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Íàó÷íàÿ ñòàòüÿ
ÓÄÊ 518.517.944/947

Ðàçíîñòíûé ìåòîä âûñîêîé òî÷íîñòè ïðè ðåøåíèè çàäà÷è Äèðèõëå
äëÿ óðàâíåíèÿ Ëàïëàñà íà ïðÿìîóãîëüíîì ïàðàëëåëåïèïåäå

ñ ãðàíè÷íûìè çíà÷åíèÿìè â Ck;1

À. À. Äîñèåâ

Çàïàäíî-Êàñïèéñêèé óíèâåðñèòåò, Àçåðáàéäæàí, AZ1001, ã. Áàêó, óë. Èñòèãëàëèÿò, ä. 31

Äîñèåâ Àäèãåçàë Àõìåä îãëó , äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðåïîäàâàòåëü êàôåäðû ìåõàíèêè è ìàòåìà-

òèêè, dosiyevadiguzel@gmail.com,https://orcid.org/0000-0001-9154-8116

Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàåòñÿ è îáîñíîâûâàåòñÿ òðåõýòàïíûé ðàçíîñòíûé ìåòîä äëÿ ðåøåíèÿ çà-
äà÷è Äèðèõëå óðàâíåíèÿ Ëàïëàñà íà ïðÿìîóãîëüíîì ïàðàëëåëåïèïåäå. Íà ïåðâîì ýòàïå ï ðèáëèæåííîå
çíà÷åíèå ñóììû èç ÷èñòûõ ÷åòâåðòûõ ïðîèçâîäíûõ ðåøåíèÿ îïðåäåëÿåòñÿ 14-òî÷å÷íûì ðàçíîñòíûì
îïåðàòîðîì íà êóáè÷åñêîé ñåòêå. Íà âòîðîì ýòàïå ïðèáëèæåííîå çíà÷åíèå ñóììû èç ÷è ñòûõ øåñòûõ
ïðîèçâîäíûõ ðåøåíèÿ îïðåäåëÿåòñÿ ïðîñòåéøèì 6-òî÷å÷íûì ðàçíîñòíûì îïåðàòîðîì. Íà òðåòüåì
ýòàïå ñèñòåìà ðàçíîñòíûõ óðàâíåíèé äëÿ èñêîìîãî ðåøåíèÿ êîíñòðóèðóåòñÿ òàêæå ñ ïîìîùüþ 6-òî-
÷å÷íîãî ðàçíîñòíîãî îïåðàòîðà ñ êîððåêöèåé ïî ðåçóëüòàòàì ïåðâîãî è âòîðîãî ýòàïîâ. Äî êàçàíî, ÷òî
ïðåäëîæåííàÿ ðàçíîñòíàÿ ñõåìà ðåøåíèÿ äëÿ çàäà÷è Äèðèõëå ñõîäèòñÿ ñî ñêîðîñòüþ O(h6(j ln hj + 1)) ,
êoãäà ãðàíè÷íûå ôóíêöèè íà ãðàíÿõ èç C7;1, à íà ðåáðàõ èõ âòîðûå, ÷åòâåðòûå è øåñòûå ïðîèçâîäíûå
óäîâëåòâîðÿþò óñëîâèþ ñîãëàñîâàíèÿ, âûòåêàþùåãî èç óðàâíåíèÿ Ëàïëàñà.
Êëþ÷åâûå ñëîâà: êîíå÷íî ðàçíîñòíûé ìåòîä, 3D óðàâíåíèÿ Ëàïëàñà, êóáè÷åñêèå ñåòêè â ïàðàëëåëå-
ïèïåäå, 14-òî÷å÷íûé îïåðàòîð óñðåäíåíèÿ, îöåíêè ïîãðåøíîñòè
Äëÿ öèòèðîâàíèÿ: Dosiyev A. A. A highly accurate di�erence method for solving the Dirichlet problem
of the Laplace equation on a rectangular parallelepiped with boundary values inCk; 1 [Äîñèåâ À. À.
Ðàçíîñòíûé ìåòîä âûñîêîé òî÷íîñòè ïðè ðåøåíèè çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà íà ïð ÿìî-
óãîëüíîì ïàðàëëåëåïèïåäå ñ ãðàíè÷íûìè çíà÷åíèÿìè Ck; 1] // Èçâåñòèÿ Ñàðàòîâñêîãî óíèâåðñèòåòà.
Íîâàÿ ñåðèÿ. Ñåðèÿ: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2024. Ò. 24, âûï. 2. Ñ. 162�172. https://
doi.org/10.18500/1816-9791-2024-24-2-162-172, EDN: WNJQOX
Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 Internation al (CC-BY 4.0)

Introduction

A highly accurate method is one of the powerful tools for reducing the number of unknowns,
which is the main problem in the numerical solution of di�erential equatio ns to get reasonable
results. In the most of approximations to get highly accurate results the di�erence operators with
a high number of patterns are used, which increase the number of bandwidth of the di�erence
equations. It is obvious that the complexity of the realization methods for the di�erence equations
increases depending on the number of the bandwidth of the matrices of these systems ofdi�erence
equations. As it was shown by R. E. Tarjan [1], in the case of the Gaussian elimination method
the bandwidth elimination for n � n matrices with the bandwidth b, the computational cost is of
order O(b2n).

One of the e�ective methods of increased accuracy which uses the simplest �nite di�erence
approximation by correcting the right-hand-side term with the application of the high order
di�erences of the numerical solution of di�erential equation, was proposed by L. Fox [2] without
theoretical justi�cation. Some modi�cation of Fox's approach was given by Woods [3]. A
theoretical justi�cation of Fox's method was presented by Volkov in [ 4,5]. From Volkov's results
in the case of the Dirichlet problem for Poisson's equation on a rectangular domain� , it follows
that the approximate solution obtained by theq-th correction of the right-hand side of the 5-point
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scheme, the convergence order in the uniform metric isO(h2q), h is the mesh step, when the
exact solution u has (2q + 2) -th derivatives on � satisfying a H�older condition with exponent
� 2 (0; 1), i.e., u 2 C2q+2 ;� (�) .

In Berikelashvili and Midodashvili [ 6] it is proved that the corrected 5-point di�erence scheme
on the rectangular grid is convergent at the rate O(jhjm ), jhj2 = h2

1 + h2
2, in the discrete L 2-norm,

provided that the exact solution belongs to the Sobolev spaceW m
2 , m 2 [2; 4].

In Volkov [ 7] a two-stage di�erence method for solving the Dirichlet problem for Laplace's
equation on a rectangular parallelepiped was proposed. It was assumed that the given boundary
functions on the faces of a parallelepiped have the sixth derivatives satisfying the H�older condition,
and on the edges, besides the continuity they satisfy the compatibility condition for second
derivatives, which results from the Laplace equation. It was proved that by using a simple 7-point
scheme in two stages the order of uniform error can be improved up toO(h4 ln h� 1). From the
conditions imposed on the boundary functions in [7], it does not follow as it was mistakenly
declared in [6] that the exact solution belongs to C6;� (�) .

Moreover, as it was shown in [8], the theoretical justi�cation of the di�erence schemes
needs special attention when the boundary values of a solution belong to the H�older classes
C2l � 1;1 and 2l � 2 order derivatives satisfy the conjunction condition followed from the Laplace
equation. In this case, some of2l order derivatives may be unbounded near the boundary of the
solution domain, and for the rate of convergence of the 27-point di�erence solution, when l = 3 ,
O(h6(k ln hj + 1)) of order is obtained.

In this paper, a three-stage di�erence method constructed a special combination of 15-point
and 7-point schemes for solving the Dirichlet problem of Laplace's equation on a rectangular
parallelepiped is proposed and justi�ed. It is proved that the obtained di�erence method converges
uniformly with an order of O(h6(k ln hj + 1)) when the boundary functions on the faces are
from C7;1, and on the edges their second, fourth, and sixth derivatives satisfy the compatibility
conditions which follows from the Laplace equation.

A numerical experiment is illustrated to support the analysis made.

1. The Dirichlet problem on rectangular parallelepiped

Let R = f (x1; x2; x3) : 0 < x i < a i ; i = 1 ; 2; 3g be an open rectangular parallelepiped,� j

(j = 1 ; 2; :::; 6) be its faces including the boundaries such that� j for j = 1 ; 2; 3 (for j = 4 ; 5; 6)
belongs to the planex j = 0 (to the plane x j � 3 = aj � 3). Let � = [ 6

j =1 � j be the boundary of the
parallelepiped, let 
 be the union of the edges ofR, and let � 0

j = � j n
 and 
 �� = � � \ � � . We
say that f 2 Ck;� (D ) if f has continuousk� th derivatives on D satisfying a H�older condition
with exponent � 2 (0; 1], which is a Lipschitz condition when � = 1 .

We consider the boundary value problem

4 u = 0 on R; u = ' j on � j ; j = 1 ; 2; :::; 6; (1)

where 4 � @2=@x21 + @2=@x22 + @2=@x23, ' j are given functions.
Assume that

' j 2 C7;1(� j ); j = 1 ; 2; :::; 6; (2)

' � = ' � on 
 �� ; (3)

@2' �

@t2�
+

@2' �

@t2�
+

@2' �

@t2��
= 0 on 
 �� ; (4)

@4' �

@t4�
+

@4' �

@t2� @t2��
=

@4' �

@t4�
+

@4' �

@t2� @t2��
on 
 �� ; (5)

@6' �

@t6�
+

@6' �

@t4� @t2��
+

@6' �

@t4� @t2�
=

@6' �

@t2� @t4�
+

@6' �

@t6�
+

@6' �

@t4� @t2��
on 
 �� ; (6)
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where 1 6 � < � 6 6, � � � 6= 3 , t �� is an element in 
 �� , t � and t � is an element of the normal
to 
 �� on the face� � and � � , respectively.

Let � (j ) = 3 f j=3g + 1
'
where f ag is the fractional part of a.

Lemma 1. In the open parallelepiped R it holds that

@4u(x1; x2; x3)
@x4j

=
@4u(x1; x2; x3)

@x4� (j )

+
@4u(x1; x2; x3)

@x4� (j +1)

+ 2
@4u(x1; x2; x3)
@x2� (j )@x2� (j +1)

; (7)

@6u(x1; x2; x3)
@x6j

= �
@6u(x1; x2; x3)

@x6� (j )

�
@6u(x1; x2; x3)

@x6� (j +1)

�

� 3
@6u(x1; x2; x3)
@x4� (j )@x2� (j +1)

� 3
@6u(x1; x2; x3)
@x2� (j )@x4� (j +1)

; (8)

where u is the solution to the Dirichlet problem (1).

Proof. The proof directly follows from the Laplace equation. �
On R, we de�ne the functions

vk = vk (x1; x2; x3) =
1
k

3X

j =1

@2ku(x1; x2; x3)
@x2k

j
; k = 2 ; 3; (9)

where u is the solution to the Dirichlet problem ( 1).

Lemma 2. The functions (9) coincide with the unique continuous solution on R of the
boundary value problems

� vk = 0 on R; vk =  k
j on � j ; j = 1 ; 2; :::; 6; k = 2 ; 3; (10)

where

 2
j =  2

j (x � ( j ) ; x � ( j +1) ) =
@4' j (x � ( j ) ; x � ( j +1) )

@x4� (j )

+
@4' j (x � ( j ) ; x � ( j +1) )

@x4� (j +1)

+

+
@4' j (x � ( j ) ; x � ( j +1) )

@x2� (j )@x2� (j +1)

; (11)

 3
j =  3

j (x � ( j ) ; x � ( j +1) ) = �
@6' j (x � ( j ) ; x � ( j +1) )

@x4� (j )@x2� (j +1)

�
@6' j (x � ( j ) ; x � ( j +1) )

@x2� (j )@x4� (j +1)

: (12)

Proof. On the basis of(2)� (6), Theorem 2.1 in [9] it follows that a solution u of problem (1)
belongs to the classC7;� (R), 0 < � < 1. Since any order derivatives of a harmonic function are
also harmonic, the functions vk , k = 2 ; 3 satisfy Laplace's equation. The boundary conditions in
(10) with (11) and (12) follow from (1), Lemma 1 and (9). Then by Theorem 3.1 in [9] each of
the functions vk , k = 2 ; 3 is the unique continuous solution onR of problem (10). �

Lemma 3. Even order derivatives in the form

@8u
@x2p@x2q@x8� 2p� 2q ; 0 6 p 6 4; 0 6 q 6 4 � p; (13)

of the solution u of problem (1) are bounded onR.
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Proof. Let ! = @6u
@x61

. We have

� ! = 0 on R; ! = � j on � j ; j = 1 ; 2; :::; 6;

where

� j =
@6' j

@x61
; j = 2 ; 3; 5; 6; (14)

� j = �
@6' j

@x62
� 3

@6' j

@x42@x23
� 3

@6' j

@x22@x43
�

@6' j

@x63
; j = 1 ; 4: (15)

From (1)� (6) follows that the boundary functions � j , j = 1 ; 2; :::; 6 de�ned by (14) and (15)
satisfy the conditions

� j 2 C1;1(� j ); � � = � � on 
 �� :

Then, on the basis of Theorem 4.1 in [9] the pure second-order derivatives of the function! are
bounded inR. Then

sup
(x1 ;x2 ;x3 )2 R

�
�
�
�
@8u
@x81

�
�
�
� = sup

(x1 ;x2 ;x3 )2 R

�
�
�
�
@2!
@x21

�
�
�
� < 1 ;

sup
(x1 ;x2 ;x3 )2 R

�
�
�
�

@8u
@x61@x22

�
�
�
� = sup

(x1 ;x2 ;x3 )2 R

�
�
�
�
@2!
@x22

�
�
�
� < 1 ;

sup
(x1 ;x2 ;x3 )2 R

�
�
�
�

@8u
@x61@x23

�
�
�
� = sup

(x1 ;x2 ;x3 )2 R

�
�
�
�
@2!
@x23

�
�
�
� < 1 :

Similarly, by taking ! = @6u
@x62

, and ! = @6u
@x63

the boundedness of the remainder even order

derivatives in (13) are proved. �

Lemma 4. Let u be the solution of problem(1), � (x1; x2; x3) be the distance from the current
point of R to its boundary and let @=@l� � 1@=@x1 + � 2@=@x2 + � 3@=@x3, � 2

1 + � 2
2 + � 2

3 = 1 be
the l � directional di�erentiation operator. Then

�
�
�
�
@10u(x1; x2; x3)

@l10

�
�
�
� 6 c0� � 2(x1; x2; x3); (x1; x2; x3) 2 R; (16)

where c0 is a constant independent of the direction l of the operator @=@l.

Proof. Since any tenth-order derivative of u can be obtained by two times di�erentiating
some of the derivatives of the form(13), on the basis of Lemma 3 from [10, Chapter 4, Sec. 3]
and Lemma3, we have

max
06 � 6 10

max
06 � 6 10� �

�
�
�
�
�

@10u(x1; x2; x3)

@x�1@x�2@x10� � � �
3

�
�
�
�
�

6 c1� � 2(x1; x2; x3); (x1; x2; x3) 2 R: (17)

From (17) follows the inequality ( 16). �

2. O(h6k ln hj) order accurate approximate solution

Consider a cubic mesh with the mesh sizeh > 0 formed by the planesx i = 0 ; h; 2h; :::(i = 1 ; 2; 3).
Assume that ai =h > 4 (i = 1 ; 2; 3) are integers. Let Dh be the set of mesh nodes,Rh = R \ Dh ,
� jh = � j \ Dh , � h = � \ Dh , � 0

jh = � 0
j \ Dh , and � 0

h = � 0
1h [ ::: [ � 0

6h . We put Rh = Rh [ � h ,

R
0
h = Rh [ � 0

h . Let Rk
h � Rh be the set of nodes ofRh lying at a distance of kh away from the

boundary � of R. It is clear that k = 1 ; 2; :::; N (h), where N (h) = [min f a1; a2; a3g=(2h)].
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For the grid functions on Rh , we consider the6-point di�erence operator A as

Au(x1; x2; x3) =
1
6

6X

p=1 (1)

up;

and the 14-point di�erence operator S as

Su(x1; x2; x3) �
1
56

0

@8
6X

p=1 (1)

up +
14X

q=7 (3)

uq

1

A ;

where the sum
P

(k) is taken over the grid nodes that are at a distance of
p

kh from the point
(x1; x2; x3), up and uq are the values ofu at the corresponding grid points.

Consider two systems of grid equations

vh = Avh + gh ; on Rh ; vh = 0 on � 0
h ; (18)

vh = Avh + gh ; on Rh ; vh = 0 on � 0
h ; (19)

where gh and gh are given functions and jgh j 6 gh on Rh .

Lemma 5. The solutions vh and vh to systems(18) and (19) satisfy the inequality

jvh j 6 vh on Rh :

Proof. The proof of Lemma5 follows from the comparison theorem (see [11, Chapter 4]). �

2.1. The �rst stage

Let v2
h be a solution of the following �nite di�erence problem

v2
h = Sv2

h on Rh ; v2
h =  j on � jh ; j = 1 ; 2; :::; 6; (20)

where  j , j = 1 ; 2; :::; 6 are functions de�ned in (11).
Let c; c1; c2; ::: denote positive constants independent of the nearby multiplier, of which some

possibly have identical values.

Lemma 6. The following estimation holds

max
(x1 ;x2 ;x3 )2 Rh

jv2
h � v2j 6 c1h4(j ln hj + 1) ;

where v2 is the function (9) when k = 2 and v2
h is the solution of the system of grid

equations (20).

Proof. By Lemma 2,

� v2 = 0 on R; v =  2
j on � j ; j = 1 ; 2; :::; 6;

where functions  2
j de�ned by (11).

For the error function
"2

h = v2
h � v2; (21)

we have
"2

h = S"2
h +

�
Sv2 � v2�

onRh ; "2
h = 0 on � h :

Let "2
h be represented as

"2
h = "2;1

h + "2;2
h + ::: + "2;N (h)

h ; (22)
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where "2;k
h , 1 6 k 6 N (h) is the solution of system

"2;k
h = S"2;k

h + � k on Rh ; "2;k
h = 0 on � h ;

with

� k =

(
Sv2 � v2 on Rk

h ;

0 on RhnRk
h :

By virtue of Lemma 4 in [ 12], we have

max
(x1 ;x2 ;x3 )2 Rh

j"2;k
h j 6 5k max

(x1 ;x2 ;x3 )2 Rk
h

jSv2 � v2j; 1 6 k 6 N (h): (23)

To estimate Sv2 � v2 on Rk
h , for k = 1 ; 2; :::; N (h), �rst we note that, from (9) and Lemma4

follows
�
�
�
�
@6v2(x1; x2; x3)

@l6

�
�
�
� 6 c2

�
�
�
�
@10u(x1; x2; x3)

@l10

�
�
�
� 6 c3� � 2(x1; x2; x3); (x1; x2; x3) 2 R: (24)

Let x0 = ( x10; x20; x30) be a node of the gridRk0
h � Rh , where k0 be an arbitrary integer number

2 6 k0 6 N (h) and let r6(x1; x2; x3; x0) be the Lagrange remainder corresponding to this point
in Taylor formula

v2(x1; x2; x3) = p5(x1; x2; x3; x0) + r6(x1; x2; x3; x0); (25)

where
Sp5(x10; x20; x30; x0) = v2(x10; x20; x30): (26)

Then on the basis of (24), we have

Sr6(x10; x20; x30; x0) 6 c4
h6

(k0h)2 = c4
h4

k0
2 : (27)

From (25)�( 27), we obtain

max
(x1 ;x2 ;x3 )2 Rk

h

jSv2 � v2j 6 c4
h4

k2 ; 2 6 k 6 N (h): (28)

Let x0 = ( x10; x20; x30) be a node of the gridR1
h � Rh , and the nodes of operatorS lie at the

distance h or
p

3h from this point. We estimate r6 at the nodes of the operatorS. To do this we
take a node(x10 � h; x20 � h; x30 + h) and consider the continuous function

ev2(s) = v2
�

x10 �
s

p
3

; x20 �
s

p
3

; x30 +
s

p
3

�
; �

p
3h 6 s 6

p
3h; (29)

of one variables. By estimation (24), we have
�
�
�
�

d6

ds6 ev2(s)

�
�
�
� 6 c5

� p
3h � s

� � 2
; 0 6 s <

p
3h: (30)

The function

er6 = r6

�
x10 �

s
p

3
; x20 �

s
p

3
; x30 +

s
p

3
; x0

�

is the remainder term of the representation of the function (29) around the point s = 0 by
Taylor0s formula with the �fth order polynomial.
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By using integral form of the remainder term and (30), we obtain (see [8])
�
�
�
�r6

�
x10 �

s
p

3
; x20 �

s
p

3
; x30 +

s
p

3
; x0

� �
�
�
� 6 c6h4: (31)

For the remaining nodes of the operatorS the estimation (31) can be obtained analogically.
Since the maximum norm of the operatorS is equal to one, we have

jSr6(x10; x20; x30; x0)j 6 c7h4: (32)

By (25), (26) and (32), we obtain

max
(x1 ;x2 ;x3 )2 R1

h

jSv2 � v2j 6 c8h4: (33)

On the basis of (21)�( 23), (28) and (33), we have

max
(x1 ;x2 ;x3 )2 Rh

jv2
h � v2j 6 c9h4

N (h)X

k=1

1
k

6 c1h4 (k ln hj + 1) :

�

2.2. The second stage

Let v3
h be a solution to the following �nite di�erence problem

v3
h = Av3

h on Rh ; v3
h =  3

j on � 0
jh ; j = 1 ; 2; :::; 6; (34)

where  3
j , j = 1 ; 2; :::; 6 are functions de�ned by (12).

Lemma 7. On Rh , it holds that,

max
(x1 ;x2 ;x3 )2 R

0
h

jv3
h � v3j 6 c2h2(j ln hj + 1) ; (35)

where v3 is the function (9) for k = 3 , v3
h is a solution to system (34).

Proof. By Lemma 2, we have

� v3 = 0 on R; v3 =  3
j on � j ; j = 1 ; 2; :::; 6; (36)

where functions  3
j de�ne boundary values in (12), and from (2)�( 6) it follows that

 3
j 2 C1;1(� j ); 0 < � < 1; j = 1 ; 2; :::; 6; (37)

 3
� =  3

� on 
 �� ; (38)

on the basis of(36)� (38) that satisfy the conditions of Theorem 5.1 in [9] which follows estimation
(35). �

2.3. The third stage

Let v2
h and v3

h be the solution of the di�erence problems (20)) and (34) respectively. We
approximate the solution of the given Dirichlet problem (1) on the grid Rh as a solution uh of
the following di�erence problem

uh = Auh �
h4

36
v2

h �
h6

720
v3

h on Rh ; (39)

uh = ' j on � 0
jh ; j = 1 ; 2; :::; 6: (40)
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Theorem 1. Under the conditions (2)� (6), the estimation

max
(x1 ;x2 ;x3 )2 R

0
h

juh � uj 6 c3h6(k ln hj + 1) ; (41)

is valid
'

where u is the solution of the Dirichlet problem (1) uh is the solution of system (39),
(40).

Proof. Under the smoothness properties of the boundary values speci�ed in(2)� (6)
'

the
solution u of the Dirichlet problem (1) has eighth-order partial derivatives that are continuous
on R, and by using Taylor's formula with the remainder term in the Lagrange form for each
(x1; x2; x3) 2 Rh , we obtain

u(x1; x2; x3) = Au(x1; x2; x3) �
h4

36
v2 �

h6

720
v3 � r (x1; x2; x3); (42)

where vk , k = 2 ; 3 are the functions de�ned by (9)

max
(x1 ;x2 ;x3 )2 R

jr (x1; x2; x3)j 6 c4h8: (43)

We put
"h = uh � u on R

0
h ;

where uh is the solution of the �nite di�erence problem ( 39), (40).
From (39) and (42), and taking into account that uh = u = ' j on � jh , we obtain the following

system of di�erence equations for the error "h :

"h = A" h +
h4

36
(v2 � v2

h) +
h6

720
(v3 � v3

h) + r on Rh ; (44)

"h = 0 on � 0
h : (45)

On the basis of Lemma6 , Lemma 7, and the estimation (43)), we obtain
�
�
�
�
h4

36
(v2 � v2

h) +
h6

720
(v3 � v3

h) + r

�
�
�
� 6 c5h8(k ln hk + 1) ;

where c5 = max f c1=36; c2=720; c4g.
Furthermore, from Lemma 5 it follows that for the solution "h of problem (44), (45) the

following estimation is true
j"h j 6 "h ; (46)

where "h is a solution of the problem

"h = A"h + c5h8(j ln hj + 1) on Rh ; "h > 0 on � 0
h : (47)

It is easy to check that the function "h = c5h6(k ln hj + 1)( l2 � r 2), where l =
p

a2
1 + a2

2 + a2
3,

and r =
p

x2
1 + x2

2 + x2
3 is a solution of problem (47). Then from (46), follows (41). �

3. Numerical results

Let R = f (x1; x2; x3) : 0 < x i < 1; i = 1 ; 2; 3g, and let � j , j = 1 ; 2; :::; 6 be its faces.

� u = 0 on R; u = ' (x1; x2; x3) on � ; (48)

where

' (x1; x2; x3) = e3x1 cosh(4x2) cos(5x3) +
�
x8

1 � 28x6
1x2

2 + 70x4
1x4

2 � 28x2
1x6

2 + x8
2

�
tan� 1

�
x2

x1

�
+
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+
�
8x7

1x2 � 56x5
1x3

2 + 56x3
1x5

2 � 8x1x7
2

�
ln

q
x2

1 + x2
2;

is the exact solution of problem (48) and ' 2 C7;1(�) .
We use the following notations:

kUh � Uk
 h = max

 h

jUh � Uj; Em =
kUh � U2� m k
 h

kUh � U2� ( m +1) k
 h

;

where U is the trace of the exact solution of the continuous problem on
 h , and Uh is its
approximate value obtained by the proposed method.

The numerical results given in Table show that the maximum error of the approximate
solution obtained by the proposed method absolute values convergent of order O(h6 ln h), since
26 > E n > 26n=(n + 1) .

Table. Numerical results for Problem (48)
h = 2 � n max� h ju2� n � uj En 26n=(n + 1)

2� 3 1:537D � 07 48:394 48:000
2� 4 3:176D � 09 60:231 51:200
2� 5 5:273D � 11 62:625 53:333
2� 6 8:420D � 13 63:071 54:857
2� 7 1:335D � 14 � �

Conclusion

A new three-stage di�erence method with an accuracy of orderO(h6(j ln hj + 1)) , where h is
mesh size, is proposed and justi�ed by using one fourth-order and two second-order schemes for
the approximate solution of the 3D Laplace's equation. It is assumed that the boundary functions
on the faces are fromC7;1, and on the edges, their second, fourth, and sixth derivatives satisfy
the compatibility conditions, which follows from the Laplace equation.

The idea of this method can be used to design a new scheme with an order of convergence
O(h8(j ln hj + 1)) , when ' j 2 C9;1(� j ), j = 1 ; :::; 6.

Moreover, from the estimation (41) the multiplier j ln hj can be removed by replacing in(2)
the condition ' j 2 C7;1(� j ) with the condition ' j 2 C8;� (� j ), 0 < � < 1.

The proposed method can be applied when parallelepiped is used as one of the covering
�gures in some version of domain decomposition methods [13], in the composite grids method for
problems in polyhedra and a prism with polygonal base (see [14,15]). Furthermore, this method
can be used to highly approximate the derivatives of the unknown solution of Laplace's equation
(see [16� 19]).
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Àííîòàöèÿ. Â ñòàòüå îïðåäåëåíû íîâûå âçâåøåííûå èíòåãðàëüíûå îïåðàòîðû. Ñôîðìóëèðîâàíà
ëåììà, â êîòîðîé ïîëó÷åíî îáîáùåííîå òîæäåñòâî ÷åðåç ýòè èíòåãðàëüíûå îïåðàòîðû. Ñ èñïîëüçî-
âàíèåì äàííîãî òîæäåñòâà ïîëó÷åíû íåêîòîðûå íîâûå îáîáùåííûå íåðàâåíñòâà òèïà Ñèìïñîíà ä ëÿ
(h; m)-âûïóêëûõ ôóíêöèé. Ýòè ðåçóëüòàòû ïîëó÷åíû íà îñíîâå ñâîéñòâà âûïóêëîñòè, êëàññè÷åñêîãî
íåðàâåíñòâà Ãåëüäåðà è åãî äðóãîé ôîðìû � íåðàâåíñòâà ñòåïåííîãî ñðåäíåãî. Îáùíîñòü ðåçóëüòà òîâ
ñòàòüè çàêëþ÷àåòñÿ â äâóõ îñíîâíûõ ìîìåíòàõ. Ïåðâûé � èñïîëüçóåìûé èíòåãðàëüíûé îïåðàòîð, òàê
êàê ¾âåñ¿ ïîçâîëÿåò îõâàòèòü ìíîãèå èçâåñòíûå èíòåãðàëüíûå îïåðàòîðû, â òîì ÷èñëå êëàññè÷åñêèå
Ðèìàíà è Ðèìàíà � Ëèóâèëëÿ. Âòîðîé ìîìåíò � èñïîëüçóåìîå ïîíÿòèå âûïóêëîñòè, ïðè àäåêâàòíîì
âûáîðå ïàðàìåòðîâ îíî ñîäåðæèò íåñêîëüêî óæå èçâåñòíûõ ïîíÿòèé âûïóêëîñòè. Ýòî ïîçâîëÿåò
ñäåëàòü çàêëþ÷åíèå, ÷òî ìíîãèå èçâåñòíûå â ëèòåðàòóðå ðåçóëüòàòû ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè
ðàññìàòðèâàåìûõ â ñòàòüå.
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Introduction

The concept of convexity for a number of scienti�c disciplines related to mathematics
(Optimization Theory, Numerical Analysis, Computational Mathematics, etc.) is the main concept
since it is closely related to estimating the mean value of a function given on an interval. Today
in the literature there are many di�erent classes of convexity of a function that extend this
concept. The De�nition of convexity is given in the literature as follows:

De�nition 1. The function � : [� � ; #� ] ! R, is said to be convex if we have

� (&y+ (1 � &) x) 6 &� (y) + (1 � &) � (x)

8 x; y 2 [� � ; #� ] and &2 [0; 1].

In [ 1], a fairly wide range of convexity classes and their relations are given.
In the literature, the well-known Simpson-type inequality is presented as follows.
If � 2 C4(� � ; #� ) and




 � (4)






1 := sup
x2 (� � ;# � )

�
� � (4) (x)

�
� < 1 , then

�
�
�
�
�
#� � � �

3

�
� (� � ) + � (#� )

2
+ 2 �

�
� � + #�

2

��
�

Z # �

� �
� (x)dx

�
�
�
�
�

6
(#� � � � )5

2880






 � (4)








1
: (1)

A number of recent studies have been devoted to re�nements and generalizations of Simpson's
type inequalities for various classes of convex functions. For example, for the quasi-convex
functions Alomari and Hussain in [2] and Set et al in [3] in terms of di�erentiable functions
obtained some Simpson's type inequalities. Bayraktar in [4], presented Hadamard and Simpson's
type parametric integral inequalities for concave andr -convex functions in terms of special
means. New generalized integral inequalities of the Simpson and Hadamard type for convex
functions, or functions satisfying the Lipschitz or Lagrange conditions, were obtained by the
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authors in [5]. In [ 6] Dragomir et al and Liu in [ 7] presented Simpson's type inequalities
for the continuously di�erentiable functions and their application. Hussain and Qaisar in [8]
established some new inequalities of Simpson's type for functions whose third derivatives are
prequasiinvex and preinvex. In [9] Park presented generalized Simpson's type and Hadamard type
integral inequalities for functions whose q-th powers of second derivatives are decreasing(�; m )-
geometrically convex. In [10� 13] authors established new inequalities of Simpson's type based
on s-convexity. In [ 14� 16] authors established new inequalities of Simpson's type for extended
(s; m)-convex and generalized(s; m)-preinvex functions. Extended Simpson-type inequalities for
the class of di�erentiable concave functions related to the Hadamard inequality were obtained
by Hsu et al in [17]. Simpson's type double integral inequalities and applications for numerical
integration were given by Ujevi �c in [18].

In [ 19� 21] we presented the following De�nitions.

De�nition 2. Let h : [0; 1] ! (0; 1] and � : X = [0 ; + 1 ) ! [0; + 1 ). If inequality

� (&� + m(1 � &)� ) 6 hs(&)� (� ) + m(1 � hs(&)) � (� ) (2)

is ful�lled for all �; � 2 X and &2 [0; 1], where 0 6 m 6 1, s 2 (0; 1]. Then the function � will be
called the (h; m)-convex modi�cation of the �rst type on X .

De�nition 3. Let h : [0; 1] ! (0; 1] and � : X = [0 ; + 1 ) ! [0; + 1 ). If inequality

� (&� + m(1 � &)� ) 6 hs(&)� (� ) + m(1 � h(&)) s� (� ) (3)

is ful�lled for all �; � 2 X and &2 [0; 1], where s 2 [� 1; 1]; 0 6 m 6 1. Then the function � will
be called the(h; m)-convex modi�cation of the second type onX .

Remark 1. From the De�nitions above, the sets (h; m)-convex modi�ed functions of the
�rst and second types characterized by the triple (h(&); m; s) are denoted byN s;1

h;m [� � ; #� ] and

N s;2
h;m [� � ; #� ], respectively. In [20,21] you can see the convex classes obtained from the special

cases of this triple.

Remark 2. In the di�erent notions of convexity, if the direction of the inequality changes, it
will be called concave.

In our work, we use the Euler Gamma functions � [22] and � � [23]:

�( z) =
Z 1

0
&z� 1e� &d&; Re (z) > 0;

� � (z) =
Z 1

0
&z� 1e� &� =� d&; � > 0:

Here � � (z) = ( � )
z
� � 1�

� z
�

�
and � � (z + � ) = z� � (z), and lim

� ! 1
� � (z) = �( z).

To facilitate understanding of the subject of research, we �rst give the De�nition of the
Riemann � Liouville fractional integral: (with 0 6 � � < & < # � 6 1 ).

De�nition 4. Let � 2 L 1[� � ; #� ]. Then the Riemann � Liouville fractional integrals of order
� 2 C, Re (� ) > 0 are de�ned by (right and left respectively):

� I � � � (� ) =
1

�( � )

Z �

� �
� (&)( � � &) � � 1 d&; � > � � (4)

and
� I # � � (� ) =

1
�( � )

Z # �

�
� (&)(&� � ) � � 1 d&; � < # � : (5)
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Next we present the weighted integral operators, which will be the basis of our work.

De�nition 5. Let � 2 L ([� � ; #� ]) and let function w 2 C[0; 1]; and w 2 R+ [ f 0g, with a
piecewise continuous derivative on[0; 1]. Then

J w
� � � (� ) =

Z �

� �
� (&)w0

�
� � &

� � � �

�
d&

and

J w
# � � (� ) =

Z # �

�
� (&)w0

�
&� �

#� � �

�
d&

are de�ned respectively as right and left weighted fractional integrals with � � < � 6 #� .

Remark 3. Consider some particular cases of De�nition5:
1) putting w0(&) � 1, we get the ordinary Riemann integral;

2) if w0(&) = (� � � � ) � � 1&� � 1

�( � ) , then we obtain (4), and (5) can be obtained similarly;
3) with convenient kernel choices w0 we can get:
� the k-Riemann � Liouville fractional integrals, from [ 24];
� the fractional integral (right-sided) from [ 25], of a function � with respect to another

function g on [� � ; #� ];
� the right and left integral operator from [ 26];
� the right and left sided generalized fractional integral operators from [27];
� the integral operators from [ 28] and [29], can also be obtained from above De�nition by

imposing similar conditions to w0.

Of course, there are other known integral operators, fractional or not, that can be obtained as
particular cases of the previous one, but we leave it to interested readers.

The purpose of this work is to obtain new Simpson-type inequalities through the weighted
integrals of De�nition 5 and to show that these results generalize a number of well-known results
from the literature, including those for Hadamard-type inequalities.

1. Results

Our results are obtained using the following lemma:

Lemma 1. Let � : [� � ; #� ] ! R and � 2 C[� � ; #� ] with � � ; #� 2 R and #� > 0. If
� 2 L 1 ([� � ; #� ]), then the equality

%+ 2
#� � � �

�
w(1) ( � (#� ) + � (� � )) � w(0)

�
�

�
%#� + #� + � �

%+ 2

�
+ �

�
%�� + � � + #�

%+ 2

���
�

�
�

%+ 2
#� � � �

� 2 �
J w

%#� + # � + � �
%+2 +

� (#� ) + J w
%� � + � � + # �

%+2 �
� (� � )

�
=

=
Z 1

0
w(&)

�
� 0

�
1 + %+ &

%+ 2
#� +

1 � &
%+ 2

� �
�

� � 0
�

1 + %+ &
%+ 2

� � +
1 � &
%+ 2

#�
��

d&

is true for every %2 N.

Proof. By properties we have

I =
Z 1

0
w(&)

�
� 0

�
1 + %+ &

%+ 2
#� +

1 � &
%+ 2

� �
�

� � 0
�

1 + %+ &
%+ 2

� � +
1 � &
%+ 2

#�
��

d&=

=
Z 1

0
w(&)� 0

�
1 + %+ &

%+ 2
#� +

1 � &
%+ 2

� �
�

d&�
Z 1

0
w(&)� 0

�
1 + %+ &

%+ 2
� � +

1 � &
%+ 2

#�
�

d&= I 1 � I 2:
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Integrating by parts and changing the variable in I 1, we state that

I 1 =
Z 1

0
w(&)� 0

�
1 + %+ &

%+ 2
#� +

1 � &
%+ 2

� �
�

d&=

=
%+ 2

#� � � �

�
w(1)� (#� ) � w(0)�

�
%#� + #� + � �

%+ 2

��
�

�
�

%+ 2
#� � � �

� 2 Z # �

%#� + # � + � �
%+2

w0

"
z � %#� + # � + � �

%+2
# � � � �

%+2

#

� (z)dz:

Since # � � � �

%+2 = #� � %#� + # � + � �

%+2 , �nally for I 1 we get

I 1 =
Z 1

0
w(&)� 0

�
1 + %+ &

%+ 2
#� +

1 � &
%+ 2

� �
�

d&=

=
%+ 2

#� � � �

�
w(1)� (#� ) � w(0)�

�
%#� + #� + � �

%+ 2

��
�

�
�

%+ 2
#� � � �

� 2 Z # �

%#� + # � + � �
%+2

w0

"
z � %#� + # � + � �

%+2

#� � %#� + # � + � �

%+2

#

� (z)dz =

=
%+ 2

#� � � �

�
w(1)� (#� ) � w(0)�

�
%#� + #� + � �

%+ 2

��
�

�
%+ 2

#� � � �

� 2

J w
%#� + # � + � �

%+2 +
� (#� ): (6)

Similarly for I 2, we obtain

I 2 =
%+ 2
a � b

�
w(1)� (� � ) � w(0)�

�
%�� + � � + #�

%+ 2

��
+

�
%+ 2

#� � � �

� 2

J w
%� � + � � + # �

%+2 �
� (� � ) : (7)

Subtracting (7) from (6) we obtain the desired equality. This completes the proof. �

Remark 4. Consider in the previous result %= 0 , w(&) = &�

2 � 1
5 , then Lemma 2.1 of [16] is

easily obtained.

Remark 5. Analogously, if %= 0 , and w(&) = &�

2 � 1
3 , then Lemma 1 of [11] is easily

obtained.

Remark 6. If we choose%= 0 , and w(&) = &
2 � 1

3 , then we get Lemma 1 from [10].

Remark 7. In the case %= 0 , w(&) = &, we obtain Lemma 1 from [5]

f rac� (� � ) + � (#� )2 �
1

#� � � �

Z # �

� �
� (z)dz =

=
#� � � �

4

Z 1

0
&

�
� 0

�
1 � &

2
� � +

1 + &
2

#�
�

� � 0
�

1 + &
2

� � +
1 � &

2
#�

��
d&:

Remark 8. Multiplying both sides of ( 6) and (7) by
�

# � � � �

%+2

� 2
, we get respectively

�
#� � � �

%+ 2

� 2

I 1 =
#� � � �

%+ 2

�
w(1)� (#� ) � w(0)�

�
%#� + #� + � �

%+ 2

��
� J w

%#� + # � + � �
%+2 +

� (#� ) =

=
�

#� � � �

%+ 2

� 2 Z 1

0
w(&)� 0

�
1 + %+ &

%+ 2
#� +

1 � &
%+ 2

� �
�

d&;

�
#� � � �

%+ 2

� 2

I 2 =
#� � � �

%+ 2

�
w(1)� (� � ) � w(0)�

�
%�� + � � + #�

%+ 2

��
� J w

%� � + � � + # �
%+2 �

� (� � ) =

=
�

#� � � �

%+ 2

� 2 Z 1

0
w(&)� 0

�
1 + %+ &

%+ 2
� � +

1 � &
%+ 2

#�
�

d&:
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Let us call

L =
�

#� � � �

%+ 2

� 2

I 1 +
�

#� � � �
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Therefore, the proof is �nished. �

Remark 9. If we take w(&) = &�
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5 and %= 0 , we have the Theorem 3.2 of [16].
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Proof. By using the second type(h; m)-convex property of the � 0 function, we get
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Which is the inequality sought, this ends the proof. �

Remark 10. Taking � 0 s-convex function, %= 0 , and w(&) = &�

2 � 1
3 , from (8) we obtain the

Theorem 6 of [11]. Under these conditions, Corollary 1 and Remark 3 of this paper remain valid.

Remark 11. If we take j� 0j s-convex, i.e. h(#) = #, m = 1 and w(&) = &� , and %= 0 , we get
Theorem 5 of [30].

Theorem 3. Let 0 < m 6 1, 0 6 � � < # � and � function de�ned on the interval [� � ; #� ],
and � 2 C1(� � ; #� ), where � � ; #� 2 R: If � 2 L 1 ([� � ; #� ]) and j� 0jq 2 N s;2

h;m [� � ; #� ] for some
�xed s 2 (0; 1] and q > 1 with 1
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with A as before, andB , C and D they will be speci�ed later.
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Using the H �older inequality on the two integrals of (10) gives us
�

1
p + 1

q = 1
�

:

Z 1

0
w(&)

�
�
�
� �

0
�

1 + %+ &
%+ 2

#� +
1 � &
%+ 2

� �
� �

�
�
� d&6

6
� Z 1

0
wp(&)d&

� 1
p

� Z 1

0

�
�
�
� �

0
�

1 + %+ &
%+ 2

#� +
1 � &
%+ 2

� �
� �

�
�
�

q

d&
� 1

q

; (11)

Z 1

0
w(&)

�
�
�
� �

0
�

1 + %+ &
%+ 2

#� +
1 � &
%+ 2

� �
� �

�
�
� d&6

Ìàòåìàòèêà 179



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2024. Ò. 24, âûï. 2

6
� Z 1

0
wp(&)d&

� 1
p

� Z 1

0

�
�
�
� �

0
�

1 + %+ &
%+ 2

� � +
1 � &
%+ 2

#�
� �

�
�
�

q

d&
� 1

q

: (12)

Taking into account the (h; m)-convexity of j� 0jq we obtain
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so, using (13) and (14) in (11) and (12), and then in (10), rearranging, grouping and denoting
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desired inequality. �

Remark 12. As in the previous Remark, this result yields Theorem 6 and Corollary 1 of [30].

Remark 13. If we work with convex functions, i.e. h(&) = &, s = m = 1 and w(&) = &, then
the above result becomes Theorem 2.3 from [31]. Theorem 1 of [32] is also a particular case of
this result.

Remark 14. The Theorem 7, Corollary 2, and Remark 4 of [11] are also particular cases of
this result.

The next result is a di�erent version of ( 9).
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Using now that well-known power mean inequality with modulus properties takes us to:
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From the (h; m)-convexity of j� 0jq and a simple but tedious algebraic work, the proof of the
Theorem is completed. �

Remark 15. Under assumption j� 0jq s-convex andw(&) = &� , we get Theorem 7 of [30]. If
we additionally put that � = 1 , it follows Theorem 2 of [32] and Theorem 1 of [33]. The reader
can also easily check that Theorem 9 and Corollary 4 of [11] are particular cases of our result
and that Remark 6 of said work is still valid.

Conclusions

In this paper, various extensions and generalizations of the classical Simpson's inequality
have been established, in the context of weighted integral operators. Throughout our work,we
have seen how various results reported in the literature are particular cases of ours, which
shows the breadth of strength of these. However, we did not want to conclude withoutpointing
out two more aspects regarding the breadth of our results. Firstly, referring to the integral
operator used, given that the weight function can include several known cases, wecan add that if

w0(&) = (� � � � ) � � 1&
�
k � 1

k� k (� ) (or that is, we consider the k-integral of [ 34]), the Lemma 1 reduces to
Lemma 2.1 of [35], obviously many of the results of that work, can also be obtained from ours,
considering convex functions. The second issue is the notion of convexity used, which we have
shown contains several well-known. This, together with the way of writing the argument (in
reality we obtain families of inequalities), means that our results cover many of those published
so far. Finally, we want to point out that this weighted operator can be used in the study of other
inequalities, for example, the Minkowski inequality (see, for example, [36]), in this paper they
use the weight indicated above, thus these results can be generalized using a general weight
w0(&).
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Ââåäåíèå

Â ðàáîòå [1] ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ âàðèàöèîííîñòè (ïîòåíöèàëü-
íîñòè) îïåðàòîðíîãî óðàâíåíèÿ ñ ïåðâîé ïðîèçâîäíîé ïî âðåìåíè

bN (u) � Pu;t ut � Q (t; u) = 0 ;

u 2 D
�

bN
�

� U � V; t 2
h

eT0; eT1

i
� R; ut � D t u �

d
dt

u:
(1)

Çäåñü8 t 2
h

eT0; eT1

i
, 8 u 2 U1 îïåðàòîð Pu;t : U1 �! V1 ÿâëÿåòñÿ ëèíåéíûì; Q :

h
eT0; eT1

i
� U1 !

! V1 � ïðîèçâîëüíûé îïåðàòîð, âîîáùå ãîâîðÿ, íåëèíåéíûé; D
�

bN
�

� îáëàñòü îïðåäåëåíèÿ

îïåðàòîðà bN ,

D
�

bN
�

=
n

u 2 U : u (t) 2 W 8 t 2
h

eT0; eT1

i
; ujt= eT0

= ' 1; ujt= eT1
= ' 2; ' i 2 U1; i = 1 ; 2

o
;

U = C1
�h

eT0; eT1

i
; U1

�
, V = C1

�h
eT0; eT1

i
; V1

�
, U1, V1 � ëèíåéíûå íîðìèðîâàííûå ïðîñòðàí-

ñòâà íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë R, U1 � V1. Ìíîæåñòâî W îïðåäåëÿåòñÿ âíåøíèìè
ñâÿçÿìè, íàëîæåííûìè íà ñèñòåìó.

Îïåðàòîðíîå óðàâíåíèå (1) ìîæåò áûòü îáûêíîâåííûì äèôôåðåíöèàëüíûì, äèôôåðåí-
öèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ, èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèåì,
óðàâíåíèåì c îòêëîíÿþùèìèñÿ àðãóìåíòàìè è äðóãèìè, à òàêæå ñèñòåìîé òàêèõ óðàâíåíèé.

Íà ýòîì ïóòè, â ÷àñòíîñòè, âûÿâëåíà âçàèìîñâÿçü ïîëó÷åííîãî îïåðàòîðíîãî âàðèàöèîí-
íîãî óðàâíåíèÿ ñ êëàññè÷åñêèìè óðàâíåíèÿìè Áèðêãîôà [ 2,3], ÿâëÿþùèìèñÿ îáîáùåíèÿìè
êàíîíè÷åñêèõ óðàâíåíèé Ãàìèëüòîíà.

Áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ è òåðìèíîëîãèþ ðàáîò [ 4� 7].

1. Ïîñòàíîâêà çàäà÷

Ïóñòü ñîñòîÿíèå áåñêîíå÷íîìåðíîé ïîòåíöèàëüíîé ñèñòåìû îïðåäåëÿåòñÿ âåêòîð-ôóíêöèåé
u(x; t ) =

�
u1(x; t ); u2(x; t ); � � � ; u2n (x; t )

�
, (x; t ) 2 QT = 
 � (0; T), 
 � îãðàíè÷åííàÿ îáëàñòü

èç Rm ñ êóñî÷íî ãëàäêîé ãðàíèöåé @
 .
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Ïðåäïîëîæèì, ÷òî ïðè ýòîì äåéñòâèå ïî Ãàìèëüòîíó èìååò âèä

F [u] =

TZ

0

Z




"
2nX

i =1

Ri (x; t; u � ) ui
t � B (u� )

#

dx dt;

� = ( � 1; � 2; � � � ; � m ) ; j� j =
mX

i =1

� i ; j� j = 0; s;

(2)

ãäåRi = Ri (x; t; u � ), B = B (u� ) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ui
t =

@ui

@t
, i = 1; 2n,

u� = D � u =
@j � ju

(@x1) � 1 (@x2) � 2 � � � (@xm ) � m .

Áóäåì ðàññìàòðèâàòü ôóíêöèîíàë ( 2) íà ìíîæåñòâå

D(N ) =
n

u 2 U =
�
U1; � � � ; U2n �

: ui 2 U i = C2s;1
x;t

�

 � [0; T]

�
: ui

�
�
t=0 = ' i

0(x);

ui
�
�
t= T = ' i

1(x);
@� ui

@n�x

�
�
�
� T

=  i
� (x; t ); i = 1; 2n; j� j = 0; s � 1

o
; (3)

ãäå
 = @
 [ 
 , � T = @
 � (0; T), nx � âíåøíÿÿ íîðìàëü ê @
 ; ' i
0, ' i

1,  i
� (x; t ) � çàäàííûå

äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Öåëü ðàáîòû � íàéòè óðàâíåíèÿ äâèæåíèÿ, îïðåäåëÿåìûå äåéñòâèåì ïî Ãàìèëüòîíó (2),

ïîñòðîèòü èõ ðàçíîñòíûé àíàëîã ñ äèñêðåòíûì âðåìåíåì è íà ýòîé îñíîâå íàéòè ðàçíîñòíóþ
àïïðîêñèìàöèþ ñîîòâåòñòâóþùåãî ëèíåéíîãî èíòåãðàëüíîãî èíâàðèàíòà.

2. Ñèñòåìà óðàâíåíèé äâèæåíèÿ

Îáîçíà÷èì ïëîòíîñòü ôóíêöèè Ëàãðàíæà

L = L (x; t; u � ; ut ) =
2nX

k=1

Rkuk
t � B: (4)

Ïåðâàÿ âàðèàöèÿ (2) ðàâíà

�F [u; �u ] =

TZ

0

Z




2nX

i =1

0

@
sX

j � j=0

@L
@ui�

�u i
� +

@L
@uit

�u i
t

1

A dx dt: (5)

Ââåäåì ïëîòíîñòè îáîáùåííûõ èìïóëüñîâ pi , i = 1; 2n ïî ôîðìóëàì

pi =
�L
�u i

t
= Ri ; i = 1; 2n;

ãäåL =
Z




L dx;
�L
�u i

t
� âàðèàöèîííàÿ ïðîèçâîäíàÿ.

Ïîñêîëüêó

�u i
�
�
t=0 = 0 ; �u i

�
�
t= T = 0 ;

@�
�
�u i

�

@n�x

�
�
�
�
�
� T

= 0 ; i = 1; 2n; j� j = 0; s � 1;

òî, èíòåãðèðóÿ ïî ÷àñòÿì, èç ( 5) ïîëó÷àåì

�F [u; �u ] =

TZ

0

Z




2nX

i =1

2

4
sX

j � j=0

(� 1)j � j D �

�
@L
@ui�

�
�

dpi

dt

3

5 �u i dx dt:
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Ïðèðàâíèâàÿ ýòó âàðèàöèþ ê íóëþ, íàõîäèì ñèñòåìó óðàâíåíèé äâèæåíèÿ â âèäå

sX

j � j=0

(� 1)j � j D �

�
@L
@ui�

�
�

dpi

dt
= 0 ; i = 1; 2n: (6)

Îòìåòèì, ÷òî

D �

�
@L
@ui�

�
= D �

 
2nX

k=1

@Rk
@ui�

uk
t �

@B
@ui�

!

=
2nX

k=1

sX

j � j=0

 
�

�

!

D � � �

�
@Rk
@ui�

�
D � uk

t � D �
@B
@ui�

;

dpi

dt
=

dRi

dt
=

@Ri
@t

+
2nX

k=1

sX

j � j=0

@Ri
@uk�

D � uk
t ;

ãäå

 
�

�

!

=

8
><

>:

 
� 1

� 1

!  
� 1

� 1

!

� � �

 
� m

� m

!

; åñëè 8 i 2 f 1; 2; � � � ; mg : � i > � i ;

0; åñëè 9 i 2 f 1; 2; � � � ; mg : � i < � i ;
 

� i

� i

!

=
� i !

� i ! (� i � � i )!
:

Ñ ó÷åòîì ýòîãî ñèñòåìà óðàâíåíèé ( 6) ìîæåò áûòü ïðåäñòàâëåíà â âèäå

N i �
2nX

k=1

sX

j � j=0

2

4
sX

j � j=0

(� 1)j � j

 
�

�

!

D � � �

�
@Rk
@ui�

�
�

@Ri
@uk�

3

5 D � uk
t �

@Ri
@t

�

�
sX

j � j=0

(� 1)j � j D �
@B
@ui�

= 0 ; i = 1; 2n: (7)

Cïðàâåäëèâà

Òåîðåìà 1. Ýêñòðåìàëè ôóíêöèîíàëà (2) ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû óðàâíåíèé (7).

Îòìåòèì, ÷òî èç ( 7) êàê ÷àñòíûé ñëó÷àé ñëåäóþò óðàâíåíèÿ Áèðêãîôà [3].

3. Äèñêðåòèçàöèÿ ïî âðåìåíè

Ðàçîáüåì îòðåçîê [0; T] íà l ðàâíûõ ÷àñòåé óçëàìè t j = j� , j = 0; l , ãäå � = l � 1T. Ââåäåì
îïåðàòîðû ñóæåíèÿ [ 8]

T r ui (x; t ) = ui
r =

�
ui (x; t k )

� l
k=0 ; i = 1; 2n

(ñòîëáöû âûñîòû r = l + 1 ). Òàêèå ñòîëáöû îáðàçóþò ëèíåéíîå ïðîñòðàíñòâî, êîòîðîå áóäåì
îáîçíà÷àòü U

i
r . Äëÿ óäîáñòâà îáîçíà÷èì ur =

�
u1

r ; u2
r ; � � � ; u2n

r

�
, euj = u (x; t j ), eui

j = ui (x; t j ).
Îáîçíà÷èì N îïåðàòîð äèñêðåòíîãî àíàëîãà çàäà÷è (7), (3), ïîëó÷åííîé íà îñíîâå ôóíê-

öèîíàëà ( 2).
Ïîëîæèì

D
�
N

�
=

n
ur 2 Ur =

�
U

1
r ; � � � ; U

2n
r

�
: eui

r 2 C2s �



�
: eui

0 = ' i
0(x); eui

l = ' i
1(x);

@� eui
j

@n�x

�
�
�
@


=  i
� (x; t j ) ; i = 1; 2n; j� j = 0; s; j = 0; l

o
:
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Çàìåíèì ( 4) íà

L j = L (x; t; D � euj ; euj +1 ) =
2nX

i =1

Ri;j
eui

j +1 � eui
j

�
� B j ; j = 0; l � 1;

ãäåRi;j = Ri (x; t j ; D � euj ), B j = B (D � euj ).
Äàëåå àïïðîêñèìèðóåì èíòåãðàëû

t j +1Z

t j

Z




L dx dt �
T
l

Z




L j dx:

Ôóíêöèîíàë ( 2) çàìåíÿåì ðàçíîñòíûì äåéñòâèåì ïî Ãàìèëüòîíó

F [ur ] =
T
l

l � 1X

j =0

Z




L j dx: (8)

Òîãäà

� F [ur ; � ur ] =
T
l

l � 1X

j =0

Z




2nX

k=1

2

4
sX

j � j=0

@L j

@
�

D � euk
j

� �
�

D � euk
j

�
+

@L j

@euk
j +1

� euk
j +1

3

5 dx: (9)

Ïîñêîëüêó

� eui
0 = 0 ; � eui

l = 0 ;
@�

�
� eui

j

�

@n�x

�
�
�
@


= 0 ; i = 1; 2n; j = 0; l; j� j = 0; s � 1;

òî, èíòåãðèðóÿ ïî ÷àñòÿì, èç ( 9) èìååì

� F [ur ; � ur ] =
T
l

l � 1X

j =1

Z




2nX

k=1

2

4
sX

j � j=0

(� 1)j � j D �

0

@ @L j

@
�

D � euk
j

�

1

A +
@L j � 1

@euk
j

3

5 � euk
j dx: (10)

Îòìåòèì, ÷òî

sX

j � j=0

(� 1)j � j D �

2

4 @L j

@
�

D � euk
j

�

3

5 =
sX

j � j=0

(� 1)j � j
2nX

i =1

D �

2

4 @Ri;j

@
�

D � euk
j

�
eui

j +1 � eui
j

�

3

5 �
Rk;j

�
�

�
sX

j � j=0

(� 1)j � j D �

2

4 @Bj

@
�

D � euk
j

�

3

5 =

=
2nX

i =1

sX

j � j;j � j=0

(� 1)j � j

 
�

�

!

D � � �

2

4 @Ri;j

@
�

D � euk
j

�

3

5 D �

 
eui

j +1 � eui
j

�

!

�
Rk;j

�
�

�
sX

j � j=0

(� 1)j � j D �

2

4 @Bj

@
�

D � euk
j

�

3

5 ;

@L j � 1

@euk
j

=
Rk;j � 1

�
:
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Èç ðàâåíñòâà íóëþ ïåðâîé âàðèàöèè (10) ïîëó÷àåì ñèñòåìó óðàâíåíèé äâèæåíèÿ â
äèñêðåòíîì ïî âðåìåíè ñëó÷àå

N k;j �
2nX

i =1

sX

j � j;j� j=0

(� 1)j � j

 
�

�

!

D � � �

2

4 @Ri;j

@
�

D � euk
j

�

3

5 D �

 
eui

j +1 � eui
j

�

!

�

�
Rk;j � Rk;j � 1

�
�

sX

j � j=0

(� 1)j � j D �

2

4 @Bj

@
�

D � euk
j

�

3

5 = 0 ; k = 1; 2n; j = 1; l � 1: (11)

Òåîðåìà 2. Óðàâíåíèÿ (11) ÿâëÿþòñÿ ðàçíîñòíûì ïî âðåìåíè àíàëîãîì (7).

4. Èíòåãðàëüíûå èíâàðèàíòû

4.1. Íåïðåðûâíûé ñëó÷àé

Ïóñòü u = u(� ; x; t ), � 2 � = [0 ; 1] � ïðîèçâîëüíîå îäíîïàðàìåòðè÷åñêîå ìíîæåñòâî
ýëåìåíòîâ èç U íåïðåðûâíî äèôôåðåíöèðóåìûõ ïî � . Åãî ìîæíî ðàññìàòðèâàòü êàê êðèâóþ
C â U. Áóäåì ñ÷èòàòü, ÷òîu(0; x; t ) = u(1; x; t ) äëÿ âñåõ(x; t ) 2 QT , ò.å. êðèâàÿ çàìêíóòà.

Ââåäåì îáîçíà÷åíèå �u =
@u(� ; x; t )

@�
d� . Âîçüìåì ïðîèçâîëüíûé îòðåçîê [T0; T1] èç [0; T].

Âàðèàöèÿ ôóíêöèîíàëà F [u(� ; x; t )] =
T1R

T0

L dt ïðèíèìàåò âèä

�F [u; �u ] =

T1Z

T0

Z




2nX

i =1

0

@
sX

j � j=0

@L
@ui�

�u i
� +

@L
@uit

�u i
t

1

A dx dt =

=

T1Z

T0

Z




2nX

i =1

�
(� 1)j � j D �

�
@L
@ui�

�
�u i +

�
d
dt

�
pi �u i � �

dpi

dt
�u i

��
dx dt =

=

T1Z

T0

Z




2nX

i =1

2

4
sX

j � j=0

(� 1)j � j D �

�
@L
@ui�

�
�

dpi

dt

3

5 �u i dx dt+

+
Z




2nX

i =1

pi �u i
�
�
�
t= T1

dx �
Z




2nX

i =1

pi �u i
�
�
�
t= T0

dx:

Âäîëü äåéñòâèòåëüíûõ òðàåêòîðèé � ðåøåíèé ñèñòåìû (6) � âàðèàöèÿ �F [u; �u ] ïðèíèìàåò
âèä

�F [u; �u ] =
Z




2nX

i =1

pi �u i

�
�
�
�
�
t= T1

dx �
Z




2nX

i =1

pi �u i

�
�
�
�
�
t= T0

dx =

=
Z




2nX

i =1

Ri �u i
�
�
�
t= T1

dx �
Z




2nX

i =1

Ri �u i
�
�
�
t= T0

dx:

Ïîñêîëüêó äëÿ çàìêíóòîé êðèâîé C èíòåãðàë

1Z

0

�F = 0 , òî ïîëó÷àåì ðàâåíñòâî

1Z

0

Z




2nX

i =1

Ri �u i
�
�
�
t= T1

dx =

1Z

0

Z




2nX

i =1

Ri �u i
�
�
�
t= T0

dx:
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Òàêèì îáðàçîì,
Z

�

Z




2nX

i =1

Ri �u i dx =
I

C

Z




2nX

i =1

Ri �u i dx (12)

ÿâëÿåòñÿ îòíîñèòåëüíûì ëèíåéíûì èíòåãðàëüíûì èíâàðèàíòîì ïåðâîãî ïîðÿäêà ñèñòåìû,
îïèñûâàåìîé ëàãðàíæèàíîì ( 4).

Òåîðåìà 3. Ñèñòåìà óðàâíåíèé (7) èìååò îòíîñèòåëüíûé èíòåãðàëüíûé èíâàðèàíò
ïåðâîãî ïîðÿäêà âèäà (12).

4.2. Äèñêðåòíûé ñëó÷àé

Èñïîëüçóÿ ( 8), çàïèøåì ôóíêöèîíàë

F [ur ] =
T
l

j 1X

j = j 0

Z




L j dx; (13)

ñ÷èòàÿ, ÷òî0 < j 0 < j 1 < l .
Íàõîäèì ïåðâóþ âàðèàöèþ ( 13)

� F [ur ; � ur ] =
T
l

j 1X

j = j 0

Z




2nX

k=1

2

4
sX

j � j=0

@L j

@
�

D � euk
j

� �
�

D � euk
j

�
+

@L j

@euk
j +1

� euk
j +1

3

5 dx =

=
T
l

j 1X

j = j 0

Z




2nX

k=1

8
<

:

sX

j � j=0

(� 1)j � j D �

2

4 @L j

@
�

D � euk
j

�

3

5 � euk
j +

@L j

@euk
j +1

� euk
j +1

9
=

;
dx =

=
T
l

j 1X

j = j 0

Z




2nX

k=1

8
<

:

sX

j � j=0

(� 1)j � j D �

2

4 @L j

@
�

D � euk
j

�

3

5 +
@L j � 1

@euk
j

9
=

;
� euk

j dx+

+
T
l

Z




2nX

k=1

@L j 1 � 1

@euk
j 1

� euk
j 1

dx �
T
l

Z




2nX

k=1

@L j 0 � 1

@euk
j 0

� euk
j 0

dx:

Âäîëü äåéñòâèòåëüíûõ òðàåêòîðèé åãî ïåðâàÿ âàðèàöèÿ (13) ðàâíà

� F [ur ; � ur ] =
T
l

Z




2nX

k=1

@L j 1 � 1

@euk
j 1

� euk
j 1

dx �
T
l

Z




2nX

k=1

@L j 0 � 1

@euk
j 0

� euk
j 0

dx =

=
Z




2nX

k=1

Rk;j 1 � 1� euk
j 1

dx �
Z




2nX

k=1

Rk;j 0 � 1� euk
j 0

dx:

Äàëåå, ïîâòîðÿÿ ïðèâåäåííûå âûøå ðàññóæäåíèÿ, ïîëó÷àåì

1Z

0

Z




2nX

k=1

Rk;j 1 � 1� euk
j 1

dx =

1Z

0

Z




2nX

k=1

Rk;j 0 � 1� euk
j 0

dx:

Ñëåäîâàòåëüíî,
I

C

Z




2nX

k=1

Rk;j � 1� euk
j dx; j = 1; l (14)

ÿâëÿþòñÿ àíàëîãàìè ëèíåéíûõ èíòåãðàëüíûõ èíâàðèàíòîâ ïåðâîãî ïîðÿäêà ñèñòåìû ( 11).

Òåîðåìà 4. Ôîðìóëà (14) îïðåäåëÿåò äèñêðåòíûé ïî âðåìåíè àíàëîã îòíîñèòåëüíî
èíòåãðàëüíîãî èíâàðèàíòà ïåðâîãî ïîðÿäêà (12).
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5. Ïðèìåð

Ðàññìîòðèì ñëåäóþùåå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ:

eN (u) �
@2u
@t2

� a2
�

@2u
@x2

+
@2u
@y2

�
+ 2k2 @u

@t
= 0 ; (15)

îïèñûâàþùåå äâèæåíèå ìåìáðàíû.
Çäåñüu = u(x; y; t ) � íåèçâåñòíàÿ ôóíêöèÿ; a, k � êîíñòàíòû, (x; y; t ) 2 QT =

�
0; l1

�
�

�
�
0; l2

�
� (0; T).

Ïîëîæèì

D
�

eN
�

=
n

u 2 U = C2 �
QT

�
: u

�
�
x=0 = u

�
�
y=0 = u

�
�
x= l1 = u

�
�
y= l2 = 0 ;

u
�
�
t=0 = ' 1(x); u

�
�
t= T = ' 2(x)

o
;

ãäå ' 1, ' 2 � çàäàííûå ôóíêöèè.

Îáîçíà÷èì

(
u1 = u;

u2 = u1
t :

Óðàâíåíèå ( 15) ýêâèâàëåíòíî ñèñòåìå âèäà

eN1 � e2k2 t u2
t � e2k2 t a2

�
@2u1

@x2
+

@2u1

@y2

�
+ 2k2e2k2 t u2 = 0 ; eN2 � � e2k2 t u1

t + e2k2 t u2 = 0 :

(16)

Åé ñîîòâåòñòâóåò ëàãðàíæèàí

L =
1
2

l2Z

0

l1Z

0

e2k2 t

(

� u2u1
t + u1u2

t + 2k2u1u2 +
�
u2� 2

+ a2

" �
@u1

@x

� 2

+
�

@u1

@y

� 2
#)

dx dy

è ôóíêöèè Áèðêãîôà

R1 = �
1
2

e2k2 t u2; R2 =
1
2

e2k2 t u1;

B = �
1
2

e2k2 t

"

2k2u1u2 +
�
u2� 2

+ a2

 �
@u1

@x

� 2

+
�

@u1

@y

� 2
!#

:

Îòñþäà ìîæíî âûâåñòè ñèñòåìó óðàâíåíèé â äèñêðåòíîì ïî âðåìåíè ñëó÷àå

N 1;j �
1
2

e2k2 t j
eu2

j +1 � eu2
j

�
+

1
2

e2k2 t j eu2
j � e2k2 t j � 1 eu2

j � 1

�
+

+ e2k2 t j

"

k2eu2
j � a2

 
@2eu1

j

@x2
+

@2eu1
j

@y2

!#

= 0 ;

N 2;j � �
1
2

e2k2 t j
eu1

j +1 � eu1
j

�
�

1
2

e2k2 t j eu1
j � e2k2 t j � 1 eu1

j � 1

�
+ e2k2 t j

�
k2eu1

j + eu2
j

�
= 0 :

Èñïîëüçóÿ ôîðìóëû (12) è (14), íàõîäèì îòíîñèòåëüíûå ëèíåéíûå èíòåãðàëüíûå èíâàðè-
àíòû ïåðâîãî ïîðÿäêà ñèñòåìû ( 16) â íåïðåðûâíîì ñëó÷àå

I

C

l2Z

0

l1Z

0

�
�

1
2

e2k2 t u2�u 1 +
1
2

e2k2 t u1�u 2
�

dx dy

è â äèñêðåòíîì ñëó÷àå

I

C

l2Z

0

l1Z

0

�
�

1
2

e2k2 t j � 1 eu2
j � 1� eu1

j +
1
2

e2k2 t j � 1 eu1
j � 1� eu2

j

�
dx dy:
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Çàêëþ÷åíèå

Èç âàðèàöèîííîãî ïðèíöèïà ñ èñïîëüçîâàíèåì çàäàííîãî äåéñòâèÿ ïî Ãàìèëüòîíó ïîëó-
÷åíû âåñüìà îáùèå óðàâíåíèÿ äâèæåíèÿ áåñêîíå÷íîìåðíûõ ñèñòåì. Êàê ÷àñòíûé ñëó÷àé
èç íèõ ñëåäóþò èçâåñòíûå óðàâíåíèÿ Áèðêãîôà. Äëÿ íèõ ïîñòðîåí ðàçíîñòíûé àíàëîã ñ
äèñêðåòíûì âðåìåíåì. Íà åãî îñíîâå íàéäåíà ðàçíîñòíàÿ àïïðîêñèìàöèÿ îòíîñèòåëüíîãî
ëèíåéíîãî èíòåãðàëüíîãî èíâàðèàíòà ïåðâîãî ïîðÿäêà.
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ îïåðàöèè íàä öåëûìè àáåëåâûìè ÷èñëàìè ðàíãà n. Òàêèå
÷èñëà ïî îïðåäåëåíèþ ÿâëÿþòñÿ ýëåìåíòàìè ïîëÿ êîìïëåêñíûõ ÷èñåë è èìåþò âèä ìíîãî÷ëåíîâ
ñ öåëûìè êîýôôèöèåíòàìè îò çàäàííîãî ïåðâîîáðàçíîãî êîðíÿ èç åäèíèöû ñòåïåíè n, ïðè ýòîì
ñòåïåíè òàêèõ ìíîãî÷ëåíîâ îãðàíè÷åíû ôóíêöèåé Ýéëåðà ' (n). Ïðèâåäåí ïðèìåð, ïîêàçûâàþùèé,
÷òî âíóòðè êðóãà íà êîìïëåêñíîé ïëîñêîñòè ìîæíî íàéòè áåñêîíå÷íî ìíîãî öåëûõ àáåëåâûõ ÷èñåë.
Äëÿ îïèñàííûõ îïåðàöèé, â ÷àñòíîñòè, ïðåäñòàâëåí àëãîðèòì âû÷èñëåíèÿ îáðàòíîãî äëÿ äàííîãî
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çàäà÷à ïîèñêà êîðíåé òàêèõ ìíîãî÷ëåíîâ. Ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ öåëûõ àáåëåâûõ ê îðíåé
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Abstract. In this work, we consider the operations over Abelian integers of rankn. By de�nition, such
numbers are elements of the complex �eld and have the form of polynomials with integer coe�cients
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from the nth degree primitive root of 1. In contrast, the degrees of such polynomials are not greater
than Euler's totient function ' (n). We provide an example to show that there are in�nitely many Abelian
integers inside any zero-centered circle on the complex plane. In this work, for considered operations we
give in particular the algorithm of calculation of the inverse for the Abelian integer of rank n. It allows us
to analyze not only the rings of such numbers but also the �elds of Abelian integers. Natural arithmetics
for such algebraic structures leads us to study the polynomials with integer Abeliancoe�cients. Thus,
in the presented work we also investigate the problem of �nding roots of such polynomials. As a result,
we provide an algorithm that �nds the integer Abelian roots of the polynomials over the ring of Abelian
integers. This algorithm is based on the proposed statement that all roots of the polynomial are bounded
by some domain. The computer calculations con�rm the statistical truth of the statement.
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Ââåäåíèå

Êàê õîðîøî èçâåñòíî, àáåëåâû ïîëÿ, ò. å. àëãåáðàè÷åñêèå ðàñøèðåíèÿ ïîëÿ ðàöèîíàëüíûõ
÷èñåë ñ êîììóòàòèâíîé ãðóïïîé Ãàëóà, èãðàþò âàæíóþ ðîëü â àëãåáðå è àëãåáðàè÷åñêîé
òåîðèè ÷èñåë. Ñîãëàñíî òåîðåìå Êðîíåêåðà � Âåáåðà ýòè ðàñøèðåíèÿ îïèñûâàþòñÿ ñ ïîìîùüþ
òàê íàçûâàåìûõ êðóãîâûõ (öèêëîòîìè÷åñêèõ) ðàñøèðåíèé. Ñÿçàííûå ñ ýòèì èññëåäîâàíèÿ
âåñüìà ñîäåðæàòåëüíû è èíòåðåñíû (ñì. [ 1]). Ïðè ýòîì äîâîëüíî ÷àñòî âîçíèêàþò òðóäíûå
âû÷èñëèòåëüíûå âîïðîñû, îòâåòèòü íà êîòîðûå áåç ïðèìåíåíèÿ êîìïüþòåðà íå ïðåäñòàâëÿåòñÿ
âîçìîæíûì. Èìåííî òàêèì âîïðîñàì è ïîñâÿùåíà ýòà ðàáîòà. Áîëåå êîíêðåòíî, â íåé
ðàññìàòðèâàþòñÿ âû÷èñëåíèÿ â öåëûõ àáåëåâûõ ÷èñëàõ ñ ïðèìåíåíèåì êîìïüþòåðíîé òåõíèêè
(ñì. [ 1� 5]).

1. Áàçîâûå ïîíÿòèÿ, îáîçíà÷åíèÿ è òåðìèíîëîãèÿ

Êàê îáû÷íî, Z � Q � R � C � öåëûå, ðàöèîíàëüíûå, âåùåñòâåííûå è êîìïëåêñíûå ÷èñëà,
� � ïåðâîîáðàçíûé êîðåíü èç åäèíèöû ñòåïåíè n, ' (n) � ôóíêöèÿ Ýéëåðà, � n (x) � ìíîãî÷ëåí
äåëåíèÿ êðóãà íà n ÷àñòåé (ìèíèìàëüíûé ìíîãî÷ëåí äëÿ � ).

Îïðåäåëåíèå 1. Àáåëåâî ÷èñëî ðàíãà n � ýòî ÷èñëî èç ïîëÿ C âèäà

� = a0 + a1� + : : : + al � 1� l � 1; ai 2 Z; l = ' (n): (1)

Îïðåäåëåíèå 2. Ïðåäñòàâëåíèå ( 1) áóäåì íàçûâàòü êàíîíè÷åñêèì âèäîì ÷èñëà � .

Íåñëîæíî âèäåòü, ÷òî ïðåäñòàâëåíèå â êàíîíè÷åñêîì âèäå åäèíñòâåííî.

Îïðåäåëåíèå 3. Âåñîì àáåëåâà ÷èñëà, çàäàííîãî â êàíîíè÷åñêîì âèäå, íàçûâàåòñÿ ÷èñëî
! (� ) = max jai j.

Ñîîòíîøåíèÿ ìåæäó âåñîì è ìîäóëåì äàííîãî àáåëåâà ÷èñëà ìîãóò áûòü ðàçíûìè: ìîäóëü
ìîæåò ñîâïàäàòü ñ âåñîì, áûòü áîëüøå è ìåíüøå åãî.

Ïðèâåäåì ñëåäóþùèé, íà ïåðâûé âçãëÿä äîñòàòî÷íî óäèâèòåëüíûé, ïðèìåð òîãî, ÷òî
ìîäóëü öåëîãî àáåëåâà ÷èñëà ìåíüøå åäèíèöû, à åãî âåñ ïðè ýòîì ìîæåò áûòü ñêîëü óãîäíî
áîëüøèì. Ýòîò ïðèìåð èíòåðåñåí åùå è òåì, ÷òî îí ïîêàçûâàåò, ÷òî âíóòðè êðóãà íà
êîìïëåêñíîé ïëîñêîñòè ìîæåò áûòü áåñêîíå÷íî ìíîãî öåëûõ àáåëåâûõ ÷èñåë. Ðàññìîòðèì

� = 1 � � + � 2;
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ãäå � = e�i= 5 ÿâëÿåòñÿ ïðèìèòèâíûì êîðíåì èç åäèíèöû 5-é ñòåïåíè, ! (� ) = 1 . Íåñëîæíî
ïðîâåðèòü, ÷òî j� j < 1. Ïðè âîçâåäåíèè � â íàòóðàëüíóþ ñòåïåíü âåëè÷èíà j� j óìåíüøàåòñÿ,
à âåñ! (� ) óâåëè÷èâàåòñÿ.

Ïóñòü Q(� ) � êðóãîâîå ïîëå (àáåëåâî ïîëå ðàíãà n), [Q(� ) : Q] = ' (n), Zab � êîëüöî öåëûõ
àáåëåâûõ ÷èñåë,Z[� ] = Zab(� ) � êîëüöî öåëûõ àáåëåâûõ ÷èñåë ðàíãà n âèäà (1), íàïðèìåð,
Z[i ] � êîëüöî öåëûõ ãàóññîâûõ ÷èñåë ðàíãà 4.

Îïðåäåëåíèå 4. Êàæäîå öåëîå àáåëåâî ÷èñëî � ìîæåò áûòü ïðåäñòàâëåíî â âèäå

� = p(� ) + q(� );

ãäå p(� ) èìååò âèä p(� ) = � u è íàçûâàåòñÿ ãëàâíîé ÷àñòüþ ÷èñëà p(� ), � � íåêîòîðûé
ìíîãî÷ëåí îò � , a u � íåêîòîðîå öåëîå ÷èñëî, juj = ! (� ), a q(� ) � îñòàâøèåñÿ ñëàãàåìûå,
èìåþùèå ìåíüøèé âåñ.

Îïðåäåëåíèå 5. Åñëè f = f (x) 2 Z[� ][x] � ìíîãî÷ëåí ñ öåëûìè àáåëåâûìè êîýôôè-
öèåíòàìè , òî åãî âåñîì íàçûâàåòñÿ ÷èñëî ! (f ) = max

�
!

�
c(f )

�	
, ãäå c(f ) � ìíîæåñòâî

êîýôôèöèåíòîâ ìíîãî÷ëåíà f (x).

Ïóñòü Qab(� ), Zab(� ) � ïîëå àáåëåâûõ ÷èñåë è êîëüöî öåëûõ àáåëåâûõ ÷èñåë ðàíãà n.
Ïóñòü äàëåå Qab � ïîëå, ïîðîæäåííîå âñåìè Qab(� ), à Zab � êîëüöî, ïîðîæäåííîå âcåìè Zab(� ).
Îáîçíà÷åíèå è òåðìèíîëîãèÿ îáúÿñíÿþòñÿ òåì, ÷òî ñîãëàñíî òåîðåìå Êðîíåêåðà � Âåáåðà
Qab � ìàêñèìàëüíîå àáåëåâî ðàñøèðåíèå ïîëÿ Q (ñì. [ 6]).

Åñëè � = ( � 1; : : : ; � s) � íàáîð öåëûõ àáåëåâûõ ÷èñåë, òî ìîæíî ðàññìîòðåòü ñîîòâåòñòâóþ-
ùèé ìíîãî÷ëåí ñ êîðíÿìè � 1; : : : ; � s,

f � (x) = ( x � � 1) : : : (x � � s) = xs � � 1xs� 1 � : : : � � s;

ãäå � 1 = � 1 + : : : + � s; : : : ; � s = � 1 : : : � s � ýëåìåíòàðíûå ñèììåòðè÷åñêèå ôóíêöèè îò � i .

Îïðåäåëåíèå 6. Ïóñòü B � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî. Ïîëîñîé øèðèíû B íàçîâåì
ìíîæåñòâî öåëûõ àáåëåâûõ ÷èñåë âèäà

S(B ) = f � 2 Zab(� ) j ! (� ) 6 B g:

Â ïîëîñå S(B ) ïî ïîíÿòíûì ïðè÷èíàì êîíå÷íîå ÷èñëî ýëåìåíòîâ, êîëè÷åñòâî êîòîðûõ
ìîæåò áûòü î÷åíü áîëüøèì, è ýòî ìíîæåñòâî ìîæåò îïèñàòü êîìïüþòåð.

2. Äåéñòâèÿ c àáåëåâûìè ÷èñëàìè

I. Ñëîæåíèå è óìíîæåíèå àáåëåâûõ ÷èñåë ñòàíäàðòíûì îáðàçîì âûïîëíÿåòñÿ íà êîìïüþ-
òåðå.

II. Äåëåíèå (äåëåíèå ñ îñòàòêîì) áóäåì âûïîëíÿòü ñëåäóþùèì îáðàçîì. Ïóñòü

� = a0 + a1� + : : : + al � 1� l � 1;

� = b0 + b1� + : : : + bl � 1� l � 1;


 =
�
�

= c0 + c1� + : : : + cl � 1� l � 1; ai ; bi 2 Z; ci 2 Q;

a(x) = a0 + a1x + : : : + al � 1x l � 1; � = a(� );

b(x) = b0 + b1x + : : : + bl � 1x l � 1; � = b(� ):

Åñëè � 6= 0 , òî b(x) íå äåëèòñÿ íà � n (x). Ñëåäîâàòåëüíî,
�
� n (x); b(x)

�
= 1 . Òàêèì îáðàçîì,

ñóùåñòâóþò òàêèå ìíîãî÷ëåíû u è v, ÷òî u� n (x) + vb(x) = 1 , u(� )� n (� ) + v(� )b(� ) = 1 è
v(� )b(� ) = 1 , v(� ) � îáðàòíûé äëÿ b(� ) è

�
�

=
� (� )
� (� )

= � (� )v(� ) = c0 + c1� + : : : + cl � 1� l � 1; ci 2 Q:
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Ïóñòü c = c0 + c1� + : : : + cl � 1� l � 1, c 2 Q, ci 2 Z, ci = [ ci ] � öåëàÿ ÷àñòü ÷èñëà ci . Òîãäà

a = bc; a= bc� cb+ cb; a= bc + bc� bc;

ãäåa � äåëèìîå, b� äåëèòåëü, c � íåïîëíîå ÷àñòíîå, bc� bc = r � îñòàòîê.

Îïðåäåëåíèå 7. Íàçîâåì b äåëèòåëåì a, åñëè îñòàòîê r ðàâåí íóëþ, à 
 1 � ñîáñòâåííûì
äåëèòåëåì ÷èñëà 
 2, åñëè 
 1 äåëèò 
 2 è ! (
 1) 6 ! (
 2):

Ïñåâäîêîä ïðîãðàììû, îñóùåñòâëÿþùåé ïîèñê v(� ) � îáðàòíîãî äëÿ b(� ):
Âõîä: b0; b1; : : : ; bl � 1 è f 0; f 1; : : : ; f l � 1 � êîýôôèöèåíòû ìíîãî÷ëåíîâ b(x) è � n (x)
Âûõîä: v0; v1; : : : ; vl � 1 � êîýôôèöèåíòû ìíîãî÷ëåíà v(� )
b := array[ bi ], i = 0 ; : : : ; l � 1
f := array[ f i ], i = 0 ; : : : ; l � 1
u := array [0], i = 0 ; : : : ; l � 1
v := array [0], i = 0 ; : : : ; l � 1
Function Euclidean Algorithm(array b, array f , array u, array v)
q := array [0], i = 0 ; : : : ; l � 1
WHILE: ðàçìåð b > ðàçìåðà f
mul := ïîñëåäíèé ýëåìåíò b / ïîñëåäíèé ýëåìåíò f
q[ðàçìåð b � ðàçìåð f ] := mul
for i from 0 to ðàçìåð b do
b[i ]:= b[i ] � mul � f [i ]
óäàëåíèå ëèäèðóþùèõ íóëåé â b
u0 := array [0], i = 0 ; : : : ; l � 1
v0 := array [0], i = 0 ; : : : ; l � 1
Euclidean Algorithm( f; b; u0; v0)
for i from 0 to ðàçìåð u0 do
for j from 0 to ðàçìåð q do
u[i + j ]:= v0[i ] � q[j ] � u0[i ]
v[i ]:= u0[i ]
Äàííàÿ ïðîãðàììà èñïîëüçóåòñÿ òàêæå äëÿ íàõîæäåíèÿ ÷àñòíîãî è îñòàòêà ïðè äåëåíèè

àáåëåâûõ ÷èñåë.

Ïðèìåð 1. Àáåëåâû ÷èñëà ðàíãà 7, äåëåíèå áåç îñòàòêà:

1 + 2� + 3 � 2 + 4 � 3 + 5 � 4 + 6 � 5 = (6 + 5 � + 4 � 2 + 3 � 3 + 2 � 4 + � 5)(1 + � + � 2 + � 3 + � 4 + � 5);

� 2 � 5� � 6� 2 � � 3 + 4 � 4 + 3 � 5 = (1 + 5 � + 10� 2 + 10� 3 + 5 � 4 + � 5)( � 1 + � ):

Ïðèìåð 2. Àáåëåâû ÷èñëà ðàíãà 8, äåëåíèå ñ îñòàòêîì:

8 + 13� + 21� 2 + 98� 3 = (13 + 9 � + 6 � 2 + � 3)(5 + 7 � 3) + 6 + 10 � � 2� 2 + 2 � 3:

Â êà÷åñòâå óïðàæíåíèÿ ìîæíî ïîñìîòðåòü äåëåíèå ñ îñòàòêîì â êîëüöå öåëûõ ãàóññîâûõ
÷èñåëZ[i ] è èññëåäîâàòü âîçìîæíîñòü îáîáùåíèÿ íà êîëüöî Zab(� ).

3. Íàõîæäåíèå öåëûõ àáåëåâûõ êîðíåé ìíîãî÷ëåíîâ
íàä êîëüöîì öåëûõ àáåëåâûõ ÷èñåë

Áóäåò ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ öåëûõ àáåëåâûõ êîðíåé ìíîãî÷ëåíîâ f (x) ñ
êîýôôèöèåíòàìè èç Zab(� ). Âîçìîæíû äâà ñëó÷àÿ:

1) èäåàëüíûé ñëó÷àé degf = s; � 1; : : : ; � s � öåëûå àáåëåâû êîðíè ìíîãî÷ëåíà f ;
2) ñìåøàííûé ñëó÷àé � 1; : : : ; � r � öåëûå àáåëåâû êîðíè ìíîãî÷ëåíà f , 1 6 r < degf , a

� r +1 ; : : : ; � s � íåàáåëåâû àëãåáðàè÷åñêèå ÷èñëà.
Ñëó÷àé, êîãäà àáåëåâûõ êîðíåé íåò, íå ðàññìàòðèâàåòñÿ.
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Îñòàíîâèìñÿ íà èäåàëüíîì ñëó÷àå. Ïóñòü äàí ìíîãî÷ëåí ñòåïåíè s âèäà

f (x) = ( x � � 1) : : : (x � � s) = xs + � 1xs� 1 + : : : + � s;

ãäå � i ñ òî÷íîñòüþ äî çíàêà � ýëåìåíòàðíûå ñèììåòðè÷åñêèå ôóíêöèè îò êîðíåé ìíîãî÷ëåíà
f , � i � öåëûå àáåëåâû ÷èñëà. Ñìåøàííûé ñëó÷àé ðàññìàòðèâàåòñÿ àíàëîãè÷íî.

Ââåäåì ñëåäóþùóþ ñèñòåìó îãðàíè÷åíèé L :

! (� i ) 6 ! (	 1); ! (� i ) 6 ! (	 2); : : : ; ! (� i ) 6 ! (	 d);

ãäå 	 1; : : : ; 	 d � íåêîòîðûå ìíîãî÷ëåíû ñ êîýôôèöèåíòàìè èç Q îò � 0; � 1; : : : ; � s.

Îïðåäåëåíèå 8. Ñêàæåì, ÷òî ìíîãî÷ëåí f (x) ÿâëÿåòñÿL-ðåãóëÿðíûì , åñëè èìååò ìåñòî
ñèñòåìà îãðàíè÷åíèé L .

Íàñ áóäóò èíòåðåñîâàòü â ïåðâóþ î÷åðåäü ñëåäóþùèå îãðàíè÷åíèÿ íà � 1 (çäåñü � 1 �
êîðåíü ìíîãî÷ëåíà f (x) íàèáîëüøåãî âåñà). Ðàññìîòðèì àáåëåâû ÷èñëà

	 1 = � 1 + : : : + � s = � � 1; 	 2 = � 2
1 + : : : + � 2

s = � 2
1 � 2� 2;

	 3 = � 4
1 + : : : + � 4

s = � 4
1 � 4� 2

1� 2 + 2 � 2
2 + 4 � 1� 3 � 4� 4;

	 4 = � � 1 : : : � s = � n ; 	 5 = max
�
! (� 0); : : : ; ! (� s)

�
; 	 6 = � 4

1;

W = ! (	 1) + ! (	 2) + ! (	 3) + ! (	 4) + ! (	 5) + ! (	 6)

è ñèñòåìó îãðàíè÷åíèé

L i : ! (� 1) 6 ! (	 i ); i = 1 ; : : : ; 6;

L 7 : ! (� 1) 6 W:

Ïóñòü S(B i ) � ïîëîñà øèðèíû B i , çàäàííàÿ óñëîâèåì L i .
Ïðè i = 1; 6 áûâàþò êàê L i -ðåãóëÿðíûå, òàê è íå L i -ðåãóëÿðíûå ìíîãî÷ëåíû. Íàïðèìåð,

(x � 1 � 3� )(x + 3 + 2 � )(x + 2 � � ) è (x + 2 + 3 � )(x � 1 � � ) � ñîîòâåòñòâåííî íå L 3- è íå
L 5-ðåãóëÿðíûå ìíîãî÷ëåíû íàä êîëüöîì öåëûõ àáåëåâûõ ÷èñåë ðàíãà 3. Îòìåòèì, ÷òî íå
L 7-ðåãóëÿðíûõ ìíîãî÷ëåíîâ ñ ïîìîùüþ êîìïüþòåðíûõ âû÷èñëåíèé íàéäåíî íå áûëî.

Âîçíèêàåò âîïðîñ, êàê ïî êîýôôèöèåíòàì � i îãðàíè÷èòü âåñà êîðíåé ìíîãî÷ëåíà f , ò. å.
ïîìåñòèòü èõ â íåêîòîðóþ ïîëîñó S(B )? Ïîñêîëüêó, êàê óæå îòìå÷àëîñü, ìíîæåñòâî S(B )
êîíå÷íî, òî êîðíè èùóòñÿ ñ ïîìîùüþ êîìïüþòåðà ïðÿìûì ïåðåáîðîì.

Äðóãîé âîçìîæíûé ïîäõîä îñíîâàí íà îãðàíè÷åíèè ìîäóëåé êîðíåé ìíîãî÷ëåíà f (x),
ïîìåùåíèè èõ â íåêîòîðûé êðóã íà êîìïëåêñíîé ïëîñêîñòè è, ïîëüçóÿñü êîíå÷íîñòüþ ðà ñ-
ñìàòðèâàåìîãî ìíîæåñòâà â ýòîì êðóãå, íà ïðèìåíåíèè ïðÿìîãî ïåðåáîðà. Äëÿ ýòîãî ïîëåçíî
ñëåäóþùåå

Ïðåäëîæåíèå 1. Ïóñòü f (x) = � 0xn + � 1xn� 1+ : : :+ � n , òîãäà êîðíè f (x) íå ïðåâîñõîäÿò
ïî ìîäóëþ ñëåäóþùèõ ÷èñåë (ñì. [ 7]):

I: 1 + max j � k
� 0

j; k = 1 ; 2; : : : ; n;

II: p + max j � k

� k � 1
0

j; k = 1 ; 2; : : : ; n; p � ëþáîå ïîëîæèòåëüíîå ÷èñëî ;

III: 2 max k

q
j � k

� 0
j; k = 1 ; 2; : : : ; n;

IV: j � k
� 0

j = max k � 1

q
j � k

� 1
j; k = 1 ; 2; : : : ; n:

Ïðè ýòîì íóæíî ó÷åñòü, ÷òî, êàê ïîêàçûâàþò ïðèìåðû, âíóòðè êðóãà ìîæåò áûòü áåñ-
êîíå÷íîå ìíîæåñòâî öåëûõ àáåëåâûõ ÷èñåë. Ïðåäëîæåíèå 1 ìîæåò áûòü èñïîëüçîâàíî äëÿ
îòñåèâàíèÿ ëèøíèõ ÷èñåë èç ïîëîñû S(B ).
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3.1. Àëãîðèòì ïîèñêà øèðèíû ïîëîñû

Ìû áóäåì èñïîëüçîâàòü ïîäõîä, îñíîâàííûé íà îãðàíè÷åíèè âåñà êîðíåé ìíîãî÷ëåíà f (x).
Ïóñòü

W = ! (	 1) + ! (	 2) + ! (	 3) + ! (	 4) + ! (	 5) + ! (	 6):

Äàëåå ñ÷èòàåì ! (� 1) 6 W � ãëàâíàÿ ñèñòåìà îãðàíè÷åíèé, S(W ) � ñîîòâåòñòâóþùàÿ ïîëîñà,
èìåþùàÿ î÷åíü áîëüøóþ øèðèíó. Òîãäà ñ âåðîÿòíîñòüþ, áëèçêîé ê 1, êîðåíü � 1 ïîïàäàåò â
ýòó ïîëîñó. Ìîæíî ñ÷èòàòü, ÷òî ñ ýòîé âåðîÿòíîñòüþ èìååò ìåñòî

Ïðåäëîæåíèå 2. Ñïðàâåäëèâî ñëåäóþùåå âêëþ÷åíèå: � 1 2 S(W ).

Äîêàçàòåëüñòâî ýòîãî ïðåäëîæåíèÿ îñíîâàíî íà äîâîëüíî ñëîæíîé öåïî÷êå îöåíîê ãëà âíûõ
÷àñòåé öåëûõ àáåëåâûõ ÷èñåë è çäåñü íå ïðèâîäèòñÿ. Ìû îãðàíè÷èìñÿ çäåñü, òàê ñêàçàòü,
¾ñòàòèñòè÷åñêèì äîêàçàòåëüñòâîì¿: ïðåäëîæåíèå2 èìååò ìåñòî ñ âåðîÿòíîñòüþ, áëèçêîé ê 1.

Çàìå÷àíèå 1. Èíòåðåñíî, ÷òî äëÿ îãðàíè÷åíèÿ B ïðîñòî ñóììû êîðíåé � i èëè ñóììû
êâàäðàòîâ êîðíåé íåäîñòàòî÷íî. Ýòè ñóììû ìîãóò áûòü ïî âåñó ìåíüøå ëþáîãî êîðíÿ. Îäíàêî
ñóììà êâàäðàòîâ íàìíîãî òî÷íåå, ÷åì ïðîñòî ñóììà ïåðâûõ ñòåïåíåé. Íàïðèìåð, íàä êîëüöîì
öåëûõ àáåëåâûõ ÷èñåë òðåòüåãî ðàíãà93:1% ñëó÷àéíî âûáðàííûõ ìíîãî÷ëåíîâ ñ 20 êîðíÿìè
âåñà, íå ïðåâîñõîäÿùåãî 7, ÿâëÿþòñÿ L 1-ðåãóëÿðíûìè è 100%� L 2-ðåãóëÿðíûìè.

Çàìå÷àíèå 2. Êàê ïðàâèëî, ïðîâåðèòü L-ðåãóëÿðíîñòü ìîæíî, òîëüêî óæå íàéäÿ êîð-
íè ìíîãî÷ëåíîâ, à äåéñòâîâàòü íóæíî, íàõîäÿ ýòè êîðíè è ïðîâåðÿÿ èõ íà ñîîòâåòñòâèå
îïðåäåëåíèþ.

Çàìå÷àíèå 3. Ïðåäëîæåíèå 2 ïîêàçûâàåò, ÷òî åñëè L 7 � óñëîâèå, ïðåäñòàâëÿþùåå ñîáîé
! (� 1) 6 W , òî ïðàêòè÷åñêè ëþáîé ìíîãî÷ëåí f (x) ÿâëÿåòñÿL 7-ðåãóëÿðíûì.

Ïñåâäîêîä ïðîãðàììû ïîèñêà êîðíåé ìíîãî÷ëåíà:
Âõîä: � 0; � 1; : : : ; � n � êîýôôèöèåíòû ìíîãî÷ëåíà f (x)
Âûõîä: x0; x1; : : : ; xm � êîðíè ìíîãî÷ëåíà f (x)
W := ! (	 1) + ! (	 2) + ! (	 3) + ! (	 4) + ! (	 5) + ! (	 6)
F := array[ � i ] i = 0 ; : : : ; n
root := array [ � W ] i = 0 ; : : : ; l � 1
WHILE: ñëåäóþùèé ïî âåñó root
If F (root)==0:
print root

4. Àëãîðèòì âû÷èñëåíèÿ âåðîÿòíîñòåé ñèñòåìû îãðàíè÷åíèé

Ïóñòü A � ìíîæåñòâî öåëûõ àáåëåâûõ ÷èñåë ðàíãà n, âåñà6 100 âèäà

� = � 0 + � 1� + : : : + � l � 1� l � 1;

ãäå� � ïåðâîîáðàçíûé êîðåíü èç åäèíèöû ñòåïåíè n, � i 2 f 0; � 1; : : : ; � 100g. Ðàññìîòðèì ñåòêó
ðàíãà n, âåñà 100 ñòåïåíès, ò. å. ìíîæåñòâî N íåóïîðÿäî÷åííûõ íàáîðîâ � = ( � 1; : : : ; � s),
� i 2 A, ïðè÷åì ! (� 1) > ! (� 2) > : : : > ! (� s). Â ìíîæåñòâå A ñîäåðæèòñÿD = 201l ýëåìåíòîâ,
à â ìíîæåñòâå N ñîäåðæèòñÿ

� 201l + s� 1
s

�
ýëåìåíòîâ.

Âî âðåìÿ êîìïüþòåðíûõ âû÷èñëåíèé ñëó÷àéíûì îáðàçîì âûáèðàëèñü öåëûå àáåëåâû ÷èñëà
èç ôèêñèðîâàííîé ïîëîñû, ñîñòàâëÿëñÿ ìíîãî÷ëåí ñ êîðíÿìè â ýòèõ öåëûõ àáåëåâûõ ÷èñëàõ è
ïðîâåðÿëèñü âñå 7 óñëîâèé ðåãóëÿðíîñòè. Ïîëó÷åííûå âåðîÿòíîñòè äëÿ íåêîòîðûõ âûáîðîê
îòðàæåíû â òàáëèöå, ãäåN t � ÷èñëî òåñòîâ, à ïðîïóùåííûå âåðîÿòíîñòè P(L 3) ðàâíû 1.
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Âåðîÿòíîñòè L-ðåãóëÿðíîñòè ìíîãî÷ëåíîâ ñ êîýôôèöèåíòàìè èç Zab(� )
Table. Probabilities of L -regularity of polynomials with coe�cients from Zab(� )

n ! (� 1) s N t P(L 1) P(L 2) P(L 4) P(L 5) P(L 6) P(L 7)

8 1 000 000 2 10 000 1 1 1 1 1 1
8 7 15 1000 0.996 1 1 1 1 1
8 7 20 1000 0.993 1 1 1 1 1
3 7 20 1000 0.931 1 0.972 1 0.997 1
3 3 2 100 000 0.746 0.980 0.940 0.995 0.894 1
97 10 5 100 1 1 1 1 1 1

Ñïèñîê ëèòåðàòóðû
1. Áîðåâè÷ Ç. È., Øàôàðåâè÷ È. Ð. Òåîðèÿ ÷èñåë. Ìîñêâà : Íàóêà, 1985. 503 ñ.
2. Ãðèøèí À. Â. Î ïåðèîäè÷åñêîé ÷àñòè ãðóïïû íåâûðîæäåííûõ 2õ2-ìàòðèö // Ìåæäóíàðîäíàÿ

êîíôåðåíöèÿ, ïîñâÿùåííàÿ 90-ëåòèþ êàôåäðû âûñøåé àëãåáðû ìåõàíèêî-ìàòåìàòè÷åñêîãî
ôàêóëüòåòà ÌÃÓ. Ìîñêâà, 2019. Ñ. 26.

3. Ãðèøèí À. Â., Öûáóëÿ Ë. Ì. Î êðó÷åíèè â ïîëíîé ëèíåéíîé ãðóïïå è àëãîðèòìå äèàãîíàëèçà-
öèè // Ôóíäàìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà. 2021. Ò. 23, âûï. 4. Ñ. 55�71.

4. Murty M. R., Esmond J. Problems in Algebraic Number Theory. New York : Springer New York,
2004. 369 p. (Graduate Texts in Mathematics, vol. 190).https://doi.org/10.1007/b138452

5. Ãðèøèí À. Â., Ïðîêîïöåâ À. À., Öûáóëÿ Ë. Ì. Àëãåáðà è àðèôìåòèêà öåëûõ àáåëåâûõ ÷èñåë
è êîìïüþòåðíûå âû÷èñëåíèÿ // XIII Áåëîðóññêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ : ìàòåðèàëû
Ìåæäóíàð. íàó÷. êîíô. (Ìèíñê, 22�25 íîÿáðÿ 2021 ã.) : â 2 ÷. Ìèíñê : Áåëàðóñêàÿ íàâóêà, 2021.
×. 2. Ñ. 38�39.

6. Greenberg M. J. An elementary proof of the Kronecker � Weber theorem // The American
Mathematical Monthly. 1974. Vol. 81, iss. 6. P. 601�607. https://doi.org/10.1080/00029890.1974.
11993623

7. Ôàääååâ Ä. Ê., Ñîìèíñêèé È. Ñ. Ñáîðíèê çàäà÷ ïî âûñøåé àëãåáðå : Äëÿ ôèç.-ìàò. ôàê. óí-òîâ
è ïåä. èí-òîâ. 10-å èçä. Ìîñêâà : Íàóêà. Ôèçìàòëèò, 1972. 304 ñ.

References
1. Borevich Z. I., Shafarevich I. R. Teoriya chisel [Number Theory]. Moscow, Nauka, 1985. 503 p. (in

Russian).
2. Grishin A. V. On the periodic part of the group of non-degenerate 2x2 matrices. In:Mezhdunarodnaya

konferentsiya, posvyashchennaya 90-letiyu kafedry vysshey algebry mekhaniko-matematicheskogo
fakul'teta MGU [International Conference Dedicated to the 90th Anniversary of the Department
of Higher Algebra of the Faculty of Mechanics and Mathematics of Moscow State University].
Moscow, 2019, pp. 26 (in Russian).

3. Grishin A. V., Tsybulya L. M. On the torsion in the general linear group and the diagonalization
algorithm. Journal of Mathematical Sciences, 2023, vol. 269, iss. 4, pp. 479�491.https://doi.org/
10.1007/s10958-023-06294-4. Translated from Fundamentalnaya i Prikladnaya Matematika , 2021,
vol. 23, iss. 4, pp. 55�71.

4. Murty M. R., Esmond J. Problems in Algebraic Number Theory. Graduate Texts in Mathematics,
vol. 190. New York, Springer New York, 2004. 369 p. https://doi.org/10.1007/b138452

5. Grishin A. V., Prokoptsev A. A., Tsybulya L. M. Algebra and arithmetic of Abelian integers and
computer calculations. XIII Belarusian Mathematical Conference: Proceedings of the International
Scienti�c Conference, Minsk, November 22�25, 2021. Minsk, Belaruskaya navuka, 2021, pt. 2,
pp. 38�39 (in Russian).

6. Greenberg M. J. An elementary proof of the Kronecker � Weber theorem.The American Mathematical
Monthly , 1974, vol. 81, iss. 6, pp. 601�607.https://doi.org/10.1080/00029890.1974.11993623

7. Faddeev D. K., Sominsky I. S.Sbornik zadach po vysshey algebre[Collection of Problems in Higher
Algebra]. 10th ed. Moscow, Nauka. Fizmatlit, 1972. 304 p. (in Russian).

Ïîñòóïèëà â ðåäàêöèþ / Received 31.10.2022
Ïðèíÿòà ê ïóáëèêàöèè / Accepted 13.01.2023
Îïóáëèêîâàíà / Published 31.05.2024

Ìàòåìàòèêà 199



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2024. Ò. 24, âûï. 2

Èçâåñòèÿ Ñàðàòîâñêîãî óíèâåðñèòåòà. Íîâàÿ ñåðèÿ. Ñåðèÿ: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà.
2024. Ò. 24, âûï. 2. Ñ. 200�208
Izvestiya of Saratov University. Mathematics. Mechanics. Informatics , 2024, vol. 24, iss. 2, pp. 200�208
https://mmi.sgu.ru https://doi.org/10.18500/1816-9791-2024-24-2-200-208 , EDN: ZORJSE

Article

Global solvability of the inverse spectral problem
for di�erential systems on a �nite interval

V. A. Yurko

Saratov State University, 83 Astrakhanskaya St., Saratov 410012, Russia

Vjacheslav A. Yurko , yurkova@sgu.ru, https://orcid.org/0000-0002-4853-0102, AuthorID: 2934

Abstract. The inverse spectral problem is studied for non-selfadjoint systems of ordinary di�erential
equations on a �nite interval. We provide necessary and su�cient conditions for the glo bal solvability
of the inverse problem, along with an algorithm for constructing its solution. For solving this nonlinear
inverse problem, we develop ideas of the method of spectral mappings, which allows one to construct the
potential matrix from the given spectral characteristics and establish conditions for the global solvability of
the inverse problem considered.
Keywords: di�erential systems, spectral characteristics, inverse problems, method of spectral mappings,
global solvability
For citation: Yurko V. A. Global solvability of the inverse spectral problem for di�erential sys tems on
a �nite interval. Izvestiya of Saratov University. Mathematics. Mechanics. Informatics , 2024, vol. 24,
iss. 2, pp. 200�208. https://doi.org/10.18500/1816-9791-2024-24-2-200-208, EDN: ZORJSE
This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
License (CC-BY 4.0)

Íàó÷íàÿ ñòàòüÿ
ÓÄÊ 539.374

Ãëîáàëüíàÿ ðàçðåøèìîñòü îáðàòíîé ñïåêòðàëüíîé çàäà÷è
äëÿ äèôôåðåíöèàëüíûõ ñèñòåì íà êîíå÷íîì èíòåðâàëå

Â. À. Þðêî

Ñàðàòîâñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ã. ×åðíûøåâñêîãî, Ð îññèÿ,

410012, ã. Ñàðàòîâ, óë. Àñòðàõàíñêàÿ, ä. 83

Þðêî Âÿ÷åñëàâ Àíàòîëüåâè÷ , äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, çàâåäóþùèé êàôåäðîé ìàòåìàòè÷åñêîé

ôèçèêè è âû÷èñëèòåëüíîé ìàòåìàòèêè, yurkova@sgu.ru, https://orcid.org/0000-0002-4853-0102, AuthorID: 2934

Àííîòàöèÿ. Èññëåäóåòñÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ íåñàìîñîïðÿæåííûõ ñèñòåì îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé íà êîíå÷íîì èíòåðâàëå. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
ãëîáàëüíîé ðàçðåøèìîñòè îáðàòíîé çàäà÷è, à òàêæå àëãîðèòì ïîñòðîåíèÿ åå ðåøåíèÿ. Äëÿ ðåøåíèÿ
ýòîé íåëèíåéíîé îáðàòíîé çàäà÷è èñïîëüçóåòñÿ ðàçâèòèå èäåé ìåòîäà ñïåêòðàëüíûõ îòîáðàæåíèé,
÷òî ïîçâîëÿåò ïîñòðîèòü ïîòåíöèàëüíóþ ìàòðèöó ïî çàäàííûì ñïåêòðàëüíûì õàðàêòåðèñòèêàì è
óñòàíîâèòü óñëîâèÿ ãëîáàëüíîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé îáðàòíîé çàäà÷è.
Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå ñèñòåìû, ñïåêòðàëüíûå õàðàêòåðèñòèêè, îáðàòíûå çàäà÷è, ìåòîä
ñïåêòðàëüíûõ îòîáðàæåíèé, ãëîáàëüíàÿ ðàçðåøèìîñòü
Äëÿ öèòèðîâàíèÿ: Yurko V. A. Global solvability of the inverse spectral problem for di�erential
systems on a �nite interval [ Þðêî Â. À. Ãëîáàëüíàÿ ðàçðåøèìîñòü îáðàòíîé ñïåêòðàëüíîé çàäà÷è äëÿ

c
 Yurko V. A., 2024



V. A. Yurko. Global solvability of the inverse spectral problem for differential systems on a �nite interval

äèôôåðåíöèàëüíûõ ñèñòåì íà êîíå÷íîì èíòåðâàëå] // Èçâåñòèÿ Ñàðàòîâñêîãî óíèâåðñèòåòà. Íîâàÿ
ñåðèÿ. Ñåðèÿ: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2024. Ò. 24, âûï. 2. Ñ. 200�208. https://doi.org/
10.18500/1816-9791-2024-24-2-200-208, EDN: ZORJSE
Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 Internation al (CC-BY 4.0)

Introduction

We study the inverse spectral problem for the following system of di�erential equations on a
�nite interval

`Y (x) := Q0Y 0(x) + Q(x)Y (x) = �Y (x); 0 6 x 6 T: (1)

Here Y = [ yk ]t
k= 1;n

is a column-vector (t denotes the transposition), � is the spectral parameter,
Q0 = diag[qk ]k= 1;n , where qk 6= 0 are di�erent complex numbers, and Q(x) = [ qkj (x)]k;j = 1;n ,
where qkj (x) 2 L(0; T) are complex-valued functions, andqkk (x) � 0: The matrix Q(x) is called
the potential.

Inverse problems for systems of the form(1) in di�erent formulations were studied by many
authors. Most of the works are devoted to inverse problems for Dirac and AKNS systems, i.e.
to the case of n = 2 (see, for example, [1]). The main tool for these investigations was the
transformation operator method, and the obtained results are similar to the results for the
Sturm-Liouville operator (see [1, 2] and the references therein). These results can be easily
generalized by the same method forn > 2 but only in the exceptional case when allqk are real
(see, for example, [3� 5]). However, for system (1) of general form with arbitrary complex qk
and arbitrary integrable potentials the inverse problem is essentially more di�cult t o study. The
method of spectral mappings [6] was created for solving the inverse problem in this general case.
In particular, by this method the inverse problem for system (1) on the half-line has been solved
in [ 7]. The inverse problem for system(1) on a �nite interval in the general case has been solved
in [ 8], where the uniqueness theorem was proved and a constructive procedure for the solution of
the inverse problem was suggested.

In this paper, we study the inverse spectral problem for system(1) with arbitrary complex qk
on a �nite interval. As the main spectral characteristic we introduce and investigate the so-called
Weyl matrix which is an analog of the classical Weyl function for the Sturm � Liouville operat or
and the Weyl matrix introduced in [ 9,10] for higher-order di�erential operators. The main method
of the investigation is the method of spectral mappings. Developing the ideas of this method in
connection with systems of the form (1) and using discovered properties of the Weyl matrix, we
provide necessary and su�cient conditions for the solvability of the inverse problem considered.
We will use some notations and facts from [8].

1. Properties of the spectral characteristics

Let the matrices h = [ h�� ]�;� = 1;n and H = [ H �� ]�;� = 1;n be given, where h�� , H �� are complex
numbers, and det h 6= 0 ; det H 6= 0 . We introduce the linear forms U(Y) = [ U� (Y )]t

� = 1;n
,

V (Y ) = [ V� (Y )]t
� = 1;n

by the formulae U(Y ) = hY (0), V (Y ) = HY (T); i.e.

U� (Y ) = [ h� 1; : : : ; h�n ]Y (0); V� (Y ) = [ H � 1; : : : ; H �n ]Y (T):

Let the vector-functions � m (x; � ) = [� �m (x; � )]t
� = 1;n

, m = 1; n be solutions of system(1)

under the conditions U� (� m ) = � �m , � = 1; m, V� (� m ) = 0 , � = 1; n � m. Here and in the
sequel, � �m is the Kronecker delta. Let M m� (� ) = U� (� m ), M (� ) = [ M m� (� )]m;� = 1;n , �( x; � ) =
= [� 1(x; � ); : : : ; � n (x; � )] = [� �m (x; � )] �;m = 1;n . The functions M �m (� ) are called the Weyl
functions. The matrix M (� ) is called the Weyl matrix for system (1).

Inverse problem 1. Fix Q0; h; H; i.e. the numbersqk ; h�� ; H �� , k; �; � = 1; n are known and
�xed. Given the Weyl matrix M (� ); construct the potential Q(x), 0 < x < T:
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It is easy to see that in the general case, the speci�cation of the Weyl matrix does not
determine uniquely the matrices of the linear formsh and H: It is possible to point out particular
cases (when the matricesh and H are normalized and have a special structure) for which the
speci�cation of the Weyl matrix uniquely determines not only the potential but a lso the matrices
of the linear forms. For simplicity, we con�ne ourselves here to the most principal and di�c ult
problem of recovering the potential Q(x):

Let C(x; � ) = [ Ckm (x; � )]k;m = 1;n be a matrix-solution of system (1) under the initial condition
U(C) = hC(0; � ) = I (here and below I denotes the identity matrix of the corresponding
dimension or the identity operator in the corresponding Banach space). In other words, the
column-vectors Cm (x; � ) = [ Ckm (x; � )]t

k= 1;n
, m = 1; n; are solutions of (1) under the initial

conditions U� (Cm ) = � �m ; �; m = 1; n: The functions Ckm (x; � ) are entire in � for each �xed x:
Clearly, �( x; � ) = C(x; � )N (� ); where N (� ) := M t (� ): One has

M mk (� ) = (� mm (� )) � 1� mk (� ); 1 6 m < k 6 n; (2)

where

� mk (� ) := ( � 1)m+ k det[V� (C� )]� = 1;n� m;� = m;n nk ; 1 6 m 6 k 6 n; � nn (� ) := 1 :

It is known that the � -plane can be partitioned into sectorsSj = f � : arg � 2 (� j ; � j +1 )g,
j = 0; 2r � 1, 0 6 � 0 < � 1 < : : : < � 2r � 1 6 2� in which there exist permutations i k = i k (Sj ) of
the numbers 1; : : : ; n; such that for the numbers Rk = Rk (Sj ) of the form Rk = � i k one has

Re(�R 1) < : : : < Re(�R n ); � 2 Sj : (3)

We put � j +2 kr := � j , Sj +2 kr := Sj , k 2 Z, and denote � j = f � : arg � = � j g. Clearly,
� j +2 kr := � j , k 2 Z: We note that the number 2r of the sectors Sj depends on the location of
the numbers f � kgk= 1;n on the complex-plane, and1 6 r 6 n(n � 1)=2: For example, if all � k lie
on a line containing the origin, then r = 1 : Denote


 0
mk (j 1; : : : ; j m ) := det[ h�;j � ]� = 1;m� 1;k; � = 1;m ; 1 6 m 6 k 6 n;


 0
m (j 1; : : : ; j m ) := 
 0

mm (j 1; : : : ; j m ); 
 0
0 := 1 ;


 1
m (j m+1 ; : : : ; j n ) := det[ H �;j � ]� = 1;n� m; � = m+1 ;n :

Let

 0

m (i 1; : : : ; im ) 6= 0 ; 
 1
m (i m+1 ; : : : ; in ) 6= 0 ; m = 1; n � 1; j = 0; 2r � 1; (4)

where i k = i k (Sj ) is the above-mentioned perturbation for the sectorSj . Condition (4) is called the
regularity condition . Systems, that do not satisfy the regularity condition, possess qualitatively
di�erent properties for investigating inverse problems and are not considered in this paper.

Fix j = 0; 2r � 1: For � 2 � j ; strict inequalities from (3) in some places become equalities.
Let mi = mi (j ), pi = pi (j ), i = 1; s; be such that for � 2 � j ;

Re(�R m i � 1) < Re(�R m i ) = : : : = Re(�R m i + pi ) < Re(�R m i + pi +1 ); i = 1; s;

where Rk = Rk (Sj ):
Denote N j := f m : m = m1; m1 + p1 � 1; : : : ; ms; ms + ps � 1g, Jm := f j : m 2 N j g,


 m =
S

j 2 Jm

� j , � m = C n 
 m is the � - plane without the cuts along the rays from 
 m . Clearly, the

domain � m =
S

�
Sm� consists of sectorsSm� ; each of which is a union of several sectorsSj with

the same collectionf R� g� = 1;m . Let � j;� := f � : dist (�; � j ) 6 � g; � > 0; be a strip along the ray

� j , and let 
 m;� :=
S

j 2 Jm

� j;� = f � : dist (�; 
 m ) 6 � g: Denote � 1
� :=

2r � 1S

j =0
� j;� , � 1 :=

2r � 1S

j =0
� j .
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Denote by � m = f � lm gl> 1, m = 1; n � 1, the set of zeros (with multiplicities) of the entire

function � mm (� ); and put � :=
n� 1S

m=1
� m : The numbers f � lm gl> 1 coincide with the eigenvalues of

the boundary value problemL m for system (1) under the conditions U� (Y ) = V� (y) = 0 , � = 1; m,

� = 1; n � m. Denote G�;m = f � : j� � � lm j > �; l > 1g, G� =
n� 1T

m=1
G�;m . Let � 0

m = f � 0
lm gl> 1,

m = 1; n � 1; be the eigenvalues of the �simplest� boundary value problemsL 0
m for system (1)

with Q(x) � 0: The following properties of the Weyl matrix were established in [8].

Theorem 1. 1. The Weyl functions M mk (� ); k > m are meromorphic in � with the set
� m = f � lm gl> 1 of poles. For j� j ! 1 ; arg � = � 2 (� j ; � j +1 );

M mk (� ) = M 0
mk + O(� � 1);

where M 0
mk = (
 0

m (i 1; : : : ; im )) � 1
 0
mk (i 1; : : : ; im ): Moreover,

jM mk (� )j 6 C� ; � 2 G�;m : (5)

2. There exists � > 0 such that � m � 
 m;� . Moreover, � m =
S

j 2 Jm

� mj , where � mj 2 � j;� is

the subsequence of� m located in the strip � j;� ; j 2 Jm .
3. The numbernma of zeros of � mm (� ) in the domain 
 a

m;� := f � : � 2 
 m;� ; j� j 2 [a; a+ 1]g
is bounded with respect to a:

4. There exist positive numbersrN ! 1 such that for su�ciently small � > 0; the circles
j� j = rN lie in G� for all N:

5. For m = 1; n � 1; one has � lm = � 0
lm + O(l � 1) as l ! 1 :

We consider the di�erential system

` � Z (x) := � Z 0(x)Q0 + Z (x)Q(x) = �Z (x);

where Z = [ zk ]k= 1;n is a row-vector. Clearly,

Z (x)`Y (x) � ` � Z (x)Y (x) =
d

dx

�
Z (x)Q0Y(x)

�
: (6)

It follows from ( 6) that if `Y (x; � ) = �Y (x; � ) and ` � Z (x; � ) = �Z (x; � ); then

(� � � )Z (x; � )Y (x; � ) =
d

dx

�
Z (x; � )Q0Y(x; � )

�
: (7)

Put U � (Z ) = Z (0)h� ; V � (Z ) = Z (T)H � ; where h� = [ h�
k� ]k;� = 1;n := Q0h� 1; H � =

= [H �
k� ]k;� = 1;n := Q0H � 1: Then U � (Z ) = [ U �

n (Z ); : : : ; U �
1 (Z )]; V � (Z ) = [ V �

n (Z ); : : : ; V �
1 (Z )];

where U �
n� � +1 (Z ) = Z (0)[h�

k� ]t
k= 1;n

, V �
n� � +1 (Z ) = Z (T)[H �

k� ]t
k= 1;n

Denote R�
m := � Rn� m+1 . Let vector-functions � �

m (x; � ) = [� �
km (x; � )]k= 1;n ; m = 1; n

be solutions of the equation ` � Z = �Z; satisfying the conditions U �
� (� �

m ) = � �m ; � = 1; m;
V �

� (� �
m ) = 0 ; � = 1; n � m. We put � � (x; � )= [� �

n� m+1 (x; � )]t
m= 1;n

=[� �
n� m+1 ;k (x; � )]m;k = 1;n .

2. Solution of the inverse problem

It was proved in [8] that the speci�cation of the Weyl matrix M (� ) uniquely determines
the potential matrix Q(x): In this section, we provide a constructive solution to the inverse
problem of recovering the potential matrix Q(x) from the given Weyl matrix M (� ): For this
purpose, we reduce our nonlinear inverse problem to the solution of the so-calledmain equation,
which is a linear equation in a corresponding Banach space of sequences. We give aderivation of
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the main equation and prove its unique solvability. Using the solution of the main equation we
provide an algorithm for the solution of the inverse problem along with necessary and su�cient
conditions for its solvability. For simplicity, in the sequel we con�ne ourselves to the case when
the functions � mm (� ); m = 1; n � 1; have only simple zeros (the general case requires minor
technical modi�cations).

For � 0 2 � we de�ne the matrix F (� 0) = [ Fjk (� 0)] j;k = 1;n via

F (� 0) = � (Nh0i (� 0)) � 1Nh� 1i (� 0):

Here and belowf hki (� 0) = ( f (� ))hki
j� = � 0

denotes thek-th Laurent's coe�cient for the function f (� )
at the point � = � 0. In particular, f h� 1i (� 0) = Res

� = � 0
f (� ):

Denote As(� 0) = [ F�j (� 0)] j = 1;n� s; � = n� s;n ; s = 1; n � 1; � 0 = � n = ? .
Property S1. If � 0 =2 � m , then Fm+1 ;j (� 0) = : : : = Fnj (� 0) = 0 , j = 1; m. If, moreover,

� < m � 1; � 0 =2 � � ; � 0 2 � � +1
T

: : :
T

� m� 1, � 0 =2 � m ; 1 6 � + 1 < m 6 n, then Fm;� +1 (� 0) 6= 0 :
Property S2. The following relation holds rank As(� 0) 6 1, s = 1; n � 1.
Fix N > 1: Denote by WN the set of functions f (x) such that f (� ) (x); � = 0; N � 1; are

absolutely continuous on[0; T]: We will write ` 2 VN if Q(x) 2 WN . We will solve the inverse
problem in the classesVN .

Let ` 2 VN and let the Weyl matrix M (� ) for system (1) be given. We take an arbitrary
o�-diagonal potential ~Q(x) 2 WN : We agree that everywhere below if a symbol� denotes an
object related to Q; then ~� will denote the analogous object related to ~Q; and �̂ := � � ~�:

Choose� > 0 such that � 1 := � [ ~� � � 1
� : Let ! be the contour (with a counterclockwise

circuit) which is the boundary of � 1
� , i.e. ! := f � : dist(�; � 1) = � g:

Denote J := f � : dist(�; � 1) > � g: Then the following relations hold

~�( x; � ) = �( x; � ) +
1

2�i

Z

!
�( x; � ) ~� � (x; � )Q0 ~�( x; � )

d�
� � �

; � 2 J; (8)

� � (x; � )Q0�( x; � )
� � �

�
~� � (x; � )Q0 ~�( x; � )

� � �
=

=
1

2�i

Z

!
� � (x; � )Q0�( x; � ) ~� � (x; � )Q0 ~�( x; � )

d�
(� � � )( � � � )

; �; � 2 J: (9)

Denote

� l :=
nX

k=2

�
j� l;k � 1 � ~� l;k � 1j +

k� 1X

s=1

j
 skl � ~
 skl j
�

; l > 1;

where 
 skl := Fks(� l;k � 1); ~
 skl := ~Fks( ~� l;k � 1); s = 1; k � 1; k = 2; n; l > 1: It is possible to
choose ~Q(x) such that � l = O(l � N � 1) for l ! 1 :

For � 0 2 � 1 we introduce the matrix ~D(x; � 0; � ) = [ ~Dsm (x; � 0; � )]s;m= 1;n by the formula

~D(x; � 0; � ) :=
� ~� � (x; � )Q0 ~�( x; � )

� � �

� h0i

j� = � 0

=
� ~� �

h� 1i (x; � 0)

(� � � 0)2 +
~� �

h0i (x; � 0)

� � � 0

�
Q0 ~�( x; � ):

Denote � lk 0 = � lk ; � lk 1 = ~� lk ; 
 sk
l0 = 
 skl ; 
 sk

l1 = ~
 skl . We introduce the matrices

' l" (x) = [ ' ik
l" (x)] i = 1;n; k = 2;n ; ~' l" (x) = [ ~' ik

l" (x)] i = 1;n; k = 2;n ;

Pl" (x; � ) = [ P km
l" (x; � )]k= 2;n; m = 1;n ; ~Pl" (x; � ) = [ ~P km

l" (x; � )]k= 2;n; m = 1;n ;

G(l" )( l0" 0 ) (x) = [ Gkm
(l" )( l0" 0 ) (x)]k;m = 2;n ; ~G(l" )( l0" 0 ) (x) = [ ~Gkm

(l" )( l0" 0 ) (x)]k;m = 2;n ;

l; l 0 > 1; "; " 0 = 0 ; 1;
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by the formulae

' ik
l" (x) = � ik; h0i (x; � l;k � 1;" ); ~' ik

l" (x) = ~� ik; h0i (x; � l;k � 1;" );

P km
l" (x; � ) =

k� 1X

s=1


 sk
l" Dsm (x; � l;k � 1;" ; � ); ~P km

l" (x; � ) =
k� 1X

s=1


 sk
l"

~Dsm (x; � l;k � 1;" ; � );

Gkm
(l" )( l0" 0 ) (x) = P km

l"; h0i (x; � l0 ;m � 1;" 0 ); ~Gkm
(l" )( l0" 0 ) (x) = ~P km

l"; h0i (x; � l0 ;m � 1;" 0 ):

Denote ulm (x) := j exp( ~� l;m � 1Rm x)j; l 2 ~� m� 1;j ; j 2 Jm� 1; Rm = Rm (Sj ): Using (8) and taking
our notations into account we obtain

~�( x; � ) = �( x; � ) +
X

l> 1

�
' l0(x) ~Pl0(x; � ) � ' l1(x) ~Pl1(x; � )

�
: (10)

It follows from ( 10) that

~' l0" 0 (x) = ' l0" 0 (x) +
X

l> 1

�
' l0(x) ~G(l0)( l0" 0 ) (x) � ' l1(x) ~G(l1)( l0" 0 ) (x)

�
; (11)

l0 > 1; "0 = 0 ; 1:

For each �xed x 2 [0; T], relation (11) can be considered as a system of linear equations with
respect to ' l" (x), l > 1, " = 0 ; 1. But the series in (11) converges only �with brackets�. Therefore,
it is not convenient to use (11) as a main equation of the inverse problem. Below we will
transfer (11) to a linear equation in a corresponding Banach space of sequences (see (15)).

For this purpose we introduce the matrices

 l" (x) = [  ik
l" (x)] i = 1;n; k = 2;n ; H (l" )( l0" 0 ) (x) = [ H km

(l" )( l0" 0 ) (x)]k;m = 2;n ; l; l 0 > 1; "; " 0 = 0 ; 1;

by the formulae

 ik
l0 (x) = ( � l ulk (x)) � 1(' ik

l0(x) � ' ik
l1(x)) ;  ik

l1 (x) = ( ulk (x)) � 1' ik
l1(x); (12)

H km
(l0)( l00)(x) = � l ulk (x)( � l0 ul0m (x)) � 1

�
Gkm

(l0)( l00)(x) � Gkm
(l0)( l01)(x)

�
;

H km
(l0)( l01)(x) = � l ulk (x)(ul0m (x)) � 1 Gkm

(l0)( l01)(x);

H km
(l1)( l00)(x) = ulk (x)( � l0 ul0m (x)) � 1

�
Gkm

(l0)( l00)(x) � Gkm
(l0)( l01)(x) � Gkm

(l1)( l00)(x) + Gkm
(l1)( l01)(x)

�
;

H km
(l1)( l01)(x) = ulk (x)(ul0m (x)) � 1

�
Gkm

(l0)( l01)(x) � Gkm
(l1)( l01)(x)

�
:

Similarly, we de�ne the matrices ~ l" (x) and ~H (l" )( l0" 0 ) (x): Then

j ik
l" (x)j 6 C; j ~ ik

l" (x)j 6 C; (13)

jH km
(l" )( l0" 0 ) (x)j; j ~H km

(l" )( l0" 0 ) (x)j 6
C� l

jl � l0j + 1
: (14)

Let V be a set of indicesu = ( l; " ), l > 1, " = 0 ; 1. For each �xed x 2 [0; T]; we de�ne the vector

 (x) = [  u(x)]u2 V = [  l0(x);  l1(x)] l> 1 = [  10;  11;  20;  21; : : :];

and the block matrix

H (x) = [ Huv (x)]u;v2 V =

"
H (l0)( l00)(x) H (l0)( l01)(x)

H (l1)( l00)(x) H (l1)( l01)(x)

#

l;l 0> 1

;
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u = ( l; " ); v = ( l0; "0); "; " 0 = 0 ; 1:

Analogously, we de�ne the matrices ~ (x) and ~H (x): In view of our notations, relation (11)
transforms to the form

~ l0" 0 (x) =  l0" 0 (x) +
X

l;"

 l" (x) ~H (l" )( l0" 0 ) (x); l; l 0 > 1; "; " 0 = 0 ; 1;

or, which is the same,
~ (x) =  (x)( I + ~H (x)) : (15)

According to (13) and (14), the series in (15) converges absolutely and uniformly inx 2 [0; T]:
Starting from (8), we arrived at (15). By similar arguments, starting from (9) one can get

the relation
(I + ~H (x))( I � H (x)) = I:

Interchanging places for Q and ~Q, we obtain

(I � H (x))( I + ~H (x)) = I:

Let us consider the Banach spacem of bounded sequences� = [ � u ]u2 V with the norm
k� k = supu2 V j� u j. It follows from (14) that for each �xed x 2 [0; T]; the operators I + ~H (x) and
I � H (x); acting from m to m; are linear bounded operators, and

kH (x)k; k ~H (x)k 6 C sup
l> 1

X

l0> 1

� l

jl � l0j + 1
< 1 :

Thus, we have proved the following theorem

Theorem 2. For each �xed x 2 [0; T]; the vector  (x) 2 m satis�es the equation (15) in
the Banach spacem: Moreover, the operator I + ~H (x) has a bounded inverse operator, i.e.
equation (15) is uniquely solvable.

Equation (15) is called the main equation of the inverse problem. Solving(15) we �nd the
vector  (x), and consequently, the functions' l" (x). Then, by (10) we calculate �( x; � ): Denote

"(x) =
1

2�i

Z

!

�
�( x; � ) ~� � (x; � )Q0 � Q0�( x; � ) ~� � (x; � )

�
: (16)

Theorem 3. The following relation holds

Q(x) = ~Q(x) + "(x): (17)

Proof. Di�erentiating ( 8) and using (7), we calculate

~� 0(x; � ) = � 0(x; � ) +
1

2�i

Z

!
� 0(x; � ) ~� � (x; � )Q0 ~�( x; � )

d�
� � �

�

�
1

2�i

Z

!
�( x; � ) ~� � (x; � ) ~�( x; � )d�:

Since �( x; � ) is a solution of system (1) it follows that � 0(x; � ) = ( �B 0 � B (x))�( x; � ); where
B0 = Q� 1

0 ; B (x) = B0Q(x): Similarly, ~� 0(x; � ) = ( �B 0 � ~B (x)) ~�( x; � ): This yields

(�B 0 � ~B (x)) ~�( x; � ) = ( �B 0 � B (x))�( x; � )+

+
1

2�i

Z

!
(�B 0 � B (x))�( x; � ) ~� � (x; � )Q0 ~�( x; � )

d�
� � �

�
1

2�i

Z

!
�( x; � ) ~� � (x; � ) ~�( x; � )d�:
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Replacing here�( x; � ) from (8), we calculate

B̂ (x) ~�( x; � ) =
1

2�i

Z

!
B0�( x; � ) ~� � (x; � )Q0 ~�( x; � )d� �

1
2�i

Z

!
�( x; � ) ~� � (x; � ) ~�( x; � )d�:

Multiplying this relation from the left on Q0, we obtain Q̂(x) ~� (x; � ) = "(x) ~� (x; � ); and
consequently, (17) holds. �

The solution of the inverse problem can be found by the following algorithm.
Algorithm. Given the Weyl matrix M (� ):
1. Choose ~Q(x); and construct ~ (x) and ~H (x):
2. Find  (x) by solving equation (15).
3. Calculate �( x; � ) via (10), where ' l" (x) is constructed from (12).
4. Construct Q(x) by (17).
Let us now formulate the necessary and su�cient conditions for the solvability of the inverse

problem. Denote byW the set of meromorphic matricesM (� ) = [ M mk (� )]m;k = 1;n , M mk (� ) � � mk
for m > k; having only simple poles � =

S
m � m (in general, the set � is di�erent for each

matrix M (� )) and such that (5) is valid and for each� 0 2 � the properties S1 and S2 hold.
Clearly, if ` 2 VN and M (� ) is the Weyl matrix for `; then M (� ) 2 W :

Theorem 4. A matrix M (� ) 2 W is the Weyl matrix for some ` 2 VN if and only if the
following conditions hold:

1) (asymptotics) there exists ~̀2 VN such that
P

l � l < 1 ;
2) (condition S) for each �xed x 2 [0; T] the linear bounded operator I + ~H (x); acting from

m to m; has a bounded inverse operator;
3) " (x) 2 WN ; where "(x) is de�ned by (16).
Under these conditions, the potential Q(x) is constructed by Algorithm.

The necessity part is proved above. In the su�ciency part, we have a matrix M (� ) 2 W
satisfying the conditions of Theorem 4. Using the Algorithm we construct the potential Q(x); i.e.
we construct ` 2 VN : By similar arguments as in [8], one can check that the matrix M (� ) is the
Weyl matrix for `:

Remark. The inverse problem from a system of spectra.

The zeros� mk := f � lmk g of the entire functions � mk (� ) coincide with the eigenvalues of the
boundary value problemsL mk for system (1) with the boundary conditions

U1(Y ) = : : : = Um� 1(Y ) = Uk (Y ) = V1(Y ) = : : : = Vn� m (Y ) = 0 :

The inverse problem of recovering the potential from the system of spectra isformulated
as follows: given the spectra � m and � mk of the boundary value problemsL m and L mk
(m = 1; n � 1; k > m ), construct the potential Q(x): Since the functions � mk (� ) are uniquely
determined by their zeros, it follows from (2) that this inverse problem can be reduced to the
inverse problem from the Weyl matrix.
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Àííîòàöèÿ. Ïðåäñòàâëåí íîâûé ïîäõîä ê ðåøåíèþ çàäà÷è îá èäåíòè-
ôèêàöèè ïåðåìåííûõ õàðàêòåðèñòèê íåîäíîðîäíîãî óïðóãîãî èçîòðîï-
íîãî òåëà. Ïðèâåäåíû íàèáîëåå óïîòðåáèòåëüíûå ïîñòàíîâêè çàäà÷
îá îïðåäåëåíèè ïåðåìåííûõ ìåõàíè÷åñêèõ õàðàêòåðèñòèê (ïàðàìåòðû
Ëàìå è ïëîòíîñòü � ôóíêöèè êîîðäèíàò). Îáðàòíàÿ çàäà÷à èäåíòè-
ôèêàöèè ñâîéñòâ â ñèëó ñâîåé ñóùåñòâåííîé íåëèíåéíîñòè îáû÷íî
ðåøàåòñÿ èòåðàöèîííûì îáðàçîì, ïðè÷åì êàæäàÿ èòåðàöèÿ òðåáóåò
ðåøåíèÿ ïðÿìîé çàäà÷è äëÿ íåêîòîðîãî íà÷àëüíîãî ïðèáëèæåíèÿ è
ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà ñ ãëàäêè-
ìè ÿäðàìè äëÿ íàõîæäåíèÿ ïîïðàâîê. Òàêîé ïîäõîä, â ñâîþ î÷åðåäü,
òðåáóåò çàäàíèÿ ïîëÿ ïåðåìåùåíèé â îáëàñòè, â êîòîðîé îñóùåñòâ-
ëÿåòñÿ íàãðóæåíèå. Ïðåäëîæåí ïîäõîä, íà áàçå êîòîðîãî âîçìîæíî
îñóùåñòâëÿòü ðåêîíñòðóêöèþ ïðè ñúåìå äîïîëíèòåëüíîé èíôîðìàöèè
î ïîëå ñìåùåíèé â îáëàñòè, îòëè÷íîé îò îáëàñòè íàãðóæåíèÿ, â áîëåå
óçêîì ïðîñòðàíñòâå ïîèñêà. Ïðåäñòàâëåí ïðèìåð òàêîé ðåêîíñòðóê-
öèè â çàäà÷å î ïðîäîëüíûõ êîëåáàíèÿõ íåîäíîðîäíîãî ñòåðæíÿ, ãäå
àìïëèòóäíî-÷àñòîòíàÿ õàðàêòåðèñòèêà çàäàíà âî âíóòðåííåé òî÷êå
ñòåðæíÿ, à íàãðóæåíèå ðåàëèçîâàíî íà òîðöå. Ïðèâåäåíû ðåçóëüòàòû
âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî ðåêîíñòðóêöèè ìîäóëÿ óïðóãîñòè
è ïëîòíîñòè â âèäå äâóõ ôóíêöèé ïðîäîëüíîé êîîðäèíàòû.
Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, íåîäíîðîäíûå ñâîéñòâà, êîëåáà-
íèÿ, àìïëèòóäíî-÷àñòîòíûå õàðàêòåðèñòèêè
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On a new approach to identifying inhomogeneous mechanical properties
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Abstract. A new approach to solving the problem of identifying the variable characteristics of an
inhomogeneous elastic isotropic body is presented. The most common formulations of problems on
determining variable mechanical characteristics (the Lam�e parameters and density are functions of
coordinates) are presented. The inverse problem of identifying properties, due to its signi�cant nonlinearity,
is usually solved iteratively, with each iteration requiring the solution of a direct problem for some initial
approximation and a system of the Fredholm integral equations of the �rst kind with smooth kernels to
�nd corrections. This approach, in turn, requires specifying the displacement �eld in the area in which the
loading occurs. An approach is proposed on the basis of which it is possible to carry out reconstruction by
obtaining additional information about the displacement �eld in an area other than the loading area in a
narrower search space. An example of such a reconstruction is presented in the problem of longitudinal
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Ââåäåíèå

Àíàëèòè÷åñêèå è ÷èñëåííûå ìåòîäû ðåøåíèÿ êîýôôèöèåíòíûõ îáðàòíûõ çàäà÷ ìåõàíèêè
(ÊÎÇ) � èíòåíñèâíî ðàçâèâàþùàÿñÿ îáëàñòü, íàõîäÿùàÿñÿ íà ñòûêå êëàññè÷åñêîé ìåõàíèêè
ñïëîøíîé ñðåäû ñ ïåðåìåííûìè ñâîéñòâàìè, ìàòåìàòè÷åñêîé òåîðèè íåêîððåêòíûõ çàäà÷ è
âû÷èñëèòåëüíîé ìàòåìàòèêè. Â îáðàòíûõ çàäà÷àõ òàêîãî òèïà òðåáóåòñÿ âîññòàíîâèòü (èëè
îöåíèòü ñòåïåíü èçìåí÷èâîñòè) ôèçè÷åñêèå õàðàêòåðèñòèêè ïî äîïîëíèòåëüíîé èíôîðìàöèè,
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ïîëó÷àåìîé ïðè çîíäèðîâàíèè îáúåêòà èññëåäîâàíèÿ íåêîòîðîé íàãðóçêîé, ìåíÿþùåéñÿ âî
âðåìåíè. Äîïîëíèòåëüíàÿ èíôîðìàöèÿ äëÿ ìîäåëåé òåîðèè óïðóãîñòè ïðè ñòàöèîíàðíîì
âîçäåéñòâèè îáû÷íî çàäàåòñÿ â âèäå çíà÷åíèé ðåçîíàíñíûõ ÷àñòîò è ìîä êîëåáàíèé èëè
èíôîðìàöèè î ïîëÿõ ñìåùåíèé. Èñêîìûå ôèçè÷åñêèå õàðàêòåðèñòèêè ìîãóò áûòü ïîñòîÿííûìè
èëè çàâèñÿùèìè îò êîîðäèíàò ôóíêöèÿìè, è çàäà÷à èõ îïðåäåëåíèÿ îòíîñèòñÿ ê íåêîððåêòíûì
çàäà÷àì, äëÿ êîòîðûõ õàðàêòåðíû âîçìîæíàÿ íååäèíñòâåííîñòü è ñèëüíàÿ çàâèñèìîñòü
ðåêîíñòðóêöèè îò ìàëûõ âîçìóùåíèé èçìåðåííûõ ïîëåé èëè ÷àñòîò [ 1]. Îòìåòèì, ÷òî
òåîðèÿ îáðàòíûõ êîýôôèöèåíòíûõ çàäà÷ áåðåò ñâîå íà÷àëî ñ îáðàòíîé çàäà÷è ðàññåÿíèÿ,
â êîòîðîé ïî áåñêîíå÷íîìó ñïåêòðó âîññòàíàâëèâàåòñÿ ïîòåíöèàë. Ýòîé ïðîáëåìå è åå
ìàòåìàòè÷åñêèì àñïåêòàì ïîñâÿùåíî äîñòàòî÷íîå êîëè÷åñòâî èññëåäîâàíèé, ïðîäîëæàþùèõ ñÿ
è ïî ñåé äåíü [ 2, 3]. Â íàñòîÿùåå âðåìÿ èìååòñÿ ìíîãî íàó÷íûõ ðàáîò è ìîíîãðàôèé,
ïîñâÿùåííûõ ðàçëè÷íûì àñïåêòàì ïîñòàíîâîê, ìåòîäàì ðåøåíèÿ è èõ ðåàëèçàöèÿì äëÿ ÊÎÇ,
âîçíèêàþùèõ â ðàçíûõ ðàçäåëàõ ìàòåìàòè÷åñêîé ôèçèêè. Ñðåäè ìíîæåñòâà èññëåäîâàíèé
îòå÷åñòâåííûõ è çàðóáåæíûõ àâòîðîâ â ýòîì íàïðàâëåíèè îòìåòèì [ 4� 12], ïîñâÿùåííûå
ìàòåìàòè÷åñêèì àñïåêòàì ïîñòàíîâîê è àíàëèçó çàäà÷, äîêàçàòåëüñòâó òåîðåì ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè, â ïåðâóþ î÷åðåäü èñïîëüçóþùèå ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé,
è [13� 15], â êîòîðûõ îáñóæäåíû ðàçëè÷íûå àñïåêòû ÷èñëåííîé ðåàëèçàöèè äëÿ øèðîêîãî
êëàññà çàäà÷, âîçíèêàþùèõ â çàäà÷àõ òåïëîôèçèêè, òåîðèè óïðóãîñòè è â ìåõàíèêå ñâÿçàííûõ
ïîëåé [ 16].

Â íàó÷íîé ëèòåðàòóðå ñóùåñòâóåò ðàçäåëåíèå íà êîíå÷íîìåðíûå ÊÎÇ (â íèõ êîýôôè-
öèåíòû ìîäåëåé ïîñòîÿííû) è áåñêîíå÷íîìåðíûå, â êîòîðûõ îòûñêèâàåòñÿ ðåøåíèå ÊÎÇ â
íåêîòîðûõ ïîëîæèòåëüíûõ êîíóñàõ, âëîæåííûõ â äîñòàòî÷íî õîðîøî èçó÷åííûå ïðîñòðàíñòâà
ôóíêöèé (íåïðåðûâíûõ, ñóììèðóåìûõ). Â áîëüøèíñòâå ïóáëèêàöèé äëÿ êîíå÷íîìåðíûõ ÊÎÇ
èñïîëüçóåòñÿ ìèíèìèçàöèÿ êàê ôóíêöèîíàëà íåâÿçêè, òàê è ôóíêöèîíàëà Òèõîíîâà. Îâðà-
æèñòûé õàðàêòåð ýòèõ ôóíêöèîíàëîâ äàëåêî íå âñåãäà ïîçâîëÿåò èñïîëüçîâàòü ãðàäèåíòíûå
ïðîöåäóðû ìèíèìèçàöèè; â ïîñëåäíåå âðåìÿ ÷àñòî ïðè ðåàëèçàöèè èñïîëüçóþòñÿ íåéðîñåòè è
ýâîëþöèîííûå àëãîðèòìû [ 17].

Â ñëó÷àå çàâèñèìîñòè èñêîìûõ ïàðàìåòðîâ-ôóíêöèé îò êîîðäèíàò îïåðàòîðíûå óðàâíåíèÿ,
ñâÿçûâàþùèå çàäàííûå è èñêîìûå ôóíêöèè, â îáùåì ñëó÷àå íåîäíîðîäíîñòè â ÿâíîì âèäå íå
ìîãóò áûòü ïîñòðîåíû; ðåøåíèÿ ïðÿìûõ çàäà÷ â ýòîì ñëó÷àå ìîãóò áûòü ïîñòðîåíû ëèøü
ñ ïîìîùüþ êàêèõ-ëèáî ÷èñëåííûõ ìåòîäîâ: êîíå÷íûõ ýëåìåíòîâ, êîíå÷íî-ðàçíîñòíûõ èëè
ïðÿìûõ òèïà Ãàëåðêèíà èëè Ðèòöà. Ïðè ýòîì íà ïðåäâàðèòåëüíîì ýòàïå èññëåäîâàíèé òðåáó-
åòñÿ îïðåäåëÿòü ôóíêöèè, õàðàêòåðèçóþùèå ñâîéñòâà ìàòåðèàëà îáúåêòà, ÷òî íåâîçìîæíî
áåç äîñòàòî÷íî òî÷íîãî ðåøåíèÿ ïðÿìûõ çàäà÷. Òàêèì îáðàçîì, ïðÿìàÿ è îáðàòíàÿ çàäà÷è
îêàçûâàþòñÿ íåðàçðûâíî ñâÿçàííûìè.

Îòìåòèì, ÷òî íà ñîâðåìåííîì ýòàïå ðàçâèòèÿ íàóêè è òåõíîëîãèé ïðè èññëåäîâàíèè ðÿäà
ïðîáëåì äåôîðìèðîâàíèÿ è ïðî÷íîñòè òâåðäûõ òåë â íîâûõ îáëàñòÿõ (ìåõàíèêà êîìïîçèòîâ è
ôóíêöèîíàëüíî-ãðàäèåíòíûõ ñòðóêòóð, ãåîôèçèêà è ãîðíàÿ ìåõàíèêà, áèîìåõàíèêà) [ 18� 25]
ìîäåëü îäíîðîäíîé ñðåäû äàëåêî íå âñåãäà ìîæåò áûòü èñïîëüçîâàíà äëÿ àäåêâàòíîãî îïèñàíèÿ
äåôîðìèðîâàíèÿ ýëåìåíòîâ ïðèðîäíûõ è èñêóññòâåííûõ êîíñòðóêöèé.

Äëÿ àíàëèçà êîëåáàíèé è èñïîëüçîâàíèÿ ìîäåëè íåîäíîðîäíîé òåîðèè óïðóãîñòè íåîáõî-
äèìî çíàòü â ñàìîì ïðîñòîì ñëó÷àå íåïðåðûâíî-íåîäíîðîäíîãî (èëè êóñî÷íî-îäíîðîäíîãî)
èçîòðîïíîãî òåëà òðè ôóíêöèè (ìîäóëè Ëàìå è ïëîòíîñòü ñðåäû). Ïðè ýòîì ôèçè÷åñêèå
õàðàêòåðèñòèêè çàäàþòñÿ ñ ïîìîùüþ ôóíêöèîíàëüíûõ çàâèñèìîñòåé, êîòîðûå äîëæíû áûòü
ïðåäâàðèòåëüíî îïðåäåëåíû èç íåêîòîðûõ ýêñïåðèìåíòîâ èëè íàáëþäåíèé, êàê ïðàâèëî,
ñâÿçàííûõ ñ èçìåðåíèåì ãðàíè÷íûõ èëè âíóòðåííèõ ïîëåé ñìåùåíèé ïðè âîçáóæäåíèè êî-
ëåáàíèé íåêîòîðîé íàãðóçêîé. ×àùå âñåãî òàêèå çàâèñèìîñòè ïðåäïîëàãàþòñÿ îäíîìåðíûìè
(îñîáåííî ïðè èñïîëüçîâàíèè ìîäåëåé ñòåðæíåé, ñëîÿ, ïîëóïðîñòðàíñòâà èëè ñëîèñòîãî ïî-
ëóïðîñòðàíñòâà), à íàèáîëåå ðàñïðîñòðàíåííûé ñïîñîá èõ îïðåäåëåíèÿ � àíàëèç îòêëèêà
èññëåäóåìîãî îáúåêòà ïðè âîçìîæíîì âàðüèðîâàíèè ñïîñîáà íàãðóæåíèÿ. Ïðè ýòîì çàä à÷à
îïðåäåëåíèÿ íåñêîëüêèõ ôóíêöèé [ 26� 29] ïðèâîäèò ê èññëåäîâàíèþ äîâîëüíî ñëîæíûõ íåëè-
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íåéíûõ îáðàòíûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ è ãèïåðáîëè÷åñêèõ îïåðàòîðîâ (èëè îïåðàòîðîâ
ñìåøàííîãî òèïà). Îòìåòèì, ÷òî äîâîëüíî ÷àñòî ïðèíèìàåìûé êóñî÷íî-ïîñòîÿííûé õàðàêòåð
èçìåíåíèÿ èñêîìûõ õàðàêòåðèñòèê â ðÿäå ñèòóàöèé îïðàâäàí, ïîñêîëüêó ýòî ïðåäïîëîæåíè å
ñóùåñòâåííî ñóæàåò îáëàñòü ïîèñêà è çíà÷èòåëüíî óïðîùàåò èññëåäîâàíèå îáðàòíûõ çàäà÷
(ñâîäÿ èõ ê êîíå÷íîìåðíûì), îäíàêî ìîæåò ïðèâåñòè ê ñóùåñòâåííîìó èñêàæåíèþ ðåçóëüòàòîâ
èäåíòèôèêàöèè è, êàê ñëåäñòâèå, ê îøèáêàì ïðè àíàëèçå äèíàìè÷åñêîãî îòêëèêà èëè ïðè
ïðîãíîçèðîâàíèè ðåñóðñà êîíñòðóêöèè.

1. Îáùàÿ ïîñòàíîâêà çàäà÷ äëÿ ìîäåëè íåîäíîðîäíîé èçîòðîïíîé
òåîðèè óïðóãîñòè

Îïðåäåëåíèå ïåðåìåííûõ ìåõàíè÷åñêèõ õàðàêòåðèñòèê íåîäíîðîäíûõ òðåõìåðíûõ óïðóãèõ
òåë, òàêèõ êàê ïàðàìåòðû Ëàìå è ïëîòíîñòü, ÿâëÿåòñÿ âàæíîé çàäà÷åé, â ðàìêàõ êîòîðîé
ìîæíî èññëåäîâàòü ðàçëè÷íûå íîâûå çàäà÷è. Ê ÷èñëó íàèáîëåå âàæíûõ îòíåñåì çàäà÷è ãîðíîé
ìåõàíèêè, áèîìåõàíèêè òêàíåé è áèîìåõàíè÷åñêèõ êîíñòðóêöèé, çàäà÷è ìîíèòîðèíãà ïðè
ïðîèçâîäñòâå íîâûõ ôóíêöèîíàëüíî-ãðàäèåíòíûõ ìàòåðèàëîâ, à òàêæå ïðè îñóùåñòâëåíèè
íåðàçðóøàþùåãî êîíòðîëÿ äëÿ äàâíî ââåäåííûõ â ýêñïëóàòàöèþ êîíñòðóêöèé.

Òàêèå çàäà÷è îáû÷íî ðåøàþòñÿ ïóòåì çîíäèðîâàíèÿ (âîçáóæäåíèå óñòàíîâèâøèõñÿ êî-
ëåáàíèé è èçìåðåíèå àìïëèòóäíî-÷àñòîòíîé õàðàêòåðèñòèêè (À×Õ) íà ÷àñòè ñâîáîäíîé
ïîâåðõíîñòè). Ìåòîäèêè ðåøåíèÿ ñóùåñòâåííî íåëèíåéíûõ îáðàòíûõ çàäà÷ òàêîãî òèïà îïè-
ðàþòñÿ íà äîñòàòî÷íî ñëîæíûé ìàòåìàòè÷åñêèé àëãîðèòì, îñíîâàííûé íà îïåðàòîðíîì ìåòîäå
Íüþòîíà, êîòîðûé òðåáóåò ðåàëèçàöèè èòåðàòèâíûõ ñõåì ñ êîíòðîëåì íåâÿçêè, ðåøåíèåì
ïðÿìûõ çàäà÷ è ñèñòåì èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà (ÈÓÔ) ïåðâîãî ðîäà ñ ãëàäêèìè
ÿäðàìè îòíîñèòåëüíî ïîïðàâîê [ 15].

Âàæíî ðàçâèòèå óïðîùåííûõ àëãîðèòìîâ ðåêîíñòðóêöèè ïåðåìåííûõ ñâîéñòâ (âîçìîæíî,
ñ ñóæåíèåì ïðîñòðàíñòâà ïîèñêà è ïîòåðåé òî÷íîñòè), êîòîðûå áû íå òðåáîâàëè ðåøåíèÿ
íåêîððåêòíûõ çàäà÷ è òàêæå îáåñïå÷èâàëè âûñîêóþ ñêîðîñòü âû÷èñëåíèé. Äëÿ ñëó÷àÿ, êîãäà
ñèñòåìû ÈÓÔ äëÿ íàõîæäåíèÿ ïîïðàâîê íå ìîãóò áûòü ïîñòðîåíû ïî êëàññè÷åñêîé ñõåìå [ 15],
ïðåäëàãàåòñÿ àëãîðèòì èòåðàöèîííîãî ïîèñêà ïîïðàâîê â êëàññå ïîëèíîìèàëüíûõ ôóíêöèé.
Îïèøåì îñíîâíûå ýòàïû ýòîãî ïîäõîäà.

1.1. Ïðÿìàÿ çàäà÷à

Ðàññìîòðèì óñòàíîâèâøèåñÿ êîëåáàíèÿ íåîäíîðîäíîãî óïðóãîãî òåëà ñ ÷àñòîòîé ! . Ïóñòü
òåëî çàíèìàåò îãðàíè÷åííóþ îáëàñòü V ñ ãðàíèöåé S = Su [ Sf [ S� . Êëàññè÷åñêàÿ ïîñòàíîâêà
çàäà÷è ñîäåðæèò óðàâíåíèÿ êîëåáàíèé

� ij;j + �! 2ui = 0 ; i = 1 ; 2; 3; (1)

îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ èçîòðîïíîé ñðåäû

� ij = �u k;k � ij + � (ui;j + uj;i ) (2)

è ãðàíè÷íûå óñëîâèÿ:

ui jSu
= 0 ; � ij nj jSf

= 0 ; � ij nj jS�
= pi ; (3)

ãäåui � êîìïîíåíòû âåêòîðà ïåðåìåùåíèé, � ij � êîìïîíåíòû òåíçîðà íàïðÿæåíèé, nj , pi �
ñîîòâåòñòâåííî êîìïîíåíòû åäèíè÷íîãî âåêòîðà âíåøíåé íîðìàëè ê S è êîìïîíåíòû âåêòîðà
âíåøíåé íàãðóçêè. Áóäåì ðàññìàòðèâàòü m ðàçëè÷íûõ âàðèàíòîâ íàãðóæåíèÿ, ñ÷èòàÿ, ÷òî
pi = p(m)

i (äàëüøå ñîîòâåòñòâóþùèé èíäåêñ m ó ñìåùåíèé è íàïðÿæåíèé îïóñêàåì). Îáëàñòü
Su � çàêðåïëåíà, Sf � ñâîáîäíà îò íàãðóæåíèÿ, íà S� çàäàíà âíåøíÿÿ íàãðóçêà. Ïóñòü � , � ,
� ÿâëÿþòñÿ êóñî÷íî-íåïðåðûâíûìè ïîëîæèòåëüíûìè ôóíêöèÿìè êîîðäèíàò ( � , � � ïàðàìåòðû
Ëàìå, � � ïëîòíîñòü ñðåäû).

Ðåøàÿ çàäà÷ó(1)� (3), îïðåäåëÿåì êîìïîíåíòû âåêòîðà ïåðåìåùåíèé êàê ôóíêöèè êîîðäè-
íàò è ÷àñòîòû êîëåáàíèé.
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1.2. Îáðàòíàÿ çàäà÷à

Â ðàìêàõ ïðåäñòàâëåííîé âûøå ìîäåëè ëèíåéíîé òåîðèè óïðóãîñòè ðàññìîòðèì çàäà÷ó î
íàõîæäåíèè òðåõ ôóíêöèé � , � , � ïî äîïîëíèòåëüíîé èíôîðìàöèè î ïîëå ïåðåìåùåíèé ui ,
çàäàâàåìîé â îáùåì ñëó÷àå â âèäå ôóíêöèé êîîðäèíàò è ÷àñòîòû êîëåáàíèé. Â çàâèñèìîñòè
îò òèïà äîïîëíèòåëüíîé èíôîðìàöèè áóäåì âûäåëÿòü ñëåäóþùèå òðè ïîñòàíîâêè îáðàòíîé
çàäà÷è:

1) êîìïîíåíòû ui çàäàíû âíóòðè âñåé îáëàñòè V ïðè íåêîòîðîì ôèêñèðîâàííîì çíà÷åíèè
÷àñòîòû ! ;

2) êîìïîíåíòû ui çàäàíû â îáëàñòè S� (ò. å. íà ÷àñòè ãðàíèöû îáëàñòè V , ãäå çàäàåòñÿ
íàãðóæåíèå) êàê ôóíêöèè êîîðäèíàò è ÷àñòîòû ! 2 [! � ; ! + ];

3) êîìïîíåíòû ui çàäàíû íà ÷àñòè âíåøíåé ãðàíèöû, ñâîáîäíîé îò íàãðóæåíèÿ â îáëàñòè
Sf 0 � Sf â âèäå ôóíêöèé êîîðäèíàò è ÷àñòîòû ! 2 [! � ; ! + ].

Îòìåòèì, ÷òî ðåøåíî áîëüøîå êîëè÷åñòâî çàäà÷ â ïåðâîé è âòîðîé ïîñòàíîâêàõ [ 26� 29].
Çàäà÷à â ïåðâîé ïîñòàíîâêå ìîæåò áûòü ðåàëèçîâàíà ïðèìåíèòåëüíî ê òîíêîñòåííûì êîíñòðóê-
öèÿì èëè òàêèì ìÿãêèì òêàíÿì, â êîòîðûõ âîçìîæíî èçìåðåíèå âíóòðåííèõ ïåðåìåùåíèé.
Çàäà÷à âî âòîðîé ïîñòàíîâêå ðåøàåòñÿ ïðè ïîìîùè èòåðàöèîííîãî ïðîöåññà íüþòîíîâñêî ãî
òèïà. Ñóòü ìåòîäà çàêëþ÷àåòñÿ â îïðåäåëåíèè íà÷àëüíîãî ïðèáëèæåíèÿ è ïîñëåäîâàòåëüíîì
åãî óòî÷íåíèè ïóòåì íàõîæäåíèÿ ïîïðàâîê. Äëÿ íàõîæäåíèÿ ïîïðàâîê èñïîëüçóåòñÿ óñëîâ èå
ðàçðåøèìîñòè íåîäíîðîäíîé çàäà÷è, âîçíèêàþùåé â ïðîöåññå ëèíåàðèçàöèè. Óñëîâèå ðàçðå-
øèìîñòè ïðèâîäèò ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà ñ ãëàäêèìè
ÿäðàìè. Òàêèì îáðàçîì, ðåøåíû îáðàòíûå çàäà÷è äëÿ ñòåðæíåé è öèëèíäðîâ [ 26� 29].

Ðàññìîòðèì áåçðàçìåðíóþ ïîñòàíîâêó çàäà÷è (1)� (3), ñôîðìóëèðîâàííóþ â òåðìèíàõ
áåçðàçìåðíûõ êîìïîíåíò âåêòîðà ïåðåìåùåíèé è òåíçîðà íàïðÿæåíèé

t ij;j + g3� 2Ui = 0 ; t ij = g1Uk;k � ij + g2 (Ui;j + Uj;i ) ; i = 1 ; 2; 3;

Ui jSu
= 0 ; t ij nj jSf

= 0 ; t ij nj jS�
= Pi ; i = 1 ; 2; 3;

(4)

ãäå g1 = �� � 1
0 , g2 = �� � 1

0 , g3 = �� � 1
0 , � 2 = � 0! 2d2� � 1

0 , Pi = pi � � 1
0 , t ij = � ij � � 1

0 , Ui = ui d� 1,
� 0, � 0 � õàðàêòåðíûå çíà÷åíèÿ ìîäóëÿ óïðóãîñòè è ïëîòíîñòè, d � õàðàêòåðíûé ðàçìåð
îáëàñòè. Çàìåòèì, ÷òî äëÿ ðåêîíñòðóêöèè òðåõ ôóíêöèé íóæíî èñïîëüçîâàòü äîïîëíèòåëüíóþ
èíôîðìàöèþ, ïîëó÷åííóþ êàê ìèíèìóì èç òðåõ ýêñïåðèìåíòîâ ïî çîíäèðîâàíèþ íàãðóçêàìè
ðàçëè÷íûõ òèïîâ.

Ïðè ðåøåíèè îáðàòíîé çàäà÷è âî âòîðîé è òðåòüåé ïîñòàíîâêàõ îñóùåñòâëÿåòñÿ ëèíåàðè-
çàöèÿ çàäà÷è â îêðåñòíîñòè íàéäåííîãî íà÷àëüíîãî ïðèáëèæåíèÿ. Âûïîëíèì ðàçëîæåíèå ïî
ôîðìàëüíîìó ìàëîìó ïàðàìåòðó " :

Ui = U(0)
i + "U (1)

i + O
�
"2�

; gi = g(0)
i + "g(1)

i + O
�
"2�

: (5)

Ââîäÿ îáîçíà÷åíèå t (m)
ij =

�
g(0)

1 U(m)
k;k � ij + g(0)

2

�
U(m)

i;j + U(m)
j;i

��
, âûïèøåì çàäà÷ó ïðè íóëå-

âîé ñòåïåíè ôîðìàëüíîãî ìàëîãî ïàðàìåòðà:

t (0)
ij;j + g(0)

3 � 2U(0)
i = 0 ; i = 1 ; 2; 3:

U(0)
i

�
�
�
Su

= 0 ; t (0)
ij nj

�
�
�
Sf

= 0 ; t (0)
ij nj

�
�
�
S�

= P (m)
i ; i = 1 ; 2; 3:

(6)

Çàäà÷à ïðè ïåðâîé ñòåïåíè " ïðèìåò âèä

t (1)
ij;j + g(0)

3 � 2U(1)
i = �

� �
g(1)

1 U(0)
k;k � ij + g(1)

2

�
U(0)

i;j + U(0)
j;i

��

;j
+ g(1)

3 � 2U(0)
i

�
;

U(1)
i

�
�
�
Su

= 0 ; t (1)
ij nj

�
�
�
Sf [ S�

= �
�

g(1)
1 U(0)

k;k � ij + g(1)
2

�
U(0)

i;j + U(0)
j;i

��
nj

�
�
�
Sf [ S�

; i = 1 ; 2; 3:
(7)
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Çàäà÷à(6) ìîæåò áûòü ðåøåíà êàê ïðè ïîìîùè ìåòîäà ïðèñòðåëêè (äëÿ îäíîìåðíûõ
ìîäåëåé), òàê è ïðè ïîìîùè ìåòîäà êîíå÷íûõ ýëåìåíòîâ. Çàäà÷à (7) ñîäåðæèò íåèçâåñòíûå
ïîïðàâêè â ïðàâîé ÷àñòè è ïîýòîìó ïðÿìûì ÷èñëåííûì ìåòîäîì ðåøåíà áûòü íå ìîæåò. Ïðè
ðåøåíèè îáðàòíîé çàäà÷è âî âòîðîé ïîñòàíîâêå óäàåòñÿ èçáåæàòü ðåøåíèÿ çàäà÷è (7) ïóòåì
èñêëþ÷åíèÿ ñìåùåíèé ïåðâîãî ïðèáëèæåíèÿ è èñïîëüçîâàíèÿ óñëîâèÿ ðàçðåøèìîñòè. Â ýòîì
ñëó÷àå äëÿ íàõîæäåíèÿ ïîïðàâîê èñïîëüçóåòñÿ ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé ñëåäóþùåãî
âèäà [30]:

Z

V
g(1)

1

�
U(0)

k;k

� 2
dV +

1
2

Z

V
g(1)

2

�
U(0)

i;j + U(0)
j;i

� �
U(0)

i;j + U(0)
j;i

�
dV�

� � 2
Z

V
g(1)

3 U(0)
i U(0)

i dV +
Z

S�

P (s)
i (f i � U(0)

i )dS = 0 ; � 2 [� � ; � + ] ; s = 1 ; 2; 3: (8)

Ðåøåíèå ñèñòåì ÈÓÔ îñóùåñòâëÿåòñÿ ÷èñëåííî ïðè ïîìîùè ìåòîäà ðåãóëÿðèçàöèè
À. Í. Òèõîíîâà. Äëÿ çàäà÷è â òðåòüåé ïîñòàíîâêå íå óäàåòñÿ çàïèñàòü ïîäîáíûå ñîîòíîøåíèÿ,
òàê êàê äëÿ ïðèìåíåíèÿ óñëîâèÿ ðàçðåøèìîñòè òðåáóåòñÿ çàäàíèå ïîëÿ ïåðåìåùåíèé â îáëà-
ñòè íàãðóæåíèÿ. Ïîýòîìó äëÿ íàõîæäåíèÿ ïîïðàâîê ïðèìåíÿåòñÿ äðóãîé ïîäõîä. Èñïîëüçóåòñ ÿ
ñóæåíèå ìíîæåñòâà ïîèñêà ïîïðàâîê èñêîìûõ ôóíêöèé äî ëèíåéíîé êîìáèíàöèè íåêîòîð ûõ
èçâåñòíûõ ôóíêöèé, íàïðèìåð ïîëèíîìîâ. Ïðè èñïîëüçîâàíèè òàêîé àïïðîêñèìàöèè ïîïðàâîê
ìîæíî ñòðîèòü ðåøåíèå (7) â âèäå àíàëîãè÷íîé ëèíåéíîé êîìáèíàöèè, ÷òî óæå ïîçâîëÿåò
ñòðîèòü ðåøåíèå êàæäîé èç òàêèõ çàäà÷ ñ ïîìîùüþ ÌÊÝ.

Ðàññìîòðèì çàäà÷ó òðåòüåãî òèïà. Äîïîëíèòåëüíûå óñëîâèÿ èìåþò âèä

Ui jSf 0
= f i (x; � ); � 2 [� 1; � 2]: (9)

Íåèçâåñòíûå ïîïðàâêè â ïðàâîé ÷àñòè (7) ðàçëîæèì ïî ñèñòåìå ëèíåéíî íåçàâèñèìûõ
ôóíêöèé f ' sg:

g(1)
k =

NX

s=0

cks ' s; k = 1 ; 2; 3: (10)

Â êà÷åñòâåf ' sg áóäåì èñïîëüçîâàòü ñèñòåìó ïîëèíîìîâ íåâûñîêîãî ïîðÿäêà, íàïðèìåð�
1; x1; x2; x3; x2

1; x2
2; x1x2; : : :

	
. Çàìåòèì, ÷òî çàêîí íåîäíîðîäíîñòè â òðåõìåðíîì òåëå

ìîæåò áûòü äâóìåðíûì èëè, ÷òî ÷àùå, îäíîìåðíûì. Èíôîðìàöèÿ î íàïðàâëåíèè, â êîòîðîì
ïðîèñõîäèò èçìåíåíèå ñâîéñòâ, ìîæåò áûòü ýôôåêòèâíî èñïîëüçîâàíà ïðè âûáîðå ñèñòåìû
ôóíêöèé, ÷òî ñóùåñòâåííî ñíèçèò ðàçìåðíîñòü ïîëó÷àåìîé àëãåáðàè÷åñêîé ñèñòåìû. Ðåøåíèå
(7) áóäåì èñêàòü â âèäå ñóììû

U(1)
i =

3X

k=1

NX

s=0

cksU(ks)
i ; (11)

ãäåU(ks)
i � ðåøåíèå ( 7) ïðè g(1)

m = � km ' s; m = 1 ; 2; 3.
Ñèñòåìà äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ cks ñòðîèòñÿ íà îñíîâå (9) è ïðèáëèæåííîãî

ðàâåíñòâàUi � U(0)
i + "U (1)

i , êîòîðîå ïîëó÷àåòñÿ ïðè óäåðæàíèè òîëüêî ëèíåéíûõ ÷ëåíîâ â
ðàçëîæåíèè ( 5).

3X

k=1

NX

s=0

cks U(ks)
i

�
�
�
Sf 0

= f i (x; � ) � U(0)
i

�
�
�
Sf 0

; � 2 [� 1; � 2]: (12)

Ñîîòíîøåíèå (12) äîëæíî ïðèáëèæåííî (ñ òî÷íîñòüþ äî O
�
"2

�
) âûïîëíÿòüñÿ äëÿ âñåõ

� 2 [� 1; � 2]. Íà îòðåçêå [� 1; � 2] ìîæíî âûáðàòü ïðîèçâîëüíîå ÷èñëî òî÷åê M è òàêèì
îáðàçîì ïîëó÷èòü èç (12) ÑËÀÓ îòíîñèòåëüíî êîýôôèöèåíòîâ cks; k = 1 ; 2; 3; s = 0; N .
Âûáèðàÿ M = 3 (N + 1) , ïîëó÷àåì ÑËÀÓ ñ êâàäðàòíîé ìàòðèöåé. Çàìåòèì, ÷òî ÑËÀÓ ìîæåò
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ïîëó÷èòüñÿ êàê ïåðåîáóñëîâëåííîé M > 3(N + 1) , òàê è íåäîîáóñëîâëåííîé M < 3(N + 1) .
Â òàêîì ñëó÷àå íåîáõîäèìî èñïîëüçîâàòü ïðîöåäóðû ïîñòðîåíèÿ ðåãóëÿðèçîâàííîãî ðåøåíèÿ,
íàïðèìåð, ñ ïîìîùüþ ìåòîäà À. Í. Òèõîíîâà.

Ðåøàÿ ñèñòåìó (12), íàõîäèì êîýôôèöèåíòû cks; k = 1 ; 2; 3; s = 0; N . Íà îñíîâå (10)
íàõîäèì ïîïðàâêè g(1)

1 ; g(1)
2 ; g(1)

3 , êîòîðûå ïîçâîëÿþò çàïèñàòü ðåøåíèå îáðàòíîé çàäà÷è â

âèäå g1 = g(0)
1 + "g(1)

1 , g2 = g(0)
2 + "g(1)

2 , g3 = g(0)
3 + "g(1)

3 . Îäíàêî ðåøåíèå îáðàòíîé çàäà÷è
íå îãðàíè÷èâàåòñÿ îäíîêðàòíûì íàõîæäåíèåì ïîïðàâîê, à ïðèìåíÿåòñÿ èòåðàöèîííàÿ ñõ åìà
ðåøåíèÿ: íàéäåííîå íà ïåðâîé èòåðàöèè ðåøåíèå ïðèíèìàåòñÿ â êà÷åñòâå íîâîãî íà÷àëüíîãî
ïðèáëèæåíèÿ è ïîâòîðÿþòñÿ âñå ðàíåå ñäåëàííûå øàãè. Èòåðàöèîííûé ïðîöåññ çàâåðøàåòñÿ
ïî äîñòèæåíèè íåâÿçêè â À×Õ çàäàííîãî çíà÷åíèÿ èëè êîãäà î÷åðåäíàÿ ïîëó÷àåìàÿ ïîïðàâ êà
ñòàíîâèòñÿ ïðåíåáðåæèìî ìàëà. Ñêîðîñòü ñõîäèìîñòè ìîæíî êîíòðîëèðîâàòü ïðè ïîìîùè
ïàðàìåòðà " . Îáû÷íî âûáèðàåì " = 1 , à ïðè íåîáõîäèìîñòè ìîæíî óìåíüøèòü ýòîò ïàðàìåòð
ñ ó÷åòîì íîðìû ïîïðàâêè è íåâÿçêè â À×Õ.

Äàëüíåéøóþ ðåàëèçàöèþ àëãîðèòìà ðàññìîòðèì íà ïðèìåðå îäíîìåðíîé çàäà÷è î ïðîäîëü-
íûõ êîëåáàíèÿõ ñòåðæíÿ.

2. Ïðèìåð. Îáðàòíàÿ çàäà÷à äëÿ ñòåðæíÿ

Ðàññìîòðèì êðàåâóþ çàäà÷ó îá óñòàíîâèâøèõñÿ êîëåáàíèÿõ íåîäíîðîäíîãî óïðóãîãî
ñòåðæíÿ. Áåçðàçìåðíàÿ ôîðìà óðàâíåíèÿ óñòàíîâèâøèõñÿ êîëåáàíèé è ãðàíè÷íûõ óñëîâèé
èìååò âèä [29]: �

u0g1
� 0+ � 2g2u = 0 ; u(0) = 0 ; u0(1)g1(1) = 1 ; (13)

ãäåg1, g2, � � áåçðàçìåðíûå ìîäóëü óïðóãîñòè, ïëîòíîñòü è ÷àñòîòà êîëåáàíèé.
Â êà÷åñòâå äîïîëíèòåëüíîé èíôîðìàöèè çàäàåòñÿ àìïëèòóäà êîëåáàíèé â òî÷êå � 0 2 (0; 1).

Òàê êàê� 0 6= 1 , ïîëó÷àåì îáðàòíóþ çàäà÷ó òðåòüåãî òèïà

u(x; � )jx= � 0
= f (� ); � 2 [� 1; � 2]: (14)

Âûïîëíèì ëèíåàðèçàöèþ çàäà÷è ( 13) â ñîîòâåòñòâèè ñ (5)�( 7).
Ïðè "0 ïîëó÷àåì çàäà÷ó

�
u0

0g(0)
1

� 0
+ � 2g(0)

2 u0 = 0 ; u0(0) = 0 ; u0
0(1)g(0)

1 (1) = 1 : (15)

Çàäà÷à ïðè"1 áóäåò èìåòü âèä
�

u0
1g(0)

1

� 0
+ � 2g(0)

2 u1 = �
�

u0
0g(1)

1

� 0
� � 2g(1)

2 u0;

u1(0) = 0 ; u0
1(1)g(0)

1 (1) = � u0
0(1)g(1)

1 (1):
(16)

Áóäåì ñòðîèòü ðåøåíèå çàäà÷è (16), îòûñêèâàÿ ïîïðàâêè â âèäå ñëåäóþùèõ ëèíåéíûõ
êîìáèíàöèé:

g(1)
1 =

NX

s=0

as' s(x); g(1)
2 =

NX

s=0

bs' s(x) (17)

è ïîëó÷àÿ ïðîñòûå êðàåâûå çàäà÷è äëÿ êîýôôèöèåíòîâ ðàçëîæåíèé.
Çàäà÷è òèïà(15) è (16)� (17) ðåøèì ïðè ïîìîùè ìåòîäà ïðèñòðåëêè, îñóùåñòâëÿÿ ñâåäåíèå

çàäà÷ ê êàíîíè÷åñêèì ñèñòåìàì. Ïðè ðåøåíèè (16) è íåîáõîäèìîñòè íàõîäèòü ïðîèçâîäíûå îò
ñìåùåíèé íà÷àëüíîãî ïðèáëèæåíèÿ èñïîëüçîâàíà ñïëàéí-àïïðîêñèìàöèÿ ÷èñëåííî íàéäåííîé
èç (15) ôóíêöèè u0.

Çàäà÷à(16) ëèíåéíî çàâèñèò îò ïðàâîé ÷àñòè F = �
�

u0
0g(1)

1

� 0
� � 2g(1)

2 u0, è åå ðåøåíèå
áóäåì èñêàòü â âèäå

u1 =
NX

s=0

asu1s +
NX

s=0

bsu2s; (18)
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ãäå u1s � ðåøåíèå (16) ïðè g(1)
1 = ' s(x), g(1)

2 = 0 , à u2s � ðåøåíèå (16), ãäå g(1)
1 = 0 ,

g(1)
2 = ' s(x).

Ïðè ïðîâåäåíèè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ áóäåì èñïîëüçîâàòü ñëåäóþùóþ ñèñòåìó
ôóíêöèé ' s(x):

' s(x) =
NY

k =0
k 6= s

(xk � x)

,
NY

k =0
k 6= s

(xk � xs); (19)

ãäå â êà÷åñòâå òî÷åê êîëëîêàöèé âûáðàíû òî÷êèxk = k/ N .
Ïðè âûáîðå àïïðîêñèìàöèè ïîïðàâîê èíòåðåñ áóäóò ïðåäñòàâëÿòü íàèáîëåå ïðîñòûå ñëó÷àè

N = 1 , N = 2 , äàþùèå ëèíåéíóþ è êâàäðàòè÷íóþ àïïðîêñèìàöèè äëÿ ïîïðàâîê. Êîíñòðóêöèÿ
ôóíêöèé (19) òàêîâà, ÷òî ' s (xk ) = � sk è, ñëåäîâàòåëüíî, êîýôôèöèåíòû as, bs � óçëîâûå
çíà÷åíèÿ ôóíêöèé ïîïðàâîê g(1)

1 ; g(1)
2 â òî÷êàõ xs = s/ N .

Íà îñíîâå ñîîòíîøåíèÿ u1(� 0) � f � u0(� 0) ñîñòàâëÿåòñÿ àëãåáðàè÷åñêàÿ ñèñòåìà äëÿ
íàõîæäåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ as, bs, s = 0 ::N

NX

s=0

asu1s(� 0; � j ) +
NX

s=0

bsu2s(� 0; � j ) = f (� j ) � u0(� 0; � j ); j = 1; M: (20)

Ñèñòåìà (20) èìååò M ñòðîê è 2 (N + 1) ñòîëáöîâ, � j 2 [� 1; � 2].

3. Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ

Ïðîâåäåí ðÿä âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ äëÿ ðàçíûõ çàêîíîâ íåîäíîðîäíîñòè. Ïðåä-
ñòàâèì ðåçóëüòàòû íåêîòîðûõ èç íèõ.

Ïóñòü � 0 = 0 :79, ôóíêöèÿ g2 çàäàíà è íå òðåáóåò âîññòàíîâëåíèÿ ( g(1)
2 = 0 ). Ðåàëèçîâàí

èòåðàöèîííûé àëãîðèòì ðåêîíñòðóêöèè ôóíêöèè g â êëàññå êâàäðàòè÷íûõ ôóíêöèé. Äîïîë-
íèòåëüíàÿ èíôîðìàöèÿ çàäàíà â òî÷êàõ � 0 = 0 , � 1 = 0 :65, � 2 = 1 :05, � 3 = 1 :45. Óðàâíåíèå
(15) èíòåãðèðóåòñÿ ÿâíî ïðè � = 0 , ïîçâîëÿÿ âûïèñàòü ðåøåíèå â âèäå u(x) =

Rx
0 g� 1

1 (x)dx.

Èñõîäÿ èç ýòîãî, íàõîäèì íà÷àëüíîå ïðèáëèæåíèå ïî ôîðìóëå g(0)
1 (x) = � 0/ f (0). Íà ñëåäóþ-

ùåì ýòàïå îñóùåñòâëÿåòñÿ ïîèñê ïîïðàâêè â êëàññå ëèíåéíûõ ôóíêöèé (N = 1) . Èñïîëüçóÿ
äîïîëíèòåëüíóþ èíôîðìàöèþ, çàäàííóþ â òî÷êàõ � 1, � 2, ïîëó÷àåì àëãåáðàè÷åñêóþ ñèñòåìó
âèäà (20), ðåøàÿ êîòîðóþ, íàõîäèì çíà÷åíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ a0, a1. Íàéäåííàÿ
ïîïðàâêà äîáàâëÿåòñÿ ê íà÷àëüíîìó ïðèáëèæåíèþ è ïîçâîëÿåò íàéòè íîâîå íà÷àëüíîå ïðè-
áëèæåíèå; ïðè ýòîì ïðîöåññ ïðîäîëæàåòñÿ äî òåõ ïîð, ïîêà î÷åðåäíàÿ ëèíåéíàÿ ïîïðàâêà
íå áóäåò ïî íîðìå ìåíüøå 0.01. Çàòåì íà÷èíàåòñÿ èòåðàöèîííûé ïîèñê ïîïðàâîê â êëàñ ñå
êâàäðàòè÷íûõ ôóíêöèé (òðåòèé ýòàï), êîòîðûé òàêæå çàêàí÷èâàåòñÿ ïî äîñòèæåíèþ íîðìû
î÷åðåäíîé ïîïðàâêè çàäàííîé ïîãðåøíîñòè. Çäåñü ïðè ôîðìèðîâàíèè ÑËÀÓ èñïîëüçóåòñÿ
äîïîëíèòåëüíàÿ èíôîðìàöèÿ îá À×Õ, çàäàâàåìàÿ â òî÷êàõ � 1, � 2, � 3.

Íà ðèñ. 1 ïðèâåäåíû ðåçóëüòàòû ðåêîíñòðóêöèè ìîíîòîííûõ ôóíêöèé g1 = 0 :6 + ex (ðèñ. 1,
à) è g1 = 3 :2 � e0:8x (ðèñ. 1, á). Çäåñü è âñþäó äàëåå èñïîëüçîâàíû åäèíûå îáîçíà÷åíèÿ äëÿ
èñêîìîé ôóíêöèè, íà÷àëüíîãî ïðèáëèæåíèÿ è ðåçóëüòàòîâ ðåêîíñòðóêöèè.

Ðàññìîòðèì ôóíêöèþ r (x) = 1 :4 � 0:4sin (�x= 2). Íà ðèñ. 2 ïðèâåäåíû ðåçóëüòàòû ðå-
êîíñòðóêöèè ìîíîòîííûõ ôóíêöèé g1(x) = r (x) (ðèñ. 2, à) è g1(x) = r (1 � x) (ðèñ. 2, á).
Ïîãðåøíîñòü ðåêîíñòðóêöèè ôóíêöèé â êëàññå êâàäðàòè÷íûõ, ïðèâåäåííûõ íà ðèñ. 1, 2, íå
ïðåâûøàåò 2%, ÷òî ìîæíî òðàêòîâàòü êàê î÷åíü õîðîøèé ðåçóëüòàò âîññòàíîâëåíèÿ.

Íà ðèñ. 3 ïðèâåäåíû ðåçóëüòàòû ðåêîíñòðóêöèè íåìîíîòîííûõ ôóíêöèé g1 = 1+0 :8sin(�x )
(ðèñ. 3, à) è g1 = 1 :8 � 0:8sin(�x ) (ðèñ. 3, á). Ïîãðåøíîñòü ðåêîíñòðóêöèè ôóíêöèé â êëàññå
êâàäðàòè÷íûõ, ïðèâåäåííûõ íà ðèñ. 3, íå ïðåâûøàåò 6% íà êîíöàõ èíòåðâàëà. Îïðåäåëåí-
íûé èíòåðåñ âûçûâàåò òîò ôàêò, ÷òî îáå ôóíêöèè ÿâëÿþòñÿ ñèììåòðè÷íûìè îòíîñèòåëüíî
ñåðåäèíû èíòåðâàëà (x = 0 :5), à ðåçóëüòàòû âîññòàíîâëåíèÿ â êëàññå ëèíåéíûõ ôóíêöèé
ïðåäñòàâëåíû âîçðàñòàþùåé (ðèñ. 3, à) è óáûâàþùåé (ðèñ. 3, á) ôóíêöèÿìè.
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à/ a á / b
Ðèñ. 1. Ðåçóëüòàòû ðåêîíñòðóêöèèg1 = 0 :6 + ex (à) è g1 = 3 :2 � e0:8x

(á): 1 � èñêîìàÿ ôóíêöèÿ; 2 � íà÷àëüíîå ïðèáëèæåíèå; 3, 4 � ðåçóëü-
òàòû ðåêîíñòðóêöèè â êëàññå ëèíåéíûõ è êâàäðàòè÷íûõ ôóíêöèé

ñîîòâåòñòâåííî
Fig. 1. Reconstruction results g1 = 0 :6 + ex (a) and g1 = 3 :2 � e0:8x (b):
1 � required function; 2 � initial approximation; 3, 4 � reconstruction

results in the class of linear and quadratic functions respectively

à/ a á / b
Ðèñ. 2. Ðåçóëüòàòû ðåêîíñòðóêöèèg1 = 1 :4 � 0:4 sin (�x= 2) (à) è

g1 = 1 :4 � 0:4 sin (� (1 � x)=2) (á)
Fig. 2. Reconstruction results g1 = 1 :4 � 0:4 sin (�x= 2) (a) and

g1 = 1 :4 � 0:4 sin (� (1 � x)=2) (b)

à/ a á / b
Ðèñ. 3. Ðåçóëüòàòû ðåêîíñòðóêöèè íåìîíîòîííûõ ôóíêöèé

g1 = 1 + 0 :8 sin(�x ) (à) è g1 = 1 :8 � 0:8 sin(�x ) (á)
Fig. 3. Results of reconstruction of non-monotonic functions

g1 = 1 + 0 :8 sin(�x ) (a) and g1 = 1 :8 � 0:8 sin(�x ) (b)
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Äëÿ çàâåðøåíèÿ ïðîöåññà ðåêîíñòðóêöèè íóæíû äîïîëíèòåëüíûå òî÷êè íà À×Õ, ÷òîáû
ìîæíî áûëî âû÷èñëèòü íåâÿçêó íà áîëåå øèðîêîì ÷àñòîòíîì äèàïàçîíå. Òàê, äëÿ âûøå-
ïðèâåäåííûõ ñëó÷àåâ òî÷íîå À×Õ è À×Õ, îòâå÷àþùåå ðåøåíèþ îáðàòíîé çàäà÷è â êëàññå
êâàäðàòè÷íûõ ôóíêöèé, ïðàêòè÷åñêè ñîâïàäàþò â ïðîìåæóòêå îò íóëÿ äî ÷åòâåðòîãî ðå-
çîíàíñà.

Àíàëîãè÷íûì îáðàçîì âûïîëíåíà ðåêîíñòðóêöèÿ ôóíêöèè g2(x) ïðè çàäàííîé ôóíêöèè
g1(x). Ïðîâåäåíà ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî ðåêîíñòðóêöèè âîçðàñòàþùèõ,
óáûâàþùèõ è íåìîíîòîííûõ ôóíêöèé. Ïðèíöèïèàëüíûõ îòëè÷èé â êà÷åñòâå ðåêîíñòðóêöèè
îòìå÷åíî íå áûëî. Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïðèâåäåíû äëÿ ñëó÷àÿ äâóõ
íåìîíîòîííûõ ôóíêöèé.

Íà ðèñ. 4 ïðèâåäåíû ðåçóëüòàòû ðåêîíñòðóêöèè íåìîíîòîííûõ ôóíêöèé g2 = 0 :66 +
+ 0:53sin(�x ) (ðèñ. 4, à) è g2 = 1 :39� 0:62sin(�x ) (ðèñ. 4, á). Äîïîëíèòåëüíàÿ èíôîðìàöèÿ
îá À×Õ áðàëàñü â òî÷êàõ � 0 = 0 , � 1 = 0 :65, � 2 = 1 :05, � 3 = 1 :45 ïðè � = 0 :89. Ðåçóëüòàòû
âîññòàíîâëåíèÿ â êëàññå ëèíåéíûõ ôóíêöèé ïðåäñòàâëåíû óáûâàþùåé (ðèñ. 4, à) è âîçðàñòà-
þùåé (ðèñ. 4, á) ôóíêöèÿìè àíàëîãè÷íî òîìó, êàê áûëî ïðè ðåêîíñòðóêöèè ôóíêöèè g1(x)
(ñì. ðèñ. 3).

à/ a á / b
Ðèñ. 4. Ðåçóëüòàòû ðåêîíñòðóêöèèg2 = 0 :66 + 0:53 sin(�x ) (à) è

g2 = 1 :39� 0:62 sin(�x ) (á)

Fig. 4. Reconstruction results g2 = 0 :66 + 0:53 sin(�x ) (a) and
g2 = 1 :39� 0:62 sin(�x ) (b)

Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïîêàçàëè, ÷òî ìàëàÿ ëèíåéíàÿ ïîïðàâêà
íàõîäèòñÿ ñ âûñîêîé òî÷íîñòüþ çà îäíó èòåðàöèþ, òî÷íîñòü ðåêîíñòðóêöèè ïîâûøàåòñÿ ïðè
� 0 ! 1, à ïðè � 0 < 0:5 ñõåìà ïðàêòè÷åñêè ïåðåñòàåò ðàáîòàòü. Ïî îòíîøåíèþ ê çàäà÷àì
î âîññòàíîâëåíèè îäíîé ôóíêöèè âûÿâëåíî, ÷òî, ïðîïóñêàÿ âòîðîé ýòàï (N = 1) è ñðàçó
ïåðåõîäÿ ê ïîèñêó ïîïðàâêè â êëàññå êâàäðàòè÷íûõ ôóíêöèé ( N = 2 ), ïîëó÷àåì ñèñòåìó,
òðåáóþùóþ ðåãóëÿðèçàöèè ïðè ðåøåíèè. Ïðè÷èíîé ýòîé ñèòóàöèè ÿâëÿåòñÿ íåäîñòàòî÷íî
áëèçêîå ê èñêîìîìó ðåøåíèþ íà÷àëüíîå ïðèáëèæåíèå.

Îòìåòèì, ÷òî ïðèìåíåíèå ðåãóëÿðèçàöèè äàåò ïðèåìëåìûå ðåçóëüòàòû ðåêîíñòðóêöèè â
ñëó÷àå äîñòàòî÷íîé áëèçîñòè òî÷êè ñúåìà èíôîðìàöèè ê òî÷êå íàãðóæåíèÿ.

Çàêëþ÷åíèå

Ïðåäñòàâëåí ñïîñîá ïîñòðîåíèÿ ðåøåíèÿ îáðàòíûõ çàäà÷ â êëàññå ïîëèíîìèàëüíûõ ôóíê-
öèé â ñëó÷àå, êîãäà îáëàñòü çàäàíèÿ äîïîëíèòåëüíîé èíôîðìàöèè íå ñîâïàäàåò ñ îáëàñòüþ
íàãðóæåíèÿ. Âûïîëíåíà ðàçäåëüíàÿ ðåêîíñòðóêöèÿ äâóõ ôóíêöèé â êëàññå êâàäðàòè÷íûõ
ôóíêöèé.
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Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ àñèìïòîòè÷åñêè îïòèìàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî
ïîãðàíñëîÿ â òîíêèõ îáîëî÷êàõ âðàùåíèÿ â îêðåñòíîñòè ôðîíòà âîëíû ðàñøèðåíèÿ ïðè óäàðíûõ
òîðöåâûõ âîçäåéñòâèÿõ òàíãåíöèàëüíîãî òèïà. Ñîîòíîøåíèÿ âûâîäÿòñÿ ìåòîäîì àñèìïòîòè÷åñêîãî
èíòåãðèðîâàíèÿ òî÷íûõ òðåõìåðíûõ óðàâíåíèé òåîðèè óïðóãîñòè â ïðîñòðàíñòâå ñïåöèàëüíîé ñèñòåìû
êîîðäèíàò, ÿâíî âûäåëÿþùåé çîíó äåéñòâèÿ ïîãðàíñëîÿ. Äëÿ ýòîãî àíàëèçèðóåòñÿ ïîâåäåíèå ïåðåäíåãî
ôðîíòà âîëíû ðàñøèðåíèÿ, èìåþùåãî ñëîæíóþ ôîðìó âñëåäñòâèå êðèâèçíû îáîëî÷êè. Ïîñòðîåííàÿ
àñèìïòîòè÷åñêàÿ ìîäåëü ãåîìåòðèè ïåðåäíåãî ôðîíòà äàåò åãî ïðåäñòàâëåíèå ÷åðåç ïîâåðíóòûå íîðì à-
ëè ê ñðåäèííîé ïîâåðõíîñòè. Ýòè ïîâåðíóòûå íîðìàëè è äàþò âîçìîæíîñòü îïðåäåëèòü ãåîìåòðèþ
óçêîé, ïîðÿäêà êâàäðàòà îòíîñèòåëüíîé òîëùèíû îáîëî÷êè, îáëàñòè ïðèìåíèìîñòè ðàññìàòðèâàåìî ãî
ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ. Ïîñòðîåííûå àñèìïòîòè÷åñêè îïòèìàëüíûå óðàâíåíèÿ ñôîðìèðîâàíû
äëÿ àñèìïòîòè÷åñêè ãëàâíûõ êîìïîíåíò íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ: ïðîäîëüíîãî ïåðå-
ìåùåíèÿ è íîðìàëüíûõ íàïðÿæåíèé. Ïðè ýòîì ðàçðåøàþùåå óðàâíåíèå îòíîñèòåëüíî ïðîäîëüíîãî
ïåðåìåùåíèÿ ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì óðàâíåíèåì âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåí-
òàìè ó ñëàãàåìûõ ïåðâîãî ïîðÿäêà ìàëîñòè ïî ñðàâíåíèþ ñ åãî ãëàâíîé ÷àñòüþ, îïðåäåëÿþùåé
ãèïåðáîëè÷åñêèé ïîãðàíñëîé â ïëàñòèíå.
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Abstract. The present work is devoted to the construction of asymptotically optimized equations of the
hyperbolic boundary layer in thin shells of revolution in the vicinity of the dilation w ave front at shock

c
 Êèðèëëîâà È. Â., 2024



È. Â. Êèðèëëîâà. Àñèìïòîòè÷åñêàÿ òåîðèÿ ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ â îáîëî÷êàõ âðàùåíèÿ

edge loading of the tangential type. These equations are derived by asymptotically integrating of the exact
three-dimensional theory elasticity equations in the special coordinate system. This system de�nes the
boundary layer region. The wave front has a complicated form, dependent on the shell curvature and
therefore its asymptotical model is constructed. This geometrical model of the front de�nes it via the
turned normals to the middle surface. Also, these turned normals de�ne the geometry of the hyperbolic
boundary layer applicability region. Constructed asymptotically optimised equations are formulated for
the asymptotically main components of the stress-strain state: the longitudinal displacement and the
normal stresses. The governing equation for the longitudinal displacement is the hyperbolic equation of the
second order with the variable coe�cients. The asymptotically main part of this equation is de�ned as the
hyperbolic boundary layer in plates.
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Ââåäåíèå

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ àñèìïòîòè÷åñêè îïòèìàëüíîé òåîðèè ãèïåðáîëè÷åñêîãî
ïîãðàíñëîÿ â òîíêîñòåííûõ îáîëî÷êàõ âðàùåíèÿ ïðîèçâîëüíîé ôîðìû ñ íåïðåðûâíî èçìå-
íÿþùåéñÿ ñðåäèííîé ïîâåðõíîñòüþ ïðè óäàðíûõ òîðöåâûõ âîçäåéñòâèÿõ òàíãåíöèàëüíîãî
òèïà, õàðàêòåðèçóþùèõñÿ íóëåâûìè çíà÷åíèÿìè èçãèáàþùåãî ìîìåíòà è ïåðåðåçûâàþùåé
ñèëû. Ðàññìàòðèâàåìûé â íàñòîÿùåé ðàáîòå òèï ïîãðàíñëîÿ ñîîòâåòñòâóåò îäíîìó èç òðåõ
õàðàêòåðíûõ âèäîâ óäàðíûõ òîðöåâûõ âîçäåéñòâèé, êîòîðûå, â ñîîòâåòñòâèè ñ êëàññèôèêàöè-
åé Ó. Ê. Íèãóëà [ 1], ïðèâîäÿò ê ïðèíöèïèàëüíî ðàçíûì òèïàì íåñòàöèîíàðíîãî âîëíîâîãî
íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ), â ÷àñòíîñòè, îòëè÷àþùèõñÿ ïðèíöèïèàëüíî
ðàçíûìè ñâîéñòâàìè â îêðåñòíîñòÿõ ïåðåäíèõ ôðîíòîâ âîëí ðàñøèðåíèÿ è ñäâèãà. Îòìå-
òèì, ÷òî ðàññìàòðèâàåìîå ïðîäîëüíîå âîçäåéñòâèå òàíãåíöèàëüíîãî òèïà, íàçâàííîå â [ 1]
âîçäåéñòâèåì âèäà LT, ïðèâîäèò ê îñîáåííîñòÿì ðåøåíèÿ â îáëàñòè ïåðåäíåãî ôðîíòà âîëíû
ðàñøèðåíèÿ, ñîîòâåòñòâóþùèì ñèììåòðè÷íîìó ïëîñêîìó ÍÄÑ äëÿ ïîëóïîëîñû.

Â îòëè÷èå îò àíàëîãè÷íûõ ÍÄÑ äëÿ îáîëî÷åê âðàùåíèÿ íóëåâîé ãàóññîâîé êðèâèçíû,
ãäå ïåðåäíèå ôðîíòû âîëí çàäàþòñÿ íîðìàëÿìè ê ñðåäèííîé ïîâåðõíîñòè îáîëî÷åê, â íàøåì
ñëó÷àå ôðîíòû âîëí èñêðèâëÿþòñÿ è ïîâîðà÷èâàþòñÿ îòíîñèòåëüíî íîðìàëè â çàâèñèìîñòè îò
êðèâèçíû ñðåäèííîé ïîâåðõíîñòè. Â äàííîé ñòàòüå ïîêàçûâàåòñÿ, ÷òî àñèìïòîòè÷åñêèé àíàëèç
äàåò ïðåäñòàâëåíèå ýòèõ ôðîíòîâûõ ïîâåðõíîñòåé ïîâåðíóòûìè íîðìàëÿìè ê ñðåäèííûì
ïîâåðõíîñòÿì, ÷òî äàåò âîçìîæíîñòü îïðåäåëèòü ãåîìåòðèþ óçêîé, ïîðÿäêà êâàäðàòà îòíî-
ñèòåëüíîé òîëùèíû îáîëî÷êè, îáëàñòè ïðèìåíèìîñòè ðàññìàòðèâàåìîãî ãèïåðáîëè÷åñêîãî
ïîãðàíñëîÿ.

Àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå èñêîìûõ ôðîíòîâûõ ïîâåðõíîñòåé ïîçâîëèëî ââåñòè íîâóþ
ñèñòåìó êîîðäèíàò, ïîçâîëÿþùóþ âûäåëèòü ÿâíî çîíó äåéñòâèÿ ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ
è ïîñòðîèòü àñèìïòîòè÷åñêîå ðåøåíèå äëÿ ýòîé ñîñòàâëÿþùåé. Âûïîëíåíî àñèìïòîòè÷åñêîå
èíòåãðèðîâàíèå òðåõìåðíûõ óðàâíåíèé äèíàìè÷åñêîé òåîðèè óïðóãîñòè â ýòèõ êîîðäèíàòàõ
ïðè ïîêàçàòåëå èçìåíÿåìîñòè ÍÄÑ ïî ïðîäîëüíîé êîîðäèíàòå (çàäàþùåé â ýòîì ñëó÷àå îò-
êëîíåíèå îò âîëíîâîãî ôðîíòà), ðàâíîé 2. Ïîëó÷åíû àñèìïòîòè÷åñêè îïòèìàëüíûå óðàâíåíèÿ
ðàññìàòðèâàåìîãî ïîãðàíñëîÿ îòíîñèòåëüíî àñèìïòîòè÷åñêè ãëàâíûõ ñîñòàâëÿþùèõ ÍÄÑ
(íîðìàëüíîãî íàïðÿæåíèÿ è ïðîäîëüíîãî ïåðåìåùåíèÿ). Ïðè ýòîì íîðìàëüíîå íàïðÿæåíèå
âûðàæàåòñÿ ÷åðåç ïðîäîëüíîå ïåðåìåùåíèå, à ðàçðåøàþùåå óðàâíåíèå îòíîñèòåëüíî ïðîä îëü-
íîãî ïåðåìåùåíèÿ ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì óðàâíåíèåì âòîðîãî ïîðÿäêà è çàïèñûâàåòñÿ ñ
àñèìïòîòè÷åñêîé òî÷íîñòüþ ïîðÿäêà îòíîñèòåëüíîé òîëùèíû îáîëî÷êè.
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Îòìåòèì òàêæå, ÷òî ïðè ïåðåõîäå â ïîëó÷åííîì ðàçðåøàþùåì óðàâíåíèè èñêîìîãî
ïîãðàíñëîÿ ê îáû÷íûì êðèâîëèíåéíûì êîîðäèíàòàì, ñâÿçàííûì ñî ñðåäèííîé ïîâåðõíîñòüþ
è íîðìàëüþ ê íåé, ïîëó÷àåòñÿ óïðîùåííàÿ ñèñòåìà óðàâíåíèé, íåïîñðåäñòâåííî âûâîäèìàÿ
ìåòîäîì àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ èç èñõîäíîé òðåõìåðíîé ñèñòåìû. Îäíàêî òàêàÿ
ðàçðåøàþùàÿ ñèñòåìà íå ïîçâîëÿåò â ÿâíîì âèäå îïðåäåëèòü ñâîéñòâà ïîãðàíñëîÿ è ïîñòðî èòü
â îáû÷íûõ êîîðäèíàòàõ ïðîñòîå ðåøåíèå äëÿ óçêîé ïðèôðîíòîâîé îáëàñòè.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ðàñïðîñòðàíåíèå îñåñèììåòðè÷íûõ óäàðíûõ âîëí â ïîëóáåñêîíå÷íîé îáî-
ëî÷êå âðàùåíèÿ, âîçáóæäàåìûõ â íà÷àëüíûé ìîìåíò âðåìåíè òîðöåâîé óäàðíîé íàãðó çêîé
âèäà LT [1]. Îáùàÿ ñõåìà ðàñ÷ëåíåíèÿ òàêîãî íåñòàöèîíàðíîãî ÍÄÑ íà ñîñòàâëÿþùèå ñ ðàç-
ëè÷íûìè ïîêàçàòåëÿìè èçìåíÿåìîñòè è äèíàìè÷íîñòè ðàññìàòðèâàëàñü â ìîíîãðàôèÿõ [ 2,3]
è ðàáîòàõ [4,5].

Àñèìïòîòè÷åñêè îïòèìàëüíûå óðàâíåíèÿ ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ, èìåþùåãî ìåñòî â
îêðåñòíîñòè ôðîíòà âîëíû ðàñøèðåíèÿ, â îáîëî÷êàõ âðàùåíèÿ âïåðâûå áûëè âûâåäåíû â [ 6].
Òàì ïðîöåññ àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ ïðîâîäèëñÿ íà áàçå óðàâíåíèé òåîðèè óïðóãî-
ñòè â êîîðäèíàòàõ, ñâÿçàííûõ ñ îáëàñòüþ ïîðÿäêà îòíîñèòåëüíîé òîëùèíû îáîëî÷êè, ñîñåäíåé
ñ íîðìàëüþ, ïðîõîäÿùåé ÷åðåç òî÷êó ñðåäèííîé ïîâåðõíîñòè, îïðåäåëÿåìóþ ïåðåäíèì ôðîí-
òîì âîëíû ðàñøèðåíèÿ. Êàê ïîêàçûâàþò èññëåäîâàíèÿ, ýòà îáëàñòü ñîäåðæèò è ôðîíò âîëíû,
è óçêóþ, ïîðÿäêà êâàäðàòà îòíîñèòåëüíîé òîëùèíû, ïðèôðîíòîâóþ îáëàñòü ïðèìåíèìîñòè
óðàâíåíèé ïîãðàíñëîÿ. Öåëüþ íàñòîÿùåé ðàáîòû è ÿâëÿåòñÿ ïîñòðîåíèå óðàâíåíèé èñêîìîãî
ïîãðàíñëîÿ â êîîðäèíàòàõ, ñâÿçàííûõ íåïîñðåäñòâåííî ñ ïîâåðõíîñòüþ ïåðåäíåãî ôðîíòà.
Ñðàâíåíèå ýòèõ äâóõ òèïîâ óðàâíåíèé ïîçâîëèò îêîí÷àòåëüíî ñäåëàòü âûâîäû îòíîñèòåëüíî
âîçìîæíîñòè ïðèìåíåíèÿ ýòèõ ñèñòåì.

Âûïèøåì òðåõìåðíûå óðàâíåíèÿ òåîðèè óïðóãîñòè äëÿ ðàññìàòðèâàåìîé îáîëî÷êè âðà-
ùåíèÿ, èçîáðàæåííîé íà ðèñ. 1, ãäå(�; �; z ) � êðèâîëèíåéíûå êîîðäèíàòû: � � äëèíà äóãè
âäîëü îáðàçóþøåé, � � óãîë â îêðóæíîì íàïðàâëåíèè, z � êîîðäèíàòà âíåøíåé íîðìàëè ê
ñðåäèííîé ïîâåðõíîñòè:
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È. Â. Êèðèëëîâà. Àñèìïòîòè÷åñêàÿ òåîðèÿ ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ â îáîëî÷êàõ âðàùåíèÿ

Ðèñ. 1. Êðèâîëèíåéíûå êîîðäèíàòû îáîëî÷êè
âðàùåíèÿ

Fig. 1. Curvilinear coordinates of the shell
of revolution

Ýòè óðàâíåíèÿ âûïèñàíû ñ àñèìïòîòè÷å-
ñêîé ïîãðåøíîñòüþ O("2), íåîáõîäèìîé äëÿ
îïèñàíèÿ ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ. Ðàç-
ðåøàþùèå óðàâíåíèÿ äâèæåíèÿ â ïåðåìåùå-
íèÿõ è óðàâíåíèÿ çàêîíà Ãóêà èìåþò ñîîò-
âåòñòâåííî âèä (1) è (2), ãäå" � ìàëûé ïàðà-
ìåòð òîíêîñòåííîñòè îáîëî÷êè: " = h=R; h �
ïîëóòîëùèíà, R � õàðàêòåðíîå çíà÷åíèå ðà-
äèóñîâ êðèâèçíû, � ij � íàïðÿæåíèÿ, vi � ïå-
ðåìåùåíèÿ, t � âðåìÿ, E � ìîäóëü Þíãà, � �
êîýôôèöèåíò Ïóàññîíà, � � ïëîòíîñòü ìàòå-
ðèàëà îáîëî÷êè, Ri � ðàäèóñû êðèâèçíû ñðå-
äèííîé ïîâåðõíîñòè, k1 = �= (1 � 2� ), k2 = (1 � � )=(1 � 2� ); � 2 = (1 � 2� )=(2 � 2� ), B �
ðàññòîÿíèå îò ñðåäèííîé ïîâåðõíîñòè äî îñè âðàùåíèÿ, c1 è c2 � ñêîðîñòè ðàñïðîñòðàíåíèÿ
âîëí ðàñøèðåíèÿ è ñäâèãà.

Ðàññìîòðèì ñëåäóþùèé âèä óäàðíîãî LT âîçäåéñòâèÿ íà òîðåö îáîëî÷êè âðàùåíèÿ, êî ãäà
óäàðíàÿ íàãðóçêà çàâèñèò îò âðåìåíè êàê åäèíè÷íàÿ ôóíêöèÿ Õåâèñàéäà H (t):

� 11 = IH (t); v1 = 0 ; � = 0 ;

ãäåI � àìïëèòóäà. Îäíîðîäíûå íà÷àëüíûå óñëîâèÿ çàïèñûâàþòñÿ â âèäå

vi =
@vi
@t

= 0 ; i = 1 ; 2:

2. Àñèìïòîòè÷åñêàÿ ãåîìåòðè÷åñêàÿ ìîäåëü ôðîíòà âîëíû ðàñøèðåíèÿ

Èññëåäîâàíèå ðåøåíèÿ äëÿ òî÷íûõ âîëíîâûõ óðàâíåíèé â öèëèíäðè÷åñêîé îáîëî÷êå
ÿâèëîñü áàçîâûì äëÿ àíàëèçà ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ â îáîëî÷êàõ âðàùåíèÿ íóëåâîé
ãàóññîâîé êðèâèçíû [ 7]. Â êà÷åñòâå áàçîâîé çàäà÷è äëÿ îáùåãî ñëó÷àÿ îáîëî÷åê âðàùåíèÿ
âûáåðåì òåïåðü çàäà÷ó äëÿ ñôåðè÷åñêîé îáîëî÷êè ñ ðàäèóñîì ñðåäèííîé ïîâåðõíîñòè R.

Ðèñ. 2. Ôîðìèðîâàíèå ôðîíòà âîëíû ðàñøèðåíèÿ
â ñôåðè÷åñêîé îáîëî÷êå

Fig. 2. Formation of an expansion wave front
in a spherical shell

Êàðòèíà ðàñïðîñòðàíåíèÿ âîçìóùåíèé
äëÿ ñôåðè÷åñêîé îáîëî÷êè â ìîìåíò âðå-
ìåíè t0 ïðåäñòàâëåíà íà ðèñ. 2. Çäåñü ñõå-
ìàòè÷åñêè èçîáðàæåíî ñå÷åíèå ðàññìàòðè-
âàåìîé îáîëî÷êè ÷åðåç öåíòð O3. Ñ÷èòàåì,
÷òî � 0 = c1t0; A1 è B2 � ãðàíè÷íûå òî÷êè
ðàñïðîñòðàíåíèÿ âîçìóùåíèé ïî âåðõíåé
è íèæíåé ëèöåâûì ïîâåðõíîñòÿì; A1A2,
B1B2, O1O2 � íîðìàëè ê ñðåäèííîé ïî-
âåðõíîñòè, ïðîõîäÿùèå ÷åðåç òî÷êè A1,
B2 è � 0. Ïîñêîëüêó ìû ðàññìàòðèâàåì
ñôåðè÷åñêóþ îáîëî÷êó, òî ýòè íîðìàëè
ëåæàò íà ðàäèóñàõ îêðóæíîñòè ñðåäèííîé
ïîâåðõíîñòè, ïðîõîäÿùèõ ÷åðåç ýòè æå
òî÷êè.

Ñîîòíîøåíèÿ ìåæäó äëèíàìè äóã è
ðàäèóñàìè êîíöåíòðè÷åñêèõ îêðóæíîñòåé
ïîçâîëÿþò îïðåäåëèòü êîîðäèíàòû òî÷åê
A1 è B2:

� = � 0[1 � " + O("2)]; � = � 0[1 + " + O("2)]; (3)

êîòîðûå ÿâëÿþòñÿ òî÷êàìè ôðîíòà âîëíû ðàñøèðåíèÿ íà âåðõíåé è íèæíåé ëèöåâûõ ïîâåðõ-
íîñòÿõ.
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Àíàëîãè÷íî (3) ìîæíî ñ÷èòàòü, ÷òî ëèíèè, ïðîõîäÿùèå ÷åðåç òî÷êè A1; � 0 è B2, îïðåäå-
ëÿþòñÿ ñëåäóþùèì âûðàæåíèåì:

� = � 0

h
1 �

z
R

+ O("2)
i

= � 0

h
1 � "� + O("2)

i
: (4)

Áóäåì òåïåðü ðàññìàòðèâàòü ïîâåðõíîñòü, îïðåäåëÿåìóþ óðàâíåíèåì (4), êàê ïîâåðõíîñòü
ïåðåäíåãî ôðîíòà âîëíû è � 0 êàê ôðîíòîâóþ òî÷êó íà ñðåäèííîé ëèíèè. Ïðè ýòîì ñ
àñèìïòîòè÷åñêîé ïîãðåøíîñòüþ O("2) ìîæíî ñ÷èòàòü óðàâíåíèå (4) óðàâíåíèåì ïðÿìîé, à
ôðîíò âîëíû ìîæíî ñ÷èòàòü ïîâåðõíîñòüþ, îáðàçîâàííîé íîðìàëÿìè ê ñðåäèííîé ëèíèè,
ïîâåðíóòûìè â òî÷êàõ � 0 = c1t0.

Ïåðåéäåì ê ïîñòðîåíèþ àñèìïòîòèêè ôðîíòà âîëíû â îáîëî÷êàõ âðàùåíèÿ. Äëÿ îïðåäå-
ëåííîñòè ðàññìîòðèì îáîëî÷êó âðàùåíèÿ ïîëîæèòåëüíîé ãàóññîâîé êðèâèçíû, ñõåìàòè ÷íîå

Ðèñ. 3. Ôîðìèðîâàíèå ôðîíòà âîëíû ðàñøèðå-
íèÿ â îáîëî÷êå âðàùåíèÿ

Fig. 3. Formation of an expansion wave front
in a shell of revolution

èçîáðàæåíèå êîòîðîé ïðåäñòàâëåíî íà ðèñ. 3.
Îáîçíà÷åíèÿ íà ýòîé ôèãóðå ïîëíîñòüþ ñî-
îòâåòñòâóþò îáîçíà÷åíèÿì íà ðèñ. 2. Òàê
êàê ïåðâûé êîýôôèöèåíò Ëàìå â ðàññìàò-
ðèâàåìîé ñèñòåìå êîîðäèíàò çàïèñûâàåòñÿ â
âèäå [8]

H1 = 1 +
z

R1
;

ãäå R1 � ãëàâíûé ðàäèóñ êðèâèçíû ñðåäèí-
íîé ïîâåðõíîñòè, òî èñêîìûå ðàññòîÿíèÿ ïî
ëèöåâûì ïîâåðõíîñòÿì äî âîëíîâîãî ôðîíòà
îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

T1O1 = � 0 + h
Z � 0

0

d�
R1

; T2O2 = � 0 � h
Z � 0

0

d�
R1

;

à îòðåçêè êðèâûõA1O1 è O2B2 îïðåäåëÿþòñÿ âûðàæåíèÿìè

A1O1 = O2B2 = h
Z � 0

0

d�
R1

: (5)

Ïîëó÷åííûå ðåçóëüòàòû äëÿ ñôåðè÷åñêîé îáîëî÷êè îáîáùèì íà ñëó÷àé îáîëî÷êè âðàùåíèÿ.
Íåïîñðåäñòâåííî èç ( 5) ñëåäóåò, ÷òî ïîâåðõíîñòü, îïðåäåëÿåìóþ âûðàæåíèåì

� = � 0 � zF (� 0); F (� 0) =
Z � 0

0

d�
R1

; (6)

áóäåì ðàññìàòðèâàòü â êà÷åñòâå âîëíîâîãî ôðîíòà âîëíû ðàñøèðåíèÿ, îáðàçîâàííîãî ïîâå ð-
íóòûìè íîðìàëÿìè ê ñðåäèííîé ïîâåðõíîñòè. Ëåãêî âèäåòü, ÷òî ïðè ýòîì äëèíà îòðåçêà
ïîâåðíóòîé íîðìàëè z0

F çàäàåòñÿ ñëåäóþùèì îáðàçîì:

z0
F = z

p
1 + F 2(� 0): (7)

3. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ â îêðåñòíîñòè ôðîíòà
âîëíû ðàñøèðåíèÿ

Â ñîîòâåòñòâèè ñ äëèíîé îòðåçêà ïîâåðíóòîé íîðìàëè, çàäàâàåìîé ôîðìóëîé (7), ââåäåì
íîâóþ êîîðäèíàòó zF : zF = z

p
1 + F 2(� ), êîòîðàÿ ïðè � = � 0 = c1t îòñ÷èòûâàåòñÿ âäîëü

êîîðäèíàòíîé ëèíèè íîâîé ñèñòåìû êîîðäèíàò (�; z F ), ñîâïàäàþùåé ñ ïåðåäíèì ôðîíòîì
âîëíû.

Äëÿ âûâîäà àñèìïòîòè÷åñêè îïòèìàëüíûõ óðàâíåíèé ðàññìàòðèâàåìîãî ãèïåðáîëè÷åñêîãî
ïîãðàíñëîÿ îòìåòèì, ÷òî â ñëó÷àå îáîëî÷åê âðàùåíèÿ íóëåâîé ãàóññîâîé êðèâèçíû îí ÿâ ëÿåòñÿ
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â àñèìïòîòè÷åñêîì ñìûñëå îáîáùåíèåì ñîîòâåòñòâóþùåãî ïîãðàíñëîÿ â ïîëîñå è îòâå÷àåò
ïëîñêîìó òèïó ÍÄÑ [ 6]. Â ðàññìàòðèâàåìîì ñëó÷àå ïîãðàíñëîé èìååò ñèììåòðè÷íûé òèï,
êîãäà ñ àñèìïòîòè÷åñêîé ïîãðåøíîñòüþ O(") ôóíêöèè v1, � 11, � 22, � 33 ïî íîðìàëüíîé
êîîðäèíàòå ÷åòíû, à v3, � 13 � íå÷åòíû.

Â ðàññìàòðèâàåìîé íîâîé ñèñòåìå êîîðäèíàò (�; z F ) òàêæå ìîæíî âûÿâèòü ñâîéñòâà ÷åòíî-
ñòè è íå÷åòíîñòè íàïðÿæåíèé è ïåðåìåùåíèé ïî ââåäåííîé êîîðäèíàòå zF ñ àñèìïòîòè÷åñêîé
ïîãðåøíîñòüþ O("), ÷òî îáóñëîâëåíî îäèíàêîâîé ôîðìîé àñèìïòîòè÷åñêè ãëàâíîé ÷àñòè
ðàçðåøàþùåé ñèñòåìû êàê äëÿ ïðîñòåéøåãî ñëó÷àÿ öèëèíäðè÷åñêîé îáîëî÷êè, òàê è äëÿ
îáùåãî ñëó÷àÿ îáîëî÷åê âðàùåíèÿ. Ñ ó÷åòîì ýòîãî ñâîéñòâà ðàçðåøàþùèå óðàâíåíèÿ (1), (2)
çàïèñûâàþòñÿ â ñëåäóþùåì âèäå:

� � 2 @2v1

@�2
+ (1 + F 2)

@2v1

@z2F
�

1
c2

2

@2v1

@t2
+

p
1 + F 2

1 � 2�
�

@2v3

@�@zF
+

+
zF F
R1

h 2� � 2
p

1 + F 2

@2v1

@�@zF
+

1
1 � 2�

@2v3

@z2F

i
+ � � 2 B 0

B
@v1
@�

= 0 ;

p
1 + F 2

1 � 2�
@2v1

@�@zF
+

@2v3

@�2
+ � � 2(1 + F 2)

@2v3

@z2F
�

1
c2

2

@2v3

@t2
+

+
zF

R1
p

1 + F 2

h 1
1 � 2�

@2v1

@z2F
+

2
p

1 + F 2

@2v3

@�@zF

i
+

B 0
p

1 + F 2

(1 � 2� )B
@v1
@zF

+
B 0

B
@v3
@�F

= 0 ;

(8)

� 11 =
E

1 + �

�
k2

@v1
@�

+ k1

p
1 + F 2 @v3

@zF

�
; � 22 =

E
1 + �

�
k1

@v1
@�

+ k1

p
1 + F 2 @v3

@zF

�
;

� 33 =
E

1 + �

�
k1

@v1
@�

+ k2

p
1 + F 2 @v3

@zF

�
; � 13 =

E
2(1 + � )

� p
1 + F 2 @v1

@zF
+

@v3
@�

�
:

(9)

Ïîäîáíî ñëó÷àþ ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ â îáîëî÷êàõ âðàùåíèÿ íóëåâîé ãàóññî-
âîé êðèâèçíû ââåäåì áåçðàçìåðíûå ïåðåìåííûå, õàðàêòåðèçóþùèå ÍÄÑ ãèïåðáîëè÷åñêîãî
ïîãðàíñëîÿ â ìàëîé, ïîðÿäêà O("2), îêðåñòíîñòè ôðîíòà âîëíû ðàñøèðåíèÿ ( 6):

x =
1
"2 (� 0 � � 0); � 0 = c1t=R; � 0 = �=R; � F = zF =h; (10)

ãäå R � õàðàêòåðíîå çíà÷åíèå ðàäèóñîâ êðèâèçíû. Ïðèìåì, ÷òî äèôôåðåíöèðîâàíèå ïî
ââåäåííûì ïåðåìåííûì ïàðàìåòðàì íå èçìåíÿåò ïîðÿäêà èñêîìûõ ôóíêöèé. Ýòè ïåðåìåííûå
ïîçâîëÿþò ÿâíî âûäåëèòü îáëàñòè ïðèìåíèìîñòè èñêîìîãî ïîãðàíñëîÿ, êîòîðûå ñõåìàòè÷íî
ïðåäñòàâëåíû íà ðèñ. 4.

à / a á / b

Ðèñ. 4. Ñõåìû îáëàñòåé ïðèìåíèìîñòè ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ â öèëèíäðè÷åñêîé îáîëî÷êå ( à) è
îáîëî÷êå âðàùåíèÿ ( á)

Fig. 4. Schemes of the domains of applicability of the hyperbolic boundary layer in a cylindrical shell (a)
and a shell of revolution (b)
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Çäåñü èçîáðàæåíî ðàñïîëîæåíèå èñêîìûõ îáëàñòåé ïðèìåíèìîñòè äëÿ öèëèíäðè÷åñêîé
îáîëî÷êè (ðèñ. 4, à) è îáîëî÷êè âðàùåíèÿ (ðèñ. 4, á) â ìîìåíò âðåìåíè t0 ñ êîîðäèíàòîé
ôðîíòà íà ñðåäèííîé ïîâåðõíîñòè � 0 = c1t; îòðåçêè A1B2 çàäàþò ïðÿìîëèíåéíûå ôðîíòû,
êîòîðûå â ñëó÷àå îáîëî÷êè âðàùåíèÿ îáðàçóþòñÿ ïóòåì ïîâîðîòà íîðìàëè âîêðóã òî÷êè � 0.

Àñèìïòîòè÷åñêèå âåëè÷èíû êîìïîíåíò ÍÄÑ çàäàäèì ñëåäóþùèì îáðàçîì:

v1 = R"v �
1; v3 = R" 2v�

3; � 11 = E" � 1� �
11; � 33 = E" � 1� �

33; � 13 = E� �
13: (11)

Ñ÷èòàåì, ÷òî âåëè÷èíû ñî çâåçäî÷êàìè èìåþò îäèíàêîâûé àñèìïòîòè÷åñêèé ïîðÿäîê; çâåçäî÷-
êè â äàëüíåéøåì îïóñêàåì. Ïåðåéäåì â óðàâíåíèÿõ (8), (9) ê ïåðåìåííûì (10) ñ ó÷åòîì (11).
Ó÷èòûâàÿ òàêæå çàâèñèìîñòü ïðîèçâîäíûõ ïî � îò ïðîèçâîäíûõ ïî x è � 0, ïðèõîäèì ê
ñëåäóþùèì óðàâíåíèÿì:

� 2(1 + F 2)
@2v1

@�2F
�

2

R1
p

1 + F 2
� F

@v1
@x@�

+ 2
@2v1

@x@�0
�

p
1 + F 2

2(1 � � )
@2v3

@x@�F
�

B 0

B
@v1
@x

= 0 ;

p
1 + F 2 @2v1

@x@�F
+

@2v3

@x2
= 0 ;

(12)

� 11 = �
1

2(1 + � )� 2

@v1
@x

; � 33 = �
�

(1 � 2� )(1 + � )
@v1
@x

; � 13 =

p
1 + F 2

1 + �
@v1
@�F

: (13)

Ïîëó÷åííûå ðàçðåøàþùèå óðàâíåíèÿ (12), (13) ÿâëÿþòñÿ óðàâíåíèÿìè ñ ìåäëåííî èçìå-
íÿþùèìèñÿ êîýôôèöèåíòàìè, çàâèñÿùèìè îò ôóíêöèè B è ôóíêöèè F , êîòîðàÿ ñòðåìèòñÿ
ê íóëþ ïðè ñòðåìëåíèè ê áåñêîíå÷íîñòè ãëàâíîãî ðàäèóñà êðèâèçíû R1. Ïðè ýòîì ôðîíò
âîëíû ïåðåõîäèò â ïîëîæåíèå íîðìàëè ê ñðåäèííîé ïîâåðõíîñòè è îáîëî÷êà ñòàíîâèòñÿ
îáîëî÷êîé âðàùåíèÿ íóëåâîé ãàóññîâîé êðèâèçíû, à ðàññìàòðèâàåìûå óðàâí åíèÿ ïåðåõîäÿò â
óæå ïîëó÷åííûå ðàçðåøàþùèå óðàâíåíèÿ äëÿ ýòèõ ïðîñòåéøèõ îáîëî÷åê.

Ñèñòåìà óðàâíåíèé (12) ïîëó÷åíà ñ ïîãðåøíîñòüþ O("), ïîýòîìó åå âòîðîå óðàâíåíèå ñ
ìåäëåííî èçìåíÿþùèìñÿ êîýôôèöèåíòîì ìîæíî ïðîèíòåãðèðîâàòü ïî x, ïîëó÷àÿ âûðàæåíèå
äëÿ ïåðåìåùåíèÿ v3 ÷åðåçv1:

@v3
@x

= �
p

1 + F 2 @v1
@�

: (14)

Ïîäñòàâëÿÿ (14) â ïåðâîå óðàâíåíèå ñèñòåìû (12), ïðèõîäèì ê îäíîìó ðàçðåøàþùåìó óðàâíå-
íèþ îòíîñèòåëüíî àñèìïòîòè÷åñêè ãëàâíîé êîìïîíåíòû v1:

(1 + F 2)
@2v1

@�2F
+ 2

@2v1

@x@�0
�

2

R1
p

1 + F 2
� F

@2v1

@x@�F
�

B 0

B
@v1
@x

= 0 ;

� 11 = �
1

2(1 + � )� 2

@v1
@x

; � 33 = �
�

(1 � 2� )(1 + � )
@v1
@x

; � 13 =

p
1 + F 2

1 + �
@v1
@�F

:

Â èñõîäíîé ðàçìåðíîé ôîðìå ïîëó÷åííûå ðàçðåøàþùèå óðàâíåíèÿ äëÿ àñèìïòîòè÷åñêè
ãëàâíûõ ñîñòàâëÿþùèõ ïðèìóò ñëåäóþùèé âèä:

@2v1

@�2
+ (1 + F 2)

@2v1

@z2F
�

1
c2

1

@2v1

@t2
+

2zF

R1
p

1 + F 2

@2v1

@�@zF
+

B 0

B
@v1
@�

= 0 ;

� 11 =
E

2(1 + � )� 2

@v1
@�

; � 33 =
E�

(1 � 2� )(1 + � )
@v1
@�

; � 13 =
E

1 + �

p
1 + F 2 @v1

@zF
:

(15)

Ïîëó÷åííûå ðàçðåøàþùèå óðàâíåíèÿ (15) îáîáùàþò àíàëîãè÷íûå óðàâíåíèÿ ïîãðàíñëîÿ
äëÿ îáîëî÷åê âðàùåíèÿ íóëåâîé ãàóññîâîé êðèâèçíû, ïîñêîëüêó ïðè ñòðåìëåíèè R1 ê áåñ-
êîíå÷íîñòè ôóíêöèÿ F (� 0) ñòðåìèòñÿ ê íóëþ è ïîëó÷åííûå óðàâíåíèÿ (15) ïðèíèìàþò âèä

@2v1

@�2
+

@2v1

@z2
�

1
c2

1

@2v1

@t2
+

B 0

B
@v1
@�

= 0 ;

� 11 =
E

2(1 + � )� 2

@v1
@�

; � 33 =
E�

(1 � 2� )(1 + � )
@v1
@�

; � 13 =
E

1 + �
@v1
@z

;
(16)
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÷òî ÿâëÿåòñÿ ñèñòåìîé ðàçðåøàþùèõ óðàâíåíèé ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ, ïîëó÷åííûõ
â [6]. Îòìåòèì òàêæå, ÷òî ïðè ïåðåõîäå â (15) ê èñõîäíûì êîîðäèíàòàì (�; z ) òàêæå ïîëíîñòüþ
ïðèõîäèì ê óðàâíåíèÿì (16). Ìîæíî, òàêèì îáðàçîì, ñäåëàòü âûâîä, ÷òî ñèñòåìà (16)
îïèñûâàåò ãèïåðáîëè÷åñêèé ïîãðàíñëîé â ðàìêàõ îêðåñòíîñòè ïîðÿäêà O("), âíóòðè êîòîðîé
îí è ñîäåðæèòñÿ ñ òîëùèíîé ïîðÿäêà O("2), à äëÿ åãî îïðåäåëåíèÿ è òðåáóþòñÿ óðàâíåíèÿ
ñèñòåìû ( 15).

Ïîñòðîåííûå ðàçðåøàþùèå óðàâíåíèÿ äâèæåíèÿ ñâåëèñü äëÿ àñèìïòîòè÷åñêè ãëàâíûõ
êîìïîíåíò ÍÄÑ ê îäíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè, äëÿ
óäîâëåòâîðåíèÿ êîòîðûõ òðåáóåòñÿ òîëüêî ïî îäíîìó ãðàíè÷íîìó óñëîâèþ êàê íà òîðöå, òàê è
íà ëèöåâûõ ïîâåðõíîñòÿõ. Ïîýòîìó ãðàíè÷íûå óñëîâèÿ íà ëèöåâûõ ïîâåðõíîñòÿõ çàïèøóòñÿ â
ôîðìå

� 33 = 0 ; zF = � h
p

1 + F 2(� );

à äëÿ íàãðóæåíèé íà òîðöå � â ñëåäóþùåé ôîðìå:

� 11 = IH (t); � = 0 :

Âûâîä

Ðàçðàáîòàííàÿ ìîäåëü çàâåðøàåò ïîñòðîåíèå àñèìïòîòè÷åñêîé òåîðèè íåñòàöèîíàðíîãî
ÍÄÑ òîíêèõ îáîëî÷åê âðàùåíèÿ â ïëàíå âûâîäà îïòèìàëüíûõ óðàâíåíèé, îïèñûâàþùèõ â
ïðîñòåéøåé ôîðìå åãî ñâîéñòâà â ìàëîé îêðåñòíîñòè ïåðåäíåãî ôðîíòà âîëíû ðàñøèðåíèÿ.
Òàêæå ïðîâåäåíà ïðèâÿçêà ôðîíòà ê ïîâîðîòó íîðìàëè ê ñðåäèííîé ïîâåðõíîñòè è âûÿâëåíè å
ãëàâíûõ êîìïîíåíò ÍÄÑ: ïðîäîëüíîãî ïåðåìåùåíèÿ è íîðìàëüíûõ íàïðÿæåíèé. Ïîëó÷åííîå
ðàçðåøàþùåå ãèïåðáîëè÷åñêîå óðàâíåíèå âòîðîãî ïîðÿäêà ïîçâîëÿåò íå òîëüêî ïîëó÷èòü
àíàëèòè÷åñêîå ðåøåíèå, íî è äàòü óäîáíóþ ôîðìó äëÿ ðåøåíèÿ ÷èñëåííîãî.
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Abstract. In the work the mathematical model of micropolar meshed cylindrical shells oscillations under the
action of the vibrational and temperature e�ects is constructed. The shell material is an elastic orthotropic
homogeneous Cosserat pseudocontinuum with constrained rotation of particles. The Duhamel� Neumann's
law was adopted. The mesh structure is taken into account according to the model of G. I.Pshenichnov,
geometric nonlinearity according to Theodor von Karman theory. The equations of motion,boundary
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Ââåäåíèå

Íàó÷íî-òåõíè÷åñêèé ïðîãðåññ è ðàçâèòèå ñîâðåìåííûõ òåõíîëîãèé íåóìîëèìî ïðèâîäÿò
ê òîìó, ÷òî íàíî- è ìèêðîýëåêòðîìåõàíè÷åñêèå ñèñòåìû (ÍÝÌÑ è ÌÝÌÑ) íà óãëåðîäíûõ
íàíîòðóáêàõ (ÓÍÒ) íà÷èíàþò íàïðÿìóþ êîíêóðèðîâàòü è äàæå ïðåâîñõîäèòü ÍÝÌÑ è ÌÝÌÑ,
â êîòîðûõ èñïîëüçóþòñÿ òðàäèöèîííûå ìàòåðèàëû. Äëÿ èñïîëüçîâàíèÿ ÓÍÒ â êà÷åñòâå
êîíñòðóêöèîííûõ ýëåìåíòîâ ÍÝÌÑ è ÌÝÌÑ áóäóøåãî íåîáõîäèìî õîðîøî ðàçáèðàòüñÿ â
îñîáåííîñòÿõ èõ ïîâåäåíèÿ â çàâèñèìîñòè îò ðàçíîãî ðîäà ôàêòîðîâ (âèáðàöèîííûõ, øóìîâûõ,
òåïëîâûõ, ýëåêòðîñòàòè÷åñêèõ âîçäåéñòâèé, âëàæíîñòè, äèññèïàöèè âíåøíåé ñðåäû), ÷òî
îáóñëîâëèâàåò íåîáõîäèìîñòü ñîçäàíèÿ ìàêñèìàëüíî òî÷íûõ ìàòåìàòè÷åñêèõ ìîäåëåé è
ìåòîäîâ èõ ðàñ÷åòà.

Àíàëèç ïîâåäåíèÿ ÓÍÒ ëåæèò â ïëîñêîñòè íàó÷íûõ èíòåðåñîâ ìíîãèõ àâòîðîâ è íàó÷íûõ
ãðóïï êàê â Ðîññèè, òàê è çà ðóáåæîì. Äëÿ àíàëèçà ïîâåäåíèÿ ÓÍÒ êàê ìåõàíè÷åñêèõ
îáúåêòîâ ïðèìåíÿëèñü áàëî÷íûå ìîäåëè Ýéëåðà � Áåðíóëëè [ 1], Òèìîøåíêî [ 2], Ïåëåõà �
Øåðåìåòüåâà [3], ãäå ó÷åò ðàçìåðíî-çàâèñèìîãî ïîâåäåíèÿ áûë ñâÿçàí ñ ãðàäèåíòíîé òåîðèåé
óïðóãîñòè. Ìîìåíòíàÿ òåîðèÿ óïðóãîñòè ïðèìåíÿëàñü ê àíàëèçó ÓÍÒ â ðàáîòå [ 4]. Â [ 5]
èçó÷åíèå äèíàìèêè óãëåðîäíûõ íàíîòðóáîê âåëîñü íà îñíîâå ãðàäèåíòíîé òåîðèè óïðóãîñòè
ñ ó÷åòîì äåôîðìàöèè ñäâèãà. Ìîäåëè ïîâåäåíèÿ îðòîòðîïíûõ ìèêðîïîëÿðíûõ îáîëî÷åê
ïîñòðîåíû â ðàáîòàõ [ 6, 7]. Áîëüøèíñòâî àâòîðîâ äëÿ àíàëèçà ñòàòèêè è äèíàìèêè ÓÍÒ
èñïîëüçóþò ëèíåéíûå ìîäåëè [ 8� 11], â òî âðåìÿ êàê ýêñïåðèìåíòàëüíûå äàííûå óêàçûâàþò íà
íåîáõîäèìîñòü ó÷åòà íåëèíåéíîñòè ïðè ìîäåëèðîâàíèè ïîâåäåíèÿ ðàññìàòðèâàåìûõ îáúåêòîâ
[12]. Â ðàáîòå [13] ïðåäëîæåíà êîíòèíóàëüíàÿ ìîäåëü ñåò÷àòîé îáîëî÷êè, îáðàçîâàííîé
äâóìÿ ñåìåéñòâàìè ãèáêèõ íåëèíåéíî-óïðóãèõ âîëîêîí, ñîõðàíÿþùèõ ñâîþ îðòîãîíàëüíîñòü â
ïðîöåññå äåôîðìèðîâàíèÿ. Àíàëèç ïîâåäåíèÿ ðàçìåðíî-çàâèñèìûõ ãåîìåòðè÷åñêè íåëèíåéíûõ
ñåò÷àòûõ îáîëî÷åê ìîäåëè Êèðõãîôà � Ëÿâà ñ ðàçëè÷íîé ãåîìåòðèåé ñåòêè ïðèâîäèòñÿ â
ðàáîòå [14]. ÓÍÒ êàê ýëåìåíòû ýëåêòðîíèêè, â ÷àñòíîñòè ïîëåâûõ òðàíçèñòîðîâ, çà÷àñòóþ
ðàáîòàþò â øèðîêîì äèàïàçîíå òåìïåðàòóð ïîä äåéñòâèåì âèáðàöèîííûõ íàãðóçîê. Ìîäåëü
áàëêè Ýéëåðà � Áåðíóëëè â ñî÷åòàíèè ñ íåëîêàëüíîé òåîðèåé óïðóãîñòè Ýðèíãåíà èñïîëüçóåòñÿ
äëÿ àíàëèçà âëèÿíèÿ òåìïåðàòóðíûõ ãðàäèåíòîâ íà ïîâåäåíèå ÓÍÒ â ðàáîòàõ [ 15,16].

Òåîðèÿ êîëåáàíèé ÓÍÒ êàê ãåîìåòðè÷åñêè íåëèíåéíûõ îðòîòðîïíûõ ñåò÷àòûõ öèëèíäðè÷å-
ñêèõ îáîëî÷åê ñ ó÷åòîì ñäâèãîâûõ äåôîðìàöèé, ðàçìåðíî-çàâèñèìîãî ïîâåäåíèÿ, òåìïåðàòóð-
íûõ è âèáðàöèîííûõ íàãðóçîê â èçâåñòíîé àâòîðó ëèòåðàòóðå íå âñòðå÷àëàñü. Ìàòåìàòè÷åñêàÿ
ìîäåëü äåôîðìèðîâàíèÿ öèëèíäðè÷åñêîé îáîëî÷êè ñåò÷àòîé ñòðóêòóðû ñ ó÷åòîì âûøåîïèñàí-
íûõ ôàêòîðîâ ïîñòðîåíà â íàñòîÿùåé ñòàòüå.

1. Îáîñíîâàíèå ìåòîäîâ è ïîäõîäîâ

Ñëåäóåò îòìåòèòü, ÷òî ïðåäëîæåííàÿ òåîðèÿ áóäåò ïîëåçíà ïðè èññëåäîâàíèè ïîâåäåíèÿ
ëþáûõ êîíñòðóêöèîííûõ ýëåìåíòîâ â âèäå ñåò÷àòûõ öèëèíäðè÷åñêèõ îáîëî÷åê â óñëîâèÿõ
òåìïåðàòóðíûõ è âèáðàöèîííûõ âîçäåéñòâèé îò ìàêðî- äî íàíîðàçìåðà, â ÷àñòíîñòè, òàêèõ
êàê óãëåðîäíàÿ íàíîòðóáêà.

232 Íàó÷íûé îòäåë



Å. Þ. Êðûëîâà. Ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé îðòîòðîïíûõ öèëèíäðè÷åñêèõ îáîëî÷åê

Óãëåðîäíàÿ íàíîòðóáêà ÿâëÿåòñÿ íàíîðàçìåðíûì îáúåêòîì, ïîýòîìó ïðè èññëåäîâàíèè åå
ïîâåäåíèÿ ñëåäóåò îïèðàòüñÿ íà òåîðèè, ó÷èòûâàþùèå ýôôåêòû ìàñøòàáà. Â ðàìêàõ äàííîé
ðàáîòû èñïîëüçóåòñÿ ìîìåíòíàÿ (ìèêðîïîëÿðíàÿ) òåîðèÿ ñî ñòåñíåííûì âðàùåíèåì ÷àñòèö.

ÓÍÒ ñîñòîèò èç îäíîé èëè íåñêîëüêèõ ñâåðíóòûõ â òðóáêó ãðàôåíîâûõ ïëîñêîñòåé.
Ãðàôåí � êðèñòàëëè÷åñêèé ìàòåðèàë. Â ðàáîòå [17] ýêñïåðèìåíòàëüíî óñòàíîâëåíî, ÷òî â
ïðîöåññå äåôîðìàöèè êðèñòàëëîâ âàæíóþ ðîëü èãðàþò ñäâèãè è ïîâîðîòû, à ñëåäîâàòåëüíî,
îáîñíîâàíà íåîáõîäèìîñòü èñïîëüçîâàíèÿ ïðè ìîäåëèðîâàíèè èõ ïîâåäåíèÿ òåîðèé òèïà
Ñ. Ï. Òèìîøåíêî.

Àâòîðàìè ðàáîòû [ 18] ïðîâåäåíû êâàíòîâî-õèìè÷åñêèå èññëåäîâàíèÿ ìåõàíè÷åñêèõ ñâîéñòâ
ãðàôåíà è ïîêàçàíî, ÷òî ñ óìåíüøåíèåì ëèíåéíûõ ðàçìåðîâ ãðàôåíîâîãî ëèñòà ðàçíèöà ìåæäó
çíà÷åíèÿìè ìîäóëåé Þíãà â äâóõ âçàèìî ïåðïåíäèêóëÿðíûõ íàïðàâëåíèÿõ ðàñòåò. Ñðåäñòâà-
ìè ìîëåêóëÿðíîé äèíàìèêè â èññëåäîâàíèè [ 19] ïîëó÷åí àíàëîãè÷íûé ðåçóëüòàò. Èç ýòîãî
ñëåäóåò íåîáõîäèìîñòü ïîñòðîåíèÿ îáùåé òåîðèè êîëåáàíèé ÓÍÒ ñ ó÷åòîì àíèçîòðîïèè
(îðòîòðîïèè).

Óãëåðîäíàÿ íàíîòðóáêà êàê ìåõàíè÷åñêèé îáúåêò ïðåäñòàâëÿåò ñîáîé çàìêíóòóþ öèëèí-
äðè÷åñêóþ îáîëî÷êó ñåò÷àòîé ñòðóêòóðû. Â ðàìêàõ äàííîé ðàáîòû åå ñòðóêòóðó ïðåäëàãàåòñÿ
ó÷åñòü íà îñíîâàíèè òåîðèè Ã. È. Ïøåíè÷íîãî, êîòîðàÿ ïðåäïîëàãàåò, ÷òî ðåãóëÿðíóþ ñèñòåìó
ãóñòî ðàñïîëîæåííûõ ðåáåð ìîæíî çàìåíèòü ñïëîøíûì ñëîåì.

ÍÝÌÑ è ÌÝÌÑ, ñîñòàâíûìè ÷àñòÿìè êîòîðûõ ÿâëÿþòñÿ ÓÍÒ, ïðèõîäèòñÿ ðàáîòàòü â
óñëîâèÿõ âûñîêèõ òåìïåðàòóð, ïîýòîìó ìàòåìàòè÷åñêàÿ ìîäåëü ñòðîèòñÿ ñ ó÷åòîì ñòàöèîíàð-
íîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Èññëåäîâàíèÿ îñîáåííîñòåé íåëèíåéíîé äèíàìèêè êîíñòðóêöèîííûõ ýëåìåíòîâ ÍÝÌÑ è
ÌÝÌÑ (ñåíñîðîâ, òðàíçèñòîðîâ) â çàâèñèìîñòè îò óñëîâèé èõ ýêñïëóàòàöèè î÷åíü âàæíû äëÿ
ïîíèìàíèÿ ïðîöåññîâ, ïðîèñõîäÿùèõ â ïðèáîðàõ, äëÿ ñòàáèëèçàöèè ðåæèìîâ ðàáîòû, íåéòðà-
ëèçàöèè ïàãóáíûõ âíåøíèõ âîçäåéñòâèé (òåïëîâûõ, âèáðàöèîííûõ è ò. ï.). Ïðåäëîæåííàÿ â
äàííîé ðàáîòå òåîðèÿ ïîçâîëÿåò ïðîâîäèòü àíàëèç íåëèíåéíîé äèíàìèêè ñåò÷àòûõ íàíîðàç-
ìåðíûõ öèëèíäðè÷åñêèõ îáîëî÷åê âñëåäñòâèå ó÷åòà â íåé ãåîìåòðè÷åñêîé íåëèíåéíîñòè.

2. Ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé ñïëîøíîé ìèêðîïîëÿðíîé îáîëî÷êè
â óñëîâèÿõ òåìïåðàòóðíûõ âîçäåéñòâèé

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà öèëèíäðè-
÷åñêîé îáîëî÷êè

Fig. 1. Design diagram of a cylin-
drical shell

Ïðåäïîëîæèì, ÷òî çàìêíóòàÿ öèëèíäðè÷åñêàÿ
îáîëî÷êà çàíèìàåò â ïðîñòðàíñòâå R 3 îáëàñòü


 =
n

0 6 � 6 b; 0 6 � 6 2� ; � h
2 6 z 6 h

2

o
. Ââåäåì â

ðàññìîòðåíèå ñèñòåìó êîîðäèíàò ñëåäóþùèì îáðàçîì:
� êîîðäèíàòà z îòñ÷èòûâàåòñÿ îò ñðåäèííîé ïîâåðõ-

íîñòè îáîëî÷êè âäîëü åå íàðóæíîé íîðìàëè;
� îñü O� íàïðàâëåíà âäîëü îáðàçóþùåé;
� îñü O� íàïðàâëåíà âäîëü îêðóæíîñòè öèëèíäðà, îá-

ðàçîâàííîãî ñðåäèííîé ïîâåðõíîñòüþ îáîëî÷êè (ðèñ. 1).
Áóäåì ñ÷èòàòü, ÷òî ìàòåðèàë îáîëî÷êè óïðóãèé, îð-

òîòðîïíûé, îäíîðîäíûé, ìîäåëèðóåìûé ïñåâäîêîíòèíó-
óìîì Êîññåðà (ñî ñòåñíåííûì âðàùåíèåì ÷àñòèö). Îïðå-
äåëÿþùèå ñîîòíîøåíèÿ äëÿ ìèêðîïîëÿðíîãî îðòîòðîï-
íîãî ìàòåðèàëà áóäóò èìåòü âèä [ 20]:

� �� = a11� �� + a12� �� + a13� zz; � �� = b11m�� + b12m�� + b13mzz;

� �� = a12� �� + a22� �� + a23� zz; � �� = b12m�� + b22m�� + b23mzz;

� �� = a11� �� + a12� �� + a13� zz; � �� = b11m�� + b12m�� + b13mzz;

� �� = a12� �� + a22� �� + a23� zz; � �� = b12m�� + b22m�� + b23mzz;

� zz = a13� �� + a23� �� + a33� zz; � zz = b13m�� + b23m�� + b33mzz;

(1)
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� �� = a44� �� + a45� �� ; � �� = a45� �� + a55� �� ; � �z = a66� �z + a67� z� ;

� �� = b44m�� + b45m�� ; � �� = b45m�� + b55m�� ; � �z = b66m�z + b67mz� ;

� z� = a67� �z + a77� z� ; � z� = a89� �z + a99� z� ; � �z = a88� �z + a89� z� ;

� z� = b67m�z + b77mz� ; � z� = b89m�z + b99mz� ; � �z = b88m�z + b89mz� ;

(2)

ãäåaij è bij � óïðóãèå êîíñòàíòû ìèêðîïîëÿðíîãî îðòîòðîïíîãî ìàòåðèàëà, � ij , mij � êîìïî-
íåíòû òåíçîðà ñèëîâîãî è ìîìåíòíîãî íàïðÿæåíèé ñîîòâåòñòâåííî, � ij è � ij � êîìïîíåíòû
òåíçîðà äåôîðìàöèè è òåíçîðà èçãèáà-êðó÷åíèÿ.

Ïðèâåäåííàÿ íèæå òåîðèÿ îñíîâàíà íà êèíåìàòè÷åñêîé ìîäåëè Ñ. Ï. Òèìîøåíêî. Êîìïî-
íåíòû âåêòîðà ïåðåìåùåíèé â òàêîì ñëó÷àå ïðèìóò âèä [ 21]:

u� = u(�; �; t ) + z
 � (�; �; t )u� = v(�; �; t ) + z
 � (�; �; t )uz = w(�; �; t ); (3)

u, v, w � îñåâûå ñìåùåíèÿ ñðåäèííîé ïîâåðõíîñòè îáîëî÷êè â íàïðàâëåíèÿõ � , � , z ñîîòâåò-
ñòâåííî, 
 � , 
 � � óãëû ïîâîðîòà ïîïåðå÷íûõ ñå÷åíèé îáîëî÷êè. Êîìïîíåíòû ñèììåòðè÷íîãî
òåíçîðà äåôîðìàöèé öèëèíäðè÷åñêîé îáîëî÷êè ñ ó÷åòîì ïðèíÿòûõ ãèïîòåç è ãåîìåòðè÷åñêîé
íåëèíåéíîñòè ïî òåîðèè Ò. ôîí Êàðìàíà [ 22] ïðèìóò âèä
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�
1
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1
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;

� �z =
1
2

�

 � +

1
R

@w
@�

�
v
R

�
; � �z =

1
2

�

 � +

@w
@�

�
; ezz = 0 :

(4)

Êîìïîíåíòû âåêòîðà ìèêðîïîâîðîòîâ � � , � � , � z â ñëó÷àå ñðåäû Êîññåðà ñî ñòåñíåííûì
âðàùåíèåì ÷àñòèö (ïñåâäîêîíòèíóóìà Êîññåðà) áóäóò èìåòü âèä

� i =
1
2

(rotu) i ; i = f �; �; z g; (5)

ãäåu � âåêòîð ïåðåìåùåíèé. Êîìïîíåíòû ñèììåòðè÷íîãî òåíçîðà èçãèáà-êðó÷åíèÿ çàïèøóòñÿ
ñëåäóþùèì îáðàçîì [ 23]:
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� �z =
1

2R

�
�

1
R

@u
@�2

+
@v

@�@�
+

@w
@�

� 
 � �
z
R

@2
 �

@�2
+ z

@2
 �

@�@�

�
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Ñëåäóÿ ïðèíÿòûì ãèïîòåçàì, ïðåíåáðåãàåì â çàêîíå Ãóêà (1), (2) íàïðÿæåíèÿìè � zz

âñëåäñòâèå èõ ìàëîñòè ïî ñðàâíåíèþ ñ äðóãèìè íàïðÿæåíèÿìè. Ó÷èòûâàÿ ãèïîòåçû Äþãàìåëÿ �
Íåéìàíà, ñ÷èòàåì, ÷òî òåïëîâûå äåôîðìàöèè ÿâëÿþòñÿ ñóïåðïîçèöèåé óïðóãèõ äåôîðìàöèé è
òåïëîâûõ ðàñøèðåíèé. Ïðèíèìàÿ âî âíèìàíèå ñèììåòðèþ òåíçîðîâ ñèëîâûõ è ìîìåíòíûõ
íàïðÿæåíèé ( a44 = a55, a66 = a77, a88 = a99, b44 = b55, b66 = b77, b88 = b99), çàïèøåì
îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ ìàòåðèàëà îáîëî÷êè:

� �� =
a22

� 0
� �� �
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� 0
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�
� � a22 � � � a12

� 0
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�
� � a11 � � � a12

� 0

�
� � �� =

1
a45 + a44

� �� ;
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Å. Þ. Êðûëîâà. Ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé îðòîòðîïíûõ öèëèíäðè÷åñêèõ îáîëî÷åê
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m�� =
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b45 + b44
� �� ; m�z =

1
b67 + b66

� �z ; m�z =
1

b89 + b99
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(7)

ãäå � 0 = a11a22 � a2
12, � =

�
�
�
�
�
�
�

b11 b12 b13

b12 b22 b23

b13 b23 b33

�
�
�
�
�
�
�
, � = �( �; �; z ) � èçâåñòíàÿ ôóíêöèÿ àáñîëþòíîé

òåìïåðàòóðû îáîëî÷êè � � , � � � êîýôôèöèåíòû òåïëîâîãî ðàñøèðåíèÿ ìàòåðèàëà â ñîîòâåò-
ñòâóþùèõ íàïðàâëåíèÿõ.

Ââåäåì îáîçíà÷åíèÿ ñèëîâûõ è ìîìåíòíûõ óñèëèé è ìîìåíòîâ:

f N �� ; M �� g =
Z h

2

� h
2

� �� zf 0;1g dz; Qz� =
Z h

2

� h
2

� z� ks dz; f Y�� ; J�� g =
Z h

2

� h
2

m�� zf 0;1g dz;

f Yz� ; Jz� g =
Z h

2

� h
2

mz� kszf 0;1g dz; f T; H g =
Z h

2

� h
2

� �� zf 0;1gdz; Y�� =
Z h

2

� h
2

m�� dz;

Yzz =
Z h

2

� h
2

mzz dz; � � �:

(8)

Êîýôôèöèåíò ks õàðàêòåðèçóåò ðàñïðåäåëåíèå êàñàòåëüíûõ íàïðÿæåíèé ïî òîëùèíå îáîëî÷êè
(â íàñòîÿùåé ðàáîòå ïðèíÿòî ks = 8=9 [24]).

Óðàâíåíèÿ äâèæåíèÿ ñïëîøíîé ìèêðîïîëÿðíîé îðòîðòîïíîé öèëèíäðè÷åñêîé îáîëî÷êè ñ
ó÷åòîì òåìïåðàòóðíûõ âîçäåéñòâèé, ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ ïîëó÷èì èç âàðèàöèîí-
íîãî ïðèíöèïà Ãàìèëüòîíà � Îñòðîãðàäñêîãî [ 25,26]:

Z t1

t0

(�K � �U + �W � + �W q) dt = 0 ; (9)

çäåñü K � êèíåòè÷åñêàÿ ýíåðãèÿ, U � ïîòåíöèàëüíàÿ ýíåðãèÿ, W � ðàáîòà âíåøíèõ ñèë,
ñâÿçàííàÿ ñ ðàñïðåäåëåííûìè ñèëàìè ( Wq) è äèññèïàöèåé ýíåðãèè (W� ). Ñ ó÷åòîì ìîìåíòíîé
òåîðèè [27] ïîòåíöèàëüíàÿ ýíåðãèÿ U äëÿ áåñêîíå÷íî ìàëûõ äåôîðìàöèé ïðåäñòàâèìà â âèäå

U =
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 :

Êèíåòè÷åñêàÿ ýíåðãèÿ:
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âàðèàöèÿ ðàáîòû âíåøíèõ ñèë:

�W q =
Z 2�

0

Z b

0
q(�; �; t )�w d� d�; �W � =

Z
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 ;

� � êîýôôèöèåíò äèññèïàöèè, � � ïëîòíîñòü ìàòåðèàëà îáîëî÷êè, q(�; �; t ) � âíåøíÿÿ íîð-
ìàëüíàÿ íàãðóçêà.

Îñóùåñòâëÿÿ âàðüèðîâàíèå, ñîáèðàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ âàðèàöèÿõ, ïîëó÷èì
óðàâíåíèÿ äâèæåíèÿ ãëàäêîé îðòîòðîïíîé ìèêðîïîëÿðíîé öèëèíäðè÷åñêîé îáîëî÷êè ñ ó÷åòîì
òåìïåðàòóðíûõ âîçäåéñòâèé:
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�
T

@w
@�

�
+

1
R2

@
@�

�
N ��

@w
@�

�
�

1
R

N �� +

+
@Qz�

@�
+

1
R

@Qz�

@�
�

1
2R

@2Y��

@�@�
+

1
2R

@2Y��

@�@�
+

1
2

@2Y��

@�2
�

1
2R2

@2Y��

@�2
�

�
1

2R2

@Yz�

@�
+

1
2R

@Yz�

@�
+ q = �h�

@w
@t

+ �h
@2w
@t2

;

@M��

@�
+

1
R

@H
@�

� Qz� +
1

2R
@Y��
@�

+
1
2

@Y��
@�

+
1

2R
@2Jz�

@�@�
+

1
2R2

@2Jz�

@�2
�

�
1

2R
@Yzz

@�
+

Yz�

2R
=

�h 3

12
@2
 �

@t2
;

@H
@�

+
1
R

@M��

@�
� Qz� �

1
2

@Y��
@�

+
1

2R
@J��
@�

�
1

2R
@Y��
@�

+
Yz�

2R
+

+
1
2

@Yzz

@�
�

1
2

@2Jz�

@�2
�

1
2R

@2Jz�

@�@�
=

�h 3

12
@2
 �

@t2
;

è ãðàíè÷íûå óñëîâèÿ:

�u = 0 èëè
�

N �� +
1

2R
@Yz�

@�

�

� �

= 0 ;
�

� T +
Y��

2R
�

1
2R

@Yz�

@�
�

1
2R

@Yz�

@�
�

Yzz

2

�

� �

= 0;

@�u
@�

= 0 èëè f Yz� g� �
= 0;

@�u
@�

= 0 èëè f Yz� g� �
= 0 ; f Yz� g� �

= 0;

�v = 0 èëè
�

Yz�

2R
�

Y��

2R
� T +

1
2

@Yz�

@�
+

1
2R

@Yz�

@�

�

� �

= 0 ;
�

N �� �
Y��

2R
�

1
2

@Yz�

@�

�

� �

= 0;

@�v
@�

= 0 èëè
�

Yz� +
1
2

Yz�

�

� �

= 0 ; f Yz� g� �
= 0;

�
 � = 0 èëè
�

M �� + Y�� +
1

2R
@Jz�

@�

�

� �

= 0 ;
�

H
R

�
Y��

2R
�

1
2R

@Jz�

@�
�

1
2

@Jz�

@�
+

Yzz

2R

�

� �

= 0;

@�
�
@�

= 0 èëè f Jz� g� �
= 0;

@�
�
@�

= 0 èëè f Jz� g� �
= 0 ; f Jz� g� �

= 0;

�
 � = 0 èëè
�

H �
Y��

2
� J�� �

Yzz

2
+

1
2

@Jzz

@�
�

1
2R

@Jz�

@�

�

� �

= 0 ;
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f � �� ; m�� g =
nX

j =1

f � j ; mj g� j cos' j sin ' j

aj
; mzz =

nX

j =1

mj
z� j

aj
;

f � z� ; mz� g =
nX

j =1

f � j
z; mj

zg� j cos' j

aj
; f � z� ; mz� g =

nX

j =1

f � j
z; mj

zg� j sin ' j

aj
:

(11)

Äîïîëíèòåëüíûå óñëîâèÿ ñòàòè÷åñêîé ýêâèâàëåíòíîñòè èñõîäíîé ñåò÷àòîé îáîëî÷êè è
ýêâèâàëåíòíîé åé ñïëîøíîé:

� j = � �� cos2 ' j + � �� sin2 ' j + � �� cos' j sin ' j ; � j
z = � z� cos' j + � z� sin ' j ;

mj = m�� cos2 ' j + m�� sin2 ' j + m�� cos' j sin ' j ; mj
z = mz� cos' j + mz� sin ' j + mzz ;

(12)

ïîëó÷èì ñ ïîìîùüþ ìåòîäà ìíîæèòåëåé Ëàãðàíæà èç óñëîâèÿ äîñòèæåíèÿ ôóíêöèîíàëîì
ñòàöèîíàðíîãî çíà÷åíèÿ. Ïðè ïîñòðîåíèè ôóíêöèîíàëà èñïîëüçóåòñÿ âûðàæåíèå äëÿ ïîòåíöè-
àëüíîé ýíåðãèè äåôîðìàöèè, âûðàæåííîé ÷åðåç íàïðÿæåíèÿ è ìîìåíòû âûñøèõ ïîðÿäêîâ.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Ask =
nX

j =1

� j coss ' j sink ' j

aj
s; k = �0; 4; C1 =

a22

� 0
; C2 = �

a12

� 0
;

C3 = �
a12

� 0
; C4 =

1
a45 + a44

; C5 =
1

a67 + a66
; C6 =

1
a89 + a99

;

B1 =
b11

�
b11b33 � b2

23

�

�
; B2 = �

b12 (b12b33 � b13b23)
�

; B3 =
b13 (b12b23 � b13b22)

�
;

B4 =
b22

�
b11b33 � b2

13

�

�
; B5 = �

b23 (b11b22 � b13b12)
�

; B6 = �
b33

�
b11b22 � b2

12

�

�
;

B7 =
1

b45 + b44
; B8 =

1
b67 + b66

; B9 =
1

b89 + b99
:

Æåñòêîñòü ñòåðæíåé íà èçãèá â ïëîñêîñòè, êàñàòåëüíîé ê ñðåäèííîé ïîâåðõíîñòè îáîëî÷-
êè, íå ó÷èòûâàåòñÿ, ïîýòîìó ïîðÿäêè ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ
ïîâåäåíèå ñåò÷àòûõ è ñïëîøíûõ îáîëî÷åê, ñîâïàäàþò. Ïðè ýòîì ñîâïàäàþò è ôîðìóëèðîâ êè
ãðàíè÷íûõ óñëîâèé ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷ [28].

Ó÷èòûâàÿ îáîçíà÷åíèÿ è (3)� (9), (11), (12), ìîæíî çàïèñàòü âûðàæåíèÿ äëÿ êëàññè÷åñêèõ
óñèëèé è ìîìåíòîâ, à òàêæå óñèëèé, âûçâàííûõ ìîìåíòíûìè íàïðÿæåíèÿìè, äëÿ öèëèí-
äðè÷åñêîé ãëàäêîé îáîëî÷êè, ýêâèâàëåíòíîé èñõîäíîé ñåò÷àòîé (îòìåòèì, ÷òî â ñâîéñòâàõ
ãîìîãåíèçèðîâàííîé îáîëî÷êè òåìïåðàòóðíûé ôàêòîð íå ó÷èòûâàåòñÿ):

N s
�� =

h
2

"
2(A22C3 + A40C2)

R

 

� w +
@v
@�

+
1

2R

�
@w
@�

� 2
!

+ A31C4

�
1
R

@u
@�

+
@v
@�

+

+
2
R

@w
@�

@w
@�

�
+ ( A40C1 + A22C2)

 

2
@u
@�

+
�

@w
@�

� 2
!#

;

M s
�� =

h3

24

�
A31C4

�
1
R

@
�
@�

+
@
�
@�

�
+ 2( A40C2 + A22C3)

�
1
R

@
�
@�

�
@
�
@�

��
;

N s
�� = N s

�� ; M s
�� = M s

�� ñ çàìåíîé A40 ! A22; A22 ! A04; A31 ! A13;

T s = N s
�� ; H s = M s

�� ñ çàìåíîé A40 ! A31; A22 ! A13; A31 ! A22;

Qs
z� =

hks

2

�
A20C5

�

 � +

@w
@�

�
+ A11C6

�

 � �

v
2R

+
1
R

@w
@�

��
; Qs

z� = Qs
z�

ñ çàìåíîé A20 ! A11; A11 ! A02;
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Y s
�� =

h
4

�
2(A40(B2 � B3) + A22(B4 � B5))

R
@
�
@�

+ 2A40(B3 � B1)
@
�
@�

+

+2A22(B5 � B2)
@
�
@�

+ A31B7

�
�

1
R

@
�
@�

�
1

R2

@v
@�

+
@
�
@�

+
1

R2

@2w
@�2

�
@2w
@�2

�
�

�
2(A40(B1 � B2) + A22(B2 � B4))

R
@v
@�

+
2 (A40(B2 � B3) + A22(B4 � B5))

R2

@u
@�

+

+
2(A40(B1 � B2) + A22(B2 � B4))

R
@2w

@�@�

�
;

Y s
�� = Y s

�� ; ñ çàìåíîé A40 ! A22; A22 ! A04; A31 ! A13;

Y s
�� = Y s

�� ; ñ çàìåíîé A40 ! A31; A22 ! A13; A31 ! A22;

Y s
z� =

h
4

�
A11B9

R

�
� 
 � �

1
R

@2u
@�2

+
@2v

@�@�
+

@w
@�

�
+

2A10(B3) � B5

R
@2w

@�@�
+

+
2A10(B5 � B6)

R

�
@
�
@�

�
1
R

@u
@�

�
+ 2A10(B3 � B6)

@
�
@�

+
2A10(B3) + B5

R
@v
@�

+

+ A20B8

�
@2v
@�2

�
1

R2

@w
@�

�

 �

R
+

v
R2 �

1
R

@2u
@�@�

��
;

Y s
z� = Y s

z� ñ çàìåíîé A11 ! A02; A02 ! A11; A10 ! A01;

Y s
zz = Y s

z� ñ çàìåíîé A11 ! A01; A02 ! A10; A10 ! A00;

J s
�� =

h3(A22B2 + A04B4)
24R

@
�
@�

;

J s
z� =

h3

48

�
�

A11B9

R

�
1
R

@2
 �

@�2
�

@2
 �

@�@�

�
�

A20B8

R

�
@2
 �

@�@�
�

@2
 �

@�2

�
+

2A10B5

R
@
�
@�

�
;

J s
z� = J s

z� ñ çàìåíîé A11 ! A02; A20 ! A11; A10 ! A01:

Ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â óðàâíåíèÿ äâèæåíèÿ ýëåìåíòà ãëàäêîé îáîëî÷êè,
ïîëó÷èì ðàçðåøàþùóþ ñèñòåìó óðàâíåíèé äâèæåíèÿ ìèêðîïîëÿðíîé îðòîòðîïíîé öèëèí-
äðè÷åñêîé îáîëî÷êè ìîäåëè Ñ. Ï. Òèìîøåíêî, ýêâèâàëåíòíîé èñõîäíîé ñåò÷àòîé îáîëî÷êå, ñ
ó÷åòîì òåìïåðàòóðíûõ âîçäåéñòâèé â ïåðåìåùåíèÿõ.

4. ×èñëåííûé ýêñïåðèìåíò

Ìåòîäîì óñòàíîâëåíèÿ [ 29] èññëåäóåòñÿ ïîâåäåíèå öèëèíäðè÷åñêîé ìèêðîïîëÿðíîé îáîëî÷-
êè, ñîñòîÿùåé èç äâóõ ñåìåéñòâ âçàèìîïåðïåíäèêóëÿðíûõ ðåáåð ïîä äåéñòâèåì ñòàòè÷åñêîé
íîðìàëüíîé ðàñïðåäåëåííîé íàãðóçêè â ñòàöèîíàðíîì òåìïåðàòóðíîì ïîëå. Òî ðöû îáîëî÷-
êè ñ÷èòàåì øàðíèðíî îïåðòûìè. Ãðàíè÷íûå óñëîâèÿ íà îñíîâàíèè îáîáùåííûõ ãðàíè÷íûõ
óñëîâèé (10) â òàêîì ñëó÷àå áóäóò èìåòü âèä

N �� +
1

2R
@Yz�

@�
= 0; M �� + Y�� +

1
2R

@Jz�

@�
= 0; Y�z = Y� � = J�z = 0;

@u(�; � )
@�

=
@v(�; � )

@�
=

@w(�; � )
@�

=
@
� (�; � )

@�
=

@
� (�; � )
@�

= 0;

v(�; � ) = w(�; � ) = 
 � (�; � ) = 0 ïðè � = 0 ; � = b:

Ðàññìàòðèâàþòñÿ íóëåâûå íà÷àëüíûå óñëîâèÿ.
Òåìïåðàòóðíîå ïîëå íàõîäèòñÿ èç ñòàöèîíàðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ãðàíè÷-

íûìè óñëîâèÿìè ïåðâîãî ðîäà. Äàëåå íàõîäÿòñÿ òåìïåðàòóðíûå óñèëèÿ è ìîìåíòû, êîòîðûå
ïîäñòàâëÿþòñÿ â êà÷åñòâå íàãðóçêè â ñèñòåìó óðàâíåíèé äâèæåíèÿ ýëåìåíòà îáîëî÷êè. Äèô-
ôåðåíöèàëüíàÿ çàäà÷à â ÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùàÿ äâèæåíèå ýëåìåíòà îáîëî÷êè,
ñâîäèòñÿ ê çàäà÷å Êîøè ìåòîäîì Áóáíîâà � Ãàëåðêèíà â âûñøèõ ïðèáëèæåíèÿõ.
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Äëÿ óäîâëåòâîðåíèÿ ãðàíè÷íûõ óñëîâèé êîìïîíåíòû âåêòîðà ïåðåìåùåíèé è óãëû ïîâîðîòà
âûáèðàþòñÿ â ñëåäóþùåì âèäå:

u(�; � ) =
nX

i =1

mX

j =1

A ij cos
�

i��
b

�
sin

�
j�
2

�
; v(�; � ) =

nX

i =1

mX

j =1

B ij sin
�

i��
b

�
cos

�
j�
2

�
;

w(�; � ) =
nX

i =1

mX

j =1

Cij sin
�

i��
b

�
sin

�
j�
2

�
; 
 � (�; � ) =

nX

i =1

mX

j =1

D ij cos
�

i��
b

�
sin

�
j�
2

�
;


 � (�; � ) =
nX

i =1

mX

j =1

K ij sin
�

i��
b

�
cos

�
j�
2

�
: (13)

Ñëåäóÿ ïðîöåäóðå ìåòîäà óñòàíîâëåíèÿ, áûëî âûáðàíî çíà÷åíèå êîýôôèöèåíòà äèññ èïàöèè
� = 0 ; 5. Äàëåå äëÿ ðÿäà çíà÷åíèé ïàðàìåòðà íîðìàëüíîé ïîñòîÿííîé âî âðåìåíè íàãðóçêè
qi áûëà ïîëó÷åíà ïîñëåäîâàòåëüíîñòü ïðîãèáîâ wi äëÿ âûáðàííîé òî÷êè îáîëî÷êè ( b

2 ; � ) ïðè
ñîîòâåòñòâóþùèõ çíà÷åíèÿõ òåìïåðàòóðû. Íà îñíîâå ýòèõ äàííûõ ñòðîèëèñü çàâèñèìîñòè
w(q).

Ïàðàìåòðû ÷èñëåííîãî ýêñïåðèìåíòà: h = 0 :002 ìêì, R = 0 :02 ìêì, b = 1 ìêì,
� 1 = � 2 = 0 :002 ìêì, a1 = a2 = 0 :002 ìêì, ' 1 = 45o, ' 1 = 135o, � = 0 :36, E = 1 ÒÏà
(ìàòåðèàë îáîëî÷êè � ãðàôåí).

Ñõîäèìîñòü ðåøåíèÿ, ïîëó÷åííîãî ïî ìåòîäó Áóáíîâà � Ãàëåðêèíà, ïðèâåäåíà â òàáëèöå.

Ñõîäèìîñòü ðåøåíèÿ ( l = 0 :002 ìêì, q = 0 :2 Ïà, áåç ó÷åòà òåìïåðàòóðû
â òî÷êå

�
b
2 ; �

�
)

Table. Convergence of the solution (l = 0 :002 mkm, q = 0 :2 Pa, excluding
temperature at point

�
b
2 ; �

�
)

n = m 1 3 5 7

w( b
2 ; � ), ìêì 0.001309800 0.000405923 0.000449531 0.000436341

n = m 9 11 13 15

w( b
2 ; � ), ìêì 0.000437318 0.000435868 0.000436013 0.000435907

Äëÿ ïîëó÷åíèÿ ÷èñëåííûõ ðåçóëüòàòîâ â ïðåäñòàâëåíèÿõ ôóíêöèé (13) áðàëèñün = m = 11.
Ñëåäóåò îòìåòèòü, ÷òî ðåçóëüòàòû, ïîëó÷åííûå íà îñíîâàíèè ãèïîòåç Êèðõãîôà � Ëÿâà

è Ñ. Ï. Òèìîøåíêî, ïðè l = 0 :002 ìêì è çíà÷åíèÿõ íàãðóçêè q 2 [2; 5] Ïà îòëè÷àþòñÿ íà
3%. Â äàííîì äèàïàçîíå íàãðóçîê ïðîãèá îáîëî÷êè â òî÷êå ( b

2 ; � ) ðàâåí ïðèìåðíî òîëùèíå
îáîëî÷êè.

Ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà ïîêàçûâàþò, ÷òî ó÷åò ìîìåíòíûõ íàïðÿæåíèé âíîñèò
ñóùåñòâåííûé âêëàä â ðåçóëüòàòû ðàñ÷åòà ïðîãèáîâ îáîëî÷êè. Ñ ðîñòîì äîïîëíèòåëüíîãî
íåçàâèñèìîãî ïàðàìåòðà l, ñâÿçàííîãî ñ ó÷åòîì â ìàòåìàòè÷åñêîé ìîäåëè ìèêðîïîëÿðíîé
òåîðèè, ðàñòåò èçãèáíàÿ æåñòêîñòü îáîëî÷êè (ðèñ.3). Ãðàôèêè ïîëó÷åíû ïðè òåìïåðàòó-
ðå � = 293 K , ïàðàìåòð l 2 0; 0:003; 0:005 ìêì, çíà÷åíèå íàãðóçêè ìåíÿëîñü â äèàïàçîíå
q 2 [0; 1] Ïà.

Íà ðèñ. 4 ïðèâåäåíû ýïþðû ïðîãèáà óãëåðîäíîé íàíîòðóáêè w(�; � ) ïðè q = 1 Ïà,
l = 0 :002 ìêì, áåç ó÷åòà òåïëîâûõ ðàñøèðåíèé è ñ äâóìÿ âàðèàíòàìè ðàâíîìåðíîãî íàãðåâà
� = 400 K , � = 600 K (� T = 0 :000004K � 1). Êîýôôèöèåíò òåïëîâîãî ðàñøèðåíèÿ ãðàôåíà
(� T ) â äèàïàçîíå òåìïåðàòóð � 2 [400; 1300] èìååò çíà÷åíèå � T = 0 :000004K � 1 [30]. Íà
ãðàôèêàõ âèäíî, ÷òî íàãðåâ óâåëè÷èâàåò ïðîãèá îáîëî÷êè. Òàê, ïðè � = 600 K ïðîãèá
ïðåâûøàåò äâå òîëùèíû îáîëî÷êè.
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Ðèñ. 3. Ãðàôèêw(q) â çàâèñèìîñòè îò çíà÷åíèÿ l
(öâåò îíëàéí)

Fig. 3. Graph of w(q) depending on the value ofl
(color online)
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Ðèñ. 4. Ãðàôèêw(�; � ) â çàâèñèìîñòè îò òåìïå-
ðàòóðû (öâåò îíëàéí)

Fig. 4. Graph of w(�; � ) depending on temperature
(color online)

Çàêëþ÷åíèå

Â ðàáîòå ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé îðòîòðîïíûõ ñåò÷àòûõ öèëèíäðè÷å-
ñêèõ îáîëî÷åê ñ ó÷åòîì ñäâèãà, ïîä äåéñòâèåì òåìïåðàòóðíûõ, ñòàòè÷åñêèõ è âèáðàöèîííûõ
íàãðóçîê. Ìîäåëü äàåò âîçìîæíîñòü èññëåäîâàòü îáîëî÷êè ñ ðàçëè÷íîé ãåîìåòðèåé ñåòêè, ÷òî
ìîæåò áûòü ïîëåçíûì ïðè ïðîåêòèðîâàíèè êîíñòðóêöèîííûõ ýëåìåíòîâ ÍÝÌÑ è ÌÝÌÑ. Íà
îñíîâàíèè ïîëó÷åííîé ìîäåëè ïðîâåäåí àíàëèç ñòàòèêè èçîòðîïíîé óãëåðîäíîé íàíîòðóáêè
âñëåäñòâèå òåìïåðàòóðíûõ âîçäåéñòâèé è ñòàöèîíàðíîé íàãðóçêè.
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Abstract. One of the current and widely used non-destructive testing methods for monitoring and
determining the elastic properties of materials is nanoindentation. In this case, tointerpret the test results,
a non-trivial task arises of constructing an adequate mathematical model of the indentation process. As
a rule, in many cases, analytical formulas are used that are obtained from an elastic linearformulation
of problems about the introduction of a non-deformable stamp into a homogeneous elastic half-space.
Currently, the numerical formulation of the problem makes it possible to obtain and use anumerical
solution obtained taking into account the complete plastic nonlinear behavior of thematerial. In this work,
a study of contact problems on the introduction of a spherical and conical indenter into an elastoplastic
homogeneous half-space was carried out. To verify the numerical solution, the problem of introducing
a spherical and conical indenter into an elastic homogeneous half-spacewas also solved and compared
with known analytical solutions. Issues of convergence and tuning of numerical methods, the in�uence of
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Ââåäåíèå

Íàíîèíäåíòèðîâàíèå ïðèìåíÿåòñÿ äëÿ íåðàçðóøàþùåãî èñïûòàíèÿ ìàòåðèàëîâ è ïîëó÷å-
íèÿ ìåõàíè÷åñêèõ õàðàêòåðèñòèê [1,2]: òâåðäîñòè, óïðóãèõ ñâîéñòâ îáúåìíûõ ìàòåðèàëîâ è
ïîêðûòèé è äð. Ñóòü ìåòîäà çàêëþ÷àåòñÿ âî âäàâëèâàíèè â ïîâåðõíîñòü èñïûòóåìîãî îáðàçöà
áîëåå æåñòêîãî øòàìïà (êàê ïðàâèëî, àëìàç ëèáî òâåðäûå ñïëàâû) è ïîëó÷åíèÿ êðèâûõ
çàâèñèìîñòåé ñèëû è îòïå÷àòêà îò ãëóáèíû âäàâëèâàíèÿ â íàíîìåòðîâîé øêàëå.

Óïðóãèå ñâîéñòâà îáúåêòíûõ ìàòåðèàëîâ è ïîêðûòèé îïðåäåëÿþòñÿ èç àíàëèçà êðèâîé ñèëà-
îñàäêà íà ñòàäèè ðàçãðóçêè. Â îñíîâå ìåòîäîâ Ôèëäà � Ñâåéíà (ñôåðè÷åñêèé èíäåíòîð) [ 3]
è Îëèâåðà � Ôàððà (èíäåíòîð Áåðêîâè÷à) [ 4] è ëåæàò ðåøåíèÿ êîíòàêòíûõ çàäà÷ òåîðèè
óïðóãîñòè äëÿ ñôåðè÷åñêîãî è ïàðàáîëè÷åñêîãî øòàìïîâ [ 5, 6]. Ôóíäàìåíòàëüíûå îñíîâû
êîíòàêòíîãî âçàèìîäåéñòâèÿ áûëè çàëîæåíû â ðàáîòàõ [ 1, 6, 7], ïîëó÷åíû àíàëèòè÷åñêèå
çàâèñèìîñòè äëÿ âåðòèêàëüíîé ñèëû, ñìåùåíèÿ, ðàäèóñà êîíòàêòà è äàâëåíèÿ â çîíå êîíòàêòà
äëÿ êîíè÷åñêîãî è ñôåðè÷åñêîãî èíäåíòîðîâ. Ïðè ýòîì â îñíîâó òåîðèè çàêëàäûâàëèñü
ãèïîòåçû î ìàëûõ äåôîðìàöèÿõ è óïðóãîì ïîâåäåíèè ìàòåðèàëà.

Â ðàáîòàõ [6� 10] ðàññìîòðåíû çàäà÷è î âäàâëèâàíèè ñôåðè÷åñêîãî è êîíè÷åñêîãî èí-
äåíòîðîâ â óïðóãîå ïîëóïðîñòðàíñòâî ñ ïîêðûòèåì, àñèìïòîòè÷åñêèì ìåòîäîì ïîëó÷åíû
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àíàëèòè÷åñêèå ïðèêëàäíûå ðåøåíèÿ. Â [ 11� 13] èññëåäóþòñÿ íåïðåðûâíûå è ðàçðûâíûå
êîíòàêòíûå çàäà÷è äëÿ ôóíêöèîíàëüíî-ãðàäèåíòíîãî ìàòåðèàëà.

Â ðàáîòàõ [14� 20] ïîñòðîåíû ïðèáëèæåííûå àíàëèòè÷åñêèå ðåøåíèÿ îñåñèììåòðè÷íûõ
êîíòàêòíûõ çàäà÷ î âäàâëèâàíèè ñôåðè÷åñêîãî, êîíè÷åñêîãî è öèëèíäðè÷åñêîãî øòàìïîâ â
óïðóãîå ïîëóïðîñòðàíñòâî ñ ôóíêöèîíàëüíî-ãðàäèåíòíûì ïîêðûòèåì. Èçó÷åíà âîçìîæíîñòü
ïðèìåíåíèÿ ðàçðàáîòàííûõ ìîäåëåé èíäåíòèðîâàíèÿ òåë ñ ïîêðûòèÿìè äëÿ èíòåðïðåòàöèè
íàíîèíäåíòèðîâàíèÿ òîíêèõ ïîêðûòèé [ 21].

Èñïîëüçóåìàÿ â ïðåäñòàâëåííûõ ðàáîòàõ ãèïîòåçà î ìàëûõ ïåðåìåùåíèÿõ èíäåíòîðà
íàêëàäûâàåò ñåðüåçíûå îãðàíè÷åíèÿ íà ïðèìåíåíèå àíàëèòè÷åñêèõ ïðèêëàäíûõ ôîðìóë,
ïîñêîëüêó äàæå íåáîëüøîå ñìåùåíèå èíäåíòîðà (ìåíåå 1%) âûçûâàåò ðàçâèòèå ïëàñòè÷åñêèõ
äåôîðìàöèé. Ñèëà âäàâëèâàíèÿ è îáëàñòü êîíòàêòà ïðè ýòîì çíà÷èòåëüíî îòëè÷àþòñÿ îò
àíàëèòè÷åñêèõ ðåçóëüòàòîâ [22].

1. Ïîñòàíîâêà çàäà÷è

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è î âíåäðåíèè ñôåðè÷åñêîãî è êîíè÷åñêîãî
øòàìïîâ â óïðóãîïëàñòè÷åñêîå ïîëóïðîñòðàíñòâî â ñòàòè÷åñêîé îñåñèììåòðè÷íîé ïîñòàíîâêå.
Äëÿ ðåàëèçàöèè ïëàñòè÷åñêîé äåôîðìàöèè èñïîëüçóåòñÿ ìîäåëü áèëèíåéíîãî ìàòåðèàëà ñ
ìîäóëåì óïðóãîñòè (ìîäóëåì Þíãà) è êàñàòåëüíûì ìîäóëåì óïðóãîñòè (òàáë. 1). Èíäåíòîð
âûïîëíåí èç óïðóãîãî àëìàçà. Ïîëóïðîñòðàíñòâî âûïîëíåíî èç àëþìèíèÿ.

Òàáëèöà 1 / Table 1

Ôèçè÷åñêèå ñâîéñòâà ìàòåðèàëîâ / Physical properties of materials

Ìàòåðèàë Ìîäóëü Þíãà, ÃÏà Ïðåäåë òåêó÷åñòè, ÃÏà Êàñàòåëüíûé ìîäóëü, ÃÏà

Àëìàç 1000 � �
Àëþìèíèé 70 0.28 0.5

Çàäà÷à ðåøàåòñÿ ÷èñëåííî â êîíå÷íî-ýëåìåíòíîé ïîñòàíîâêå â ïðîãðàììíîì êîìïëåêñå
Ansys. Äëÿ âåðèôèêàöèè ÷èñëåííûõ ðàñ÷åòîâ è ñðàâíåíèÿ ñ àíàëèòè÷åñêèìè ðåçóëüòàòàìè
äîïîëíèòåëüíî ïðîâåäåíû ðàñ÷åòû î âíåäðåíèè æåñòêèõ øòàìïîì â óïðóãîå ïðîñòðàíñòâî èç
àëþìèíèÿ. Ãåîìåòðè÷åñêèå ïàðàìåòðû çàäà÷è óêàçàíû â òàáë. 2.

Òàáëèöà 2 / Table 2

Ãåîìåòðè÷åñêèå ïàðàìåòðû çàäà÷è
Geometric parameters of the problem

Ïàðàìåòð Çíà÷åíèÿ

Ëèíåéíûé ðàçìåð ïîëóïðîñòðàíñòâà, ìì 1.0
Ðàäèóñ ñôåðû, ìì 0.1
Óãîë ðàñòâîðà êîíóñà, � 120
Ãëóáèíà âíåäðåíèÿ èíäåíòîðà, ìì 0.1

Êîíòàêòíûå çàäà÷è îòíîñÿòñÿ ê
íåëèíåéíûì çàäà÷àì èç-çà èçìåíÿþùå-
ãîñÿ ñòàòóñà êîíòàêòà è ìàòðèöû æåñò-
êîñòè è òðåáóþò îñîáîãî âíèìàíèÿ ê
òî÷íîñòè è ñõîäèìîñòè ðåøåíèÿ. Íèæå
ïðèâåäåíû íàñòðîéêè ÷èñëåííûõ ìåòî-
äîâ, èñïîëüçóåìûõ â ïàêåòå êîíå÷íî-
ýëåìåíòíîãî àíàëèçà Ansys è ïðèìå-
íåííûõ â äàííîì ðàñ÷åòå.

Äëÿ ðåàëèçàöèè êîíòàêòíîé çàäà-
÷è èñïîëüçóåòñÿ êîíòàêòíûé àëãîðèòì
¾ðàñøèðåííûé ìåòîä Ëàãðàíæà¿ (¾Augmented Lagrange¿). Ýòî ìîäèôèöèðîâàííûé êîíòàêòíûé
àëãîðèòì ðàñïðîñòðàíåííîãî ìåòîäà ¾Pure Penalty¿ (¾ìåòîä øòðàôíûõ ôóíêöèé¿), îòëè÷àþ-
ùèéñÿ íàëè÷èåì äîáàâî÷íîãî ÷ëåíà � â âûðàæåíèè êîíòàêòíîé ñèëû:

Fn = kn � xp + �;

ãäåFn � íîðìàëüíàÿ (êîíòàêòíàÿ) ñèëà, kn � êîíòàêòíàÿ æåñòêîñòü, xp � ãëóáèíà ïðîíèêíî-
âåíèÿ. Êîíòàêòíàÿ æåñòêîñòü kn , êàê ïðàâèëî, îêàçûâàåò âàæíåéøåå âëèÿíèå íà òî÷íîñòü
è ñõîäèìîñòü. Áîëüøîå çíà÷åíèå æåñòêîñòè îáåñïå÷èâàåò âûñîêóþ òî÷íîñòü, íî óõóäøàåò
ñõîäèìîñòü è íàîáîðîò. Èñïîëüçîâàíèå æå äîáàâî÷íîãî ÷ëåíà � ïîçâîëÿåò ñíèçèòü ÷óâñòâè-
òåëüíîñòü àëãîðèòìà ê êîíòàêòíîé æåñòêîñòè kn è ïîëó÷àòü ïðèåìëåìûå ðåçóëüòàòû ïðè
çíà÷åíèè kn = 1 , íî è òðåáóåò áîëüøåãî êîëè÷åñòâà èòåðàöèé.
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Äëÿ ¾ðàñïîçíàâàíèÿ¿ êîíòàêòîâ èñïîëüçóåòñÿ ¾ìåòîä òî÷åê Ãàóññà¿ (¾Gauss point detection¿),
ïðè êîòîðîì íà ðåáðà ýëåìåíòîâ äîáàâëÿþòñÿ äîïîëíèòåëüíûå òî÷êè. Äëÿ óëó÷øåíèÿ ñõîäè-
ìîñòè ìîæíî èñïîëüçîâàòü ðàñïîçíàâàíèå ¾Normal from Contact¿ èëè ¾Normal to Target¿ ñ
óâåëè÷åíèåì êîëè÷åñòâà âû÷èñëåíèé.

Îòäåëüíî íóæíî ñêàçàòü î ôîðìå è ðàçìåðíîñòè ýëåìåíòîâ êîíå÷íî-ýëåìåíòíîé ñåòêè. Â
äàííîé çàäà÷å äëÿ ïîñòðîåíèÿ êîíå÷íî-ýëåìåíòíîé ñåòêè èñïîëüçóåòñÿ 8-óçëîâîé ýëåìåíò
PLANE183 � ýëåìåíò âûñîêîãî ïîðÿäêà ñ ïðîìåæóòî÷íûìè óçëàìè. Â îáëàñòè êîíòàêòîâ
ïðîâåäåíî ñãóùåíèå ñåòîê. Ðàçìåðíîñòè ñåòîê äëÿ ïîëóïðîñòðàíñòâà ïðåäñòàâëåíû â òàáë. 3,
äëÿ èíäåíòîðîâ ïðèìåíÿåòñÿ áîëåå êðóïíàÿ ñåòêà. Ïðè ýòîì îòñ÷åòíûìè ïàðàìåòðàìè,

Òàáëèöà 3 / Table 3

Ðàçìåðíîñòü êîíå÷íî-ýëåìåíòíîé ñåòêè, ìì
Dimension of the �nite element mesh, mm

Ïàðàìåòð Çíà÷åíèÿ

Ðàçìåð ñåòêè â çîíå êîíòàêòà 0.01

Ðàçìåð ñåòêè âíå çîíû êîíòàêòà 0.02

îòíîñèòåëüíî êîòîðûõ äîëæíû çàäàâàòüñÿ ðàç-
ìåðíîñòü ñåòêè è ëèíåéíûå ðàçìåðû ïîëóïðî-
ñòðàíñòâà, ÿâëÿþòñÿ çîíà êîíòàêòà (ãëóáèíà
âíåäðåíèÿ) è òîëùèíà ïîêðûòèÿ.

Òàê, èñïîëüçóåìîå ðàçáèåíèå, íàïðèìåð, â
óïðóãîé çàäà÷å îáåñïå÷èâàåò îêîëî 30 ýëåìåí-
òîâ â çîíå êîíòàêòà äëÿ ñôåðè÷åñêîãî èíäåí-
òîðà, à äëÿ êîíóñà � âñåãî 10 ýëåìåíòîâ, ÷òî
îáóñëîâëåíî ñëåäóþùèì ôàêòîì.

Äëÿ çàäà÷è âíåäðåíèÿ ñôåðè÷åñêîãî øòàìïà èçìåëü÷åíèå ñåòêè, î÷åâèäíî, áóäåò âåñòè
ê ïîëó÷åíèþ áîëåå òî÷íûõ ðåçóëüòàòîâ, çàäà÷à áóäåò ñõîäèòüñÿ. Äëÿ çàäà÷è âíåäðåíèÿ
êîíóñà íàñòðîéêà ñåòêè îêàçûâàåòñÿ ãîðàçäî ñëîæíåå, ïîñêîëüêó â öåíòðå êîíóñà îáðàçóåòñÿ
ñèíãóëÿðíîñòü. Äðóãèìè ñëîâàìè, èçìåëü÷åíèå ñåòêè â öåíòðå êîíóñà áóäåò ïðèâîäèòü ê
ïðÿìîìó ðîñòó íàïðÿæåíèÿ è ðàñõîæäåíèþ çàäà÷è. Òàêæå äëÿ çàäà÷è ñ êîíóñîì äîñòàòî÷íî
âàæíûì ÿâëÿåòñÿ ôîðìà ýëåìåíòîâ â öåíòðå êîíòàêòà � ôîðìà è ðàçìåðíîñòü ýëåìåíòîâ
äîëæíû îáåñïå÷èòü áîëüøóþ äåôîðìàöèþ è íå äîïóñêàòü ¾ñõëîïûâàíèÿ¿ ÿ÷ååê. Îäíèì èç
ñïîñîáîâ áîðüáû ñ ÷èñëåííîé ñèíãóëÿðíîñòüþ ÿâëÿåòñÿ ñîçäàíèå çàêðóãëåíèÿ íà îñòðèå
êîíóñà ëèáî èñïîëüçîâàíèå ìîäåëåé ïëàñòè÷íîñòè.

Äëÿ êîíòàêòíûõ ïîâåðõíîñòåé èñïîëüçóþòñÿ ýëåìåíòû òèïà CONTA172 è TARGE169 ñ
àâòîìàòè÷åñêèì ðàñïîçíàâàíèåì è îãðàíè÷åíèåì çîíû êîíòàêòà. Ïðè÷åì, ïîñêîëüêó ó íàñ
æåñòêîñòü èíäåíòîðà â íåñêîëüêî ðàç áîëüøå æåñòêîñòåé ïîêðûòèÿ è ïîäëîæêè, òî ýëåìåíòû
TARGE169 íåîáõîäèìî íàêëàäûâàòü èìåííî íà èíäåíòîð.

Ansys òàêæå ïîçâîëÿåò ó÷èòûâàòü ãåîìåòðè÷åñêóþ íåëèíåéíîñòü ïðè áîëüøèõ äåôîðìàöè-
ÿõ, âêëþ÷èâ â ðàñ÷åò íåëèíåéíûé òåíçîð äåôîðìàöèè "(x; y; z) îòíîñèòåëüíî ïðîèçâîäíûõ
ïåðåìåùåíèé u0(x; y; z) (¾Large de�ection¿):

" ij =
1
2

�
@ui
@xj

+
@uj
@xi

+
@ui
@xj

�
@uj
@xi

�
:

Òàêèì îáðàçîì, â îòëè÷èå îò àíàëèòè÷åñêèõ òåîðèé, ãäå ó÷èòûâàåòñÿ òîëüêî êîíòàêòíàÿ
íåëèíåéíîñòü ïðè ãèïîòåçå ìàëûõ äåôîðìàöèé, ÷èñëåííî ìû ìîæåì ðåàëèçîâàòü âñå òðè òèïà
íåëèíåéíîñòè: êîíòàêòíóþ, ãåîìåòðè÷åñêóþ (áîëüøèå äåôîðìàöèè) è ôèçè÷åñêóþ (ïëàñòèêó).

2. ×èñëåííûå ðåçóëüòàòû

Ê øòàìïàì ïðèêëàäûâàëîñü âåðòèêàëüíîå ïåðåìåùåíèå 0.1 ìì, îòûñêèâàëèñü ñèëà, ïîëÿ
äåôîðìàöèé è íàïðÿæåíèé. Òî÷íîñòü èòåðàöèîííîãî àëãîðèòìà çàäàâàëàñü ïî ñèëå 1 � 10� 4 Í,
ïî äåôîðìàöèÿì � 1 � 10� 5 ìì.
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Àíàëèòè÷åñêèå ðåçóëüòàòû äëÿ ñðàâíåíèÿ áðàëèñü èç èçâåñòíûõ ôîðìóë äëÿ âíåäðåíèÿ
æåñòêèõ øòàìïîâ [ 1,5� 7]:

as = ( Rd)1=2; ac =
2d

� tg( ' )
; Fs =

4
3

E � R1=2d3=2; Fc =
2
�

E
d2

tg ( ' )
; E � =

E
1 � � 2 ;

ps = p0

�
1 �

r 2

a2

� 1=2

; p0 =
2
�

E �
�

d
R

� 1=2

; pc =
Ed

(1 � � 2)�a
ln

 
a
r

�
� � a

r

� 2
� 1

� 1=2
!

:

Äëÿ ó÷åòà æåñòêîñòè àëìàçíîãî ñôåðè÷åñêîãî èíäåíòîðà â ýòèõ âûðàæåíèÿõ äëÿ ýôôåêòèâíîé
æåñòêîñòèE � ìîæíî èñïîëüçîâàòü ôîðìóëó

1
E � =

1 � � 2
1

E1
+

1 � � 2
2

E2
:

Çäåñüa � ðàäèóñ êîíòàêòà, d � ãëóáèíà âíåäðåíèÿ øòàìïà, ' � óãîë ìåæäó ãîðèçîíòàëüíîé
è áîêîâîé ïëîñêîñòüþ êîíóñà, r � âåðòèêàëüíàÿ êîîðäèíàòà, E1, E2 è � 1, � 2 � ìîäóëè Þíãà è
êîýôôèöèåíòû Ïóàññîíà èíäåíòîðà è ïîëóïðîñòðàíñòâà ñîîòâåòñòâåííî, F � âåðòèêàëüíàÿ
ñèëà, p � äàâëåíèå â îáëàñòè êîíòàêòà. Èíäåêñû s è çäåñü, è íèæå íà ãðàôèêàõ óêàçûâàþò
íà ïðèíàäëåæíîñòü ê ñôåðå è êîíóñó ñîîòâåòñòâåííî.

Íà ðèñ. 1� 8 ïðèâåäåíû ðåçóëüòàòû âíåäðåíèÿ ñôåðè÷åñêîãî è êîíè÷åñêîãî øòàìïîâ â
óïðóãîå ïîëóïðîñòðàíñòâî èç àëþìèíèÿ.

Ðèñ. 1. Âåðòèêàëüíàÿ ñèëà îò ñìåùåíèÿ
äëÿ ñôåðè÷åñêîãî èíäåíòîðà, ìì (öâåò îíëàéí)

Fig. 1. Vertical force from displacement
for a spherical indenter, mm (color online)

Ðèñ. 2. Ðàäèóñ êîíòàêòà îò ñìåùåíèÿ äëÿ ñôå-
ðè÷åñêîãî èíäåíòîðà, ìì (öâåò îíëàéí)

Fig. 2. Contact radius versus displacement
for a spherical indenter, mm (color online)

Ðèñ. 3. Êîíòàêòíîå äàâëåíèå â çîíå êîíòàê-
òà ïðè ñìåùåíèè 0.1 ìì äëÿ ñôåðè÷åñêîãî

èíäåíòîðà, ìì (öâåò îíëàéí)

Fig. 3. Contact pressure in the contact zone
for a displacement of 0.1 mm for a spherical

indenter, mm (color online)

Ðèñ. 4. Äåôîðìàöèÿ â çîíå êîíòàêòà (îò-
ïå÷àòîê) äëÿ ñôåðè÷åñêîãî èíäåíòîðà, ìì

(öâåò îíëàéí)

Fig. 4. Deformation in the contact zone (imprint)
for a spherical indenter, mm (color online)
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Ðèñ. 5. Âåðòèêàëüíàÿ ñèëà îò ñìåùåíèÿ äëÿ êî-
íè÷åñêîãî èíäåíòîðà, ìì (öâåò îíëàéí)

Fig. 5. Vertical force from displacement
for a conical indenter, mm (color online)

Ðèñ. 6. Ðàäèóñ êîíòàêòà îò ñìåùåíèÿ äëÿ êî-
íè÷åñêîãî èíäåíòîðà, ìì (öâåò îíëàéí)

Fig. 6. Contact radius versus o�set for conical
indenter, mm (color online)

Ðèñ. 7. Êîíòàêòíîå äàâëåíèå â çîíå êîíòàêòà
ïðè ñìåùåíèè 0.1 ìì äëÿ êîíè÷åñêîãî èíäåí-

òîðà, ìì (öâåò îíëàéí)

Fig. 7. Contact pressure in the contact zone
for a displacement of 0.1 mm for a conical

indenter, mm (color online)

Ðèñ. 8. Äåôîðìàöèÿ â çîíå êîíòàêòà (îò-
ïå÷àòîê) äëÿ êîíè÷åñêîãî èíäåíòîðà, ìì

(öâåò îíëàéí)

Fig. 8. Deformation in the contact zone (imprint)
for a conical indenter, mm (color online)

Íà ðèñ. 9, 10 ïðèâåäåíû ïîëÿ äåôîðìàöèé äëÿ ñôåðè÷åñêîãî è êîíè÷åñêîãî èíäåíòîðîâ
äëÿ óïðóãîé è óïðóãîïëàñòè÷åñêîé ìîäåëåé, ðàññ÷èòàííûõ â Ansys.

à / a á / b
Ðèñ. 9. Ïîëå äåôîðìàöèè â çîíå êîíòàêòà äëÿ ñôåðè÷åñêîãî èíäåíòîðà, ìì: à � óïðóãàÿ

ìîäåëü; á � óïðóãîïëàñòè÷åñêàÿ ìîäåëü (öâåò îíëàéí)

Fig. 9. Deformation �eld in the contact zone for a spherical indenter, mm: a is elastic model;
b is elastoplastic model (color online)
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à / a á / b
Ðèñ. 10. Ïîëå äåôîðìàöèè â çîíå êîíòàêòà äëÿ êîíè÷åñêîãî èíäåíòîðà, ìì: à � óïðóãàÿ ìîäåëü;

á � óïðóãîïëàñòè÷åñêàÿ ìîäåëü (öâåò îíëàéí)
Fig. 10. Deformation �eld in the contact zone for a conical indenter, mm: a is elastic model;

b is elastoplastic model (color online)

Âûâîäû

Äëÿ óïðóãîé çàäà÷è ÷èñëåííûé ìåòîä ïîêàçàë ïðàêòè÷åñêè ñîâïàäåíèå ñ àíàëèòè÷åñêèìè
ðåçóëüòàòàìè. Ïîãðåøíîñòü âîçðàñòàëà ñ óâåëè÷åíèåì äåôîðìàöèè è äëÿ ìàêñèìàëüíûõ
çíà÷åíèé ñîñòàâèëà îêîëî 2% äëÿ âåðòèêàëüíîé ñèëû.

Ñòîèò îòìåòèòü, ÷òî äàííûå íàãðóçêè äëÿ óïðóãîé çàäà÷è ñóùåñòâåííî ïðåâûøàþò
äîïóñòèìûå ïî ïðåäåëó òåêó÷åñòè è áûëè ðàññìîòðåíû êàê ìîäåëüíûå çàäà÷è äëÿ ñðàâíåíèÿ
ìîäåëåé. Â ïðåäåëàõ óïðóãèõ äåôîðìàöèé ïîãðåøíîñòü ÷èñëåííûõ ðåçóëüòàòîâ ñîñòàâèëà
ìåíåå 0.1%.

Ïðè ðåøåíèè óïðóãîïëàñòè÷åñêîé çàäà÷è ÷èñëåííî ìû âèäèì ëèíåéíóþ çîíó ðàçãðóçêè,
êîòîðàÿ èñïîëüçóåòñÿ äëÿ íàõîæäåíèÿ ìîäóëÿ Þíãà ïðè ìåòîäàõ íåðàçðóøàþùåãî êîíòðîëÿ
(íàíîèíäåíòèðîâàíèÿ).

Çîíà êîíòàêòà äëÿ óïðóãîé ìîäåëè è óïðóãîïëàñòè÷åñêîé ìîäåëè ñóùåñòâåííî îòëè÷àåòñÿ.
Ïðè ïëàñòè÷íîñòè ìàòåðèàë ¾âûäàâëèâàåòñÿ¿ èç-ïîä èíäåíòîðîâ è ñóùåñòâåííî óâåëè÷èâàåò
çîíó êîíòàêòà. Äëÿ ñôåðè÷åñêîãî èíäåíòîðà ïðè ìàêñèìàëüíîì ñìåùåíèè îòëè÷èå ïî ðàäèóñó
êîíòàêòà ñîñòàâèëî îêîëî 30%, äëÿ êîíè÷åñêîãî � 45%.

Â öåëîì èñïîëüçîâàíèå óïðóãîé ìîäåëè ìîæåò ñëóæèòü ìîäåëüíîé çàäà÷åé äëÿ âåðèôè-
êàöèè è êàëèáðîâêè ÷èñëåííûõ ìåòîäîâ. Îäíàêî ïðè áîëüøèõ äåôîðìàöèÿõ ðåêîìåíäóåòñÿ
ïðèìåíÿòü óïðóãîïëàñòè÷åñêóþ ìîäåëü äåôîðìèðîâàíèÿ, à òàêæå ìîäåëü íåëèíåéíîãî òåíçîðà
äåôîðìàöèè (ìîäåëü áîëüøèõ äåôîðìàöèé).

Äàííûå èññëåäîâàíèÿ ìîãóò áûòü ïðèìåíåíû äëÿ îöåíêè òî÷íîñòè è àíàëèçà ìîäåëåé, èñ-
ïîëüçóåìûõ ïðè èäåíòèôèêàöèè ñâîéñòâ ãðàäèåíòíûõ, ìíîãîñëîéíûõ ìàòåðèàëîâ è ìàòåðèàëîâ
ñ ïîêðûòèÿìè.
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Àííîòàöèÿ. Ðàçëè÷íûå ìåæñèñòåìíûå øóíòû øèðîêî ïðèìåíÿþòñÿ ïðè ëå÷åíèè íîâîðîæäåííûõ ñ
âðîæäåííûìè ïîðîêàìè ñåðäöà è ñíèæåííûì êðîâîîáðàùåíèåì ëåãêèõ. Óñòàíîâêà øóíòà ñîïðîâîæäà-
åòñÿ âûñîêèì ðèñêîì ðàçâèòèÿ ïîñëåîïåðàöèîííûõ îñëîæíåíèé è ëåòàëüíîñòè. Ðàçâèòèå íåêîòîðûõ
îñëîæíåíèé âîçìîæíî ïðåäñêàçàòü, èñïîëüçóÿ ìåòîäû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, è ñê îððåê-
òèðîâàòü ëå÷åíèå. Â äàííîé ðàáîòå èññëåäîâàíà ñèñòåìà ¾àîðòà � øóíò � ëåãî÷íàÿ àðòåðèÿ¿. Áûëè
ïðîàíàëèçèðîâàíû òðè âàðèàíòà ðàñïîëîæåíèÿ øóíòà ñ ðàçíûìè äèàìåòðàìè ó òðåõ ïàöèåíòîâ. Ïðè èñ-
ñëåäîâàíèè ïîëó÷åííûõ 27 âàðèàíòîâ èñïîëüçîâàëèñü ðàñïðîñòðàíåííûå ãåìîäèíàìè÷åñêèå ïîêàçàòåëè
(êàñàòåëüíûå íàïðÿæåíèÿ ó ñòåíêè, îñðåäíåííûå çà ñåðäå÷íûé öèêë êàñàòåëüíûå íàïðÿæåíèÿ, èíäåêñ
êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé, îòíîñèòåëüíîå âðåìÿ ïðåáûâàíèÿ è äð.). Íà îñíîâå ÷èñëåííîãî
ðåøåíèÿ ïîêàçàíà çàâèñèìîñòü ðàñïðåäåëåíèÿ êðîâîòîêà â ëåãî÷íîé àðòåðèè îò ðàñïîëîæåíèÿ øóíò à.
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ìîæåò ñóùåñòâåííî óìåíüøèòü ÷èñëî ñëó÷àåâ äåòñêîé ñìåðòíîñòè è ïîâûñèòü ýôôåêòèâíîñòü ïðîöåññà
ðåàáèëèòàöèè.
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on hemodynamic parameters and oxygen distribution
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Abstract. Various intersystem shunts are widely used methods of treatment of newborns with congenital
heart disease and reduced pulmonary blood �ow. Shunt placement is associated with a high risk of
postoperative complications and mortality. It is possible to predict the development ofsome complications
using mathematical modeling methods and adjust the treatment. In this study we investigated the system
�aorta � shunt � pulmonary artery�. Three kinds of shunt placement with three di�erent diameters for
three patients have been analyzed. To solve hemodynamic problems, 27 cases were investigated using the
common hemodynamic indices (wall shear stress, time-averaged, oscillatory shear index, relativeresidence
time, etc.). The dependence of pulmonary artery blood �ow distribution on shunt location is shown; the
preferred location di�ers for di�erent patient geometries. The energy loss of 4 mm diameter shunts is
almost 2 times larger that of 3 mm shunts. A patient-speci�c approach to the treatment of each child based
on objective data can signi�cantly reduce the number of pediatric deaths and increase the e�ectiveness of
the rehabilitation process.
Keywords: intersystem shunt, saturation, congenital heart disease, hemodynamics, simulation
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Ââåäåíèå

Âðîæäåííûå ïîðîêè ñåðäöà � ýòî àíîìàëèè ñòðîåíèÿ ñåðäöà è (èëè) ìàãèñòðàëüíûõ
ñîñóäîâ, ïðè êîòîðûõ íàðóøåíà íîðìàëüíàÿ ãåìîäèíàìèêà [ 1� 3]. Ïðè íåêîòîðûõ èç íèõ
íàðóøàåòñÿ ïðîöåññ íàñûùåíèÿ êðîâè êèñëîðîäîì, âñëåäñòâèå ÷åãî ñòðàäàåò îðãàíèçì í îâî-
ðîæäåííîãî â öåëîì, âî âíóòðåííèõ îðãàíàõ âîçíèêàþò ïàòîëîãè÷åñêèå ïðîöåññû.
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Îò âðîæäåííûõ ïîðîêîâ ñåðäöà ñòðàäàþò îêîëî îäíîãî ïðîöåíòà îò ÷èñëà íîâîðîæäå ííûõ
[4]. Êðèòè÷åñêèå ïîðîêè è ïîðîêè, òðåáóþùèå êîððåêöèè íà ïåðâîì ãîäó æèçíè, ïðè ñâîåì
åñòåñòâåííîì òå÷åíèè ïðèâîäÿò ê òÿæåëûì ïðîáëåìàì ñî çäîðîâüåì è äàæå ëåòàëüíîñòè.

Îäíèì èç ìåòîäîâ ïàëëèàòèâíîãî ëå÷åíèÿ ìëàäåíöåâ ñ âðîæäåííûìè ïîðîêàìè ñåðäöà
(â ÷àñòíîñòè, ïðè àòðåçèè ëåãî÷íîé àðòåðèè è â ðåäêèõ ñëó÷àÿõ ïðè ñèíäðîìå ãèïîïëàçèè
ëåâîãî ñåðäöà) ÿâëÿåòñÿ ìåæñèñòåìíûé øóíò [ 5]. Ìåæñèñòåìíûå øóíòû äîêàçàëè ñâîþ
ýôôåêòèâíîñòü â ïîìîùè íîâîðîæäåííûì ñ öèàíîòè÷íûì âðîæäåííûì ïîðîêîì ñåðäöà â
íåêîòîðûõ ñëó÷àÿõ [ 6].

Îäíàêî íåîáõîäèìî îòìåòèòü, ÷òî ïðîöåäóðà óñòàíîâêè ìåæñèñòåìíûõ øóíòîâ ñâÿçàíà
ñ âûñîêèì ðèñêîì ðàçâèòèÿ çàáîëåâàåìîñòè è ñìåðòíîñòè [ 1,2]. Óðîâåíü ñìåðòíîñòè ñðåäè
íîâîðîæäåííûõ âñå åùå îñòàåòñÿ çíà÷èòåëüíûì, íàõîäÿñü â äèàïàçîíå îò 3 äî 14% [ 3].
Îñíîâíûìè ïðè÷èíàìè çàáîëåâàåìîñòè è ñìåðòíîñòè ó ïàöèåíòîâ, ïîäâåðãøèõñÿ äàííîé
ïðîöåäóðå, ÿâëÿþòñÿ ïðîãðåññèðóþùàÿ ñåðäå÷íî-ëåãî÷íàÿ íåäîñòàòî÷íîñòü è ñèíäðîì îáêðà-
äûâàíèÿ êîðîíàðíûõ àðòåðèé [ 7]. Ýòè ïîñëåäñòâèÿ âîçìîæíî ïðåäóïðåäèòü, åñëè ñîáëþñòè
áàëàíñ ìåæäó äîñòàòî÷íûì íàñûùåíèåì êðîâè êèñëîðîäîì è íèçêèì äàâëåíèåì â ëåãî÷íîé
àðòåðèè [8].

Ïðèìåíåíèå ìåòîäîâ áèîìåäèöèíñêîãî èíæèíèðèíãà è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
ïîçâîëÿåò ïîëó÷èòü êîëè÷åñòâåííûå îöåíêè ãåìîäèíàìè÷åñêèõ ïîêàçàòåëåé è ñïðîãíîçèðîâàòü
ïîñëåäñòâèÿ õèðóðãè÷åñêîãî âìåøàòåëüñòâà [9,10]. Íà ñåãîäíÿøíèé äåíü ðàçðàáîòêà îáúåêòè-
âèçèðîâàííûõ ìåòîäèê èíäèâèäóàëüíîãî ïîäáîðà ìåæñèñòåìíîãî øóíòà ÿâëÿåòñÿ àêòóàëüíîé
ïðîáëåìîé, òðåáóþùåé íîâûõ ïîäõîäîâ è ìåòîäîâ [ 11].

Â ðàáîòàõ [6� 9,12� 15] àíàëèçèðîâàëèñü ðàçëè÷íûå àñïåêòû ÷èñëåííîãî ìîäåëèðîâàíèÿ
äëÿ àíàëèçà ðàçíûõ îïåðàöèé íàëîæåíèÿ ìåæñèñòåìíûõ øóíòîâ. Áûëî ïîêàçàíî, ÷òî ðàñïîëî-
æåíèå øóíòà èãðàåò âàæíóþ ðîëü â ãåìîäèíàìèêå ëåãî÷íîé àðòåðèè. Ïðàâèëüíî ïîäîáðàííîå
ðàñïîëîæåíèå øóíòà ìîæåò óðàâíîâåñèòü ïîòîêè â ïðàâîé è äåâîé ëåãî÷íîé àðòåð èè èëè,
íàîáîðîò, âíåñòè äèñáàëàíñ [ 13, 14]. Öåíòðàëüíûé øóíò ïðèâîäèò ê íèçêîìó ñîïðîòèâëå-
íèþ ïîòîêà, ÷òî îçíà÷àåò ëåãêóþ íàïîëíÿåìîñòü ëåãî÷íîé àðòåðèè. À ìîäèôèöèðîâàííûé
Áëàëîê � Òàóññèã øóíò ïîäõîäèò äëÿ ñëó÷àåâ ñ âûñîêèì ðèñêîì ïåðåïîëíåíèÿ ëåãî÷íîé
àðòåðèè.

Òàêæå áûëî ïîêàçàíî, ÷òî øóíòû áîëüøåãî äèàìåòðà îòâîäÿò áîëüøóþ ÷àñòü ñåðäå÷íîãî
âûáðîñà ê ëåãêèì, ÷òî óõóäøàåò îêñèãåíàöèþ [ 15]. Áûëî óñòàíîâëåíî, ÷òî ñèñòåìíîå ñîñóäè-
ñòîå ñîïðîòèâëåíèå îêàçûâàåò áîëüøåå âëèÿíèå íà ãåìîäèíàìèêó, ÷åì ëåãî÷íîå ñîñóäèñòîå
ñîïðîòèâëåíèå. Èçìåíåíèÿ ÷àñòîòû ñåðäå÷íûõ ñîêðàùåíèé îêàçûâàþò ìèíèìàëüíîå âëèÿíèå
íà ñèñòåìíóþ àðòåðèàëüíóþ îêñèãåíàöèþ [ 16].

Â òàáë.1 ïðèâåäåíû îñíîâíûå õàðàêòåðèñòèêè, èçó÷àåìûå èññëåäîâàòåëÿìè.
Â íàñòîÿùåå âðåìÿ êëèíèöèñòû óçíàþò ïðîöåíò ñàòóðàöèè è ñîîòíîøåíèå ïîòîêîâ êðîâè â

ñîñóäàõ íåïîñðåäñòâåííî ïðè îïåðàöèè, íî äëÿ êà÷åñòâåííîãî ïëàíèðîâàíèÿ íåîáõîäèìà ïðåä-
îïåðàòèâíàÿ îöåíêà ýòèõ õàðàêòåðèñòèê. Â äàííîé ñòàòüå èññëåäîâàíî âëèÿíèå ðàçëè÷íûõ
âàðèàíòîâ óñòàíîâêè ìåæñèñòåìíîãî øóíòà íà ãåìîäèíàìèêó â ñèñòåìå ¾àîðòà � øóíò �
ëåãî÷íàÿ àðòåðèÿ¿ ó ðåàëüíûõ ïàöèåíòîâ.

Àíàëèç ãåìîäèíàìè÷åñêîãî âîçäåéñòâèÿ íà ìåæñèñòåìíûé øóíò ïðîâåäåí ñ èñïîëüçîâàíè-
åì ìåòîäîâ âû÷èñëèòåëüíîé ãèäðîäèíàìèêè. Ðàñ÷åòû áûëè âûïîëíåíû äëÿ ðÿäà õàðàêòåðèñòèê,
âêëþ÷àÿ ïîòåðþ ýíåðãèè, íàïðÿæåíèå ñäâèãà ñòåíêè, ñîîòíîøåíèå ïîòîêîâ â ëåâîé è ïðàâîé
ëåãî÷íîé àðòåðèè (LPA/RPA) è ðàñïðåäåëåíèå êèñëîðîäà.

1. Ìàòåðèàëû è ìåòîäû
1.1. Ìîäåëè 3D ãåîìåòðèé øóíòîâ

Äëÿ òðåõ ïàöèåíòîâ, ïîëó÷àâøèõ ëå÷åíèå â Ôåäåðàëüíîì öåíòðå ñåðäå÷íî-ñîñóäèñòîé
õèðóðãèè èì. Ñ. Ã. Ñóõàíîâà, áûëà ïðîâåäåíà ìóëüòèñïèðàëüíàÿ êîìïüþòåðíàÿ òîìîãðàôèÿ
ãðóäíîé êëåòêè. Èñïîëüçîâàëñÿ ÌÑÊÒ-òîìîãðàô Somatom De�nition AS îò Siemens, ðàçìåð-
íîñòü 512 � 512, òîëùèíà ñëîÿ 0.6 ìì. Ñ ïîìîùüþ ïðîãðàììû ITK-SNAP ñîçäàíû òðåõìåðíûå
ìîäåëè àîðòû è ëåãî÷íîé àðòåðèè.
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Òàáëèöà 1 / Table 1
Îáçîð èññëåäóåìûõ ãåìîäèíàìè÷åñêèõ ïîêàçàòåëåé, îïðåäåëÿåìûõ ñ ïîìîùüþ ÷èñëåííîãî ìîäåëè ðîâàíèÿ

Overview of investigated hemodynamic parameters determined by numerical modeling
Ó÷åò Ïðîàíàëèçèðîâàííûå õàðàêòåðèñòèêè

Àâòîð ïîäàò-
ëèâîñòè
ñòåíîê

Ìîäåëü
òóðáóëåíòíîñòè

0D-3D Òèï êðîâè
QLP A

QRP A

Ïîòåðÿ
ýíåðãèè

Îöåíêà
äîñòàâêè
êèñëîðîäà

WSS Ñêîðîñòü Äàâëåíèå Äîïîëíèòåëüíî

[12] � Shear Stress
Transport, k� !

Íåò ÍÍÆ Äà Äà Íåò Íåò Íåò Íåò �

[17] � Íåò
èíôîðìàöèè

Íåò ÍÆ,
êðîâîòîê
ëàìèíàð-

íûé è
íåñæèìàå-

ìûé

Íåò Íåò Íåò Äà Íåò Äà Êîíòóðû
ñêîðîñòåé,
ïðîôèëè è

ëèíèè
ñêîðîñòåé

[18] � Íåò
èíôîðìàöèè

Äà � Íåò Íåò Äà Íåò Íåò Äà �

[19] � Íåò
èíôîðìàöèè

Íåò ÍÆ, áåç
ñêîëüæå-

íèÿ

Íåò Íåò Íåò Äà Äà Äà Ñêîðîñòü
ñäâèãà

[14] � Íåò
èíôîðìàöèè

Íåò ÍÆ Äà Äà Íåò Äà Äà Íåò Èíäåêñ øóíòà

[13] � Íåò
èíôîðìàöèè

Äà � Äà Íåò Íåò Íåò Äà Äà �

[20] � Shear Stress
Transport, k� !

Íåò ÍÆ Äà Äà Äà Íåò Íåò Íåò Êîýôôèöèåíò
ñòåíîçà

ëåãî÷íîé
àðòåðèè

[21] � Shear Stress
Transport, k� !

Äà ÍÍÆ Íåò Íåò Íåò Äà Äà Äà �

[22] � Íåò
èíôîðìàöèè

Äà ÍÍÆ,
òå÷åíèå

ñòàöèîíàð-
íîå

Äà Äà Íåò Äà Äà Íåò Ïîâðåæäåííîñòü
êðîâè

[23] � Íåò
èíôîðìàöèè

Íåò ÍÍÆ Äà Äà Íåò Äà Äà Äà �

[24] + Íåò
èíôîðìàöèè

Íåò ÍÆ Íåò Íåò Íåò Äà Äà Äà Îáúåìíûé
ðàñõîä ÷åðåç

øóíò

Ïðèíÿòûå ñîêðàùåíèÿ: ÍÆ � íüþòîíîâñêàÿ æèäêîñòü; ÍÍÆ � íåñæèìàåìàÿ íüþòîíîâñêàÿ æèäêîñòü; QLP A =QRP A � ñîîòíîøåíèå îáúåìíûõ ðàñõîäîâ â ïðàâîé
è ëåâîé ëåãî÷íûõ àðòåðèÿõ; WSS � ïðèñòåíî÷íûå êàñàòåëüíûå íàïðÿæåíèÿ.
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Äàëåå â ãðàôè÷åñêîì ïàêåòå Spaceclaim ê ñîñóäàì äîáàâëåíû ðàçëè÷íûå âàðèàíòû øóíòîâ
(ïî ðàñïîëîæåíèþ: öåíòðàëüíûé, ëåâûé, ïðàâûé, è ïî äèàìåòðó: 3, 3.5 è 4 ìì). ×àñòî âîñõî-
äÿùèå ñîñóäû èìåþò äîñòàòî÷íî ìàëûé äèàìåòð äëÿ òîãî, ÷òîáû óñòàíîâèòü øóíò íóæíîãî
äèàìåòðà áåç èçìåíåíèÿ åñòåñòâåííîé ôîðìû øóíòà. Ïîýòîìó â ñîåäèíåíèÿõ øóíòîâ ñ ñîñó-
äàìè øóíòû â ñå÷åíèè èìåþò ôîðìó ýëèïñà, êîòîðàÿ çàòåì ïëàâíî ñòàíîâèòñÿ îêðóæíîñòüþ
(ðèñ. 1).

Ðèñ. 1. Ïàöèåíòî-îðèåíòèðîâàííûå ãåîìåòðèè, 0D-3D ñõåìà êðîâîîáðàùåíèÿ è âàðèàíòû ðàñïîëîæå íèÿ
øóíòîâ (öâåò îíëàéí)

Fig. 1. Patient-speci�c geometries, 0D-3D blood �ow scheme and shunt placement options (color online)

Òàêèì ñïîñîáîì áûëè ñîçäàíû øóíòû ïðàâîãî è ëåâîãî ðàñïîëîæåíèÿ (ïàðàìåòðû ýëëèïñîâ
óêàçàíû â òàáë. 2). Âñåãî ïîëó÷èëîñü 27 âàðèàíòîâ.
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À. Ð. Õàéðóëèí è äð. Èññëåäîâàíèå âëèÿíèÿ õàðàêòåðèñòèê ìåæñèñòåìíûõ øóíòîâ

Òàáëèöà 2 / Table 2

Ðàçìåðû øóíòîâ / Shunt dimensions

D, ìì Ïåðèìåòð
îêðóæíîñòè,

ìì

a, ìì b, ìì Ïåðèìåòð
ýëëèïñà, ìì

Îòíîñèòåëüíàÿ
ðàçíîñòü

ïåðèìåòðîâ, %

3.0 9.4 1.0 1.9 9.47 0.53

3.5 11.0 1.2 2.2 10.93 0.56

4.0 12.6 1.5 2.4 12.52 0.35

1.2. Ãðàíè÷íûå óñëîâèÿ

Äëÿ âõîäà â àîðòó áûëà èñïîëüçîâàíà çàâèñèìîñòü ñêîðîñòè îò âðåìåíè â ïåðèîäû ñèñòî-
ëè÷åñêîé è äèàñòîëè÷åñêîé ôàç ëåâîãî æåëóäî÷êà (ñì. ðèñ. 1). Äëèòåëüíîñòü ñèñòîëè÷åñêîãî
ïåðèîäà ëåâîãî æåëóäî÷êà ñîñòàâëÿåò 0.22 ñ, à äèàñòîëè÷åñêîãî � 0.28 ñ. Îáùàÿ ïðîäîëæè-
òåëüíîñòü ñåðäå÷íîãî öèêëà ðàâíà 0.5 ñ. Ìàêñèìàëüíàÿ ñêîðîñòü ñîñòàâëÿåò 1.4 ì/ñ [ 25].
Äëÿ âûõîäîâ èç àîðòû è ëåãî÷íûõ àðòåðèé èñïîëüçîâàëèñü çàâèñèìîñòè äàâëåíèÿ îò âðåìåíè,
ðàññ÷èòàííûå ñ ïîìîùüþ ìîäåëè Ôðàíêà.

Ïðè ïðîõîæäåíèè êðîâè ÷åðåç ñîñóäû èëè ñèñòåìó ñîñóäîâ âîçìîæíî ñíèæåíèå äàâë åíèÿ P
èç-çà ñèë òðåíèÿ, êîòîðûå îòîáðàæàþòñÿ íà ñõåìå êàê ýëåìåíò òèïà ¾ñîïðîòèâëåíèå¿. Â òàêîì
ñëó÷àå îáúåì êðîâîòîêà Q ÷åðåç ó÷àñòîê îïðåäåëÿåòñÿ ðàçíîñòüþ äàâëåíèé íà âõîäå è âûõîäå
è ñâîéñòâàìè ñîñóäà, îïèñûâàåìûìè ïàðàìåòðîì R. Ýëàñòè÷íûå ñîñóäû ñïîñîáíû ðàñøèðÿòüñÿ
ïðè óâåëè÷åíèè êðîâîòîêà, íàêàïëèâàÿ âíóòðè ñåáÿ êðîâü, è ñæèìàòüñÿ ïðè îñëàáëåíèè
êðîâîòîêà, ÷òî ïîääåðæèâàåò âûõîäíîé êðîâîòîê. Ýòî ñâîéñòâî îïèñûâàåòñÿ ýëåìåíòîì òèïà
¾êîíäåíñàòîð¿, êîòîðûé èìååò ïàðàìåòð åìêîñòè C, õàðàêòåðèçóþùèé ñêîðîñòü íàêîïëåíèÿ
êðîâè. Èçìåíåíèå êðîâîòîêà ÷åðåç ñîñóä ïðè ïîñòîÿííîé ðàçíîñòè äàâëåíèé îïèñûâàåòñÿ
ýëåìåíòîì òèïà ¾êàòóøêà¿, êîòîðûé îáëàäàåò ñâîéñòâîì èíäóêòèâíîñòè ( L ). Êðîâîòîê ÷åðåç
êëàïàí ñåðäöà (ýëåìåíò òèïà ¾äèîä¿) âîçìîæåí òîëüêî ïðè ïðåâûøåíèè êðèòè÷åñêîãî óðî âíÿ
ðàçíîñòè äàâëåíèé Pcrit . Ýëåìåíòû òèïà ¾ýëàñòè÷íîñòü¿ îïèñûâàþò ðàáîòó êàìåð ñåðäöà,
ñâÿçûâàÿ èçìåíåíèå îáúåìîâ êàìåð ñ äàâëåíèåì. Ïàðàìåòð ýëàñòè÷íîñòè E çàâèñèò îò âðåìåíè
t, â îòëè÷èå îò äðóãèõ ïàðàìåòðîâ ìîäåëè.

Ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ êðîâîîáðàùåíèå, âêëþ÷àåò 13 äèôôåðåíöèàëüíûõ
óðàâíåíèé è íåñêîëüêî äåñÿòêîâ àëãåáðàè÷åñêèõ ñîîòíîøåíèé. Ïóòåì ïðåîáðàçîâàíèé ìîæíî
âûðàçèòü âñå ïåðåìåííûå ÷åðåç íåèçâåñòíûå, ÷òî ïîçâîëÿåò ïåðåéòè ê ñèñòåìå èç 13 äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ 13 íåèçâåñòíûìè. Äëÿ ðåøåíèÿ ýòîé ñèñòåìû íóæíû íà÷àëüíûå
óñëîâèÿ, ïàðàìåòðû ( R; C; L; P crit ) è ôóíêöèè, îïðåäåëÿþùèå ðàáîòó ñåðäöà E(t). Êîíñòàíòû
è ðåøåíèå ñèñòåìû óðàâíåíèé îïèñàíû â ðàáîòå [ 26].

1.3. Èññëåäîâàíèå ñõîäèìîñòè ñåòî÷íîé ìîäåëè

Äëÿ ñîçäàíèÿ ðàñ÷åòíîé ñåòêè äëÿ îáëàñòè æèäêîñòè èñïîëüçîâàëèñü èíñòðóìåíòû Body
Sizing è In�ation. Ñ ïîìîùüþ Body Sizing ìîæíî çàäàòü òèï è ðàçìåð ýëåìåíòà ñåòêè, à
In�ation ïîçâîëÿåò óâåëè÷èòü ïëîòíîñòü ñåòêè â ïðèñòåíî÷íûõ îáëàñòÿõ äëÿ âûÿâëåíèÿ
ïðèñòåíî÷íûõ ýôôåêòîâ (ðèñ. 2).

Äëÿ îöåíêè ÷óâñòâèòåëüíîñòè ê ïëîòíîñòè ñåòêè áûëè âûáðàíû ïÿòü ðàçëè÷íûõ ðàçìåðîâ
ýëåìåíòîâ (òàáë. 3), âêëþ÷àÿ ãåêñàýäðè÷åñêèå è òåòðàýäðè÷åñêèå òèïû ýëåìåíòîâ. Àíàëèç
ïðîâîäèëñÿ íà îñíîâå äîñòèæåíèÿ îòíîñèòåëüíîé ðàçíèöû "max

P = 1 :56%, "min
V = 0 :91%

ìåæäó ìàêñèìàëüíûìè çíà÷åíèÿìè äàâëåíèÿ è ñêîðîñòè â ñèñòåìå ¾àîðòà � øóíò � ëåãî÷íàÿ
àðòåðèÿ¿. Íà ðèñ. 2 ïðèâåäåí ãðàôèê ñõîäèìîñòè äëÿ ñêîðîñòè. Ìîæíî âèäåòü, ÷òî çíà÷åíèÿ
ìàêñèìàëüíûõ ñêîðîñòåé ñóùåñòâåííî îòëè÷àþòñÿ äëÿ ãðóáîé è ñãóùåííîé ñåòîê. Ïîýòîìó
äëÿ äàëüíåéøèõ ðàñ÷åòîâ áûëà âûáðàíà áîëåå ïëîòíàÿ ñåòêà ñ ðàçìåðîì ñòîðîíû òðåóãîëüíîãî
êîíå÷íîãî ýëåìåíòà h = 0 :2 ìì.
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Ðèñ. 2. Êîíå÷íî-ýëåìåíòíàÿ ñåòêà è ñåòî÷íàÿ ñõîäèìîñòü
Fig. 2. Finite element mesh and mesh convergence

Òàáëèöà 3 / Table 3

Ïàðàìåòðû ñåòîê, èñïîëüçîâàííûõ â èññëåäîâàíèè / Mesh parameters

Ðàçìåð
ýëåìåí-
òà, ìì

Êîýô-
ôèöèåíò
ïåðåõî-

äà

Êîëè-
÷åñ-
òâî

ñëîåâ

Êîýô-
ôèöèåíò

ðîñòà

×èñëî
ýëåìåí-

òîâ

×èñëî
óçëîâ

Ìàêñè-
ìàëüíîå
äàâëåíèå,

Ïà

" max
P Ìàêñè-

ìàëüíàÿ
ñêîðîñòü,

ì/ñ

" min
P

0.20 0.30 5 1.50 4 204 752 968 582 19 330.5 1.562541 4.96512 0.913411

0.21 0.33 5 1.47 3 617 334 848 329 19 033.1 1.587344 5.01089 0.940209

0.23 0.35 5 1.45 2 782 675 673 045 18 735.7 1.930265 5.05845 4.065203

0.25 0.40 5 1.40 2 155 081 539 698 18 380.9 1.894773 5.27280 5.604678

0.27 0.45 5 1.30 1 684 686 440 474 18 039.1 5.585870 � �

1.4. Ãåìîäèíàìè÷åñêèå ïàðàìåòðû

Äëÿ îöåíêè âçàèìîäåéñòâèÿ è ðàñïðåäåëåíèÿ ïîòîêîâ ðàññ÷èòûâàëèñü ïðèñòåíî÷íûå
êàñàòåëüíûå íàïðÿæåíèÿ (Wall Shear Stress � WSS), îñðåäíåííûå çà ñåðäå÷íûé öèêë ïðè-
ñòåíî÷íûå êàñàòåëüíûå íàïðÿæåíèÿ (Time Averaged Wall Shear Stress � TAWSS), èíäåêñ
êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé (Oscillatory Shear Index � OSI), ñêîðîñòü, äàâëåíèå,
îòíîñèòåëüíîå âðåìÿ ïðåáûâàíèÿ (Relative Residence Time � RRT), ïîòåðÿ ýíåðãèè (Energy
Loss � EL), îêñèãåíàöèÿ (Delivery oxygen � Do) è � (ñîîòíîøåíèå êðîâîòîêîâ ìåæäó ëåâîé è
ïðàâîé ëåãî÷íûìè àðòåðèÿìè).

Ïðèñòåíî÷íûå êàñàòåëüíûå íàïðÿæåíèÿ ÿâëÿþòñÿ âàæíûì ãåìîäèíàìè÷åñêèì ïàðàìåò-
ðîì [ 27, 28]. Îíè âîçíèêàþò ïðè òðåíèè êðîâè î ñòåíêè ñîñóäîâ è ìîãóò áûòü ñâÿçàíû ñ
ýíäîòåëèàëüíîé äèñôóíêöèåé è ïîâûøåííûì ðèñêîì òðîìáîçà àðòåðèé [ 29]. Ïðèñòåíî÷íûå
êàñàòåëüíûå íàïðÿæåíèÿ âû÷èñëÿþòñÿ ïî ôîðìóëå

WSS = � �
�

@u
@r

�
;

ãäå u � ñêîðîñòü æèäêîñòè âáëèçè ñòåíêè, r � ðàññòîÿíèå äî ñòåíêè, � � äèíàìè÷åñêàÿ
âÿçêîñòü.

Îñðåäíåííûå çà ñåðäå÷íûé öèêë ïðèñòåíî÷íûå êàñàòåëüíûå íàïðÿæåíèÿ âû÷èñëÿþòñÿ ïî
ôîðìóëå

TAWSS =
1
T

TZ

0

jWSSjdt;

ãäåT � âðåìÿ ñåðäå÷íîãî öèêëà, ðàâíîå 0.5 ñ.
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À. Ð. Õàéðóëèí è äð. Èññëåäîâàíèå âëèÿíèÿ õàðàêòåðèñòèê ìåæñèñòåìíûõ øóíòîâ

Èíäåêñ êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé ïîçâîëÿåò îöåíèòü õàðàêòåðèñòèêè ïîòîêà
êðîâè âíóòðè ñîñóäîâ è ïðåäñòàâëÿåò ñîáîé áåçðàçìåðíóþ âåëè÷èíó, êîòîðàÿ èçìåíÿåòñÿ
îò 0 äî 0.5 è îòðàæàåò ñòåïåíü îñöèëëÿöèè ïîòîêà êðîâè â òå÷åíèå ñåðäå÷íîãî öèêëà [ 30].
Çíà÷åíèå OSI = 0 ñîîòâåòñòâóåò îäíîíàïðàâëåííîìó ïîòîêó êðîâè, òîãäà êàê çíà÷åíèå
OSI = 0 :5 óêàçûâàåò íà ïîëíîñòüþ îñöèëëèðóþùèé ïîòîê [ 31], ÷òî ìîæåò ïðèâåñòè ê
ýíäîòåëèàëüíîé äèñôóíêöèè [ 32]. Èíäåêñ êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé âû÷èñëÿåòñÿ
ïî ôîðìóëå

OSI =
1
2

0

B
B
B
B
@

1 �

�
�
�
�
�

TR

0
WSSdt

�
�
�
�
�

TR

0
jWSSjdt

1

C
C
C
C
A

:

Èçâåñòíî, ÷òî ïðè ñèëüíî îñöèëëèðóþùèõ òå÷åíèÿõ èíäåêñ êîëåáàòåëüíîãî ñäâèãà ìîæåò
áûòü òàêèì æå, êàê è ïðè î÷åíü ìåäëåííûõ ïîòîêàõ. Òàêèì îáðàçîì, èíäåêñ êîëåáàòåëüíîãî
ñäâèãà íå ïîçâîëÿåò âûÿâèòü àòåðîñêëåðîòè÷åñêèå îáëàñòè, ò.å. îáëàñòè ñ íèçêèìè ïðèñòåíî÷-
íûìè êàñàòåëüíûìè íàïðÿæåíèÿìè è âûñîêèì èíäåêñîì êîëåáàòåëüíîãî ñäâèãà íà îäíîì è
òîì æå ó÷àñòêå àðòåðèàëüíîé ñèñòåìû. Äëÿ ïðåîäîëåíèÿ âûøåóêàçàííûõ òðóäíîñòåé ââåäåíî
îòíîñèòåëüíîå âðåìÿ ïðåáûâàíèÿ [ 33]. RRT � ýòî âðåìÿ ïðîëåòà ðàñòâîðåííûõ âåùåñòâ è ôîð-
ìåííûõ ýëåìåíòîâ êðîâè â îêðåñòíîñòè ñîñóäèñòîãî ýíäîòåëèÿ. Îíî îáðàòíî ïðîïîðöèîíàëüíî
ïðîäîëüíîìó ðàññòîÿíèþ � x, ãäå ÷àñòèöà êðîâè ïåðåìåùàåòñÿ íà íåáîëüøîì ðàññòîÿíèè îò
ñòåíêè [15], è îïðåäåëÿåòñÿ ôîðìóëîé

RRT �
1

� x
�

1
TAWSS � (1 � 2 � OSI )

:

Ïîòåðè ýíåðãèè ÿâëÿþòñÿ êîëè÷åñòâåííûì ïîêàçàòåëåì ãåìîäèíàìè÷åñêîé ýôôåêòèâíîñòè
ñèñòåìíî-ëåãî÷íîãî øóíòèðîâàíèÿ è ïîñòíàãðóçêè íà îäèí æåëóäî÷åê. ×åì ìåíüøå ïîòåðè
ýíåðãèè, òåì âûøå ýôôåêòèâíîñòü ïðåîáðàçîâàíèÿ ýíåðãèè ñèñòåìíî-ëåãî÷íûõ øóíòîâ [ 12]:

Energy Loss =
X

Winlet �
X

Woutlet ;

W = QV (P + 1=2�v 2):

Ñîîòíîøåíèå êðîâîòîêîâ ìåæäó ëåâîé è ïðàâîé ëåãî÷íûìè àðòåðèÿìè � :

� = QLP A =QRP A ;

ãäå QLP A è QLP A � îáúåìíûå ñêîðîñòè ïîòîêà â ëåâîé ëåãî÷íîé àðòåðèè (LPA) è ïðàâîé
ëåãî÷íîé àðòåðèè (RPA) ñîîòâåòñòâåííî [ 34].

Îöåíêà äîñòàâêè êèñëîðîäà � ïîêàçàòåëü, èìåþùèé áîëüøîå çíà÷åíèå è â çíà÷èòåëü-
íîé ñòåïåíè ñâÿçàííûé ñ ðàííèìè ïîâòîðíûìè âìåøàòåëüñòâàìè ïîñëå îïåðàöèè [ 35, 36].

Òàáëèöà 4 / Table 4

Íîðìàëüíûå è ïàòîëîãè÷åñêèå çíà÷åíèÿ
ãåìîäèíàìè÷åñêèõ ïàðàìåòðîâ, Ïà

Values of hemodynamic parameters in the healthy
state and pathology, Pa

Ïîêàçàòåëü Çíà÷åíèå Èñòî÷íèê
Íîðìà Ïàòîëîãèÿ

WSS <40 >40.0 [28]
TAWSS >1.5 îò 15 äî 45 [14,29]
OSI � > 0.2 [30]
RRT � >8.0 [31]

Ïóñòü CV O2 � ïîòðåáëåíèå êèñëîðîäà âñåì
òåëîì, CP V O2 � êîíöåíòðàöèÿ êèñëîðîäà â
àîðòå, ñèñòåìíîé è ëåãî÷íîé âåíàõ ñîîòâåò-
ñòâåííî; QS è QP � ñèñòåìíûé è ëåãî÷íûé
ïîòîêè ñîîòâåòñòâåííî. Èñõîäÿ èç ïðèíöèïà
ñîõðàíåíèÿ êèñëîðîäà [ 37,38], ïîëó÷àåì

DO2 = QsCP V O2 � QS=QP CV O2:
Íàñûùåíèå ëåãî÷íûõ âåí ïðèíèìàëîñü

ðàâíûì 98%. Ïî êëèíè÷åñêèì äàííûì [ 16,
39] CP V O2 è CV O2 áûëè óñòàíîâëåíû íà
óðîâíå 0.22 ìë 2 /ìë è 0.874 ìë 2 /ñ ñîîòâåò-
ñòâåííî. Íîðìàëüíûå è ïàòîëîãè÷åñêèå çíà-
÷åíèÿ õàðàêòåðèñòèê ïðèâåäåíû â òàáë.4.

Ìåõàíèêà 261



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2024. Ò. 24, âûï. 2

2. Ðåçóëüòàòû

2.1. Ïðèñòåíî÷íûå êàñàòåëüíûå íàïðÿæåíèÿ, îñðåäíåííûå çà ñåðäå÷íûé öèêë
ïðèñòåíî÷íûå êàñàòåëüíûå íàïðÿæåíèÿ, èíäåêñ êîëåáàíèé êàñàòåëüíûõ
íàïðÿæåíèé, îòíîñèòåëüíîå âðåìÿ ïðåáûâàíèÿ

Íàèáîëüøèå çíà÷åíèÿ ïðèñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíèé íàáëþäàþòñÿ â îáëàñòè
øóíòà, ÷òî ìîæåò ïðåäñòàâëÿòü ðèñê òðîìáîçà (ðèñ. 3) [ 22, 40]. Òàêæå âûñîêèå çíà÷åíèÿ
êàñàòåëüíûõ íàïðÿæåíèé êîíöåíòðèðóþòñÿ â îáëàñòè âèõðåâîãî è çàñòîéíîãî ïîòîêîâ êðîâè
â ëåãî÷íîé àðòåðèè � íåïîñðåäñòâåííî ïîä øóíòîì, ãäå êðîâü ñòàëêèâàåòñÿ ñî ñòåíêàìè
àðòåðèè, à òàêæå íà îòâåòâëåíèÿõ àîðòû, âêëþ÷àÿ ëåâóþ ïîäêëþ÷è÷íóþ àðòåðèþ, ëåâóþ
îáùóþ àðòåðèþ è ïëå÷åãîëîâíîé ñòâîë. Íàèìåíüøèå çíà÷åíèÿ WSS íàáëþäàþòñÿ â îáëàñòÿõ
íèñõîäÿùåé ÷àñòè àîðòû è íà ëåãî÷íîé àðòåðèè � â îáëàñòÿõ ðàâíîìåðíîãî òå÷åíèÿ êðîâè [ 22].

Çíà÷åíèÿ îñðåäíåííûõ çà ñåðäå÷íûé öèêë ïðèñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíèé â
ïèêîâûé ìîìåíò ñèñòîëû äîñòèãàþò ìàêñèìàëüíûõ çíà÷åíèé â îáëàñòè øóíòà, ÷òî ìîæåò ñïî-
ñîáñòâîâàòü òðîìáîçó øóíòà [ 41,42]. Êðîìå òîãî, âûñîêèå çíà÷åíèÿ êàñàòåëüíûõ íàïðÿæåíèé
íàáëþäàþòñÿ â îáëàñòè âèõðåâîãî äâèæåíèÿ êðîâè â íèæíåé ÷àñòè ëåãî÷íîé àðòåðèè [ 43].

Íàèáîëüøèå çíà÷åíèÿ TAWSS íàáëþäàþòñÿ â îáëàñòÿõ ñòûêà ñ àîðòîé è ëåãî÷íîé
àðòåðèåé, ÷òî óêàçûâàåò íà ïîâûøåííûé ðèñê òðîìáîçà â äàííûõ îáëàñòÿõ (ñì. ðèñ. 3).
Âûñîêèå çíà÷åíèÿ ïîðÿäêà 300 Ïà íàáëþäàþòñÿ ïðè âñåõ ðàñïîëîæåíèÿõ øóíòîâ è ïðè
âñåõ äèàìåòðàõ. Äëÿ ïàöèåíòîâ 1 è 2 äàííûå çíà÷åíèÿ ðàñïðåäåëåíû íåðàâíîìåðíî ïî âñ åé
äëèíå øóíòà. Äëÿ ïàöèåíòà 3 ìàêñèìàëüíûå çíà÷åíèÿ ëîêàëèçîâàíû â îñíîâíîì íà ñòûêàõ ñ
àîðòîé. Äàëåå ïî äëèíå øóíòà çíà÷åíèÿ íå ïðåâûøàþò 150 Ïà çà èñêëþ÷åíèåì öåíòðàëüíîãî
ðàñïîëîæåíèÿ øóíòà ïðè âñåõ äèàìåòðàõ.

Íàèáîëüøèå çíà÷åíèÿ èíäåêñà êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé ñêîíöåíòðèðîâàíû â
âîñõîäÿùåé ÷àñòè àîðòû, à òàêæå â áèôóðêàöèîííûõ è âèõðåâûõ îáëàñòÿõ ëåãî÷íîé àðòåðèè
(ñì. ðèñ. 3). Ýòî ñâÿçàíî ñ èíòåíñèâíûì êîëåáàíèåì íàïðàâëåíèÿ âåêòîðà WSS â ýòèõ
îáëàñòÿõ âî âðåìÿ ñåðäå÷íîãî öèêëà.

Â òî æå âðåìÿ çíà÷åíèÿ èíäåêñà â íèñõîäÿùåé ÷àñòè àîðòû íàáëþäàþòñÿ íèæå. Ýòî ñâÿçàíî
ñ óìåíüøåíèåì èíòåíñèâíîñòè êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé ïî ìåðå ïåðåìåùåíèÿ âíèç
ïî àîðòå. Ðàñïðåäåëåíèå èíäåêñà êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé â îáëàñòè øóíòà èìååò
íåðàâíîìåðíûé õàðàêòåð. Íà øóíòå çíà÷èòåëüíûå êîëåáàíèÿ çíà÷åíèé áóäóò ïðîèñõîäèòü â
îáëàñòè ñòûêà ñ àîðòîé. Îäíàêî áëèæå ê ëåãî÷íîìó ñòâîëó ñòåïåíü îñöèëëÿöèé ñíèæàåòñÿ
Ýòî ìîæíî îáúÿñíèòü îñîáåííîñòÿìè ãèäðîäèíàìèêè â ýòîé îáëàñòè. Äàííàÿ çàêîíîìåðíîñòü
ðàñïðåäåëåíèÿ èíäåêñà õàðàêòåðíà äëÿ âñåõ ìîäåëåé.

Íà ðèñ. 4 ïîêàçàíî ðàñïðåäåëåíèå îòíîñèòåëüíîãî âðåìåíè ïðåáûâàíèÿ. Âûñîêèå çíà÷åíèÿ
îòíîñèòåëüíîãî âðåìåíè ïðåáûâàíèÿ â îñíîâíîì êîíöåíòðèðóþòñÿ â ëåãî÷íîé àðòåðèè. Ìîæíî
ñäåëàòü âûâîä, ÷òî â ëåãî÷íîé àðòåðèè íàáëþäàþòñÿ çíà÷èòåëüíî áîëåå äëèòåëüíûå ïåðèîäû
çàäåðæêè êðîâîòîêà â ñðàâíåíèè ñ äðóãèìè îòäåëàìè ñèñòåìû, ñâÿçàííûå ñ çàâèõðåííîñòüþ
êðîâîòîêà. Îñîáåííî îáëàñòè âûñîêèõ çíà÷åíèé ÿðêî âûðàæåíû ó ïàöèåíòà 3 äëÿ âñåõ
ìîäåëåé. Ó ïàöèåíòîâ 1 è 2 ïî ìåðå óâåëè÷åíèÿ äèàìåòðà øóíòà õàðàêòåðíî óìåíüøåíèå
çíà÷åíèé äàííîãî ïàðàìåòðà äëÿ âñåõ ðàñïîëîæåíèé øóíòà.

Äëÿ äàííûõ ìîäåëåé õàðàêòåðíî, ÷òî çíà÷åíèÿ, îïèñûâàþùèå ðèñê òðîìáîçà øóíòà,
ñîñðåäîòî÷åíû â îáëàñòè ñòûêà ñ àîðòîé, ÷òî ïîäòâåðæäàåòñÿ êëèíè÷åñêèìè íàáëþäåíèÿìè.
Äàëåå çíà÷åíèÿ ïðèñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíèé óìåíüøàþòñÿ äî îïòèìàëüíîãî óðîâíÿ
ïî ìåðå ïðîäâèæåíèÿ âäîëü äëèíû øóíòà è ïðèáëèæåíèÿ ê îáëàñòè åãî ñòûêà ñ ëåãî÷íîé
àðòåðèåé (ñì. ðèñ.3).

2.2. Ëèíèè òîêà è äàâëåíèå

Èçó÷åíèå ðàñïðåäåëåíèÿ ñêîðîñòíûõ õàðàêòåðèñòèê òå÷åíèÿ êðîâè èìååò âàæíîå çíà÷åíèå
äëÿ ïîíèìàíèÿ ôèçèîëîãèè è ïàòîëîãèè ñèñòåìíîãî êðîâîòîêà. Îñîáåííî âàæíî ó÷èòûâàòü
âîçìîæíûå ýôôåêòû øóíòîâ è äðóãèõ àíîìàëèé êðîâîòîêà íà ãåìîäèíàìèêó.
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Ðèñ. 3. Ðàñïðåäåëåíèå ïðèñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíèé, êàñàòåëüíûõ íàïðÿæåíèé îñðåäíåí-
íûõ çà ñåðäå÷íûé öèêë è èíäåêñà êîëåáàíèé ïðèñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíèé â ìîäåëè
¾àîðòà � øóíò � ëåãî÷íàÿ àðòåðèÿ¿ ïðè ðàçíûõ äèàìåòðàõ è ìåñòàõ óñòàíîâêè ìåæñèñòåìíîãî øóíòà

(öâåò îíëàéí)
Fig. 3. Distribution of wall shear stress, time-averaged wall shear stress and oscillatory shear index in
model �aorta � shunt � pulmonary artery� at di�erent diameters and locations of the Blalock � T aussig shunt

(color online)
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Ðèñ. 4. Ëèíèè òîêà, äàâëåíèå è îòíîñèòåëüíîå âðåìÿ ïðåáûâàíèÿ â ìîäåëè ¾àîðòà � øóíò � ëåãî÷íàÿ
àðòåðèÿ¿ ïðè ðàçíûõ äèàìåòðàõ è ìåñòàõ óñòàíîâêè ìåæñèñòåìíîãî øóíòà (öâåò îíëàéí)

Fig. 4. Streamlines, pressure, and relative residence time in model �aorta � shunt � pulmonary artery�
at di�erent diameters and locations of the Blalock � Taussig shunt (color online)
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Ðàñïðåäåëåíèå ñêîðîñòíûõ õàðàêòåðèñòèê òå÷åíèÿ êðîâè â ñèñòåìíîì êðîâîòîêå ÿâëÿåòñÿ
âàæíûì àñïåêòîì ãåìîäèíàìè÷åñêèõ ïðîöåññîâ. Â àîðòå êðîâîòîê ðàñïðåäåëåí íåðàâíîìå ðíî,
îäíàêî ïî ìåðå ïðèáëèæåíèÿ ê íèñõîäÿùåé ÷àñòè àîðòû ñêîðîñòè êðîâîòîêà âûðàâíèâàþòñÿ.
Íàîáîðîò, â ëåãî÷íîé àðòåðèè ïðåîáëàäàåò âèõðåâîå äâèæåíèå êðîâè, âûçâàííîå âåðòèêàëüíûì
ïîòîêîì, êîòîðûé ñòàëêèâàåòñÿ ñî ñòåíêîé àðòåðèè è âûçûâàåò çàâèõðåíèÿ (ñì. ðèñ. 4).

Ðàñïðåäåëåíèå äàâëåíèÿ ïî ñòåíêàì àîðòû è ëåãî÷íîé àðòåðèè â ïèêîâûé ìîìåí ñèñòîëû
èìååò íåîäíîðîäíûé õàðàêòåð. Ñàìûå âûñîêèå çíà÷åíèÿ íàáëþäàþòñÿ íà ñòåíêàõ âîñõîäÿùåé
÷àñòè àîðòû, à ñàìûå íèçêèå � íà ñòåíêàõ ëåãî÷íîé àðòåðèè. Â îáëàñòè, ãäå ïðèñóòñòâóåò øóíò,
íàèáîëüøèå çíà÷åíèÿ äàâëåíèÿ ñîñðåäîòî÷åíû íà ñòûêå ñ àîðòîé. Çàòåì äàâëåíèå ðàâíîìå ðíî
ðàñïðåäåëÿåòñÿ ïî íàïðàâëåíèþ ê ëåãî÷íîé àðòåðèè. Òàêîé õàðàêòåð ðàñïðåäåëåíèÿ äàâëåíèÿ
õàðàêòåðåí äëÿ âñåõ ðàñïîëîæåíèé øóíòà è äëÿ âñåõ äèàìåòðîâ (ñì. ðèñ. 4).

2.3. Ñîîòíîøåíèå êðîâîòîêîâ ìåæäó ëåâîé è ïðàâîé ëåãî÷íûìè àðòåðèÿìè

Èññëåäîâàíèÿ ïîêàçàëè, ÷òî ïðè ñèñòåìíî-ëåãî÷íîì øóíòèðîâàíèè ñáàëàíñèðîâàííàÿ
ïåðôóçèÿ ëåãî÷íûõ àðòåðèé òåñíî ñâÿçàíà ñ óëó÷øåíèåì ñîñòîÿíèÿ â ïîñëåîïåðàöèîííûé
ïåðèîä [ 44,45]. Îäíèì èç îñíîâíûõ êðèòåðèåâ âûáîðà ìåñòà ëîêàëèçàöèè øóíòà ÿâëÿåòñÿ
ñèììåòðè÷íîå ðàñïðåäåëåíèå êðîâîòîêà â ëåãî÷íûõ àðòåðèÿõ. Ðàâíîìåðíàÿ ïåðôóçèÿ è
ðàçâèòèå êàê ïðàâîé, òàê è ëåâîé ëåãî÷íûõ àðòåðèé èìåþò âàæíîå çíà÷åíèå [ 46]. Ïðàâèëüíîå
ðàñïðåäåëåíèå êðîâîòîêà ïîìîãàåò îáåñïå÷èòü îïòèìàëüíûé ðîñò è ðàçâèòèå â îáåèõ àðòåðèÿõ,
à òàêæå ïðåäîòâðàùàåò íåðàâíîìåðíîå ïåðôóçèðîâàíèå ëåãî÷íîé òêàíè, ÷òî ìîæåò áûòü
íåæåëàòåëüíûì äëÿ ïàöèåíòà [ 47].

Ïî ãðàôèêàì, ïîêàçûâàþùèì ñîîòíîøåíèå LPA/RPA ( � ) è èõ ñðåäíåå çíà÷åíèå çà ñåðäå÷-
íûé öèêë, ìîæíî ñäåëàòü âûâîä, ÷òî âñå ìîäåëè äåìîíñòðèðóþò àñèììåòðè÷íîå ðàñïðåäåëåíèå
êðîâîòîêà â ëåãî÷íûå àðòåðèè (ðèñ. 5). Îñîáåííî ýòî âûðàæåíî ó ïàöèåíòà 2 ïðè öåíòðàëüíîì
ðàñïîëîæåíèè øóíòà è ó ïàöèåíòà 3 ïðè ëåâîì ðàñïîëîæåíèè øóíòà. Èç ãðàôèêîâ âè äíî,
÷òî ðàñïðåäåëåíèå ñîîòíîøåíèÿ LPA/RPA ( � ) â ïðàâîé ëåãî÷íîé àðòåðèè ðåçêî âîçðàñòàåò

Ðèñ. 5. Ðàñïðåäåëåíèå ñîîòíîøåíèé LPA/RPA
(� ) äëÿ òðåõ ïàöèåíòîâ ïðè ðàçëè÷íûõ äèà-
ìåòðàõ øóíòîâ è âàðèàíòàõ èõ óñòàíîâêè

(öâåò îíëàéí)
Fig. 5. LPA/RPA ratios ( � ) for three patients
at di�erent shunt diameters and various locations

(color online)

ïî ñðàâíåíèþ ñ ëåâîé ëåãî÷íîé àðòåðèåé äëÿ
ýòèõ ìîäåëåé. Òàêàÿ êàðòèíà íàáëþäàåòñÿ
äëÿ âñåõ òðåõ äèàìåòðîâ øóíòîâ.

Òàêæå áûëè îïðåäåëåíû íàèáîëåå áëàãî-
ïðèÿòíûå âàðèàíòû øóíòîâ ñ òî÷êè çðåíèÿ
èõ ðàñïîëîæåíèÿ è äèàìåòðà. Îáíàðóæåííûå
ðåçóëüòàòû ñîâïàäàþò ñ äàííûìè î ðàñïðåäå-
ëåíèè êèñëîðîäà. Ýòî çàêîíîìåðíî, òàê êàê
ðàñïðåäåëåíèå êèñëîðîäà â ëåãî÷íîé àðòåðèè
çàâèñèò â ïåðâóþ î÷åðåäü îò îáúåìà êðîâè,
ïîñòóïàþùåé â ïðàâóþ è ëåâóþ ëåãî÷íûå
àðòåðèè [48].

Ïîòåðè ýíåðãèè ÿâëÿþòñÿ êîëè÷åñòâåí-
íûì ïîêàçàòåëåì ãåìîäèíàìè÷åñêîé ýôôåê-
òèâíîñòè ñèñòåìíî-ëåãî÷íîãî øóíòèðîâàíèÿ
è ïîñòíàãðóçêè íà îäèí æåëóäî÷åê. ×åì ìåíü-
øå ïîòåðè ýíåðãèè, òåì âûøå ýôôåêòèâíîñòü
ïðåîáðàçîâàíèÿ ýíåðãèè ñèñòåìíî-ëåãî÷íûõ
øóíòîâ [ 34].

Èç äèàãðàììû âèäíî, ÷òî ïî ìåðå óâåëè-
÷åíèÿ äèàìåòðà øóíòà îñðåäíåííûå çà ñåð-
äå÷íûé öèêë ïîòåðè ýíåðãèè âîçðàñòàþò (ðèñ. 6). Èñêëþ÷åíèåì ÿâëÿåòñÿ öåòðàëüíîå ðàñïî-
ëîæåíèå øóíòà ó ïàöèåíòà 3. Ýòî ñâèäåòåëüñòâóåò îá óâåëè÷åíèè íàãðóçêè íà ñåðäöå ïðè
óâåëè÷åíèè äèàìåòðà øóíòà.
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à / a

á / b

â / c
Ðèñ. 6. Ðàñïðåäåëåíèå ïîòåðü ýíåðãèè: à � øóíò äèàìåòðîì 3 ìì; á � øóíò äèàìåò-

ðîì 3.5 ìì; â � øóíò äèàìåòðîì 4 ìì (öâåò îíëàéí)
Fig. 6. Energy loss distribution: a is shunt of 3 mm diameter; b is shunt of 3.5 mm

diameter; c is shunt of 4 mm diameter (color online)
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Èç ãðàôèêîâ ðàñïðåäåëåíèÿ êèñëîðîäà è èõ îñðåäíåííûõ çíà÷åíèé çà ñåðäå÷íûé öèêë
âèäíî, ÷òî âñå ìîäåëè ïîêàçûâàåò àñèììåòðè÷íîå ðàñïðåäåëåíèå êèñëîðîäà â ëåãî÷íûå àðòåð èè
(ðèñ. 7, 8).

à / a

á / b

â / c
Ðèñ. 7. Ðàñïðåäåëåíèå êèñëîðîäà â ïðàâîé ëåãî÷íîé àðòåðèè: à � øóíò äèàìåòðîì

3 ìì; á � øóíò äèàìåòðîì 3.5 ìì; â � øóíò äèàìåòðîì 4 ìì (öâåò îíëàéí)
Fig. 7. Oxygen delivery distribution in the right pulmonary artery: a is shunt of 3 mm
diameter; b is shunt of 3.5 mm diameter; c is shunt of 4 mm diameter (color online)
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à / a

á / b

â / c
Ðèñ. 8. Ðàñïðåäåëåíèå êèñëîðîäà â ëåâîé ëåãî÷íîé àðòåðèè: à � øóíò äèàìåòðîì

3 ìì; á � øóíò äèàìåòðîì 3.5 ìì; â � øóíò äèàìåòðîì 4 ìì (öâåò îíëàéí)
Fig. 8. Oxygen delivery distribution in the left pulmonary artery: a is shunt of 3 mm
diameter; b is shunt of 3.5 mm diameter; c is shunt of 4 mm diameter (color online)
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Îñîáåííî ýòî ÿðêî âûðàæåíî äëÿ ïàöèåíòà 2 ïðè öåíòðàëüíîì ðàñïîëîæåíèè øóíòà
è ïàöèåíòà 3 ïðè ëåâîì ðàñïîëîæåíèè øóíòà. Èç ãðàôèêîâ âèäíî ðåçêîå âîçðàñòàíè å
ðàñïðåäåëåíèÿ êèñëîðîäà â ïðàâîé ëåãî÷íîé àðòåðèè ïî ñðàâíåíèþ ñ ëåâîé ëåãî÷íî é àðòåðèåé
äëÿ ýòèõ ìîäåëåé. Äàííàÿ êàðòèíà õàðàêòåðíà äëÿ âñåõ òðåõ äèàìåòðîâ øóíòîâ.

3. Àíàëèç

Öåëü äàííîãî èññëåäîâàíèÿ ñîñòîèò â îöåíêå âëèÿíèÿ ìåæñèñòåìíîãî øóíòà íà òå÷åíèå
êðîâè â ñîñóäàõ êîíêðåòíûõ ïàöèåíòîâ. Ïîëó÷åííûå ðåçóëüòàòû ïîäòâåðäèëè ãèïîòåçó î
âëèÿíèè ðàñïîëîæåíèÿ è ðàçìåðà ìåæñèñòåìíîãî øóíòà íà åãî ðàáîòó .

Ðåçóëüòàòû ìîäåëèðîâàíèÿ, îñíîâàííûå íà àíàòîìè÷åñêèõ è ôèçèîëîãè÷åñêèõ äàííûõ
êîíêðåòíîãî ïàöèåíòà, ïðîäåìîíñòðèðîâàëè âëèÿíèå ðàçëè÷íûõ ìåæñèñòåìíûõ øóíòîâ íà
àîðòó è ëåãî÷íóþ àðòåðèþ ïîñðåäñòâîì ïåðåðàñïðåäåëåíèÿ êðîâîòîêà ïî âåòâÿì ñîñóäîâ,
èçìåíÿÿ òåì ñàìûì ãåìîäèíàìè÷åñêèå õàðàêòåðèñòèêè è íàãðóçêó íà ñåðäöå ïàöèåíòà. Ýòî
ïîçâîëèëî ïîëó÷èòü êîëè÷åñòâåííûå è êà÷åñòâåííûå ãåìîäèíàìè÷åñêèå ïàðàìåòðû, êîòîðûå
ïîìîãóò ïðè ïëàíèðîâàíèè îïåðàöèè è ïðîãíîçèðîâàíèè ïîñëåîïåðàöèîííîãî ïåðèîäà.

Óëó÷øåíèå ñîñòîÿíèÿ â ïîñëåîïåðàöèîííîì ïåðèîäå ñèñòåìíî-ëåãî÷íîãî øóíòèðîâàíèÿ
òåñíî ñâÿçàíî ñî ñáàëàíñèðîâàííîé ïåðôóçèåé ëåãî÷íûõ àðòåðèé. Âñå ìîäåëè, ðàññìîòðåííûå â
äàííîì èññëåäîâàíèè, èìåþò àñèììåòðè÷íûé êðîâîòîê. Ýòîò ôåíîìåí ìîæåò áûòü îáóñëîâëåí
îñîáåííîñòÿìè àíàòîìèè ñîñóäîâ ó ïàöèåíòîâ, ÷òî ïðåäñòàâëÿåò èíòåðåñ äëÿ áîëåå ãëóáîêîãî
ïîíèìàíèÿ ìåõàíèçìîâ öèðêóëÿöèè êðîâè ïîñëå ïðîâåäåíèÿ îïåðàöèè. Îñîáåííî ýòî âûðàæåíî
ó ïàöèåíòà 2 ïðè öåíòðàëüíîì ðàñïîëîæåíèè øóíòà è ó ïàöèåíòà 3 ïðè ëåâîì ðàñï îëîæåíèè
øóíòà. Â ðàáîòàõ [ 12,43] èññëåäîâàòåëè ïðèøëè ê ñõîæèì ðåçóëüòàòàì, âûÿâèâ àñèììåòðè÷íîå
ðàñïðåäåëåíèå êðîâîòîêà â ëåãî÷íûõ àðòåðèÿõ íåçàâèñèìî îò ìåñòà óñòàíîâêè ìåæñèñòåìíîãî
øóíòà.

Íà ïîòåðè ãåìîäèíàìè÷åñêîé ýíåðãèè âëèÿþò òðåíèå êðîâè î ñòåíêè ñîñóäà, âèõðè, òóðáó-
ëåíòíîñòü è ïðîñâåò ñîñóäà. ×åì âûøå ïîòåðè ýíåðãèè, òåì áîëüøå íàãðóçêà íà æåëóäî÷êè
ñåðäöà, ÷òî ìîæåò ñòàòü òðèããåðîì ê ðàçâèòèþ ñåðäå÷íî-ëåãî÷íîé íåäîñòàòî÷íîñòè. Ïî ðå-
çóëüòàòàì èññëåäîâàíèÿ áûëî âûÿâëåíî, ÷òî ÷åì áîëüøå äèàìåòð øóíòà, òåì áîëüøå ïîòåðè
ýíåðãèè. Òàêæå áûëà âûÿâëåíà ðàçíèöà ïîòåðü ýíåðãèè ìåæäó øóíòàìè 3 è 4 ìì ïðèìåðíî â
äâà ðàçà. Ïðè ýòîì, åñëè îöåíèâàòü âëèÿíèå ðàñïîëîæåíèÿ øóíòà, òî ïîëó÷àåòñÿ, ÷òî äëÿ
ïàöèåíòà 1 ñëîæíî âûäåëèòü îäíîçíà÷íî õîðîøåå ðàñïîëîæåíèå øóíòà. Äëÿ ïàöèåíòà 2 ë åâîå
ðàñïîëîæåíèå øóíòà îêàçàëîñü íàèáîëåå ýôôåêòèâíûì, ïðè ýòîì ðåçóëüòàò óñòàíîâêè øóíòà
3 ìì îêàçàëñÿ íåóäîâëåòâîðèòåëüíûì. Äëÿ ïàöèåíòà 3 ïðàâîå ðàñïîëîæåíèå ïðèâîäèò ê ìå íü-
øèì ïîòåðÿì ýíåðãèè ïî ñðàâíåíèþ ñ øóíòàìè òîãî æå ðàçìåðà, íî äðóãîãî ðàñïîëîæåíèÿ.
Äðóãèå àâòîðû â ñâîèõ èññëåäîâàíèÿõ òîæå ãîâîðÿò î íåãàòèâíîì âëèÿíèè áîëüøèõ çíà÷åíèé
EL íà ñåðäå÷íî-ñîñóäèñòóþ ñèñòåìó, â ÷àñòíîñòè ñåðäöå è åãî ìèîêàðä [ 43]. Â ðàáîòå [12]
áûëà ïðîàíàëèçèðîâàíà ïîòåðÿ ýíåðãèè è ïîëó÷åíû ðåçóëüòàòû â äèàïàçîíå 0.065�0.15 Âò.
Òàêæå ñòîèò îòìåòèòü ðàçëè÷èÿ â ñòåïåíè ïîðàæåíèÿ ëåãî÷íîé àðòåðèè, ìîäåëèðóåìîé â
äàííîé ðàáîòå è â ðàáîòàõ äðóãèõ àâòîðîâ.

Â ðåçóëüòàòå àíàëèçà ðàñïðåäåëåíèÿ êèñëîðîäà â ëåâîå è ïðàâîå ëåãêîå äëÿ êàæäîãî
ïàöèåíòà áûëè âûÿâëåíû íàèáîëåå áëàãîïðèÿòíûå âàðèàíòû øóíòà (ðèñ. 9).

Àíàëèç ïîêàçàë ñëåäóþùåå.
1. Äëÿ ïàöèåíòà 1 ñ ìèíèìàëüíîé ðàçíèöåé ìåæäó ðàñïðåäåëåíèåì êèñëîðîäà â ëåãî÷íûå

àðòåðèè ïîäõîäèò øóíò ñ ïðàâûì ðàñïîëîæåíèåì è äèàìåòðîì 3,5 ìì. Ïðè äàííîì ðàñïîë î-
æåíèè è äèàìåòðå øóíòà êèñëîðîä ïîñòóïàåò â ëåâóþ ëåãî÷íóþ àðòåðèþ íà 17% áîëüøå, ÷åì
â ïðàâóþ.

2. Äëÿ ïàöèåíòà 2 ñ ìèíèìàëüíîé ðàçíèöåé ìåæäó ðàñïðåäåëåíèåì êèñëîðîäà â ëåãî÷íûå
àðòåðèè ïîäõîäèò øóíò ñ ëåâûì ðàñïîëîæåíèåì è äèàìåòðîì 3.5 ìì. Ïðè äàííîì ðàñïîëî æå-
íèè è äèàìåòðå øóíòà êèñëîðîä ïîñòóïàåò â ïðàâóþ ëåãî÷íóþ àðòåðèþ íà 49% áîëüøå, ÷åì â
ëåâóþ.

3. Äëÿ ïàöèåíòà 3 ñ ìèíèìàëüíîé ðàçíèöåé ìåæäó ðàñïðåäåëåíèåì êèñëîðîäà â ëåãî÷íûå
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àðòåðèè ïîäõîäèò øóíò ñ öåíòðàëüíûì ðàñïîëîæåíèåì è äèàìåòðîì 3.5 ìì. Ïðè äàííîì
ðàñïîëîæåíèè è äèàìåòðå øóíòà êèñëîðîä ïîñòóïàåò â ëåâóþ ëåãî÷íóþ àðòåðèþ íà 12%
áîëüøå, ÷åì â ïðàâóþ.

à / a

á / b

Ðèñ. 9. Ðàñïðåäåëåíèå êèñëîðîäà, îñðåäíåííîå çà ñåðäå÷íûé öèêë â ëåâîé ( à) è ïðàâîé ( á) ëåãî÷íûõ
àðòåðèÿõ (öåíòðàëüíîå, ëåâîå è ïðàâîå ðàñïîëîæåíèÿ ñîîòâåòñòâåííî); P1 � ïàöèåíò 1 (ñèíèé); P2 �

ïàöèåíò 2 (îðàíæåâûé); P3 � ïàöèåíò 3 (æåëòûé) (öâåò îíëàéí)
Fig. 9. Time-averaged oxygen delivery distribution in the left (a) and the right (b) pulmonary artery
(central, left, and right locations); P1 � patient 1 (blue); P2 � patient 2 (orange); P3� patie nt 3 (yellow)

(color online)

Ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû ïî ïîðÿäêó âåëè÷èí ñîãëàñóþòñÿ ñ äàííûìè èç ðà-
áîòû [ 39].

Ðàñïðåäåëåíèå êàñàòåëüíûõ íàïðÿæåíèé âáëèçè ñîñóäèñòîé ñòåíêè ïðåäñòàâëÿåò ñîáîé
âàæíûé àñïåêò äëÿ ïîíèìàíèÿ ïàòîëîãè÷åñêèõ ïðîöåññîâ, ñâÿçàííûõ ñ ñèñòåìíûì êðîâîòî-
êîì. Ïîâûøåííûå çíà÷åíèÿ ýòèõ íàïðÿæåíèé ìîãóò áûòü àññîöèèðîâàíû ñ ðàçíîîáðàçíûìè
ïàòîëîãèÿìè, âêëþ÷àÿ òðîìáîç è ïîâðåæäåíèå ýíäîòåëèÿ, â òî âðåìÿ êàê èõ ñíèæåíèå ìîæåò
áûòü ñâÿçàíî ñî ñòåíîçîì. Îñîáåííî íåáëàãîïðèÿòíûì ñ÷èòàåòñÿ äèàìåòð øóíòà â 3.5 ìì,
ãäå âûñîêèå êàñàòåëüíûå íàïðÿæåíèÿ ðàñïðåäåëåíû âäîëü âñåé åãî äëèíû ïðè ðàçëè÷íûõ
ðàñïîëîæåíèÿõ øóíòà. Â ñëó÷àå ïàöèåíòà 1 íàèáîëåå áëàãîïðèÿòíîå ðàñïîëîæåíèå øóíòà
îáíàðóæåíî ñïðàâà ïðè äèàìåòðå 4 ìì, ãäå çíà÷åíèÿ íàïðÿæåíèé ïðåâûøàþò íîðìó ëèøü
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À. Ð. Õàéðóëèí è äð. Èññëåäîâàíèå âëèÿíèÿ õàðàêòåðèñòèê ìåæñèñòåìíûõ øóíòîâ

ëîêàëüíî â îãðàíè÷åííûõ òî÷å÷íûõ îáëàñòÿõ, íå ïðåâûøàÿ 75 Ïà. Äëÿ ïàöèåíòîâ 2 è 3
îïòèìàëüíûì ñ÷èòàåòñÿ öåíòðàëüíîå ðàñïîëîæåíèå ïðè äèàìåòðàõ 3 è 4 ìì, ãäå ëîêàëüíûå
çíà÷åíèÿ íàïðÿæåíèé íå ïðåâûøàþò 75 Ïà.

Âî âðåìÿ ïèêà ñèñòîëû íàèâûñøèå çíà÷åíèÿ êðîâîòîêà êîíöåíòðèðóþòñÿ â îáëàñòè
óñòàíîâêè øóíòà. Óâåëè÷åíèå äèàìåòðà øóíòà ñîïðîâîæäàåòñÿ óâåëè÷åíèåì ñêîðîñòè êðîâè,
ïðîõîäÿùåé ÷åðåç íåãî, â ñðåäíåì íà 1�4%, à òàêæå íàáëþäàåòñÿ çàêðó÷èâàíèå ïîòîêà êðîâè
â ñàìîì øóíòå. Â îáëàñòè øóíòà ìàêñèìàëüíûå çíà÷åíèÿ äàâëåíèÿ ôîêóñèðóþòñÿ â çîíå
ñîåäèíåíèÿ ñ àîðòîé, ïîñëå ÷åãî äàâëåíèå ðàâíîìåðíî ðàñïðåäåëÿåòñÿ â íàïðàâëå íèè ëåãî÷íîé
àðòåðèè.

Â äàííîì èññëåäîâàíèè èìåëîñü íåñêîëüêî îãðàíè÷åíèé. Âî-ïåðâûõ, íåáîëüøîå êîëè÷åñòâî
ïàöèåíòîâ. Èçó÷åíèå áîëüøåãî ÷èñëà äàëî áû âîçìîæíîñòü ñ áîëüøåé óâåðåííîñòüþ ãîâîðèòü
î ïîëó÷åííûõ ïàòòåðíàõ è çàêîíîìåðíîñòÿõ. Âî-âòîðûõ, èìååò ñìûñë ïðîâåñòè äàííîå
èññëåäîâàíèå íà ïàöèåíòàõ, êîòîðûå â ðåàëüíîñòè áûëè ïðîîïåðèðîâàíû, è ñðàâíèòü íàøè
ðåçóëüòàòû ñ ïîñëåîïåðàöèîííûì ïåðèîäîì.

Çàêëþ÷åíèå

Âðà÷è ñòàëêèâàþòñÿ ñ ïðîáëåìîé îáúåêòèâèçàöèè îïåðàöèé ïðè îöåíêå âîçäåéñòâèÿ ïàðà-
ìåòðîâ øóíòà è åãî ìåñòà óñòàíîâêè íà êðîâîòîê â ëåãêèõ ó äåòåé ñ âðîæäåííûìè ïàòîëîãèÿìè
ñåðäöà. Â äàííîì èññëåäîâàíèè ìû ôîêóñèðîâàëèñü íà ðàçðàáîòêå ìîäåëè êðîâîòîêà ¾àîð-
òà � øóíò � ëåãî÷íàÿ àðòåðèÿ¿, èñïîëüçóÿ ìîäåëè òðåõ ïàöèåíòîâ ñ ðàçëè÷íûìè âàðèàíòàìè
óñòàíîâêè ìåæñèñòåìíîãî øóíòà è òðåìÿ ðàçëè÷íûìè äèàìåòðàìè. Ñ ïðèìåíåíèåì ïðî-
ãðàììíîãî ðåøàòåëÿ ANSYS CFX ïðîàíàëèçèðîâàíû ãåìîäèíàìè÷åñêèå ïàðàìåòðû, âêëþ÷àÿ
êàñàòåëüíûå íàïðÿæåíèÿ ó ñòåíêè, îñðåäíåííûå çà ñåðäå÷íûé öèêë êàñàòåëüíûå íàïðÿæåíèÿ,
èíäåêñ êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé, îòíîñèòåëüíîå âðåìÿ ïðåáûâàíèÿ è äð.

Ïîëó÷åííûå ðåçóëüòàòû ïîä÷åðêèâàþò âàæíîñòü èíäèâèäóàëèçèðîâàííîãî ïîäõîäà ê âû-
áîðó îïòèìàëüíîãî âàðèàíòà óñòàíîâêè øóíòà è åãî äèàìåòðà â çàâèñèìîñòè îò êîíêðåòíûõ
õàðàêòåðèñòèê êàæäîãî ïàöèåíòà. Íà îñíîâå àíàëèçà ãåìîäèíàìè÷åñêèõ ïîêàçàòåëåé áûëî
ïðîäåìîíñòðèðîâàíî, ÷òî òðåáîâàíèÿ ê ðàçëè÷íûì âàðèàíòàì óñòàíîâêè øóíòà è èõ äèàìåò-
ðàì ðàçëè÷àþòñÿ â çàâèñèìîñòè îò èíäèâèäóàëüíûõ îñîáåííîñòåé ïàöèåíòîâ. Îñîáî ñòîèò
âûäåëèòü âûÿâëåííóþ àñèììåòðè÷íîñòü òå÷åíèÿ â ëåãî÷íûõ àðòåðèÿõ ïðè âñåõ âàðèàíòàõ
èìïëàíòàöèè è ðàçëè÷íûõ äèàìåòðàõ.

Ýòè ðåçóëüòàòû ïîä÷åðêèâàþò, ÷òî ãåìîäèíàìè÷åñêèå ïàðàìåòðû ÿâëÿþòñÿ êðèòè÷åñêèìè
èíäèêàòîðàìè ýôôåêòèâíîñòè ìåæñèñòåìíûõ øóíòîâ. Ïðåäñòàâëåííûé â èññëåäîâàíèè îáúåê-
òèâíûé è ïåðñîíàëèçèðîâàííûé ïîäõîä ê âûáîðó îïòèìàëüíûõ ïàðàìåòðîâ îïåðàöèè èìååò
ïîòåíöèàë ñóùåñòâåííîãî ñíèæåíèÿ äåòñêîé ñìåðòíîñòè è óëó÷øåíèÿ ðåçóëüòàòîâ ðåàáèëèòà-
öèè, îáåñïå÷èâàÿ áîëåå òî÷íîå ñîîòâåòñòâèå õèðóðãè÷åñêèõ âìåøàòåëüñòâ èíäèâèäóàëüíûì
îñîáåííîñòÿì êàæäîãî ïàöèåíòà.
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Abstract. This article describes and analyzes the development of a
system for identifying and recognizing the cognitive behavior of students
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the educational process, conducting statistics on the cognitive behavior
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in the material presented. The identi�cation system will automatically
determine and register the time of arrival and departure of students in
real time. Based on the joint application of the Viola � Jones method and
the nearest neighbors method using histograms of centrally symmetric
local binary images, a system for face recognition in a real-time
video sequence has been developed. The structure of the project is
described and the software is developed in the Python programming
language using the Keras open-source library. The developed system
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Àííîòàöèÿ. Â ñòàòüå îïèñûâàåòñÿ è àíàëèçèðóåòñÿ ðàçðàáîòêà ñèñòåìû èäåíòèôèêàöèè è ðàñïî-
çíàâàíèÿ êîãíèòèâíîãî ïîâåäåíèÿ ó÷àùèõñÿ äëÿ îïðåäåëåíèÿ çàèíòåðåñîâàííîñòè ïî ìèìèêå ëèöà.
Öåëü èññëåäîâàíèÿ � íàéòè ïîäõîäÿùèå òåõíîëîãèè äëÿ ðåàëèçàöèè äàííîé ñèñòåìû. Îïðåäåëåíèå
ýìîöèé ïîçâîëèò îðãàíèçîâàòü êîíòðîëü çà êà÷åñòâîì ó÷åáíîãî ïðîöåññà, ïðîâåñòè ñòàòèñòèêó êîã íè-
òèâíîãî ïîâåäåíèÿ ñòóäåíòîâ âî âðåìÿ ïðîâåäåíèÿ çàíÿòèé è ïîêàçàòü óðîâåíü çàèíòåðåñîâàííîñòè
îáó÷àåìûõ â èçëàãàåìîì ìàòåðèàëå. Ñèñòåìà èäåíòèôèêàöèè ïîçâîëèò àâòîìàòè÷åñêè îïðåäåëÿòü è
ðåãèñòðèðîâàòü âðåìÿ ïðèõîäà è óõîäà ñòóäåíòîâ â ðåæèìå ðåàëüíîãî âðåìåíè. Íà îñíîâå ñîâìåñòíî ãî
ïðèìåíåíèÿ ìåòîäà Âèîëû � Äæîíñà è ìåòîäà áëèæàéøèõ ñîñåäåé ñ èñïîëüçîâàíèåì ãèñòîãðàìì
öåíòðàëüíî-ñèììåòðè÷íûõ ëîêàëüíûõ áèíàðíûõ îáðàçîâ ðàçðàáîòàíà ñèñòåìà ðàñïîçíàâàíèÿ ëèö â
âèäåîïîñëåäîâàòåëüíîñòè â ðåàëüíîì âðåìåíè. Îïèñàíà ñòðóêòóðà ïðîåêòà è ðàçðàáîòàíî ïðîãðàììíîå
îáåñïå÷åíèå íà ÿçûêå ïðîãðàììèðîâàíèÿ Python ñ èñïîëüçîâàíèåì áèáëèîòåêè ñ îòêðûòûì èñõîäíûì
êîäîì Keras. Ðàçðàáîòàííàÿ ñèñòåìà ñîñòîèò èç äâóõ ïîäñèñòåì: èäåíòèôèêàöèè è ðàñïîçíàâ àíèÿ
êîãíèòèâíîãî ïîâåäåíèÿ. Íàó÷íàÿ íîâèçíà çàêëþ÷àåòñÿ â êîìïëåêñíîì ïîäõîäå ê ðàçðàáîòêå è èññëå-
äîâàíèþ àëãîðèòìîâ ðàñïîçíàâàíèÿ è èäåíòèôèêàöèè ëèö â ðåæèìå ðåàëüíîãî âðåìåíè äëÿ ðåøåíèÿ
ïðèêëàäíûõ çàäà÷.
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Introduction

Recognition is the identi�cation of the transformation of input information, whi ch is
appropriately de�ned by some features of recognizable objects in the output information,
representing the conclusion about which class the recognizable object is found [1].

Face recognition is a system designed to identify people in a static image or video. This
technology has been around for decades. However, its use has become more visible in the last
few years, as it is now used as part of innovative solutions, such as photo recognition of people
and additional authentication on mobile devices.

By recognition, we will understand the identi�cation of an image of an unknown person
with one of the well-known persons. Thus, the concept of �recognition� can be de�ned as the
assignment of the object under study (face image), given as a set of observations, to one of the
mutually exclusive classes (persons), or the conclusion that this object does not belong to known
classes. The task of face recognition is relevant both in the �eld of intelligent environmentsand
in security systems [2].

Face recognition has a number of advantages over other methods of human identi�cation:
� no special or expensive equipment is required;
� physical contact with devices is not needed: it is enough just to pass or linger in front of

the camera for a short time.
The authors of the article developed two Python applications using theTensorFlow, OpenCV,

Numpy, TKinter , Keras, MatPlotLib , PIL, and Threading libraries. These applications process
the video stream (or selected �le) from the webcam in real time. The Windows 10 operating
system was used as a platform for work.PyCharm was used to work with the code.

The Viola � Jones method and convolutional neural network (CNN) are used for implementation.
The Viola � Jones method is considered one of the best in terms of the ratio of its speedto the
accuracy of the determination. Also, this method can successfully interact with otheralgorithms
and can be adapted to speci�c needs and requirements. It works not only with static images but
can also process data in real time.

In the process of work, the authors faced the problem of the lack of a training set for each
de�ned emotion: anger, joy, neutrality, sadness, and surprise [3]. To solve this issue, lectures
were recorded on the subject of �System analysis and operations research� for third-yearstudents.
A database of students with de�ned emotions was created for the subsequent trainingof the
system being developed.

1. Project structure

The process of face recognition is usually called a set of di�erent tasks that serve to identify
a person by a digital image or video fragment. In general, this process looks like this: after
the system has received an image from the camera, the face boundaries (detection stage) are
determined using algorithms [2]. This is followed by the recognition stage, at which the face is
transformed (its brightness changes, it is aligned, scaled, etc.) and brought to a certain speci�ed
form. After that, the features are calculated and directly compared with the standards embedded
in the database. This �nal stage of comparison is called identi�cation or veri�catio n, depending
on the system.

The processing of video stream frames consists of two main stages. In the �rst stage, the
detection of faces in the frame takes place, and in the second, the recognition of the detected
faces itself [4].

When developing the identi�cation subsystem, the Viola � Jones face detection method was
used in this work, and the nearest neighbor method with the use of histograms of centrally
symmetric local binary patterns was used for recognition.

As a result, the generalized algorithm for processing frames of the developed identi�cation
subsystem contains the following stages:

1) face detection;
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2) processing of found faces using a Gauss �lter;
3) LBP transformation of the found faces with subsequent application of the mask of signi�cant

areas;
4) calculation of histograms of found faces;
5) Classi�cation of persons by the nearest neighbor method by histograms [5].
The general algorithm of the subsystem being developed is shown in Fig.1.

Fig. 1. Generalized algorithm for processing video stream frames

The Viola � Jones method is used to determine objects in real time. This algorithm was
created to simplify the identi�cation of faces in a photo or frame and is now widely useddue to
the processing speed because it allows you to recognize a face in a photo or frame in real time
without using a large amount of computing power.

Convolutional neural network is used to determine emotions on a frame or photo because it
has high accuracy, but it already requires large computing power, it is also processed longer.

The operation of a convolutional neural network can be interpreted as a transition from speci�c
features of the image to more abstract, but numerous details, and then to more abstract,and
even more numerous. Two main operations are de�ned in this neural network: the convolution
operation and the subdiscretization operation.

The convolution operation is a passage of convolution kernels, or rather small matrices of
weights of small size, through the layer, which eventually generates so-called prism maps. Each
fragment from the feature map shows the presence of some feature that has been encoded into its
convolution core.

The subsampling operation, also a subsampling operation, is used to reduce the dimension of
the created feature maps. In this architecture, it is considered that the presence of a feature is
more important than its location, so the maximum is usually selected from several neighboring
neurons of the map. Due to this operation, the speed of the algorithm itself increases.

Fig. 2. Types of �features�

Viola � Jones algorithm was created in 2001 for real-time
face recognition. It relies on the use of so-called �features�. The
�features� used by the algorithm are based on the summation of
pixels in rectangular areas (Fig. 2). The value of each �feature� is
calculated as the di�erence between the sums from di�erent parts
of the �feature�. The use of these �features� is quite primitive,
while they are sensitive to the vertical and horizontal features
of the image and, as a result of all of the above, give a rather
rough result.

Figure 3 shows a diagram of the use cases of the emotion
recognition subsystem. This diagram shows a pattern of behavior
and interaction between roles. The main block is the application
itself. On the right is a user who has speci�c goals and behaviors
regarding this application. The main role of the user is to launch

the application and use the application. Launching the app involves checking for the presence of a
camera. If there is a camera, then the application will work correctly. Otherwise, the application
will not start. The application will also work correctly if the user's face is in the �eld of view of
the camera. Next, let's take a closer look at the role of the developer.
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The main task of the developer is to install all the necessary components and develop an
application. The installation of components includes checking the operation of the model, if the
model is installed and con�gured correctly and the necessary libraries are connected, then the
application will recognize emotions without any problems. Otherwise, a recognition error will
occur. Creating an app is an important process related to setting up a camera. Since allinteraction
with AR objects occurs through it, the camera must be connected and properly con�gured;
otherwise, the application will not work and perform its original facial recognition functi on.

2. Creation of basic structures

Figure 4 shows the interaction of the components of the developed identi�cation subsystem.
When the application is launched, it is �rst loaded from CascadeClassi�er �les using OpenCVand
a ready-made model by theKeras module, which is imported from the TensorFlow library. The
OpenCVsearches for the webcam and starts recording, and also creates an application window.
After that, for every iteration of the inner loop, the frame is processed usingCascadeClassi�er,
and a face search is performed. After that, a frame showing the face is applied to the image.
Then, through the NumPy library, the image is converted into a binary array, which is already
fed to the �nished model, and the result is output as text, as well as the processed image itself
on the screen.

Fig. 4. Interactions of components of the identi�cation subsystem

Figure 5 shows a diagram of the work of the emotion recognition subsystem presented. When
calling the update method, �rst the active frame is taken through the get_frame method, then the
Viola � Jones method determines the boundaries of the face on it, and the frame is transformed
for processing and processed by a convolutional neural network. To pass this stage, libraries such
as cv2, karas, numpy, and tensor�ow are used. Next, there is a check for the presence of a frame
and for the presence of a tkinter window, in the absence of the program, the program is closed,
otherwise, the frames and instance variables are updated,tkinter widgets are updated,matplotlib
graphs are saved and the results of the work are saved to a �le using thethreading library. A
separate stream is created, to which the method for saving data to a �le and its arguments are
passed. At the very end, the update method is called with a delay.

When creating an instance of theVideoCapture class, a connection to the video stream is
made via cv2. Also, when calling the get_frame method, the active frame is updated usingcv2.

The project consists of two classes: the main App class and the auxiliaryVideoCapture class.
The App class is the main one; it initializes the GUI, widgets, main components and methods.
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Fig. 5. Application at work

Fig. 6. Active cadre diagram

First, let's create and describe all class
variables:

� the class_labels variable contains a tuple of
all emotions that are de�ned in the program;

� the variable preds is a list that contains
the values of the emotions in the active frame
and is updated as the program runs, the value
of this variable is used to plot the active frame
(picture 36);

� the count variable contains the number of
frames that will be displayed on the emotion graph
for count frames (Fig. 6);
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� the �le variable �le contains the path and name of the �le in which the result of the
program is saved;

� the lines variable is a list that contains data for count frames about each emotion, used to

Fig. 7. Diagram for �count� cadres (color online)

plot emotions for count frames
(Fig. 7);

� the face_classi�er variable
contains a model for determining
faces on a frame using the Viola �
Jones method;

� the classi�er variable contains
a ready-made convolutional neural
network model for determining
emotions.

Also in this class, we will create the necessary methods. The__init__ constructor is used
to initialize the main variables of the class instance, as well as to create a selection menu with
three buttons: �Dynamic recognition� , �Static recognition� , and �Exit� .

When __init__ calling, you must pass the following parameters:
� the �window� parameter is a Tk class from the Tkinter library that creates the main

working window;
� the window_name parameter is a string variable to create a name in the window's title bar;
� the �window_logo_path� parameter is a string variable that speci�es the path to the logo

in the program header;
� the fps parameter is a limiting parameter that indicates the desired number of frames per

second, but due to the possible limitation of the device's power, it only allows to reducethe load;
� the video_source parameter is a parameter with a default value that determines the

program's operation mode. If it is equal to zero, then the de�nition is based on the video stream
from the webcam, and, if not, then get the path and load the video.

Next, the method creates and con�gures the window, its size, title, protocol, background, and
logo. This is followed by the creation of three buttons and their con�guration:

� the �Exit� button closes an application after pressing;
� the �Dynanic recognition� button calls video_recognisemethod in web camera mode after

pressing;
� the �Static recognition� button calls video_recognisemethod in static video mode after

pressing, the user should choose a video for recognizing emotions in the video;
The video_recognisemethod is used to initialize the main graphic widgets, as well as to call

the update method. The input is one parametervideo_source, in which the mode of the program
is transmitted. Next, the buttons that were created in the constructor are deleted and the main
window is recon�gured. After that, an instance of the VideoCapture class is created and the
main widgets are created (Fig. 8).

3. Approbation of the system

To implement the project, the Python programming language and its libraries were used:
NumPy, TensorFlow, and OpenCV. When you run the script, the interface is called, which
displays the image from the webcam. When determining the face, an encircling square withan
inscription identifying the person's identity is displayed.

To test the identi�cation subsystem, the trainees were entered into the �KnownFaces� database,
as shown in Fig. 9.

The program successfully saves the results of the work in separate �les for each run.
Automatic search, use, and operation of the webcam are carried out (Fig.10).
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Fig. 8. Main widgets and frames

Fig. 9. Adding images to the database

Fig. 10. Testing of the identi�cation subsystem

Testing of the accuracy of the model of the subsystem of recognition of the cognitive behavior
of the observed was carried out to determine each emotion. In this test, the ability of the model
after training to determine the emotions embedded in the algorithm in di�erent light co nditions
and from di�erent angles of the face location is tested (Fig. 11� 15).

As a result of the conducted testing, it was determined that the emotions �Neutrality�, �Joy�,
�Sad� and �Surprise� are determined by the system virtually unmistakably. However, there are
di�culties with de�ning the emotion �Anger�. This problem is a consequence of the lack o f
training of the neural network for this emotion and requires further development.

Èíôîðìàòèêà 283



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2024. Ò. 24, âûï. 2

Fig. 11. Testing the emotion �Angry�

Fig. 12. Testing the emotion �Happy�

Fig. 13. Testing the emotion �Neutral�
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Fig. 14. Testing the emotion �Sad�

Fig. 15. Testing the emotion �Surprise�

For the subsequent approbation of the system, the authors identi�ed the followingmain testing
criteria:

� the accuracy of the model in identifying the observed;
� model accuracy at di�erent distances from the camera;
� model accuracy in di�erent lighting conditions;
� the accuracy of the model at di�erent positions and turns of the head;
� the accuracy of the model in determining a certain emotion;
� the accuracy of the model in determining emotions for several people in theframe;
� the accuracy of the model in determining emotions in both sexes.

Conclusions

As a result of the conducted research, suitable technologies have been developed and created
for the implementation of an emotion identi�cation and recognition system. The conducted testing
showed 82% accuracy in the identi�cation of the observed. The accuracy of recognition of the
�ve emotions obtained in this work is 65.56%. The results obtained show that the identi�cation
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subsystem can be used to automate the registration of student attendance and register the time
of arrival and departure automatically. The subsystem for determining the cognitive behavior of
the observed requires further re�nement.
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Àííîòàöèÿ. Ïðåäìåòîì ìàòåìàòè÷åñêîãî èññëåäîâàíèÿ è ìîäåëèðîâàíèÿ â äàííîé ðàáîòå ÿâëÿåòñÿ
êîëë-öåíòð, êîòîðûé ïðèíèìàåò âõîäÿùèå çâîíêè, èíèöèèðîâàííûå êëèåíòàìè. Â êà÷åñòâå ñòîõàñòè÷å-
ñêîé ìîäåëè ïðîöåññà îáñëóæèâàíèÿ çâîíêîâ ïðåäëàãàåòñÿ èñïîëüçîâàòü çàìêíóòóþ ýêñïîíåíöèàëüíóþ
ñåòü ìàññîâîãî îáñëóæèâàÿ ñ ïîâòîðíûìè âûçîâàìè è íåòåðïåëèâûìè çàÿâêàìè. Ïðèâåäåí êðàòêèé
îáçîð îïóáëèêîâàííûõ ðàáîò ïî ïðèìåíåíèþ ìîäåëåé ìàññîâîãî îáñëóæèâàíèÿ ïðè ìàòåìàòè÷åñêî ì
ìîäåëèðîâàíèè ïðîöåññîâ îáñëóæèâàíèÿ êëèåíòîâ â êîëë-öåíòðàõ. Îïèñàíà ñåòåâàÿ ìîäåëü, óêàçàíû
âîçìîæíûå ñîñòîÿíèÿ, ìàðøðóòèçàöèÿ, ïàðàìåòðû è îñîáåííîñòè îáñëóæèâàíèÿ çàÿâîê. Ñîñòîÿíèå
ìîäåëè ïîëíîñòüþ õàðàêòåðèçóåòñÿ ðàñïðåäåëåíèåì çàÿâîê ïî âîçìîæíûì ñèñòåìàì ìàññîâ îãî îáñëó-
æèâàíèÿ â çàäàííûé ìîìåíò âðåìåíè. Âåêòîð, îïðåäåëÿþùèé ñîñòîÿíèå ñåòåâîé ìîäåëè, ïðåäñòàâëÿåò
ñîáîé öåïü Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì è êîíå÷íûì ÷èñëîì ñîñòîÿíèé. Ìîäåëü èññëåä óåòñÿ â
àñèìïòîòè÷åñêîì ñëó÷àå � ïðè êðèòè÷åñêîì ïðåäïîëîæåíèè áîëüøîãî ÷èñëà çàÿâîê â ñåòè ìàññ îâîãî
îáñëóæèâàíèÿ. Èñïîëüçóåìûé ìàòåìàòè÷åñêèé ïîäõîä ïîçâîëÿåò îñóùåñòâèòü ïðåäåëüíûé ïåðåõîä
îò öåïè Ìàðêîâà ê íåïðåðûâíîìó ìàðêîâñêîìó ïðîöåññó. Äîêàçàíî, ÷òî ïëîòíîñòü ðàñ ïðåäåëåíèÿ
âåðîÿòíîñòåé ïðîöåññà ñîñòîÿíèÿ ìîäåëè óäîâëåòâîðÿåò óðàâíåíèþ Ôîêêåðà � Ïëàíêà � Êîëìîãîðî âà.
Èñïîëüçóÿ êîýôôèöèåíòû ñíîñà óðàâíåíèÿ Ôîêêåðà � Ïëàíêà � Êîëìîãîðîâà, ìîæíî çàïèñàòü ñèñòå ìó
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ðàñ÷åòà ñðåäíåãî ÷èñëà çàÿâîê â êàæäîì èç óçëîâ
ñåòåâîé ìîäåëè ñ òå÷åíèåì âðåìåíè. Ðåøåíèå ýòîé ñèñòåìû ïîçâîëÿåò ïðîãíîçèðîâàòü ä èíàìèêó
îæèäàåìîãî êîëè÷åñòâà êëèåíòîâ â óçëàõ ñåòè è ðåãóëèðîâàòü ïàðàìåòðû ðàáîòû êîëë-öåíòðà. Ïðå-
èìóùåñòâîì âûáðàííîãî ìåòîäà èññëåäîâàíèÿ ÿâëÿåòñÿ âîçìîæíîñòü ðàñ÷åòà ñðåäíèõ õàðàêòåðèñòèê
ìîäåëè êîëë-öåíòðà êàê â ïåðåõîäíîì, òàê è â ñòàöèîíàðíîì ðåæèìå. Ðåçóëüòàòû èññëåä îâàíèÿ ìîãóò
áûòü èñïîëüçîâàíû ïðè ïðîåêòèðîâàíèè êîëë-öåíòðîâ è àíàëèçå èõ çàãðóæåííîñòè.
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Introduction

A call center is a centralized customer service department for many businesses that deals
with incoming and outgoing phone calls via voice communication channels. It is referred to as
a �call center� because traditionally, customer service is based on phone support as the main
method of contact between customers and companies. The calls are handled by a team of advisors,
otherwise known as agents. The article [1] focuses on reviewing the state of call centers research.

Telephone customer service organizations should track key performance indicators to measure
the e�ciency of call centers and agents. In particular, they strive to improve call ha ndling time,
call waiting time, and placing calls by agents. The quality and operational e� ciency of these
telephone services must be exceptional in order to meet the needs of the customers [2,3]. Agents
of a large best practice call center have to cater to thousands of phone calls per hour. The waiting
time for delayed calls must not exceed a few seconds. To achieve high levels of service quality
and e�ciency, it is necessary to accurately describe the reality of call center operation, and to
mathematically model this reality.

Mathematical models of call centers are of great value, but at the same time, eachof them
is somewhat limited in its ability to characterize system performance. Traditionally, queueing
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theory can be used to analyze call centers' e�ciency and optimize their structure. Indeed,
there is a natural �t between standard queueing models and telephone systems [4]. Queueing
systems, particularly, Markovian ones, are widely used for call centers' modelling, analyzing their
performance, planning, and managing [5� 8]. Queueing systems with impatient customers [5,8],
retrial queueing systems [6,7,9], and many others have emerged from the need to mathematically
model the behavior of telephone service customers, to �nd the optimal sta�ng for call centers
in order to guarantee maximum pro�tability and a desired grade-of-service, measured in terms
of acceptable waiting and blocking. A tandem queue is suitable for modeling call centers with
interactive voice response machines [10]. Queues with general service are widely used to model
call centers, e.g., a two-phase hyperexponential approximation can be applied for service time
distribution [ 11]. In the article [ 12] a multi-server queueing system with a generalized phase-type
service time distribution is used as a model of a call center with a call-back option.

The subject of mathematical study and modelling in this paper is an inbound callcenter
that receives calls initiated by customers looking for information support, technical support,
billing questions, reservation support, order-taking functions, and other customer service issues.
First, an arriving call is routed towards the automatic call distribution switch, whose function
is to distribute the inbound calls among the agents according to the customer's need. When
the topic of the client's request goes beyond the scope of the current agent's specialization,
the client is redirected to specialists who are competent in resolving the issue. Thus, calls are
routed according to their speci�city between agents of various specializations. Therefore, the
organizational structure of a call center can be graphically represented by a network diagram
showing the call routing between call center agents on di�erent service issuesaccording to their
speci�cs.

Queueing networks are e�ective mathematical models for studying discrete probabilistic
systems with a network-like structure. A queueing network is a collection of interdependent
queuing nodes that provides processing and transfer of jobs or customers. Everyone knows thata
telephone customer who receives a busy signal repeats the call until the required connection is
made. As a result, the �ow of calls circulating in a call center consists of two parts: the �ow of
primary calls and the �ow of repeated calls. It is natural to take into account a �ow of imp atient
customers who �nd that the residual waiting time is too long and leave the queue forever. These
considerations emphasize the need to use the network of retrial queues with impatient customers
as a proper modelling of customer behavior in a call center. So, the purpose of this paper iscall
center mathematical modeling and analysis of call processing e�ciency using a closed exponential
queueing network with retrial and impatient customers. An asymptotic analysis of the model is
performed, which implies an approximation method of queueing network study under the critical
assumption of a large but limited number of customers [13� 15].

1. Model description

The focus of this paper is the queueing network model of a large call center. We setK as the
total number of customers. The closed network consists ofn + 1 exponential mi -linear queueing
nodes (systems)Si , i = 1; n + 1 , and K -linear hypothetical node S0, which plays the role of a
dependent source of arriving customers or an external environment. It should be noted that,
unlike the others, the nodeSn+1 is the retrial queueing system without a waiting bu�er. The
node Sn+1 has the orbit On+2 which plays the role of a virtual waiting room for K customers.
Each customer can be in one of the following nodes (states) at any given point in time:

� S0 � no need to turn to the call center;
� Sn+1 � a customer call is serviced by one of the mn+1 lines of the automatic call distribution

switch;
� On+2 � a customer call is waiting in the orbit;
� Si � a customer call is handled by one of the mi agents supporting the i th type service

issue or is queued in the unlimited waiting bu�er, i = 1; n.
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The customer transition from the node S0 to the node Sn+1 with probability p0(n+1) = 1
corresponds to a customer call to the call center. We assume that the arrival of customers from
S0 to Sn+1 forms the Poisson process of rate� (t)k0(t), the rate parameter is proportional to the
number of customers in the sourcek0(t). Inbound call �ow is non-stationary.

From the node Sn+1 , the call is routed to the nodeSi with probability p(n+1) i , i = 1; n, or
with probability p(n+1)0 to the external environment S0 in case of an erroneous customer request.
After the end of call service in the nodeSi , i = 1; n, the customer is transferred to S0 with
probability pi 0, in case his request is completely ful�lled or redirected to specialists on another
service issue to the nodeSj , j = 1; n, with probability pij , i 6= j , i; j = 1; n. Customers are
served according to the FIFO rule. The service facility of the nodeSi consists of mi identical
servers and service times are exponentially distributed with rate parameter� i , i.e., � � 1

i is the
mean service time, i = 1; n + 1 .

Taking into account the peculiarities of telephone services, it is assumed that the customer
waiting time in the queue of the node Si is limited by an exponential random variable� i with
an expected value of� � 1

i , i = 1; n. At the same time, customers who leave the queue are called
impatient. If during time � i the call is not answered, then it is lost and transferred to the external
environment S0 with a probability qi 0 = 1 , i = 1; n.

It is worth noting some important features of the automatic call distribution switch whi ch is
modeled by the retrial queueing nodeSn+1 . If an incoming customer call �nds some of mn+1

servers free, he instantly occupies one of them and leaves the node after service. On theother
hand, any request that �nds all servers busy upon arrival is required to leave the service area
but it is not lost, it is transferred to the orbit On+2 . The customer in the orbit repeats his
call and retries reaching the free server again after an exponentially distributed time� r

n+2 with
parameter 
 . Thus, we are assuming that the repeated attempts follow the classical retrial policy,
where the repetition times of each customer are assumed to be independent and exponentially
distributed with the rate parameter 
 . In addition, we suppose that the customer's time in the
orbit is limited by an exponential random variable � o

n+2 with an expected value of� � 1
n+2 . After

this time � o
n+2 , the customer leaves the orbit and is transferred to the external environmentS0

with probability q(n+2)0 = 1 . We also assume that inter-arrival periods, service times, waiting
times, and retrial times are mutually independent.

Probabilities pij are elements of a transition matrix P = ( pij )(n+2) � (n+2) for serviced
customers, i; j = 0; n + 1 . Non-zero elements of the matrix P are p0(n+1) = 1 and pij , i 6= j ,

i = 1; n + 1 , j = 0; n. The matrix P is a stochastic matrix, so
n+1P

j =0
pij = 1 . Probabilities qij

are elements of a transition matrix Q = ( qij )(n+2) � (n+2) for impatient customers i; j = 0; n + 1 .
Non-zero elements of the matrix Q are qi 0 = 1 , i = 1; n. Retrial customers are circulating
between the systemSn+1 and the orbit On+2 . Impatient retrial customers transfer from On+2

to S0. We have to keep in mind the non-zero elements of transition matrices. The routing of
serviced customers (solid line), impatient customers (dashed line), and retrial customers (long
dash) is shown in Fig. 1.

The allocation of customers by possible states at timet fully describes the situation in the
call center at that time. Accordingly, the allocation of customers by queueingnodes completely
determines the state of the queueing network. Taking into account the above-described, thestate
of the network model under study at time t is represented by a continuous-time Markov chain on
�nite state space:

k(t) = ( k1(t); k2(t); :::; kn+1 (t); kn+2 (t)) ;

where ki (t) is the number of customers in the nodeSi , i = 1; n + 1 , kn+2 (t) is the number of
customers in the orbit, at time t, t 2 [0; + 1 ). Obviously, the number of customers in the external

environment S0 is k0(t) = K �
n+2P

i =1
ki (t).
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Fig. 1. The state-transition diagram

2. Asymptotic analysis of the network model

Asymptotic analysis implies an approximate method for studying a queueing network under
the assumption of a large number of customersK and is based on the theory of di�usion
approximation of Markov processes [16]. In this paper, the passage to the limit from a Markov
chain k(t) to a continuous-state Markov process� (t) is considered. Unlike discontinuous processes,
continuous processes in any small-time interval� t ! 0 have some small change in the state
� x ! 0.

Theorem 1. In the asymptotic case of a large number of customersK the probability
density function p(x; t ) of the random process

� (t) =
k(t)
K

=
�

k1(t)
K

;
k2(t)

K
; : : : ;

kn+1 (t)
K

;
kn+2 (t)

K

�

provided that it is di�erentiable with respect to t and twice continuously di�erentiable with
respect to x i , i = 1; n + 2 , satis�es up to O("2), where " = 1

K , the multidimensional Fokker �
Planck � Kolmogorov equation

@p(x; t )
@t

= �
n+2X

i =1

@
@xi

(A i (x; t )p(x; t )) +
"
2

n+2X

i;j =1

@2

@xi @xj
(B ij (x; t )p(x; t )) ; (1)

with drifts

A i (x; t ) =
n+2X

j =1

� j (pji � � ji ) min( l j ; x j ) � � i (x i � l i )� (x i � l i ); i = 1; n; (2)

An+1 (x; t )= � � n+1 min( ln+1 ; xn+1 )+ � (t)

 

1�
n+2X

i =1

x i

!

� (ln+1 � xn+1 )+ 
x n+2 � (ln+1 � xn+1 ); (3)

An+2 (x; t ) = � (t)

 

1 �
n+2X

i =1

x i

!

(1 � � (ln+1 � xn+1 )) � 
x n+2 � (ln+1 � xn+1 ) � � n+2 xn+2 ; (4)

� ij is the Kronecker delta, l i =
mi

K
, i; j = 1; n + 2 , � (x) =

(
1; x > 0;

0; x 6 0
is the Heaviside function.
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Di�usion coe�cients B ij (x; t ) are not given in this paper because of their cumbersomeness
and also because they are not used for further calculations.

Proof. Let a vector k = ( k1; k2; : : : ; kn+1 ; kn+2 ) be formed by componentski (t) = ki ,
i = 1; n + 2 , at some time point t. In this case, we will say that the queueing network under
study is in the state (k; t ). Let P(k; t ) denote the probability that the network is in the state
(k; t ). Denote I i as a (n + 2) -vector with zero components excluding i -th, which equals to 1.
Consider all possible state changes of the Markov processk(t) in the short time � t:

� from the state (k � I n+1 ; t) the process transfers to(k; � t + t) with probability

� (t)

 

K �
n+2X

i =1

ki + 1

!

� (mn+1 � kn+1 + 1)� t + o(� t);

that corresponds to the customer call arrival from the nodeeS0 to the nodeeSn+1 when there
are free lines of the automatic call distribution switch;

� from the state (k � I n+2 ; t) the process transfers to(k; � t + t) with probability

� (t)

 

K �
n+2X

i =1

ki + 1

!

(1 � � (mn+1 � kn+1 )) � t + o(� t);

that corresponds to the customer transition to the orbit due to the fact that all lines of the
automatic switch are busy;

� from the state (k + I n+2 � I n+1 ; t) the process transfers to(k; � t + t) with probability


 (kn+2 + 1) � (mn+1 � kn+1 + 1)� t + o(� t);

that is, the arrival of a retrial call from the orbit to a free line of the automatic swi tch;
� from the state (k + I n+2 ; t) the process transfers to(k; � t + t) with probability

� n+2 (kn+2 + 1)� t + o(� t);

in case the time spent by an impatient customer in the orbit while trying to reach a free server
of the automatic switch has expired;

� from the state (k + I i ; t) to the state (k; � t + t) with probability

(� i pi 0 min(mi ; ki + 1) + � i qi 0(ki + 1 � mi )� (ki + 1 � mi )) � t + o(� t);

that is, the customer departure from the nodeSi to the node S0, when his request is fully
satis�ed, i = 1; n + 1 , or the transition of an impatient customer from Si to S0, i = 1; n;

� from the state (k + I i � I j ; t) the process transfers to(k; � t + t) with probability

� i pij min(mi ; ki + 1)� t + o(� t);

that corresponds to the transition of the serviced customer from the nodeSi to the node Sj ,
i = 1; n + 1 , j = 1; n;

� from the state (k; t ) to (k; � t + t) with probability

1 �

 

� (t)

 

K �
n+2X

i =1

ki

!

� (mn+1 � kn+1 )+

+ � (t)

 

K �
n+2X

i =1

ki

!

(1 � � (mn+1 � kn+1 )) + 
k n+2 � (mn+1 � kn+1 ) + � n+2 kn+2 +

+
n+1X

i =1

(� i pi 0 min(mi ; ki ) + � i qi 0(ki � mi )� (ki � mi )) +
n+1X

i;j =1

� i pij min(mi ; ki )

!

� t + o(� t);

if the model state does not change;
� from other model states transfer to (k; t + � t) is possible with probability o(t).
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Taking into account state changes listed above and using the law of total probability, the
following set of equations is valid for the probability P(k; t ) = P(k(t) = k):

P(k; t + � t) = � (t)

 

K �
n+2X

i =1

ki + 1

!

� (mn+1 � kn+1 + 1) P(k � I n+1 ; t)� t+

+ � (t)

 

K �
n+2X

i =1

ki + 1

!

(1 � � (mn+1 � kn+1 ))P(k � I n+2 ; t)� t+

+ 
 (kn+2 + 1) � (mn+1 � kn+1 + 1) P(k + I n+2 � I n+1 ; t)� t+

+ � n+2 (kn+2 + 1) P(k + I n+2 ; t)� t +
n+1X

i =1

� i pi 0 min(mi ; ki + 1) P(k + I i ; t)� t+

+
n+1X

i =1

� i qi 0(ki + 1 � mi )� (ki + 1 � mi )P(k + I i ; t)� t+

+
n+1X

i =1

n+1X

j =1

� i pij min(mi ; ki + 1) P(k + I i � I j ; t)� t+

+

"

1 �

 

� (t)

 

K �
n+2X

i =1

ki

!

� (mn+1 � kn+1 ) +

+ � (t)

 

K �
n+2X

i =1

ki

!

(1 � � (mn+1 � kn+1 )) + 
k n+2 � (mn+1 � kn+1 )+

+ � n+2 kn+2 +
n+1X

i =1

� i pi 0 min(mi ; ki ) +
n+1X

i =1

� i qi 0(ki � mi )� (ki � mi )+

+
n+1X

i;j =1

� i pij min(mi ; ki )

1

A � t

3

5 P(k; t ) + o(� t):

Let us denote the following di�erences:

� 0(n+1) P(k; t ) = P(k � I n+1 ; t) � P(k; t ); � 0(n+2) P(k; t ) = P(k � I n+2 ; t) � P(k; t );

� i 0P(k; t ) = P(k + I i ; t) � P(k; t ); � ij P(k; t ) = P(k + I i � I j ; t) � P(k; t ); i; j = 1; n + 2 :

Assuming that � t ! 0, we obtain the set of Kolmogorov di�erence-di�erential equations for
state probabilities:

@P(k; t )
@t

= � (t)

 

K �
n+2X

i =1

ki

!

� (mn+1 � kn+1 )� 0(n+1) P(k; t )+

+

 

� (t)

 

K �
n+2X

i =1

ki + 1

!

� (mn+1 � kn+1 + 1) �

� � (t)

 

K �
n+2X

i =1

ki

!

� (mn+1 � kn+1 )

!

P(k � I n+1 ; t)+

+ � (t)

 

K �
n+2X

i =1

ki

!

(1 � � (mn+1 � kn+1 ))� 0(n+2) P(k; t )+

+ � (t)

" 

K �
n+2X

i =1

ki + 1

!

(1 � � (mn+1 � kn+1 )) �
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�

 

K �
n+2X

i =1

ki

!

(1 � � (mn+1 � kn+1 ))

#

P(k � I n+2 ; t)+

+ 
k n+2 � (mn+1 � kn+1 )� (n+2)( n+1) P(k; t )+

+ [ 
 (kn+2 + 1) � (mn+1 � kn+1 + 1) � 
k n+2 � (mn+1 � kn+1 )] �

� P(k + I n+2 � I n+1 ; t) + � (n+2)0 P(k; t )� n+2 kn+2 + � n+2 P(k + I n+2 ; t)+

+
n+1X

i =1

� i pi 0 min(mi ; ki )� i 0P(k; t ) +
n+1X

i =1

(� i pi 0 min(mi ; ki + 1) � � i pi 0 min(mi ; ki )) P(k + I i ; t)+

+
n+1X

i =1

� i qi 0(ki � mi )� (ki � mi )� i 0P(k; t )+

+
n+1X

i =1

[� i qi 0(ki + 1 � mi )� (ki + 1 � mi ) � � i qi 0(ki � mi )� (ki � mi )] �

� P(k + I i ; t) +
n+1X

i =1

n+1X

j =1

� i pij min(mi ; ki )� ij P(k; t )+

+
n+1X

i =1

n+1X

j =1

[� i pij min(mi ; ki + 1) � � i pij min(mi ; ki )] P(k + I i � I j ; t): (5)

The resulting equation cannot be solved analytically for largen. Call centers undoubtedly
handle a large number of customer calls. In this regard, we consider the important asymptotic
case of a large number of customers in the model. Let us pose the problem of studyingthe
probability distribution of the state vector k(t) under the critical assumption of a large number of
customers K in the queueing network.

Suppose we are interested in the properties of the relative process� (t) = k(t )
K when K

becomes very large. Vector� (t) indicates the relative proportion of the company's customers
who contacted the call center and how calls are distributed across model nodes at timet. In
time � t ! 0, the possible changes in process� (t) are ei , where ei = I i � " = I i

K . Assuming that
K ! 1 we have ei ! 0, and the vector � (t) will be a continuous-time continuous-state Markov
process. A probability density function of � (t) is de�ned as

p(x; t ) = lim
" ! 0

P(x1 6 � 1(t) < x 1 + "; :::; x n+2 6 � r (t) < x n+2 + ")
"n+2 =

= lim
" ! 0

P(Kx 1 6 k1(t) < Kx 1 + 1 ; :::; Kx n+2 6 kn+2 (t) < Kx n+2 + 1)
"n+2 ;

i.e.

K n+2 P(k; t ) ! p(x; t ); where x 2 X; (6)

X =

(

x = ( x1; x2; : : : ; xn+2 ) : x i > 0; i = 1; n + 2 ;
n+2X

i =1

x i 6 1

)

:

Realizing the asymptotic transition (6) for the equation (5), we obtain the following partial
di�erential equation

@p(x; t )
@t

= � (t)K

 

1 �
n+2X

i =1

x i

!

� (ln+1 � xn+1 )� 0(n+1) p(x; t )+

+ � (t)
@

��
1 �

n+2P

i =1
x i

�
� (ln+1 � xn+1 )

�

@xn+1
p(x � en+1 ; t)+
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+ � (t)K

 

1 �
n+2X

i =1

x i

!

(1 � � (ln+1 � xn+1 ))� 0(n+2) p(x; t )+

+ �
@

�
1 �

n+2P

i =1
x i

�

@xn+2
(1 � � (ln+1 � xn+1 ))p(x � en+2 ; t)+

+ 
Kx n+2 � (ln+1 � xn+1 )� (n+2)( n+1) p(x; t ) + 
� (ln+1 � xn+1 )p(x + en+2 � en+1 ; t)+

+ � n+2 Kx n+2 � (n+2)0 p(x; t ) + � n+2 p(x + en+2 ; t)+

+ K
n+1X

i =1

� i pi 0 min( l i ; x i )� i 0p(x; t ) +
n+1X

i =1

� i pi 0
@min( l i ; x i )

@xi
p(x + ei ; t)+

+ K
n+1X

i =1

� i qi 0(x i � l i )� (x i � l i )� i 0p(x; t ) +
n+1X

i =1

� i qi 0
@((x i � l i )� (x i � l i ))

@xi
p(x + ei ; t)+

+ K
n+1X

i =1

n+1X

j =1

� i pij min( l i ; x i )� ij p(x; t ) +
n+1X

i =1

n+1X

j =1

� i pij
@min( l i ; x i )

@xi
p(x + ei � ej ; t): (7)

If p(x; t ) is twice continuously di�erentiable function with respect to x, then we can use the
following Taylor series:

p(x � ei ; t) = p(x; t ) � "
@p(x; t )

@xi
+

"2

2
@2p(x; t )

@2x i
+ o("2);

p(x + ei � ej ; t) = p(x; t ) + "
�

@p(x; t )
@xi

�
@p(x; t )

@xj

�
+

+
"2

2

 
@2p(x; t )

@x2i
� 2

@2p(x; t )
@xi @xj

+
@2p(x; t )

@x2j

!

+ o("2); i; j = 1; n + 2 :

Substituting the above-mentioned Taylor series into equation(7), having grouped the terms
in the resulting equation, we conclude that the compact mathematical expression (1) is valid. The
theorem is proved. �

The probability distribution of the vector � (t) given by the probability density p(x; t ) is a
complete and exhaustive characteristic of the network model state at timet. However, such an
exhaustive characteristic cannot be found, since equation(1) is not explicitly solvable. From a
practical point of view, it is enough for us to know what the �average value� of � (t) is. For this
reason, we con�ne our study to �nding expected values E � i (t) = E(� i (t)) , i = 1; n + 2 . It is
known [15,17] that the expected value E � i (t) is determined with an accuracy ofO("2) from a set
of ordinary di�erential equations:

dE� i (t)
dt

= A i (E � i (t)) ; i = 1; n + 2 ;

here A i (�) are drifts given by formulas (2)� (4). Then the expected number of customers in each
node of the network modelEk i (t) = E(ki (t)) = E(K� i (t)) can be found from the set of equations:

dEk i (t)
dt

= KA i

�
1
K

Ek i (t)
�

; i = 1; n + 2 : (8)

Taking into account (2)� (4), (8) and the transition matrices of the network model, the
expected number of customersEk i (t) in node Si , i = 1; n + 2 , can be found by solving the
following set of equations:

dEk i (t)
dt

=
n+1X

j =1
j 6= i

� j pji min
�
mj ; Ek j (t)

�
� � i min (mi ; Ek i (t)) �
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� � i (Ek i (t) � mi )� (Ek i (t) � mi ); i = 1; n;

dEkn +1 (t)
dt

= � � n+1 min(mn+1 ; Ekn +1 (t))+

+ � (t)

 

K �
n+2X

i =1

Ek i (t)

!

� (mn+1 � Ekn +1 (t)) + 
E kn +2 (t)� (mn+1 � Ekn +1 (t)); (9)

dEkn +2 (t)
dt

= � (t)

 

K �
n+2X

i =1

Ek i (t)

!

(1 � � (mn+1 � Ekn +1 (t)) �

� 
E kn +2 (t)� (mn+1 � Ekn +1 (t)) � � n+2 Ekn +2 (t):

3. Numerical example

Consider the queuing network model of a call center withn = 4 . Let the number of customers
be equal toK = 50000.

Let the operation of the call center be speci�ed by the following parameters. The structure of
the network is set by the following non-zero elements of the transition matrix: p05 = 1 , p10 = 0 :7,
p12 = p13 = p14 = 0 :1, p20 = 0 :8, p21 = p23 = 0 :05, p24 = 0 :1, p30 = 0 :75, p31 = 0 :07, p32 = 0 :15,
p34 = 0 :03, p40 = 0 :9, p41 = 0 :03, p42 = 0 :04, p43 = 0 :03, p50 = 0 :15, p51 = 0 :1, p52 = 0 :15,
p53 = 0 :2, p54 = 0 :4. The number of node servers ism1 = m3 = 6 , m2 = 8 , m4 = 4 , m5 = 20.
The service rates are� 1 = 70, � 2 = 40, � 3 = 22, � 4 = 60, � 5 = 270. The waiting rates are
� 1 = � 2 = 5 , � 3 = � 4 = 3 , � 6 = 10. The retrial rate is 
 = 50. The initial placement of customers
is Ek0 (0) = 50000.

Firstly, consider the case when the arrival rate is constant � = 0 :0117. The inbound call �ow
is stationary. Let us solve the set (9) by numerical methods using Maple software. Figure 2
shows a graphical solution of(9). It is possible to predict the mean number of customers at each
network node with time. Figure 2 demonstrates that the process quickly reaches a steady state.
The largest number of customers accumulates in the nodeS4. The servers in most nodes of the
network are idle in the mean.

Secondly, consider the case when the arrival rate is not constant and it changes according to a
wave-like law (seasonal process)� (t) = 0 :002cos(�t= 12) + 0:0095. Figure 3 shows the dynamics
of the expected number of customers in the network nodes. In this situation, the number of
customers varies depending on the arrival rate. Obviously, the number of agents needs tobe
adjusted.

Fig. 2. Dynamics of Ek i (t) when the arrival rate
is constant

Fig. 3. Dynamics of Ek i (t) when the arrival rate
is not constant
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Conclusion

In this paper, the network stochastic model of a call center was presented as a queueing
network with customer retrials and impatient customers. The model was investigated in the
asymptotic case of a large number of customers. The results make it possible to predict the
dynamics of the expected number of customers by model states, regulate the parameters of the
call center operation, analyze the call center workload, and make decisions. They are applicable
with a speci�ed accuracy O("2) in both the transient and steady state, this is a fundamental
advantage of the used asymptotic method.
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Ââåäåíèå

Ïðîãíîçèðîâàíèå ïðîöåññîâ ðàñïðîñòðàíåíèÿ çàãðÿçíÿþùèõ âåùåñòâ â ïðèðîäíûõ âîäàõ
íåîáõîäèìî äëÿ óñïåøíîãî óïðàâëåíèÿ âîäíûìè ðåñóðñàìè [ 1]. Äëÿ ðåøåíèÿ ýòîé çàäà÷è íåîá-
õîäèìû íàó÷íî îáîñíîâàííûå ìàòåìàòè÷åñêèå ìîäåëè, êîòîðûå íå òåðÿþò ñâîþ äîñòîâåðíîñòü
ïðè øèðîêîì âàðüèðîâàíèè ïðîñòðàíñòâåííûõ è âðåìåííûõ ìàñøòàáîâ.

Ìàòåìàòè÷åñêèå ìîäåëè ïåðåíîñà çàãðÿçíÿþùèõ âåùåñòâ ïðåòåðïåëè äëèòåëüíûé ïåðèîä
ðàçðàáîòêè. Îíè óñëîæíÿëèñü çà ñ÷åò ïåðåõîäà îò îäíîãî ôàêòîðà êà÷åñòâà âîäû ê ìíîæåñòâó
ôàêòîðîâ, îò ñòàöèîíàðíîé ìîäåëè ê äèíàìè÷åñêîé ìîäåëè, îò ìîäåëè òî÷å÷íîãî èñòî÷íèêà
ê ìîäåëè ñîïðÿæåíèÿ òî÷å÷íûõ è íåòî÷å÷íûõ èñòî÷íèêîâ, îò îäíîìåðíûõ ê äâóìåðíûì è
òðåõìåðíûì ìîäåëÿì [ 2,3].

Êàê ïðàâèëî, ïåðâûå ìîäåëè ïåðåíîñà çàãðÿçíÿþùèõ âåùåñòâ ðàçðàáàòûâàëèñü äëÿ ðå÷íûõ
ñèñòåì, ïîäâåðæåííûõ âëèÿíèþ áûòîâûõ è ïðîìûøëåííûõ òî÷å÷íûõ èñòî÷íèêîâ çàãðÿçíå-
íèÿ. Îíè ôîêóñèðîâàëèñü íà âçàèìîäåéñòâèè ðàçëè÷íûõ êîìïîíåíòîâ êà÷åñòâà âîäû [ 4].
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Îäíîé èç ïåðâûõ áûëà ðàçðàáîòàíà îäíîìåðíàÿ ìîäåëü áèëèíåéíîé ñèñòåìû ÁÏÊ-ÐÊ [ 5],
êîòîðàÿ ïðîäîëæèòåëüíîå âðåìÿ óñïåøíî èñïîëüçîâàëàñü èññëåäîâàòåëÿìè è ïîçäíåå áû-
ëà íåîäíîêðàòíî ìîäèôèöèðîâàíà. Òàê, íàïðèìåð, ïîÿâèëèñü ìîäåëè Streeter and Phelps
(ìîäåëè S-P). Äëÿ óñîâåðøåíñòâîâàíèÿ ñòàöèîíàðíîé ìîäåëè S-P â ðàçíîå âðåìÿ ó÷åíûìè
áûëè âíåñåíû êîððåêòèðîâêè: ââåäåí êîýôôèöèåíò ôëîêóëÿöèè, ðàçäåëåí ïàðàìåòð ÁÏÊ íà
êàðáîíèçèðîâàííûé ÁÏÊ è íèòðèôèöèðîâàííûé ÁÏÊ, äîáàâëåíû ýôôåêòû äèñïåðñèè íà
îñíîâå óðàâíåíèÿ Dobbins � Camp [ 6, 7], äîáàâëåí êîýôôèöèåíò ñêîðîñòè èçìåíåíèÿ ÁÏÊ
è äð. Áûñòðîå ðàçâèòèå èññëåäîâàíèé â îáëàñòè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïåðåíîñà
çàãðÿçíÿþùèõ âåùåñòâ ñâÿçàíî ñ ïîÿâëåíèåì äâóìåðíûõ ìîäåëåé è àäàïòàöèè èõ äëÿ ðàçëè÷-
íûõ âèäîâ âîäîåìîâ [ 6,7]. Âåäåòñÿ ðàçðàáîòêà ìîäåëåé íåëèíåéíûõ ñèñòåì [ 8]. Ýòè ìîäåëè
âêëþ÷àëè ñèñòåìó êðóãîâîðîòà àçîòà è ôîñôîðà, ñèñòåìó ôèòîïëàíêòîíà è çîîïëàíêòîíà.
Äàííûå ìîäåëè ïðåèìóùåñòâåííî áûëè ñôîêóñèðîâàíû íà îòíîøåíèÿõ ìåæäó áèîëîãè÷åñêîé
ñêîðîñòüþ ðîñòà è ïèòàòåëüíûìè âåùåñòâàìè, ñîëíå÷íûì ñâåòîì è òåìïåðàòóðîé, à òàêæå ôè-
òîïëàíêòîíîì è ñêîðîñòüþ ðîñòà çîîïëàíêòîíà [ 9,10]. Ê êîíöó ïðîøëîãî ñòîëåòèÿ êîëè÷åñòâî
ïåðåìåííûõ â ìîäåëÿõ óâåëè÷èëîñü, ñòàë ó÷èòûâàòüñÿ ãèäðîäèíàìè÷åñêèé ðåæèì âîäîåìà
è âëèÿíèå íàíîñîâ, îñóùåñòâëåí ïåðåõîä ê òðåõìåðíûì ìîäåëÿì [ 11, 12]. Ê íàñòîÿùåìó
âðåìåíè ïðîâåäåíî ìíîæåñòâî èññëåäîâàíèé ïóòåì ðàçðàáîòêè ïðîãðàìì ìîäåëèðîâàíèÿ äëÿ
èìèòàöèè ïðîñòðàíñòâåííîãî è âðåìåííîãî ðàñïðåäåëåíèÿ çàãðÿçíÿþùèõ âåùåñòâ: QUAL,
WASP, MIKE11, QUAL 2K, WASP 6, QUASAR, SWAT, MIKE 21 è MIKE 31, INCA, QUAL
2K, HEC-RAS, EFDC è äð. [13].

Ê íàñòîÿùåìó âðåìåíè ðàçðàáîòàíî áîëåå 100 ìîäåëåé ïåðåíîñà çàãðÿçíÿþùèõ âåùåñòâ,
â òîì ÷èñëå ñîòíè ìîäåëüíûõ ïðîãðàìì äëÿ ÝÂÌ, èñïîëüçóåìûõ äëÿ ðàçëè÷íûõ âîäîåìîâ,
ðàçëè÷íûõ çàãðÿçíÿþùèõ âåùåñòâ, â ðàçëè÷íûõ ïðîñòðàíñòâåííî-âðåìåííûõ ìàñøòàáàõ è äð.
Îäíàêî êàæäàÿ èç ìîäåëåé èìååò ñâîè îãðàíè÷åíèÿ, ïðåæäå âñåãî, ñâÿçàííûå ñ îñîáåííîñòÿìè
âîäîåìà. Òàêèì îáðàçîì, ìîäåëè ïåðåíîñà çàãðÿçíÿþùèõ âåùåñòâ âñå åùå íóæäàþòñÿ â
äàëüíåéøåì èçó÷åíèè.

Àâòîðàìè ðàçðàáîòàí êîìïëåêñ âçàèìîñâÿçàííûõ ïðîñòðàíñòâåííî-òðåõìåðíûõ ìîäåëåé
ïåðåíîñà çàãðÿçíÿþùèõ âåùåñòâ, âêëþ÷àþùèé ìîäåëè ãèäðîäèíàìèêè, äèíàìèêè ïåðåíîñà
ôèçè÷åñêîé ñóáñòàíöèè (âçâåøåííûõ ÷àñòèö è íàíîñîâ), ìîäåëü ýâòðîôèêàöèè âîä, ïðåä-
íàçíà÷åííûõ äëÿ ìåëêîâîäíûõ âîäîåìîâ. Â ðàìêàõ äàííîé ñòàòüè ÷èòàòåëþ ïðåäëàãàåòñÿ
îçíàêîìèòüñÿ ñ ïàðàëëåëüíûìè àëãîðèòìàìè ÷èñëåííîãî ðåøåíèÿ ïåðåíîñà âçâåøåííûõ
÷àñòèö íà ñóïåðâû÷èñëèòåëüíîé ñèñòåìå ñ ðàñïðåäåëåííîé ïàìÿòüþ ïðè îòíîñèòåëüíî íåáîëü-
øîì êîëè÷åñòâå ÿäåð (äî 2048). Òàêæå àâòîðàìè èññëåäîâàíû âîïðîñû ðàñïàðàëëåëèâàíèÿ
ïðîöåññîâ ÷èñëåííîãî ðåøåíèÿ äàííûõ çàäà÷ íà ìàññèâíî-ïàðàëëåëüíûõ ñèñòåìàõ, îáåñïå÷è-
âàþùèõ âûñîêóþ ýôôåêòèâíîñòü àëãîðèòìîâ äëÿ ñèñòåì, ñîäåðæàùèõ ìíîãèå äåñÿòêè òûñÿ÷
ÿäåð. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.

1. Êîìïëåêñ âçàèìîñâÿçàííûõ 3D ìîäåëåé òðàíñïîðòà çàãðÿçíÿþùèõ âåùåñòâ

Áóäåì èñïîëüçîâàòü ïðÿìîóãîëüíóþ äåêàðòîâóþ ñèñòåìó êîîðäèíàò Oxyz, ãäå îñè Ox è
Oy ïðîõîäÿò ïî ïîâåðõíîñòè íåâîçìóùåííîé âîäíîé ïîâåðõíîñòè è íàïðàâëåíû íà ñå âåð è
âîñòîê ñîîòâåòñòâåííî, îñü Oz íàïðàâëåíà âíèç.

Ïóñòü G � R3 � îáëàñòü, ãäå ïðîèñõîäèò ïðîöåññ, ïðåäñòàâëÿåò ñîáîé ïàðàëëåëåïèïåä
G = f 0 < x < L x ; 0 < y < L y ; 0 < z 6 L zg. Îáîçíà÷èì íèæíåå îñíîâàíèå ïàðàëëåëåïèïåäà �
� b, âåðõíåå îñíîâàíèå � � f , áîêîâóþ ïîâåðõíîñòü � � l .

1.1. Ìîäåëü ãèäðîäèíàìèêè

Â îñíîâó ðàçðàáàòûâàåìîé ìîäåëè ðàñ÷åòà òðåõìåðíûõ ïîëåé âåêòîðà ñêîðîñòè äâèæåíèÿ
âîäíîé ñðåäû ïîëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü ãèäðîäèíàìèêè ìåëêîâîäíûõ âîäîåìîâ [ 14�
16].
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À. È. Ñóõèíîâ è äð. Èñïîëüçîâàíèå ïàðàëëåëüíûõ âû÷èñëåíèé äëÿ îöåíêè ïðîöåññà ïåðåíîñà

Äàííàÿ ìîäåëü âêëþ÷àåò ñëåäóþùèå óðàâíåíèÿ:
� óðàâíåíèÿ äâèæåíèÿ ïî òðåì êîîðäèíàòíûì íàïðàâëåíèÿì (ñèñòåìà óðàâíåíèé Íàâüå �

Ñòîêñà)

@u
@t

+ u
@u
@x

+ v
@u
@y

+ w
@u
@z

= �
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+
@
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� h
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@x

�
+

@
@y

�
� h
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@y

�
+

@
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� v

@u
@z

�
; (1)

@v
@t

+ u
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@x

+ v
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@y

+ w
@v
@z

= �
1
�

@P
@x

+
@

@x

�
� h

@v
@x

�
+

@
@y

�
� h

@v
@y

�
+

@
@z

�
� v

@v
@z

�
; (2)

@w
@t

+ u
@w
@x

+ v
@w
@y

+ w
@w
@z

= �
1
�

@P
@z

+
@

@x

�
� h

@w
@x

�
+

@
@y

�
� h

@w
@y

�
+

@
@z

�
� v

@w
@z

�
+ g; (3)

� óðàâíåíèå íåðàçðûâíîñòè (çàêîí ñîõðàíåíèÿ ìàññû)

@�
@t

+
@(�u )

@x
+

@(�v )
@y

+
@(�w )

@z
= 0; (4)

� óðàâíåíèå òðàíñïîðòà òåïëà

@T
@t

+
1
2

�
u

@T
@x

+ v
@T
@y

+ w
@T
@z

+
@(uT)

@x
+

@(vT)
@y

+
@(wT)

@z

�
=

= � h

�
@2T
@x2

+
@2T
@y2

�
+

@
@z

�
� �

@T
@z

�
; (5)

� óðàâíåíèå ñîñòîÿíèÿ äëÿ ïëîòíîñòè

� 0 = � (T0) : (6)

Çäåñü èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ: u, v, w � êîìïîíåíòû âåêòîðà ~U ñêîðîñòè
äâèæåíèÿ æèäêîñòè; t � âðåìåííàÿ ïåðåìåííàÿ; P � äàâëåíèå; g � óñêîðåíèå ñâîáîäíîãî
ïàäåíèÿ; � � ïëîòíîñòü æèäêîñòè; � h , � � � êîýôôèöèåíòû ãîðèçîíòàëüíîé è âåðòèêàëüíîé
äèôôóçèè ñîîòâåòñòâåííî; T � òåìïåðàòóðà â êîíêðåòíîé òî÷êå îáëàñòè; T0 � òåìïåðàòóðà,
ïðè êîòîðîé ïëîòíîñòü ìàêñèìàëüíà.

Ñèñòåìà óðàâíåíèé ( 1)�( 6) ðàññìàòðèâàåòñÿ ïðè íà÷àëüíîì óñëîâèè

u = u0; v = v0; w = w0; (7)

è ïðè ñëåäóþùèõ ãðàíè÷íûõ óñëîâèÿõ:

� l : u = u0; v = v0;
@P
@~n

= 0 ;
@~V
@~n

= 0 ; (8)

� f : �� h
@u
@~n

= � � x ; �� h
@v
@~n

= � � y ;
@P
@~n

= 0 ;
@~U
@~n

= 0 ; (9)

� b : �� h
@u
@~n

= � � x ; �� h
@v
@~n

= � � y ; w = � ! �
@P
@t

1
�g

;
@P
@~n

= 0 ; (10)

ãäå! � èíòåíñèâíîñòü èñïàðåíèÿ æèäêîñòè, � x , � y � ñîñòàâëÿþùèå òàíãåíöèàëüíîãî íàïðÿ-
æåíèÿ.

1.2. Ìîäåëü äèôôóçèè-êîíâåêöèè-àãðåãèðîâàíèÿ âçâåñåé

Äëÿ îïèñàíèÿ òðàíñïîðòà âçâåøåííûõ ÷àñòèö âîñïîëüçóåìñÿ óðàâíåíèåì äèôôóçèè-
êîíâåêöèè, êîòîðîå ìîæåò áûòü çàïèñàíî â ñëåäóþùåì âèäå:

@cr
@t

+
@(ucr )

@x
+

@(vcr )
@y

+
@((w + wgr ) cr )

@z
=

Èíôîðìàòèêà 301



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2024. Ò. 24, âûï. 2

=
@

@x

�
� h

@cr
@x

�
+

@
@y

�
� h

@cr
@y

�
+

@
@z

�
� v

@cr
@z

�
+ Fr ; (11)

ãäåcr � êîíöåíòðàöèÿ r -é ôðàêöèè âçâåñè;wgr � ñêîðîñòü îñàæäåíèÿ r -é ôðàêöèè âçâåñè;
Fr � ôóíêöèÿ, îïèñûâàþùàÿ èíòåíñèâíîñòü ðàñïðåäåëåíèÿ èñòî÷íèêîâ r -é ôðàêöèè âçâåñè.

Óðàâíåíèÿ ( 11) äîïîëíÿþòñÿ íà÷àëüíûì óñëîâèåì

cr (x; y; z; 0) = cr 0(x; y; z); (x; y; z) 2 �G; (12)

è ñëåäóþùèìè ãðàíè÷íûìè óñëîâèÿìè:

� l : cr = c0
r ; c0

r = const; åñëè u~n < 0;
@cr
@~n

= 0 ; åñëè u~n > 0; (13)

ãäå u~n � ïðîåêöèÿ âåêòîðà ñêîðîñòè íà âíåøíþþ íîðìàëü ~n ê ãðàíèöå; c0
r � èçâåñòíûå

çíà÷åíèÿ êîíöåíòðàöèè;

� f :
@cr
@z

= 0; (14)

� b :
@cr
@z

= �
wgr

� �r
cr : (15)

Ìàòåìàòè÷åñêèå ìîäåëè òðàíñïîðòà âçâåøåííûõ ÷àñòèö ïîçâîëÿþò ñïðîãíîçèðîâàòü ðàñ-
ïðîñòðàíåíèå øëåéôîâ âçâåñè â âîäíîé ñðåäå è èçìåíåíèå ðåëüåôà äíà â ñâÿçè ñ âûïàäåíè åì
âçâåøåííûõ ÷àñòèö ãðóíòà â îñàäîê. Íà îñíîâå ìîäåëè (11)� (15) ìîãóò áûòü ðàññìîòðåíû
ïðîöåññû äâèæåíèÿ è îñàæäåíèÿ âçâåøåííûõ ÷àñòèö ïðè ïðîâåäåíèè äíîóãëóáèòåëüíûõ
ðàáîò, à òàêæå âîçìîæíîñòü îïòèìèçàöèè ïëîùàäåé ñóùåñòâóþùèõ îòâàëîâ ãðóíòà. Îïòè-
ìèçàöèÿ ðàçìåðîâ îáëàñòåé îòâàëîâ ãðóíòà ïîçâîëÿåò ìèíèìèçèðîâàòü óùåðá, íàíîñèìûé
áèîòîïàì. ×èñëåííîå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé (11) ñîâìåñòíî ñ óðàâíåíèÿìè
ãèäðîäèíàìèêè (1)� (10) ïîçâîëÿåò ìîäåëèðîâàòü ðàçíîîáðàçíûå ïðîöåññû ñòàöèîíàðíîãî è
íåñòàöèîíàðíîãî çàãðÿçíåíèé ìåëêèõ âîäîåìîâ.

1.3. Ìîäåëü ýâòðîôèêàöèè âîä

Íà îñíîâå óæå ðàññìîòðåííîãî âûøå óðàâíåíèÿ äèôôóçèè-êîíâåêöèè ìîæåò áûòü ïî-
ñòðîåíà ìîäåëü ýâòðîôèêàöèÿ âîä, ò. å. îïèñàí ïðîöåññ íàñûùåíèÿ âîäîåìîâ áèîãåííûìè
ýëåìåíòàìè, ñîïðîâîæäàþùèéñÿ ðîñòîì áèîëîãè÷åñêîé ïðîäóêòèâíîñòè àêâàòîðèè. Ýâòðîôè-
êàöèÿ ìîæåò áûòü ðåçóëüòàòîì êàê åñòåñòâåííûõ èçìåíåíèé â âîäîåìå, òàê è àíòðîïîãåííûõ
âîçäåéñòâèé. Ìîäåëü ïðåäñòàâëÿåò ñîáîé ñîâîêóïíîñòü óðàâíåíèé äëÿ êàæäîãî si � çíà÷åíèÿ
êîíöåíòðàöèè i -é ïðèìåñè:
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ãäå wgi � ãðàâèòàöèîííîå îñàæäåíèå i -é êîìïîíåíòû, åñëè îíà íàõîäèòñÿ âî âçâåøåííîì
ñîñòîÿíèè;  i � õèìèêî-áèîëîãè÷åñêèé èñòî÷íèê (ñòîê) èëè ÷ëåí, îïèñûâàþùèé àãðåãèðî-
âàíèå (ñëèïàíèå-ðàçëèïàíèå), åñëè ñîîòâåòñòâóþùàÿ êîìïîíåíòà ÿâëÿåòñÿ âçâåñüþ, èíäåêñ
i óêàçûâàåò íà âèä ñóáñòàíöèè,i = 1; 15: 1 � ñåðîâîäîðîä (H2S); 2 � ýëåìåíòíàÿ ñåðà (S);
3 � ñóëüôàòû (SO4); 4 � òèîñóëüôàòû (è ñóëüôèòû); 5 � îáùèé îðãàíè÷åñêèé àçîò (N ); 6 �
àììîíèé (NH 4) (àììîíèéíûé àçîò); 7 � íèòðèòû (NO2); 8 � íèòðàòû (NO3); 9 � ôèòîïëàíê-
òîí; 10 � çîîïëàíêòîí; 11 � ðàñòâîðåííûé êèñëîðîä (O2); 12 � ñèëèêàòû ( SiO3 � ìåòàñèëè-
êàò; SiO4 � îðòîñèëèêàò); 13 � ôîñôàòû (PO4); 14 � æåëåçî

�
F e2+

�
; 15 � êðåìíåêèñëîòà

(H2SiO3 � ìåòàêðåìíåâàÿ; H2SiO4 � îðòîêðåìíåâàÿ).
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Óðàâíåíèÿ ( 16) äîïîëíÿþòñÿ íà÷àëüíûì óñëîâèåì

si (x; y; z; 0) = si 0(x; y; z); (x; y; z) 2 �G; i = 1; 15; (17)

è ñëåäóþùèìè ãðàíè÷íûìè óñëîâèÿìè

� l : si = 0 ; åñëè u~n < 0;
@si
@�! n

= 0 ; åñëè u~n > 0; i = 1; 15; (18)

ãäå u~n � ïðîåêöèÿ âåêòîðà ñêîðîñòè íà âíåøíþþ íîðìàëü ~n ê ãðàíèöå, c0
r � èçâåñòíûå

çíà÷åíèÿ êîíöåíòðàöèè;

� f :
@si
@z

= ' (si ) ; i = 1; 15; (19)

� b :
@sr
@z

= � " si si ; (20)

ãäå"Si � êîýôôèöèåíò ïîãëîùåíèÿ i -é ïðèìåñè äîííûìè îòëîæåíèÿìè.
Ïðè øòèëÿõ è áëèçêèõ ê íèì âåòðîâûõ ñèòóàöèÿõ âîçíèêàþò àíàýðîáíûå óñëîâèÿ â

ïðèäîííûõ ñëîÿõ ìåëêîâîäíûõ âîäîåìîâ (íàïðèìåð, Àçîâñêîãî ìîðÿ). Âîññòàíîâëåíèå ïî âåðõ-
íîñòíîãî âîäîíàñûùåííîãî èëà âëå÷åò çà ñîáîé âûñâîáîæäåíèå â ðàñòâîð (êðîìå ñåðîâî äîðîäà)
ñóëüôàòîâ, äâóõâàëåíòíîãî ìàðãàíöà è æåëåçà, îðãàíè÷åñêèõ ñîåäèíåíèé, àììîíèÿ, ñèëèêàòîâ
è ôîñôàòîâ. Ñ ïîìîùüþ ìîäåëè (16)� (20) ìîãóò áûòü îïèñàíû ïðîöåññû àììîíèôèêàöèè,
íèòðèôèêàöèè, íèòðàòðåäóêöèè (äåíèòðèôèêàöèè), àññèìèëÿöèè NH 4, îêèñëåíèÿ H2S, ñóëü-
ôàòðåäóêöèè, îêèñëåíèÿ è âîññòàíîâëåíèÿ ìàðãàíöà, à òàêæå ìîæíî èçó÷àòü ìåõàíèçì
óñëîâèé ôîðìèðîâàíèÿ çàìîðîâ â ðåçóëüòàòå àíòðîïîãåííîé ýâòðîôèêàöèè, ïðîãíîçèðîâàòü
èçìåíåíèÿ êèñëîðîäíîãî è áèîãåííîãî ðåæèìîâ.

1.4. Îöåíêà óÿçâèìîñòè ìåëêîâîäíûõ âîäîåìîâ ïî îòíîøåíèþ
ê àíòðîïîãåííûì âîçäåéñòâèÿì

Ïîñêîëüêó öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ îïèñàíèå ðåçóëüòàòîâ èñïîëüçîâàíèÿ ïðî-
ãðàììíîãî êîìïëåêñà è ïðîâåäåííûõ ÷èñëåííûõ ýêñïåðèìåíòîâ ïî ïåðåíîñó çàãðÿçíÿþùèõ
âåùåñòâ, òî àâòîðû â ðàáîòå íå áóäóò ñîñðåäîòî÷åíû íà îïèñàíèè ìåòîäèê îöåíîê ðèñêà.
Îñòàíîâèìñÿ ëèøü íà ïîðÿäêå ïðîâåäåíèÿ îöåíêè óÿçâèìîñòè ïî îòíîøåíèþ ê àíòðîïîãåííûì
âîçäåéñòâèÿì, êîòîðàÿ ìîæåò áûòü îïèñàíà ñëåäóþùèì îáðàçîì:

1) èçó÷åíèå ãåîãðàôè÷åñêèõ, òîïîëîãè÷åñêèõ, êëèìàòè÷åñêèõ, ãåîëîãè÷åñêèõ, ãèäðîëîãè÷å-
ñêèõ îñîáåííîñòåé âîäíîãî îáúåêòà;

2) îïðåäåëåíèå âîçìîæíûõ èñòî÷íèêîâ ïîñòóïëåíèÿ çàãðÿçíÿþùèõ âåùåñòâ: ñòîêè ðåê,
ñáðîñû çàãðÿçíÿþùèõ âåùåñòâ ïðåäïðèÿòèÿìè, ñóäîõîäñòâî è ò.ä. Ìîäåëèðîâàíèå
âîçìîæíûõ ñöåíàðèåâ ðàñïðîñòðàíåíèÿ çàãðÿçíÿþùèõ âåùåñòâ íà îñíîâå ìîäåëåé,
îïèñûâàåìûõ âûðàæåíèÿìè ( 1)�( 10), (11)�( 15) è (16)�( 20);

3) îöåíêà òîêñè÷åñêîãî ýôôåêòà çàãðÿçíÿþùèõ âåùåñòâ, êîòîðûå ìîãóò ïîñòóïàòü èç
îïðåäåëåííûõ âûøå èñòî÷íèêîâ;

4) ðàñ÷åò ôàêòîðà ðèñêàR íà îñíîâå ôîðìóëû

R = Ef S � ES;

ãäå Ef S � ôàêòîð ýôôåêòèâíîñòè âîçäåéñòâèÿ çàãðÿçíÿþùèõ âåùåñòâ, ES � ôàêòîð
ýêñïîçèöèè, ES = PSkBA =Y (c � êîíöåíòðàöèÿ ÷àñòèö, Y � ñïîñîá èñïîëüçîâàíèÿ õè-
ìèêàòà, PS � õàðàêòåðèñòèêà ñêîðîñòè ãèäðîëèçà, kBA � ôàêòîð áèîàêêóìóëèðîâàíèÿ).
Ôàêòîðû ýêñïîçèöèè äëÿ âîäû ìîãóò ïðèíèìàòü çíà÷åíèÿ 0.4�25 cr ;

5) íîðìàëèçàöèÿ ôàêòîðà ðèñêà R:

cy =
c � cmin

cmax � cmin
;

ãäåcy � íîðìàëèçîâàííûé ôàêòîð ðèñêà, åñëè ðèñê âîçðàñòàåò ñ ðîñòîì êîíöåíòðàöèè c
÷àñòèö. Ïðè ýòîì íîðìàëèçîâàííûé ôàêòîð ðèñêà cy 2 [0; 1];
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6) íà îñíîâàíèè ïîëó÷åííîé îöåíêè ðèñêà äåëàþòñÿ ïðåäâàðèòåëüíûå çàêëþ÷åíèÿ: ðèñê
ñ÷èòàåòñÿ âûñîêèì ïðè cy > 0:55, ïîòåíöèàëüíî çíà÷èìûì ïðè 0:3 < c y < 0:55, îòñóò-
ñòâóþùèì ïðè cy < 0:3.

2. ×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷è äèôôóçèè-êîíâåêöèè-àãðåãèðîâàíèÿ
âçâåñåé

2.1. Ïîñòðîåíèå ÿâíî-íåÿâíîé ñõåìû

Óðàâíåíèå ( 11) çàïèøåì â âèäå

@cr
@t

= Acr + Fr (x; y; z; t ) ; (x; y; z) 2 G; t 2 [0; T] ; (21)

ãäå Acr � äèôôåðåíöèàëüíûé ýëëèïòè÷åñêèé îïåðàòîð ïî ïðîñòðàíñòâåííûì ïåðåìåííûì
ñ ìëàäøèìè ïðîèçâîäíûìè, äëÿ êîòîðîãî ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå:

Acr =
@(ucr )

@x
+

@(vcr )
@y

+
@((w + wgr ) cr )

@z
�

�
@

@x

�
� h

@cr
@x

�
�

@
@y

�
� h

@cr
@y

�
�

@
@z

�
� v

@cr
@z

�
= ( A12 + A3) cr ;

A12cr =
@(ucr )

@x
+

@(vcr )
@y

�
@

@x

�
� h

@cr
@x

�
�

@
@y

�
� h

@cr
@y

�
;

A3cr =
@((w + wgr ) cr )

@z
�

@
@z

�
� v

@cr
@z

�
:

(22)

Íà âðåìåííîì îòðåçêå 0 6 t 6 T ïîñòðîèì ðàâíîìåðíóþ ñåòêó ! � ñ øàãîì � , ò.å.
ìíîæåñòâî òî÷åê

! � = f tn = n�; n = 0 ; 1; :::; N; N� = Tg:

Åñëè ðåøåíèå cn� 1
r (x; y; z; tn� 1) â íåêîòîðûé ìîìåíò âðåìåíè tn� 1 èçâåñòíî, òî ðåøåíèå

â ìîìåíò âðåìåíè tn ìîæíî âûðàçèòü ÷åðåç ýòî èçâåñòíîå ðåøåíèå. Íà êàæäîì øàãå ïî
âðåìåíè ðåøåíèå çàäà÷è ( 21), (12)�( 15) ïðåäñòàâèì â âèäå

cn+1
r � cn

r

�
+ A12cn

r + A3cn+1 =2
r = F n

r ; n = 1 ; :::; N: (23)

Äëÿ óâåëè÷åíèÿ äîïóñòèìîãî øàãà ïî âðåìåíè ïðè àïïðîêñèìàöèè äâóìåðíîé çàäà÷è (7), (22)
ÿâíîé ðàçíîñòíîé ñõåìîé äîáàâèì â ëåâóþ ÷àñòü óðàâíåíèÿ (23) ïðîèçâîäíóþ ïî âðåìåíè âòî-
ðîãî ïîðÿäêà ñ ìàëûì ìíîæèòåëåì-ðåãóëÿðèçàòîðîì [ 17,18], íå ïðåâîñõîäÿùèì õàðàêòåðíîå
âðåìÿ ðàñïðîñòðàíåíèÿ âîçìóùåíèé êîíöåíòðàöèé ïî ãîðèçîíòàëüíûì íàïðàâëåíèÿì:

� �

2
cn+1

r � 2cn
r + cn� 1

r

� 2 +
cn+1

r � cn
r

�
+ A12cn

r + A3cn+1 =2
r = F n

r ; n = 2 ; :::; N;

� � cn+1
r � cn

r

� 2 +
cn+1

r � cn
r

�
+ A12cn

r + A3cn+1 =2
r = F n

r ; n = 1 ;
(24)

ãäå êîýôôèöèåíò � � ; � � � (�=~c ), ñâÿçàí ñ õàðàêòåðíûì øàãîì ïðîñòðàíñòâåííîé ñåòêè � è
õàðàêòåðíîé ñêîðîñòüþ çâóêà â âîäíîé ñðåäå. Áûëî ïîêàçàíî [ 19], ÷òî ïðè � � ! 0 ðåøåíèå
çàäà÷è (24) ñòðåìèòñÿ ê ðåøåíèþ çàäà÷è (23).

Â îáëàñòè G ïîñòðîèì ñâÿçíóþ ñåòêó ! h . Ìíîæåñòâî óçëîâ äàííîé ñåòêè ñîñòîèò èç
âíóòðåííèõ è ãðàíè÷íûõ óçëîâ. Ñîâîêóïíîñòü ! h âíóòðåííèõ óçëîâ çàäàåì ìíîæåñòâîì òî÷åê:

! h =
n

x i = ih x ; yj = jh y ; zk = khz; i = 0::Nx ; j = 0::Ny ; k = 0::Nz;

Nxhx = L x ; Nyhy = L y ; Nzhz = L z

o
;
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ãäåhx , hy , hz � øàãè ïî ïðîñòðàíñòâó, Nx , Ny , Nz � êîëè÷åñòâî óçëîâ ïî ïðîñòðàíñòâåííûì
êîîðäèíàòàì.

×åðåç oi; j;k îáîçíà÷åíà ¾çàïîëíåííîñòü¿ ÿ÷åéêè (i; j; k ). Ââîäÿòñÿ êîýôôèöèåíòû q0, q1, q2,
q3, q4, q5, q6, îïèñûâàþùèå çàïîëíåííîñòü îáëàñòåé, íàõîäÿùèõñÿ â îêðåñòíîñòè ÿ÷åéêè [ 20].

Íà îñíîâå ìåòîäà áàëàíñà ñ ó÷åòîì êîýôôèöèåíòîâ çàïîëíåííîñòè êîíòðîëüíûõ îáëàñòåé
qm , m = 0 ; :::; 6 ìîæíî àïïðîêñèìèðîâàòü óðàâíåíèÿ (24), ïðè ýòîì äèñêðåòíûé àíàëîã
ðåãóëÿðèçèðîâàííîãî óðàâíåíèÿ äëÿ ðàñ÷åòà òðàíñïîðòà âçâåñè ïðèìåò âèä

q0(i; j;k )
� �

2

cn+1
r (i;j;k ) � 2cn

r (i;j;k ) + cn� 1
r (i;j;k )

� 2 + q0(i; j;k )

cn+1
r (i;j;k ) � cn

r (i;j;k )

�
+

+ q1(i;j;k )u(i +1 =2; j;k )

cn
r (i +1 ;j;k ) � cn

r (i;j;k )

2hx
+ q2(i;j;k )u(i � 1=2; j;k )

cn
r (i;j;k ) � cn

r (i � 1;j;k )

2hx
+

+ q3(i;j;k )v(i; j +1 =2;k)

cn
r (i;j +1 ;k) � cn

r (i;j;k )

2hy
+ q4(i;j;k )v(i; j � 1=2;k)

cn
r (i;j;k ) � cn

r (i;j � 1;k)

2hy
+

+ q5(i;j;k )
�
w(i; j;k +1 =2) + wgr

� cn+1 =2
r (i;j;k +1) � cn+1 =2

r (i;j;k )

2hz
+

+ q6(i;j;k )
�
w(i; j;k � 1=2) + wgr

� cn+1 =2
r (i;j;k ) � cn+1 =2

r (i;j;k � 1)

2hz
=

= q1(i;j;k ) � h

cn
r (i +1 ;j;k ) � cn

r (i;j;k )

h2
x

� q2(i;j;k ) � h

cn
r (i;j;k ) � cn

r (i � 1;j;k )

h2
x

+ q3(i;j;k ) � h

cn
r (i;j +1 ;k) � cn

r (i;j;k )

h2
y

�

� q4(i;j;k ) � h

cn
r (i;j;k ) � cn

r (i;j � 1;k)

h2
y

+ q5(i;j;k ) � v(i; j;k +1 =2)

cn+1 =2
r (i;j;k +1) � cn+1 =2

r (i;j;k )

h2
z

�

� q6(i;j;k ) � v(i; j;k � 1=2)

cn+1 =2
r (i;j;k ) � cn+1 =2

r (i;j;k � 1)

h2
z

+ F n
r (i;j;k ) : (25)

2.2. Ñåòî÷íûå óðàâíåíèÿ

Çàïèøåì ñåòî÷íûå óðàâíåíèÿ äëÿ çàäà÷è ( 25) â êàíîíè÷åñêîé ôîðìå [ 21]:

A (i;j )c
n+1
r (i;j;k ) � B1(i;j )c

n+1
r (i;j;k +1) � B2(i;j )c

n+1
r (i;j;k � 1) = F n

r (i;j;k ) ;

B1(i;j;k ) = q5(i;j;k )

�
�

w(i; j;k +1 =2) + wgr

4hz
+

� v(i; j;k +1 =2)

2hz
2

�
;

B1(i;j;k ) = q5(i;j;k )

�
�

w(i; j;k +1 =2) + wgr

4hz
+

� v(i; j;k +1 =2)

2hz
2

�
;

A (i;j;k ) = q0(i; j;k )
� + � � =2

� 2 + B1(i;j ) + B2(i;j ) ;

F n
r (i;j;k ) = D0(i;j;k )c

n
r (i;j;k ) + D1(i;j;k )c

n
r (i +1 ;j;k ) + D2(i;j;k )c

n
r (i � 1;j;k )+

+ D3(i;j;k )c
n
r (i;j +1 ;k) + D4(i;j;k )c

n
r (i;j � 1;k) + B1(i;j;k )c

n
r (i;j +1 ;k)+

+ B2(i;j;k )c
n
r (i;j � 1;k) � E(i; j;k )c

n� 1
r (i;j;k ) + F n

r (i;j;k ) ;

D1(i;j;k ) = q1(i;j;k )

�
�

u(i +1 =2; j;k )

2hx
+

� h

hx
2

�
; D2(i;j;k ) = q2(i;j;k )

�
u(i � 1=2; j;k )

2hx
+

� h

hx
2

�
;

(26)

D3(i;j;k ) = q3(i;j;k )

�
�

� v(i; j +1 =2;k)

2hy
+

� h

hy
2

�
; D4(i;j;k ) = q4(i;j;k )

�
� v(i; j � 1=2;k)

2hy
+

� h

hy
2

�
;

D0(i;j;k ) = q0(i; j;k )
� + � �

� 2 �
4X

p=1

Dp(i;j;k ) ; E(i;j;k ) = q0(i; j;k )
� �

2� 2 :
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Äëÿ ðàñ÷åòà ïðàâîé ÷àñòè íåîáõîäèìî 16N àðèôìåòè÷åñêèõ îïåðàöèé. Äëÿ ðåøåíèÿ
çàäà÷è (26) íà ïåðâîì âðåìåííîì ñëîå íåîáõîäèìî 8N , à äëÿ ïîñëåäóþùèõ ñëîåâ 5N
àðèôìåòè÷åñêèõ îïåðàöèé. Òàêèì îáðàçîì, âñåãî äëÿ ïåðåõîäà ìåæäó ñëîÿìè íåîáõîäèìî
21N îïåðàöèé. Ðàñ÷åò ïî ÿâíîé ñõåìå âûãëÿäèò

cn+1
r (i;j;k ) =

�
B1(i;j )=A(i;j )

�
cn+1

r (i;j;k +1) +
�
B2(i;j )=Ai;j

�
cn+1

r (i;j;k � 1) +
�

F n
r (i;j;k )=A(i;j )

�
; (27)

÷òî çàíèìàåò 16N àðèôìåòè÷åñêèõ îïåðàöèé.

2.3. Ïîñòðîåíèå ïàðàëëåëüíûõ àëãîðèòìîâ äëÿ ðàñ÷åòà äâóìåðíûõ çàäà÷

Ðàññìîòðèì ïîñòðîåíèå ïàðàëëåëüíûõ àëãîðèòìîâ äëÿ ðàñ÷åòà äâóìåðíûõ çàäà÷. Ðàñ÷åòíàÿ
îáëàñòü ïîêðûòà ðàâíîìåðíîé ñåòêîé:

! i;j =
�

x (ih x ) = x i ; y (jh y) = yj ; i 2 0; Nx � 1; j 2 0; Ny � 1; hxNx = L x ; hyNy = L y
	

;

ãäå i , j � èíäåêñû ðàñ÷åòíîé îáëàñòè, hx , hy � øàãè ïî ïðîñòðàíñòâåííûì íàïðàâëåíèÿì,
Nx , Ny � êîëè÷åñòâî øàãîâ ïî ïðîñòðàíñòâåííûì íàïðàâëåíèÿì, L x , L y � ðàçìåðû ðàñ÷åòíîé
îáëàñòè.

Â óçëàõ ðàñ÷åòíîé ñåòêè âû÷èñëÿþòñÿ çíà÷åíèÿ ïîëÿ u(x; y): ui;j ïðè i 2 1; Nx � 2,
j 2 1; Ny � 2, ïðè ýòîì ïî ïåðèìåòðó ( i 2 0; Nx � 1, j 2 0; Ny � 1) íàõîäÿòñÿ ôèêòèâíûå
óçëû. Âûïîëíèì äåêîìïîçèöèþ ðàñ÷åòíîé îáëàñòè âäîëü ïðîñòðàíñòâåííîãî íàïðàâëåíèÿ
Oy ïðÿìûìè, ïàðàëëåëüíûìè îñè Ox, ïðè ýòîì îáîçíà÷èì wr � ïîäîáëàñòü ñ íîìåðîì r ,
0 6 r 6 p � 1, ãäå p � êîëè÷åñòâî ïîäîáëàñòåé, íà êîòîðûå ðàçáèòà èñõîäíàÿ îáëàñòü.
Ðàñ÷åòíûìè óçëàìè îáëàñòè wr ÿâëÿþòñÿ ýëåìåíòû ur

i;j ïðè i 2 1; Nx � 2, j 2 1; N r
2 � 2.

Ðàçáèåíèå èñõîäíîé îáëàñòè âûïîëíåíî òàêèì îáðàçîì, ÷òîáû ñìåæíûå îáëàñòè wr è wr +1

ïåðåñåêàëèñü â äâóõ óçëàõ âäîëü íàïðàâëåíèÿ, ïåðïåíäèêóëÿðíîãî ëèíèÿì ðàçáèåíèÿ, è
èìåëè ìåñòî ðàâåíñòâà ur

i;N r
2 � 2 = ur +1

i; 0 , ur
i;N r

2 � 1 = ur +1
i; 1 . Íà ðèñ. 1 ïðåäñòàâëåíà äåêîìïîçèöèÿ

ðàñ÷åòíîé îáëàñòè, ãäå áåëûå êðóãè îáîçíà÷àþò ôèêòèâíûå óçëû ðàñ÷åòíîé ñåòêè, ñèíèå �
óçëû, â êîòîðûõ îñóùåñòâëÿåòñÿ ðàñ÷åò ïåðâûì âû÷èñëèòåëåì, êðàñíûå � óçëû, â êîòîðûõ
îñóùåñòâëÿåòñÿ ðàñ÷åò âòîðûì âû÷èñëèòåëåì.

i

!"#$%&$'(&)*"+ ,-./0(*' 2

!"#$%&$'(&)*"+ ,-./0(*' 1
j

Ðèñ. 1. Äåêîìïîçèöèÿ ðàñ÷åòíîé îáëàñòè (öâåò îíëàéí)
Fig. 1. Decomposition of the computational domain (color online)

Äëÿ ïðåäñòàâëåíèÿ çíà÷åíèÿ ïîëÿ u(x; y) â âåêòîðíîé ôîðìå ïàðå èíäåêñîâ i , j ìîæíî
ïîñòàâèòü â ñîîòâåòñòâèå çíà÷åíèåm, îïèñûâàþùåå ïîðÿäêîâûé íîìåð ýëåìåíòà âåêòîðà u:
m = i + jN x , 0 6 m 6 n � 1, n � äëèíà âåêòîðà u = ( u0; u1; :::; un� 1)T . Äàííîå ïðåäñòàâëåíèå
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À. È. Ñóõèíîâ è äð. Èñïîëüçîâàíèå ïàðàëëåëüíûõ âû÷èñëåíèé äëÿ îöåíêè ïðîöåññà ïåðåíîñà

óäîáíî èñïîëüçîâàòü ïðè îïèñàíèè è èññëåäîâàíèè àëãîðèòìîâ ðåøåíèÿ ñåòî÷íûõ óðàâíåíèé
èòåðàöèîííûìè ìåòîäàìè.

Äëÿ ôðàãìåíòîâ wr , ïîëó÷åííûõ â ðåçóëüòàòå äåêîìïîçèöèè ðàñ÷åòíîé îáëàñòè ïî îäíîìó
ïðîñòðàíñòâåííîìó íàïðàâëåíèþ, íåîáõîäèìî çíàòü äâà ïàðàìåòðà: íà÷àëüíûé èíäåêñ j = N r

1
â èñõîäíîé ðàñ÷åòíîé îáëàñòè è øèðèíó ôðàãìåíòà N r

2 . Íîìåð èíäåêñà N r
1 , ñ êîòîðîãî

íà÷èíàåòñÿ ñîîòâåòñòâóþùèé ôðàãìåíò ðàñ÷åòíîé îáëàñòè, ìîæíî ðàññ÷èòàòü ïî ôîðìóëå

N r
1 = br � (Ny � 2)=p c:

Çäåñü è äàëååbxc � ôóíêöèÿ ¾ïîë¿ îïðåäåëÿåòñÿ êàê íàèáîëüøåå öåëîå, ìåíüøåå èëè ðàâ-
íîå x, dxe� ôóíêöèÿ ¾ïîòîëîê¿ îïðåäåëÿåòñÿ êàê íàèìåíüøåå öåëîå, áîëüøåå èëè ðàâíîå x.

Øèðèíà ïîäîáëàñòè wr âäîëü îñè Oy ðàññ÷èòûâàåòñÿ ïî ôîðìóëå

N r
2 = b(r + 1) � (Ny � 2)=p c � N r

1 + 2 :

Äëÿ òåîðåòè÷åñêîé îöåíêè ðàáîòû âû÷èñëèòåëüíûõ ñèñòåì èñïîëüçóþò ñëåäóþùèå ïàðà-
ìåòðû:

� ta � âðåìÿ âûïîëíåíèÿ îäíîé àðèôìåòè÷åñêîé îïåðàöèè;
� t l � âðåìÿ îðãàíèçàöèè ïåðåäà÷è äàííûõ (ëàòåíòíîñòü);
� tx � âðåìÿ ïåðåäà÷è îäíîãî äàííîãî.
Íà ðèñ. 2 ïðèâåäåí ãðàôèê çàâèñèìîñòè âðåìåíè ïåðåäà÷è îò îáúåìà äàííûõ äëÿ ðàçíîãî

êîëè÷åñòâà îáìåíîâ ìåæäó óçëàìè âû÷èñëèòåëüíîé ñèñòåìû. Íà ãðàôèêå âèäíî, ÷òî ôóíêöèÿ
çàâèñèìîñòü âðåìåíè ïåðåäà÷è èìååò ñêà÷îê ïðè îáúåìàõ ïåðåäàâàåìûõ äàííûõ, ðàâíûõ
ïðèìåðíî 512 ÷èñëàì ñ ïëàâàþùåé òî÷êîé. Îáîçíà÷èì äàííîå çíà÷åíèå Nmax = 512.

5 10
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Ðèñ. 2. Çàâèñèìîñòü âðåìåíè ïåðåäà÷è äàííûõ îò îáúåìà ïðè ðàáîòå ñ ðàçíûì ÷èñëîì
âû÷èñëèòåëüíûõ óçëîâ (öâåò îíëàéí)

Fig. 2. Dependence of data transfer time on volume when working with di�erent numbers
of computing nodes (color online)

Ðàñ÷åò äàííûõ íà ìíîãîïðîöåññîðíîé âû÷èñëèòåëüíîé ñèñòåìå ïîçâîëÿåò â çíà÷èòåëüíîé
ìåðå ñîêðàòèòü âðåìÿ âû÷èñëåíèé. Îäíàêî ýôôåêòèâíîñòü âðåìåíè ðàáîòû âû÷èñëèòåëüíîé
ñèñòåìû íå âñåãäà ìîæåò áûòü îæèäàåìîé. Â ýòîì ñëó÷àå êîððåêòíî ïðîâåñòè òåîðåòè÷åñêèé
àíàëèç ðàñ÷åòà âðåìåíè âû÷èñëåíèé íà îñíîâå ðåãðåññèîííîãî àíàëèçà.

Ðàññìîòðèì ìîäåëü ìíîæåñòâåííîé ðåãðåññèè. Âåêòîð t l � èòîãîâîå âðåìÿ ðàáîòû âû÷èñ-
ëèòåëüíîé ñèñòåìû (ñåêóíäû), âåêòîðû n, p � îáúÿñíÿþùèå ôàêòîðû: îáúåì ïåðåäàâàåìûõ
äàííûõ è êîëè÷åñòâî èñïîëüçóåìûõ âû÷èñëèòåëüíûõ óçëîâ. Äëÿ âðåìåíè ëàòåíòíîñòè èìååò
ìåñòî ôîðìóëà

t l (p; n) =

(
5:21� 10� 6 + 1 :53� 10� 7p; åñëè n 6 512;

6:733� 10� 6p; åñëè n > 512:
(28)

Âðåìÿ ïåðåäà÷è îäíîãî äàííîãî tx = 3 :3 � 10� 9.
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Âðåìåííûå òðàòû íà îäíó èòåðàöèþ â ñëó÷àå ïîñëåäîâàòåëüíîãî âàðèàíòà àëãîðèòìà
ñîñòàâÿò

t = 21ta(Nx � 2)(Ny � 2): (29)

Ïðè ðàñ÷åòå ïàðàëëåëüíûì àëãîðèòìîì íà ìíîãîïðîöåññîðíîé âû÷èñëèòåëüíîé ñèñòåìå
âðåìÿ ðàñ÷åòà ñîñòàâèò

t = ta21 (Nx � 2) max
r

(N r
2 � 2) + 2 ( t l (p; Nx � 2) + ( Nx � 2) tx ) ;

�
Ny � 2

p

�
6 max

r
(N r

2 � 2) 6
�

Ny � 2
p

�
; max

r
N r

2 �
Ny � 2

p
:

Â ñëó÷àå åñëè îáúåì ïåðåäàâàåìûõ äàííûõ áîëüøå Nx � 2 > N max , òî âûïîëíÿåòñÿ
k = d(Nx � 2) =Nmaxe îáìåíîâ, òîãäà âðåìåííûå òðàòû ïàðàëëåëüíîãî àëãîðèòìà ðàâíû

t = 21ta
(Nx � 2) (Ny � 2)

p
+ 2 ( t l (p;d(Nx � 2) =ke) k + ( Nx � 2) tx ) : (30)

Óñêîðåíèå ïàðàëëåëüíîé ðàáîòû àëãîðèòìà ðàâíî

Sp =
21pta (Nx � 2) (Ny � 2)

21ta (Nx � 2) (Ny � 2) + 2p
�
t lat

�
p;

� N x � 2
k

��
k + ( Nx � 2) tx

� : (31)

Íà ðèñ. 3 ïðåäñòàâëåíû ðåçóëüòàòû ðàáîòû ïàðàëëåëüíîãî âàðèàíòà àëãîðèòìà äëÿ ðàçëè÷-
íîãî ÷èñëà ïðîöåññîðîâ ïðè âàðüèðóåìîé äåêîìïîçèöèè ðàñ÷åòíîé îáëàñòè. Çäåñ ü èçîáðàæåíû
ãðàôèêè óñêîðåíèÿ ïàðàëëåëüíîé âåðñèè àëãîðèòìà ñõåìû ðàñùåïëåíèÿ íà äâóìåðíóþ ÿâíóþ
è îäíîìåðíóþ íåÿâíóþ íà îñíîâå òåõíîëîãèè MPI è ëèíåéíîãî óñêîðåíèÿ â çàâèñèìîñòè îò
÷èñëà çàäåéñòâîâàííûõ âû÷èñëèòåëåé (ñ ó÷åòîì ðàçëè÷íûõ âàðèàíòîâ äåêîìïîçèöèè ðàñ÷åò-
íîé îáëàñòè). Ìàêñèìàëüíîå ÷èñëî èñïîëüçîâàííûõ âû÷èñëèòåëåé � 24, ðàçìåð ðàñ÷åòíîé
ñåòêè ñîñòàâèë 1000� 1000� 60 óçëîâ.
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Ðèñ. 3. Ðåçóëüòàòû ðàáîòû ïàðàëëåëüíîãî âàðèàíòà àëãîðèòìà äëÿ ðàçëè÷íîãî ÷èñëà ïðîöåññîðîâ
ïðè âàðüèðóåìîé äåêîìïîçèöèè ðàñ÷åòíîé îáëàñòè: à � êîíöåíòðàöèÿ âçâåñè â âîäå; á � ïîëå

ïëîòíîñòè âîäíîé ñðåäû
Fig. 3. Results of the parallel version of the algorithm for di�erent numbers of processors with
varying decomposition of the computational domain:a � concentration of suspended matter in water;

b � density �eld of the aquatic environment

3. ×èñëåííûå ýêñïåðèìåíòû ìîäåëèðîâàíèÿ ïåðåíîñà çàãðÿçíÿþùèõ âåùåñòâ

Îïèñàííûé âûøå ïîäõîä ê îöåíêå êà÷åñòâà âîä ÿâëÿåòñÿ ÷àñòüþ ðàçðàáàòûâàåìîãî â
êîëëåêòèâå ïðîãíîçíîãî êîìïëåêñà ¾Azov3d¿. Äàííûé êîìïëåêñ èñïîëüçîâàëñÿ äëÿ ðàñ÷åòà
òðåõìåðíîãî âåêòîðà ñêîðîñòè òå÷åíèÿ âîäíîé ñðåäû â àêâàòîðèè Àçîâñêîãî ìîðÿ, ó÷èòûâàåò
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À. È. Ñóõèíîâ è äð. Èñïîëüçîâàíèå ïàðàëëåëüíûõ âû÷èñëåíèé äëÿ îöåíêè ïðîöåññà ïåðåíîñà

òàêèå ôèçè÷åñêèå ïàðàìåòðû, êàê ñèëà Êîðèîëèñà, òóðáóëåíòíûé îáìåí, ñëîæíàÿ ãåîìåòðèÿ
äíà è áåðåãîâîé ëèíèè, èñïàðåíèå, ñòîêè ðåê, ñãîííî-íàãîííûå ÿâëåíèÿ, âåòðîâûå òå÷åíèÿ è
òðåíèå î äíî, è îáåñïå÷èâàåò ðàñ÷åò ãèäðîñòàòè÷åñêîãî äàâëåíèÿ è òðåõìåðíîãî ïîëÿ ñêîðîñòè.
Ñ ïîìîùüþ âíåäðåíèÿ íîâûõ ðàñ÷åòíûõ ôóíêöèé áûëè âñòðîåíû ïàðàëëåëüíûå ïðîãðàììíûå
áëîêè, ïðåäíàçíà÷åííûå äëÿ ìîäåëèðîâàíèÿ ïåðåíîñà çàãðÿçíÿþùèõ âåùåñòâ. Ðàçðàáîòàííûé
ïðîãðàììíûé êîìïëåêñ ìîæåò ïðèìåíÿòüñÿ äëÿ ðàñ÷åòà ïåðåíîñà êàê äëÿ òÿæåëûõ ïðèìåñåé
òàê è äëÿ ïðèìåñåé, êîòîðûå ëåã÷å âîäû, òàêèõ êàê ìèêðîïëàñòèê. ×èñëåííàÿ ðåàëèçàöèÿ
ïðåäëîæåííûõ ìàòåìàòè÷åñêèõ ìîäåëåé îñóùåñòâëåíà íà îñíîâå ïàðàëëåëüíûõ àëãîðèòìîâ,
îðèåíòèðîâàííûõ íà ìíîãîïðîöåññîðíóþ âû÷èñëèòåëüíóþ ñèñòåìó.

3.1. Ìîäåëèðîâàíèå òðàíñïîðòà âçâåñè ïðè äàìïèíãå ãðóíòà

Â êà÷åñòâå ìîäåëüíîãî ïðèìåðà ðàññìîòðèì ìîäåëèðîâàíèå ïðîöåññà îñàæäåíèÿ âçâåñè
ïðè ïðîâåäåíèè äíîóãëóáèòåëüíûõ ðàáîò [ 22] íà îñíîâå ìîäåëè ( 11)�( 15).

Âõîäíûå äàííûå ïî àêâàòîðèè è âçâåñè: äëèíà âîäîåìà � 3 êì; øèðèíà âîäîåìà � 1.4 êì;
ãëóáèíà âîäîåìà � 10 ì; ñêîðîñòü òå÷åíèÿ � 0.2 ì/ñ; îáúåì çàãðóçêè � 741 ì 3; ñêîðîñòü
îñàæäåíèÿ âçâåñè (ïî Ñòîêñó) � 2.042 ìì/ñ; ïëîòíîñòü ãðóíòà � 1600 êã/ì 3; ïðîöåíòíîå
ñîäåðæàíèå ïûëåâàòûõ ÷àñòèö (d < 0:05ìì) â ïåñ÷àíûõ ãðóíòàõ � 26.83%.

Ïàðàìåòðû ðàñ÷åòíîé îáëàñòè: øàã ïî ãîðèçîíòàëüíûì ïðîñòðàíñòâåííûì êîîðäèíàòàì �
20 ì; øàã ïî âåðòèêàëüíîé ïðîñòðàíñòâåííîé êîîðäèíàòå � 1 ì; ðàñ÷åòíûé èíòåðâàë � 2 ÷;
øàã ïî âðåìåíè � 1 ìèí.

Íà ðèñ. 4 ïðèâåäåíà äèíàìèêà èçìåíåíèÿ êîíöåíòðàöèè âçâåøåííûõ ÷àñòèö (ìã/ë) ñ
òå÷åíèåì âðåìåíè.
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Ðèñ. 4. Ïîëå êîíöåíòðàöèè âçâåøåííûõ ÷àñòèö â ðàçíûå ìîìåíòû âðåìåíè: à � íà÷àëüíûé
ìîìåíò; á � ÷åðåç 15 ìèí.; â � ÷åðåç 30 ìèí.; ã� ÷åðåç 45 ìèí. ïîñëå ìîìåíòà âûãðóçêè

(öâåò îíëàéí)
Fig. 4. Concentration �eld of suspended particles at di�erent times: a � initial moment; b � after

15 min; c � 30 min; d � 45 min after the moment of unloading (color online)

Ïðèâåäåíû çíà÷åíèÿ ïîëÿ êîíöåíòðàöèè âçâåñè â ñå÷åíèè ðàñ÷åòíîé îáëàñòè ïëîñêîñòüþ,
ïðîõîäÿùåé ÷åðåç òî÷êó âûãðóçêè è îáðàçîâàííîé âåêòîðàìè, íàïðàâëåííûìè âåðòèêàëüíî
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è âäîëü òå÷åíèÿ. Òå÷åíèÿ íàïðàâëåíû ñëåâà íàïðàâî. Èñõîäÿ èç ïîëó÷åííûõ ìàòåðèàëîâ,
ðàññ÷èòûâàåì îáùåå êîëè÷åñòâî çàãðÿçíåííîé âîäû ïðè îòâàëàõ ãðóíòà (òàáëèöà).

Îáúåìû çàãðÿçíåííîé âîäû ïðè ñáðîñå ãðóíòà
Table. Volumes of contaminated water during soil discharge

•
ó÷àñòêà

Îáùèé îáúåì
çàãðÿçíåííîé âîäû

ïðè ðàçîâîì ñáðîñå,
ìëí ì 3

Â òîì ÷èñëå âîäû ñ
êîíöåíòðàöèÿìè

ÇÂ, ìëí ì 3

Êîë-âî
ñáðîñîâ

Îáùèé îáúåì âîäû
ñ êîíöåíòðàöèÿìè

ÇÂ, ìëí ì 3

>0.25
ìã/ë

>20
ìã/ë

>100
ìã/ë

>0.25
ìã/ë

>20
ìã/ë

>100
ìã/ë

1 1.285 0.890 0.245 0.150 124 110.360 30.38 18.6

2 1.120 0.813 0.202 0.105 50 4.650 10.10 5.25

3 1.279 0.889 0.240 0.150 45 40.005 10.80 6.75

Íà îñíîâå ðàçðàáîòàííîãî ïðîãðàììíîãî êîìïëåêñà, âêëþ÷àþùåãî â ñåáÿ ìîäóëè ðàñ÷åòà
ãèäðîäèíàìè÷åñêèõ ïðîöåññîâ, òðàíñïîðòà âîçâåùåííûõ ÷àñòèö è áèîëîãè÷åñêîé ïðîäóê-
òèâíîñòè ôèòî- è çîîïëàíêòîíà, îïðåäåëåí îáúåì âîä, çàãðÿçíåííûõ ïðè îòâàëàõ ãðóíòà;
ðàññ÷èòàíû ïëîùàäè îáëàñòåé, â êîòîðûõ íàáëþäàåòñÿ ãèáåëü äîííîé ðàñòèòåëüíîñòè íà
îòâàëàõ è â ðàéîíàõ äíîóãëóáèòåëüíûõ ðàáîò. Äàííûé ïðîãðàììíûé êîìïëåêñ ïîçâîëÿåò
ñïðîãíîçèðîâàòü êàê ðàñïðîñòðàíåíèå øëåéôîâ âçâåñè â âîäíîé ñðåäå, òàê è èçìåíåíèå ðåëüå-
ôà äíà â ñâÿçè ñ âûïàäåíèåì âçâåøåííûõ ÷àñòèö ãðóíòà â îñàäîê. Íà îñíîâå ðàçðàáîòàííîãî
ïðîãðàììíîãî êîìïëåêñà óñòàíîâëåíî, ÷òî óìåíüøåíèå ðàçìåðîâ îáëàñòåé îòâàëîâ ãðóíòà
ïîçâîëÿåò ìèíèìèçèðîâàòü óùåðá, íàíîñèìûé áèîòîïàì.

3.2. Ìîäåëèðîâàíèå òðàíñïîðòà âçâåøåííûõ ÷àñòèö â óñòüåâîì ðàéîíå

Ðàññìîòðèì ðåçóëüòàòû ðàáîòû ïðîãðàììíîãî êîìïëåêñà íà ïðèìåðå âîäíîãî ó÷àñòêà, ðàñ-
ïîëîæåííîãî â óñòüåâîì ðàéîíå. Âõîäíûå äàííûå ïî àêâàòîðèè è âçâåñè: äëèíà âîäîåìà � 5 0 ì;
øèðèíà âîäîåìà � 50 ì; ãëóáèíà âîäîåìà � 2 ì; ñêîðîñòü òå÷åíèÿ � 0.2 ì/ñ; ñêîðîñòü îñàæ-
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Ðèñ. 5. Êàðòà ãëóáèí ðàñ÷åòíîé îáëàñòè (öâåò îíëàéí)
Fig. 5. Depth map of the computational domain

(color online)

äåíèÿ âçâåñè (ïî Ñòîêñó) � 2.042 ìì/ñ;
ïëîòíîñòü ïðåñíîé âîäû ïðè íîðìàëüíûõ
óñëîâèÿõ � 1000 êã/ì 3; ïëîòíîñòü âçâå-
ñè � 2700 êã/ì 3; îáúåìíàÿ äîëÿ âçâåñè �
1/17. Ïàðàìåòðû ðàñ÷åòíîé îáëàñòè: øàã
ïî ãîðèçîíòàëüíûì ïðîñòðàíñòâåííûì êî-
îðäèíàòàì � 0.5 ì; øàã ïî âåðòèêàëüíîé
ïðîñòðàíñòâåííîé êîîðäèíàòå � 0.1 ì; ðàñ-
÷åòíûé èíòåðâàë � 5 ìèí, øàã ïî âðåìå-
íè � 0.25 ñ. Íà ðèñ. 5 ïðåäñòàâëåíà ãåî-
ìåòðèÿ ðàñ÷åòíîé îáëàñòè â âèäå êàðòû
ãëóáèí.

Íà ðèñ. 6, 7 ïðåäñòàâëåíû ðåçóëüòà-
òû ìîäåëèðîâàíèÿ ïðîöåññà òðàíñïîðòà
âçâåñè â ðåçóëüòàòå ñìåøåíèÿ è äâèæå-
íèÿ âîä â óñòüåâîì ðàéîíå ïðè íàëè÷èè

ñóùåñòâåííîãî ãðàäèåíòà ïëîòíîñòè âîäíîé ñðåäû (ñëåâà ïîêàçàíà ñðåäíÿÿ êîíöåíòðàöèÿ ï î
ãëóáèíå, ñïðàâà � ïëîòíîñòü â ñå÷åíèè ïëîñêîñòüþ Oxz, ïðîõîäÿùåé ïî öåíòðó ðàñ÷åòíîé
îáëàñòè (ïðè y = 25 ì)). Íà âåðòèêàëüíûõ ñðåçàõ ñïðàâà ìîæíî íàáëþäàòü èçìåíåíèå êîí-
öåíòðàöèè âçâåñè â ñòðàòèôèöèðîâàííûõ ñëîÿõ âîäíîé ñðåäû ïðè ìåíÿþùåéñÿ ïëîòíîñòè ñ
òå÷åíèåì âðåìåíè.
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à/ a á / b
Ðèñ. 6. Äâèæåíèå âîä â óñòüåâîì ðàéîíå ïðè íàëè÷èè ñóùåñòâåííîãî ãðàäèåíòà ïëîòíîñòè
âîäíîé ñðåäû ÷åðåç 1 ìèí: à � êîíöåíòðàöèÿ âçâåñè â âîäå; á � ïîëå ïëîòíîñòè âîäíîé ñðåäû

(öâåò îíëàéí)
Fig. 6. Movement of water in the mouth area in the presence of a signi�cant density gradient of the
aquatic environment after 1 min: a � concentration of suspended matter in water; b � density �eld

of the aquatic environment (color online)

à/ a á / b
Ðèñ. 7. Äâèæåíèå âîä â óñòüåâîì ðàéîíå ïðè íàëè÷èè ñóùåñòâåííîãî ãðàäèåíòà ïëîòíîñòè
âîäíîé ñðåäû ÷åðåç 5 ìèí: à � êîíöåíòðàöèÿ âçâåñè â âîäå; á � ïîëå ïëîòíîñòè âîäíîé ñðåäû

(öâåò îíëàéí)
Fig. 7. Movement of water in the mouth area in the presence of a signi�cant density gradient of the
aquatic environment after 5 min: a � concentration of suspended matter in water; b � density �eld

of the aquatic environment (color online)

Ðàçðàáîòàííûé ïðîãðàììíûé êîìïëåêñ ìîæåò ïðèìåíÿòüñÿ äëÿ ðàñ÷åòà ïåðåíîñà êàê äëÿ
òÿæåëûõ ïðèìåñåé, òàê è äëÿ ïðèìåñåé, êîòîðûå ëåã÷å âîäû. Ïðè âûÿâëåíèè çîí ýêîëîãè÷åñê î-
ãî áåäñòâèÿ è ðèñêà èñïîëüçîâàëèñü ¾Êðèòåðèè îöåíêè ýêîëîãè÷åñêîé îáñòàíîâêè òåððèòîðèé
äëÿ âûÿâëåíèÿ çîí ÷ðåçâû÷àéíîé ýêîëîãè÷åñêîé ñèòóàöèè è çîí ýêîëîãè÷åñêîãî áåäñòâèÿ¿ 1,
à òàêæå ðàáîòû Ã. Ã. Âèíáåðãà [23, 24]. Îöåíêà ýêîëîãè÷åñêîãî ñîñòîÿíèÿ ïðîâîäèëàñü ïî
óðîâíþ àíòðîïîãåííîé íàãðóçêè â ñîîòâåòñòâèè ñ Ð 52.24.661-2004 2, îöåíèâàëèñü äîëÿ è
ñòåïåíü àíòðîïîãåííîãî âîçäåéñòâèÿ ïî ôîðìóëàì

D = ( N1=N) � 100%; C = ( N2=N1) � 100%;

1Ðóêîâîäÿùèé äîêóìåíò ÐÄ 52.24.643-2002. Ìåòîä êîìïëåêñíîé îöåíêè ñòåïåíè çàãðÿçíåííîñòè ïîâåðõí îñòíûõ
âîä ïî ãèäðîõèìè÷åñêèì ïîêàçàòåëÿì. Ïðèëîæåíèå Ã. URL: https://meganorm.ru/Data2/1/4293831/4293831806.
htm#i238828 (äàòà îáðàùåíèÿ: 05.04.2023).

2Ðóêîâîäÿùèé äîêóìåíò ÐÄ 52.24.661-2004. Îöåíêà ðèñêà àíòðîïîãåííîãî âîçäåéñòâèÿ ïðèîðèòåòíûõ çàãðÿçíÿ-
þùèõ âåùåñòâ íà ïîâåðõíîñòíûå âîäû ñóøè. URL: https://meganorm.ru/Data2/1/4293834/4293834036.pdf (äàòà
îáðàùåíèÿ: 05.04.2023).
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ãäå D, C � äîëÿ è ñòåïåíü àíòðîïîãåííîãî âîçäåéñòâèÿ ñîîòâåòñòâåííî; N � îáùåå ÷èñëî
íîðìèðóåìûõ ïðèîðèòåòíûõ çàãðÿçíÿþùèõ âåùåñòâ; N1 � ÷èñëî èíãðåäèåíòîâ, ïðåâûøàþùèõ
ïðåäåëüíî äîïóñòèìóþ êîíöåíòðàöèþ; N2 � ÷èñëî èíãðåäèåíòîâ, ïðåâûøàþùèõ 10 ïðåäåëüíî
äîïóñòèìûõ êîíöåíòðàöèé. Îöåíêà ýêîëîãè÷åñêîãî ñîñòîÿíèÿ Àçîâñêîãî ìîðÿ ìîæåò ïðîâî-
äèòüñÿ òàêæå ïî ñèñòåìîîáðàçóþùèì ïîêàçàòåëÿì íà îñíîâå ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê
âàðèàöèîííîãî ðÿäà çíà÷åíèé êîíöåíòðàöèé ëåãêîîêèñëÿåìûõ îðãàíè÷åñêèõ âåùåñòâ (ïî
áèîëîãè÷åñêîìó ïîòðåáëåíèþ êèñëîðîäà ÁÏÊ 5), ñîåäèíåíèé àçîòà àììîíèéíîãî è çíà÷åíèé
ñîäåðæàíèÿ ðàñòâîðåííîãî â âîäå êèñëîðîäà.

Äëÿ îöåíêè êà÷åñòâà ìîðñêîé âîäû èñïîëüçîâàëèñü íàèáîëåå èíôîðìàòèâíûå êîìïëåêñíûå
ïîêàçàòåëè êà÷åñòâà âîäû [25], âêëþ÷àÿ óäåëüíûé êîìáèíàòîðíûé èíäåêñ çàãðÿçíåííîñòè
âîäû (ÓÊÈÇÂ) è êëàññ êà÷åñòâà âîäû (ÊÊÂ).

Ó÷åò îñíîâíûõ âíåøíèõ ôàêòîðîâ â ìîäåëÿõ ãèäðîäèíàìèêè è áèîëîãè÷åñêîé êèíåòèêè
ïîçâîëèë âîñïðîèçâåñòè ïîëîæèòåëüíûé òðåíä ñîëåíîñòè â áàññåéíå Àçîâñêîãî ìîðÿ [ 26].
Âûÿâëåíî, ÷òî íà âñåé àêâàòîðèè îòìå÷åíî ôîðìèðîâàíèå ñòðàòèôèêàöèè âîäíûõ ìàññ ïî
ñîäåðæàíèþ êèñëîðîäà âî âñå ñåçîíû ãîäà. Â ïåðèîä ðîñòà ñîëåíîñòè è ñíèæåíèÿ ñðåäíåãî-
äîâîãî ñòîêà ðåêè Äîí â Òàãàíðîãñêîì çàëèâå îòìå÷åíî ñíèæåíèå êîíöåíòðàöèè áèîãåííûõ
ýëåìåíòîâ, õîòÿ ïðè ýòîì ñîõðàíÿåòñÿ âûñîêàÿ èíòåíñèâíîñòü ïðîäóêòèâíîñòè ôèòîïëàíêòîíà.
Êîíöåíòðàöèè áèîãåííûõ ýëåìåíòîâ â ñîâðåìåííûé ïåðèîä îñîëîíåíèÿ â ñîáñòâåííî ìîðå
îñòàþòñÿ íà óðîâíå ñðåäíåìíîãîëåòíèõ çíà÷åíèé, îäíàêî óâåëè÷åíèå ñîëåíîñòè, ïðèâîäÿùåå
ê ñìåíå òàêñîíîìè÷åñêèõ ãðóïï ôèòîïëàíêòîíà, ñíèæàåò óðîâåíü ïåðâè÷íîãî ïðîäóöèðîâàíèÿ
îðãàíè÷åñêîãî âåùåñòâà. Óâåëè÷åíèå äîëè îðãàíè÷åñêîé ôîðìû àçîòà è ôîñôîðà â ïåðèîä
îñîëîíåíèÿ â Òàãàíðîãñêîì çàëèâå ñâÿçàíî ñ ðàçâèòèåì ïåðâè÷íîé ïðîäóêöèè ôèòîïëàíêòîíà,
à â ñîáñòâåííî ìîðå � ñ ïîñòóïëåíèåì àëëîõòîííîãî îðãàíè÷åñêîãî âåùåñòâà ñ ìàòåðèêîâûì
ñòîêîì. Â öåëîì ýêîëîãè÷åñêîå ñîñòîÿíèå Àçîâñêîãî ìîðÿ óëó÷øàåòñÿ, íî óëó÷øàåòñÿ ïî
èíäåêñó ÈÇÂ, ìîðñêàÿ âîäà â ïîñëåäíèå ãîäû îòíîñèòñÿ ê êëàññó óìåðåííî çàãðÿçíåííî é.

Çàêëþ÷åíèå

Äëÿ ìîíèòîðèíãà è îöåíêè ðèñêîâ àíòðîïîãåííîãî âîçäåéñòâèÿ íà âîäíûå îáúåêòû íåîáõî-
äèìà îöåíêà êà÷åñòâåííîãî è êîëè÷åñòâåííîãî ñîñòàâà ñáðàñûâàåìûõ çàãðÿçíÿþùèõ âåùåñòâ,
à òàêæå ïðîãíîçèðîâàíèå íåáëàãîïðèÿòíûõ ÿâëåíèé, âûçâàííûõ àíòðîïîãåííûì âîçäåéñòâè-
åì [ 27]. Èçâåñòíî, ÷òî âäàëè îò ñòîêà ðåê â âîäîåì èç àòìîñôåðû ïîñòóïàåò áîëåå 60%
çàãðÿçíÿþùèõ âåùåñòâ, îêàçûâàþùèõ ñóùåñòâåííîå âëèÿíèå íà ïðîöåññû ðàçâèòèÿ è ãèáåëè
áèîòû. Âñëåäñòâèå óâåëè÷åíèÿ àíòðîïîãåííîé íàãðóçêè íà ïðèáðåæíûå ñèñòåìû âîçíèêàåò îñò-
ðàÿ íåîáõîäèìîñòü àíàëèçà è ïðîãíîçà ðàñïðîñòðàíåíèÿ çàãðÿçíÿþùèõ âåùåñòâ â àêâàòîðèè
âîäîåìà [ 28].

Ðàçðàáîòàííûé ïðîãðàììíûé êîìïëåêñ ó÷èòûâàåò òàêèå íåìàëîâàæíûå äëÿ ìîäåëèðîâàíèÿ
ñèòóàöèè â âîäîåìå ïàðàìåòðû, êàê õàðàêòåðèñòèêè çàãðÿçíåíèÿ âîä ïî äîëå è ñòåïåíè àíòðî-
ïîãåííîãî âîçäåéñòâèÿ, ôàêòîð ðèñêà è äð. Ðàçðàáîòàííûé àëãîðèòì ïîçâîëÿåò ìîäåëèðîâàòü
äèíàìèêó ïðîöåññîâ ðàñïðîñòðàíåíèÿ çàãðÿçíÿþùèõ âåùåñòâ, ïîñòóïàþùèõ â Àçîâñêîå ìîðå
ñî ñòîêàìè ðåê è èç ïðèçåìíîãî ñëîÿ àòìîñôåðû, ñ ó÷åòîì ìåòåîðîëîãè÷åñêèõ óñëîâèé,
ïðîöåññîâ âçàèìîäåéñòâèÿ è îñåäàíèÿ çàãðÿçíÿþùèõ ïðèìåñåé.

Ïðîãðàììíûé êîìïëåêñ ïîçâîëÿåò ìîäåëèðîâàòü óñëîâèÿ ðàçâèòèÿ ýêîëîãè÷åñêîé îáñòàí îâ-
êè ìåëêîâîäíîãî âîäîåìà â óñêîðåííîì ìàñøòàáå âðåìåíè äëÿ äàëüíåéøåãî ïðåäîòâðàù åíèÿ
íåãàòèâíûõ ïîñëåäñòâèé, ñâÿçàííûõ ñ ìàòåðèàëüíûì óùåðáîì è óãðîçîé çäîðîâüþ è æèçíè
ëþäåé.
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