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Àííîòàöèÿ. Ïóñòü F � ïðîèçâîëüíîå ïîëå õàðàêòåðèñòèêè íóëü,
M (m;k ) (F ) � ìàòðè÷íàÿ ñóïåðàëãåáðà íàä F . Èç òåîðèè àëãåáð
ñ ïîëèíîìèàëüíûìè òîæäåñòâàìè èçâåñòíî, ÷òî ñóïåðàëãåáðà
M (m;k ) (F ) èìååò êîíå÷íûé áàçèñ Z2-ãðàäóèðîâàííûõ òîæäåñòâ. Ïî-
ýòîìó åñòåñòâåííûì îáðàçîì âîçíèêàåò çàäà÷à îïèñàíèÿ ýòîãî áà-
çèñà. Íà äàííûé ìîìåíò âðåìåíè òàêîãî îïèñàíèÿ íåò. Ïðåæäå âñå-
ãî, ýòî ñâÿçàíî ñ òåì, ÷òî îòñóòñòâóþò êàêèå-ëèáî ýôôåêòèâíûå
ìåòîäû íàõîæäåíèÿ îáû÷íûõ èëè Z2-ãðàäóèðîâàííûõ òîæäåñòâ ñó-
ïåðàëãåáðû M (m;k ) (F ). Òåì íå ìåíåå ïðè íåêîòîðûõ çíà÷åíèÿõ m; k
òàêèå òîæäåñòâà íàéòè âñå æå óäàåòñÿ. Äëÿ ýòîãî èñïîëüçóþò ëè-
áî êîìïüþòåðíûå âû÷èñëåíèÿ, ëèáî õîðîøî ðàçâèòûé àïïàðàò òåî-
ðèè ïðåäñòàâëåíèé ñèììåòðè÷åñêîé ãðóïïû Sn è îáùåé ëèíåéíîé
ãðóïïû GL p. Áîëåå òî÷íî äëÿ íàõîæäåíèÿ Z2-ãðàäóèðîâàííûõ òîæ-
äåñòâ ñóïåðàëãåáðûM (m;k ) (F ) ïðè ìàëûõ çíà÷åíèÿõ m; k èçó÷à-
þò ïîñëåäîâàòåëüíîñòü f � n g õàðàêòåðîâ ïðåäñòàâëåíèé ëèáî ãðóïï
Sr � Sn � r , ëèáî ãðóïïû GL p � GL p. Äëÿ êàæäîé òàêîé ãðóïïû ñòðî-
ÿò ñâîå âåêòîðíîå F -ïðîñòðàíñòâî â ñâîáîäíîé àëãåáðå F f Y

S
Z g.

Ïðè ýòîì îòíîñèòåëüíî äåéñòâèÿ ãðóïïû Sr � Sn � r (GL p � GL p) íà
ñâîå âåêòîðíîå ïðîñòðàíñòâî îíî èìååò ñòðóêòóðó ëåâîãî Sr � Sn � r

(GL p � GL p) ìîäóëÿ. Îäíàêî îêàçûâàåòñÿ, ÷òî ñ âû÷èñëèòåëüíîé
òî÷êè çðåíèÿ ðàáîòàòü ñ ïîñëåäîâàòåëüíîñòüþ õàðàêòåðîâ ïðåä-
ñòàâëåíèé ãðóïïû GL p � GL p ïðåäïî÷òèòåëüíåå. Â äàííîé ðàáîòå
èçó÷àåòñÿ ïîñëåäîâàòåëüíîñòü GL p � GL p-õàðàêòåðîâ f � n g ìàòðè÷-
íîé ñóïåðàëãåáðû M (2 ;2) (F ). Ïðè ýòîì èñïîëüçóåòñÿ òîò ôàêò, ÷òî
ìåæäó ïàðàìè ðàçáèåíèé (�; � ), ãäå � ` r; � ` n � r , è íåïðèâî-

© Àíòîíîâ Ñ. Þ., Àíòîíîâà À. Â., 2025
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äèìûìè GL p � GL p-ìîäóëÿìè ìåæäó ïàðàìè ðàçáèåíèé (�; � ), ãäå� ` r; � ` n � r , è íåïðèâîäèìû-
ìè GL p � GL p-ìîäóëÿìè ñóùåñòâóåò âçàèìíîîäíîçíà÷íîå ñîîòâåòñòâèå. Êðîìå òîãî, ìû èññëåäóåì
òîëüêî òå êðàòíîñòè â ðàçëîæåíèè õàðàêòåðà � n , êîòîðûå ñâÿçàíû ñ íåïðèâîäèìûìè GL p � GL p-
ìîäóëÿìè, íàõîäÿùèìèñÿ â ñîîòâåòñòâèè ñ ïàðàìè ðàçáèåíèé (�; � ) âèäà (0; � ). Ïîêàçàíî, ÷òî åñëè
âûñîòà h(� ) äèàãðàììû Þíãà D � ðàçáèåíèÿ � , ó÷àñòâóþùåãî â ðàçëîæåíèè õàðàêòåðà � n , íå áîëü-
øå ïÿòè, òî êðàòíîñòü m(0 ;� ) íåïðèâîäèìîãî GL p � GL p-õàðàêòåðà îòëè÷íà îò íóëÿ.
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Article

Multiplicities of some graded ñocharacters of the matrix
superalgebra M (2;2)(F )
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Abstract. Let F be an arbitrary �eld of characteristic zero, and let M (m;k ) (F ) be a matrix superalgebra
over F . It is known from the theory of algebras with polynomial identities that the superalgebra M (m;k ) (F )
has a �nite basis of Z2-graded identities. Therefore, the problem of describing such a basis arises naturally.
At the present moment of time, there is no such description. First of all, this is due to the fact that there
are no e�ective methods for �nding the usual or Z2-graded identities of a superalgebraM (m;k ) (F ).
Nevertheless, for some values ofm, k, such identities can still be found. For this purpose, one uses either
computer computations or the well-developed apparatus of the representation theory of the symmetric
group Sn and the general linear groupGL p. More precisely, to �nd Z2-graded identities of a superalgebra
M m;k ) (F ) for small values ofm; k, one studies the sequencef � n g of characters of representations of either
groups Sr � Sn � r or group GL p � GL p. For each such group, one constructs a vectorF -space in the free
algebra F f Y

S
Z g. At the same time, with respect to the action of group Sr � Sn � r (GL p � GL p) on its

vector space, it has the structure of a leftSr � Sn � r (GL p � GL p) module. However, it turns out that it is
computationally preferable to work with the characters representation sequence of the groupGL p � GL p.
In this paper, we study the sequence ofGL p � GL p-characters f � n g of matrix superalgebra M (2 ;2) (F ).
This uses the fact that between pairs of partitions(�; � ), where� ` r; � ` n� r and irreducible GL p � GL p-
modules, there is a one-to-one correspondence. Moreover, we investigate only those multiplicities in the
decomposition of the character� n that are associated with irreducibleGL p � GL p-modules corresponding
to pairs of partitions (�; � ) of the form (0; � ). It is shown that if the height h(� ) of the Young diagram D �

for a pair (0; � ) is no more than �ve, then the multiplicity m0;� of the irreducible GL p � GL p-character
� n is di�erent from zero.
Keywords: standard polynomial, superalgebra, irreducible character, Young diagram, symmetric group,
general linear group
For citation: Antonov S. Yu., Antonova A. V. Multiplicities of some graded ñocharacters of the matrix
superalgebra M (2 ;2) (F ). Izvestiya of Saratov University. Mathematics. Mechanics. Informatics, 2025,
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Ââåäåíèå

Ïóñòü F � ïðîèçâîëüíîå ïîëå õàðàêòåðèñòèêè íóëü, m, k � êàêèå-íèáóäü íàòóðàëüíûå
÷èñëà,M m+ k (F ) � àëãåáðà âñåõ(m+ k)� (m+ k)-ìàòðèö íàä ïîëåì F , M (m;k ) (F ) = ( M m+ k (F );
M (m;k )

0 (F ); M (m;k )
1 (F )) � ìàòðè÷íàÿ ñóïåðàëãåáðà, ãðàäóèðîâàííàÿ ïîäïðîñòðàíñòâàìè

M (m;k )
0 (F ) =

��
Cm� m (F ) 0m� k

0k� m Dk� k (F )

��
; M (m;k )

1 (F ) =
��

0m� m Bm� k (F )
Ak� m (F ) 0k� k

��
;

ni (m; k; F ) � íàèìåíüøàÿ ñòåïåíü íåíóëåâûõ òîæäåñòâ ïîäïðîñòðàíñòâà M (m;k )
i (F ).

Îäíîé èç çàäà÷ òåîðèè P I -àëãåáð ÿâëÿåòñÿ îïèñàíèå áàçèñàZ2-ãðàäóèðîâàííûõ òîæ-
äåñòâ ñóïåðàëãåáðûM (m;k ) (F ). Â íàñòîÿùåå âðåìÿ òàêîå îïèñàíèå äàíî ëèøü äëÿ ñóïåðàë-
ãåáðM (1;1)(F ) è M (2;1)(F ) (ñì. [ 1,2]). Â îáùåì ñëó÷àå ðåøåíèå ýòîé çàäà÷è íåèçâåñòíî. Òåì
íå ìåíåå, èç ìîíîãðàôèè [ 3] ñëåäóåò, ÷òî áàçèñZ2-ãðàäóèðîâàííûõ òîæäåñòâ ñóïåðàëãåáðû
M (m;k ) (F ) êîíå÷åí. Â [ 4] äîêàçàíî, ÷òî n1(m; k; F ) = 4 min f m; kg � � mk + sgn jm � kj, òàì
æå (ñì. òàêæå [5]) ïðèâåäåíû ñîîòâåòñâóþùèå ìèíèìàëüíûå òîæäåñòâà ïîäïðîñòðàíñòâà
M (m;k )

1 (F ). Êðîìå òîãî, èç òåîðåìû Àìèöóðà � Ëåâèöêîãî [ 6] âûòåêàåò, ÷òî n0(m; k; F ) =
= 2 maxf m; kg, à ñòàíäàðòíûé ìíîãî÷ëåí Stn0 ÿâëÿåòñÿ ìèíèìàëüíûì òîæäåñòâîì ïîäïðî-
ñòðàíñòâà M (m;k )

0 (F ). Îòìåòèì òàêæå, ÷òî â ðàáîòàõ [ 7� 10] íàéäåíû áàçèñû Z2-ãðàäóèðî-
âàííûõ òîæäåñòâ íåêîòîðûõ âåðõíåòðåóãîëüíûõ ìàòðè÷íûõ ñóïåðàëãåáð (ñì. òàêæå ðàáî-
òó [11]).

Íà äàííûé ìîìåíò íåò êàêèõ-òî ýôôåêòèâíûõ ìåòîäîâ íàõîæäåíèÿ Z2-ãðàäóèðîâàííûõ
òîæäåñòâ ñóïåðàëãåáðûM (m;k ) (F ). Â íåêîòîðûõ ñëó÷àÿõ (ñì. [ 12]) óäàåòñÿ íàéòè òàêèå òîæ-
äåñòâà ïóòåì èçó÷åíèÿ ïîñëåäîâàòåëüíîñòè f �� gr

n (M (m;k ) (F ))gn2 N åå ãðàäóèðîâàííûõ êîõà-
ðàêòåðîâ.

Öåëü äàííîé ðàáîòû � èññëåäîâàíèå ïîñëåäîâàòåëüíîñòè f �� gr
n (M (2;2)(F ))gn2 N ãðàäóè-

ðîâàííûõ êîõàðàêòåðîâ ñóïåðàëãåáðû M (2;2)(F ). Ñëåäóÿ ñòðóêòóðå ðàáîòû [12], â ïåðâîì
ðàçäåëå ìû ïðèâîäèì íåîáõîäèìûå ñâåäåíèÿ î íåêîòîðûõ ìîäóëÿõ, êîòîðûå èñïîëüçóåì â
äàëüíåéøåì. Îñíîâíîé ðåçóëüòàò íàøåé ðàáîòû ïðèâåäåí â ñëåäóþùåì ðàçäåëå.

1. Íåêîòîðûå ñâåäåíèÿ î F(GL m � GL m )-ìîäóëÿõ

Ïóñòü F � ïðîèçâîëüíîå ïîëå õàðàêòåðèñòèêè íóëü, Z2 � ãðóïïà âû÷åòîâ ïî ìîäóëþ 2,
A � êàêàÿ-ëèáî àññîöèàòèâíàÿ Z2-ãðàäóèðîâàííàÿ àëãåáðà íàä F , F f X g � ñâîáîäíàÿ àñ-
ñîöèàòèâíàÿ àëãåáðà íàä F , ïîðîæäåííàÿ ñ÷åòíûì ìíîæåñòâîì X = f xngn2 N , êîòîðîå
ïðåäñòàâèì â âèäå X = Y

S
Z , ãäå Y = f yngn2 N , Z = f zngn2 N è Y

T
Z = ? . Ïîñëå ÷åãî

ñòàíäàðòíûì ñïîñîáîì (ñì. [ 13]) ïîñòðîèì ñîâîêóïíîñòü (F0f X g; F1f X g) âåêòîðíûõ ïîäïðî-
ñòðàíñòâ àëãåáðûF f X g, îòíîñèòåëüíî êîòîðîé F f X g áóäåòZ2-ãðàäóèðîâàííîé àëãåáðîé,
îáîçíà÷àåìîé ñèìâîëîì F f X jZ2g.

Äàëåå, ïîëîæèì V Z 2
n = SpanF f x � (1) x � (2) � � � x � (n) j � 2 Sn ; x i 2 f yi ; zi gg, V Z 2

n (A) =
= V Z 2

n
T

T2(A), ãäåT2(A) � èäåàë Z2-ãðàäóèðîâàííûõ òîæäåñòâ ñóïåðàëãåáðû A, Sn � ñèì-
ìåòðè÷åñêàÿ ãðóïïà ñòåïåíè n, n 2 N . Êðîìå òîãî, ïóñòü m 2 N , Ym = f y1; : : : ; ym g,
Zm = f z1; : : : ; zm g, F f Ym

S
Zm g � ïîäàëãåáðà àëãåáðû F f X g, ïîðîæäåííàÿ êîíå÷íûì ìíî-

æåñòâîì Ym
S

Zm , F f Ym
S

Zm j Z2g � Z2-ãðàäóèðîâàííàÿ ïîäàëãåáðà ñóïåðàëãåáðû
F f X j Z2g, F f Ym

S
Zm g(A) = F f Ym

S
Zm g

T
T2(A), B (n)

m � âåêòîðíîå ïîäïðîñòðàíñòâî ïðî-
ñòðàíñòâàF f Ym

S
Zm g, ïîðîæäåííîå âñåìè ïîëèîäíîðîäíûìè ìíîãî÷ëåíàìè ñòåïåíè n. Äà-

ëåå, ïóñòüB (n)
m (A) = B (n)

m
T

F f Ym
S

Zm g(A), GL m = GL(m; F ) � ïîëíàÿ ëèíåéíàÿ ìàòðè÷-
íàÿ ãðóïïà, GL m � GL m � ïðÿìîå ïðîèçâåäåíèå ãðóïï.
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Îïðåäåëèì ëåâîå äåéñòâèå ãðóïïû GL m � GL m íà ýëåìåíòû âåêòîðíîãî ïðîñòðàíñòâà
F f Ym

S
Zm g, ïîëîæèâ äëÿ ëþáîé ïàðû (a; b) 2 GL m � GL m , ãäåa = ( aij ), b = ( bij ), è âñÿêîãî

ìîíîìà M = M (y1; : : : ; ym ; z1; : : : ; zm ) 2 F f Ym
S

Zm g

(a; b)M (y1; : : : ; ym ; z1; : : : ; zm ) = M

0

@
mX

j =1

a1j yj ; : : : ;
mX

j =1

amj yj ;
mX

k=1

b1kzk ; : : : ;
mX

k=1

bmk zk

1

A ;

êîòîðîå çàòåì ïðîäîëæèì äî äåéñòâèÿ ãðóïïîâîé àëãåáðû F (GL m � GL m ).
Íåòðóäíî âèäåòü, ÷òî òàê îïðåäåëåííîå äåéñòâèå ïðåâðàùàåò âåêòîðíîå ïðîñòðàíñòâî

F f Ym
S

Zm g â ëåâûé F (GL m � GL m )-ìîäóëü, à åãî âåêòîðíûå ïîäïðîñòðàíñòâà B (n)
m è

B (n)
m (A) � â F (GL m � GL m )-ïîäìîäóëè F (GL m � GL m )B

(n)
m è F (GL m � GL m )B

(n)
m (A) ìîäóëÿ

F (GL m � GL m )F f Ym
S

Zm g, ïðè÷åì F (GL m � GL m )B
(n)
m (A) 6 F (GL m � GL m )B

(n)
m . Òîãäà îïðåäåëåí

ôàêòîð-ìîäóëü F (GL m � GL m )
�B (n)

m (A) = F (GL m � GL m )B
(n)
m =F (GL m � GL m )B

(n)
m (A).

Òàê êàê ìîäóëü F (GL m � GL m )
�B (n)

m (A) ÿâëÿåòñÿ êîíå÷íîìåðíûì, òî îí âïîëíå ïðèâîäèì.
Ïóñòü F (GL m � GL m )N � êàêîé-íèáóäü íåïðèâîäèìûé F (GL m � GL m )-ïîäìîäóëü ìîäóëÿ

F (GL m � GL m )
�B (n)

m (A). Èç òåîðèè ïðåäñòàâëåíèé ãðóïïû GL m � GL m èçâåñòíî, ÷òî ñóùåñòâóåò
áèåêòèâíîå ñîîòâåòñòâèå ìåæäó íåïðèâîäèìûìè F (GL m � GL m )-ìîäóëÿìè è ïàðàìè ðàçáèå-
íèé (�; � ) ÷èñåër è n� r ñîîòâåòñòâåííî, ãäå r = 0 ; 1; : : : ; n, � = ( � 1; : : : ; � p ), � = ( � 1; : : : ; � q ),
p; q 6 m. Ïðèâåäåì ñîîòâåòñòâóþùåå îïèñàíèå íåïðèâîäèìûõ F (GL m � GL m )-ìîäóëåé.

Ïóñòü � = ( � 1; : : : ; � p ) ` r , p 6 m, D � � äèàãðàììà Þíãà, îòâå÷àþùàÿ ðàçáèåíèþ �
ñ äëèíàìè ñòîëáöîâ (l1; : : : ; lk ), çäåñül1 = p > l2 > : : : > lk , k = � 1, � = ( � 1; : : : ; � q) ` (n � r ),
q 6 m, D � � äèàãðàììà Þíãà, îòâå÷àþùàÿ ðàçáèåíèþ � ñ äëèíàìè ñòîëáöîâ (t1; : : : ; tb),
ãäå t1 = q > t2 > : : : > tb, b = � 1, h(� ) � âûñîòà äèàãðàììû Þíãà D � , Sth(x1; : : : ; xh) =
=

X

� 2 Sh

sgn� x � (1) � � � x � (h) � ñòàíäàðòíûé ìíîãî÷ëåí. Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû

(ñì. [ 14,15]).

Òåîðåìà 1. Äëÿ ëþáîãî íåïðèâîäèìîãî ïîäìîäóëÿ F (GL m � GL m )N �;� ëåâîãî ìîäóëÿ

F (GL m � GL m )B
(n)
m , ñîîòâåòñòâóþùåãî ïàðå ðàçáèåíèé (�; � ), ñïðàâåäëèâû ñëåäóþùèå óò-

âåðæäåíèÿ:
1) ìîäóëü F (GL m � GL m )N �;� ïîðîæäàåòñÿ íåêîòîðûì íåíóëåâûì ìíîãî÷ëåíîì

f �;� = f (y1; : : : ; yl1 ; z1; : : : ; zt1 ) =

0

@
kY

i =1

Stl i (y1; : : : ; yl i )
bY

j =1

Stt j (z1; : : : ; zt j )

1

A
X

� 2 Sn

� � �;

ãäå� � 2 F , à ãðóïïà Sn äåéñòâóåò íà ýëåìåíòû âåêòîðíîãî ïðîñòðàíñòâà B (n)
m ñïðàâà,

ò. å. (x i 1 � � � x i n )� = x i � � 1 (1)
� � � x i � � 1 ( n )

, çäåñü1 6 i 1; : : : ; in 6 m;
2) âñÿêèé íåíóëåâîé ìíîãî÷ëåí

f �;� = f (y1; : : : ; yl1 ; z1; : : : ; zt1 ) =

0

@
kY

i =1

Stl i (y1; : : : ; yl i )
bY

j =1

Stt j (z1; : : : ; zt j )

1

A
X

� 2 Sn

� � �;

ãäå� � 2 F , ïîðîæäàåò íåêîòîðûé íåïðèâîäèìûé F (GL m� GL m )-ïîäìîäóëü F (GL m � GL m )N �;�

ëåâîãî ìîäóëÿ F (GL m � GL m )B
(n)
m ;

3) èìååò ìåñòî ìîäóëüíûé èçîìîðôèçì F (GL m � GL m )N �;�
�= F GL m N � 
 F F GL m N � , ãäå

F GL m N � , F GL m N � � íåïðèâîäèìûå F GL m -ìîäóëè äëÿ ðàçáèåíèé � è � .

Èç ýòîé òåîðåìû è ñêàçàííîãî âûøå âûòåêàåò ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 2. Äëÿ ëþáîãî íåïðèâîäèìîãî F (GL m � GL m )-ïîäìîäóëÿ F (GL m � GL m )N ìî-

äóëÿ F (GL m � GL m )
�B (n)

m (A) ñïðàâåäëèâ èçîìîðôèçì F (GL m � GL m )N �= F (GL m � GL m )N �;� , ãäå
(�; � ) � íåêîòîðàÿ ïàðà ðàçáèåíèé ÷èñåë r è n � r ñîîòâåòñòâåííî.

Ïóñòü � (n)
m (A) � õàðàêòåð ïðåäñòàâëåíèÿ ãðóïïû GL m � GL m íà ëåâîì ìîäóëå

F (GL m � GL m )
�B (n)

m (A), � (n)
m; i (A) � õàðàêòåð íåïðèâîäèìîãî ïðåäñòàâëåíèÿ ãðóïïû GL m � GL m .

Òîãäà â ñèëó òåîðåìû 2 ìû ìîæåì çàïèñàòü, ÷òî

� (n)
m (A) =

kX

i =1

�mi � (n)
m; i (A) =

nX

r =0

X

� ` r
� ` ( n � r )

�m�; �
� (n)

m; (�; � ) =
X

j � j+ j� j= n

�m�; �
� (n)

m; (�; � ) ;

ãäå � (n)
m; (�; � ) � õàðàêòåð íåïðèâîäèìîãî ïðåäñòàâëåíèÿ ãðóïïû GL m � GL m , ñîîòâåòñòâóþ-

ùèé ïàðå (�; � ), 0 6 �m�; � � êðàòíîñòü � (n)
m; (�; � ) â ðàçëîæåíèè õàðàêòåðà � (n)

m (A).
Ïóñòü

T� =

a1 al1+1
...

... ar
...

...
...

...
...

...
...

...
... al1+ l2
...

al1

, T� =

b1 bt1+1
...

... bn� r
...

...
...

...
...

...
...

...
... bt1+ t2
...

bt1

�

ïðîèçâîëüíûå òàáëèöû, ýëåìåíòû êîòîðûõ óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:
1) f a1; : : : ; ar g, f b1; : : : ; bn� r g � f 1; 2; : : : ; ng = I n ;
2) f a1; : : : ; ar g

T
f b1; : : : ; bn� r g = ? .

Ïîñòàâèì â ñîîòâåòñòâèå ïàðå (T� ; T� ) ïîäñòàíîâêó

� =
�

1 2 : : : l1 : : : r r + 1 r + 2 : : : r + t1 : : : n
a1 a2 : : : al1 : : : ar b1 b2 : : : bt1 : : : bn� r

�

è ðàññìîòðèì ìíîãî÷ëåí

f T� ;T� = f (y1; : : : ; yl1 ; z1; : : : ; zt1 ) =

0

@
kY

i =1

Stl i (y1; : : : ; yl i )
bY

j =1

Stt j (z1; : : : ; zt j )

1

A �:

Íåòðóäíî âèäåòü, ÷òî ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1. Êðàòíîñòü �m�;� â ðàçëîæåíèè õàðàêòåðà

� (n)
m (A) =

X

j � j+ j� j= n

�m�;�
� (n)

m; (�;� )

ñóïåðàëãåáðûA òîãäà è òîëüêî òîãäà íå ðàâíà íóëþ, êîãäà ñóùåñòâóåò òàêàÿ ïàðà òàá-
ëèö (T� ; T� ), äëÿ êîòîðîé ìíîãî÷ëåí f T� ;T� íå ÿâëÿåòñÿ Z2-ãðàäóèðîâàííûì òîæäåñòâîì
ñóïåðàëãåáðûA.
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2. Î ãðàäóèðîâàííûõ êîõàðàêòåðàõ ñóïåðàëãåáðû M (2;2)(F)

Ïóñòü A = M (2;2)(F ) = ( M 4(F ); M (2;2)
0 (F ); M (2;2)

1 (F )) � ìàòðè÷íàÿ ñóïåðàëãåáðà. Ïî-

ñêîëüêó dim M (2;2)
0 (F ) = 8 , dim M (2;2)

1 (F ) = 8 , òî â ñèëó ðàáîòû [ 14] ìû ìîæåì çàïèñàòü,
÷òî

� (n)
m (M (2;2)(F )) =

X

j � j + j � j = n;
h ( � ) 6 8;h ( � ) 6 8

�m�;�
� (n)

m; (�;� ) :

Â äàííîé ñòàòüå ðàññìîòðåí ñëó÷àé, êîãäà (�; � ) = (0 ; � ), h(� ) 6 5, ãäå� � ïðîèçâîëüíîå
ðàçáèåíèå ÷èñëàn, èìåþùåå âèä

� = ( � 1; � 2; � 3; � 4; � 5) =

 
5X

i =1

wi ;
5X

i =2

wi ;
5X

i =3

wi ;
5X

i =4

wi ; w5

!

:

Çäåñüw5 = � 5 > 0, wi = � i � � i +1 > 0 äëÿ i = 1; 4 (â òåðìèíàõ äèàãðàìì Þíãà öåëîå ÷èñëî
wi îçíà÷àåò êîëè÷åñòâî ñòîëáöîâ âûñîòû i (i 2 I 5) â äèàãðàììå D � , ðàçáèåíèÿ � ). Òîãäà
ñîîòâåòñòâóþùàÿ ðàçáèåíèþ � äèàãðàììà D � èìååò âèä

D � =

 w1 !

 w2 !

 w3 !

 w4 !

 w5 !

Ïóñòü e11; : : : ; e44 � ìàòðè÷íûå åäèíèöû àëãåáðû M 4(F ), N1 = e13 + e31, N2 = e31 + e32,
N3 = e32 + e23, N4 = e23, N5 = � 13e13 + � 23e23 + � 31e31 + � 32e32 + � 14e14 + � 24e24 + � 41e41 +
+ � 42e42, ãäå� 13; � 23; : : : ; � 42 � ïðîèçâîëüíûå íåíóëåâûå ýëåìåíòû ïîëÿ F . Íåïîñðåäñòâåííî
ïðîâåðÿåòñÿ ñïðàâåäëèâîñòü ñëåäóþùèõ äâóõ ëåìì.

Ëåììà 1. Äëÿ ëþáîãî ÷èñëà w1 2 N ñïðàâåäëèâû ðàâåíñòâà

Stw1
1 (N1) = N w1

1 =

(
e13 + e31; åñëèw1 = 2k � 1; k 2 N ;

e11 + e33; åñëèw1 = 2k; k 2 N :

Ëåììà 2. Äëÿ ëþáîãî ÷èñëà w2 2 N ñïðàâåäëèâî ðàâåíñòâî

Stw2
2 (N1; N2) = e11 + e12 + ( � 1)w2 e33:

Ëåììà 3. Äëÿ ëþáîãî ÷èñëà w3 2 N ñïðàâåäëèâû ðàâåíñòâà

Stw3
3 (N1; N2; N3) =

(
2(w3 � 1)=2(N1 � N3); åñëèw3 = 2k � 1; k 2 N ;

2(w3 � 2)=2U; åñëèw3 = 2k; k 2 N ;
(1)

ãäåU = e11 � e12 � e21 + e22 + 2e33, N1 � N3 = e13 + e31 � e23 � e32.

Äîêàçàòåëüñòâî. Äëÿ êàæäîé ïîäñòàíîâêè � 2 S3 íàéäåì ïðîèçâåäåíèå N � (1) N � (2) �
� N � (3) . Âûïèñûâàÿ òîëüêî èíäåêñû è îïóñêàÿ áóêâó N , áóäåì èìåòü:

123 = (e13 + e31)(e31 + e32)(e32 + e23) = ( e13 + e31)e33 = e13; (2)

132 = (e13 + e31)(e32 + e23)(e31 + e32) = e12(e31 + e32) = 0; (3)

231 = (e31 + e32)(e32 + e23)(e13 + e31) = e33(e13 + e31) = e31; (4)

213 = (e31 + e32)(e13 + e31)(e32 + e23) = e33(e32 + e23) = e32; (5)
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312 = (e32 + e23)(e13 + e31)(e31 + e32) = e21(e31 + e32) = 0; (6)

321 = (e32 + e23)(e31 + e32)(e13 + e31) = ( e32 + e23)e33 = e23: (7)

Èç ðàâåíñòâ (2)�( 7) ñëåäóåò, ÷òîSt3(N1; N2; N3) = e13 + e31 � e32 � e23 = N1 � N3.
Äàëåå ïîñëåäîâàòåëüíî íàõîäèì

St23(N1; N2; N3) = ( e13 + e31 � e32 � e23)(e13 + e31 � e32 � e23) =

= e11 � e12 + e33 + e33 � e21 + e22 = e11 � e12 � e21 + e22 + 2e33 = U; (8)

St33(N1; N2; N3) = U � St3(N1; N2; N3) = ( e11 � e12 � e21 + e22 + 2e33)(e13 + e31 � e32 � e23) =

= 2( e13 + e31 � e23 � e32) = 2 St3(N1; N2; N3); (9)

St43(N1; N2; N3) = 2 St23(N1; N2; N3) = 2 U; (10)

St53(N1; N2; N3) = 2 USt3(N1; N2; N3) = 4 St3(N1; N2; N3): (11)

Èç ðàâåíñòâ (8)�( 11) ïî èíäóêöèè ïîëó÷àåì ðàâåíñòâà ( 1). �

Ëåììà 4. Äëÿ ëþáîãî ÷èñëà w4 2 N ñïðàâåäëèâî ðàâåíñòâî

Stw4
4 (N1; N2; N3; N4) = e11 + e22 + ( � 2)w4 e33:

Äîêàçàòåëüñòâî. Äëÿ êàæäîé ïîäñòàíîâêè � 2 S4 íàéäåì ïðîèçâåäåíèå N � (1) N � (2) �
� N � (3) N � (4) . Âûïèñûâàÿ òîëüêî íèæíèå èíäåêñû ó ýòîãî ïðîèçâåäåíèÿ è ó÷èòûâàÿ ðàâåí-
ñòâà (2)�( 7), áóäåì èìåòü:

1234 = e13e23 = 0;

1243 = (e13 + e31)(e31 + e32)e23(e32 + e23) = ( e11 + e12)e22 = e12;

1324 = 0;

1423 = (e13 + e31)e23(e31 + e32)(e32 + e23) = 0;

1342 = (e13 + e31)(e32 + e23)e23(e31 + e32) = e12(e21 + e22) = e11 + e12;

1432 = (e13 + e31)e23(e32 + e23)(e31 + e32) = 0;

2314 = e31e23 = 0;

2341 = (e31 + e32)(e32 + e23)e23(e13 + e31) = e33e21 = 0;

2134 = e32e23 = e33;

2143 = (e31 + e32)(e13 + e31)e23(e32 + e23) = 0;

2413 = (e31 + e32)e23(e13 + e31)(e32 + e23) = e33e12 = 0;

2431 = (e31 + e32)e23(e32 + e23)(e13 + e31) = e33e21 = 0;

3124 = 0;

3142 = (e32 + e23)(e13 + e31)e23(e31 + e32) = 0;

3214 = e23e23 = 0;

3241 = (e32 + e23)(e31 + e32)e23(e13 + e31) = ( e21 + e22)e21 = e21;

3421 = (e32 + e23)e23(e31 + e32)(e13 + e31) = e33e33 = e33;

3412 = (e32 + e23)e23(e13 + e31)(e31 + e32) = e33(e11 + e12) = 0;

4123 = e23e13 = 0;

4132 = 0;

4231 = e23e31 = e21;

4213 = e23e32 = e22;

4312 = 0;

4321 = e23e23 = 0 :

312 Íàó÷íûé îòäåë



Ñ. Þ. Àíòîíîâ, À. Â. Àíòîíîâà. Î êðàòíîñòÿõ íåêîòîðûõ ãðàäóèðîâàííûõ êîõàðàêòåðîâ

Îòñþäà ñëåäóåò, ÷òî

St4(N1; N2; N3; N4) = � e12 + e11 + e12 � e33 + e21 � e33 � e21 + e22 = e11 + e22 � 2e33:

Äàëåå ïîñëåäîâàòåëüíî íàõîäèì

St24(N1; N2; N3; N4) = ( e11 + e22 � 2e33)(e11 + e22 � 2e33) = e11 + e22 + 4e33; (12)

St34(N1; N2; N3; N4) = ( e11 + e22 + 4e33)(e11 + e22 � 2e33) = e11 + e22 � 8e33: (13)

Èç (12), (13) çàêëþ÷àåì, ÷òî

Stw4
4 (N1; N2; N3; N4) = e11 + e22 + ( � 2)w4 e33: �

Ïî àíàëîãèè ñ ëåììîé 4 äîêàçûâàåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 5. Ñïðàâåäëèâû ðàâåíñòâà:

N1St4( �Nb1) = 2 � 13e13 + � 14e14 � � 13e31;

N2St4( �Nb2) = ( � 31 � � 13)e31 + ( � 31 � � 13)e32;

N3St4( �Nb3) = ( � 31 � � 13 � � 32)e32 + 2( � 13 � � 31 + � 32)e23 + � 14e24;

N4St4( �Nb4) = 2( � 13 + � 32 � � 23 � � 31)e23 + ( � 14 � � 24)e24;

N5St4( �Nb5) = � 2� 13e13 � 2� 23e23 + � 31e31 + � 32e32 + � 41e41 + � 42e42;

ãäå �N = ( N1; N2; N3; N4; N5), à �Nbi îçíà÷àåò, ÷òî èíäåêñ i â �N ïðîïóùåí.

Ëåììà 6. Ñïðàâåäëèâî ðàâåíñòâî

St5( �N ) = � 14e14 + � 24e24 + � 41e41 + � 42e42:

Äîêàçàòåëüñòâî. Ó÷èòûâàÿ ëåììó 5 è ñâîéñòâà ñòàíäàðòíîãî ìíîãî÷ëåíà, ïîëó÷àåì

St5( �N ) =
5X

i =1

(� 1)i +1 N i St4( �Nbi ) = 2 � 13e13 + � 14e14 � � 13e31 � (� 31 � � 13)e31�

� (� 31 � � 13)e32 + ( � 31 � � 13 � � 32)e32 + 2( � 13 � � 31 + � 32)e23 + � 14e24�

� 2(� 13 + � 32 � � 23 � � 31)e23 � (� 14 � � 24)e24 � 2� 13e13 � 2� 23e23 + � 31e31+

+ � 32e32 + � 41e41 + � 42e42 = � 14e14 � (� 13 + � 31 � � 13 � � 31)e31+

+( � 31 � � 13 � � 32 � � 31 + � 13 + � 32)e32+

+(2 � 13 � 2� 31 + 2 � 32 � 2� 13 � 2� 32 + 2 � 23 + 2 � 31 � 2� 23)e23+

+ � 24e24 + � 41e41 + � 42e42 = � 14e14 + � 24e24 + � 41e41 + � 42e42:
�

Ñëåäñòâèå 1. Ïðè � 14 = � 24 = � 41 = � 42 = 1 âåðíî ðàâåíñòâî

St5( �N ) = e14 + e24 + e41 + e42:

Ëåììà 7. Äëÿ ëþáîãî ÷èñëà w5 2 N ñïðàâåäëèâû ðàâåíñòâà

Stw5
5 ( �N ) =

(
2(w5 � 1)=2N5; åñëèw5 = 2k � 1; k 2 N ;

2(w5 � 2)=2M 0; åñëèw5 = 2k; k 2 N ;
(14)

ãäåN5 = e14 + e24 + e41 + e42, M 0 = e11 + e12 + e21 + e22 + 2e44.
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Äîêàçàòåëüñòâî. Ó÷èòûâàÿ ëåììó 6 è ñëåäñòâèå1, ïîëó÷àåì

St25( �N ) = ( e14 + e24 + e41 + e42)(e14 + e24 + e41 + e42) = e11 + e12 + e21 + e22 + e44 + e44 = M 0;

St35( �N ) = M 0St5( �N ) = ( e11 + e12 + e21 + e22 + 2e44)(e14 + e24 + e41 + e42) =

= 2( e14 + e24 + e41 + e42) = 2 St5( �N ) = 2 N5;

St45( �N ) = 2 St25( �N ) = 2 M 0:

Îòñþäà ìåòîäîì èíäóêöèè ïðèõîäèì ê ðàâåíñòâàì ( 14). �

Ëåììà 8. Äëÿ ïðîèçâîëüíîãî ðàçáèåíèÿ � ÷èñëà n òàêîãî, ÷òî h(� ) 6 5, è ëþáûõ
w1; : : : ; wh(� ) 2 N 0 ñïðàâåäëèâî íåðàâåíñòâî f D �

�
(N1; : : : ; Nh(� ) ) 6= 0 :

Äîêàçàòåëüñòâî. Ó÷èòûâàÿ ëåììû 1� 3, 7 è ïîëàãàÿ Stwi
i (N1; : : : ; N i ) = 1 ïðè wi = 0 ,

íåòðóäíî âèäåòü, ÷òî

f D �
�
(N1; : : : ; Nh(� ) ) =

1Y

i = h(� )

Stwi
i (N1; : : : ; N i ) 6= 0 :

�

Òåîðåìà 3. Â ðàçëîæåíèè � (n)
m (M (2;2)(F )) =

P

j � j + j � j = n;
h ( � ) 6 8;h ( � ) 6 8

�m�;�
� (n)

m; (�;� ) êðàòíîñòü �m0;� 6= 0

äëÿ âñÿêîãî � ` n òàêîãî, ÷òî h(� ) 6 5.

Äîêàçàòåëüñòâî. Âûòåêàåò èç ëåììû 8 è óòâåðæäåíèÿ 1. �
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Abstract. We study an optimal investment control problem for an insurance company having two
business branches, life annuity insurance and non-life insurance. The company can invest its surplus
into a risk-free asset and a risky asset with the price dynamics given by a geometric Brownian motion.
The optimization objective is to maximize the survival probability of the total portfolio over the in�nite
time interval. In the absence of investments, the portfolio surplus is described by a stochastic process
involving two-sided jumps and a continuous drift. Downward jumps correspond to the claim sizes, and
upward jumps are interpreted as random gains that arise at the �nal moments of the life annuity contracts'
realizations (i.e., at the moments of death of policyholders) as a result of the release of unspent funds. The
drift is determined by the di�erence between premiums in the non-life insurance contracts and the annuity
payments. The solving to the optimization problem that yields the maximal survival probability, as well as
the optimal strategy, is related to the classical solution of the corresponding Hamilton � Jacobi � Bellman
(HJB) equation, if this solution exists. In the considered risk model, HJB includes integral operators of
two types: Volterra and non-Volterra ones. The presence of the latter makes the asymptotic analysis of
the solution quite complicated. However, for the case of small jumps (when the jumps have exponential
distributions), we obtained asymptotic representations of solutions for both small and large values of the
initial surplus.
Keywords: insurance, two-sided jumps, optimal investments, risky asset, survival probability, Hamilton �
Jacobi � Bellman equation
For citation: Belkina T. A., Kurochkin S. V., Tarkhova A. E. Asymptotics of optimal investment
behavior under a risk process with two-sided jumps.Izvestiya of Saratov University. Mathematics. Me-
chanics. Informatics, 2025, vol. 25, iss. 3, pp. 316�324. DOI:10.18500/1816-9791-2025-25-3-316-324, EDN:
AXCYPW
This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International

License (CC-BY 4.0)

Íàó÷íàÿ ñòàòüÿ
ÓÄÊ 519.624,519.86

Àñèìïòîòèêè îïòèìàëüíîãî èíâåñòèöèîííîãî ïîâåäåíèÿ
â ìîäåëè ðèñêà ñ äâóñòîðîííèìè ñêà÷êàìè

Ò. À. Áåëêèíà 1 , Ñ. Â. Êóðî÷êèí 2, À. Å. Òàðõîâà 3

1Öåíòðàëüíûé ýêîíîìèêî-ìàòåìàòè÷åñêèé èíñòèòóò ÐÀÍ, Ðîññèÿ, 117418, ã. Ìîñêâà, Íàõèìîâñêèé ïðîñï.,
ä. 47

© Belkina T. A., Kurochkin S. V., Tarkhova A. E., 2025



T. A. Belkina et al. Asymptotics of optimal investment behavior under a risk process

2Ôåäåðàëüíûé èññëåäîâàòåëüñêèé öåíòð ¾Èíôîðìàòèêà è óïðàâëåíèå¿ ÐÀÍ, Ðîññèÿ, 119333, ã. Ìîñêâà,

óë. Âàâèëîâà, ä. 40
3 ÏÀÎ Ñáåðáàíê, Ðîññèÿ, ã. Íîâîñèáèðñê

Áåëêèíà Òàòüÿíà Àíäðååâíà , êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, âåäóùèé íàó÷íûé ñîòðóäíèê,

tati.belkina@gmail.com, ORCID: 0000-0001-7384-0025, SPIN: 9513-8256, AuthorID: 12222

Êóðî÷êèí Ñåðãåé Âëàäèìèðîâè÷ , êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ñòàðøèé íàó÷íûé ñîòðóä-

íèê, kuroch@ccas.ru, ORCID: 0000-0001-9484-6012, SPIN: 1857-9863, AuthorID: 6896

Òàðõîâà Àííà Åâãåíüåâíà , ðèñê-ìåíåäæåð, a.tarkhova5@yandex.ru

Àííîòàöèÿ. Èññëåäóåòñÿ ïðîáëåìà îïòèìàëüíîãî óïðàâëåíèÿ èíâåñòèöèÿìè äëÿ ñòðàõîâîé êîìïà-
íèè, èìåþùåé äâà íàïðàâëåíèÿ áèçíåñà: ñòðàõîâàíèå ïîæèçíåííîé ðåíòû è ðèñêîâîå ñòðàõîâàíèå
(íå ñâÿçàííîå ñî ñòðàõîâàíèåì æèçíè). Êîìïàíèÿ ìîæåò èíâåñòèðîâàòü ñâîé èçëèøåê â áåçðèñêî-
âûé àêòèâ è ðèñêîâûé àêòèâ ñ äèíàìèêîé öåí, çàäàííîé ãåîìåòðè÷åñêèì áðîóíîâñêèì äâèæåíèåì.
Öåëüþ îïòèìèçàöèè ÿâëÿåòñÿ ìàêñèìèçàöèÿ âåðîÿòíîñòè íåðàçîðåíèÿ ïî ñóììàðíîìó ïîðòôåëþ
íà áåñêîíå÷íîì èíòåðâàëå âðåìåíè. Ïðè îòñóòñòâèè èíâåñòèöèé èçëèøåê ïîðòôåëÿ îïèñûâàåòñÿ
ñòîõàñòè÷åñêèì ïðîöåññîì, âêëþ÷àþùèì äâóñòîðîííèå ñêà÷êè è íåïðåðûâíûé äåòåðìèíèðîâàííûé
ñíîñ. Ñêà÷êè âíèç ñîîòâåòñòâóþò ðàçìåðàì òðåáîâàíèé ïî ðèñêîâîìó ñòðàõîâàíèþ, à ñêà÷êè ââåðõ
èíòåðïðåòèðóþòñÿ êàê ñëó÷àéíûå äîõîäû, âîçíèêàþùèå â êîíå÷íûå ìîìåíòû ðåàëèçàöèè äîãîâîðîâ
ïîæèçíåííîé ðåíòû (ò. å. â ìîìåíòû ñìåðòè ñòðàõîâàòåëåé) â ðåçóëüòàòå âûñâîáîæäåíèÿ íåèçðàñ-
õîäîâàííûõ ñðåäñòâ. Íåïðåðûâíûé ñíîñ îïðåäåëÿåòñÿ ðàçíîñòüþ ìåæäó ïðåìèÿìè ïî äîãîâîðàì
ðèñêîâîãî ñòðàõîâàíèÿ è àííóèòåòíûìè ïëàòåæàìè. Ðåøåíèå çàäà÷è îïòèìèçàöèè, êîòîðîå äàåò
ìàêñèìàëüíóþ âåðîÿòíîñòü íåðàçîðåíèÿ, à òàêæå îïòèìàëüíóþ ñòðàòåãèþ, ñâÿçàíî ñ êëàññè÷åñêèì
ðåøåíèåì ñîîòâåòñòâóþùåãî óðàâíåíèÿ Ãàìèëüòîíà � ßêîáè � Áåëëìàíà (HJB), åñëè ýòî ðåøåíèå
ñóùåñòâóåò. Â ðàññìàòðèâàåìîé ìîäåëè ðèñêà HJB âêëþ÷àåò èíòåãðàëüíûå îïåðàòîðû äâóõ òèïîâ:
âîëüòåððîâñêèå è íåâîëüòåððîâñêèå. Íàëè÷èå ïîñëåäíèõ äåëàåò àñèìïòîòè÷åñêèé àíàëèç ðåøåíèÿ
äîñòàòî÷íî ñëîæíûì. Îäíàêî äëÿ ñëó÷àÿ ìàëûõ ñêà÷êîâ (êîãäà ñêà÷êè èìåþò ïîêàçàòåëüíîå ðàñ-
ïðåäåëåíèå) ïîëó÷åíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèé êàê äëÿ ìàëûõ, òàê è äëÿ áîëüøèõ
çíà÷åíèé íà÷àëüíîãî ðåçåðâà.
Êëþ÷åâûå ñëîâà: ñòðàõîâàíèå, äâóñòîðîííèå ñêà÷êè, èíâåñòèöèè, ðèñêîâûé àêòèâ, âåðîÿòíîñòü
íåðàçîðåíèÿ, óðàâíåíèå Ãàìèëüòîíà � ßêîáè � Áåëëìàíà
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Introduction

The optimal investor behavior whose objective is to minimize the ruin probability in the
presence of uncontrollable stochastic cash �ow, or a risk process, was �rst studied in [1]. It was
assumed that the risk process (for example, the surplus of an insurer) is described by Brownian
motion with drift and the risky stock price following a geometric Brownian motion. Such a model
of the surplus process for the insurer can be obtained as a result of the di�usion approximation
of the net claims process in the classical Cram�er-Lundberg (CL) model [2]. For the case when
there is no risk-free interest rate, it was shown in [1] that the non-constrained optimal policy is to
always invest a constant amount of money into a risky asset (regardless of the level of surplus).
If the interest rate is positive, the optimal control is a state-dependent function. In particular,
for the case of zero correlation between the processes of insurance risk and of asset price, it was
shown that the optimal amount tends to zero as the surplus tends to in�nity.

For the CL model (a compound Poisson risk model with negative jumps and positive determi-
nistic drift), the structure of the optimal strategy changes crucially at least, at low level of surplus:
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a constant amount (CA) strategy, which is similar to the one described above, cannot be optimal,
because it leads to immediate ruin at zero initial surplus. This is contrary with to a non-zero
survival probability at zero initial surplus in the absence of investments. Moreover, as shown
in [3,4], the optimal amount tends to zero as the surplus tends to zero. Nevertheless, the optimal
strategy requires borrowing money when the surplus level is close to zero.

Of course, borrowing restrictions can also lead to signi�cant changes in the optimal investment
behaviors; moreover, unexpected e�ects can arise in the zone of low surplus levels. For the CL
model, the optimal investment problem with limited leveraging level and allowed shortselling
was studied in [5]: it was shown that some unusual strategy (short-selling the high return stock
to earn interest) can be optimal when a strong investment constraint on borrowing (money) and
buying (stock) is imposed. As for the optimal investment strategy in the CL model at large levels
of surplus, it turns out to be asymptotically close to some CA strategy in the case of small jumps
in the risk process (i.e., in the case when exponential moments of jumps are �nite, see, e.g., [6,7]).

In the case of zero interest rate, some (non-zero) CA strategy again becomes optimal for
arbitrary initial surplus (not only asymptotically) if we consider a compound Poisson risk model
with small positive jumps and negative deterministic drift (see [8]), which is interpreted as alife
annuity insurance model [2]. In the general case of a non-negative interest rate, a limit value of
the optimal amount at zero surplus is also not zero for this model, as well as for the di�usion
risk model [1] and for the CL model perturbed by di�usion [9].

Let us recall that, as stated above, in the CL model, the corresponding limit (at zero surplus)
is equal to zero. As will be shown below for a more general model withtwo-sided jumps, this fact
can be established a priori (i.e., before solving the optimization problem), and it is important
for formulating the correct condition on the solution to Hamilton � Jacobi � Bellman equation
(HJB equation) as the optimal survival probability function (in particular, this condition allows
us to reject the solution corresponding to the CA strategy). We show in this paper that in the
case of exponential distributions of jumps, the optimal strategy, the value function, and some
additionally introduced function satisfy a system of nonlinear ordinary di�erential equations
(ODE) of the �rst order with initial conditions depending on an unknown parameter. This
parameter can be calculated after solving the problem for the ODE with a parameter using the
normalization condition. As a result of the asymptotic study of the ODE system, we obtain
asymptotic representations for the optimal strategy and the value function.

1. The model description and optimization problem

We will consider below the optimal investment problem in the presence of an uncontrollable
risk process with two-sided jumps. This process can be considered as a surplus process of an
insurance portfolio that combines surpluses for two types of insurance business: life and non-life
insurance (see [10,11] and references there). The total portfolio surplus is of the form

Rt = u + ct +
N1 (t )X

i =1

Yi �
N (t)X

j =1

Z j ; t > 0: (1)

Here Rt is the total portfolio surplus at time t > 0; u is the initial surplus, c is the di�erence
between the premium rate in non-life insurance and the life annuity rate (or the pension payments
per unit of time), assumed to be deterministic and �xed. N1(t) is a homogeneous Poisson process
with intensity � 1 > 0 that, for any t > 0, determines the number of random revenues up to
the time t; Yk (k = 1 ; 2; :::) are independent identically distributed (i.i.d.) random variables
(r.v.) with a distribution function G(z) (G(0) = 0 , EY1 = n < 1 , n > 0) that determine the
revenue sizes and are assumed to be independent ofN1(t). These random revenues arise at the
�nal moments of the life annuity contracts' realizations. Further, N (t) is a homogeneous Poisson
process with intensity � > 0 that, for any t > 0, determines the number of claims up to the time
t; Zk (k = 1 ; 2; :::) are i.i.d. r.v. with a distribution function F (z) (F (0) = 0 , EZ1 = m < 1 ,
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m > 0) that determine the the claim sizes and are assumed to be independent ofN (t). In
addition, we assume that the processes of total premiums and total payments are independent.
If � 1 = 0 , � > 0, we have a CL model (only with the second sum in (1)); if � 1 > 0, � = 0 (only
with the �rst sum in ( 1)), this is the life annuity insurance model.

Suppose that at time t, the insurance company invests a fraction� t of the surplus to a
risky asset whose price follows a geometric Brownian motiondSt = �S t dt + �S t dwt , where �
is the stock return rate, � is the volatility, and w := f wt gt> 0 is a standard Brownian motion
independent of f N (t)gt> 0, f N1(t)gt> 0 Yi 's and Z i . The rest fraction (1 � � t ) of the surplus is
invested in a risk-free asset which evolves asdPt = rP t dt, where r is the interest rate.

With dynamic investment control, denoted by � := f � sgs> 0, the surplus process is governed
by

dX �
t = ( � � r )� t X �

t dt + rX �
t dt + �� t X �

t dwt + dRt ; t > 0; X 0 = u; (2)

where Rt is de�ned by (1).

De�nition 1. A control policy � := f � sgs> 0 is said to be admissible if � t satis�es the
following conditions:

(i) � t is F t predictable where fF t gt> 0 is a �ltration generated by processesf wt gt> 0 and
f Rt gt> 0;

(ii) � t X �
t is square integrable over any �nite time interval almost surely.

Note that we do not impose assumption0 6 � t 6 1 for t > 0. This means that we allow both
borrowing and shortselling, and� t 2 R, t > 0.

We denote by � the set of all admissible controls. The survival probability of the process
X �

t de�ned in ( 2) under policy � 2 � is ' � (u) = P (X �
t > 0; t > 0), and the maximal survival

probability (the value function) is
V (u) = sup

� 2 �
' � (u): (3)

It is clear that V (u) is a non-decreasing function by its de�nition. If we assume thatV is
twice continuously di�erentiable, then it solves the following HJB equation:

sup
� 2 R

n 1
2

� 2� 2u2V 00(u) + V 0(u)[( � (� � r ) + r )u + c] � (� + � 1)V (u)+

+ �

uZ

0

V(u � z) dF (z) + � 1

1Z

0

V(u + z) dG(z)
o

= 0 ; u > 0: (4)

2. Preliminary results for the case r=0: Lundberg bounds for ruin
probabilities under CA strategies and lower bound for the value function

Let us return to the controlled process of the form (2) and denoteA t := � t X �
t . Then A t is an

amount of money invested in a risky asset at the momentt, and equation (2) can be rewritten
as

dX �
t = ( � � r )A t dt + rX �

t dt + �A t dwt + dRt ; t > 0; X 0 = u:

If r = 0 and A t � A for some constantA, then we have a CA strategy and the corresponding
process (for brevity, we will denote it asX A

t ) satis�es the equation

dX A
t = �Adt + �Adw t + dRt ; t > 0; X 0 = u: (5)

This process can be considered as a processRt perturbed by di�usion with drift (in the case
A 6= 0 ). Assuming �niteness of exponential moments ofY1 and Z1, we can write the equation

� (M Z1 (
 ) � 1) + � 1(M � Y1 (
 ) � 1) � (c + �A )
 +
1
2

� 2A2
 2 = 0 ;
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where M Z (
 ) is the moment generating function of r.v.Z . It can be checked that if there exists
a positive 
 (A) satisfying the last equation (so-called adjustment coe�cient), then the process
exp(� 
X A

t ) is a martingale with mean equal to expf� 
 (A)ug. This property allows us to obtain
the Lundberg bounds for the ruin probability 	 A (u) = 1 � ' A (u): 	 A (u) 6 K expf� 
 (A)ug for
some constantK , 0 < K 6 1 (for the CL model perturbed by di�usion see, e.g., [12]). It is easy
to understand that, for 
 = sup

A

 (A), the maximizer A � is also the minimizer for the equation

inf
A

�
� (M Z1 (
 ) � 1) + � 1(M � Y1 (
 ) � 1) � (c + �A )
 +

1
2

� 2A2
 2
�

= 0 ;

therefore, we getA � =
�

� 2

, where 
 is a positive solution of the equation

�M Z1 (
 ) + � 1M � Y1 (
 ) = � + � 1 + c
 +
� 2

2� 2 (6)

(for the case� 1 = 0 , i.e., in CL model with investments, the corresponding equation see in [7]).
Let us introduce the following assumption:

(A) c > 0; the safety loadingis positive, i.e., c + � 1n � �m > 0.
If the assumption (A) holds, then the positive solution of the equation (6) is unique (we will

see it below for the case of exponential distributions of jumps). Thus, we get the best estimate
in the set of all CA strategies: 	 A �

(u) 6 K expf� 
u g, hence, for the value function (3) the
following inequality holds: V (u) > 1 � K expf� 
u g for some constantK , 0 < K 6 1 (recall
that 
 is a positive solution to equation (6)). This is in contrast with the power asymptotic
representation at in�nity of the survival probability in the case when the whole of the surplus or
some of its constant proportion is invested in a risky asset; see [10] and comments in [11].

The case of exponential distributions of jumps
Let F (z) = 1 � e� z=m, G(z) = 1 � e� z=n, m; n > 0. Then the equation (6) can be rewritten

in the form
�

1 � 
m
= � + c
 +

� 1
n
1 + 
n

+
� 2

2� 2 : (7)

For simplicity, we will assume here that assumption(A) is ful�lled. In the case � = 0 (without
investments), it is easy to see that there exists a unique positive solution
 0 < 1=m of (7) (at
the point 1=m we have a vertical asymptote:1=(1 � 
m ) ! 1 , 
 " 1=m). The Figure shows the
graph of a convex function of
 de�ned on the left side of the equation (7) and two graphs of
concave functions de�ned on the right side of the equation (7) for � = 0 (lower curve)

0

2
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0 0.1 0.2 0.3 0.4 0.5

g

g0

Figure. Adjustment coe�cients

and for � > 0 (upper curve). The
intersection points correspond to the
solutions of the equation (7): it is obvious
that 
 0 < 
 < 1=m, where 
 satis�es (7)
for � > 0.

Thus, CA strategy A t � A � gives
the best Lundberg bound among all CA
strategies, including zero strategyA t � 0
(without investment). However, let us show
that any CA strategy A t � A, A 6= 0 is
worse than zero strategy for small levels
of the surplus. Thus, any CA strategy
A t � A, A 6= 0 cannot be optimal for the
optimization problem (3). Indeed, for the
survival probability ' A (u) of the process
(5), where A 6= 0 , we have the condition
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' A (0) = 0 due to Brownian perturbation. Moreover, it can be shown that lim
u! +0

' A (u) = 0 . At

the same time, in the case of zero CA strategy and exponential distributions of jumps it is easy
to obtain (using the method of integro-di�erential equations (IDE); in a more general case, see,
for example, [11]) the exact formula for survival probability ' 0(u):

' 0(u) = 1 � (1 � 
 0m) exp(� 
 0u); (8)

where 
 0 is de�ned above. Therefore,' 0(0) = 
 0m > 0, and we see that CA strategies cannot
be optimal. But in [ 7] it was shown that, for the CL model with small claim sizes, the optimal
strategy as a function of the surplus converges, as the surplus tends to in�nity, to the value
A � =

�
� 2
 1

that maximizes the corresponding adjustment coe�cient, where 
 1 is the unique

positive solution to equation (6) (or ( 7) in the case of exponential distributions of claim sizes)
with � 1 = 0 . In addition, the Cram�er-Lundberg approximation for the minimal ruin probability
was obtained: there exists a constant&2 (0; 1 ) such that lim

u!1
(1 � V (u)) exp(
 1u) = &.

In what follows, we will show (for the case of exponential distributions of jumps) that similar
asymptotic representations for the optimal strategy and value function can also be obtained for
a more general risk model, i.e., for� 1 > 0; the case of non-negative interest rate will also be
included. For this we propose to use the asymptotic analysis of solutions to a certain singular
problem for a system of nonlinear ODE, which is satis�ed by an optimal strategy, a value function
and a certain additionally introduced function.

3. General case (non-negative r): Conditions for the solutions of HJB equation

Let us turn to the HJB equation ( 4). SupposeV is a twice continuously di�erentiable function
and V solves (4). Let us also assume thatV satis�es the conditions

lim
u!1

V(u) = 1 ; (9)

V 0(u) > 0; V 00(u) < 0; u > 0: (10)

(Note that if the second derivative of the function V (u) is non-negative at some pointu > 0,
the supremum in (4) is not achieved. The condition (9) is obvious in the case of a positive safety
loading taking into account (8); in the general case it can be justi�ed by the results [10] about
the asymptotic representation for the survival probability at a constant proportion of risky assets
(� t � � , 0 < � 6 1) in the insurer's surplus). Then the maximizer of the right side of the HJB
equation has the form

� � = � �
V (u) := �

(� � r )V 0(u)
� 2uV 00(u)

: (11)

Taking the expression (11) in ( 4), we obtain the nonlinear integro-di�erential equation (IDE)

(ru + c)V 0(u) � (� + � 1)V (u) + �

uZ

0

V(u � z) dF (z) + � 1

1Z

0

V(u + z) dG(z) =

=
(� � r )2(V 0(u))2

2� 2V 00(u)
; u > 0: (12)

Denote A(u) = u� �
V (u), then

A(u) = �
(� � r )V 0(u)

� 2V 00(u)
: (13)

Note that for reasons similar to those that require to rejecting the CA strategy producing
the Brownian disturbance, we must also conclude that the functionA(u) satis�es the condition

A(+0) = lim
u! +0

A(u) = 0 : (14)
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Then, setting u ! 0 in (12) in the assumption of �niteness of V 0(+0) = lim u! +0 V 0(u) and
taking to account the relations (13), (14), we obtain the following non-local condition:

cV0(+0) � (� + � 1)V (0) + � 1

1Z

0

V(z) dG(z) = 0 : (15)

The case of exponential distributions: Singular problem for ODE system
Let us introduce the function

R(u) :=
exp(u=n)

V 0(u)

Z 1

u
exp(� z=n)V 0(z)dz: (16)

Note that, taking into account integration by parts in ( 15) with G(y) = 1 � exp (� y=n), the
condition (15) can be rewritten in the following form:

cV0(+0) � �V (0) + � 1V 0(+0) R(+0) = 0 : (17)

From this we conclude that V 0(+0) > 0 (recall that V (0) > 0 for the value function in
the considered model in view of the formula (8) for the survival probability in the absence of
investments; as its consequence we haveV(0) > 
 0m).

Theorem 1. Let c > 0, F (z) = 1 � e� z=m, G(z) = 1 � e� z=n, m; n > 0. If there exists a
twice continuously di�erentiable solution V of equation (12) with the conditions (9), (10) and
(15), then:

1) pair of functions A, R, de�ned in (13), (16), is a solution of the following singular initial
problem for nonlinear ODE system:

8
>>>>>>>><

>>>>>>>>:

r � � 1 � � � (ru + c)
�

(� � r )
� 2A(u)

�
1
m

�
+

+
� � r

2

�
A0(u) + 1

m A(u) �
(� � r )

� 2

�
+ � 1

�
1
n

+
1
m

�
R(u) = 0 ;

R0(u) = R(u)
�

1
n

+
(� � r )
� 2A(u)

�
� 1

(18)

with initial conditions (14) and (17) and unknown parameterV (0)=V0(+0) > c=� ;
2) V (u) is the maximal survival probability for the process(2) in the class of all admissible

control policies, i.e. V (u) is the solution of the optimization problem(3); optimal control has the
form � �

t = A(X �
t )=X �

t , where X �
t , t > 0, is the corresponding solution of equation(2);

3) the functions V , A, R have the following asymptotic representations:
a) for small values of the surplus

A(u) �
2
p

c
�

p
u; u ! 0;

R(u) �
�V (0)=V0(+0) � c

� 1

�
1 +

(� � r )
�

p
c

p
u

�
�

r
� 1

u; u ! 0;

V (u) � V (0) + V 0(+0)
�

u �
2(� � r )

3
p

c�
u3=2

�
; u ! 0;

b) for large values of the surplus in the the caser > 0:

A(u) �
(� � r )m

� 2 +
�

�
r

� 1
�

(� � r )m2

� 2

1
u

; u ! 1 ;
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R(u) �
mn

m + n
+

�
�
r

� 1
�

n2m2

(m + n)2

1
u

; u ! 1 ;

V (u) � 1 � K exp
�

�
u
m

�
u( �

r � 1) ; u ! 1 ;

in the caser = 0 :

A(u) �
�

� 2

; u ! 1 ;

R(u) �
n

1 + 
n
; u ! 1 ;

V (u) � 1 � K exp(� 
u ); u ! 1 ;

where 
 is the unique positive solution of equation(7) and K > 0.

Recall that 
 < 1=m; compare also the asymptotic representations at in�nity for the case
r = 0 with the results of the Section 2 for CA strategies.

The proof of the theorem is too long, we will not give it here. Note only that the equation for
A can be obtained similarly to the corresponding equation in [9] (not containing the function R);
the equation for R is derived by direct di�erentiation in ( 16), taking into account the relation
(13). The statement 2) about the solution of the optimization problem is proved using veri�cation
arguments; asymptotic representations at in�nity were found in the form of asymptotic series
in inverse powers of the argument; asymptotic representations at zero were obtained by the
asymptotic investigation of transformed ODE system (18) with the replacement of the function R
by another function D , linearly related to A, R and ru , while D(+0) = V (0)=V0(+0) . It remains
to be noted that this parameter can be determined numerically as a result of solving the
initial ODE problem formulated above, and �nally, V (0) is determined using the normalization
condition (9) for the solution obtained with a �xed parameter. Numerical calculations require
additional studies of the ODE system.
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Àííîòàöèÿ. Èññëåäóþòñÿ íåñàìîñîïðÿæåííûå îáûêíîâåííûå äèôôåðåíöèàëüíûå îïåðàòîðû âòî-
ðîãî ïîðÿäêà íà êîíå÷íîì èíòåðâàëå ñ êîìïëåêñíûìè âåñàìè. Óñòàíîâëåíû ñâîéñòâà ñïåêòðàëüíûõ
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ìåòîäà ñïåêòðàëüíûõ îòîáðàæåíèé.
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Introduction

We consider the boundary value problemL for the di�erential equation

� y00(x) + q(x)y(x) = �r (x)y(x); 0 < x < T; (1)

subject to the Robin boundary conditions

U(y) := y0(0) � hy(0) = 0 ; V (y) := y0(T) + Hy (T) = 0 ; (2)

and the jump conditions at an interior point b 2 (0; T):

y(b+ 0) = d1y(b� 0); y0(b+ 0) = y(b� 0)=d1 + d2y(b� 0): (3)

Here � is the spectral parameter,q(x) and r (x) are complex-valued functions,q(x) 2 L(0; T),
and r (x) = a2

k for x 2 (bk� 1; bk ), where 0 = b0 < b1 = b < b2 = T. The numbers h, H , ak , and
dk are complex, andak 6= 0 , d1 6= 0 . For de�niteness, let argd1 2 [0; � ).

We study the inverse spectral problem for the boundary value problem (1)�( 3). Inverse
spectral problems consist in recovering operators from their spectral characteristics. Such prob-
lems play an important role in mathematics and have many applications in natural science and
technology. Inverse spectral problems are also used for solving nonlinear integrable evolution
equations of mathematical physics. Inverse problems for the classical Sturm � Liouville operators
(when r (x) � 1, d1 = 1 , and d2 = 0 ) have been studied fairly completely (see [1] and the
historical review therein). Inverse problems for arbitrary order di�erential operators and systems
with arbitrary characteristic numbers are more di�cult. They have been solved later by the
method of spectral mappings (see the monographs [2, 3] and the references therein). Inverse
problems on spatial networks are an important and popular part of the inverse problem theory;
in the review paper [4], one can �nd the main results on inverse problems on spatial networks.
Boundary value problems with discontinuous weights and jump conditions at interior points have
been considered in many papers, but mostly for the case with real weights. In the case when
r (x) � 1 (i.e., ak = 1 ), the boundary value problem L satisfying conditions (3) was studied
in [5� 9] and other papers. Inverse problems for a real weightr (x) were studied in [10� 15] and
other works. Inverse problems for the boundary value problemL with complex-valued weights
were studied in [16,17], where only uniqueness results were obtained.

Note that complex-valued weights appear, in particular, in the study of the interaction of
electromagnetic waves with layered media possessing both dielectric and magnetic properties [18].
Moreover, a number of problems for Sturm � Liouville equations on curves in the complex plane
can be reduced to the boundary-value problemL of the form (1)�( 3) on a real interval. In the
present paper, we establish properties of the spectral characteristics forL and study the inverse
spectral problem of recovering parameters ofL from the given spectral characteristics. For this
class of nonlinear inverse problems, an algorithm for constructing the global solution is obtained.
To study this class of inverse problems, we develop ideas related to the method of spectral
mappings [2].

1. Spectral data

Let lk := bk � bk� 1 and ak = r k exp(i' k ), r k > 0, 0 6 ' 2 < ' 1 < � . We assume that
the following regularity condition holds: ! � := d1a2 � a1=d1 6= 0 . Denote by �( x; � ) the
solution of (1) such that (3) holds and U(�) = 1 , V (�) = 0 . Let M (� ) := �(0 ; � ). We will
also use the solutions' (x; � );  (x; � ); S(x; � ) of Equation (1) satisfying (3) and the conditions
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' (0; � ) = 1 , ' 0(0; � ) = h, S(0; � ) = 0 , S0(0; � ) = 1 ,  (T; � ) = 1 ,  0(T; � ) = � H . Denote
D(x; �; � ) := ( � � � ) � 1h' (x; � ); ' (x; � )i , wherehy(x); z(x)i := y(x)z0(x)� y0(x)z(x). The function

�( � ) := h' (x; � );  (x; � )i = � V (' ) = U( ) (4)

does not depend onx, and it is called the characteristic function for L . The eigenvalues
� := f � kgk> 0 of L coincide with the zeros of the entire function�( � ). Clearly,

�( x; � ) = S(x; � ) + M (� )' (x; � ) =  (x; � )=�( � ); M (� ) = � 0(� )=�( � ); (5)

where � 0(� ) :=  (0; � ) = V (S). Using (4) and (5) one gets

h' (x; � ); �( x; � )i � 1: (6)

Let � = � 2, � k = � 2
k . Consider the half-planes� �

k := f � : � Im (�a k ) > 0g, k = 1 ; 2, and
denote

S1 = � +
1 \ � +

2 ; S2 = � �
1 \ � +

2 ; S3 = � �
1 \ � �

2 ; S4 = � +
1 \ � �

2 :

Then Sj = f � : arg � 2 (� j ; � j +1 )g, where � 1 = � 5 = � ' 2, � 2 = � � ' 1, � 3 = � � ' 2, � 4 = � ' 1.
For su�ciently small � > 0, we construct the sectorsSj;� := f � : arg � 2 (� j + �; � j +1 � � )g.

Let f ek (x; � )gk=1 ;2, x 2 [0; b] and f Ek (x; � )gk=1 ;2, x 2 [b; T] be the Birkho�-type fundamental
systems of solutions (FSS's) of Equation (1) with the asymptotics as j� j ! 1 , � 2 Sj , � = 0 ; 1
(see [1]):

e(� )
k (x; � ) = (( � 1)k� 1i�a 1) � exp((� 1)k� 1i�a 1x)[1]; x 2 [0; b];

E (� )
k (x; � ) = (( � 1)k� 1i�a 2) � exp((� 1)k� 1i�a 2(x � b))[1]; x 2 [b; T];

where [1] = 1 + O(1=� ). The functions e(� )
k (x; � ) and E (� )

k (x; � ) are regular for � 2 Sj , j� j > � �

and continuous for � 2 Sj , j� j > � � for some� � > 0. Using these FSS's and the jump conditions
(3) we get the following asymptotical formulas asj� j ! 1 , � = 0 ; 1:

' (� ) (x; � ) =
�

(i�a 1) � exp(i�a 1x)[1] + ( � i�a 1) � exp(� i�a 1x)[1]
�

=2; x 2 [0; b];

' (� ) (x; � ) =
��

! + exp(i�a 1l1)[1] + ! � exp(� i�a 1l1)[1]
�

(i�a 2) � exp(i�a 2(x � b))[1]+

+
�

! � exp(i�a 1l1)[1] + ! + exp(� i�a 1l1)[1]
�

(� i�a 2) � exp(� i�a 2(x � b))[1]
�

=(4a2); x 2 [b; T];

 (� ) (x; � ) =
��

! + exp(i�a 2l2)[1] � ! � exp(� i�a 2l2)[1]
�

(i�a 1) � exp(i�a 1(b1 � x))[1]+

+
�

� ! � exp(i�a 2l2)[1] + ! + exp(� i�a 2l2)[1]
�

(� i�a 1) � exp(� i�a 1(b1 � x))[1]
�

=(4a1); x 2 [0; b];

 (� ) (x; � ) =
�

(� i�a 2) � exp(i�a 2(T � x))[1] + ( i�a 2) � exp(� i�a 2(T � x))[1]
�

=2; x 2 [b; T]:

In view of (4), these formulas yield

�( � ) = ( � i� )
��

! + exp(i�a 1l1)[1] + ! � exp(� i�a 1l1)[1]
�

exp(i�a 2l2)[1]�

�
�

! � exp(i�a 1l1)[1] + ! + exp(� i�a 1l1)[1]
�

exp(� i�a 2l2)[1]
�

=4; j� j ! 1 ; (7)

M (� ) = � (i�a 1) � 1[1]; � 2 � �
1 : (8)

Using (7) by the known technique (see [1, Ch. 1]) we obtain that the spectrum � of L consists
of two subsequences� = f � kg = f � k1g [ f � k2g, and

� kj =
p

� kj =
k�
r j l j

exp(i� 3� j ) + Cj + O(1=k); k ! 1 ; (9)
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where C1 = � (2ia1l1) � 1 ln( � ! � =! + ), C2 = (2 ia2l2) � 1 ln( ! + =! � ). Moreover,

j�( � )j > Cj� E1(�l 1)E2(�l 2)j; jM (� )j 6 C=j� j; � 2 G� ;

j' (x; � )j 6 CjE1(�x )j; x 2 (0; b); 8 �;

j' (x; � )j 6 CjE1(�x )E2(� (x � b)) j; x 2 (b; T); 8 �;

j�( x; � )j 6 Cj� E1(�x )j � 1; x 2 (0; b); � 2 G� ;

j�( x; � )j 6 Cj� E1(�x )E2(� (x � b)) j � 1; x 2 (b; T); � 2 G� ;

(10)

where G� := f � : j� � � k jg > � , Ek (�x ) := exp( � i�a kx) for � 2 � �
k , x 2 lk . Let mk be the

multiplicity of the eigenvalue � k (� k = � k+1 = : : : = � k+ mk � 1), and put

S := f k > 1 : � k� 1 6= � kg [ f 0g:

It follows from ( 9) that for su�ciently large k (k > k � ) all eigenvalues are simple, i.e.,mk = 1
for k > k � . Similar to [19] one gets

M (� ) =
X

k2 S

mk � 1X

� =0

M k+ �

(� � � k ) � +1 ; (11)

where
P

�

M k+ �

(� � � k ) � +1 is the principal part of M (� ) in a neighborhood of � k . The sequence

M = f M kgk> 0 is called the Weyl sequence ofL , and the data W = f � k ; M kgk> 0 are called the
spectral data of L . Similar to ( 9) we calculateM = f M k1g [ f M k2g, and

M k1 =
2

a2
1l1

�
1 + O

� 1
k

��
; M k2 =

8
! � ! + l2

exp
� 2k�r 1l1

r2l2
(cos� + i sin � )

��
1 + O

� 1
k

��
; (12)

as k ! 1 . Here � := ' 1 � ' 2 + �= 2. Note that cos� < 0, since� 2 (�= 2; 3�= 2). Using (7), (9),
(10), (12) and the asymptotical formulas for ' (x; � ) and  (x; � ), we obtain the estimates

j' (x; � k1)j 6 C; j' (x; � k2)j 6 C exp
� � k�r 1l1 cos�

r2l2

�
; x 2 [0; T]: (13)

It follows from ( 8) and (9) that

a1 = lim
j � j!1

(i�M (� )) � 1; � 2 � +
1 ; (14)

l1 = b = � lim
k!1

(k�= (a1� k1)) ; l2 = T � l1; a2 = lim
k!1

(k�= (l2� k2); (15)

A := ! + =! � = lim
k!1

exp(2i� k2a2l2); d1 =
p

(a1(A + 1)) =(a2(A � 1)): (16)

2. Inverse problem

In this paper, we consider the followingInverse problem :
Given the Weyl function M (� ) (or the spectral dataW ), construct L .
According to (11), the speci�cation of the Weyl function is equivalent to the speci�cation of

the spectral data.
Firstly, we will prove the uniqueness theorem. For this purpose, together withL we consider

a boundary value problem ~L of the same form but with ~q(x), ~b, ~r (x), ~h, ~H , ~d1, ~d2 instead of
q(x), b, r (x), h, H , d1, d2. We agree that if a certain symbol� denotes an object related toL ,
then ~� will denote an analogous object related to~L .

Theorem 1. If M (� ) � ~M (� ) (or W = ~W ), then L = ~L. Thus, the speci�cation of the Weyl
function (or the spectral data) uniquely determines the functionsq(x), r (x), and the parameters
b, h, H , d1, d2.
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Proof. It follows form ( 14)�( 16) that b = ~b, ak = ~ak , d1 = ~d1. We construct the functions

P0 = � ~' � ' ~� ; P1 = ' ~� 0� � ~' 0: (17)

In view of (6), this yields

' = P1 ~' + P0 ~' 0; � = P1 ~� + P0 ~� 0; P1 � 1 = ' ( ~� 0� � 0) � �( ~' 0� ' 0): (18)

Using (5), (17), (18) and the asymptotical formulas for ' and  , we infer

jP1(x; � ) � 1j 6 C=j� j; jP0(x; � )j 6 C=j� j; � 2 G� \ ~G� : (19)

Taking (5), (17) and the assumption of the theorem into account, we conclude that the functions
Pk (x; � ) are entire in � for each x. Together with (19), this yields P1(x; � ) � 1, P0(x; � ) � 0.
Using (18) we calculate ' (x; � ) � ~' (x; � ), �( x; � ) � ~�( x; � ), henceL = ~L. �

Let us go on to deriving a constructive solution to the inverse problem. For this purpose, we
will use ideas of the method of spectral mappings [2]. We will reduce our nonlinear inverse problem
to the solution of the so-calledmain equation, which is a linear equation in a corresponding
Banach space of sequences. We give a derivation of the main equation, and prove its unique
solvability. Using the solution of the main equation we provide an algorithm for the solution of
the inverse problem considered. For simplicity, in the sequel we con�ne ourselves to the case when
the function �( � ) has only simple zeros (the general case requires minor technical modi�cations).

Let the Weyl function M (� ) and the spectral dataW be given. Using (14)�( 16), we compute
b, ak , and d1. Then we choose a model boundary value problem~L such that ~b = b, ~ak = ak ,
~d1 = d1, and arbitrary in the rest (for example, we can take~q = 0 ). Let � k := 1 if � k = � k1, and
� k := exp( � k�r 1l1(r2l2) � 1 cos� ) if � k = � k2. Denote

� k := j� k � ~� k j + jM k � ~M k j� 2
k ; zk0 := � k ; zk1 := ~� k ; � k0 := M k ; � k1 := ~M k :

By virtue of ( 9) and (12), one has� k = O(1=k). Consider the functions

' kj (x) := ' (x; zkj ); ~' kj (x) := ~' (x; zkj ); j = 0 ; 1;

Bni;kj (x) := D(x; zni ; zkj )� kj ; ~Bni;kj (x) := ~D(x; zni ; zkj )� kj ; i; j = 0 ; 1;

f k0(x) := ( ' k0(x) � ' k1(x))=(� k � k ); f k1(x) := ' k1(x)=� k ;

An0;k0(x) := ( Bn0;k0(x) � Bn1;k0(x)) � k � k=(� n � n );

An1;k1(x) := ( Bn1;k0(x) � Bn1;k1(x)) � k=� n ; An1;k0(x) := Bn1;k0(x)� k � k=� n ;

An0;k1(x) := ( Bn0;k0(x) � Bn1;k0(x) � Bn0;k1(x) + Bn1;k1(x)) � k=(� n � n ):

Similarly ~f kj (x) and ~Ani;kj (x) are de�ned. Using (9), (12), (13) and the asymptotical formulas
for ' (x; � ) we get

jf kj (x)j; j ~f kj (x)j 6 C; jAni;kj (x)j; j ~Ani;kj (x)j 6 C� k (jn � kj + 1) � 1: (20)

Denote by V the set of indicesu = ( n; i ), where n > 0, i = 0 :1.

Theorem 2. The following relation holds

~f ni (x) = f ni (x) +
X

(k;j )2 V

~Ani;kj (x)f kj (x); (n; i ) 2 V; (21)

where the series converge absolutely and uniformly onx 2 [0; T] and � on compact sets.
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Proof. Consider the contours� N := f � : j� j = RN g, where RN ! 1 such that � N � G� .
Denote Sk := f � : Im (�a k ) = 0 g, S0 := S1 [ S 2, S := f � : dist (S0; � ) = � g, where � > 0

is such that � [ ~� � int S. Let 
 be the image ofS in the � -plane, and � 0
N := � N \ int 
 ,

� 00
N := � N n � 0

N , 
 �
N := 
 \ int � N . Denote by 
 N := 
 �

N [ � 0
N and 
 0

N := 
 �
N [ � 00

N the closed
contours with counterclockwise circuit. Applying Cauchy's integral formula we get

Pk (x; � ) � � 1k =
1

2�i

Z


 0
N

Pk (x; � ) � � 1k

� � �
d� =

1
2�i

Z


 N

Pk (x; � )
� � �

d� �
1

2�i

Z

� N

Pk (x; � ) � � 1k

� � �
d�;

wherek = 0 ; 1, � 2 int 
 0
N , and � jk is the Kronecker delta. Taking (18) into account we calculate

' (x; � ) = ~' (x; � ) +
1

2�i

Z


 N

�
~' (x; � )P1(x; � ) + ~' 0(x; � )P0(x; � )

� d�
� � �

+ "N (x; � ):

In view of (19), one has lim
N !1

"N (x; � ) = 0 uniformly in x 2 [0; T] and � on compact sets. Taking

(17) and (5) into account we obtain

~' (x; � ) = ' (x; � ) +
1

2�i

Z


 N

~D(x; �; � )(M (� ) � ~M (� )) ' (x; � )d� + "N (x; � ):

Note that the terms with S(x; � ) and ~S(x; � ) are zero because of Cauchy's theorem. Using the
residue theorem we get the relation

~' ni (x) = ' ni (x) +
1X

k=0

�
~Bni;k 0(x)' k0(x) � ~Bni;k 1(x)' k1(x)

�
;

which is equivalent to (21). �
By similar arguments, we calculate

Ani;kj (x) � ~Ani;kj (x) +
X

(l;s)2 V

~Ani;ls (x)A ls;kj (x) = 0 ; (n; i ); (k; j ) 2 V: (22)

Let f (x) = [ f u(x)]u2 V , A(x) = [ Au;v (x)]u;v2 V , ~f (x) = [ ~f u(x)]u2 V , ~A(x) = [ ~Au;v (x)]u;v2 V . We
denote bym the Banach space of bounded sequences� = [ � u ]u2 V with the norm k� k = supu2 V j� u j.
According to (20), one has that for each �xed x, the operators I + ~A(x) and I � A(x), acting
from m to m, are linear bounded operators. Relations (21) and (22) can be written as follows:

~f (x) = ( I + ~A(x)) f (x); (I + ~A(x))( I � A(x)) = I:

Symmetrically one has f (x) = ( I � A(x)) ~f (x); (I � A(x))( I + ~A(x)) = I . Thus, for each
�xed x, the operator I + ~A(x) has a bounded inverse operator, hence the linear equation
~f (x) = ( I + ~A(x)) f (x) is uniquely solvable. This equation is calledthe main equation of the
inverse problem. Solving the main equation we �nd the vectorf (x), and also the solutions
' ni (x) = ' (x; � ni ) of Equation (1); hence, we can constructq(x), h, H , and d2. Thus, the
solution of the inverse problem can be found by the following algorithm.

Algorithm. Given the Weyl function M (� ) and the spectral dataW .
1. Calculate b, ak , and d1 via (14)�( 16).
2. Choose a model boundary value problem~L such that ~b = b;~ak = ak ; ~d1 = d1.
3. Construct ~f (x) and ~A(x) (see above).
4. Find f (x) = [ f u ]u2 V by solving the main equation ~f (x) = ( I + ~A(x)) f (x).
5. Calculate ' n1(x) = f n1(x)� n , ' n0 = ' n1(x) + f n0(x)� n � n .
6. Find q(x); h; H and d2 using (1)�( 3).
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Remark 1. We can also calculateq(x) by the formula q(x) = ~q(x) � 2F (x), where

F (x) =
d

dx

1X

k=0

�
M k0 ~' k0(x)' k0(x) � M k1 ~' k1(x)' k1(x)

�
:
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Àííîòàöèÿ. Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ ñîáñòâåí-
íûõ ÷àñòîò êîëåáàíèé êîíå÷íîìåðíûõ ìîäåëåé ðàñòÿæèìîé ãèá-
êîé öåïíîé ëèíèè. Ïðèâîäÿòñÿ àíàëèòè÷åñêîå ðåøåíèå äëÿ äâóõ-
ãàíòåëüíîé è òðåõãàíòåëüíîé ìîäåëåé, à òàêæå ðåçóëüòàòû êîì-
ïüþòåðíîãî ìîäåëèðîâàíèÿ äâàäöàòèãàíòåëüíîé ñõåìû ðàñòÿæè-
ìîé öåïíîé ëèíèè. Â ñëó÷àå àíàëèòè÷åñêîãî ïîäõîäà ïðèìåíÿ-
åòñÿ êîîðäèíàòíûé ìåòîä ðåøåíèÿ, ïðè êîòîðîì ðàñïèñûâàþòñÿ
êîîðäèíàòû ñîñðåäîòî÷åííûõ ìàññ ãàíòåëüíûõ ñõåì â îòêëîíåí-
íîì ïîëîæåíèè. Â ñëó÷àå ÷èñëåííîãî ïîäõîäà èñïîëüçóåòñÿ ïðî-
ãðàììíûé êîìïëåêñ MSC.ADAMS, ïîçâîëÿþùèé àíàëèçèðîâàòü
ñòàòèêó, êèíåìàòèêó è äèíàìèêó ìíîãîòåëüíûõ ñèñòåì. Ïîëó÷åí-
íûå ðåçóëüòàòû äëÿ ðàññìàòðèâàåìûõ ìîäåëåé ðàñòÿæèìîé öåï-
íîé ëèíèè íàõîäÿòñÿ â õîðîøåì êà÷åñòâåííîì ñîîòâåòñòâèè ìåæ-
äó ñîáîé. Êðîìå òîãî, ïðè ðàññìîòðåíèè ïðåäåëüíûõ ïåðåõîäîâ
îò ðàñòÿæèìîãî âàðèàíòà ê íåðàñòÿæèìîìó òàêæå íàáëþäàåò-
ñÿ õîðîøàÿ ñîãëàñîâàííîñòü îæèäàåìûõ ýôôåêòîâ ñ íàéäåííû-
ìè ðåçóëüòàòàìè. Äëÿ êîíå÷íîìåðíîé äâàäöàòèãàíòåëüíîé ìîäå-
ëè íåðàñòÿæèìîé öåïíîé ëèíèè ñ ñîñðåäîòî÷åííûìè ïàðàìåòðà-
ìè ïðîâîäèòñÿ ñîïîñòàâëåíèå ïåðâûõ òðåõ áåçðàçìåðíûõ ÷àñòîò
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ñ ÷àñòîòàìè íåïðåðûâíîé ìîäåëè, çíà÷åíèÿ êîòîðûõ áûëè íàéäåíû ðàíåå. Íàáëþäàåòñÿ îòëè÷íàÿ
ñõîæåñòü ðåçóëüòàòîâ, ïîäòâåðæäàþùèõ ïðèìåíèìîñòü äâàäöàòèãàíòåëüíîé ñõåìû äëÿ îïèñàíèÿ äè-
íàìèêè öåïíîé ëèíèè íà íèçøèõ ÷àñòîòàõ êîëåáàíèé. Ïîìèìî îïðåäåëåíèÿ ÷àñòîò, ïðèâû÷íûõ äëÿ
êëàññè÷åñêîé íåðàñòÿæèìîé öåïíîé ëèíèè, ïðîâîäèòñÿ àíàëèç íîâûõ ¾ìèãðèðóþùèõ¿ ÷àñòîò, êî-
òîðûå ïîÿâëÿþòñÿ âñëåäñòâèå âîçíèêíîâåíèÿ äîïîëíèòåëüíûõ ñòåïåíåé ñâîáîäû èç-çà ó÷åòà ðàñòÿ-
æèìîñòè. Ñòðîÿòñÿ ÷àñòîòíûå çàâèñèìîñòè îò ïàðàìåòðà, õàðàêòåðèçóþùåãî ïîäàòëèâîñòü öåïíîé
ëèíèè, ÷òî ïîçâîëÿåò îöåíèòü, êàê áûñòðî ¾ìèãðèðóþùèå¿ ÷àñòîòû ïåðåìåùàþòñÿ èç âûñîêî÷àñòîò-
íîãî äèàïàçîíà â çîíó íèçøèõ ÷àñòîò ïî ìåðå îñëàáëåíèÿ æåñòêîñòè öåïè. Ïîëó÷åííûå ôîðìóëû
è ðàññìîòðåííûå ìîäåëè èìåþò êàê òåîðåòè÷åñêóþ öåííîñòü, òàê è õîðîøóþ ïðèìåíèìîñòü äëÿ
ïðèêëàäíûõ çàäà÷.
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Abstract. This article is devoted to the study of natural oscillation frequencies of �nite-dimensional
models of a stretchable �exible catenary. An analytical solution for two- and three-dumbbell models
is presented, as well as the results of computer modeling of a twenty-dumbbell model of a stretchable
catenary. In the case of an analytical approach, a coordinate solution method is used, in which the
coordinates of the concentrated masses of dumbbell models in a de�ected position are calculated. In
the case of the numerical approach, the MSC.ADAMS software package is used, which allows analyzing
the statics, kinematics, and dynamics of multibody systems. The results obtained for the considered
stretchable catenary models are in good qualitative agreement with each other. Besides, when considering
the limit transitions from the stretchable variant to the non-stretchable one, there is also a good consistency
of the expected e�ects with the found results. For a �nite-dimensional twenty-dumbbell model of a non-
stretchable catenary with concentrated parameters, the �rst three dimensionless frequencies are compared
with the frequencies of a continuous model, the values of which were found earlier. There is an excellent
similarity of the results, con�rming the applicability of the twenty-dumbbell scheme for describing the
dynamics of catenary at low oscillation frequencies. In addition to determining the frequencies familiar
to the classical non-stretchable catenary, an analysis of new �migrating� frequencies is carried out,
which appear as a result of the emergence of additional degrees of freedom due to the consideration
of stretchability. Frequency dependencies on the parameter characterizing the compliance of the catenary
are constructed, which allows for estimating how quickly the �migrating� frequencies move from the high-
frequency range to the low-frequency zone as the sti�ness of the chain weakens. The formulas obtained
and the models considered have both theoretical value and good applicability for applied tasks.
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Ââåäåíèå

Èññëåäîâàíèþ öåïíîé ëèíèè (ÖË) [ 1], ÿâëÿþùåéñÿ âàæíûì çâåíîì ðàçëè÷íûõ êîíñòðóê-
öèé è äîñòàòî÷íî ñàìîáûòíûì îáúåêòîì, ñ ïîìîùüþ êîòîðîãî ìîæíî îïèñàòü â òîì èëè
èíîì ïðèáëèæåíèè ëèíèè ýëåêòðîïåðåäà÷ (ËÝÏ), âåðåâî÷íûå ìîñòû è öåïè, ïîñâÿùåíî
ìíîæåñòâî ñòàòåé. Îäíèì èç ñàìûõ ïîïóëÿðíûõ íàïðàâëåíèé èçó÷åíèÿ ÖË ÿâëÿþòñÿ ðà-
áîòû, ñâÿçàííûå ñ ÷èñëåííûì ìîäåëèðîâàíèåì ËÝÏ ïîä äåéñòâèåì âåòðà. Òàê, íàïðèìåð,
â ðàáîòàõ [2, 3] ïðîâîäèòñÿ âèáðàöèîííûé àíàëèç ñ ïðèëîæåíèåì íàãðóçîê ê ìîäåëè ÖË,
ïðåäñòàâëÿþùåé ñîáîé áàëêó Áåðíóëëè � Ýéëåðà. Ñòîèò îòìåòèòü, ÷òî çà÷àñòóþ ïðèõîäèò-
ñÿ ïðèáåãàòü ê óïðîùåíèÿì ìîäåëåé ÖË, êîòîðûå ìîãóò çàêëþ÷àòüñÿ êàê â èñêàæåíèè åå
ôîðìû, ê ïðèìåðó, ïðåäñòàâëåíèå ÖË â âèäå ïàðàáîëû [ 4] èëè äóãè îêðóæíîñòè [ 5], òàê
è â ïåðåõîäå îò íåïðåðûâíûõ ìîäåëåé ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè ê êîíå÷íîìåðíûì
ìîäåëÿì ñ ñîñðåäîòî÷åííûìè ïàðàìåòðàìè [ 6]. Îäíèì èç ñàìûõ ýôôåêòèâíûõ ñïîñîáîâ
èññëåäîâàíèÿ ÖË ÿâëÿåòñÿ èìåííî ðàçäåëåíèå öåïè íà çâåíüÿ ñ ïðèìåíåíèåì ìåòîäà êîíå÷-
íûõ ýëåìåíòîâ (ÌÊÝ), ÷òî ïîçâîëÿåò àíàëèçèðîâàòü öåïè â ðàçëè÷íûõ êîíôèãóðàöèÿõ, ê
ïðèìåðó, âûïîëíÿòü ìîäàëüíûé ðàñ÷åò ðàçíîâûñîòíûõ ÖË [ 7], ó÷èòûâàòü ñïåöèôè÷åñêèå
ñâîéñòâà öåïåé è ïðèêëàäûâàòü íåñòàíäàðòíûå íàãðóçêè [ 8].

Êëàññè÷åñêàÿ ìîäåëü ÖË íåðàñòÿæèìà, îäíàêî â ðåàëüíîñòè öåïíûå ñèñòåìû, ïðîâîäà,
çâåíüÿ, ñîåäèíåííûå óïðóãèìè ýëåìåíòàìè, è äðóãèå îáúåêòû, êîòîðûå ìîãóò â íåêîòîðîì
ïðèáëèæåíèè îïèñûâàòüñÿ óðàâíåíèÿìè ÖË, îáëàäàþò óïðóãîñòüþ, ñïîñîáíîé âíîñèòü òîò
èëè èíîé âêëàä â äèíàìè÷åñêèå õàðàêòåðèñòèêè ñèñòåìû. Â ñâÿçè ñ ýòèì öåëåñîîáðàçíî
ïðîâåñòè îöåíêó òîãî, êàê ñèëüíî áóäåò âëèÿòü óâåëè÷åíèå ïîäàòëèâîñòè öåïè íà ÷àñòîòû
ìàëûõ êîëåáàíèé ñèñòåìû, à òàêæå ïðîñëåäèòü çà ïîÿâëåíèåì è çíà÷åíèÿìè íîâûõ ÷àñòîò,
âîçíèêàþùèõ âñëåäñòâèå ðàñòÿæèìîñòè. Ïîñêîëüêó àíàëèòè÷åñêîå ðåøåíèå íåïðåðûâíîé
ìîäåëè ðàñòÿæèìîé ÖË âåñüìà òðóäîåìêî, ðàçóìíî ðàññìîòðåòü ìîäåëè ÖË ñ ñîñðåäîòî-
÷åííûìè ïàðàìåòðàìè, êîòîðûå îòëè÷íî ñåáÿ çàðåêîìåíäîâàëè è ïðè äèíàìè÷åñêîì [ 6],
è ïðè ñèëîâîì [ 8] àíàëèçå, ïîêàçûâàÿ äîñòàòî÷íî õîðîøåå êà÷åñòâåííîå è êîëè÷åñòâåííîå
ïðèáëèæåíèå ê íåïðåðûâíîé ÖË äàæå ïðè íåáîëüøîì êîëè÷åñòâå êîíå÷íûõ ýëåìåíòîâ, èç
êîòîðûõ ñòðîèòñÿ ìîäåëü.

Ïðîãðàììíûé êîìïëåêñ MSC.ADAMS âåñüìà õîðîøî ñåáÿ çàðåêîìåíäîâàë â çàäà÷àõ,
ñâÿçàííûõ ñ ìîäåëèðîâàíèåì ìíîãîòåëüíûõ ñèñòåì äëÿ îöåíêè èõ êèíåìàòèêè è äèíàìèêè,
÷òî äåëàåò åãî ìîùíûì èíñòðóìåíòîì êàê â èíæåíåðíîì äåëå, òàê è â íàó÷íîé äåÿòåëüíî-
ñòè. Â ÷àñòíîñòè, ìîæíî íàéòè ðàáîòû, ïîñâÿùåííûå àíàëèçó öåïíûõ ñèñòåì ñ ïðèìåíåíèåì
MSC.ADAMS, ê ïðèìåðó, îïèñàíèå êâàçèñòàòè÷åñêîãî ïîâåäåíèÿ òðîñà â ñèñòåìå öåïíûõ êà-
íàòíûõ äîðîã [ 9]. Êðîìå òîãî, ðåçóëüòàòû ñèìóëÿöèé äàþò äîñòàòî÷íî áëèçêèå ðåçóëüòàòû ê
ðåàëüíûì ýêñïåðèìåíòàì, êàê ýòî áûëî ïðîâåðåíî â ñòàòüå [ 10], ãäå îáúåêòîì èññëåäîâàíèÿ
âûñòóïàëà ñèñòåìà öåïíîãî ïðèâîäà êîíâåéåðà. Ïðèêëàäíûå ïàêåòû äàþò âîçìîæíîñòü íå
òîëüêî ïîëó÷èòü ðåøåíèå â ñëó÷àå ãðîìîçäêèõ ñèñòåì, äëÿ êîòîðûõ àíàëèòè÷åñêîå ðåøåíèå
ìîæåò áûòü âåñüìà çàòðóäíåíî èç-çà íåëèíåéíîñòåé è îáèëèÿ ïàðàìåòðîâ, íî è âûïîëíèòü
ðàñ÷åòû äëÿ áîëåå ïðîñòûõ ñèñòåì ñ öåëüþ ïðîâåðêè àíàëèòèêè.

Â ðàìêàõ íàñòîÿùåãî èññëåäîâàíèÿ ðàññìàòðèâàþòñÿ äâóõ-, òðåõ- è äâàäöàòèãàíòåëü-
íûå êîíå÷íîìåðíûå ìîäåëè ðàñòÿæèìîé ãèáêîé ÖË. Äëÿ ïåðâûõ äâóõ ãàíòåëüíûõ ñõåì
ïðèâîäÿòñÿ ñòðîãèå àíàëèòè÷åñêèå âûêëàäêè, à äëÿ ïîñëåäíåé îñóùåñòâëÿþòñÿ ÷èñëåííûå
ñèìóëÿöèè ïðè ïîìîùè ïðèêëàäíûõ ïàêåòîâ.
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1. Äâóõãàíòåëüíàÿ ìîäåëü

Ðàññìîòðèì ïðîñòåéøóþ êîíå÷íîìåðíóþ ìîäåëü ðàñòÿæèìîé ÖË ñ äëèíîé L 0 â íåäå-
ôîðìèðîâàííîì ñîñòîÿíèè, ñîñòîÿùåé èç äâóõ óïðóãèõ ãàíòåëåé äëèíû l0 = L 0=2 è òî-
÷å÷íûìè ãðóçàìè ìàññû m=2 íà êîíöàõ. Äâà òî÷å÷íûõ ãðóçà ìàññû m=2, ðàñïîëîæåííûå
â øàðíèðàõ, íå ó÷àñòâóþò â äâèæåíèè, à öåíòðàëüíûé ãðóç ìàññû m, ïîëó÷àåìûé â ðå-
çóëüòàòå ñëèÿíèÿ äâóõ êîíöåâûõ ãðóçîâ ãàíòåëåé, ñîâåðøàåò êîëåáàíèÿ. Ãàíòåëè ÿâëÿþòñÿ
óïðóãèìè è ïðåäñòàâëÿþò ñîáîé ïðóæèíû ñ æåñòêîñòüþ c êàæäàÿ. Äëèíà ïðîëåòà äëÿ óäîá-
ñòâà ïðèíèìàåòñÿ ðàâíîé 2a. Ðàñ÷åòíûå ñõåìû ðàññìàòðèâàåìîé ñèñòåìû â íåíàãðóæåííîì
ñîñòîÿíèè è â ðàâíîâåñíîì íàãðóæåííîì ñîñòîÿíèè ïðèâåäåíû íà ðèñ. 1, à.

g
m

m/2
2a

l0,c

l,c

0
m/2

a

a

g

mg

FF

a

h
l,c

a

à / a á / b
Ðèñ. 1. Ðàñ÷åòíûå ñõåìû äâóõãàíòåëüíîé ìîäåëè öåëåâîé ëèíèè: à � â íåíàãðó-
æåííîì ñîñòîÿíèè è â ðàâíîâåñíîì íàãðóæåííîì ñîñòîÿíèè; á � ñèëû óïðóãîñòè

è òÿæåñòè â ðàâíîâåñíîì íàãðóæåííîì ñîñòîÿíèè (öâåò îíëàéí)
Fig. 1. Calculation schemes of two-dumbbell model of a catenary:a is in an unloaded
state and in equilibrium loaded state;b is forces of elasticity and gravity in equilibrium

loaded state (color online)

Ñèëà óïðóãîñòè, äåéñòâóþùàÿ â ðàâíîâåñíîì íàãðóæåííîì ñîñòîÿíèè íà ãðóç ñî ñòîðîíû
êàæäîé óïðóãîé ãàíòåëè, î÷åâèäíî, ðàâíà F = mg=(2 sin � ), ãäå � � óãîë ìåæäó ãàíòåëüþ
è ãîðèçîíòàëüþ â ýòîì ñîñòîÿíèè (ðèñ. 1, á). ×òîáû ñâÿçàòü óãîë � ñ àíàëîãè÷íûì óãëîì
� 0 â íåäåôîðìèðîâàííîì ñîñòîÿíèè, ñëåäóåò ó÷åñòü, ÷òî

l0 = l � � l =
a

cos�
�

mg
2csin �

=
2acsin � � mg cos�

csin 2�
; (1)

ãäå l � ýòî äëèíà ðàñòÿíóâøåéñÿ ãàíòåëè, à � l = F=c� åå äåôîðìàöèÿ. Íà îñíîâå ðèñ. 1 è
ôîðìóëû ( 1) íåòðóäíî ïîëó÷èòü ñâÿçü ìåæäó óêàçàííûìè óãëàìè � è � 0:

cos� 0 =
a
l0

=
acsin 2�

2acsin � � mg cos�
:

Äâóõãàíòåëüíàÿ ìîäåëü ðàñòÿæèìîé ÖË îáëàäàåò äâóìÿ ñòåïåíÿìè ñâîáîäû, â îòëè÷èå
îò ìîäåëè ÖË, ñîñòîÿùåé èç äâóõ æåñòêèõ ãàíòåëåé, ó êîòîðîé îòñóòñòâóþò ñòåïåíè ñâî-
áîäû. Ïðèíÿòîé ñõåìå ñâîéñòâåííû ñèììåòðè÷íàÿ è àíòèñèììåòðè÷íàÿ ôîðìû êîëåáàíèé,
êîòîðûå öåëåñîîáðàçíî ðàññìîòðåòü ïî îòäåëüíîñòè. ßñíî, ÷òî ïðè äâèæåíèè ïî ñèììåò-
ðè÷íîé ôîðìå êîëåáàíèé ãðóç ìàññû m áóäåò ñîâåðøàòü âåðòèêàëüíûå ïåðåìåùåíèÿ âäîëü
îñè x (ðèñ. 2, à), òîãäà êàê ïðè äâèæåíèè ïî àíòèñèììåòðè÷íîé ôîðìå êîëåáàíèé � ãî-
ðèçîíòàëüíûå ñìåùåíèÿ âäîëü îñè y (ðèñ. 2, á). Â ïåðâîì ñëó÷àå â êà÷åñòâå îáîáùåííîé
êîîðäèíàòû ñëåäóåò ïðèíÿòü âåðòèêàëüíîå ñìåùåíèå ãðóçà � x, à âî âòîðîì ñëó÷àå � åãî
ãîðèçîíòàëüíîå ñìåùåíèå � y.
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à / a á / b

Ðèñ. 2. Ñèììåòðè÷íûå ( à) è àíòèñèììåòðè÷íûå ( á) êîëåáàíèÿ (öâåò îíëàéí)
Fig. 2. Symmetrical (a) and antisymmetrical ( b) oscillations (color online)

Èñïîëüçóÿ êîîðäèíàòíûé ìåòîä, ìîæíî âû÷èñëèòü äëèíû óïðóãèõ ãàíòåëåé â ðàâíîâåñ-
íîì è îòêëîíåííîì ïîëîæåíèÿõ. Èìååì:

l2 = x2
0 + a2; l2s = ( x0 + � x)2 + a2 = l2 + 2x0� x + (� x)2;

l21a = x2
0 + (� y + a)2 = l2 + 2a� y + (� y)2;

l22a = x2
0 + (� y � a)2 = l2 � 2a� y + (� y)2;

(2)

ãäå èíäåêñs îòíîñèòñÿ ê äëèíàì îáåèõ ãàíòåëåé ïðè ñèììåòðè÷íûõ êîëåáàíèÿõ, à èíäåêñû
1a è 2a � ê ëåâîé è ïðàâîé ãàíòåëÿì ñîîòâåòñòâåííî ïðè àíòèñèììåòðè÷íûõ êîëåáàíèÿõ.
Âûðàæàÿ èç (2) äëèíû ls, l1a è l2a è ðàñêëàäûâàÿ èõ â ðÿä Òåéëîðà, íàõîäèì äåôîðìàöèè
óïðóãèõ ãàíòåëåé ñ òî÷íîñòüþ äî ñëàãàåìûõ âòîðîãî ïîðÿäêà ìàëîñòè:

� s = ls � l �
x0

l
� x +

l2 � x2
0

2l3
(� x)2;

� 1a = l1a � l �
a
l
� y +

l2 � a2

2l3
(� y)2; � 2a = l2a � l � �

a
l
� y +

l2 � a2

2l3
(� y)2:

(3)

Êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû ïðè äâèæåíèè ïî ñèììåòðè÷íîé è àíòèñèììåòðè÷íîé ôîð-
ìàì êîëåáàíèé ñîîòâåòñòâåííî ðàâíà:

Ts =
1
2

m(� _x)2; Ta =
1
2

m(� _y)2; (4)

à ïîòåíöèàëüíàÿ ýíåðãèÿ â ñëó÷àå ìàëûõ êîëåáàíèé ñ ó÷åòîì ôîðìóë ( 3) è î÷åâèäíûõ
ðàâåíñòâx0 = l sin � , a = l cos� áóäåò:

� s = � mg� x + 2
�

F � s +
1
2

c� 2
s

�
=

�
csin2 � +

mg cos3 �
2a sin �

�
(� x)2;

� a = F (� 1a + � 2a) +
1
2

c
�
� 2

1a + � 2
2a

�
=

�
ccos2 � +

mg sin 2�
4a

�
(� y)2;

(5)

ãäå ëèíåéíûå ïî � x è � y ñëàãàåìûå ñîêðàùàþòñÿ, êàê ýòî è äîëæíî áûòü. Èíåðöèîííûé
è êâàçèóïðóãèé êîýôôèöèåíòû ñ ó÷åòîì âûðàæåíèé ( 4) è (5) áóäóò ðàâíû:

as = aa = m; cs = 2csin2 � +
mg cos3 �

a sin �
; ca = 2ccos2 � +

mg sin 2�
2a

;

è, ñëåäîâàòåëüíî, ÷àñòîòû ìàëûõ êîëåáàíèé ïðèìóò âèä

ks =
r

cs

as
=

r
2c
m

sin2 � +
g
a

cos3 �
sin �

; ka =
r

ca

aa
=

r
2c
m

cos2 � +
g
2a

sin 2�: (6)

Íåòðóäíî âèäåòü, ÷òî â ñëó÷àå � = �= 4 ÷àñòîòû ks è ka ñîâïàäàþò. Òàêæå èç (6) ñëåäó-
åò, ÷òî ïðè c ! 1 ýòè ÷àñòîòû ïðè ïðî÷èõ çàäàííûõ ïàðàìåòðàõ áóäóò íåîãðàíè÷åííî
âîçðàñòàòü, òàê ÷òî ðàññìàòðèâàåìàÿ ìîäåëü áóäåò ïåðåõîäèòü â äâóõãàíòåëüíóþ ìîäåëü
íåðàñòÿæèìîé ÖË, êîòîðàÿ íå èìååò ñòåïåíåé ñâîáîäû. Ïðè óìåíüøåíèè æå æåñòêîñòè c
÷àñòîòû, íàïðîòèâ, áóäóò óìåíüøàòüñÿ.
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2. Òðåõãàíòåëüíàÿ ìîäåëü

Ðàññìîòðèì òåïåðü êîíå÷íîìåðíóþ ìîäåëü ðàñòÿæèìîé ÖË ñ äëèíîé L 0 â íåäåôîðìè-
ðîâàííîì ñîñòîÿíèè, ñîñòîÿùóþ óæå èç òðåõ óïðóãèõ ãàíòåëåé äëèíû l0 = L 0=3. Ïðè îòñóò-
ñòâèè äåôîðìàöèé áîêîâûå ãàíòåëè îáðàçóþò ñ ãîðèçîíòàëüíîé ïðÿìîé óãîë � 0. Íåòðóäíî
ïîíÿòü, ÷òî â ýòîì ñëó÷àå â äâèæåíèè ó÷àñòâóþò äâà öåíòðàëüíûõ ãðóçà ìàññû m, ïî-
ëó÷èâøèåñÿ â ðåçóëüòàòå ñëèÿíèÿ êîíöåâûõ ãðóçîâ ñîñåäíèõ ãàíòåëåé. Ðàñ÷åòíûå ñõåìû
ðàññìàòðèâàåìîé ñèñòåìû â íåíàãðóæåííîì ñîñòîÿíèè è â ðàâíîâåñíîì íàãðóæåííîì ñî-
ñòîÿíèè ïðèâåäåíû íà ðèñ. 3, à.

à / a á / b
Ðèñ. 3. Ðàñ÷åòíûå ñõåìû òðåõãàíòåëüíîé ìîäåëè öåïíîé ëèíèè: à � â íåíà-
ãðóæåííîì ñîñòîÿíèè è â ðàâíîâåñíîì íàãðóæåííîì ñîñòîÿíèè; á � ñèëû
óïðóãîñòè è òÿæåñòè â ðàâíîâåñíîì íàãðóæåííîì ñîñòîÿíèè (öâåò îíëàéí)
Fig. 3. Calculation schemes of three-dumbbell model of a catenary:a is in an
unloaded state and in equilibrium loaded state; b is forces of elasticity and

gravity in equilibrium loaded state (color online)

Çàïèñûâàÿ óñëîâèå áàëàíñà ñèë â íàãðóæåííîì ðàâíîâåñíîì ïîëîæåíèè â ïðîåêöèÿõ íà
âåðòèêàëüíóþ è ãîðèçîíòàëüíóþ îñè, íàõîäèì óïðóãèå ñèëû, äåéñòâóþùèå â ýòîì ïîëîæå-
íèè íà ãðóçû ñî ñòîðîíû óïðóãèõ ãàíòåëåé: F1 = mg=sin � � ñî ñòîðîíû áîêîâûõ ãàíòåëåé, è
F2 = mg ctg � � ñî ñòîðîíû öåíòðàëüíîé ãàíòåëè, ïðè÷åì � � óãîë ìåæäó áîêîâûìè ãàíòå-
ëÿìè è ãîðèçîíòàëüþ (ðèñ. 3, á). ßñíî, ÷òî óäëèíåíèÿ óïðóãèõ ãàíòåëåé â ðàññìàòðèâàåìîì
ñîñòîÿíèè ðàâíîâåñèÿ îïðåäåëÿþòñÿ âûðàæåíèÿìè

� l1 =
F1

c
=

mg
csin �

; � l2 =
F2

c
=

mg
c

ctg �; (7)

ãäå èíäåêñ 1 îòíîñèòñÿ ê áîêîâûì ãàíòåëÿì, à èíäåêñ 2 � ê öåíòðàëüíîé ãàíòåëè. Äëè-
íû ãàíòåëåé l1 è l2 â ðàâíîâåñíîì íàãðóæåííîì ñîñòîÿíèè îïðåäåëÿþòñÿ âûðàæåíèÿìè
l1 = l0 + � l1, l2 = l0 + � l2. Äîïîëíÿÿ èõ åùå îäíèì î÷åâèäíûì ãåîìåòðè÷åñêèì ñîîòíî-
øåíèåì 2l1 cos� + l2 = 2a è ïðèíèìàÿ âî âíèìàíèå ôîðìóëû ( 7), ïîëó÷èì â ðåçóëüòàòå
ñëåäóþùóþ ñèñòåìó óðàâíåíèé:

8
><

>:

2l1 cos� + l2 = 2a;

l2 � mg
c ctg � = l0;

l1 � mg
csin � = l0;

(8)

ðåøàÿ êîòîðóþ, ìîæíî îïðåäåëèòü íåèçâåñòíûå âåëè÷èíû: äëèíû l1, l2 è óãîë � .
Ðàññìàòðèâàåìàÿ ñèñòåìà îáëàäàåò ÷åòûðüìÿ ñòåïåíÿìè ñâîáîäû, â òî âðåìÿ êàê â ðàì-

êàõ òðåõãàíòåëüíîé ìîäåëè ÖË ñ æåñòêèìè ãàíòåëÿìè èìååòñÿ ëèøü îäíà ñòåïåíü ñâîáîäû.
Íåòðóäíî ïîíÿòü, ÷òî äëÿ ýòîé ìîäåëè òàêæå ìîæíî èçó÷èòü â îòäåëüíîñòè ñèììåòðè÷íûå
(ðèñ. 4, à) è àíòèñèììåòðè÷íûå (ðèñ. 4, á) êîëåáàíèÿ è íàéòè ñîîòâåòñòâóþùèå èì ÷àñòîòû
êîëåáàíèé (ïî äâå äëÿ êàæäîãî òèïà êîëåáàíèé). ßñíî, ÷òî ïðè ñèììåòðè÷íûõ êîëåáàíèÿõ
äëÿ ïåðåìåùåíèé ëåâîãî è ïðàâîãî òî÷å÷íîãî ãðóçîâ â ïðîåêöèÿõ íà êîîðäèíàòíûå îñè x è
y ñïðàâåäëèâû ñîîòíîøåíèÿ � x1 = � x2 = � x; � y1 = � � y2 = � � y, òîãäà êàê ïðè àíòèñèì-
ìåòðè÷íûõ êîëåáàíèÿõ � ñîîòíîøåíèÿ � x1 = � � x2 = � x; � y1 = � y2 = � y. Ýòî îçíà÷àåò,
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÷òî â êàæäîì ñëó÷àå â êà÷åñòâå îáîáùåííûõ êîðäèíàò åñòåñòâåííî ïðèíÿòü âåëè÷èíû � x
è � y.

à / a á / b
Ðèñ. 4. Êîëåáàíèÿ òðåõãàíòåëüíîé ìîäåëè: à � ñèììåòðè÷íûå; á � àíòèñèììåò-

ðè÷íûå (öâåò îíëàéí)
Fig. 4. Three-dumbbell model oscillations: a � symmetrical; b � antisymmetrical

(color online)

Äëÿ îïðåäåëåíèÿ ñîáñòâåííûõ ÷àñòîò ìàëûõ êîëåáàíèé áóäåì ïî-ïðåæíåìó èñïîëüçî-
âàòü êîîðäèíàòíûé ìåòîä. Ñ ýòîé öåëüþ âûïèøåì âûðàæåíèÿ äëÿ êâàäðàòîâ äëèí ãàíòåëåé
â ðàâíîâåñíîì è îòêëîíåííîì ïîëîæåíèÿõ:

l21 = x2
1 + ( y1 + a)2 = x2

1 + y2
1 + a2 + 2ay1; l22 = ( x2 � x1)2 + ( y2 � y1)2 = 4y2

1;

el21s = el23s = ( x1 + � x)2 + ( y1 � � y + a)2 = l21 + (� x)2 + (� y)2 + 2x1� x � 2� y(y1 + a);

el22s = ( x2 + � x � x1 � � x)2 + ( y2 + � y � y1 + � y)2 = l22 � 8y1� y + 4(� y)2;

el21a = ( x1 + � x)2 + ( y1 + � y + a)2 = l21 + (� x)2 + (� y)2 + 2x1� x + 2� y(y1 + a);

el23a = ( x2 � � x)2 + ( y2 + � y � a)2 = l21 + (� x)2 + (� y)2 � 2x1� x � 2� y(y1 + a);

el22a = ( x2 � � x � x1 � � x)2 + ( y2 + � y � y1 � � y)2 = l22 + 4(� x)2;

ãäå ó÷òåíî, ÷òî x2 = x1; y2 = � y1. Çäåñü èíäåêñ 1 ó äëèíû îçíà÷àåò åå ïðèíàäëåæíîñòü ê ëå-
âîé ãàíòåëè, 2 � ê öåíòðàëüíîé, 3 � ê ïðàâîé, à áóêâû s è a ïîêàçûâàþò, ÷òî îòâå÷àþùèå èì
âûðàæåíèÿ îòíîñÿòñÿ ê ñèììåòðè÷íûì è àíòèñèììåòðè÷íûì êîëåáàíèÿì ñîîòâåòñòâåííî.
Çàïèñûâàÿ âûðàæåíèÿ äëÿ äåôîðìàöèé ãàíòåëåé è ðàñêëàäûâàÿ èõ â ðÿä Òåéëîðà, ìîæíî
ïîëó÷èòü ñëåäóþùèå ôîðìóëû ñ òî÷íîñòüþ äî âåëè÷èí âòîðîãî ïîðÿäêà ìàëîñòè:

� 1s �
x1

l1
� x �

a + y1

l1
� y +

l21 � x2
1

2l31
(� x)2 +

l21 � (a + y1)2

2l31
(� y)2 +

x1(a + y1)
l31

� x� y;

� 1a �
x1

l1
� x +

a + y1

l1
� y +

l21 � x2
1

2l31
(� x)2 +

l21 � (a + y1)2

2l31
(� y)2 �

x1(a + y1)
l31

� x� y;

� 3a � �
x1

l1
� x �

a + y1

l1
� y +

l21 � x2
1

2l31
(� x)2 +

l21 � (a + y1)2

2l31
(� y)2 �

x1(a + y1)
l31

� x� y;

� 2s = � 2� y; � 2a �
2
l2

(� x)2; � 3s = � 1s:

(9)

Âûïèøåì òåïåðü ïîòåíöèàëüíóþ ýíåðãèþ ñèñòåìû ïðè ñèììåòðè÷íûõ è àíòèñèììåò-
ðè÷íûõ êîëåáàíèÿõ:

� s = � 2mg� x +
1
2

c(2� 2
1s + � 2

2s) + 2 F1� 1s + F2� 2s;

� a =
1
2

c(� 2
1a + � 2

2a + � 2
3a) + F1(� 1a + � 3a) + F2� 2a;
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è ïîñëå ïîäñòàíîâêè ôîðìóë ( 9), à òàêæå ó÷åòà òîãî, ÷òîx1 = l1 sin � , y1 = � l2=2, F1 = mg=sin �
è F2 = mg ctg � , îíà â êâàäðàòè÷íîé àïïðîêñèìàöèè ïðèìåò âèä

� s =
�

mg
cos2 �
l1 sin �

+ csin2 �
�

(� x)2 + 2
�

csin �
l1

�
mg
l21

� �
a �

l2
2

�
� x� y+

+
�
mg

l21 � (a � l2=2)2

l31 sin �
+ c

�
(a � l2=2)2

l21
+ 2

��
(� y)2;

� a =
�
mg

�
cos2 �
l1 sin �

+ 2
ctg �

l2

�
+ csin2 �

�
(� x)2 + 2

�
csin �

l1
�

mg
l21

� �
a �

l2
2

�
� x� y+

+
�
mg

l21 � (a � l2=2)2

l31 sin �
+ c

(a � l2=2)2

l21

�
(� y)2:

(10)

×òî æå êàñàåòñÿ êèíåòè÷åñêîé ýíåðãèè ñèñòåìû, òî îíà, î÷åâèäíî, êàê äëÿ ñèììåòðè÷íûõ,
òàê è äëÿ àíòèñèììåòðè÷íûõ êîëåáàíèé ðàâíà

T = m
�
(� _x)2 + (� _y)2�

: (11)

Èç (10) è (11) âûòåêàåò, ÷òî ìàòðèöû èíåðöèîííûõ è êâàçèóïðóãèõ êîýôôèöèåíòîâ
èìåþò ñëåäóþùèé âèä:

A =
�
2m 0
0 2m

�
; C =

�
Cxx Cxy

Cxy Cyy

�
; (12)

ãäå ýëåìåíòû ìàòðèöû êâàçèóïðóãèõ êîýôôèöèåíòîâ äëÿ ñèììåòðè÷íûõ è àíòèñèììåòðè÷-
íûõ êîëåáàíèé áóäóò òàêèìè:

Cxx s = 2
�

mg
cos2 �
l1 sin �

+ csin2 �
�

; Cxy s = 2
�

csin �
l1

�
mg
l21

� �
a �

l2
2

�
;

Cyys = 2
�
mg

l21 � (a � l2=2)2

l31 sin �
+ c

�
(a � l2=2)2

l21
+ 2

��
;

Cxx a = 2
�
mg

�
cos2 �
l1 sin �

+ 2
ctg �

l2

�
+ csin2 �

�
; Cxy a = Cxy s ;

Cyya = 2
�
mg

l21 � (a � l2=2)2

l31 sin �
+ c

(a � l2=2)2

l21

�
:

(13)

Çàïèñûâàÿ ÷àñòîòíîå óðàâíåíèå det(C � k2A ) = 0 è ïîäñòàâëÿÿ â íåãî ìàòðèöû ( 12), ïîëó-
÷èì ïîñëå ðàçâåðòûâàíèÿ îïðåäåëèòåëÿ ñëåäóþùåå áèêâàäðàòíîå óðàâíåíèå:

k4 �
1

2m
(Cxx + Cyy )k2 +

1
4m2 (Cxx Cyy � C2

xy ) = 0 ;

èç êîòîðîãî ìîæíî íàéòè ÷àñòîòû ñèììåòðè÷íûõ è àíòèñèììåòðè÷íûõ êîëåáàíèé:

k1s;2s =

r
1

4m

h
Cxx s + Cyys �

q
(Cxx s � Cyys )2 + 4C2

xy s

i
;

k1a;2a =

r
1

4m

h
Cxx a + Cyya �

q
(Cxx a � Cyya )2 + 4C2

xy a

i
;

(14)

ãäå òàêæå ñëåäóåò ïðèíÿòü âî âíèìàíèå âûðàæåíèÿ ( 13).
Ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà æåñòêîñòü óïðóãèõ ãàíòåëåé áóäåò áåñêîíå÷íî áîëü-

øîé, ò. å. âûïîëíèì ïðåäåëüíûé ïåðåõîä c ! 1 . Òîãäà èç ôîðìóë ( 8) ëåãêî âèäåòü, ÷òî
l1 ! l0, l2 ! l0, � ! � 0, ïðè ýòîì l0(2 cos� 0 + 1) = 2 a. ßñíî, ÷òî â ýòîé ñèòóàöèè îáå ñèì-
ìåòðè÷íûå ÷àñòîòû è á�îëüøàÿ àíòèñèììåòðè÷íàÿ ÷àñòîòà áóäóò íåîãðàíè÷åííî âîçðàñòàòü
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ïðè c ! 1 , òîãäà êàê íèçøàÿ àíòèñèììåòðè÷íàÿ ÷àñòîòà áóäåò ñòðåìèòüñÿ ê êîíå÷íîìó
ïðåäåëó, ðàâíîìó

k1 =

s
1 + 2 cos3 � 0

sin � 0

r
g
l0

:

Ýòîò ðåçóëüòàò ïîëíîñòüþ ñîâïàäàåò ñ åäèíñòâåííîé ÷àñòîòîé êîëåáàíèé ìîäåëè ÖË, ñî-
ñòîÿùåé èç òðåõ æåñòêèõ ãàíòåëåé [6], êàê ýòîãî è ñëåäîâàëî îæèäàòü.

Òàêèì îáðàçîì, íà îñíîâå ðàññìîòðåííûõ ìîäåëåé ÖË ñ äâóìÿ è òðåìÿ óïðóãèìè ãàí-
òåëÿìè ìîæíî ñäåëàòü âûâîä, ÷òî ó÷åò óïðóãîñòè ïðèâîäèò ê ïîÿâëåíèþ íîâûõ ÷àñòîò
êîëåáàíèé, êîòîðûå îòñóòñòâîâàëè ó êëàññè÷åñêîé íåðàñòÿæèìîé ìîäåëè ÖË, è îíè áóäóò
ìèãðèðîâàòü èç âûñîêî÷àñòîòíîãî äèàïàçîíà â íèçêî÷àñòîòíóþ îáëàñòü ïî ìåðå óâåëè÷åíèÿ
ïîäàòëèâîñòè.

3. Äâàäöàòèãàíòåëüíàÿ ìîäåëü

Íàêîíåö, ïðîâåäåì èññëåäîâàíèå ìîäåëè ðàñòÿæèìîé ÖË ñ äëèíîé L 0 â íåäåôîðìè-
ðîâàííîì ñîñòîÿíèè, ñîñòîÿùåé èç n óïðóãèõ ãàíòåëåé äëèíû l0 = L 0=n, ñ ïðèìåíåíèåì
ïðîãðàììíîãî êîìïëåêñà MSC.ADAMS. Äëÿ îïðåäåëåííîñòè ïðèìåì, ÷òî n = 20, ò. å.
áóäåì ðàññìàòðèâàòü äâàäöàòèãàíòåëüíóþ ìîäåëü ÖË. Åñëè äâóõãàíòåëüíàÿ ìîäåëü ðàñ-
òÿæèìîé ÖË èìåëà 2 ñòåïåíè ñâîáîäû, à òðåõãàíòåëüíàÿ ìîäåëü � 4 ñòåïåíè ñâîáîäû, òî
äâàäöàòèãàíòåëüíàÿ ìîäåëü ðàñòÿæèìîé ÖË èìååò óæå 38 ñòåïåíåé ñâîáîäû, â òî âðåìÿ
êàê íåðàñòÿæèìàÿ ìîäåëü ñ äâàäöàòüþ æåñòêèìè ãàíòåëÿìè � òîëüêî 18 ñòåïåíåé ñâîáîäû.
Îáîáùàÿ íà ïðîèçâîëüíûé ñëó÷àé, ìîæíî çàêëþ÷èòü, ÷òî êîëè÷åñòâî ñòåïåíåé ñâîáîäû, à
çíà÷èò, è ñîáñòâåííûõ ÷àñòîò, â çàâèñèìîñòè îò ÷èñëà ãàíòåëåé n, èç êîòîðûõ ñîñòîèò ÖË,
áóäåò ðàâíî 2n � 2 äëÿ ìîäåëè ðàñòÿæèìîé ÖË è n � 2 äëÿ ìîäåëè íåðàñòÿæèìîé ÖË, ò. å.
ïðè ó÷åòå ðàñòÿæèìîñòè êàæäîé ãàíòåëè ÷èñëî ñòåïåíåé ñâîáîäû âîçðàñòàåò íà n åäèíèö.

Íà÷àëüíîå ðàñïîëîæåíèå âñåõ òî÷å÷íûõ ãðóçîâ îïðåäåëÿåòñÿ ñ èñïîëüçîâàíèåì ìåòîäà,
äåòàëüíî îïèñàííîãî â [ 8], ãäå äëÿ ïîèñêà ðàâíîâåñíûõ óãëîâ ãàíòåëüíîé ñõåìû ïðîâîäèòñÿ
ìèíèìèçàöèÿ ïîòåíöèàëüíîé ýíåðãèè ñèñòåìû ñ ó÷åòîì ñâÿçåé. Êàæäàÿ ãàíòåëü ïðåäñòàâ-
ëÿåò ñîáîé áåçûíåðöèîííóþ ïðóæèíó ñ äâóìÿ òî÷å÷íûìè ãðóçàìè ìàññû m=2 íà åå êîíöàõ,
è òåì ñàìûì ïîëó÷àåòñÿ, ÷òî â ìåñòàõ øàðíèðíîãî ñîåäèíåíèÿ ãàíòåëåé ðàñïîëàãàþòñÿ òî-
÷å÷íûå ãðóçû ìàññû m, êîòîðûå ïðåäñòàâëÿþò ñîáîé ñëèâøèåñÿ âîåäèíî êîíöåâûå ãðóçû
ñìåæíûõ ãàíòåëåé. Ðàññìàòðèâàåìàÿ ìîäåëü îïðåäåëÿåòñÿ 14 ïàðàìåòðàìè: äëèíîé ïðîëåòà
2a, äëèíîé îäíîé íåäåôîðìèðîâàííîé ãàíòåëè l0, åå ìàññîé m, åå æåñòêîñòüþc è äåñÿòüþ
óãëàìè, êîòîðûå ãàíòåëè ñîñòàâëÿþò ñ ãîðèçîíòàëüþ â íåíàãðóæåííîì ñîñòîÿíèè. Ïåðâûì
ýòàïîì ðàñ÷åòà ñîáñòâåííûõ ÷àñòîò äâàäöàòèãàíòåëüíîé ìîäåëè ðàñòÿæèìîé ÖË ÿâëÿåòñÿ
ñòàòè÷åñêèé àíàëèç, â ðåçóëüòàòå êîòîðîãî ñèñòåìà ïåðåõîäèò èç íåäåôîðìèðîâàííîãî ñî-
ñòîÿíèÿ â ðàâíîâåñíîå íàãðóæåííîå, êîãäà ãàíòåëè óäëèíÿþòñÿ èç-çà äåôîðìàöèé, âûçâàí-
íûõ ñèëîé òÿæåñòè. Íà âòîðîì ýòàïå óæå ïðîâîäèòñÿ ìîäàëüíûé àíàëèç äëÿ êîíôèãóðàöèè
ñèñòåìû, ïîëó÷èâøåéñÿ íà ïåðâîì ýòàïå ðàñ÷åòà.

Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå âåëè÷èíû:

� =
L 0

2a
� 1; { = �q 0a; q0 = �Sg; � =

1
ES

; c =
ES
l0

; (15)

ãäå áåçðàçìåðíûé ïàðàìåòð � õàðàêòåðèçóåò èçìåíåíèå äëèíû ÖË L 0 ïî îòíîøåíèþ ê äëèíå
ïðîëåòà 2a, áåçðàçìåðíûé ïàðàìåòð { õàðàêòåðèçóåò ïîäàòëèâîñòü ÖË, ïðè÷åì q0 � ñèëà
òÿæåñòè íà åäèíèöó äëèíû åùå íåðàñòÿíóòîé ÖË, � � ïëîòíîñòü ìàòåðèàëà ÖË, S � ïëî-
ùàäü åå ñå÷åíèÿ, � � óäåëüíîå îòíîñèòåëüíîå óäëèíåíèå ÖË, E � ìîäóëü óïðóãîñòè ìàòå-
ðèàëà ÖË, c � æåñòêîñòü íà ðàñòÿæåíèå óïðóãîé ãàíòåëè äëèíû l0 [11]. Ïîñêîëüêó ìàññà
îäíîé ãàíòåëè ðàâíà m = �Sl 0, à l0 = 2a(1 + � )=n, òî ñ ó÷åòîì âûðàæåíèé ( 15) ìîæíî
ïîëó÷èòü ôîðìóëó äëÿ c ÷åðåç áåçðàçìåðíûå ïàðàìåòðû { è � :

c =
mgn2

4{ a(1 + � )2 : (16)
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Îòìåòèì, ÷òî ñîîòíîøåíèå ( 16) òàêæå ïîòðåáóåòñÿ ïðè ñðàâíåíèè äâóõ-, òðåõ- è äâàäöàòè-
ãàíòåëüíîé êîíå÷íîìåðíûõ ìîäåëåé ÖË. Ïîñêîëüêó ãàíòåëüíûå ìîäåëè íåîáõîäèìî ñîïî-
ñòàâëÿòü ìåæäó ñîáîé ïðè îäèíàêîâûõ çíà÷åíèÿõ { , òî æåñòêîñòè ãàíòåëåéc äîëæíû áûòü
âû÷èñëåíû ñîãëàñíî êîíêðåòíîìó êîëè÷åñòâó ãàíòåëåé n ðàññìàòðèâàåìîé ìîäåëè, ÷òî è
îòðàæåíî â ôîðìóëå ( 16).

Ðèñ. 5. Äâàäöàòèãàíòåëüíàÿ ìîäåëü ðàñòÿæèìîé öåïíîé
ëèíèè ïðè � = 0 :3 (öâåò îíëàéí)

Fig. 5. A twenty-dumbbell model of a stretchable catenary
at � = 0 :3 (color online)

Äâàäöàòèãàíòåëüíàÿ êîíå÷íî-
ìåðíàÿ ìîäåëü ðàñòÿæèìîé ÖË
ïðèâåäåíà íà ðèñ. 5. Ðàñ÷åò ñîá-
ñòâåííûõ ÷àñòîò ïðîâîäèëñÿ ïðè
� = 0 :3 è ïðè � = 0 :05, à ïàðàìåòð
{ âàðüèðîâàëñÿ îò 0 äî 0.15.

Íà ðèñ. 6 äàíû çàâèñèìîñòè
ïåðâûõ òðåõ áåçðàçìåðíûõ ÷àñòîò
ìîäåëè p = k=k0, ãäå k0 =

p
g=2a,

à òàêæå äâå (ïåðâàÿ ñèììåòðè÷-
íàÿ è ïåðâàÿ àíòèñèììåòðè÷íàÿ)
¾ìèãðèðóþùèå¿ ÷àñòîòû îò âåëè-
÷èíû { .

à / a á / b
Ðèñ. 6. ×àñòîòû êîëåáàíèé äâàäöàòèãàíòåëüíîé ìîäåëè ðàñòÿæèìîé öåëåâîé ëèíèè îò { : à � ïðè

� = 0 :3; á � ïðè � = 0 :05 (öâåò îíëàéí)
Fig. 6. The oscillation frequencies of a twenty-dumbbell model of stretchable catenary depending on{ :

a is for � = 0 :3; b is for � = 0 :05 (color online)

Èç ïîñòðîåííûõ ãðàôèêîâ âèäíî, êàê êðèâûå, îòâå÷àþùèå ¾ìèãðèðóþùèì¿ ÷àñòîòàì,
ñ ðîñòîì ïàðàìåòðà { , ò. å. ñ ðîñòîì ïîäàòëèâîñòè, ïîñòåïåííî óáûâàþò, îïóñêàÿñü â îá-
ëàñòü íèçêèõ ÷àñòîò, ïðè÷åì îíè ìîãóò ïåðåñåêàòü êðèâûå, ñîîòâåòñòâóþùèå èñõîäíûì
÷àñòîòàì � òåì ÷àñòîòàì, êîòîðûå èìåëè êîíå÷íûå çíà÷åíèÿ â ñëó÷àå íåðàñòÿæèìîñòè ÖË
(ò. å. êîãäà { = 0 ). Ïðè ýòîì êðèâàÿ äëÿ ïåðâîé ¾ìèãðèðóþùåé¿ ÷àñòîòû ñ ñèììåòðè÷íîé
ôîðìîé êîëåáàíèé îñòàåòñÿ âûøå êðèâîé äëÿ âòîðîé èñõîäíîé ÷àñòîòû ñ ñèììåòðè÷íîé
ôîðìîé, à êðèâàÿ äëÿ âòîðîé ¾ìèãðèðóþùåé¿ ÷àñòîòû ñ àíòèñèììåòðè÷íîé ôîðìîé êî-
ëåáàíèé ðàñïîëàãàåòñÿ âûøå êðèâîé äëÿ òðåòüåé èñõîäíîé ÷àñòîòû ñ àíòèñèììåòðè÷íîé
ôîðìîé. Îòìåòèì, ÷òî ÷åì ìåíüøå � , òåì ðàíüøå ¾ìèãðèðóþùèå¿ ÷àñòîòû îïóñêàþòñÿ â
îáëàñòü íèçøèõ ÷àñòîò ñ ðîñòîì ïàðàìåòðà { . ×òî êàñàåòñÿ èñõîäíûõ ÷àñòîò, òî ïðè óâå-
ëè÷åíèè ïàðàìåòðà { îíè òàêæå óìåíüøàþòñÿ, õîòÿ ýòî ïðîèñõîäèò è ìåíåå îùóòèìî ïî
ñðàâíåíèþ ñ óáûâàíèåì ¾ìèãðèðóþùèõ¿ ÷àñòîò, êîòîðûå ïðè ìàëûõ { ÿâëÿþòñÿ âåñüìà
áîëüøèìè, à ïðè ïîñòåïåííîì óâåëè÷åíèè { íà÷èíàþò ðåçêî ïàäàòü.

Ïîä÷åðêíåì, ÷òî çíà÷åíèÿ èñõîäíûõ ÷àñòîò êîëåáàíèé äâàäöàòèãàíòåëüíîé êîíå÷íîìåð-
íîé ìîäåëè ÖË ïðè { = 0 , êîòîðûå òàêæå ìîæíî óâèäåòü íà ðèñ. 6, äîñòàòî÷íî áëèçêè ê
÷àñòîòàì êîëåáàíèé ÖË ïðè ðàññìîòðåíèè åå êàê ìîäåëè ñ ðàñïðåäåëåííûìè ïàðàìåòðà-
ìè [ 6]. Òàê, äëÿ ñëó÷àÿ� = 0 :05 ïåðâàÿ áåçðàçìåðíàÿ ÷àñòîòà êîëåáàíèé äâàäöàòèãàíòåëü-
íîé ìîäåëè íåðàñòÿæèìîé ÖË p1 = 5 :521 îòëè÷àåòñÿ îò àíàëîãè÷íîé ÷àñòîòû íåïðåðûâíîé
ìîäåëè, ðàâíîé 5:522, íà 0:02%; âòîðàÿ áåçðàçìåðíàÿ ÷àñòîòà p2 = 8 :275 êîíå÷íîìåðíîé
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ìîäåëè íèæå âòîðîé ÷àñòîòû íåïðåðûâíîé ìîäåëè, ðàâíîé 8:345, íà 0:8%; à òðåòüÿ ÷àñòî-
òà p3 = 11:42 êîíå÷íîìåðíîé ìîäåëè íèæå ÷àñòîòû íåïðåðûâíîé ìîäåëè, ðàâíîé 11:60, íà
1:6%. Ïðè � = 0 :3 òàêæå íàáëþäàåòñÿ õîðîøåå ñîãëàñèå ìåæäó áåçðàçìåðíûìè ÷àñòîòàìè
êîíå÷íîìåðíîé è íåïðåðûâíîé ìîäåëåé íåðàñòÿæèìîé ÖË: äëÿ ïåðâîé ÷àñòîòû 2:737 ïðî-
òèâ 2:745 (ðàñõîæäåíèå 0:3%), äëÿ âòîðîé ÷àñòîòû 4:680 ïðîòèâ 4:718 (ðàñõîæäåíèå 0:8%),
à äëÿ òðåòüåé ÷àñòîòû6:483 ïðîòèâ 6:587 (ðàñõîæäåíèå 1:6%).

Íà ðèñ. 7 ïðèâåäåíû ãðàôèêè çàâèñèìîñòè áåçðàçìåðíîé èñõîäíîé ïåðâîé ÷àñòîòû è
äâóõ ¾ìèãðèðóþùèõ¿ ÷àñòîò äëÿ äâàäöàòèãàíòåëüíîé ìîäåëè, à òàêæå äëÿ äâóõ- è òðåõãàí-
òåëüíîé ìîäåëåé, ïîñòðîåííûõ íà îñíîâå ïîëó÷åííûõ ðàíåå àíàëèòè÷åñêèõ âûðàæåíèé ( 6)
è (14) ñ ó÷åòîì ñîîòíîøåíèÿ ( 16), îò ïàðàìåòðà { .

à / a á / b

Ðèñ. 7. Ñðàâíåíèå ÷àñòîò êîëåáàíèé ãàíòåëüíûõ ìîäåëåé öåëåâîé ëèíèè îò { : à � ïðè � = 0 :3;
á � ïðè � = 0 :05 (öâåò îíëàéí)

Fig. 7. Comparison of oscillation frequencies of dumbbell models of catenary depending on{ :
a is for � = 0 :3; b is for � = 0 :05 (color online)

Íà ðèñ. 7, a âèäíî, êàê êðèâûå, îòâå÷àþùèå ¾ìèãðèðóþùèì¿ ÷àñòîòàì äâóõãàíòåëü-
íîé ñõåìû, ïåðåñåêàþòñÿ, ïîñêîëüêó ïðè � = 0 :3 óãîë � 0 îêàçûâàåòñÿ ÷óòü ìåíüøå �= 4, è
ïðè óâåëè÷åíèè ïîäàòëèâîñòè óãîë � ïåðåñåêàåò çíà÷åíèå�= 4, òàê ÷òî ÷àñòîòû êîëåáàíèé
ìåíÿþòñÿ â ïîñëåäîâàòåëüíîñòè, êàê ýòî è îãîâàðèâàëîñü ðàíåå. Òàêæå ñòîèò îòìåòèòü õî-
ðîøåå ïðèáëèæåíèå ÷àñòîò êîëåáàíèé ãàíòåëüíûõ ìîäåëåé ñ ìàëûì êîëè÷åñòâîì çâåíüåâ
ê ñîîòâåòñòâóþùèì ÷àñòîòàì äâàäöàòèãàíòåëüíîé ìîäåëè, êîòîðóþ óæå ìîæíî ñ÷èòàòü â
íåêîòîðîé ñòåïåíè íåïðåðûâíîé ìîäåëüþ, ïî êðàéíåé ìåðå, â îòíîøåíèè íèçøèõ ÷àñòîò.

Çàêëþ÷åíèå

Ïðîâåäåííûå â äàííîé ñòàòüå àíàëèòè÷åñêèé è ÷èñëåííûé ðàñ÷åòû êîëåáàíèé ðàñòÿ-
æèìîé ÖË íàõîäÿòñÿ â ïîëíîì êà÷åñòâåííîì ñîîòâåòñòâèè äðóã ñ äðóãîì. Áûëî ïîêàçàíî
âëèÿíèå ðàñòÿæèìîñòè ÖË íà äèíàìèêó ñèñòåìû, êîòîðîå çàêëþ÷àåòñÿ íå òîëüêî â êîëè÷å-
ñòâåííîì óìåíüøåíèè ÷àñòîò êîëåáàíèé, íî è â ïîÿâëåíèè íîâûõ ¾ìèãðèðóþùèõ¿ â íèçêî-
÷àñòîòíóþ îáëàñòü ÷àñòîò. Ðàññìîòðåííûå êîíå÷íîìåðíûå ìîäåëè ðàñòÿæèìîé ÖË ìîãóò
áûòü ïîëåçíû ïðè ïðîäîëæåíèè ñòàòè÷åñêèõ è äèíàìè÷åñêèõ èññëåäîâàíèé, ïîñâÿùåííûõ
íå òîëüêî ÖË, íî è äðóãèì, áîëåå ñëîæíûì öåïíûì ñèñòåìàì.
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Abstract. Mathematical models of a thin shell deformation, which are considered in the �rst part
of the article, constitute either a variational problem of energy functional minimum in terms of shell
deformation or a boundary problem for di�erential equations of shell equilibrium. In both cases, the
boundary conditions are also introduced according to the type of shell �xation. To solve the speci�ed
tasks, the di�erent methods are considered. Using either the Ritz method for the variational problem
of energy functional minimum for shell deformation or the Bubnov � Galerkin method for the boundary
problem for di�erential equations of shell equilibrium, we will get systems of linear or nonlinear equations.
The �nite element method (FEM) in application to shell theory problems also leads to systems of linear
equations, and the order of the equations can be very large. It is possible to use the Gauss method to
solve the linear systems of algebraic equations in case the system order is less than 103. In another case,
it is necessary to use iterative methods. For nonlinear tasks of thin shell theory, the parameter marching
method is used. If the load is taken as a parameter, it is the V. V. Petrov's sequential loading method. It
allows transforming the nonlinear tasks into a consistent linear solution with coe�cients varying at each
stage of loading. For solving nonlinear problems of shell theory, we consider the iteration method, when
the nonlinear terms are transferred to the right side and successively changed at each iteration stage. In
the article, it is also considered the method of quickest descent. A. L. Goldenweiser developed the special
method: The asymptotic-integration method of thin shell theory, which is described in the article. If the
equilibrium equation of the shell contains the discontinuous function (unit functions, delta-functions),
then for this case there is a special G. N. Bialystochny's method, which is also speci�ed in the article.
Examples of the application of the described methods for solving speci�c problems of shell theory are
also given.
Keywords: elastic thin shell, mathematical model, algorithms for solving nonlinear problems, numerical
methods, stability of shells
For citation: Karpov V. V., Bakusov P. A., Maslennikov A. M., Semenov A. A. Simulation models and
research algorithms of thin shell structures deformation. Part II. Algorithms for studying shell structures.
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Ââåäåíèå

Â ïåðâîé ÷àñòè äàííîé ïóáëèêàöèè [ 1] ïðèâîäÿòñÿ ñâåäåíèÿ ïî èñòîðèè ðàçâèòèÿ òåîðèè
òîíêèõ îáîëî÷åê. Êàê è ïðè ðàçðàáîòêå ìîäåëåé äåôîðìèðîâàíèÿ ïëàñòèí, ïðè ôîðìèðîâà-
íèè îñíîâíûõ ñîîòíîøåíèé òåîðèè îáîëî÷åê ïðèìåíÿþòñÿ äâà ïîäõîäà. Îñîáåííî øèðîêîå
ðàñïðîñòðàíåíèå ïîëó÷èë ïîäõîä, îñíîâàííûé íà èñïîëüçîâàíèè îïðåäåëåííûõ ãèïîòåç (íà-
ïðèìåð, ãèïîòåçû ïðÿìîé íîðìàëè).

Èçëîæåíèå òåîðèè îáîëî÷åê âåäåòñÿ íà îñíîâå ïóáëèêàöèé ðîññèéñêèõ àâòîðîâ (Â. Â. Íî-
âîæèëîâ [ 2], À. È. Ëóðüå [3], À. Ë. Ãîëüäåíâåéçåð [4], Õ. Ì. Ìóøòàðè [ 5], Â. Ç. Âëàñîâ [6]).
Ðàññìàòðèâàþòñÿ îðòîãîíàëüíàÿ ñèñòåìà êîîðäèíàò è òîíêèå îáîëî÷êè. Ïîýòîìó ñ÷èòàåòñÿ,
÷òî íîðìàëüíûå íàïðÿæåíèÿ íà ïëîùàäêàõ, ïàðàëëåëüíûõ ñðåäèííîé ïîâåðõíîñòè îáîëî÷-
êè, ìàëû ïî ñðàâíåíèþ ñ äðóãèìè íàïðÿæåíèÿìè. Ñðåäà, çàïîëíÿåìàÿ îáîëî÷êîé, îáëàäàåò
ñâîéñòâîì ñïëîøíîñòè, ïîýòîìó äåôîðìàöèè è íàïðÿæåíèÿ ÿâëÿþòñÿ íåïðåðûâíûìè ôóíê-
öèÿìè. Ïîñêîëüêó èçó÷àþòñÿ ìàëûå ïåðåìåùåíèÿ (ãåîìåòðè÷åñêè ëèíåéíûé âàðèàíò), òî
ñèíóñû è òàíãåíñû óãëîâ çàìåíÿþòñÿ ñàìèìè óãëàìè, à êîñèíóñû � åäèíèöàìè.

Âíà÷àëå èçëàãàåòñÿ òåîðèÿ òîíêèõ îáîëî÷åê, ðàçðàáîòàííàÿ Â. Â. Íîâîæèëîâûì. Ñ÷è-
òàåòñÿ, ÷òî â ñëîå, îòñòîÿùåì íà z îò ñðåäèííîé ïîâåðõíîñòè îáîëî÷êè, ïàðàìåòðû Ëÿìå è
êðèâèçíû îáîëî÷êè èçìåíÿþòñÿ â çàâèñèìîñòè îò z. Äåôîðìàöèè â ñëîå, îòñòîÿùåì íà z îò
ñðåäèííîé ïîâåðõíîñòè, ñîäåðæàò ÷ëåíû ïðè z â ïåðâîé ñòåïåíè è âî âòîðîé. Ïîêàçàíî îòëè-
÷èå ñîîòíîøåíèé òåîðèè îáîëî÷åê, ïîëó÷åííûõ À. Í. Ëóðüå è À. Ë. Ãîëüäåíâåéçåðîì, êîãäà
èõ ñðåäèííàÿ ïîâåðõíîñòü îòíåñåíà ê îðòîãîíàëüíîé ñèñòåìå êîîðäèíàò. Ïðèâîäÿòñÿ ñîîò-
íîøåíèÿ òåîðèè òîíêèõ îáîëî÷åê, ïîëó÷åííûå À. Ë. Ãîëüäåíâåéçåðîì, êîãäà èõ ñðåäèííàÿ
ïîâåðõíîñòü îòíåñåíà ê ïðîèçâîëüíîé êîñîóãîëüíîé ñèñòåìå êîîðäèíàò. Ðàññìîòðåíû òàêæå
ñîîòíîøåíèÿ äëÿ òîíêèõ îáîëî÷åê â îðòîãîíàëüíîé ñèñòåìå êîîðäèíàò, êîòîðàÿ íàèáîëåå
÷àñòî âñòðå÷àåòñÿ ïðè ðàñ÷åòàõ èõ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ, ïðî÷íîñòè è
óñòîé÷èâîñòè, êîãäà â ñëîå, îòñòîÿùåì íà z îò ñðåäèííîé ïîâåðõíîñòè, ïàðàìåòðû Ëÿìå è
êðèâèçíû îáîëî÷åê îñòàþòñÿ òàêèìè æå, êàê è â ñðåäèííîé ïîâåðõíîñòè.

Òàê êàê ãëàâíûì íåäîñòàòêîì îáîëî÷åê ÿâëÿåòñÿ âîçìîæíîñòü ïîòåðè óñòîé÷èâîñòè, òî
ðàññìàòðèâàåòñÿ âàðèàíò îáîëî÷åê, ïîäêðåïëåííûõ ðåáðàìè æåñòêîñòè, ÷òî ïîâûøàåò èõ
æåñòêîñòü è ïîçâîëÿåò èçáåæàòü ïîòåðè óñòîé÷èâîñòè. Õ. Ì. Ìóøòàðè è Â. Ç. Âëàñîâ ðàç-
ðàáîòàëè óïðîùåííûé âàðèàíò îáîëî÷åê, îñîáåííî ýôôåêòèâíûé ïðè èññëåäîâàíèè ïîëîãèõ
îáîëî÷åê. Â 30�40-å ãã. ïðîøëîãî ñòîëåòèÿ ñòàëà ðàçâèâàòüñÿ íåëèíåéíàÿ òåîðèÿ îáîëî÷åê.
Ïîÿâèëàñü âîçìîæíîñòü èññëåäîâàòü óñòîé÷èâîñòü îáîëî÷åê ñ ó÷åòîì íåëèíåéíûõ ôàêòî-
ðîâ, îïðåäåëÿòü ìåñòíûå è îáùèå ôîðìû ïîòåðè óñòîé÷èâîñòè.

Îòìå÷åíû ó÷åíûå, âíåñøèå ñóùåñòâåííûé âêëàä â òåîðèþ ìåòîäà ðàñ÷åòà èññëåäîâàíèÿ
ïðî÷íîñòè è óñòîé÷èâîñòè îáîëî÷åê. Âñå ýòè ñâåäåíèÿ íåîáõîäèìû äëÿ ðàçðàáîòêè àëãî-
ðèòìîâ èññëåäîâàíèÿ ïðî÷íîñòè, óñòîé÷èâîñòè è êîëåáàíèÿ îáîëî÷åê.

1. Ìåòîäû ðàñ÷åòà îáîëî÷å÷íûõ êîíñòðóêöèé

1.1. Ìåòîäèêà ðåøåíèÿ âàðèàöèîííûõ è êðàåâûõ çàäà÷ òåîðèè îáîëî÷åê

Ïðè èññëåäîâàíèè íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ) è óñòîé÷èâîñòè îáî-
ëî÷å÷íûõ êîíñòðóêöèé ìàòåìàòè÷åñêàÿ ìîäåëü ìîæåò áûòü ïîëó÷åíà â âèäå êðàåâîé çàäà÷è
äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ðàâíîâåñèÿ è êðàåâûõ óñëîâèé èëè â âèäå âàðèàöèîííîé
çàäà÷è î ìèíèìóìå ôóíêöèîíàëà ïîëíîé ïîòåíöèàëüíîé ýíåðãèè äåôîðìàöèé êîíñòðóêöèè
è êðàåâûõ óñëîâèé. Ðàññìîòðèì ìåòîäû ðåøåíèÿ òàêèõ çàäà÷.
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Ñàìûì ðàñïðîñòðàíåííûì ìåòîäîì ðåøåíèÿ çàäà÷ ìåõàíèêè ÿâëÿåòñÿ ìåòîä êîíå÷íûõ
ýëåìåíòîâ (ÌÊÝ). Ïðèìåíÿÿ åãî ïîëó÷àåòñÿ ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé, ïîðÿäîê
êîòîðîé ìîæåò áûòü î÷åíü áîëüøèì. Äëÿ ëèíåéíûõ ñèñòåì ýòî ðåøåíèå âïîëíå ðåàëüíî, â
òî âðåìÿ êàê äëÿ íåëèíåéíûõ � íåðåàëüíî.

Ïóñòü çàäàí ôóíêöèîíàë ïîëíîé ïîòåíöèàëüíîé ýíåðãèè äåôîðìàöèè îáîëî÷êè, ïðåä-
ñòàâëÿþùèé ñîáîé ðàçíîñòü ïîòåíöèàëüíîé ýíåðãèè äåôîðìàöèè è ðàáîòû âíåøíèõ ñèë
(ïîïåðå÷íîé íàãðóçêè q),

Es =
1
2

aZ

0

bZ

0

� ( U; V; W; q) dx dy; (1)

è êðàåâûõ óñëîâèé, ò. å. óñëîâèé çàêðåïëåíèÿ êîíòóðà îáîëî÷êè. Åñëè ó÷èòûâàþòñÿ ïîïå-
ðå÷íûå ñäâèãè, òî â ôóíêöèîíàëå åùå áóäóò ïðèñóòñòâîâàòü ôóíêöèè 	 x è 	 y . Íåîáõîäèìî
íàéòè ïðè çàäàííîì çíà÷åíèè íàãðóçêè q ôóíêöèè U(x; y), V (x; y), W (x; y), óäîâëåòâîðÿþ-
ùèå çàäàííûì êðàåâûì óñëîâèÿì è äàþùèå ìèíèìóì ôóíêöèîíàëó ( 1).

Ïðèáëèæåííîå ðåøåíèå äëÿ ôóíêöèé U(x; y), V (x; y), W (x; y) áåðåòñÿ â âèäå ñóììû
ïðîèçâåäåíèé íåèçâåñòíûõ ÷èñëîâûõ ïàðàìåòðîâ íà èçâåñòíûå ôóíêöèè, íàïðèìåð,

U =

p
NX

i =1

p
NX

j =1

Uij X i
1Y j

1 ; V =

p
NX

i =1

p
NX

j =1

Vij X i
2Y j

2 ; W =

p
NX

i =1

p
NX

j =1

Wij X i
3Y j

3 : (2)

ÇäåñüUij , Vij , Wij � íåèçâåñòíûå ÷èñëîâûå ïàðàìåòðû, êîòîðûå óìíîæàþòñÿ íà èçâåñòíûå
ôóíêöèè (àïïðîêñèìèðóþùèå ôóíêöèè), êîòîðûå ìîãóò áûòü íåïðåðûâíûìè è çàäàííûìè
íà âñåé îáëàñòè, çàíèìàåìîé îáîëî÷êîé. Â ýòîì ñëó÷àå îíè äîëæíû óäîâëåòâîðÿòü çàäàí-
íûì êðàåâûì óñëîâèÿì. Åñëè îáëàñòü, çàíèìàåìàÿ îáîëî÷êîé, ðàçáèòà íà êîíå÷íûå ýëå-
ìåíòû, òî ýòè ôóíêöèè çàäàþòñÿ íà êàæäîì êîíå÷íîì ýëåìåíòå, è â ðàçëîæåíèè ( 2) áóäóò
ïðèñóòñòâîâàòü åùå çíàêè ñóììèðîâàíèÿ.

Åñëè òåïåðü (2) ïîäñòàâèòü â (1) è âû÷èñëèòü èíòåãðàëû îò èçâåñòíûõ ôóíêöèé, òî
ôóíêöèîíàë Es ñâåäåòñÿ ê ôóíêöèè Esf îò íåèçâåñòíûõ ÷èñëîâûõ ïàðàìåòðîâ è ïàðàìåòðà
íàãðóçêè

Esf = Esf (Uij ; Vij ; Wij ; q) ; i; j = 1 ; 2; : : : ;
p

N: (3)

Òåïåðü èñõîäíàÿ âàðèàöèîííàÿ çàäà÷à ñâåëàñü ê íàõîæäåíèþ ìèíèìóìà ýòîé ôóíêöèè,
ò. å. íàõîæäåíèþ ÷èñåë Uij , Vij , Wij , ïðè êîòîðûõ ôóíêöèÿ ( 3) èìååò ìèíèìóì. Äëÿ ýòîãî
ñóùåñòâóåò íåñêîëüêî ñïîñîáîâ.

Ïîæàëóé, ñàìûé åñòåñòâåííûé ñïîñîá � ýòî íàéòè ÷àñòíûå ïðîèçâîäíûå ýòîé ôóíêöèè
ïî íåèçâåñòíûì ÷èñëîâûì ïàðàìåòðàì è ïðèðàâíÿòü èõ ê íóëþ (ìåòîä Ðèòöà):

@Esf

@Uij
= 0 ;

@Esf

@Vij
= 0 ;

@Esf

@Wij
= 0 ; i; j = 1 ; 2; : : : ;

p
N: (4)

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî Uij ,
Vij , Wij , ìåòîäû ðåøåíèÿ êîòîðîé ðàññìîòðèì íèæå.

Åñëè ðåøàåòñÿ êðàåâàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, òî, ïîäñòàâèâ â íèõ ( 2),
ïîëó÷èì íåâÿçêó. Èíòåãðàë ïî îáëàñòè, çàíèìàåìîé îáîëî÷êîé, îò ïðîèçâåäåíèÿ íåâÿçêè
íà àïïðîêñèìèðóþùèå ôóíêöèè äîëæåí îáðàùàòüñÿ â íóëü (ìåòîä Áóáíîâà � Ãàëåðêèíà).
Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó ( 4).

Äëÿ íàõîæäåíèÿ ìèíèìóìà ôóíêöèè ( 3) ìîæíî ïðèìåíèòü ìåòîä íàèñêîðåéøåãî ñïóñêà,
èëè ìåòîä ïîêîîðäèíàòíîãî ñïóñêà, è èòåðàöèîííûì ïðîöåññîì âû÷èñëèòü çíà÷åíèÿ ÷èñ-
ëîâûõ ïàðàìåòðîâ Uij , Vij , Wij , ÷òîáû â äàëüíåéøåì ïîëó÷èòü çíà÷åíèå ôóíêöèé U(x; y),
V (x; y), W (x; y) ïðè çíà÷åíèè q = qk , èìåííî ïðè ëþáîì çíà÷åíèè íàãðóçêè qk .

Ñóòü ìåòîäà íàèñêîðåéøåãî ñïóñêà ñîñòîèò â ñëåäóþùåì. Ïóñòü M 1 (Uij 1; Vij 1; Wij 1) �
íåêîòîðàÿ òî÷êà ñóùåñòâîâàíèÿ ôóíêöèè ( 3), ìèíèìóì êîòîðîé íóæíî íàéòè (ò.å. íóæíî
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íàéòè Uij , Vij , Wij ïðè q = qk , ïðè êîòîðûõ ñ ó÷åòîì ( 2) ôóíêöèîíàë ( 1) èìååò ìèíè-
ìóì). Ãðàäèåíòîì ýòîé ôóíêöèè â òî÷êå M 1 ÿâëÿåòñÿ âåêòîð ñ ïðîåêöèÿìè â âèäå ÷àñòíûõ
ïðîèçâîäíûõ, âû÷èñëÿåìûõ â òî÷êå M 1:

@Esf

@Uij
(M 1);

@Esf

@Vij
(M 1);

@Esf

@Wij
(M 1):

Ýòîò âåêòîð óêàçûâàåò íàïðàâëåíèå ìàêñèìàëüíîãî ðîñòà ôóíêöèè Esf (Uij ; Vij ; Wij ; qk )
â òî÷êå M 1. Ëó÷ ñ íà÷àëîì â òî÷êå M 1, öåëèêîì ëåæàùèé â îáëàñòè ñóùåñòâîâàíèÿ ôóíêöèè
Esf (Uij ; Vij ; Wij ; qk ) è íàïðàâëåííûé ïðîòèâîïîëîæíî âåêòîðó-ãðàäèåíòó, è èìååò ñëåäóþ-
ùèå êîîðäèíàòû:

Uij = Uij 1 � t
@Esf

@Uij
(M 1); Vij = Vij 1 � t

@Esf

@Vij
(M 1); Wij = Wij 1 � t

@Esf

@Wij
(M 1);

ãäåt > 0.
Ôóíêöèÿ Esf (Uij ; Vij ; Wij ; qk ) â òî÷êàõ ýòîãî ëó÷à áóäåò ñëîæíîé ôóíêöèåé îäíîãî àð-

ãóìåíòà t

' (t) = Esf

�
Uij 1 � t

@Esf

@Uij
(M 1); Vij 1 � t

@Esf

@Vij
(M 1); Wij 1 � t

@Esf

@Wij
(M 1); qk

�
:

×òîáû íàéòè ìèíèìóì ýòîé ôóíêöèè, íóæíî ïîëó÷èòü êîðíè óðàâíåíèÿ ' 0(t) = 0 . Åñëè
t1 � îäèí èç ýòèõ êîðíåé, òî ìîæíî ïåðåéòè îò òî÷êè M 1 ê òî÷êå M 2 ñ êîîðäèíàòàìè

Uij 2 = Uij 1 � t1
@Esf

@Uij
(M 1); Vij 2 = Vij 1 � t1

@Esf

@Vij
(M 1); Wij 2 = Wij 1 � t1

@Esf

@Wij
(M 1):

Äàëåå, çà èñõîäíóþ ïðèíèìàåòñÿ òî÷êà M 2, è àíàëîãè÷íî íàõîäÿò òî÷êó M 3, çàòåì
M 4, M 5; : : : ; M n . Òàê ïîñòåïåííî ïðèõîäÿò ê òî÷êå ìèíèìóìà ôóíêöèè Esf (Uij ; Vij ; Wij ; qk ),
ò.å. íàõîäÿò çíà÷åíèÿ Uijn , Vijn , Wijn , êîòîðûå ïðè q = qk äàþò ìèíèìóì ôóíêöèè ( 3). Ñëå-
äóåò çàìåòèòü, ÷òî ïðîöåññ íàõîæäåíèÿ êîðíåé óðàâíåíèÿ ' 0(t) = 0 âûçûâàåò îïðåäåëåííûå
òðóäíîñòè, íî åñòü ìåòîäû, ïîçâîëÿþùèå íàõîäèòü ýòè êîðíè ïðèáëèæåííî.

Òàêàÿ ìåòîäèêà íàõîæäåíèÿ ìèíèìóìà ôóíêöèè ( 3) íà îñíîâå ìåòîäà íàèñêîðåéøåãî
ñïóñêà îïèñàíà â ðàáîòå [ 7].

Ñóùåñòâóåò ñîâðåìåííàÿ ìîäèôèêàöèÿ ìåòîäà íàèñêîðåéøåãî ñïóñêà.
Òåïåðü ðàññìîòðèì ìåòîäû ðåøåíèÿ íåëèíåéíîé ñèñòåìû ( 4). Çäåñü ìîæåò áûòü íåñêîëü-

êî ñïîñîáîâ, íî íà÷èíàòü ðåøåíèå íóæíî ñ íóëåâîãî ïî íàãðóçêå ñîñòîÿíèÿ îáîëî÷êè (ò. å.
ïðè q = 0 , U = 0 , V = 0 , W = 0). Äàëåå âñå ìåòîäû áóäóò ÿâëÿòüñÿ ïîøàãîâûìè. Èòàê,
ïðè çíà÷åíèè íàãðóçêè qk èçâåñòíû çíà÷åíèÿ Uij , Vij , Wij . Íóæíî íàéòè ýòè çíà÷åíèÿ ïðè
íàãðóçêå qk + � qk = qk+1 .

Ñèñòåìó íåëèíåéíûõ óðàâíåíèé ( 4) çàïèøåì â âèäå

F (X; q) = 0 : (5)

ÇäåñüX = ( Uij ; Vij ; Wij )T , F = ( F1l ; F2l ; F3l )T .
Ñèñòåìà (5), åñëè ôóíêöèîíàë èìååò âèä ( 1), � ýòî ñèñòåìà 3 N óðàâíåíèé ñ 3N íåèç-

âåñòíûìè, êîòîðóþ áîëåå ïîäðîáíî ìîæíî çàïèñàòü â âèäå

F1l (U11; U12; : : : ; Unn ; V11; V12; : : : ; Vnn ; W11; W12; : : : ; Wnn ) = 0 ;

F2l (U11; U12; : : : ; Unn ; V11; V12; : : : ; Vnn ; W11; W12; : : : ; Wnn ) = 0 ;

F3l (U11; U12; : : : ; Unn ; V11; V12; : : : ; Vnn ; W11; W12; : : : ; Wnn ; q) = 0 ; l = 1 ; 2; : : : ; N:

Çäåñü òîëüêî â ïîñëåäíèõ N óðàâíåíèÿõ ïðèñóòñòâóåò q. Ñèñòåìà (5) ñîäåðæèò ëèíåéíóþ
÷àñòü óðàâíåíèé è íåëèíåéíóþ, ïîýòîìó ìîæíî ïðåäñòàâèòü

F (X; q) = F L (X ) + F N (X ) + Cp � q;

ãäåF L (X ) � ëèíåéíàÿ ÷àñòü óðàâíåíèÿ, à F N (X ) � íåëèíåéíàÿ åãî ÷àñòü.

Ìåõàíèêà 349



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2025. Ò. 25, âûï. 3

Ñàìàÿ ïðîñòàÿ ìåòîäèêà ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé ( 5) îñíîâàíà íà ìåòîäå èòåðà-
öèé. Íåëèíåéíûå ÷ëåíû óðàâíåíèé ïåðåíîñèì â ïðàâóþ ÷àñòü:

F L (X ) + Cp � q = � F N (X ):

Ïðè q = qk èçâåñòíî çíà÷åíèå X k , ïîäñòàâèì ýòè çíà÷åíèÿ â F N (X ) è ðåøàåì ëèíåéíîå
óðàâíåíèå

F L (X k+1 ) + Cp � qk+1 = � F N (X k ):

Íàéäåííîå ðåøåíèå âíîâü ïîäñòàâëÿåòñÿ â F N (X ), è ïðîöåññ ïðîäîëæàåòñÿ äî òåõ ïîð,
ïîêà, íàïðèìåð, íà k-é èòåðàöèè ïðîãèá W (x; y) íå áóäåò óäîâëåòâîðÿòü íåðàâåíñòâó

�
�
�
�
W k+1 � W k

W k+1

�
�
�
� < ";

ãäå" � çàäàííîå çíà÷åíèå ïîãðåøíîñòè.
Ýòà ìåòîäèêà ïîçâîëÿåò íàõîäèòü ðåøåíèå çàäà÷è äî ïåðâîé êðèòè÷åñêîé íàãðóçêè ïî-

òåðè óñòîé÷èâîñòè îáîëî÷êè, à äàëåå èòåðàöèîííûé ïðîöåññ áóäåò ðàñõîäèòüñÿ. Òàêàÿ ìå-
òîäèêà ìîæåò áûòü èñïîëüçîâàíà íå òîëüêî äëÿ ðåøåíèÿ ëèíåéíî-óïðóãèõ çàäà÷, íî è äëÿ
íåëèíåéíî-óïðóãèõ, à òàêæå çàäà÷ ïîëçó÷åñòè. Ýòà ìåòîäèêà îïèñàíà â ðàáîòå [ 8].

Çà÷àñòóþ íåîáõîäèìî èññëåäîâàòü ÍÄÑ îáîëî÷êè íå òîëüêî â äîêðèòè÷åñêîé îáëàñòè,
íî è â çàêðèòè÷åñêîé, ò.å. íàõîäèòü íå òîëüêî âåðõíþþ êðèòè÷åñêóþ íàãðóçêó, íî è íèæ-
íþþ è äðóãèå êðèòè÷åñêèå íàãðóçêè, åñëè îíè åñòü (èññëåäîâàòü ìåñòíóþ è îáùóþ ïîòåðè
óñòîé÷èâîñòè îáîëî÷êè).

×òîáû ïðîâåñòè òàêèå èññëåäîâàíèÿ, íóæíî äëÿ ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ ( 3)
ïðèìåíÿòü ìåòîä ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó [ 9]. Ñõîäèìîñòü ýòîãî ìåòîäà óñòà-
íàâëèâàåò òåîðåìà î íåÿâíûõ ôóíêöèÿõ (ñì. [ 9]).

Ïóñòü èçâåñòíî íåêîòîðîå ðåøåíèå íåëèíåéíîãî óðàâíåíèÿ ( 5) ïðè q = q0 X 0(Uij 0; Vij 0;
Wij 0), ò. å.

X 0(q0) = 0 : (6)

Ïðîäèôôåðåíöèðóåì ( 5) ïî ïàðàìåòðó q. Â ðåçóëüòàòå ïîëó÷èì äèôôåðåíöèàëüíîå
óðàâíåíèå

@F
@X

dX
dq

+
@F
@q

= 0 : (7)

Ýòî óðàâíåíèå ñ íà÷àëüíûì óñëîâèåì ( 6) ïðåäñòàâëÿåò ñîáîé íà÷àëüíóþ çàäà÷ó äëÿ
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà îòíîñèòåëüíî dX

dq . Çäåñü@F
@X = J � ìàòðèöà

ßêîáè. Òî÷êè, ãäå det
� @F

@X

�
6= 0 , íàçûâàþòñÿ ðåãóëÿðíûìè, à òî÷êè, ãäå det

� @F
@X

�
= 0 , �

îñîáûìè.
Ïðèìåíèì äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è ( 7), (6) ìåòîä Ýéëåðà, ïîëó÷èì ðàñ÷åòíóþ

ñõåìó (ïðè q = qk ðåøåíèå èçâåñòíî)

X k+1 = X k + � X k ; qk+1 = qk + � qk ;

ãäå� qk çàäàåòñÿ, à� X k íàõîäèòñÿ èç ðåøåíèÿ ëèíåéíîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ

@F
@X

(X k ; qk ) � X k +
@F
@q

(X k ; qk ) � qk = 0 : (8)

Îïèñàííàÿ ìåòîäèêà ñîñòàâëÿåò ñóòü ìåòîäà ïîñëåäîâàòåëüíûõ íàãðóæåíèé [ 10].
Äëÿ ðåøåíèÿ ýòîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìîæíî ïðèìåíèòü ìå-

òîä Ãàóññà. Ðåøèâ ýòó ñèñòåìó, íàõîäèì � X k , ò.å. çíà÷åíèÿ � U(k)
ij , � V (k)

ij , � W (k)
ij ïðè

q = qk+1 . Ïîñëå ÷åãî íàõîäèì íàêîïëåííûå ê ýòîìó ýòàïó çíà÷åíèÿ ïàðàìåòðîâ

U(k+1)
ij = U(k)

ij + � U(k)
ij ; V (k+1)

ij = V (k)
ij + � V (k)

ij ; W (k+1)
ij = W (k)

ij + � W (k)
ij ; qk+1 = qk + � qk :
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Òàêèì îáðàçîì, ïðîäîëæàÿ ïðîöåññ ïîñëåäîâàòåëüíîãî óâåëè÷åíèÿ íàãðóçêè è ðåøàÿ
ëèíåéíûå óðàâíåíèÿ ñ èçìåíÿþùèìèñÿ îò ýòàïà ê ýòàïó íàêîïëåííûìè çíà÷åíèÿìè Uij ,
Vij , Wij , äîõîäèì äî ïåðâîé êðèòè÷åñêîé íàãðóçêè. Ïðè ýòîé íàãðóçêå det(J ) = 0 . Ïîñëå
ïðîõîæäåíèÿ ýòîé òî÷êè ïðîöåññ ìîæåò áûòü ïðîäîëæåí, òîëüêî ïðèðàùåíèå íàãðóçêè � q
äîëæíî ñìåíèòü çíàê íà ïðîòèâîïîëîæíûé.

Ðàññìîòðåííàÿ ñõåìà ðåøåíèÿ íà÷àëüíîé çàäà÷è ( 8) èìååò ïåðâûé ïîðÿäîê òî÷íîñòè,
ïîýòîìó äëÿ äîñòèæåíèÿ ïðèåìëåìîé òî÷íîñòè ïðèõîäèòñÿ áðàòü äîñòàòî÷íî ìàëûé øàã
� q. Ïî ñóòè äåëà, êðèâàÿ ¾íàãðóçêà q � ïðîãèá W ¿ çàìåíÿåòñÿ ëîìàíîé, ñîñòîÿùåé èç
îòðåçêîâ, êàñàòåëüíûõ ê èñòèííîé êðèâîé ¾íàãðóçêà q � ïðîãèá W ¿.

Äëÿ óâåëè÷åíèÿ òî÷íîñòè ðàñ÷åòîâ íóæíî âìåñòî ñõåìû Ýéëåðà ïðèìåíèòü, íàïðèìåð,
ñõåìó ìåòîäà Ðóíãå � Êóòòà 4-ãî ïîðÿäêà òî÷íîñòè. Ïðèìåíåíèå áîëåå òî÷íûõ ñõåì îïèñàíî
â ðàáîòå [11].

Êàê óæå áûëî ñêàçàíî ðàíåå, òî÷êè, ãäå det(J ) = 0 , íàçûâàþòñÿ îñîáûìè. Îñîáûå òî÷êè
ñîîòâåòñòâóþò èëè ïðåäåëüíûì òî÷êàì (â íèõ ïðîèñõîäèò ðåçêèé ïåðåõîä íà íîâîå ðàâíî-
âåñíîå ñîñòîÿíèå � ïîòåðÿ óñòîé÷èâîñòè îáîëî÷êè), èëè òî÷êàì áèôóðêàöèè (â ýòèõ òî÷êàõ
ïîÿâëÿåòñÿ âîçìîæíîñòü ðàçâåòâëåíèÿ ðåøåíèÿ).

Ðàññìîòðèì êðîìå ìàòðèöû ßêîáè J åùå ðàñøèðåííóþ ìàòðèöó ßêîáè [ 12]

Jq =
�

@F
@X

;
@F
@q

�

è íàáîð, ñîñòîÿùèé èç ìàòðèö Jm , ïîëó÷åííûõ èç Jq âû÷åðêèâàíèåì m-ãî ñòîëáöà ìàò-
ðèöû @F

@X.
Â òî÷êå áèôóðêàöèè, ò. å. â òî÷êå îòâåòâëåíèÿ íîâîãî ðåøåíèÿ [ 12] (ðàññìàòðèâàþòñÿ ïî-

î÷åðåäíî ñëó÷àè âû÷åðêèâàíèÿ êàæäîãî ñòîëáöà), det(J ) = 0 è det (Jm ) = 0 , à â ïðåäåëüíîé
òî÷êå

det(J ) = 0 ; det (Jm ) 6= 0 :

Äëÿ îáõîäà êðèòè÷åñêèõ òî÷åê ãðàôèêà ¾íàãðóçêàq � ïðîãèá W ¿ ìîæíî èëè ïîìåíÿòü
ïàðàìåòð ïðîäîëæåíèÿ ðåøåíèÿ [ 13], èëè, íå ìåíÿÿ ïàðàìåòð ïðîäîëæåíèÿ ðåøåíèÿ, ïðè-
ìåíèòü ñëåäóþùóþ ìåòîäèêó.

Íà÷èíàÿ ñ íóëåâîãî íåíàãðóæåííîãî ñîñòîÿíèÿ F (X 0; q0) = 0 çà ïàðàìåòð ïðîäîëæå-
íèÿ ðåøåíèÿ ïðèíèìàåòñÿ íàãðóçêà, è íà êàæäîì ýòàïå çàäàåòñÿ çíà÷åíèå � qk . Ðåøàåòñÿ
ëèíåéíîå óðàâíåíèå, âû÷èñëÿþòñÿ âñå íåèçâåñòíûå ïàðàìåòðû è, êðîìå òîãî, âû÷èñëÿþòñÿ
det(J ) è íàèáîëüøåå ïðèðàùåíèå ïðîãèáà

� W (k) =

p
NX

i =1

p
NX

j =1

� W (k)
ij X i

3Y j
3 :

Ïðè ïîäõîäå ê êðèòè÷åñêîé òî÷êå ãðàôèêà ¾íàãðóçêà q � ïðîãèá W ¿, êîãäà ïðè ñëåäó-
þùåì øàãå íàãðóæåíèÿ óæå íàãðóçêà qk áóäåò áîëüøå êðèòè÷åñêîé, êàñàòåëüíàÿ ê êðèâîé
¾íàãðóçêàq � ïðîãèá W ¿ ìåíÿåò íàïðàâëåíèå è ïðîèñõîäèò ñìåíà çíàêà íàèáîëüøåãî ïðè-
ðàùåíèÿ ïðîãèáà, ò.å. � W (k) � W (k� 1) < 0 è det(J ) âáëèçè êðèòè÷åñêîé íàãðóçêè áóäåò
áëèçîê ê íóëþ. Â ýòîì ñëó÷àå íåîáõîäèìî èçìåíèòü çíàê íà ïðîòèâîïîëîæíûé è ó � qk , è
ó � X k . Åñëè æå õîòÿ áû îäíî èç óñëîâèé � W (k) � W (k� 1) < 0, det(J ) = 0 íå âûïîëíÿåòñÿ,
ïðîöåññ ïðîäîëæàåòñÿ ñ ïðåæíèì çíà÷åíèåì � qk .

Äëÿ îáõîäà êðèòè÷åñêèõ òî÷åê ãðàôèêà ¾íàãðóçêàq � ïðîãèá W ¿ ïðè èñïîëüçîâàíèè
ìåòîäà ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó íàãðóçêè ìîæíî ïðåäëîæèòü ñëåäóþùèé àë-
ãîðèòì, çàïèñàííûé â âèäå áëîê-ñõåìû (ðèñ. 1).

Ïðè � q > 0 â ìîìåíò ïåðåõîäà ÷åðåç êðèòè÷åñêóþ òî÷êó ãðàôèêà W = W (q) êàñàòåëü-
íàÿ ê ãðàôèêó êðèâîé ìåíÿåò ñâîå íàïðàâëåíèå (ðèñ. 2).
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Ðèñ. 1. Áëîê-ñõåìà îáõîäà êðèòè÷åñêèõ òî÷åê
Fig. 1. Flowchart for traversing critical points
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Ðèñ. 2. Ãðàôè÷åñêîå èçîáðàæåíèå êðèòè÷åñêèõ òî÷åê
Fig. 2. Graphical representation of critical points

Â íàñòîÿùåå âðåìÿ äëÿ ðåøåíèÿ íåëèíåéíûõ çàäà÷ ðàçðàáîòàí ìåòîä ïðîäîëæåíèÿ ðå-
øåíèÿ ïî íàèëó÷øåìó ïàðàìåòðó [ 14], êîãäà äâèæåíèå îò òî÷êè ãðàôèêà ¾íàãðóçêà q �
ïðîãèá W ¿ ïðîèñõîäèò íå ïî êàñàòåëüíîé, à ïî íåêîòîðîé êðèâîé, ò.å. íàèëó÷øèì ïàðàìåò-
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ðîì ïðîäîëæåíèÿ ðåøåíèÿ ÿâëÿåòñÿ äëèíà äóãè, âû÷èñëÿåìàÿ âäîëü êðèâîé, êîòîðàÿ ýòèì
ðåøåíèåì ÿâëÿåòñÿ. Äëÿ óäîáñòâà äàëüíåéøèõ ïðåîáðàçîâàíèé ñèñòåìó ( 5) çàïèøåì â âèäå

F (X; q) = F
�

~X
�

= 0 ;

X = ( Uij ; Vij ; Wij ) = ( X 1; X 2; : : : ; X 3N ) ; i; j = 1 ; 2; : : : ;
p

N;

~X = ( Uij ; Vij ; Wij ; q) =
�

~X 1; ~X 2; : : : ; ~X 3N +1

�
; i; j = 1 ; 2; : : : ;

p
N:

(9)

Íàðÿäó ñ ìàòðèöåé ßêîáè J =
� @F

@X

�
, áóäåì ðàññìàòðèâàòü ðàñøèðåííóþ ìàòðèöó ßêîáè

Jq =
�
J;

@F

@~X 3N +1

�
:

Òåïåðü âûáåðåì íàèëó÷øèé, â íåêîòîðîì ñìûñëå, ïàðàìåòð ïðîäîëæåíèÿ ðåøåíèÿ. Áó-
äåì ñ÷èòàòü, ÷òî íåèçâåñòíûå â (9) çàâèñÿò îò íåêîòîðîãî ïàðàìåòðà � , ~X = ~X (� ). Ôàêòè-
÷åñêè ýòî ðàâíîñèëüíî ââåäåíèþ íîâîãî íåèçâåñòíîãî, êîòîðîå íå âõîäèëî ÿâíî â óðàâíå-
íèå ( 9). ×òîáû îïðåäåëèòü ýòîò ïàðàìåòð, íåîáõîäèìî äîïîëíèòåëüíîå ñîîòíîøåíèå, óñòà-
íàâëèâàþùåå ñâÿçü ìåæäó X i è � . Ýòà ñâÿçü èìååò âèä

d� 2 = d ~X 2
1 + d ~X 2

2 + : : : + d ~X 2
3N +1 :

Ââåäåííûé òàêèì îáðàçîì ïàðàìåòð � òðåáóåò ñîâìåñòíîãî ðåøåíèÿ óðàâíåíèÿ ( 9) è
3N +1P

i =1

d ~X i
d� = 1 . Ïðîäèôôåðåíöèðîâàâ óðàâíåíèå ( 9) ïî ïàðàìåòðó � , ïîëó÷èì óðàâíåíèÿ

Jq
d ~X
d�

= 0 ; Jq =
@F

@~X
:

Ðàññìîòðèì àëãîðèòì ìåòîäà ïðîäîëæåíèÿ ïî íàèëó÷øåìó ïàðàìåòðó íà îñíîâå ÿâíîé
ñõåìû ìåòîäà Ýéëåðà [ 14].

Èòàê, äëÿ ðåøåíèÿ íåëèíåéíîé ñèñòåìû ( 9) ïðè F (X 0) = 0 ìåòîäîì ïðîäîëæåíèÿ ðåøå-
íèÿ ïî íàèëó÷øåìó ïàðàìåòðó � íåîáõîäèìî ðåøåíèå çàäà÷è Êîøè äëÿ ñèñòåìû îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

"
J

d ~X T
�

d�

#
d ~X
d�

=
�

0
1

�
; ~X (� 0) = ~X 0; � 0 = 0 : (10)

Íà ïåðâîì ýòàïå q = 0 , Uij = 0 , Vij = 0 , Wij = 0 . Ñõåìà ( 8) ïðèíèìàåò âèä

�
J (k)

0 0 : : : 1

�
� ~X
� �

=
�

0
1

�
:

Ñèñòåìà
h
J (k)

i � ~X
� �

= [0]

èìååò âèä (8). Ðåøèâ åå ìåòîäîì Ãàóññà, íàõîäèì � ~X i . Èç ïîñëåäíåé ñòðîêè ýòîé ñèñòåìû
ñëåäóåò

� ~X 3N +1 = � � (� ~X 3N +1 = � q):

Íà k-ì ýòàïå ðåøàåòñÿ çàäà÷à (10). Îïÿòü � ~X i íàõîäèòñÿ êàê ðàíåå. Óñëîâèå

d ~X �

d�
=

d ~X
d�





 d ~X

d�
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ìîæíî çàïèñàòü â âèäå
d ~X �

i

d�
=

� ~X is
3NP

i =1
� ~X i � ~X i

:

Òåïåðü ìîæíî íàéòè ~X (k+1)
i ïî ôîðìóëå

~X (k+1)
i = ~X (k)

i +
d ~X �

i

d�
� � k

(íà 1-ì ýòàïå � � k = � q0, � 0 = 0 ), äàëåå� k+1 = � k + � � k .
Ïðè èñïîëüçîâàíèè ïîñëåäíåé ñòðîêè ñõåìû ( 10) ïîëó÷èì

3N +1X

i =1

d ~X �
i

d�
d ~X i

d�
= 1 ; èëè

3N +1X

i =1

� ~X �
i � ~X i = � � 2;

îòêóäà ìîæíî âûðàçèòü � � k è ò.ä.
Â ìåòîäå ïðîäîëæåíèÿ ðåøåíèÿ ïî íàèëó÷øåìó ïàðàìåòðó ïàðàìåòð � îïðåäåëåí êàê

ñóììà êâàäðàòîâ äèôôåðåíöèàëîâ íåèçâåñòíûõ ~X i , ïîýòîìó âñå îíè äîëæíû èìåòü îäíó
è òó æå ðàçìåðíîñòü. Òàê êàê U, V , W èçìåðÿþòñÿ â ìåòðàõ, à q � â ÌÏà, òî íåîáõîäèìî
ïåðåä ïðèìåíåíèåì ýòîãî ìåòîäà ïåðåéòè ê áåçðàçìåðíûì ïàðàìåòðàì òàê, ÷òîáû âñå ~X i

áûëè áåçðàçìåðíûìè.
Ïðè ðåøåíèè äèíàìè÷åñêèõ çàäà÷ òåîðèè îáîëî÷åê ïåðåìåùåíèÿ áóäóò çàâèñåòü íå òîëü-

êî îò x è y, íî è îò t, ò.å.U (x; y; t ), V (x; y; t ), W (x; y; t ). Ïîýòîìó â ðàçëîæåíèè ( 2) Uij , Vij ,
Wij áóäóò íåèçâåñòíûìè ôóíêöèÿìè ïåðåìåííîé t. Ïðèìåíÿÿ ìåòîä Âëàñîâà � Êàíòîðîâè÷à
ê óðàâíåíèÿì äâèæåíèÿ, îïèñàííûì â ÷àñòè I ñòàòüè, ïîëó÷èì ñèñòåìó îäíîðîäíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé, êîòîðàÿ ðåøàåòñÿ ìåòîäîì Ðóíãå � Êóòòû. Òàêàÿ ìåòîäèêà îïèñàíà
â ðàáîòàõ Â. À. Êðûñüêî (ñì., íàïðèìåð, [ 15]). Ïîëó÷åííàÿ ñèñòåìà îäíîðîäíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé îòíîñèòñÿ ê òàê íàçûâàåìûì æåñòêèì ñèñòåìàì óðàâíåíèé, ïîýòîìó
äëÿ ðåøåíèÿ òàêèõ ñèñòåì èñïîëüçóþò ñïåöèàëüíûå ìåòîäû, â òîì ÷èñëå íåÿâíûå ìåòîäû
Ðóíãå � Êóòòû.

Ïðèìåðû ïðèìåíåíèÿ îïèñàííîé ìåòîäèêè äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè îáîëî÷åê
Òåïåðü ðàññìîòðèì êîíêðåòíûå ïðèìåðû ïðèìåíåíèÿ ðàçëè÷íûõ àëãîðèòìîâ äëÿ èñ-

ñëåäîâàíèÿ óñòîé÷èâîñòè îáîëî÷åê ïîñòîÿííîé òîëùèíû. Âåçäå íàãðóçêà ïðèíèìàëàñü ðàâ-
íîìåðíî ðàñïðåäåëåííàÿ è íîðìàëüíàÿ ê ñðåäèííîé ïîâåðõíîñòè, è åñëè ýòî îòäåëüíî íå
îãîâàðèâàåòñÿ, òî êîíòóð îáîëî÷êè çàêðåïëåí øàðíèðíî íåïîäâèæíî. Ìàòåðèàë îáîëî÷êè
èìååò õàðàêòåðèñòèêè:E = 2 :1� 105 ÌÏà, � = 0 :3. Âåçäå, åñëè ýòî íå îãîâîðåíî ñïåöèàëüíî,
â ðàçëîæåíèè ïåðåìåùåíèé óäåðæèâàëîñü äåâÿòü ÷ëåíîâ: N = 9 .

Íà ðèñ. 3 ïðåäñòàâëåíû çàâèñèìîñòè ¾íàãðóçêà q � ïðîãèá W ¿ äëÿ ïîëîãîé îáîëî÷êè
äâîÿêîé êðèâèçíû, øàðíèðíî-ïîäâèæíî çàêðåïëåííîé ïî êîíòóðó, ñ ïàðàìåòðàìè a = b =
= 200h, R1 = R2 = 400h, h = 0 :01 ì. Äëÿ ðåøåíèÿ íåëèíåéíîé ñèñòåìû ( 4) ïðèìåíÿåòñÿ
ìåòîä èòåðàöèé, ïîýòîìó íàéäåíà òîëüêî âåðõíÿÿ êðèòè÷åñêàÿ íàãðóçêà.

Íà ðèñ. 4 äëÿ ïîëîãîé îáîëî÷êè äâîÿêîé êðèâèçíû ñ ïàðàìåòðàìè a = b = 60h, R1 =
= R2 = 225h, h = 0 :09 ì ïðåäñòàâëåíû çàâèñèìîñòè ¾íàãðóçêà q � ïðîãèá W ¿ (ñïëîøíîé
ãðàôèê).

Äëÿ ðåøåíèÿ íåëèíåéíîé ñèñòåìû ( 4) ïðèìåíÿëñÿ ìåòîä ïðîäîëæåíèÿ ðåøåíèÿ ïî ïà-
ðàìåòðó íàãðóçêè ñ îáõîäîì êðèòè÷åñêèõ òî÷åê. Òîò æå ðåçóëüòàò áûë ïîëó÷åí è ïðè èñ-
ïîëüçîâàíèè ìåòîäà ïðîäîëæåíèÿ ïî íàèëó÷øåìó ïàðàìåòðó. Íà ðèñ. 4 òàêæå ïðåäñòàâëåíà
çàâèñèìîñòü ¾det J � ïðîãèá W ¿ (øòðèõîâîé ãðàôèê). Íóëåâûå çíà÷åíèÿ det J ñîîòâåòñòâó-
þò âåðõíåé è íèæíåé êðèòè÷åñêîé íàãðóçêå îáîëî÷êè (âûäåëåíî ïðÿìûìè âåðòèêàëüíûìè
ëèíèÿìè).

Íà ðèñ. 5 ïðåäñòàâëåíà çàâèñèìîñòü ¾íàãðóçêàq � ïðîãèá W ¿ äëÿ ïîëîãîé îáîëî÷êè
äâîÿêîé êðèâèçíû ñ ïàðàìåòðàìè a = b = 120h, R1 = R2 = 450h, h = 0 :09 ì. Êðèâûå 1
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Ðèñ. 3. Ãðàôèê ¾íàãðóçêà q � ïðî-
ãèá W ¿ äëÿ ïîëîãîé îáîëî÷êè äâî-
ÿêîé êðèâèçíû, øàðíèðíî-ïîäâèæíî
çàêðåïëåííîé ïî êîíòóðó, ñ ïàðàìåò-
ðàìè a = b = 200h, R1 = R2 = 400h,

h = 0 :01 ì
Fig. 3. �Load q � de�ection W � graph
for a shallow shell of double curvature,
pivotally �xed along the contour,
with parameters a = b = 200h,

R1 = R2 = 400h, h = 0 :01 m

Ðèñ. 4. Ãðàôèê ¾íàãðóçêàq � ïðîãèá W ¿ (ñïëîøíîé ãðà-
ôèê) è ¾íàãðóçêà q � îïðåäåëèòåëü det(J )¿ (øòðèõîâîé
ãðàôèê) äëÿ ïîëîãîé îáîëî÷êè äâîÿêîé êðèâèçíû ñ ïà-

ðàìåòðàìè a = b = 60h, R1 = R2 = 225h, h = 0 :09 ì
Fig. 4. �Load q � de�ection W � graph (continuous graph)
and �Load q � determinant det(J )� (line graph) graph
for a shallow shell of double curvature with parameters

a = b = 60h, R1 = R2 = 225h, h = 0 :09 m
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Ðèñ. 5. Ãðàôèê ¾íàãðóçêà q � ïðîãèá W ¿ äëÿ ïî-
ëîãîé îáîëî÷êè äâîÿêîé êðèâèçíû ñ ïàðàìåòðàìè

a = b = 120h, R1 = R2 = 450h, h = 0 :09 ì
Fig. 5. �Load q � de�ection W � graph for a shallow shell
of double curvature with parameters a = b = 120h,

R1 = R2 = 450h, h = 0 :09 m

(ïðîãèá â öåíòðå îáîëî÷êè ïðè x = a=2,
y = b=2) è 2 (ïðîãèá â ÷åòâåðòè îáî-
ëî÷êè ïðè x = a=4, y = b=4) ïî-
ëó÷åíû ïðèìåíåíèåì ìåòîäà ïðîäîë-
æåíèÿ ðåøåíèÿ ïî íàèëó÷øåìó ïàðà-
ìåòðó, à êðèâàÿ 3 � ìåòîäîì ïðîäîë-
æåíèÿ ðåøåíèÿ ïî ïàðàìåòðó íàãðóç-
êè ñ îáõîäîì êðèòè÷åñêîé òî÷êè. Êàê
âèäíî èç ðèñ. 5, ìåòîä ïðîäîëæåíèÿ
ïî íàèëó÷øåìó ïàðàìåòðó ïîçâîëÿåò
âûÿâèòü ìåñòíóþ ïîòåðþ óñòîé÷èâî-
ñòè äî îáùåé ïîòåðè óñòîé÷èâîñòè.

Íà ðèñ. 6 ïðèâåäåíû ãðàôèêè
¾íàãðóçêà q � ïðîãèá W ¿ äëÿ öè-
ëèíäðè÷åñêîé ïàíåëè ñ ïàðàìåòðàìè
a = 20 ì, R = 5 :4 ì, h = 0 :01 ì,
óãîë ðàçâîðîòà b = 1 :57 ðàä. Ðåçóëü-
òàòû ïîëó÷åíû ïðèìåíåíèåì äëÿ íà-
õîæäåíèÿ ìèíèìóìà ôóíêöèè ( 3) âà-
ðèàíòà ìåòîäà ïîêîîðäèíàòíîãî ñïóñ-
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Ðèñ. 6. Ãðàôèê ¾íàãðóçêàq � ïðîãèá W ¿ äëÿ öè-
ëèíäðè÷åñêîé ïàíåëè ñ ïàðàìåòðàìè a = 20 ì,
R = 5 :4 ì, h = 0 :01 ì, óãîë ðàçâîðîòà b = 1 :57 ðàä
Fig. 6. �Load q � de�ection W � graph for a
cylindrical panel with parameters a = 20 m,
R = 5 :4 m, h = 0 :01 m, turning angle b = 1 :57 rad

êà L-BFGS. Äëÿ àïïðîêñèìàöèè ïå-
ðåìåùåíèé èñïîëüçîâàëèñü NURBS-ïî-
âåðõíîñòè (íåîäíîðîäíûé ðàöèîíàëüíûé
B-ñïëàéí) ïðè äèñêðåòíîì ðàçáèåíèè îá-
ëàñòè. Äëÿ äîñòèæåíèÿ äîñòàòî÷íîé òî÷-
íîñòè ÷èñëî òî÷åê ðàçáèåíèÿ îáëàñòè ñî-
ñòàâèëî 440.

Ìåòîä êîíå÷íûõ ýëåìåíòîâ äëÿ ðàñ-
÷åòà îáîëî÷åê èñïîëüçóåòñÿ â òåõ ñëó÷à-
ÿõ, êîãäà îáîëî÷êà èìååò ñëîæíóþ ôîð-
ìó, íàïðèìåð, ïîäêðåïëåíà ðåáðàìè ðàç-
íîé æåñòêîñòè. Ïðè ýòîì ðàññìàòðèâàåò-
ñÿ ãåîìåòðè÷åñêè ëèíåéíàÿ çàäà÷à.

Ðàññìàòðèâàåòñÿ êâàäðàòíàÿ â ïëàíå
îáîëî÷êà ñî ñòîðîíîé a = 6 è òîëùèíîé
h = 0 :005 ì, ñîñòîÿùàÿ èç 36 ðåáðèñòûõ
ïëèò ðàçìåðîì 0:5 � 2 ì (ðèñ. 7).
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Ðèñ. 7. Îáùèé âèä ñêëàä÷àòîé îáîëî÷êè è ñå÷åíèÿ îòäåëüíûõ ïàíåëåé, îáðàçóþùèõ
îáîëî÷êó

Fig. 7 General view of the folded shell and section of individual panels forming the shell

Âäîëü îñè y ðàñïîëîæåíî òðè ïëèòû äëèíîé 2 ì êàæäàÿ, à âäîëü îñè x � 12 ïëèò äëèíîé
0.5 ì êàæäàÿ. Ðàçìåðû âñåõ ýëåìåíòîâ ïëèòû è êîíñòðóêöèè â öåëîì ïîêàçàíû íà ðèñ. 7.

Ïî êîíòóðó îáîëî÷êà çàêðåïëåíà øàðíèðíî-ïîäâèæíî, ïîýòîìó äëÿ ðàñ÷åòà åå íàïðÿ-
æåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ èñïîëüçóþòñÿ óðàâíåíèÿ â ñìåøàííîé ôîðìå, òàê êàê
â ýòîì ñëó÷àå ëåãêî ïîäîáðàòü àïïðîêñèìèðóþùèå ôóíêöèè â ìåòîäå Áóáíîâà � Ãàëåðêèíà,
óäîâëåòâîðÿþùèå çàäàííûì êðàåâûì óñëîâèÿì.

Óêàæåì îñíîâíûå õàðàêòåðèñòèêè êîíñòðóêöèè:
1) âäîëü îñè x íàõîäèòñÿ 11 èçëîìîâ ñðåäèííîé ïîâåðõíîñòè ñ îäèíàêîâûì óãëîì èçëîìà

� j = 0 :06065ðàä, à âäîëü îñè y � 2 èçëîìà ñ óãëîì � i = 0 :24391ðàä;
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2) ðàçìåðû ðåáåð, ïðèâåäåííûå ê ïðÿìîóãîëüíîìó ñå÷åíèþ, ñîñòàâëÿþò: äëÿ îêàéìëÿþ-
ùèõ ïëèòó (áîëüøèõ) ðåáåð âûñîòà ðàâíà 0.07 ì, øèðèíà � 0.045 ì; äëÿ âíóòðåííèõ (ìàëûõ)
ðåáåð âûñîòà ðàâíà 0.045 ì, øèðèíà � 0.0225 ì;

3) õàðàêòåðèñòèêè ìàòåðèàëà êîíñòðóêöèè: æåëåçîáåòîí ñE = 2 :5�104 ÌÏà è � = 0 :167;
4) íàãðóçêà ðàâíîìåðíî ðàñïðåäåëåííàÿ ïî ïëîùàäè îáîëî÷êè, ñîñòàâëÿþùàÿ ñ ñîá-

ñòâåííûì âåñîì êîíñòðóêöèè q = 4 :3 � 10� 3 ÌÏà.
Ðåøåíèå çàäà÷è ìåòîäîì êîíå÷íûõ ýëåìåíòîâ, íàéäåííîå À. Ì. Ìàñëåííèêîâûì

è Ð. À. Ïîïîâûì [ 16], äàåò W
� a

2 ; b
2

�
= 0 :00272 ì, � = � 3:22 ÌÏà. Ýïþðû ïîëó÷åííûõ

èìè ïðîãèáîâ ïðåäñòàâëåíû íà ðèñ. 8. Çäåñü øòðèõ-ïóíêòèðîì ïîêàçàíî ðåøåíèå, ñîîòâåò-
ñòâóþùåå æåñòêîìó êîíòóðó, êîãäà íà íåì W = 0 , ïóíêòèðîì � ðåøåíèå, ó÷èòûâàþùåå
ïîäàòëèâîñòü êîíòóðà â íàïðàâëåíèè îñè z, à ñïëîøíûìè ëèíèÿìè ïîêàçàíî ðåøåíèå, ïî-
ëó÷åííîå ýêñïåðèìåíòàëüíî.
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Ðèñ. 8. Ýïþðû ïðîãèáîâ ñêëàä÷àòîé îáîëî÷êè
Fig. 8. Diagrams of de�ections of a folded shell

1.2. Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ îáîëî÷åê,
ñîäåðæàùèõ ðàçðûâíûå ïàðàìåòðû

Åñëè â ñîîòíîøåíèÿõ òåîðèè îáîëî÷åê âñòðå÷àþòñÿ ðàçðûâíûå ôóíêöèè â âèäå åäèíè÷-
íûõ ôóíêöèé Õåâèñàéäà èëè äåëüòà-ôóíêöèé Äèðàêà, òî äëÿ ðåøåíèÿ óðàâíåíèé ðàâíîâå-
ñèÿ â ýòîì ñëó÷àå ðàçðàáîòàí Ã. Í. Áåëîñòî÷íûì [ 17,18] ñïåöèàëüíûé ìåòîä.

Ïóñòü äàíî îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

L n [f (x)] =
kX

i =1

bi (x)H (x � x i ); (11)

ãäåL n � ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ïîðÿäêà n ñ ïîñòîÿííûìè êîýôôèöèåíòà-

ìè L n =
nP

j =1
aj dj =dxj (an = 1) , bi (x) � èçâåñòíûå ôóíêöèè; H (x � x i ) � îáîáùåííûå ôóíêöèè

Õåâèñàéäà. Åñëè ââåñòè â ðàññìîòðåíèå âñïîìîãàòåëüíûå óðàâíåíèÿ

L n [f i (x)] = bi (x); i = 1 ; 2; : : : ; k;
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÷àñòíûå èíòåãðàëû êîòîðûõ èçâåñòíû, òî ôóíêöèÿ

~f (x) =
kX

i =1

 
nX

m=1

C i
m ' m (x) + ~f i (x)

!

H (x � x i )

ÿâëÿåòñÿ ÷àñòíûì èíòåãðàëîì óðàâíåíèÿ ( 11), ãäåC i
m � ðåøåíèÿ ñèñòåì ëèíåéíûõ íåîäíî-

ðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

nX

m=1

C i
m

dl ' m

dxl

�
�
�
�
�
x i

= �
dl ~f i

dxl

�
�
�
�
�
x i

; (12)

à ñèñòåìà ôóíêöèé f ' m (x)g � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ ( 11), ò.å. òàêàÿ
ñèñòåìà ëèíåéíî íåçàâèñèìûõ ôóíêöèé, ëèíåéíàÿ êîìáèíàöèÿ êîòîðûõ äàåò îáùåå ðåøåíèå
ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ.

Îáùåå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ( 11):

f (x) =
nX

m=1

Cm ' m (x) +
kX

i =1

 
nX

m=1

C i
m ' m (x) + ~f i (x)

!

H (x � x i ); (13)

â ÷åì íåòðóäíî óáåäèòüñÿ ïîäñòàíîâêîé ( 13) â (11). ÇäåñüCm � ïîñòîÿííûå èíòåãðèðîâàíèÿ.
Ïóñòü äèôôåðåíöèàëüíîå óðàâíåíèå ñîäåðæèò îáîáùåííóþ äåëüòà-ôóíêöèþ

L n [f (x)] = b(x i )� (x � x i ); (14)

ãäåb(x i ) � çíà÷åíèå èçâåñòíîé ôóíêöèè b(x) â òî÷êå x i ; � (x � x i ) � äåëüòà-ôóíêöèÿ.
Ðåøåíèåì óðàâíåíèÿ ( 14) ÿâëÿåòñÿ ôóíêöèÿ

f (x) =
nX

m=1

Cm ' m (x) +
nX

m=1

C i
m ' m (x)H (x � x i ); (15)

ãäåC i
m � ðåøåíèÿ ñèñòåìû ëèíåéíûõ íåîäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

nX

m=1

C i
m

dl ' m

dxl

�
�
�
�
�
x i

= 
 l ; 
 l =

(
0; ïðè l = 0 ; 1; : : : ; n � 2;

b(x i ); ïðè l = n � 1:
(16)

Åñëè äèôôåðåíöèàëüíîå óðàâíåíèå ñîäåðæèò ïðîèçâîäíóþ îò îáîáùåííîé äåëüòà-ôóíêöèè

L n [f (x)] = b(x)
d� (x � x i )

dx
;

ïðàâàÿ åãî ÷àñòü ïðåîáðàçóåòñÿ ê âèäó

b(x)
d�
dx

= b(x i )
d�
dx

�
db
dx

�
�
�
�
x i

� (x � x i ):

Â ýòîì ñëó÷àå èíòåðåñ ïðåäñòàâëÿåò ðåøåíèå, ïîçâîëÿþùåå îïðåäåëèòü ÷àñòíûé èíòåãðàë
óðàâíåíèÿ

L n [f (x)] = b(x i )
d� (x � x i )

dx
:

Îáùèé èíòåãðàë ýòîãî óðàâíåíèÿ òàêæå ìîæíî ïðåäñòàâèòü â âèäå ( 15), ãäå C i
m îïðåäåëÿ-

þòñÿ êàê ðåøåíèÿ ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé (16), ñâîáîäíûå ÷ëåíû êîòîðûõ


 l =

8
><

>:

0; ïðè l 6 n � 3;

b(x i ); ïðè l = n � 2;

� dn� 1b(x i ); ïðè l = n � 1:
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Â òîì ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñîäåðæèò âòîðóþ ïðîèç-
âîäíóþ îò îáîáùåííîé äåëüòà-ôóíêöèè, ñòðóêòóðà ðåøåíèÿ ( 15) íå èçìåíèòñÿ. Ñâîáîäíûå
÷ëåíû ñîîòâåòñòâóþùåé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé â ýòîì ñëó÷àå


 l =

8
>>><

>>>:

0; ïðè l 6 n � 4;

b(x i ); ïðè l = n � 3;

� dn� 1b(x i ); ïðè l = n � 2;

(d2
n� 1 � dn� 2)b(x i ); ïðè l = n � 1:

Ìåòîä îïðåäåëåíèÿ çàìêíóòûõ ðåøåíèé ÷àñòè÷íî âûðîæäåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ðàñïðîñòðàíÿåòñÿ è íà óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîäíûå îò äåëüòà-ôóíêöèé
òðåòüåãî è âûøå ïîðÿäêîâ.

Ïðèìåð èñïîëüçîâàíèÿ îïèñàííîé ìåòîäèêè
Äàííûé ïðèìåð ïðåäîñòàâëåí Ã. Í. Áåëîñòî÷íûì. Íàéòè ðåøåíèå çàäà÷è î ïëàñòèíêå,

íàõîäÿùåéñÿ â ñîñòîÿíèè ñòàöèîíàðíîãî òåïëîîáìåíà ñ îêðóæàþùåé ñðåäîé ïðè îäèíà-
êîâûõ êîýôôèöèåíòàõ òåïëîîòäà÷è @ñ îáåèõ ïîâåðõíîñòåé z = � h/2 , ãäå h � òîëùèíà
ïëàñòèíêè. Íà ëèíèÿõ x = x i (i = 1 ; 2; : : : ; n), ïàðàëëåëüíûõ äâóì êðàÿì ïëàñòèíêè, äîïóñ-
êàåòñÿ ñêà÷êîîáðàçíîå èçìåíåíèå òåìïåðàòóðû âíåøíåé ñðåäû " + (x; y) ñî ñòîðîíû z = h/2 .
Ýòî âîçìîæíî, íàïðèìåð, ïðè íàëè÷èè òåðìîèçîëèðóþùèõ ïåðåãîðîäîê èëè ôðîíòîâ óäàð-
íûõ âîëí âíåøíåé ñðåäû ó ïîâåðõíîñòè ïëàñòèíêè.

Ïóñòü íà êðàÿõ y = 0 è y = b ïîääåðæèâàåòñÿ íóëåâàÿ òåìïåðàòóðà. Òîãäà ðåøåíèå
óðàâíåíèé òåïëîïðîâîäíîñòè

� r 2� m � 2
@
h

� m = �
@
h

(T+ (x; y) + T � (x; y)) ;

� r 2(� � ) �
�

6
@
h

+ 12
�
h2

�
� � = � 6

@
h

(T+ (x; y) � T � (x; y))

äëÿ ôóíêöèé � m (x; y) è � � (x; y), ñâÿçàííûõ ñ òåìïåðàòóðîé � (x; y; z) ðàâåíñòâîì

� (x; y; z) = � m (x; y) +
z
h

� � (x; y);

ñâîäèòñÿ ïîäñòàíîâêîé

� m (x; y) =
X

k

' k (x) sin yk ; � � (x; y) =
X

k

 k (x) sin yk

ê èíòåãðèðîâàíèþ ñëåäóþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî ôóíêöèé ' k (x)
è  k (x):

d2' k

dx2 �
ak

11

b2 ' k =
@
�h

(T+
k (x) + T �

k (x)) ;
d2 k

dx2 �
ak

21

b2  k = � 6
@
�h

(T+
k (x) + T �

k (x)) : (17)

Çäåñüak
11, ak

21 � ïîñòîÿííûå, çàâèñÿùèå îò @, � , h, =b; è b� ðàçìåðû ïëàñòèíêè â ïëàíå;
T �

k (x) = (2 =b) (T � (x; y); sinyk ); yk = k�y=b.
Â ñëó÷àå îäíîãî òåìïåðàòóðíîãî ñêà÷êà ñî ñòîðîíû ïëîñêîñòè z = h/2

T+ = T+
0 H (x � x i ); T � = const;

T+
k =

2
k�

(1 � cosk� )T+
0 H (x � x i ); T �

k =
2

k�
(1 � cosk� )T � :

Îáùåå ðåøåíèå óðàâíåíèé ( 17) íà îñíîâàíèè ( 12) çàïèñûâàåì â âèäå

' k (x) = C1
k ex11 + C2

k e� x11 + 2L r
kT+

0

0

@1 � ch

q
ak

11(x � x i )

b

1

A H (x � x i ) + 2 L r
kT � ;
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 k (x) = D 1
kex21 + D 2

ke� x21 + 12L s
kT+

0

0

@1 � ch

q
ak

21(x � x i )

b

1

A H (x � x i ) � 12L s
kT � ;

ãäå C j
k , D j

k (j = 1 ; 2) � ïîñòîÿííûå èíòåãðèðîâàíèÿ; L r
k = @�

k=(k�a k
11); L s

k = @�
k=(k�a k

21),
@�

k = ( b=h)2(@b=� )(1 � cosk� ).
Åñëè ïðåäïîëîæèòü, ÷òî êðàÿ ïëàñòèíêè ( x = 0 , x = a) òåïëîèçîëèðîâàíû, ò.å.

@�
@x

= 0 ;
@�m
@x

= 0 ;
@� �
@x

= 0 ;

òî, íàïðèìåð, ôóíêöèÿ  k (x)ïðèìåò âèä

 k (x) =
12L s

kT+
0 sh

� q
ak

21(a � x i )=b
�

sh
� q

ak
21a=b

� chx21+

+12L s
kT+

0

0

@1 � ch

q
ak

21(x � x i )

b

1

A Y(x � x i ) � 12L s
kT � :

1.3. Àñèìïòîòè÷åñêîå èíòåãðèðîâàíèå óðàâíåíèé òåîðèè îáîëî÷åê

À. Ë. Ãîëüäåíâåéçåðîì ðàçðàáîòàí ìåòîä ðåøåíèÿ óðàâíåíèé ðàâíîâåñèÿ îáîëî÷åê [ 19].
Ðàññìîòðèì ñóòü ýòîãî ìåòîäà.

Èñïîëüçóþòñÿ îäíîðîäíûå óðàâíåíèÿ ðàâíîâåñèÿ â ïåðåìåùåíèÿõ è ïðèíèìàåòñÿ, ÷òî
ñðåäèííàÿ ïîâåðõíîñòü îáîëî÷êè îòíåñåíà ê îðòîãîíàëüíûì êðèâîëèíåéíûì êîîðäèíàòàì.

Óðàâíåíèÿ ðàâíîâåñèÿ â ïåðåìåùåíèÿõ êðàòêî çàïèøåì â âèäå

L 11(u) + L 12(v) + L 13(w) + ~h2 �
N 11(u) + N 12(v) + N 13(w)

�
= 0 ;

L 21(u) + L 22(v) + L 23(w) + ~h2 �
N 21(u) + N 22(v) + N 23(w)

�
= 0 ;

L 31(u) + L 32(v) + L 33(w) + ~h2 �
N 31(u) + N 32(v) + N 33(w)

�
= 0 ;

(18)

ãäå ~h = h
� ; � � íåêîòîðûé õàðàêòåðíûé ëèíåéíûé ðàçìåð ñðåäèííîé ïîâåðõíîñòè; L ij è

N ij � äèôôåðåíöèàëüíûå îïåðàòîðû. Íà ïåðâûõ ýòàïàõ ðàññóæäåíèé áóäóò âàæíû òîëüêî
ïîðÿäîê îïåðàòîðà L ij è ïîðÿäîê îïåðàòîðà N ij (ýòè îïåðàòîðû çàïèñûâàþòñÿ â òàáëèöû).

Ðåøåíèÿ óðàâíåíèé ( 18) çàäàþòñÿ â âèäå

u = k� 1 u(x; y; k)ekf (x;y ) ;

v = k� 2 v(x; y; k)ekf (x;y ) ;

w = k� 3 w(x; y; k)ekf (x;y ) ;

ãäå k = ~h� t (t > 0), è áóäåì ñ÷èòàòü, ÷òî âåëè÷èíà 2
t ìîæåò ïðèíèìàòü òîëüêî öåëûå

çíà÷åíèÿ.
Ïðèìåì, ÷òî ôóíêöèÿ èçìåíÿåìîñòè f (x; y) íå çàâèñèò îò ïàðàìåòðà k, à ôóíêöèè èí-

òåíñèâíîñòè u, v, w ìîãóò áûòü ïðåäñòàâëåíû â âèäå àñèìïòîòè÷åñêèõ ðàçëîæåíèé

u = u0 +
u1(x; y)

k
+

u2(x; y)
k2 + : : : ;

v = v0 +
v1(x; y)

k
+

v2(x; y)
k2 + : : : ;

w = w0 +
w1(x; y)

k
+

w2(x; y)
k2 + : : : ;

â êîòîðûõ u0 6= 0 , v0 6= 0 , w0 6= 0 .
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Äàäèì t íåêîòîðîå ïîëîæèòåëüíîå çíà÷åíèå òàê, ÷òîáû 2=t áûëî öåëûì ÷èñëîì, ïðåäñòà-
âèì ëåâóþ ÷àñòü êàæäîãî óðàâíåíèÿ ( 18) â âèäå ïðîèçâåäåíèÿ ýêñïîíåíöèàëüíîãî ìíîæè-
òåëÿekf íà ðÿä, ðàñïîëîæåííûé ïî öåëûì íèñõîäÿùèì ñòåïåíÿì ïàðàìåòðà k, è ïîòðåáóåì,
÷òîáû â ëåâûõ ÷àñòÿõ ïîëó÷åííûõ ñîîòíîøåíèé èñ÷åçëè êîýôôèöèåíòû ïðè âñåõ ñòåïåíÿõ
k. Ýòî ïðèâåäåò ê áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòè ñèñòåì óðàâíåíèé. Ïåðâàÿ (ãîëîâíàÿ)
ñèñòåìà èç òðåõ óðàâíåíèé ïîëó÷àåòñÿ â ðåçóëüòàòå ïðèðàâíèâàíèÿ ê íóëþ êîýôôèöèåíòîâ
ïðè ñòåïåíÿõ k � ñàìûõ âûñîêèõ ñòåïåíÿõ äëÿ êàæäîãî ñîîòíîøåíèÿ; âòîðàÿ ñèñòåìà èç
òðåõ óðàâíåíèé ïîëó÷èòñÿ â ðåçóëüòàòå ïðèðàâíèâàíèÿ ê íóëþ êîýôôèöèåíòîâ ïðè còåïå-
íÿõ (k � 1) è ò.ä.

Îïåðàòîðû L ij è N ij ïî íèñõîäÿùèì ñòåïåíÿì k ìîæíî çàïèñàòü â âèäå

L i 1(u) � k� 1
�
kni 1L i 1

0 u0 + kni 1� 1 �
L i 1

1 (u0) + L i 1
0 (u1)

�
+ : : :

�
ekf ;

L i 2(v) � k� 2
�
kni 2L i 2

0 u0 + kni 2� 1 �
L i 2

1 (v0) + L i 2
0 (v1)

�
+ : : :

�
ekf ;

L i 3(w) � k� 3
�
kni 3L i 3

0 u0 + kni 3� 1 �
L i 3

1 (w0) + L i 3
0 (w1)

�
+ : : :

�
ekf ;

N i 1(u) � k� 1
�
kmi 1N i 1

0 u0 + kmi 1� 1 �
N i 1

1 (u0) + N i 1
0 (u1)

�
+ : : :

�
ekf ;

N i 2(v) � k� 2
�
kmi 2N i 2

0 v0 + kmi 2� 1 �
N i 2

1 (v0) + N i 2
0 (v1)

�
+ : : :

�
ekf ;

N i 3(w) � k� 3
�
kmi 3N i 3

0 w0 + kmi 3� 1 �
N i 3

1 (w0) + N i 3
0 (w1)

�
+ : : :

�
ekf ;

(19)

ãäå îïåðàòîðû L ij
p è N ij

p îïðåäåëåííûì îáðàçîì ñâÿçàíû ñ L ij è N ij .
Åñëè îãðàíè÷èòüñÿ ñîñòàâëåíèåì ñèñòåìû óðàâíåíèé äëÿ îïðåäåëåíèÿ u0, v0, w0 (ãî-

ëîâíîé ñèñòåìû), òî â ýòèõ ñîîòíîøåíèÿõ äîñòàòî÷íî ñîõðàíèòü òîëüêî ÷ëåíû, ñîäåðæàùèå
ïàðàìåòð k â íàèâûñøåé äëÿ äàííîãî âûðàæåíèÿ ñòåïåíè. Åñëè ïîñëå ýòîãî ïîäñòàâèòü ( 19)
â (18), çàìåíèòü ~h2 ÷åðåçk� 2/ t è ïðîâåñòè íåêîòîðûå ïðåîáðàçîâàíèÿ, òî â çàâèñèìîñòè îò
çíà÷åíèé ÷èñëà t ìîãóò èìåòü ìåñòî ïÿòü ðàçëè÷íûõ ñëó÷àåâ.

1. Ïðè t < 1=2 óðàâíåíèÿ ïðèìóò âèä

k� 1+2 L 11
0 u0 + k� 2+2 L 12

0 v0 + k� 3+1 L 13
0 w0 = 0 ;

k� 1+2 L 21
0 u0 + k� 2+2 L 22

0 v0 + k� 3+1 L 23
0 w0 = 0 ;

k� 1+2 L 31
0 u0 + k� 2+2 L 32

0 v0 + k� 3+1 L 33
0 w0 = 0 :

2. Ïðè t = 1=2 óðàâíåíèÿ ïðèìóò âèä

k� 1+2 L 11
0 u0 + k� 2+2 L 12

0 v0 + k� 3+1 L 13
0 w0 = 0 ;

k� 1+2 L 21
0 u0 + k� 2+2 L 22

0 v0 + k� 3+1 L 23
0 w0 = 0 ;

k� 1+2 L 31
0 u0 + k� 2+2 L 32

0 v0 + k� 3+1 �
L 33

0 + N 33
0

�
w0 = 0 :

3. Ïðè 1=2 < t < 1 óðàâíåíèÿ ïðèìóò âèä

k� 1+2 L 11
0 u0 + k� 2+2 L 12

0 v0 + k� 3+1 L 13
0 w0 = 0 ;

k� 1+2 L 21
0 u0 + k� 2+2 L 22

0 v0 + k� 3+1 L 23
0 w0 = 0 ;

k� 1+2 L 31
0 u0 + k� 2+2 L 32

0 v0 + k� 3+5 � 2/ t N 33
0 w0 = 0 :

4. Ïðè t = 1 óðàâíåíèÿ ïðèìóò âèä

k� 1+2 L 11
0 u0 + k� 2+2 L 12

0 v0 + k� 3+1 �
L 13

0 + N 13
0

�
w0 = 0 ;

k� 1+2 L 21
0 u0 + k� 2+2 L 22

0 v0 + k� 3+1 �
L 23

0 + N 23
0

�
w0 = 0 ;

k� 1+2 �
L 31

0 + N 31
0

�
u0 + k� 2+2 �

L 32
0 + N 32

0

�
v0 + k� 3+3 N 33

0 w0 = 0 :
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5. Ïðè 1 < t < 1 óðàâíåíèÿ ïðèìóò âèä

k� 1+2 L 11
0 u0 + k� 2+2 L 12

0 v0 + k� 3+3 � 2/ t N 13
0 w0 = 0 ;

k� 1+2 L 21
0 u0 + k� 2+2 L 22

0 v0 + k� 3+3 � 2/ t N 23
0 w0 = 0 ;

k� 1+4 � 2/ t N 31
0 u0 + k� 2+4 � 2/ t N 32

0 v0 + k� 3+5 � 2/ t N 33
0 w0 = 0 :

Êàæäàÿ èç ýòèõ ñèñòåì ïðåäñòàâëÿåò ñîáîé ñèñòåìó ëèíåéíûõ îäíîðîäíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé îòíîñèòåëüíî u0, v0, w0.

Âõîäÿùèå â ýòè óðàâíåíèÿ ñèìâîëû L ij
0 è N ij

0 ñ ïîìîùüþ òàáëèö ïîëó÷àþòñÿ ÷åðåç L ij

è N ij .
Ðåøåíèÿ ýòèõ ñèñòåì äîëæíû áûòü íåòðèâèàëüíû, ïîýòîìó âåëè÷èíû L ij

0 è N ij
0 îáÿçàíû

óäîâëåòâîðÿòü äîïîëíèòåëüíûì óñëîâèÿì, à òàê êàê ýòè âåëè÷èíû çàâèñÿò òîëüêî îò ôóíê-
öèè èçìåíÿåìîñòè f , òî òàêèì îáðàçîì ïðèõîäèì ê óðàâíåíèÿì äëÿ îïðåäåëåíèÿ f (x; y).
×èñëî òàêèõ óðàâíåíèé ñóùåñòâåííî çàâèñèò îò òåõ çíà÷åíèé, êîòîðûå äàþòñÿ ïîêàçàòåëÿì
èíòåíñèâíîñòè � 1, � 2, � 3. Ïîýòîìó ýòè çíà÷åíèÿ äîëæíû áûòü òàêèìè, êîòîðûå ïðèâîäÿò
òîëüêî ê îäíîìó ñîîòíîøåíèþ äëÿ îïðåäåëåíèÿ ôóíêöèè èçìåíÿåìîñòè f (x; y). Äàëåå îá-
ñóæäàåòñÿ, êàê ìîãóò áûòü íàéäåíû íåïðîòèâîðå÷èâûå çíà÷åíèÿ � 1, � 2, � 3. Ïîêàçûâàåòñÿ,
êàêèì îáðàçîì ìîæíî ïîñòðîèòü ôóíêöèè èçìåíÿåìîñòè, è ïðèâîäÿòñÿ ïðàâèëà äëÿ îïðåäå-
ëåíèÿ êîýôôèöèåíòîâ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ôóíêöèé èíòåíñèâíîñòè äëÿ îñíîâíûõ
èíòåãðàëîâ.

Òåïåðü ïóñòü îáîëî÷êà íàãðóæåíà è ïîâåðõíîñòíûìè ñèëàìè ñ êîìïîíåíòàìè X , Y , Z ,
íî ñâîéñòâà ÷àñòíîãî èíòåãðàëà íåîäíîðîäíîé ñèñòåìû ( 18) íå ðàññìàòðèâàþòñÿ, òàê ÷òî
ïîä ïîëíûì íàïðÿæåííûì ñîñòîÿíèåì ïîäðàçóìåâàåòñÿ ñóììà íàïðÿæåííûõ ñîñòîÿíèé ñ
èíòåãðàëàìè îäíîðîäíûõ óðàâíåíèé.

Â êà÷åñòâå ïðèìåðîâ ïðèìåíåíèÿ îïèñàííîãî ìåòîäà ìîæíî ïðèâåñòè ðàáîòû [ 20� 22].

Çàêëþ÷åíèå

Ïðàêòè÷åñêè âñå ðàññìîòðåííûå ìåòîäû ðàñ÷åòà îáîëî÷åê â êîíå÷íîì âèäå ïðèâîäÿò ê
ñèñòåìàì àëãåáðàè÷åñêèõ óðàâíåíèé ëèíåéíûõ èëè íåëèíåéíûõ. ×èñëî íåèçâåñòíûõ â ñè-
ñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé ìîæåò áûòü âåëèêî íå òîëüêî â ÌÊÝ. Äëÿ äîñòèæåíèÿ
äîñòàòî÷íîé òî÷íîñòè â ìåòîäàõ íàèñêîðåéøåãî ñïóñêà, Ðèòöà è Áóáíîâà � Ãàëåðêèíà íåèç-
âåñòíûõ ÷èñëîâûõ ïàðàìåòðîâ ìîæåò áûòü íåñêîëüêî äåñÿòêîâ (íàïðèìåð, ïðè íàõîæäåíèè
êðèòè÷åñêîé íàãðóçêè ïîòåðè óñòîé÷èâîñòè îáîëî÷êè). À åñëè ê òîìó æå ðåøàåòñÿ íåëèíåé-
íàÿ çàäà÷à, òî ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ðåøàþòñÿ ìíîãîêðàòíî. Ïî-
ýòîìó ðàññìîòðåííûå ìåòîäû ðåøåíèÿ çàäà÷ îïðåäåëåíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî
ñîñòîÿíèÿ, èññëåäîâàíèÿ ïðî÷íîñòè è óñòîé÷èâîñòè îáîëî÷åê îðèåíòèðîâàíû íà ïðèìåíåíèå
ÝÂÌ.

Ñëåäîâàòåëüíî, âàæíûì ýòàïîì â èññëåäîâàíèè îáîëî÷åê ÿâëÿåòñÿ ðàçðàáîòêà ïðîãðàì-
ìíûõ ïðîäóêòîâ ðàñ÷åòà îáîëî÷åê. Ñóùåñòâóåò ðÿä ïàêåòîâ ðàñ÷åòíûõ ïðèêëàäíûõ ïðî-
ãðàìì, òàêèõ êàê ËÈÐÀ, ANSYS, SCAD è äð. Îäíàêî îíè îðèåíòèðîâàíû íà øèðîêèé êðóã
çàäà÷ ñòðîèòåëüíîé ìåõàíèêè è ïîýòîìó èñïîëüçóþò óïðîùåííûå ìîäåëè äåôîðìèðîâàíèÿ
îáîëî÷åê.

Ïðèâåäåííûå â ñòàòüå ìåòîäû ðàñ÷åòà îáîëî÷åê ïîçâîëÿþò äîñòàòî÷íî ïîëíî ïðîâåñòè
èññëåäîâàíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ, ïðî÷íîñòè è óñòîé÷èâîñòè îáîëî-
÷åê.
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Abstract. The study object is a �exible plate of a mesh structure with an electrical drive with clamped
edges. A source of electromotive force is connected to the gate and the plate. The gate is located at some
distance below the plate. The volumetric ponderomotive forces of the electric �eld acting on the plate are
modeled by the Coulomb force. The motion equations of a geometrically nonlinear plate, boundary,
and initial conditions are obtained from the Ostrogradsky � Hamilton variational principle based on
Kirchho�'s hypotheses. An isotropic, homogeneous material is considered. Scale e�ects are taken into
account using modi�ed couple stress theory. It is assumed that the �elds of displacement and rotation are
not independent. Geometric nonlinearity is taken into account according to the theory of T. von Karman.
The mesh structure of the plate was modeled using the continuum theory of G. I. Pshenichny, which made
it possible to replace the regular system of ribs with a continuous layer. The system of partial di�erential
equations describing the nonlinear vibrations of the mesh plate under consideration was reduced to a
system of ordinary di�erential equations using the �nite di�erence method of second-order accuracy. The
Cauchy problem was solved by the Runge � Kutta method of fourth-order accuracy. The mathematical
model, solution algorithm, and software package were veri�ed by comparing the calculation results with
a full-scale experiment. An analysis of the static instability depending on the mesh geometry was carried
out, as well as an analysis of the appearance of instability zones depending on the amplitude and frequency
of the electrical voltage dynamic part.
Keywords: NEMS, mesh plate, electric �eld, loss of stability, natural oscillations, carbon nanoplate,
mathematical modeling
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Ââåäåíèå

Íà ñåãîäíÿøíèé ìîìåíò êðóã ïðèìåíåíèÿ íàíîðàçìåðíûõ ýëåêòðîìåõàíè÷åñêèõ ñèñòåì
(ÍÝÌÑ) î÷åíü øèðîê. ÍÝÌÑ ñòàíîâÿòñÿ íåîáõîäèìû â îïòèêå, ðàäèîýëåêòðîíèêå, ðî-
áîòîòåõíèêå, ìåäèöèíå è ìíîãèõ äðóãèõ îáëàñòÿõ. Â ÷àñòíîñòè, òàêèå êîíñòðóêöèîííûå
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ýëåìåíòû, êàê óãëåðîäíûå íàíîïëàñòèíû, ëîæàòñÿ â îñíîâó ïîëåâûõ òðàíçèñòîðîâ íîâî-
ãî ïîêîëåíèÿ [ 1� 3], ñâåðõ÷óâñòâèòåëüíûõ äàò÷èêîâ äàâëåíèÿ [4, 5] è ìàññ [6, 7]. Íàðÿäó ñ
òðåáîâàíèåì óìåíüøåíèÿ ðàçìåðîâ òåõíè÷åñêèé ïðîãðåññ ñòàâèò ïåðåä íàóêîé çàäà÷ó ðàç-
ðàáîòêè ïðèáîðîâ âûñîêîé ÷óâñòâèòåëüíîñòè, ñïîñîáíûõ âîñïðèíèìàòü îáúåêò íà óðîâíå
àòòîíüþòîíîâ è ìåòîäîâ èññëåäîâàíèÿ îñîáåííîñòåé ðåæèìîâ èõ ðàáîòû. ÍÝÌÑ ïðåäñòàâ-
ëÿþò ñîáîé ÷óâñòâèòåëüíûé ýëåìåíò � áàëêó, ïëàñòèíó èëè îáîëî÷êó ðàçìåðîì íåñêîëüêî
íàíîìåòðîâ ñ ýëåêòðè÷åñêèì ïðèâîäîì. Ïîñðåäñòâîì ýëåêòðè÷åñêîãî íàïðÿæåíèÿ âîçáóæ-
äàþòñÿ êîëåáàíèÿ ÷óâñòâèòåëüíîãî ýëåìåíòà íà ãèãàãåðöîâîì óðîâíå, ÷òî è îáåñïå÷èâàåò
âûñîêóþ ÷óâñòâèòåëüíîñòü ïðèáîðà.

Øèðîêîå èñïîëüçîâàíèå íàíîðàçìåðíûõ ïëàñòèí êàê êîíñòðóêöèîííûõ ýëåìåíòîâ âî
ìíîãèõ ñòðàòåãè÷åñêèõ îáëàñòÿõ ïðèâîäèò ê íåîáõîäèìîñòè ãëóáîêîãî ïîíèìàíèÿ èõ ïîâå-
äåíèÿ ïîä äåéñòâèåì ðàçëè÷íîãî ðîäà ôàêòîðîâ ñ ïîçèöèè ìåõàíèêè è íåëèíåéíîé äèíà-
ìèêè. Îñíîâíîé îñîáåííîñòüþ ÍÝÌÑ è ìèêðîýëåêòðîìåõàíè÷åñêèõ ñèñòåì (ÌÝÌÑ) ÿâëÿ-
åòñÿ òàê íàçûâàåìûé ýôôåêò âòÿãèâàíèÿ, êîòîðûé äëÿ ìíîãèõ ïðèëîæåíèé ðàññìàòðèâà-
þòñÿ êàê îòêàç è, ñëåäîâàòåëüíî, èçáåãàåòñÿ. Ïîñêîëüêó â ïåðåêëþ÷àòåëÿõ è ðàçëè÷íîãî
ðîäà äàò÷èêàõ ýëåêòðîñòàòè÷åñêàÿ íåóñòîé÷èâîñòü ÷àñòî èñïîëüçóåòñÿ â êà÷åñòâå îñíîâíî-
ãî ïðèâîäíîãî ìåõàíèçìà, åå íàìåðåííî çàïóñêàþò. Òàêèì îáðàçîì, äëÿ ïðîåêòèðîâàíèÿ
è èñïîëüçîâàíèÿ âûñîêîïðîèçâîäèòåëüíîãî ÍÝÌÑ- èëè ÌÝÌÑ-óñòðîéñòâà íåîáõîäèìî ñå-
ðüåçíîå èçó÷åíèå äàííîãî ýôôåêòà è âëèÿíèå íà íåãî òàê íàçûâàåìûõ ìóëüòèôèçè÷åñêèõ
ôàêòîðîâ (ýëåêòðè÷åñêîãî, ìàãíèòíîãî, òåïëîâîãî âîçäåéñòâèÿ).

Äëÿ ìîäåëèðîâàíèÿ ñòàòèêè è äèíàìèêè ýëåìåíòîâ ìåõàíè÷åñêèõ ñèñòåì íàíîðàçìåðîâ
êëàññè÷åñêèõ êîíòèíóàëüíûõ ìîäåëåé íå õâàòàåò èç-çà íåâîçìîæíîñòè ó÷åòà ðàçìåðíîçàâè-
ñèìîãî ïîâåäåíèÿ ïîäîáíûõ îáúåêòîâ. Îäíî èç âåäóùèõ ìåñò ñðåäè òåîðèé, ïîçâîëÿþùèõ
ó÷èòûâàòü ìàñøòàáíûå ýôôåêòû, çàíèìàåò ìèêðîïîëÿðíàÿ (ìîìåíòíàÿ) òåîðèÿ óïðóãî-
ñòè [8,9]. Èìåííî åå âûáèðàþò ìíîãèå àâòîðû äëÿ âñåñòîðîííèõ èññëåäîâàíèé ïëàñòèí÷àòî-
îáîëî÷å÷íûõ ýëåìåíòîâ ÌÝÌÑ è ÍÝÌÑ [ 10� 20].

Ïîñòðîåíèþ ìàòåìàòè÷åñêèõ ìîäåëåé è èññëåäîâàíèþ îñîáåííîñòåé ïîâåäåíèÿ ñïëîø-
íûõ ìèêðî- è íàíîïëàñòèí è îáîëî÷åê ñ ýëåêòðè÷åñêèì ïðèâîäîì ïîñâÿùåíî ìíîãî ðà-
áîò [21� 28], â êîòîðûõ èññëåäóåòñÿ âëèÿíèå ýôôåêòà ìàñøòàáà, íà÷àëüíûõ íåïðàâèëüíî-
ñòåé, âíåøíåãî äàâëåíèÿ, ãåîìåòðè÷åñêîé íåëèíåéíîñòè íà àìïëèòóäíî-÷àñòîòíûå õàðàêòå-
ðèñòèêè è óñòîé÷èâîñòü ÷óâñòâèòåëüíûõ ýëåìåíòîâ ïîä äåéñòâèåì êàê ñòàòè÷åñêîãî, òàê è
äèíàìè÷åñêîãî ýëåêòðè÷åñêîãî íàïðÿæåíèÿ.

Íà ñåãîäíÿøíèé ìîìåíò ðàáîò, ïîñâÿùåííûõ èññëåäîâàíèþ ñåò÷àòûõ ïëàñòèí ñ ó÷åòîì
ìàñøòàáíûõ ýôôåêòîâ, íåìíîãî [ 29� 32]. Â äàííîé ðàáîòå íà îñíîâàíèè ìîäèôèöèðîâàííîé
ìîìåíòíîé òåîðèè óïðóãîñòè ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé ãåîìåòðè÷åñêè
íåëèíåéíîé ñåò÷àòîé ïëàñòèíû â ïîëå äåéñòâèÿ îäíîãî íåïîäâèæíîãî ýëåêòðîäà.

1. Ïîñòàíîâêà çàäà÷è

Ïðåäìåòîì èññëåäîâàíèÿ ÿâëÿåòñÿ ñåò÷àòàÿ ïëàñòèíà ïðÿìîóãîëüíîé ôîðìû, çàíèìàþ-
ùàÿ â ïðîñòðàíñòâå R 3 îáëàñòü 
 =

�
0 6 x 6 c; 0 6 y 6 b; � h

2 6 z 6 h
2

	
, íà ðàññòîÿíèè g0

íàõîäèòñÿ ýëåêòðîä (ðèñ. 1). Ê ýëåêòðîäó è ïëàñòèíå ïîäêëþ÷åí èñòî÷íèê ýëåêòðîäâèæó-
ùåé ñèëû ñ ðàçíîñòüþ ïîòåíöèàëîâ V (t). Ïëàñòèíà ïðîãèáàåòñÿ â íîðìàëüíîì ê ýëåêòðîäó

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà
Fig. 1. Calculation scheme

íàïðàâëåíèè è ïðè äîñòèæåíèè áàëàíñà ìåæ-
äó ýëåêòðè÷åñêèìè ñèëàìè è ñèëàìè óïðóãî-
ñòè ïðèõîäèò â ðàâíîâåñíîå ñîñòîÿíèå.

Â îñíîâó ìàòåìàòè÷åñêîé ìîäåëè ïîëîæå-
íû ñëåäóþùèå ãèïîòåçû è ïðåäïîëîæåíèÿ:

ˆ ìàòåðèàë èçîòðîïíûé, îäíîðîäíûé, ïîä-
÷èíÿþùèéñÿ çàêîíó Ãóêà;

ˆ ãåîìåòðè÷åñêàÿ íåëèíåéíîñòü ïðèíÿòà ïî
òåîðèè Òåîäîðà ôîí Êàðìàíà [ 33];
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ˆ îáúåìíûå ïàíäåðîìîòîðíûå ñèëû ýëåêòðè÷åñêîãî ïðîèñõîæäåíèÿ ìîäåëèðóþòñÿ ñè-
ëîé Êóëîíà;

ˆ ìàñøòàáíûå ýôôåêòû ó÷èòûâàþòñÿ ïîñðåäñòâîì ìîäèôèöèðîâàííîé ìîìåíòíîé òåî-
ðèè óïðóãîñòè [34];

ˆ ïëàñòèíà ñîñòîèò èç íåñêîëüêèõ ñåìåéñòâ ãóñòî ðàñïîëîæåííûõ ðåáåð, èìåþùèõ ðàç-
íóþ îðèåíòàöèþ; òîëùèíà âñåõ ðåáåð îäèíàêîâàÿ è ñîîòâåòñòâóåò òîëùèíå ïëàñòèíû;
ñåò÷àòàÿ ñòðóêòóðà ïëàñòèíû ó÷òåíà ïî ìîäåëè Ã. È. Ïøåíè÷íîãî [ 35];

ˆ ðàññìàòðèâàþòñÿ êèíåìàòè÷åñêèå ãèïîòåçû Êèðõãîôà.
Îòëè÷íûå îò íóëÿ êîìïîíåíòû ñèììåòðè÷íîãî òåíçîðà ïîëíûõ äåôîðìàöèé ñ ó÷åòîì

ïðèíÿòûõ ãèïîòåç ïðèìóò âèä

exx =
@u
@x

+
1
2

�
@w
@x

� 2

� z
@2w
@x2

; eyy =
@v
@y

+
1
2

�
@w
@y

� 2

� z
@2w
@y2

;

exy =
1
2

�
@u
@y

+
@v
@x

+
@w
@x

@w
@y

�
� z

@2w
@x@y

;

(1)

ãäå w � ïðîãèá, u, v � îñåâûå ñìåùåíèÿ ñðåäèííîé ïîâåðõíîñòè ïëàñòèíû â íàïðàâëåíèÿõ
x, y ñîîòâåòñòâåííî.

Â ðàáîòå ïîñòðîåíà íåêëàññè÷åñêàÿ êîíòèíóàëüíàÿ ìîäåëü ïëàñòèíû. Ìàòåðèàë ïëà-
ñòèíû ðàññìàòðèâàåòñÿ êàê ïñåâäîêîíòèíóóì Êîññåðà ñî ñòåñíåííûì âðàùåíèåì ÷àñòèö, â
ïðåäïîëîæåíèè, ÷òî ïîëÿ ïåðåìåùåíèé è âðàùåíèé íå ÿâëÿþòñÿ íåçàâèñèìûìè [ 34]. Òàêèì
îáðàçîì, êîìïîíåíòû òåíçîðà ãðàäèåíòà êðèâèçíû áóäóò èìåòü âèä

� xx =
@2w
@x@y

; � yy = �
@2w
@x@y

; � xy =
1
2

�
@2u
@y2

�
@2v
@x2

�
;

� yz =
1
4

�
@2v
@x2

�
@2u

@x@y

�
; � xz =

1
4

�
@2v

@x@y
�

@2u
@y2

�
; � zz = 0 :

(2)

Îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ ìàòåðèàëà ïëàñòèíû ñ ó÷åòîì ìîäèôèöèðîâàííîé ìî-
ìåíòíîé òåîðèè óïðóãîñòè [ 34] ïðèìåì â ñëåäóþùåì âèäå:

� xx =
E

1 � � 2 [exx + �e yy ] ; x � y; � xy =
E

1 + �
exy ;

mij =
El 2

1 + �
� ij ; i; j = x; y; z;

(3)

ãäå � i;j � êîìïîíåíòû òåíçîðà Êîøè, mi;j � êîìïîíåíòû ñèììåòðè÷íîãî òåíçîðà ìîìåíòà
âûñøåãî ïîðÿäêà, E � ìîäóëü Þíãà, � � êîýôôèöèåíò Ïóàññîíà ìàòåðèàëà ïëàñòèíû, l �
äîïîëíèòåëüíûé íåçàâèñèìûé ìàòåðèàëüíûé ïàðàìåòð äëèíû.

Óðàâíåíèÿ äâèæåíèÿ ñïëîøíîé ìèêðîïîëÿðíîé ïëàñòèíû ñ ó÷åòîì ýëåêòðè÷åñêèõ âîç-
äåéñòâèé, ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ ïîëó÷èì èç ýíåðãåòè÷åñêîãî ïðèíöèïà Îñòðî-
ãðàäñêîãî � Ãàìèëüòîíà [ 36]:

Z t1

t0

(�K � �U + �W ) dt = 0 ; (4)

çäåñü K � êèíåòè÷åñêàÿ ýíåðãèÿ, U � ïîòåíöèàëüíàÿ ýíåðãèÿ, W � ðàáîòà âíåøíèõ ñèë.
Ñ ó÷åòîì ìèêðîïîëÿðíîé òåîðèè ïîòåíöèàëüíàÿ ýíåðãèÿ U â óïðóãîì òåëå çàïèñûâàåòñÿ â
âèäå

U =
1
2

Z



(� ij eij + mij � ij ) d
 ;

K =
�
2

Z




" �
@u
@t

� 2

+
�

@v
@t

� 2

+
�

@w
@t

� 2
#

d
 ;

�W = �W " + �W q + �W coul ;

(5)
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ãäå �W " =
R


 �" @w
@t�w d 
 , �W q =

Rb
0

Rc
0 q(x; y; t )�w dx dy , �W coul =

Rb
0

Rc
0 Fcoul �w dx dy , " � êî-

ýôôèöèåíò äèññèïàöèè ñðåäû, â êîòîðîé ðàáîòàåò ïëàñòèíà, � � ïëîòíîñòü ìàòåðèàëà ïëà-
ñòèíû, q(x; y; t ) � âíåøíÿÿ íîðìàëüíàÿ ðàñïðåäåëåííàÿ íàãðóçêà, Fcoul = " r " 0V 2 (t )

2(g0 � w)2 � ñèëà
Êóëîíà, ìîäåëèðóþùàÿ âîçäåéñòâèå ýëåêòðè÷åñêîãî ïîëÿ, âîçíèêøåãî âñëåäñòâèè ïîäêëþ-
÷åíèÿ ê ýëåêòðîäó è ïëàñòèíå èñòî÷íèêà ýëåêòðîäèâèæóùåé ñèëû ñ ðàçíîñòüþ ïîòåíöèàëîâ
V (t) = Vst + Vdin cos(! pt), ! p � ÷àñòîòà äèíàìè÷åñêîé ÷àñòè ýëåêòðè÷åñêîãî íàïðÿæåíèÿ, Vst

è Vdin � èíòåíñèâíîñòü ñîîòâåòñòâåííî ñòàòè÷åñêîé è äèíàìè÷åñêîé ÷àñòåé ýëåêòðè÷åñêîãî
âîçäåéñòâèÿ, " r � äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü ñðåäû, "0 � ýëåêòðè÷åñêàÿ ïîñòîÿííàÿ.

Èñõîäíàÿ ïëàñòèíà èìååò ñåò÷àòóþ ñòðóêòóðó. Ïðåäïîëîæèì, ÷òî îíà ñîñòîèò èç íåñêîëü-
êèõ ñåìåéñòâ ãóñòî ðàñïîëîæåííûõ ðåáåð. Ðåáðà æåñòêî ñîåäèíåíû ìåæäó ñîáîé. Òîëùèíà
âñåõ ðåáåð îäèíàêîâàÿ. Ñîãëàñíî êîíòèíóàëüíîé òåîðèè Ã. È. Ïøåíè÷íîãî [ 35] ìîæíî çà-
ìåíèòü ðåãóëÿðíóþ ñèñòåìó ðåáåð ñïëîøíûì ñëîåì, âñëåäñòâèå ÷åãî íàïðÿæåíèÿ, ìîìåíòû
è ìîìåíòû âûñøèõ ïîðÿäêîâ, âîçíèêàþùèå â ýêâèâàëåíòíîé ãëàäêîé ïëàñòèíå, áóäóò ñâÿ-
çàíû ñ íàïðÿæåíèÿìè, ìîìåíòàìè è ìîìåíòàìè âûñøèõ ïîðÿäêîâ â ðåáðàõ ñëåäóþùèìè
ñîîòíîøåíèÿìè:

� xx =
nX

j =1

� j
x � j cos2 ' j

aj
; � yy =

nX

j =1

� j
x � j sin2 ' j

aj
; � xy =

nX

j =1

� j
x � j cos' j sin ' j

aj
;

mxx =
nX

j =1

mj
xx � j cos2 ' j

aj
; myy =

nX

j =1

mj
xx � j sin2 ' j

aj
; mxz =

nX

j =1

mj
yx � j cos2 ' j

aj
;

mxy =
nX

j =1

mj
xx � j cos2 ' j sin � j

aj
; myz =

nX

j =1

mj
yx � j sin2 ' j

aj
;

(6)

çäåñün � êîëè÷åñòâî ñåìåéñòâ ðåáåð â ðàññìàòðèâàåìîé ñåò÷àòîé ïëàñòèíå, � j , aj , ' j , �
ðàññòîÿíèå ìåæäó ðåáðàìè, øèðèíà ðåáåð, óãîë ìåæäó îñüþ è îñüþ ðåáðà j -ñåìåéñòâà ñî-
îòâåòñòâåííî (ðèñ. 2).

Äîïîëíèòåëüíûå óñëîâèÿ ñòàòè÷åñêîé ýêâèâàëåíòíîñòè èñõîäíîé ñåò÷àòîé ïëàñòèíû è
ýêâèâàëåíòíîé åé ñïëîøíîé ïîëó÷èì ñ ïîìîùüþ ìåòîäà ìíîæèòåëåé Ëàãðàíæà èç óñëîâèÿ

Ðèñ. 2. Ñõåìà ñåòî÷-
íîé ñòðóêòóðû

Fig. 2. Grid structure
diagram

äîñòèæåíèÿ ôóíêöèîíàëîì ñòàöèîíàðíûõ çíà÷åíèé.
Ïðè ïîñòðîåíèè ôóíêöèîíàëà èñïîëüçîâàëèñü âûðàæåíèÿ äëÿ

ïîòåíöèàëüíîé ýíåðãèè äåôîðìàöèè, âûðàæåííûå ÷åðåç íàïðÿæå-
íèÿ è ìîìåíòû âûñøèõ ïîðÿäêîâ.

f � j
x ; mj

xx g = f � xx ; mxx gcos2 ' j + f � yy ; myygsin2 ' j +

+ f � xy ; mxy gcos' j sin ' j ;

mj
xy = mxz cos' j + myz sin ' j :

(7)

Ââîäÿ îáîçíà÷åíèÿ

Ask =
nX

j =1

� j coss ' j sink ' j

aj
(8)

è ó÷èòûâàÿ (1)�( 7), ìîæíî çàïèñàòü óðàâíåíèÿ äâèæåíèÿ ýëåìåíòà
ïëàñòèíû ñ ó÷åòîì åå ñåò÷àòîé ñòðóêòóðû â ïåðåìåùåíèÿõ:

Eh
1 � � 2

�
(A22� + A04)

@2v
@y2

+
�

3A22

2
+ �A 04

�
@2u

@x@y
+

A13

2
@2u
@y2

+ ( A31 + �A 13)
@2u
@x2

+

+
�

A31� +
3A13

2

�
@2v

@x@y
+

A22

2
@2v
@x2

�
�

Ehl 2

4(1 + � )

�
A20

2
@4v
@x4

�
A20

2
@4u

@x3@y
+ A11

@4v
@x3@y

�
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� A11
@4u

@x2@y2
+

A02

2
@4v

@x2@y2
�

A02

2
@4u

@x@y3

�
= �h

@2v
@t2

;

Eh
1 � � 2

�
(A40 + A22� )

@2u
@x2

+ ( A40� + A22)
@2u

@x@y
+

A31 + A22

2
@2v
@x2

+
A22

2
@2u
@y2

+

+ (2 A31� + A13)
@2v
@y2

�
+

Ehl 2

4(1 + � )

�
A11

@4v
@x2@y2

� A11
@4u

@x@y3 +
A02

2
@4v

@x@y3 �

�
A02

2
@4u
@y4

+
A20

2
@4v

@x3@y
�

A20

2
@4u

@x2@y2

�
= �h

@2u
@t2

;

�
Eh

1 + �

�
h2(A40 + A22� )

12(1� � )
+

A22l2

2

�
@4w
@x4

�
Eh

1 + �

�
h2(A04 + A22� )

12(1� � )
+

A22l2

2

�
@4w
@y4

�

�
Eh

1 + �

�
h2(2A31 + A13� )

12(1� � )
�

3(A31 � A13)l2

2

�
@4w

@x3@y
�

�
Eh

1 + �

�
h2(A40� + 3A22 + A04� )

12(1� � )
� (3A22 � A40 � A04)l2

�
@4w

@x2@y2
�

�
Eh

1 + �

�
h2(2A13 + A31� )

12(1� � )
�

3(A13 � A31)l2

2

�
@4w

@x@y3 +
Eh

1 � � 2

�
A31

2
@2u

@x@y
@w
@x

+

+( A40 + A22� )
@2u
@x2

@w
@x

+ ( A40� + A22)
@2v

@x@y
@w
@x

+
A31

2
@2v
@x2

@w
@x

+

+( A22 + A04� )
@2u

@x@y
@w
@y

+ ( A22� + A04)
@2v
@y2

@w
@y

+
A13

2
@2u
@y2

@w
@y

+

+
A13

2
@2v

@x@y
@w
@y

+ 2( A31 + A13� )
@2u
@x2

@w
@y

+ A22
@2u

@x@y
@w
@y

+ 2( A31� + A13)
@2v
@y2

@w
@x

+

+ A22
@2v
@x2

@w
@y

+ 2( A31� + A13)
@2v

@x@y
@w
@y

+ 2( A31� + A13)
@2u

@x@y
@w
@x

+ A22
@2u
@y2

@w
@x

+

+ A22
@2v

@x@y
@w
@x

+
A22

2
@u
@y

@2w
@x@y

+ ( A31 + A13� )
@u
@x

@2w
@x@y

+ ( A31� + A13)
@v
@y

@2w
@x@y

+

+
A22

2
@v
@x

@2w
@x@y

�
+ q + F coul = �h

@2w
@t2

+ �h"
@w
@t

:

(9)

Îáîáùåííûå ãðàíè÷íûå óñëîâèÿ, ïîëó÷åííûå èç âàðèàöèîííîãî ïðèíöèïà, èìåþò âèä

�w = 0 èëè
�

@Mx

@x
+ 2

@H
@y

+
@Yxy

@x
�

@Yxx

@y
+

@Yyy

@y
�

@Yxy

@x

�

� x

= 0 ;

�
@My

@y
+ 2

@H
@x

�
@Yxx

@x
+

@Yyy

@x
�

@Yxy

@y

�

� y

= 0;

@�w
@x

= 0 èëè f M xx � Yxy g� x
= 0 ; f 2H � Yxx + Yyyg� y

= 0;

@�w
@y

= 0 èëè f 2H � Yxx + yyyg� x
= 0 ; f M yy � Yxy g� y

= 0;

�u = 0 èëè
�

Nxx �
1
2

@Yzx

@y

�

� x

= 0 ;
�

T �
1
2

@Yzy

@y
�

1
2

@Yzx

@x

�

� y

= 0;

@�u
@x

= 0 èëè f Yxz g� y
= 0;

@�u
@y

= 0 èëè f Yzxg� x
= 0 ; f Yzyg� y

= 0;

�v = 0 èëè
�

Nxy �
1
2

@Yzx

@x
�

1
2

@Yzy

@y

�

� x

= 0 ;
�

Nyy �
1
2

@Yzy

@x

�

� y

= 0;

@�v
@x

= 0 èëè f Yzxg� x
= 0 ; f Yzyg� y

= 0;
@�v
@y

= 0 èëè f Yzyg� x
= 0 :

(10)
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Çäåñü ìîìåíòû è óñèëèÿ îáîçíà÷åíû ñëåäóþùèì îáðàçîì:

f Nxx ; M xx g =
Z h

2

� h
2

� xx zf 0;1g dz; Yxx =
Z h

2

� h
2

mxx dz; Yzx =
Z h

2

� h
2

mzx dz; x � y;

f T; H g =
Z h

2

� h
2

� xy zf 0;1gdz; Yxy =
Z h

2

� h
2

mxy dz:

(11)

2. Ìåòîäû ðåøåíèÿ

Ðàññìàòðèâàëàñü ïëàñòèíà ñ ãðàíè÷íûìè óñëîâèÿìè æåñòêîãî çàêðåïëåíèÿ:

u(x; y; t ) = v(x; y; t ) = w(x; y; t ) = 0 ;

@u(x; y; t )
@x

=
@v(x; y; t )

@x
=

@w(x; y; t )
@x

= 0 ïðè x = 0 ; c;

u(x; y; t ) = v(x; y; t ) = w(x; y; t ) = 0 ;

@u(x; y; t )
@y

=
@v(x; y; t )

@y
=

@w(x; y; t )
@y

= 0 ïðè y = 0 ; b:

(12)

Íà÷àëüíûå óñëîâèÿ áðàëèñü íóëåâûìè.
Ñèñòåìà îáåçðàçìåðèâàëàñü ïîñðåäñòâîì ñëåäóþùèõ ïàðàìåòðîâ: x = c�x, y = b�y, z = g0 �z,

w = g0 �w, u = g2
0

c�u , v = g2
0

b�v , h = g0�h, l = g0�l t = cb
g0

p �
E

�t , " = g0

cb
q

E
�

�" , çäåñü ÷åðòî÷êîé îáîçíà÷à-

åòñÿ áåçðàçìåðàÿ âåëè÷èíà.
Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñâîäèëàñü ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìåòîäîì
êîíå÷íûõ ðàçíîñòåé âòîðîãî ïîðÿäêà òî÷íîñòè. Çàäà÷à Êîøè ðåøàëàñü ìåòîäîì Ðóíãå �
Êóòòû ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè.

Ïðè ðåøåíèè çàäà÷è ñòàòèêè èñïîëüçîâàëñÿ ìåòîä óñòàíîâëåíèÿ [ 37]. Ñëåäóÿ ïðîöåäóðå
äàííîãî ìåòîäà, áûëî âûáðàíî çíà÷åíèå êîýôôèöèåíòà äèññèïàöèè " = 0 ; 5. Äàëåå äëÿ ðÿäà
çíà÷åíèé ïîñòîÿííîãî ýëåêòðè÷åñêîãî íàïðÿæåíèÿ Vst i áûëà ïîëó÷åíà ïîñëåäîâàòåëüíîñòü
ïðîãèáîâ wi äëÿ öåíòðàëüíîé òî÷êè ïëàñòèíû. Íà îñíîâå ýòèõ äàííûõ ñòðîèëèñü çàâè-

Ðèñ. 3. Ñðàâíåíèå ñ íàòóðíûì ýêñïåðèìåíòîì
Fig. 3. Comparison with a natural experiment

ñèìîñòè w(Vst ).
Ïðè ðåøåíèè çàäà÷ ÷èñëåííûìè ìåòî-

äàìè âîçíèêàåò íåîáõîäèìîñòü îáîñíîâàíèÿ
äîñòîâåðíîñòè ïîëó÷àåìûõ ðåçóëüòàòîâ. Â
ðàáîòå [38] ýêñïåðèìåíòàëüíî èçìåðåíî îò-
êëîíåíèå öåíòðà êâàäðàòíîé êðåìíèåâîé
æåñòêî çàêðåïëåííîé ïî òîðöàì ïëàñòè-
íû ïîä äåéñòâèåì ýëåêòðîñòàòè÷åñêîé ñèëû
ðàçíîé èíòåíñèâíîñòè. Íà ðèñ. 3 ïðèâåäå-
íû ýêñïåðèìåíòàëüíûå äàííûå (çâåçäî÷êè)
è ãðàôèê çàâèñèìîñòè w(Vst ) â öåíòðàëü-
íîé òî÷êå äëÿ êðåìíèåâîé ïëàñòèíû ñ õà-
ðàêòåðèñòèêàìè: � = 0 :06, E = 169 ÃÏà,
g0 = 3 ìêì, Vst = 60 B, c = b = 250 ìêì.
Ãðàôèê w(Vst ) ïîñòðîåí ïî ðåçóëüòàòàì ðå-
øåíèÿ çàäà÷è ( 9), (12) â ñòàòè÷åñêîé ïîñòà-

íîâêå áåç ó÷åòà ñåò÷àòîé ñòðóêòóðû ïëàñòèíû ìåòîäîì êîíå÷íûõ ðàçíîñòåé ñ êîëè÷åñòâîì
òî÷åê ðàçáèåíèÿ n = m = 80. Ðåçóëüòàòû õîðîøî ñîãëàñóþòñÿ.

3. ×èñëåííûå ðåçóëüòàòû

Ðàññìîòðèì ñòàòè÷åñêîå ïîâåäåíèå ñåò÷àòîé ëèíåéíîé æåñòêî çàêðåïëåííîé ïî òîðöàì
ïëàñòèíû â çàâèñèìîñòè îò èíòåíñèâíîñòè ñòàòè÷åñêîãî ýëåêòðè÷åñêîãî íàïðÿæåíèÿ â ñè-
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ëå Êóëîíà. Âñå ñåìåéñòâà ðåáåð èìåþò îäèíàêîâóþ øèðèíó, ðàññòîÿíèå ìåæäó ðåáðàìè
âñåõ ñåìåéñòâ îäèíàêîâîå, ñåò÷àòàÿ ñòðóêòóðà èìåëà âàðèàöèè: 1)' 1 = 45o, ' 2 = 135o;
2) ' 1 = 45o, ' 2 = 135o, ' 3 = 0 o; 3) ' 1 = 45o,

Ðèñ. 4. Ýôôåêò âòÿãèâàíèÿ ïëàñòèíû â çàâè-
ñèìîñòè îò ãåîìåòðèè ñåòêè: 1 � 45o � 135o;
2 � 45o � 135o � 0o; 3 � 45o � 135o � 0o � 90o

(öâåò îíëàéí)
Fig. 4. Plate retraction e�ect depending on mesh
geometry: 1 stands for 45o � 135o; 2 stands for
45o � 135o � 0o; 3 stands for 45o � 135o � 0o � 90o

(color online)

' 2 = 135o, ' 3 = 0 o, ' 4 = 90o.
Ïàðàìåòðû ÷èñëåííîãî ýêñïåðèìåíòà:

�h = 0 :34, �� = 0 :154, �a = 0 :123, �c = �b, �g0 = 1 ,
�l = �h, E = 1 ÃÏà, " r = 8 :85 � 10� 12 Ô/ì,
"0 = 1 , òàêèì îáðàçîì �Fcoul = 0 :708� V 2(t).

Óâåëè÷åíèå êîëè÷åñòâà ñåìåéñòâ ðåáåð
â ãåîìåòðèè ñåòêè ïðèâîäèò ê óâåëè÷åíèþ
æåñòêîñòè ïëàñòèíû. Ñ óâåëè÷åíèåì ñå-
ìåéñòâ ðåáåð çíà÷åíèå ýëåêòðè÷åñêîãî íà-
ïðÿæåíèÿ, ïðè êîòîðîì ïðîèñõîäèò ýôôåêò
âòÿãèâàíèÿ, óâåëè÷èâàåòñÿ. Ýôôåêò âòÿãè-
âàíèÿ äëÿ ïëàñòèíû (ðèñ. 4), ñîñòîÿùåé èç
òðåõ ñåìåéñòâ ðåáåð (êðèâàÿ2) íàñòóïà-
åò ïðè ìåíüøåì ïðîãèáå, ÷åì äëÿ ñåò÷àòîé
ïëàñòèíû, ñîñòîÿùåé èç äâóõ (êðèâàÿ 1) è
÷åòûðåõ (êðèâàÿ3) ñåìåéñòâ ðåáåð.

Ðàññìîòðèì èçìåíåíèå ìàêñèìàëüíîãî
ïðîãèáà ïîä äåéñòâèåì ñèëû Êóëîíà, ïðè
ýòîì íàïðÿæåíèå áóäåò ñêëàäûâàòüñÿ èç
ñòàòè÷åñêîé è äèíàìè÷åñêîé ñîñòàâëÿþ-
ùèõ: V (t) = Vst + Vdin cos(! pt):

Íà ðèñ. 5 ïðåäñòàâëåíû çàâèñèìîñòè ìàêñèìàëüíîãî ïðîãèáà îò ÷àñòîòû ! p äèíàìè-
÷åñêîé ÷àñòè ñèëû Êóëîíà, Vst = 1 :5B, Vdin 2 [0:0001; 0:7]B â ñëó÷àå ñåòêè ñ ÷åòûðìÿ
ñåìåéñòâàìè ðåáåð ' 1 = 45o, ' 2 = 135o, ' 3 = 0 o, ' 4 = 90o, � 1 = � 2 = � 3 = � 4 = 0 :154,
a1 = a2 = a3 = a4 = 0 :123. Ïðè ñîâïàäåíèè çíà÷åíèé ÷àñòîòû ñîáñòâåííûõ êîëåáàíèé ïëàñ-

à / a á / b

â / c ã / d

Ðèñ. 5. Ñöåíàðèé ïîÿâëåíèÿ çîí ïîòåðè óñòîé÷èâîñòè Vst = 1 :5B: à � Vdin = 0 :01B; á � Vdin = 0 :4B;
â � Vdin = 0 :5B; ã � Vdin = 0 :7B (öâåò îíëàéí)

Fig. 5. Scenario of occurrence of zones of loss of stabilityVst = 1 :5V: a stands for Vdin = 0 :01V; b stands
for Vdin = 0 :4V; c stands for Vdin = 0 :5V; d stands for Vdin = 0 :7V (color online)
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òèíêè ñ ÷àñòîòîé âûíóæäàþùåé íàãðóçêè ìàêñèìàëüíûé ïðîãèá ðåçêî óâåëè÷èâàåòñÿ, ÷òî
ñîîòâåòñòâóåò èçâåñòíîìó ÿâëåíèþ ðåçîíàíñà. Ïðè óâåëè÷åíèè çíà÷åíèÿ íàïðÿæåíèÿ äèíà-
ìè÷åñêîé ÷àñòè íàãðóçêè äî Vdin = 0 :4B íà ãðàôèêå wmax (Vdin ) ïîÿâëÿåòñÿ åùå îäíà çîíà,
ãäå ïðîèñõîäèò ðåçêîå óâåëè÷åíèå ïðîãèáà. Äàííàÿ çîíà ñîîòâåòñòâóåò ÷àñòîòå âûíóæäàþ-
ùèõ êîëåáàíèé, ðàâíîé ïîëîâèíå ÷àñòîòû ñîáñòâåííûõ êîëåáàíèé ( ! 0=2). Ïðè äàëüíåéøåì
óâåëè÷åíèè çíà÷åíèÿ íàïðÿæåíèÿ äèíàìè÷åñêîé ÷àñòè íàãðóçêè äî Vdin = 0 :7B íà ãðàôèêå
wmax (Vdin ) ïðè ! p = ! 0=4 è ! p = 3 ! 0=4 ïîÿâëÿþòñÿ çîíû, ãäå ïðîèñõîäèò ðåçêîå èçìåíåíèå
ïðîãèáà. Ýòîò ñöåíàðèé ïîÿâëåíèÿ çîí íåóñòîé÷èâîñòè àíàëîãè÷åí ñöåíàðèþ Ôåéãåíáàóìà.
Íà ðèñ. 5 ïîä ãðàôèêàìè ïðèâåäåíû øêàëû õàðàêòåðà êîëåáàíèé. Ãîëóáûì öâåòîì îáî-
çíà÷åíû êîëåáàíèÿ, â êîòîðûõ ïðèñóòñòâóþò ãàðìîíèêè íà ÷àñòîòå âîçáóæäåíèÿ, ÷àñòîòå
ñîáñòâåííûõ êîëåáàíèé è èõ ëèíåéíûå êîìáèíàöèè. Æåëòûì öâåòîì îáîçíà÷åíû êîëåáàíèÿ
íà ÷àñòîòàõ ! p=2p, ãäåp 2 N . ×åðíûì öâåòîì îáîçíà÷åíû çîíû, ãäå ìàêñèìàëüíûé ïðîãèá
áîëüøå 0:25h.

Â òàáëèöå ïðèâåäåíû õàðàêòåðèñòèêè êîëåáàíèé ïðè ðàçëè÷íûõ çíà÷åíèÿõ ÷àñòîòû
äèíàìè÷åñêîé ÷àñòè ñèëû Êóëîíà ! p.

Õàðàêòåðèñòèêè êîëåáàíèéVst = 1 :5 B, Vdin = 0 :7 B
Table. Oscillation characteristics Vst = 1 :5 V, Vdin = 0 :7 V

! p Ñïåêòð ìîùíîñòè Ñèãíàë Ôàçîâûé ïîðòðåò

0.5

1.5

3.7

3.9

5.5
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Àíàëèç ñèãíàëîâ ( Vdin = 0 :7B ) ïîêàçûâàåò, ÷òî ïðè èððàöèîíàëüíîì îòíîøåíèè ! 0=! p

èëè ïðè îòíîøåíèè ! 0=! p = k, ãäåk � íå÷åòíîå ÷èñëî, ñïåêòð ìîùíîñòè äåìîíñòðèðóåò äâå
÷àñòîòû, ! 0 è ! p, è èõ ëèíåéíûå êîìáèíàöèè. Íàïðèìåð, ïðè ! p = 0 :5 â ñïåêòðå êîëåáàíèé
ïëàñòèíû ïðèñóòñòâóþò ãàðìîíèêè íà ÷àñòîòàõ ! 0, ! p, 2! p, 3! p, ! 0 � ! p, ! 0 � 2! p, ! 0 � 3! p

è ò. ä. Àíàëîãè÷íàÿ êàðòèíà íàáëþäàåòñÿ ïðè äðóãèõ ÷àñòîòàõ ! p = 1 :5; ! p = 3 :9, ïðè÷åì
ìàêñèìàëüíûé ïðîãèá ïðè ëþáîé ÷àñòîòå èç ïåðå÷èñëåííûõ ðàâåí w = 0 :173.

Â ñëó÷àå, êîãäà ÷àñòîòà âûíóæäàþùåé íàãðóçêè ! p � ! 0=2, ìàêñèìàëüíûé ïðîãèá çíà-
÷èòåëüíî ïðåâûøàåò çíà÷åíèå ïðîãèáà, ïîëó÷åííîãî ïðè äðóãèõ ÷àñòîòàõ âîçáóæäåíèÿ (ñì.
òàáëèöó ïðè ! p = 3 :7). Äàííûé ýôôåêò õîðîøî âèäåí íà ôàçîâîì ïîðòðåòå. Àíàëîãè÷íûé
ýôôåêò ïîëó÷åí ïðè ! p � ! 0=4 è ïðè ! p � 3! 0=4 (ñì. òàáëèöó ïðè ! p = 5 :5).

Ïðè äàëüíåéøåì óâåëè÷åíèè èíòåíñèâíîñòè äèíàìè÷åñêîé ÷àñòè ýëåêòðè÷åñêîãî âîç-
äåéñòâèÿ (Vdin > 0:7B ) ðåçêîå óâåëè÷åíèå ïðîãèáà ìîæíî íàáëþäàòü ïðè ÷àñòîòàõ âîçáóæ-
äåíèÿ, êðàòíûõ ÷àñòîòå ñîáñòâåííûõ êîëåáàíèé ( ! p � ! 0=8, ! p � ! 0=16 è ò. ä.).

Îïèñàííûé ñöåíàðèé ïîÿâëåíèÿ çîí äèíàìè÷åñêîé ïîòåðè óñòîé÷èâîñòè êà÷åñòâåííî
ñîõðàíÿëñÿ äëÿ âñåõ ðàññìîòðåííûõ âàðèàíòîâ ãåîìåòðèé ñåòî÷íîé ñòðóêòóðû ïëàñòèíû:

1) ' 1 = 45o, ' 2 = 135o;
2) ' 1 = 0 o, ' 2 = 90o;
3) ' 1 = 45o, ' 2 = 135o, ' 3 = 0 o;
4) ' 1 = 45o, ' 2 = 135o, ' 3 = 90o;
5) ' 1 = 45o, ' 2 = 135o, ' 3 = 0 o, ' 4 = 90o.

Çàêëþ÷åíèå

Â ðàáîòå ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé èçîòðîïíîé ãèáêîé ñåò÷àòîé íà-
íîïëàñòèíû â ïîëå äåéñòâèÿ îäíîãî íåïîäâèæíîãî ýëåêòðîäà. Ìîäåëü äàåò âîçìîæíîñòü
èññëåäîâàòü ïëàñòèíû ñ ðàçëè÷íîé ãåîìåòðèåé ñåòêè, ÷òî ìîæåò áûòü ïîëåçíûì ïðè ïðîåê-
òèðîâàíèè êîíñòðóêöèîííûõ ýëåìåíòîâ ÍÝÌÑ è ÌÝÌÑ. Íà îñíîâàíèè ïîëó÷åííîé ìîäåëè
ïðîâåäåí àíàëèç ýôôåêòà âòÿãèâàíèÿ äëÿ ïëàñòèí ñ ðàçëè÷íûìè âàðèàíòàìè ãåîìåòðèè
ñåòêè â óñëîâèÿõ ñòàòè÷åñêîãî ýëåêòðè÷åñêîãî ïîëÿ. Ïîëó÷åííûå ðåçóëüòàòû õîðîøî ñî-
ãëàñóþòñÿ ñ íàòóðíûì ýêñïåðèìåíòîì. Òàêæå ïîêàçàíî, ÷òî â óñëîâèÿõ âîçäåéñòâèÿ íåñòà-
öèîíàðíîãî ýëåêòè÷åñêîãî ïîëÿ çîíû íåóñòîé÷èâîñòè ïîÿâëÿþòñÿ ïî îïðåäåëåííîìó ñöåíà-
ðèþ: ñ óâåëè÷åíèåì çíà÷åíèÿ àìïëèòóäû äèíàìè÷åñêîé ÷àñòè ýëåêòðè÷åñêîãî íàïðÿæåíèÿ
ïîòåðÿ óñòîé÷èâîñòè íàáëþäàåòñÿ íà ÷àñòîòàõ âûíóæäàþùåé íàãðóçêè, êðàòíûõ ÷àñòîòå
ñîáñòâåííûõ êîëåáàíèé ïëàñòèíû ( ! p � ! 0=2, ! p � ! 0=4, ! p � ! 0=8 è ò. ä.).
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Àííîòàöèÿ. Èçâåñòíà âîñòðåáîâàííîñòü ãèïåðóïðóãèõ ìîäåëåé äåôîðìèðîâàíèÿ ïðè ïðîåêòèðî-
âàíèè èçäåëèé òåõíè÷åñêîãî íàçíà÷åíèÿ ñ èñïîëüçîâàíèåì ýëàñòîìåðíûõ ìàòåðèàëîâ (ðåçèíû è
ðåçèíîïîäîáíûõ ïîëèóðåòàíîâ, ñèëèêîíîâ è òåðìîýëàñòîïëàñòîâ ÒÝÏ), ðåàëèçóþùèõ âûñîêèå (äî
500%) îáðàòèìûå äåôîðìàöèè è äåìïôèðóþùóþ ñïîñîáíîñòü ïðè öèêëè÷åñêîé è óäàðíîé íàãðóç-
êå. Ê òàêèì èçäåëèÿì îòíîñÿòñÿ àâòîìîáèëüíûå øèíû, àìîðòèçàòîðû, ïåðåäà÷è ñ ãèáêîé ñâÿçüþ,
¾compliance mechanisms¿ â ðîáîòîòåõíèêå è ò.ï. Íå ìåíåå àêòóàëüíûì è ïðè ýòîì ñîöèàëüíî çíà÷è-
ìûì ÿâëÿåòñÿ ïðèìåíåíèå òåîðèè ãèïåðóïðóãîñòè ñ öåëüþ ðàçðàáîòêè èìïëàíòèðóåìûõ ìàòåðèàëîâ
è óñòðîéñòâ äëÿ îáùåé, êàðäèî- è ïëàñòè÷åñêîé õèðóðãèè, âêëþ÷àÿ çàìåùåíèå ìÿãêèõ áèîëîãè÷å-
ñêèõ òêàíåé (êîæè, ìûøö, ñâÿçîê è ò.ä.) èõ ôóíêöèîíàëüíûìè àíàëîãàìè â âèäå áèîñîâìåñòèìûõ
ñèíòåòè÷åñêèõ ìàòåðèàëîâ. Íî îäíîé èç íåðåøåííûõ ïðîáëåì ìåõàíèêè ãèïåðóïðóãèõ ìîäåëåé ìàòå-
ðèàëîâ îñòàåòñÿ ôèçè÷åñêàÿ èíòåðïðåòàöèÿ èõ ìàòåðèàëüíûõ êîíñòàíò. Â äàííîì ñîîáùåíèè ìàòå-
ðèàëüíûå ïîñòîÿííûå ìîäåëåé ñîïîñòàâëåíû ñ óïðóãèìè ìîäóëÿìè ìàòåðèàëîâ ( E0 è G0) â íåäåôîð-
ìèðîâàííîì ñîñòîÿíèè. Âåðèôèöèðîâàíî, ÷òî äëÿ íåîãóêîâñêîé ìîäåëè âûïîëíÿåòñÿ ñîîòíîøåíèå
� = E0=6, äëÿ äâóõïàðàìåòðè÷åñêîé ìîäåëè Ìóíè � Ðèâëèíà � C01 + C10 = E0=6. Óñòàíîâëåíî,
÷òî òàêàÿ æå ôîðìóëà ñïðàâåäëèâà è äëÿ 3-, 5- è 9-ïàðàìåòðè÷åñêèõ ìîäåëåé Ìóíè � Ðèâëèíà è
ïîëèíîìèàëüíîé ìîäåëè âòîðîãî ïîðÿäêà. Ïîëó÷åíî äëÿ ìîäåëè Îãäåíà 3�� = 2E0, Éåî C1 = E0=6,
Âåðîíäà � Âåñòìàíí 6(C1C2 + C3) = E0. Ñäåëàí âûâîä, ÷òî ìàòåðèàëüíûå ïîñòîÿííûå ÿâëÿþòñÿ ïî-
êàçàòåëÿìè ìåõàíè÷åñêîé ñòàáèëüíîñòè ãèïåðóïðóãèõ ìîäåëåé âñëåäñòâèå óñëîâèÿ Hill � Drucker. Íà
ïðèìåðå áèîìàòåðèàëà ïðîèçâåäåíî ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìîùüþ íàéäåííûõ ôîð-
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Abstract. There is a known demand for hyperelastic deformation models in the design of technical
products using elastomeric materials (rubber and rubber-like polyurethanes, silicones, and TPE thermo-
plastic elastomers), which realize high (up to 500%) reversible deformations and damping capacity under
cyclic and impact loading. Such products include car tires, shock absorbers, �exible gears, �compliance
mechanisms� in robotics, etc. No less relevant and at the same time socially signi�cant is the application of
the theory of hyperelasticity for the purpose of developing implantable materials and devices for general,
cardiac, and plastic surgery, including the replacement of soft biological tissues (skin, muscles, ligaments,
etc.) with their functional analogues in the form of biocompatible synthetic materials. One of the unsolved
problems in the mechanics of hyperelastic models remains the physical interpretation of their material
constants. In this report, the material constants of the models are compared with the elastic moduli of
the materials (E0 and G0) in the unstrained state. It is veri�ed that for the neo-Hookean model, the
relation � = E0=6 holds, for the 2-parameter Mooney � Rivlin model C01 + C10 = E0=6. It has been
established that the same formula is valid for the 3-, 5-, and 9-parameter Mooney � Rivlin models and the
nth order polynomial model. For the Ogden model3�� = 2E0, Yeoh C1 = E0=6, Veronda � Westmann
6(C1C2 + C3) = E0. Material constants are indicators of the mechanical stability of hyperelastic models
due to the Hill � Drucker condition. Using the example of a biomaterial, the results obtained using the
derived formulas are compared with each other and with the indicators of elastic models: linear, bilinear,
and exponential. A number of models characterize cases of small deformations unsatisfactorily.
Keywords: hyperelastic models, material constants, elastic moduli
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Ââåäåíèå

Ïðè ìàëûõ èçìåíåíèÿõ àðãóìåíòà èçìåíåíèÿ ôóíêöèè âñåãäà ëèíåéíû. Â ìàòåìàòè÷å-
ñêîé ôîðìóëèðîâêå ýòî ñëåäóåò èç ðàçëîæåíèÿ ôóíêöèé â ðÿä Òåéëîðà, ãäå ïåðâûé ÷ëåí
ðàçëîæåíèÿ â áåñêîíå÷íîé ñóììå ñòåïåííûõ ôóíêöèé ïðîïîðöèîíàëåí ïðèðàùåíèþ àðãó-
ìåíòà. Ýòîìó ïðàâèëó óäîâëåòâîðÿåò èçâåñòíûé èç ìåõàíèêè çàêîí Ãóêà ¾Ut tension sic
vis¿ (¾Êàêîâà ñèëà, òàêîâî è ðàñòÿæåíèå¿). Äåéñòâèòåëüíî, íà íà÷àëüíîì ó÷àñòêå äåôîð-
ìèðîâàíèÿ óäëèíåíèå èëè ñæàòèå ïðîïîðöèîíàëüíû âåëè÷èíå âûçâàâøåé èõ ñèëû. Äëÿ
áîëüøèíñòâà ìàòåðèàëîâ ïðè ðîñòå äåôîðìàöèè ïðîïîðöèîíàëüíîñòü äåôîðìàöèè è ñèëû
ñ íåêîòîðîãî ìîìåíòà ïåðåñòàåò âûïîëíÿòüñÿ. Óïðóãàÿ îáðàòèìàÿ äåôîðìàöèÿ ñìåíÿåòñÿ
íåóïðóãîé ñ îñòàòî÷íîé äåôîðìàöèåé ïðè ðàçãðóçêå. Îäíàêî ñóùåñòâóþò ìàòåðèàëû, êî-
òîðûå ñïîñîáíû èñïûòûâàòü ãèãàíòñêèå (äî 500%) äåôîðìàöèè, à ïîòîì âîçâðàùàòüñÿ ê
èñõîäíîìó ñîñòîÿíèþ èëè áëèçêîìó ê íåìó, àííèãèëèðóÿ ïðè ýòîì âñþ èëè ïî÷òè âñþ ïðè-
îáðåòåííóþ äåôîðìàöèþ. Êîýôôèöèåíò Ïóàññîíà òàêèõ ìàòåðèàëîâ áëèçîê ê òåîðåòè÷å-
ñêîìó ïðåäåëó 0.5, à äåôîðìàöèîííîå èçìåíåíèå îáúåìà íè÷òîæíî ìàëî. Îíè íàçûâàþòñÿ
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ýëàñòîìåðàìè, ðåçèíîïîäîáíûìè èëè ãèïåðóïðóãèìè, à äåôîðìàöèè, êîòîðûå îíè èñïû-
òûâàþò, � êîíå÷íûìè, áîëüøèìè, íåëèíåéíî óïðóãèìè. Ñòðîãîå îïðåäåëåíèå ãèïåðóïðóãîé
äåôîðìàöèè âåñüìà íåïðîñòîå è îñíîâàíî íà òåíçîðíîì àíàëèçå è ïàðàìåòðàõ ñïåöèàëüíûõ
òåíçîðîâ (Ïèîëà � Êèðõãîôôà, Êîøè � Ãðèíà è äð.) [ 1].

Áîëüøèíñòâî ìÿãêèõ òêàíåé â îðãàíèçìå ÷åëîâåêà (êîæà, æåë÷íûå ïðîòîêè, êðîâåíîñ-
íûå ñîñóäû, òêàíè ñåðäöà, ïå÷åíè, æåëóäêà è äðóãèõ îðãàíîâ) òàêæå ñ÷èòàþòñÿ ãèïåð-
óïðóãèìè. Èçó÷åíèå ìåõàíè÷åñêèõ ñâîéñòâ áèîòêàíåé ñëîæíåå, ÷åì èçó÷åíèå òðàäèöèîí-
íûõ êîíñòðóêöèîííûõ ìàòåðèàëîâ. Îñíîâíàÿ ïðîáëåìà, âîçíèêàþùàÿ ïðè èññëåäîâàíèè
ìÿãêèõ áèîëîãè÷åñêèõ ñòðóêòóð, � ýòî âûáîð ãèïåðóïðóãîé ìîäåëè, êîòîðàÿ áû íàèáîëåå
òî÷íî ïðåäñêàçûâàëà ïîâåäåíèå áèîìàòåðèàëà [ 2].

Êàæäîé èç ñåìåéñòâà ãèïåðóïðóãèõ ìîäåëåé (íåîãóêîâñêîé, Ìóíè � Ðèâëèíà, Àððóäà �
Áîéñà, Îãäåíà, Éåî, Ãåíòà, ïîëèíîìèàëüíîé è äð.) ïîñâÿùåíî äîñòàòî÷íî áîëüøîå ÷èñëî
îðèãèíàëüíûõ ðàáîò è îáçîðîâ [ 3� 8], è èõ ÷èñëî íåóêëîííî ðàñòåò (ðèñ. 1).

Ðèñ. 1. ×èñëî ïóáëèêàöèé ïî ãèïåðóïðóãèì ìîäå-
ëÿì, èíäåêñèðîâàííûì â ÁÄ SCOPUS ïî ãîäàì [ 6]
Fig. 1. The number of publications on hyperelastic
models indexed in the SCOPUS database by years [6]

Ãèïåðóïðóãèå ìîäåëè ñ ïîëó÷åííû-
ìè ìàòåðèàëüíûìè êîíñòàíòàìè, êàê
ïðàâèëî, ïðåäíàçíà÷àþòñÿ äëÿ äàëüíåé-
øèõ èññëåäîâàíèé íàïðÿæåííî-äåôîð-
ìèðîâàííîãî ñîñòîÿíèÿ òåë. Îäíîé èç
íåðåøåííûõ çàäà÷ ìåõàíèêè ãèïåðóïðó-
ãèõ ìîäåëåé îñòàåòñÿ ôèçè÷åñêàÿ èíòåð-
ïðåòàöèÿ èõ ìàòåðèàëüíûõ êîíñòàíò. Èç-
âåñòíî, ÷òî îíè ñîäåðæàòñÿ â ðàçëîæå-
íèè ýíåðãèè äåôîðìàöèè ïî ñòåïåíÿì èí-
âàðèàíòîâ I 1, I 2 è I 3 òåíçîðà äåôîðìà-
öèè � ïðàâîãî òåíçîðà äåôîðìàöèè Êî-
øè � Ãðèíà � è èçìåðÿþòñÿ â åäèíèöàõ
ïëîòíîñòè ýíåðãèè (Äæ =ì 3 = Ïà) èëè
áåçðàçìåðíû.

Ïî ìíåíèþ àâòîðîâ [ 9], äëÿ ïîëèìåðîâ ïëîòíîñòü ñøèâêè îïðåäåëÿåòñÿ ïîñòîÿííîé C10

2-ïàðàìåòðè÷åñêîé ìîäåëè Ìóíè � Ðèâëèíà:

n =
jC10j
RT

;

ãäåR � óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ, T � àáñîëþòíàÿ òåìïåðàòóðà. Êàê èçâåñòíî, âû-
ñîêàÿ ñòåïåíü ñøèâêè óëó÷øàåò ìåõàíè÷åñêèå ñâîéñòâà ïîëèìåðîâ. Àâòîðû òàêæå äåêëà-
ðèðóþò, ÷òî C10 îòâå÷àåò çà óïðóãîå ïîâåäåíèå, à C01 � çà îòêëîíåíèå îò óïðóãîñòè, ò. å.
óñèëèâàåò íåëèíåéíîñòü. Äîïîëíèòåëüíûå ïàðàìåòðû 3-, 5- è 9-ïàðàìåòðè÷åñêèõ ìîäåëåé
èíèöèèðóþò ïîÿâëåíèå íà äåôîðìàöèîííûõ êðèâûõ òî÷åê ïåðåãèáà.

Òàì æå ìàòåðèàëüíûå ïîñòîÿííûå ðàññìîòðåíû àâòîðàìè êàê èíäèêàòîðû ìåõàíè÷åñêîé
ñòàáèëüíîñòè òåë, ÷òî âûòåêàåò èç íåðàâåíñòâà

@�ij
@"ij

> 0; (1)

ãäå � ij è " ij � êîìïîíåíòû òåíçîðîâ íàïðÿæåíèé è äåôîðìàöèé ñîîòâåòñòâåííî. Â ëèòå-
ðàòóðíîé ôîðìå êðèòåðèé îçíà÷àåò, ÷òî äåôîðìàöèè äîëæíû ðàñòè ïðè óâåëè÷åíèè ïðè-
ëîæåííîãî íàïðÿæåíèÿ, à íå íàîáîðîò. Êðèòåðèé ñòàáèëüíîñòè ïðåäñòàâëÿåò ñîáîé òàêæå
óñëîâèå èçìåíåíèÿ âíóòðåííåé ýíåðãèè äåôîðìèðóåìîãî òåëà, ñîãëàñíî êîòîðîìó ïðèðàùå-
íèå âíóòðåííåé ýíåðãèè ïðè äåôîðìàöèè íå ìîæåò áûòü îòðèöàòåëüíûì. Â íåäåôîðìèðî-
âàííîì ñîñòîÿíèè è ïðè ìàëûõ äåôîðìàöèÿõ (" ! 0; � ! 1) îíî ðàâíîñèëüíî íåðàâåíñòâó

E0 > 0;

ãäåE0 � íà÷àëüíûé ìîäóëü óïðóãîñòè ìàòåðèàëà.
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Óñëîâèå (1), ðàçðàáîòàííîå R. Hill (1958 ã.) [ 10] è D. C. Drucker (1959 ã.) [11], ïðåäóñìàò-
ðèâàåò îïðåäåëåííûå îãðàíè÷åíèÿ íà ïàðàìåòðû ìîäåëåé Ìóíè � Ðèâëèíà ïðè îäíîîñíîé
íàãðóçêå, êàê óêàçàíî â òàáë. 1.

Òàáëèöà 1 / Table 1

Êðèòåðèè ñòàáèëüíîñòè ìîäåëåé Ìóíè � Ðèâëèíà
Stability criteria of Mooney � Rivlin models

Ìîäåëè Ìóíè � Ðèâëèíà Êðèòåðèè

2-ïàðàìåòðè÷åñêàÿ C10 + C01 > 0, C01 > 0

3-ïàðàìåòðè÷åñêàÿ C10 + C01 > 0, C11 > 0

5-ïàðàìåòðè÷åñêàÿ C10 + C01 > 0, C20 > 0, C20 + C02 + C11 > 0

9-ïàðàìåòðè÷åñêàÿ C10 + C01 > 0, C30 > 0, C02 6 0, C03 6 0,
C20 + C02 + C11 > 0, C30 + C03 + C12 + C21 > 0

Äåéñòâèòåëüíî, äëÿ 2-ïàðàìåòðè÷åñêîé ìîäåëè ïðè ìàëûõ îäíîîñíûõ äåôîðìàöèÿõ

� = 2C10

�
� �

1
� 2

�
+ 2C01

�
1 �

1
� 3

�
= 2C10 (1 + " � (1 � 2" )) +

+2C01(1 � (1 � 3" )) = 2 C10(3") + 2 C01(3" ) = 6 "(C10 + C01):

Ðèñ. 2. Ãèïåðóïðóãèå ìîäåëè íàäêîñòíèöû íî-
ñà ÷åëîâåêà:� NH � íåîãóêîâñêàÿ; � M � R � 2-ïàðà-
ìåòðè÷åñêàÿ Ìóíè � Ðèâëèíà ïðè C10 + C01 =
= � 1:35ÌÏà; � Ogden � Îãäåíà 1-ãî ïîðÿäêà;
� Y eoh � Éåî 3-ãî ïîðÿäêà; � P olynom � ïîëèíîìè-
àëüíîé 2-ãî ïîðÿäêà; � V � W � Âåðîíäà � Âåñò-
ìàíí. Çäåñü è íà ðèñ. 3 òî÷êàìè îáîçíà÷åíû äàí-

íûå ìåõàíè÷åñêèõ èñïûòàíèé [ 12]
Fig. 2. Hyperelastic models of human nasal
periosteum: ; � NH is neo-Hookean;� M � R is 2-para-
metric Mooney � Rivlin for C10 + C01 = � 1:35MPa;
� Ogden is Ogden of the 1st order; � Y eoh is Yeoh
of the 3rd order; � P olynom is polynomial of the
2nd order; � V � W is Veronda � Westmann (V-W).
The dots here and in Fig. 3 indicate the data of

mechanical tests [12]

Çäåñü ó÷òåíî, ÷òî êîýôôèöèåíò äåôîð-
ìàöèè � = " + 1 è (1 + ")n = 1 + n" ïðè
" � 1.

Îòñþäà ïîëó÷àåì, ÷òî

d�
d"

= 6( C10 + C01): (2)

Âñëåäñòâèå íåñîáëþäåíèÿ ïîñòóëàòà
Hill � Drucker òà èëè èíàÿ ôåíîìåíîëîãè-
÷åñêàÿ ìîäåëü ìîæåò íå ïîäõîäèòü äëÿ
îïèñàíèÿ ìàëûõ äåôîðìàöèé ìàòåðèà-
ëà. Ýòî íåðåäêî âñòðå÷àåòñÿ â ëèòåðàòó-
ðå ïðè îáðàáîòêå ðåçóëüòàòîâ îäíîîñíîãî
ðàñòÿæåíèÿ ìàòåðèàëîâ, íàïðèìåð, îá-
ðàçöîâ áèîòêàíåé ïîçâîíî÷íîé àðòåðèè
[2] èëè íàäêîñòíèöû íîñà ÷åëîâåêà, êàê
íà ðèñ. 2 (ãèïåðóïðóãèå ìîäåëè ðàññ÷è-
òàíû àâòîðàìè ñòàòüè).

Öåëü ðàáîòû

Öåëü ðàáîòû � îïðåäåëèòü ôèçè÷å-
ñêèé ñìûñë ìàòåðèàëüíûõ ïîñòîÿííûõ
ãèïåðóïðóãèõ ìîäåëåé íà îñíîâå ðàñ÷å-
òîâ íà÷àëüíîãî ìîäóëÿ óïðóãîñòè E0,
ñðàâíèòü ÷èñëåííûå ðåçóëüòàòû ðàñ÷å-
òîâ ìåæäó ñîáîé è ñ ñîîòâåòñòâóþùè-
ìè õàðàêòåðèñòèêàìè óïðóãèõ ìîäåëåé
íà ïðèìåðå áèîìàòåðèàëà.
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Ìàòåðèàëû è ìåòîäû

Ðàñ÷åòû ïðîèçâîäèëèñü â ñèñòåìå êîìïüþòåðíîé àëãåáðû Mathcad 15.0 (PTC Inc., ÑØÀ).
Â ðàìêàõ èíòåðïðåòàöèè ìàòåðèàëüíûõ ïîñòîÿííûõ ãèïåðóïðóãèõ ìîäåëåé òåë áûëè èññëå-
äîâàíû ïðåäåëû ôóíêöèé � 0

" (" ) = � 0
� (� ) ïðè ìàëûõ äåôîðìàöèÿõ (" ! 0; � ! 1):

lim
" ! 0

@�
@"

= lim
" ! 1

@�
@�

:

Ðàññìàòðèâàëè îäíîîñíîå ðàñòÿæåíèå íåñæèìàåìûõ ãèïåðóïðóãèõ òåë. ×èñëåííûé ðàñ-
÷åò âûïîëíåí íà ïðèìåðå íàäêîñòíèöû íîñà ÷åëîâåêà [ 12]. Êàê èçâåñòíî, íàäêîñòíèöà ñî-
ñòîèò èç ñîåäèíèòåëüíîé òêàíè, îáðàçîâàííîé ïðåèìóùåñòâåííî êîëëàãåíîâûìè âîëîêíàìè.
Èíòåðåñ ê èññëåäîâàíèþ ãèïåðóïðóãèõ ñâîéñòâ äàííîãî áèîìàòåðèàëà îáóñëîâëåí ïîïóëÿð-
íîñòüþ ñåãîäíÿ ýñòåòè÷åñêîé ïëàñòè÷åñêîé õèðóðãèè è èìïëàíòàöèîííîé ðèíîïëàñòèêè,
âûïîëíåíèå êîòîðîé òðåáóåò ïîèñêà è ïîäáîðà ìåõàíè÷åñêè ñîâìåñòèìûõ ñ òêàíÿìè íîñà
çàìåùàþùèõ ìàòåðèàëîâ.

Ðåçóëüòàòû è èõ îáñóæäåíèå

1. Èññëåäîâàíèå ïðåäåëîâ � 0
" (" ) = � 0

� (� ) ãèïåðóïðóãèõ ìîäåëåé ïðè ìàëûõ
äåôîðìàöèÿõ (íà÷àëüíîãî ìîäóëÿ óïðóãîñòè)

Íåîãóêîâñêàÿ ìîäåëü ìàòåðèàëà [13]. Ñàìàÿ ïðîñòàÿ, îäíîïàðàìåòðè÷åñêàÿ ìîäåëü, ïðî-
ëîíãèðóåò çàêîí Ãóêà â îáëàñòü áîëüøèõ äåôîðìàöèé. Â îòëè÷èå îò ëèíåéíî-óïðóãèõ ìàòå-
ðèàëîâ, êðèâàÿ íàïðÿæåíèÿ-äåôîðìàöèè íåîãóêîâñêîãî ìàòåðèàëà íåëèíåéíàÿ. Íåîãóêîâ-
ñêàÿ ìîäåëü îñíîâàíà íà ñòàòèñòè÷åñêîé òåðìîäèíàìèêå ñøèòûõ ïîëèìåðíûõ öåïåé è ìîæåò
èñïîëüçîâàòüñÿ äëÿ ïëàñòìàññ è ðåçèíîïîäîáíûõ ìàòåðèàëîâ. Ñøèòûå ïîëèìåðû äåéñòâó-
þò íåîãóêîâñêèì îáðàçîì, ïîòîìó ÷òî ïåðâîíà÷àëüíî ïîëèìåðíûå öåïè ìîãóò ïåðåìåùàòü-
ñÿ îòíîñèòåëüíî äðóã äðóãà ïðè ïðèëîæåíèè íàïðÿæåíèÿ. Îäíàêî â îïðåäåëåííûé ìîìåíò
ïîëèìåðíûå öåïè áóäóò ðàñòÿíóòû äî ìàêñèìàëüíîé âåëè÷èíû, äîïóñêàåìîé êîâàëåíòíû-
ìè ïîïåðå÷íûìè ñâÿçÿìè, è ýòî âûçîâåò ðåçêîå óâåëè÷åíèå ìîäóëÿ óïðóãîñòè ìàòåðèàëà 1.
Íàïðÿæåíèå â íåîãóêîâñêîì íåñæèìàåìîì (I 3 = 1) ìàòåðèàëå îïðåäåëÿåòñÿ ôîðìóëîé

� = 2 �
�

� 2 �
1
�

�
:

Âû÷èñëåíèå ïðåäåëà îáíàðóæèâàåò, ÷òî (ñèíòàêñèñ Mathcad 15.0)

E(� ) := lim
� ! 1

d
d�

� (�; � ) ! 6�;

îòêóäà

� =
E0

6
; (3)

ãäåE0 � íà÷àëüíûé ìîäóëü óïðóãîñòè. Îòìåòèì, ÷òî äëÿ íåñæèìàåìûõ ìàòåðèàëîâ, êàêèìè
ÿâëÿþòñÿ ãèïåðóïðóãèå òåëà, ìîäóëü ñäâèãà G = E=3, ïîýòîìó

2� = G:

Ìîäåëü Ìóíè � Ðèâëèíà [14,15]. Ìîäåëü Ìóíè � Ðèâëèíà ÿâëÿåòñÿ äàëüíåéøèì ðàçâèòè-
åì íåîãóêîâñêîé ìîäåëè è îäíèì èç íàèáîëåå ðàñïðîñòðàíåííûõ âèäîâ ïîòåíöèàëà ýíåðãèè
äåôîðìàöèè [ 2]. Ïðè ýòîì 2-ïàðàìåòðè÷åñêàÿ � íàèáîëåå óäîáíàÿ äëÿ àíàëèçà ïîñêîëüêó
ñîäåðæèò íàèìåíüøåå ÷èñëî ïàðàìåòðîâ â ñåìåéñòâå òåë Ìóíè � Ðèâëèíà.

1 Íåîãóêîâñêîå òâåðäîå òåëî � Neo-Hookean solid. URL: https://ru.wikibrief.org/wiki/Neo-Hookean_solid
(äàòà îáðàùåíèÿ: 12.08.2023).
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Ìîäåëü 2-ïàðàìåòðè÷åñêàÿ:

� 2p = 2
�

C10 �
C01

�

� �
� �

1
� 2

�
= 2C10

�
� �

1
� 2

�
+ 2C01

�
� �

1
� 3

�
:

Â ýòîì ñëó÷àå

E(C10; C01) := lim
� ! 1

d
d�

� (�; C 10; C01) ! 6C01 + 6C10; (4)

ò. å.

C01 + C10 =
E0

6
; (5)

÷òî ñîãëàñóåòñÿ ñ ôîðìóëîé ( 2). Íåòðóäíî âèäåòü, ÷òî äëÿ ìîäóëÿ ñäâèãà 2(C01 + C10) = G0.
Ìîäåëü 3-ïàðàìåòðè÷åñêàÿ:

� 3p = 2C10

�
� �

1
� 2

�
+ 2C01

�
� �

1
� 3

�
+ 6C11

�
� 2 � � � 1 +

1
� 2 +

1
� 3 +

1
� 4

�
: (6)

Àíàëîãè÷íî 2-ïàðàìåòðè÷åñêîé ìîäåëè íàõîäèì, ÷òî

E(C10; C01) := lim
� ! 1

d
d�

� (�; C 10; C01; C11) ! 6C01 + 6C10;

ò. å. äëÿ 3-ïàðàìåòðè÷åñêîé ìîäåëè ñíîâà èìååì ôîðìóëó ( 5).
Ìîäåëü 5-ïàðàìåòðè÷åñêàÿ:

� 5p = 2C10

�
� �

1
� 2

�
+ 2C01(� �

1
� 3 ) + 6 C11

�
� 2 � � � 1 +

1
� 2 +

1
� 3 +

1
� 4

�
+

+4C20� (1 �
1
� 3 )

�
� 2 +

2
�

� 3) + 4C02(2� +
1
� 2

� �
1 �

1
� 3

�
:

Òî÷íî òàêîé æå ðåçóëüòàò âû÷èñëåíèÿ äàþò è äëÿ 5-ïàðàìåòðè÷åñêîé ìîäåëè:

E(C10; C01) := lim
� ! 1

d
d�

� (�; C 10; C01; C11; C20; C02) ! 6C01 + 6C10:

Ìîäåëü 9-ïàðàìåòðè÷åñêàÿ:

� 9p = 2C10

�
� �

1
� 2

�
+ 2C01

�
� �

1
� 3

�
+ 6C11

�
� 2 � � � 1 +

1
� 2 +

1
� 3 +

1
� 4

�
+

+4C20�
�

1 �
1
� 3

� �
� 2 +

2
�

� 3
�

+ 4C02

�
2� +

1
� 2

� �
1 �

1
� 3

�
+

+2C21

�
1 �

1
� 3

� �
2� +

1
� 2 � 3

� �
2� 3 � 4� +

1
� 2 + 1

�
+

+2C12

�
1 �

1
� 3

� �
2� +

1
� 2 � 3

� �
4� 2 �

5
�

� 3� � 6
�

+

+6C30

�
� 2 +

2
�

� 3
� 2 �

� �
1
� 2 ) + 6 C03(2� +

1
� 2 � 3

� 2 �
1 �

1
� 3

�
:

Äëÿ ñàìîé ìíîãî÷èñëåííîé ïî ÷èñëó ïàðàìåòðîâ ìîäåëè Ìóíè � Ðèâëèíà òàêæå îáíà-
ðóæèâàåòñÿ, ÷òî

E(C10; C01) := lim
� ! 1

d
d�

� (�; C 10; C01; C11; C20; C02; C21; C12; C30; C03) ! 6C01 + 6C10:
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Òàêèì îáðàçîì, äëÿ âñåõ ìîäåëåé Ìóíè � Ðèâëèíà, íåçàâèñèìî îò ÷èñëà ïàðàìåòðîâ,
ñïðàâåäëèâû ôîðìóëû ( 5), (6), ò. å. óäâîåííàÿ ñóììà ìàòåðèàëüíûõ ïîñòîÿííûõ C01 è C10

ãèïåðóïðóãèõ òåë Ìóíè � Ðèâëèíà ïðåäñòàâëÿåò ñîáîé 1=3 ìîäóëÿ Þíãà èëè ìîäóëü ñäâèãà
â íåäåôîðìèðîâàííîì ñîñòîÿíèè.

Ìîäåëü Îãäåíà [16]. Óñòàíàâëèâàþùèì óðàâíåíèåì ÿâëÿåòñÿ

� =
nX

p=1

� p

�
� � p � � � 1

2 � p
�

:

Ìîäåëü Îãäåíà � ôåíîìåíîëîãè÷åñêàÿ ìîäåëü, îñíîâûâàþùàÿñÿ íà ãëàâíûõ îòíîñèòåëü-
íûõ óäëèíåíèÿõ â áîëüøåé ñòåïåíè, ÷åì íà èíâàðèàíòàõ äåôîðìàöèé. Äëÿ ìîäåëè 1-ãî
ïîðÿäêà óñòàíàâëèâàþùåé ôóíêöèåé ÿâëÿåòñÿ

� (�; �; � ) := �
�
� � � � � �

2
�
;

ïðåäåë ïðîèçâîäíîé îò êîòîðîé ïðè � ! 1 ðàâåí

E(�; � ) := lim
� ! 1

d
d�

� (�; �; � ) !
3��

2
:

Ñëåäîâàòåëüíî, äëÿ ìîäåëè Îãäåíà 1-ãî ïîðÿäêà

3�� = 2E0: (7)

Ìîäåëü Éåî [17]. Ìîäåëü n-ïîðÿäêà ñòðîèòñÿ èç ñîîòíîøåíèÿ

� = 2 � �
1
� 2

nX

i =1

iC i (I 1 � 3)i � 1:

Â ñëó÷àå ìîäåëè 3-ãî ïîðÿäêà

� (�; C 1; C2; C3) := 2
�

� �
1
� 2

��
C1 + 2C2

�
� 2 +

2
�

� 3
�

+ 3C3

�
� 2 +

2
�

� 3
� 2�

è

E(C1) := lim
� ! 1

d
d�

� (�; C 1; C2; C3) ! 6C1:

Â èòîãå ïîëó÷àåì

C1 =
E0

6
; (8)

à ìîäóëü ñäâèãà ìîæíî íàéòè ïî ôîðìóëå

G0 = 2C1:

Ïîëèíîìèàëüíàÿ ìîäåëü 2-ãî ïîðÿäêà [18]:

� = 2( � � � � 2)(C10 + C01� � 1 + 2C20(� 2 + 2 � � 1 � 3)+

+2 � � 1C02(2� + � � 2 � 3) + 3C11(� � 1 � � � 1 + � � 2)) :

Ïîëèíîìèàëüíàÿ ìîäåëü � ýòî íàèáîëåå îáùèé âàðèàíò çàïèñè ïîòåíöèàëà ýíåðãèè äå-
ôîðìàöèè. Îíà ëåæèò â îñíîâå äðóãèõ èçâåñòíûõ ìîäåëåé [ 2]. Íàïðèìåð, ìîäåëè Ìóíè �
Ðèâëèíà ìîæíî ëåãêî ïîëó÷èòü êàê ÷àñòíûå ñëó÷àè ïîëèíîìèàëüíîé ìîäåëè. Ïîýòîìó çà-
êîíîìåðíî äëÿ ïîëèíîìèàëüíîé ìîäåëè

E(C10; C01) := lim
� ! 1

d
d�

� (�; C 10; C01; C11; C20; C02) ! 6C01 + 6C10; (9)
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÷òî ñîîòâåòñòâóåò ôîðìóëå ( 4) äëÿ ìîäåëåé Ìóíè � Ðèâëèíà. Îòìåòèì, ÷òî ïîëèíîìèàëü-
íàÿ ìîäåëü � ýòî ôåíîìåíîëîãè÷åñêàÿ ìîäåëü, â îñíîâå êîòîðîé èñïîëüçóþòñÿ 1-é è 2-é
èíâàðèàíòû äåôîðìàöèé I 1 è I 2 [2].

Ìîäåëü Âåðîíäà � Âåñòìàíí [19]:

� = 2C1C2eC2 (� 2+2 � � 1 � 3)(� � � � 2) + 2 C3(1 � � � 3):

Ýòà ìîäåëü âåñüìà ÷àñòî ïðèìåíÿåòñÿ â èññëåäîâàíèÿõ in silico áèîëîãè÷åñêèõ ìàòåðè-
àëîâ [20,21]. Â èåðàðõèè ãèïåðóïðóãèõ ìîäåëåé îíà îáåñïå÷èëà õîðîøåå ñîîòâåòñòâèå âñåì
èññëåäîâàííûì ìàòåðèàëàì â øèðîêîì èíòåðâàëå äåôîðìàöèé. Ïðåäåë ïðîèçâîäíîé ôóíê-
öèè � (" ) äëÿ ýòîé ìîäåëè

E(C1; C2; C3) := lim
� ! 1

d
d�

� (�; C 1; C2; C3) ! 6C3 + 6C1C2;

îòêóäà ñëåäóåò
6(C1C2 + C3) = E0: (10)

2. Ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòîâ íà÷àëüíîãî óïðóãîãî ìîäóëÿ
è ïðîãíîñòè÷åñêîé ñïîñîáíîñòè ãèïåðóïðóãèõ ìîäåëåé ïðè ìàëûõ äåôîðìàöèÿõ

Ðèñ. 3. Óïðóãèå ìîäåëè íàäêîñòíèöû íîñà.
Ñïëîøíîé ëèíèåé ïðåäñòàâëåíà ýêñïîíåíöè-

àëüíàÿ ìîäåëü
Fig. 3. Elastic models of nasal periosteum. The

solid line represents the exponential model

Ïðåäñòàâëÿåò èíòåðåñ ñðàâíåíèå ÷èñ-
ëåííûõ ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìî-
ùüþ ôîðìóë ( 3), (5), (7)�( 10), ìåæäó ñî-
áîé è ñ ïîêàçàòåëÿìè óïðóãèõ ìîäåëåé
(ðèñ. 3): ëèíåéíîé (îäíîôàçíîé) � = E" ,
áèëèíåéíîé (äâóõôàçíîé) � = E1" +
+ E2(" � " cr )�( " cr ) è ýêñïîíåíöèàëüíîé
� = a�(exp[b�" ]� 1), ãäåE � ìîäóëü óïðó-
ãîñòè â ëèíåéíîé ìîäåëè, E1, E2 � ìîäó-
ëè óïðóãîñòè â áèëèíåéíîé ìîäåëè, � �
ôóíêöèÿ Õýâèñàéäà, " cr � êðèòè÷åñêàÿ
äåôîðìàöèÿ (äëÿ áèîëîãè÷åñêèõ òêàíåé
äåôîðìàöèÿ, ïðè êîòîðîé ýëàñòèíîâûé
ìåõàíèçì ñìåíÿåòñÿ êîëëàãåíîâûì), a è
b� ïàðàìåòðû ýêñïîíåíöèàëüíîé ìîäåëè
(ïðåäñòàâëåíà íà ðèñ. 3 ñïëîøíîé ëè-
íèåé). Â êà÷åñòâå ïðèìåðà ðàññìîòðå-
íû õàðàêòåðèñòèêè áèîìàòåðèàëà � íàä-
êîñòíèöû íîñà (nasal periosteum) ÷åëîâå-
êà ïðè ìàëûõ äåôîðìàöèÿõ, ðàññ÷èòàí-
íûå íà îñíîâå îïûòíûõ � � " äàííûõ [ 12].

Èç ðåçóëüòàòîâ ñðàâíåíèÿ, ïðèâåäåíûõ â òàáë. 2, âèäíî, ÷òî ÷èñëåííûå äàííûå âåñüìà
ñèëüíî îòëè÷àþòñÿ äðóã îò äðóãà. Íàèáîëåå áëèçêè ìåæäó ñîáîé çíà÷åíèÿ ìîäóëåé óïðóãî-
ñòè, ðàññ÷èòàííûå â áèëèíåéíîé è ýêñïîíåíöèàëüíîé ìîäåëÿõ, ãèïåðóïðóãèõ ìîäåëÿõ Îãäå-
íà è Âåðîíäà � Âåñòìàíí (â ïîñëåäíèõ äâóõ îíè îäíîãî ïîðÿäêà). Ïî ïîêàçàòåëÿì ê ëèíåé-
íîé ìîäåëè íàèáîëåå áëèçêà ãèïåðóïðóãàÿ íåîãóêîâñêàÿ ìîäåëü (E0 = 6 � = 7 :948 ÌÏà ), à
ê áèëèíåéíîé è ýêñïîíåíöèàëüíîé � ìîäåëü Îãäåíà (E0 = 1 :5�� = 1 :284 ÌÏà) è Âåðîíäà �
Âåñòìàíí (E0 = 6( C1C2 + C3) = 0 :621 ÌÏà ).

Ìåõàíè÷åñêóþ íåñòàáèëüíîñòü (E0 < 0) ïðîäåìîíñòðèðîâàëè ìîäåëè 2-ïàðàìåòðè÷åñêàÿ
Ìóíè � Ðèâëèíà, Éåî è ïîëèíîìèàëüíàÿ, ÷òî ïîäòâåðæäàþò ãðàôèêè ôóíêöèé � (� ) ýòèõ ìî-
äåëåé ïðè ìàëûõ äåôîðìàöèÿõ (ñì. ðèñ. 2). Îñîáåííî ÿâíî íàëè÷èå èíòåðâàëà íåñòàáèëüíî-
ñòè(� = 1 :00� 1:03) âûðàæåíî ó ìîäåëè Ìóíè � Ðèâëèíà (6(C10+ C01) = � 8:094ÌÏà ), ìåíåå
÷åòêî � ó ïîëèíîìèàëüíîé (6(C10 + C01) = � 5:074 ÌÏà ) è ìîäåëè Éåî (C1 = � 1:311 ÌÏà ).
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Òàáëèöà 2 / Table 2

Íà÷àëüíûé ìîäóëü óïðóãîñòè ðàçëè÷íûõ ìîäåëåé áèîìàòåðèàëà
Initial modulus of elasticity of di�erent biomaterial models

Òèïû ìîäåëåé Ìîäóëü Þíãà, ÌÏà

Óïðóãèå

Ëèíåéíàÿ E 7.177

Áèëèíåéíàÿ E1 1.10

Ýêñïîíåíöèàëüíàÿ E0 1.10

Ãèïåðóïðóãèå

Íåîãóêîâñêàÿ

E0

7.95

Ìóíè � Ðèâëèíà � 8:10

Îãäåíà 1.28

Éåî � 1:31

Ïîëèíîìèàëüíàÿ � 5:07

Âåðîíäà � Âåñòìàíí 0.62

Òàêèì îáðàçîì, ìîäåëè Ìóíè � Ðèâëèíà, Éåî è ïîëèíîìèàëüíàÿ íåòî÷íî îïèñûâàþò ýêñ-
ïåðèìåíòàëüíóþ êðèâóþ òêàíåé íàäêîñòíèöû íîñà íà ñòàðòå äåôîðìàöèé. Îòìåòèì, ÷òî
âî âñåì èíòåðâàëå äåôîðìàöèé ïîëíîñòüþ àäåêâàòíî ñ òî÷êè çðåíèÿ ìåõàíè÷åñêîé óñòîé-
÷èâîñòè ïðîÿâèëè ñåáÿ ìîäåëè íåîãóêîâñêàÿ ( � = 0 :276, � = 27:81%, R = 0 :898), Îãäåíà
(� = 0 :053, � = 6 :35%, R = 0 :995) è Âåðîíäà � Âåñòìàíí ( � = 0 :020, � = 2 :94%, R = 0 :9992),
ãäå ïàðàìåòðû � � ñòàíäàðòíîå îòêëîíåíèå, � � ìàêñèìàëüíàÿ ïðèâåäåííàÿ ïîãðåøíîñòü,
R � êîýôôèöèåíò êîððåëÿöèè ñîîòâåòñòâåííî.

Êîìïëåêñ ýòèõ ðåçóëüòàòîâ ïîäòâåðæäàåò òåçèñ, ñîãëàñíî êîòîðîìó îñíîâíàÿ ïðîáëåìà,
âîçíèêàþùàÿ ïðè èññëåäîâàíèè ãèïåðóïðóãèõ òåë, çàêëþ÷àåòñÿ â âûáîðå ìîäåëè, íàèáîëåå
àäåêâàòíî îïèñûâàþùåé ïîâåäåíèå ìàòåðèàëà.

Âûâîäû

1. Ðàññìîòðåíà ôèçè÷åñêàÿ èíòåðïðåòàöèÿ ìàòåðèàëüíûõ ïîñòîÿííûõ íàèáîëåå ðàñïðî-
ñòðàíåííûõ ãèïåðóïðóãèõ ìîäåëåé òåë. Ìàòåðèàëüíûå ïîñòîÿííûå ìîäåëåé ñîïîñòàâëåíû ñ
óïðóãèìè ìîäóëÿìè ìàòåðèàëîâ â íåäåôîðìèðîâàííîì ñîñòîÿíèè.

2. Âåðèôèöèðîâàíî, ÷òî äëÿ íåîãóêîâñêîé ìîäåëè � = E0=6, äëÿ 2-ïàðàìåòðè÷åñêîé
ìîäåëè Ìóíè � Ðèâëèíà C01+ C10 = E0=6. Óñòàíîâëåíî, ÷òî òàêàÿ æå ôîðìóëà ñïðàâåäëèâà,
êðîìå òîãî, äëÿ 3-, 5- è 9-ïàðàìåòðè÷åñêèõ ìîäåëåé Ìóíè � Ðèâëèíà è ïîëèíîìèàëüíîé
ìîäåëè 2-ãî ïîðÿäêà. Äëÿ ìîäåëåé Îãäåíà 3�� = 2E0, Éåî C1 = E0=6, Âåðîíäà � Âåñòìàíí
6(C1C2 + C3) = E0. ×èñëåííûå ðåçóëüòàòû ðàñ÷åòîâ E0 ñîïîñòàâëåíû ìåæäó ñîáîé è ñ
ïîêàçàòåëÿìè óïðóãèõ ìîäåëåé íà ïðèìåðå áèîìàòåðèàëà.

3. Ìàòåðèàëüíûå ïîñòîÿííûå ÿâëÿþòñÿ ïîêàçàòåëÿìè ìåõàíè÷åñêîé ñòàáèëüíîñòè ãè-
ïåðóïðóãèõ ìîäåëåé âñëåäñòâèå óñëîâèÿ Hill � Drucker.

4. Îòäåëüíûå ãèïåðóïðóãèå ìîäåëè íåóäîâëåòâîðèòåëüíî õàðàêòåðèçóþò ñëó÷àè ìàëûõ
äåôîðìàöèé. Àäåêâàòíî ïðîãíîçèðóþò ìåõàíè÷åñêîå ïîâåäåíèå èññëåäîâàííîãî áèîìàòåðè-
àëà â øèðîêîì èíòåðâàëå äåôîðìàöèé ìîäåëè íåîãóêîâñêàÿ, Îãäåíà è Âåðîíäà � Âåñòìàíí.
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The e�ect of the geometric shape of an incision on the relaxation of residual
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Abstract. A computational method is proposed for predicting residual stress relaxation during high-
temperature creep following prior surface plastic deformation of solid cylinders with square and V-shaped
notches. A series of parametric simulations was performed for cylindrical specimens made of EI698 alloy
(20 mm length, 3.76 mm radius) with various notch geometries: depths off 0:1; 0:3g mm for square
notches, and depths off 0:1; 0:3g mm with opening angles of f 1� ; 5� ; 15� g for V-notches. The study
demonstrates that residual stress �eld calculations after notching a strengthened cylindrical specimen
require an elastoplastic formulation. The steady-state creep law was employed to simulate residual stress
relaxation at 700 � C over 100 hours. A parametric analysis of notch geometry e�ects on stress relaxation
was conducted. Results indicate that after the complete loading cycle �hardening treatment at 20� C �
thermal loading (heating) to 700 � C � 100-hour creep at 700 � C � thermal unloading (cooling) to 20 � C�,
despite relaxation, signi�cant compressive residual stresses remain. This con�rms the e�ectiveness of
surface plastic strengthening for components with the investigated notch types under high-temperature
creep conditions.
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stresses, thermal exposure, high-temperature creep, stress relaxation
Acknowledgements: This work was supported by the Russian Science Foundation (project No. 23-29-
00434,https://rscf.ru/project/23-29-00434/ ).
For citation: Radchenko V. P., Glebov V. E. The e�ect of the geometric shape of an incision on the
relaxation of residual stresses in a surface-hardened cylinder during thermal exposure.Izvestiya of Saratov
University. Mathematics. Mechanics. Informatics, 2025, vol. 25, iss. 3, pp. 391�405 (in Russian). DOI:
10.18500/1816-9791-2025-25-3-391-405, EDN: MQEXGM
This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International

License (CC-BY 4.0)

Ââåäåíèå

Àêòóàëüíîé ïðîáëåìîé ñîâðåìåííîãî ìàøèíîñòðîåíèÿ è àýðîêîñìè÷åñêîé òåõíèêè ÿâëÿ-
åòñÿ ïîâûøåíèå ýêñïëóàòàöèîííîãî ðåñóðñà è íàäåæíîñòè êîíñòðóêöèîííûõ ýëåìåíòîâ. Îä-
íèì èç ýôôåêòèâíûõ ñïîñîáîâ ðåøåíèÿ äàííîé çàäà÷è â óêàçàííûõ îòðàñëÿõ ïðîìûøëåí-
íîñòè âûñòóïàåò òåõíîëîãèÿ ïîâåðõíîñòíîãî ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ (ÏÏÄ) [ 1� 6].
Ïðèìåíåíèå ìåòîäîâ äàííîãî êëàññà ïîçâîëÿåò ñóùåñòâåííî óëó÷øèòü ïðî÷íîñòíûå õàðàê-
òåðèñòèêè, óñòàëîñòíóþ äîëãîâå÷íîñòü è òðèáîëîãè÷åñêèå ñâîéñòâà ìàòåðèàëîâ, ÷òî â êî-
íå÷íîì èòîãå ïîâûøàåò íàäåæíîñòü è ñðîê ñëóæáû êîíñòðóêöèé [ 2, 3, 5, 7� 20]. Íàðÿäó ñ
òðàäèöèîííûìè ìåòîäàìè ÏÏÄ, â ïîñëåäíèå ãîäû àêòèâíî ðàçâèâàþòñÿ àëüòåðíàòèâíûå
òåõíîëîãèè óïðî÷íåíèÿ, âêëþ÷àÿ õèìèêî-òåðìè÷åñêèå ìåòîäû [ 21, 22], êàâèòàöèîííóþ è
ëàçåðíóþ îáðàáîòêó [ 14, 16], òåðìîïëàñòè÷åñêîå óïðî÷íåíèå [ 23], à òàêæå êîìáèíèðîâàí-
íûå ìåòîäèêè [ 16, 24, 25]. Ôèçèêî-ìåõàíè÷åñêàÿ ñóùíîñòü ïîëîæèòåëüíîãî ýôôåêòà ÏÏÄ
è ðîäñòâåííûõ òåõíîëîãèé çàêëþ÷àåòñÿ â ôîðìèðîâàíèè â ïîâåðõíîñòíîì ñëîå ìàòåðèàëà
îñòàòî÷íûõ ïëàñòè÷åñêèõ äåôîðìàöèé, ñîçäàþùèõ ïîëå ñæèìàþùèõ îñòàòî÷íûõ íàïðÿæå-
íèé, êîòîðûå ïðåïÿòñòâóþò çàðîæäåíèþ è ðàçâèòèþ ìèêðîðàçðóøåíèé.
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Èç äàííûõ, ïðåäñòàâëåííûõ íà ðèñ. 8, ñëåäóåò, ÷òî èçìåíåíèå óãëà ðàñêðûòèÿ V-îáðàçíîãî
íàäðåçà ïðè îäíîé è òîé æå ãëóáèíå (íàïðèìåð, ïðè c = 0 :1 ìì) íå îêàçûâàåò ñóùåñòâåí-
íîãî âëèÿíèÿ íà óðîâåíü ñæèìàþùèõ îñòàòî÷íûõ íàïðÿæåíèé. Ïîñëåäóþùèå âàðèàòèâíûå
ðàñ÷åòû ïðè çíà÷åíèÿõ ' 2 [15� ; 30� ] ïîäòâåðæäàþò ýòîò ôàêò. Ãëóáèíà æå íàäðåçà îêàçû-
âàåò ñóùåñòâåííîå âëèÿíèå íà óðîâåíü íàïðÿæåíèé â íàäðåçå � ïðè óâåëè÷åíèè c îò 0.1 ìì
äî 0.3 ìì óðîâåíü íàïðÿæåíèé ïàäàåò íà 30�40 %.

Ýêñïåðèìåíòàëüíûå äàííûå ñâèäåòåëüñòâóþò î çíà÷èòåëüíîé ñêîðîñòè ðåëàêñàöèè îñòà-
òî÷íûõ íàïðÿæåíèé ïðè 700 � C � çà ïåðâûå 10 ÷. óðîâåíü ñæèìàþùèõ íàïðÿæåíèé â îá-
ðàçöàõ ñ îáîèìè òèïàìè íàäðåçîâ ñíèæàåòñÿ â ïîëòîðà-äâà ðàçà.

Âåñüìà èíòåðåñíûì ÿâëÿåòñÿ âîïðîñ ýôôåêòèâíîñòè ïîâåðõíîñòíîãî óïðî÷íåíèÿ äå-
òàëåé, ñâÿçàííûé ñ ïðîöåññàìè ðåëàêñàöèè ÎÍ çà öèêë ïîëíîãî íàãðóæåíèÿ: ¾ïðîöåäó-
ðà ÎÏÏÄ äåòàëè ñ íàäðåçîì ïðè T = 20 � C � ìãíîâåííàÿ òåìïåðàòóðíàÿ íàãðóçêà äî
T = 700 � C � òåìïåðàòóðíàÿ âûäåðæêà â òå÷åíèå 100 ÷àñîâ ïðè T = 700 � C � òåìïåðà-
òóðíàÿ ðàçãðóçêà äî T = 20 � C¿. Çäåñü âàæíóþ ðîëü èãðàþò ãðàôèêè íà ðèñ. 7 è ðèñ. 8
ñ ìàðêåðàìè 1 (ðàñïðåäåëåíèå ÎÍ ïîñëå óïðî÷íåíèÿ) è 5 (ôèíèøíîå ðàñïðåäåëåíèå ÎÍ
ïîñëå âñåãî öèêëà íàãðóæåíèÿ). Âî-ïåðâûõ, îòìåòèì, ÷òî ñ óâåëè÷åíèåì âðåìåíè âûäåðæ-
êè ñêîðîñòü ðåëàêñàöèè ÎÍ î÷åíü áûñòðî çàòóõàåò, ÷òî ñâÿçàíî ñ áûñòðûì óìåíüøåíèåì
ñêîðîñòè äåôîðìàöèè ïîëçó÷åñòè. Òàê, âûïîëíåííûå ðàñ÷åòû äëÿ âðåìåíè t > 100÷. ñâèäå-
òåëüñòâóþò î íåçíà÷èòåëüíîì îòêëîíåíèè ðàñïðåäåëåíèé � � (t; h) è � z(t; h) îò çàâèñèìîñòè ñ
ìàðêåðîì 4 (t = 100 ÷.). Âî-âòîðûõ, ñðàâíåíèå ðàñïðåäåëåíèé ÎÍ ñ ìàðêåðàìè 1 è 5 ïîçâî-
ëÿåò ñäåëàòü âûâîä î íàëè÷èè ñóùåñòâåííûõ ñæèìàþùèõ íàïðÿæåíèé â îáëàñòè íàäðåçîâ
è ïîñëå ïîëíîãî öèêëà íàãðóæåíèÿ. Ýòî â îïðåäåëåííîé ìåðå äåìîíñòðèðóåò ýôôåêòèâ-
íîñòü ïîâåðõíîñòíîãî óïðî÷íåíèÿ äåòàëåé ñ íàäðåçàìè è â óñëîâèÿõ âûñîêîòåìïåðàòóðíîé
ïîëçó÷åñòè.

Çàêëþ÷åíèå

Â ðàáîòå ïðåäëîæåí ìåòîä ðàñ÷åòà ðåëàêñàöèè îñòàòî÷íûõ íàïðÿæåíèé ïðè âûñîêîòåì-
ïåðàòóðíîé ïîëçó÷åñòè (700 � C) äëÿ öèëèíäðè÷åñêèõ äåòàëåé ñ êîíöåíòðàòîðàìè íàïðÿ-
æåíèé êâàäðàòíîãî è V-îáðàçíîãî ïðîôèëÿ ïîñëå îïåðåæàþùåãî ïîâåðõíîñòíîãî ïëàñòè-
÷åñêîãî äåôîðìèðîâàíèÿ. Óñòàíîâëåíî, ÷òî êîððåêòíîå îïðåäåëåíèå íà÷àëüíîãî ÍÄÑ òðå-
áóåò ðåøåíèÿ óïðóãîïëàñòè÷åñêîé çàäà÷è ðåêîíñòðóêöèè ïîëåé íàïðÿæåíèé è äåôîðìàöèé
ñ ïîñëåäóþùèì èñïîëüçîâàíèåì ïîëó÷åííûõ ðåçóëüòàòîâ â êà÷åñòâå íà÷àëüíûõ óñëîâèé äëÿ
àíàëèçà ðåëàêñàöèè ïðè äëèòåëüíîé òåðìîýêñïîçèöèè.

Ïðîâåäåííûé ïàðàìåòðè÷åñêèé àíàëèç äëÿ ðàçëè÷íûõ ãåîìåòðè÷åñêèõ êîíôèãóðàöèé
íàäðåçîâ ïîäòâåðäèë ýôôåêòèâíîñòü ïîâåðõíîñòíîãî óïðî÷íåíèÿ ðàññìàòðèâàåìûõ äåòà-
ëåé â óñëîâèÿõ âûñîêîòåìïåðàòóðíîé ïîëçó÷åñòè. Â ÷àñòíîñòè, íåñìîòðÿ íà ñóùåñòâåííóþ
ðåëàêñàöèþ, â äåòàëÿõ ñîõðàíÿþòñÿ çíà÷èòåëüíûå óðîâíè ñæèìàþùèõ îñòàòî÷íûõ íàïðÿ-
æåíèé ïîñëå ïîëíîãî öèêëà òåðìîìåõàíè÷åñêîãî íàãðóæåíèÿ.
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Àííîòàöèÿ. Èññëåäîâàíî âîçäåéñòâèå òåïëîâîãî óäàðà íà âûíóæäåííûå êîëåáàíèÿ êðóãîâîé òðåõ-
ñëîéíîé ïëàñòèíû, âîçáóæäåííûå ðåçîíàíñíîé íàãðóçêîé. Ïëàñòèíà íåñèììåòðè÷íàÿ ïî òîëùèíå,
òåïëîèçîëèðîâàííàÿ íà íèæíåé ïîâåðõíîñòè è êîíòóðå. Ðàñïðåäåëåíèå íåñòàöèîíàðíîé òåìïåðàòó-
ðû ïî òîëùèíå ïëàñòèíû âû÷èñëÿåòñÿ ïî ïðèáëèæåííîé ôîðìóëå, ïîëó÷åííîé â ðåçóëüòàòå ðåøåíèÿ
çàäà÷è òåïëîïðîâîäíîñòè ïðè óñðåäíåíèè òåïëîôèçè÷åñêèõ ñâîéñòâ ìàòåðèàëîâ òðåõñëîéíîãî ïà-
êåòà. Â ñîîòâåòñòâèè ñ ãèïîòåçîé Íåéìàíà íà ñâîáîäíûå êîëåáàíèÿ, âûçâàííûå òåïëîâûì óäàðîì
(ìãíîâåííûì ïàäåíèåì òåïëîâîãî ïîòîêà), íàêëàäûâàþòñÿ âûíóæäåííûå êîëåáàíèÿ îò ðåçîíàíñ-
íîé íàãðóçêè. Èñïîëüçîâàíû ñëåäóþùèå êèíåìàòè÷åñêèå ãèïîòåçû. Íåñóùèå ñëîè ïðåäïîëàãàþòñÿ
òîíêèìè, âûñîêîïðî÷íûìè. Äëÿ íèõ ïðèíÿòû ãèïîòåçû Êèðõãîôà. Â îòíîñèòåëüíî òîëñòîì çàïîë-
íèòåëå âûïîëíÿåòñÿ ãèïîòåçà Òèìîøåíêî, ñîãëàñíî êîòîðîé íîðìàëü ê ñðåäèííîé ïîâåðõíîñòè â
ïðîöåññå äåôîðìàöèè ïåðåñòàåò áûòü íîðìàëüþ, íî îñòàåòñÿ ïðÿìîëèíåéíîé è íåñæèìàåìîé. Â ïî-
ñòàíîâêó íà÷àëüíî-êðàåâîé çàäà÷è âõîäÿò äèôôåðåíöèàëüíûå óðàâíåíèÿ ïîïåðå÷íûõ êîëåáàíèé
ïëàñòèíû â ÷àñòíûõ ïðîèçâîäíûõ, ïîëó÷åííûå âàðèàöèîííûì ìåòîäîì, îäíîðîäíûå íà÷àëüíûå
óñëîâèÿ è ãðàíè÷íûå óñëîâèÿ øàðíèðíîãî îïèðàíèÿ êîíòóðà. Èñêîìûìè ôóíêöèÿìè âûñòóïàþò
ïðîãèá ïëàñòèíû, óãîë ïîâîðîòà íîðìàëè â çàïîëíèòåëå (îòíîñèòåëüíûé ñäâèã) è ðàäèàëüíîå ïåðå-
ìåùåíèå ñðåäèííîé ïîâåðõíîñòè çàïîëíèòåëÿ. Äëÿ èõ ïîëó÷åíèÿ èñïîëüçîâàíà èçâåñòíàÿ ñèñòåìà
ñîáñòâåííûõ îðòîíîðìèðîâàííûõ ôóíêöèé. Ïðèâåäåíû ñîîòâåòñòâóþùèå ðàñ÷åòíûå ôîðìóëû è ðå-
çóëüòàòû ÷èñëîâîãî ïàðàìåòðè÷åñêîãî àíàëèçà çàâèñèìîñòè ðåøåíèÿ îò èíòåíñèâíîñòè è âðåìåíè
âîçäåéñòâèÿ òåïëîâîãî ïîòîêà, âåëè÷èíû ñèëîâîé íàãðóçêè.
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Abstract. The e�ect of thermal shock on forced vibrations of a circular three-layer plate excited by
a resonant load is investigated. The plate is asymmetrical in thickness, thermally insulated on the
lower surface and contour. The distribution of the non-stationary temperature over the thickness of
the plate is calculated using an approximate formula obtained as a result of solving the problem of
thermal conductivity by averaging the thermophysical properties of materials of a three-layer package.
In accordance with the Neumann hypothesis, forced oscillations from a resonant load are superimposed
on free oscillations caused by heat stroke (instantaneous drop in heat �ow). The hypothesis of a broken
line is used as a kinematic one: for high-strength thin bearing layers, the Kirchho� hypothesis; for an
incompressible thicker �ller, the Timoshenko hypothesis about the straightness and incompressibility of
a deformed normal that rotates by some additional angle (relative shift). The formulation of the initial
boundary value problem includes di�erential equations of transverse vibrations of the plate in partial
derivatives obtained by the variational method, homogeneous initial conditions and boundary conditions
of the spherical support of the contour. The desired functions are plate de�ection, relative shear, and
radial displacement of the median plane of the �ller. The analytical solution of the initial boundary value
problem is constructed by decomposing the desired displacements into a series according to a system
of proper orthonormal functions. The corresponding calculation formulas and the results of numerical
parametric analysis of the dependence of the solution on the intensity and time of exposure to the heat
�ux, the magnitude of the power load are presented.
Keywords: circular three-layer plate, heat stroke, resonant harmonic load
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Ââåäåíèå

Ñîâðåìåííûå òðåáîâàíèÿ ìàøèíîñòðîèòåëüíîãî êîìïëåêñà ê ïðî÷íîñòè è íàäåæíîñòè
êîíñòðóêöèé, ðàáîòàþùèõ â óñëîâèÿõ âîçäåéñòâèÿ êîìïëåêñíûõ äèíàìè÷åñêèõ è òåìïåðà-
òóðíûõ íàãðóçîê, îáóñëîâëèâàþò ïðèìåíåíèå êîìïîçèòíûõ ìàòåðèàëîâ. Êîíñòðóêòèâíûå
ñëîèñòûå ýëåìåíòû øèðîêî ïðèìåíÿþòñÿ ñ ñåðåäèíû ïðîøëîãî âåêà â òðàíñïîðòíîì ìà-
øèíîñòðîåíèè, àýðîêîñìè÷åñêîì êîìïëåêñå è ñòðîèòåëüñòâå. Èññëåäîâàíèå èõ ïîâåäåíèÿ
ïðè äèíàìè÷åñêîì íàãðóæåíèè â íåñòàöèîíàðíûõ òåìïåðàòóðíûõ ïîëÿõ ÿâëÿåòñÿ îäíîé èç
íàèáîëåå àêòóàëüíûõ ïðîáëåì â ïîñëåäíåå âðåìÿ. Ïîýòîìó ñîçäàíèþ íåîáõîäèìûõ ìàòåìà-
òè÷åñêèõ ìîäåëåé ïîñâÿùåí äîñòàòî÷íî øèðîêèé ðÿä ïóáëèêàöèé. Ðàññìîòðèì íåêîòîðûå
èç íèõ.

Ìîíîãðàôèè [ 1� 3] ïîñâÿùåíû ðàçðàáîòêå ðàñ÷åòíûõ ìîäåëåé ñòàòè÷åñêîãî è äèíàìè-
÷åñêîãî äåôîðìèðîâàíèÿ ñëîèñòûõ êîíñòðóêöèé ïðè âîçäåéñòâèè ðàçëè÷íûõ ôèçèêî-ìåõà-
íè÷åñêèõ ïîëåé. Ïðåäëàãàþòñÿ ïîäõîäû ê âûáîðó êèíåìàòè÷åñêèõ ãèïîòåç, ïîñòàíîâêå è
ìåòîäèêå ðåøåíèÿ êðàåâûõ è íà÷àëüíî-êðàåâûõ çàäà÷, îòìå÷àþòñÿ âîçíèêàþùèå îñîáåí-
íîñòè ïðè òåïëîâûõ âîçäåéñòâèÿõ. Â îáçîðíîé ðàáîòå [ 4] èçëîæåíû ñóòü àñèìïòîòè÷åñêîãî
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ìåòîäà ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è ìåòîäèêà ïðè-
ìåíåíèÿ ýòîãî ìåòîäà äëÿ ðåøåíèÿ ñòàòè÷åñêèõ è äèíàìè÷åñêèõ êðàåâûõ çàäà÷ òîíêèõ òåë
(áàëêè, ïëàñòèíû, îáîëî÷êè). Ðàññìîòðåíû êàê êëàññè÷åñêèå, òàê è íåêëàññè÷åñêèå êðàåâûå
çàäà÷è, áîëåå îáùèå ðåçóëüòàòû ïðîèëëþñòðèðîâàíû ðåøåíèÿìè êîíêðåòíûõ çàäà÷.

Â ñòàòüå [5] ðàññìîòðåíî äåôîðìèðîâàíèå òðåõñëîéíîãî óïðóãîïëàñòè÷åñêîãî ñòåðæíÿ,
ñâÿçàííîãî ñ óïðóãèì îñíîâàíèåì Âèíêëåðà. Â ðàáîòå [ 6] ïðåäëîæåíà êîíå÷íî-ýëåìåíòíàÿ
ôîðìóëèðîâêà äëÿ ãåîìåòðè÷åñêè òî÷íûõ ìíîãîñëîéíûõ áàëîê. Ìåæñëîéíîå ñêîëüæåíèå è
ïîäúåì íå ó÷èòûâàþòñÿ. Ðåøåíèå ïîëó÷åíî ÷èñëåííî. Èçãèá òðåõñëîéíûõ ïëàñòèí â íåé-
òðîííîì ïîòîêå è äåôîðìèðîâàíèå ïðè êâàçèñòàòè÷åñêèõ ïåðåìåííûõ íàãðóæåíèÿõ â ñòà-
öèîíàðíîì òåìïåðàòóðíîì ïîëå ïðèâîäèòñÿ â ñòàòüÿõ [ 7� 10]. Íåñóùàÿ ñïîñîáíîñòü êðóãëîé
ìíîãîñëîéíîé ïëàñòèíû ïðè áîëüøîì ïðîãèáå èññëåäîâàíà â [ 11]. ×èñëåííîå ìîäåëèðîâàíèå
äåôîðìèðîâàíèÿ è ïîòåðè óñòîé÷èâîñòè ìíîãîñëîéíûõ îáîëî÷åê âðàùåíèÿ ïðè êîìáèíè-
ðîâàííûõ êâàçèñòàòè÷åñêèõ è äèíàìè÷åñêèõ îñåñèììåòðè÷íûõ íàãðóæåíèÿõ ñ êðó÷åíèåì
ïðîâåäåíî â ñòàòüÿõ [ 12,13].

Ñâîáîäíûå, âûíóæäåííûå êîëåáàíèÿ è ïðîäîëüíûå âîëíû â öèëèíäðè÷åñêèõ îáîëî÷-
êàõ, âêëþ÷àÿ âûçâàííûå ðåçîíàíñíûìè íàãðóçêàìè, ðàññìîòðåíû â ñòàòüÿõ [ 14� 23]. Íåñòà-
öèîíàðíîå äèíàìè÷åñêîå âîçäåéñòâèå íà íåîäíîðîäíûå áàëêè èçó÷àëîñü â ðàáîòàõ [ 24, 25].
Ðåàêöèÿ ñëîèñòûõ ïëàñòèí íà óäàðíîå è èìïóëüñíîå âîçäåéñòâèå èññëåäîâàíà â ïóáëèêàöè-
ÿõ [26� 30]. Çàäà÷è îá àýðîäèíàìè÷åñêèõ êîëåáàíèÿõ è ñâåðõçâóêîâîì ôëàòòåðå ìíîãîñëîé-
íûõ êîìïîçèòíûõ ïëàñòèí ðåøàëèñü â [ 31, 32]. Â ñòàòüÿõ [33� 37] àíàëèçèðóþòñÿ õàðàêòå-
ðèñòèêè äèíàìè÷åñêèõ ïðîöåññîâ â òðåõñëîéíûõ ïëàñòèíàõ è áàëêàõ, âçàèìîäåéñòâóþùèõ
ñ óïðóãèì îñíîâàíèåì èëè âÿçêîé æèäêîñòüþ. Â ñòàòüå [ 38] èññëåäîâàíû âûíóæäåííûå
êîëåáàíèÿ òðåõñëîéíîé êðóãîâîé ïëàñòèíû, âîçáóæäåííûå ìãíîâåííî ïðèëîæåííîé íåïðå-
ðûâíîé íàãðóçêîé è òåïëîâûì ïîòîêîì.

Çäåñü ðàññìîòðåíà ïîñòàíîâêà è ïðåäëîæåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î ðåçîíàíñ-
íûõ êîëåáàíèÿõ òðåõñëîéíîé óïðóãîé ïëàñòèíû êðóãëîé ôîðìû â íåñòàöèîíàðíîì òåìïå-
ðàòóðíîì ïîëå.

1. Ïîñòàíîâêà çàäà÷è

Ïîñòàíîâêà çàäà÷è ïðîâîäèòñÿ â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò. Çà êîîðäèíàòíóþ
ïðèíèìàåòñÿ ïëîñêîñòü, ñâÿçàííàÿ ñî ñðåäèííîé ïîâåðõíîñòüþ çàïîëíèòåëÿ (ðèñ. 1).

r0

r1 r1

z
q

t

q r, t( )

h 1
h 2

h 3 c
c

Ðèñ. 1. Òðåõñëîéíàÿ êðóãîâàÿ ïëàñòèíà ïîä äåéñòâèåì ðåçîíàíñíîé íàãðóçêè
è òåïëîâîãî ïîòîêà

Fig. 1. A three-layer circular plate under resonant load and heat �ow

Ïðèíèìàåòñÿ, ÷òî ê âíåøíåé ïëîñêîñòè z = c + h1 â íà÷àëüíûé ìîìåíò âðåìåíè ( t = 0 )
ïîäàåòñÿ òåïëîâîé ïîòîê ïîñòîÿííîé èíòåíñèâíîñòè qt . Ïëàñòèíà íåñèììåòðè÷íàÿ ïî òîë-
ùèíå. Äëÿ òîíêèõ íåñóùèõ ñëîåâ ñ òîëùèíàìè h1, h2 ñïðàâåäëèâû ãèïîòåçû Êèðõãîôà, ò.å.
íîðìàëü ïîñëå ïðèëîæåíèÿ íàãðóçêè îñòàåòñÿ ïðÿìîëèíåéíîé, íå èçìåíÿåò ñâîåé äëèíû è
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ïåðïåíäèêóëÿðíîñòè ê äåôîðìèðîâàííîé ñðåäèííîé ïîâåðõíîñòè ñëîÿ. Â ëåãêîì äîñòàòî÷íî
òîëñòîì çàïîëíèòåëå ( h3 = 2c) äåôîðìèðîâàíèå ïîä÷èíÿåòñÿ ãèïîòåçå Òèìîøåíêî. Â ýòîì
ñëó÷àå íîðìàëü ê ñðåäèííîé ïîâåðõíîñòè çàïîëíèòåëÿ ïîñëå ïðèëîæåíèÿ íàãðóçêè òàêæå
ïðÿìîëèíåéíà, íåñæèìàåìà, íî ïîâîðà÷èâàåòñÿ íà íåêîòîðûé äîïîëíèòåëüíûé óãîë  (r; t ).

Ïðè ðåøåíèè çàäà÷è òåïëîïðîâîäíîñòè ïðèíèìàëîñü, ÷òî êîíòóð ïëàñòèíû è åå íèæíÿÿ
ïîâåõíîñòü ( z = � c� h2) òåïëîèçîëèðîâàíû. Â ýòîì ñëó÷àå ïðèðàùåíèå òåìïåðàòóðû T(z; t)
âî âðåìåíè t è åãî èçìåíåíèå ïî òîëùèíå ïëàñòèíû áóäåò îïðåäåëÿòüñÿ ïðèáëèæåííîé
ôîðìóëîé, ïðèâåäåííîé â [ 2]:

T =
qt H
�

�
� +

1
2

(s +
c + h2

H
)2 �

1
6

�
2
� 2

1X

n=1

(� 1)n

n2 cos
�
�n

�
s +

c + h2

H

��
e� n2 � 2 �

)

; (1)

ãäå a = � / C, � =
3P

k=1
� khk

�
H , C =

3P

k=1
Ckhk

�
H , H =

3P

k=1
hk , s = z=H, � = ta

�
H 2; a �

óñðåäíåííàÿ òåìïåðàòóðîïðîâîäíîñòü; � k � êîýôôèöèåíò òåïëîïðîâîäíîñòè, Ck � êîýô-
ôèöèåíò òåïëîåìêîñòè; çäåñü è äàëåå k = 1 ; 2; 3 � íîìåð ñëîÿ.

Â êà÷åñòâå ôèçè÷åñêèõ óðàâíåíèé ñîñòîÿíèÿ ïðèíèìàëñÿ çàêîí Ãóêà â äåâèàòîðíî-
øàðîâîé ôîðìå ñ ó÷åòîì òåìïåðàòóðû:

s(k)
� = 2Gke(k)

� ; � (k) = 3K k (" (k) � � 0kT) ( � = r; ' );

s(3)
rz = 2Gke(3)

rz (2)

ãäås(k)
� ; s(3)

rz ; (e(k)
� ; e(3)

rz ) � äåâèàòîðû òåíçîðîâ íàïðÿæåíèé (äåôîðìàöèé), � (k) ; (" (k) ) � ñðåä-
íåå íàïðÿæåíèå (äåôîðìàöèÿ); Gk ; K k � ìîäóëè ñäâèãà è îáúåìíîãî äåôîðìèðîâàíèÿ;
� 0k � êîýôôèöèåíò ëèíåéíîãî òåìïåðàòóðíîãî ðàñøèðåíèÿ ìàòåðèàëîâ ñëîåâ.

Íà ïëàñòèíó â íà÷àëüíûé ìîìåíò ïàäàþò òåïëîâîé ïîòîê èíòåíñèâíîñòüþ qt è ãàðìî-
íè÷åñêàÿ ñèëîâàÿ íàãðóçêà, ðàâíîìåðíî ðàñïðåäåëåííàÿ ïî âíåøíåé ïîâåðõíîñòè âåðõíåãî
ñëîÿ:

q(r; t ) = q0(D cos(! k t) + E sin(! k t)) ; (3)

ãäåq0 = const, ! k � èíòåíñèâíîñòü è ÷àñòîòà âíåøíåé íàãðóçêè, êîòîðàÿ ñîâïàäàåò ñ îäíîé
èç ñîáñòâåííûõ ÷àñòîò ! n ïëàñòèíû ! k = ! n ; D , E � ïàðàìåòðû íàãðóçêè.

Îáùèå óðàâíåíèÿ ñîáñòâåííûõ êîëåáàíèé ðàññìàòðèâàåìîé ïëàñòèíû â íåñòàöèîíàðíîì
òåìïåðàòóðíîì ïîëå ( 1) ïðèâåäåíû â [ 38]. Â íàøåì ñëó÷àå â òðåòüåì óðàâíåíèè ïîÿâèòñÿ
ðåçîíàíñíàÿ íàãðóçêà ( 3):

L2(a1u + a2 � a3w;r ) = 0 ;

L2(a2u + a4 � a5w;r ) = 0 ;

L3(a3u + a5 � a6w;r ) � M 0 •w = q0(D cos(! k t) + E sin(! k t)) ; (4)

ãäåw(r; t ),  (r; t ), u(r; t ) � èñêîìûå ïðîãèá, îòíîñèòåëüíûé ñäâèã è ðàäèàëüíîå ïåðåìåùåíèå
êîîðäèíàòíîé ïîâåðõíîñòè; M 0 •w � èíåðöèîííûå ñèëû, ïðè÷åì

M 0 = ( � 1h1 + � 2h2 + � 3h3)r1
2;

� k � ïëîòíîñòü ìàòåðèàëà, òî÷êà ââåðõó îáîçíà÷àåò îäíîêðàòíóþ ïðîèçâîäíóþ ïî âðåìåíè;
äèôôåðåíöèðîâàíèå ïî êîîðäèíàòå îáîçíà÷åíî çàïÿòîé â íèæíåì èíäåêñå; ai � êîýôôè-
öèåíòû, âûðàæåííûå ÷åðåç ìåõàíè÷åñêèå è ãåîìåòðè÷åñêèå ïàðàìåòðû ñëîåâ [ 38]; L 2, L 3 �
äèôôåðåíöèàëüíûå îïåðàòîðû

L2(g) � g;rr +
g;r
r

�
g
r 2 ; L3(g) � g;rrr +

2g;rr
r

�
g;r
r 2 +

g
r 3 :
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Íà êîíòóðå ïëàñòèíû ïðåäïîëàãàåòñÿ æåñòêàÿ äèàôðàãìà, ïðåïÿòñòâóþùàÿ îòíîñèòåëü-
íîìó ñäâèãó ìåæäó ñëîÿìè  (r1; t) = 0 . Ñëåäîâàòåëüíî, íà øàðíèðíî îïåðòîì êîíòóðå
r = r1 äîëæíû âûïîëíÿòüñÿ óñëîâèÿ

u(r1; t) =  (r1; t) = w(r1; t) = 0 ; M r (r1; t) =
3X

k=1

Z

hk

� (k)
r zdz = 0 ; (5)

ãäå� (k)
r � ðàäèàëüíîå íàïðÿæåíèå â k-ì ñëîå, M r � îáîáùåííûé èçãèáàþùèé ìîìåíò, ó÷è-

òûâàþùèé òåïëîâîå âîçäåéñòâèå,

M r = a3u;r + a5 ; r � a6w;rr � a60
w;r
r1

� M t ; M t =
3X

k=1

M kt = 3
3X

k=1

� kK k

Z

hk

T zdz;

a60 = h1

�
K 1 �

2
3

G1

� �
c2 + ch1 +

1
3

h2
1

�
+ h2

�
K 2 �

2
3

G2

� �
c2 + ch2 +

1
3

h2
2

�
+

+
2
3

c3
�

K 3 �
2
3

G3

�
;

M t � òåìïåðàòóðíûé ìîìåíò, âîçíèêàþùèé èç-çà îáúåìíîé òåïëîâîé äåôîðìàöèè ( 2), âû-
ðàæåíèå äëÿ êîòîðîãî ïîëó÷åíî ñ èñïîëüçîâàíèåì ( 1) è ïðèâåäåíî â [ 38].

Â íà÷àëüíûé ìîìåíò âðåìåíè ïðîãèá, ñêîðîñòü è ïðèðàùåíèå òåìïåðàòóðû ïðåäïîëàãà-
þòñÿ íóëåâûìè

w(r; 0) = 0 ; _w(r; 0) = 0 ; T(z; 0) = 0 : (6)

2. Ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

Ñèñòåìà (4) ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèâîäèòñÿ ê âèäó

u = b1w;r + C1r +
C2

r
;  = b2w;r + C3r +

C4

r
;

L3(w;r ) + M 4 •w = q0(D cos(! k t) + E sin(! k t)) ; (7)

ãäå

b1 =
a3a4 � a2a5

a1a4 � a2
2

; b2 =
a1a5 � a2a3

a1a4 � a2
2

; M 4 = M 0D; D =
a4

a6a4 � a5
2 :

Ïåðåìåùåíèÿ â öåíòðå ïëàñòèíû äîëæíû áûòü îãðàíè÷åííûìè, ïîýòîìó íåîáõîäèìî
â (7) îáíóëèòü êîíñòàíòû èíòåãðèðîâàíèÿ C2 = C4 = 0 . Èç ïåðâûõ äâóõ ãðàíè÷íûõ óñëî-
âèé (5) ñëåäóþò êîíñòàíòû èíòåãðèðîâàíèÿ

C1 = �
b1

r1
w;r (r1; t); C3 = �

b2

r1
w;r (r1; t):

Â ðåçóëüòàòå äëÿ ïðîãèáà èìååì äâà ãðàíè÷íûõ óñëîâèÿ ïðè r = r1:

w = 0 ; a7w;rr +
a8

r1
w;r = � M t ; (8)

ãäåa7 = a6 � a3b1 � a5b2 , a8 = a60 + a3b1 + a5b2.
Ñîãëàñíî ãèïîòåçå Íåéìàíà ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è ïîëó÷èì, íàêëàäûâàÿ íà

ñâîáîäíûå êîëåáàíèÿ, âûçâàííûå òåïëîâûì óäàðîì, âûíóæäåííûå êîëåáàíèÿ çà ñ÷åò ðåçî-
íàíñíîé íàãðóçêè. Ñóììèðóÿ ðåøåíèÿ, ïîëó÷èì èñêîìûå ïåðåìåùåíèÿ.
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Ñîáñòâåííûå êîëåáàíèÿ, âûçâàííûå ìãíîâåííûì ïàäåíèåì òåïëîâîãî ïîòîêà (òåïëîâûì
óäàðîì), èññëåäîâàíû â [ 38], ïîýòîìó îñòàíîâèìñÿ íà êîëåáàíèÿõ îò ðåçîíàíñíîé íàãðóç-
êè (3). Èñêîìûå ôóíêöèè è íàãðóçêó ðàçëîæèì â ðÿä ïî ñèñòåìå ñîáñòâåííûõ ôóíêöèé
vn � vn (� n r ):

w(r; t ) =
1X

n=0

vnTn (t);  (r; t ) = b2

1X

n=0

v;r Tn (t); u(r; t ) = b1

1X

n=0

v;r Tn (t);

q(r; t ) = M 0

1X

n=0

vnqn (t); vn (� n r ) �
1
dn

�
J0(� n r ) �

J0(� n r1)
I 0(� n r1)

I 0(� n r )
�

; (9)

ãäå Tn (t) � íåèçâåñòíàÿ ôóíêöèÿ âðåìåíè; � n � ñîáñòâåííûå ÷èñëà îïåðàòîðà L 3, dn �
íîðìèðîâî÷íûé êîýôôèöèåíò; J0(� n r ); I 0(� n r ) � ôóíêöèè Áåññåëÿ; qn (t) �

qn (t) =
1

M 0

r 1Z

0

q(r; t ) vn rdr = Dn cos(! k t) + En sin(! k t);

Dn =
Dq0r1

M 0dn � n

�
J1(� n r1) �

J0(� n r1)
I 0(� n r1)

I 1(� n r1)
�

;

En =
Eq0r1

M 0dn � n r1

�
J1(� n r1) �

J0(� n r1)
I 0(� n r1)

I 1(� n r1)
�

;

! n � ÷àñòîòû ñîáñòâåííûõ êîëåáàíèé, ïðè÷åì ! 2
n = � 4

n

�
M 4:

Åñëè â òðåòüå óðàâíåíèå ñèñòåìû (4) ïîäñòàâèòü âûðàæåíèÿ ( 9) ñ ó÷åòîì êîýôôèöèåí-
òîâ qn (t), òî ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà äëÿ èñêîìîé ôóíê-
öèè Tn (t). Â ðåçóëüòàòå, ó÷èòûâàÿ îðòîíîðìèðîâàííîñòü ñèñòåìû vn , èìååì

•Tn (t) + ! 2
nTn (t) = Dn cos(! k t) + En sin(! k t) �

r 2
1I (� n )

2(a7 + a8)
•M t ; (10)

ãäå

I (� n ) =
2

dn � 2
n

�
J2(� n r1) �

J0(� n r1)
I 0(� n r1)

I 2(� n r1)
�

; •M t =
3X

k=1

•M kt ;

•M 1t = �
6qt � 01a2�

�H 2 K 1�

�
1X

n=1

(� 1)n exp(� n2� 2� )
�

H
�

�
(� 1)n � cos

�n (2c + h2)
H

�
� nc sin

�n (2c + h2)
H

�
;

•M 2t = �
6qt � 02a2�

�H 2 K 2

1X

n=1

(� 1)n exp(� n2� 2� )
�

H
�

�
cos

�nh 2

H
� 1

�
� nc sin

�nh 2

H

�
;

•M 3t = �
6qt � 03a2�

�H 2 K 3

1X

n=1

(� 1)n exp(� n2� 2� )�

�
�

H
�

�
cos

�n (2c + h2)
H

� cos
�nh 2

H

�
+ nc

�
sin

�n (2c + h2)
H

+ sin
�nh 2

H

��
:

Ðåøåíèå óðàâíåíèÿ ( 10) ìîæíî ïðåäñòàâèòü â âèäå

Tn (t) = An cos(! n t) + Bn sin(! n t) �
r 2

1I (� n )
2(a7 + a8)! n

tZ

0

•M t (� ) sin [! n (t � � )]d� + yn (t); (11)
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ãäåyn (t) � ÷àñòíîå ðåøåíèå, çàâèñÿùåå îò ÷àñòîòû ðåçîíàíñíîé íàãðóçêè ! k ,

yn (t) =

(
D n

! 2
n � ! 2

k
cos(! k t) + En

! 2
n � ! 2

k
sin(! k t); n 6= k;

� Ek
2! k

t cos(! k t) + D k
2! k

t sin(! k t); n = k:

Íà÷àëüíûå ïðîãèá, ñêîðîñòü äâèæåíèÿ ïëàñòèíû è òåìïåðàòóðó ñ÷èòàåì íóëåâûìè ( 6).
Ïðîèçâîäíàÿ îò òåìïåðàòóðû â íà÷àëüíûé ìîìåíò çàäàíà:

_Tn (0) = �
r 2

1I (� n )
2(a7 + a8)

_M t (0);

ãäå _M t (0) � âåëè÷èíà ñêîðîñòè òåìïåðàòóðíîãî ìîìåíòà,

_M t (0) =
3X

k=1

_M kt (0); _M 1t (0) =
3qt � 01aK 1

�H

�
h1

�
c +

h1

2

�
+

+
2H
�

1X

n=1

(� 1)n

n

�
H
�n

�
(� 1)n � cos

�n (2c + h2)
H

�
� csin

�n (2c + h2)
H

��
;

_M 2t (0) =
3qt � 02aK 2

�H

�
� h2

�
c +

h2

2

�
+

2H
�

1X

n=1

(� 1)n

n

�
H
�n

�
cos

�nh 2

H
� 1

�
� csin

�nh 2

H

��
;

_M 3t (0) =
6qt � 03aK 3

��

1X

n=1

(� 1)n

n
�

�
�

H
�n

�
cos

�n (2c + h2)
H

� cos
�nh 2

H

�
+ c

�
sin

�n (2c + h2)
H

+ sin
�nh 2

H

��
:

Ïîäñòàâèâ â íà÷àëüíûå óñëîâèÿ âûðàæåíèå äëÿ ïðîãèáà ( 9) è ôóíêöèþ ( 11), ïîëó÷èì
êîíñòàíòû èíòåãðèðîâàíèÿ

An = �

(
D n

! 2
n � ! 2

k
; n 6= k;

0; n = k;

Bn = �
1

! n

"( ! k En
! 2

n � ! 2
k
; n 6= k

� Ek
2! k

; n = k

#

�
r 2

1I (� n )
2(a7 + a8)! n

_M t (0): (12)

Òàêèì îáðàçîì, ðåçîíàíñíûå êîëåáàíèÿ ðàññìàòðèâàåìîé ïëàñòèíû, ó÷èòûâàþùèå òåï-
ëîâîé óäàð, îïèñûâàþòñÿ âûðàæåíèÿìè ( 9) ñ ôóíêöèåé âðåìåíè ( 11) è êîíñòàíòàìè èíòå-
ãðèðîâàíèÿ ( 12).

3. ×èñëåííàÿ àïðîáàöèÿ ðåøåíèÿ

×èñëåííàÿ àïðîáàöèÿ ðåøåíèÿ ïðîâåäåíà äëÿ êðóãîâîé øàðíèðíî îïåðòîé òðåõñëîéíîé
ïëàñòèíû ðàäèóñà r1 = 1 ì, íàõîäÿùåéñÿ ïîä ñîâìåñòíûì âîçäåéñòâèåì òåïëîâîãî ïîòî-
êà è ðåçîíàíñíîé íàãðóçêè ñ àìïëèòóäîé q0 = 100 Ïà. Òîëùèíû ñëîåâ h1 = h2 = 0 :02 ì,
h3 = 0 :05 ì. Òåìïåðàòóðà óñðåäíÿëàñü ïî òîëùèíå ïëàñòèíû. Äëÿ âû÷èñëåíèÿ ÷àñòîò ñîá-
ñòâåííûõ êîëåáàíèé ! n èñïîëüçîâàëèñü ñîáñòâåííûå ÷èñëà � n , ïðèâåäåííûå â [ 38].

Íà ðèñ. 2 ïîêàçàí ðîñò àìïëèòóäû ïðîãèáà â öåíòðå ïëàñòèíû Ä16-Ò�ôòîðîïëàñò-4�
Ä16-Ò ïðè ÷àñòîòå íàãðóçêè ! k , ñîâïàäàþùåé ñ îäíîé èç ÷àñòîò îñíîâíîãî òîíà: ! k = ! 0

(ðèñ. 2, à) è ! k = ! 1 (ðèñ. 2, á).
Íàãðåâàíèå ïëàñòèíû ïðèìåðíî íà 200 � Ñ ïðèâîäèò ê ñðåäíåìó ðîñòó àìïëèòóäû êîëå-

áàíèé íà 11% è îòêëîíåíèþ îñè êîëåáàíèé íàâñòðå÷ó òåïëîâîìó ïîòîêó. Óâåëè÷åíèå ñîá-
ñòâåííîé ÷àñòîòû êîëåáàíèé ïðèâîäèò ê áîëüøåìó îòêëîíåíèþ îñè êîëåáàíèé.
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à / a á / b

Ðèñ. 2. Èçìåíåíèå ïðîãèáà ïëàñòèíû âî âðåìåíè ïðè ðåçîíàíñíûõ êîëåáàíèÿõ â òåïëîâîì ïîòîêå
(Ä16-Ò�ôòîðîïëàñò-4�Ä16-Ò) ïðè ! k = ! 0 (à) è ! k = ! 1 (á). Êðèâàÿ 1 ñîîòâåòñòâóåò âåëè÷èíå

òåïëîâîãî ïîòîêà qt = 0 Äæ/(ì 2ñ); êðèâàÿ 2 � qt = 2 � 105 Äæ/(ì 2ñ)
Fig. 2. Change in plate de�ection over time during resonant oscillations in the heat �ow (D16-T�
�uoroplastic-4�D16-T) at ! k = ! 0 (a) and ! k = ! 1 (b). Curve 1 corresponds to the heat �ux value

qt = 0 J/(m 2s); curve 2 corresponds toqt = 2 � 105 J/(m 2s)

Àíàëîãè÷íûå ðåçóëüòàòû äëÿ ïëàñòèíû, íàáðàííîé èç ìàòåðèàëîâ ÂÒ-20�ôòîðîïëàñò-4�
Ä16-Ò, ïðèâåäåíû íà ðèñ. 3. Çäåñü, ïî ñðàâíåíèþ ñ ïðåäûäóùèì ñëó÷àåì, îòêëîíåíèå îñè
êîëåáàíèé íàáëþäàåòñÿ â áîëüøåé ñòåïåíè â îáîèõ ñëó÷àÿõ ðåçîíàíñà. Àìïëèòóäà êîëåáà-
íèé óìåíüøàåòñÿ, ÷òî îáúÿñíÿåòñÿ îòíîñèòåëüíî áîëüøåé æåñòêîñòüþ íà èçãèá òèòàíîâîãî
íåñóùåãî ñëîÿ.

à / a á / b

Ðèñ. 3. Èçìåíåíèå ïðîãèáà ïëàñòèíû âî âðåìåíè ïðè ðåçîíàíñíûõ êîëåáàíèÿõ â òåïëîâîì ïîòîêå
(ÂÒ-20�ôòîðîïëàñò-4�Ä16-Ò) ïðè ! k = ! 0(à) è ! k = ! 1 (á). Êðèâàÿ 1 ñîîòâåòñòâóåò âåëè÷èíå

òåïëîâîãî ïîòîêà qt = 0 Äæ/(ì 2ñ); êðèâàÿ 2 � qt = 2 � 105 Äæ/(ì 2ñ)
Fig. 3. Change in plate de�ection over time during resonant oscillations in a heat �ow (VT-20�PTFE-4�
D16-T) at ! k = ! 0(a) and ! k = ! 1 (b). Curve 1 corresponds to the heat �ux value qt = 0 J/(m 2s); curve

2 corresponds toqt = 2 � 105 J/(m 2s)

Çàêëþ÷åíèå

Ïðåäëîæåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü òåðìîñèëîâîãî ðåçîíàíñíîãî âîçäåéñòâèÿ íà òðåõ-
ñëîéíóþ óïðóãóþ êðóãîâóþ ïëàñòèíó ïîçâîëÿåò ó÷èòûâàòü âëèÿíèå òåïëîâîãî óäàðà íà ïà-
ðàìåòðû êîëåáàíèé. Ïðè øàðíèðíî îïåðòîì êîíòóðå ïëàñòèíû òåïëîâîé óäàð ïðèâîäèò ê
âîçíèêíîâåíèþ ñâîáîäíûõ êîëåáàíèé, íà êîòîðûå íàêëàäûâàþòñÿ âûíóæäåííûå êîëåáàíèÿ
îò ðåçîíàíñíîé ñèëîâîé íàãðóçêè. Ïîâûøåíèå æåñòêîñòè âåðõíåãî íåñóùåãî ñëîÿ ïðèâîäèò
ê óìåíüøåíèþ àìïëèòóäû ïðîãèáà è óâåëè÷åíèþ îòêëîíåíèÿ îñè êîëåáàíèé.
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Àííîòàöèÿ. Â ðàáîòå ÷èñëåííî ðåøàåòñÿ çàäà÷à î êîàãóëÿöèè òâåðäûõ ÷àñòèö è êàïåëü ïðè âäóâå
ãàçîêàïåëüíîãî ïîòîêà â ïîòîê ãàçîâçâåñè. Ïðåäïîëàãàëîñü, ÷òî â ïëîñêîì êàíàëå äâèæåòñÿ çàïû-
ëåííàÿ ñðåäà, à ÷åðåç áîêîâóþ ïîâåðõíîñòü êàíàëà ïðîèñõîäèò âäóâ ãàçîêàïåëüíîé ñìåñè. Â ðå-
çóëüòàòå êîàãóëÿöèè òâåðäûõ ÷àñòèö è êàïåëü ïðîèñõîäèò óìåíüøåíèå ñðåäíåé ïëîòíîñòè ôðàêöèè
òâåðäûõ ÷àñòèö è èçìåíåíèå ôðàêöèîííîãî ñîñòàâà êàïåëüíîé ñìåñè. Ðàñ÷åòû âûïîëíåíû íà îñ-
íîâå ìàòåìàòè÷åñêîé ìîäåëè äèíàìèêè ïîëèäèñïåðñíîé ìíîãîñêîðîñòíîé è ìíîãîòåìïåðàòóðíîé
ãàçîâçâåñè ñ ëàãðàíæåâîé ìîäåëüþ êîàãóëÿöèè ÷àñòèö ñ îòíîñèòåëüíûì ñêîðîñòíûì ñêîëüæåíèåì.
Ìàòåìàòè÷åñêàÿ ìîäåëü ðåàëèçîâûâàëà êîíòèíóàëüíóþ ìåòîäèêó ìîäåëèðîâàíèÿ äèíàìèêè ìíî-
ãîôàçíûõ ñðåä, ïîçâîëÿþùóþ ó÷åñòü ìåæôàçíîå âçàèìîäåéñòâèå. Äèíàìèêà íåñóùåé ñðåäû îïè-
ñûâàåòñÿ ñèñòåìîé óðàâíåíèé Íàâüå � Ñòîêñà äëÿ ñæèìàåìîãî òåïëîïðîâîäíîãî ãàçà ñ ìåæôàçíûì
òåïëîîáìåíîì è îáìåíîì èìïóëüñîì. Ó÷èòûâàëèñü ñèëà àýðîäèíàìè÷åñêîãî ñîïðîòèâëåíèÿ, ñèëà
ïðèñîåäèíåííûõ ìàññ è äèíàìè÷åñêàÿ ñèëà Àðõèìåäà. Äèñïåðñíàÿ ôàçà ñîñòîÿëà èç ðÿäà ôðàê-
öèé, ðàçëè÷àþùèõñÿ ðàçìåðîì äèñïåðñíûõ âêëþ÷åíèé è ïëîòíîñòüþ ìàòåðèàëà ÷àñòèö. Ãèäðî-
è òåðìîäèíàìèêà êàæäîé äèñïåðñíîé ôðàêöèè îïèñûâàëàñü ñèñòåìîé óðàâíåíèé ãèäðîäèíàìè÷å-
ñêîãî òèïà, âêëþ÷àþùåé â ñåáÿ óðàâíåíèå íåðàçðûâíîñòè, óðàâíåíèÿ ñîõðàíåíèÿ ñîñòàâëÿþùèõ
èìïóëüñà è óðàâíåíèå ñîõðàíåíèÿ òåïëîâîé ýíåðãèè, çàïèñàííûå ñ ó÷åòîì ìåæôàçíîãî òåïëîâîãî
è ñèëîâîãî âçàèìîäåéñòâèÿ. Ñèñòåìà óðàâíåíèé äèíàìèêè ìíîãîñêîðîñòíîé ìíîãîòåìïåðàòóðíîé
ïîëèäèñïåðñíîé ñèñòåìû èíòåãðèðîâàëàñü ÿâíûì êîíå÷íî-ðàçíîñòíûì ìåòîäîì Ìàê-Êîðìàêà. Ìî-
íîòîííîñòü ðåøåíèÿ îáåñïå÷èâàëàñü ñõåìîé íåëèíåéíîé êîððåêöèè. Â ðåçóëüòàòå ïðîâåäåíèÿ ðàñ-
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Abstract. The paper presents a numerical solution to the problem of coagulation of solid particles and
droplets during the injection of a gas-droplet �ow into a gas suspension �ow. It was assumed that a
dusty medium moves in a �at channel, and a gas-droplet mixture is blown through the side surface
of the channel. As a result of the coagulation of solid particles and droplets, the average density of
the solid particle fraction decreases and the fractional composition of the droplet mixture changes. The
calculations are based on a mathematical model of the dynamics of a polydisperse multi-velocity and
multi-temperature gas suspension with a Lagrangian model of particle coagulation with relative velocity
sliding. The mathematical model implemented a continuum technique for modeling the dynamics of
multiphase media, which makes it possible to take into account the interphase interaction. The dynamics
of the carrier medium is described by the Navier � Stokes equations for a compressible heat-conducting
gas with interphase heat and momentum exchange. The aerodynamic drag force, the added mass force,
and the dynamic Archimedes force were taken into account. The dispersed phase consisted of a number of
fractions di�ering in the size of dispersed inclusions and the density of the particle material. The hydro-
and thermodynamics of each dispersed fraction were described by a system of hydrodynamic equations,
including the continuity equation, the equations for the conservation of momentum components, and
the equation for the conservation of thermal energy, written taking into account the interphase thermal
and force interaction. The system of equations for the dynamics of a multi-velocity multi-temperature
polydisperse system was integrated by the explicit �nite-di�erence McCormack method. The monotonicity
of the solution was ensured by a nonlinear correction scheme. As a result of the calculations, time and
space dependencies were obtained that characterize the evolution of the composition of a multi-fraction
system when mixing �ows of di�erent dispersion.
Keywords: coagulation, multiphase medium, polydisperse gas suspension, viscous compressible heat-
conducting gas, numerical modeling
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Ââåäåíèå

Ìåòîäû ìîäåëèðîâàíèÿ äèíàìèêè íåîäíîðîäíûõ ñðåä ïîçâîëÿþò îïèñàòü ìíîãèå ïðè-
ðîäíûå è òåõíîëîãè÷åñêèå ïðîöåññû [ 1� 31]. Îáùàÿ òåîðèÿ äèíàìèêè ìíîãîôàçíûõ è íåîä-
íîðîäíûõ ñðåä ïðåäñòàâëåíà â ìîíîãðàôèè [ 1].

Ïðîáëåìû âûñîêîñêîðîñòíîãî äâèæåíèÿ ãàçîæèäêîñòíûõ ñðåä èññëåäîâàíû â [ 2]: èçëî-
æåíû òåîðåòè÷åñêèå îñíîâû, ðàñ÷åòíûå ìåòîäû è ïðèìåðû ðåøåíèÿ ïðèêëàäíûõ çàäà÷.

Â [3] ïðåäñòàâëåíû ðåçóëüòàòû èññëåäîâàíèé ïî êèíåòè÷åñêîé òåîðèè êîàãóëÿöèè, ðàç-
ðàáîòàíû àíàëèòè÷åñêèå ìåòîäû ðåøåíèÿ óðàâíåíèé êîàãóëÿöèè.
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Òåîðåòè÷åñêèå è ýêñïåðèìåíòàëüíûå ðåçóëüòàòû, ñâÿçàííûå ñ îïèñàíèåì òå÷åíèé ãàçî-
äèñïåðñíûõ ñðåä â ñîïëàõ ñ ó÷åòîì âçàèìîäåéñòâèÿ ÷àñòèö ñ ãàçîâûì ïîòîêîì, ïðèâåäå-
íû â [ 4].

Â [5] ðàññìàòðèâàþòñÿ âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ óäàðíî-âîëíîâûõ ïðî-
öåññîâ â ìíîãîôàçíûõ ñðåäàõ, ïîëó÷åíû óðàâíåíèÿ è îïðåäåëåíà ñòðóêòóðà óäàðíîé âîëíû
â ãàçîâûõ ñìåñÿõ è äâóõôàçíûõ ñðåäàõ.

Ìåòîäîëîãèÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ òå÷åíèé äâóõ- è òðåõôàçíûõ íåîäíîðîä-
íûõ ñðåä, ñîñòîÿùèõ èç ãàçà ñ òâåðäûìè è æèäêèìè ÷àñòèöàìè ïðè íàëè÷èè èõ âçàèìîäåé-
ñòâèÿ ìåæäó ñîáîé, ðàçðàáàòûâàëàñü â [6].

Â [7] ïðåäñòàâëåíû ìàòåìàòè÷åñêèå ìîäåëè è ïðîâåäåíû ÷èñëåííûå ðàñ÷åòû áåç ó÷åòà
âÿçêîñòè ñðåäû äèíàìèêè çàïûëåííûõ, ãàçîêàïåëüíûõ è ïîðîøêîâûõ ñðåä â îäíîìåðíîì
ïðèáëèæåíèè.

Ìàòåìàòè÷åñêèå ìîäåëè, ÷èñëåííûå àëãîðèòìû ðåøåíèÿ è ðåçóëüòàòû ðàñ÷åòîâ óäàðíî-
âîëíîâûõ è äåòîíàöèîííûõ ïðîöåññîâ â ãàçîâçâåñÿõ ñ ìåòàëëè÷åñêèìè ÷àñòèöàìè ïðèâåäå-
íû â [ 8].

Íà äàííûé ìîìåíò àêòóàëüíûìè ÿâëÿþòñÿ òàêæå èññëåäîâàíèÿ äèíàìèêè ìíîãîôàçíûõ
ñðåä áåç ó÷åòà ìåõàíè÷åñêèõ ïðåâðàùåíèé äèñïåðñíûõ âêëþ÷åíèé [ 9,10]. Òàê, â [9] ïîëó÷å-
íî àíàëèòè÷åñêîå ðåøåíèå óðàâíåíèé îäíîìåðíîé ñòàöèîíàðíîé ìîäåëè óåäèíåííîé âîëíû
â ãàçîæèäêîñòíîé ñìåñè áåç ó÷åòà äèññèïàòèâíûõ ïðîöåññîâ, ðàññìîòðåíî òå÷åíèå æèä-
êîñòè ñ ãàçîâûìè ïóçûðüêàìè. Â [ 10] èçó÷àþòñÿ îñîáåííîñòè ýâîëþöèè âîëí â æèäêîñòè,
ñîäåðæàùåé îáëàñòü ñ ïóçûðüêàìè ãàçà. Çàäà÷à ðàññìàòðèâàåòñÿ â äâóõìåðíîé ïîñòàíîâ-
êå, óðàâíåíèÿ ìàòåìàòè÷åñêîé ìîäåëè èíòåãðèðóþòñÿ ÷èñëåííî. Ïðåäñòàâëåíû ðåçóëüòàòû
èññëåäîâàíèé âîçäåéñòâèÿ âîëíîâîãî èìïóëüñà íà òâåðäóþ ñòåíêó, ÷àñòè÷íî ïîêðûòóþ ïó-
çûðüêîâîé çàâåñîé.

Ìåòîäèêà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîöåññà êîàãóëÿöèè âçâåøåííûõ ÷àñòèö,
îñíîâàííàÿ íà ñòàòèñòè÷åñêîì ìåòîäå Ìîíòå-Êàðëî, ïðåäñòàâëåíà è àïðîáèðîâàíà â [ 11].

Â ðàáîòå [12] ïðèâåäåíû ðåçóëüòàòû èññëåäîâàíèÿ âëèÿíèÿ ãèäðîäèíàìè÷åñêîãî âçàè-
ìîäåéñòâèÿ ÷àñòèö ñôåðè÷åñêîé ôîðìû íà ñêîðîñòü èõ êîàãóëÿöèè.

Íà îñíîâå ìîäåëè íåñæèìàåìîé æèäêîñòè â [ 13] ïðîâåäåíî ÷èñëåííîå ìîäåëèðîâàíèå
äèíàìèêè ñòîëêíîâåíèÿ äâóõ êàïåëü àçîòà â íèçêîòåìïåðàòóðíîé ñðåäå ïðè ðàçëè÷íûõ
÷èñëàõ Âåáåðà, Ðåéíîëüäñà è ïàðàìåòðàõ óäàðà. Äëÿ ñîïîñòàâëåíèÿ ïðèâîäèòñÿ îïèñàíèå
ñòîëêíîâåíèÿ äâóõ âîäÿíûõ êàïåëü.

Â ñòàòüå [14] ïîñòðîåíà ìîäåëü äâèæåíèÿ ãàçîäèñïåðñíîé ñðåäû, ñîïðîâîæäàþùàÿñÿ
ïðîöåññàìè ãîìîãåííîé íóêëåàöèè, êîàãóëÿöèè è ôàçîâûìè ïåðåõîäàìè. Ñ÷èòàåòñÿ, ÷òî
ïðîöåññ êîàãóëÿöèè êëàñòåðîâ ïðîèñõîäèò çà ñ÷åò èõ áðîóíîâñêîãî äâèæåíèÿ.

Â [15] ìàòåìàòè÷åñêè ìîäåëèðóåòñÿ ïðîöåññ êîàãóëÿöèè òâåðäûõ äèñïåðñíûõ ÷àñòèö ñ
êàïëÿìè îðîøàåìîé æèäêîñòè â àïïàðàòàõ ìîêðîãî òèïà íà îñíîâå òðóá Âåíòóðè ïîä äåé-
ñòâèåì óëüòðàçâóêîâûõ êîëåáàíèé âûñîêîé èíòåíñèâíîñòè. Ïîêàçàíà âîçìîæíîñòü ïîâû-
øåíèÿ ýôôåêòèâíîñòè óëàâëèâàíèÿ âûñîêîäèñïåðñíûõ ÷àñòèö â ñêðóááåðå Âåíòóðè çà ñ÷åò
ââåäåíèÿ óëüòðàçâóêîâûõ êîëåáàíèé è îïðåäåëåíû îïòèìàëüíûå ðåæèìû (÷àñòîòà, óðîâåíü
çâóêîâîãî äàâëåíèÿ), âêëþ÷àÿ íàïðàâëåíèå è çîíó âîçäåéñòâèÿ.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå êîàãóëÿöèè êàïåëü êîíå÷íîãî ÷èñëà ôðàêöèé ïîëèäèñ-
ïåðñíîé ñìåñè, âïðûñêèâàåìûõ ôîðñóíêîé â îáëàñòü àýðîõîëîäèëüíîé óñòàíîâêè âäîëü íà-
ïðàâëåíèÿ äâèæåíèÿ ïîòîêà âîçäóõà, âûïîëíåíî â [ 16]. Äîêàçûâàåòñÿ íåçíà÷èòåëüíîñòü
âëèÿíèÿ òåïëîìàññîáìåíà ìåæäó âåùåñòâîì êàïåëü è îêðóæàþùèì âîçäóõîì íà èçìåíåíèå
èõ ðàçìåðîâ çà âðåìÿ äâèæåíèÿ îò ôîðñóíêè äî ðàáî÷åé ÷àñòè óñòàíîâêè.

Ðàáîòà [17] ïîñâÿùåíà èññëåäîâàíèþ ïðîöåññîâ ñòîëêíîâåíèÿ è êîàãóëÿöèè äèñïåðñíûõ
÷àñòèö. Ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü ÿäåð ñòîëêíîâåíèÿ è êîàãóëÿöèè ÷àñòèö ñôå-
ðè÷åñêîé ôîðìû â òóðáóëåíòíîì ïîòîêå. Ìîäåëèðóåòñÿ êîàãóëÿöèÿ êàïåëü, âçâåøåííûõ â
àòìîñôåðå.

Â ñòàòüå [18] ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü ÿäðà êîàãóëÿöèè ïðè íàëè÷èè òóðáó-
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ëåíòíîãî, áðîóíîâñêîãî, ãðàäèåíòíîãî è ãðàâèòàöèîííîãî ìåõàíèçìîâ ñòîëêíîâåíèé, òàêæå
ó÷èòûâàëñÿ ýôôåêò êëàñòåðèçàöèè ÷àñòèö ïîä äåéñòâèåì òóðáóëåíòíîñòè.

Â èññëåäîâàíèè [19] îöåíèâàåòñÿ îòíîñèòåëüíàÿ ïîãðåøíîñòü ýêñïåðèìåíòîâ ïî ñóáìèê-
ðîííîé àýðîçîëüíîé êîàãóëÿöèè è ãðàâèòàöèîííîìó îñàæäåíèþ, à òàêæå ðåçóëüòàòû ïðî-
ãíîçèðîâàíèÿ ìîäåëè ïðèìåíèòåëüíî ê âîäÿíîìó ïàðó. Íà îñíîâå ýêñïåðèìåíòàëüíûõ äàí-
íûõ â ýòîé ñòàòüå ê èñõîäíîé ìîäåëè äîáàâëåíû ïîïðàâî÷íûå êîýôôèöèåíòû äëÿ èíòåí-
ñèâíîñòè ïðîöåññîâ êîàëåñöåíöèè è ñåäèìåíòàöèè.

Èçó÷åíèþ ñêîðîñòè êîàãóëÿöèè ñôåðè÷åñêèõ ÷àñòèö, âçâåøåííûõ â ãàçîâîé ñðåäå, ïî-
ñâÿùåíà ðàáîòà [ 20]. Èññëåäîâàíî âëèÿíèå ýëåêòðîñòàòè÷åñêèõ ñèë íà ñêîðîñòü êîàãóëÿ-
öèè ïðîâîäÿùèõ ñôåð, âçàèìîäåéñòâóþùèõ äðóã ñ äðóãîì. Ïðè î÷èñòêå çàïûëåííûõ ñðåä
îò òâåðäûõ äèñïåðñíûõ âêëþ÷åíèé ïðèìåíÿþòñÿ òåõíîëîãèè, îñíîâàííûå íà ïîãëîùåíèè
òâåðäûõ ÷àñòèö æèäêèìè êàïëÿìè ñ ïîñëåäóþùèì ðàçäåëåíèåì ôàç.

Äëÿ îïèñàíèÿ ôèçè÷åñêèõ ïðîöåññîâ â òàêîãî ðîäà òåõíîëîãèÿõ, äëÿ êîíñòðóèðîâàíèÿ
¾ìîêðûõ¿ ñêðóááåðîâ � óñòðîéñòâ, èõ ðåàëèçóþùèõ, à òàêæå äëÿ âûáîðà ðàáî÷èõ ðåæè-
ìîâ ðàçðàáàòûâàþòñÿ ÷èñëåííûå ìîäåëè òå÷åíèÿ ãàçîäèñïåðñíûõ ñðåä [ 21� 23]. Â ðàáîòå [21]
ðàññìîòðåíû çàäà÷è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è ðàñ÷åòà òåïëîâîé ýôôåêòèâíîñòè
òàêèõ óñòðîéñòâ, îïèñàíû êîíñòðóêòèâíûå õàðàêòåðèñòèêè íàñàäî÷íûõ ñêðóááåðîâ êîíäåí-
ñàöèîííîãî îõëàæäåíèÿ ãàçà âîäîé â ïëåíî÷íîì ïðîòèâîòî÷íîì ðåæèìå. Â [ 22] ïðèâåäåíû
ðåçóëüòàòû èññëåäîâàíèÿ äâèæåíèÿ âðàùàþùèõñÿ êàïåëü æèäêîñòè è ïðåäëîæåíà òåõíî-
ëîãèÿ ãèäðîâèõðåâîãî ïûëåóëàâëèâàíèÿ. Â [ 23] ðàçðàáîòàíà îáùàÿ ìàòåìàòè÷åñêàÿ ìîäåëü
ýâîëþöèè ñîñòîÿíèÿ òðåõôàçíîé ïîëèäèñïåðñíîé ñðåäû ïðèìåíèòåëüíî ê ïðîöåññó î÷èñòêè
ãàçîâ îò òâåðäûõ ÷àñòèö â ñêðóááåðå íà îñíîâå ñîïëà Âåíòóðè.

Â óñòðîéñòâàõ æèäêîñòíîãî ïûëåóëàâëèâàíèÿ, ïðîèñõîäÿùåãî ïðè òåìïåðàòóðàõ, ìåíü-
øèõ òåìïåðàòóðû ôàçîâîãî ðàâíîâåñèÿ ðàáî÷åé æèäêîñòè, îñíîâíûì ôèçè÷åñêèì ïðîöåñ-
ñîì ÿâëÿåòñÿ ïðîöåññ êîàãóëÿöèè òâåðäîé ÷àñòèöû ñ êàïëåé è êàïåëü ðàçëè÷íîãî ðàçìåðà.
Òåõíîëîãèÿ î÷èñòêè ãàçà îò òâåðäûõ ÷àñòèö ñ èñïîëüçîâàíèåì ¾ìîêðûõ¿ ñðóááåðîâ âêëþ-
÷àåò â ñåáÿ ïðîöåññ êîàãóëÿöèè âîäÿíûõ êàïåëü è òâåðäûõ ÷àñòèö ñ ïîñëåäóþùèì ðàçäåëå-
íèåì ãàçîâîé è äèñïåðñíîé ôàçû, ñîñòîÿùåé èç êàïåëü ñ òâåðäûìè ÷àñòèöàìè. Ðàçäåëåíèå
ôàç ïðîèñõîäèò â öåíòðîáåæíûõ ñåïàðàòîðàõ èëè â èíåðöèîííûõ êëàññèôèêàòîðàõ, ýôôåê-
òèâíîñòü ðàáîòû êîòîðûõ çàâèñèò îò ìàññû ÷àñòèö, îáðàçóþùèõñÿ â ïðîöåññå êîàãóëÿöèè.
Ïîñêîëüêó ïðè ðàñïûëåíèè æèäêîñòè îáðàçóåòñÿ ïîëèäèñïåðñíàÿ ñèñòåìà êàïåëü, òî òðåáó-
åòñÿ îöåíêà äèñïåðñíîñòè ñèñòåìû ñ ó÷åòîì êîàãóëÿöèè êàïåëü è òâåðäûõ ÷àñòèö, à òàêæå
êîàãóëÿöèè êàïåëü ðàçëè÷íûõ ðàçìåðîâ, äâèæóùèõñÿ â ïîòîêå ñ ðàçíûì ñêîðîñòíûì ñêîëü-
æåíèåì.

Â äàííîé ðàáîòå ïðåäñòàâëåíà ìàòåìàòè÷åñêàÿ ìîäåëü è ïðèâåäåíû ðåçóëüòàòû ðàñ÷å-
òîâ äèíàìèêè è äèñïåðñíîñòè ñìåñè ïðè âçàèìîäåéñòâèè ïîëèäèñïåðñíîãî ãàçîæèäêîñòíîãî
ïîòîêà è ïîòîêà ãàçîâçâåñè, ñîäåðæàùåé òâåðäûå ÷àñòèöû. Öåëüþ ðàáîòû áûëî èññëåäîâà-
íèå ïðîöåññà êîàãóëÿöèè ïûëåâîé ôðàêöèè è êàïåëüíûõ ôðàêöèé ïðè íåñîîñíîì íà÷àëüíîì
íàïðàâëåíèè ïîòîêîâ. Ðàññìîòðåíà ïðîñòðàíñòâåííàÿ è âðåìåííàÿ ýâîëþöèÿ ðàñïðåäåëåíèÿ
ñðåäíèõ ïëîòíîñòåé ôðàêöèé íà îñíîâå ÷èñëåííîãî ðåøåíèÿ ñèñòåìû óðàâíåíèé äèíàìèêè
ïîëèäèñïåðñíîé ãàçîâçâåñè [ 7], äîïîëíåííîé ìîäåëüþ ñòîëêíîâèòåëüíîé êîàãóëÿöèè äèñ-
ïåðñíûõ âêëþ÷åíèé [ 24].

Ìàòåìàòè÷åñêàÿ ìîäåëü

Äâèæåíèå íåñóùåé ñðåäû îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé Íàâüå � Ñòîêñà c ó÷åòîì
ìåæôàçíîãî ñèëîâîãî âçàèìîäåéñòâèÿ è òåïëîîáìåíà [ 7, 25� 31]:

@�
@t

+
@(�u )

@x
+

@(�v )
@y

= 0 ; (1)

@(�u )
@t

+
@

@x
(�u 2 + p � � xx ) +

@
@y

(�uv � � xy ) = �
nX

i =1

Fxi +
nX

i =1

� i
@p
@x

; (2)
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@(�v )
@t

+
@

@x
(�uv � � yx ) +

@
@y

(�v 2 + p � � yy ) = �
nX

i =1

Fyi +
nX

i =1

� i
@p
@y

; (3)

@e
@t

+
@

@x

�
[e+ p � � xx ]u � � xy v � �

@T
@x

�
+

@
@y

�
[e+ p � � yy ]v � � yx u � �

@T
@y

�
=

= �
nX

i =1

Qi �
nX

i =1

(jFxi jui + jFyi jvi ) +
nX

i =1

� i

�
@(pu)

@x
+

@(pv)
@y

�
: (4)

Çàìûêàþò óðàâíåíèÿ ( 1)�( 4) ñëåäóþùèå ñîîòíîøåíèÿ:

p = ( 
 � 1)(e � � (u2 + v2)=2); e = � (I + ( u2 + v2)=2); (5)

� xx = �
�

2
@u
@x

�
2
3

D
�

; � yy = �
�

2
@v
@y

�
2
3

D
�

; (6)

� xy = � yx = �
�

@u
@y

+
@v
@x

�
; D = �

�
@u
@x

+
@v
@y

�
: (7)

Â óðàâíåíèÿõ ïðèìåíÿþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: � � ïëîòíîñòü ãàçà; u, v � ñîñòàâ-
ëÿþùèå âåêòîðà ñêîðîñòè ãàçà V = ( u; v); � xx , � xy , � yy � ñîñòàâëÿþùèå òåíçîðà âÿçêèõ íà-
ïðÿæåíèé íåñóùåé ñðåäû; p � äàâëåíèå ãàçà; e� ïîëíàÿ ýíåðãèÿ íåñóùåé ñðåäû; � , 
 , � �
êîýôôèöèåíòû òåïëîïðîâîäíîñòè, äèíàìè÷åñêîé âÿçêîñòè è ïîñòîÿííàÿ àäèàáàòû äëÿ íåñó-
ùåé ñðåäû; I = RT=(
 � 1) � òåïëîâàÿ ýíåðãèÿ íåñóùåé ñðåäû, ãäå R � ãàçîâàÿ ïîñòîÿííàÿ,
T � òåìïåðàòóðà íåñóùåé ñðåäû [ 7,32].

Äèíàìèêà êàæäîé ôðàêöèè äèñïåðñíîé ôàçû îïèñûâàåòñÿ óðàâíåíèåì ñîõðàíåíèÿ ñðåä-
íåé ïëîòíîñòè ôðàêöèè, óðàâíåíèÿìè ñîõðàíåíèÿ ñîñòàâëÿþùèõ èìïóëüñà è óðàâíåíèåì
ñîõðàíåíèÿ òåïëîâîé ýíåðãèè [26]:

@�i
@t

+
@(� i ui )

@x
+

@(� i vi )
@y

= 0 ; (8)

@(� i ui )
@t

+
@

@x
(� i u2

i ) +
@
@y

(� i ui vi ) = Fxi � � i
@p
@x

; (9)

@(� i vi )
@t

+
@

@x
(� i ui vi ) +

@
@y

(� i v2
i ) = Fyi � � i

@p
@y

; (10)

@ei
@t

+
@

@x
(ei ui ) +

@
@x

(ei vi ) = Qi : (11)

Èíäåêñ i îòíîñèòñÿ ê ôèçè÷åñêèì âåëè÷èíàì i -é ôðàêöèè äèñïåðñíîé ôàçû. Ïåðåìåííûå
áåç èíäåêñà îïèñûâàþò èçìåíåíèå ôèçè÷åñêèõ ïàðàìåòðîâ íåñóùåé ñðåäû.

Äëÿ äèñïåðñíîé ôàçû èñïîëüçóþòñÿ îáîçíà÷åíèÿ: � i � îáúåìíîå ñîäåðæàíèå i -é ôðàê-
öèè äèñïåðñíîé ôàçû; � i = � i � i 0 � ñðåäíÿÿ ïëîòíîñòü i -é ôðàêöèè äèñïåðñíîé ôàçû; � i 0 �
ôèçè÷åñêàÿ ïëîòíîñòü ìàòåðèàëà i -é ôðàêöèè; ui , vi � ñîñòàâëÿþùèå âåêòîðà ñêîðîñòè i -é
ôðàêöèè äèñïåðñíîé ôàçû Vi = ( ui ; vi ); ei è Ti � òåïëîâàÿ ýíåðãèÿ è òåìïåðàòóðà i -é ôðàê-
öèè äèñïåðñíîé ôàçû; ei = � i Cpi Ti , ãäåCpi � óäåëüíàÿ òåïëîåìêîñòü âåùåñòâà i -é ôðàêöèè
äèñïåðñíîé ôàçû.

Ñèëà ìåæôàçíîãî âçàèìîäåéñòâèÿ âêëþ÷àåò â ñåáÿ [ 1] ñèëó àýðîäèíàìè÷åñêîãî ñîïðî-
òèâëåíèÿ Fxid , Fyid :

Fxid =
3� i

4di
Cdi �

q
(u � ui )

2 + ( v � vi )
2 (u � ui ) ;

Fyid =
3� i

4di
Cdi �

q
(u1 � ui )

2 + ( v1 � vi )
2(v � vi );

äèíàìè÷åñêóþ ñèëó Àðõèìåäà FxiA , FyiA :

FxiA = � i �
�

@u
@t

+ u
@u
@x

+ v
@u
@y

�
; FyiA = � i �

�
@v
@t

+ v
@v
@x

+ v
@v
@y

�
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è ñèëó ïðèñîåäèíåííûõ ìàññ Fxim , Fyim :

Fxim = 0 :5� i �
�

@u
@t

+ u
@u
@x

+ v
@u
@y

�
@ui
@t

� ui
@ui
@x

� vi
@ui
@y

�
;

Fyim = 0 :5� i �
�

@v
@t

+ u
@v
@x

+ v
@v
@y

�
@vi
@t

� ui
@vi
@x

� vi
@vi
@y

�
:

Òåïëîâîé ïîòîê ìåæäó íåñóùåé ñðåäîé è i -é ôðàêöèåé îïèñûâàåòñÿ ñëåäóþùèì îáðà-
çîì [ 7]:

Qi = 6 � i �Nu i (T � Ti )=d2
i ; i = 1 ; : : : ; n:

Çäåñüdi � äèàìåòð ÷àñòèöû i -é ôðàêöèè, Nu i � îòíîñèòåëüíîå ÷èñëî Íóññåëüòà:

Nu i = 2 exp( � M i ) + 0 :459Re0:55
i Pr 0:33;

ãäåM i � îòíîñèòåëüíîå ÷èñëî Ìàõà:

M i = jV � V i j;

P r � ÷èñëî Ïðàíäòëÿ:
P r = cp� (� ) � 1:

Çäåñücp � òåïëîåìêîñòü ãàçà.
Âñå ÷àñòèöû ïðåäïîëàãàþòñÿ ñôåðè÷åñêîé ôîðìû. Êîýôôèöèåíò ñîïðîòèâëåíèÿ ÷àñòè-

öû i -é ôðàêöèè Cdi îïðåäåëÿåòñÿ ôîðìóëîé [ 7]

Cdi = C0
di � (M i )' (� i );

ãäåC0
di = 24

Rei
+ 4

Re0:5
i

+0 :4, � (M i ) = 1+exp
�

� � 0:427
M 0:63

i

�
, ' (� i ) = (1 � � i ) � 2:5, Rei � îòíîñèòåëüíîå

÷èñëî Ðåéíîëüäñà:
Rei = di � jV � V i j=�:

Ïðè îïðåäåëåíèè êîýôôèöèåíòà ñîïðîòèâëåíèÿ Cdi ôóíêöèÿ ' (� i ) ó÷èòûâàåò ìíîæå-
ñòâåííîñòü ÷àñòèö [4]. Àïïðîêñèìàöèè äëÿ êîýôôèöèåíòà ñîïðîòèâëåíèÿ è ÷èñëà Íóññåëüòà
ñïðàâåäëèâû äëÿ îòíîñèòåëüíûõ ÷èñåë Ìàõà è Ðåéíîëüäñà [ 7]:

0 < M i 6 2; 0 < Re i 6 2 � 105:

Äëÿ îïèñàíèÿ ïðîöåññà êîàãóëÿöèè ÷àñòèö èñïîëüçîâàëàñü ëàãðàíæåâà ìîäåëü êîàãó-
ëÿöèè ÷àñòèö ñ îòíîñèòåëüíûì ñêîðîñòíûì ñêîëüæåíèåì [ 24, 25]. Ìàññà mi ÷àñòèöû i -é
ôðàêöèè ( i = 1 ; : : : ; n) âîçðàñòàåò çà ñ÷åò ïîãëîùåíèÿ ìåíåå êðóïíûõ ÷àñòèö j -õ ôðàêöèé
ñ ìàññîé mj [24] (j = 1 ; : : : ; i � 1):

dmi

dt
=

i � 1X

j =1

kij nj mj :

Çäåñükij � êîíñòàíòà êîàãóëÿöèè:

kij = 0 :25� (di + dj )2
h
ui cos(� j ) + vi sin(� j ) �

q
u2

j + v2
j

i
;

ãäå� j = arctg( uj =vj ).
Ïîëó÷åííîå çíà÷åíèå ìàññû ÷àñòèö i -é ôðàêöèè â äàííîì óçëå êîíå÷íî-ðàçíîñòíîé ñåòêè

îïðåäåëÿåò íîâîå çíà÷åíèå äèàìåòðà ÷àñòèöû i -é ôðàêöèè � di .
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Óìåíüøåíèå êîíöåíòðàöèè ìåëêèõ ÷àñòèö i -õ ôðàêöèé âñëåäñòâèå ïîãëîùåíèÿ èõ ÷à-
ñòèöàìè j -õ (j = i + 1 ; i + 2 ; : : : ; n) ôðàêöèé, ÷üè äèñïåðñíûå âêëþ÷åíèÿ èìåþò áîëüøèé
ðàçìåð, îïèñûâàåòñÿ óðàâíåíèÿìè

dni

dt
= � ni

nX

j = i +1

kij nj mj ; � i =
�d 3

i ni

6
:

Íîâîå çíà÷åíèå îáúåìíîãî ñîäåðæàíèÿ i -é ôðàêöèè, èçìåíèâøååñÿ âñëåäñòâèå êîàãóëÿ-
öèè, åñòü� i . Îáúåìíîå ñîäåðæàíèå è ôèçè÷åñêàÿ ïëîòíîñòü âåùåñòâà ôðàêöèè îïðåäåëÿþò
ñðåäíþþ ïëîòíîñòü ôðàêöèè, èçìåíèâøóþñÿ âñëåäñòâèå êîàãóëÿöèè � i = � i � i 0. Â íà÷àëå
êàæäîãî âðåìåííîãî öèêëà âû÷èñëåíèé îïðåäåëÿëàñü êîíöåíòðàöèÿ ÷àñòèö i-é ôðàêöèè
÷åðåç åå ñðåäíþþ ïëîòíîñòü è äèàìåòð ÷àñòèö. Ñëèÿíèå ìåëêèõ êàïåëü ñ áîëåå êðóïíûìè
ïðèâîäèò ê èçìåíåíèþ ñêîðîñòè êàïåëü óêðóïíèâøåéñÿ ôðàêöèè [ 24,25]:
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Òåìïåðàòóðà ÷àñòèöû i -é ôðàêöèè ïîñëå êîàãóëÿöèè ñ ÷àñòèöàìè ôðàêöèé, ÷üè ÷àñòèöû
èìåþò ìåíüøèé ðàçìåð, íàõîäèëàñü èç ñîîòíîøåíèÿ
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ãäåTi � , Ci � , mi � � òåìïåðàòóðà, óäåëüíàÿ ìàññîâàÿ òåïëîåìêîñòü è ìàññà ÷àñòèöû i -é ôðàê-
öèè ïîñëå êîàãóëÿöèè; Ti , Ci , mi � òå æå ïàðàìåòðû äî êîàãóëÿöèè. Çíàÿ íîâóþ òåìïåðàòóðó
è ñðåäíþþ ïëîòíîñòü, íàõîäèì òåïëîâóþ ýíåðãèþ ôðàêöèè, èçìåíåííóþ ïðè êîàãóëÿöèè.
Ñâÿçàííûå ñ êîàãóëÿöèåé èçìåíåíèÿ ñðåäíåé ïëîòíîñòè, ñêîðîñòè è òåìïåðàòóðû ôðàêöèé
äèñïåðñíîé ôàçû ó÷èòûâàëèñü íà êàæäîì âðåìåííîì øàãå îñíîâíîãî àëãîðèòìà.

Ñèñòåìà óðàâíåíèé ( 1)�( 8) èíòåãðèðîâàëàñü ÿâíûì êîíå÷íî-ðàçíîñòíûì ìåòîäîì Ìàê-
Êîðìàêà âòîðîãî ïîðÿäêà òî÷íîñòè [ 32]. Äëÿ îáåñïå÷åíèÿ ìîíîòîííîñòè ðåøåíèÿ ïðèìå-
íÿëàñü ñõåìà íåëèíåéíîé êîððåêöèè ( 10), (11) [26, 33]. Ñ öåëüþ óâåëè÷åíèÿ óñòîé÷èâîñòè
÷èñëåííîãî ðåøåíèÿ ïðèìåíÿëàñü ñõåìà ôèëüòðàöèè êîíå÷íî-ðàçíîñòíîãî ðåøåíèÿ [ 34].

Íà òâåðäûõ ïîâåðõíîñòÿõ äëÿ ñîñòàâëÿþùèõ ñêîðîñòè çàäàâàëèñü îäíîðîäíûå ãðàíè÷-
íûå óñëîâèÿ Äèðèõëå, äëÿ îñòàëüíûõ äèíàìè÷åñêèõ ôóíêöèé çàäàâàëèñü îäíîðîäíûå ãðà-
íè÷íûå óñëîâèÿ Íåéìàíà. Íà âõîäå â êàíàë çàäàâàëàñü ïðîäîëüíàÿ ñêîðîñòü ïûëåâîé ôðàê-
öèè è ãàçà, êîíöåíòðàöèÿ ïûëåâîé ôðàêöèè. Íà âûõîäå èç êàíàëà çàäàâàëèñü îäíîðîäíûå
óñëîâèÿ Íåéìàíà äëÿ âñåõ ôóíêöèé. Â îáëàñòè âïðûñêà êàïåëüíûõ ôðàêöèé çàäàþòñÿ ñëå-
äóþùèå ãðàíè÷íûå óñëîâèÿ:

y = 0 ; x 6 L 1; � k (t; i; 1) = � k0� k0;

u(t; i; 1) = u(t; i; 2); u1(t; i; 1) = u1(t; i; 2); uk (t; i; 1) = uk (t; i; 2);

v(t; i; 1) = v0; v1(t; i; 1) = v1(t; i; 2); vk (t; i; 1) = v0; k = 2 ; : : : ; 5:

Çäåñüi , j � íóìåðàöèÿ óçëîâ â x è y íàïðàâëåíèÿõ ñîîòâåòñòâåííî. Ðàñ÷åòû ïðîâîäèëèñü
íà ðàâíîìåðíîé ñåòêå � x i = i � L=(Nx � 1), � yj = j � h=(Ny � 1), ãäå Nx , Ny � êîëè÷åñòâî
óçëîâ.

Ðåçóëüòàòû ðàñ÷åòîâ

Íà ðèñ. 1 ïðåäñòàâëåíà ñõåìà ìîäåëèðóåìîãî íåîäíîðîäíîãî ïîòîêà â ïëîñêîì êàíàëå.
Ïðåäïîëàãàåòñÿ, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè âî âñåé ðàñ÷åòíîé îáëàñòè ãàçîâçâåñü, ñî-
ñòîÿùàÿ èç ïûëåâîé ôðàêöèè è ãàçà, äâèæåòñÿ â ïðîäîëüíîì íàïðàâëåíèè ñî ñêîðîñòüþ u0,
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Ðèñ. 1. Îáùàÿ ñõåìà ìîäåëèðóåìîãî ïðîöåññà
Fig. 1. General diagram of the simulated process

ñîâïàäàþùåé ñî ñêîðîñòüþ ïîòîêà ãà-
çîâçâåñè íà ëåâîé ãðàíèöå êàíàëà ïðè
x = 0 , 0 < y < h , ãäå h � âûñîòà êàíà-
ëà. Íà ó÷àñòêå íèæíåé ãðàíèöû êàíàëà
ïðè y = 0 , 0 < x < L 1 îñóùåñòâëÿåòñÿ
âäóâ ãàçîêàïåëüíîé ñìåñè, ñîñòîÿùåé èç
÷åòûðåõ êàïåëüíûõ ôðàêöèé, îòëè÷àþ-
ùèõñÿ ðàäèóñîì êàïåëü. Ãàçîêàïåëüíûé
ïîòîê äâèæåòñÿ ñî ñêîðîñòüþ v0 ïîä óã-
ëîì � = �= 2 ê îñè êàíàëà.

Ïðèâåäåííûå íèæå ðåçóëüòàòû ðàñ÷åòîâ ïîëó÷åíû ïðè ñëåäóþùèõ ãåîìåòðè÷åñêèõ ïà-
ðàìåòðàõ êàíàëà è ôèçè÷åñêèõ õàðàêòåðèñòèêàõ íåîäíîðîäíûõ ïîòîêîâ: äëèíà êàíàëà ñî-
ñòàâëÿëàL = 0 :4 ì, âûñîòà êàíàëà h = 0 :1 ì, øèðèíà îáëàñòè áîêîâîãî âäóâà êàïåëüíûõ
ôðàêöèé L 1 = 0 :1 ì.

Íà÷àëüíàÿ òåìïåðàòóðà ãàçà è ôðàêöèé äèñïåðñíîé ôàçû: T0 = Ti 0 = 293 K, i = 1 ; : : : ; 5.
Íà÷àëüíàÿ ïëîòíîñòü íåñóùåé ñðåäû � � 0 = 1 :29 êã/ì 3. Â ðàñ÷åòàõ çàäàâàëèñü ñëåäóþùèå
ïàðàìåòðû íåñóùåé ôàçû ãàçîâçâåñè: M = 29 �10� 3 êã/ìîëü � ìîëÿðíàÿ ìàññà âîçäóõà, òåï-
ëîïðîâîäíîñòü íåñóùåé ñðåäû ïðåäïîëàãàëàñü ðàâíîé � = 0 :02553Âò/(ì �Ê), äèíàìè÷åñêàÿ
âÿçêîñòü íåñóùåé ñðåäû � � = 1 :72� 10� 5 Ïà �ñ., 
 = 1 :4, R = 8 :31 Äæ/(ìîëü �K).

Ôèçè÷åñêèå ïëîòíîñòè âåùåñòâà ïûëåâîé è êàïåëüíûõ ôðàêöèé � � 10 = 2500 êã/ì 3 è
� i 0 = 1000 êã/ì 3, i = 2 ; : : : ; 5 ñîîòâåòñòâåííî. Ãàçîâçâåñü òâåðäûõ ÷àñòèö ìîíîäèñïåðñíà è
ñîñòîèò èç ñôåðè÷åñêèõ ÷àñòèö äèàìåòðîì d1 = 2 ìêì. Äèàìåòðû êàïåëü æèäêèõ ôðàêöèé
d2 = 4 ìêì, d3 = 8 ìêì, d4 = 20 ìêì, d5 = 40 ìêì. Ñêîðîñòè ïîòîêîâ íà âõîäå â êàíàë
ñîñòàâëÿþò u0 = 20 ì/ñ, v0 = 4 ì/ñ.

Íà òâåðäûõ ïîâåðõíîñòÿõ äëÿ âñåõ ñîñòàâëÿþùèõ ñêîðîñòåé ãàçîâîé ôàçû çàäàâàëèñü
îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ Äèðèõëå. Íà÷àëüíîå îáúåìíîå ñîäåðæàíèå è îáúåìíîå ñî-
äåðæàíèå íà âõîäå â êàíàë ïûëåâîé ôðàêöèè � 10 = 4 � 10� 5, åå íà÷àëüíàÿ ñðåäíÿÿ ïëîò-
íîñòü è ñðåäíÿÿ ïëîòíîñòü íà âõîäå â êàíàë ñîñòàâëÿåò � 1 = 0 :1 êã/ì 3. Ó âñåõ ÷åòûðåõ
êàïåëüíûõ ôðàêöèé íà ãðàíèöå áîêîâîãî âäóâà çàäàâàëîñü ïîñòîÿííîå îáúåìíîå ñîäåðæà-
íèå, ñîñòàâëÿâøåå � i 0 = � l0 = 2 :5 � 10� 5. Ïðè ýòîì ñðåäíÿÿ ïëîòíîñòü êàïåëü ñîñòàâëÿëà
� i = 0 :025 êã/ì 3, i = 2 ; : : : ; 5.

Ïðèâåäåííûå íèæå ðåçóëüòàòû ðàñ÷åòîâ ïîëó÷åíû íà ðàâíîìåðíîé êîíå÷íî-ðàçíîñòíîé
ñåòêå, âêëþ÷àþùåé â ñåáÿNx = 200 óçëîâ â ïðîäîëüíîì è Ny = 100 óçëîâ â ïîïåðå÷-

Ðèñ. 2. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå ñðåäíåé ïëîò-
íîñòè êàïåëüíûõ ôðàêöèé � i (i = 2 ; : : : ; 5) â íà÷àëüíûé

ìîìåíò âðåìåíè t
Fig. 2. Spatial distribution of the average density of droplet

fractions � i (i = 2 ; : : : ; 5) at the initial time t

íîì íàïðàâëåíèè.
Íà ðèñ. 2 ïðèâåäåíî íà÷àëü-

íîå ïðîñòðàíñòâåííîå ðàñïðåäåëå-
íèå ñðåäíåé ïëîòíîñòè êàïåëüíûõ
ôðàêöèé: ïðåíåáðåæèìî ìàëîå ôî-
íîâîå çíà÷åíèå â ðàñ÷åòíîé îáëàñòè
è çàäàííîå çíà÷åíèå íà áîêîâîé ãðà-
íèöå êàíàëà.

Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå
âåëè÷èíû ñêîðîñòè ãàçà â ìîìåíò
âðåìåíè t = 0 :03 ñ ïîêàçàíî íà
ðèñ. 3. Íàèáîëüøàÿ âåëè÷èíà ñêîðî-
ñòè äîñòèãàåòñÿ ïîñëå ñëèÿíèÿ ïîòî-
êà ãàçîâçâåñè, èìåþùåãî ïðîäîëüíîå

íàïðàâëåíèå, è ãàçîêàïåëüíîãî ïîòîêà, íàïðàâëåííîãî ïîïåðå÷íî îñè. Íà âûõîäå êàíàëà
ôîðìèðóåòñÿ ïàðàáîëè÷åñêîå ðàñïðåäåëåíèå ñêîðîñòè, õàðàêòåðíîå äëÿ ëàìèíàðíîãî ðå-
æèìà òå÷åíèÿ.
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Ä. À. Òóêìàêîâ. ×èñëåííîå èññëåäîâàíèå êîàãóëÿöèè äèñïåðñíûõ âêëþ÷åíèé

Ðèñ. 3. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå ìîäóëÿ ñêîðî-
ñòè íåñóùåé ñðåäû, ìîìåíò âðåìåíè t = 0 :03 c

Fig. 3. Spatial distribution of the velocity modulus of the
carrier medium, time point t = 0 :03 sec

Íà ðèñ. 4 ïðåäñòàâëåíû ëèíèè
òîêà ôàç ãàçîâçâåñè: íåñóùåé ñðå-
äû (ðèñ. 4, à), ïûëåâîé ôðàêöèè
(ðèñ. 4, á) è ôðàêöèè íàèáîëåå êðóï-
íûõ êàïåëü ñ íà÷àëüíûì äèàìåò-
ðîì d5 = 40 ìêì (ðèñ. 4, â). Ñîïî-
ñòàâëåíèå êîíôèãóðàöèè ïîòîêà ãà-
çîâçâåñè, ñîñòîÿùåé èç òâåðäûõ ÷à-
ñòèö (ñì. ðèñ. 4, á), è îáëàñòè òå-
÷åíèÿ êàïåëüíîé ôðàêöèè ïîçâîëÿ-
åò îïðåäåëèòü ðàñïîëîæåíèå îáëà-
ñòè ïåðåìåøèâàíèÿ, ãäå ïðîèñõîäèò
èíòåíñèâíàÿ êîàãóëÿöèÿ ýòèõ ôðàê-
öèé.

Ñ òå÷åíèåì âðåìåíè â ïîòîêå
âñëåäñòâèå êîàãóëÿöèè ñ êàïåëüíû-
ìè ôðàêöèÿìè óìåíüøàåòñÿ ñðåä-
íÿÿ ïëîòíîñòü ìåëêîäèñïåðñíîé ãà-
çîâçâåñè.

à / a

â / c

á / â

Ðèñ. 4. Ëèíèè òîêà: à � íåñóùàÿ ñðåäà; á �
ïûëåâàÿ ôðàêöèÿ d1 = 2 ìêì; â � êàïåëüíàÿ

ôðàêöèÿ d5 = 40 ìêì
Fig. 4. Streamlines:a is the carrier medium; b
is the dust fraction d1 = 2 �m ; c is the droplet

fraction d5 = 40 �m

Íà ðèñ. 5 ïðèâåäåíû ðàñïðåäåëåíèÿ ñðåäíåé ïëîòíîñòè ãàçîâçâåñè âäîëü îñè è â ïîïå-
ðå÷íîì ñå÷åíèè êàíàëà â ðàçëè÷íûå ìîìåíòû âðåìåíè.

à / a á / â
Ðèñ. 5. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå â ðàçëè÷íûå ìîìåíòû âðåìåíè t ñðåäíåé
ïëîòíîñòè ïûëåâîé ôðàêöèè: à � âäîëü ïðîäîëüíîé îñè x, y = h=2; á � âäîëü
ïîïåðå÷íîé îñè y, x = L ; 1 � t = 0 ìñ; 2 � t = 30 ìñ; 3 � t = 60 ìñ; 4 � t = 90 ìñ

(öâåò îíëàéí)
Fig. 5. Spatial distribution at di�erent moments of time t of the average density of
the dust fraction: a is along the longitudinal axis x, y = h=2; b is along the transverse
axis y, x = L ; 1 is for t = 0 ms; 2 is for t = 30 ms; 3 is for t = 60 ms; 4 is for t = 90 ms

(color online)
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Îáëàñòü, â êîòîðîé ýòîò ïðîöåññ ïðîòåêàåò íàèáîëåå áûñòðî, ëåæèò âáëèçè ïðàâîé ãðà-
íèöû çîíû áîêîâîãî âäóâà (ðèñ. 5, à). Ìîæíî îòìåòèòü, ÷òî ñêîðîñòü óìåíüøåíèÿ ñðåäíåé
ïëîòíîñòè ãàçîâçâåñè âáëèçè îñè êàíàëà ïðè 0:03 < t < 0:09 c ñîñòàâëÿåò 0.26 êã/ì3ñ âáëèçè
âûõîäíîãî ñå÷åíèÿ è 0.56 êã/ì 3ñ âáëèçè ïðàâîé ãðàíèöû çîíû áîêîâîãî âäóâà.

Íà ðèñ. 5, á ïðåäñòàâëåíî ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå ñðåäíåé ïëîòíîñòè ïûëå-
âîé ôðàêöèè â ïîïåðå÷íîì ñå÷åíèè êàíàëà ïðè x = L â ðàçëè÷íûå ìîìåíòû âðåìåíè.
Íà ðàññìàòðèâàåìîì âðåìåííîì èíòåðâàëå ñêîðîñòü óìåíüøåíèÿ ñðåäíåé ïëîòíîñòè ãàçî-
âçâåñè âñëåäñòâèå êîàãóëÿöèè ïîñòîÿííà, äîñòèãàåòñÿ â ïðèîñåâîé îáëàñòè è ñîñòàâëÿåò
0.26 êã/ì 3ñ. Â âûõîäíîì ñå÷åíèè êàíàëà ñîõðàíÿåòñÿ àñèììåòðèÿ ïîïåðå÷íîãî ðàñïðåäåëå-
íèÿ ñðåäíåé ïëîòíîñòè, ñâÿçàííàÿ ñ íåñèììåòðèåé óñëîâèÿ âäóâà êàïåëüíûõ ôðàêöèé.

Ðèñ. 6. Ïîïåðå÷íîå ðàñïðåäåëå-
íèå ìîäóëÿ ðàçíîñòè ñêîðîñòåé
ïûëåâîé è êàïåëüíûõ ôðàêöèé
x = L=4: 1 � d2 = 4 ìêì;
2 � d3 = 8 ìêì; 3 � d4 = 20 ìêì;

4 � d5 = 40 ìêì (öâåò îíëàéí)
Fig. 6. Transverse distribution of
the modulus of the di�erence
in velocities of dust and droplet
fractions x = L=4: 1 is for
d2 = 4 � m; 2 is for d3 = 8 � m; 3 is
for d4 = 20 � m; 4 is for d5 = 40 � m

(color online)

Íà ðèñ. 6 ïðåäñòàâëåíî ðàñïðåäåëåíèå âåëè÷èíû
ñêîðîñòíîãî ñêîëüæåíèÿ ìåëêîäèñïåðñíîé ôðàêöèè ÷à-
ñòèö îòíîñèòåëüíî êàïåëüíûõ ôðàêöèé. Âåëè÷èíà ðàç-
íîñòè ñêîðîñòåé êîàãóëèðóþùèõ ôðàêöèé îêàçûâàåò
âëèÿíèå íà èíòåíñèâíîñòü ïðîöåññà êîàãóëÿöèè [ 24,25]
è çàâèñèò îò ðàçìåðà êàïåëü (ðèñ. 6). Íàèáîëüøåå ñêî-
ðîñòíîå ñêîëüæåíèå îòíîñèòåëüíî ãàçîâçâåñè � ó ñàìîé
êðóïíîé ôðàêöèè. Õàðàêòåð àñèììåòðèè ñêîëüæåíèÿ
ñîîòâåòñòâóåò õàðàêòåðó ðàñïðåäåëåíèÿ ñðåäíåé ïëîò-
íîñòè ïûëåâîé ôðàêöèè â ïîïåðå÷íîì ê îñè êàíàëà íà-
ïðàâëåíèè: â îáëàñòè ñ áîëüøåé âåëè÷èíîé ñêîëüæåíèÿ
(ðèñ. 6) áûñòðåå ñíèæàåòñÿ ñðåäíÿÿ ïëîòíîñòü ïûëåâîé
ôðàêöèè (ðèñ. 5, á).

Íà ðèñ. 7, à� â ïðèâåäåíû ïðîäîëüíûå ðàñïðåäåëå-
íèÿ ñðåäíèõ ïëîòíîñòåé êàïåëüíûõ ôðàêöèé íà îñè êà-
íàëà â ðàçëè÷íûå ìîìåíòû âðåìåíè. Â îáëàñòè áîêî-
âîãî âäóâà îòíîñèòåëüíîå ñêîðîñòíîå ñêîëüæåíèå êà-
ïåëüíûõ ôðàêöèé äîñòèãàåò íàèáîëüøèõ çíà÷åíèé, ÷òî
ïðèâîäèò ê íàèáîëüøåé ñêîðîñòè êîàãóëÿöèè è èçìåíå-
íèþ ñðåäíåé ïëîòíîñòè ôðàêöèé. Ê ìîìåíòó âðåìåíè
t = 0 :03 ñ (ðèñ.7, à) íàèáîëüøàÿ ñðåäíÿÿ ïëîòíîñòü � ó
ôðàêöèè d4. Îíà äîñòèãàåòñÿ çà ñ÷åò ïîãëîùåíèÿ ýòîé
ôðàêöèåé ãàçîâçâåñè è ìåíüøèõ êàïåëüíûõ ôðàêöèé,

êîòîðûå ÿâëÿþòñÿ äëÿ íåå äîíîðàìè. Ê ìîìåíòó âðåìåíè t = 0 :06 ñ ñòàíîâèòñÿ ñóùåñòâåí-
íîé ðîëü ôðàêöèè d4 êàê äîíîðñêîé ôðàêöèè äëÿ d5 � íà ðèñ. 7, á íàèáîëüøèå ñðåäíèå
ïëîòíîñòè ôðàêöèé d4 è d5 ñòàíîâÿòñÿ áëèçêè. Ê ìîìåíòó âðåìåíè t = 0 :09ñ âáëèçè îáëàñòè
âäóâà� 5 > � 4.

Íà ðèñ. 8 ïîêàçàíî èçìåíåíèå ñðåäíèõ ïëîòíîñòåé ôðàêöèé â òî÷êå x = L=4, y = h=2 âî
âðåìåíè. Ñðåäíÿÿ ïëîòíîñòü ãàçîâçâåñè ñ òå÷åíèåì âðåìåíè ñíèæàåòñÿ çà ñ÷åò ïîãëîùåíèÿ
åå êàïåëüíûìè ôðàêöèÿìè. Ïðè îäèíàêîâîì íà÷àëüíîì îáúåìíîì ñîäåðæàíèè êîëè÷åñòâî
÷àñòèö îïðåäåëÿåòñÿ èõ ðàçìåðîì. Òàê êàê äèñïåðñíûõ âêëþ÷åíèé 4-é ôðàêöèè áîëüøå,
÷åì äèñïåðñíûõ âêëþ÷åíèé 5-é ôðàêöèè, òî ÷àñòèöû 4-é ôðàêöèè ÷àùå ñòàëêèâàþòñÿ ñ
áîëåå ìåëêèìè ÷àñòèöàìè è, ñîîòâåòñòâåííî, ïîãëîùàþò áîëüøåå êîëè÷åñòâî ìàòåðèàëà
ôðàêöèé ñ ìåíüøèì ðàçìåðîì ÷àñòèö. Íî òàê êàê ÷àñòèöû 5-é ôðàêöèè ïîãëîùàþò âñå
÷àñòèöû, âêëþ÷àÿ ÷àñòèöû 4-é ôðàêöèè, ïîñëå òîãî êàê èñ÷åðïûâàþòñÿ äîíîðñêèå ÷àñòèöû
ìåíåå êðóïíûõ ôðàêöèé, òî â ïîñëåäóþùèå ìîìåíòû âðåìåíè îáúåìíîå ñîäåðæàíèå ñàìîé
êðóïíîé ôðàêöèè äèñïåðñíîé ôàçû ñòàíîâèòñÿ íàèáîëüøèì.

Ïðè ýòîì íà âðåìåííîì èíòåðâàëå 0:02 < t < 0:14c óìåíüøåíèþ ñðåäíåé ïëîòíîñòè ãà-
çîâçâåñè íà 0.06 êã/ì 3 ñîîòâåòñòâóåò ñóììàðíîå óâåëè÷åíèå ñðåäíåé ïëîòíîñòè êàïåëüíûõ
ôðàêöèé òàêæå íà 0.06 êã/ì 3, ÷òî ãîâîðèò î ñîõðàíåíèè áàëàíñà ìàññû ìåëêîäèñïåðñíîé
ôðàêöèè, ïåðåõîäÿùåé îò ãàçîâçâåñè ê êàïåëüíûì ôðàêöèÿì, ïîãëîùàþùèì òâåðäûå ÷à-
ñòèöû ãàçîâçâåñè â ïðîöåññå êîàãóëÿöèè.
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à / a

â / c

á / â

Ðèñ. 7. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå ñðåä-
íèõ ïëîòíîñòåé êàïåëüíûõ ôðàêöèé âäîëü
ïðîäîëüíîé êîîðäèíàòû x, y = h=2 â ìîìåíò
âðåìåíè t: à � t = 0 :03 ñ; á � t = 0 :06 ñ; â �
t = 0 :09 ñ; 1 � d2 = 4 ìêì; 2 � d3 = 8 ìêì; 3 �

d4 = 20 ìêì; 4 � d5 = 40 ìêì (öâåò îíëàéí)
Fig. 7. Spatial distribution of average densities
of droplet fractions along the longitudinal
coordinate x, y = h=2 at time moment t: a is
for t = 0 :03 sec; b is for t = 0 :06 sec; c is
for t = 0 :09 sec; 1 is for d2 = 4 � m; 2 is
for d3 = 8 � m; 3 is for d4 = 20 � m; 4 is for

d5 = 40 � m (color online)

à / a á / b
Ðèñ. 8. Âðåìåííàÿ çàâèñèìîñòü â òî÷êå x = L=4, y = h=2: à � ñðåäíèõ ïëîòíî-
ñòåé ôðàêöèé äèñïåðñíîé ôàçû; á � îáúåìíûõ ñîäåðæàíèé êàïåëüíûõ ôðàêöèé

d4 = 20 ìêì, d5 = 40 ìêì (öâåò îíëàéí)
Fig. 8. Time dependence at pointx = L=4, y = h=2: a is for the time dependence of
the average densities of dispersed phase fractions;b is for the time dependence of the

volumetric contents of droplet fractions d4 = 20 �m , d5 = 40 �m (color online)

Íà ðèñ. 8, á ïîêàçàíà ýâîëþöèÿ îáúåìíûõ ñîäåðæàíèé ôðàêöèé d4 è d5. Ê ìîìåíòó
âðåìåíè t � 0:08 c ñðåäíÿÿ ïëîòíîñòü ôðàêöèè êàïåëü d5 íà÷èíàåò ðàñòè áûñòðåå, ÷åì
ñðåäíÿÿ ïëîòíîñòü ôðàêöèè d4, ÷òî ãîâîðèò î âîçðàñòàíèè ðîëè ôðàêöèè d4 êàê äîíîðà
äëÿ d5.

Ðàññìîòðåííûé ðåæèì òå÷åíèÿ ìîæíî îõàðàêòåðèçîâàòü ðÿäîì êðèòåðèåâ. Îöåíêà íàè-
áîëüøåãî îòíîñèòåëüíîãî ÷èñëà Ðåéíîëüäñà äëÿ ñàìîé êðóïíîé ôðàêöèè â áëèçêîì ê ñòà-
öèîíàðíîìó ðåæèìå òå÷åíèÿ âáëèçè îñè êàíàëà Re5 = d5� jV � V5j=� � 0:55, ÷òî ãîâîðèò î
ìàëîì îòíîñèòåëüíîì ñêîëüæåíèè ôàç; ÷èñëî Ñòîêñà Stk5 = � jV jd5=�L � 0:025 äëÿ ôðàê-
öèè ñàìûõ êðóïíûõ ÷àñòèö ñâèäåòåëüñòâóåò î ïðåîáëàäàþùåì âëèÿíèè ñèë âÿçêîñòè ïî
ñðàâíåíèþ ñ èíåðöèîííîé ñèëîé, à ÷èñëî Êíóäñåíà õàðàêòåðíî äëÿ êîíòèíóàëüíîãî ðåæè-
ìà òå÷åíèÿ Kn = M

p
0:5 � 
�=Re � 0:00002. Ìàêñèìàëüíîå çíà÷åíèå ÷èñëà Âåáåðà íàèáî-
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ëåå êðóïíîé êàïåëüíîé ôðàêöèè ñîñòàâëÿåò W e5 � 26, ÷òî áîëüøå êðèòè÷åñêîãî çíà÷åíèÿ
÷èñëà ÂåáåðàW ecr � 10, ïðè ýòîì äëÿ êàïåëüíîé ôðàêöèè ñ äèàìåòðîì äèñïåðñíûõ âêëþ-
÷åíèé d4 = 20 ìêì ÷èñëî Âåáåðà ñîñòàâëÿåò W e4 � 3.25; òàêèì îáðàçîì, äëÿ ïðàêòè÷åñêîãî
ïðèìåíåíèÿ öåëåñîîáðàçíî îãðàíè÷èâàòüñÿ êàïåëüíûìè ôðàêöèÿìè ñ äèàìåòðîì êàïåëü äî
d = 20 ìêì.

Çàêëþ÷åíèå

Â ðàáîòå ÷èñëåííî ìîäåëèðîâàëîñü òå÷åíèå ìîíîäèñïåðñíîé ãàçîâçâåñè, â êîòîðóþ îñó-
ùåñòâëÿëñÿ âäóâ ïîëèäèñïåðñíîé ãàçîêàïåëüíîé ñìåñè ñ ó÷åòîì êîàãóëÿöèè ôðàêöèé ñ îò-
íîñèòåëüíûì ñêîðîñòíûì ñêîëüæåíèåì. Èññëåäîâàí ïðîöåññ ïîãëîùåíèÿ ìåëêîäèñïåðñíîé
ôðàêöèè òâåðäûõ ÷àñòèö êàïåëüíûìè ôðàêöèÿìè. Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îöå-
íèòü ñêîðîñòü ïîãëîùåíèÿ ïûëåâîé ôðàêöèè â êàíàëå ïðè çàäàííûõ ðàñõîäàõ ãàçîâçâåñè è
ãàçîêàïåëüíîé ñìåñè.

Ðàñ÷åòû ïîêàçûâàþò, ÷òî ñðåäíÿÿ ïëîòíîñòü êàïåëüíûõ ôðàêöèé äèñïåðñíîé ôàçû áî-
ëåå èíòåíñèâíî óâåëè÷èâàåòñÿ ó ôðàêöèé ñ áîëüøèì ðàçìåðîì äèñïåðñíûõ âêëþ÷åíèé, òàê
êàê ÷àñòèöû ýòèõ ôðàêöèé ïîãëîùàþò, ïîìèìî ïûëåâûõ ÷àñòèö, åùå è ÷àñòèöû ìåíåå êðóï-
íûõ êàïåëüíûõ ôðàêöèé.

Äëÿ âûáðàííîé äèñïåðñíîñòè êàïåëüíûõ ôðàêöèé ìàêñèìàëüíîå çíà÷åíèå ÷èñëà Âåáåðà
äîñòèãàåòñÿ äëÿ íàèáîëåå êðóïíîé êàïåëüíîé ôðàêöèè è ñîñòàâëÿåò W e5 � 26, ÷òî áîëüøå
êðèòè÷åñêîãî çíà÷åíèÿ ÷èñëà ÂåáåðàW ecr � 10. Ýòî îçíà÷àåò, ÷òî íàèáîëåå êðóïíàÿ ôðàê-
öèÿ â àíñàìáëå â ïðîöåññå äâèæåíèÿ áóäåò äðîáèòüñÿ íà ìåíüøèå ôðàãìåíòû. Ïðè ýòîì äëÿ
ñëåäóþùåé ìåíüøåé ïî ðàçìåðó êàïåëüíîé ôðàêöèè ñ äèàìåòðîì äèñïåðñíûõ âêëþ÷åíèé
d4 = 20 ìêì ÷èñëî Âåáåðà ñîñòàâëÿåò W e4 � 3:25, ÷òî ãîâîðèò î åå óñòîé÷èâîñòè â ïîòîêå.

Òàêèì îáðàçîì, äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ ìåõàíèçìà êîàãóëÿöèè â ðàññìîòðåííîì
ðåæèìå òå÷åíèÿ öåëåñîîáðàçíî îãðàíè÷èòü ðàñïðåäåëåíèå ÷àñòèö ïî ðàçìåðàì äèàìåòðîì
êàïåëü d4 = 20 ìêì. Â ýòîì ñëó÷àå ìåõàíèçì êîàãóëÿöèè ïðåîáëàäàåò íàä ìåõàíèçìîì
äðîáëåíèÿ è â ïîòîêå íå îáðàçóþòñÿ òðóäíîîòäåëèìûå îò íåñóùåé ñðåäû ìåëêèå ôðàêöèè
êàïåëü.
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äåëåíèÿ, 2-àäè÷åñêèé øàð, ìåòðèêà Ãðîìîâà � Õàóñäîðôà
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Ââåäåíèå

Ìîòèâàöèåé äëÿ äàííîãî èññëåäîâàíèÿ ïîñëóæèë ìåòîä àíàëèçà ýëåêòðîýíöåôàëîãðàìì
(ÝÝÃ), ïðåäâàðèòåëüíî ðàçäåëåííûõ íà êëàññû ïî âûíåñåííîìó âðà÷åáíîìó âåðäèêòó, íà
îñíîâå âåëè÷èíû p-àäè÷åñêîãî êâàíòîâîãî ïîòåíöèàëà [ 1,2]. Ìåäèöèíñêîå èññëåäîâàíèå ñî-
îòâåòñòâîâàëî ïðàâèëàì è ïîëîæåíèÿì Õåëüñèíêñêîé äåêëàðàöèè è áûëî îäîáðåíî Èíñòè-
òóöèîíàëüíûì íàáëþäàòåëüíûì ñîâåòîì (IRB) Ìåäèöèíñêîãî öåíòðà Ðàáèíà (Rabin Medical
Center, Petach Tikva, Israel (0275-20-RMC)). Âñå äàííûå ïàöèåíòîâ áûëè ïîëíîñòüþ àíîíè-
ìèçèðîâàíû ïåðåä ðàññìîòðåíèåì. Äàííûå ÝÝÃ áûëè ïðåäîñòàâëåíû Î. Øîðîì ñ ñîãëàñèÿ
Ìåäèöèíñêîãî öåíòðà Ðàáèíà.

Â èññëåäîâàíèè èñïîëüçóþòñÿ çàïèñè ÝÝÃ è ÷àñòîòà èõ äèñêðåòèçàöèè â âèäå äâó-
ìåðíîãî ìàññèâà, â êîòîðîì ïðåäñòàâëåíû åäèíè÷íûå ñ÷èòûâàíèÿ ñèãíàëà è 19 çíà÷åíèé
ýëåêòðè÷åñêèõ ïîòåíöèàëîâ ýëåêòðîäîâ â ìÂ. Âñåãî çàïèñåé ÝÝÃ 235: alz (43 ïàöèåíòà;
áîëåçíü àëüöãåéìåðà), dep (28 ïàöèåíòîâ; äåïðåññèÿ), mci (27 ïàöèåíòîâ; óìåðåííîå êîãíè-
òèâíîå ðàññòðîéñòâî), schiz (41 ïàöèåíò; øèçîôðåíèÿ), controls (96 ïàöèåíòîâ; êîíòðîëüíàÿ
ãðóïïà).
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Äàííîå èññëåäîâàíèå � ýòî ïðîäîëæåíèå ðàáîò [ 3, 4] ïî êëàññèôèêàöèè ìåíòàëüíûõ
êëàññîâ íà îñíîâå àíàëèçà äåíäðîãðàìì, ïîñòðîåííûõ ïî íàáîðó âðåìåííûõ ðÿäîâ ÝÝÃ
ãîëîâíîãî ìîçãà. Íàïîìíèì, ÷òî äåíäðîãðàììû ñóòü ïëîñêèå äâîè÷íûå äåðåâüÿ ñ 2s + 1
âåðøèíàìè (èëè ñ s + 1 êîíöåâûìè âåðøèíàìè). Ïîñêîëüêó ëþáàÿ äåíäðîãðàììà ÿâëÿåò-
ñÿ ìàêñèìàëüíûì ïðåôèêñíûì êîäîì, òî äëÿ êàæäîé âåòâè ëþáîé äåíäðîãðàììû ìîæíî
îöåíèòü ìàòåìàòè÷åñêîå îæèäàíèå äëèíû êîäîâîé ïîñëåäîâàòåëüíîñòè, äèñïåðñèþ è ýí-
òðîïèþ. Â [ 3] áûëà âûÿâëåíà ñëåäóþùàÿ îñîáåííîñòü: ñðåäíèå çíà÷åíèÿ ìàòåìàòè÷åñêîãî
îæèäàíèÿ, ýíòðîïèè è äèñïåðñèè äëÿ ãðóïïû äåíäðîãðàìì ïàöèåíòîâ îäíîãî ìåíòàëüíîãî
êëàññà ÿâëÿþòñÿ óíèêàëüíûìè. Â [ 4] áûëî îáíàðóæåíî ñëåäóþùåå ñâîéñòâî: ïðè ñîïîñòàâëå-
íèè ïàöèåíòó òî÷êè íà ïëîñêîñòè, ãäå òî÷êà ñîîòâåòñòâóåò äëèíàì äâóõ âûáðàííûõ âåòâåé
åãî äåíäðîãðàììû, äëÿ íåêîòîðûõ êëàññîâ áûëî îáíàðóæåíî âûñòðàèâàíèå òî÷åê â ïàðàë-
ëåëüíûå ëèíåéíûå ñòðóêòóðû, íàçûâàåìûå ýïñèëîí-öèëèíäðàìè. Íà îñíîâàíèè íàéäåííîãî
ñâîéñòâà áûë ðàçðàáîòàí àëãîðèòì äëÿ èõ âûÿâëåíèÿ è êëàññèôèêàöèè ïî óãëàì ïîâîðîòà
îòíîñèòåëüíî îñåé êîîðäèíàò è ëèíèè ñðàâíåíèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà-
÷à ðàñïðåäåëåíèÿ ïàöèåíòîâ ïî ðàçëè÷íûì êëàññàì íà îñíîâå àíàëèçà ïðåôèêñíûõ êîäîâ,
ïîëó÷åííûõ ïîñðåäñòâîì îáðàáîòêè ÝÝÃ ÷åðåç èõ ïðåîáðàçîâàíèÿ ê âèäó äåíäðîãðàìì ñ
èñïîëüçîâàíèåì ðàçëè÷íûõ ìåòðèê.

1. Ïîñòðîåíèå äåíäðîãðàìì

Â äàííîì èññëåäîâàíèè èçâëå÷åíèå äàííûõ ÝÝÃ ïðîèçâîäèòñÿ íåïîñðåäñòâåííî èç àíà-
ëèçèðóåìûõ ôàéëîâ ñ äàííûìè ôîðìàòà HDF5. Ê çàïèñè ÝÝÃ ïðèìåíÿþòñÿ äâà ôèëü-
òðà. Ïåðâûé � ðåæåêòîðíûé ôèëüòð ñ áåñêîíå÷íîé èìïóëüñíîé õàðàêòåðèñòèêîé, èñïîëü-
çóåìûé äëÿ èñêëþ÷åíèÿ ïîìåõ ÷àñòîòîé 50 Ãö, âûçâàííûõ êîëåáàíèÿìè â ýëåêòðè÷åñêîé
ñåòè. Âòîðîé � ôèëüòð âûñîêèõ ÷àñòîò Áàòòåðâîðòà äëÿ èñêëþ÷åíèÿ ÷àñòîò íèæå 1 Ãö.
Óñòàíàâëèâàåòñÿ âðåìåííîå îêíî â 1 ñ. Ïåðåìåííàÿ âðåìåíè t 2 [1; n=W], ãäå
n = b÷èñëî åäèíè÷íûõ ñ÷èòûâàíèé ñèãíàëà

÷àñòîòà äèñêðåòèçàöèè c, à W � ðàçìåð âðåìåííîãî îêíà. Åäèíè÷íîå ñ÷èòû-
âàíèå � ýòî âåêòîð èç 19 çíà÷åíèé, ïî îäíîìó íà ýëåêòðîä. Ïðîèçâîäèòñÿ íîðìàëèçàöèÿ
çíà÷åíèé ýëåêòðè÷åñêèõ ïîòåíöèàëîâ âíóòðè êàæäîãî îêíà. Äëÿ ðàñ÷åòà ïðèìåíÿåòñÿ ñëå-
äóþùàÿ ôîðìóëà: êpelec;t = jepelec;t j

max jepelec;t j , ãäåêpelec;t 2 [0; 1] � íîðìàëèçîâàííàÿ âî âðåìåííîì
îêíå çàïèñü ÝÝÃ äëÿ ñîîòâåòñòâóþùåãî ýëåêòðîäà, jepelec;t j � àáñîëþòíûå çíà÷åíèÿ çàïè-
ñè ÝÝÃ âî âðåìåííîì îêíå. Ïðîèçâîäèòñÿ ñâ¼ðòêà ÝÝÃ äàííûõ âî âðåìåííîì îêíå. Êàæ-
äóþ ñåêóíäó çàïèñè ñâîðà÷èâàåì ñ øàãîì â 5 åäèíè÷íûõ ñ÷èòûâàíèé ñèãíàëà, ïîëó÷àåì
íîâûé íàáîð äàííûõ helec;t. Â äàííîì èññëåäîâàíèè ñâ¼ðòêà ïðîèçâîäèòñÿ íåçàâèñèìî îò
÷àñòîòû äèñêðåòèçàöèè, à â êà÷åñòâå îïåðàöèè ñâ¼ðòêè èñïîëüçóåòñÿ âû÷èñëåíèå ñðåäíåãî
çíà÷åíèÿ. Çàòåì âû÷èñëÿåì ðàññòîÿíèå Õåëëèíãåðà ïîïàðíî äëÿ âåêòîðîâ ýëåêòðîäîâ ïî

ôîðìóëå H (x; y) = 1p
2

� q P k
i =1 (

p
x i �

p
yi )2

�
, ãäåk � ÷èñëî åäèíè÷íûõ ñ÷èòûâàíèé çàïèñè

ÝÝÃ, x = helec;t � âðåìåííîé ðÿä ýëåêòðîäà elec, t � âðåìÿ â ñåêóíäàõ, y = h0
elec;t � âðåìåí-

íîé ðÿä äëÿ èíîãî ýëåêòðîäà. Äåíäðîãðàììà ñòðîèòñÿ ïîñðåäñòâîì àëãîðèòìà ¾áëèæàéøàÿ
ñîñåäíÿÿ öåïü¿. Äëÿ âû÷èñëåíèÿ ðàññòîÿíèé ìåæäó êëàñòåðàìè èñïîëüçóåòñÿ ôîðìóëà ïîë-
íîé ñâÿçè � maxf d(I; K ); d(J; K )g, ãäåI è J � îáúåäèíÿåìûå êëàñòåðû, K � ëþáîé äðóãîé,
à d � ðåôëåêñèâíîå è ñèììåòðè÷íîå îòíîøåíèå (ðàññòîÿíèå ìåæäó êëàñòåðàìè). Êàæäî-
ìó ýëåêòðîäó ñîïîñòàâëÿåòñÿ áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü èç íóëåé è åäèíèö � öåëîå
2-àäè÷åñêîå ÷èñëî, íà îñíîâàíèè áèíàðíîãî êîäèðîâàíèÿ âåòâåé äåíäðîãðàììû, ïðè÷åì ïðå-
ôèêñ òàêîé ïîñëåäîâàòåëüíîñòè àññîöèèðîâàí ñ êîíå÷íîé âåòâüþ äåíäðîãðàììû. Äâîè÷íûå
êîäû âåòâåé äåíäðîãðàììû îáðàçóþò ìàêñèìàëüíûé ïðåôèêñíûé êîä.

2. Ìåòðè÷åñêèå ïðîñòðàíñòâà äåíäðîãðàìì

2.1. Óëüòðàìåòðèêà

Â ñèëó òîãî, ÷òî äåíäðîãðàììû ÿâëÿþòñÿ ìàêñèìàëüíûìè ïðåôèêñíûìè êîäàìè, îíè
ìîãóò áûòü ðàññìîòðåíû êàê ôóíêöèè íà îáðàòíîì ñïåêòðå êîëåö âû÷åòîâ ïî ìîäóëþ 2k ,
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ò.å. íà ìíîæåñòâå âñåõ äåíäðîãðàìì ìîæíî çàäàòü íåàðõèìåäîâó ìåòðèêó (óëüòðàìåòðè-
êó) � , êîòîðàÿ èíäóöèðîâàíà 2-àäè÷åñêîé sup-íîðìîé. Èíûìè ñëîâàìè, ðàññòîÿíèå � ìåæ-
äó äâóìÿ äåíäðîãðàììàìè a è b ðàâíî 2� k , ãäå k � ìàêñèìàëüíîå íàòóðàëüíîå òàêîå, ÷òî
äåíäðîãðàììû a è b ïî ìîäóëþ 2k ñîâïàäàþò. Áîëåå òîãî, ëþáàÿ äåíäðîãðàììà çàäàåò
óïîðÿäî÷åííîå ðàçáèåíèå ïðîñòðàíñòâà Z2 öåëûõ 2-àäè÷åñêèõ ÷èñåë íà íåïåðåñåêàþùèåñÿ
øàðû, îáúåäèíåíèå êîòîðûõ è îáðàçóþò äåíäðîãðàììó. Øàð åñòü ñìåæíûé êëàññ ïî èäåà-
ëó, ïîðîæäåííîìó ñòåïåíüþ äâîéêè, â êîëüöå âû÷åòîâ ïî ìîäóëþ 2k . Êàæäûé øàð ðàäèóñà
2� ` ; ` 2 N îäíîçíà÷íî îïðåäåëÿåòñÿ ñëîâîì äëèíû `, ñëåäîâàòåëüíî, âåòâüþ äëèíû `, èñõî-
äÿùåé èç êîðíÿ äåíäðîãðàììû. Ñðåäíèå çíà÷åíèÿ óëüòðàìåòðèê äëÿ èññëåäóåìûõ êëàññîâ
äåíäðîãðàìì ïðåäñòàâëåíû â òàáë. 1.

Òàáëèöà 1 / Table 1

Ñðåäíèå çíà÷åíèÿ � / Average values of �

� alz controls dep mci schiz

alz 0.23438 0.19375 0.19375 0.23438 0.23438

controls � 0.16406 0.19375 0.19375 0.19375

dep � � 0.23438 0.23438 0.23438

mci � � � 0.23438 0.23438

schiz � � � � 0.23438

C ïîìîùüþ óëüòðàìåòðèêè � ìû ñðàâíèâàåì äåíäðîãðàììû òîïîëîãè÷åñêè. Êàê âèäíî
èç äàííûõ, ïðèâåäåííûõ â òàáëèöå, äëÿ � , ÷èñëî âîçìîæíûõ ðàçëè÷íûõ çíà÷åíèé íåâåëèêî,
ïîýòîìó ñòðóêòóðà èññëåäóåìûõ êëàññîâ äåíäðîãðàìì ñëàáî ðàçëè÷èìà: òðóäíî ñêàçàòü
÷òî-ëèáî î ïðèíàäëåæíîñòè ÝÝÃ êîíêðåòíîìó êëàññó ââèäó áîëüøîãî ÷èñëà ñîâïàäåíèé,
íî ðàçëè÷èÿ âñòðå÷àþòñÿ, çíà÷èò, ìîæíî ïðåäïîëîæèòü, ÷òî ïðè èçìåíåíèè ïàðàìåòðîâ
ïðåäîáðàáîòêè èñõîäíûõ äàííûõ ÝÝÃ óëüòðàìåòðèêà ìîæåò ñòàòü âûðàçèòåëüíåå.

2.2. Ìåòðèêà

Äåíäðîãðàììà åñòü ðàñïðåäåëåíèå íà ïðîñòðàíñòâå Z2 öåëûõ 2-àäè÷åñêèõ ÷èñåë, ñëåäî-
âàòåëüíî, äåíäðîãðàììà ïðåäñòàâëÿåò ðàçáèåíèå ñ òî÷íîñòüþ äî ìíîæåñòâà íóëåâîé ìåðû
Õààðà íà øàðû íåíóëåâûõ ðàäèóñîâ. Ðàñïðåäåëåíèå ýòî äèñêðåòíî, õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ êîòîðîãî èìååò âèä

� (C) =
X

w2 C

2� �( w)eiN (w) ; (1)

ãäå C � ïðåôèêñíûé êîä, �( w) � äëèíà ñëîâ w, N (w) � íîìåð øàðà, êîòîðûé çàäàåòñÿ
ñëîâîì w.

Îòìåòèì, ÷òî
P

w2 C 2� �( w) = 1 , ïîñêîëüêó äåíäðîãðàììà � ìàêñèìàëüíûé ïðåôèêñ-
íûé êîä. Âñå õàðàêòåðèñòè÷åñêèå ôóíêöèè ðàñïðåäåëåíèé (1) åñòü ýëåìåíòû ãèëüáåðòî-
âà ïðîñòðàíñòâà `2 ïîñëåäîâàòåëüíîñòåé x íàä ïîëåì C êîìïëåêñíûõ ÷èñåë, ñóììèðóåìûõ
âìåñòå ñî ñâîèìè êâàäðàòàìè. Íà ïðîñòðàíñòâå `2 íîðìà jjxjj çàäàåòñÿ òàê:jjxjj =

p
x �x,

ãäåx =
P

w2 C 2� �( w)eiN (w) , �x =
P

w2 C 2� �( w)e� iN (w) . Â ñëó÷àå ìàêñèìàëüíûõ ïðåôèêñíûõ
êîäîâ

x �x =
X

w2 C

2� 2�( w) ; (2)

è ðÿä (2) ñõîäèòñÿ, ïîñêîëüêó âåëè÷èíû 2� �( w) � âåðîÿòíîñòè, èõ ñóììà ðàâíà åäèíèöå. Òà-
êèì îáðàçîì, íîðìà çàäàíà êîððåêòíî, âñå õàðàêòåðèñòè÷åñêèå ôóíêöèè ðàñïðåäåëåíèÿ ( 1)
èìåþò íîðìó íå áîëüøå 1, ðàññòîÿíèå ìåæäó íèìè åñòü íîðìà ðàçíîñòè. Áîëåå òîãî, õà-
ðàêòåðèñòè÷åñêàÿ ôóíêöèÿ (1) åñòü âîëíîâàÿ ôóíêöèÿ êâàíòîâîé ñèñòåìû ñ äèñêðåòíûì
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ñïåêòðîì (ñì. [ 5]). Äàëåå, ïðè ôèêñèðîâàííîé íóìåðàöèè âåòâåé äåíäðîãðàìì 1; 2; : : : ; m
(â èññëåäóåìûõ äåíäðîãðàììàõ ÝÝÃ m = 19) ðàññòîÿíèå � ìåæäó äåíäðîãðàììàìè a; b
îïðåäåëèì ñëåäóþùèì îáðàçîì:

� (a; b) =

vu
u
t

mX

n=1

(2� �( wa (n)) � 2� �( wb(n)) )2;

ãäå �( wa(n)) , �( wb(n)) � äëèíû âåòâåé wa(n), wb(n), èäóùèõ ê êîíöåâîé âåðøèíå ñ íîìå-
ðîì n â äåíäðîãðàììàõ a; b ñîîòâåòñòâåííî. Ñðåäíèå çíà÷åíèÿ ìåòðèê � äëÿ èññëåäóåìûõ
êëàññîâ äåíäðîãðàìì ïðåäñòàâåíû â òàáë. 2.

Òàáëèöà 2 / Table 2

Ñðåäíèå çíà÷åíèÿ � / Average values of �

� alz controls dep mci schiz

alz 0.36956 0.39052 0.35165 0.35553 0.35904

controls � 0.38591 0.35566 0.36843 0.36143

dep � � 0.31622 0.33241 0.33108

mci � � � 0.33832 0.33514

schiz � � � � 0.32982

Äëÿ ìåòðèêè � ÷åì áîëüøå çíà÷åíèå, òåì áîëüøå ðàçëè÷èå â äëèíàõ êîäîâûõ ïîñëåäîâà-
òåëüíîñòåé. Äëÿ óëüòðàìåòðèêè � ÷åì ìåíüøå çíà÷åíèå, òåì áîëüøå ñîâïàäåíèå ïðåôèêñ-
íûõ êîäîâ.

2.3. Ìåòðèêà Ãðîìîâà � Õàóñäîðôà

Äëÿ ìåòðè÷åñêîãî ïðîñòðàíñòâà X îáîçíà÷èì ÷åðåç H(X ) ñåìåéñòâî âñåõ íåïóñòûõ çàìê-
íóòûõ îãðàíè÷åííûõ ïîäìíîæåñòâ ìåòðè÷åñêîãî ïðîñòðàíñòâà X . Íà H(X ) ìîæíî çàäàòü
ìåòðèêó Õàóñäîðôà dH . Èçâåñòíî, ÷òî H(X ) êîìïàêòíî òîãäà è òîëüêî òîãäà, êîãäà X êîì-
ïàêòíî (ñì. [ 6]). Ïóñòü X è Y � ìåòðè÷åñêèå ïðîñòðàíñòâà. Òðîéêà (X 0; Y 0; Z ), ñîñòîÿùàÿ
èç ìåòðè÷åñêîãî ïðîñòðàíñòâà Z è äâóõ åãî ïîäïðîñòðàíñòâ X 0 è Y 0, èçîìåòðè÷íûõ ñî-
îòâåòñòâåííî X è Y , íàçûâàåòñÿ ðåàëèçàöèåé ïàðû (X; Y ). Ìåòðèêà Ãðîìîâà � Õàóñäîðôà
dGH (X; Y ) åñòü òî÷íàÿ íèæíÿÿ ãðàíü ÷èñåë r , äëÿ êîòîðûõ ñóùåñòâóåò òàêàÿ ðåàëèçàöèÿ
(X 0; Y 0; Z ) ïàðû (X; Y ), ÷òî dH (X 0; Y 0) 6 r . Ìíîæåñòâî M êëàññîâ èçîìåòðèè âñåõ ìåòðè-
÷åñêèõ êîìïàêòîâ, íàäåëåííîå ìåòðèêîé Ãðîìîâà � Õàóñäîðôà, îáðàçóåò ïðîñòðàíñòâî Ãðî-
ìîâà � Õàóñäîðôà.

Ìíîæåñòâî âñåõ íåïóñòûõ áèíàðíûõ îòíîøåíèé ìåæäó X è Y îáîçíà÷èì ÷åðåç P(X; Y ).
Äëÿ îòíîøåíèÿ � 2 P (X; Y ) èñêàæåíèåì íàçûâàåòñÿ ÷èñëî

dis� = supfjj x � x0j � j y � y0jj : (x; y); (x0; y0) 2 � g:

Îòíîøåíèå R � X � Y íàçûâàåòñÿ ñîîòâåòñòâèåì (ñì. [ 6]), åñëè îãðàíè÷åíèÿ íà R êàíîíè÷å-
ñêèõ ïðîåêöèé � X : (x; y) 7! x è � Y : (x; y) 7! y ñþðúåêòèâíû. Ìíîæåñòâî âñåõ ñîîòâåòñòâèé
îáîçíà÷èì R(X; Y ). Äëÿ ëþáûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ X è Y

dGH (X; Y ) =
1
2

inf f disR : R 2 R (X; Y )g:

ÑîîòâåòñòâèåR íàçûâàåòñÿ îïòèìàëüíûì, åñëè dGH (X; Y ) = 1
2disR.

Ðàññìîòðèì îïòèìàëüíîå ñîîòâåòñòâèå ìåæäó ïðîñòðàíñòâîì X = Z2 öåëûõ 2-àäè÷åñêèõ
÷èñåë c íåàðõèìåäîâîé ìåòðèêîé d2(x; y) = jx � yj2 è êàíòîðîâûì ìíîæåñòâîì Y = C ñ
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åâêëèäîâîé ìåòðèêîé d(a; b) = ja � bj â âèäå ãîìåîìîðôèçìà  : Z2 ! C âèäà

 :
1X

i =0

x i 2i 7!
1X

i =0

2x i

3i +1 :

Îòìåòèì, ÷òî è Z2, è Cÿâëÿþòñÿ íåñâÿçíûìè êîìïàêòíûìè ïðîñòðàíñòâàìè. Òî÷êà x = x0+
+ x1�2+ x2�22+ x3�23+ : : : èç Z2 ãîìåîìîðôèçìîì  îòîáðàæàåòñÿ â òî÷êó åäèíè÷íîãî îòðåçêà
 (x) = 2

3x0+ 2
32 x1+ 2

33 x2+ : : :, ãäåx0; x1; x2; : : : 2 f 0; 1g. Íàïðèìåð, îáðàçîì øàðà B1=4(0) � Z2

(ïðåäñòàâëåííîãî ñîîòâåòñòâóþùåé âåòâüþ äåíäðîãðàììû, àññîöèèðîâàííîé ñ êîíêðåòíûì
ýëåêòðîäîì) â C áóäåò ìíîæåñòâî òî÷åê åäèíè÷íîãî îòðåçêà âèäà 2

33 x2 + 2
34 x3 + : : :.

Ïðîñòðàíñòâà Z2 è C ÿâëÿþòñÿ ýëåìåíòàìè ïðîñòðàíñòâà Ãðîìîâà � Õàóñäîðôà. Òîãäà,
íàïðèìåð, ðàññòîÿíèå ìåæäó øàðîì B1=4(0) � Z2 ñ öåíòðîì â òî÷êå x = 0 ðàäèóñà 1/4 è
ìíîæåñòâîì  (B1=4(0)) � C áóäåò óäîâëåòâîðÿòü ñëåäóþùåìó íåðàâåíñòâó:

5
72

6 dGH (B1=4(0);  (B1=4(0))) 6
1
8

â ñèëó òîãî (ñì. [ 6]), ÷òî

1
2

jdiamX � diamY j 6 dGH (X; Y ) 6
1
2

maxf diamX diamYg (3)

äëÿ ëþáûõ X; Y 2 M . Â ôîðìóëå ( 3) diamX è diamY � äèàìåòðû X è Y ñîîòâåòñòâåííî.
Èçâåñòíî, ÷òî ïðîñòðàíñòâî M ãåîäåçè÷åñêîå (ñì. [6]). Ýòî çíà÷èò, ÷òî ëþáûå òî÷êè

X; Y 2 M ìîæíî ñîåäèíèòü ãåîäåçè÷åñêîé êðèâîé 
 , äëèíà êîòîðîé L(
 ) ðàâíà ðàññòîÿíèþ
Ãðîìîâà � Õàóñäîðôà dGH (X; Y ) ìåæäó X è Y. Âû÷èñëåíèå dGH (X; Y ) äëÿ X = [ k j B1=2k j

(j = 1 ; 2; : : : ; m) è Y =  (X ) ÿâëÿåòñÿ íåòðèâèàëüíîé è òðóäîåìêîé çàäà÷åé. Òåì íå ìåíåå,
ìîæíî ðàññìàòðèâàòü ðàçëè÷íûå êëàññû äåíäðîãðàìì (êëàññû ðàçáèåíèé Z2 íà øàðû) è
èõ  -îáðàçû â êàíòîðîâîì ìíîæåñòâå C è óñðåäíÿòü ðàññòîÿíèÿ (äëèíû ãåîäåçè÷åñêèõ) äëÿ
êàæäîãî êëàññà äåíäðîãðàìì äî èõ îáðàçîâ â êàíòîðîâîì ìíîæåñòâå ñ öåëüþ õàðàêòåðèçà-
öèè èññëåäóåìûõ ìåíòàëüíûõ êëàññîâ. Êàíòîðîâî ìíîæåñòâî C ìîæíî çàìåíèòü íà òîëñòîå
êàíòîðîâî ìíîæåñòâî FC, ìåðà êîòîðîãî, â îòëè÷èå îò ìåðû C, áóäåò ïîëîæèòåëüíîé. FC
ìîæíî ïîñòðîèòü (ñì. [ 7]) ñ ïîìîùüþ ôóíêöèè ct : [0; 1] ! [0; 1]: ct (x) = (1 � t) � x + t � c(x),
ãäåt 2 (0; 1) è c : [0; 1] ! [0; 1] åñòü ôóíêöèÿ Êàíòîðà

c(x) =

8
><

>:

1P

i =1

x i
2i ; åñëèx =

1P

i =1

2x i
3i 2 C; x i 2 f 0; 1g;

sup
x6 y;y2C

c(y); åñëèx 2 [0; 1] n C.
(4)

Íàïðèìåð, ïðè t = 1=3 ðàññòîÿíèå Ãðîìîâà � Õàóñäîðôà ìåæäó 2-àäè÷åñêèì øàðîì
B1=4(0) è åãî îáðàçîì â F C óäîâëåòâîðÿåò äâîéíîìó íåðàâåíñòâó

5
108

6 dGH (B1=4(0); c1=3( (B1=4(0)))) 6
1
8

:

Çäåñü ïðåäâàðèòåëüíî ìû ñòðîèì  -îáðàç â C, çàòåì ñ ïîìîùüþ ( 4) âû÷èñëÿåì îáðàç îòîá-
ðàæåíèÿ ct . Îòìåòèì, ÷òî âåëè÷èíà t 2 (0; 1) áóäåò îïðåäåëÿòü ìåðó òîëñòîãî êàíòîðîâà
ìíîæåñòâà F C. Äëÿ ¾òîíêîé¿ õàðàêòåðèçàöèè âåòâè äåíäðîãðàììû (â äîïîëíåíèè ê ¾ãðó-
áîé¿ õàðàêòåðèçàöèè äåíäðîãðàììû ñ ïîìîùüþ ìåòðèê � è � ) âàæíà íèæíÿÿ îöåíêà â íåðà-
âåíñòâå äëÿ ðàññòîÿíèÿ dGH ìåæäó 2-àäè÷åñêèì øàðîì è åãî îáðàçîì â C (ëèáî â F C). Äëÿ
2-àäè÷åñêîãî øàðà B1=4(0) íèæíÿÿ îöåíêà ðàâíà 5=72 � 0:0694(ñëó÷àéC) è 5=108� 0:0463
(ñëó÷àé F C, t = 1=3).
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Çàêëþ÷åíèå

Òàêèì îáðàçîì, â äàííîì èññëåäîâàíèè ïðåäëîæåíû íåàðõèìåäîâà è àðõèìåäîâà ìåòðè-
êè äåíäðîãðàìì ÝÝÃ äëÿ íàõîæäåíèÿ îòëè÷èé ìåæäó ìåíòàëüíûìè êëàññàìè. Öåëü èññëå-
äîâàíèÿ � íàäåæíî ðàçëè÷àòü êëàññû ïàöèåíòîâ ïî ÝÝÃ, è â ýòîì ñìûñëå, â äîïîëíåíèè
ê ìåòðèêàì äåíäðîãðàìì ÝÝÃ, ìåòðèêà Ãðîìîâà � Õàóñäîðôà ïðåäñòàâëÿåòñÿ áîëåå ðåëå-
âàíòíîé, òàê êàê îíà ïîçâîëÿåò âûÿâëÿòü ñâÿçü ìåæäó íåàðõèìåäîâûìè è àðõèìåäîâûìè
õàðàêòåðèñòèêàìè äàííûõ.

Ñïèñîê ëèòåðàòóðû

1. Shor O., Glik A., Yaniv-Rosenfeld A., Valevski A., Weizman A., Khrennikov A., Benninger F. EEG
p-adic quantum potential accurately identi�es depression, schizophrenia and cognitive decline //
PLoS ONE. 2021. Vol. 16, iss. 8. P. e0255529. DOI:10.1371/journal.pone.0255529

2. Shor O., Yaniv-Rosenfeld A., Valevski A., Weizman A., Khrennikov A., Benninger F. EEG-based
spatio-temporal relation signatures for the diagnosis of depression and schizophrenia // Scienti�c
Reports. 2023. Vol. 13. Art. 776. DOI: 10.1038/s41598-023-28009-0

3. Àíàøèí Â. Ñ., Òÿïàåâ Ë. Á., Äàâûäîâ Â. Â. Êëàññèôèêàöèÿ ïñèõè÷åñêèõ çàáîëåâàíèé íà
îñíîâå äåíäðîãðàìì ÝÝÃ ãîëîâíîãî ìîçãà è èõ õàðàêòåðèñòèê // Äèñêðåòíàÿ ìàòåìàòèêà
è å¼ ïðèëîæåíèÿ : òðóäû XIV ìåæäóíàð. íàó÷. ñåìèíàðà èì. àêàäåìèêà Î. Á. Ëóïàíîâà
(Ìîñêâà, 20�25 èþíÿ 2022 ã.). Ìîñêâà : ÈÏÌ èì. Ì. Â. Êåëäûøà ÐÀÍ, 2022. Ñ. 207�210.
DOI: 10.20948/dms-2022-64

4. Òÿïàåâ Ë. Á., Àíàøèí Â. Ñ., Äàâûäîâ Â. Â. Î ìåòîäå îáðàáîòêè áîëüøîé ñîâîêóïíîñòè àíà-
ëîãîâûõ ñèãíàëîâ ñ öåëüþ âûäåëåíèÿ õàðàêòåðèñòè÷åñêèõ ïðèçíàêîâ èñòî÷íèêîâ ñèãíàëîâ //
Äèñêðåòíûå ìîäåëè â òåîðèè óïðàâëÿþùèõ ñèñòåì : òðóäû XI ìåæäóíàð. êîíô. (Ìîñêâà,
26�29 ìàÿ 2023 ã.). Ìîñêâà : ÌÀÊÑ Ïðåññ, 2023. Ñ. 110�113. EDN: XTMWWX

5. Anashin V. Free choice in quantum theory: Ap-adic view // Entropy. 2023. Vol. 25, iss. 5. Art. 830.
DOI: 10.3390/e25050830

6. Áîðçîâ Ñ. È., Èâàíîâ À. Î., Òóæèëèí À. À. Ãåîìåòðèÿ ðàññòîÿíèÿ Ãðîìîâà � Õàóñäîðôà íà
êëàññå âñåõ ìåòðè÷åñêèõ ïðîñòðàíñòâ // Ìàòåìàòè÷åñêèé ñáîðíèê. 2022. Ò. 213, • 5. C. 68�87.
DOI: 10.4213/sm9651, EDN: YZVCVW

7. Liu J. G., Pego R. L. A simple construction of fat Cantor sets // The American Mathematical
Monthly. 2024. Vol. 131, iss. 6. Art. 525. DOI: 10.1080/00029890.2024.2322909

References

1. Shor O., Glik A., Yaniv-Rosenfeld A., Valevski A., Weizman A., Khrennikov A., Benninger F. EEG
p-adic quantum potential accurately identi�es depression, schizophrenia and cognitive decline.PLoS
ONE, 2021, vol. 16, iss. 8, pp. e0255529. DOI:10.1371/journal.pone.0255529

2. Shor O., Yaniv-Rosenfeld A., Valevski A., Weizman A., Khrennikov A., Benninger F. EEG-based
spatio-temporal relation signatures for the diagnosis of depression and schizophrenia.Scienti�c
Reports, 2023, vol. 13, art. 776. DOI:10.1038/s41598-023-28009-0

3. Anashin V. S., Tyapaev L. B., Davydov V. V. Classi�cation of mental illnesses based on EEG
dendrograms and their characteristics.Diskretnaya matematika i eyo prilozheniya[Discrete Mathe-
matics and its Applications. Proceedings of the XIV International Scienti�c Seminar named after
Academician O. B. Lupanov (Moscow, June 20�25, 2022)]. Moscow, M. V. Keldysh Institute of
Applied Mathematics of the RAS Publ., 2022, pp. 207�210 (in Russian). DOI:10.20948/dms-2022-64

4. Tyapaev L. B., Anashin V. S., Davydov V. V. On the method of processing a large set of analog
signals in order to isolate the characteristic features of signal sources.Diskretnye modeli v teorii
upravlyayuschih sistem[Discrete Models in Control Systems Theory. Proceedings of the XI Inter-
national Conference (Moscow, May 26�29, 2023)]. Moscow, MAKS Press, 2023, pp. 110�113 (in
Russian). EDN: XTMWWX

440 Íàó÷íûé îòäåë



Ë. Á. Òÿïàåâ, Â. Ñ. Àíàøèí. Äåíäðîãðàììû ÝÝÃ è èõ õàðàêòåðèçàöèÿ íà îñíîâå ìåòðèê

5. Anashin V. Free choice in quantum theory: A p-adic view. Entropy, 2023, vol. 25, iss. 5, art. 830.
DOI: 10.3390/e25050830

6. Borzov S. I., Ivanov A. O., Tuzhilin A. A. Geometry of the Gromov � Hausdor� distance on the class
of all metric spaces.Sbornik: Mathematics, 2022, vol. 213, iss. 5, pp. 641�658. DOI:10.1070/SM9651

7. Liu J. G., Pego R. L. A simple construction of fat Cantor sets.The American Mathematical Monthly,
2024, vol. 131, iss. 6, art. 525. DOI:10.1080/00029890.2024.2322909

Ïîñòóïèëà â ðåäàêöèþ / Received 12.02.2025
Ïðèíÿòà ê ïóáëèêàöèè / Accepted 19.03.2025
Îïóáëèêîâàíà / Published 29.08.2025

Èíôîðìàòèêà 441



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2025. Ò. 25, âûï. 3

�I�j�b�e�h�`�_�g�b�_

Þáèëåè

Èçâåñòèÿ Ñàðàòîâñêîãî óíèâåðñèòåòà. Íîâàÿ ñåðèÿ. Ñåðèÿ: Ìàòåìàòèêà.

Ìåõàíèêà. Èíôîðìàòèêà. 2025. Ò. 25, âûï. 3. Ñ. 442�453

Izvestiya of Saratov University. Mathematics. Mechanics. Informatics , 2025,

vol. 25, iss. 3, pp. 442�453

https://mmi.sgu.ru

DOI: https://doi.org/10.18500/1816-9791-2025-25-3-442-453

EDN: https://elibrary.ru/EVXYVR

Ïåðñîíàëèÿ
ÓÄÊ 51(092)

Íàñëåäèå Âàãíåðà.
Ê 90-ëåòèþ êàôåäðû ãåîìåòðèè

Ñàðàòîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà

Ä. À. Áðåäèõèí 1, Í. Í. Ìàêååâ 2, Â. Á. Ïîïëàâñêèé 1

1Ñàðàòîâñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ãîñóäàðñòâåííûé óíè-

âåðñèòåò èìåíè Í. Ã. ×åðíûøåâñêîãî, Ðîññèÿ, 410012, ã. Ñàðàòîâ, óë. Àñò-

ðàõàíñêàÿ, ä. 83
2 Íåçàâèñèìûé èññëåäîâàòåëü, Ðîññèÿ, ã. Ñàðàòîâ

Áðåäèõèí Äìèòðèé Àëåêñàíäðîâè÷ , äîêòîð ôèçèêî-ìàòåìàòè÷åñ-

êèõ íàóê, ïðîôåññîð êàôåäðû ãåîìåòðèè, Bredikhin@mail.ru, ORCID:

0000-0003-3600-1294, SPIN: 2239-2268, AuthorID: 2925

Ìàêååâ Íèêîëàé Íèêîëàåâè÷ , äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íà-

óê, nmakeyev@mail.ru, ORCID: 0000-0003-2807-977X, SPIN: 7373-7840,

AuthorID: 374535

Ïîïëàâñêèé Âëàäèñëàâ Áðîíèñëàâîâè÷ , äîêòîð ôèçèêî-ìàòåìà-

òè÷åñêèõ íàóê, çàâåäóþùèé êàôåäðîé ãåîìåòðèè, poplavskivb@mail.ru,

SPIN: 7571-1651, AuthorID: 628968

Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà 90-ëåòèþ êàôåäðû ãåîìåòðèè Ñà-
ðàòîâñêîãî íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî ãîñóäàðñòâåííîãî
óíèâåðñèòåòà èìåíè Í. Ã. ×åðíûøåâñêîãî, îñíîâàííîé âûäàþùèì-
ñÿ ìàòåìàòèêîì, çàñëóæåííûì äåÿòåëåì íàóêè Âèêòîðîì Âëàäèìè-
ðîâè÷åì Âàãíåðîì. Ïðèâîäèòñÿ êðàòêîå îïèñàíèå íàó÷íîãî òâîð÷å-
ñòâà Â. Â. Âàãíåðà è îñíîâíûõ äîñòèæåíèé â îáëàñòè ãåîìåòðèè,
àëãåáðû è èõ ïðèìåíåíèé. Îòìå÷àþòñÿ ïåðñïåêòèâû äàëüíåéøåãî
ðàçâèòèÿ îñíîâàííûõ èì íàó÷íûõ íàïðàâëåíèé èññëåäîâàíèÿ.
Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ, èñòîðèÿ ãåîìåò-
ðèè, Âèêòîð Âëàäèìèðîâè÷ Âàãíåð, èñòîðèÿ ìàòåìàòèêè â Ñàðà-
òîâñêîì ãîñóäàðñòâåííîãî óíèâåðñèòåòå
Äëÿ öèòèðîâàíèÿ: Áðåäèõèí Ä. À., Ìàêååâ Í. Í., Ïîïëàâ-
ñêèé Â. Á. Íàñëåäèå Âàãíåðà. Ê 90-ëåòèþ êàôåäðû ãåîìåòðèè Ñà-
ðàòîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà // Èçâåñòèÿ Ñàðàòîâ-
ñêîãî óíèâåðñèòåòà. Íîâàÿ ñåðèÿ. Ñåðèÿ: Ìàòåìàòèêà. Ìåõàíèêà.
Èíôîðìàòèêà. 2025. Ò. 25, âûï. 3. Ñ. 442�453. DOI: 10.18500/1816-
9791-2025-25-3-442-453, EDN: EVXYVR
Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons

Attribution 4.0 International (CC-BY 4.0)

© Áðåäèõèí Ä. À., Ìàêååâ Í. Í., Ïîïëàâñêèé Â. Á., 2025



Ä. À. Áðåäèõèí è äð. Íàñëåäèå Âàãíåðà. Ê 90-ëåòèþ êàôåäðû ãåîìåòðèè ÑÃÓ

Personalia

Legacy of Viktor Wagner.
On the 90th anniversary of the Department of Geometry

of Saratov State University

D. A. Bredikhin 1, N. N. Makeev 2, V. B. Poplavski 1

1Saratov State University, 83 Astrakhanskaya St., Saratov 410012, Russia
2 Independent researcher, Saratov, Russia

Dmitry A. Bredikhin , Bredikhin@mail.ru, ORCID: 0000-0003-3600-1294, SPIN: 2239-2268, AuthorID: 2925

Nikolay N. Makeev , nmakeyev@mail.ru, ORCID: 0000-0003-2807-977X, SPIN: 7373-7840, AuthorID: 374535

Vladislav B. Poplavski , poplavskivb@mail.ru, SPIN: 7571-1651, AuthorID: 628968

Abstract. The article is dedicated to the 90th anniversary of the Department of Geometry of Saratov
State University, which was founded by the outstanding mathematician, honored scientist Viktor Vladi-
mirovich Wagner. A brief description of the scienti�c work of V. V. Wagner and the main achievements
in the �eld of geometry, algebra, and their applications is given. Prospects for further development of the
scienti�c research areas founded by him are noted.
Keywords: di�erential geometry, history of geometry, Viktor Vladimirovich Wagner, history of mathe-
matics at Saratov State University
For citation: Bredikhin D. A., Makeev N. N., Poplavski V. B. Legacy of Viktor Wagner On the 90th
anniversary of the Department of Geometry of Saratov State University. Izvestiya of Saratov University.
Mathematics. Mechanics. Informatics, 2025, vol. 25, iss. 3, pp. 442�453 (in Russian). DOI:10.18500/
1816-9791-2025-25-3-442-453, EDN: EVXYVR
This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International

License (CC-BY 4.0)

Â äàëåêîì 1935 ã. íà áàçå êàôåäðû âûñøåé ìàòåìàòèêè, âõîäèâøåé â ñîñòàâ ôèçèêî-
ìàòåìàòè÷åñêîãî ôàêóëüòåòà Ñàðàòîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èìåíè Í. Ã. ×åð-
íûøåâñêîãî (äàëåå � Ñàðàòîâñêèé óíèâåðñèòåò), íåâåðîÿòíûìè óñèëèÿìè ðåêòîðà-ðåôîð-
ìàòîðà Ãàâðèèëà Êèðèëëîâè÷à Õâîðîñòèíà áûëî îðãàíèçîâàíî ïÿòü íîâûõ ìàòåìàòè÷åñêèõ
êàôåäð, â òîì ÷èñëå êàôåäðà ãåîìåòðèè. Ðóêîâîäèòü êàôåäðîé ãåîìåòðèè ïðèãëàñèëè Âèê-
òîðà Âëàäèìèðîâè÷à Âàãíåðà.

Íàçâàíèå êàôåäðû áûëî âûáðàíî êðàòêèì, íî î÷åíü ¼ìêèì. Èçìåðèòü Çåìëþ! Òåì ñà-
ìûì èçíà÷àëüíî çàêëàäûâàëîñü ðàçíîîáðàçèå íàó÷íûõ íàïðàâëåíèé è ìåòîäîâ èññëåäîâà-
íèÿ êàôåäðû, ÷òî ñòàëî åå òðàäèöèåé.

Âûäàþùóþñÿ ðîëü ñûãðàë Âèêòîð Âëàäèìèðîâè÷ Âàãíåð ñâîèìè äîñòèæåíèÿìè â íàóêå,
ñîçäàâ ðàçëè÷íûå íàïðàâëåíèÿ â äèôôåðåíöèàëüíîé ãåîìåòðèè, ïðèëîæåíèÿõ â ìåõàíèêå,
âàðèàöèîííîì èñ÷èñëåíèè, îáùåé è óíèâåðñàëüíîé àëãåáðå è ëîãèêå. Îãðîìíà åãî ðîëü è â
ïîäãîòîâêå êâàëèôèöèðîâàííûõ êàäðîâ � ñòóäåíòîâ, êàíäèäàòîâ è äîêòîðîâ íàóê.

Öåëàÿ ïëåÿäà âûäàþùèõñÿ ó÷åíèêîâ Âàãíåðà òðóäèëàñü è òðóäèòñÿ íà ïîïðèùå íàóêè
è ïðåïîäàâàíèÿ, ïðîäîëæàÿ ïðååìñòâåííîñòü ïîêîëåíèé. Êàê è ïðåæäå, íàó÷íàÿ è ó÷åáíàÿ
äåÿòåëüíîñòü ñîòðóäíèêîâ êàôåäðû ãåîìåòðèè ñâÿçàíà ñ ðàçíîîáðàçíûìè íàïðàâëåíèÿìè
ãåîìåòðèè, òîïîëîãèè, àëãåáðû è ëîãèêè. Ñîçäàííàÿ â òðóäíîå äëÿ ñòðàíû âðåìÿ óñèëèÿìè
âûäàþùèõñÿ ó÷åíûõ è ïåäàãîãîâ êàôåäðà è ñåãîäíÿ âûïîëíÿåò ñâîè çàäà÷è.

Þáèëåþ êàôåäðû è å¼ ñîçäàòåëþ ïîñâÿùàåòñÿ ýòà ñòàòüÿ.

Âèêòîð Âëàäèìèðîâè÷ Âàãíåð

Âûäàþùèéñÿ äåÿòåëü íàóêè, îñíîâàòåëü íàó÷íîé ãåîìåòðè÷åñêîé è àëãåáðàè÷åñêîé øêîë
â Ñàðàòîâñêîì óíèâåðñèòåòå, ëàóðåàò Ìåæäóíàðîäíîé ìàòåìàòè÷åñêîé ïðåìèè èìåíè
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Í. È. Ëîáà÷åâñêîãî, àâòîð ðÿäà ôóíäàìåíòàëüíûõ ìàòåìàòè÷åñêèõ òðóäîâ, ïðîôåññîð Âèê-
òîð Âëàäèìèðîâè÷ Âàãíåð (4.11.1908�15.08.1981) ÿâëÿåòñÿ îñíîâàòåëåì êàôåäðû ãåîìåòðèè
Ñàðàòîâñêîãî óíèâåðñèòåòà, êîòîðîé â 2025 ã. èñïîëíÿåòñÿ 90 ëåò.

Â. Â. Âàãíåð îòíîñèòñÿ ê òåì íåîðäèíàðíûì ëè÷íîñòÿì, äåÿòåëÿì íàóêè, ÷åé òàëàíò, âû-
ñîêèå íðàâñòâåííûå êà÷åñòâà è ïðîôåññèîíàëèçì ôîðìèðóþò òâîð÷åñêóþ ëè÷íîñòü, ñâîèì
òðóäîì âíîñÿùóþ âåñîìûé âêëàä â èçáðàííóþ èì íàóêó. Íàó÷íûå íàïðàâëåíèÿ, òâîð÷åñêèå
èäåè, çàëîæåííûå Â. Â. Âàãíåðîì, æèâóò è óñïåøíî ðàçâèâàþòñÿ è â íàøè äíè.

Òâîð÷åñêàÿ íàó÷íî-ïåäàãîãè÷åñêàÿ äåÿòåëüíîñòü Â. Â. Âàãíåðà â Ñàðàòîâñêîì óíèâåðñè-
òåòå íà÷àëàñü îñåíüþ 1935 ã., êîãäà îí â 27-ëåòíåì âîçðàñòå, çàâåðøèâ îáó÷åíèå â Èíñòèòóòå
ìàòåìàòèêè ÌÃÓ èìåíè Ì. Â. Ëîìîíîñîâà, ïîä ðóêîâîäñòâîì ïðîôåññîðà Â. Ô. Êàãàíà çà-
ùèòèë äèññåðòàöèþ íà òåìó ¾Sur la geometrie di�erentielle des multiplicities anholonomes¿
(¾Äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ íåãîëîíîìíûõ ìíîãîîáðàçèé¿) [ 1], ïðåäñòàâëåííóþ ê çà-
ùèòå êàê êàíäèäàòñêóþ è â èòîãå íà ýòîì æå çàñåäàíèè ó÷¼íîãî ñîâåòà óñïåøíî çàùèù¼í-
íóþ èì (ïðè åäèíîãëàñíîì ãîëîñîâàíèè) êàê äîêòîðñêóþ äèññåðòàöèþ [ 2]. Ýòî áûë ïåð-
âûé ñëó÷àé ïîäîáíîãî ðîäà â ñòðàíå; òàêîå ðåøåíèå áûëî ïðèíÿòî ââèäó èñêëþ÷èòåëüíîé
âàæíîñòè, çíà÷èìîñòè è ãëóáèíû íàó÷íûõ ðåçóëüòàòîâ, ïîëó÷åííûõ èì â ïðåäñòàâëåííîé
ðàáîòå [3]. Â òîì æå ãîäó åìó áûëî ïðåäëîæåíî âîçãëàâèòü âíîâü îáðàçîâàííóþ êàôåäðó
ãåîìåòðèè íà ôèçèêî-ìàòåìàòè÷åñêîì (âïîñëåäñòâèè ìåõàíèêî-ìàòåìàòè÷åñêîì) ôàêóëüòå-
òå Ñàðàòîâñêîãî óíèâåðñèòåòà. Ñ òåõ ïîð âñÿ òðóäîâàÿ äåÿòåëüíîñòü Â. Â. Âàãíåðà áûëà
ñâÿçàíà ñ ýòîé êàôåäðîé, ñóùåñòâóþùåé è äî íàñòîÿùåãî âðåìåíè. Áîëåå ñîðîêà ëåò (äî
1978 ã.) îí ÿâëÿëñÿ å¼ áåññìåííûì ðóêîâîäèòåëåì, îðãàíèçàòîðîì íàó÷íîé è ïåäàãîãè÷åñêîé
äåÿòåëüíîñòè, âí¼ñ íåîöåíèìûé âêëàä â îáåñïå÷åíèå âûñîêîãî íàó÷íîãî óðîâíÿ ïðåïîäàâà-
íèÿ ìàòåìàòè÷åñêèõ äèñöèïëèí â óíèâåðñèòåòå.

Íàó÷íàÿ äåÿòåëüíîñòü Â. Â. Âàãíåðà â Ñàðàòîâñêîì óíèâåðñèòåòå ïðèâåëà ê ñîçäàíèþ
ãåîìåòðè÷åñêîé è àëãåáðàè÷åñêîé íàó÷íûõ øêîë, ïîëó÷èâøèõ âñåîáùåå ìèðîâîå ïðèçíàíèå.
Íà ïðîòÿæåíèè ìíîãèõ ëåò îí â¼ë àêòèâíóþ è ðàçíîñòîðîííþþ òâîð÷åñêóþ äåÿòåëüíîñòü,
âûñòóïàë ñ íàó÷íûìè äîêëàäàìè íà ìåæäóíàðîäíûõ ìàòåìàòè÷åñêèõ êîíãðåññàõ: â Ýäèí-
áóðãå (1958 ã., Øîòëàíäèÿ), â Ñòîêãîëüìå (1962 ã., Øâåöèÿ), â Âàðíå (Áîëãàðñêèé ìàòåìà-
òè÷åñêèé êîíãðåññ, 1967 ã., Áîëãàðèÿ). Ïðè ýòîì êàæäîå ñâî¼ âûñòóïëåíèå îí ïðîâîäèë íà
ÿçûêå òîé ñòðàíû, â êîòîðîé ïðîõîäèë êîíãðåññ [ 4].

Â íàøåé ñòðàíå Â. Â. Âàãíåð âûñòóïàë íà 15-ì Ìåæäóíàðîäíîì ìàòåìàòè÷åñêîì êîí-
ãðåññå (Ìîñêâà, 1966 ã.), à òàêæå íà êîíôåðåíöèÿõ â Êàçàíè (þáèëåéíûå êîíôåðåíöèè:
1955 ã.; 150 ëåò ãåîìåòðèè Ëîáà÷åâñêîãî, 1976 ã.), Ìîñêâå (16-ÿ Âñåñîþçíàÿ àëãåáðàè÷åñêàÿ
êîíôåðåíöèÿ, 1981 ã.) è íà Òðåòüåì Âñåñîþçíîì ìàòåìàòè÷åñêîì ñúåçäå (Ìîñêâà, 1962 ã.).
Â òå÷åíèå ðÿäà ëåò îí ÷èòàë ëåêöèè ïî ïðèãëàøåíèþ óíèâåðñèòåòîâ Ôðàíöèè, Àâñòðèè,
Èòàëèè, Øâåöèè, ÃÄÐ, ×åõîñëîâàêèè [ 4].

Íàó÷íûå èíòåðåñû Â. Â. Âàãíåðà îòëè÷àëèñü ðàçíîñòîðîííîñòüþ, ìíîãîîáðàçèåì íà-
ïðàâëåíèé è ãëóáèíîé èññëåäîâàíèé. Ýòî îòðàæåíî â ñòàòüÿõ, îïóáëèêîâàííûõ â æóðíàëå
¾Óñïåõè ìàòåìàòè÷åñêèõ íàóê¿ â ñâÿçè ñ åãî 50-ëåòèåì [2] è 70-ëåòèåì [3], à òàêæå â Áîëü-
øîé ñîâåòñêîé ýíöèêëîïåäèè, â ¾Áèîãðàôè÷åñêîì ñëîâàðå äåÿòåëåé â îáëàñòè ìàòåìàòèêè¿
(À. È. Áîðîäèí, À. Ñ. Áóãàé, Êèåâ, 1979 ã.), à òàêæå â îòå÷åñòâåííûõ áèîãðàôè÷åñêèõ ëèòå-
ðàòóðíûõ èñòî÷íèêàõ ( Áîðîäèí À. È. Ñîâåòñêèå ìàòåìàòèêè. Äîíåöê, 1978; Áîðîäèí À. È.,
Áóãàé À. Ñ. Âûäàþùèåñÿ ìàòåìàòèêè. Êèåâ, 1987; Ìàòåìàòèêà â ÑÑÑÐ çà ñîðîê ëåò (1917�
1957) : â 2 ò. Ìîñêâà, 1959. Ò. 2; Ìàòåìàòèêà â ÑÑÑÐ, 1958�1967 : â 2 ò. Ìîñêâà, 1969�1970.
Ò. 2), â ðÿäå îòå÷åñòâåííûõ è çàðóáåæíûõ êíèæíûõ èçäàíèé [ 2,3].

Äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ

Òåîðèÿ íåãîëîíîìíûõ ìíîãîîáðàçèé � ðàçäåë ãåîìåòðèè, êîòîðûé èçáðàë Â. Â. Âàãíåð
äëÿ ñâîåé ïåðâîé íàó÷íîé ðàáîòû. Ïðèìå÷àòåëüíî, ÷òî íàãëÿäíûì ïðîîáðàçîì åãî èññëåäî-
âàíèÿ ÿâèëñÿ êîíêðåòíûé ìîäåëüíûé îáúåêò òåîðåòè÷åñêîé ìåõàíèêè � ìåõàíè÷åñêàÿ ñè-
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ñòåìà ñ íåãîëîíîìíîé ñòàöèîíàðíîé äâóñòîðîííåé óäåðæèâàþùåé ñâÿçüþ. È â ýòîì ïðîÿâè-
ëàñü êîíöåïòóàëüíàÿ ëîãè÷åñêàÿ ñâÿçü ãåîìåòðèè ñ ðàöèîíàëüíîé ìåõàíèêîé.

Çàâåðøèâ ñîçäàíèå òåîðèè êðèâèçíû íåãîëîíîìíûõ ìíîãîîáðàçèé, ïîñòðîåííîé â ïå-
ðèîä îáó÷åíèÿ â àñïèðàíòóðå, Â. Â. Âàãíåð ïîäðîáíî èññëåäóåò íåêîòîðûå íàèáîëåå ïåð-
ñïåêòèâíûå ñïåöèàëüíûå íåãîëîíîìíûå ìíîãîîáðàçèÿ. Ìåòîäû íåãîëîíîìíîé ãåîìåòðèè îí
ïðèìåíÿåò ê êîíêðåòíîé çàäà÷å äèíàìèêè ìåõàíè÷åñêèõ ñèñòåì è íàõîäèò å¼ ðåøåíèå â êîì-
ïàêòíîé èçÿùíîé ôîðìå. Ðàññìîòðåííûé èì ïðèìåð äâèæåíèÿ äëÿ ìåõàíè÷åñêîé ìîäåëè
ñïåöèàëüíîé êîíñòðóêöèè ñ íåãîëîíîìíîé ñâÿçüþ îïèñàí â êíèãå [ 5].

Ïåðâûå íàó÷íûå ðàáîòû Â. Â. Âàãíåðà îòíîñÿòñÿ ê îáùåé òåîðèè íåãîëîíîìíûõ ìíî-
ãîîáðàçèé; â ýòèõ ðàáîòàõ ïîñòðîåíà òåîðèÿ êðèâèçíû ðèìàíîâûõ íåãîëîíîìíûõ ìíîãî-
îáðàçèé è íåãîëîíîìíûõ ìíîãîîáðàçèé ñ àôôèííîé ñâÿçíîñòüþ. Ýòà òåîðèÿ ÿâëÿåòñÿ ìà-
òåìàòè÷åñêèì ôóíäàìåíòîì ðåøåíèÿ ìíîãèõ ïðèíöèïèàëüíî âàæíûõ çàäà÷ êëàññè÷åñêîé
ðàöèîíàëüíîé ìåõàíèêè, îòíîñÿùèõñÿ ê ñèñòåìàì ñ íåãîëîíîìíûìè ñâÿçÿìè. Â äàííîé òåî-
ðèè îïðåäåëÿþùåå çíà÷åíèå èìååò ïîñòðîåíèå àäåêâàòíîé òåîðèè êðèâèçíû òàêîãî ðîäà
ïðîñòðàíñòâ. Â. Â. Âàãíåð íå òîëüêî ïðèìåíèë íîâûé ïîäõîä ê ïîñòðîåíèþ òåîðèè êðè-
âèçíû íåãîëîíîìíûõ ìíîãîîáðàçèé, ñóùåñòâåííî óñîâåðøåíñòâîâàâ ðåçóëüòàòû âûäàþùå-
ãîñÿ íèäåðëàíäñêîãî ãåîìåòðà ß. À. Ñõîóòåíà (1883�1981 ãã.), íî è ðàññìîòðåë íåêîòîðûå
èíòåðåñíûå äëÿ ïðèëîæåíèé âèäû íåãîëîíîìíûõ ìíîãîîáðàçèé, à òàêæå ïðèìåíèë ðàçâè-
òûå èì ìåòîäû äëÿ ðåøåíèÿ êîíêðåòíûõ çàäà÷ ìåõàíèêè. Èìåííî èç ýòîãî öèêëà ðàáîò
Â. Â. Âàãíåðîì áûëè ïðåäñòàâëåíû äâå ðàáîòû íà VIII Ìåæäóíàðîäíûé êîíêóðñ, îáúÿâ-
ëåííûé Êàçàíñêèì óíèâåðñèòåòîì â 1937 ã., è îáå ðàáîòû áûëè óäîñòîåíû ïðåìèè èìåíè
Í. È. Ëîáà÷åâñêîãî [ 6]. Îí � åäèíñòâåííûé èç ñîâåòñêèõ ìàòåìàòèêîâ, ñòàâøèé ëàóðåàòîì
ýòîé ïðåñòèæíîé ïðåìèè.

Ãîâîðÿ îá îòðàæåíèè èäåé Â. Â. Âàãíåðà â ðàáîòàõ ñîâðåìåííûõ ãåîìåòðîâ, ìû èìååì â
âèäó òðè êàòåãîðèè èññëåäîâàíèé. Ê ïåðâîé êàòåãîðèè îòíîñÿòñÿ èññëåäîâàíèÿ, â êîòîðûõ
äåëàåòñÿ ïîïûòêà èçëîæåíèÿ ïîëó÷åííûõ Âàãíåðîì ðåçóëüòàòîâ â èíâàðèàíòíîé ôîðìå (áåç
ñèñòåìàòè÷åñêîãî èñïîëüçîâàíèÿ êîîðäèíàòíîãî ìåòîäà). Ñþäà æå ñëåäóåò îòíåñòè ðàáîòû,
â êîòîðûõ ïîëó÷åííàÿ Âàãíåðîì êîíñòðóêöèÿ ïîñòðîåíèÿ òåíçîðà êðèâèçíû èñïîëüçóåòñÿ
äëÿ èññëåäîâàíèÿ ãåîìåòðèè ðàññëîåííûõ ïðîñòðàíñòâ. Èñïîëüçóÿ ïîñòðîåíèÿ Â. Â. Âà-
ãíåðà, íà òîòàëüíîì ïðîñòðàíñòâå òàêîãî ðàññëîåíèÿ îïðåäåëÿåòñÿ è èçó÷àåòñÿ ìåòðèêà,
íàçâàííàÿ ëèôòîì Âàãíåðà ðèìàíîâîé ìåòðèêè.

Â ðàáîòàõ, îòíîñÿùèõñÿ êî âòîðîé êàòåãîðèè, èçëàãàþòñÿ àëüòåðíàòèâíûå òåîðèè êðè-
âèçíû íåãîëîíîìíîãî ìíîãîîáðàçèÿ. Äàåòñÿ îáùåå îïðåäåëåíèå íåãîëîíîìíûõ àíàëîãîâ òåí-
çîðà Ðèìàíà è åãî êîíôîðìíî èíâàðèàíòíîãî àíàëîãà � òåíçîðà Âåéëÿ � â òåðìèíàõ êîãî-
ìîëîãèé àëãåáð Ëè. Â îñíîâå ïîäõîäîâ Âàãíåðà ê îïðåäåëåíèþ èíâàðèàíòîâ íåãîëîíîìíîé
ãåîìåòðèè ëåæàò íå òîëüêî ðàçíûå èíñòðóìåíòû ìàòåìàòè÷åñêîãî èññëåäîâàíèÿ, íî è ðàç-
íûå ïîñòàíîâêè èññëåäîâàòåëüñêèõ çàäà÷. Äëÿ Â. Â. Âàãíåðà îñíîâíîé èíòåðåñ ñîñòàâëÿë
ïîèñê ãåîìåòðè÷åñêèõ èíâàðèàíòîâ, îáðàùåíèå â íóëü êîòîðûõ ïîçâîëÿëî îñóùåñòâëÿòü
ïàðàëëåëüíûé ïåðåíîñ äîïóñòèìûõ âåêòîðîâ â ìàëîé îêðåñòíîñòè òî÷êè íåãîëîíîìíîãî
ìíîãîîáðàçèÿ íåçàâèñèìî îò âûáîðà äîïóñòèìîé êðèâîé ïåðåíåñåíèÿ. Âàãíåð ðåøèë çàäà÷ó
íàõîæäåíèÿ íåîáõîäèìûõ èíâàðèàíòîâ ïîñòðîåíèåì òåíçîðà êðèâèçíû, íàçâàííîãî ïîçæå
òåíçîðîì êðèâèçíû íåãîëîíîìíîãî ìíîãîîáðàçèÿ Âàãíåðà.

Ïîíÿòèå âíóòðåííåé ãåîìåòðèè íåãîëîíîìíîãî ìíîãîîáðàçèÿ áûëî îïðåäåëåíî Ñõîóòå-
íîì êàê ñîâîêóïíîñòü òåõ ñâîéñòâ, êîòîðûå çàâèñÿò òîëüêî îò ïàðàëëåëüíîãî ïåðåíåñåíèÿ
âíóòðè ñàìîãî íåãîëîíîìíîãî ìíîãîîáðàçèÿ è îò åãî îñíàùåíèÿ â îáúåìëþùåì ïðîñòðàí-
ñòâå. Ðàçâèâàÿ âíóòðåííþþ ãåîìåòðèþ íåãîëîíîìíîãî ìíîãîîáðàçèÿ, Âàãíåð îïðåäåëÿåò è
èññëåäóåò ñâîéñòâà òåíçîðà êðèâèçíû íåãîëîíîìíîãî ìíîãîîáðàçèÿ, îáîáùàþùåãî òåíçîð
êðèâèçíû Ñõîóòåíà. Íîâûé ïîäõîä ïîçâîëÿåò Âàãíåðó âûäåëèòü íîâûå òèïû ïðîñòðàíñòâ.
Òàê, íàïðèìåð, ïîÿâëÿåòñÿ îïðåäåëåíèå ýðìèòîâà ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî ïðî-
ñòðàíñòâà. Èçâåñòíûå óæå ðåçóëüòàòû ïîëó÷àþò íîâîå îïèñàíèå íà ÿçûêå âíóòðåííåé ãåî-
ìåòðèè.
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Ãîâîðÿ îá èññëåäîâàíèÿõ òðåòüåé êàòåãîðèè, ìû èìååì â âèäó ðàáîòû ïî ãåîìåòðèè
ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ è èõ ïðèëîæåíèÿì, â êîòîðûõ ðåçóëüòàòû Âà-
ãíåðà èñïîëüçóþòñÿ íåÿâíî èëè ¾îòêðûâàþòñÿ çàíîâî¿. Âàæíóþ ðîëü â ðàçâèâàåìîé Âàãíå-
ðîì íåãîëîíîìíîé ãåîìåòðèè èãðàþò ñèñòåìû êîîðäèíàò, íàçâàííûå èì ãðàäèåíòíûìè èëè
ïîëóãîëîíîìíûìè êîîðäèíàòàìè. Óòî÷íÿÿ ïîíÿòèå ¾ãðàäèåíòíûå êîîðäèíàòû¿ äëÿ ñëó÷àÿ
ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî ìíîãîîáðàçèÿ, ââîäèòñÿ ïîíÿòèå ¾àäàïòèðîâàííàÿ ñèñòåìà
êîîðäèíàò¿. Àäàïòèðîâàííûå êîîðäèíàòû èãðàþò â ãåîìåòðèè íåãîëîíîìíûõ ìíîãîîáðàçèé
òó æå ðîëü, ÷òî è ãîëîíîìíûå êîîðäèíàòû íà ãîëîíîìíîì ìíîãîîáðàçèè. Òàì æå ââåäåíî
ïîíÿòèå ¾äîïóñòèìàÿ òåíçîðíàÿ ñòðóêòóðà¿. Äîïóñòèìàÿ òåíçîðíàÿ ñòðóêòóðà ÿâëÿåòñÿ
îáúåêòîì âíóòðåííåé ãåîìåòðèè íåãîëîíîìíîãî ìíîãîîáðàçèÿ. Â ðàáîòàõ ïî ãåîìåòðèè ðàñ-
ñëîåííûõ ïðîñòðàíñòâ äîïóñòèìûå òåíçîðíûå ñòðóêòóðû íàçûâàþòñÿ ïîëóáàçèñíûìè.

Âàæíîå ìåñòî â èññëåäîâàíèÿõ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé çàíèìàåò
èçó÷åíèå ëèíåéíûõ ñâÿçíîñòåé. Íàèáîëåå åñòåñòâåííûì ïðåäñòàâëÿåòñÿ ðàññìîòðåíèå âíóò-
ðåííèõ ñâÿçíîñòåé, ñîâìåñòèìûõ ñ äîïóñòèìûìè òåíçîðíûìè ñòðóêòóðàìè. Èññëåäîâàííàÿ
Âàãíåðîì âíóòðåííÿÿ ñâÿçíîñòü îêàçûâàåòñÿ íàèáîëåå åñòåñòâåííîé äëÿ îïèñàíèÿ õàðàêòå-
ðèñòèê è äðóãèõ èçó÷àåìûõ ñåãîäíÿ ñòðóêòóð. Àíàëèç ãåîìåòðè÷åñêèõ ðàáîò, ïîÿâèâøèõñÿ
â ïîñëåäíèå äåñÿòèëåòèÿ, ñâèäåòåëüñòâóåò î íåïðåõîäÿùåé öåííîñòè ïîëó÷åííûõ Â. Â. Âàã-
íåðîì ðåçóëüòàòîâ. Áîëåå òîãî, ìíîãèå èç èäåé âûäàþùåãîñÿ ó÷åíîãî òîëüêî â íàøå âðåìÿ
íàõîäÿò ïîíèìàíèå â ñðåäå ïðåäñòàâèòåëåé ìèðîâîãî ìàòåìàòè÷åñêîãî ñîîáùåñòâà.

Àíàëèòè÷åñêàÿ ìåõàíèêà

Çàäà÷è äèíàìèêè ìåõàíè÷åñêèõ ñèñòåì ñ íåãîëîíîìíûìè ñâÿçÿìè ðàññìàòðèâàëèñü åù¼
ñ êîíöà XIX â. Ýòèìè çàäà÷àìè çàíèìàëèñü Ñ. À. ×àïëûãèí, Ê. Íåéìàí, Ä. Êîðòåâåã,
Ï. Àïïåëü, Ï. Â. Âîðîíåö. Èññëåäîâàíèÿ ïî äàííîìó íàïðàâëåíèþ áûëè ïðîäîëæåíû; â
íàó÷íîé ëèòåðàòóðå ïîÿâèëèñü ïðèìåðû ìåõàíè÷åñêèõ óñòðîéñòâ (ìîäåëåé), àâòîðàìè êî-
òîðûõ áûëè Ë. Áîëüöìàí (1902 ã.), Ã. Ê. Ñóñëîâ è Ï. Â. Âîðîíåö, Ê. Êàðàòåîäîðè (1933 ã.)
(¾ñàíè¿ Êàðàòåîäîðè). Â ïðèìåðå Ê. Êàðàòåîäîðè èìååòñÿ ëèíåéíàÿ íåãîëîíîìíàÿ ñâÿçü
ïåðâîãî ïîðÿäêà [ 7]. Â. Â. Âàãíåð ïðèìåíèë ïîñòðîåííóþ èì òåîðèþ ê ðåøåíèþ çàäà÷è
Ê. Êàðàòåîäîðè, ÷åì è ïîäòâåðäèë åãî îðèãèíàëüíûå ðåçóëüòàòû.

Óïîìÿíóòûå ïðèìåðû íåãîëîíîìíûõ ìåõàíè÷åñêèõ ñèñòåì îïèñûâàþò äâèæåíèÿ ïðè
íàëè÷èè òðåíèÿ. Îäíàêî ñóùåñòâóåò ðÿä ïðèìåðîâ ñèñòåì ñ íåëèíåéíûìè íåãîëîíîìíûìè
ñâÿçÿìè ïåðâîãî ïîðÿäêà áåç òðåíèÿ. Èìåþò ìåñòî òàêæå ìåõàíèçìû, ðåàëèçóþùèå íåëè-
íåéíûå íåãîëîíîìíûå ñâÿçè áîëåå âûñîêîãî ïîðÿäêà [ 5].

Â. Â. Âàãíåðó ïðèíàäëåæèò ïðèìåð íåãîëîíîìíîé ñâÿçè, îñíîâàííûé íà ïîñòðîåííîé
èì ìîäåëè, ïîäðîáíî îïèñàííîé è ïðîèëëþñòðèðîâàííîé â óïîìÿíóòîé êíèãå Â. Â. Äîáðî-
íðàâîâà. Îïèñàíèå ýòîé ìîäåëè ñâîäèòñÿ ê ñëåäóþùåìó.

Òâ¼ðäîå òåëî íàõîäèòñÿ âíóòðè àáñîëþòíî òâ¼ðäîé ñôåðû. Ñ òåëîì æ¼ñòêî ñêðåïë¼í
òâ¼ðäûé ïðÿìîëèíåéíûé ñòåðæåíü, ïðîõîäÿùèé ïðè äâèæåíèè òåëà ÷åðåç öåíòð ñôåðû.
Íà êîíöàõ ñòåðæíÿ çàêðåïëåíû íåáîëüøèå êîë¼ñà (äèñêè) ñ îñòðûìè êðàÿìè, ïëîñêîñòè
êîòîðûõ ñîâïàäàþò. Ðàññòîÿíèå ìåæäó äâóìÿ íàèáîëåå óäàë¼ííûìè òî÷êàìè êîë¼ñ ðàâíî
âíóòðåííåìó äèàìåòðó òâ¼ðäîé ñôåðè÷åñêîé îáîëî÷êè. Êîë¼ñà ìîãóò êàòèòüñÿ è âåðòåòüñÿ
áåç ñêîëüæåíèÿ ïî âíóòðåííåé ïîâåðõíîñòè îáîëî÷êè. Ïðåäïîëàãàåòñÿ, ÷òî ìàññà êàæäîãî
êîëåñà ïðåíåáðåæèìî ìàëà ïî ñðàâíåíèþ ñ ìàññîé ïðèñîåäèí¼ííîãî ê ñôåðå òâ¼ðäîãî òåëà.

Ââåä¼ì ïëîñêîñòü, ïðîõîäÿùóþ ÷åðåç îñü ñòåðæíÿ è îñè êîë¼ñ. Ïîñêîëüêó çàîñòð¼ííûå
êðàÿ êîë¼ñ ïðåïÿòñòâóþò èõ áîêîâîìó ñêîëüæåíèþ, òî ìãíîâåííàÿ îñü âðàùåíèÿ òâ¼ðäîãî
òåëà ðàñïîëîæåíà â äàííîé ïëîñêîñòè. Ýòî óñëîâèå ïîðîæäàåò íåãîëîíîìíóþ ñâÿçü, ñîãëàñ-
íî êîòîðîé ïðîåêöèÿ ìãíîâåííîé óãëîâîé ñêîðîñòè òåëà íà îñü, ðàñïîëîæåííóþ â ïëîñêîñòè
êîë¼ñ è îðòîãîíàëüíóþ ñòåðæíþ, â ëþáîé ìîìåíò âðåìåíè ðàâíà íóëþ. Ïðè ñïåöèàëüíîì
âûáîðå ñèñòåìû îñåé êîîðäèíàò, íåèçìåííî ñâÿçàííîé ñ òåëîì, óðàâíåíèå íåãîëîíîìíîé
ñâÿçè, ðåàëèçóþùåéñÿ â ïðèìåðå Â. Â. Âàãíåðà, ñîâïàäàåò ïî ôîðìå ñ àíàëîãè÷íûìè óðàâ-
íåíèÿìè ñâÿçåé, èìåþùèõñÿ â ïðèìåðàõ Ã. Ê. Ñóñëîâà è Ï. Â. Âîðîíöà [ 7]. Ïîñòðîèâ ñïåöè-
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Ä. À. Áðåäèõèí è äð. Íàñëåäèå Âàãíåðà. Ê 90-ëåòèþ êàôåäðû ãåîìåòðèè ÑÃÓ

àëüíóþ ñèñòåìó ëîêàëüíûõ êîîðäèíàò, Â. Â. Âàãíåð ïîëó÷èë óðàâíåíèÿ äâèæåíèÿ òâ¼ðäîãî
òåëà ñ íåãîëîíîìíîé ñâÿçüþ. Ðåøàÿ âîïðîñ î äîïóñòèìûõ òðàåêòîðèÿõ äàííîé äèíàìè÷å-
ñêîé ñèñòåìû, îí óñòàíîâèë, ÷òî íà çàäàííîì íåãîëîíîìíîì ìíîãîîáðàçèè âñåãäà ñóùåñòâóåò
òðàåêòîðèÿ, ñîåäèíÿþùàÿ äâå ëþáûå åãî òî÷êè. Ïðè âûáîðå ìåòîäà èíòåãðèðîâàíèÿ ñèñòå-
ìû óðàâíåíèé äâèæåíèÿ òåëà îí ïîêàçàë, ÷òî âñåãäà ñóùåñòâóåò òàêàÿ ëîêàëüíàÿ ñèñòåìà
êîîðäèíàò, ïðè êîòîðîé èíòåãðèðîâàíèå äàííîé ñèñòåìû óðàâíåíèé ñóùåñòâåííî óïðîùà-
åòñÿ. Â ÷àñòíîñòè, ïðè äâèæåíèè äàííîãî òåëà ïî èíåðöèè ñïåöèàëüíûé âûáîð ñèñòåìû
êîîðäèíàò ïîçâîëÿåò ïîëó÷èòü âñå ïåðâûå àëãåáðàè÷åñêèå èíòåãðàëû ýòîé çàäà÷è èç óñëî-
âèÿ ïîñòîÿííîñòè êîìïîíåíò âåêòîðà ñêîðîñòè, îòíåñ¼ííûõ ê äàííîé ñèñòåìå êîîðäèíàò.

Íà îñíîâå ñîçäàííîé èì êîíñòðóêòèâíîé òåîðèè Â. Â. Âàãíåð èññëåäîâàë ñâîéñòâà ôàçî-
âîãî ïðîñòðàíñòâà â ýéëåðîâîì ñëó÷àå äâèæåíèÿ òâ¼ðäîãî òåëà âîêðóã íåïîäâèæíîãî ïîëþ-
ñà, à òàêæå ðàññìîòðåë íîâûå çàäà÷è äèíàìèêè òâ¼ðäîãî òåëà ñ íåãîëîíîìíûìè ñâÿçÿìè [ 7].

Äëÿ ìåõàíè÷åñêîãî óñòðîéñòâà, îïèñàííîãî â ïðèìåðå Â. Â. Âàãíåðà, â íàó÷íîé ëè-
òåðàòóðå óïîòðåáëÿåòñÿ òåðìèí ¾ãèðîñêîï Âàãíåðà¿ [ 5, ñ. 266]. Ýòî óñòðîéñòâî ÿâëÿåòñÿ
ìîäåëüþ áîëåå ñëîæíûõ ïî êîíñòðóêöèè ìåõàíèçìîâ, ðåàëèçóþùèõ ïðîãðàììû äâèæåíèÿ,
çàäàííûå íåãîëîíîìíûìè ñâÿçÿìè. Çàäà÷à, ïîñòàâëåííàÿ è óñïåøíî ðåø¼ííàÿ Â. Â. Âàã-
íåðîì íà îñíîâå ïðåäëîæåííîãî èì ïðèìåðà, ÿâëÿåòñÿ îäíîé èç íåìíîãèõ çàäà÷ äèíàìèêè
ìåõàíè÷åñêèõ ñèñòåì ñ íåãîëîíîìíûìè ñâÿçÿìè, êîòîðàÿ ïîëíîñòüþ ðåøåíà ïóò¼ì èíòå-
ãðèðîâàíèÿ ñèñòåìû óðàâíåíèé äâèæåíèÿ â êîíå÷íîé ôîðìå [ 8]. Îíà ÿâëÿåòñÿ íàãëÿäíûì
ïðèìåðîì ïðèìåíåíèÿ àáñòðàêòíîé ãåîìåòðè÷åñêîé òåîðèè ê ðåøåíèþ êîíêðåòíîé çàäà÷è
êëàññè÷åñêîé ìåõàíèêè, èìåþùåé ïðàêòè÷åñêîå çíà÷åíèå. Ýòî ïîäòâåðæäàåò ñëîâà âûäàþ-
ùåãîñÿ ôèçèêà Ë. Áîëüöìàíà: ¾Íåò íè÷åãî ïðàêòè÷íåå õîðîøåé òåîðèè¿. Â äàëüíåéøåì ýòà
çàäà÷à Â. Â. Âàãíåðà áûëà îáîáùåíà íà ñëó÷àé ãèðîñòàòà; å¼ òî÷íîå àíàëèòè÷åñêîå ðåøåíèå
ïîëó÷åíî äëÿ íåêîòîðûõ âàæíûõ (â ïðèêëàäíîì ñìûñëå) ÷àñòíûõ ñëó÷àåâ äâèæåíèÿ.

Ñëåäóåò ïîä÷åðêíóòü ïðèíöèïèàëüíóþ âàæíîñòü ìîäåëüíîé çàäà÷è Â. Â. Âàãíåðà î äâè-
æåíèè òâ¼ðäîãî òåëà ñ íåãîëîíîìíîé ñâÿçüþ. Îíà óêàçûâàåò íà âîçìîæíîñòè ïðèìåíåíèÿ
ãåîìåòðè÷åñêîé òåîðèè íåãîëîíîìíûõ ìíîãîîáðàçèé ê ðåøåíèþ àêòóàëüíûõ çàäà÷ ìåõàíè-
êè íåãîëîíîìíûõ ñèñòåì, âàæíûõ ñ òî÷êè çðåíèÿ èõ òåõíè÷åñêîãî ïðèìåíåíèÿ êàê ìîäåëåé
ðàçëè÷íîãî ðîäà ðåàëüíûõ ìàøèí, àïïàðàòîâ è óïðàâëÿþùèõ óñòðîéñòâ. Äåéñòâèòåëüíî,
â òåîðèè óïðàâëÿåìûõ ñèñòåì, â ìåõàíèêå óïðàâëÿåìîãî äâèæåíèÿ ïîäâèæíûõ îáúåêòîâ
çàêîíû óïðàâëåíèÿ ìîãóò âûðàæàòüñÿ â âèäå íåèíòåãðèðóåìûõ ñîîòíîøåíèé ìåæäó êîìïî-
íåíòàìè ñêîðîñòè è êîîðäèíàòàìè îáúåêòà. Ñ àíàëèòè÷åñêîé òî÷êè çðåíèÿ ýòî ðàâíîñèëüíî
íàëîæåíèþ íà ïîäâèæíûé îáúåêò ñòàöèîíàðíûõ íåãîëîíîìíûõ ñâÿçåé. Ïðèìåðàìè òàêîãî
ðîäà ñèñòåì ÿâëÿþòñÿ ãèðîñêîïè÷åñêèå ñèñòåìû è óñòðîéñòâà, óñòàíîâëåííûå íà ïîäâèæ-
íîì îñíîâàíèè, óïðàâëÿåìûå ëåòàòåëüíûå àïïàðàòû, ïðîãðàììíûå óïðàâëÿåìûå ñèñòåìû
è êîìïëåêñû [ 5].

Êàê èçâåñòíî, áîëüøèíñòâî òèïîâ ðåàëüíûõ òåõíè÷åñêèõ óñòðîéñòâ ìîäåëèðóåòñÿ íåãî-
ëîíîìíûìè ìåõàíè÷åñêèìè ñèñòåìàìè. Ïîìèìî óïîìÿíóòûõ âûøå ãèðîñêîïè÷åñêèõ
è óïðàâëÿþùèõ óñòðîéñòâ ê íèì îòíîñÿòñÿ òðàíñïîðòíûå êîë¼ñíûå ìàøèíû, ìîäåëèðó-
åìûå áèöèêëîì, òðèöèêëîì è êâàäðîöèêëîì. Ðåàëüíûìè ïðîîáðàçàìè áèöèêëà ÿâëÿþòñÿ
äâóõêîë¼ñíèêè � ìîòîöèêëû è âåëîñèïåäû; òðèöèêëà � ñàìîë¼ò, òð¼õêîëåñíûé àâòîìîáèëü,
ãðóçîâûå êîë¼ñíûå òåëåæêè. Ïðîîáðàçîì ñîâðåìåííîãî êâàäðîöèêëà ÿâëÿåòñÿ ÷åòûð¼õêî-
ë¼ñíûé àâòîìîáèëü.

Â äàëüíåéøåì Â. Â. Âàãíåð ñîçäàë â òåîðèè íåãîëîíîìíûõ ìíîãîîáðàçèé çíà÷èòåëü-
íûå îáîáùåíèÿ, ïîçâîëÿþùèå ïðèìåíÿòü ìåòîäû äèôôåðåíöèàëüíîé ãåîìåòðèè â çàäà÷àõ
äèíàìèêè ìåõàíè÷åñêèõ ñèñòåì ñ íåëèíåéíûìè ñâÿçÿìè [ 9].

Õàðàêòåðíî, ÷òî âñå íàó÷íûå èññëåäîâàíèÿ Â. Â. Âàãíåðà â ãåîìåòðèè îòëè÷àþòñÿ ñòðåì-
ëåíèåì ñîçäàâàòü è ðàçðàáàòûâàòü òå å¼ ðàçäåëû, êîòîðûå ñâÿçàíû ñ ïðèìåíåíèÿìè â äðó-
ãèõ îáëàñòÿõ ìàòåìàòèêè è ìåõàíèêè, ðåøàÿ çàäà÷è â ìàêñèìàëüíîé îáùíîñòè è ñ íàèáîëåå
îáùèõ ïîçèöèé.

Êàê èçâåñòíî, íàèáîëåå ñëîæíûìè â êëàññè÷åñêîì âàðèàöèîííîì èñ÷èñëåíèè ÿâëÿþòñÿ
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çàäà÷è Ëàãðàíæà. Â. Â. Âàãíåð â ñâîèõ ðàáîòàõ, îñíîâàííûõ íà ïîñòðîåííîé èì òåîðèè
ãèïåðïîëîñ â öåíòðàëüíî-àôôèííîì ïðîñòðàíñòâå, ïîëó÷èë ãåîìåòðè÷åñêóþ èíòåðïðåòà-
öèþ îáùåãî óðàâíåíèÿ Ýéëåðà äëÿ âàðèàöèîííûõ çàäà÷ Ëàãðàíæà [ 3]. Ýòè çàäà÷è øèðîêî
ïðèìåíÿþòñÿ â äèíàìèêå ìåõàíè÷åñêèõ ñèñòåì, â ÷àñòíîñòè, ïðè âûäåëåíèè èç âñåãî ìíîæå-
ñòâà äèíàìè÷åñêè âîçìîæíûõ äâèæåíèé ñèñòåìû ìíîãîîáðàçèÿ å¼ ñòàöèîíàðíûõ ñîñòîÿíèé,
à òàêæå ïðè ðåøåíèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ.

Îñíîâîïîëàãàþùèå ðàáîòû Â. Â. Âàãíåðà ïî ãåîìåòðèè íåãîëîíîìíûõ ìíîãîîáðàçèé
çàëîæèëè ïëîäîòâîðíóþ îñíîâó äëÿ äàëüíåéøåãî ðàçâèòèÿ àêòóàëüíîãî íàó÷íîãî íàïðàâ-
ëåíèÿ � äèíàìèêè ìåõàíè÷åñêèõ ñèñòåì ñ íåãîëîíîìíûìè ñâÿçÿìè. Â ðåçóëüòàòå â íàó÷íîé
ëèòåðàòóðå â ýòîé îáëàñòè ïîÿâèëîñü îãðîìíîå êîëè÷åñòâî ïóáëèêàöèé, íåïðåðûâíî âîç-
ðàñòàþùåå äî íàñòîÿùåãî âðåìåíè. Ýòî ñâÿçàíî, ïðåæäå âñåãî, ñ áóðíî ðàçâèâàþùèìñÿ
íàó÷íûì íàïðàâëåíèåì � òåîðèåé óïðàâëÿåìîãî äâèæåíèÿ ðàçëè÷íîãî ðîäà ìåõàíè÷åñêèõ
îáúåêòîâ. Òàêèå äâèæåíèÿ âîçíèêàþò ¾ïðè íàëîæåíèè . . . [çàäàííûõ ïðîãðàììíûõ óïðàâ-
ëÿþùèõ] ñâÿçåé, ïðè÷¼ì [óïðàâëÿþùèìè] ïðîãðàììàìè ìîãóò ÿâëÿòüñÿ àíàëèòè÷åñêèå âû-
ðàæåíèÿ óñëîâèé, íàëàãàåìûõ íà îáîáù¼ííûå êîîðäèíàòû òåëà èëè íà . . . ñêîðîñòè. . . .
Ýòè ñâÿçè ìîãóò áûòü íåãîëîíîìíûìè . . . Äëÿ ðåàëèçàöèè çàäàííîãî äâèæåíèÿ â îáùåì
ñëó÷àå íàäî èñïîëüçîâàòü ñåðâîñâÿçè¿. Êðîìå òîãî, ¾àíàëèòè÷åñêèå âûðàæåíèÿ [óïðàâëÿ-
þùåé] ïðîãðàììû ïðåäñòàâëÿþò ñîáîé óðàâíåíèÿ íåãîëîíîìíûõ ñâÿçåé. Äëÿ èññëåäîâàíèÿ
òàêîãî äâèæåíèÿ íåîáõîäèìî ïðèìåíèòü ìåòîäû íåãîëîíîìíîé ìåõàíèêè¿ [ 5, ñ. 126].

Ïðè èññëåäîâàíèè ñâîéñòâ óïðàâëÿåìîãî äâèæåíèÿ ìåõàíè÷åñêèõ îáúåêòîâ ýòè îáúåêòû
ðàññìàòðèâàþòñÿ êàê ñèñòåìû ñ íåãîëîíîìíûìè ñâÿçÿìè [ 10], ÷òî ïîçâîëÿåò ïðèìåíÿòü â
äàííûõ èññëåäîâàíèÿõ ìåòîäû è ïðè¼ìû äëÿ íåãîëîíîìíûõ ñèñòåì.

Îòìåòèì ñëåäóþùèé âàæíûé ìîìåíò: â çàäà÷àõ äèíàìèêè òâ¼ðäîãî òåëà ïåðâûå àë-
ãåáðàè÷åñêèå èíòåãðàëû äèíàìè÷åñêèõ óðàâíåíèé ïðåäñòàâëÿþòñÿ â âèäå êâàäðàòè÷íûõ è
ëèíåéíûõ ôîðì îò êîìïîíåíò âåêòîðà óãëîâîé ñêîðîñòè òåëà. Ýòî ïðèâîäèò ê èäåå î ïðåä-
ñòàâëåíèè ýòèõ ñîîòíîøåíèé êàê óñëîâèé íàëîæåííûõ íåãîëîíîìíûõ ñâÿçåé. Òàêîé ïîäõîä
îòêðûâàåò íîâûå âîçìîæíîñòè ïðèìåíåíèÿ àïïàðàòà íåãîëîíîìíîé ìåõàíèêè äëÿ èññëåäî-
âàíèÿ äèíàìè÷åñêèõ ñâîéñòâ íåãîëîíîìíûõ ìíîãîîáðàçèé.

Ïðåäñòàâëÿåò èíòåðåñ âîïðîñ î ïîñòðîåíèè ìîäåëåé íåãîëîíîìíûõ ñâÿçåé íå òîëüêî
äëÿ ìåõàíè÷åñêèõ ñèñòåì àáñîëþòíî òâ¼ðäûõ òåë, íî è äëÿ íåêîòîðûõ îòäåëüíûõ âèäîâ
ñïëîøíûõ ñðåä [ 11].

Âñå ïðèâåä¼ííûå çäåñü ñîîáðàæåíèÿ ïîäòâåðæäàþò ïðîÿâëÿþùèåñÿ â íàñòîÿùåå âðåìÿ
òåíäåíöèè ê ðàñøèðåíèþ è îáîáùåíèþ îáëàñòåé èññëåäîâàíèÿ è ðåçóëüòàòîâ, ñîäåðæàùèõñÿ
â òðóäàõ Â. Â. Âàãíåðà ïî íåãîëîíîìíûì ìíîãîîáðàçèÿì.

Àëãåáðà

Â íà÷àëå 50-õ ãã. ïðîøëîãî ñòîëåòèÿ èññëåäîâàíèÿ Âèêòîðà Âëàäèìèðîâè÷à â îáëàñòè
äèôôåðåíöèàëüíîé ãåîìåòðèè ïðèâåëè ê íåîáõîäèìîñòè èçó÷åíèÿ ÷àñòè÷íûõ âçàèìíî îä-
íîçíà÷íûõ ïðåîáðàçîâàíèé ìíîæåñòâ. Àïïàðàò òåîðèè ãðóïï, áëåñòÿùå çàðåêîìåíäîâàâøèé
ñåáÿ ïðè èññëåäîâàíèè ïîëíûõ âçàèìíî îäíîçíà÷íûõ ïðåîáðàçîâàíèé, íå áûë ïðèñïîñîáëåí
äëÿ ýòèõ öåëåé. Âàãíåðîì áûëà ïðåäëîæåíà êîíöåïöèÿ îáîáùåííîé ãðóïïû (â äðóãîé òåðìè-
íîëîãèè � èíâåðñíîé ïîëóãðóïïû), ïðåäñòàâëÿþùåé ñîáîé ïîëóãðóïïó, óäîâëåòâîðÿþùóþ
íåêîòîðûì äîïîëíèòåëüíûì óñëîâèÿì. Èì áûëà äîêàçàíà ñòàâøàÿ êëàññè÷åñêîé òåîðåìà,
â äàëüíåéøåì îïðåäåëèâøàÿ îäíî èç öåíòðàëüíûõ íàïðàâëåíèé îáùåé òåîðèè ïîëóãðóïï,
î âîçìîæíîñòè èçîìîðôíîãî ïðåäñòàâëåíèÿ âñÿêîé îáîáùåííîé ïîëóãðóïïû ïîëóãðóïïîé
÷àñòè÷íûõ âçàèìíî îäíîçíà÷íûõ ïðåîáðàçîâàíèé íåêîòîðîãî ìíîæåñòâà ñ îïåðàöèåé óìíî-
æåíèÿ ïðåîáðàçîâàíèé. Íåñêîëüêî ïîçæå ýòîò ðåçóëüòàò áûë íåçàâèñèìî ïîëó÷åí àâñòðà-
ëèéñêèì ìàòåìàòèêîì Ã. Ïðåñòîíîì.

×àñòè÷íûé ïîðÿäîê íà ïîëóãðóïïå íàçûâàåòñÿ ñòàáèëüíûì (èëè ñîãëàñîâàííûì ñ óìíî-
æåíèåì), åñëè èç íåðàâåíñòâà a 6 b äëÿ ëþáîé ïàðû ýëåìåíòîâ a, b è ëþáîãî ýëåìåíòà c
ïîëóãðóïïû ñëåäóåò ac 6 bc è ca 6 cb: Ïîðîé èäåìïîòåíòû è ïîëóãðóïïîâàÿ îïåðàöèÿ ïî-
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Ä. À. Áðåäèõèí è äð. Íàñëåäèå Âàãíåðà. Ê 90-ëåòèþ êàôåäðû ãåîìåòðèè ÑÃÓ

ðîæäàþò ÷àñòè÷íûå ïîðÿäêè íà ïîëóãðóïïå. Òàêèå ïîðÿäêè, åñëè îíè ñòàáèëüíû, ïðèíÿòî
íàçûâàòü åñòåñòâåííûìè. Ïåðâûé òàêîé åñòåñòâåííûé ïîðÿäîê áûë íàéäåí Âàãíåðîì [ 12]
äëÿ èíâåðñíûõ ïîëóãðóïï, ïåðåíîñÿ åãî ñ ïîëóãðóïïû âçàèìíî îäíîçíà÷íûõ ÷àñòè÷íûõ
ïðåîáðàçîâàíèé ìíîæåñòâà, èãðàþùèõ, êàê óæå îòìå÷àëîñü, âàæíóþ ðîëü â òåîðèè ãëàä-
êèõ ìíîãîîáðàçèé. Ñ ýòîé æå ïîçèöèè îí ðàññìîòðåë çàäà÷ó íàõîæäåíèÿ ïðåäñòàâëåíèé
óïîðÿäî÷åííîé ïîëóãðóïïû ÷àñòè÷íûìè ïðåîáðàçîâàíèÿìè [ 13], äëÿ êîòîðûõ çàäàííîìó â
ïîëóãðóïïå îòíîøåíèþ ïîðÿäêà ñîîòâåòñòâóåò îòíîøåíèå âêëþ÷åíèÿ ÷àñòè÷íûõ ïðåîáðà-
çîâàíèé.

Â êîíòåêñòå åñòåñòâåííûõ ïîðÿäêîâ è èäåìïîòåíòîâ ïîñëåäîâàë öåëûé ðÿä ðàáîò ïåðâîãî
àñïèðàíòà Âàãíåðà, âïîñëåäñòâèè ïðîôåññîðà êàôåäðû ãåîìåòðèè Àëåêñàíäðà Åâãåíüåâè÷à
Ëèáåðà. Åìó ïðèíàäëåæèò èçâåñòíûé êðèòåðèé èíâåðñíîñòè ïîëóãðóïïû â ôîðìå êîììóòà-
òèâíîñòè ëþáîé ïàðû å¼ èäåìïîòåíòîâ, à òàêæå èçâåñòíûå ñåãîäíÿ ðåçóëüòàòû, êàñàþùèåñÿ
ïðåäñòàâëåíèÿ ïîëóãðóïï îáúåäèíåíèåì ãðóïï [ 14; 15, ãë. 7.1].

Èäåÿ Âàãíåðà åñòåñòâåííûì îáðàçîì óïîðÿäî÷èòü ïîëóãðóïïó âíîâü áûëà ïîäíÿòà ïîç-
æå öåëîé ïëåÿäîé àëãåáðàèñòîâ. Îáñóæäàÿ ÷àñòè÷íûå ïîðÿäêè, ïîðîæä¼ííûå ïîëóãðóïïî-
âîé îïåðàöèåé, Ìèò÷ ïèñàë [ 16], ÷òî òîëüêî ñïóñòÿ 30 ëåò åñòåñòâåííûé ïîðÿäîê Âàãíåðà
áûë ðàñïðîñòðàí¼í Õàðòâèãîì [ 17] è Íàìáóðèïàäîì [ 18] íà êëàññ ðåãóëÿðíûõ ïîëóãðóïï.
Îäíàêî äàæå äëÿ ðåãóëÿðíûõ ïîëóãðóïï òàêèå ïîðÿäêè íå âñåãäà ÿâëÿþòñÿ ñòàáèëüíûìè.
Ïîñëåäîâàëà ñåðèÿ ðàáîò, ïîñâÿùåííûõ ðàçëè÷íûì ñïîñîáàì çàäàíèÿ òàêèõ ÷àñòè÷íûõ ïî-
ðÿäêîâ, ýêâèâàëåíòíîñòü êîòîðûõ áûëà ïîêàçàíà Ìèò÷åì [ 16]. Ýòî ïðèâåëî ê ïîÿâëåíèþ
áîëåå óíèâåðñàëüíîãî ñïîñîáà çàäàíèÿ ÷àñòè÷íîãî ïîðÿäêà íà ïîëóãðóïïå, âîøåäøåãî â
ëèòåðàòóðó êàê ¾ïîðÿäîê Ìèò÷à¿ [ 19]. Òàê, îòêðûòûé Âàãíåðîì åñòåñòâåííûé ïîðÿäîê íà
èíâåðñíûõ ïîëóãðóïïàõ äàë èìïóëüñ èññëåäîâàíèÿì â íàïðàâëåíèè ÷àñòè÷íî óïîðÿäî÷åí-
íûõ ïîëóãðóïï.

Ïðîäîëæàþò ýòè èäåè Âàãíåðà ðàáîòû ïðîôåññîðà êàôåäðû ãåîìåòðèè Â. Á. Ïîïëàâ-
ñêîãî, êîòîðîìó ïîñ÷àñòëèâèëîñü áûòü àñïèðàíòîì Â. Â. Âàãíåðà, ê ñîæàëåíèþ, ïîñëåä-
íèì. Èäåìïîòåíòàì è åñòåñòâåííûì ïîðÿäêàì ïîëóãðóïï ñ åäèíèöåé ïîñâÿùåíà ñåðèÿ ðàáîò
Â. Á. Ïîïëàâñêîãî, â êîòîðûõ ñòðîèòñÿ òåîðèÿ ïîëóãðóïïîâûõ èäåìïîòåíòîâ è åñòåñòâåííûõ
ïîðÿäêîâ [ 20].

Â. Â. Âàãíåðîì áûëî çàìå÷åíî, ÷òî òåîðèþ ÷àñòè÷íûõ âçàèìíî îäíîçíà÷íûõ ïðåîáðà-
çîâàíèé åñòåñòâåííî ðàññìàòðèâàòü â ðàìêàõ îáùåé òåîðèè àëãåáð îòíîøåíèé, â ðàçâèòèå
êîòîðîé ñîçäàííàÿ èì àëãåáðàè÷åñêàÿ øêîëà âíåñëà íåìàëûé âêëàä. Â íàñòîÿùåå âðåìÿ òåî-
ðèÿ àëãåáð îòíîøåíèé ïðåäñòàâëÿåò ñîáîé ñóùåñòâåííóþ ñîñòàâíóþ ÷àñòü àëãåáðàè÷åñêîé
ëîãèêè è ñîâðåìåííîé îáùåé àëãåáðû è èìååò ìíîãî÷èñëåííûå ïðèëîæåíèÿ â ðàçëè÷íûõ
ðàçäåëàõ ìàòåìàòèêè.

Èññëåäîâàíèå îïåðàöèé íàä îòíîøåíèÿìè, íà÷àòîå âî âòîðîé ïîëîâèíå äåâÿòíàäöàòîãî
ñòîëåòèÿ â ðàáîòàõ ×. Ïèðñà è Ã. Ôðåãå, áûëî ñèñòåìàòèçèðîâàíî Ý. Øðåäåðîì â òðåòüåì
òîìå ñâîåé ¾Àëãåáðû ëîãèêè¿. Òåñíóþ âçàèìîñâÿçü ýòèõ èññëåäîâàíèé ñ ëîãèêîé èëëþ-
ñòðèðóåò òîò ôàêò, ÷òî èìåííî ðàññìîòðåíèå îïåðàöèè óìíîæåíèÿ îòíîøåíèé ïîáóäèëî
×. Ïèðñà ââåñòè â ëîãèêó ïîíÿòèå êâàíòîðà. Äàëüíåéøåå ðàçâèòèå òåîðèÿ àëãåáð îòíîøå-
íèé ïîëó÷èëà â òðóäàõ À. Óàéòõåäà è Á. Ðàññåëà.

Íîâûé ýòàï â ðàçâèòèè òåîðèè ñâÿçàí ñ ðàáîòàìè À. Òàðñêîãî 40�50-õ ãã. XX â., â êî-
òîðûõ áûë ïðåäëîæåí àêñèîìàòè÷åñêèé ïîäõîä ê èçó÷åíèþ àëãåáð îòíîøåíèé. Ýòîìó ñïî-
ñîáñòâîâàëî àêòèâíîå ðàçâèòèå â ýòî âðåìÿ òåîðèè ìîäåëåé è àëãåáðàè÷åñêèõ ñèñòåì, â
÷àñòíîñòè òåîðèè ìíîãîîáðàçèé è êâàçèìíîãîîáðàçèé.

À. Òàðñêèì áûë ðàññìîòðåí êëàññ àëãåáð îòíîøåíèé, â ÷èñëî îïåðàöèé êîòîðûõ íàðÿäó ñ
áóëåâûìè âõîäèëè îïåðàöèè óìíîæåíèÿ è îáðàùåíèÿ îòíîøåíèé (óêàçàííûé êëàññ ÿâëÿåòñÿ
÷àñòíûì ñëó÷àåì êëàññà áóëåâûõ àëãåáð ñ äîïîëíèòåëüíûìè îïåðàöèÿìè). Îí ïîêàçàë,
÷òî ýòîò êëàññ îáðàçóåò ìíîãîîáðàçèå. Áåñêîíå÷íûé áàçèñ òîæäåñòâ ýòîãî ìíîãîîáðàçèÿ
áûë íàéäåí Ð. Ëèíäîíîì, à È. Ìàíê óñòàíîâèë, ÷òî îíî íå ìîæåò áûòü îõàðàêòåðèçîâàíî
íèêàêîé êîíå÷íîé ñèñòåìîé òîæäåñòâ.
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Ýòè èññëåäîâàíèÿ âî ìíîãîì îïðåäåëèëè îñíîâíóþ ïðîáëåìàòèêó äàëüíåéøåãî ðàçâèòèÿ
òåîðèè àëãåáð îòíîøåíèè, ñâîäÿùóþñÿ ê èññëåäîâàíèÿì àêñèîìàòèçèðóåìîñòè ðàçëè÷íûõ
êëàññîâ àëãåáð îòíîøåíèé, à òàêæå íàõîæäåíèþ áàçèñîâ òîæäåñòâ è êâàçèòîæäåñòâ, ïî-
ðîæäåííûõ ýòèìè êëàññàìè ìíîãîîáðàçèé è êâàçèìíîãîîáðàçèé.

Ñðåäè ðàññìàòðèâàåìûõ êëàññîâ îñîáîå ìåñòî çàíèìàëè êëàññû òàê íàçûâàåìûõ ïîä-
ðåäóêòîâ àëãåáð îòíîøåíèé À. Òàðñêîãî, ò. å. àëãåáð, îïåðàöèè êîòîðûõ âõîäÿò â ÷èñëî
îïåðàöèé àëãåáð îòíîøåíèé Òàðñêîãî èëè âûðàçèìû ÷åðåç íèõ, à òàêæå àëãåáð îòíîøåíèé
ñïåöèàëüíîãî âèäà.

Òàê, Á. Éîíññîí â 1959 ã. ðàññìîòðåë êëàññ àëãåáð îòíîøåíèé ñ îïåðàöèÿìè óìíîæå-
íèÿ, îáðàùåíèÿ è ïåðåñå÷åíèÿ îòíîøåíèé; íàøåë áåñêîíå÷íóþ ñèñòåìó êâàçèòîæäåñòâ, õà-
ðàêòåðèçóþùèõ ýòîò êëàññ, è ñôîðìóëèðîâàë ïðîáëåìó, ÿâëÿåòñÿ ëè ýòîò êëàññ ìíîãîîá-
ðàçèåì [ 21]. Â òîì ñëó÷àå, åñëè îãðàíè÷èòüñÿ ëèøü îïåðàöèÿìè óìíîæåíèÿ è îáðàùåíèÿ
îòíîøåíèé, òî ìû ïðèõîäèì ê êëàññó èíâîëþòèðîâàííûõ ïîëóãðóïï îòíîøåíèé, êîòîðûé
ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì ââåäåííîãî Â. Â. Âàãíåðîì êëàññà îáîáùåííûõ ãðóïï
÷àñòè÷íûõ âçàèìíî îäíîçíà÷íûõ ïðåîáðàçîâàíèé.

Çàäà÷à íàõîæäåíèÿ àêñèîìàòèêè êëàññà èíâîëþòèðîâàííûõ ïîëóãðóïï îòíîøåíèé áûëà
ïîñòàâëåíà Âàãíåðîì íà îäíîì èç ñåìèíàðîâ â 1953 ã. è áûëà ðåøåíà â ðàáîòàõ åãî ó÷åíèêîâ
Á. Ì. Øàéíà è Ä. À. Áðåäèõèíà â 70-õ ãã. ïðîøëîãî ñòîëåòèÿ. Â 1994 ã. Ä. À. Áðåäèõèíûì
áûëà ðåøåíà óïîìÿíóòàÿ âûøå ïðîáëåìà Á. Éîíññîíà [ 22].

Âåñüìà ïëîäîòâîðíîé, â ÷àñòíîñòè, â òåîðèè ïîëóãðóïï, îêàçàëàñü îáùàÿ êîíöåïöèÿ
àëãåáðû îòíîøåíèé, ââåäåííàÿ Á. Ì. Øàéíîì. Èì áûëà äîêàçàíà óíèâåðñàëüíàÿ àêñèîìà-
òèçèðóåìîñòü êëàññîâ àëãåáð îòíîøåíèé ïðè óñëîâèè, ÷òî âñå ñâîéñòâà ðàññìàòðèâàåìûõ
îòíîøåíèé è âñå îïåðàöèè íàä íèìè çàäàíû ñ ïîìîùüþ ôîðìóë ëîãèêè ïðåäèêàòîâ ïåðâîãî
ïîðÿäêà. Ñîîòâåòñòâóþùèå ðåçóëüòàòû è èõ ïðèëîæåíèÿ â òåîðèè ïîëóãðóïï áûëè ïðåä-
ñòàâëåíû â áîëüøîé îáçîðíîé ñòàòüå, îïóáëèêîâàííîé â ïåðâîì íîìåðå ìåæäóíàðîäíîãî
æóðíàëà ¾Semigroup Forum¿ â 1970 ã. [23].

Ê òåìàòèêå àëãåáð îòíîøåíèé îòíîñèòñÿ òàêæå âåñüìà èçâåñòíàÿ ïðîáëåìà î âëîæèìî-
ñòè ïîëóãðóïï â ãðóïïû, ðåøåíèå êîòîðîé ñîäåðæèòñÿ â ðàáîòàõ À. È. Ìàëüöåâà è È. Ëàì-
áåêà. Âàãíåðîì áûëà ñôîðìóëèðîâàíà àíàëîãè÷íàÿ ïðîáëåìà î âëîæèìîñòè ïîëóãðóïï â
îáîáùåííûå ãðóïïû, ðåøåíèå êîòîðîé áûëî ïîëó÷åíî Á. Ì. Øàéíîì ñ èñïîëüçîâàíèåì
ðàçðàáîòàííîãî èì ìåòîäà îïðåäåëÿþùèõ ïàð äëÿ ïðåäñòàâëåíèÿ ïîëóãðóïï ïðåîáðàçîâà-
íèÿìè [ 24].

Â. Â. Âàãíåðà òàêæå ìîæíî íàçâàòü ðîäîíà÷àëüíèêîì èçó÷åíèÿ òàê íàçûâàåìûõ ðåëÿ-
òèâèçèðîâàííûõ ïîëóãðóïï îòíîøåíèé, ò. å. ïîëóãðóïïàìè, ñèãíàòóðà êîòîðûõ îáîãàùåíà
îòíîøåíèÿìè âêëþ÷åíèÿ, ïðîåêöèîííîãî âêëþ÷åíèÿ è ðÿäîì äðóãèõ îòíîøåíèé, íåñóùèõ
äîïîëíèòåëüíóþ èíôîðìàöèþ îá èñõîäíûõ ïîëóãðóïïàõ. Îñíîâîïîëàãàþùèìè çäåñü ÿâëÿ-
þòñÿ ðàáîòû Âàãíåðà ¾Ïðåäñòàâëåíèå óïîðÿäî÷åííûõ ïîëóãðóïï¿ è ¾Òðàíñôîðìàòèâíûå
ïîëóãðóïïû¿, îïðåäåëèâøèå èññëåäîâàíèÿ öåëîãî ðÿäà àâòîðîâ. Â ÷àñòíîñòè, Â. Í. Ñàëèåì
áûëà íàéäåíà àêñèîìàòè÷åñêàÿ õàðàêòåðèñòèêà ïðîåêöèîííûõ è òðàíñôîðìàòèâíûõ ïîëó-
ãðóïï ÷àñòè÷íûõ ïðåîáðàçîâàíèé.

Îòëè÷èòåëüíîé îñîáåííîñòüþ ñòèëèñòèêè âñåõ ðàáîò Â. Â. Âàãíåðà ÿâëÿåòñÿ øèðîêîå èñ-
ïîëüçîâàíèå â íèõ ñèìâîëèêè ìàòåìàòè÷åñêîé ëîãèêè è òåîðèè îòíîøåíèé, ïîïóëÿðèçàöèè
êîòîðûõ îí óäåëÿë îñîáîå âíèìàíèå. Ýòîìó, â ÷àñòíîñòè, ïîñâÿùåíà åãî ôóíäàìåíòàëüíàÿ
ðàáîòà [25], ãäå ïðèâîäèòñÿ ñîâðåìåííîå ïîäðîáíîå èçëîæåíèå îáøåé òåîðèè îòíîøåíèé è
îïåðàöèé íàä íèìè, à òàêæå ñòðîåíèå è ñâîéñòâà îòíîøåíèé ñïåöèàëüíîãî âèäà.

Íàó÷íàÿ øêîëà Â. Â. Âàãíåðà

Îñíîâàòåëü êàôåäðû ãåîìåòðèè Ñàðàòîâñêîãî óíèâåðñèòåòà, ó÷èòåëü íåñêîëüêèõ ïîêî-
ëåíèé ãåîìåòðîâ è àëãåáðàèñòîâ Â. Â. Âàãíåð ñîçäàë íàó÷íóþ øêîëó, êîòîðàÿ âíåñëà âå-
ñîìûé âêëàä â îòå÷åñòâåííóþ è ìèðîâóþ íàóêó, â ðàçâèòèå ãåîìåòðè÷åñêîãî è àëãåáðàè÷å-
ñêîãî íàó÷íûõ íàïðàâëåíèé [ 26]. Ïðåäñòàâèòåëè ýòîé íàó÷íîé øêîëû ÿâèëèñü íîñèòåëÿìè
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Ä. À. Áðåäèõèí è äð. Íàñëåäèå Âàãíåðà. Ê 90-ëåòèþ êàôåäðû ãåîìåòðèè ÑÃÓ

ïåðåäîâûõ íàó÷íûõ èäåé è òðàäèöèé, çàëîæåííûõ å¼ îñíîâàòåëåì è ðóêîâîäèòåëåì ïðî÷-
íî è íà äîëãèå ãîäû. Âñ¼ ýòî � ðåçóëüòàò âûäàþùèõñÿ è ïëîäîòâîðíûõ òðóäîâ Âèêòîðà
Âëàäèìèðîâè÷à Âàãíåðà.

Îäèí èç ñòóäåíòîâ Â. Â. Âàãíåðà, âñïîìèíàÿ î í¼ì, ãîâîðèò î âðåìåíè îáùåíèÿ ñî ñâîèì
ó÷èòåëåì êàê î ïðåêðàñíûõ è íåçàáûâàåìûõ ìîìåíòàõ ñâîåé æèçíè, â êîòîðûå îí ïîçíàâàë
äëÿ ñåáÿ ÷òî-òî íîâîå, èíòåðåñíîå, çíà÷èòåëüíîå, òî, ÷òî íåâîçìîæíî óçíàòü íè èç êàêèõ
ó÷åáíèêîâ. È êàæäûé ðàç ïîñëå î÷åðåäíîé âñòðå÷è ñ íèì îí ÷óâñòâîâàë íåîáûêíîâåííî
âûñîêèé äóøåâíûé ïîäú¼ì, ïðèëèâ òâîð÷åñêîãî âäîõíîâåíèÿ; ïîëó÷àë îùóùåíèå, êàçàëîñü
áû, íåîãðàíè÷åííûõ âîçìîæíîñòåé â ïðåäñòîÿùåì ïîçíàíèè íàóêè. Ýòî ñòèìóëèðîâàëî àê-
òèâíîñòü íàó÷íîãî òâîð÷åñòâà, îáîñòðÿëî èíòåðåñ ê íîâûì, íåèçâåäàííûì íàó÷íûì ïðîáëå-
ìàì. Òàêîå ÿðêîå è íåçàáûâàåìîå âïå÷àòëåíèå îñòàëîñü ó íåãî íà âñþ æèçíü êàê ñ÷àñòëèâîå
âðåìÿ ó÷¼áû è ñâîáîäíîãî íàó÷íîãî òâîð÷åñòâà.

Äëÿ íàñ, åãî ñòóäåíòîâ, îí áûë ïî ñâîèì òâîð÷åñêèì è íðàâñòâåííûì êà÷åñòâàì æèâûì
îáðàçöîì, ñ êîòîðîãî ìû âî âñ¼ì ñòàðàëèñü áðàòü ïðèìåð. ¾Ó÷èòåëü ïðèêàñàåòñÿ ê âå÷íîñòè:
íèêòî íå ìîæåò ñêàçàòü, ãäå îêàí÷èâàåòñÿ åãî âëèÿíèå¿, � óòâåðæäàë Ã. Àäàìñ, ëàóðåàò
Ïóëèòöåðîâñêîé ïðåìèè ïî ëèòåðàòóðå. Êàê ïðàâäèâî è òî÷íî ñêàçàíî!

Òàêîâ áûë íàø ó÷èòåëü � Âèêòîð Âëàäèìèðîâè÷ Âàãíåð. Òàêèå ó÷èòåëÿ íå çàáûâàþò-
ñÿ, î íèõ ïîìíÿò âñþ æèçíü. Îíè æèâóò â ñâîèõ ó÷åíèêàõ, â ó÷åíèêàõ ñâîèõ ó÷åíèêîâ è
ïîòîìó îíè áåññìåðòíû. Òî ëó÷øåå, ÷òî ïåðåäàíî íàì Ó÷èòåëåì, � ýòî íå òîëüêî çíàíèÿ è
òâîð÷åñêèå íàâûêè, íî è âîñïèòûâàþùåå íðàâñòâåííîå íà÷àëî, òà âíóòðåííÿÿ îäóõîòâîð¼í-
íîñòü, òîò èäåéíûé ñòåðæåíü, òà ïðî÷íàÿ îñíîâà ëè÷íîñòè, êîòîðàÿ ïîìîãàåò ïðåîäîëåâàòü
òâîð÷åñêèå è æèçíåííûå òðóäíîñòè, óñïåøíî äîñòèãàÿ ïîñòàâëåííûõ áëàãîðîäíûõ öåëåé.
Ýòî òî, ÷òî ïîìîãàåò ó÷åíèêàì áûòü äîñòîéíûìè ïàìÿòè ñâîåãî Ó÷èòåëÿ.
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