteta
druzhby narodov. Seriia: Matematika, 1995, vol. 2, iss. 2. pp. 111-123 (in Russian).

2. Birkhoff G. D. Dynamical Systems. American Mathematical Society Colloquium Publications. Vol.
9. New York, American Mathematical Society, 1927. 305 p. (Russ. ed.: Izhevsk, Udmurt University
Publ., 1999. 408 p.).

3. Santilli R. M. Foundations of Theoretical Mechanics II. New York, Springer, 1983. 370 p.

4. Samarsky A. A. Teoriya raznostnykh skhem [Theory of Difference Schemes]. Moscow, Nauka,
1989. 656 p. (in Russian).

5. Savchin V. M. Matematicheskie metody mekhaniki beskonechnomernykh nepotentsial’nykh sistem
[Mathematical Methods of Mechanics of Infinite-dimensional Non-potential Systems]. Moscow,
RUDN University Publ., 1991. 237 p. (in Russian).

6. Filippov V. M., Savchin V. M., Shorokhov S. G. Variational principles for nonpotential operators.
Journal of Mathematical Sciences, 1994, vol. 68, pp. 275-398.

7. Galiullin A. S., Gafarov G. G., Malayshka R. P., Khvan A. M. Analiticheskaya dinamika sistem
Gel’mgol’tsa, Birkgofa i Nambu [Analytical Dynamics of Helmholtz, Birkhoff and Nambu Systems].
Moscow, Uspekhi fizicheskikh nauk, 1997. 324 p. (in Russian).

8. Trenogin V. A. Funktsional’nyy analiz [Functional Analysis]. 3rd ed. Moscow, Fizmatlit, 2002.
488 p. (in Russian).

[Tocrynuna B pepakuuio / Received 29.01.2023
[Npunsra xk ny6aukauuu / Accepted 19.02.2023
Omny6aukoBana / Published 31.05.2024

192 HayuHbiii otaen



J1. M. Lipibyns. AnropntMn4ecknii moucK Lesnbix abenesbix KOPHeH MHOro4ieHa 4@

N3sBectus CapatoBckoro yHuBepcutera. HoBasi cepusi. Cepusi: Marematuka. Mexanuka. MHdopmaTuka.
2024. T. 24, Bum. 2. C. 193-199
Tzvestiya of Saratov University. Mathematics. Mechanics. Informatics, 2024, vol. 24, iss. 2, pp. 193-199

https://mmi.sgu.ru https://doi.org/10.18500/1816-9791-2024-24-2-193-199, EDN: XHDOSA

Hayunas cratbs

YIK 519.688

AJropuTMHYECKUI TOUCK LEJNbIX a0eeBbIX KOPHEd MHOTrOYJIeHa
¢ 1eJbIMHU abeJieBbIMU KO3(puLieHTaMu

JI. M. 10y

MocKoBCKHI Tefaroruyeckuil rocynapcerBentbiii yuusepeuter, Poceusi, 119435, r. MockBsa, ya. Manas [Tuporosckas,
o1, cerp. 1

Hpioyas JInnus MuxaiaoBHa, KaHauaaT pU3MKO-MaTeMaTHUYECKHX HayK, HOLeEHT Kadeapsl anredpsi, https://orcid.
org/0000-0001-7062-8782, AuthorID: 505215, liliya-kinder@mail.ru

AnHoTaumsa. B paGore paccmMaTpuBaiOTCs onepaldu Haj LieJbMU abesieBbIMU UMCJIAMH paHra n. lakue
YHUC/a 0 ONpEeAesNeHHIO SIBJASIOTCS 3JeMEHTAaMH MO0/ KOMIJIEKCHBIX YHMCeJ W HMEIOT BHJA MHOT'OYJIEHOB
C LeJbIMH KO3(PPULHEHTaMH OT 3aJaHHOTO [1epBOOOPA3HOI0 KOPHS M3 eIUHHLBI CTElleHH 7, NPU 3TOM
CTeNeHH TaKUX MHOTOYJIEHOB orpaHuyeHbl (yHKuued Ditnepa ¢(n). [IpuBeneH nprmMep, MOKa3bBaIOLIMH,
YTO BHYTPH Kpyra Ha KOMIIJIEKCHOH MJIOCKOCTH MOXHO HAaHUTH 6e€CKOHEYHO MHOTO LiesbiX abeseBbIX YHCeJ.
Jlns onucaHHBIX onepauyi, B 4aCTHOCTH, NPeACTaBJeH aJTOPUTM BbIYHCJIEHHS 0OpaTHOro 1151 JaHHOTO
neJsioro abeJsieBa UyMcJaa paHra n, 4To MO3BOJSET PACCMATPUBATh HE TOJNBKO KOJIbLIA TAKHUX UHCEJ, HO U MOJs
nenblx abeseBblX unces. EcTecTBeHHas apudMeTHKa, BO3HUKAIOLIAS /IS TAKUX anrebpandyeckux CTPYKTyp,
NPUBOIUT K BOIMpOCY 00 M3y4eHWH MHOTOYJIEHOB C LeJBbIMH abeseBbIMU Ko3dduuuentamu. Vccnenyercs
3ajaya MoUCKa KOPHEH TaKUX MHOrouJieHoB. [IpensioxkeH alropuT™M HaXOXKIeHHSs LeJbIX abeseBblX KOpPHEH
MHOTOUJIEHOB HaJl KOJIbLOM LeJbIX a0eseBblX YHCes. DTOT aJTrOPUTM OCHOBAaH Ha BBIABUHYTOM IpeNJIOKEHUH
0 TOM, UTO BCe KOPHH 3aJlaHHOTO MHOrouJieHa OrpaHU4YeHbl HeKOTOpoH obsacTbio. [IpoBeieHbl KOMMbIOTEPHBIE
BBIUMCJ/IEHHUS, TIOATBEPKAAIOLINE CTATUCTHUECKYI0 BEPHOCTh MpPeNJOKeHHs .

KuroueBblie cioBa: aGesneBo 4nc/0, alropuTM, KOpeHb MHOTOYJ/IEHA

BuaaropapHocTu: MeliHbIM pyKOBOAMTENEM NaHHOTO UCC/el0BaHUS Oblal podeccop (Moc-
KOBCKHI Mefaroruyeckuii rocyfiapcTBeHHbIN yHUBepcUuTeT). ABTOp TakKe BecbMa npusHateseH A. A. [Ipo-
KOIIIEBY 32 MOMOLIb B KOMIbIOTEPHBIX BBHIYUCJIEHUSX.

Hdasa uutupoBauus: Loi6ysrs JI. M. AnropuTMUUeCKUH TOUCK LeJsblX abesieBbIX KOPHEH MHOTOuJieHa C
uesbiMU abesieBbIMH Kod(duuueHtamu // Mapectust CapaToBckoro yHuBepcutera. HoBasi cepusi. Cepusi:
Maremartuka. Mexaunnka. Undopmaruka. 2024. T. 24, sun. 2. C. 193-199. https://doi.org/10.18500/1816-
9791-2024-24-2-193-199, EDN: XHDOSA

Cratbst ony6/nKkoBaHa Ha ycjoBusx nuieHsnu Creative Commons Attribution 4.0 International (CC-BY 4.0)
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Algorithmic search for integer Abelian roots of a polynomial
with integer Abelian coefficients

L. M. Tsybulya
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Abstract. In this work, we consider the operations over Abelian integers of rank n. By definition, such
numbers are elements of the complex field and have the form of polynomials with integer coefficients
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from the nth degree primitive root of 1. In contrast, the degrees of such polynomials are not greater
than Euler’s totient function ¢(n). We provide an example to show that there are infinitely many Abelian
integers inside any zero-centered circle on the complex plane. In this work, for considered operations we
give in particular the algorithm of calculation of the inverse for the Abelian integer of rank n. It allows us
to analyze not only the rings of such numbers but also the fields of Abelian integers. Natural arithmetics
for such algebraic structures leads us to study the polynomials with integer Abelian coefficients. Thus,
in the presented work we also investigate the problem of finding roots of such polynomials. As a result,
we provide an algorithm that finds the integer Abelian roots of the polynomials over the ring of Abelian
integers. This algorithm is based on the proposed statement that all roots of the polynomial are bounded
by some domain. The computer calculations confirm the statistical truth of the statement.

Keywords: Abelian number, algorithm, polynomial root
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BBepenue

Kak xopolo n3BecTHO, abesieBbl M0Jd, T. €. anredpanyeckre pacIlMpeHHs MoJs palHOHANbHbBIX
guceJ C KOMMYTATHBHOH rpynnoi [anya, urpaioT BaXKHYI poJib B ajrebpe u anreGpanueckout
teopun uuces. CornacHo TeopeMe Kponekepa —Be6Gepa 3Tu pacluMpeHHs! ONUCHIBAIOTCS C OMOLLbIO
TaK Ha3blBaeMbIX KPYTOBHIX (LHKJOTOMHUECKHX) paciinpeHuil. Cf3aHHble C 3TUM HCCJEOBaHUS
BecbMa cofiepKaTesibHbl U UHTepecHbl (cM. [1]). IIpu 3TOM HOBOJIBHO YacTO BO3HHUKAIOT TPYAHBIE
BBIUMCJIUTEJbHBIE BOMPOCH, OTBETUTb Ha KOTOphIe 6e3 MpUMeHEeHHs KOMIbIoTepa He MpeACTaB/sieTCs
BO3MOXKHBIM. VIMeHHO TakKWM BompocaMm M TNocBsillleHa 3Ta pabora. Bojiee KoHKpeTHO, B Hel
paccMaTpUBAIOTCSl BHIYHUC/EHHS B LEJBIX abeseBblX YUC/IaX C MPUMeHEeHHeM KOMIbIOTEPHOH TeXHHUKU

(em. [1-5]).
1. DBa3oBble moHATHSA, 0003HAYEHUS Y TEPMUHOJOTHUS

Kak o6suno, Z C Q C R C C — ueJble, paiMoHa bHble, BEIECTBEHHBIE U KOMIIJIEKCHbBIE YUCJIA,
¢ — nepBo0Opa3HbIil KOPeHb M3 eIHHHULBI CTeNeHH n, ¢(n) — GyHKuus Jitnepa, P, (x) — MHOrousIeH
fleNleHUsl Kpyra Ha n 4acTell (MMHHMMaJbHBIE MHOrouseH 1Js ().

Onpenenenue 1. Abereso uucro parea n — 37o yucyao us noas C Buaa

a=ag+arl+...+a_17Y aeZ, 1=¢). (1)
Onpenenenue 2. [Ipencrasnenue (1) OyneM HasblBaThb KAHOHUUECKUM BUOOM HUCAA (.
HecnoxHo BHIeTb, 4TO MpeiCTaBeHHe B KAHOHHUECKOM BHJIE €IUHCTBEHHO.

Onpenenenune 3. Becom abesesa uucia, 3a1aHHOTO B KAHOHHYECKOM BHIE, HA3bIBAETCS YHCJIO
w(a) = max |a;|.

CooTHolIeHHsT MeX/y BECOM M MOAYJieM JaHHOTO afejieBa UHC/Ia MOTYT ObITh Pa3HBIMH: MOAYJb
MOXKET COBMNaJaTh C BeCOM, ObITh OOJIbIle U MEHBIIE €T0.

[IpuBeneM cJienylominii, Ha TepPBBIH B3IJAL A0CTATOYHO YAHUBUTEJbHBIH, TPUMEpP TOTO, YTO
MOAyJ/b Liesioro abesieBa YUC/IA MeHble eIWHHULbI, a4 er0 BeC MPU 3TOM MOXKET OBbITh CKOJIb YTONHO
OOJIBIIMM. DTOT TIPUMEpP HHTEPECEH ellle W TeM, UTO OH II0Ka3blBaeT, UYTO BHYTPHU Kpyra Ha
KOMIIJIEKCHOH MJIOCKOCTH MOXKET ObITh OECKOHEUHO MHOTO LieJibiX abesieBbiX yuces. PaccMoTpum

a:1_€+€27
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rie ¢ = ¢™/% gBaseTcs NPUMHTUBHBIM KOPHEM M3 eIMHHIBI 5-i cTermeny, w(a) = 1. HecmoxHo
npoBepuTh, uTo || < 1. [Ipu Bo3BemeHUH v B HATYpaJbHYIO CTeleHb BeJHYMHA || yMeHblIaeTcs,
a BeC w(«) yBeJUYNBaAETCH.

[Tycts Q(¢) — kpyrosoe nosie (abeneBo mose paura n), [Q(C) : Q] = ¢(n), Zqgp — KOMBLO LENbIX
abesieBbiX uncels, Z[¢] = Zq(() — KobLo Lesbix abeseBbX 4yuces paHra n Buaa (1), Hampumep,

Z[i] — KosblLIO LeJIBIX TAayCCOBBIX YHCes paHra 4.

Onpenenenue 4. Kaxnoe 1nies0e abeseBo UNCIO v MOXKET ObITh TPEICTABJIEHO B BHUJE

a = p(a) +q(a),

rae p(o) uMeeT BUL p(a) = Ou W HasbBaeTcsl eaasHoll wacmoto yucia p(o), © — HEKOTOPBIH
MHOTOUJIeH OT (, a u — HEKOTOpoe LeJjoe uucao, |u| = w(a), a ¢(«) — ocTaBlinecs: cjaraemble,
MMeIOIHe MEHBIIHH Bec.

Onpenenenne 5. Eciu f = f(x) € Z[(][x] — mHoeouren ¢ yeroimu aberesoimu ko3agpgu-
yuenmamu, TO ero secom HasbiBaetcst uncao w(f) = max{w(c(f))}, rae c(f) — mHOXKecTBO
K03(p(UIHEHTOB MHOrouseHa f(x).

[Tyets Qup(C), Zap(¢) — mosie abesieBBIX YMCeJ U KOJbLO LEJbIX abeseBbIX YHMCes paHra n.
[Tyctb nanee Qgp — node, nopoxxaenHoe BceMu Qg (C), @ Zgp — KOJIBLO, TOPOKIAEHHOE BCeMHU Zgp ().
O6o3HaueHHe U TEPMHUHOJIOTHSI OOBSCHSIOTCSA TeM, 4To corsacHo TeopeMe KpoHekepa — BeGepa
Qup» — MakcuMaJgbHOe abesieBo paciiupenue noas Q (cm. [6]).

Ecmu A = (A,...,A\s) — HaOop LesblX abesieBbIX YUCEN, TO MOXKHO PacCMOTPETb COOTBETCTBYIO-
WA MHOTOYJIEH C KODHAMH Aq, ..., A,

@) =@ —=X\)...(x=X) =z +az* ' F... £a,,
roe o = A1+ ...+ A5, ..., &g = A1...\s —3/IeMeHTapHble CUMMeTpUUYeCcKHe PYHKLUH OT A;.

Onpenenenue 6. [lycts B — npon3Bo/ibHOE HATYpasibHOe YUC0. [1oa0coil wiupursr B Ha30BeM
MHOKECTBO LIeJIBIX abesieBbIX Unces BHIA

S(B) = {a € Za(() | w(a) < B}.
B nosioce S(B) 1o MOHATHBIM NMPUYMHAM KOHEUHOE UHCJIO 3JIEMEHTOB, KOJMYECTBO KOTOPBIX
MOXKEeT OBbIThb OUeHb 6OJ'IbHJI/IM, U 3TO MHO2KECTBO MO2KET OIIHMCAThb KOMl'IbIOTep.
2. JleiicTBHuA c abeJieBLIMM YHCJaMH

[. CnoxkeHre ¥ yMHOXKeHHe abesieBBIX YKCes CTAaHIAPTHBIM 00pPa3oM BBITIOJNHSETCS HA KOMIIbIO-
Tepe.
[I. Henenue (meseHue ¢ ocTaTKoM) OYIeM BHIMOJHSATb CaAeAyIOLMM oOpazoM. [lycTb
-1
a=ay+al+...+a-1¢7"
-1
B=bo+bi{+...+b_1¢(,

[0
’y:B:Co-f-ClC-f—...-i-cl_llel, a;,b; €7, ¢ €Q,

al@) =ag+arz+ ... +aq_ 127, o =a),
b(l‘) :bo—i-bllt—l—...—i-bl_l:ﬁl_l, = (C)
Ecin 8 # 0, 0 b(z) He neantest Ha @y, (). CaenosarensHo, (@, (), b(z)) = 1. Takum oGpasom,

CYILECTBYIOT TaKHe MHOTOYJEHBl u U v, 4TO ud,(x) + vb(z) = 1, u’(C)CI)n(C) +o(Q)b(¢) =1m
v(¢)b(¢) =1, v(¢) — obpatHbil aas b(() u

% = agg = Oz((:)’U(C) =cy+ci(+...+ Cl_lgl_l, ¢ € Q.
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Nyctb c=cy+cC+ ...+ ¢, c€Q, G € Z, G = [¢;] — uenas yactb yncaa c;. Torma
a=bc, a=bc—cb+cb, a=bc+ bc—lc,
rIe a — JeJuMoe, b — [eJqUTeNb, € — HEMOJHOe YacTHoe, be — be = 1 — 0CTaTOK.

Onpenenenue 7. Haszosem b deaumenem a, eciid 0CTaTOK © paBeH HYIIO, a Y1 — COOCMBEHHbIM
deaumenem 4ucaa ya, €Cau 1 AeJUT Yo ¥ w(y1) < w(y2).

IlceBnoKOa mMporpamMmsl, oCyuiecTBIsOmEN MoUcK v(() — obpaTtHoro s b(():

Bxon: bg,b1,...,bi—1 ¥ fo, f1,..., fi—1 — K03(bdHULHEeHT MHOroueHOB b(z) U P, (x)

Boixon: vy, vy, ..., v—1 — KO3(hPHLHEeHTH MHOrouseHa v(()

b := array[b;],i=0,...,1—1

f=array[f;],i=0,...,1—1

uw = array [0],i=0,...,1—1

v :=array [0],7=0,...,01—1

Function Euclidean Algorithm(array b, array f, array u, array v)

q = array [0],i=0,...,1—1

WHILE: pasmep b > pasmepa f

mul = mocaenHUN 3jeMeHT b / mocaenHud saeMeHT f

qlpasmep b — pasmep f] := mul

for ¢ from O to pasmep b do

bli]:=b[i] — mul * f[i]

yaaJieH’e JUAUPYIOLIUX HYJel B b

ug := array [0],1=0,...,1—1

vo := array [0],7=0,...,0—1

Euclidean Algorithm(f, b, ug, vo)

for ¢ from O to pasmep up do

for j from O to pasmep ¢ do

ufi + j):=voli] — alj] * woli]

vli]:=upli]

JlaHHas mporpaMma HCHosb3yeTcsl TakxkKe HJi HAX0XKIEHHS] YAaCTHOTO U OCTaTKa NpH JieseHUH
abeJsieBbIX UHCeI.

IIpumep 1. AGesieBbl uncsa paHra 7, nejeHde 6e3 ocraTka:
14+2C+3C2+4C +5¢+6¢° = (64+5C+4C2 +3C3 + 20 + OV +C+ 4+ 3+ 1+ ),
—2—5¢ —6¢% — ¢+ 4¢* +3¢% = (1 +5¢ +10¢% 4 10¢ + 5¢* + ) (~1 4+ ¢).
IIpumep 2. AGesieBbl uncsa paHra 8, neseHHe C OCTATKOM:
8+ 13¢ +21¢2 +98¢% = (134 9C + 6¢2 + ) (54 7¢%) + 6 + 10¢ — 2¢% + 2¢3.

B kauecTBe ympaKHeHHsI MOXKHO [OCMOTPETb AeJeHHe C OCTATKOM B KOJIbLIE LIEJBIX IayCCOBBIX
unces Z[i] U ucc1e0BaTh BO3MOXKHOCTb 00001IeHHsT Ha KOJbLO Zgp(().

3. HaxoxnaeHue neJsbix aGejieBbIX KOPpHENl MHOTOUYJIEHOB
HaJ KOJbIIOM ILeJIBIX a0eeBbIX YHUCeJI

Byner mpemsoxeH airopuTM HaxXOXKIEHHs LeJblX abeseBbIX KOPHeH MHOrousneHoB f(z) c
Ko3(hpULHeHTaMU U3 Zg, (). BoaMoxkHBI ABa coydas:

1) uneanbuelil cayvait deg f = s, A1,..., \s — LieJible abeJieBbl KOPHU MHOTOUJIeHa f;
2) cMellaHHBIA caydad Aq,..., A, — leJble abesieBbl KOpHU MHorodseHa f, 1 < r < deg f, a
Ar+1,- ., As — HeabeJieBbl anrebpanyeckre 4ucaa.

Cayuailt, kKorma abesieBbIX KOPHEH HeT, He pacCMaTPHUBAETCH.
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OcTa”HoBUMCSI Ha naeaJbHOM CJy4dae. HYCTB NaH MHOTOUYJIEH CTEIeHU S BUIA
fl@)=(x=A)...(x=A) =2" +a1z” ' + .. +a,

TJle oy C TOUHOCTBIO IO 3HaKa — 3JleMeHTapHble CHMMeTpHueckre GyHKLUHH OT KOpHeH MHOrodJeHa
f, A; — uesble abeseBbl yucsaa. CMelIaHHBIN cydail paccMaTpHUBaeTCs aHAJOTMYHO.
Beenewm cienytoutyio cucmemy oeparuuenuti L:

wA) <w(Pr1), wh) <w(W2), ..., w) <w(Py),
rae ¥y, ..., ¥y, — HEKOTOPbIe MHOTOUJIEHB! ¢ Kodhduunentamu u3 Q ot ag, aq, . . ., Q.

Onpenenenne 8. CxaxeM, uTo MHorouseH f(z) siBasercs L-peeyasipHoim, eC/IM UMEET MECTO
cucremMa orpaHudyeHui L.

Hac 6ynyT uHTepecoBaTb B MEPBYIO Ouepelb CJedYIOIIMe OrpaHHYeHHs Ha Aj (31ech A\ —
KOpeHb MHorousieHa f(x) HauboJsbliero Beca). PaccmoTpum abesieBbl ynca

=M +...+hs=—a1, Uy=214 ... +X=0a?—2a,
Uy =\ +...+ X =af — 4020y + 203 + 4araz — 4oy,
Uy =2A ... As =ap, Us5= max(w(ao), . ,w(as)), U = af,
W =w(1) +w(Ps2) + w(¥3) + w(Wy) +w(¥s) + w(Ve)

U CUCTEMY OFpaHI/ILIeHHI;,I

Li:w()\l)gw(\lli), izl,...,ﬁ,
L7 : w(/\l) < w.

[Tyctb S(B;) — noaoca wupunol B;, 3anaHHasi ycjaoBueM L;.

[Ipu ¢ = 1,6 OeIBalOT Kak L;-peryJspHele, Tak U He L;-perynsipHele MHOrodseHsl. Hanpumep,
(x—1-30)x+34+2)(x+2—-¢) u (r+2+3()(x—1—()—cooTBeTCTBeHHO He L3- U He
Ls-perynsipHble MHOTOYJIEHBl HaJ KOJBLOM LeJblX abeseBbIX yuces paHra 3. OTMeTHM, 4TO He
L7-pery/sipHbIX MHOTOUJIEHOB C MOMOILBIO KOMIBIOTEPHBIX BBIYMCJIEHUH HAHAEHO He OBLIO.

BosHukaer Bonpoc, Kak no Koa(@ULHeHTaM «; OrPaHHYMUTb Beca KOpHeH MHorodseHa f, T.e.
TIOMECTHTb UX B HeKoTopyto nogocy S(B)? [Tocko/bKy, Kak yxKe OTMeuasoch, MHOXecTBo S(B)
KOHEUHO, TO KOPHH HILYyTCS C MOMOLIbI0 KOMIbIOTEPA TPSIMbIM T1€pe6OpOM.

Jlpyroii BO3MOXKHbIH MOAXON OCHOBaH Ha OrpaHMYEHHH MOAYJeH KOopHeil MHorouseHa f(x),
MOMelleHHH UX B HEKOTOPbIH KPYT Ha KOMIIJIEKCHOH MJIOCKOCTH U, MOJb3YsICh KOHEUHOCTBIO pac-
CMaTpPUBAEMOI0 MHOXKECTBA B 3TOM KPyre, Ha MPUMeHEHHH TpsMoro nepebopa. /s 3TOro mose3Ho
crepyoliee

Mpenoxkenne 1. [Tycmo f(z) = qpz+a12" 1 +. . .+a,, moeda kopnu f(z) ne npesocxodam
no modyaro caedyouux duces (em. [7]):

1. 1+max|3—g, k=1,2,...,n;

II. p+max|-%|, k=1,2,...,n, p — 1060e nosoHuUmMeLLHOE YUCAO;
«
0

II1. 2max {/|5E], k=1,2,...,m
0

IV. \%ﬂ:max ’“—\1/%, k=1,2,...,n.

[Ipy TOM HY’KHO y4ecTb, UTO, KaK IOKa3bIBAIOT MPHUMEpPbl, BHYTPH Kpyra MOXKeT ObITb Oec-
KOHEYHOe MHOXKECTBO LieJIbiX abesieBbIX unces. [Ipensokerre | MoKeT ObITb MCIOJb30BAHO AJIS
OTCeMBaHMs JIMIIHMX YHces U3 nosocsl S(B).
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3.1. AJaroput™ nouckKa IUPUHBI MOJOCHI

Mbl GyzieM HCIOIb30BaTh MOAXOM, OCHOBAaHHBIH Ha OrpaHHUYeHMH Beca KOpHeH MHorodseHa f(x).
[Tycts

W =w(U1) 4+ w(V2) + w(¥s3) +w(Vy) +w(Vs) + w(Vs).

Hanee cuutaeM w(\1) < W — rnaBHasi cuctema orpanudeHui, S(WW) — cooTBeTCTBYyOIIAs M0J0CA,
uMerolas o4eHb 6OJBIIYIO WIUPHUHY. TOTa C BEPOSATHOCTBIO, 6JIHM3KOH K 1, KOopeHb A; momagaer B
3Ty nosocy. MoKHO CUHTaTb, YTO C ITOH BEPOSITHOCTHIO HMEET MeCTO

IIpennoxenne 2. Cnpasediuso caedyroujee sxarouenue: Ay € S(W).

IIOKa3aTEJIbCTBO 9TOro MnpenJioKeHusd OCHOBAHO Ha JOBOJIbHO CJIOXKHOH 1IeMOUKe OLIeHOK TJIaBHBIX
yacTed LeJbiX abeJieBBIX YHCEJ U 31€Cb He MPHUBOAUTCH. Ml OrpaHHu4duMcCHd 31eCb, TaK CKa3arTb,
«CTAaTUCTHUYECKHUM NOKa3aTeJIbCTBOM»: MPEAJIOKEHHE 2 UMeeT MecCTo ¢ BEPOATHOCTDIO, 011M3K0H K 1.

3ameuanne 1. MHTepecHO, UTO 1Jis1 OrpaHHYeHUs] B MPOCTO CyMMBbl KOpHeH A; UJIH CYMMBbI
KBaJpaTOB KOPHEH HEIOCTaTOYHO. DTH CYMMBI MOTYT ObITh 10 BeCy MeHblle Jo6oro kKopHs. OnHako
CyMMa KBaJpaTOB HaMHOI'O TOUHee, YyeM IIPOCTO CyMMa IepBblX cTeneHeHd. Hanpumep, Han KoJbLOM
eJbixX abeseBbIX Uhces TpeTbero panra 93.1% cayvaiiHo BbIGpaHHBIX MHOrouJ1eHOB ¢ 20 KOPHSMH
Beca, He MPeBOCXOAsero 7, siBjsitorest Ly-perynspubiMd u 100% — Lo-peryssipHbIMH.

3ameuanune 2. Kak npaBu/o, NpoBepUTb L-peryisipHOCTb MOXKHO, TOJIBKO yxKe Ha#as Kop-
HM MHOTOUYJIEHOB, a JEHCTBOBATb HYXKHO, HAxXO[s 3TH KOPHH U MPOBepsis UX Ha COOTBETCTBHE
OnpeJe/IeHHIO.

3ameuanne 3. [lpensoxkeHue 2 MokasbiBaeT, UTo ecau Ly — yCJIOBHe, NpeacTaBsiiolnee coboi
w(A1) < W, To npakTHuecKH 060N MHOro4seH f(x) siBnsieTcss Ly-peryJsipHbIM.

IIceBookoa mporpamMmsbl MOMCKA KOPHEH MHOTrOYJIEHA:
Bxon: ap, a1, ..., q, — K03 dULMEHTE MHOTOYMeHa f(x)
Buixon: g, 1, ..., Ty — KOPHH MHOrodseHa f(x)
Wi=w(U1) + w(¥2) + w(¥3) + w(Ty) + w(¥s5) + w(T)
F := array[o;] i =0,...,n

root := array [-W]i=0,...,1—1

WHILE: caenytouuit no Becy root

If F(root)==0:

print root

4. AJ'[I‘OpI/ITM BbIYHCJE€HUA BGPOHTHOCTeﬁ CHUCTEMBI Ol‘paHI/I'-IeHI/Iﬁ

[Tycts A — MHOXeCTBO LeJbIX abesieBbIX unces paHra n, Beca < 100 Buza
—1
a=ag+or(+ ...+ a7

rae ¢ — nepBooOpa3HbIil KOPeHb U3 eIMHUIBI cTeneHu n, o; € {0, £1,...,£100}. PaccMoTpum ceTky
panra n, eca 100 cTeneHu s, T.e. MHOXeCTBO N HeyINoOpsiIOUeHHBIX HAaGOPOB A = (A1, ..., Ag),
A\ € A, mprueM w(A1) = w(A2) = ... > w(A,). B mHO)ecTBe A comepxkutca D = 201! snementos,

e
201 Jsrs 1) 3JIEMEHTOB.

a B MHOXecTBe N comepxurest (

Bo BpeMst KOMIbIOTEPHBIX BBIYUCAEHUH Cay4alHBIM 00pa3oM BHIOMPAJTUCH Lieble abeseBbl Unca
13 (PUKCHPOBAHHOH IMOJIOCHI, COCTABJSJICS MHOTOUJIEH C KOPHAMU B 3THUX LieJblX abesieBblX YUCaaX U
MPOBEPSNNCH BCe 7 YCJAOBUU peryssipHOCTH. [losyueHHBIe BEPOSITHOCTH [JISi HEKOTOPBIX BBIOOPOK

oTpakeHbl B Tab.sule, Tae [V — YHCJIO TECTOB, a MpOMNylleHHble BeposiTHOCTH P(L3) paBHBI 1.
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BepositHocTH L-pery/isipHOCTH MHOTOYJIEHOB ¢ Koa(huuueHTaMu U3 Zqp(C)
Table. Probabilities of L-regularity of polynomials with coefficients from Z.;(¢)

n | wh) s N, | P(Ly) | P(Ly) | P(Ls) | P(Ls) | P(Lg) | P(Ly)
8 | 1000000 | 2 [ 10000 1 1 1 1 1 1
8 7 15 | 1000 | 0.996 1 1 1 1 1
8 7 20 | 1000 | 0.993 1 1 1 1 1
3 7 20 | 1000 | 0.931 1 0.972 1 0.997 1
3 3 2 | 100000 | 0.746 | 0.980 | 0.940 | 0.995 | 0.894 1
97 10 5 100 1 1 1 1 1 1
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Introduction

We study the inverse spectral problem for the following system of differential equations on a
finite interval

Y (z) = QoY'(2) + Q(z)Y () = pY (z), 0<z<T. (1)
Here Y = [y )

Qo = diag(gx]y_15, Where gx # 0 are different complex numbers and Q(z) = [qk; (%)) =17
where g;(x) € L(0,T) are complex-valued functions, and gy (2) = 0. The matrix Q(x) is called
the potential.

Inverse problems for systems of the form (1) in different formulations were studied by many
authors. Most of the works are devoted to inverse problems for Dirac and AKNS systems, i.e.
to the case of n = 2 (see, for example, [1]). The main tool for these investigations was the
transformation operator method, and the obtained results are similar to the results for the
Sturm-Liouville operator (see [1,2] and the references therein). These results can be easily
generalized by the same method for n > 2 but only in the exceptional case when all g are real
(see, for example, [3-5]). However, for system (1) of general form with arbitrary complex q
and arbitrary integrable potentials the inverse problem is essentially more difficult to study. The
method of spectral mappings [6] was created for solving the inverse problem in this general case.
In particular, by this method the inverse problem for system (1) on the half-line has been solved
in [7]. The inverse problem for system (1) on a finite interval in the general case has been solved
in [8], where the uniqueness theorem was proved and a constructive procedure for the solution of
the inverse problem was suggested.

In this paper, we study the inverse spectral problem for system (1) with arbitrary complex g
on a finite interval. As the main spectral characteristic we introduce and investigate the so-called
Weyl matrix which is an analog of the classical Weyl function for the Sturm — Liouville operator
and the Weyl matrix introduced in [9,10] for higher-order differential operators. The main method
of the investigation is the method of spectral mappings. Developing the ideas of this method in
connection with systems of the form (1) and using discovered properties of the Weyl matrix, we
provide necessary and sufficient conditions for the solvability of the inverse problem considered.
We will use some notations and facts from [8].

Ktz
K=t

1. Properties of the spectral characteristics

Let the matrices h = [he | ,_75 and H = [Heg,]¢ 15 be given, where he,, Hg, are complex
numbers, and deth # 0, det H # 0. We introduce the linear forms U(Y) = [Ug(Y )]5 T
V(Yy) = [Vg(Y)]z:ﬁ by the formulae U(Y) = hY (0), V(Y) = HY(T), i.e

Ue(Y) = [her, .- henlY (0),  Ve(Y) = [Her, ..., Hen]Y(T).

Let the vector-functions @y, (z, p) = [®ym(z,p)] _ T M= 1,n be solutions of system (1)

under the conditions Ug(®rm) = 6¢gm, & = 1,m, V3 (®p,) = 0, n = 1,n —m. Here and in the
sequel, d¢p, is the Kronecker delta. Let Mye(p) = Ue(Prm), M(p) = [Ming(p)], et P2, p) =
= [®1(z,p),..., Pn(®,p)] = [Pum(z,p)], ;m=17- The Iunctions Mg, (p) are called the Weyl
functions. The matrix M(p) is called the W/eyl matrix for system (1).

Inverse problem 1. Fix Qo,h, H, i.e. the numbers qi, he,, Hey, k,&,v =1,n are known and
fixed. Given the Weyl matrix M(p), construct the potential Q(z), 0 < x < T.

Martemarvka 201



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

It is easy to see that in the general case, the specification of the Weyl matrix does not
determine uniquely the matrices of the linear forms h and H. It is possible to point out particular
cases (when the matrices h and H are normalized and have a special structure) for which the
specification of the Weyl matrix uniquely determines not only the potential but also the matrices
of the linear forms. For simplicity, we confine ourselves here to the most principal and difficult
problem of recovering the potential Q(x).

Let C(z, p) = [Ckm(®, p)l}. ;n=17 e a matrix-solution of system (1) under the initial condition
U(C) = hC(0,p) = I (here and below I denotes the identity matrix of the corresponding
dimension or the identity operator in the corresponding Banach space). In other words, the

column-vectors C,(x,p) = [Ckm(x,p)]zzﬁ, m = 1,n, are solutions of (1) under the initial

conditions Ug(Cyy) = 8¢, & m = 1,n. The functions Cy,,(z, p) are entire in p for each fixed z.
Clearly, ®(z, p) = C(z, p)N(p), where N'(p) := M*(p). One has

Mo(p) = (D ()™ Apr(p), 1 <m <k <, (2)

where

Amr(p) == (=1)™* det[Ve(C))] 1<m<k<n, Applp) =1

E=1,n—mv=m,n\k’

It is known that the p-plane can be partitioned into sectors S; = {p : argp € (6;,6;41)},

J=0,2r—1,0< 6y <6 <...<b_1 <2m in which there exist permutations ij, = iy(S;) of
the numbers 1,...,n, such that for the numbers Ry = Rj(S;) of the form Ry = 3;, one has

Re(pRl) <...< Re(pRn), p e Sj. (3)

We put 6ok == 0, Sjronr = S, k € Z, and denote I'; = {p : argp = 60;}. Clearly,
Ljiorr :=1'j, k € Z. We note that the number 27 of the sectors S; depends on the location of
the numbers {5} },_1;,; on the complex-plane, and 1 < r < n(n — 1)/2. For example, if all 3 lie
on a line containing the origin, then r = 1. Denote

ank(jl, s Jm) = det[hfvju]§:m7k; =T 1<m<k<n,
le(]l”]m) = lem(jlavjm)7 98 = 17
Q}n(jm+1a ooy dn) = det[vaju]ﬁzl,n—m, W ot

Let
Q (it yim) 0, QL (ingryenin) 20, m=1T,n—1, j=0,2r—1, (4)

where i), = i1(5;) is the above-mentioned perturbation for the sector S;. Condition (4) is called the
regularity condition. Systems, that do not satisfy the regularity condition, possess qualitatively
different properties for investigating inverse problems and are not considered in this paper.

Fix j =0,2r — 1. For p € I';, strict inequalities from (3) in some places become equalities.
Let m; = m;(j), pi = pi(j), i =1, s, be such that for p € T,

Re(pRmi—l) < Re(pRmi) e = Re(pRmr‘r}?i) < Re(pRmi+pi+1)7 =15,

where Ry = Ry(S;).
Denote Nj := {m : m = my,mi+p1—1,...,mg,ms+ps —1}, Jp := {j : m € Nj},
Ym = U Tj, ¥ = C\ 7 is the p- plane without the cuts along the rays from ~,,. Clearly, the
JE€Im
domain ¥, = |JSm, consists of sectors S,,,, each of which is a union of several sectors S; with

v
the same collection {R¢},_ 1. Let I'j 5 :={p: dist (p,I;) < o}, 0 >0, be a strip along the ray
2r—1 2r—1
T, and let ymo = |J Tjo, = {p: dist(p,ym) < o}. Denote I'} := |J T, I'':= U Tj.
Jj€JIm J=0 J=0

202 HayuHbiii otaen



V_A. Yurko. Global solvability of the inverse spectral problem for differential systems on a finite interval 4@

Denote by Ay, = {pim}i>1, m = 1,n — 1, the set of zeros (with multiplicities) of the entire
n—1
function Ay (p), and put A:= |J A,,. The numbers {p, }i>1 coincide with the eigenvalues of

m=1

the boundary value problem L,, for system (1) under the conditions Ug(Y') = V,(y) =0, £ = 1,m,

n—1
n = 1,n —m. Denote Gs,, = {p: [p—pim| =0, l 2 1}, Gs = () Gsm. Let A = {P?m}l>1’
=1

m = 1,n — 1, be the eigenvalues of the “simplest” boundary value}oroblems LY for system (1)
with @Q(z) = 0. The following properties of the Weyl matrix were established in [8].

Theorem 1. I. The Weyl functions Mx(p), k > m are meromorphic in p with the set
Am = {pim}i=1 of poles. For |p| — oo, argp =0 € (0;,0;11),

My (p) = My, + O(p™),
where MO, = (Q0 (i1,...,im)) 100 (i1,...,im). Moreover,
|Mmk(p)‘ < 057 pE Gé,m- (5)
2. There exists o > 0 such that Ay, C Yo Moreover, Ay, = |J Apy, where Ap; € T is
Jj€Im
the subsequence of A, located in the strip I'j s, j € Jpm,.
3. The number ny,q of zeros of Apm(p) in the domain 75, , == {p: p € Yme,lp| € [a,a+1]}
is bounded with respect to a.
4. There exist positive numbers ry — oo such that for sufficiently small 6 > 0, the circles

|p| = rn lie in G for all N.
5. For m =1,n—1, one has pym = pY,, + O(I"1) as | — oco.

We consider the differential system
U Z(x) = ~Z'(2)Qo + Z(2)Q(z) = pZ(z),
where Z = [2;];,_1; is a row-vector. Clearly,

Z(x)Y () — 0 Z(2)Y (z) = % (Z(QT)Q()Y(:U)). (6)

[t follows from (6) that if /Y (z,p) = pY (z,p) and ¢*Z(x, u) = uZ(x, p), then

(0~ )2, W)Y (.p) = (7, 1)QY (7. )- )

Put U*(Z) = Z(0)h*, V*(Z) = Z(T)H*, where h* = [h*] ke = Qoh7t, H* =

= [Higlp et = QoH . Then U(2) = [U3(2),....U{(Z)], V*(2) [ :(2),- Vi (2)],
where Uy _¢1(2) = Z(0)[hieli 17 Ve (2) = Z(D)Hiely 1

Denote R}, := —Rn_pm+1. Let vector-functions @7, (z,p) = [®},, (@, p)lp—1m, m = Lin

be solutions of the equation ¢*Z = pZ, satisfying the conditions Ug(@;“n) = O¢m, & = 1,m,
V;]*((I);fn) = 07 n= 17n —m. We let q)*(l‘,p) [(I);’; m+1(‘/1: IO)] T_[(D:(L—m-q-l’k(xvp)}m,k:l,in'

2. Solution of the inverse problem

[t was proved in [8] that the specification of the Weyl matrix M (p) uniquely determines
the potential matrix Q(zx). In this section, we provide a constructive solution to the inverse
problem of recovering the potential matrix Q(x) from the given Weyl matrix M(p). For this
purpose, we reduce our nonlinear inverse problem to the solution of the so-called main equation,
which is a linear equation in a corresponding Banach space of sequences. We give a derivation of
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the main equation and prove its unique solvability. Using the solution of the main equation we
provide an algorithm for the solution of the inverse problem along with necessary and sufficient
conditions for its solvability. For simplicity, in the sequel we confine ourselves to the case when
the functions Ay, (p), m = 1,n — 1, have only simple zeros (the general case requires minor
technical modifications).

For py € A we define the matrix F'(po) = [Fjk(po)l; x—15 via

F(po) = —(Niy(p0)) " N1y (po)-

Here and below fy(po) = (f(p))fj):po denotes the k-th Laurent’s coefficient for the function f(p)
at the point p = po. In particular, fi_yy(po) = Res f(p).

Denote As(po) = [Fuj(pO)]j:m7 v=n—sm> 5= 1 n—1, Ag=A, =2.

Property Si. If po ¢ A, then Fpi1(po) = ... = Fyi(po) = 0, j = 1,m. Ij, moreover,
v<m—1,p0¢ A, po € Avi1().- N Am—1, po &€ A, L Sv+1<m < n, then Fy, i1(po) # 0.

Property Sy. The following relation holds rank As(pp) <1, s=1,n— 1.

Fix N > 1. Denote by Wy the set of functions f(x) such that f)(z), v = 0,N — I, are
absolutely continuous on [0,7]. We will write £ € Viy if Q(z) € Wx. We will solve the inverse
problem in the classes Vy.

Let £ € Viy and let the Weyl matrix M(p) for system (1) be given. We take an arbitrary
off-diagonal potential Q(z) € Wy. We agree that everywhere below if a symbol a denotes an
object related to @, then @& will denote the analogous object related to @, and & := a — @.

Choose o > 0 such that A’ := AUA c T'L. Let w be the contour (with a counterclockwise
circuit) which is the boundary of T'}, ie. w:= {p: dist(p,T') = o}.

Denote J := {p: dist(p,T'!) > o}. Then the following relations hold

O(z, p) = &(x, p) 21 /@(x,u)é*(x,u)cgoci(x,p)/ﬂ_“p, peJ, ®8)
*(2,0)Qo®(x,p)  *(2,0)QuP(z,p) _
p—0 p—10
- le/wtb*(x,@)Qoq)( 1) ®* (z, 1) Qo®(z, p)(u_e(jl(;_u)7 p,0 € J. 9)
Denote § .
=) <|/’l,k71 — Prk—a|+ Y sk — %kl\), 1>1,
k=2 s=1

where Yskl ‘— st(pl,k—l)a ’?skl :— st(ﬁlk 1) s = 1,]€— 1, k = 2,77,, l = 1. It is possible to
choose Q(x) such that & = O(I=N=1) for | — cc.

For po € A! we introduce the matrix D(z, po, p) = [Dsm(, po, p)] by the formula

s,m=1,n

@*(x,u)@oé(m,p)y@ :(i’?_m(%PO) Ci>2‘0>(x,p0)

D(:L'va?p) = (
p— (p = po)? p = Po

)Qo‘i)(fﬁvp)-

l1=po
~ k k ~ . .
Denote piro = piks pik1 = Pk, Viy = Vskl> Vil = Vski- We introduce the matrices

vie(2) = [0 (@)t ez P1e(2) = (G0 (2)) i1, e

BE(CC,p) = [‘Pllzm(livp)]k:Zn,m:l,n’ ‘Plﬁ(x p) [P ( P ]k:2,n7 m=1,n’

G 19)(10=0) (®) = (G 1020) @ km=zir C12)t020) (@) = (G t020) (@) k=g
Ilg>1, e,6=0,1,
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by the formulae

Qi) = i g0 (@, pri-1,),  PiE () = Py (0) (2, Prr—1,6),
o

1 k—1
x s Plk—1,e5 P )7 Pllzm(x7 ,0) = Z’Yli;szm(xa Plk—1,e5 p)a
s= 1 s=1

G](czs)(zoso)(fﬂ) = lez,<o> (@, Plo,m—1,e0) G“’&Zﬁaoso)(w) = 151’27@ (@, Plo,m—1.20)-

Denote () = | exp(pr,m—1Rm)]|, | € Mn-1j, 7€ Jm—1, Ry = Rm(S;). Using (8) and taking
our notations into account we obtain

b(@,p) = @(@,0) + > (w10(@) Po(a, p) = o1 (2) P (w, p) ). (10)

>1

It follows from (10) that

Ploco (T) = Plyeo (T +Z <<Plo )G (10)(10e0) () — 211 () G (1) 1020) (@ )); (11)

>1
lo>1, e =0,1.

For each fixed = € [0,T7, relation (11) can be considered as a system of linear equations with
respect to (), I > 1, e =0, 1. But the series in (11) converges only “with brackets”. Therefore,
it is not convenient to use (11) as a main equation of the inverse problem. Below we will
transfer (11) to a linear equation in a corresponding Banach space of sequences (see (15)).

For this purpose we introduce the matrices

i () = [ ()],
by the formulae
Ui () = (Gui(x)) " (o (2) — @it (2)), Vit (@) = (un(z)) el (@), (12)
HES 1000 (2) = €t (@) € ttom (2)) ™ (G 100y (2) = Gl 1oy (@) ).
H(lo)(lol)( ) = Guuk () (uigm ()~ G’(ﬁlron)(m)( )
HET 100y (@) = k(@) (€ tigm ()~ ( (6000) () — Glidyony (@) — G(z1)(100)(~"3)+Gml)(lo1)($)>,

HI 1) () = k() st () (G 1) (2) = Gy ().

[km

1,n,k=2n> H(IE)(lOEO)(x) = H(ls)(loso)(x)]k,m:ﬂ7 l’ l() > 1’ €,60 = 07 1’

Similarly, we define the matrices 1. (z) and ﬁ(le)(logo)(x). Then

ik (@) <O i) < C, (13)
m rrkm Cfl
|H(kla)(loao)($)\a |H55)(1050)(33)\ < Tl +1° (14)

Let V be a set of indices u = (l,€), I > 1, e =0, 1. For each fixed x € [0,T], we define the vector

Y(x) = [Wu(T)]uev = [Yi0(2), Y11 (2)]i>1 = [Y10, Y11, V20, Y21, - - -],

and the block matrix

H0)100) (%) Ho)(151) ()

H(ﬂj’) = [Huv(x)]u,vev =
H1y1,0)(2)  Hanyon) () Lip>1

9
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= (l,e), wv={(lp,e0), ¢€,e0=0,1.

Analogously, we define the matrices ¢(x) and H(z). In view of our notations, relation (11)
transforms to the form

Q;ZN)Z()E()( wloao + ZM@ H(l€ loea)( )7 lalo P 17 £,60 = 07 17

or, which is the same, . )
Y(z) = ¢(x)(I + H(x)). (15)

According to (13) and (14), the series in (15) converges absolutely and uniformly in z € [0, T].
Starting from (8), we arrived at (15). By similar arguments, starting from (9) one can get
the relation )
(I+H(z))(I—H(x)) =1

Interchanging places for @ and @, we obtain
(I —H(z))(I+H(x))=1.

Let us consider the Banach space m of bounded sequences a = [ay]uey With the norm
||| = sup,ey |aw|. It follows from (14) that for each fixed = € [0, 77, the operators I + H(z) and
I — H(z), acting from m to m, are linear bounded operators, and

i 3
H H T
IWM!@HC@?;FM+1

Thus, we have proved the [ollowing theorem

Theorem 2. For each fixed x € [0,T], the vector 1)(x) € m satisfies the equation (15) in
the Banach space m. Moreover, the operator I + H(x) has a bounded inverse operator, i.e.
equation (15) is uniquely solvable.

Equation (15) is called the main equation of the inverse problem. Solving (15) we find the
vector ¥ (x), and consequently, the functions ¢;.(x). Then, by (10) we calculate ®(z, p). Denote

(0) = 5r; [ (0¥ (@00 — Qo ) (w,10) (16)

2me J,,

Theorem 3. The following relation holds
Qz) = Q=) +e(2). (17)

Proof. Differentiating (8) and using (7), we calculate
Fop) = (w0 + o [ )@ (o) Qo)
) ) 27TZ w b ) 'LL _ p
1 S

2w J,,

Since ®(z, p) is a solution of system (1) it follows that ®'(z, p) = (pBo — B(z))®(x, p), where
Bo = Qy*, B(x) = BoQ(z). Similarly, & (z, p) = (pBo — B(z))®(x, p). This yields

(pBo — B(x))d(x, p) = (pBo — B())®(a, p)+

o [ B = B )8 Qoo )M = L | bl )b
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Replacing here ®(z, p) from (8), we calculate

B)b(r, p) = 5 / Bo®(ar, 1) (a, p) Qo p)ap — 5 / B, 1) 8" (. 1) B (. p)dp.

Multiplying this relation from the left on Qy, we obtain Q(z)®(z,p) = e(z)®(z,p), and
consequently, (17) holds. O

The solution of the inverse problem can be found by the following algorithm.

Algorithm. Given the Weyl matrix M(p).

1. Choose Q(z), and construct ¢ (x) and H(x).

2. Find ¢ (x) by solving equation (15).

3. Calculate ®(z, p) via (10), where ¢;.(x) is constructed from (12).

4. Construct Q(x) by (17).

Let us now formulate the necessary and sufficient conditions for the solvability of the inverse
problem. Denote by W the set of meromorphic matrices M (p) = [Myk ()] 1=170 Mmk(p) = O
for m > k, having only simple poles A = |J,, A, (in general, the set A is different for each
matrix M(p)) and such that (5) is valid and for each pyp € A the properties S; and Sy hold.

Clearly, if £ € Viy and M(p) is the Weyl matrix for ¢, then M(p) € W.

Theorem 4. A matrix M(p) € W is the Weyl matrix for some { € Vi if and only if the
following conditions hold:

1) (asymptotics) there exists { € Vi such that Y& < oo

2) (condition S) for each fixed x € [0,T] the linear bounded operator I + ﬁ(m), acting from
m to m, has a bounded inverse operator;

3) e(x) € Wy, where e(x) is defined by (16).

Under these conditions, the potential Q(z) is constructed by Algorithm.

The necessity part is proved above. In the sufficiency part, we have a matrix M(p) € W
satisfying the conditions of Theorem 4. Using the Algorithm we construct the potential Q(z), i.e.
we construct ¢ € V. By similar arguments as in [8], one can check that the matrix M(p) is the
Weyl matrix for 4.

Remark. The inverse problem from a system of spectra.

The zeros Ak := {pimi} of the entire functions A,,x(p) coincide with the eigenvalues of the
boundary value problems L, for system (1) with the boundary conditions

UL(Y) = .. = Upea(Y) = Up(Y) = Vi(Y) = ... = Vi (Y) = 0.

The inverse problem of recovering the potential from the system of spectra is formulated
as follows: given the spectra A,, and A,,; of the boundary value problems L,, and L,
(m=1,n—1, k> m), construct the potential Q(x). Since the functions A,,x(p) are uniquely
determined by their zeros, it follows from (2) that this inverse problem can be reduced to the
inverse problem from the Weyl matrix.
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AnHotauus. [IpencTaBneH HOBBIH MOAXOM K pelleHHIO 3afayl 00 HIeHTH-
(hMKaUHMH TIePEMEHHBIX XapPaKTePUCTHK HEOTHOPOLHOrO YIPYroro H30TpPOI-

Horo Teqa. [IpuBeneHbl Haubosee ynoTpeOUTEbHBIE TOCTAHOBKH 3a/1a4

A
06 onpeJe/eHUN NepeMeHHBIX MeXaHHYeCKHX XapaKTePUCTHK (mapaMeTpbl HayL‘IHbIVI
Jlame ¥ mioTHOCTh — PYHKUKHK KoopauHaTt). OOpaTHas 3agada UIEHTH-
(bUKaL MU CBOUCTB B CHJIy CBOEH CYLIECTBEHHOH HEJHUHEHHOCTH OOBIYHO OT.EIIeﬂ

pellaeTcsl UTEPALLUOHHBIM 00pa3oM, NpUUeM Kaxkaas urepauus Tpedyer
pelleHHs TIPSIMOH 3a/aud JJIsi HEKOTOPOro HayasbHOTrO MPUOJMHKEHHUS U

e

CHCTEMbl MHTETpasibHbIX yYpaBHeHHH Ppenrosbma nepBoro pona ¢ riagKu-
MU SIApaMHU JJIST HAX0XKIEHUs MONpaBoK. Takol MOAX0I, B CBOIO OYEPENb, b
TpebyeT 3afaHHus MOJs NepeMelleHHH B 06J1acTH, B KOTOPOH OCYILeCTB-

Jsietcst HarpyxxeHue. [Ipensoxen noaxon, Ha 6ase KOTOPOro BO3MOXKHO
OCYILECTBJISATb PEKOHCTPYKLHUIO NIPHU CheMe AONOJNHUTENbHON UH(pOPMaLUH
0 ToJie CMeleHUH B 06/1aCTH, OTJIHUHON OT 00JIaCTH HArpyXKeHUs, B Hosee

Y3KOM IpOCTpaHCTBe Noucka. [Ipencrasien npumep Takoil peKOHCTPYK-
MU B 3aja4e O NPOLOJBHBEIX KOJeOaHHUAX HEONHOPOLHOrO CTepXKHS, e
aMIIJIUTYAHO-4aCTOTHAs XapaKTepUCTUKa 3aJaHa BO BHYTpPeHHel TOouke

CTep2KHS, a HarpyKeHHe peasn30BaHO Ha Tople. [IpuBeneHsl pe3ysbTaThl
BBIYHC/IMTEJIbHBIX KCIIEPUMEHTOB M0 PEKOHCTPYKLHUH MOLY/S YIPYTOCTH
U MJIOTHOCTH B BHAE ABYX (DYHKLUHH MPOLOJBHOH KOOPAUHATHI.
KatoueBble cioBa: o6paTHas 3afava, HeOJHOPOAHbIE CBOHCTBA, KoJseba-
HUS, aMIJIMTYHO-4aCTOTHbIE XapaKTePUCTHKH
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Abstract. A new approach to solving the problem of identifying the variable characteristics of an
inhomogeneous elastic isotropic body is presented. The most common formulations of problems on
determining variable mechanical characteristics (the Lamé parameters and density are functions of
coordinates) are presented. The inverse problem of identifying properties, due to its significant nonlinearity,
is usually solved iteratively, with each iteration requiring the solution of a direct problem for some initial
approximation and a system of the Fredholm integral equations of the first kind with smooth kernels to
find corrections. This approach, in turn, requires specifying the displacement field in the area in which the
loading occurs. An approach is proposed on the basis of which it is possible to carry out reconstruction by
obtaining additional information about the displacement field in an area other than the loading area in a
narrower search space. An example of such a reconstruction is presented in the problem of longitudinal
vibrations of an inhomogeneous rod, where the amplitude-frequency response is specified at the internal
point of the rod, and the loading is implemented at the end. The results of computational experiments on
the reconstruction of the elasticity modulus and density in the form of two functions of the longitudinal
coordinate are presented.
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BBenenue

AHanmuTHYecKHe W UHCJIEHHBIE METOMbl pelleHHs KOI(PPUIHEHTHbIX 00paTHBIX 3aay MeXaHHKH
(KO3) — nHTeHCcHBHO pasBUBatolascs 06/1acTh, HAXOASALLASICS HA CThIKE KJaCCHUeCKOH MeXaHUKH
CIJIOILHOW Cpelbl C MepeMeHHbBIMU CBOHCTBAMH, MaTeMaTHYeCKOH TEOPUHU HEKOPPEKTHHIX 3aiad U
BBIUMC/JUTENBHOH MaTeMaTHKU. B 0O6paTHBIX 3ajjauax Takoro THma TpeGyeTcsi BOCCTAHOBUTH (MJIH
OLIEHWUTb CTeleHb U3MEHUMBOCTH) (hM3HUYeCKHe XapaKTEPUCTHKH IO TONOJHUTENbHOH HH(OPMALUH,

210 HayuHbiii otgen



A. O. BarynbsiH, B. O. FOpos. O HOBOM r10AX0A€ K UAEHTUUKaLMN HEOAHOPOAHbLIX MEXaHNHECKNX CBOVICTB 4@

NoJiy4aeMod MpH 30HAUPOBAHMM O00BEKTa UCCJAENOBAHUS HEKOTOPOH HArpy3KOH, MEHSIOLIEHCs BO
BpeMeHHU. JlonoJsiHUTENbHAS WH(pOpPMALUs [IJis MoleJsiell TeOpUud YIPYrocTH IMPU CTAllMOHAPHOM
BO3JIeHCTBUM OOBIYHO 3ajaeTcsl B BHUIe 3HAUeHWH pe30HaHCHBIX 4acTOT M MOA KoJieGaHUH WU
UH(opMaLuK 0 Noasx cMelleHUd. Vickomble pr3ndeckre XapaKTePUCTHKKU MOTYT OBITb IIOCTOSHHBIMU
W/ 3aBUCALLMMU OT KOOPAUHAT (PYHKIHUAMH, U 3aa4a UX OMNpefiesieHHs] OTHOCHUTCS K HEKOPPEKTHBIM
3ajadaM, Ui KOTOpPBbIX XapaKTepHbl BO3MOXKHasi HEeAMHCTBEHHOCTb W CHJIbHAs 3aBHUCUMOCTb
PEKOHCTPYKIUH OT MaJibiX BO3MYILEHHH H3MepeHHBIX mnojedl uau udactor [1]. Otmerum, 4ToO
TeopHsi 0OpaTHHIX KO3(P(ULHEHTHBIX 3aad OepeT CBOe HauyaJo C 0OpaTHOW 3aauM paccesHHUS,
B KOTOPOH MO OECKOHEYHOMY CIIEKTPY BOCCTAHaBJMBaeTCs IMOTeHLHa]. JToH mpobjeMe U ee
MaTeMaTHUECKHUM acCleKTaM MOCBSLIEHO NOCTATOYHOE KOJUYECTBO HUCCJENOBAHUM, NPOLOJIKAIOLINXCS
U 1o cedl neHb [2,3]. B Hacroslee BpeMs MMeeTCs MHOTO Hay4yHbIX paboT W MOHOTpadHii,
TMOCBSILIEHHbIX PA3JUYHBIM aclekTaM IO0CTaHOBOK, MeTodaM pelleHHs U WX peanusauusam anas KO3,
BO3HHKAWOIIMX B Pa3HbIX pasiesnax MareMaThdeckod ¢usnku. Cpenu MHOKeCTBa MCCJENOBAHUN
OTeYeCTBEHHBbIX M 3apy0eKHbIX aBTOPOB B 3TOM HampaBjeHHH OTMeTHM [4-12], mocBsilieHHbIE
MaTeMaTHUeCKHUM aclieKTaM [OCTAaHOBOK M aHaJsu3y 3a1ady, [0KasaTe/bCTBY TeOpeM CYllecTBOBaHHUS
U elMHCTBEHHOCTH, B IIepBYI0O Ouepelb HCIIOJb3YyIOLUIHEe NPHUHLIMI CXKHUMAMILUX O0TOOpaKeHHH,
u [13-15], B KOTOpBIX 0OCY2KAEHBI Pa3JIHuHble ACMEKThl YUCJAEHHOH peasu3alny IJs ILHPOKOro
KJlacca 3a/lad, BO3HUKALIMX B 3alauax Telyo(U3UKH, TEOPUH YIPYTOCTH U B MeXaHHKe CB3aHHBIX
nosiedt [16].

B HayuHO# suTepaType CylIlecTBYyeT pasiaejeHue Ha KoHeuHomepHble KO3 (B HUX KO3 hH-
IIUEeHThl MOJieJiell MOCTOSIHHBI) U GeCKOHeUHOMepHBIE, B KOTOPBIX OTbIcKHBaeTcsi petenne KO3 B
HEKOTOPbIX MOJIOXKUTENbHBIX KOHYCaX, BJAOXKEHHBIX B JOCTATOUHO XOPOLIO H3yUeHHBIE MPOCTPAHCTBA
(GYHKILHE (HempepbIBHBIX, CyMMHUpPYeMbIX). B GosbIIHHCTBEe MyOGanKalki /s KoHeuHoMepHbiXx KO3
UCIIOJb3YyeTCs MUHUMHU3ALHUs KaK (DyHKIIMOHAJA HEeBSI3KH, TaK W (yHKLHOHaMa TuxoHoBa. OBpa-
JKUCTBIH XapakTep 3THX (PYHKLHOHAJNOB AaJeKO He BCerjaa Mo3BOJSET UCIOJb30BaTh TPagUeHTHbIE
npouenypbl MUHHMU3aLUY; B MOC/eLHEe BpeMs 4acTo [IPH peasM3alUM HUCIOJb3yIOTCS HeHpoceTH U
9BOJIIOLMOHHBIE aArOpUTMbl [17].

B ciyuae 3aBUCUMOCTH MCKOMBIX NapaMeTpOB-(DYHKLHUH OT KOOPAMHAT ONepaTOPHble ypaBHEHHS,
CBSI3bIBAIOLLIME 3aJlaHHBle M MCKOMble (DYHKLHH, B 0OLeM CJlydyae HEOLHOPOALHOCTH B SIBHOM BHJE He
MOT'YT ObITb MOCTPOEHBI; PelIeHHs NPSAMbIX 3a/lad B 9TOM CJjydae MOI'YT ObITb MOCTPOEHB! JHLIb
C TMOMOLUBIO KaKHX-JHOO UHC/IEHHBIX METOJ0B: KOHEUHbIX JIeMEHTOB, KOHEUHO-PA3HOCTHBIX HJIH
npamblx tuna lanepkuna unn Purtua. Ilpu aToM Ha npeaBapuTesbHOM 3Tane UCCie0oBaHUH TpeOy-
eTcs onpefessiTh (DYHKIHMH, XapaKTepU3ylollHe CBOMCTBA MaTepuasa 00beKTa, UTO HEBO3MOXKHO
6e3 I0CTaTOUHO TOYHOTO pelleHHsl MpsIMBbIX 3afad. Takum obpasom, mpsmas ¥ obpaTHasi 3agauu
OKa3bIBAIOTCSl HEPa3pbIBHO CBS3aHHBIMHU.

OTMeTHM, UTO Ha COBPEMEHHOM 3Tale Pa3BUTHsI HAyKH M TEXHOJOTMH TPU HCCJEN0BAHUU pPsila
npo6JsieM 1e(hOpMHUPOBAHHUSA U MPOUHOCTH TBEPABIX TeJ B HOBBIX 00s1acTsIX (MeXaHHKa KOMIIO3UTOB H
(YHKIHOHAJIbHO-TPaIHEHTHBIX CTPYKTYP, reodr3uka U ropHasi MexaHuKa, 6uomexaHuka) [18-25]
MOJIe/Ib OHOPOIHON CPe/bl a/1eKo He BCeria MOXKeT ObITb HCIONb30BAHA /IS aIeKBATHOTO OMHCAHUS
ne(hOpPMHUPOBAHHUS 3JIEMEHTOB NMPUPOAHBIX U UCKYCCTBEHHBIX KOHCTPYKLHH.

Jlnst aHanM3a KoseGaHUH U UCIOJIb30BAHHUS MOJEJNH HEOLHOPOLHOH TEOPUH YNPYroCTH HeoOXO-
IMMO 3HaTh B CAMOM IIPOCTOM CJy4ae HelpepblBHO-HEOTHOPOAHOTO (MJIH KYCOUHO-OIHOPOAHOIO)
H30TPOMHOro Tesa Tpu GyHKUMH (Momynu Jlame u miotHOCTh cpensl). [lpu aTom (usnueckue
XapaKTEePUCTUKH 3a[al0TCS C MOMOLIbI0 (DYHKIIMOHAJNbHBIX 3aBUCHMOCTElH, KOTOPble JOJKHBI ObITh
NpelBaAPUTE/IbHO OINpeleseHbl M3 HEKOTOPbIX SKCIEePUMEHTOB HJH HabJIOfeHHH, Kak MpaBHJIO,
CBSI3aHHBIX C U3MepeHHeM TPAaHUUHBIX WJIH BHYTPEHHHUX I0JIeH CMelleHUH NpH BO30YKAEHHH KO-
JNebaHui HEeKOTOpOH Harpyskoil. Halle Bcero Takve 3aBUCHMOCTH MPEAIOJaranTcs 0IHOMEPHBIMU
(ocoGeHHO TpH UCIOJb30BAHUH MOJesell CTep:KHEH, CJ10s, MOJyPOCTPAHCTBA MK CJIOUCTOrO IMO-
JIYTIPOCTPAHCTBA), a HauboJsiee PACIPOCTPAHEHHBIH CIOCOO HX ONpelesieHHs — aHAJIU3 OTKJHUKA
uccenyeMoro o6beKTa py BO3MOKHOM BapbHpOBaHMHU crioco6a HarpyxkeHus. [Ipu sTom 3anaua
ompelesieHHs] HECKOJIbKUX (QYHKIHUHA [26—29] NPUBOAUT K HCCJEN0BAHHIO JOBOJBHO CJIOXKHBIX HEJIU-
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HelHbIX 00paTHBLIX 3aay AJs JJUNTHUECKUX U TUMepOONHYECKHUX ONepaTopoB (HUJH OMepaTopoB
cMeranHoro tuna). OTMeTHM, YTO JOBOJIBHO YacTO NMPUHHUMAeMblil KyCOYHO-TIOCTOSIHHBIE XapaKTep
U3MEeHEHUs] UCKOMbBIX XapaKTEPUCTHK B Psifle CUTyallMHl ompaBiaH, MOCKOJbKY 3TO MPeANoJoKeHne
CYIIECTBEHHO CYy»KaeT 00JIaCTh MOUCKA U 3HAYUTEJBHO YIPOIIAeT UCCAe0BaHNe 0OPATHBIX 3a1ad
(cBOASA MX K KOHEUHOMEPHBIM), ONHAKO MOXKET MPUBECTH K CYILIECTBEHHOMY MCKaXKEHHIO0 Pe3y/bTaToB
UAeHTU(HUKALUK U, KaK CJeACTBHE, K OIIMOKAM MPU aHaJHW3e NHHAMHUYECKOTO OTKJAWKA WU TPH
NIPOTHO3UPOBAHUMU PeCypca KOHCTPYKLHHU.

1. OOmas mocraHoBKa 3ajay JJis MOAEJU HEOIHOPOIHON U30TPOMHOMN
TEOPUH yMPYroCTH

OrnpenesieHre mepeMeHHbIX MeXaHMYECKHX XapaKTEPUCTHK HEOMHOPOAHBIX TPEXMEPHBIX YIPYTHX
TeJ, TAKUX KaK napameTpsbl Jlame W MJIOTHOCTD, SIBJSIETCS BaXKHOU 3aiadeld, B paMKax KOTOPOH
MOXKHO MCCJIE0BATh pa3JMuHble HOBbIe 3a1auu. K yncay HanGosee BasKHBIX OTHECEM 3a/aud FOPHOH
MeXaHHUKH, OMOMeXaHHKHU TKaHeH M OHOMeXaHHYeCKUX KOHCTPYKLHH, 3aflady¥ MOHHTOPHUHTA MPH
TIPOM3BOJCTBE HOBBIX (PYHKIIMOHAJIbHO-IPAJHEHTHBIX MaTepPHUasoB, a TaKxkKe MPHU OCYIIeCTBJEHUH
HepaspyLIaUlero KOHTPOJs /51 1aBHO BBEAEHHBIX B IKCIJIyaTalHI0 KOHCTPYKLHH.

Takue 3amaun 06BIYHO pelalOTCs MyTeM 30HAUPOBaHHUS (BO30OYyKIeHHEe YCTAaHOBHBIIUXCS KO-
nebaHui ¥ H3MepeHHe aMIIUTYAHO-4acTOTHOH xapakTtepuctuku (AUX) Ha yacTu cBOGOAHOH
TIOBEPXHOCTH). MeTONUKH pellleHHs CYIIeCTBEHHO HeJHHEHHbIX 00paTHBIX 3aad TaKOro THIIA OIH-
paroTcsl Ha JOCTaTOUHO CJOKHBIE MaTeMaTH4eCKHH a/JropUTM, OCHOBAHHBIH Ha OMepaToOpHOM MeTOofie
HeloToHa, KOTOpEIH TpebyeT peanu3alndyd WTEPATHBHBIX CXeM C KOHTPOJIEM HEBSI3KH, pelleHHeM
NpsSIMBIX 3aJa4 U CUCTeM HHTerpasbHbiX ypaBHeHUH Ppenronabma (MYD) nepeoro pona ¢ riankumu
SiIPaMH OTHOCHTEJIbHO TonpaBok [15].

BaxxHO pa3BHTHE YINPOILIEHHBIX aJrOPUTMOB PEKOHCTPYKIHMHU MepeMeHHbIX CBOUCTB (BO3MOXKHO,
C Cy>KeHHEeM MPOCTPAHCTBA MOUCKA M MOTEPeH TOYHOCTH), KOTOpble Obl He TpeGOoBasu pelleHHs]
HEKOPPEKTHBIX 3a/lau U TaKKe oOecleurBa/i BBICOKYIO CKOPOCThb BbluMcaeHHH. [las cayyas, Koraa
cucteMbl UY®P 1y HaxoxK[eHHUs ONPABOK He MOTYT ObITb MOCTPOEHBI MO KJaccHueckoi cxeme [15],
MpeAaraeTcsi ajJropuTM UTEPALUOHHOTO MOMCKA MOMPAaBOK B KJjacce MOJMHOMHUANBHBIX (DYHKLIMH.
OnuileM OCHOBHBIE 3TaIlbl 3TOrO MOAXOMA.

1.1. TIIpsmasa samauya

PaccmoTpuM ycraHoBHBIIMecS KoseOaHHsl HEOAHOPOLHOIO yIPYroro Teja ¢ 4acToTod w. Ilycth
T€JI0 3aHMMaeT OrpaHHueHHylo obsactb V' ¢ rpanuuei S = S, USrUS,. Knaccuueckas nocTaHoBka
3a7a4d COAepPXKUT ypaBHEeHUs KosneOaHHUH

0ijj +pwiu; =0, i=1,23, (1)
OTIpefieIIIOIHe COOTHOILEHHUS /I H30TPOIIHON CPeibl
oij = Aukk0ij + p(uij + uj) (2)
u FpaHI/I‘{HbIe YCJIOBI/IH:
uilg, =0, Uij”j’sf =0, oiynilg =pi (3)

rje u; — KOMIIOHEHTBl BEKTOPa NepeMelleHnH, 0;; — KOMIIOHEHThl TeH30pa HaNpsKeHUH, n;, p; —
COOTBETCTBEHHO KOMIIOHEHTBI €IMHHUHOTO BEKTOpa BHEIIHEeH HOpMa/au K S ¥ KOMIIOHEHThl BEKTOpa
BHellHel Harpysku. Bynem paccmarpuBaTb m pasjMuHBIX BapUAaHTOB HarpyxKeHHs, CUUTasi, 4TO
pi = pl(.m) (manplie cOOTBETCTBYIOIIMH HHIEKC 1 Y CMeLleHHH W HanpsikeHH# omyckaem). O6mactb
S. — 3aKpenuieHa, Sy — cBOOONHA OT Harpy»keHus, Ha S, 3ajlaHa BHeWHAs Harpyska. [Tycts A, p,
p SBJSIOTCS KYCOUHO-HENPEPBIBHBIMHU MOJIOKUTEIbHBIME (QYHKLUHAMH KOOPAKHAT (A, pt — mapaMeTpel
Jlame, p — MJIOTHOCTD Cpembl).

Pewas 3anauy (1)-(3), onpenensieM KOMIIOHEHTH BEKTOpa MepeMellleHnH Kak (DYyHKIHMH KOOPIH-
HaT M 4acTOTbl KoJieOaHHUH.
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1.2. Oo6parnas 3agaua

B pamkax mpencTaBjieHHOH BbIlLlE MOJEJH JUHEHHON TEOPUH YHPYTOCTH PAaCCMOTPHM 3agady o
HaXOXJEeHUH TpeX QYHKUUH A, p, p MO HONOJHUTEIbHON HH(pOPMaLKHU O ToJe NepeMelleHnH u;,
3aziaBaeMoy B 00IIeM ciydae B BUAe (PDYHKIHUH KOOPAHUHAT M 4aCTOTH KojebaHui. B 3aBucumocTu
OT THMA JOTOJHUTEIbHON HH(POPMALUK OYyeM BbIAEJSATh CJEYIOIHEe TPH MOCTAHOBKH 0OpaTHON
3a/lauu:
1) KOMMOHEHTHI u; 3a1aHbl BHYTPU BCell 06sacTH V' MpU HEKOTOPOM (PUKCHPOBAHHOM 3HAYeHHH
4acToTHl w;

2) KOMIIOHEHTHI u; 3alaHbl B 06acTH S, (T.e. Ha yacTH rpaHulbl obnactu V, roe 3agaercs
Harpy»keHue) Kak (YHKLUHH KOOPAHHAT W YACTOTH w € [w_,w];

3) KOMIOHEHTHI u; 3aJaHbl HA YaCTH BHEIIHEH I'paHHLbl, CBOOOIHON OT HArpyKeHus B 00/aCTH
Sfo C Sy B BUIe QYHKUMH KOOPAMHAT M 4aCTOThl w € [w_, w4 ].

OTMeTHM, 4TO pelleHO GOJbIIOe KOJHUECTBO 3a/au B MEPBO U BTOPOH MocTaHoBKax [26—29].
3ajaua B nepBoil MOCTAHOBKe MOXKET OBITb Peasii30BaHa MPUMEHHUTEbHO K TOHKOCTEHHBIM KOHCTPYK-
LMAM WM TaKUM MATCKMM TKaHSM, B KOTOPbIX BO3MOXKHO M3MepeHHe BHYTPEHHHX MepeMelleHnH.
3agaya BO BTOPOH MOCTAHOBKE pellaeTcs MPH MOMOLIM HTEPALHOHHOTO MPOoLEecca HbIOTOHOBCKOTO
tuna. CyTb MeTONA 3aKJ/I0UaeTcsl B ONpeeeHHH HadasbHOrO NMPUOJIHKEHUS U T10C/eL0BATENbHOM
ero yTOYHEeHUM MyTeM HaXOoxJAeHHs nonpaBok. /s HaX0XKJeHHs MONPaBOK HCIIOJb3YeTcs yCJI0BHe
pa3perrMOCTH HEONHOPOIHON 3aauH, BOSHUKAIOIIEH B Mpoliecce JMHeapu3aluu. YCjaoBue paspe-
IIKUMOCTH TIPUBOIMT K CHCTEMEe MHTerpasibHBIX ypaBHeHHH Ppenarosbma mepBoro pojpa ¢ raagikuMH
sapamMu. TakuM o6pa3oM, pellleHbl 0OpaTHbIE 3a/lauk 1Jis CTepXKHeH ¥ UUIUHAPOB [26-29].

PaccmoTtpum GespasmepHyio moctaHoBkY 3amaun (1)—(3), chopmynnpoBaHHYIO B TepMHHAX
6e3pa3MepHBIX KOMIIOHEHT BEKTOpA MepeMelleHHH U TeH30pa HarnpsKeHHH

tiji+93k’U; =0, tij = 1Upx0ij + 9o (Ui +Uji), i=1,2,3; )
Ui|Su :0, tijnj|sf :0, tijnj‘sa = 17, i:1,2,3,
rme g1 = Mg s g2 = pig s g3 = ppy s K2 = powld®ugt, Pyo=pipg ' tiy = ogpg s Ui = ud 7Y,
10, Po — XapaKTepHble 3HA4YeHUS MOAYJSA YIPYTOCTH U IJIOTHOCTH, d — XapakTepHbIH pasmep
o6sacTH. 3aMeTHUM, 4TO [/ PEKOHCTPYKIHHU TpeX (PYHKLHH HY>KHO MCIO0Jb30BATh NOMOJHUTENbHYIO
UH(OPMALIMIO, TIONYUEeHHYI0 KaK MHUHUMYM W3 TPeX SKCIEePUMEHTOB 110 30HAWPOBAHMIO HATpPy3KaMH
Pa3JIMUHBIX THUIIOB.
[Ipu peuieHuu o6paTHOU 3324l BO BTOPOW M TPeTbel MOCTAHOBKAX OCYLIECTBJSETCS JUHEAPH-
3alMs 33/1a4l B OKPECTHOCTH HAHAEHHOTO HAauyaJbHOrO NMPUOJMKEHHS. BbIMOJHUM pasJsioKeHHe 1o
(hopMasbHOMY MaJIOMy NapaMeTpy &:

U =U" 40 +0 (), g=9¢" +egM +0(e?). (5)

)

BBoas 060sHaueHne tg.”) = ( gO)Uéﬁ)dzj + g (Ui(?) + Uﬁ”)) BBIMUILIEM 3a/ady MPH HyJle-

BOU cTeneHH (oOpMasbHOTO MAJOro napaMmerpa:

0+ gV =0, i=1,23.
_ pm ©6)

7 Y

v

)

—0, t(o)nj‘sf =0, ty'n|_ i=1,2,3.

Su Y

o

3agadya npu MepBOH CTENEeHHW € MPUMET BUL

0+ P = (Ul +o) (U9 + U D)) + o).
’ (7)

D705 (1) (77(0) (0) , L
i s, ij g1 Uk,k(sw + 95 (U'i,j + Uj,i )) n]’Squg , 1=1,2,3.

SpUS, (
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3agaua (6) mMoxeT OBITH pellleHa KakK MPU MOMOIIM METONA MPUCTPEJKH (/s OZHOMEPHBIX
MoJiesiel), Tak U MPH MOMOIIM MeTOda KOHEUHBIX 3jeMeHTOB. 3anaya (7) comepKUT HEU3BECTHBIE
TOMPaBKK B NPaBOH YaCTH U MOITOMY NPSIMbIM YUCJIEHHBIM METONOM pelileHa ObITb He MoxkeT. [lpu
pellleHuH o6paTHOM 3afayd BO BTOPOH MOCTAHOBKe yaaeTcs U30exaTh pelleHHs 3agadu (7) myTtem
MCKJIFOYEHHS CMellleHHH NepBoro Npub/IMKeHHsT U UCIOJIb30BAHUS YCJOBUS pa3peliiiMocTy. B aTom
ciydyae 1715 HaXOXJAEHHs MONPaBOK HCIOJb3YyeTCs CHUCTeMa MHTErpajbHbIX ypaBHEHUH CledyIoLlero
supa [30]:

/V gV (U,g?,gf dv + % /V g (U +uD) (0 +u)av-

—FLQ/ gg”Ufo)U}O)dVJr/ PO —UNds =0, kelro, kg, s=1,23 (8
Vv

o

Pemenue cucrem MY®P ocyurecTBisieTcss YHUCAEHHO TNPH MOMOIIH METOAA peryJspH3aliu
A. H. TuxonoBa. [lnisi 3anaun B TpeTbed MOCTaHOBKE He yHaeTcs 3amucarth MofoOHble COOTHOLIEHHS,
TaK Kak [Js TIPUMeHeHHUs] YCJIOBHS Pa3pelinMOCTH TpebyeTcsl 3ajlaHue MoJisi NepeMelleHruid B o6Ja-
cTH Harpy:xeHus. [loaToMy a5 HAX0XKIEHHS TONPABOK MpUMeHsieTcs Apyrod nonxon. Mcnosbdyercs
Cy’KeHHe MHOXKeCTBA MOUCKA MONPABOK UCKOMBIX (PYHKUMHA 00 JUHEHHOH KOMOMHALUHU HEKOTOPBIX
M3BECTHBIX (PYHKLHWH, HanpuMep MoJHHOMOB. [Ipu HCrmoNb30BaHUM TAaKOH amMpOKCHMAllUK TOMPaBOK
MOXKHO CTPOUTH pelueHue (7) B BUIe aHAJOTMYHON JIMHEHHOH KOMOMHALMH, YTO YK€ T03BOJISEeT
CTPOUTDb pellieHHe KaxKA0H M3 TaKWX 3ajgau ¢ nomouipio MKD.

Paccmorpum 3amady Tpetbero tTuna. JomosHUTEbHBIE YCIOBHS HUMEIOT BUJ,

Ui|5f0 = fi(z,Kk), K € [K1, k2. 9)

HewusBecTHble monpaBky B mpaBod 4acTH (7) passioKuUM IO CHCTEMe JIMHEHHO He3aBHUCHMBIX

ynxumi {ps}:
N

1) _ } : -
gk - CksPs, k_ 17273° (10)
s=0

B kauectBe {5} GyneM HCMONB30BaTh CUCTEMY MOJHHOMOB HEBBICOKOTO MOPSiAKa, HAPUMeEp
{1, 21, @2, w3, 23, 23, 129, ...}. 3aMeTHM, UTO 3aKOH HEONHOPOLHOCTH B TPEXMEDPHOM TeJie
MOxKeT ObITb JABYMEPHBIM HJIM, UTO yallle, ofHoMepHbIM. MH(popmanus o HanpaBjaeHHH, B KOTOPOM
MIPOUCXOINUT N3MEHEHHE CBOHCTB, MOXKET ObITh 3((EeKTUBHO HCI0Jb30BaHA MPU BHIOOPE CUCTEMBI
(DYHKIMH, 4TO CYLIECTBEHHO CHU3UT Pa3MePHOCTb MOJy4YaeMoH anre6panyecko cucTeMmbl. Pellienune

(7) 6ymem uckaTb B BHIE CYyMMbl

3 N
o =3"N e U, (11)

rae Ui(ks) — pewenre (7) npu g = Spmps, m=1,2,3.

Cucrema asst HaXOXIeHHUsT KO3(D(UIHEHTOB Cps CTPOUTCS Ha ocHOBe (9) U MPUOIHIKEHHOTO
0 1 .
paBeHctBa U; ~ Ui( ) ¢ EUZ-( ), KOTOpO€ MOJIy4aeTcsi MpH yAepKaHUU TOJbKO JHHEHHBIX UJIEHOB B
pasJjioxkeHuu (9).

K € [k1, Kal. (12)

3 N
S U

k=1 s=0

Sro ‘Sfo ’

CootHoteHue (12) moKHO MPUOIHKEHHO (C TOUHOCTBIO 10 O (52)) BBITIOJIHATbCS /51 BCEX
Kk € [k1,ke]. Ha oTpe3ke [k1, k2] MOXKHO BbIOpATh MPOM3BOJIbHOE YUCIO TOYeK M U TakKuUM
obpasom mnosyuuth u3 (12) CJIAY oTHocuTesnbHO KO3(DPUUHUEHTOB cks, kK = 1,2,3, s = 0, N.
Buibupas M = 3 (N + 1), nonyuaem CJIAY c kBagpaTHoil MaTpuuei. 3ametnm, uto CJIAY moxer

214 HayuHbiii otgen



A. O. BarynbsiH, B. O. FOpos. O HOBOM r10AX0A€ K UAEHTUUKaLMN HEOAHOPOAHbLIX MEXaHNHECKNX CBOVICTB 4@

MOJYYUThCSl Kak nepeolycosiaenHoit M > 3 (N + 1), tak u HenoobGycsoBaenHoit M < 3 (N + 1).
B takom ciyyae HeOOXOAHMMO HCMOJIb30BATh MPOLEAYPbl MOCTPOEHHUST PEryNsPU30BAHHOTO pelleHHUs,
Hanpumep, ¢ nomolibio metona A. H. TuxoHosa.

Pemas cuctemy (12), HaxonuM KoahGhUUMEHTH cjs, k = 1,2,3, s = 0, N. Ha ocuose (10)

1 1 1 o
HaXxoOouM IOIIpaBKH g§ ), gé ), gé ), KOTOpbI€ TMO3BOJIAIOT 3alucCaTb pelIeHHe O6paTHOI/I 3aJa4y B

BUIE g1 = 950) + Eggl), go = géo) + sgél), g3 = géo) + Egél). OnHako pelieHre oOpaTHOW 3aiaqyu
He OrpaHUYMBaeTCsl ONHOKPATHBIM HaXOXJeHHEeM IONPaBOK, a IPHMeHseTCsl UTepalloOHHasl cxXxeMa
pelleHus: HAaHeHHOe Ha TepBOH UTepaLUH pelleHHe NIPUHUMAETCS B Ka4eCTBe HOBOI'O HAyaJibHOTO
NpUOJIVKEHHST U TIOBTOPSIIOTCS] BCe paHee clieslaHHble waru. MrepaunoHHBIN Tpolece 3aBepliaeTcs
0 JOCTHXKeHHH HeBsi3KH B AUX 3aaHHOTO 3HaUeHHs] MM KOTja odyepe/Hast MoJyuaeMasi MornpaBKa
CTaHOBHUTCS NpeHeOpe:kuMo Masa. CKOPOCTb CXOOUMOCTH MOYKHO KOHTPOJHUPOBATH MPH MOMOILH
napametpa €. O6buHO BeIOHpaeM € = 1, a npu HEOOXOAUMOCTH MOXKHO YMEHBILUTb 3TOT NapaMeTp
C Y4eTOM HOPMBI MOMPaBKU U HeBsi3KH B AUX.

JlanbHeIyo peaqu3aluio airopuTMa pacCMOTPUM Ha MpHMepe OLHOMEpPHOH 3aJaud O MPOLOJb-
HBIX KOJIe0aHHUSIX CTEepKHSI.

2. IIpumep. OOpaTtHas 3agaya OJisl CTEPIKHSA

PaccmoTpuM KpaeBylo 3agady 00 YCTAHOBHBIIMXCSI KOJeOAHUSIX HEOMHOPOAHOTrO YIIPYTOro
cTepxkHsi. be3pasmepHasi popma ypaBHEHHs] YCTAHOBHBILKXCS KOJeOaHHH U MPAaHUUYHBIX YCJIOBHH
umeet Bun [29]:

(u/gl)/ + 5292u = Oa U(O) = 0’ ul(l)gl(l) = 1a (13)

TIe g1, g2, Kk — Oe3pasMepHble MOLYJb YIPYTOCTH, MJOTHOCTb U YacTOTa KoseOaHUH.
B kauecTBe H0MOJHHUTENbHON HH(MOPMALMK 3aaeTcsi aMILIUTYAa KoJebaHui B Touke &y € (0,1).
Tak kak £ # 1, mosyuaem oOpaTHYIO 3a/ady TPETbEro THUIA

u(z, k)|,—g, = f(K), K € [K1,Ka]. (14)

BoinosHuM nuHeapusanuio 3anauu (13) B coorBercTBuu ¢ (5)—(7).
Ipu €° nonyuaem samauy

/!
(wogt”) + 28" =0, uo(0) =0, up(1)gl” (1) = 1. (15)
3ajaua npu e 6yaeT UMeTb BHJ
/ /
(ullgg))) + Hzgéo)m _ <U6g§1)> . F»‘zgél)uo,

w(0) =0, uj(1)g\”(1) = —uh(1)gt" (D).

Bynem ctpouthb perieHde 3anauu (16), oTbICKHBast MOMPaBKU B BHIAE CJAEAYIOMIMX JHHEHHBIX
KOMOUHALUH:

(16)

N N
ggl) = Z as@s(w)a gél) = Z bs@s(x) (17)
s=0 5=0

¥ ToJ1ydasi poCThle KpaeBble 3a1auu 1Jsi KOI((PHUIUEHTOB Pa3JoXKeHHH.

3anauu Tuna (15) u (16)—(17) perinm mpu MOMOIIM METOAA MPUCTPEJKH, OCYIIECTBJIsISI CBEAEHHE
3afay K KaHOHHYeCKUM cuctemaM. [Ipu perenun (16) U HeOGXOMUMOCTH HAXOAUTH POU3BOIHBIE OT
CMellleHHH HayasbHOro TMPUOJIMKEHHST UCMONb30BaHa ClJaiH-aNnpoKCHMalllsl UUCJIeHHO HakoeHHOH
u3 (15) pyHKUIMH ug.

3anaua (16) JMHEHHO 3aBHCHUT OT MpaBod yacTu F = — (u{)ggl))/ — IQQQS)UO, U ee pellleHHe

OyneM HMcKaTb B BUJE

N N
Uy = Z asuls + Z bsuas, (18)
s=0 s=0

MexaHunka 215



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

rie uys — peterne (16) mpu g§1) = ps(z), gél) = 0, a ugs — pemenue (16), rme ggl) =0

g = os().

[Ipy npoBeneHUH BBIYUCIUTEBHBIX IKCIIEPUMEHTOB GYIeM HUCIMONb30BATh CJAEAYIOLULYH CUCTEMY
byHKUHE ps(T):

’

N N
ps(@) = [ (@ —2) / T[]z — =), (19)
i o

re B KadeCTBe TOYEK KOJJIOKALHUH BbIOpaHbl TOUKH xp = k/N.

[Ipu BBEIGOpE anmpoKCHMalMK MOTPABOK HHTepec OyMyT MPeACTaB/IsSTh HanboJee MPOCThIE CAyUau
N =1, N =2, nawluye JUHeHHYI0 U KBaJpaTHUHYIO alMpOKCHMAallMK IJis monpaBok. KoHCTpyKius
¢yukuui (19) takoBa, 4uto @, () = dsk U, CJeNOBaTENbHO, KOI(D(ULHUEHTH! ag, bs — y3J0BbIE
3HaueHUsl (PYHKLUH NONPaBOK ggl),gél) B ToYyKax xs = s/N.

Ha ocHoBe cootHowenust ui(§p) ~ f — up(§p) cocrapasieTcss anrebpandeckasi CUCTeMa MIJisi

Hax0XJeHUs] HEU3BECTHBIX KO3((ULIUEHTOB ag, bs, s = 0..N

N N
Zasuls(&]a ’%j) + stu%(&)a Hj) = f(’%j) - u0(£07/€j)7 Jj= 1, M. (20)
s=0 s=0

Cucrema (20) umeet M cTpok u 2 (N + 1) cToa6LOB, K;j € [K1, K2).

3. PCSyJIbTaTLI BbIYHCJIUTEJIbHBIX IKCIIEPUMEHTOB

HpOBeIIeH PAL BbIYUCJIUTEJbHBIX 3KCIEPUMEHTOB [AJ PAa3HbIX 3aKOHOB HEOAHOPOALHOCTH. Hpeﬂ-
CTaBHUM pPe3yJbTaTbl HEKOTOPBIX U3 HHUX.

1
[Tycts &y = 0.79, dyHKIHMS g 3afaHa U He TpeOyeT BOCCTAHOBJIEHUS (gé ) = 0). PeanuzoBan
UTEPALUOHHBIN aJATOPUTM PEKOHCTPYKUMH (PYHKUHH ¢ B Kjacce KBaJpaTHUHbIX (yHKUUH. [lonoJ-
HUTesbHAs MH(pOPMALUSA 3aaHa B Toukax kg = 0, k1 = 0.65, kg = 1.05, k3 = 1.45. YpaBHeHHe
(15) uuTerpupyetcst ABHO NpH = 0, MI03BOAS BEIIKCATh pelleHue B Bute u(x) = [i g7 H(x)d.

HMcxonst 3 3TOro, HaXooUM HauajbHOe MPUOIHKEHHE 10 hopmyJie g§0) () = &/f(0). Ha caenyto-
I[eM 3Tare OCYIIECTBJSIETCS MOMCK TMOMPABKH B Kjacce JUHeHHbIX GyHKUuHH (N = 1). Mcnoabsys
LOTIOJTHUTE/IbHYI0 HH(OPMALIMIO, 3alaHHYI0 B TOYKAX K1, k2, NIOJydyaeM ajare6pandyeckyio CHCTEMY
Buna (20), pemass KOTOpy0, HAXOAWM 3HAueHUs KOI(P(PHUIUEHTOB Pa3JoKeHUs ag, a1. HalneHHas
nonpaBKa 106aBjsieTCss K Ha4aJbHOMY MPUOJIHKEHHIO U MO3BOJISIET HAUTH HOBOE HadaJjibHOE MpH-
6/MKeHHe; TIPH 3TOM MPOLECC MPOLOJKAeTCs 0 TeX IMop, MoKa oyepeaHasi JUHeHHas MonpaBka
He Oyznet no HopMme MeHblle 0.01. 3arem HauMHaeTCs UTePALMOHHBIM TOMCK TIONPABOK B KJjacce
KBaJpaTHUYHBIX (PYHKUHUH (TPeTHH 3Tar), KOTOPbIH TaK:Ke 3aKaHYMBAETCS M0 NOCTHXKEHHIO HOPMBI
OYyepeNHON MOMPABKH 3aJaHHON MorpelHocTH. 3aech npu (Gopmupoanuu CJIAY ucnosnbsyercs
JoTIONHUTebHas uHdopMmanus 06 AUX, 3anaBaemasi B ToUKax ki, ko, K3.

Ha puc. 1 npuBeneHsl pe3ysabTaThl PeKOHCTPYKLMH MOHOTOHHBIX (YHKUMEH g1 = 0.6 +€” (puc. 1,
a) u g1 = 3.2 — %% (puc. 1, 6). 31ech u BCcOAy fajee UCNOJAb30BaHb eMHEIe 0003HAYCHHS A/
MCKOMOH (DYHKILHH, HAua/JbHOTO TPUONHKEHHUS U PE3YIbTATOB PEKOHCTPYKIIHH.

Paccmotpum ¢yHkuuio r(z) = 1.4 — 0.4sin (7x/2). Ha puc. 2 npuBeneHBl pe3y/abTaThl pe-
KOHCTPYKIIMH MOHOTOHHBIX QYHKUHH ¢1(z) = r(z) (puc. 2, a) u g1(z) = r (1 —z) (puc. 2, 6).
[TorpemrHocTb peKOHCTPYKIMHK (DYHKIMH B KJacce KBaJpaTUYHbBIX, NPUBEIEHHBIX Ha pHc. 1, 2, He
npesblaeT 2%, 4TO MOXKHO TPAKTOBaTb KaK OUeHb XOPOLIHWH pe3ysbTaT BOCCTAHOBJIEHHS.

Ha puc. 3 npuBeneHbl pe3ysbTaThl PEKOHCTPYKIIMH HEMOHOTOHHBIX (BDYHKIMEH g1 = 1+0.8sin(7x)
(puc. 3, a) u g1 = 1.8 — 0.8sin(7x) (puc. 3, 6). [TorpemHOCTb PEKOHCTPYKIUHH (YHKLUHH B KJacce
KBaJpaTHUHBIX, IPUBEIEHHBIX HA PUC. 3, He TpeBbillaeT 6% Ha KoHIAX HHTepBasda. OnpeneseH-
HBIH HHTEpeC BBI3BIBAET TOT (PaAKT, UTO 00e (PYHKIUHUH SBJSIOTCS CUMMETPUYHBIMU OTHOCHUTEJBHO
cepenunbl HHTepBana (v = 0.5), a pe3y/bTaThl BOCCTAHOBJIEHHUS B KJacce JIMHEHHBIX (YHKLHH
npeacTaBJeHbl Bo3pacTatolei (puc. 3, a) u yowiBawlled (puc. 3, 6) QyHKIUSIMH.
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Puc. 1. Pesyabrathl pekonctpykuuu g1 = 0.6 +e® (a) u g; = 3.2 — 08¢
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Fig. 2. Reconstruction results g1 = 1.4 — 0.4sin(7z/2) (a) and
g1 =14 —0.4sin(7(1 —x)/2) (b)
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3. Results of reconstruction of non-monotonic functions
g1 =1+ 0.8sin(7z) (a) and g; = 1.8 — 0.8sin(wx) ()
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Jlnsi 3aBepIeHus Tpolrecca peKOHCTPYKIIMK HYKHbBI TOTIONHUTe bHble TOUKH Ha AUX, uToO6b!
MOXKHO OBIJIO BBIYHCJUTb HeBsI3Ky Ha 0OoJlee LLIMPOKOM YacTOTHOM AuanasoHe. Tak, AJjs Bbllle-
npuBeneHHbIX caydaeB ToyHoe AUX u AUX, oTBeuarollee pellieHHI0 00paTHOH 3a1aud B KJjacce
KBaJpaTUUHBIX (DYHKLUHUH, MPAaKTHUECKH COBMNAAIOT B MPOMEXKYTKE OT HYJs IO YETBEPTOTrO pe-
30HaHca.

AHaslorHuHBIM 00pa30M BBINIOJIHEHA PEKOHCTPYKUMS (DYHKUHUU go(x) NPHU 3aJaHHOH (YHKLHH
g1(x). TlpoBeneHa cepusi BBIUMC/IUTEJBHBIX 3KCIIEPUMEHTOB 0 PEKOHCTPYKLHH BO3PACTAIOLIMX,
yObIBAOLIMX U HEMOHOTOHHBIX (DYHKUHMH. [IpUHIUNIMANBHBIX OTIWYUE B KaueCTBe PEKOHCTPYKLHUHU
OTMeYeHO He Obl10. Pe3ynbTaThl BEIUMCANTENBHOIO 3KCIIEPHMEHTa MpHUBeleHbl /s caydas OBYyX
HEMOHOTOHHBIX (DYHKUHH.

Ha puc. 4 npuBeneHbl pe3y/nbTaThl PEKOHCTPYKLUHWH HEMOHOTOHHBIX (PYHKUHH g2 = 0.66 +
+ 0.53sin(7x) (puc. 4, a) u go = 1.39 — 0.62sin(7x) (puc. 4, 6). JlonoaHuTe bHasi HH(OPMALUS
06 AUX 6panach B TouKax kg = 0, k1 = 0.65, ko = 1.05, k3 = 1.45 npu £ = 0.89. PesysbraTsl
BOCCTAHOBJIEHHSI B KJlacce JIMHEHHBIX (DYHKUMH MpeAcTaBieHbl yObiBatollel (puc. 4, a) u Bo3pacra-
rorteit (puc. 4, 6) QyHKUHSIMH aHAJOTHUHO TOMY, KaK ObLJIO MPHU PEKOHCTPYKUHMU (PYHKUHH g1 ()
(cM. puc. 3).

1.5p< 1.4+
13 \\\ 1.2\\ /
1‘1: /*:'1\\.\ 1.04-+

Lol \\\\ 0.3
0.9] / \\ 0.6
0.7—/ \ 04Lt]

V4

0 02 04 06 08 1 0 02 04 06 08 1
x x
‘—1....2——3- -4‘ ‘—1....2_—3- -4‘
al a 6/b

Puc. 4. Pesysbrathl pekoHCTpyKUuu go = 0.66 + 0.53sin(nz) (a) u
g2 = 1.39 — 0.62sin(7x) (6)

Fig. 4. Reconstruction results ¢go = 0.66 4+ 0.53sin(7x) (a) and
g2 = 1.39 — 0.62sin(7x) (b)

PesynbraThl BbIUMC/AMTENBHBIX 3KCIIEPUMEHTOB [OKa3ajd, 4TO MaJjas JHHeHHas IolpaBKa
HaxOIMTCS C BBICOKOH TOUHOCTBIO 32 OJHY UTEPALHIO, TOUHOCTb PEKOHCTPYKLHH TOBBIIIAETCS MPH
& — 1, ampu & < 0.5 cxema mpakTuueckd mnepectaer paborath. [lo oTHoIEHHIO K 3amauam
0 BOCCTAHOBJIEHHH OIHOH (DYHKLHH BBISIBJEHO, UTO, Mponyckasi BTopoi stan (N = 1) u cpasy
nepexofsl K MOUCKY MOMPaBKH B KJacce KBaApaTHYHBIX QYHKUHE (N = 2), mosyyaeM CHCTEMY,
TpeOyIOLLYI0 pPeryasipu3alry Npyu pelleHUH. [IpuUHUHON 3TOH CUTyalUUH SIBJISIETCS HENOCTATOUHO
6J/1M3KOe K HCKOMOMY pelleHUI0 HayajabHOoe NMpUOJIMKEeHHe.

OTmeTHM, YTO MPUMEHEHHE PEery/sipu3alny AaeT IpUeMJeMble pe3yabTaTbl PeKOHCTPYKILHH B
cJlydyae JOCTaTOUHOH OJIM30CTH TOYKHU CheMa MH(OPMalUHU K TOYKe HarpyKeHHs.

3akJroueHue

[IpencraB/ieH crnoco6 MoCTpOeHHUs pelleHUs] 0OpaTHHIX 3a4ady B KJjacce MOJHHOMHUANbHBIX (DYHK-
LUUH B caydae, Korga o0/acTb 3alaHds JONOJHUTEebHOH UH(OpPMaLUK He COBNafaeT ¢ 00/1acTbio
HarpykeHusi. BeimosiHeHa pa3piesbHasi PEKOHCTPYKUMS ABYX (PYHKLUHH B KJacce KBaApPaTHYHBIX
(hbyHKLIMH.
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YIK 539.3

AcuMnrToTuyeckasi Teopus TUnepoOJIUIECKOro MorpaHciaoss B 000J0YKax BpalleHus
IIpU yIApPHbIX TOPILEBBIX BO3JEHCTBUAX TAaHT€HIMAJBHOrO TUIIA

H. B. Kupuanosa

CapaToBCKHii HallMOHAJBHBIN HCC/eI0BaTeNbCKUI rocyapeTBeHHbiil yHuBepcuTer uMenu H. . Uepnbitesckoro, Poccus,
410012, r. Caparos, ya. ActpaxaHckas, 1. 83

Kupuanosa Mpuna BacuabeBHa, KaHanaat pHU3HKO-MaTeMaTHYeCKHX Hayk, IOLEHT Kaeapbl MaTeMaTHIeCKOH TeOpHH
YOpyrocTy u 6uomexanuku, iv@sgu.ru, https://orcid.org/0000-0001-6745-4144, AuthorID: 179980

AHHoTamuda. Pa6oTa nocesiieHa NOCTPOEHHUIO aCHMITOTHUECKH ONTHMAaJbHBIX YPaBHEHUH THIep6OSHYeCKOro
MOTPaHCJIOs B TOHKHUX 000JIOUKAX BpAILleHUS] B OKPECTHOCTH (PPOHTA BOJIHBI PaCLIMPEHHs MPH YAAPHBIX
TOPLEBBIX BO3/EHCTBHUAX TaHreHLHabHOro THNA. COOTHOLIEHHUS BBIBOAATCS METOLOM aCHMITOTHYECKOro
HHTETPUPOBAHHUS TOUHBIX TPEXMEPHBIX YPaBHEHHH TEOPHH YIPYTOCTH B MPOCTPAHCTBE CMELHANbHOH CHCTEMBI
KOODJVHAT, SIBHO BBIJIEJSIIONIEH 30HY AeHCTBUS MorpaHcos. st 3Toro aHaJH3HpyeTcsl OBeJIeHHe MepeHEero
(bpoHTa BOJIHBI PACILIMPEHHs], UMEIOLEro CJI0XKHYI0 (OpMY BCJeACTBHE KPUBHU3HBI 000/104KH. [locTpoeHHas
ACHMIITOTHYECKAs MOJEJ/b FeOMETPUH TepefHero (pPoHTA OaeT ero mpeicTaB/eHHe Yepe3 MOBepHYThle HOpMa-
JIM K CPEIMHHOH MOBEPXHOCTH. DTH TIOBEPHYThle HOPMAJH U JAIOT BO3MOXKHOCTb OINPEENHUTb [eOMETPHIO
Y3KOH, Mopsiika KBaapaTa OTHOCHTEJbHOH TOJMIIHHEl 060J0UKH, 06/1aCTH MPUMEHUMOCTH paccMaTpHUBaeMoro
runep6oJMuecKoro norpanesos. IlocTpoeHHble aCHMITOTHYECKH ONTHMAJbHbIE YpaBHEHUS cHOPMUPOBAHEI
IJIsT aCUMIITOTHYECKH TVIaBHBIX KOMIIOHEHT Hampsi>KeHHO-Ae(pOPMUPOBAHHOTO COCTOSIHUS: MPOIOJBHOTO Tepe-
MeIlleHHs U HOPMaJIbHBEIX HamnpsikeHUH. [Ipu aTOM paspeluaroliee ypaBHeHHe OTHOCHTEJNbHO MPOAOJIBHOTO
riepeMelLEeHUs SBJAsIeTCS TUIepOOJMUECKUM ypaBHEHHEM BTOPOro NOPsSiiKa ¢ MepeMeHHBIMH Ko3(dHLHeH-
TaMM y CJlaraeMblX [E€pPBOro MOPSAKA MaJOCTH IO CPABHEHHIO C ero IJIABHOH YacTblo, ONpelessiollel
runep6onu4ecKUi MOrpaHcJIod B MJACTHHE.
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© Kupunnosa Y. B., 2024



Y. B. Kupunnosa. AcuMAToTu4eckas Teopusi runepbonn{eckoro norpaHcnos B 060/104Kax BpateHns 4@

edge loading of the tangential type. These equations are derived by asymptotically integrating of the exact
three-dimensional theory elasticity equations in the special coordinate system. This system defines the
boundary layer region. The wave front has a complicated form, dependent on the shell curvature and
therefore its asymptotical model is constructed. This geometrical model of the front defines it via the
turned normals to the middle surface. Also, these turned normals define the geometry of the hyperbolic
boundary layer applicability region. Constructed asymptotically optimised equations are formulated for
the asymptotically main components of the stress-strain state: the longitudinal displacement and the
normal stresses. The governing equation for the longitudinal displacement is the hyperbolic equation of the
second order with the variable coefficients. The asymptotically main part of this equation is defined as the
hyperbolic boundary layer in plates.
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BBengenue

Pabora nocBsillieHa MOCTPOEHUI0 ACUMIITOTHYECKU OMNTHMAaJbHOH TEOPHUH TUNEepOONUUYECKOTr0
MOrPaHCJIOs B TOHKOCTEHHBIX 000J/I04KaX BpallleHHWs] MPOU3BOJIbHOH (DOPMBI C HENpepbIBHO H3Me-
HSIOLIeHCs] CPeAMHHON MOBEPXHOCTBIO MPH YAAPHBIX TOPLEBLIX BO3AEHCTBHUSIX TAHTE€HLHAJBHOTO
THIA, XapaKTepHU3YIOILKXCS HYJeBbIMH 3HaUeHHsSIMH H3rubaiollero MoOMeHTa U NepepesbiBaioliel
cusiel. PaccmaTpuBaeMblil B HacTosilleld paboTe THI MOrPAHCJO0s COOTBETCTBYET ONHOMY M3 TPex
XapaKTepPHbIX BUJIOB yIAPHBIX TOPLEBBIX BO3JEHCTBUH, KOTOPblE, B COOTBETCTBUH C KJacCU(HUKALHU-
eit Y. K. Huryna [1], npuBoAsiT K NMPUHILHNIHKAJBbHO PAa3HbIM THIAM HECTALHOHAPHOTO BOJHOBOTO
HamnpsiKeHHO-neopmupoBaHHoro coctosHusi (HIC), B 4acTHOCTH, OTIHUAOIINXCS TPUHLHAIHAIBHO
pPa3HBIMM CBOHCTBAaMH B OKPECTHOCTSIX MepeiHUX (PPOHTOB BOJH pacluvMpenus u casura. OTme-
THM, YTO paccMaTpHBaeMoe MPOJAOJIbHOE BO3JeHCTBHE TaHTeHIHAJbHOTO THIA, Ha3BaHHOe B [1]
BoaneiicTBreM Buza LT, mpuBOAUT K 0COOEHHOCTSIM pelleHHs] B 00/1aCTH MepenHero GpoHTa BOJHEI
paclLIMpeHusi, COOTBETCTBYIOLUIUM cHUMMeTpuuHOMY mockomy HIC n/s mosymnoJsocs.

B ornnuue ot ananornyHeix HJC nis o6osiouek BpalleHHs] HYJNE€BOH rayCcCOBOH KPHUBH3HHBI,
rje rnepefHue (PPOHTHI BOJH 3aal0TCS HOPMAJISIMU K CPeAHHHOH MOBEPXHOCTH 000J0UeK, B HalleM
cydyae (pPOHTHI BOJH MCKPHUBJSAIOTCA U MOBOPAYMBAIOTCS OTHOCHTENBHO HOPMAJK B 3aBUCHMOCTH OT
KPHUBH3HbI CPEIUHHON MOBEPXHOCTH. B maHHON cTaThe MOKAa3blBaeTCsl, YTO ACUMIITOTHUECKHH aHa/NU3
JlaeT TpelcTaB/eHHe 3THX (PPOHTOBBIX MOBEPXHOCTEH MOBEPHYTHIMH HOPMaJSIMM K CPEIMHHBIM
MIOBEPXHOCTSAM, YTO [1aeT BO3MOXKHOCTb ONpeNeJUTb FeOMETPHIO Y3KOH, MopsifKa KBajpaTa OTHO-
CUTEJIbHOH TOJILIHUHBI 000J0UKH, 00/JaCTH PUMEHUMOCTH PacCMaTPHUBAEMOTr0 TUIEPOOJHYECKOT0
TOr'PaHCJIOof.

AcumMnToTHUECKOE MpeNCcTaB/IeHHEe UCKOMbBIX (DPOHTOBBIX MOBEPXHOCTEH MO3BOJIMIIO BBECTH HOBYIO
CHCTEMY KOOPAMHAT, MO3BOJSIOLLYIO BBIAEMUTh SIBHO 30HY AEHCTBHS I'MIepOOJHYECKOro MOTrPaHCI0s
U MOCTPOUThH ACUMIITOTHYECKOE pelleHHe [JI 3TOH COCTABJSIOLIEH. BbINoJHEHO aCHMOTOTHUECKOE
UHTETPUPOBAHNE TPEXMEPHBIX YPaBHEHHWH AMHAMHUYECKOH TEOPHH YIIPYTOCTH B 3THX KOOpAMHATAX
npu nokasareJse uameHsieMoctd HJIC mo nponosnbHO# KoopauHate (3afamolieil B 3TOM cjyyae OT-
KJIOHEHHE OT BOJIHOBOTO (ppoHTA), paBHOU 2. [losyueHbl acCHMNTOTHUECKH ONTHMaJsbHble YPaBHEHHUS
paccMaTpUBaeMOro MOTPAHCJOsT OTHOCHTEJNbHO ACHMIITOTHUYECKH IMaBHBIX cocTaBisiomux HJIC
(HOpMaJIbHOTO HAaMpsi)KEHHs W MPOLOJbHOrO MepeMelleHusi). [Ipy 3ToM HopMaJsibHOE HaTpsiKeHHe
BBIPaKaeTCsl uepe3 MpoJoJbHOe MepeMelleHNe, a pa3pellaollee ypaBHeHHE OTHOCHTENBbHO MPOAOJ/Ib-
HOTO MepeMelleHus BJsieTcs runepboNindeckKuM ypaBHEHHEM BTOPOTO TOPsiKa U 3aMHUChIBaeTCs C
aCHMITOTHYECKOH TOUHOCTBIO MOPSIAKA OTHOCUTENBHOH TOJILIMHBI 000J0UYKH.
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OTMeTHM TakxXe, UTO MPH Tepexojie B IOJy4YeHHOM paspellalollleM ypPaBHEHHH HCKOMOTO
MorpaHc/ios K 0ObIYHBIM KPUBOJMHEHHBIM KOODAMHATAM, CBSI3aHHBIM CO CPeIUHHOH MOBEPXHOCTHIO
M HOpMaJblo K Hel, MosyyaeTcsl YIpolleHHast CHCTeMa YpaBHEHHH, HEloCpeACTBEHHO BbIBOAUMAS
MEeTOZIOM aCHMIITOTHUECKOTO MHTErPHPOBAHHUS U3 UCXOIHOH TpexMepHOH chucTeMbl. OnHaKO Takas
paspeluamllas CUCTeMa He M03BOJSIeT B SBHOM BHJE ONpPeles]UTh CBOHCTBA MOIPAHCOS U MOCTPOUTD
B OOBIYHBIX KOOpJAUHATAX MPOCTOE pelleHue AJs Y3KOH MpUQppoHTOBOH 06sacTH.

1. IlocrauoBka 3agaum

PaccMmoTprM pacnpocTpaHeHHe OCECUMMETPHUHBIX yIAPHBIX BOJIH B MoJy6ecKOHEYHOH 0060-
JIOUKe BpalleHHus], BO30OYKAAaeMbIX B Haua/JbHbI MOMEHT BPeMeHU TOPLEBOH yIapHOH Harpys3KkoH
Buna LT [1]. O6mmas cxema pacuseHenus takoro HecraunonapHoro HJIC Ha cocrasJsioniie ¢ pas-
JIMYHBIMH TI0Ka3aTeIsIMA U3MEHSIeMOCTH U IMHAMUYHOCTH paccMaTpHBajach B MoHorpadusx [2, 3]
1 paborax [4,5].

AcCUMNTOTHUECKH ONTHMaJbHblEe YpaBHEHHS T'HIepOOIUUIECKOTO MOrPAaHC/I0s], HMEIOIIEro MeCcTo B
OKPECTHOCTH (pPOHTA BOJIHBI PacCIIMpeHHsi, B 060/J0YKaX BpallleHHs BIepBble ObIIH BbiBeLEHbI B [6].
Tam nporecc acHMNTOTHYECKOrO UHTETPUPOBAHUS NPOBOAMICS Ha 6a3e ypaBHEHUH TEOPHUH YIPYro-
CTH B KOOPIMHATAX, CBS3aHHBIX C 00JIACTBIO MOPSIAKA OTHOCHTENBHON TOJIIUHBI 060JOUKH, COCeNHeH
C HOpMaJblo, IPOXOslIeH Yepe3 TOUKY CPeOUHHOH MOBEPXHOCTH, OMpeeseMylo MepelHuM (PpoH-
TOM BOJIHBI paciuupeHus. Kak nmokasblBaloT HMcc/e10BaHUS, 3Ta 00JaCTh COAEPXKUT U (DPOHT BOJHBI,
M y3KYIO, TIOpsiIKa KBaJapaTa OTHOCHUTEJNbHOH TOJMILIUHBI, TPU(POHTOBYI0 006/1aCTh MPUMEHHUMOCTH
ypaBHeHUi norpaHciosi. Llesbto HacTosilel paboThl U SIBJASIETCS OCTPOEHHE YpaBHEHHH HCKOMOIO
TMOrpaHC/Iosl B KOOPAMHATAX, CBSI3aHHBIX HENOCPEACTBEHHO C MOBEPXHOCTBIO MepefHero (poHTa.
CpaBHeHHe 3THUX JByX THUIIOB YPaBHEHHH IMO3BOJNHUT OKOHYATEJNBHO CIEJNaThb BbIBOIABI OTHOCHUTENBHO
BO3MOXKHOCTH MPUMEHEHHST 3TUX CHUCTEM.

Brinuiem TpexMepHble YpaBHEHHS] TEOPHH YIPYTOCTH I/l paccMaTpuBaeMoi 060/104KH Bpa-
1eHust, u300pakeHHOH Ha puc. 1, rae («, 0, z) — KPUBOJIMHEHHbIE KOOPAUHATHI: (v — AJIMHA IYTH
BHOJIb 00pasytoleil, § — yros B OKPYy>KHOM HampaBJjeHHH, 2 — KOOPAHWHATA BHELIHEH HOpMaJu K
CPeLMHHOH MOBEPXHOCTH:

88_262’1)1 4 82111 _ la%l + 1 8203 i i( _ _282’01
da? 922 A o2 1-2w0adz Ry Oa?
827)1 1 827)1 QB 8’[)1 1 81}1
022 % ot? ) ® B da (7 7) 0z +
(ol 1 iyom_
1-20R, 1-2vRy/ 0a )
1 9*n 0%vs 42 0%v3 B i82v3 i i( 7 82v3+
1—2v0adz Oa? 022 3 o2 R Oa?
n _28203_18203>_3—41/18vl+ 1 E’%
® 02 2 ot2 1—-20R; 0 1—2v B 9z
B/ 8’[)3 _9 1 1 8’[)3
+5aa e (7 *)E =0
E o Ovs z Ouy ko ki
S PPl k k 2
au 1—|—I/[2aa+ 10,2 2R16 thyg v1+<R1+R2> }
_E o Ovs z Ovy ki ke
"22—1+,,[ 150 Hhig, MR Ba +k2BU1+<R1+R2> us), o
E ovy Ovs z Ovy B 1 1
k + k -k k1 ki —
A {1804 29, MR 0a TRt 1(R1+RQ) ]
B FE ovy  Ovs z Ous 1
013_2(1+V)(E+87a R71(9704+R710>
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OTH ypaBHeHHs BBIIMCAHbBI C aCUMITOTHYE- 7
ckoit morpemHoctbio O(c?), Heo6XoaUMOK A/
OMHCaHHUs runepbogudecKoro norpancios. Pas- )\
pellaiollide YpaBHEHHUS ABHKEHHs B MepeMeLle-
HUSIX U ypaBHeHHUs 3aKoHa ['yKka UMelT CoOoT-
BeTcTBeHHO BUA (1) u (2), rne e — MaJibiil mapa-
METP TOHKOCTEHHOCTH 0060J104KH: € = h/R, h —

MOJIyTOJIIIMHE, [} — XapakTepHoe 3HaueHHe pa-  pue 1. KpuBonuHeiiHble KOOPAHHATE 060MOYKH

JMYCOB KPUBH3HBI, 0;; — HANPSKEHHUs, v; — I1e- BpalleHHst
peMmeleHus], t — Bpems, £ — monyab IOura, v —  Fig. 1. Curvilinear coordinates of the shell
ko3 duuuent [lyaccona, p — MJIOTHOCTb MaTe- of revolution

puasa 0060JI04KH, F; — panuycbl KpUBHU3HbBI Cpe-
JMHHOH moBepxHoCTH, k1 = v/(1 — 2v), ke = (1 —v)/(1 — 2v), &? = (1 —2v)/(2 — 2v), B—
paccTosiHhe OT CPeJIMHHOM MOBEPXHOCTH 10 OCH BpalleHHUsl, ¢; U Ca — CKOPOCTH paclpoCTpaHeHHUs
BOJIH PacCIIMPeHHUs U CABHTra.

Paccmorpum caenytouuii Bun ynapHoro LT BosmeficTBust Ha Topel, 060J0UKH BpallleHHs, KOT/a
ylapHasi Harpy3ka 3aBUCHT OT BPeMeHH Kak eluHH4Has (yHKUus Xesucaiina H (t):

011:IH(t), ’1)1:0, 0420,
rne I — AMIIJIMTYya. O,U,HOpOII,HbIe HaydaJbHbl€ YCJOBHSA 3allMUCbIBAIOTCA B BHUIE

. (%Z-
Ot

v; =0, i=1,2

2. AcuMnroTuyeckKas reoMeTpuuecKasi Moaesab (ppoHTa BOJHBI paclIUupeHus

HccnenoBaHue pellieHHsl OJ/51 TOUHBIX BOJIHOBBIX ypaBHEHHUH B LUJMHIPUYECKOH 000J0UKe
SIBUJIOCH 0230BBIM [JIs aHan3a runepbosndecKoro morpaHc/ios B 060M04KaxX BpalleHUsT HYJIeBOH
rayccoBoil KpuBH3HHI [7]. B kauecTBe 6a30Bo# 3amauu IJsi 00IIEro cjaydasi 060J104eK BpallleHHUsI
BelOepeM Terepb 3afady A5 cepuueckoil 000JOUKH C pafMycoM CpelMHHOH moBepxHOCTH R.

Kapruna pacnpocTpaHeHusi BO3MYLIEHNUH
1J151 cpepryeckoil 000J0YKH B MOMEHT Bpe-
MeHH t( TpeACTaBJeHa Ha puc. 2. 31ech cxe-
MaTHUECKH M300paKeHO ceueHHe paccMaTpH-
BaeMoi 060/104KH uepes LeHTp O3. Cuntaem,
4To g = c1tp; A1 U Ba — rpaHUYHBIE TOUKH
pacrnpocTpaHeHHUd BO3MYIIEeHHH M0 BepxHeH
M HUXKHeH JIMLEeBbIM MoBepxHoCTsAM; AjAj,
B1By, 0105 —HOpMaJH K CPEIWHHOH II0-
BEPXHOCTH, MPOXOASLIHE 4Yepe3 TOUKH Aj,
By u ap. Tlockosbky MBI paccMaTpuBaem
chepuueckyio 000JIOUKY, TO 3TH HOpMaJ/H o)
JIeyKaT Ha pafinycax OKPYKHOCTH CPeIUHHOH :
[IOBEPXHOCTH, MMPOXOASALIHNX 4Hepe3 3TH XKe Puc. 2. ®opmuposaHue GpoHTa BOJHBI paclIUpeHHs
TOUYKH. B c(hepuueckoi 060J/0uKe

COOTHOIIEHHS MeX1y AJIHHAMH AYT U Fig. 2. Formation of an expansion wave front
pagrycaMi KOHLEHTPUYECKUX OKPYKHOCTEH in a spherical shell
[I03BOJISIIOT ONpeNeNUTh KOOPAUHATBI TOUEK
A1 148 BQI

N
797

a=o[l —e+0(H)], a=ap[l +e+0(?)], (3)

KOTOpbIE ABJIAIOTCA TOYKAMHU q)pOHTa BOJIHBI paClIMpEeHHs Ha BerHefI Y HUXHeH JINLEBLIX roBepx-
HOCTHX.
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Ananiornyso (3) MOXKHO CUMTATh, UTO JIMHWH, MPOXOAsLIHe Yepe3 TOUKU A1, g U Ba, omnpeje-
JIAI0TCS CJeAYIOUIUM BblpaKeHUEM:

a= 1—%4—0(82)} :a0|:1—6c+0(82> . (4)

Byznem Tenepb paccMaTpuBaTh MOBEPXHOCTb, ONpele/sieMyl0 YpaBHeHHeM (4), KaK MOBEPXHOCTb
nepenHero (poHTa BOJHB U 9 KaK (DPOHTOBYIO TOUKY Ha cpenuHHOH JuHuM. [lpu atom ¢
acuMnToTHYeckoi norpemHoctbio O(e2) MOXKHO cuMTaTh ypaBHeHHe (4) ypaBHeHHeM MPsMOi, a
(DpOHT BOJIHBl MOXKHO CUHTATh NOBEPXHOCTbIO, 00pa30BaHHOH HOpPMaJIIMH K CPeAMHHOH JIMHHUH,
MOBEPHYTBIMU B TOYKaX oy = C1tg.

[lepefineM K MOCTPOEHMIO aCUMITOTHKH (PpOHTA BOJHBEI B 000J0UKaxX BpalleHus. s onpene-
JIEHHOCTH PacCMOTPUM 000JIOYKY BpallleHHsl MOJIOKHUTEeJbHOH rayccoBOH KPUBU3HBI, CXeMaTHYHOe
1300pakeHne KOTOPOW MPeNCcTaBJeHO Ha PHC. 3.
O6o3HaueHUst Ha 3TOH (HUType MOJHOCTHIO CO-
OTBETCTBYIOT 0003HaueHWsiM Ha puc. 2. Tak
KaK MnepBbll Koa(duuueHt Jlame B paccmar-
prBaeMoOH crcTeMe KOOpAMHAT 3allUChIBAeTCS B
Buae [8]

z
Ry’
Puc. 3. ®opmupoBaHue (ppoHTa BOJNHBEI paclInpe- rie Ry — MIaBHBIA Pafiyc KPHBH3HBI CPELHH-
, A B o6onotKe BpatleHHs HOH NOBEPXHOCTH, TO HCKOMble PAcCTOSHHUS IO
Fig. 3. Formation of an expansion wave front
in a shell of revolution JIMLIEBBIM MOBEPXHOCTSIM 10 BOJIHOBOI'O (DPOHTA
OMpeNeNsoTCs CAeqyIOMUM 00pa3oM:

Hy =1+

*0 do ¥ dov
T101:Oé0+h/ ) TQngaoh/ )
0 Rl 0 Rl
a oTpesku KpuBbIX A101 u Og By onpenensiioTcs BhIpaXKeHUsIMH

ag
A0 = 0yBy =1 [ 92 (5)
o I

[TonyueHHble pe3y/bTaThl AJs chepruueckod 060a04KH 0600IIUM Ha caydall 060J09KH BpalleHHusl.
HenocpencTBeHHo u3 (5) cienyer, 4To MOBEPXHOCTb, ONpeleNsieMylo BblpaxKeHHEM

0 do
a=ay—z2F(a), F(ag)= =, (6)
o B
OyneM paccMaTpPUBaTh B KayecTBe BOJHOBOTO (hPOHTA BOJHBI PacLIMPEHHsl, 06Pa30BAHHOrO MOBep-
HYTBIMM HOPMaJISIMH K CPEIMHHOH MOBEPXHOCTH. JIErKo BHAETh, YTO MPH 3TOM JIJHHA OTpe3Ka

MOBEPHYTON HOPMaJK 2% 3a1aeTcs ClefyoWUM 06pasoM:

20 = 2y/1+ F2(a). (7)

3. YpaBHeHHs runep00JUYECKOr0o MOTPaHCIOSd B OKPECTHOCTU (DpOHTa
BOJIHBI pacUIMpeHUs

B cooTBeTCTBUH C IJMHON OTpe3Ka MOBEPHYTOH HOpMaJHu, 3amaBaeMod dopmysoi (7), BBemem
HOBYIO KOOPIMHATY zp: zp = z4/1 + F?(«), KoTOpasi mpu o = g = ¢1t OTCUHUTHIBAETCS] BOJb
KOOPAHMHATHOH JINHHK HOBOH CHCTeMbl KOOPAHHAT («v, zF), COBMAaAaoLIel ¢ MepeaHUM (POHTOM
BOJIHBI.

[l BBIBOIA aCHMITOTHYECKH ONTHMAJbHBIX YPaBHEHHH paccMaTPUBAeMOro THMepOOJHUECKOro
TNIOI'PaHC/I0sl OTMETUM, YTO B cjydae 060/I04eK BpallleHUs] HYJ1eBOH raycCOBOH KPUBH3HBI OH SIBJISIETCS
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B aCUMIITOTHYEeCKOM CMBbIc/Ie 0000lIeHHeM COOTBeTCTBYIOILEr0 MOrPaHCIos B MOJOCe U OTBeyaeT
nnockomy tuny HJIC [6]. B paccmatprBaeMom ciydae MorpaHc/iold UMeeT CHMMETPUUHBIN THII,
KOrza C aCUMIITOTHUeCKOH mnorpemHocTblo O(g) QYHKUHH vy, 011, 022, 033 110 HOPMaJsbHOH
KOOpAMHATE YeTHBI, a U3, 013 — HEYETHHI.

B paccmatprBaeMoil HOBOH CHCTeMe KOOPAMHAT (v, 2p) TaK¥Ke MOXHO BbISIBUTb CBOHCTBA Y€THO-
CTH U HEUeTHOCTH HaNpsiKeHUH U NepeMelleHUH 10 BBeJeHHOH KOOpAMHATE ZF C aCUMIITOTUYECKOH
norpetHocTbi0 O(g), UTO 0OYCJIOBJIEHO ONMHAKOBOH (DOPMOH aCHUMIITOTHUECKH TJIABHOH 4acTH
paspeluarllell CUCTEMBl KakK [Jis NPOCTEHIIero caydyas LUUJAUHAPUYECKOH OOOJOUKH, TaK U A5
obrero cayyast o6osouek BparieHus. C y4eToM 3TOro CBOHCTBa paspeluatoiiie ypaBHenus (1), (2)
3aMMCHIBAIOTCS B CJAEAYIOLUIEM BUIE:

728 (%] (1+F2)82U1_i82vl \/1—|—F2_ 827)3
0o 022 3 ot? 1-2v Oadzp

zFF[ 2272 9%y 1 8203} o B'on

V1+ F2? 0adzp + 1—2v 82% E%ZO’ ®)
V14 F? (92’01 " 82’03 1 ( n F2)8 vz 1 821}3
1—2v Oadzp  0a? 022 2 ot?

ZF { 1 821}1 2 9%v ] B'\14+ F2 9vy B’ Ovs _0

+R1\/1 T F2Ll1—2v 82’% V1 4+ F20a0zp (1—-2v)B 0zp B dar

o1 = i(k; 8”1+k1\/1+F2§”3>, 02 = i(k Ou1 +k1\/1+F2gU?’>,
ZF

14+v 0 1+4+v da ZF
_ E 6111 261]3 . E 8’01 8’03
7 = 1y (e +hVI+ ), ”13_W<V1+FT+%>

[Tono6Ho cayuar runepOOJUYECKOro MOTPAHCAOS B 000/0UKaX BpallleHHs HYJEBOH Taycco-
BOM KPHBU3HBI BBefleM Oe3pa3MepHble nepeMeHHble, XxapakTepuaytomue HAC runep6onnyeckoro
norpaHcJioss B Masioit, nopsnka O(s2), okpecTHOCTH (DpOHTA BOJHBI paclurpenus (6):

$:;12(TO_§0)7 TOZCIt/Rv &)ZO[/R, CF:ZF/h’ (10)

roie R — XapakTepHOe 3HaueHHWe paiWycoB KpuBHU3HHL. [lpumem, 4yto nuddepeHUHpOBaHHE 10
BBeJIeHHBIM NepeMeHHBIM MapaMeTpaM He U3MeHsieT MOpsiKa UCKOMBIX (PYHKUMH. DTU NepeMeHHble
TM03BOJISIIOT SIBHO BBIAEJNUTb 00/1aCTH NPUMEHHMOCTH HCKOMOTO MOI'PAHCJIO0s], KOTOPblE CXeMaTHUHO
npejicTaBJaeHbl Ha puc. 4.

a/a 6/5b

Puc. 4. CxeMbl o6/1acTeil MPUMEHHUMOCTH TUNePOOIHUECKOr0 MOTPAHCI0s B LHAUHAPUUECKOH 060J0uKe (a) U
o6osiouke BpalleHus (6)
Fig. 4. Schemes of the domains of applicability of the hyperbolic boundary layer in a cylindrical shell (a)
and a shell of revolution ()

MexaHvnka 227



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

3nech U300paKeHO PaCIOOKeHHEe UCKOMBIX 00J1acTell IPUMEHUMOCTH AJS LUJIUMHIPHUECKOH
o6oJiouku (puc. 4, a) u o6osouku BpaileHus (puc. 4, 6) B MOMEHT BpeMeHHU ty C KOOPAMHATON
(hpoHTa Ha CPeNMHHON MOBEPXHOCTH g = c1t; OTpe3kH AjBs 3a1al0T NpsiMoJIMHeHble (hPOHTHI,
KOTOpBIE B ciaydae 000JI0YKH BpalleHHUs: 00pa3yloTcsl MyTeM I0BOPOTA HOPMaJd BOKPYT TOUYKH ay.

Acumnroruueckue BenuunHbl KoMnoHeHT HJIC 3amanum caenyomunm o6pa3om:

* 2,k -1 _x -1 _x *
v1 = Revy, wv3= Re“v3y, o011 =FEec "0y, 033=FEe 033, o013=FEoj;. (11)

CuMTaeM, 4TO BEJUUYHHBI CO 3BE30UKAMU MMEIOT OIMHAKOBBIE aCHMITOTHUECKHH TMOPSIAOK; 3BE3/10U-
KW B HnasbHediieM onyckaeM. [lepeiinem B ypaBHeHusix (8), (9) k nepemenubiM (10) ¢ yyerom (11).
YuuThiBasi Takxke 3aBUCHMOCTb MPOH3BOAHBIX MO « OT MPOU3BOAHBIX MO X W &y, MPUXOAUM K
C/IEYIOUIMM YPaBHEHHSIM:

2 2 2 2 /
syl 2 On O VIREE Ovs Bon
I  R\W1+F?2> 0x0¢C 0x0& 2(1—v)0xd(r B Ox (12)
82’01 (92’03
V14 F? =
ey T a2 =Y
1 ovy v ovy V1+ F2 9y

2(1 + v)a? Oz’ A-20)1+v) 0z’ BT 11v o

[Tonyuennsle paspemarouire ypaBHeHus (12), (13) siBasioTcs ypaBHEHHSIMH C MeIJIEHHO H3Me-
HSIIOIIUMHUCS KO3(D(PHULHEHTAMH, 3aBUCSAIIUMH OT PyHKUUM B u QpyHKUMH F', KOTOpas CTpeMHUTCs
K HYJIIO IIpU CTPeMJIeHUU K OeCKOHEeYHOCTH IJIaBHOI'O pajauyca KpuBu3Hbl R;. Ilpyu aTom ¢poHT
BOJIHBI TIEPEXOIUT B IOJIOXKEHHe HOPMaJid K CPEeIWHHOH MOBEPXHOCTH M 000J0YKA CTAaHOBHTCS
000/104KO} BpallleHUs! HyJeBOH rayCCOBOM KPHMBHU3HbBI, @ pacCMaTpUBaeMble ypaBHEHMs MepeXoisiT B
y2Ke ToJydeHHble paspellalollide YpaBHEHHs 1Js 9THX NPOCTeHIINX 060/0YeK.

Cucrema ypaBHeHuil (12) nmosmydena ¢ norpemHoctbio O(g), MOITOMY ee BTOPOe ypaBHEHHE C
MeJlJIEHHO M3MeHSIIOIHMCS KOI(P(PUIHUEHTOM MOXKHO MPOUHTErPUPOBATh MO x, MOJyyas BbIpaKeHHe

IJIs TIepeMellleHus v3 Yyepes vy
(%3 \/—8’01 (14)

[ToncraBasis (14) B nepBoe ypaBHeHHe cucTeMbl (12), HpI/IXOﬂI/IM K OJIHOMY paspellamwlleMy ypaBHe-
HHIO OTHOCHUTEJ/IbHO aCUMITOTHYECKH [VIaBHOH KOMIOHEHTBI V1:

8 U1 8201 2 821}1 B/ 8’1)1
1+ F? — _bon
O 5e Y 2 m0e,  mviTF2 a0cr B ow
1 ovy v vy V14 F? 9y

o11 = — 033 = — 013 =

21+ v)? dz’ (1—-20)(1+v) oz’ 1+v 9

B ucxonHo#l pasmepHoii (popMe MosiydeHHbIe paspeliarmliyde ypaBHEHHUS /ST ACHMIITOTHYECKH
TJIaBHBIX COCTaBJSIOIINX NPUMYT CJAeLyIOUHH BUA:

2 2 1 2 2 2 BI
041 (1+F2)81;1_7281;1+ 2F 0“v1 +7%:0’
oa? Ozy. ¢ Ot RiV1+ F20a0zr B Oa (15)
FE ov Ev ov 81}
0112771, 033 = 71, 013 \/ -1

2(1 4 v)®? da (I -2v)(1+v) O

[Tonyuennsle paspematoiire ypaBHeHus (15) 06061al0T aHAJOTHUHBIE YPAaBHEHHUS MOTPAHCJION
11 060J10ueK BpallleHHsl HYJIeBOH rayCCOBOH KPHUBH3HBI, IOCKOJBKY MPH CcTpeMJjeHHH R; K Gec-
KOHeYHOCTH (pyHKUHMs F'(cy) CTpeMHTCs K HYJIO U MOoJydeHHble ypaBHeHHs (15) mpuHUMAOT BUL

821}1 82U1 1 82111 B’ 81}1

902 " 92 2o "B o

FE ovy B FEv ovy _E Oun
21+ )= da’ "B T 1—20)(1+v) da’ T 1tv 0z

=0,
(16)

011 =
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4TO SABJISIETCS CHCTEMOH paspellaollnX ypaBHEHHH rUnepOosHUecKOro MorpaHcIos, MoaydeHHbIX
B [6]. OTMeTHM Takxe, 4TO NpH nepexofe B (15) K HCXOMHBIM KOOPAMHATAM (cv, ) TaKKe MOJHOCTBIO
NpUXoauM K ypaBHeHHsIM (16). MoxkHO, TakuM 006pa3oM, clesaaThb BBIBOH, uTo cucTeMa (16)
OMHKCbIBAET TUIMepOONHUECKUH MOTPAHCA0H B paMKaX OKpecTHOCTH mopsinka O(g), BHYTPH KOTOPOH
OH ¥ colepKUTCs ¢ ToauHoi nopsaka O(g2), a ais ero onpenesneHds u TpeGylOTC ypaBHEHUS
cucremsl (15).

[TocTpoeHHble paspellaililie YpaBHEHHUsI IBHUXKEHHsI CBEJHUCH [Jisi ACHMIITOTHYECKH TJIaBHBIX
komnoHeHT HJIC K ofHOMY ypaBHEHHIO BTOPOTO TMOpPsiIKa C MepeMeHHbIMH KO3 dHUIIMeHTaMHu, IS
YIOBJIETBOPEHHUS] KOTOPBIX TPeOyeTcsi TOJMbKO M0 OfHOMY 'DAaHHUHOMY YCJOBHIO KaK Ha TOpLE, TaK U
Ha JIMLEBLIX MOBEPXHOCTAX. [103TOMY rpaHHUHbIE YCIOBUS Ha JIHULEBLIX OBEPXHOCTSIX 3aMULIYTCS B

(hopme
0'33:0, ZF:j:h\/1+F2(Oé),

a 1J5 Harpy>keHuH Ha Tople — B cJaeAylolleld (opme:
011:IH(t), a=0.

BriBog

PaspaboraHHasi Mozie/ib 3aBeplIaeT MOCTPOEHHe aCUMITOTHUECKOH TEOPUH HECTallMOHAPHOTO
HIC tonkux o60Jsi04eK BpalleHHs B IJaHE BbIBOAA ONTHMAaJbHBIX ypPaBHEHHH, OMUCHIBAIOIIUX B
npocrekied (opme ero cBoHCTBa B MaJlOH OKPeCTHOCTH TepelHero (PpoHTa BOJIHbBI pacLIMpeHHUs .
Takzke mpoBezieHa MpuBs3Ka (PpPoHTA K MOBOPOTY HOPMAJH K CPEIUHHOH MOBEPXHOCTH U BhIsSBJIEHHE
riaBHbIX KoMmmoHeHT HJIC: mpomosibHOTO nepemelleHnsi U HOPMaJ/bHbIX HamnpsikeHu#. [losydenHoe
paspeliaollee runepbosdyeckoe ypaBHeHHEe BTOPOro MOPsiKa MO3BOJSIET He TOJBKO MOJYYHUTb
aHaJMTHYeCKoe pellleHHe, HO U IaTh yIoOHYI0 (OpPMY /sl pelleHHs] YUCIEHHOTrO.
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MaremaTuyeckas Mofieib KOJieOaHU OPTOTPONHBIX CETYATBIX MUKPOIOJISPHBIX
LWJIMHAPUYECKHX 000/I0UEK B YCJOBHUSIX TeMIIepaTypPHBIX BO3AeHCTBUMN

E. 10. Kpsiiora

CapaToBCKHi HallMOHAJbHbBIN HCCEN0BaTeIbCKUH rocynapcTBeHHbld yHUBepenTeT UMeHu H. I'. UepHbiesckoro, Poccus,
410012, r. Caparos, yi. ActpaxaHckas, a. 83

KpeutoBa Exarepuna IOpbeBHa, kaumunat (pH3HKO-MaTeMaTHUECKUX HAyK, NOLEHT Kadeapbl MaTeMaTHUECKOrO H
KOMIIbIOTEPHOTr0 MonesupoBanus, kat.krylova@bk.ru, https://orcid.org/0000-0002-7593-0320, AuthorID: 722982

AnHoTtanus. B pa6oTe nocrpoeHa MaTeMaTHyecKas MOAeJb KoJeOaHUH MHKPOMOIAPHBIX LUJIWHIPHUECKHUX
000JI0UeK CeTyaToH CTPYKTYphl MOA NeHCTBHEeM BUOPALMOHHBIX W TeMIepaTypHBIX Bo3neHcTBUH. Mare-
puas 060/I04KH YIPYTUH, OPTOTPONHBLIH, ONHOPOAHBIN, MoJenrupyeMblll nceBaokoHTUHYYMOM Koccepa, co
CTeCHeHHbIM BpauleHueM yacTul. IIpunar sakon Hworamens — Helimana. CeTuaTast cTpyKTypa yuTeHa Mo
monesu I'. WM. [lueHnuHoBa, reoMeTpruieckasi HeJlMHeHHOCTb — 10 Teopun Teomopa (hoH KapmaHna. YpaBHeHuUs
IBYDKEHUsI, TPAaHUYHBEIE U HavyasbHbIE YCJOBUS MOJYUYEHBl U3 BapHALMOHHOrO NpruHIHNa OCTpOrpajicKkoro —
[amuabToHa Ha ocHoBe KHHemaTHueckod Mofesn C. I1. Tumowenko. IToctpoeHHas MareMaTHyecKas MOZeJb
OyneT MoJIe3HOH, B TOM YHCJIe [IPH HCCJIef0BAHHH TOBENEHHUS YIIePOIHbIX HAHOTPYOOK B PA3JUUHBIX YCJIOBHIX
3KCIIyaTalUU.

KaioueBble cioBa: LU/IHHAPUYECKHe OOOJIOYKH CETYATOH CTPYKTYPbI, MaTeMaTHYecKoe MOJeJNHPOBAHHE,
TepMOJHHAMHUKa, YIiepogHas HaHOTpyOKa
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MOJIAPHBIX LMJIHHAPHUIECKHX 000JI0UEK B YCJIOBHSAX TeMIepaTypHbIX BosaeiicTBuil // V3Bectnsi CapatoBckoro
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Article

Mathematical model of orthotropic meshed micropolar cylindrical shells
oscillations under temperature effects

E. Yu. Krylova

Saratov State University, 83 Astrakhanskaya St., Saratov 410012, Russia

Ekaterina Yu. Krylova, kat.krylova@bk.ru, https://orcid.org/0000-0002-7593-0320, AuthorID: 722982

Abstract. In the work the mathematical model of micropolar meshed cylindrical shells oscillations under the
action of the vibrational and temperature effects is constructed. The shell material is an elastic orthotropic
homogeneous Cosserat pseudocontinuum with constrained rotation of particles. The Duhamel — Neumann’s
law was adopted. The mesh structure is taken into account according to the model of G. I. Pshenichnov,
geometric nonlinearity according to Theodor von Karman theory. The equations of motion, boundary
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and initial conditions are obtained from the Ostrogradsky — Hamilton variational principle based on the
Tymoshenko kinematic model. The constructed a mathematical model will be useful, among other things,
in the study of the behavior of carbon nanotubes under various operating conditions.

Keywords: mesh structure cylindrical shells, mathematical modeling, thermodynamics, carbon nanotube
Acknowledgements: This work was supported by the Russian Science Foundation (project No. 22-21-00331).
For citation: Krylova E. Yu. Mathematical model of orthotropic meshed micropolar cylindrical shells
oscillations under temperature effects. Jzvestiya of Saratov University. Mathematics. Mechanics. Informa-
tics, 2024, vol. 24, iss. 2, pp. 231-244 (in Russian). https://doi.org/10.18500/1816-9791-2024-24-2-231-244,
EDN: VLEBOS

This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
License (CC-BY 4.0)

BBenenue

HayuHo-TexHHUeCKHH nporpecc W pa3BUTHE COBPEMEHHBIX TEXHOJOIMH HEyMOJMMO MPUBOASAT
K TOMY, UTO HaHO- ¥ MHKpo3jeKTpoMexaHnueckue cucteMbl (HOIMC u MIMC) Ha yriepomaHbix
HaHoTpy6kax (YHT) HaunHaioT HanmpsiMylo KOHKYpHpoBaTh U aaxe npeBocxonnTb HIMC u MOMC,
B KOTOPBIX MCIIOJb3YIOTCS TPaJHLHOHHBIe MaTepuasbl. [ns ucrnosnb3oBanus YHT B kauecTBe
KOHCTPYKUHMOHHBIX 37eMeHToB HIMC 1 MIMC 6ynyuiero Heo6X0ANMO XOPOLIO pa3dbupaTbesi B
0COGEHHOCTSIX UX TOBEIeHHsI B 3aBUCHMOCTH OT Pa3HOro pona (pakTopoB (BUOPALIMOHHBIX, IIYMOBBIX,
TEIMJIOBBIX, 3J€KTPOCTATHUECKHUX BO3IEHCTBHH, BJIAXKHOCTH, AMCCUNALMHM BHELIHEH Cpelbl), 4TO
00yCJI0BNIMBaeT HEOOXOAHMMOCTh CO3NAHHS MAaKCHMaJsbHO TOYHBIX MaTeMaTHUECKHX MOIesed U
MeTOJO0B HX pacyerta.

Ananus nosenenuss YHT JieXXUT B MJI0CKOCTH Hay4HbIX HHTEPECOB MHOTHX aBTOPOB M Hay4HBIX
rpynn kak B Poccuu, Tak u 3a py6exom. Insi aHanusa noBemeHunss YHT kak mMexaHHUecKHX
00BbEKTOB MpHUMeHSJIUCh OajiouHble Monenu disepa — bepuynau [1], Tumowenko [2], [Tenexa —
[llepemeTbeBa [3], roe y4eT pasmMepHO-3aBHCHMOTO MOBENEHHs OblI CBsSI3aH C TPagHeHTHOH TeopHeM
ynpyroctd. MoMeHTHasi Teopusl YIPYrocTH npuMeHsiiack k aHaiaudy YHT B pabore [4]. B [5]
U3yyeHHe NTUHAMHKH YIVIEPOAHBIX HAaHOTPYOOK BeJIOCh Ha OCHOBE I'DAafMeHTHOH TEOPHH YIPYroCTH
c ydetoM nedopmauuu cinsura. Moaenu noBeneHHs] OPTOTPONHBIX MHUKPOIOJSPHBIX 000J0UeK
nmocTpoeHbl B paborax [6,7]. BosblIMHCTBO aBTOPOB /sl aHa/juM3a CTaTMKH U auHaMuku YHT
HCTIOMb3YIOT JiHelHHble Monesu [8—11], B To BpeMs KaK 3KCIepHMeHTa/bHble NaHHble YKa3blBaIOT Ha
He0OXOIUMOCTb yueTa HeJMHEHHOCTH MPH MOJENHUPOBAHUU TOBENEHHsI pacCMaTPUBAEMbIX 0OBEKTOB
[12]. B pa6ore [13] mpenJsokeHa KOHTHHyaJjibHasi MOJEJb CETYATOH 0OOJIOUKH, 0Opa30BaHHOM
IBYMsI ceMeHCTBaMU THOKUX HEJMHEHHO-YIPYTHX BOJOKOH, COXPAHSAMIINX CBOK OPTOTrOHAJBHOCTh B
npouecce fneopMUpoBaHUs. AHaIM3 MOBe/IeHHUsT Pa3MepPHO-3aBUCHMBIX T€OMETPUUECKH HeJHHEeHHbIX
cetyaTeix obosiouek momenu Kupxroda-—JlsgBa ¢ pasnuuHoll reomMeTpueHd CeTKU NPUBOLUTCS B
pabote [14]. YHT kak s1eMeHTbI 3/JI€KTPOHUKH, B YaCTHOCTH T0JIEBBIX TPAH3UCTOPOB, 3aUaCTYIO
paboTaloT B LIMPOKOM [IHara3oHe TeMIepaTyp oA AeHCTBHeM BHOPaLMOHHBIX Harpy3ok. Mopenb
6anku ditnepa — bepHy//iu B coueTaHnu ¢ HeJIOKaJAbHOU TEOpUel yIpPyrocTH JpUHTeHa UCIIONb3YeTCs
IS aHaJIM3a BJMSIHUSI TeMIepaTypHBIX rpaadeHToB Ha noBeneHue Y HT B pa6orax [15, 16].

Teopus kone6anniit YHT Kak reomMeTpuuecku HeJMHEHHBIX OPTOTPONHBIX CETUYATHIX LUAHUHAPHUYE-
CKHX 060JI04eK C yUeTOM CIBHUTOBBIX Ne(opMallvii, pa3MepHO-3aBUCHMOTO TOBEJEHHs, TeMIEPaTyp-
HBIX ¥ BUOPALIMOHHBIX HAarpy30K B U3BECTHOH aBTOpPY JHTepaType He BcTpedanack. MartemaTuueckas
Moe/b Ae(hOPMUPOBAHUS LIUIHUHAPHUECKOA 000JNOYKH CETUATOH CTPYKTYpPbl C YUETOM BbILIEOMHUCAH-
HBIX (DAKTOPOB NOCTPOEHA B HACTOSLLEH CTaThbe.

1. OO6GocHOBaHUe MeTOAOB U MOIXOI0OB

CJienyeT OTMETUTD, YTO MPEMJOKEHHAs TeopHsl OyJeT MoJe3Ha TPH UCCJIeIOBaHUU MOBeIeHHUS
JIIOOBIX KOHCTPYKLMOHHBIX 3JIEMEHTOB B BHJE CETUATBIX IUJIWHIPHIECKUX 000JI0UEK B YCJOBUSIX
TeMIepaTypPHbIX U BUOPALMOHHBIX BO3AEHCTBUH OT Makpo- 10 HaHOpa3Mepa, B YACTHOCTH, TAaKHUX
KaK yryeponHas HaHOTpyO6Ka.
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YrieponHasi HAaHOTPYOKa SIBJsIETCS HAHOPA3MePHBIM 0ObEKTOM, [I03TOMY MPU HUCCAELOBAHUU €ee
MOBe/IeHHs CeflyeT OMHUPAThbCs HA TEOPHH, YUUThIBaoLIKe 3PdekTh MaciiTada. B pamkax naHHoH
paboThl UCIOJMb3yeTCss MOMEHTHasi (MUKDOIIOJISpHAsi) TEOPHsI CO CTeCHEHHBIM BpallleHHeM YacCTHLI.

YHT cocTouT U3 OOHOH WM HECKOJbKHX CBEPHYTBIX B TPyOKY rpadeHOBBIX MJIOCKOCTEN.
[paden — kpucrannuueckuit matepuan. B pabote [17] skcnepuMeHTa bHO yCTaHOBJIEHO, UTO B
npouecce feopMalui KPUCTAJNIOB BaXKHYIO POJIb UI'PAIOT CABUIH U MOBOPOTHI, a CJ€0BATE/bHO,
000CHOBaHa HeOOXOAMMOCTb HCIOJb30BAHUS MPH MOAEJHUPOBAHUU HUX IOBENEHHS TEOpPUH THMA
C. I1. TumorueHko.

Agropamu pa6oTsl [18] nmpoBeneHbl KBAaHTOBO-XMMHUUECKHE UCC/I0BAHUS MeXaHUYEeCKHUX CBOHUCTB
rpadeHa ¥ MoKas3aHo, 4TO C YMeHbLIeHHEM JUHEHHBIX Pa3MepoB rpa)eHOBOrO JIUCTA PA3HULA MEXKIY
3HaueHusimu Monynei IOHra B AByX B3aMMO NepreHIUKYJSPHBIX HanpaBjeHUsix pacter. CpencTsa-
MU MOJIEKYJISIPHOH OMHAMHKH B HccaenoBaHuu [19] mosydeH aHajoruuHblil pesyabrat. M3 atoro
cjenyeT HeoOXOAUMOCTb MoCTpoeHUs: oOilell Teopun kojebanuit YHT c yyetrom anuzorponuu
(oproTpomnun).

YraeponHasi HaHOTPyOKa Kak MeXaHHUYeCKHH 0ObeKT MpencTaBJ/sieT coO0l 3aMKHYTYIO LIUJIWH-
IpPUYECKyI0 060JIOUKY CeTYaTOH CTPYKTYphl. B pamKax maHHOH paGoThl ee CTPYKTYpy INpensaraercs
ydecTb Ha ocHoBaHuHW Teopud . WM. [lmieHndHoro, KoTopasi mpeAnoJaraet, 4To PeryJsipHyl0 CUCTEMY
I'YCTO PacrosioKeHHBIX peGep MOKHO 3aMEHHTb CIJIOLIHBIM CJIOEM.

HOMC u MOMC, coctaBHBIMU YacTaMu KoTopbix siBastores ¥ HT, npuxonutcs pa6orats B
YCJIOBUSIX BBICOKHX TEMIEPATyp, MO3TOMY MaTeMaThdeckas MOJe/b CTPOUTCS C yUeTOM CTalHOoHap-
HOTO YpaBHEHMS TeMJIONPOBOLHOCTH.

HccenenoBanus ocobeHHOCTEH HeNMHEHHOW NMHAMHUKH KOHCTPYKIHOHHBEIX 3jeMeHToB HIMC 1
M3MC (ceHCOpOB, TPAaH3UCTOPOB) B 3aBUCHUMOCTH OT YCJOBHH MX KCIJyaTallMH OYeHb BaXKHBI IJI5
MOHUMaHHS MPOLECCOB, NPOUCXOASALIMX B NMpUOOpax, A/ CTabUAU3aLUK PeXUMOB paboThbl, HEHTpa-
JIU3AlMHK NMaryOHbIX BHEIIHUX BO3[EHCTBHUH (TENJOBbIX, BUOPALMOHHBIX | T.1.). [IpensoxeHHas B
JIAHHOH paboTe TeopHus MO3BOJSIET MPOBOAUTh aHAIU3 HEJUHEHHOW AMHAMUKH CeTYaThlX HaHOpas3-
MEepPHBIX LHUJIWHAPHYECKUX 000/104eK BCJAeICTBHE y4yeTa B HeH reoMeTpUueCKOH HeJMHEeHHOCTH.

2. MaremaruyecKkasi MoaeJib KoJie0OaHUH CIVIONIHON MHKPOIOJSIPHON 000J0YKHU
B YCJOBHUSIX TeMIepaTypHbIX BO3IeHCTBUI

[Ipennosiokum, 4YTO 3aMKHyTasg LUHWJWHIPUUYECKAS
060JI0YKa 3aHMMaeT B mHpocTpaHcTBe R?  064acTh
Q:{Ogaéb;ogﬁg%r; —%gzég}. Beegem B
paccMOTpeHHe CHCTEeMY KOOPAUHAT CJeNYIOIUM 00pa3oM:

— KOOpAHMHATa Z OTCYUTBHIBAETCS OT CPEIUHHOH MOBEPX-
HOCTH 060JI0UKH BIOJb €e HAapyKHOH HOpMaJiu;

— ocb O« HampapJsieHa BIOJb 00pasylollei;

— ocb O HampaBJieHa BJIOJIb OKPYKHOCTH [UJIUHIPA, 00-
pPa30BaHHOT'O CPeAMHHON MOBEPXHOCTbIO 060/0UKH (puc. 1).

Bynem cuutaTh, 4To MaTepuas 060J0YKH YNPYTHi, Op-
TOTPOIHBIHA, OJHOPOIHBIH, MOAENHUPYEMBbIH NICEBIOKOHTHHY-  Puc. 1. PacueTHas cxema UMJIMHIDH-
ymom Koccepa (co crecHeHHBIM BpaleHHeM 4acTtuil). Omnpe- 4eCKOH 060JIOUKH
Jle/ISI0lIMe COOTHOLIEHHUs /s MUKporosisipHoro oprotpon-  Fig. 1. Design diagram of a cylin-
HOro Martepuasa OyayT umetb Bua [20]: drical shell

€aa = A110aa + 12088 + 130225 Xaa = D11Maq + b1ampgg + biz3m.;
€88 = A120aa + 22083 + 42302, Xg3 = b12Maa + baampgg + bazm..;
€aa = G110aq + 012088 + 04130225 Xaa = biiMmaa + lemﬁﬁ + b13m.z; (1)

€88 = A120aa + 422083 + 4230225 X33 = b12Maa + baampgg + bazm.;

€2z = A130aq T 423088 + 433022,  Xzz = b13Maa + b23mﬁﬁ + b3zm..;

MexaHunka 233



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

€aB = (44008 + Q4508a; €Ba = Q45008 + 0550845 €az = A660az T G670 z2qa)
Xop = baamap + bismpa;  Xga = basmap + bssmpa;  Xaz = be6Maz + berMeza; ©
€20 = 6700z T Q770205 €3 = A8903, + A990 85 €3, = A880 B, + (89035
Xza = berMaz + brrMmaa;  Xzp = bsompg. + bggm.g;  Xpg. = bgsmg. + bggm.g,
raoe aij u bz‘] — yl'[pyl“I/Ie KOHCTAHThI MI/IKpOHO.HHpHOFO OpTOTpOHHOFO MaTepHaJIa, O—ij, mw — KOMIIO-

HEHTbI TEH30pa CHUJIOBOI'O U MOMEHTHOI'O HaHpﬂ}KeHI/IIL/'I COOTBETCTBEHHO, €;; H X;; — KOMIIOHEHTbI

TeH3opa AedopMalUM U TeH30pa U3rubda-KpydeHHs.
[IpuBeneHHas HUXe Teopusi ocHOBaHa Ha KuHeMmaTtudyeckod momenn C. I1. Tumowenko. Kommo-

HEHTbI BeKTOpa HEPEMeLﬂeHI/Iﬁ B TaKOM CJIy‘{ae HpI/IMYT BUI [21]
U = U(Oé, /8’ t) + z'ya(oz, 67 t)uﬂ = U(Oé, ﬁv t) + Z’Yﬁ(O&, 67 t)uZ = w(a, ﬁa t)7 (3)

U, ¥, W — OCEBble CMelleHUs] CPeJMHHON MOBEPXHOCTH 000JOUKH B HaNpaBJeHUsX «, [3, 2 COOTBET-
CTBEHHO, 7Yq, Y3 — YIVIBl I0BOPOTA NOMNEPEYHBIX CeYeHHH 000/104KH. KOMINOHEHTH CHMMEeTPHYHOrO
TeH3opa nedopManmil HAJUHAPUIECKOH 000JOUKH C YYETOM MPHHSATHIX TUIIOTE3 U TeOMEeTPHUECKOH
HeJiMHeHHoCcTH 1o Teopuu T. (o Kapmana [22] npumyT BUA

Ou L(Ow\* 0% . _1ov 1 (ow)’ w 10y
‘e = Ba da 9o’ T Rop  2r2\08) "R "R OB’
1 /10u Ov 1 0w Ow 1 8’}/@ 0vs
_L(Ltouw ovy, lowow i 4
CaB =3 <R85+6a> Roa B 2 (R 93 da ) *)

o= Ly LOw v L owy
Bz—2 VB R@,B R’ az—2 Yo oo )’ zz = Y.

KomnoHneHThsl BeKTOpa MHKPONOBOPOTOB O, 3, 0. B caydae cpensl Koccepa co cTecHeHHBIM
BpallleHHeM yacTull (rmceBnokoHTHHYyMa Koccepa) GynyT uMeTh BHL

= 5 (rotw),, i = {a,B.2, ©

Tlle u — BeKTop nepeMellleHUH. KOMMOHEHTb CHMMETPUYHOTO TeH30pa U3ruba-KpyueHUs 3anuilyTcs
caenyrooiumM obpasom [23]:

1 1 0v 1 0%w 0 1 10u Ov dw 04, 0
( 76>; s — ( L 75)

Xeo =5\ "R oa “RoB " 9a a0 " 9B

2\ Roa " ROaOB Do 2R
1 Ou  10va , O 1 1Low 10%w Pw v 10y
Xzz = <R?8B_R86+ ) aﬁﬂ(‘ma/ﬁmaﬁz‘aaz Do Raﬂ)
1 1 0%u v 0%v 1 ow 2z 0%, 0?
Xw:4(—Raaaﬁ*m%az‘maﬁ‘ﬁ—Raagﬁ+Za§5>' (©)
1 1 Ou ov ow 2 0%, 0*vp
Xﬁz:m(‘mm*a 98 " 9a " Rop 7 aaaﬁ>

Crnenyss TpUHSTBIM TUoTe3aM, npeHeOperaeM B 3akoHe ['yka (1), (2) HampsiKeHUSIMH 0,
BCJIEICTBHE WX MaJIOCTH MO CPABHEHHIO C APYTUMH HaMpPsKeHUSIMU. YUUThIBasi THnoTe3nl Jorameds —
HefimaHa, cuutaem, uTo Tem/oBble AedopMalllU SBJSIOTCA CyNepno3ulnell ynpyrux aedopmauuil u
TEeMNJOBBIX pacludpeHud. [IpuHHMas Bo BHUMaHHe CUMMETPHIO TEH30POB CHJIOBBIX U MOMEHTHBIX
HaHpH)KeHI/Iﬁ (a44 = as5, Qg — Qar7, Agy = agg, b44 = b55, b66 = b77, bgg = bgg), 3anuueM
olpeesidollle COOTHOLUEHHS AJs1 MaTepuaJsa 000JN0UYKH:

Ooo = @6 — @e _ | Qat22 = Apa12 Oopgs =
ax AO ao AO BB AO BB
= —%e — we _ |29~ Gadiz Ooc,3 = 71 €
Ao “ Ay P Ao P gy + asg P
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Coe = @6 — @e B e Oogg =
ac AO ac AO BB AO 88
— Mz 02 [agau _ aaalg] Oo.p = _ €
Ao * 7 Ay P Ag P s+ agg 7
1 1
Oaz = —— €azy O0Bz= €82,
ae7 + g6 agg + agg
b1y (b11b33 — b33) b1z (b12b33 — b13bas) b13 (b12ba3 — b13ba2) (7)
Maa = A Xaa — A Xpp + A Xzzs
_ bia(biabsz — basbi3) baa (b11bss — bl3) basz (b11b22 — bigbi2)
mﬁﬁ - A Xaa + A Xﬂ,@ - A Xzzs
S b1z (b12b32 — babi3) ~ baz (b11bos — bigbis)  bss (br1bag — b3,)
2z A Xaa A XBB A Xzzs
1 1 1
Mmag = 77— Xapy Maz= 77 Xazy MBz = 77 XBz
77 bus + b44X g be7 + b66X 7% bgo + bog XE

b1 b2 bi3
rae Ag = aj1azs — a2y, A = |bja bay bas|, © = O(a, B, z) — u3BecTHass PyHKIMA aBCOTIOTHOR
b1z bog b33

TeMIepaTypbl 000JI0UKH Qg, Qg — KOSCquI/ILLI/IeHTbI TEeIJIOBOr'O pacClIMpeHHud MaTepHhasia B COOTBET-
CTBYIOLMX HallpaBJCHUAX.

BBe,ZLeM 0003HaYeHHSsI CUJIOBBIX ¥ MOMEHTHBIX YCHJII/Iﬁ H MOMEHTOB!

h

h h
{NCVOMMOM} = /2 Uaaz{()’l} dz, Q.o = /2 0.aks dz, {Yaanaa} = /2 maaz{()’l} dz,

h
2

[Ny

ol o>

h
2

(Yoo, ra} = || maakez®Vdz, (T, H} = / 0apz*dz, Yog= [ magdz,  (8)
L g

[N

2
Y., = my,dz, oS p.

>

Koadpuirent kg xapakTepusyer pacrpefiesieHHe KacaTeJbHbIX HAMpPSKEHHH M0 TOJIIHHE 000J0UKH
(B Hacrositielt paboTe npuHsiTo ks = 8/9 [24]).

YpaBHEHHS IBHXKEHHSI CIIOIIHOA MHUKPOTMOJISIPHOH OPTOPTOMHON LUJIUHAPUUECKOH 000M0UKH C
y4eTOM TeMIepaTypHbIX BO3IEHCTBHH, rpaHHUHbIE W HadasbHblE YCJIOBUS TMOJYUHM U3 BapHaLUOH-
Horo npuHuuna [amuabrona — Octporpanckoro [25,26]:

t1
/ (6K — 6U + 6We + 6W,) dt = 0, (9)
t

0

3necb K — KHWHeTHueckasi sHeprus, U — moTeHlManbHasi dHeprusi, W — pa6oTa BHEIIHUX CHJI,
CBfi3aHHas ¢ pacnpefesneHHbIMU cuiamu (W) u auccunauuedt snepruu (We). C yueToM MOMEHTHOH
Teopud [27] moTeHUHasnbHas sHeprusi U 1/ 6eCKOHEUHO MasblX nedopMaluil MpeacTaBUMa B BULLE

1
U = 2/ (O'l'jeij —i—mijxij) dsl.
Q
Kuuneruueckas SHeprus.

R GEORG)

s,
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BapHalus paboThl BHELIHUX CHJI:

2T
5Wq/ / a, B, t)owdadB, OW, = /peéwdﬂ

€ — KO3 PHULHUEHT IUCCUMALHH, p — MJIOTHOCTb MaTepuasa 060J0ukH, ¢(c, 3,t) — BHELIHsis HOp-

MaJibHasl Harpyska.
Ocy1iecTBJsis BapbUpoBaHHe, cobupas Ko3(h(OUIUEHTbl PH OAMHAKOBHIX BapHaLUSAX, MOJYyUHUM

ypaBHEHUS ABUKEHHUS TJIAJKOH OPTOTPONHON MHUKPOTONSPHOH LHJIHHAPHUIECKOH 0OOJOUKH C yUETOM

TeMIIepaTyPHbIX BO3AEUCTBUM:

ONao 10T 1 (0Y. Yy  OVgg\ | 1 Vau L
da  ROB 2R2\ 08 08> 08 2R 9003 o
1ONgs 0T Qs 1 Oaa 1 OV

R op da ' 2R 2R da 2R O«
. 1 8Yaﬂ . Yza . 182 za LaQYzﬁ - 8727)
9R2 98 2R 2 82  2R0a08  orr

0 ow 2 0 ow 2 0 ow 1 0 ow 1
— | Naa T— T— Ngg— | — =N
8a< é?)*Ra <éw>+Raﬁ< >+HW6<5WM> BT

0Qz0 | 10Q.s 1 Voo | 1 0%Vps 10%es 1 0V

Y90 TR 98 2R0008  2R000B 2 90 2R 0B°
R R T 1)
TOR2 98 2R Ba 1T P TPV e

OMpo ~10H 1 0Yps 10Y, 1 0%, 1 9%Jp

g TRop YV 3r 95 T2 90 2R0a0p 2R 052
1 8}/;:2 YYZ,B Lh3827a‘

2R 08 12 o2’
ajH n laMﬁﬁ Q.- }aYaa 1 8J55 1 0Y,s Y.
da ' R 0P #7290 2R da 2R 0B ' 2R

1Y, 18°J.a 1 8PJp  ph® 0Pyp

2 a2 a2  2ROadB 12 Ot

U rpaHUYHbI€ YCJIOBUSA:

1 OY.q Yog 10V 10V Y.
o, {ory i L0V 1OV =0;
2R 2R 08 2R da 2 [y,

ou=0 wuau {N 3R a3 =

0du odu

B 0 wnau {Ym}l“,e =0; 5 =0 wm {Yil}p, =0, {ng}Fﬂ =0;
Yo Yis 10Y.e 1 0Yig Yos 10Yig

ov=0 nm { 9R 2R 2 9a ' 2R 08 0 M5 = 3R T 2 0 0;

) 1
PV 0w {Ym + ng} —0, {Vig}p, = 0;
2 r., 8

oo
1 0J.q H Y 1 0J.a 1015 Y.
} _o, { 88 B } _ 0

0V = Moo+ Y,
7 0””“{ T8t oR 95 R 2R 2R da 2 0
007q 0674
a5 =0 wuiu {Jw}FB:O; a5 =0 wm {J.a}p, =0, {ng}rﬁzo;
Y35 Y.. 10J., 1 (9JZ5
WZOMI{‘z‘W‘2+um SR 05 J,. "
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{Mﬁﬁ_yﬁ ;8;;ﬁ} = 0; (10)
Tg
8;25 =0 wm {J.alp, =0, {Jzﬁ}rﬁ 0; 8:;;5 =0 wuu {Jzﬁ}rﬁ
{_Nb’ﬁg— - 2Tg — Q.o+ %853“ _ %% _ %g;ﬁ 52/;;} o
629%0 =0 wnin {Yasp, =0, {~Yaa+Ysslp, =0;
a;—/;u =0 wm {—Yaa+Vsgly, =0, {Yap}p, =0

JL1s1 mocTpoeHUs1 MaTeMaTUYeCKOH MOJeNH KoJeOaHUH OPTOTPOMHBIX CeTYAThIX MUKPOMOJSPHBIX
LUJAUHAPHUUECKHUX 000/104U€eK B YCJOBHUAX TeMIIepPaTypPHbIX BO3AEHCTBHUH K ypaBHEHUSIM ABHKEHHS
[IPUCOEIMHUM CTaLlHOHAPHOE TPeXMepHOe ypaBHeHHe TelJIONpPOBOLHOCTH

100 82@> 1 9%0 2’0 0

Aa (E% T a2 ) T e T g

rie Ao, Ag, A, — KOMIIOHEHTbI T€H30pa KO3(D(HULHEHTOB TENJONPOBOJHOCTH.
K ypaBHeHMIO TemJOMpPOBOAHOCTH MPHUCOEIUHUM TPAHWUHBIE YCJOBHS MEPBOTO Poaa

n(a, 8, 2) = Fu(e, B, 2).

3. Maremarnueckass MoaeJib KOJe0aHUI CeTYATOH MHUKPOIOJSIPHOU 000J0UKH
B YCJOBHSIX TEMIEPATyPHBIX BO3IEHCTBUU

[Ipennonoxum, 4To paccmatpruBaemas 060J04Ka CO- A
CTOUT U3 1 CEMEHCTB T'yCTO PacIoJioXKeHHbIX pebep d;, B
aj, @; — PacCTOsAHHEe MexXay peOpaMu, LIMpHHA pedep,
YyroJl MeXIY OCbl0 v U OCbl0 pebep j-ro ceMeHCTBa CO-
oTBeTcTBeHHO (puc. 2). Onupasicb Ha KOHTHHYaJbHYIO
mozedb [ M. [Twennynoro [28], 3ameHUM peryJsipHyO
cucTteMy pebep CIJIOWIHBIM CJOEM. ,

Hedopmanus ocu kakoro-aubo pebpa paBHa nedop- 7 ﬂ P
MalUWH JUHUH, COBMNANAIOILEN C OCbIO 3TOTO CTEPXKHS B ‘ AN ) >
pacueTHoOH Mozesu. Bynem cuutate, 4TO OlHA U3 IVIaBHBIX \ /N
LEHTPaNbHBIX OCell MOoMepeuHblX ceueHuH pebep 0060J09- \ /

KM COBNAjaeT C HalpaB/eHHeM HOpMaJjd K CPeqUHHOH A on
NIOBEPXHOCTHU 000JI0UKH. B TakoM cJjiyyae HanpsiKeHus, RN
BO3HHKAIOILLIME B 9KBUBAJEHTHOH IJIafgKOH 000JI0YKE, CBS-

3aHHblE C HaNpsiKeHUSIMU B pebpax, COCTABJSIOLMUX yT-

JBl ©j € OCblo v, OynyT umetb Bua (1), (2). Haunbie  Ppyc. 2. CTpyKTypa CeTKH LHUJIUHIpUUe-
COOTHOUIEHHS [10JY4YaloTCsl U3 yCJIOBUH paBeHCTBA CUJI, CKO# 000JI0YKH
NEeHCTBYIOIIMX HAa OJMHAKOBBIX MJolIaakax o0ojouku, Fig. 2. Cylindrical shell mesh structure
cocToslled U3 cUcTeMbl pebep, U 3KBHUBAJEHTHOH eH

rJafiKoH 000J10YKU:

{07, mI}d; cos? p; = {07, mI}s;sin? p;
{0aas Maa} = Z » {ossmpst = Z P )

Qa;
J j=1 J

MexaHuvka 237



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

n . . . y
oJ,mI}d; cos p;sin p; mLé;
{0a67ma6} = E { } ]a‘ 7 90]7 Mez = Z —
j=1 J
n j g n J nd 3
0%, M3 }0; COS QY 0%, M3 }0;8in @
{O‘za,mza} = E { & ZC}L'] 90]7 {O-ZB?mZB} = E : { = ZC};,] SO] )
j=1 J j=1 !

(11)

JlonoJiHUTEIbHBIE YCJIOBHUS CTAaTHYECKOH 3KBUBaJIeHTHOCTH HCXONHOU CETYaTOH 06OJIOUKH M
9KBUBAaJIEHTHOH €M CIJIOLIHOM:

07 = Opq cos? w; +0sp sin? Yj +0apCOSP;Sing;, 0 =0,q4cC08p; + 0,55n¢;, (12)
M7 = Man 082 @; +mppsin @ + Mas cos p; sin @;, M = M, cosj +m,gsing; +m..,
MOJIyYHM C TOMOLLBIO MeToda MHOXHTesel JlarpaH:ka U3 yC/10BUS NOCTHXKEHHS (DYHKLIHOHAJIOM
CTalMOHapHOro 3HadeHus. [Ipu mocTpoeHun (pyHKLMOHA/NA UCIOJAb3yeTCsS BhIPaXKeHHe /18 MOTeHLHU-
aJIbHOH 3Hepruu neopMalMH, BblpaxKeHHOH depe3 HaIpsKeHHsT U MOMEHTH! BBICIIHUX MOPSAKOB.
Bgenewm crenyoliue o603HaueHUs:

n

8 cos® p; sin® @, -
Askzzf Pjem Py s, k=04, c1=92 g,=_42

= a; AQ ’ Ag ’
ai12 1 1 1
Cy=-%2 ot Gy =,
’ Ag YT s + au " et + acs © ™ agg + ago
D11 (br1bss — b33) b1 (b12b33 — b13ba3) b3 (b12ba3 — b13b22)
By = , By=-— , B3= ;
A A A
B, — baa (b11bs3 — bi3) Be — bz (br1ba — bizbia) _ b3 (br1bog — b3,)
4 = A ; 5 — A ) 6 — A )
1 1 1
B

— — =, B — .
bas + bas ™ bgy + beg ™ bgo + bg

2KecTKOCTb cTepKHEH Ha M3TUO B MJIOCKOCTH, KacaTeJbHOH K CPeIUHHOH MOBEPXHOCTU 000J10Y-
KU, He YUHUTBHIBAETCS, 03TOMY MOPSAAKHU CUCTeM AW(hepeHIHaNbHbBIX YPaBHEHUH, ONMHUCHIBAIOIINX
MOBeJleHHe CeTYaThlX U CIJIOLIHBIX 000J04eK, coBnaaaiT. [Ipu aTom coBmagaT U GpopMyaUpPOBKH
TPaHHUYHBIX YCJIOBHE COOTBETCTBYIOUIMX KpaeBhIX 3amau [28].

YuuteiBasi o6o3Hauenus u (3)—(9), (11), (12), MoxKHO 3amucaTh BbIPaXKeHHSs s KJACCHUECKUX
YCUJIUH U MOMEHTOB, a TaKXKe YCHJNH, BbI3BaHHBIX MOMEHTHBIMU HampsKEHHUAMH, A5 LUJIUH-
NI PUYECKO# rafiKoH 060JIOUKH, SKBUBAJEHTHOH HCXONHOM ceTYaTod (OTMETHM, UTO B CBOMCTBAx
TOMOT€HU3UPOBAHHOH 000JI0UKH TeMIIepaTypHBIH (DaKTOp He YUHUTHIBAETCS):

op

2 Ow Ow ou  [ow\?
+ RM&B) + (A4OCI +A22C2) 2% + ((904) N

h3 10y, O 10 e,
M(ioz = |:A3104 (’Y + 1?) + 2(144002 + AQQCg) (rw — 7>:| ;

h 2(A22C'3 + A40C2) ov 1 ow 2 1 ou ov
Ns — _ _ T A - -
aa = 5 7 w+3ﬁ+2R< > + A31Cy R85+8a+

24
Néﬁ = Ncsm; Méﬂ = M;a C 3aMeHOH A40 — AQQ, A22 — A04, A31 — Alg;
T = Néa; H? = M(ia C 3aMeHOH A40 — A31, A22 — A13, A31 — AQQ;
hk ow v 1 0w
Yo = 78 [AZOCE) (”ya + 804) + A11Cs <’m “5r T R&é’)] , Qlz=0Q%,

C 3aMeHOH A20 — A117 A11 — AOQ;
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s h 2(A40(BQ — Bg) + AQQ(B4 — B5)) 8”ya Em;
Yia=7 = 95 +2A40(B3 — B1) 90 T
0vs 1 0vs 1 0v 07 1 ®w  O*w
92A95(Bs — Bo) 22 + Aq B (— 228 - 90 o -
+240(Bs = B 5, + 317( R95 R0 0a  ROFE 02
_2(A40(Bl — BQ) + AQQ(BQ — B4)) @ n 2 (A40(Bg — Bg) + A22(B4 — B5)) %
R o R2 op
+2(A40(Bl — Bg) + A22(B2 — B4)) 9w )
R 0B0a |’
Y,BS,B = Yofom C 3aMeHoH A40 — AQQ, AQQ — A04, A31 — A13;
cfﬁ = Yofa? C 3aMeHOH A40 — A31, A22 — Alg, A31 — AQQ;

s h |:A1139 <_ 1 82u 82’0 8w> 4 2A10(Bg) — B5 6210 4

1| & Yo~ 2952 T 9008 T 9a R 9003

za T 4
+2A10(B5 — Bg) 8% 1 Ou 875 n 2A10(Bg) + Bs @
Ooa R op

- = 2A10(Bs — B,
I )-i- 10(Bs — Bs)
v 10w v v 1 0% ﬂ

o ROp

da? R?20B R ' R® ROAadp
zsﬁ = sta C 3aMeHOH All — AOQ, A02 — AH, Alg — A()l;

+ Ao Bg (

Y;SZ = }/zsa ¢ 3aMeHOH A11 — A()l, A02 — AlO; A10 — A()o;
h3 (A2 By 4+ AgaBy) 05

Top = 24R da’
Js o h? [Ant (1 e > ~ AgBs <527a B 8275> n 241085 675] '
X 48 R R 0B%  0adf R 0adf  Oa? R Oda |’
55 = J,:a C 3aMeHOH All — A027 A20 — AH, Al() — A()l.

[loncTaBasis mosydeHHBIe BbIpAaXKEHHsI B YPAaBHEHHUS [ BUXKEHHS 3JeMEHTa IJaJKoH 000J0UKH,
MOJIyYUM pa3pellaiollylo CUCTEMY yPaBHEHWH ABHKEHHUS MHUKPOMOJSPHOH OPTOTPOINHON LMJHH-
npudeckoit o6osouku mMomesnu C. I1. TumoineHko, 5KBHBa/JeHTHOH UCXOAHOH ceTyaTod 000J04Ke, C
YUETOM TeMIIepaTypPHBIX BO3IEHCTBUH B MepeMelleHUsIX.

4. YucjaeHHBbIN IKCIIEPUMEHT

Mertonom ycraHoB/eHus [29] uccrenyercs noBeneHne LHJIHHAPHIECKOH MUKPOIONSPHON 060,104-
KH, COCTOSILEN M3 IBYX CEMENUCTB B3aUMOIEPNEHAUKY/ISPHBIX pebep MOA AelCTBUEM CTaTUUYeCKOH
HOpMaJ/IbHOH pacrpesiesleHHOH Harpysku B CTALHOHAPHOM TeMIepaTypHoM moJe. Topubl 060/104-
KW CYUTaeM LIapHHUPHO ONepThIMU. [ paHHYHBIE YCJIOBHSA Ha OCHOBAaHHMH 00OOIIEHHBIX TPAHHUUYHbBIX
ycaoBu#t (10) B TakoM caydae OyayT UMeTb BHJ

1 9Y., 1 0.,
o S = 0; Maa Ya —
t9r 98 RRCCREGY- R

ou(a, B)  Ov(a, B)  Ow(a,B)  Ovala,B)  Ovgla, B) 0:
oo 0B 98 oo N op o

o(a, B) = w(e, B) = y5(a, B) =0 mpu @ =0, a=b,

Na

=0; Yo = a/gzjazzo;

PaccmaTpuBaioTcsi Hy/eBble HayaJbHbIE YCJIOBUS.

TemneparypHoe noJsie HAXOAUTCS W3 CTALlMOHAPHOTO ypaBHEHHS TEMJIONPOBOAHOCTH C FPaHHU-
HBIMH YCJIOBUSIMH TepBoro popa. [lajee HaxomsiTcsl TeMIepaTypHble YCHJIUS U MOMEHTHI, KOTOpble
MOJCTABJSIOTCS B KaUeCTBe HArPy3KU B CUCTEMY yPaBHEHWH IBHKeHHS 3jeMeHTa 000s04KH. [ud-
(hepeHLMa/NbHAS 3a[aua B YACTHBIX MTPOM3BOIHBIX, OMUCHIBAIOLIAS ABHKEHHE 3JeMeHTa 000JI0UKH,
cBoauTcs K 3anavye Komu metonom By6HoBa —['anepkuHa B BbICIIKMX NPUOJIHIKEHUSAX.
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IL}'[H YAOBJIETBOPEHUA 'PaHHUYHBIX yC.HOBI/Iﬁ KOMIIOHEHTBLI BEKTOpa nepeMemeHm‘/’I W YTJIbl TIOBOPOTa
BbI6I/IpaIOTCH B CJjenyrouieM BUOE!:

e ) = 325 i cos (5 )sin (). otet) - S 3" By sin (1) eos (£2),

i=1j=1 i=1 j=1
w(a, B) = Z Z Cjj sin <Z7rba> sin <‘726> , Yala,B) = Z ZDU cos <Z7rba> sin <‘726> ;
=1 j=1 i=1 j=1
v5(ar, B) = ;; K;jsin <Z7;a> cos (f) ) (13)

Crienys mpoleflype MeTola yCTaHOBJIEHHUs, ObIJIO BEIOPaHO 3HAueHHe KO3 pHULHeHTa TUCCUTIAlINH
e = 0,5. [anee njs psna 3HaueHWH TMapamMeTpa HOPMAJIbHOH MOCTOSIHHOH BO BPEMEHM Harpysku
@; Oblaa ToJydyeHa 10CJ/e0BaTeNbHOCTb MPOTHO0B w; [Jis BhIOPAHHON TOYKU 000J0UKH (g,ﬂ') npH
COOTBETCTBYIOLIMX 3HAUEHUSIX TeMIepaTyphl. Ha ocHOBe 3TUX HAHHBIX CTPOUJNUCH 3aBUCUMOCTHU
w(q).

[TapameTpnsl uucjeHHoro 3sxkcnepumenta: h = 0.002 mkm, R = 0.02 MM, b = 1 MKM,
01 = 9o = 0.002 MKM, a1 = ao = 0.002 MKM, @1 = 45°, v; = 135°, v = 0.36, F = 1 Tlla
(mMaTepuan 060109KH — rpadeH).

CXOIMMOCTb pellleHus1, MoJyYeHHoro no Metony Dy6HoBa — [anepkuHa, nprBeneHa B TabJHIIE.

Cxomumocts pewenus (I = 0.002 mxm, ¢ = 0.2 [1a, 6e3 yyeta TeMnepaTypsl
B TOUYKe (%,w))

Table. Convergence of the solution (I = 0.002 mkm, ¢ = 0.2 Pa, excluding
temperature at point (2, 7))

n=m 1 3 5 7

w(®,7), mrm | 0.001309800 | 0.000405923 | 0.000449531 | 0.000436341

n=m 9 11 13 15

w(g, ), mxm | 0.000437318 | 0.000435868 | 0.000436013 | 0.000435907

JI71s1 mosyueHUs! YUCTEHHbIX pe3y/bTaToB B MpeacTaBaeHusx GyHkuui (13) 6pannuce n = m = 11.

CaenyeT OTMETHTb, YTO pe3y/bTaThl, MOJyyeHHble Ha ocHoBaHUM rumnore3 Kupxroda - JlsBa
u C. I[1. Tumowenko, npu [ = 0.002 MKM W 3HaueHHsX Harpys3ku q € [2;5] Ila otnuuarTcs Ha
3%. B maHHOM nuamnasoHe Harpy3oK MpOrdd 000JOUKH B TOUKE (%,77) paBeH MPUMEPHO TOJIINHE
000JIOUKH.

Pe3yabraThl YMC/EHHOrO KCNEpPUMEHTa MOKAa3blBAIOT, YTO yUeT MOMEHTHbIX HaNpsi?KeHHH BHOCHUT
CYLIECTBEHHBIH BKJa[ B pe3ysbTaThl pacyeTa Mporu6oB 060s04KH. C poCcTOM IOMOJHHUTENBHOTO
He3aBUCHUMOro napaMerpa [, CBI3aHHOTO C y4eTOM B MaTeMaTHUeCKOH MoJe/ad MHKPOMNOJSPHOH
TEOPHH, pacTeT U3THOHAs KeCTKOCTb 000/0ukK (puc. 3). ['paduku mosydeHsl npu Temmnepary-
pe © = 293K, napametp [ € 0,0.003,0.005 MKM, 3HaueHHe HArpy3KM MeHSJIOCh B AUANa30He
q € [0,1] Ia.

Ha puc. 4 npuBeneHbl 3mopbl nporuda yraepoaHod HaHOTPYOKH w(a, ) mpu g = 1 Ila,
[ =0.002 mKM, Oe3 yueTa TeIJIOBBIX pPAaCLUIMPEHUH U ¢ ABYMs BapHaHTaMH paBHOMEPHOIO Harpesa
© =400K, © = 600 K (ar = 0.000004 K~'). KospuuuenT TenjaoBoro paciupenus rpadexa
(ar) B muamasoHe TemmepaTyp © € [400,1300] umeer sHauenue ar = 0.000004 K ! [30]. Ha
rpaukax BHJHO, YTO HarpeB yBeJHuHBaeT Nporud obosouku. Tak, nmpu © = 600K mnporud
TpeBbILIaeT [Be TOJLIHMHBI 000J0UKH.
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w © = 600K
W KNaccu4ecKan Teopus S
e D.004f /~ © =400K"
/ \
0008 ) /
1 = 0.003 MKM P n.oozf / b
0006 T » — / \
. 1=0005mkm _— e S ¢ "
o N / Be3 yuera Temmneparypbl \
..... //'/ p.001 ¢ / "\.\
-~ ,/'/ \‘_
0 ‘: 0 ‘4 :l‘f 0 “5 q "3 0 ‘: 0 ‘-' 0.6 0.8 (v "‘3
Puc. 3. I'paduk w(q) B 3aBUCHMOCTH OT 3HaueHHs [ Puc. 4. I'paduk w(a, 7) B 32aBUCHMOCTH OT TeMIIe-
(uBeT oHJIAKH) patypbl (BET OHJaHH)
Fig. 3. Graph of w(q) depending on the value of [ Fig. 4. Graph of w(«, 7) depending on temperature
(color online) (color online)
3akaoueHue

B pa6oTe noctpoeHa MaTemaTHueckasi MOfieslb KOJeGaHHUH OPTOTPOIMHBIX CETUAThIX LUJIHHApHYeE-
CKHX 000J/I04eK C yUeTOM C/IBHTa, MOJ AeHCTBHEM TeMIepaTypPHbIX, CTATHUECKHUX H BUOPALMOHHBIX
Harpy3ok. Moze/ib 1aeT BO3MOXHOCTb HCCJ/10BaTb 000/MOUKH C Pa3jJHYHON reoMeTpHell CeTKH, UTo
MOKET OBIThb TI0JIE3HBIM MPH TPOEKTHPOBAHWH KOHCTPYKIMOHHBIX 31eMeHToB HOMC n MIMC. Ha
OCHOBAHHMH MOJy4eHHOH MOJIe/M MPOBeIeH aHa/u3 CTAaTHKH M30TPOMHON YIiepOIHON HAaHOTPYOKH
BCJIEICTBHE TEMIIEPATYPHBIX BO3AEHCTBUH U CTALMOHAPHOH HArpy3KH.
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a rule, in many cases, analytical formulas are used that are obtained from an elastic linear formulation
of problems about the introduction of a non-deformable stamp into a homogeneous elastic half-space.
Currently, the numerical formulation of the problem makes it possible to obtain and use a numerical
solution obtained taking into account the complete plastic nonlinear behavior of the material. In this work,
a study of contact problems on the introduction of a spherical and conical indenter into an elastoplastic
homogeneous half-space was carried out. To verify the numerical solution, the problem of introducing
a spherical and conical indenter into an elastic homogeneous half-space was also solved and compared
with known analytical solutions. Issues of convergence and tuning of numerical methods, the influence of
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BBenenue

HanouHneHTHpOBaHHE MpPUMEHSIETCS [ HEPA3PYIIAIOLIETr0 UCTIBITAHUS MaTepUasioB U Mojyue-
HUSI MeXaHHUECKHUX XapaKTepucTHk [1,2]: TBepoocTu, ynpyrux CBOHCTB 0ObEMHBIX MaTepHaJsOB H
nokpbITHH U 1p. CyTb MeToza 3aK/04YaeTcsl BO BIABIMBAHHWH B MOBEPXHOCTb HUCIBITYeMOro o6pasua
6oJiee JKECTKOTO LITammna (Kak MpaBHJIO, ajaMa3 JUOO TBepible CIJaBbl) U MOJYUYEHHS] KPUBBIX
3aBUCHUMOCTEH CHJIBI U OTIeYaTKa OT ryOHHbl BIaBJIWBAaHUS B HAHOMETPOBOH IIKaJIe.

Ynpyrue cBolicTBa 00BEKTHBIX MaTepPHaJIOB U MOKPBITHH ONpeesioTcs U3 aHaau3a KpUBOH chJa-
ocajka Ha CTaiuu pasrpy3ku. B ocHoe metonos Punna — Ceeiina (chepuueckuil uuaeHTop) [3]
u OusuBepa — Pappa (unnmeHtop BepkoBuua) [4] u JiexxaT pelieHUs KOHTAKTHBIX 3amad TEOPHH
YIPYTOCTH 1Jis ChepryecKoro U napabosndeckoro mramnos [9,6]. dyHnaMeHTa bHbIE OCHOBHI
KOHTaKTHOTO B3aUMOJEHCTBUsI OblIH 3ajoxkeHbl B padotax [1,6,7], mosyueHbl aHaJIUTHUECKHE
3aBHCHMOCTH [I/1s1 BEDTUKAJbHOH CHJIbl, CMELIeHHs], paauyca KOHTAaKTa U JaBJeHHs] B 30He KOHTAKTa
17151 KOHMYEeCKOro M cdeprHueckoro MHAeHTOPOoB. IIpH 3TOM B OCHOBY TeOpHH 3aKJjalblBajHCh
TUIIOTE3Bl O MaJbIX Ae(OpMalHUsiX U YIIPYroM MOBeAeHUH MaTepuaJa.

B pa6orax [6-10] paccMoTpeHBl 3amaud O BAABJAHWBAHUU C(HEPUUECKOTO U KOHHUECKOTO HH-
NIEHTOPOB B YIPYTOe IMOJYNPOCTPAHCTBO C MOKPBITHEM, aCUMITOTHYECKHM METOJIOM I0JYy4eHbl
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aHaJMTHUeCKHe TpHKJanHble perieHus. B [11-13] wuccrenyroTcsi HenmpepbiBHbIE W Pa3pbiBHBIE
KOHTaKTHbIe 3aaud AJs (PyHKLUHOHAJbHO-TPAJNEHTHOTO MaTepHaJa.

B pa6orax [14-20] nocTpoeHbl MpUOIHKEHHbIE aHATUTUYECKHE pellleHHs] 0CECUMMETPHUHbIX
KOHTAKTHBIX 3aa4 O BAABJAUBAHHHU C(HePUYECKOr0, KOHUUECKOTO U LUJIHUHAPHUECKOrO LITAMIIOB B
yIPYTroe MoJYyNpOCTPAHCTBO ¢ (PYHKLHMOHAJNBHO-TPAAUEHTHBIM MOKpPbITHEM. F3yueHa BO3MOXKHOCTB
NpUMeHeHHs pa3paboTaHHbIX Moje/eld UHIEHTHUPOBAHUS TeJ C MOKPBITUAMM [J51 UHTepIpeTalun
HAHOUHIEHTHPOBAHHS TOHKHUX MOKPBITHE [21].

Hcnonb3yemast B mpencTaB/ieHHBIX pa0oTax THUIMOTe3a O MaJjblX MepeMelleHHsX HHIEHTOopa
HaKJ/a[blBaeT Cepbe3Hble OrPaHUYEeHHs Ha INpHMeHeHHe aHaJUTHUECKHUX MPUKJIAAHBIX (Hopmy.I,
MOCKOJIbKY J1a’ke HeGOoJIblloe CMellleHHe HHAeHTopa (MeHee 1%) BbI3bIBaeT pa3BUTHe MJIACTHYECKUX
nedopmanuii. Cuna BAABAMBAHHS U 00JaCThb KOHTAKTa MPH 3TOM 3HAYHTEJbHO OTJIHYAIOTCS OT
aHaJIMTHYECKUX pe3ysabTaToB [22].

1. IlocraunoBka 3agauu

B nanHOii paboTe paccMmaTpuBalOTCs 3afadd O BHeNPEHUH C(HepUUecKOro U KOHHUYECKOTO
LITAaMIIOB B yIPYromjacTH4ecKoe MOJYINPOCTPAHCTBO B CTaTHYeCKOH 0CECUMMETPUYHOH MOCTaHOBKe.
JJasi peanusauuu naacTHUYeCKOH AeOpMalUK UCIOJb3YETCS MOAE b OUJIHHEHHOTO MaTepHasa
MonyJseM ynpyroctu (monyneMm FOHra) u Kacate/bHbBIM MomyJeM yrnpyroctu (tabsa. 1). MumenTop
BBIIIOJIHEH U3 ynpyroro ajnamasa. [losynpocTpaHCcTBO BBEIIOJIHEHO U3 aJOMHHHS.

Tabauya 1 / Table 1

dusnyeckue cBoiicTBa MatepuanoB / Physical properties of materials

Marepuan | Monyab IOura, I'Tla | Ipenen tekyuectu, ['Tla | Kacarenbnsiét mopyinb, I'Tla
Anwmas 1000 -
AnomMuHui 70 0.28 0.5

3agaua pelraetcss YUCAEHHO B KOHEUHO-3/JeMEHTHOH MOCTAHOBKE B MPOrPaMMHOM KOMILJIEKCe
Ansys. Ilns Bepu(UKaLKWK YHCJAEHHBIX PACUETOB M CPaBHEHHs C aHAJIUTHUYECKUMH Pe3ysbTaTaMH
JOTIOJTHUTENBHO MPOBEAEHbl PacueThl O BHEAPEHHUH KECTKUX LITaMIOM B YIPYToe MPOCTPAHCTBO W3
aJloMUHHUA. [eomeTpryeckre mapamMeTpsl 3aadyd yKasaHsl B Ta0Js. 2.

KoHTakTHble 3ama4d OTHOCATCS K

HeJIMHEUHBIM 3a/layaM M3-3a U3MeHSolle- Tabauua 2 / Table 2
rocsi CTaTyca KOHTAKTa U MaTPHIIBI 2KECT- TeomeTpuueckHe mapaMeTphbl 3a1auk
KOCTH M TPeOyloT 0cO00ro BHUMaHHUS K Geometric parameters of the problem
TOYHOCTH U CXOAMMOCTH perueHus. Huzke
. [Tapametp 3HayeHUs

NpUBEJIeHbl HACTPOUKH YUCJIEHHBIX METO- —
[10B, HCOMb3YeMBIX B MAKETe KOHEUHO- JIuHelHBIH pa3mep MOJYNPOCTPAHCTBA, MM 1.0
5/1eMeHTHOro aHajusa Ansys W npume- | D AAHYC chepel, MM 0.1
HEHHBbIX B JaHHOM pacuere. Yron pactBopa Konyca, ° 120

Jlisi peasM3alMy KOHTAaKTHON 3aja- ['ny6uHa BHeIpeHHs HHAEHTOPA, MM 0.1

YM UCIIOJb3YeTCs KOHTAKTHBIH aJrOpUTM

«pacuvpenHbiil Meton Jlarpanxka» («Augmented Lagrange»). 1o MonuHLHPOBAHHbBIH KOHTAKTHBIH
aJrOPUTM pacripocTpaHeHHoro Metona «Pure Penalty» («meTon mrpadHbIX (DyHKIHI»), OTIAHYAIO-
IMICS HaJUYMeM N00aBOUHOTO YjieHa A\ B BBIPa’KEHMHU KOHTAKTHOH CHJIbL:

Fy =kyp-xp+ A,

rae F, — HopMaJibHasi (KOHTaKTHas) CHJa, k,— KOHTAKTHas KeCTKOCTb, &, — [MIyOHHA NPOHMKHO-
BeHHsI. KOHTaKkTHast XKeCTKOCTb Ky, KaK IPaBUJIO, OKA3bIBaeT BaxKHeHIlIee BAUSHHE HA TOYHOCTb
U CXOAMMOCTb. Dosbliioe 3HaueHHe KEeCTKOCTH 00ecleyrBaeT BBICOKYIO TOYHOCTb, HO YXYHILIAeT
CXOOUMOCTb M Hao6opoT. Mcnosb3oBanue ke 106aBOYHOTO YjeHa A MO3BOJISIET CHU3UTh UYBCTBU-
TeJIbHOCTb aJITOPUTMAa K KOHTAKTHOH »KECTKOCTH Kk, W MOJydaTb NpHUeMJIeMble Pe3yJbTaThl TPH
3HaueHuu k, = 1, HO U TpebyeT GOJIBLIETO KOJHWUYECTBA UTepaLU.
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Jlnsi «pacrmosHaBaHMsI» KOHTAKTOB MCMOJb3yeTcs «MeTo Touek [ayccar («Gauss point detection»),
MpU KOTOPOM Ha pebpa 3/71eMeHTOB NOOaBJSIOTCS JOMOJMHUTENbHBIE TOUKH. JJs yaydlleHus: cXoou-
MOCTH MOXKHO HCIO0Jb30BaTh pacrno3HaBaHue «Normal from Contact» uau «Normal to Target» ¢
yBeJIMUEeHHEeM KOJMYeCTBa BbIUHCJ/EHHH.

OTnenpHO HYXKHO CKa3aTh 0 ()OpMe U Pa3MEPHOCTH 3JE€MEHTOB KOHEYHO-3JeMeHTHOH ceTKH. B
IAHHOW 3ajade sl MOCTPOEHUS] KOHEUHO-3/IeMEHTHOH CEeTKH HCIOJb3yeTcsl 8-y3JI0BOH 3JeMEHT
PLANE183 — ajieMeHT BBICOKOTO MOpPsiiIKa ¢ MPOMEXYTOUYHBIMU y3JaMH. B 06/1acTH KOHTaKTOB
MPOBENEHO CTYyILIeHHe CeTOK. Pa3MepHOCTH CEeTOK /ISl TOJYIIPOCTPAHCTBA MPEACTaBEHbl B Tab 1. 3,
IJISl MHIEHTOPOB MNpHMeHsieTcsi Gojiee KpyrnHasi ceTka. [Ipy 3TOM OTCUYETHBIMH MapaMeTpaMmH,

OTHOCHTEJIbHO KOTOPBIX IOJKHBI 3a[1aBaThCsl pas-
Tabauya 3 / Table 3 MepHOCTb CETKH M JMHEHHBIE pa3Mephl MOJYTIPO-

PasmepHOCTb KOHEUHO-3JIEMEHTHOH CETKH, MM CTpaHCTBa, SBJIAIOTCA 30HA KOHTaKTa (my6HHa

Dimension of the finite element mesh, mm BHEJIPEHUsI) ¥ TOJIIMHA MOKPBITHS.
[Tapametp 3HayeHUs Tak, ncnonb3yemoe pasbreHue, HaNpuUMep, B
Pasmep CeTKH B 30He KOHTAaKTa 001 ynpyroi sagadye obecneynBaeT okoso 30 ssneMeH-

Paamep CeTKHU BHE 30HBI KOHTAKTa 0.02 TOB B 30H€ KOHTaKTa OJid C(Ili)epI/ILIeCKOI‘O HHIOEH-

Topa, a 1Js KoHyca — Bcero 10 3jeMeHTOB, UTO
00yCJIOBJIEHO CJEAYIOLIUM (PaKTOM.

Hns 3apauu BHepeHUsT cpepuyecKOoro LITaMna uaMeJjbyeHrne CeTKH, 0YeBUAHO, OyIeT BeCTH
K TOJYUeHHIO 0oJiee TOUHBIX Pe3yJbTAaTOB, 3anaua OymeT CXOAUThbCs. Jl/is 3amauu BHeNpEeHHs
KOHyCa HAaCTPOHKA CeTKHM OKa3bBaeTCsl ropasfo CJOXKHee, MOCKONbKY B LEHTpPe KoHyca oOpasyercs
CHUHTYJIIPHOCTb. [IpyTHMHU cJ0BaMH, U3MeJsibUeHHe CETKH B IeHTpe KOoHyca OyleT MPUBOIUTH K
MPSIMOMY POCTY Hampsi2KeHHUs] U PacXOXKIEHUIO 3aauu. Takrke AJis 3aJa4d C KOHYCOM AOCTaTOUHO
Ba)KHBIM fIBJIsIeTCS (opMa 3JEeMEHTOB B ILEHTPe KOHTaKTa — (hopMa U pPa3MepHOCTb 3JIeMEHTOB
NOJKHBL 06ecreduTh 60JbIIYI0 Ne(OpPMalHI0 U He NOMYCKAaTh «CXJOMbIBaHUS» siueeK. ONHUM U3
crnoco6oB 60pbObl C YUCIEHHOH CHHTYJSPHOCTBIO SIBJSIETCS CO3[aHHE 3aKPyTJeHHsl Ha OCTpHe
KOHyca Ju00 HCIONb30BaHUE MOJeJed NJIaCTUYHOCTH.

JLnsi KOHTaKTHBIX MOBepxHOCTeH ucnosbaytores sneMeHTsl THna CONTA172 u TARGE169 ¢
aBTOMAaTHUECKHUM paclo3HaBaHHEM W OrpaHUuUeHHEeM 30Hbl KOHTaKTa. [IpuueM, MOCKOJBKY Yy Hac
JKECTKOCTh HHJIEHTOPA B HECKOJBKO pa3 O0JIbIle KECTKOCTEH MOKPHITHUS U MOAJOXKKH, TO 3JIeMEHTHI
TARGE169 Heo6xonuMo HaKJaAbiBaTh UMEHHO Ha MHIEHTOP.

Ansys Takxe M03BOJISIET YUUTHIBATH T€OMETPHUECKYIO HEJUHEHHOCTb MPH GOMbIIHX AedopMaliy-
IX, BKJIOYHMB B pacueT HeJIMHEHHBIH TeH30p medopmaiuu &(x,y, z) OTHOCUTEbHO MPOU3BOIHBIX
nepemernennit u'(x,y, z) («Large deflection»):

= L (O Ouy, Oui Oy
Z]_Q aZL‘j 81‘2 8£Uj al'l '

Takum o6pasoM, B OT/IHUME OT aHAJUTHYECKHX TEOPHH, Ille YUUTHIBAETCS TOJBKO KOHTAKTHAs
HeJIMHEHHOCTh MPH THIIOTe3e MasblX AeopMalui, UHCJIEHHO Mbl MOXKeM peajd30BaTh BCE TPH THIA
HeJIMHEHHOCTH: KOHTAKTHYIO, reoMeTpruuecKyto (6osbiine nedopMalni) U GpU3HUECKYIO (IIACTHKY).

2. YucieHHble pe3yiabTaThl

K mramnam npuk/aaneiBasoch BeptukanbHoe nepemenerne 0.1 MM, OTBICKHBAJINCh CHJIA, MOJS
fedopmanuii U HanpsxKeHui. TOUHOCTb UTEPALIMOHHONO alropUTMa 3afaBajach mo cuje 1- 1074 H,
no aedopmauusam —1-107° mm.
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Ananutuyeckue pesy/bTaThl AJs CpaBHEHHsT OpaTHCh W3 M3BECTHBIX (DOPMYJT [IJIsS BHEAPEHHUS
JKEeCTKUX Itamnos [1,5-7]:
2d 4 2 . d? E
=, F=-ERVP? F.="F—— F=-—""-1,
Ttg(p) 3 T tg(p) IRS%

r2\ /2 2 d\? Ed a a\? 1/2
s = ) , e v Pe= 77— —Imf-—((=) -1
Ps =10 ( a2> Po= <R> P (1—-v?)7a 7 ((r) >

[Lnst yueTa »XeCTKOCTH aJAMa3HOro c(hepuuecKoro HHIEHTOpa B 3THUX BbIpaXKeHUAX [J151 3()(HEeKTHBHOH
JKECTKOCTH F* MOXHO HCIOJb30BaTh POPMYJIY

11— Vi N 1—v3

E* Ey Ey
3nech a — pajuyc KOHTaKTa, d — ryyOHHa BHEpeHHUs ILITaMIa, ¢ — YroJ MeXIy FOpPU30HTa/TbHON
¥ 60KOBOU TJIOCKOCTBIO KOHYyCa,  — BepTHKaJbHas KoopauHata, Fy, Fo u v, 1o — Monyau IOHra u
ko3 duunentsl [lyaccoHa uHAEHTOpPA U MOJYNPOCTPAHCTBA COOTBETCTBEHHO, F' — BepTHKAaJbHAs
cuJa, p — JaBJjieHHe B 00/1acTH KOHTakKTa. MHAeKchl s U 31ech, M HUXKe Ha rpaukax yKasblBaloT
Ha NPUHAIJEXKHOCTb K chepe U KOHYCY COOTBETCTBEHHO.

Ha puc. 1-8 npuBeneHbl pe3ysbTaThl BHEAPEHHS cPepHUeCKOro U KOHHYECKOro MITAMIIOB B

yIpyroe MoJynpocTPaHCTBO U3 allOMUHHUA.

as = (Rd)1/2, Ge

Fy(d) a (d)
Fc, Ansys-elastic Fs, Analyt-elastic Fs, Ansys-plastic ——— a(d), Ansys-elastic a(d), Analyt-elastic a(d), Ansys-plastic
4000 0.5
0.4
3000
z E 03 e
= 2000 =
T . 202
1000 — - 0.1
0 l—_—— 0
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
d, mm d, mm
Puc. 1. BepruxaspHas cujJa OT CMeLIeHUs Puc. 2. Panuyc KoHTakTa OT cMelleHus AJs ce-
IJ151 c(pepruuecKoro UHAEHTOpa, MM (LIBET OHJIAlH) PHUUECKOTO WHIEHTOpPa, MM (LBET OHJIAKH)
Fig. 1. Vertical force from displacement Fig. 2. Contact radius versus displacement
for a spherical indenter, mm (color online) for a spherical indenter, mm (color online)
ps(a)
pla), mm, Ansys-elastic p(a), Analyt-elastic
20000 Imprint_s shape
16000 imprint_s shape elastic imprint_s shape plastic
© 0.1
o 12000
= 13
= E
£ 8000 g 0
2 [0) 0.1 0.2 0.3 0.7 0.8 0.9
4000 “ -
E 01—
0 5
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 E
X, mm 02 X mm
Puc. 3. KoHTakTHOe naBjieHHe B 30HE KOHTaK- Puc. 4. Jledopmanuss B 30He KOHTakTa (OT-
ta npu cmewennd 0.1 MM pas cdepryecKoro neyarok) [js c(epuueckoro HHIEHTOPa, MM
HHIEHTOpa, MM (IL[BET OHJIAFH) (uBeT oHJIAHH)
Fig. 3. Contact pressure in the contact zone Fig. 4. Deformation in the contact zone (imprint)
for a displacement of 0.1 mm for a spherical for a spherical indenter, mm (color online)

indenter, mm (color online)
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Fe(d)

Fc, Ansys-elastic — — = Fg, Analyt-elastic Fc, Ansys-plastic

600

F(d), N

400

200

0 0.02 0.04 0.06 0.08 0.1
d, mm

Puc. 5. BepTukasnbHasi cu/ia OT CMelleHHUs 1Jis KO-
HHYECKOro MHAeHTOpa, MM (IIBET OHJIaHH)

Fig. 5. Vertical force from displacement
for a conical indenter, mm (color online)

p.(a)

———pla), mm, Ansys-elastic = = = p(a), Analyt-elastic

160000
120000

80000

p(a), MPa

40000

0 0.02 0.04 0.06 0.08 0.1 0.12
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Puc. 7. KouTakTHOe maBJjieHHe B 30He KOHTaKTa
npu cMerieHuu 0.1 MM [J151 KOHUUECKOTO MHJEH-
Topa, MM (LIBET OHJIAKH)

Fig. 7. Contact pressure in the contact zone
for a displacement of 0.1 mm for a conical
indenter, mm (color online)

a(d)

a(d), Analyt-elastic = — =a(d), Ansys-elastic a(d), Ansys-plastic

0.25
0.2

E 015

a(d), m

0.1 =

0.05

0 0.02 0.04 0.06 0.08 0.1

Puc. 6. Paguyc KoHTaKTa OT CMelleHUs AJsl KO-
HUYECKOro MHAeHTOpa, MM (1IBeT OHJaiH)

Fig. 6. Contact radius versus offset for conical
indenter, mm (color online)

Imprint_c shape

imprint_c shape elastic = = =imprint_c shape plastic

01

0 0.1L= 1 0.3 0.4 0.5 0.6 0.7 0.8 0.9

-0.1

Imprint_c shape, mm

-0.2

Puc. 8. Jledbopmauust B 30He KoHTakTa (OT-
NeYyaTok) JMJisi KOHHYECKOTO HHAEHTOpa, MM
(uBeT oHJialH)

Fig. 8. Deformation in the contact zone (imprint)
for a conical indenter, mm (color online)

Ha puc. 9, 10 npuBeneHsl noJsi nedopManuil s cepuueckoro i KOHWYECKOr0 HHIEHTOPOB
17 yTIPYTOH M yIPYTOMJIACTHYECKOH MOJeJiel, paCCUUTaHHBIX B Ansys.

a/a
Puc. 9. Ilose meopmauru B 30He KOHTAKTa AJsi C(DEPUUECKOTO MHAEHTOPA, MM: a — ympyras
MojieJ/ib; 6 — yIpyromnjactuyeckast Moiesb (BT OHJaiH)

6/b

Fig. 9. Deformation field in the contact zone for a spherical indenter, mm: a is elastic model;
b is elastoplastic model (color online)
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a/a 6/b
Puc. 10. Ilose nedopmanuu B 30He KOHTAKTa 15 KOHMYECKOTO MHAEHTOpPA, MM: & — YyIpyras MoJeJb;
6 — ympyromnJjactiuyeckasi Mofiesib (L[BET OHJIAHH)
Fig. 10. Deformation field in the contact zone for a conical indenter, mm: a is elastic model;
b is elastoplastic model (color online)

BbiBoabl

Jlnst ynpyroi 3afaud YMC/EHHbIH METOJ MOKa3aJj MPaKTHUeCKU COBMAJeHHe ¢ aHaJUTHYeCKUMH
pesysnbratamu. [lorpeiHocTs Bo3pacTasa ¢ yBeJudeHHeM nedopMaldd U A5 MaKCHMaJbHbBIX
3HaYeHHH cocTaBusa 0KoJo 2% MJis BEPTHKAJbHOH CHJIBI.

CTOUT OTMETHTb, YTO HaHHble Harpy3KH MJisi YHpyro# 3agadyu CyLIeCTBEHHO MPEBHIIAIOT
JOMYCTHMBbIE 110 MPEIeTy TEKyUeCTH U OBbIM PACCMOTPEHBI KaK MOJEJbHbBIE 3a1a4yd [Jis CPABHEHHUS
mognesiedt. B mpenenax ynpyrux nedopMaldil MOrpeliHOCTh YUCJAEHHBIX Pe3yJbTaTOB COCTABUJIA
meree 0.1%.

[Ipu pelieHHWH ympyromnaacTHUECKOH 3aaayd YUCJIEHHO Mbl BUAHUM JHUHEHHYIO 30HY Pa3Tpy3KH,
KOTOpast UCIOJb3yeTcsi [Jis1 HaxoxaeHust Moay.ist FOHra mpu MeTonax HepaspylIaiollero KOHTPOJIs
(HaHOMHIEHTHPOBAHHS).

30Ha KOHTAaKTa AJIsl YIPYroil MOAENH W yNpPYTONJIacTHUECKOH MOLEJH CYLIeCTBEHHO OTIMYAEeTCs.
[Ipy MIacTHYHOCTH MaTepuals «BblIABIHBAETCS» HU3-TIOA HHAEHTOPOB U CYIIECTBEHHO yBeJHYHBAET
30Hy KoHTakTa. [l cheprHuecKoro HHAEHTOPA MPH MAKCHMaJbHOM CMELIEHHH OTJIUYHE MO0 PafryCcy
KOHTAaKTa cocTaBuio 0K0J10 30%, mst KoHudeckoro — 45%.

B 1esioM Hcnosnb30BaHHe YIPYrod MOAENH MOXKET CJYKUTh MOJEJbHOH 3amauedl aJsi Bepudu-
KalKK U KaJUOPOBKH UHCJIEHHBIX MeTon0B. OnHaKO MpU GOJbLIMX Ae(OpMaLHUiX PEeKOMEHIYeTCs
MPUMEHSATh YIPYTOMNACTHUECKYIO MOfie/b 1ehOPMUPOBAHHUS, a TaKKe MOJe/b HEJMHEHHOrO TeH30pa
nedopmanuu (Mome b OOJBIIUX HeopMalui).

JlaHHble HCC/IeI0BaHUSI MOTYT ObITh MPUMEHEHBI [Jisi OLEHKH TOYHOCTH W aHa/ju3a Mofesed, uc-
T0JIb3yEMbIX MPHU HIEHTH(UKALKN CBOMCTB PaiHeHTHBIX, MHOTOCJIOHHBIX MATEPHAJIOB U MaTE€PHAJIOB
C MOKPBITHSIMH.
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AHHoTauusda. Pa3iyHble MeXKCUCTEMHbIE IIYHTHI IHPOKO NMPUMEHSIIOTCS MPH Je4YeHHH HOBOPOXKIEHHBIX C
BPOXK/EHHBIMH NOPOKAMH Ceplilla U CHUXKEHHBIM KPOBOOOpalleHHeM JIETKUX. YCTaHOBKA IIYHTA CONPOBOXKIA-
€TCsl BBICOKMM PHUCKOM Pa3BHUTHS TOCJEONEPALUOHHBIX OCJI0XKHEHUH U JeTalbHOCTH. Pa3BUTHe HEKOTOPBIX
OCJIOXKHEHHH BO3MOXKHO MpeACKa3aThb, UCIOMNb3Ysl METOAbl MAaTEMaTHUECKOrO MOAEJIUPOBAHUS, U CKOPPEK-
THpPOBaTh JeuyeHHe. B naHHOU paGoTe HcC/e0BaHA CHCTeMa «aopTa — LIYHT —JieroyHasi apTepusi». Dbliu
NPOaHA/M3HPOBAHbl TPU BapHaHTa PACIOJIOXKEHHUS [IYHTA C PA3HBIMU AHAMETpaMH y Tpex manueHTtos. [Ipu uc-
CJIe[JOBAaHUHM TOJYyUeHHbIX 27 BapHaHTOB HUCIOJb30BaNUCh PACIPOCTPAHEHHbIE reMOJMHAMUUECKHe TI0Ka3aTesnu
(kacaresibHble HANpsiKEHHS y CTEHKH, OCPEIHEHHBIE 32 CepIeYHbld LUK/ KacaTesbHble HATNPSKEHHUs, UHAEKC
KosleGaHUH KacaTesNbHBIX HaNpsiKeHHH, OTHOCUTebHOe BpeMs NpeObiBaHUs U Ap.). Ha ocHoBe uncieHHOrO
pelleHHsl TIOKa3aHa 3aBUCHMOCTb paclpefie/ieHHsi KPOBOTOKA B JIETOYHOH apTePUH OT PACMOJIOXKEHHUS IIYHTA.
CJrieyeT OTMETHTD, YTO JAJIS Pa3HBIX MALlUEHTOB MECTO YCTAHOBKH LIYHTA OTJaHYaeTcs. Takxke OblJIO MOKa3aHo,
YTO MOTEPH FHEPTHH LIYHTOB AHAMETPOM 4 MM MOUTH B ABa pa3a 6oJblie, YeM Yy LIYHTOB THAMETPOM 3 MM.
VIHnuBUAya bHBIN MOAXOA K JIEUEHHIO KaXKIOTO0 HOBOPOXKAEHHOI0, OCHOBAHHBIH Ha 00BEKTHUBHBIX NaHHBIX,
MOXET CYIIECTBEHHO YMEHBLINTb YUCJIO Cly4yaeB AeTCKOH CMEPTHOCTH M MOBLICHTb 3()(eKTHBHOCTb NpoLecca
peabunHTaLMH.
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Abstract. Various intersystem shunts are widely used methods of treatment of newborns with congenital
heart disease and reduced pulmonary blood flow. Shunt placement is associated with a high risk of
postoperative complications and mortality. It is possible to predict the development of some complications
using mathematical modeling methods and adjust the treatment. In this study we investigated the system
“aorta — shunt — pulmonary artery”. Three kinds of shunt placement with three different diameters for
three patients have been analyzed. To solve hemodynamic problems, 27 cases were investigated using the
common hemodynamic indices (wall shear stress, time-averaged, oscillatory shear index, relative residence
time, etc.). The dependence of pulmonary artery blood flow distribution on shunt location is shown; the
preferred location differs for different patient geometries. The energy loss of 4 mm diameter shunts is
almost 2 times larger that of 3 mm shunts. A patient-specific approach to the treatment of each child based
on objective data can significantly reduce the number of pediatric deaths and increase the effectiveness of
the rehabilitation process.
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BBenenue

BpoxkneHHble MOPOKH cepila — 3TO aHOMaJHWH CTPOEHHsl cepaua ¥ (HUJAM) MaruCTpasbHbIX
COCY/IOB, MPH KOTOPBIX HapyllleHa HopMmaJsbHasi remonuHamuka [1-3]. [Ipu HeKOTOpHIX M3 HHUX
HapyIlaeTcsl MPOIeCcC HACHIIIEHUsI KPOBH KUCJIOPOAOM, BCJAENCTBHE UEro CTPALaeT OpPraHW3M HOBO-
POXKIEHHOTO B L[eJOM, BO BHYTPEHHHUX OpPraHaX BO3HHUKAIOT MATOJOrMUeCKHE TPOLIECCHI.
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OT BpOXIEHHBIX MOPOKOB Ceplla CTPaAaloT OKOJIO OTHOTO MPOLEHTA OT YHCJIa HOBOPOXKIEHHBIX
[4]. KpuTHueckde MOPOKH U MOPOKH, TpeOylolllie KOPPEKIIMU Ha MEPBOM TOMY *KH3HH, TPU CBOEM
€CTeCTBEHHOM TeYeHHH NPHUBOAAT K TSXKeJsbIM NpobJeMaM CO 310POBbeM H JaxKe JeTaJbHOCTH.

OnHuM 13 MeTONOB MaJ/JIMaTHBHOTO Jie4yeHUs] MJaJeHLeB ¢ BPOXKIEHHBIMH MOPOKaMH Cepala
(B 4aCTHOCTH, NPH aTpPe3UH JIETOYHOH apTepuH U B PEKUX CJydyasX MPU CHHAPOME THIION/Ia3HH
JIEBOTO Cepllia) sIBJSETCS MEXCHUCTEMHBIH IWIYHT [5]. MeKCHCTeMHble LIYHTHl I0Ka3ajd CBOIO
3()()eKTUBHOCTb B MOMOIIY HOBOPOXKIEHHBIM C LHAHOTHUHBIM BPOXKIEHHBIM MOPOKOM Cepala B
HEKOTOPBIX cayuasix [6].

OnHako HEOOXOOMMO OTMETHTB, UTO MpPOIeaypa YCTAHOBKM MEXCHCTEMHBIX LIYHTOB CBsi3aHa
C BBICOKHM DHUCKOM DPa3BHUTHS 3a00JiIeBaeMOCTH U CMepTHOCTH [1,2]. YpoBeHb CMEPTHOCTH Cpein
HOBOPOXK/IEHHBIX BCE ellle OCTaeTCsl 3HAUMTEeJbHBbIM, HaXolsicb B auamnazoHe ot 3 mo 14% [3].
OCHOBHBIMH TIPUYHMHAMH 3a00/1€Ba€MOCTH W CMEPTHOCTH y MAllMeHTOB, MOABEPTIIHUXCS AaHHOU
MpoLEeNype, SIBSIOTCS MPOTPECCUPYIOLIast CepleuHO-JeroyHas HeloCTaTOYHOCTb ¥ CHHIPOM 0OKpa-
IbIBaHHSI KOPOHAPHBIX apTepHil [7]. DTH MOCAEACTBUS BO3MOXKHO MPEAYNPEIUTh, €CIH COOMOCTH
6anaHc MeX1y AOCTaTOYHBIM HacbILeHHEeM KPOBH KHMCJIOPOAOM M HH3KHM [aBJIeHHEM B JIerOYHOH
aprepuu [8].

[IpumeHeHHe MeTO0B GMOMEAMLIMHCKOrO MHXKUHHUPHUHTA U MaTeMaTHUeCKOr0 MOJAEJUPOBAHHUS
TMO3BOJISIET MONYYUTh KOJHUECTBEHHBIE OLIEHKH reMOIMHAMHUYECKHX MOKa3aTesedl U CIpOrHO3MpoBaTh
MOC/eCTBHsI XUPyprudeckoro BMemnatesabctsa [9,10]. Ha ceropusiiunuii neHb paspaboTka 06beKTH-
BU3MPOBAHHBIX METOAMK WHAMBHIYA/JbHOrO MOAOOPA MEKCHCTEMHOTO IIYHTA SBJSETCS aKTyaJbHOM
npo6JieMoit, Tpebylolieil HOBbIX MOAXON0B U MeTomoB [11].

B pa6orax [6-9, 12-15] aHanu3upoBaIuch pa3inuHble aCMeKThl YUCJIEHHOTO MOIETHUPOBAHHUS
IJISl aHAJIM3a pPas3HbIX OMepalui HaloKeHHs MeXCHCTEMHBIX IIYHTOB. BBlI0 MOKasaHo, 4To pacroJo-
»KeHHe IIYHTa WrpaeT BaXKHYK POJib B reMOIMHAMUKE JIETOYHOH apTepuu. [IpaBuibHO momoGpaHHOe
pacroJio’keHHe MIYHTAa MOXKET YPaBHOBECHTb MOTOKH B NMPaBOH M A€BOH JIErOUHOH apTepHH HJIH,
HaobopoT, BHecTH aucOasnanc [13, 14]. LleHTpasbHBIH LIYHT NPUBOAUT K HU3KOMY COMPOTHBIIE-
HMIO TIOTOKA, YTO O3HAuaeT JIETKYl0 HaroJHIeMOCThb JIErOUHOH apTepuu. A Moau(UUUPOBAHHBIH
Bnanok — Tayceur WyHT MOAXOAUT AJsl CJydaeB C BBICOKHM PHUCKOM I1e€perosiHEeHHs JIerOYHOH
apTepHH.

Tak:xe OblJIO MOKa3aHO, YTO IIYHTHl GOJbILIEr0 AHAMeTpPa OTBOAST GOJIbIIYIO YACTb CEPAEUHOro
BBIOpOCA K JIETKHM, UTO YXYALIaeT okcureHauuio [15]. Beuio ycraHoBseHo, UTO CHCTEMHOE COCYAH-
CTO€ CONPOTHBJIEHHE OKa3blBaeT OoJibliiee BJAHSIHHE HA TeMOIUHAMHUKY, YeM JIETOUHOE COCYAHUCTOE
conpoTuByeHre. VI3MeHeHHs] YacTOThl CepleuHbIX COKpalleHHH OKa3bIBAIOT MUHHUMAaJbHOE BJHUSHHE
Ha CHCTEMHYIO apTepHasibHYI0 OKCHreHaluio [16].

B ta6n. 1 nmpuBeneHbl OCHOBHBIE XapaKTEPUCTHUKH, U3ydaeMble UCCeI0BATEMSAMH.

B Hacrosimiee BpeMsi KIMHULKCTHI Y3HAIOT MPOLEHT CATypPallMd U COOTHOLIEHHE MOTOKOB KPOBU B
cocynax HermocpeacTBEHHO MPHU ONepalry, HO [/ Ka4eCTBEHHOro MJIaHUPOBaHUs HeoOXonuMa Mpej-
onepaTHBHAsl OLlEHKA 3TUX XapaKTepUCTHK. B NaHHOH cTaTbe HUCC/ENOBAHO BJMSIHUE Pa3JHYHbBIX
BAPUAHTOB YCTAHOBKH MEXCHUCTEMHOTO IIYHTAa Ha TeMOOMHAMHUKY B CHCTEME «aopTa — LIYHT —
JIero4yHasi apTepusi» Y peasibHbIX MalWeHTOB.

AHanu3 reMoIMHaMHUECKOTO BO3JEHCTBHSI Ha MEXCHCTEMHBIH LIYHT TMPOBENEH C HUCIOJb30BaHU-
€M MeTOJIOB BBIUHC/HUTEbHOH IMAPOAHHAMUKH. PacueTsl ObIIH BBITOJHEHB! AJIS1 Psila XapaKTEPUCTHK,
BKJIIOYAs TIOTEPI0 SHEPTHH, HATpsKeHHe CABHUIa CTEHKH, COOTHOILLEHHE MOTOKOB B JIEBOH M MPaBOH
qeroynodt aprepun (LPA/RPA) u pacnpenenenue Kucjaopona.

1. Marepuanbl 1 METOABI
1.1. Mogean 3D reomeTpuii IIyHTOB

Hns Tpex mauueHTOB, MOJyuyaBIIMX JedeHne B DenepasbHOM LEHTPe CEPAeUHO-COCYNUCTOH
xupypruu um. C. I'. CyxaHoBa, Gblja poBeleHa MYJbTHCIMPaJbHAs KOMIbIOTEPHAsi TOMOTrpadus
rpynHod kaetku. Mcnogabsosancs MCKT-tomorpad Somatom Definition AS ot Siemens, pasmep-

HOCTb 512512, TonuuHa cosi 0.6 mm. C nomouibio nporpammbl [TK-SNAP cosnaHbl TpexmepHbie
MOJIe/I a0pThbl U JIEFOUHOH apTepHH.
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Tabauya 1 / Table 1

OLHAM XIFHWSLONIXXOW JnLonda1xedex sMHENLE BUHEE0TaLdd)) "dT n HuuAduex d v

< O630p HccenyeMblX reMOIMHAMHUECKHX N0Ka3aTeJseH, onpenesieMbIX ¢ MOMOLIbIO YHCJIEHHOIO MOENHPOBAHHUS
% Overview of investigated hemodynamic parameters determined by numerical modeling
;3': Yuer IIpoananusupoBaHHble XapaKTePUCTUKH
o Agrop nozgar- Mogeab 0D-3D Tun kposu [ToTepst OueHka WSS | Ckopoctb | HaBsenue | JlomosHHUTEBHO
JINBOCTH TYpGOYNEeHTHOCTH Qrpa 9HEpPrux LOCTaBKH
CTEHOK Qrra KHCJI0pOoza
[12] - Shear Stress Her HH2>XK Jla Jla Her Her Her Her -
Transport, k-w
[17] - Her Her HX, Her Her Her Jla Her Jla KoHTyphI
HH(pOpMALHH KPOBOTOK CKOpOCTEH,
JlaMUHap- NpOQHUIN H
HBIH H JIMHUH
HecKHUMae- CcKopocTel
MBbII
[18] - Her Ha - Her Her Ha Her Her Ha -
HH(pOpMaLHH
[19] - Her Her HXK, 6e3 Her Her Her Ja Ja Ja CkopocTb
HH(pOpMaLH CKOJIbKe- cIBHra
HHUS
[14] - Her Her HXK Ja Ja Her Ja Ja Her Mupexc myHTa
HH(pOpMaL U1
[13] - Her Ja - PIE: Her Her Her Ja Jla -
HH(pOpMaL U
[20] - Shear Stress Her H2XK Ja Ja Ja Her Her Her Koadduunent
Transport, k-w CTeHo3a
JIeTO4YHOH
apTepHH
[21] - Shear Stress Ja HHX Her Her Her Ja Ja Ja -
Transport, k-w
[22] - Her Jla HHXK, Jla Jla Her Jla Jla Her [ToBpeskneHHOCTD
UH(pOpMaLHH TeuyeHHe KPOBH
CTalMoHap-
Hoe
[23] - Her Her HHXK Ha PIE! Her Ja Ja Ha -
HH(OpMaLUH
[24] + Her Her HXK Her Her Her Ja Ja JHa O6bemubIi
HH(pOpMaLH pacxon uepes
LIYHT
N [Tpunstele cokpauenus:: H2K — HbloToHoBcKast xkuakocts; HH2K — Hec:kiMaemast HbIOTOHOBCKas KUAKOCTh; Qrpa/QRrpPA — COOTHOLIEHHE 0OBbEMHBIX PACXOJ0B B NIPaBOM
N

W JIEBOU JIETOUHBIX aApTepUAX; WSS — INPUCTEHOYHbIE KaCaTeJibHble HalpsA2KEeHUS.
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Ianee B rpaduyeckom makere Spaceclaim kx cocynam no6aB/ieHbl pa3iHuHble BAPUAHTHI LIYHTOB
(Mo pacrnosioxKeHHIO: LeHTPaNbHbIH, JIEBBIH, MPaBbli, U M0 AHaMeTpy: 3, 3.5 U 4 mm). Hacto Bocxo-
AsIL{e COCY[bl HMEIOT JOCTATOYHO MaJbli IHaMeTp AJsi TOrO, YTOObl YCTAHOBUTH LIYHT HYXKHOTO
naMameTpa 6e3 U3MeHeHHUsl eCTeCTBeHHOH (opMbl wiyHTa. [109TOMY B COEIMHEHHSIX LIYHTOB C COCY-
JIaMH LIYHTBl B CEUEHHH UMeIT (POpPMY 3JHIMCA, KOTOpasi 3aTeM MJIaBHO CTAHOBUTCS OKPYKHOCThIO
(puc. 1).

CHCTeNHOE KpOBoOBpaIeTE BepXHei AT TeTA
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Pyt
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TRy Qupr| w95ws  RypsQps
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T J Hucxomgsamag ¢——
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TlanmenT 2

Ilanuent 3

IlenTpansroe JleBoe IIpaBoe

Puc. 1. [Taunenro-opuentupoBanuble reomerpun, 0D-3D cxema KpoBooGpallleHusi U BAPUAHTHI PACIIOJIOXKEHHUS
myHTOB (IIBET OHJIANH)
Fig. 1. Patient-specific geometries, 0D-3D blood flow scheme and shunt placement options (color online)

Taxum croco6oM GBITH CO3MAHBI IIYHTHI IPABOTO U JIEBOT'O PACIIONOKEHHS (TapaMeTphl SJITUIICOB
yKaszaHbl B TabJ. 2). Beero monmyuusnocs 27 BapuaHTOB.
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Tabauya 2 / Table 2

Pasmeps! mynros / Shunt dimensions

D, mm [epumetp a, MM | b, MM [Tepumetp OtHocuTesbHAA
OKPY?KHOCTH, 3JIMIICA, MM pasHOCTb
MM epPUMETPOB, %
3.0 94 1.0 1.9 9.47 0.53
3.5 11.0 1.2 2.2 10.93 0.56
4.0 12.6 1.5 24 12.52 0.35

1.2. TpanuuyHble yCJIOBUSA

Jlnst BXoa B aopTy Obljla MCIOJMb30BaHA 3aBUCHMMOCTb CKOPOCTH OT BPEMEHH B MEPUOAbI CHCTO-
JIMYECKOH U JHACTONHUeCKOH (ha3 JieBoro xeaynouka (cm. puc. 1). JUTebHOCTb CHCTOIUYECKOTO
nepuona JieBoro xenynouka cocrasasier 0.22 ¢, a nuacronndeckoro — 0.28 c¢. O61as npomosiKu-
TeJbHOCTh CeplevyHoro 1ukKaa paBHa 0.5 c¢. MakcuMmasbHasi CKOpoCTh cocTaBJjseT 1.4 m/c [25].
J171s1 BBIXOZOB M3 AOPTHI U JIETOUYHBIX apTePUi HCIOIb30BATUCh 3aBUCHMOCTH [aBJIEHUS] OT BPeMeHH,
paccyuTaHHBle ¢ MoMollblo Mofenn PpaHka.

[Ipy npoxoxIeHHH KPOBH Uepe3 COCYIbl UM CHCTEMY COCYIOB BO3MOXKHO CHHKeHHe JaBjeHus P
U3-3a CHJ TPEeHHSs, KOTOpble 0TOOpaKaloTcsl Ha CXeMe KaK 3JeMeHT THIa «CONpOTHBJeHHe». B Takom
ciydae 06beM KPOBOTOKA () uepe3 y4acTOK ONpelessieTCsl Pa3HOCThIO NaBJIeHHH Ha BXOIE W BBIXOJE
Y CBOHCTBAaMM COCYZa, OMHUCBIBAEMBIMH NapaMeTpoM K. dmacTHUHbIE COCYABl CIIOCOOHBI PACLIMPSATHCS
MPH yBeJHUYEeHHH KPOBOTOKA, HAKANJWBas BHYTpPU ceOs KPOBb, M CKHUMATbCs NMPU ocaabJeHnH
KPOBOTOKA, UTO MOJAEPKHBAET BbIXOJHOH KPOBOTOK. DTO CBOMCTBO OMHUCHIBAETCS JEMEHTOM THIIA
«KOHJIEHCATOp», KOTOPbI UMeeT mapamMeTp eMKocTH C', XapaKTepU3yILIHi CKOPOCTh HAKOMJIEHHS
KpoBHU. V3MeHeHHe KPOBOTOKa 4yepe3 COCYy. MPU TOCTOSSHHOH PAa3HOCTH JaBJIE€HHH OMHUCHIBAETCS
3/IEMEHTOM THIIA «KaTyIIKa», KOTOPBIE 00safaeT cBOMCTBOM MHAYKTUBHOCTH (L). KpoBoTOK uepes
KJIaTiaH cepla (37eMeHT THIa «IHO») BO3MOXKEH TOJNbKO MPU MPEBLILIEHUH KPUTHYECKOTO YPOBHS
pasHOCTH JAaBJeHUH Per;i. DJIeMEeHTBl THIA «3/JaCTHUHOCTb» OMUCHIBAIOT paboTy Kamep cepiua,
CBsI3bIBasi K3MeHeHHe 00beMOB KaMep C faBJjeHHeM. [lapamerp anacTUYHOCTH F 3aBUCHUT OT BpeMeHH
t, B OTJIMYME OT APYTUX NapaMeTPOB MOJIEJH.

MartemaTnuecKkasi MoleJib, OMUCHIBAIOLIAsT KPOBOOOpallleHHe, BKaoUyaeT 13 nmuddepeHrnansbHbIX
ypaBHEHHUH U HECKOJbKO IeCATKOB anre6pandeckux cooTHolleHHH. [TyTem npeo6pasoBaHHil MOXKHO
BBIPA3UTb BCe TePeMeHHble Yepe3 HeU3BECTHbIE, UTO T03BOJISET MepelTr K cucteMe U3 13 nudde-
peHILHa/bHbIX YpaBHeHUH ¢ 13 HeusBecTHBIMH. [[/1s1 pelieHUs] STOH CHCTEMbl HY>KHBI HauyaJsbHble
yeqoBusi, napametpsl (R, C, L, P..;:) v QyHKUMH, onpefensiouye padory cepaua F(t). KoHeraHTsl
U pellleHHe CHCTEeMbl YpaBHEHUH omucaHbl B pabore [26].

1.3. HccaenoBaHue CXOQMMOCTH CETOYHOM MOJEJU

JLnst co3naHust pacyeTHOH CeTKH AJIsT 06/1aCTH XKHUIAKOCTH HCIOJb30BaNUCh UHCTPYMeHTH Body
Sizing u Inflation. C nomombio Body Sizing moxHO 3amate Tum U pasMep 3jeMeHTa CETKH, a
Inflation mo3Bo/ssieT yBeJNHUHTb MJOTHOCTb CETKH B NPHUCTEHOUYHBIX 00/1aCTSAX MJIS BbISIBJIEHUS
MPUCTEHOUHBIX 3P PeKTOB (pHuC. 2).

J17151 OLleHKH YyBCTBHUTENBHOCTH K TJIOTHOCTH CETKH OblIM BbIOpPaHBI MATh PA3JMYHBIX pPa3MepoB
37eMeHTOB (Tabs. 3), BK/WOUasl rekcasapuiyeckue U TeTpasapUuecKHe THIIbI 3JeMeHTOB. AHa/u3
NPOBOAMJICS HA OCHOBE NOCTHXKEHHsI OTHOCHTEeJbHOH pasHuupl eB*™ = 1.56%, P = 0.91%
MeXIy MaKCHUMaJbHBIMHA 3HAUeHUSMHU AaBJEHHUS U CKOPOCTH B CHCTEME «a0pTa — LIYHT — JIerouHasi
aptepusi». Ha puc. 2 npuBezneH rpaduk CXOOMMOCTH 1Js CKOPOCTH. MOXHO BHIETh, YTO 3HAYEHHS
MaKCUMaJIbHBIX CKOPOCTeH CYLIECTBEHHO OTJIMYAIOTCs 15 rpyboil U cryuieHHol ceTok. [losatomy
IJ151 JanbHeHIIUX pacueToB Oblia BelOpaHa 0oJiee MIOTHAS CeTKa C pa3MepOM CTOPOHBI TPEYTOJBbHOI0
KOHEYHOro 3jieMeHTa h = 0.2 MM.
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Puc. 2. KoHeuHo-3/1eMeHTHAsl CeTKA U CETOYHAS CXOLUMOCTb
Fig. 2. Finite element mesh and mesh convergence

Tabauya 3 / Table 3

[TapameTpsl CeTOK, UCIOJb30BaHHBIX B HccienoBaHuu / Mesh parameters

Pasmep | Koa¢- | Koamu- Koad- Yucno Yucano Makcu- ep™™ Makcu- gpin
9JeMeH-| (PUUUEHT| uec- (PULUEHT | 3JleMeH- y3J10B MaJibHOe MaJibHast
Ta, MM | Mepexo- | TBO pocra TOB NlaBJIeHHE, CKOpOCTb,

na CJI0€B [Ta M/c
0.20 0.30 5 1.50 4204752 | 968 582 19 330.5 1.562541 | 4.96512 | 0.913411
0.21 0.33 5 1.47 3617334 | 848 329 19 033.1 1.587344 | 5.01089 | 0.940209
0.23 0.35 5 1.45 2782675 | 673 045 18 735.7 1.930265 | 5.05845 | 4.065203
0.25 0.40 5 1.40 2155081 | 539 698 18 380.9 1.894773 | 5.27280 | 5.604678
0.27 0.45 5 1.30 1684686 | 440 474 18 039.1 5.585870 - -

1.4. TI'emonumHaMuuYecKue NapaMeTphbl

Jlnsi oLleHKH B3aWMOJEHCTBUSI M paclpefeseHHss MOTOKOB PACCYMTHIBANUCH MPUCTEHOUHBIE
KacatesbHble HanpsikeHusi (Wall Shear Stress — WSS), ocpenHenHbie 3a cepaedHbIH LUK/ MPH-
cTeHouHble KacatesbHble Hanpsikenus (Time Averaged Wall Shear Stress — TAWSS), unnexc
KoseGaHuil KacatesbHbIX HampsikeHud (Oscillatory Shear Index — OSI), ckopoctb, naBJjenue,
otHocuTesbHOe BpeMs npebpiBanus (Relative Residence Time — RRT), noteps snepruu (Energy
Loss — EL), okcurenauusi (Delivery oxygen — Do) u 7 (cooTHOlIeHHe KPOBOTOKOB MEXYy JI€BOK H
TNPaBOM JIErOUHBIMH apTEPUSIMHU).

[TpucTeHOUHEIE KacaTesbHble HANPsKEHUs SBJSIOTCS BaXKHBIM eMOAMHAMMYECKHM MapaMeT-
pom [27,28]. OHH BO3HHKAIOT NPH TPEHHH KPOBH O CTEHKH COCYOB H MOT'YT ObITh CBSI3aHBI C
IHIOTENHAbHON TUC(HYHKIMEH U MOBBILIEHHBIM pUcKOM Tpombo3a apTepuit [29]. IIpucTeHouHbIe
KacaTeJsbHble HaNpsiKeHHUs BBHIYUC/SIOTCS MO Gopmysie

WSS = —u (g:) ,

rae u — CKOPOCTb 2KUAKOCTH BOJIM3H CTE€HKH, 7 — paCCTOsAHHWE A0 CTEHKH, [ — OHMHaMHnyecCKas
BA3KOCTbD.
OCpeﬂHeHHble 3a Cepﬂe‘{HbIﬁ HUHKJ IIPUCTEHOYHbIE KacaTeJ/ibHble HAllPpA2KEHKA BbIYHCJIAIOTCA 10

(hopmy.ie
T

1
TAWSS = / (WSS|dt,
0
rae T — BpeMsi cepleyHoro LHKJAa, pasHoe 0.5 c.
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WHpekc KoneGaHuil KacaTesJbHBIX HaMpsi>KeHWH MO3BOJSIET OLEHUTh XapaKTePUCTUKH MIOTOKA
KPOBU BHYTPH COCYIOB W NpeAcTaBJ/isieT co00i OGe3pasMepHYyIO BeJUUYHHY, KOTOpasi H3MeHseTcsl
ot 0 1o 0.5 ¥ oTpakaeT cTeneHb OCUUJJISLHUHA NOTOKA KPOBH B TeueHHe cepievyHoro nuk/aa [30].
3nadyenre OSI = 0 coOTBeTCTBYeT OAHOHANPABJEHHOMY IMOTOKY KPOBH, TOTAa Kak 3HayeHHe
OSI = 0.5 yxasblBaeT Ha MOJHOCTbIO OCUMJIUPYIOLIMHA MOTOK [31], YTO MOXKeT MPUBECTH K
sHpoTeMaNbHON nuchyHkuK [32]. MHoeke KonebaHUi KacaTeNbHbIX HATMPSIKEHUH BBIUHCJSETCS
no copmyJe

T

[ WSS dt
1 0

[ [WsS|dt

0

H3BecTHO, UTO MpH CUJIBHO OCLHUJJIUPYIOLINX TeUEHHUAX MHAEKC K0ose6aTeJbHOTO CIBHUTa MOXKET
ObITb TaKUM JKe, KaK U MPU OueHb MeJJIeHHbIX MOTOKaX. TakuM o6pa3oM, UHIEKC KoJebaTeJbHOro
CIBUTA He MO3BOJISIET BHISIBUTh aTePOCKJIePOTHUECKHE 00/1aCTH, T.e. 06JaCTH C HU3KUMH MPUCTEHOY-
HBIMH KacaTeJbHBIMU Halpsi2KEHUSIMA M BBICOKMM HHAEKCOM KoJieGaTesNbHOr0 CABUra Ha OOHOM U
TOM K€ yuacTKe apTepHasbHOH cucTeMbl. [y mpeonosieHns BhIllleyKa3aHHBIX TPYAHOCTEH BBEIEHO
oTHOCHTesbHOEe BpeMsi nmpebbiBanus [33]. RRT — 3To Bpemsi mpoJsieta pacTBOpPeHHBIX BelleCTB U (hop-
MEeHHBIX 3JIEMEHTOB KPOBH B OKPECTHOCTH COCYAHCTOro 3HA0Tenrss. OHO 06paTHO MPOMOPIHOHATBHO
NPOLONBHOMY PAcCTOSIHUIO Az, Ille 4acTHLA KPOBU MepeMellaeTcsi Ha HeGOJbIIOM PacCTOSIHUU OT
cteHKH [15], u ompenessietcsi popmyJioH

1 1

RRT~ %5~ TAWSS - (1—2-0SI)

[ToTepu sHepruu sBJASIOTCSA KOJHUECTBEHHBIM M0KAa3aTesieM TeMOIUHAMHUYECKOH 3(P(PeKTUBHOCTH
CHCTEMHO-JIEFOYHOI0 IIYHTUPOBAHHUS U NOCTHATPY3KH Ha OJIMH kKejynodek. Uem MeHble motepu
SHEPruH, TeM Bbille 3PPEeKTUBHOCTb MPeoOpa3oBaHUsl SHEPTHH CHCTEMHO-JIETOYHBIX HIYHTOB [12]:

Energy Loss = Z Wintet — Z Woutlet

W = Qv (P +1/2pv?).

CooTHoIlIeHNe KPOBOTOKOB MEXK/y JIEBOH M TPaBOH JIErOYHBIMH apTEPUSMH 1):

n=QrLra/QrPA,

rie Qrpa ¥ Qrpa — 0ObeMHBIE CKOPOCTH MOTOKA B JieBOH JierouHoi aprepuu (LPA) u mpaBoit
nerounod aprepuut (RPA) coorBercTBeHHO [34].

OneHka [OCTaBKH KHUCJIOPOIA — [0KA3aTesb, UMEIOLIUH 00J/blloe 3HaYeHHE W B 3HAYHTEJb-
HOHM CTereHH CBsI3aHHBIM C paHHUMH MOBTOPHBIMM BMelIaTeJbCTBAMM MOCJe omnepaiuu [35, 36].
[Tycts C'V Oy — noTpebiaenre Kucaopoga BceM

tesioM, Cpyo, — KOHLEHTPALHs KHUCJI0POAA B Tabauya 4 / Table 4
aopTe, CUCTEMHOU U JIEFOYHOU BEHAX COOTBET- HopMasbHble H MaTOJIOFHYecKHe SHAUeHHS
CTBEHHO; Qg ¥ (Jp — CUCTEMHBIH U JIErOUHBIH reMOIMHAMMYECKHX MapameTpos, [la
MOTOKH cooTBeTCTBeHHO. Mcxons u3 mpuHuMna  Values of hemodynamic parameters in the healthy
coxpaHeHus kKucaopona [37,38], momyuaem state and pathology, Pa
D02 = QSCPVOQ - QS/QPCV02 [Tokasaresb 3HaueHue HMcTounuk

HaceiliieHre JerouHbBIX BeH MPUHUMAJOCH Hopma | Tatosorna
paBHbIM 98%. Ilo KaIMHHYeCcKUM AaHHBIM [16, WSS <40 520.0 (28]
39] Cpyo, 1 CVOy 6GblIM yCTaHOBJEHB Ha .
ypoe 0.22wmy,/mM1 u 0.874Mu,/c cooTBet- TAWSS >1.5 | or 15 10 45 | [14,29]
ctBeHHo. HopMasbHble ¥ maToJjoruueckye 3Ha- OsI — >0.2 [30]
YeHUs] XapaKTepPUCTUK MpPHUBeleHbl B TabJ1. 4. RRT - >8.0 [31]
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2. Pesyabtarsl

2.1. IIpucreHouHble KacaTeJibHble HANpPSKEHHUs, OCpPeIHEHHbIE 32 CePIEeUYHBIA ITUKJI
NIPUCTEHOYHbIEe KacaTeJbHble HaNpsKeHUs, MHIEKC KoJeOaHUI KacaTeJbHbIX
HaIpsiKeHW#, OTHOCHTEJbHOE BpeMs IpeObIBaHUSA

HauGosbliive 3HaueHUsT TPUCTEHOYHBIX KacaTeJbHBIX HaIpsixKeHUH HaOJ01al0Tcs B 00J1aCTH
IIyHTa, 4YTO MOXKET MpeNCTaB/siTh pUcK Tpombosa (puc. 3) [22,40]. Takke BbICOKHE 3HAUEHHS
KacaTesbHbIX Halpsi2KeHUH KOHLEHTPUPYIOTCS B 06JIaCTH BUXPEBOrO U 3aCTOMHOrO MOTOKOB KPOBH
B JIEFOYHOH apTepuH — HEelOCPeACTBeHHO IOJ LIYHTOM, IJle KPOBb CTaJKHBaeTCs CO CTeHKaMH
apTepuH, a TakKe Ha OTBETBJEHHUSIX a0PTHI, BKJIOUAs JIEBYIO TMOAKIIOYUYHYIO apTEpHIO, JIEBYIO
00IIyI0 apTepUIo U TJyeuerosoBHOH cTBoJ. HaumMenbuive 3Hadenuss WSS Habsonarotess B 00J1aCTAX
HUCXOASLIEH YacTH aOpTHl M Ha JIETOYHOH apTepuy — B 00J1aCTSAX PaBHOMEPHOrO TeUYeHHs! KpoBHU [22].

3HaueHUs] OCPeJHEHHBIX 3a CepleYHbIH LUKJ MPUCTEHOUHBIX KacaTesbHbIX HalpsKeHHH B
TMIHKOBBI MOMEHT CHUCTOJIBI JOCTHUTAIOT MAaKCHUMAJbHBIX 3HAYeHUH B 00/1aCTH IIYHTA, UTO MOXKET CIIO-
cobeTBoBaTh TpomOo3y miyHTa [41,42]. Kpome Toro, BHICOKHE 3HaUEHHsI KacaTeJNbHBIX HATPSKEHUH
HabJIoaI0TCsl B 00/1aCTH BUXPEBOTO ABHKEHHS] KPOBH B HY2KHEH 4acTH JIETOYHOH apTepuu [43].

HauGonbine sHauennss TAWSS nabGmionaiorcss B o6sacTsX CTbIKA C a0PTOH M JIETOYHOH
apTepued, UTO yKa3blBaeT Ha MOBLILIEHHBIH PUCK TpomM6o3a B AaHHBIX objacTsax (cM. puc. 3).
Bricokue 3nauenusi nopsinka 300 Ila HaGsiomaioTcsi MpU BCeX PACIOJIOXKEHHSIX IIYHTOB U TPH
Bcex Avamerpax. s nauuveHToB |1 u 2 naHHBIE 3HayeHHUs pacHpefie/ieHbl HepaBHOMEPHO 110 BCeH
AJuHe wWyHTa. a5 nanueHTta 3 MakcHMaJ/bHble 3HAUeHHs JIOKA/JHM30BaHbl B OCHOBHOM Ha CTbIKax C
aoproi. [lasee mo mjuHe WyHTa 3HaueHUs He mpesbimatoT 150 [la 3a UcKOUEHHEM LIEHTPATBHOTO
pacrosioXKeHHs LIyHTa NPHU BCeX AUAMETpax.

Haun6onpiine 3HaueHHs HHAEKCA KoJeOaHUH KacaTe bHbIX HaNpsKeHHH CKOHLEHTPUPOBAHBI B
BOCXOJSILLEH YAaCTH aOPThl, a TaKxkKe B OM(PYPKALHUOHHBIX U BUXPEBbIX 00/MACTSAX JIETOUHOU apTepHH
(cMm. puc. 3). dTo CBA3aHO C WHTEHCHUBHBIM KojeGaHHWeM HampasjeHHs BekTopa WSS B 3THX
06/1aCTSIX BO BpeMsl CepleyHOro LHKJa.

B To ke BpeMsl 3HaueHHUs MHAEKCA B HUCXOASILEH YaCcTH aopThl HAOJIOAAIOTCS HHXKe. DTO CBA3aHO
C YMeHbILIeHHeM HHTEHCUBHOCTH KosleGaHUH KacaTesNbHbIX HANpsKEHUH 110 Mepe MepeMelleHns] BHU3
no aopte. Pacnpenesenre nHAeKca KoneOaHUH KacaTeNbHBIX HaNpsKeHUH B 00JACTH LIYHTA HMeeT
HepaBHOMepHbIH xapakTep. Ha myHTe 3HauuTesbHble KoMeOaHUsl 3HaUeHUH OyqyT NPOUCXOAUTH B
o6sactu cThlka ¢ aopTod. OnHako 6/MKe K JIETOYHOMY CTBOJY CTeleHb OCLUUMISLUN CHHUXKAeTCs
IT0 MOXKHO 0OBSICHUTb OCOOEHHOCTSIMH THAPONUHAMUKY B 3TOH obyacTh. [laHHask 3aKOHOMEPHOCTb
pacrnpenesieHUs] MHAEKCA XapaKTepHa /s BCeX MofeJsel.

Ha puc. 4 nokasaHo pacnpefesieHHe OTHOCHUTENBHOTO BpeMeHHU NpeObiBaHUs. Bricokue 3HaueHUs
OTHOCHTEJIbHOTO BpeMeHH NpeObiBaHKsl B OCHOBHOM KOHLEHTPUPYIOTCS B JIerOYHOH apTepuu. MoxkHO
clies1aTh BbIBOJ, YTO B JIETOYHOH apTepHu HaOJIOAAI0TCs 3HAUMTE/bHO OoJlee AJUTesbHble MepPHOAbl
3a/lepKKH KPOBOTOKA B CPaBHEHHH C APYTUMH OTHeJNaMH CHUCTEMbI, CBS3aHHble C 3aBUXPEHHOCTbIO
KpoBoTOKa. OcoOGeHHO 06/1aCTH BBICOKHMX 3HAYeHHH SPKO BBIpaXkKeHbl y MallMeHTa 3 [Js BCeX
Monesied. Y mauueHToB 1 W 2 Mo Mepe yBeJHUEHHs NUAMETpa LIYHTA XapaKTePHO yMeHblIeHHe
3HaueHWH NAHHOro napameTpa /51 BCeX PaclOJIOXKEeHHUH LIyHTA.

Jlns paHHBIX Mofesiell XapaKTepHO, YTO 3HAa4YeHMs, OMHCbIBAIOLHME PUCK TpomOO3a LIYHTA,
COCpeNoTOUeHbl B 00/1aCTH CThIKA C a0PTOH, UTO MOATBEPXKAAeTCs KIMHUYECKUMU HabJI0eHUSMH.
Jlanee 3HaYeHMs MPUCTEHOYHBIX KacaTe IbHBIX HAMpPSKEHUH YMEHbIIAIOTCS 10 ONTHMAaJNbHOIO YPOBHS
M0 Mepe TMPOJABHKEHHUS BIOJb AJNHHBI MIYHTA U NMPUOJMKEHHS K 00/aCTH €ro CThIKa C JIETOUHOH
aprepued (cMm. puc. 3).

2.2. JIuHuM TOKa M JaBJieHHe

Hzyuenue pacnpenesneHnst CKOPOCTHBIX XapaKTePUCTHK TeUeHHs KPOBH HMEET BayKHOe 3HaueHHe
OJ151 TOHUMaHUsT (PU3UOJIOTHH U NATOJIOTHH CHCTEMHOTO KpoBoToka. Oco6eHHO BaXKHO YUHUTBHIBATDH
BO3MOKHble 3(p(DeKThl LIYHTOB U APYTMX aHOMaJHWi KPOBOTOKA HA TeMOAUHAMUKY.
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Puc. 3. PacnpenesieHne NMpUCTEHOYHBIX KacaTeJbHbIX HaNpPs2KEHHUH, KacaTe IbHbIX HaIpsKeHHH OCpeHeH-

HBIX 3a CepledyHbll LHKJ M HHAeKCa KoJeOaHWH NPUCTEHOYHBIX KacaTesbHbIX HaMpsKEeHHE B MOIeJH

«aopTa — IIYHT — JIErouHasi apTepusi» NP PasHbIX AMaMeTpax U MecTaX YCTAHOBKM MEXCHCTEMHOrO LIYHTa
(uBeT oHJaliH)

Fig. 3. Distribution of wall shear stress, time-averaged wall shear stress and oscillatory shear index in

model “aorta - shunt — pulmonary artery” at different diameters and locations of the Blalock — Taussig shunt
(color online)
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Puc. 4. Jlunuu ToKa, naBjeHHEe U OTHOCUTEJbHOE BpeMsi MpeOblBaHUSI B MOJEJH «a0pTa — IIYHT — JIeTrouHast
apTepusi» MPU pasHbIX AHAMETPaX W MECTaX YCTAHOBKH MEXCHCTEMHOTO HIyHTa (I[BET OHJIaHH)
Fig. 4. Streamlines, pressure, and relative residence time in model “aorta—shunt - pulmonary artery”
at different diameters and locations of the Blalock — Taussig shunt (color online)
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PacnpeueﬂeHHe CKOPOCTHBIX XapaKTEPUCTHK TE€UEHHUA KPOBHU B CUCTEMHOM KPOBOTOKE SABJAECTCH
Ba)KHBIM acCleKTOM reMOJMHAMHUYeCKHX MPOLECccoB. B aopTe KpOBOTOK pacmpesesieH HepaBHOMEPHO,
OIHAKO IO Mepe MPUOIUKEHUS K HUCXOASIIEH YaCTH aOpThl CKOPOCTH KPOBOTOKA BbIPABHUBAIOTCS.
Hao6opor, B jierouHoil aprepuu npeodagaeT BUXPEBOe BUKEHHE KPOBH, BEI3BAHHOE BEPTHUKAJIbHBIM
ITOTOKOM, KOTOprﬁ CTaJIKUBaeTCs CO CTEeHKOH APTEPHHU U BbI3bIBACT 3aBUXPEHUSA (CM. pHc. 4)

Pacnpenesenre naBieHUs 10 CTEHKAM a0PTHI U JIErOYHOH apTepuy B MUKOBBIH MOMEH CHCTOJIBI
UMeeT HeOIHOPOAHbIH xapakTep. Camble BbICOKHME 3HAaueHMs HAOJIOAAIOTCS HA CTEHKAX BOCXOASIIEH
4acTH aopThl, a caMble HU3KHEe — Ha CTeHKax JIerouHoH aprepuu. B obmacTy, rae npucyTCTByeT LIYHT,
HanboJIbllIMe 3HAYEeHNs [aBJEHHS COCPELOTOUYEHbl Ha CThIKE C a0PTOH. 3aTeM AaBJieHHe PaBHOMEPHO
pacrpefeJsisieTcsl 10 HaNpaBJeHHUIO K JierouHoH aprepud. Tako#l xapakTep pacnpefie/leHHsl 1aBJeHHUS
XapakTepeH /s BCEX PACIOJIOXKEHHH IIYHTa U [/ BCeX AHaMeTpoB (cM. puc. 4).

2.3. CooTHoOlIEeHNE KPOBOTOKOB MEKAY JIEBOM U MPABO JIErOYHBIMH apTepUAMU

HccnenoBanusi mokasanu, 4To MPU CHCTEMHO-JIETOUHOM LIYHTHUPOBAHHUHK cOaJlaHCUPOBAHHAS
nep(y3us JIerouHbIX apTepuil TECHO CBfI3aHa C yJydlleHHeM COCTOSHUS B NOCJeOoNepalHOHHbIH
nepuon [44,45]. OnHUM K3 OCHOBHBIX KPUTEpHEB BbIOOpAa MeCTa JIOKaJH3aLWH LIYHTA SIBJSETCS
CUMMeTPHUYHOE paclpefiefieHHe KPOBOTOKAa B JIETOUHBIX apTepusix. PaBHoMepHasi mepdysus u
pa3BHTHe KaK MPaBoi, Tak W JIeBOH JIETOYHBIX apTepuil UMelT BaxKHOoe 3HaueHue [46]. [IpaBusbHoe
pacrpeneseHre KpPOBOTOKA NOMOraeT 00ecrneunTb ONTHMaJbHbIH POCT U pa3BUTHe B 00eUX apTepusX,
a Tak)ke INpeIOTBpallaeT HepaBHOMEepHOe Nep(y3UpoBaHHe JETrOYHOH TKAHH, YTO MOXKET OBbITh
HexxeslaTebHBIM [J1s1 nanuenTa [47].

[To rpacduxam, nokassiatouum cootHoiienre LPA/RPA (n) u ux cpenHee 3HadeHue 3a cepied-
HBIH LIMKJI, MOXKHO CIeJIaTh BBIBOJ, YTO BCE MOJENH JEMOHCTPUPYIOT aCHMMeTPHUYHOE pacrpelesieHue
KPOBOTOKA B JieroyHele apTepuu (puc. 5). OcoOeHHO 3TO BBIPAXKEHO Y MallMeHTa 2 MpH LEeHTPaIbHOM
pacroJ/IoKeHHH LIYHTa W Yy MaldeHTa 3 MpU JeBOM PaclosioKeHUH IyHTa. M3 rpaukoB BUIHO,
yTo pacnpenesenue cootHowenuss LPA/RPA (n) B mpaBoit JierouHoi apTepud pe3Ko Bo3pacTaeT

10 CPaBHEHHMIO C JIeBOH JIETOUHOHU apTepued s  10°

IlenTpanbHoe

shx Mopeneii. Takas kapruna HaGmonaercs o 003
/ISl BCEX TPeX AHAMETPOB LIYHTOB. 8 O o4
Takxxe Oblnn onpeneseHsl HauboJsee O6Jaro- p Temoe
MPUSITHBIE BaDHAHTHI LIYHTOB C TOYKH 3peHus '” <4 035
MX pacroJioxkeHust U nuamerpa. OGHapyKeHHbIE § :‘MZT
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JIEHHH KHCJI0poaa. DTO 3aKOHOMEPHO, TakK Kak 04
pacrpejiesieHHe KHUCJOPOAa B JIETOUHOH apTepud
3aBHCHUT B MEPBYIO OYepelib OT 06beMa KPOBH, 5 .

O

MOCTYMAloIeHd B TPaByl0 U JIEBYIO JIerodHble
aprepuu [48].

104 — - - -
[loTepu sHepruu SBJASIOTCA KOJHUYECTBEH- 1 2 3

HbIM T0Ka3aTe/leM reMOIMHaMHIECKOl ShPek- pye 5. Pacripenenenue coortHowenu#i LPA/RPA
THBHOCTH CHCTEMHO-JIETOYHOTO WIYHTUPOBAHHSA (1)) s Tpex MNALMEHTOB NPH PA3IHYHBIX AHA-
U [TOCTHArpy3kKH Ha OOUH 2KeJyd04EK. YeMm MeHb- MeTpax WIYHTOB M BapHaHTaX HX YCTAaHOBKHU
1Ie TTIOTePH SHEPTHH, TeM BhbIlIe 3(P(PEKTHUBHOCTD (uBeT oH/AH)

npeo6pa3oBaHys SHeprHy cucTeMHo-derounbix Fig. 5. LPA/RPA ratios () for three patients
wyHTOoB [34]. at different shunt diameters and various locations

(color online)
W3 muarpammbl BUIHO, UTO MO Mepe yBeJu-

YeHMUs] JuaMeTpa LIyHTa OCpelHEHHble 3a cep-

JeYHbIH LUKJ TOTepU SHEPTHH Bo3pacTaioT (puc. 6). MckmoueHnem sBJsieTCs LeTpaJbHOE Pacro-
JIOYKEHHe HIYHTa y mauueHTa 3. DTO CBUIAETEJNbCTBYET 00 yBeJHYEeHUHM HATPY3KH Ha CepAlle TpH
yBeJUUYeHUH NuaMeTpa LIYHTa.
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Puc. 6. Pacnpenenenne norepb sHepruu: a — WIYHT AMAMETPOM 3 MM; 6 — LIYHT AHAMeT-
poM 3.5 MM; 8 — IIYHT AHaMeTpoM 4 MM (UBeT OHJIaHH)
Fig. 6. Energy loss distribution: a is shunt of 3 mm diameter; b is shunt of 3.5 mm
diameter; ¢ is shunt of 4 mm diameter (color online)
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M3 rpaduKkoB pacnpenenieHUst KUCAOPOAA U UX OCPEeTHEHHBbIX 3HAUEHHH 3a CepleUHbIHd LHKJI
BH/HO, YTO BCE MOJIE/IM MOKA3bIBAET aCUMMETPHUHOE pacrpe/esieHHe KUCJI0POa B JIErOUHble apTepHn
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Puc. 7. Pacnpenenenne kucjopona B MpaBoi JIErOUHOH apTepuu: @ — LIYHT AHAMETPOM

3 MM; 6 — LIYHT AUaMeTpPoM 3.5 MM; 8 — LIYHT AHAMeTPoM 4 MM (LBET OHJIaHH)

Fig. 7. Oxygen delivery distribution in the right pulmonary artery: a is shunt of 3 mm
diameter; b is shunt of 3.5 mm diameter; ¢ is shunt of 4 mm diameter (color online)
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Puc. 8. PacnipenesieHre KHC/I0poa B JIEBOH JIETOYHOH apTepyuu: @ — LIYHT AHAMETPOM
3 MM; 6 — IIYHT AHaMeTpoM 3.5 MM; 8 — LIYHT AHaMeTpoM 4 MM (LBET OHJAHH)
Fig. 8. Oxygen delivery distribution in the left pulmonary artery: a is shunt of 3 mm
diameter; b is shunt of 3.5 mm diameter; ¢ is shunt of 4 mm diameter (color online)
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Oco6GeHHO 3TO SIPKO BbIpaXKEHO OJ5l MaluueHTa 2 MpHU LeHTPaJbHOM PacIOJOKEeHHWH LIyHTa
M naudeHTa 3 TpPH JEeBOM paclojoxkeHUM wiyHTa. M3 rpadukoB BHAHO pe3Koe BoO3pacTaHHe
pacnpefesieHUsl KUCJA0POAa B MPaBOU JIETOUHOH apTepUu M0 CPABHEHHUIO C JIeBOU JIETOUHOH apTepuen
OJIs1 3TUX Monesed. JlaHHAas KapTHHA XapaKTepHa /51 BCeX TpeX AUaMEeTPOB LIYHTOB.

3. Amnaaus

[lesb 1aHHOrO MCCJ/IEJOBAHUSI COCTOUT B OLlEHKEe BJIMSIHUSI MEXKCHCTEMHOIO IIyHTa Ha TeuyeHHe
KPOBH B COCyHaX KOHKPeTHbIX ManueHToB. [losyueHHBIE pe3ysnbTaThl NMOATBEPAUJN THIOTE3Y O
BJMSHHUU PACIIOJIOXKEHHUS] U pa3Mepa MeXKCHCTeMHOro LIyHTa Ha ero padoty .

PesynbTaThl MOIe/MPOBaHHS, OCHOBAHHblE HAa aHATOMHYECKHX M (DU3HONOTHUECKHUX NAHHBIX
KOHKPETHOT'0 MalHeHTa, NPOAEeMOHCTPHUPOBAJH BJHSHHE PA3JHUYHBIX MEXCHCTEMHBIX LIYHTOB Ha
aopTy U JIETOUHYI0 apTepHio MOCPeACTBOM Iepepaclpelie/ieHHs] KPOBOTOKA M0 BETBSIM COCY/OB,
U3MeHsIsl TeM CaMbIM eMOIMHAMHYeCKHe XapaKTepUCTHKU U HarpysKy Ha cepile nmanueHTta. dTo
T03BOJIUJIO MOJMYYHTb KOJMYEeCTBEHHbIE H KayeCTBEHHBIE FeMOJMHAMUYECKHe MapaMeTpbl, KOTOpble
TIOMOTYT IPH MJIaHUPOBAHUM OMepalty U MPOrHO3UPOBAHUU MOCJ/E0NePALMOHHOTIO Meproja.

YnydleHHe COCTOSHUSA B MOCJEONePALHOHHOM MepHOfie CUCTEMHO-/1€TOYHOr0 LIYHTUPOBAHUS
TECHO CBSI3aHO O cOaslaHCUPOBAHHOK nepdy3uell JeroyHslx aprepuil. Bece Monesnu, paccMoTpeHHble B
IaHHOM HCCJeIOBaHHH, UMEIOT aCHMMETPUUHBIE KPOBOTOK. DTOT (peHOMEH MOXKeT OBITb 00yCJIOBJIEH
0COOEHHOCTSIMM aHaTOMMHU COCYIOB y MalMeHTOB, UTO NpelcTaB/sgeT HHTepec AJis GoJsee r1yOOKOro
MOHUMaHMs MeXaHU3MOB LUPKYJISLHUH KPOBH MOCse NpoBefieHUs onepaliiid. Oco6eHHO 9TO BEIpaXKeHO
y mauueHTta 2 MpH LeHTPaAJbHOM PaCHoOKEeHHH IIYHTA U y MallheHTa 3 TpH JeBOM PacrosoXKeHHH
mwyHTa. B paGorax [12,43] uccienoBatesin NpHILIK K CXOXKHUM pe3yJbTaTaM, BbISIBUB aCHMMETPHUYHOE
pacrpesie/leHHe KPOBOTOKA B JIETOUYHBIX apTepPUsIX HE3aBUCHMO OT MeCTa YCTAHOBKH MeKCHCTeMHOI0
ILIyHTA.

Ha nortepu remMonviHaMH4YeCKOH SHEPTHH BJHSAIOT TPEHHE KPOBH O CTEHKH COCyHa, BUXPH, TypOy-
JIEHTHOCTb U NPOCBET cocyzna. YeM BEIlle NOTePU SHEPTHH, TeM OoJibllle HArpy3ka Ha XKeJylouKH
cepAlla, YTO MOXKeT CTaTb TPUITEPOM K Pa3BUTHUIO CepAEeYHO-JerO4YHOH HeqocTaTo4HOCTH. Ilo pe-
3yJbTaTaM HCCJeJOBaHUS ObLIO BBISIBIEHO, YTO YeM OoJibllle AHaMeTp LIyHTa, TeM OoJblie NOoTepH
sHepruu. Takxe OblJa BBISIBJI€HA pa3HULA MOTEPb SHEPrHU MEXIY LIYHTAaMU 3 U 4 MM NPUMEpHO B
nBa pasa. [Ipu 3TOM, ec/M OLEHHBATh BJIMSHHE PACIIOJNOXKEHHUS IIYHTA, TO MOJYy4YaeTcs, 4To /s
nanueHTa 1 CJI0XKHO BbIIENUTb OJHO3HAUHO XOpOLllee pacroJjoKeHue IyHTa. [lis nauueHra 2 jesoe
pacroJio;keHre LIYHTa OKa3ajocb Haubosee 3Pp(MeKTHBHBIM, IPH 3TOM pe3yJbTaT YCTAHOBKH LIyHTA
3 MM OKasaJics HeyIOBJeTBOPUTeNbHBIM. [/l manueHTa 3 mpaBoe pacroJioKeHHe MPUBOAUT K MeHb-
IIMM MOTePSIM HePruu MO CPaBHEHMIO C LIYHTAaMM TOTO Ke pa3Mepa, HO APYroro pacrosoKeHHUs.
Jlpyrue aBTOpbl B CBOMX HCCJIEIOBAHHUAX TOXKE FOBOPSAT O HETaTMBHOM BJMSHHM OOJBILIMX 3HAYEHUH
EL Ha cepieuHO-COCYIHCTYIO0 CHCTEMY, B UaCTHOCTH cepAlle U ero Muokapn [43]. B paore [12]
OblJ1a TPOAHANU3UPOBAHA TIOTEPS SHEPTHUHU U MOJyueHbl pedysabraTsl B auanasone 0.065-0.15 Br.
Takke CTOMT OTMETHTb pa3/U4yMsl B CTeNEeHH MOpaKeHHs JIerOYHOH apTepuH, MoieJUpyeMoH B
IaHHOH paboTe U B paboTax APYTHX aBTOPOB.

B pesynbrate aHasnnsa pacnpesesieHUs] KHCJIOPOAA B JieBOe M IMpaBoe Jerkoe /s KaxKAoro
nauueHTa ObLIM BbIsIBJEHB HanbOoJee 0/1aronpUsiTHble BapuaHThl WyHTa (puc. 9).

Ananus nokasaJg cjenyloliiee.

1. nsa nanuveHTa 1 ¢ MUHUMaJbHON pa3HULIEH MeXAY pacrnpelneseHHeM KHCJ0PONA B JIErOUHBIE
apTepyH MOAXOAUT LIYHT C TPaBbIM pacrosiokeHHeM W auameTpoM 3,5 MMm. [Ipu nanHom pacrnoso-
JKEHWH W MaMeTpe LIyHTa KUCJAOPOJ MOCTYNaeT B JIEBYIO JIETOUHYIO apTepuio Ha 17% Gosblie, ueMm
B IPaBYIo.

2. Jlns manueHTa 2 ¢ MHHUMAaJbHOH pa3HULEN MeXIy pacrnpeleseHHeM KHCJIOPOAA B JIETOYHBIE
apTepHH TOAXOLUT LIYHT C JIEBBIM PACIOJOKEHHEM U nuamerpoM 3.5 MM. [Ipu naHHOM pacnosoxe-
HHUU U IHaMeTpe LIYHTA KUCJOPOJ MOCTYyNaeT B MPaBYIo JerouyHywo aprepuio Ha 49% Gosblie, yeM B
JIEBYIO.

3. Ilns manueHTa 3 ¢ MUHUMaJbHOH pasHULEH MexXAy pacrnpeleseHHeM KHCJIO0POAA B JeTOYHBIE

MexaHvnka 269



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

apTepuy TOAXONUT LIYHT C LEHTPAJbHBIM pacrosiokeHHeM M auametpom 3.5 MM. [Ipu manHom
pacroJIoKeHHH W IHaMeTpe IIYHTa KHUCJIOPOA MOCTYMaeT B JIeBYIO JIerOYHyio aprepuio Ha 12%
6oJbllle, YeM B MIPaBylo.
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Puc. 9. Pacnpenesnenue Kucaopoaa, OCpefHEHHOE 3a CepleyHblH MKJ B JeBOH (a) W mpaBoi (6) JeroyHbIx
aprepusix (LeHTpasbHOE, JIeBOEe U MPaBO€ PACIOJIOKEHUsT COOTBETCTBeHHO); P1 — nmauuent 1 (cuuuii); P2 —
nauueHT 2 (opaHxkeBbii); P3 — naunent 3 (kenTbiil) (1BeT OHJANH)

Fig. 9. Time-averaged oxygen delivery distribution in the left (a) and the right (b) pulmonary artery
(central, left, and right locations); P1 — patient 1 (blue); P2 — patient 2 (orange); P3— patient 3 (yellow)
(color online)

[TonyyenHble B paGoTe pe3y/JbTaThl MO MOPSAKY BEJHUMH COTJIACYIOTCS C JAHHBIMM H3 pa-
6oter [39].

Pacrnipeze/ieHue Kacate/ibHbIX HANpsiXKeHHH BOJH3H COCYAMCTON CTEHKH MPeNCTaBJsieT co00i
Ba)KHBIH acrekT /i1 TIOHMMaHHs MaTOJOTMYECKHX TPOLECCOB, CBA3aHHBIX C CHCTEMHBIM KPOBOTO-
koM. [ToBbIlIIEHHbBIE 3HAYEHHS] STUX HAMPSKEHHH MOTYT ObITbh aCCOLMMPOBAHbI C PAa3HOOOPA3HBIMH
MaTOJIOTHSIMK, BKJIKOYasi TPOMOO3 U MOBPEXKIEHHE SHAOTEJHNS, B TO BPEMsI KaK MX CHHXKEHHE MOMKET
OBbITh CBI3aHO €O cTeHO030M. OCOGEHHO He6JaroNPUATHBIM CUHTAETCS AHaMeTp LyHTa B 3.5 MM,
IJie BBICOKHE KacaTe/ibHble HalpsizKeHHsI pachpeieieHbl BIOJb BCEH ero IJIMHBI MPH Pa3JUYHbIX
pacroJioXkeHusixX myHTa. B ciaydae manuenta | HauGosiee GJArONPUSTHOE PACMOJIOXKEHHE IIyHTA
oOHapy»KeHO CrpaBa MpU AdameTpe 4 MM, rle 3HaueHHs] HaNpsKeHHH MPEeBBILIAIT HOPMY JIHILb
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JIOKaJIbHO B OI'PaHHYEHHBIX TOUEYHBbIX 00sacTsx, He npesbimas 75 [la. Ias mauneHToB 2 U 3
ONTUMAJIbHBIM CUHTAETCS LIeHTPaJbHOE PACIOJIOKEHHe MPU AUaMeTpax 3 U 4 MM, e JoKajbHble
3HaueHMsl HampsiKeHUH He mpebiaoT 75 [la.

Bo BpeMsi muKa CHCTOJIBI HaMBBHICLIME 3HAUEHHUS KPOBOTOKA KOHLEHTPUPYIOTCHS B 00JacTH
YCTaHOBKH LIYHTA. YBeJHUeHHe AHaMeTpa LIyHTa CONPOBOXKAAETCS yBeJHYeHHUeM CKOPOCTH KDPOBH,
NpOXoAsillell Yepe3 Hero, B cpenHeM Ha 1-4%, a Takxke HaOsIOfaeTcsi 3aKpyYHBaHHe MOTOKA KPOBH
B caMOM LUyHTe. B o0/acTH WIyHTa MakcHMaJjbHble 3HaueHHUsl AaBJeHUs] (POKYCHUPYIOTCS B 30He
COeJIMHEHHS C a0pTOH, MoCJe Yero AaBjeHHe PaBHOMEPHO paclpefe/sieTcsl B HallpaBJ/eHUH JIerOUHOH
apTepuH.

B naHHOM Hcc/le10BaHHHU UMEJIOCh HECKOJIbKO OrpaHHueHHH. Bo-nepBblX, HeGOJbILIOE KOJHUYECTBO
nauueHToB. MayueHnue Gosbliero uuc/aa 1ano 6bl BO3MOKHOCTb ¢ GOJbllel YBEPEHHOCTbIO TOBOPUTh
0 MOJIyYeHHBbIX NaTTepHaX U 3aKOHOMepHOCTAX. Bo-BTOpPBHIX, MMeeT CMBICJ NPOBECTH NaHHOe
UCcCJeOBaHHe Ha MalueHTaX, KOTOpble B pPeasibHOCTH OblIM MPOONEPUPOBAHbI, U CPABHUTb HALIU
pe3yJsbTaThl C MOC/e0NepalHOHHBIM 1€PHOIOM.

3akJarouenue

Bpauu crankuawoTcs ¢ npobaeMoi 06beKTHBU3AIMH OMepaliil TIPH OlleHKe BO3IEeNUCTBHUS Mapa-
MEeTpPOB ILYHTA U €r0 MeCTa YCTAHOBKH HA KPOBOTOK B JIETKHX y A€Tel ¢ BPOXK/AEHHBIMH TaTOJOTHSIMU
cepaua. B naHHOM HcesenoBaHHK MBI (POKYCHPOBANHCh Ha pa3paboTKe MOJEJNH KPOBOTOKA «aop-
Ta — IIYHT — JIerOYHAast apTepHsi», UCIMOJb3ys MOJEJIH TPeX MalUeHTOB C Pa3JWYHbBIMH BapHaHTaMH
YCTaHOBKH MEXXCHCTEMHOTI'O IIYHTAa M TPeMsl pPa3/jUuHbIMU auamerpamu. C TIpUMeHeHHEeM IMpo-
rpammHoro pewaress ANSYS CFX npoananuanpoBaHbl reMogHHaMHUECKHeE MTapaMeTpbl, BKJOYas
KacaTeJibHble HaMNpsiKeHHUs y CTEHKH, OCpPelHEHHbIe 32 CepleyHblH LUK KacaTe/bHble HaMpsKeHHs,
UHIEKC KoseOaHUH KacaTesbHbIX HaMpsi)KeHHH, OTHOCUTENbHOE BpeMsi NpeObiBaHUS U IP.

[losyuenHble pesysbTaThl NOAYEPKUBAIOT BaXKHOCTb MHIUBUAYAJU3HPOBAHHOIO MOAXOAA K BbI-
60py ONTHMAaJIbHOrO BapHaHTa YCTAHOBKH LUYHTa W €ro AMaMeTpa B 3aBUCUMOCTH OT KOHKDPeTHBIX
XapaKTepUCTHUK Kaxaoro nauuenta. Ha ocHoBe aHasnn3a reMofiMHaMHUYeCKUX M0KasarteJjel OblI0
IPOLIEMOHCTPUPOBAHO, UTO TpeOOBaHUS K pas3/iW4HbIM BapUaHTaM yCTAHOBKH LIYHTA U UX JUaMeT-
paM pasJauyaloTCs B 3aBUCUMOCTH OT MHAMBHUAYaAJbHBIX O0coOeHHOCTel mauneHToB. Ocob0 CTOUT
BBIIEJIUTD BBISIBJEHHYI0 aCUMMETPUUYHOCTb T€YEHHUsI B JIETOUHBIX apTEPHUSX MPU BCEX BapUaHTax
UMIJaHTalUH U Pa3JdYHbIX AHaMeTpax.

ITH pe3ynbTaThl NOAYEPKHUBAIOT, UTO TeMOAMHAMUYECKHE TTapaMeTphl SABJSIOTCS KPUTHYECKUMH
MHIUKATOpaMH 3(P(PeKTUBHOCTH MEXCUCTEMHBIX LWYHTOB. [IpencTaBieHHbI B HCCAeq0BAaHUN 00beK-
THBHBIA U MEPCOHANM3UPOBAHHBINA MOAXOMA K BHIOOPY ONTHMaJbHBIX MapaMeTPOB ONepalyd HMeeT
NOTeHLHaJ/ CyLIeCTBEHHOrO CHHXKEHUs NeTCKOH CMepTHOCTH U yJyylleHHWs pe3yJbTaToB peadU/uTa-
MM, obecreyuBas OoJiee TOYHOE COOTBETCTBHE XHUPYPruyeCKHX BMeIIaTe/JbCTB UHAWBHUAYAJIbHBIM
0COOEHHOCTSIM KaXA0r0 MalUeHTa.
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Abstract. This article describes and analyzes the development of a
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to determine interest in facial expressions. The purpose of the study is
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definition of emotions will allow organizing control over the quality of
the educational process, conducting statistics on the cognitive behavior
of students during classes, and showing the level of interest of students
in the material presented. The identification system will automatically
determine and register the time of arrival and departure of students in
real time. Based on the joint application of the Viola — Jones method and
the nearest neighbors method using histograms of centrally symmetric
local binary images, a system for face recognition in a real-time
video sequence has been developed. The structure of the project is
described and the software is developed in the Python programming
language using the Keras open-source library. The developed system
consists of two subsystems: an identification system and a cognitive
behavior recognition system. The scientific novelty lies in an integrated
approach to the development and research of algorithms for real-time
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AnHoTamuda. B craTbe onuceiBaeTcs W aHaJIM3UpyeTcsl pa3paboTKa CUCTeMbl HISHTH(UKALHMH U pacro-
3HaBaHHsI KOTHUTHBHOIO TOBEAEHUs yUAIIUXCsl AJsl ONpeleseHnsl 3aMHTePECOBAHHOCTH 10 MUMHUKE JIHLA.
[lesb vccenoBaHusi — HAWTH MOAXOASIIIME TEXHONOTHH [Jisl peasu3aluu AaHHOH cucTembl. OnpenesneHune
HMOLMHU MO3BOJIUT OPraHU30BaTh KOHTPOJb 38 KauecTBOM Y4eGHOro mpolecca, MPOBECTH CTATHCTHKY KOTHH-
THBHOTO IMOBEIEHHUs CTYIEHTOB BO BpeMsl [IPOBeAEHHUsl 3aHATHE U MOKa3aTb YPOBEHb 3aWHTEePeCOBAHHOCTH
o6yuaeMbIX B u3jaraemoM Matepuaje. CucreMa HAEHTH(DHUKALMH MO3BOJUT aBTOMATHYECKU OMPENEsiTh U
PerucTpUpOBaTh BpeMsi MPUXONA M YXOa CTYLAEHTOB B PEXHMe peasbHOro Bpemenn. Ha ocHoBe coBMecTHOTO
npuMeHeHHs1 MeTona Buosbl — J[>koHCa ¥ MeTona OJMXKaHIIMX COCeled C HCIOJNb30BaHHEM THCTOTPaMM
LIeHTPaJIbHO-CHMMETPHUHBIX JIOKaJbHbIX OHHAPHBIX 00pa3oB pa3paboTaHa CHCTeMa PACO3HABAHUS JIHIL B
BH/IEOMOC/IEI0BATEIbHOCTH B peanbHOM Bpemenn. OmnucaHa CTPYKTypa MpOeKTa U pa3paboTaHO MPOrpaMMHOe
ofecreueHre Ha si3bIKe MporpaMmmupoBanusi Python ¢ ucmosib3oBanueM GHOMHOTEKH C OTKPBITHIM HCXOIHBIM
kopoMm Keras. PaspaGotaHHasi cucTeMa COCTOMT M3 IBYX MOICHCTEM: WAEHTHU(HUKALMH U PACIIO3HABAHHUS
KOTHUTHBHOTO MoBefeHust. HayuHast HOBH3HaA 3akJ/04YaeTcst B KOMIJIEKCHOM MOAX0o[e K pa3paboTKe U HCCie-
JIOBAHHIO aJrOPUTMOB PACIO3HABAHMS M HUAEHTU(HUKALUK JIUL B PEKUME PeasbHOTO BPEMEHH MJIsi PelleHHUst
MPUKJIAIHBIX 3a]1a4.
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Introduction

Recognition is the identification of the transformation of input information, which is
appropriately defined by some features of recognizable objects in the output information,
representing the conclusion about which class the recognizable object is found [1].

Face recognition is a system designed to identify people in a static image or video. This
technology has been around for decades. However, its use has become more visible in the last
few years, as it is now used as part of innovative solutions, such as photo recognition of people
and additional authentication on mobile devices.

By recognition, we will understand the identification of an image of an unknown person
with one of the well-known persons. Thus, the concept of “recognition” can be defined as the
assignment of the object under study (face image), given as a set of observations, to one of the
mutually exclusive classes (persons), or the conclusion that this object does not belong to known
classes. The task of face recognition is relevant both in the field of intelligent environments and
in security systems [2].

Face recognition has a number of advantages over other methods of human identification:

- no special or expensive equipment is required;

— physical contact with devices is not needed: it is enough just to pass or linger in front of
the camera for a short time.

The authors of the article developed two Python applications using the TensorFlow, OpenCV,
Numpy, TKinter, Keras, MatPlotLib, PIL, and Threading libraries. These applications process
the video stream (or selected file) from the webcam in real time. The Windows 10 operating
system was used as a platform for work. PyCharm was used to work with the code.

The Viola - Jones method and convolutional neural network (CNN) are used for implementation.
The Viola —Jones method is considered one of the best in terms of the ratio of its speed to the
accuracy of the determination. Also, this method can successfully interact with other algorithms
and can be adapted to specific needs and requirements. It works not only with static images but
can also process data in real time.

In the process of work, the authors faced the problem of the lack of a training set for each
defined emotion: anger, joy, neutrality, sadness, and surprise [3]. To solve this issue, lectures
were recorded on the subject of “System analysis and operations research” for third-year students.
A database of students with defined emotions was created for the subsequent training of the
system being developed.

1. Project structure

The process of face recognition is usually called a set of different tasks that serve to identify
a person by a digital image or video fragment. In general, this process looks like this: after
the system has received an image from the camera, the face boundaries (detection stage) are
determined using algorithms [2]. This is followed by the recognition stage, at which the face is
transformed (its brightness changes, it is aligned, scaled, etc.) and brought to a certain specified
form. After that, the features are calculated and directly compared with the standards embedded
in the database. This final stage of comparison is called identification or verification, depending
on the system.

The processing of video stream frames consists of two main stages. In the first stage, the
detection of faces in the frame takes place, and in the second, the recognition of the detected
faces itself [4].

When developing the identification subsystem, the Viola—Jones face detection method was
used in this work, and the nearest neighbor method with the use of histograms of centrally
symmetric local binary patterns was used for recognition.

As a result, the generalized algorithm for processing frames of the developed identification
subsystem contains the following stages:

1) face detection;

WHgpopmaruka 277



==

2) processing of found faces using a Gauss filter;

3) LBP transformation of the found faces with subsequent application of the mask of significant
areas;

4) calculation of histograms of found faces;

5) Classification of persons by the nearest neighbor method by histograms [5].

The general algorithm of the subsystem being developed is shown in Fig. 1.

U3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. Mexanuka. ViHgbopmarvka. 2024. T. 24, Bbin. 2

Detect face I Apply LBP
Get frame (Viola-Jones algorithm) Apply Gaussian filter transformations
| Apply a mask Define LBP histograms Classify Select a face

of the main areas

for detected faces

«neighbor method»

in the frame

Fig. 1. Generalized algorithm for processing video stream frames

The Viola—-Jones method is used to determine objects in real time. This algorithm was
created to simplify the identification of faces in a photo or frame and is now widely used due to
the processing speed because it allows you to recognize a face in a photo or frame in real time
without using a large amount of computing power.

Convolutional neural network is used to determine emotions on a frame or photo because it
has high accuracy, but it already requires large computing power, it is also processed longer.

The operation of a convolutional neural network can be interpreted as a transition from specific
features of the image to more abstract, but numerous details, and then to more abstract, and
even more numerous. Two main operations are defined in this neural network: the convolution
operation and the subdiscretization operation.

The convolution operation is a passage of convolution kernels, or rather small matrices of
weights of small size, through the layer, which eventually generates so-called prism maps. Each
fragment from the feature map shows the presence of some feature that has been encoded into its
convolution core.

The subsampling operation, also a subsampling operation, is used to reduce the dimension of
the created feature maps. In this architecture, it is considered that the presence of a feature is
more important than its location, so the maximum is usually selected from several neighboring
neurons of the map. Due to this operation, the speed of the algorithm itself increases.

Viola —Jones algorithm was created in 2001 for real-time

face recognition. It relies on the use of so-called “features”. The

N “features” used by the algorithm are based on the summation of
pixels in rectangular areas (Fig. 2). The value of each “feature” is

calculated as the difference between the sums from different parts

of the “feature”. The use of these “features” is quite primitive,

while they are sensitive to the vertical and horizontal features

of the image and, as a result of all of the above, give a rather

rough result.

. E Figure 3 shows a diagram of the use cases of the emotion
recognition subsystem. This diagram shows a pattern of behavior
and interaction between roles. The main block is the application
itself. On the right is a user who has specific goals and behaviors
regarding this application. The main role of the user is to launch
the application and use the application. Launching the app involves checking for the presence of a
camera. If there is a camera, then the application will work correctly. Otherwise, the application
will not start. The application will also work correctly if the user’s face is in the field of view of
the camera. Next, let’s take a closer look at the role of the developer.

Fig. 2. Types of “features”
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The main task of the developer is to install all the necessary components and develop an
application. The installation of components includes checking the operation of the model, if the
model is installed and configured correctly and the necessary libraries are connected, then the
application will recognize emotions without any problems. Otherwise, a recognition error will
occur. Creating an app is an important process related to setting up a camera. Since all interaction
with AR objects occurs through it, the camera must be connected and properly configured;
otherwise, the application will not work and perform its original facial recognition function.

2. Creation of basic structures

Figure 4 shows the interaction of the components of the developed identification subsystem.
When the application is launched, it is first loaded from CascadeClassifier files using OpenCV and
a ready-made model by the Keras module, which is imported from the TensorFlow library. The
OpenCV searches for the webcam and starts recording, and also creates an application window.
After that, for every iteration of the inner loop, the frame is processed using CascadeClassifier,
and a face search is performed. After that, a frame showing the face is applied to the image.
Then, through the NumPy library, the image is converted into a binary array, which is already
fed to the finished model, and the result is output as text, as well as the processed image itself
on the screen.

TensorFlow
. mmg]!zlng 4
the webcam an
Loading Loading the model
Ca:.cade(:lasm ier
TensorFlow
Dper‘{l\fr (keras) ODEHCV

creating,
Loading a frame
i Addin the result
rom a video stream Conversion FFadalp aEadn
face detection, to binary array g utt?rftce) t}rgrsasree
addmg a frame p

an application

Exiting
the application

Fig. 4. Interactions of components of the identification subsystem

Figure 5 shows a diagram of the work of the emotion recognition subsystem presented. When
calling the update method, first the active frame is taken through the get_frame method, then the
Viola — Jones method determines the boundaries of the face on it, and the frame is transformed
for processing and processed by a convolutional neural network. To pass this stage, libraries such
as cv2, karas, numpy, and tensorflow are used. Next, there is a check for the presence of a frame
and for the presence of a tkinter window, in the absence of the program, the program is closed,
otherwise, the frames and instance variables are updated, tkinter widgets are updated, matplotiib
graphs are saved and the results of the work are saved to a file using the threading library. A
separate stream is created, to which the method for saving data to a file and its arguments are
passed. At the very end, the update method is called with a delay.

When creating an instance of the VideoCapture class, a connection to the video stream is
made via cv2. Also, when calling the get_frame method, the active frame is updated using cv2.

The project consists of two classes: the main App class and the auxiliary VideoCapture class.

The App class is the main one; it initializes the GUI, widgets, main components and methods.
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Fig. 5. Application at work

First,
variables:

— the class_labels variable contains a tuple of
all emotions that are defined in the program,;

— the variable preds is a list that contains
the values of the emotions in the active frame
and is updated as the program runs, the value
of this variable is used to plot the active frame
(picture 36);

— the count variable contains the number of
frames that will be displayed on the emotion graph
for count frames (Fig. 6);

let’s create and describe all class

WHgpopmartuka
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Fig. 6. Active cadre diagram
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— the file variable file contains the path and name of the file in which the result of the
program is saved;

— the lines variable is a list that contains data for count frames about each emotion, used to
plot emotions for count frames

1.00 —— o (Fig. 7);
osd N N — Angry — the [ace_classifier variable
050 oy | contains a model for determining
| . faces on a frame using the Viola-

0.25 —— surprise Jones method;
0.00 T P— e ' A b — the classifier variable contains
20 40 60 80 100

a ready-made convolutional neural
Fig. 7. Diagram for “count” cadres (color online) network model for determining

emotions.

Also in this class, we will create the necessary methods. The __init__ constructor is used
to initialize the main variables of the class instance, as well as to create a selection menu with

» o«

three buttons: “Dynamic recognition”, “Static recognition”, and “Exit”.

When __init__ calling, you must pass the following parameters:

— the “window” parameter is a Tk class from the Tkinter library that creates the main
working window;

— the window_name parameter is a string variable to create a name in the window’s title bar;

— the “window_logo_path” parameter is a string variable that specifies the path to the logo
in the program header;

— the fps parameter is a limiting parameter that indicates the desired number of frames per
second, but due to the possible limitation of the device’s power, it only allows to reduce the load;

— the video_source parameter is a parameter with a default value that determines the
program’s operation mode. If it is equal to zero, then the definition is based on the video stream
from the webcam, and, if not, then get the path and load the video.

Next, the method creates and configures the window, its size, title, protocol, background, and
logo. This is followed by the creation of three buttons and their configuration:

— the “Exit” button closes an application after pressing;

— the “Dynanic recognition” button calls video_recognise method in web camera mode after
pressing;

— the “Static recognition” button calls video_recognise method in static video mode after
pressing, the user should choose a video for recognizing emotions in the video;

The video_recognise method is used to initialize the main graphic widgets, as well as to call
the update method. The input is one parameter video_source, in which the mode of the program
is transmitted. Next, the buttons that were created in the constructor are deleted and the main
window is reconfigured. After that, an instance of the VideoCapture class is created and the
main widgets are created (Fig. 8).

3. Approbation of the system

To implement the project, the Python programming language and its libraries were used:
NumPy, TensorFlow, and OpenCV. When you run the script, the interface is called, which
displays the image from the webcam. When determining the face, an encircling square with an
inscription identifying the person’s identity is displayed.

To test the identification subsystem, the trainees were entered into the “KnownFaces” database,
as shown in Fig. 9.

The program successfully saves the results of the work in separate files for each run.
Automatic search, use, and operation of the webcam are carried out (Fig. 10).
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Fig. 8. Main widgets and frames

D Home op / Diplom / KnownFaces

Recent
Starred
Home

Documents

| il
Downloads AksyonovaNatalia.jpg AndreiVarueu.jpg SavenkoRoman.jpg
Music

Pictures

Videos

7 B
©
*
w
D
¥
dd
(]
]
©

Trash

+

Other Locations GrabtsevichOlga.jpg GrigorovskayaAlina, KalenikArseny.jpg

Fig. 10. Testing of the identification subsystem

Testing of the accuracy of the model of the subsystem of recognition of the cognitive behavior
of the observed was carried out to determine each emotion. In this test, the ability of the model
after training to determine the emotions embedded in the algorithm in different light conditions
and from different angles of the face location is tested (Fig. 11-15).

As a result of the conducted testing, it was determined that the emotions “Neutrality”, “Joy”,
“Sad” and “Surprise” are determined by the system virtually unmistakably. However, there are
difficulties with defining the emotion “Anger”. This problem is a consequence of the lack of
training of the neural network for this emotion and requires further development.
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Fig. 12. Testing the emotion “Happy”

Fig. 13. Testing the emotion “Neutral”
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Fig. 14. Testing the emotion “Sad”

Fig. 15. Testing the emotion “Surprise”

For the subsequent approbation of the system, the authors identified the following main testing
criteria:

— the accuracy of the model in identifying the observed;

— model accuracy at different distances from the camera;

- model accuracy in different lighting conditions;

— the accuracy of the model at different positions and turns of the head;

— the accuracy of the model in determining a certain emotion;

— the accuracy of the model in determining emotions for several people in the frame;

— the accuracy of the model in determining emotions in both sexes.

Conclusions

As a result of the conducted research, suitable technologies have been developed and created
for the implementation of an emotion identification and recognition system. The conducted testing
showed 82% accuracy in the identification of the observed. The accuracy of recognition of the
five emotions obtained in this work is 65.56%. The results obtained show that the identification
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subsystem can be used to automate the registration of student attendance and register the time
of arrival and departure automatically. The subsystem for determining the cognitive behavior of
the observed requires further refinement.

References
1. Demidenko O. M., Aksionova N. A. Development of a machine vision system for image recognition
of design estimates. Nonlinear Phenomena in Complex Systems, 2022, vol. 25, iss. 2, pp. 159-167.
https://doi.org/10.33581/1561-4085-2022-25-2-159-167
2. Badrinarayanan V., Kendall A., Cipolla R. SegNet: A Deep Convolutional Encoder-Decoder
Architecture for Image Segmentation. /[EEE Transactions on Pattern Analysis and Machine
Intelligence, 2017, vol. 39, iss. 12, pp. 2481-2495. https://doi.org/10.1109/TPAMI.2016.2644615
3. Viola P., Jones M. Rapid object detection using a boosted cascade of simple features. Proceedings of
the 2001 IEEE Computer Society Conference on Computer Vision and Pattern Recognition (CVPR),
2001, vol. 1, pp. 511-518. https://doi.org/10.1109/CVPR.2001.990517
Shapiro L., Stockman G. Computer Vision. London, Pearson, 2006. 752 p.
Aksionova N. A., Demidenko O. M., Voruev A. V. Implementation of a system for determining
students’ emotions by their facial expressions. Proceedings of Francisk Skorina Gomel State
University. Natural Sciences, 2022, iss. 3 (132), pp. 82-87 (in Russian).

O

[Moctynuaa B pepakuuio / Received 15.12.2022
[Tpunsita k ny6aukanuu / Accepted 19.02.2023
Ony6aukosana / Published 31.05.2024

286 HayuHbiii otgen



T. V. Rusilko, A. V. Pankov. Queueing network model of a call center with customer retrials 4@

N3sBectust CapatoBckoro yHuBepcuteta. HoBasi cepusi. Cepusi: Marematuka. Mexanuka. MudopmaTuka.
2024. T. 24, Buin. 2. C. 287-297
Tzvestiya of Saratov University. Mathematics. Mechanics. Informatics, 2024, vol. 24, iss. 2, pp. 287-297

https://mmi.sgu.ru https://doi.org/10.18500/1816-9791-2024-24-2-287-297, EDN: KOUTKP

Queueing network model of a call center
with customer retrials and impatient customers

T. V. Rusilko™, A. V. Pankov

Yanka Kupala State University of Grodno, 22 Ozheshko St., Grodno 230023, Belarus
Tatiana V. Rusilko, tatiana.rusilko@gmail.com, https://orcid.org/0000-0002-4880-0619, AuthorID: 1073719
Andrey V. Pankov, a.pankov@gmail.com, https://orcid.org/0009-0009-5708-4480, AuthorID: 1045760

Abstract. The subject of mathematical study and modelling in this paper is an inbound call center that
receives calls initiated by customers. A closed exponential queueing network with customer retrials and
impatient customers is used as a stochastic model of call processing. A briel review of published results
on the application of queueing models in the mathematical modeling of customer service processes in call
centers is discussed. The network model is described. The possible customer states, customer routing,
parameters, and customer service features are given. The allocation of customers by network nodes at
a fixed time fully describes the situation in the call center at that time. The state of the network model
under study is represented by a continuous-time Markov chain on finite state space. The model is studied
in the asymptotic case under the critical assumption of a large number of customers in the queueing
network. The mathematical approach used makes it possible to use the passage to the limit from a Markov
chain to a continuous-state Markov process. It is proved that the probability density function of the
model state process satisfies the Fokker — Planck — Kolmogorov equation. Using the drift coefficients of
the Fokker — Planck — Kolmogorov equation, a system of ordinary differential equations for calculating the
expected number of customers in each network node over time can be written. The solution of this system
allows for predicting the dynamics of the expected number of customers at the model nodes and regulating
the parameters of the call center operation. The asymptotic technique used is applicable both in transient
and steady states. The areas of implementation of research results are the design of call centers and the
analysis of their workload.

Keywords: queuing network, call center, mathematical modeling, asymptotic analysis, impatient customer,
retrial customer

Acknowledgements: This work was supported by the state program of scientific research of the Republic
of Belarus “Convergence-2025".

For citation: Rusilko T. V., Pankov A. V. Queueing network model of a call center with customer retrials
and impatient customers. lzvestiya of Saratov University. Mathematics. Mechanics. Informatics, 2024,
vol. 24, iss. 2, pp. 287-297. https://doi.org/10.18500/1816-9791-2024-24-2-287-297, EDN: KOUTKP
This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
License (CC-BY 4.0)

Hayuynas cratbs
YK 519.872.5

CeTb MaccoBoOro 06CJIY)KI/IB8HI/IH C MOBTOPHBIMH BbI3OBaAMHU
N HeTepneJUBbIMUA KJIUEHTAMH KAaK MOJeJb KOJJA-LEeHTpa

T. B. Pycuako™, A. B. Iaupkos

['ponHeHCcKMH rocynapcTBeHHbIH yHUBepcuTeT UMeHH HHkH Kynasasl, Benapycs, 230023, r. I'poxno, yn. Oxeko, a. 22

Pycusako Tarbsina BaagumupoBHa, KaHIMAaT (pHU3HKO-MATeMaTHYECKMX HAyK, IOLEHT Kadeapsl (pyHIaMeHTaJbHOM
¥ NIPHMKJAAHOH MaTeMaTHKH, tatiana.rusilko@gmail.com, https://orcid.org/000-0002-4880-0619, AuthorID: 1073719

© Rusilko T. V., Pankov A. V., 2024



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

ITanbkoB AHgpeit ButaabeBuu, KaHaunat GU3MKO-MaTeMaTHUECKUX HAYK, NOLUEHT Kadenpsl (pyHIaMeHTalbHOH U NpH-
KJaJHOU MateMaTuKH, a.pankov@gmail.com, https://orcid.org/0009-0009-5708-4480, AuthorID: 1045760

AnHoTtanus. [IpenmMeTroM MaTeMaTHUECKOTO HCC/IELOBAHHUS U MOIEJNHPOBAHUS B NaHHOH paboTe sIBJSETCS
KOJII-LEHTP, KOTOPbIH MPUHUMAET BXOASIIME 3BOHKH, HHUIMUPOBAHHbIE KJIMEHTAaMH. B KauecTBe croxacThue-
CKOH MOJiesIH Tporecca 00C/yKUBAHHsI 3BOHKOB NPeNJiaraeTcsi HCIoIb30BaTh 3aMKHYTYIO 3KCIIOHEHIHAbHY O
CeTb MacCOBOTO OOCJ/YXKHBasi C MOBTOPHBIMH BbI30BAMU M HeTEepIeNUBLIMU 3asiBKaMHu. [IpuBeneH KpaTKui
0030p 0omyOGJUKOBAHHBIX PaGOT MO MPUMEHEHHIO MOZEJeH MacCOBOrO OOC/YKHUBAHUS MPH MaTeMaTHUECKOM
MOJIETUPOBAHHUHU TIPOLIECCOB 0OCTYKHBaHHs KJIHEHTOB B KOJJI-LeHTpaxX. OnucaHa ceTeBas Mofiesb, yKa3aHbl
BO3MOXKHbBIE COCTOSIHUSI, MapLIpyTH3allus, apaMeTpbl U 0COGEHHOCTH 06CayKUBaHUst 3asiBOK. CocTosiHue
MOJIEJIH MOJIHOCTBIO XapaKTepU3yeTcs pachpeniesieHHeM 3asiBOK 10 BO3MOXKHBIM CHCTEMaM MacCOBOTO 00CJy-
XKVBaHHS B 3aaHHBI MOMEHT BpeMeHH. BekTop, ompenesiolinil COCTOSIHHE CETEBOH MOIEJH, MPeICTaBIseT
coboit nernb MapkoBa ¢ HelpepbIBHEIM BpeMeHeM M KOHEYHBIM YHCJOM COCTOsiHHH. Mogesb uccienyercs B
ACHMITOTHYECKOM CJ1yuae — MPU KPUTHUECKOM TIPEITION0KEHHH GOJIbIIOTO YHC/IA 3asBOK B CETH MacCOBOTO
o6cayKuBaHus. Mcnonb3yeMblfl MaTeMaTHUECKHH MOIXOA MO3BOJSET OCYIIECTBUTD TpelesbHbIH epexon
oT uenu MapkoBa K HelpepbiBHOMY MapKOBCKOMY mpoieccy. [lokasaHo, UTO IMJIOTHOCTb paclpenesieHus
BEPOSITHOCTEH Tpollecca COCTOSTHUSI MOIENH yIoBJeTBopsieT ypaBHeHH0 Pokkepa — [lnanka — Konmoroposa.
Hcnonb3yst koadduiueHTsl cHoca ypaBHenus Pokkepa — [Inanka — KosaMoroposa, MoXXHO 3anucaTb CHUCTEMY
OObIKHOBEHHBIX AU(QepeHInalbHbIX YPaBHEHHH /s pacueTa CpelHero 4ncja 3asBOK B KaxKIOM U3 Y3J0B
CEeTeBOM MOJIENH C TeueHHeM BpeMeHH. PellleHHe 3TOH CHUCTEMbl MO3BOJSIET MPOTHO3UPOBATH AMHAMHUKY
0KHIaeMOTO KOJIMYECTBA KJHEHTOB B y3JlaX CETH W PEryJHPOBaThb MapaMeTpsl paboThl KoJI-LeHTpa. [Ipe-
MMYIIEeCTBOM BHIOPaHHOIO MeTOfA UCCJEeN0BaHHUs SIBJSETCS BO3MOXKHOCTb pacueTa CpeIHHUX XapaKTePHUCTHK
MOJIeJIM KOJIJI-LEHTPa KakK B MEePeXOIHOM, TaK U B CTALMOHAPHOM peXuMe. Pe3ysibTaThl HCCIen0BaHUSI MOTYT
ObITb UCTOJb30BaHbl MPU MPOEKTUPOBAHUN KOJIJI-LIEHTPOB U aHaNH3€e MX 3arpyKeHHOCTH.
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Introduction

A call center is a centralized customer service department for many businesses that deals
with incoming and outgoing phone calls via voice communication channels. It is referred to as
a “call center” because traditionally, customer service is based on phone support as the main
method of contact between customers and companies. The calls are handled by a team of advisors,
otherwise known as agents. The article [1] focuses on reviewing the state of call centers research.

Telephone customer service organizations should track key performance indicators to measure
the efficiency of call centers and agents. In particular, they strive to improve call handling time,
call waiting time, and placing calls by agents. The quality and operational efficiency of these
telephone services must be exceptional in order to meet the needs of the customers [2,3]. Agents
of a large best practice call center have to cater to thousands of phone calls per hour. The waiting
time for delayed calls must not exceed a few seconds. To achieve high levels of service quality
and efficiency, it is necessary to accurately describe the reality of call center operation, and to
mathematically model this reality.

Mathematical models of call centers are of great value, but at the same time, each of them
is somewhat limited in its ability to characterize system performance. Traditionally, queueing
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theory can be used to analyze call centers’ efficiency and optimize their structure. Indeed,
there is a natural fit between standard queueing models and telephone systems [4]. Queueing
systems, particularly, Markovian ones, are widely used for call centers’ modelling, analyzing their
performance, planning, and managing [5-8]. Queueing systems with impatient customers [5, 8],
retrial queueing systems [6,7,9], and many others have emerged from the need to mathematically
model the behavior of telephone service customers, to find the optimal staffing for call centers
in order to guarantee maximum profitability and a desired grade-oi-service, measured in terms
of acceptable waiting and blocking. A tandem queue is suitable for modeling call centers with
interactive voice response machines [10]. Queues with general service are widely used to model
call centers, e.g., a two-phase hyperexponential approximation can be applied for service time
distribution [11]. In the article [12] a multi-server queueing system with a generalized phase-type
service time distribution is used as a model of a call center with a call-back option.

The subject of mathematical study and modelling in this paper is an inbound call center
that receives calls initiated by customers looking for information support, technical support,
billing questions, reservation support, order-taking functions, and other customer service issues.
First, an arriving call is routed towards the automatic call distribution switch, whose function
is to distribute the inbound calls among the agents according to the customer’s need. When
the topic of the client’s request goes beyond the scope of the current agent’s specialization,
the client is redirected to specialists who are competent in resolving the issue. Thus, calls are
routed according to their specificity between agents of various specializations. Therefore, the
organizational structure of a call center can be graphically represented by a network diagram
showing the call routing between call center agents on different service issues according to their
specifics.

Queueing networks are effective mathematical models for studying discrete probabilistic
systems with a network-like structure. A queueing network is a collection of interdependent
queuing nodes that provides processing and transfer of jobs or customers. Everyone knows that a
telephone customer who receives a busy signal repeats the call until the required connection is
made. As a result, the flow of calls circulating in a call center consists of two parts: the flow of
primary calls and the flow of repeated calls. It is natural to take into account a flow of impatient
customers who find that the residual waiting time is too long and leave the queue forever. These
considerations emphasize the need to use the network of retrial queues with impatient customers
as a proper modelling of customer behavior in a call center. So, the purpose of this paper is call
center mathematical modeling and analysis of call processing efficiency using a closed exponential
queueing network with retrial and impatient customers. An asymptotic analysis of the model is
performed, which implies an approximation method of queueing network study under the critical
assumption of a large but limited number of customers [13-15].

1. Model description

The focus of this paper is the queueing network model of a large call center. We set K as the
total number of customers. The closed network consists of n + 1 exponential m;-linear queueing
nodes (systems) S;, i = 1,n + 1, and K-linear hypothetical node Sy, which plays the role of a
dependent source of arriving customers or an external environment. It should be noted that,
unlike the others, the node S,,4+1 is the retrial queueing system without a waiting buffer. The
node Sp+1 has the orbit O,42 which plays the role of a virtual waiting room for K customers.
Each customer can be in one of the following nodes (states) at any given point in time:

e Sy —no need to turn to the call center;

e 5,11 — a customer call is serviced by one of the m, 1 lines of the automatic call distribution
switch;

e O,12 —a customer call is waiting in the orbit;

e S; —a customer call is handled by one of the m; agents supporting the ith type service
issue or is queued in the unlimited waiting buffer, i = 1, n.

WHgpopmaruka 289



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

The customer transition from the node Sy to the node S, 41 with probability py,41) = 1
corresponds to a customer call to the call center. We assume that the arrival of customers from
So to Sp41 forms the Poisson process of rate A(¢)ko(t), the rate parameter is proportional to the
number of customers in the source ko(t). Inbound call flow is non-stationary.

From the node S,1, the call is routed to the node S; with probability p(, 1y, @ = 1,n, or
with probability p(,,1)o to the external environment Sy in case of an erroneous customer request.
After the end of call service in the node S;, i = 1,n, the customer is transferred to Sy with
probability p;g, in case his request is completely fulfilled or redirected to specialists on another
service issue to the node S;, j = I,n, with probability p;j, i # j, ¢, = 1,n. Customers are
served according to the FIFO rule. The service facility of the node S; consists of m; identical
servers and service times are exponentially distributed with rate parameter p;, i.e., ,u;l is the
mean service time, ¢ = 1,n + 1.

Taking into account the peculiarities of telephone services, it is assumed that the customer
waiting time in the queue of the node S; is limited by an exponential random variable 7; with
an expected value of 77;1, i = 1,n. At the same time, customers who leave the queue are called
impatient. If during time 7; the call is not answered, then it is lost and transferred to the external
environment Sy with a probability ¢,0 =1, i = 1, n.

[t is worth noting some important features of the automatic call distribution switch which is
modeled by the retrial queueing node S,,4+1. If an incoming customer call finds some of my, 1
servers iree, he instantly occupies one of them and leaves the node after service. On the other
hand, any request that finds all servers busy upon arrival is required to leave the service area
but it is not lost, it is transferred to the orbit O, 2. The customer in the orbit repeats his
call and retries reaching the free server again aiter an exponentially distributed time 7,;,, with
parameter . Thus, we are assuming that the repeated attempts follow the classical retrial policy,
where the repetition times of each customer are assumed to be independent and exponentially
distributed with the rate parameter «. In addition, we suppose that the customer’s time in the
orbit is limited by an exponential random variable 7;,, with an expected value of 77;%2- After
this time 77,5, the customer leaves the orbit and is transferred to the external environment Sy
with probability g(,42)0 = 1. We also assume that inter-arrival periods, service times, waiting
times, and retrial times are mutually independent.

Probabilities p;; are elements of a transition matrix P = (pij)my2)x(nt+2) for serviced
customers, i,j = 0,n + 1. Non-zero elements of the matrix P are py(,41) = 1 and p;j, @ # j,

- n+1
i =1,n+1, j = 0,n. The matrix P is a stochastic matrix, so ) p;; = 1. Probabilities g;;

7=0

are elements of a transition matrix @ = (¢ij) (n+2)x(nt2) for impatient customers 4,j = 0,n + 1.
Non-zero elements of the matrix Q are g0 = 1, i = 1,n. Retrial customers are circulating
between the system S,,+1 and the orbit O,42. Impatient retrial customers transfer from O, 12
to Sp. We have to keep in mind the non-zero elements of transition matrices. The routing of
serviced customers (solid line), impatient customers (dashed line), and retrial customers (long
dash) is shown in Fig. 1.

The allocation of customers by possible states at time ¢ fully describes the situation in the
call center at that time. Accordingly, the allocation of customers by queueing nodes completely
determines the state of the queueing network. Taking into account the above-described, the state
of the network model under study at time ¢ is represented by a continuous-time Markov chain on
finite state space:

k(t) = (k1(t), ka(t), s knt1(t), knga(t)),

where k;(t) is the number of customers in the node S;, i = 1,n + 1, ky,42(¢) is the number of
customers in the orbit, at time ¢, ¢ € [0, +00). Obviously, the number of customers in the external

n+2
environment Sy is ko(t) = K — > ki(t).
i=1
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ORBIT

Fig. 1. The state-transition diagram

2. Asymptotic analysis of the network model

Asymptotic analysis implies an approximate method for studying a queueing network under
the assumption of a large number of customers K and is based on the theory of diffusion
approximation of Markov processes [16]. In this paper, the passage to the limit from a Markov
chain k(t) to a continuous-state Markov process £(t) is considered. Unlike discontinuous processes,
continuous processes in any small-time interval At — 0 have some small change in the state
Az — 0.

Theorem 1. /n the asymptotic case of a large number of customers K the probability
density function p(x,t) of the random process

k(t) _ (kl(t) ka(t) kns1(t) kn+2(t)>
K K’ K’ 7 K ' K

£(t) =

provided that it is differentiable with respect to t and twice continuously differentiable with
respect to x;, i = 1,n + 2, satisfies up to 0(52), where ¢ = % the multidimensional Fokker —
Planck — Kolmogorov equation

op(z,t) _ o e 2 g2
o ; oz, (Ai(z, t)p(z,t)) + 5 ”Z iz, (Bij(z, t)p(z, 1)), (1)
with drifts
n+2
j=1

n+2
An+1(35 t)— —Hn+1 mln(ln+1a$n+1 +A ( sz> n+1_$n+1)+7xn+29(ln+l_-Tn+1)7 (3)

n+2
Appo(x,t) = At <1 - Z x2> = 0(lng1 — Tng1)) = YZn20(lng1 — Tng1) — Mug2Tnie,  (4)

m

- e 1 >0
8i; is the Kronecker delta, l; = ?Z i,j=1,n+2 0(z)= { R

is the Heaviside function.
0, =<
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Diffusion coefficients B;j(x,t) are not given in this paper because of their cumbersomeness
and also because they are not used for further calculations.

Proof. Let a vector k = (k1,ke,...,knt1,knt2) be formed by components k;(t) = k;,
i =1,n+ 2, at some time point ¢. In this case, we will say that the queueing network under
study is in the state (k,t). Let P(k,t) denote the probability that the network is in the state
(k,t). Denote I; as a (n + 2)-vector with zero components excluding i-th, which equals to 1.
Consider all possible state changes of the Markov process k(t) in the short time At:

e from the state (k — I,,41,t) the process transfers to (k, At + ¢) with probability

n—+2
At) <K =S ki 1) O(min i1 — kny1 + 1)AL + o(Al),
i=1

that corresponds to the customer call arrival from the nodee Sy to the nodee S,,+1 when there
are free lines of the automatic call distribution switch;
e from the state (k — I,,42,t) the process transfers to (k, At + t) with probability

n+2
A(t) (K S ki 1) (1 = 0(mps1 — kni1)) AL + o(At),
=1

that corresponds to the customer transition to the orbit due to the fact that all lines of the
automatic switch are busy;
e from the state (k + I,,4o2 — I, 41,t) the process transfers to (k, At + ¢) with probability

’y(kn+2 + 1)9(mn+1 — kpy1 + 1)At + O(At),

that is, the arrival of a retrial call from the orbit to a iree line of the automatic switch;
e from the state (k + I, 42,t) the process transfers to (k, At 4 t) with probability

nn+2(kn+2 + 1)At + O(At),

in case the time spent by an impatient customer in the orbit while trying to reach a free server
of the automatic switch has expired;
e from the state (k + I;,t) to the state (k, At +t) with probability

(M«zpio min(mi, k; + 1) + mqio(ki +1-— mz)e(k‘z +1-— ml)) At + O(At),

that is, the customer departure from the node S; to the node Sy, when his request is fully
satisfied, ¢ = 1,n + 1, or the transition of an impatient customer from S; to Sy, i = 1, n;
e from the state (k + I; — I;,t) the process transfers to (k, At +t) with probability

iPij min(mi, k; + 1)At + O(At),

that corresponds to the transition of the serviced customer from the node S; to the node S,
t=1,n+1,5=1n;
e from the state (k,t) to (k, At +t) with probability

n+2
1-— ()\(t) (K - Z k1> 0(mnt1 — kny1)+
i=1

n+2
+A(t) (K - kz) (L= 0(mni1 = kny1) + Vhn20(mas1 — kng1) + 1nsokngot
i=1

n+l n+1
+ Z(Mz’pio min(my, ki) + nigio (ki — m;)0(k; —my;)) + Z pipij min(mg, ki)) At + o(At),
=1 ij=1

if the model state does not change;
e from other model states transfer to (k,t + At) is possible with probability o(t).
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Taking into account state changes listed above and using the law of total probability, the
following set of equations is valid for the probability P(k,t) = P(k(t) = k):

n+2
P(k,t+ At) = ( Z ki + 1) (M1 — kpg1 + 1) P(k — L1, t) At+
n+2
<K Z ki + 1) O(mpg1 — kng1))P(k — Ingo, t) At+
+ (kn+2 + 1)9(mn+1 - knJrl + 1) (k + In+2 - n+17 )AtJr
n+1
Anng2(knya + 1Pk + Lo, )AL+ > puipio min(my, ki + 1) P(k + I, t) At+
=1
n+1
+ Z mqio(k‘i +1-— mz)e(k@ +1-— mZ)P(k: + I;, t)At-i—
i=1
n+1n+1
+ Z Z iDij min(mg, k; + 1) P(k + I; — 1, t)At+
i=1 j=1
n+2
4+ 11— (A(t) (K — Zkz> 9(mn+1 — kn+1) +
=1
n—+2
(K Z ki ) 0(mni1 — knt1)) + Vhnt20(mns1 — kng1)+
n+1 n+1
+0nt2knt2 + Z pipio min(m;, k;) + Z niGio (ki — m;q)0(k; — m;)+
=1 1=1
n+1
+ Z WiDij min(mi, k‘l) At P(k, t) + O(At).
Q=1

Let us denote the following differences:

Aomi1y Pk, t) = P(k — Ing1,t) — P(k,t),  AgpmioyPlk,t) = P(k — Liya,t) — P(k,1),
AgP(k,t) = P(k+I;,t) — P(k,t), AyjP(k,t)=P(k+1; —I;,t) — P(k,t), i,j=1n+2.

Assuming that At — 0, we obtain the set of Kolmogorov difference-differential equations for
state probabilities:

P (k,t =
ét ) = )\(t) <K — Z:kl> 9(mn+1 - kn+1)AO(n+1)P(k7t)+

n-—+2
+ <)\(t) (K — Z k; + 1> 9(mn+1 — ]{Jn+1 + 1)—
i=1
n+2
- A t) <K — Z k,) 0(mn+1 — kn+1)> P(k - In+1,t)+
i=1
n+2
(K Z ki ) 0(mp41 — kn+1))A0(n+2)P(k5> t)+

n+2
( Zkﬂ) O(mns1 = hni1))—
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n+2
- (K - Z k‘z> (1 = 0(mnt1 — knt1)) | P(k — Ini2,t)+
i=1

+7]€n+29(mn+1 - kn+1)A(n+2)(n+1)P(kv t)+
+ [V(knt2 + 1)0(mpi1 — kng1 + 1) — vhni20(mpg1 — knga)] X
XP(k+ Iny2 — Ing1,t) + Aoy P (ks ) nt2knte + MaroP(k + Liga, )+
n+1 n+1
+ ) papio min(mg, ki) Dig P(k, t) + > (papio min(my, ki + 1) — pipgo min(my, k;)) P(k + T, t)+
=1 =1
n+1
+ > migio(ki — mi)0(ki — ma) Ao P(k, )+
i=1

n+1

+ 3 Imigio(ki + 1 — m)0(k; + 1 — mg) — migio(ki — mi)0(ki — my)]
=1
n+1n+1
XP(k‘ + I, t) + Z Z WiDij min(mi, ki)AijP(kJ, t)—i—
i=1 j=1
n+1n+1
+ Z Z [/«Lipij min(mi, k; + 1) — WiPij min(mi, k‘l)] P(k‘ + I, — Ij, t). (5)
i=1 j=1

The resulting equation cannot be solved analytically for large n. Call centers undoubtedly
handle a large number of customer calls. In this regard, we consider the important asymptotic
case of a large number of customers in the model. Let us pose the problem of studying the
probability distribution of the state vector k(¢) under the critical assumption of a large number of
customers K in the queueing network.

Suppose we are interested in the properties of the relative process £(t) = % when K
becomes very large. Vector £(t) indicates the relative proportion of the company’s customers
who contacted the call center and how calls are distributed across model nodes at time ¢. In
time At — 0, the possible changes in process £(t) are e;, where e; = I; - ¢ = IF Assuming that
K — oo we have e; — 0, and the vector £(¢) will be a continuous-time continuous-state Markov
process. A probability density function of £(¢) is defined as

p(z,t) = lim P(r; &) <z1 46,y pro <&() < Tpyo + ) _

e—0 gn+2
— lim P(le < k‘l(t) <Kxi+1,...Kzyi9 < kn+2(t) < Kxpyo+ 1)
50 gn+2 ’
ie.
K""2P(k,t) — p(z,t), where z € X, (6)

n+2
X = {m— (@1, 02, Tny2) 12 20, i=Ln+2 > < 1}.
i=1

Realizing the asymptotic transition (6) for the equation (5), we obtain the following partial
differential equation

815, =AM K (1 - ;%) O(lnt1 — $n+1)A0(n+1)p($a t)+

0 <<1 — j:if xz) O(lnt1 — $n+1))

O0xpi1

+A(t) p(x — eny1,t)+
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n+2
<1 — Zajz> 1 — n+1 - $n+1))A0(n+2)p($at)+

) (1 N :p>

=1

+A (1 - a(ln+1 - x?ﬁ»l))p(-r — €n4-2, t)+

0Ty
FYE 2 120(lns1 = Tt 1) Ar2) (n41)P(@, 1) + ¥0(Ing1 — Tn1)p(@ + €npa — ens1, 1)+

+1n+2 K Tni28 (1 2)0P(2, ) + Nng2p(@ + enso, 1)+

s, s, Omin(l;, x;)

+K Z HiPio mln(lu $1)A10p x, t "' Z HiPio O (l' + €4, t)+
i=1 i=1 v
n+1 n+1
0 T; — li 0 T; — li
+E> migio(wi — 1)0(xi — 1) Niop(,t) + Y migio ( 8):c~( ))p(m + €, t)+
i=1 i=1 ¢
n+1n+1 n+1n+1 amln(l . )
+K Z Z HiPij mln(lz, xz)Asz z, t + Z Z HiDij # (-77 +e; — ey, t) (7)
=1 j=1 i=1 j=1 v

If p(x,t) is twice continuously differentiable function with respect to x, then we can use the
following Taylor series:

ap(z,t) & Ip(a, )
oz; 2 2z

p(z te;,t) =p(z,t)te +o(e?
Op(x,t) 8p (z,t) >

plx+e —ejt) =plx,t)+¢ (
/ Ox; Ox;j
e [ Ppla,t)  Ppla,t)  pla,t) 2
- )9 ’ ’ = 2.
3 ( Ox? 0x;0x; * 93 Fole), ig=Lint

Substituting the above-mentioned Taylor series into equation (7), having grouped the terms
in the resulting equation, we conclude that the compact mathematical expression (1) is valid. The
theorem is proved. O

The probability distribution of the vector £(¢) given by the probability density p(z,t) is a
complete and exhaustive characteristic of the network model state at time ¢. However, such an
exhaustive characteristic cannot be found, since equation (1) is not explicitly solvable. From a
practical point of view, it is enough for us to know what the “average value” of £(¢) is. For this
reason, we confine our study to finding expected values FEg, (t) = E(&(t)), i = 1,n+2. It is
known [15,17] that the expected value Eg,(t) is determined with an accuracy of O(¢?) from a set
of ordinary differential equations:

dE¢ (1)
dt

here A;() are drifts given by formulas (2)—(4). Then the expected number of customers in each
node of the network model Ey, (t) = E(k;(t)) = E(K&;(t)) can be found from the set of equations:

dEy, () _ KA, <1Eki(t)> . i=1,n+2. (8)

= Ai(Eg (), i=1n+2,

dt K

Taking into account (2)—(4), (8) and the transition matrices of the network model, the
expected number of customers Ej, (¢) in node S;, i = 1,n+ 2, can be found by solving the
following set of equations:

dEk (t) n+1

Jj=1
J#i
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—0i( Bk, (1) —mi)0( B, (1) —mi), i=1,n;

T N N O
n+2
AW (K -, (t)) Omnss — Bty () 7 Ba(08mmss — By () (9
=1

n—+2
dE’f:g?(t) = A\(t) (K — ; Ey, (t)> (1= 0(mnt1 — B, (8) -

_7Ekn+2 (t)e(mn-‘rl - Ekn+1 (t)> - 77n+2Ekn+2 (t)
3. Numerical example

Consider the queuing network model of a call center with n = 4. Let the number of customers
be equal to K = 50000.

Let the operation of the call center be specified by the following parameters. The structure of
the network is set by the following non-zero elements of the transition matrix: pgs = 1, p1g = 0.7,
p12 = p13 = p1a = 0.1, poo = 0.8, p21 = pa3 = 0.05, pag = 0.1, p3o = 0.75, p31 = 0.07, p32 = 0.15,
p3s = 0.03, pgo = 0.9, py1 = 0.03, pgo = 0.04, py3 = 0.03, psg = 0.15, ps; = 0.1, pse = 0.15,
ps3 = 0.2, ps4 = 0.4. The number of node servers is m; = mg = 6, my = 8, my = 4, ms = 20.
The service rates are pu; = 70, po = 40, us = 22, pug = 60, pus = 270. The waiting rates are
m =mn2 =5, n3 =mn4 =3, ng = 10. The retrial rate is v = 50. The initial placement of customers
is Ey,(0) = 50000.

Firstly, consider the case when the arrival rate is constant A = 0.0117. The inbound call flow
is stationary. Let us solve the set (9) by numerical methods using Maple software. Figure 2
shows a graphical solution of (9). It is possible to predict the mean number of customers at each
network node with time. Figure 2 demonstrates that the process quickly reaches a steady state.
The largest number of customers accumulates in the node S4. The servers in most nodes of the
network are idle in the mean.

Secondly, consider the case when the arrival rate is not constant and it changes according to a
wave-like law (seasonal process) A(t) = 0.002 cos(wt/12) + 0.0095. Figure 3 shows the dynamics
of the expected number of customers in the network nodes. In this situation, the number of
customers varies depending on the arrival rate. Obviously, the number of agents needs to be
adjusted.
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Fig. 2. Dynamics of Ej,(t) when the arrival rate
is constant
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is not constant

HayuHbiii otgen



T. V. Rusilko, A. V. Pankov. Queueing network model of a call center with customer retrials 4@

Conclusion

In this paper, the network stochastic model of a call center was presented as a queueing
network with customer retrials and impatient customers. The model was investigated in the
asymptotic case of a large number of customers. The results make it possible to predict the
dynamics of the expected number of customers by model states, regulate the parameters of the
call center operation, analyze the call center workload, and make decisions. They are applicable
with a specified accuracy O(¢?) in both the transient and steady state, this is a fundamental
advantage of the used asymptotic method.
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BBenenne

[IporHosupoBaHHe MPOLECCOB PACIPOCTPAHEHHS 3arps3HSIOLIMX BEILeCTB B MPUPOIHBIX BOAAX
HeoOXOIHUMO J/Isl YCIEIIHOTO YIpaB/IeH!st BOAHBIMU pecypcamu [1]. [lis pelneHus atoil 3afgauu Heob-
XOAMMBI HayyHO 0GOCHOBaHHble MaTeMaTHUecKHe MOJEJIH, KOTOpble He TEPSIIOT CBOK NOCTOBEPHOCTD
TIPU LIHPOKOM BapPbHPOBAHHUH NPOCTPAHCTBEHHBIX U BPEMEHHBIX MacIITa00B.

MaremaTHUyeCKHe MOJEJH MepeHoca 3arpsi3HSIOUX BEIeCTB MPeTeprest IJUTeNbHbI MepPHOI
paspaboTku. OHM YCIOXKHSIIUCh 32 CUET Nepexofa OT OAHOrO (haKTOpa KauecTBa BOABI K MHOXECTBY
(aKTOpPOB, OT CTALLHOHAPHOH MOJEJH K AHHAMHYECKOH MOMEJH, OT MOJEJNH TOUEYHOro HCTOUHHKA
K MOZEJIH COMNPSKEHHS] TOUEUYHBIX U HETOYEUYHBIX HCTOUHHMKOB, OT OZHOMEPHBIX K IBYMEPHBIM U
TpeXMepHBIM Moaessm [2,3].

Kak npaBusio, mepBble MOLe/H MepeHoca 3arpsi3HSIOLINX BeleCTB pa3pabdaThiBaluCh A/ PeUHbIX
CHCTEeM, MOJBEPKEHHBIX BJHUSHUIO OBITOBBIX M IPOMBIIJIEHHBIX TOUEUHBIX HCTOUHHKOB 3arps3He-
Husi. OHM (POKyCHPOBA/NHCh Ha B3aUMOJEHCTBHH pAa3/MUHBIX KOMIIOHEHTOB KauecTBa BOABI [4].
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OnHoii U3 mepBbIX Oblia paspaboTaHa ogHOMepHas Mopesb OuauHeiiHod cuctembl BITK-PK [5],
KOTOpasl MPOJOJIXKUTEJbHOE BpeMs YCIIeLIHO HCIO0J/b30Bajach UCC/Ael0BaTeIsIMU U M03[Hee Obl-
Jla HeOTHOKpPAaTHO MomauduuupoBaHa. Tak, Hampumep, nosiBuauch momenu Streeter and Phelps
(momesnn S-P). lnsi ycoBeplIeHCTBOBAHHUS CTallMOHApHOH Moaenu S-P B pasHoe BpeMmsi y4eHBIMH
ObLTM BHECEHBI KOPPEKTHUPOBKU: BBeleH Koa(hduureHT (aokynsuuu, pasaenen napamerp BIIK na
kap6onusuposanublil BIIK u Hutpuduuuposanunit BIIK, no6asnensl s¢dexTsl nucnepcuu Ha
ocHoBe ypaBHeHust Dobbins — Camp [6, 7], no6aBjen KoadpduiieHT ckopocTH uaMmeHenuss BIIK
u 1p. belcTpoe pasBuTHe HccseoBaHHH B 00/1aCTH MaTeMaTHUeCKOTrO MOJENHPOBAHUS MepeHoca
3arps3HSIOLUIMX BeIIeCTB CBf3aHO C IMOSIBJEHHEM ABYMEpPHBIX MOfeseH W afanTalud UX [Js pas/nd-
HBIX BHUIOB BOoeMOB [6,7]. Benercsi paspaboTka Mopesieit HeluHeHHbIX cucTeM [8]. DT Mome u
BKJIIOUAJIM CUCTEMY KPYroBopoTa a3oTa U ¢ocdopa, cUcTeMy (PUTOMJIAHKTOHA U 300MJIaHKTOHA.
JlaHHBle MOfIe/IH MPEUMYIECTBEHHO OblIM C(OKYCHPOBAHBI HA OTHOLIEHHSX MeK1y OMOJIOrHuecKoH
CKOPOCTbIO POCTa Y MHUTaTeJbHBIMH BellleCTBaMH, COJHEUHbIM CBETOM M TeMIlepaTypoH, a Takxke (u-
TOIMJIAHKTOHOM U CKOPOCTBbIO pocTa 3oomiaHKToHa [9,10]. K KoHIly mpoluioro cToJeTHs KOJTHYeCTBO
TMIepeMeHHBIX B MOJEJIX YBEJUUYHUIOCh, CTaJd YUUTBIBATHCS THAPOIHHAMHUUECKHH PEXKUM BOOEMA
¥ BJIMSIHME HAHOCOB, OCYIIECTBJIEH Tepexon K TpexmepHbiM MozpessMm [11,12]. K Hacrosimemy
BpeMeHH MPOBEIEHO MHOXKECTBO HCCJIENOBAHUH MyTeM pa3pabOoTKH MPOrpaMM MOJENHPOBAHHUS s
UMHUTAlUK NIPOCTPAHCTBEHHOIO U BPEMEHHOr0 pacripelesieHust 3arpsidHsiomux Bemects: QUAL,
WASP, MIKE11, QUAL 2K, WASP 6, QUASAR, SWAT, MIKE 21 u MIKE 31, INCA, QUAL
2K, HEC-RAS, EFDC u np. [13].

K nacrosuemy Bpemenu paspabotaHo 6osee 100 Mozesiell mepeHoca 3arps3HSIOLIMX BELLECTB,
B TOM YHCJle COTHH MOJEJBbHBIX NporpamMm ajs 9BM, ucnosnb3yemMbiX 1715 pa3/JHUYHBIX BOJOEMOB,
PA3JIMYHBIX 3arPsI3HSIOUIMX BelleCTB, B PA3JMYHBIX IPOCTPAHCTBEHHO-BPEMEHHBIX MacuTabax u ap.
OnHako Kaxzas U3 Mofieslell UMeeT CBOM OrPaHHUEHHSs], pexK /e BCero, CBS3aHHble ¢ 0COOEHHOCTAMU
BomoeMa. TakWM 00pa3oM, MOJEJH TepeHoca 3arpsi3HSIOIINX BeILIeCTB BCe ellle HYXKOAITCs B
faJibHEeHIIeM H3yYeHHH.

ABTopamu pa3paboTaH KOMILJIEKC B3aMMOCBSI3aHHBIX MPOCTPAHCTBEHHO-TPEXMEPHBIX MOJEJ/eH
TMepeHoca 3arpsisHAILINX BelleCcTB, BKIIOYAIIWN MOe M THAPOAHHAMUKH, THHAMHKH TepeHoca
(husnyeckoil cyOCTaHIMK (B3BEIIEHHBIX YaCTHUIl H HAHOCOB), MOMAE/b 3BTPO(GUKALMH BOM, Mpel-
Ha3HaYeHHBIX JJIS MEJKOBOAHBIX BOJOEMOB. B paMkax JaHHOH CTaTbH UHTATEeJNIO Npel/araeTcs
03HAKOMHUTBCSl C MapaJjesbHbIMA aJITOPUTMAaMH YHUCJIEHHOTO pelLleHHs MepeHoca B3BelleHHbIX
YaCTHIL Ha CYNePBBIUUC/AUTENbHOH CHCTEME C pacnpeseleHHON MaMsATbio PH OTHOCHTENBHO HeGOJb-
oM KosnuectBe snep (no 2048). Takxke aBTOpaMH HccCJeOBaHbl BOPOCH pacnapaJiiesuBaHus
TIPOLIECCOB YUCJIEHHOIO pelleHHsl JaHHBIX 3alad Ha MacCHUBHO-NapaJljie/lbHbIX CHCTeMax, obecrneuu-
BAIOLIUX BHICOKYIO 3()(heKTHBHOCTb AJTOPUTMOB /151 CUCTEM, COEpPKAIUX MHOIHe NeCATKH ThiCAY
snep. [IpruBeneHbl pe3ybTaThl YUCJAEHHBIX IKCIEPUMEHTOB.

1. Komnuekc B3aumMocBsizaHHbIX 3D Mopesieii TpaHcHopTa 3arps3HSIOMMX BelleCTB

Bynem ucrnosb3oBaTh NpsIMOYTOJNBHYIO I€KAPTOBYIO cUCTeMY KoopauHaT Oxyz, rae ocu Ox U
Oy NpoOXOAAT IO MOBEPXHOCTH HEBO3MYILIEHHOH BOAHOW MOBEPXHOCTH M HaNpaBJeHbl HA CEBep U
BOCTOK COOTBETCTBEeHHO, ocb (Jz HalpapJieHa BHHU3.

[lycts G C R3 — 06/1acTh, Ile NPOUCXOAUT Mpolece, MpeacTaB/seT co60H MmapaJJesenurne]
G={0<z<L,;, 0<y<Ly, 0<z<L,} O603HauMM HH>KHee OCHOBaHHe MapaJesenuneaa —
Yy, BepXHee OCHOBaHHe — Xy, OOKOBYIO MOBEPXHOCTb — ;.

1.1. Mogeas ruapogITHAMUKH

B ocHOBy paspabarbiBaeMoOi Mojesn pacyeTa TPeXMepHBIX MoJel BeKTOpa CKOPOCTH ABHIKEHHS

BOJHOH Cpenbl MoJI02KeHa MaTeMaTrudeckasd Molaesb r'HApPpOAUMHAMHUKHU MEJKOBOAHBIX BOLOEMOB [14—
16].
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JlanHast Mozie/Tb BKJIIOYAeT CJeAYIOIIHe YPaBHEHHUS:
— ypaBHEHH$ ABHKEHHs M0 TPeM KOOPAUHATHBIM HampaB/eHusM (cucrema ypaBHeHHH Hasbe —
Croxkca)

@4_ au_|_ au+w@_ laj a( ) <Mhau>+8<ﬂ 8“) (1)
ot " 'ox oy 0z poxr O Ay 0z \""0z)"’
ov ov ov ov 1 8P 0 ov 0 ov
ot et dy e T Cpox "o ( ) Ay (Mh(?y) oz <””az> - @
L LY 8w——1m3+8< >+a<uhaw>+a<uaw>+g- 3)
ot Ox oy 0z pOz 0 o oy Oy 0z \""" 0z '
— ypaBHEHHe Hepa3pbIBHOCTH (3aKOH COXPaHEHHS MacChl)

9p  Olpw) | 0pv) | O(pw)

ot | ox Ay 9z 0 @

— ypaBHeHHe TpaHCIOpTa TerJa

or 1< 8£+ OT 8T+8(UT)+8(UT)+3(’LUT)> _

ot Ox ay 0z Ox dy 0z
—Hh 2 oy? a: \"az )’
- ypaBHeHI/Ie COCTOAHUA AOJid IIJIOTHOCTH
po = p (1) - (6)

34ech UCNONB30BAHHL C/IeAYIOlHe 0003HAUYeHUS: U, U, W — KOMIIOHEHTbl BEKTOpa U CKOPOCTH
IBHXKEHUS XKUIKOCTH; t — BpeMeHHasl NepeMeHHas; P — naBjieHUe; g — yCKOpeHHe CBOOOAHOIO
NaJeHUsl; p — MJIOTHOCTb XKUAKOCTH; [ip, Ly — KO3(P(HULIHUEHTH FOPU30OHTANBHON U BEPTHUKAJIbHOU
IU(PPysun coOOTBETCTBEHHO; 1T’ — TeMnepaTypa B KOHKPETHOH Touke o6JsacTH; 1 — TeMIeparypa,
NPH KOTOPOH TJIOTHOCTb MakCHMaJjbHa.

Cucrema ypaBuenuil (1)-(6) paccmarprBaeTcsi Mpyd HadaJbHOM YCJIOBHU

U = uop, U = o, w = wo, (7)

U [IpU CJIeAYIOIHUX 'PAHUYHBIX YCJ/IOBUAX:

oP ov
Yptu=ug, v=up, %:Q %:0; (8)
ou v P ou
DIF — = —Tz, a2 Ty H=z=Y F= =Y 9
[ PlhGs = ~Toy PSS Ty e =0 Z==0 )
ou ov oP 1 oP
Ebipﬂh%:—Tm PMh%Z—Tya w:—W—E@v %:07 (10)

rie w — MHTEHCHBHOCTb HCIIApE€HHS 2KHMAKOCTH, Ty, Ty — COCTABJISAIONIHME TaHM€HIHMAJbHOTO HaIIpsi-
2KEeHHU .

1.2. Mogeas nud¢y3nn-KOHBEeKLIMN-arpernpoBaHusl B3Becen

Jas1 onmucaHus TpaHCIOPTA B3BELIEHHBIX YACTHLL BOCMOJb3yeMcsl ypaBHeHHeM AUQy3nuu-
KOHBEKIIMH, KOTOPOe MOXeT ObITb 3alIMCaHO B CJAEAYIOILEM BUIE:

dc;  O(ucy) | O(vey) | O((w+wgr)er)
ot T or Ty T P =
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0 de, 0 de, 0 de,
- Y il — F 11
Te ¢, — KOHLEHTPaUMsa 7-H (PPakKLUHUU B3BECH; Wy, — CKOPOCTb OCAXKAEHHUSA 7-H (DpaKLHU B3BECH,
1o

F, — @yHKUMs, onUCBIBAIOLAs UHTEHCHBHOCTD paclpefieNleHHs] HCTOUHHUKOB - (DpaKkL MU B3BECH.
YpaBuenus (11) nomosHAOTCS HaYaJbHBIM YCJIOBHEM

Cr ($7y7270) :CTO(xayaz)a (ZU,y,Z) € G7 (12)
h CJeAYyIOIIHMH IT'paHUYHBIMH YCJIOBUSAAMMU:

dc
¥ : ¢ =dc, d,=const, ecim wuz<O0; a—ﬁr =0, ecan wuz =0, (13)
rje Uz — NPOEKLHs BEKTOPa CKOPOCTH Ha BHEIUHIOK HOpPMajb 7 K IpPaHHLE; ¢, — H3BECTHbIE
3HAUEHHs] KOHLEHTPALUH;

de,
Yr: =0; 14
f Oz 0; (14)
oc w
Y L e, 1
b 9, o (15)

Marematnueckre MOIEJNH TPAHCMOPTA B3BELIEHHBIX YaCTHI MO3BOJSIOT CIIPOrHO3HPOBATh pac-
NpocTpaHeHHUe 11JeH(oB B3BeCH B BOIHON cpelle U M3MeHeHHe pesbeda IHA B CBS3H C BblMaJleHHEM
B3BEILEHHBIX YaCTHIL TPyHTa B ocanok. Ha ocHoBe mopenu (11)—(15) moryTt 6bITh paccMOTpEHHI
MPOLECCHl JBUXKEHHs W OCaXKAEHHs B3BElLIEHHBIX YACTHI[ MPH TPOBEIEHHUH MHOYTJYOHUTEJbHBIX
paboT, a TakyKe BO3MOXKHOCTh ONTHUMHU3aLMHU MJOLIAeH CYLIeCTBYIOIIUX 0TBaNoB rpyHTa. Onrtu-
MH3alMsa pa3MepoB obJsacTell 0OTBAJOB IPYHTA MO3BOJSIET MUHUMHU3HUPOBATh yllepO, HAHOCUMBIY
6uoronam. YucseHHoe pellleHHe MU QpepeHIHaNbHbIX YpaBHeHHH (11) cOBMECTHO ¢ ypaBHEHUSIMHU
ruaponuHaMuku (1)—(10) mo3BoJisieT MoeHPOBaTh Pa3HOOOpPa3Hble MPOLECCH CTAllMOHAPHOTO H
HeCTAllMOHAPHOTO 3arpsi3HeHUH MeJKHX BOIOEMOB.

1.3. Mogeas 3BTpopUKaLuH BOJ,

Ha ocHoBe y»ke pacCMOTPEHHOro Bhille ypaBHEHHs AU(BPY3HU-KOHBEKIUH MOXKET ObITh I10-
CTpOeHa MoJiesib 3BTPO(GHUKALMS BOM, T.€. OMKMCAH MPOLECC HACHIIEHHS BOJOEMOB OGHOreHHBIMH
3JIEMEHTAMHU, COMPOBOKAAIMIMEACA POCTOM GHOJOTHYECKOH MPONLYKTHBHOCTH aKBATOPUH. DBTPODH-
Kallisi MOXKET ObITh Pe3y/JbTaTOM KaK €CTeCTBEHHBIX H3MEHEHHH B BOJOEMe, TaK ¥ aHTPOIOre€HHBIX
BO3JekcTBIA. Moje/ib MpencTaBasieT COG0H COBOKYITHOCTb YPABHEHHH I/l KaXKJ0r0 S§; — 3HaueHus
KOHILIEHTDPALUHK i-H MPUMECH:

Js;  0(us;) 0(vs;)  0((w+wg)si)

ot " or oy 92 =

= % (Nh%:) + ;y <ﬂh%§;> + % (“”%j) + ¥, (16)
rie wg; — 'PaBUTALMOHHOE OCaX<JleHHe i-F KOMIIOHEHTbI, €CJIM OHa HaXOAHTCS BO B3BELIEHHOM
COCTOSIHUHM; 1); — XUMHUKO-OUOJIOTHUECKUH HUCTOYHUK (CTOK) MJIH UJieH, OMHMCBHIBAIOLIKE arperupo-
BaHHe (CJMMaHue-pas3/naHie), eC/Ii COOTBETCTBYIOLIAsT KOMIIOHEHTA SIBJISIETCS] B3BECHIO, HHIEKC
1 yKasblBaeT Ha BUA cybcraHuuy, i = 1,15: 1 — cepoBonopon (H2S); 2 — sanemeHTHast cepa (S);
3 — cyabdatsl (SOy); 4 — THoCyAbdATH (M CyAb(UTHI); 5 — 0OLIMH opraHUdecKuit azot (INV); 6 —
ammoHu# (N Hy) (aMMoHHMEHBIN a3o0T); 7 — HUTpUTH (NO2); 8 — HuTpathl (NO3); 9 — duronnaHk-
ToH; 10 — 300m1aHkTOH; 11 — pacTtBopeHHbIl Kucaopoxn (Oz); 12 — cunukatsol (Si0O3 — MeTacHU-

Kat; Si04 — oprocunukar); 13 — docharsl (POy); 14 — xeneso (Fe”); 15 — KpeMHeKHcJJI0Ta
(H2Si03 — metakpemueBast; H2Si04 — OpTOKpEMHEBAS).
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YpaBHenus (16) monofHSAOTCS HaYaJ bHBIM YCJIOBHEM

Si (9579,2’70) :51'0(%,%2)7 (xayaz) 667 i = ]-7]-57 (17)
U CJaefyrmrMu I‘paHI/I'-IHbIMI/I YCJIOBUAMHA
0s; _
S s =0, ecan uy <O %:0, ecmn uy >0, i=1,15, (18)
n

Tle u; — MPOEKIMs BEKTOPa CKOPOCTH HA BHEIIHIOK HOpPMaJjb 7i K TPaHHllE, ¢, — H3BECTHBIE
3HauyeHUs] KOHUEHTPalUH;

0Os; R
Yy gzgo(si), 1=1,15; (19)
Eb : %ij = —€s,;Si, (20)

rie €5, — KO3()(PULHEHT MOVIOLIeHHUS -i IPUMECH JOHHBIMH OTJIOKEHHSIMH.

[lpy wTUAsX U GAM3KHUX K HUM BETPOBBIX CHUTyaUHsX BO3HHUKAIOT aHA3pOOHBIE YCJOBHUS B
TIPUJIOHHBIX CJIOSIX MeJIKOBOIHBEIX BoJoeMoB (Hampumep, AsoBckoro Mopsi). BoccraHoBsieHne nosepx-
HOCTHOTO BOJIOHACBILIEHHOTO UJla BJedeT 3a OG0l BbICBOOOXK/IEHHE B PaCTBOP (KpOMe CepoBOAOPOIA)
cynb(aToB, IByXBaJEHTHOrO MapraHila U keje3a, OpraHUYECKUX COeIUHEHUH, aMMOHHUS, CUIHKATOB
1 pocharoB. C momorbio Monenu (16)—(20) MoryT ObITb OMUCaHBI MPOLECCH aMMOHU(HKALIKH,
HUTPU(HUKALMH, HATPATPeNyKUUH (neHuTpuduKauuu), accumunsiund N Hy, okucienus HS, cynb-
(haTpeniyKLUHH, OKHCJEHHS W BOCCTAHOBJIEHHS MapraHia, a TaKxKe MOXKHO M3yyaTb MeXaHH3M
ycJI0BUH (DOPMHUPOBAHHSI 3aMOPOB B pe3y/bTaTe aHTPOIOIeHHOH 3BTPO(HKALKH, IPOTHO3UPOBATh
M3MeHeHHsl KUCIOPOAHOrO U OMOT€HHOT0 peXKHMOB.

1.4. OueHKa y3BUMOCTH MEJKOBOAHBIX BOHOEMOB [0 OTHOWIEHUIO
K aHTPOIMOTE€HHBIM BO3EHCTBUIM

[TockosbKY Liesbl0 HACTOSIILIEH CTAaTbU SIBJSIETCS ONHUCAHHUE Pe3y/bTaTOB HMCIMOJb30BAHUS MPO-
TPaMMHOTO KOMILJIEKCA W MPOBEeJeHHbIX YUCAEHHBIX SKCIMEPUMEHTOB IO MEPEHOCY 3arps3HSIOIUX
BEleCTB, TO aBTOPHl B paboTe He OYyMyT COCPENOTOUYEHbl HA OMUCAHWU METOAMK OLEHOK PHUCKA.
OcTaHoBUMCS JULIb HA MOPSIAKE MPOBEAEHUS OLEHKH YSI3BUMOCTH M0 OTHOLIEHHIO K aHTPONOreHHBIM
BO3/IEHCTBUSIM, KOTOpasi MOXKeT ObITh OMKMCaHA CJAeNyIOIUM 00pa3oM:

1) usyuenue reorpadUueckux, TOMOJOMMUYECKUX, KIHUMAaTHUECKHX, F€0JOTMYECKHX, THAPOJIOrHYe-

CKHX 0COOEHHOCTeH BOAHOr0 0OBEKTa;

2) ompenesieHHe BO3MOXKHbBIX HCTOYHUKOB MOCTYIIJIEHHS] 3arps3HSIOIIMX BEIIECTB: CTOKH PEK,
cOpPOCHl 3arpsi3HSIIONIMX BELIECTB TMPEANPUSATHIMH, CYILOXOACTBO U T.A. MonenupoBaHue
BO3MOXKHBIX CLIEHAPUEB pACIpPOCTPaHEHHSs 3arpsi3HSIOLUIMX BellecTB Ha OCHOBE MOJeJeH,
onuceiBaeMbix BbipaxkeHusmu (1)-(10), (11)-(15) u (16)-(20);

3) olleHKa TOKCHUYEeCKOro 3(eKTa 3arpsisHSIOIIMX BelIeCTB, KOTOPble MOTYT IOCTyMaTh H3
omnpefie/eHHbIX BbIlLIEe HCTOYHUKOB;

4) pacuer akTopa pucka R Ha ocHOBe (HOPMYJIbI

R=FEfs- Eg,

rae Efg — dakTop 3D PeKTUBHOCTH BO3IEHCTBUS 3arpsi3HAILIMX BellecTB, Fg — (akTop
sKkenosuunu, Es = Pskpa/Y (¢ — KOHLEHTpaUus yacTul, Y — crnoco6 UCMONb30BaHUS XH-
MHKaTa, Pg — XapakTepucTHKa CKOPOCTH THMIPONH3a, kpa — PaKTOp OMOAKKYyMYJHPOBAHHUS).
@DaKTOpHl IKCMO3ULIMK A/ BOAbl MOTYT MPUHUMAThL 3HadeHus 0.4-25 c,;
5) HopMmaJsusauus (akTopa pucka R:
C — Cmin
Cy = ——,
Cmax — Cmin

rie ¢, — HOPMaJM30BaHHbIHA (haKTOP PHCKA, €C/M PUCK BO3PACTaeT C POCTOM KOHLEHTPALMH C
yacruu. [Ipu sTOM HOpManM30BaHHBIA (aKTOp pUCKa ¢, € [0, 1];
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6) Ha OCHOBaHMHU MOJYYEHHOH OLEHKH PHUCKA AeJAI0TCS MpeNBapUTe/NbHbIE 3aK/JIIOUEHUS: PUCK
CUMTAETCS BBICOKMM MPH ¢y > (.55, NOTeHIMaNibHO 3Ha4UMbIM 11pu 0.3 < ¢, < 0.55, oTCyT-
CTBYIOLIMM TIPH ¢, < 0.3.

2. YwucjaeHHble MeTOAbl pelleHUs 3agauyu AU Py3UU-KOHBEKLMU-aTrPerupoBaHus
B3Becen

2.1. IlocTtpoeHue SIBHO-HESIBHOW CXeMBbI

YpaBnenue (11) sanuiem B BUIe

e,
ot

rie Ac, — nuddepeHnaIbHbIA 3/IUITHUECKUH ONepaTop Mo NPOCTPAaHCTBEHHBIM MepeMeHHBIM
C MJIQJLIMMH [TPOU3BOJHBIMH, JJIS KOTOPOro CIpaBelMBO Clefylollee MpeacTaB/eHute:

d(ucy) | dvey) | 9((w+wy)er)

:ACT+FT(x7yaZ7t)) (ajvyvz)EGu tG[O,T], (21)

Ay = Ox + y * 0z B
0 dc, 0 oc, 0 de, B
oz <Mh 8x> ~ oy (#h 8y> 9% (u”8z> = (A2 + A3) e, 02)
Aroe. — 0 (ucy) n d(ve;) O der\ O ey
2T 0 oy oz \"" oz Oy a oy )’
(w4 wg)e) 0 de,
Aser = 0z a: "2 )

Ha Bpemennom otpeske 0 < ¢t < 7T MNOCTPOMM paBHOMEPHYIO CETKY w, C IIaroMm T, T.e.
MHOXKECTBO TOUEK
wr ={tp,=nr, n=0,1,...N, Nt =T}.

Jau pertenue ¢+ (z,1y,2,t,_1) B HEKOTOPEIH MOMEHT BPEMEHH t,_1 U3BECTHO, TO PeLIeHH
Ec eee’ﬁl,y,,t €KOTO oMme eMeHH t 3BeCTHO, TO pelleHue
B MOMEHT BpeME€HH t,, MOXXHO BBIPA3UTb uepe3 3TO H3BeCTHoe pelleHue. Ha kakgom mare mo
BpeMeHH pelienue 3anauu (21), (12)—(15) npencraBum B Buze

n+1 n
C, —C

T n n+1/2 _ n —
T+ Anc] + Agc] 2—Fr n=1,..N. (23)
JLnsi yBeIMUeHUs] IOMYCTHUMOTO [Iara 1o BpeMeHH MpH anmnpoKCHMaluy AByMepHoH 3anauu (7), (22)
SIBHOH Pa3HOCTHOH CXeMOH 100aBHUM B JIEBYIO UacTb ypaBHeHHs (23) MpoH3BOAHYIO MO BPeMEHH BTO-
poro mopsiika ¢ MaJibiM MHOXHTeJieM-peryJ/sipusatopoM [17, 18], He mpeBOCXOASLIMM XapaKTepHOe
BpeMsl pacrpoCTpaHeHHUs] BO3MYILEHHH KOHIEHTPAHUH M0 FOPU30HTANbHBIM HAMPABJIEHUSIM:

* n+1 n n—1 n—+1 n
T"C —2c+c c —c
- I + Ao + Asc™V2 = Fr . n=2,.. N,

2 72
Cn+1 — n+l __ n ” (24)
FT = Ty o - r—i—AlQC?—i-AgC?J'_/ :F;,], n=1,

rae KospuuneHt 7%, 7 ~ (7/¢ ), cBsi3aH ¢ XapaKTepHbIM LIarOM MPOCTPAHCTBEHHOH CETKH T H
XapaKTepHO# CKOPOCTbIO 3ByKa B BOAHOH cpene. Boio mokasano [19], uto npu 7* — 0 peleHue
3amaud (24) ctpeMHTCs K pelleHH0 3anaud (23).

B o6sactu G MOCTPOMM CBA3HYIO CETKY Wj. MHOXECTBO Y3/10B TaHHOH CETKH COCTOMT W3
BHYTPEHHHX U PaHUUYHBIX Y3J0B. COBOKYMHOCTh Wy, BHYTPEHHUX Y3JI0B 3a/aéM MHOXKECTBOM TOYEK:

wp, = {xi:ih;,;, y; = jhy, zx = kha; i =0.N,, j = 0.N,, k=0..Ny;

Nghy = Ly, Nyhy = Ly, N:h, = LZ},
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rae hg, hy, h, —wmaru no npocrpanctsy, Ny, Ny, N, — KOJTHYECTBO y3JI0B [0 NPOCTPAHCTBEHHLIM
KOOpAMHATAM.
Uepes o, ;1 0003HaUeHa «3aN0JHEHHOCTb» A4elKH (4, j, k). Broasarea koadduuuents qo, g1, g2,
43, 44, G5, 6, OTTHUCBHIBAIOIIME 3aMOJHEHHOCTb 00/1aCTeH, HAXOASIIMXCS B OKpeCTHOCTH stuedku [20].
Ha ocHoBe meTtona 6asaHca ¢ yyeToM K03(p(QHULUHEHTOB 3aM0JHEHHOCTH KOHTPOJbHBEIX obJacTel
Gm, m = 0,...,6 MOXHO anmpoOKCHMHPOBaTb ypaBHeHHUs (24), NP 3TOM OUCKPETHHIH aHAJOT
pery/NsIpU3UPOBAHHOTO yPaBHEHHUS M/ pacyeTa TPAHCIOPTA B3BECH MPHUMET BHUJ
— 2%k + Cain) o) ~ o)

-2 + 403, j,k) - +

n+1
7" Cr(i,jk)
(i, j.k) o

CrlitLik) ~ Crigik) Cligk) ~ Cr(i=1,3k)

r(i+1,7, (4,7, 575 i—1,7,

TG k) Uit 1/2,5.0) B L e~
T T

Crlig+1k) ~ Crigk) Crlig k) ~ Crlij—1k)
r(t,7+1, (2,7, (1,7, r(i,5—1,
431,10V, G41/20) 2h, S Qi) V12 k) oh, —

n+1/2 _ n+1/2
Cr(igk+1) ~ Cr(igk)
2h,
n+1/2 n+1/2

+45(i,j,k) (w(z‘,j,k+1/2> + wgr) +

C ik I b1
—HIG(i,j’k) (w(i,j,k—l/Q) + wgr) r(i,5,k) o (i, ) _
z

c? —c" c? —c" c” —c"
_ r(i+1,5,k) 7(i,5,k) 7(i,5,k) r(i—1,5,k) r(i,5+1,k) 7(i,5,k)
T T Y

n n n+1/2 _ n+1/2
Cr(igk) ~ Cr(ig—1k) Cr(ij k1) ~ Cr(igik)
~4(i.5k) Hh 52 T 45 (i,5,k) Ho(i, 5 k+1/2) 2 -
) z

n+1/2 n+1/2

C ;.. —C /. .
r(i,5,k) r(i,5,k—1) n
~G6 (i oGk Pl (25)

z

2.2. CetouHble ypaBHeHHUS
3anuiieM ceToYHble ypaBHeHHs IJisl 3a1aud (25) B KaHoHHUecko# dopme [21]:

+1 +1 +1 _
Agi )6 igk) Bl(iaj)cf(i,j,k-i-l) - BQ(iJ)C:}(i,j,k—l) = Flijky
Wi, jkt1/2) + Wor Mv(i,j,k+1/2))

Bl(i,j,k) = 45(i,5,k) (‘ 4h, 2h,2
- W, 5 k+1/2) T War Mo, j,k+1/2)
Biijk) = 95,,k) (‘ 4h, T ) ’

T+7/2
Ajm) = 06,03t By + Bagig) (26)

Fli k) = Do) igk) + Prigm)Casgm T Detigk) Cri-1,m+
+D3(i,.k)Crij+1,6) T Pagigk)Criij—1,6) T Bigk) O g1 T

-1
+Bg(z‘,j,k)c77}(i,j—1,k) - E(i,j,k)cf(i,j,k) + F?Qi,j,k)’

U(i4-1/2, 5,k) L, U(i—1/2,4,k) Lh
Diijry = @1 gk <_2hz] + hx2> s Dagi k) = 2(i5k) <2hx] + h2> ;

_ Fo(i, j+1/2,k) | Ph B Ho(i, j—1/2,k)  [h
Dsigk) = 43(i.3.0) <—2hy + hz) o Daggm = Gaggm <2hy + hz) ’
Yy Y
T+ 7" 4 T*
Do(ijky = 90, jik) 2 Z Dpgijys  Eligr) = G, k)52
p=1
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Hns pacuera mpaBoii yactu Heob6xomumo 16N apudmetnyeckux omnepauui. s perieHus
3amaud (26) Ha mepBOM BpeMeHHOM cJjoe HeoOxoaMmo 8N, a [IJs MOCJeyoLUX cjaoeB 5N
apudpmMernueckux omnepaluil. TakuM o6pa3oM, Bcero AJs rnepexofa MexAy CJIOSMH HeoOXOAHUMO
21N onepauuii. PacyeT 1o siBHOH cxeMe BBITJISIUT

n+1 n+1 n+1 n
rin = (Biap/Awy) iy + (Baig/Ai) Crg,j,k—l) + (Fr(i,j,k)/A(i,j)) , o (27)
4TO 3aHHMaeT 16N apu(pMeTHUeCKUX ONepaLHui.

2.3. IlocTrpoeHue mapajiesbHbIX aJrOPUTMOB AJIfl pacuera ABYMepHBIX 3aaay

PaccmoTprM nocTpoeHHe napaJiiesbHBIX aJTOPUTMOB A/ pacyeTa ABYMepPHBIX 3a1ad. PacyeTHas
00/1aCTh MOKPBITA PABHOMEPHOH CETKOH:

wij = {z (thy) = 2, y (jhy) = y;; 1€ 0, Ny —1, j €0,Ny — 1; hyNy = Ly, hyN, = Ly},

e 7, j — MHJIEKCBl PacyeTHOH 00sacTH, hy, h, — WIard 1o npocTpaHCTBEHHBLIM HalpaBJeHHsIM,
N, Ny — KOIMYeCTBO IIAaroB Mo MPOCTPAHCTBEHHbIM HanpaBieHusaM, L;, L, — pasMepsl pacyeTHOM
00J1aCTH.

B yssmax pacueTHOH CeTKM BBIUHCJSIOTCSA 3HAuUeHHst noast u(z,y): w;; mpu i € 1, N, — 2,
j € 1,Ny,—2, npu atom no nepumerpy (i € 0, N, —1, j € 0,N, — 1) HaxonsATca (DUKTHBHbIE
y3Jibl. BBINONHUM J1€KOMIIO3HMLHIO pacyeTHOH 00/1acTH BIOJb MPOCTPAHCTBEHHOIO HalpaBJ/eHHS
Oy npsiIMBIMM, MapaJjJjesbHbIMH ocd Ox, npu 3ToM 0003HaYUM w’ — 10100JaCTb C HOMEpPOM T,
0 < r < p—1, roie p— KoJaW4YecTBO MoAoOJacTel, HA KOTOpble pa3buTa HCXoAHAas 0O0JaCTh.
PacuerHbiMH y3/amMu 06JacTd w” SBJSIOTCS J€MeHTbl u; ; MpH ¢ € 1, Ny —2, j € 1,Nj —2.
PasbureHne ncxoqHoH 06J1aCTH BBIMIOJHEHO TaKUM 00pa3oM, 4TOObl cMexXHble objactu w' U wrtt
nepecekajuch B ABYX y3Jax BHOJb HalpaBJ/eHWs, MEPIeHAUKYASIPHOrO JUHUAM pa3OueHusi, U
HMeJIH MeCTO PABEHCTBA Uj nr_p = u%l, Uj Ny_y = uﬁl Ha puc. 1 npeacrap/ieHa 1eKOMIO3ULHUSA
pacueTHOU 06.s1acTH, rae Hesble Kpyru 0603HAYAIOT (PUKTHBHBIE Y3JIbl PACUETHOH CETKH, CUHHE —
y3J1bl, B KOTOPbIX OCYLIECTBJIsSIeTCS] pacyeT [1epBbIM BbIUHCJAUTEJEM, KPacHble — y3Jbl, B KOTOPbIX

OCYIIECTBJIAECTCA pacyeT BTOPbLIM BbIYHUCJIAHUTEJIEM.

BrrunciurensHenii pparmest 1

i

BerauciurenbHbIN GparMeHT 2
Puc. 1. JlekoMmo3uIkisi pacueTHOH objacTy (IIBET OHJIANHH)

Fig. 1. Decomposition of the computational domain (color online)

Jlnsi npencTaBsieHust 3HadeHUs1 noJst u(z,y) B BEKTOPHOH (popMe Mape MHAEKCOB i, j MOXKHO
MOCTAaBUTb B COOTBETCTBHE 3HAueHHe m, OMHUCBIBAIOlIee MOPSIAKOBbIH HOMEp 3JeMeHTa BeKTOopa u:
m =14+ jN,, 0 <m <n—1, n— aauna BekTopa u = (Ug, U1, ..., U_1)’ . JlaHHO® MpejCTaBIeH e
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yI0OHO UCIIO/B30BaTh NPU OMUCAHUU M HUCCJEIOBAHWH aJTOPUTMOB pELIEHHsI CEeTOYHBIX YPaBHEHHUH
UTEPALlUOHHBIMH METOaMH.

[ hparMeHTOB w”, MOJMYYEHHBIX B pe3y/bTaTe NeKOMIO3WLHHU pacyeTHOH 06/acTH 10 OLHOMY
NPOCTPAHCTBEHHOMY HallpaBJ/eHHIO, HeOOXONMMO 3HAThb [Ba MapaMeTpa: HauyaJbHbIH HHIAEKC j = Ny
B HCXOJHOH pacyeTHOH obGsacTu W wupuHy (parmenta N;. Homep ungekca Nj, ¢ KoToporo
HauMHaeTCs COOTBETCTBYIOIIUH (DparMeHT pacueTHOH 06J1aCTH, MOXKHO pacCYUTaThb Mo (opMmyJe

Ny =[r-(Ny=2)/p].

3nech U nanee |x| — QYHKLUHUS «I0J» ONMpenessieTcss KakK HauOoJblilee 11eJ0e, MeHblee U paB-
Hoe z, [x] — QYHKUHS «[IOTOJIOK» ONpeJesisieTcsi KaK HaHMeHblllee Liesoe, GoJbliee UM PaBHOE .
upuna nogobsactu w” BRosb ocd Oy paccunuThiBaeTcs 1o Gopmyse

Ny = [(r+1)- (N = 2)/p | = N] +2.

s TeopeTHuecKol OLleHKH paboThl BBIUUC/AUTENbHBIX CUCTEM HCIIONB3YIOT CJelYIolie napa-
MeTpBhl:

— tq — BpeMs BBINIOJIHEHUSI OJHOU apr(PMeTHUYEeCKOH oTepaluy;

— t; — BpeMsi OpraHH3alUM Nepefauyn JaHHBIX (JaTeHTHOCTD);

— t; — BpeMs Nepellauld OfHOIO AAHHOTO.

Ha puc. 2 npuBenen rpaguk 3aBUCHMOCTH BPEMEHH Mepefay oT 00beMa NaHHBIX fJs Pa3HOTO
KOJIMYecTBa 0OMEHOB MeX1y y3JaMH BbIUHUCAUTENbHOH cucTeMbl. Ha rpadrke BUAHO, 4TO (YHKLHUS
3aBUCUMOCTb BpeMEHH Mepefayd HMeeT CKAuoK MpH oObeMax MepelaBaeMblX NAHHBIX, PaBHBIX
npuMepHo 512 yucaam ¢ nuaBatolneid Toukoid. O603HaYMM AaHHOEe 3HaueHHe Nyax = H12.

T T T T T T T T

KonunuecTBo y3110B:
— 4= "8~

12— 16 24 —

A J\ JJUL.

|
qum‘sJﬁ‘uH, e J,M'Jb.,i_ Aot ‘JI‘M"«‘JU‘JiM"‘L

| i :
T o 1 1 WYL NS MLL il ' ¥ J,_U A dbndid J“

b A

il i LA,

TN i etegovat i A VNI S A v DR

2 = 1 1 1 ]
0 100 200 300 400 500 600 700 800 900 1000

e W

Puc. 2. 3aBucUMOCTb BpeMeHH Mepeflaud JaHHbIX OT 06beMa Mpu paboTe ¢ pa3HbIM YHCJIOM
BBIYHMCJIUTENbHBIX Y3JI0B (L[BET OHJAHH)

Fig. 2. Dependence of data transfer time on volume when working with different numbers
of computing nodes (color online)

Pacuer naHHBIX Ha MHOTOMNPOLECCOPHOH BBIUHUCANUTE/bHOHN CUCTeMe [103BOJseT B 3HAYUTENbHOH
Mepe COKpPaTHTb BpeMsl BbluUCAeHHH. OqHaKO 3(pPeKTUBHOCTb BpeMeHH paboThl BEIUUCJIUTEIbHOH
CUCTEMBI He BCerja MoXeT ObITb 0xKHAaeMoH. B 3ToM ciyyae KOppeKTHO MPOBECTH TEOPETHUUECKUH
aHa/u3 pacyeTa BpeMeHH BbIUMCJEHUH Ha OCHOBE PerpecCHOHHOro aHaJsn3a.

PaccMoTpuM Mopesib MHOXKeCTBEHHOH perpeccuu. Bektop ¢; — utoroBoe BpeMsi paboThl BbIYUC-
JIUTEJIbHOH CHCTeMBI (CEeKYH[IBI), BEKTOPHI 1, p — 00BSCHSIONINE (PAKTOPB: 06beM TeperaBaeMbIX
JNAHHBIX U KOJMUECTBO HCIOJb3yeMbIX BBIYMCAUTEbHBIX Y3J0B. /51 BpeMeHU JIaATEHTHOCTH MMeeT
MecTo (opMmyna
5.21-107641.53-10""p, ecau n < 512,

ti(p,n) =
(P =4 6733 106, ecan n > 512.

(28)

Bpems nepenaun ofHOro AaHHOro t, = 3.3 x 1079,

WHgpopmaruka 307



@ W3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIHgpopmatuka. 2024. T. 24, Bbin. 2

BpeMeHHue TpaTbl HAa OAHY HUTEpalHUI0 B CJjaydae IMOoCJAedO0BaTEJbHOTIO BapUaHTa aJropuTMa

COCTaBAT
t = 21t4(N, — 2)(N, — 2). (29)

[Ipu pacuere mapaJjieJIbHBIM aJrOPUTMOM HAa MHOTOMPOLIECCOPHOH BBIYHCJIUTEBHOH CHCTEMe
BpeMsl pacueTa COCTaBHT
t =121 (N, — 2) max (Nf —2) +2(t (p, Ny — 2) + (No — 2) ),
Ny -2

r

N, —2 N, —2
YT Cmax (V) —2) < [—L—=|, maxNJ ~
p r p

B cayuae ecnn o6beM mnepenaBaeMblX AaHHBIX Oodblie Ny — 2 > Npax, TO BBINOJHSETCS
k= [(Ny —2) /Npax| 00MeHOB, TOrna BpeMeHHble TPAThl MapaJsyieJbHOr0 aJropuT™Ma pPaBHbI

(Nz —2) (Ny — 2)
p

t =21, + 2t (p, [(Ne = 2) /k]) b+ (No — 2) ta) - (30)

YckopeHue napasenbHOH paboThl aArOPUTMa PaBHO

21pt, (N, — 2) (N, — 2)

S, (V. —2) (Ny = 2) +2p (trat (0, [M572]) b+ (N2 = 2) ) .

Ha puc. 3 npexncraB/ieHsl pe3ynbTaTel paboThl MapasesbHOTO BapuaHTa ajJroputma IJsi pa3jinu-
HOTO 4MCJIa TPOLECCOPOB NPH BapbHPyeMOH NeKOMIO3ULUH pacueTHOH o6sacTH. 31ech H300parkKeHbl
rpadMKH yCKOpPeHHs MapaJiyielbHOH BEPCHH alrOpUTMa CXeMbl pacIlelieHds] Ha ABYMEPHYIO SBHYIO
¥ OJHOMEpHYIO HesiBHYIO Ha ocHOBe TexHosoruu MPI u nuHeliHOro ycKopeHHs! B 3aBUCHMOCTH OT
Ypcsa 3aefCTBOBAHHBIX BBIUHCJHUTENEN (C YUeTOM pas3/MYHBIX BapHAHTOB JEKOMIO3HIMH pacyer-
HOH obsacTH). MakcrHMa/ bHOE UHCJIO MCIIOJNb30BAHHBIX BBIYUCAUTEEH — 24, pa3mMep pacueTHOH
cetku coctaBus 1000x 1000x60 y3.0B.

20 100
18 o 97
16 94
14 S 91
o 12 g 88
= =
£ 10 E 85
g 8 S 82
5 =
> 6 A 79
4 76
2 73
0 70
0 2 4 6 8 10 12 14 16 18 20 22 24 0 2 4 6 81012 14 16 18 20 22 24
KOJ’IPI‘IGCTBO IpoueccopoB KOJ'H/I'-{CCTBO poueccopoB
al a 6/5b

Puc. 3. PesysbraThl paGoTsl Napasie bHOTO BapHaHTa alrOpUTMa IJisl pa3iHyHOTO YHCJA NIPOLECCOPOB
TIPY BapbUPYeMOH NEeKOMIO3ULUH PACUETHOH 00/aCTH: a4 — KOHLEHTpallKsl B3BECH B BOLE; O — IOJIe
MJIOTHOCTH BOIHOH Cpelbl
Fig. 3. Results of the parallel version of the algorithm for different numbers of processors with
varying decomposition of the computational domain: a — concentration of suspended matter in water;
b — density field of the aquatic environment

3. UYmucaeHHble KCIIepUMEHThI MOAEJUPOBAHNS epeHOCca 3arpA3HAIONNUX BelleCTB

OnucaHHbIH BbIle MOAXON K OLEHKE KayecTBA BOA SIBJISETCS YaCTblO pa3pabaThIBAEMOTO B
KOJIJIEKTHBE MTPOTHO3HOTO KoMIliekca «Azov3d». JlaHHBIH KOMIJIEKC MCIOJb30BaJICs /s pacuera
TPEXMEPHOr'0 BEKTOPa CKOPOCTH TeueHHs! BOLHOH Cpelbl B aKBaTOPUH A30BCKOTO MOpsl, YUUTHIBAET
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Takue (husuyeckre napamerpel, Kak cusaa Kopuosuca, TypOyseHTHbIH 0OMeH, CJI0XKHAsi reOMeTpHus
JHa U OeperoBod JMHUU, UCMIapeHHue, CTOKHU peK, CTOHHO-HAarOHHble SBJEHHS, BETPOBble TeYEHUS U
TpeHHe 0 IHO, U oOeclieynBaeT pacyeT FMAPOCTATHYECKOr0 JaBJeHUs] U TPeXMepPHOro MoJsi CKOPOCTH.
C momo11bio BHEPEHUS] HOBBIX PAaCUeTHHIX (DYHKIMH OBIIM BCTPOEHBI MapaJijieibHble MPOrpaMMHbIe
6JI0KH, TpeHa3HaUeHHble AJIS MOJIEeNHPOBaHHUs MepeHoca 3arpsA3HsIINX BellecTB. Pa3paboTaHHbIH
NPOrpaMMHBIH KOMIIJIEKC MOXKeT NMPUMEeHSATbCS [JIs1 pacueTa IepeHoca Kak [JIs TsKeJsblX NpuMecei
TakK W OJ/51 NpUMecel, KOTOpbIe Jierde BOAbl, TAKUX KaK MHUKPOIJIACTHK. UHc/eHHas peann3auus
NpeNJIo’KeHHBIX MaTeMaTUUeCKUX MOJieslel OCYLIeCTBJeHa Ha OCHOBE MapaJJesbHbIX aJrOpPUTMOB,
OPHEHTUPOBAHHBIX HAa MHOTONPOLIECCOPHYIO BBIUMCJ/IUTENBHYIO CUCTEMY.

3.1. MogeanpoBaHue TpaHCIIOPTa B3BeCU NPU JaMIHMHre IPyHTa

B kauecTBe MOJE/NBHOTO MPUMeEpa PACCMOTPHUM MOJEJIMPOBAHHE Mpollecca OCaXKAeHHUsST B3BECH
NPy TPOBENEHUH THOYTIyOHTebHBIX paboT [22] Ha ocHoBe momesn (11)-(15).

BxonHble naHHBIE 10 aKBATOPHH W B3BECH: NJIMHA BOLOEMa — 3 KM; LIMpHHA BogoeMa — 1.4 KM;
ray6uHa Bomoema — 10 M; ckopocTb Teuenus — 0.2 m/c; o6bem 3arpysku — 741 m3; ckopocThb
ocaxaenus B3pec (mo Croxcy) — 2.042 mm/c; maoTHocTb rpyHTa — 1600 Kr/m3; mpoueHTHOe
comepKaHue melieBaThix yactull (d < 0.05MM) B mecuaHbix rpyHTax — 26.83%.

[TapameTpel pacueTHOH 06/1aCTH: LIAT M0 TOPU3OHTAJNBHBIM TIPOCTPAHCTBEHHBIM KOOPAWHATAM —
20 M; war no BepTUKAJbHOH MPOCTPAHCTBEHHOHU KOOpAMHATE — | M; pacyeTHbIH UHTepBaa — 2 U,
ar no BpeMeHu — 1 MUH.

Ha puc. 4 npuBeneHa AMHaMHMKa M3MeHEHHS KOHIEHTPALMH B3BeIIEHHBIX 4yacTUl (Mr/j) c
TeueHHeM BpPeMeHH.

0
58900 491
44175 368
-5
29450 245
14725 123
—10 0 0
0 500 1000 1500 0 500 1000 1500
ala 6/b
0 0
227
170
-5 -5
113
57
-10 0 -10 ﬁ
0 500 1000 1500 0 500 1000 1500
8/ c e/ d

Puc. 4. [one KOHUEHTpaLHH B3BeLIEHHbIX YACTHL B pa3Hble MOMEHTHl BpeMeHH: a — HauajbHBIN
MOMeHT; 6 — uepe3 15 MuH.; 8 —uepe3 30 MHH.; ¢ —uepe3 45 MHH. MOCJe MOMEHTa BBITPY3KH
(uBeT oHJIAKH)

Fig. 4. Concentration field of suspended particles at different times: @ — initial moment; b — after
15 min; ¢ — 30 min; d — 45 min after the moment of unloading (color online)

[TpuBeneHbl 3HaUeHUS MOJIS KOHLEHTPALMU B3BECH B CeUEHHH pPacyeTHOH 0OJACTH IMJOCKOCTHIO,
NpOXOAsiLIel yepe3 TOYKY BBITPY3KH M 00pa30BaHHOH BEKTOpPaMU, HalpaBJeHHbIMH BepPTHKaJbHO
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U BOOJIb TEYEHHA. Teuenus HalpaBJI€eHbl CJieBa Hallpaso. I/ICXOILH W3 IOJIYYEeHHbIX MaTepHaJios,
paccHUTbIBaEM 00111ee KOJHUYECTBO SanHSHeHHOﬁ BOAbI IIPHU OTBaJiaX I'pyHTa (Ta6J’II/ILIa).

OO6beMbl 3arpsi3HEHHOH BOABI MIPH cOpoce TPyHTA
Table. Volumes of contaminated water during soil discharge

B Tom umncne Bommbl ¢ O6uuit 06beM BOIBI
Ne O6wuit 06beM KOHLIEHTPALUSIMH Koaz-Bo C KOHIEHTpalUsIMU
ydacTKa | 3arpsi3HEHHOH BOJbI 3B, maH m? c6pocoB 3B, maH m?
npu pasosoM cbpoce, | >0.25 | >20 | >100 >0.25 >20 | >100
MJH M° mr/n | mr/a | mr/a Mmr/a mr/a | mr/a
1 1.285 0.890 | 0.245 | 0.150 124 110.360 | 30.38 | 18.6
2 1.120 0.813 | 0.202 | 0.105 50 4.650 10.10 | 5.25
3 1.279 0.889 | 0.240 | 0.150 45 40.005 | 10.80 | 6.75

Ha ocHoBe pa3paboTaHHOr0 MPOrpaMMHOr0 KOMILJIEKCA, BKJIOUAKOIIEro B cebss MOLY/IU pacyeTa
TUAPONMHAMHYECKUX TPOLIECCOB, TPAHCIOPTA BO3BEIleHHBIX YaCTHLL U OHUOJIOTHYECKOH MPOAYK-
TUBHOCTHU (PUTO- U 300IJIAHKTOHA, OlpeleseH 0ObeM BOM, 3aTPs3HEHHbIX NPHU OTBaJax TPYyHTa;
paccurTaHbl mJouany obsnacted, B KOTOPbIX HaOJ/0AaeTcsl rMbesb NOHHOH PacTUTeNbHOCTH Ha
OTBaJiax U B palioHax NHOYTJAyOuUTeabHbIX padoT. JlaHHBIM MPOrpaMMHBIA KOMIJIEKC MO3BOJSET
CIIPOTHO3HMPOBATh KaK paclpocTpaHeHHe LujeH(oB B3BeCH B BOAHOH cpele, TaK U H3MeHeHHe peJibe-
(ha IHA B CBfI3U C BBINAJeHWEM B3BelI€HHBIX YacTHL IPyHTA B ocafok. Ha ocHoBe paspaboTaHHOro
NPOrpaMMHOr0 KOMILJIeKCa YCTaHOBJIEHO, YTO yMeHblleHHe pa3MepoB obsacTell 0TBaJOB PyHTa
M03BOJIsieT MUHUMH3UPOBATh yllepO, HAHOCHMBIH GUOTOMAM.

3.2. MogennpoBaHue TpaHCIOPTA B3BelIEHHBIX YAaCTUIl B YCTh€BOM palioHe

PaccmoTpuM pesynbTaThl paboThl MPOrPaMMHOI0 KOMILIEKCA HA TpUMepe BOAHOIO y4acTKa, pac-
TOJI0XKEHHOT'0 B YCTheBOM paiioHe. BXonHble naHHbIE 0 aKBATOPUM M B3BeCH: IJMHA BogoeMa — 50 M;
mupuHa Bogoema — 50 M; ryy6uHa BogoeMa — 2 M; CKOpoCcTh TeueHust — 0.2 M/C; CKOPOCTb OCaX-
nennst B3Becu (mo Crokcy) — 2.042 mm/c;
TJIOTHOCTh TIPECHON BOJBI TPY HOPMAaJIbHBIX
yenouax — 1000 xr/m3; mjaoTHocTh B3Be-
cu — 2700 kr/M3; 0ObeMHasi [0JIST B3BECH —
1/17. TlapameTpsl pacyeTHOH 00/1aCTH: Iuar
10 TOPU30HTAJNBHBIM MPOCTPAHCTBEHHBIM KO-
opauHataMm — 0.5 M; 1Iar 1Mo BepTHKAJbHOH
npocTpaHcTBeHHOH KoopauHate — 0.1 M; pac-
YeTHBbIH WHTEpPBaJ — 5 MHH, LIAr MO BpeMme-
o — 0.25 c¢. Ha puc. 5 npencrasseHa reo-
MeTpHsl pacueTHOH o6JiacTH B BHJE KapThl
r1yOuH.

Ha puc. 6, 7 npexncraByeHbl pe3yJbTa-

Puc. 5. Kapra riy6uH pacueTHol o6sacty (LBeT OHMAHH) rp; MOZLEHPOBAHHUS TIpoLlecca TPAHCIOPTa
Fig. 5. Depth map of the computational domain

(color online)
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B3BECH B pe3y/bTaTe CMEIIeHHUs U JBHKe-
HUS BOJL B YCTbEBOM paiioHe IMpU HaJUUHUU
CYLIECTBEHHOT0 I'PayeHTa MJOTHOCTH BOAHOH Cpefibl (CJieBa MokasaHa CpPeiHssh KOHIEHTpaus 1o
riy6uHe, cripaBa — MJIOTHOCTb B CEYEHHUM MJOCKOCTbI0 Oxz, NMPOXOAslleHd MO LEeHTPy pacueTHOH
obnactu (npu y = 25m)). Ha BepTHKanbHBIX cpe3ax crpaBa MOXKHO HabJ/0IaTh U3MeHeHHe KOH-
[eHTPalluu B3BECHU B CTPATU(PHUIUPOBAHHBIX CJOSIX BOAHON Cpelbl MPH MeHsollelcs MA0THOCTH ¢
TeyeHUeM BpEMEHH.
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Puc. 6. [IBuxeHHe BOA B yCTbEBOM palOHe MPHU HAJUUUM CYIIECTBEHHOTO TPagHeHTa IJIOTHOCTH
BOJHO#M cpenbl uepe3 | MUH: a — KOHLEHTpAIMsl B3BECH B BOfie; 6 — MOJie MJOTHOCTH BOJHOU Cpeibl
(uBeT oHJIAKH)

Fig. 6. Movement of water in the mouth area in the presence of a significant density gradient of the
aquatic environment after 1 min: a — concentration of suspended matter in water; b — density field
of the aquatic environment (color online)
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0 25 50
al a 6/b
Puc. 7. [IBuxeHHe BOA B yCTbEBOM palOHe MPU HAJUUUM CYLIECTBEHHOTO TPagveHTa MJIOTHOCTH
BOIHOU Cpelbl Yepe3 5 MUH: a4 — KOHILEHTPAlKsl B3BeCH B BoJe; 6 — M0Jie MJIOTHOCTH BOAHOH Cpelbl
(uBeT OHJIAKH)
Fig. 7. Movement of water in the mouth area in the presence of a significant density gradient of the
aquatic environment after 5 min: a — concentration of suspended matter in water; b — density field
of the aquatic environment (color online)

PaszpaboTaHHbBIN POrpaMMHBIA KOMIIJIEKC MOXKET MPUMEHSIThCS JJIs pacyeTa MepeHoca Kak 1Jis
TSKEJBIX TPUMeCel, Tak U 1Jsl IPUMecel, KOTopble Jierde Bofibl. [IpH BBISIBJIEHUH 30H 3KOJOTHUECKO-
ro GeICTBUS U PUCKA MCIOJb30BaMUCh «KpUTepun oLeHKH 3KOJOrM4eckoil 06CTaHOBKH TepPUTOPUH
LS BEISIBJIEHHS 30H UPe3BBIYAHHON IKOJOTMUYECKOH CUTYAlHH M 30H SKOJOTHUECKOro GelCcTBHS» !,
a takxe pabotel [. [. Bunbepra [23,24]. OueHka 3K0JOTHUYECKOTO COCTOSIHHS MPOBOAMUIACH MO
YPOBHIO aHTPOIOrEHHOH HAarpy3KH B COOTBETCTBHMH ¢ P 52.24.661-2004%, oLeHHBAIHCh 10JS H

CTeleHb aHTPOINOreHHOIo BOSILeﬁCTBHH Ino (bOpMy.HaM

D = (N;/N)-100%, C = (Ny/Ny)-100%,

'Pykosonsmuii nokyment PJI 52.24.643-2002. MeTos KOMIIEKCHOH OLEHKH CTeNeHH 3arpsI3HEHHOCTH MOBEPXHOCTHBIX
BOJ 110 THAPOXUMHUeCKUM roKasaressM. [Ipusoxenune I. URL: https://meganorm.ru/Data2/1/4293831/4293831806.
htm#i238828 (narta o6paiuenus: 05.04.2023).

?Pykoonsuuii tokyment PII 52.24.661-2004. Ouenka pucka aHTPONIOreHHOTO BO3JeHCTBUS NPHOPHTETHBIX 3arpA3HS-
IOLMX BeLleCTB Ha moBepxHocTHble Bombl cyuid. URL: https://meganorm.ru/Data2/1/4293834/4293834036.pdf (nara
o6parienus: 05.04.2023).
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roe D, C'— 1oy U cTereHb aHTPONOTeHHOTO BO3IEHCTBHSI COOTBETCTBEHHO; [N — oflllee 4ncJI0
HOPMHPYEMBIX MPHOPUTETHBIX 3aTPS3HSIOLIUX BellecTB; Ny — YMC/I0 WUHTPEIHEHTOB, MPEBBILAIINX
TpefesbHO JAOMYCTUMYIO KOHLEHTpaLuio; Ny — UHCI0 UHTPeIUeHToB, npeBbimaninx 10 npexesbHo
IOMYCTUMBIX KOHLEHTpauui. OLeHKa 9KOJOrMYeCcKOTr0 COCTOSTHUST A30BCKOrO MOPSI MOXKET MPOBO-
OUTbCSl TAKXKe M0 CUCTEMOOOPA3YIOIMM [0Ka3aTesasiM HAa OCHOBE CTATHUCTUYECKHUX XapaKTePUCTHK
BapHallMOHHOTO psiia 3HaYeHHH KOHLEHTPAUHil JIErKOOKHUC/sIeMbIX OpPraHMYeCcKHX BellecTB (10
6uosornueckomy notpebsenuto kucaopona BIIKs), coennnennii a3ora aMMOHHHHOTO U 3HAUEHUN
collepKaHHs PaCTBOPEHHOT0 B BOJe KHCJIOPOAA.

JLn1si olleHKH KauecTBa MOPCKOH BOIBI MCIOJIb30BAINCh Hanbosee HHPOPMATHBHBIE KOMIJIEKCHbIE
MoKa3aTeJIM KauecTBa BOAbl [2D], BKJ/OUas yiebHbIH KOMOWHATOPHBIH HHJAEKC 3arpsi3HEHHOCTH
Bonbl (YKM3B) u kaacc kagectBa Boabl (KKB).

YueT OCHOBHBIX BHELIHHX (DaKTOPOB B MOAEJSX FHAPOAWHAMHKH M OMONOrMUECKOH KHHETHKH
M03BOJIMUJT BOCTIPOM3BECTH TMOJIOKUTENbHBIH TPEeH COMeHOCTH B GacceliHe A3oBckoro mopsi [26].
BrisiB/IeHO, 4TO Ha BCeH akBaTOPHH OTMeueHO (POPMHUPOBaHHE CTPATU(PHUKALUU BOAHBIX MAacc MO
coziepKaHHI0 KMCJI0poaa BO BCe Ce30HbI rojia. B meprox pocTta cosleHOCTH M CHUXKEHHsl CpeqHero-
noBoro ctoka peku JloH B Taranporckom 3a/juBe OTMEUEHO CHHXKEHHEe KOHLEHTPalUH OHMOTeHHBIX
3JIEMEHTOB, XOTS TIPU ITOM COXPAHSETCS BBICOKAS MHTEHCHBHOCTb MPOAYKTUBHOCTH (DUTOMJIAHKTOHA.
KoHueHTpanuu 6HOreHHBIX 3/7€MEHTOB B COBPEMEHHBIH MEPHOM OCOJIOHEHHs B COOCTBEHHO Mope
OCTAIOTCS Ha YPOBHE CPeNHEMHOTOJIETHUX 3HAUEHHH, OOHAKO yBeJU4YeHHe COJIEHOCTH, MPUBOSLIee
K CMeHe TaKCOHOMHUYECKUX I'PYyMI (PUTOIMJIAHKTOHA, CHUXKAET YPOBEHb MEePBUYHOr0 MPOAYLHUPOBAHHUS
OpPraHHWYeCcKOro BellecTBa. YBeJUUeHHUe N0/ OpraHnyeckod opmbl a3ota U (ocdopa B Mepuon
ocoJioHeHUs1 B TaraHporckom 3ajiiBe CB3aHO C PAa3BUTHEM ME€PBUYHON MPOAYKLUHH (DUTOMNAHKTOHA,
a B COOCTBEHHO MOpe — C TIOCTYIJIEHHEM aJIJIOXTOHHOTO OPraHUYeCcKOro BELIeCTBA C MaTEPUKOBBIM
CTOKOM. B 1eJsioM akosoruyeckoe cocTosiHie A30BCKOro MOpsi y/yullaeTcsi, HO yJy4llaeTcs T10
nnnekcy MI3B, mopckas Boga B moc/iefiHHe Tobl OTHOCHUTCS K KJIAacCy YMepPeHHO 3arpsi3HeHHOH.

JakaoueHnue

Jl15 MOHUTOPHHTA U OLEHKH PUCKOB aHTPOIOTEHHOT0 BO3[EHCTBHSI HA BOLHBIE OOBEKTH HEOOXO-
JMMa OlleHKa KayeCTBEHHOTO U KOJMYEeCTBEHHOrO COCTaBa cOPaChiBAEMbIX 3arPsI3HSIOIIMX BELIECTB,
a TakxKe MPOTHO3UPOBaHHE HEOJATONMPHUSITHBIX SIBJEHHE, BBI3BAHHBIX aHTPOMOreHHBIM BO3IEHCTBH-
em [27]. M3BecTHO, 4TO Biaju OT CTOKA PeK B BomoeM M3 aTMocdepsl noctynaet Gosee 60%
3arpsi3HSIOIIMX BEIIECTB, OKA3bIBAKIIUX CYLIECTBEHHOE BJIMSHHME Ha MPOLECCHl Pa3BUTHS U THOeH
6uOTHI. BeslecTBie yBeIMUeHHsST aHTPOMOTEHHOM HATPY3KH Ha MPUOPeXKHble CUCTEMbl BOSHMKAET OCT-
pasi HeOOXOIMMOCTh aHaJ/k3a U MPOTHO3a PACpPOCTPAHEHH s 3arpsI3HSIIOLINX BELIeCTB B aKBATOPHH
BomoeMa [28].

PaspaboTaHHbI{ TPOrpaMMHBIA KOMIUIEKC YUHTBIBAET TAKME HEMAJIOBAXKHBIE [JIsi MOJEJIUPOBAHHUS
CUTyall¥ B BOJOEME MapaMeTphl, KaK XapaKTePUCTHKH 3arpsisHeHHsl BOJ MO J0Jie U CTENEeHU aHTPO-
MOreHHOT0 BO3IeHCTBHUS, (hakTop puUcKa U Ap. PaspaGoTaHHBI anrOpUTM MO3BOJISIET MOLEIHPOBATD
JIHHAMHKY TPOLIECCOB PACIPOCTPAHEHHUs 3aTPS3HSIONIMX BEIIECTB, MOCTYMARIINX B A30BCKOe Mope
CO CTOKAMH PeK M M3 MPU3EMHOr0 CJosi aTMocdepbl, ¢ YyUeTOM METeOPOJOrHYeCKHX YCJIOBHH,
MPOLECCOB B3aUMOEHCTBHUS U OCElaHHsl 3arPsI3HSIOUIMX MTPHUMeceH.

[TporpaMMHBIF KOMIJIEKC MTO3BOJISIET MOIEIUPOBATL YCJIOBHSI PA3BUTHS HKOJOTHUECKOH 00CTaHOB-
KK MEJIKOBOAHOrO BOJOEMA B YCKOPEHHOM MaciiTabe BpeMeHH [Jisl JajbHEeHIIero npeaoTBpalleHust
HeraTHBHBIX MOCJEACTBHH, CBSI3aHHBIX C MaTepHaJbHBIM YIIepOOM H Yrpo30i 3[I0POBbI0 U KHU3HH
JIIOfIeH.
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