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Multiplicities of some graded fiocharacters of the matrix
superalgebra M Z2(F)
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Abstract. Let F be an arbitrary eld of characteristic zero, and let M (™k)(F) be a matrix superalgebra
over F. It is known from the theory of algebras with polynomial identities that the superalgebra M (MK) (F)
has a nite basis of Z,-graded identities. Therefore, the problem of describing such a basis arises naturally.
At the present moment of time, there is no such description. First of all, this is due to the fact that there
are no e ective methods for nding the usual or Z,-graded identities of a superalgebraM (™k)(F).
Nevertheless, for some values ah, k, such identities can still be found. For this purpose, one uses either
computer computations or the well-developed apparatus of the representation theory of the symmetric
group S, and the general linear groupGL ,. More precisely, to nd Z,-graded identities of a superalgebra
M ™K)(F) for small values ofm; k, one studies the sequenceé ,g of characters of representations of either
groups S; r or group GL, GL,. For each such group, one constructs a vectoF -space in the free
algebraFfY Zg. At the same time, with respect to the action of groupS;, S, : (GLp GLp) onits
vector space, it has the structure of aleftS, S, [ (GLp, GL) module. However, it turns out that it is
computationally preferable to work with the characters representation sequence of the grougL, GL,.
In this paper, we study the sequence ofsL, GL-charactersf g of matrix superalgebra M 22 (F).
This uses the fact that between pairs of partitions(; ),where "~ r, ~ n randirreducibleGL, GL-
modules, there is a one-to-one correspondence. Moreover, we investigate only those multiplicities in the
decomposition of the character , that are associated with irreducibleGL, GL ,-modules corresponding
to pairs of partitions (; ) of the form (0; ). It is shown that if the height h( ) of the Young diagram D
for a pair (0; ) is no more than ve, then the multiplicity mo, of the irreducible GL, GL p-character
n is di erent from zero.
Keywords: standard polynomial, superalgebra, irreducible character, Young diagram, symmetric group,
general linear group
For citation:  Antonov S. Yu., Antonova A. V. Multiplicities of some graded fiocharacters of the matrix
superalgebraM @2 (F). Izvestiya of Saratov University. Mathematics. Mechanics. Informatics 2025,
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dacaaea it iseaiaei i iaeita 7 1aé1016006 11adeyo, éioidta enrelcoal a
aaeiidéedi. 1iiaité dacoeiioas iagaé 5aaiol ideadadi a edaopudl dacadca
1. [aéiois0a nadaaiey 1 F(GL, GL )-11466y6

ionoll F isiécaiéuiia iled dadacoadenoeée iéed, Z, addiia ai+aoia ii ilacep 2,
A éaéay-eedi annioeaceaiay Z,-adaadediaaiiay aédadda iaa F, FfXg nalaiaiay an-
fifoéaoeaiay aéadadda iaa FS’ idleeddiiay f+aoidi iilaednoan XF fXnOnan, 1016714
i0a4M0AAel 4 4éaa X = Y  Z, 848Y = fynOnon, Z = fzngnon €Y Z = 2. 1igd +841
fioaiaadoii AMATal (Al 13]) iiAoaiel ATaTésiiinou (Fof X g; F1f X g) 44€016i00 11aidi-
f0dainoa aeaadslFf X g, Toiifiecaeuii éioidié  FfX g 464doZ,-adaadediaaiiié agaaasié,
faicia-aaiié Reiaisli  FfX|Z.g.

Aagaa, iefeeel  ViZ2 = Spanefx X @ X myi 2 Smixi 2 fyi;zigg ViF2(A) =

= VZ2 To(A), B83To(A) e4336 Z,-30aacediaaid
14008-4fieay a06iia Aoaigie n, n 2 N. EoNA o
----- Z0. FfYm  Zg 32683408 285840

Zm = fzy:oo; 0 FfXg, iidlecddiiay &lia+iai ifi-
RAM0AT Y Zm, Ff¥m ZmiZey Zp-803a0e51A4(ay 1aasadada  0iABaEa8400
FIXjZ2g, FfYmg Zm3(A) = Fi¥n~ Zmg To(A), BY aa80idiia iaisifosaifioal isi-

fodainoaarfY, Zmg, 1al aé’u’ﬁéé'?\ﬁé‘lé neefaiidiaidie iimai+eaiaie noaiaie n. Aa-
883, i6fou B (A) = BY ' FfYm  Zmg(A), GLm = GL(M;F) iéiay eeidéiay iaode-+-
jay 40614, GLnm GLn idyiia idiecadadied aseii.
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FfYm Zng, éleced aéy épdié iacdl (a;b 26Lm Glm, a dada = (a;j), b= (bj), e anyéiai

[INE! M=M(Y1;::5Y¥m; 21, :0Zm) 2 FfYm  Zmg
0 1
xn xn xn
(a b)M(yl;::"ym,zl;::"zm)—M@ ay it am i bwzcitn o bz
j=1 j=1 k=1 k=1
6101874 caodl idiaiézeel a1 aaénoaey ad0iiaié aeadasi F(GLnm GLpm).
Ié(‘)goaﬁ aeaaou, +of oaé Tidaaaeaiita aaéﬁ(‘)ééa idaadanaao éééc‘ﬁaﬁé idTnodaifoal
FfYn Zmg & édaté F(GL,, GLp)-llaéeél, a aal aaéoisind ia (N &
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OX
a
-1
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g.»
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(0]

B{M(A) a F(Gly  GLpn)-aiiacee (ot GLm)B(”) & FoLn GLm)Bm (A) 4
FGLm GLm)FfYm  Zmg, i0e+al gL, GLm)Bm (A)6 F(GLm GLm)Bm Oi3aa T1iodadeai
0aé0id-11adél  F(GL, GLn )Br(nn)(A)— F(GLn Gln )Br(n)—F(GLm GLm )Bm ‘(A).

) Oaé éaé 1iaoel F(GLm GLm)B (”)(A) jagyaony éria+inaaini, of i aneid iseaiaei.

16A0U  FoL, ocLn)N €aéié-ieadal iaioe éTéé‘lOé F(GLm  GLp)-iiaiiao éu i

FGLm GLm)Bm (A). E¢ 0didee 183anoaacaieé 4861 GLyn GLm €caanio
| |

T, 01 fi6
aedéoeaila nlioadonoaed 1daeao idiseaiaeitie  F(GLy, GLp)- ||aoeyéé"ac’§a‘|é dacaea-
ieé (; )~efaér en rffloddofiodaiil, ada r =0;L;:::;n, =( 1;::55 p)y =( 135555 q)
p; g6 m. [8eadadi iioadonoaopuaa Tienaied iaideaiaeind F(GLm GLp)-liaéeaé

féiot = ( 1;::1; p) T r,p6 m, D aeaddaiia pida, 10ad+apuay dacaeaiep
fi aeeiaie nofeasta (ly;:::;lk), cadntly = p> 1> ii> g, k= 1, =( 1;::15; 9 (n ),
q6 m, D &éaadaiia bida, 10da+apuay dacaediep i aéeiaie notéadia (ti;:::;ty),
aaé% =q>ty>:::>ty, b= 41, h() adAidca aeaddaiid bida D , Sth(Xq1;:::;Xp) =
= sgn X () X (n) Noaiaasoité iiai-eai. Nidaadaeead ﬁeéa()pl]éé 0aidaia

28,
(Ai. [ 14,19)

O&iddia 1. Aey épaial iaideataeital nainacey F(GLn oLm)N; &aaial ifasey

FGLm GLm)B&, fill0a40M0AGPUA
addaadiey:

1) 18680 roL, oL.)N: 118143800y i&6101801 iai6eaani ii&i+eail
0 1
YK Yo X
fo =flyuiinygzsiinzg)= @ St(yniiny) Sty (zaiinizg)A ;
i=1 =1 2S5y
838 2 F, a 486iia S, 43670a040 ia Yeaiaion adeoisital i5ifiodaifioaa B{M rizaaa,
0.a (Xi; Xi,) =X " Xi 1(n),(;aaﬁ[]lG i1;:::;in 6 m;
2) afyééé iaivedané inai-ear
0 1
foo=fynonyszninzg)= @ St(yiiiny) Sty (zi:iz )A ;
i=1 ji=1 25h
343 , 18Taeaado i4610180é iaideaiaeiné F(GLm GLm)-il&iia0él ¢ L, oLm)N:
L0 AANA AR £ i n).
eaalal 11aoey ¢ (gL, GLm)Bﬁn),
3) 21440 ianoi i1aséeuiné ég“‘liéc“)égi F(GLm GLm )N = FGLmN E FGLmN ,éaé
FoLa N , FoL,, N idideaiaeila  FGL,-11a6ee aéy dacaédieé e
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Oaidd&ia 2. Aéy épaial idiveaiaeiial F(GLym GLpy)-Maitasey F(GLm GLm)N i1-
a0y r (Lo GLm)Br(T?)(A)
(; ) i&6ioiday iada daca

oot (M(A) 5a5ae080 i5AAM0AAGAIeY AAGIIO  GLn  GL, fa 63al 11a6ea
FLn oLmBW(A), M (A) 52528048 i&ideaiasiial i04aN0AAE4IEY A06TT0  GLm Glp.
Oiaaa a feeé6 0&1daI0 2 10 Tieedi caieniao, +oi
(M(A) = X WEIN XX (n) X (n)
m (A) m; m;i() m; mi(; )~ m; m ()’
i=1 r=0 (nrr) i j*j j=n
aaa V. | Gadaeods iaisearaciial ivdanioaacaiey aa6iia GLm GLp, fii0ad0fioasp-
Ueéiada (; ),06 m, edadiiion . | & dacelmdiee 6adacodsa i (A)
i6fioU
ap | a1 : ol by | b +1 : : b r
T = . T =
a|1+|2 . h1+t2
al]_ h1

O N~ AN o .

lificaaei a ffoadonoaed iada (T ;T ) ilanoailaés

1 2 0 1y ir r+1 r+2 i r+t; i n
a; ax iloa, & by by i by 0o by oy
e danniiodei iffai+eai
0 1
YK Yo
fro =flynounyszyinz)= @ St(yniinyy) Sty (ziinzg)A
i=1 j=1

(”)(A) - X m (n)
m _ ;)
J 1) ]=n
f0148acaaad0A 01aaa & oieliel ofaaa ia daaia ivep, éiaaa NOGUAROA0A0 0aday 1ada 0aa-
eeo (T ;T ), aey éioioié iitai+eai fr v fa yagyaony Z,-doaadediaaiili oleedafioali
AOTA0aE44480A .
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2. 1 40aa0ed1aaiind 8i6adadoddad foiadacadash M (Z2)(F)

6ol A = M@2(F) = (M4(F);MEP(F);MZ(F)) 1acse+iay noiadasaaasa. Ti-
reteues dim MP2(F) = 8, dim M2 (F) = 8, of a fieeo 32400 [14] 10 itaedl caiefaod,
;\'l‘ X

MM E2(F)) = M)
jiFii=Em

j
h( )68h( )68

0BAl fie6+aé, &iaaa (; )=(0; ),h( )6 5 43a idiecalsiiia

B

N~ Az

wi!
D = wo!
ws!
wg!
ws!
1610 €11;:::,€14 jaode+ita daeiesd aeadasi M4(F), N1 = ez + €31, No = e31 + e3,
N3 = €32+ €3, Ng = €23, N5 = 13813+ 2363+ 31831+ 32832+ 14814+ 24€4+ s1841+
+ 40640, 848 13] 23;11:; 42 107€cAlelita iaiéeaana yeaiaioa ey F . l&TRdaanoaaiin
idlaadyaony nidadaaceainou neadadpuesd aaco éaii

Eadiia 1. Agy épaial ~énea wy 2 N fidaddacean daaainoaa

e;3+ e, anééw; =2k 1; k2 N;
Sti(Ny) = Ny = BT L STee
e + e33; anéew; =2k; k2 N:
Eaiia 2. Agy epaial ~eféa wy 2 N fidaddaceal daaainoal
Sty?2(N1;N2) = eq1 + e +( 1)"2esa:

Ediia 3. A&y épaial ~efea ws 2 N fidaddaceal daadinoaa
( _

2ws DZ2(N,  Nj); afeéws=2k 1; k2 N;

St3°(N1;N2;Ng) =
3°(N1;N2;N3) 20ws 2)=2y. aneews =2k; k2 N;

1)

dddU =e;1 enx e+ expn+2e33, N1 Nz=ez+e e3 e

N (3. AGien0aay ofeuél eiadéna e fioreay a6éas N, 46adi eidou
123 = (e13 + e31)(e31 + €32)(e32 + €23) = (€13 + €31)€33 = €13; (2)
132 = (e13 + e31)(€32 + €23)(€31 + €32) = era(e31 + €32) = 0; (3)
231 = (€31 + €32)(€32 + €23)(€13 + €31) = €33(E13 + €31) = €31, (4)
213 = (€31 + e32)(e13+ €31)(e32+ €23) = €33(€32 + €23) = €32; (5)
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312 = (e32 + €23)(€13 + €31)(€31 + €32) = €21(€31 + €32) = 0;
321 = (e32 + €23)(€31 + €32)(€13 + €31) = (€32 + €23)€33 = €23
E(} (’éaaéiﬁ(\)a () ( 7) 1edaddo, ~0iSta(N1;No;N3) = ejz+ €31 €3 3= N; Na.
Aagaa inedaiaacaedil iadiaei
Sti(N1;N2;Ng) = (ers+ €31 €3 ex)(e1z+ €31 €32 €)=
=e€1 eptegtess entep=en €2 entexpntlen=U;
St3(N1;N2;N3g) = U Sta(N1;NaNg) = (enn e €+ exn+2egs)(eis+ €1 €3
=2(e;3+ €31 €3 €3)=2St3(N1;N2;N3);
St3(N1; N2; N3) = 2 St3(N1; N2; N3) = 2 U;
St3(N1;N2;N3) = 2USt3(N1; N2; N3) = 4 Sta(N1; Na; Na):
Ec 6aa&if0a () ( 11) 1T eiacsoee Neo+aal 6aaainoaa (1),
Ediia 4. A&y épaiai ~enea wy 2 N fidaddaceal daaainoal
Sty*(N1;N2;N3;Ng) = enn + e+ (1 2)"ess:
ATééQéOééE]ﬁOéT. Agy éazeaié ilanoaiiaée
N N . Aliitaay oleuel ieaeie eiaaend
fioda @) ( 7), éaai eiadou:
1234 = €13623 = 0;
1243 = (e13 + €31)(€31 + €32)€23(€32 + €23) = (€11 + €12)€22 = €12;
1324 = 0;
1423 = (e13 + €31)€23(€31 + €32)(E32 + €23) = 0;
1342 = (e13 + €31)(€32 + €23)€23(E31 + €32) = €12(€21 + €22) = €11 + €12
1432 = (e13 + €31)€23(€32 + €23)(€31 + €32) = 0;
2314 = e31603 = 0;
2341 = (€31 + €32)(€32 + €23)€23(E13 + €31) = €33€21 = 0;
2134 = e32€23 = €33;
2143 = (e31 + eg2)(e13 + €31)€x3(€32 + €23) = 0;
2413 = (€31 + €32)€23(€13 + €31)(€32 + €23) = €33€12 = O;
2431 = (e31 + e32)€r3(€32 + €23)(€13 + €31) = €33€21 = O;
3124 = 0;
3142 = (e32 + €3)(€13 + €31)€23(E31 + €32) = O;
3214 = ex3e23 = 0;
3241 = (e32 + ex3)(€31 + €32)€23(€13 + €31) = (€21 + €22)€21 = €215
3421 = (€32 + €23)€23(€31 + €32)(€13 + €31) = €33€33 = €33;
3412 = (e32 + €23)€23(€13 + €31)(€31 + €32) = €33(€11 + €12) = O;
4123 = €23€13 = 0;
4132 = 0;
4231 = ep3€31 = €21;
4213 = ex3€32 = €22;
4312 =0;
4321 = ep3e23=0:

(6)
(7)

(8)
€23) =
9)
(10)
(11)

2 S, jaéaai |6Té(;ééaél'éé N (1)N %)
6 yoiai idiecadaaiey & 6+eoliaay daaai-
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St4(N1;N2;N3;Ng) = epp+ €1+ €2 €33+ €1 €33 €+ €p=e1+6p 2633
Aaéaa Mnedataandedin iasiaei
St3(N1;N2;N3;Ng) = (11 + € 2es3)(en1+ €2 2€33) = €11+ €xp + 4esg; (12)
St3(N1;N2; N3 Ng) = (enr + ep +4egs)(€r1+ €2  2€33) = €11+ €  8esz: (13)
Ec (12), (13) caéép+aai, ~oi
Sty*(N1;N2;N3;Na) = e + e+ (1 2)esa:
It ajagiaée n eaiiné 4 giéachaadony neaaopuay éaiia.
Eaiia 5. Nidaadaeeal daadinoaa:
N1Sts(Np) =2 13€13+ 14614  13€31;
N2Sta(Np) = ( 31 13)es1+( 31  13)€32;
NaSta(Ng)=( 31 13 32)€2+2( 13 31+ 32)€3+ 146,

N4Sta(Np) =2( 13+ 32 23 31)€3+( 14  24)€24;
NsSta(Ng) = 2 13613 2 2363+ 316831+ 32632+ 41641+ 42€42;

888N = (N1;N2;N3;Ny4; Ns), & Ny, icia+ado, +of eiadéfi i &N iofiouai.
Ediia 6. Nidaddaeeal saadinoal

Sts(N) = 14814+ 24€24+ 41€41+ 42€42:

AANZ N o

Aléacaoaeunoar. O+e004ay €ail6 5 & faiénoaa foaiaadoinan iiai-eaia, Me6+adi
X .
Sts(N)= ( 1)'"'N;Sta(Np) =2 1313+ 14614 13831 ( a1 13)€:
i=1
(31 13)€2+( 31 13 32)€2+2( 13 31+ 32)€3+ 14614
2( 13+ 32 23 31)€3 (14 24)€4 2 13613 2 2363+ 31631+
+ 32632+ 41641+ 42642= 14614 ( 13+ 31 13 31)€31t
+( 31 13 32 31t 13t 32)ent
+(2 13 231+2 32 213 2 32+2 23+2 31 2 23)€3t
T 24€4F 41€41F  42€42=  14€14F 24€24 7+ 41€11F  42€42!

Nedanoaed 1. ioe U= 24= m= 42=1 a406i1 dadainoal
Sts(N) = eps+ e+ €1+ e

A A

Eadiia 7. Agy épaiai ~énea ws 2 N fidaddaceal daaainoaa

(
2ws D=2N.- 8fsews =2k 1 k2 N:
St¥s(N) = 5 5 (14)

2Ws 272\ ,-  &fitéws = 2k; k2 N;
888N5 = ejq+ e+ €11+ €42, Mo = €11+ €2+ €21+ €2+ 2€ys.
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StEN) = (e1a+ €+ €11+ €12)(€1a+ €4+ €41+ €42) = €11+ €12+ €1+ €0+ €44+ €42 = Mo;
St3(N) = MoSts(N) = (€11 + €12+ €1+ €2+ 2€4s)(€14+ €24+ €41+ €4) =
=2(ews+ €4+ €41+ €42) = 2St5(N) = 2 Ns;

Sta(N) =2 St3(N) = 2 My:

Tofipaa 1807an eiadésee ivesiael é daadinoaai ( 14).

Eaiia 8. A&y idiecaienilal dacaeaiey +efiéan oaéfal, +of h( ) 6 5, & épand
W1l Whe ) 2 No fiidaaaaceal idoaddifioal fp (Ni;:::;Np)) 60

Aléacaocdeunoal.  O+eodaay éaiid 1 3,7 e ifeaday St"(Ni;:::;Nj)=1 ide w; =0,
ia08064iT aeaaou, +oi

Yi "
fo (N1;iiiiNp(y) = St (Ng;:::;Nj) 60:
i=h()
. - . P U
O&58ia 3. A saceiedice MM @2(F)) = m, . esaoiifidl mo 60
h(I )jgsjs;hj(= n);es

a8y afyeial ° n oaéiaf, <of h( )6 5

Aléacaocdennoal. A00&eado éc 8aiil 8 & 60addeeadiey 1.
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Asymptotics of optimal investment behavior under a risk process
with two-sided jumps
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Abstract. We study an optimal investment control problem for an insurance company having two
business branches, life annuity insurance and non-life insurance. The company can invest its surplus
into a risk-free asset and a risky asset with the price dynamics given by a geometric Brownian motion.
The optimization objective is to maximize the survival probability of the total portfolio over the in nite
time interval. In the absence of investments, the portfolio surplus is described by a stochastic process
involving two-sided jumps and a continuous drift. Downward jumps correspond to the claim sizes, and
upward jumps are interpreted as random gains that arise at the nal moments of the life annuity contracts'
realizations (i.e., at the moments of death of policyholders) as a result of the release of unspent funds. The
drift is determined by the di erence between premiums in the non-life insurance contracts and the annuity
payments. The solving to the optimization problem that yields the maximal survival probability, as well as
the optimal strategy, is related to the classical solution of the corresponding Hamilton Jacobi Bellman
(HJB) equation, if this solution exists. In the considered risk model, HIB includes integral operators of
two types: Volterra and non-Volterra ones. The presence of the latter makes the asymptotic analysis of
the solution quite complicated. However, for the case of small jumps (when the jumps have exponential
distributions), we obtained asymptotic representations of solutions for both small and large values of the
initial surplus.

Keywords: insurance, two-sided jumps, optimal investments, risky asset, survival probability, Hamilton
Jacobi Bellman equation

For citation: Belkina T. A., Kurochkin S. V., Tarkhova A. E. Asymptotics of optimal investment
behavior under a risk process with two-sided jumpslzvestiya of Saratov University. Mathematics. Me-
chanics. Informatics, 2025, vol. 25, iss. 3, pp. 316 324. DOI10.18500/1816-9791-2025-25-3-316-3ZDN:
AXCYPW

This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
License (CC-BY 4.0)

[a6+iay fioaouy
OAE 519.624,519.86

tOaiosaguiné yéiinesl-iacdiaoe+af
a. 47

D
o}
[N
@®;
=)
o
ol
o
O
o
)
=
9
=1
>
o)
:<:
[y
[y
~
N
[y
&
jai2d
=
>
o™
>
o
Q_Jf\
(@2
o}
=
>
>
(¢}
lold
(¢’)
=
21

© Belkina T. A., Kurochkin S. V., Tarkhova A. E., 2025



T. A. Belkina et al. Asymptotics of optimal investment behavior under a risk process @

204a80a80i0é enfeaalaacdsuneeé 6aiod ¥Eididiaceea e oidaasaied DA, Diffey, 119333, 4 lifeaa,
6&. Aaaeenaa, 4. 40

Al Na&oaaie, pififiey, & lalfieaésna

Adeéeia Oaoluyia Aiadadaia , 6aiaeaao oeéceéi-iaodiace+anéed iacé, aaaoueé fad+iié niodoaiee,
tati.belkina@gmail.com, ORCID: 0000-0001-7384-0025SPIN: 9513-8256 AuthorID: 12222

Eooi+eei Nadadé Asaaeiediae+ , Baiaeaao 6ecedi-iavdiace+anéed iade, foadgeé iad+ité fodoa-
ieé, kuroch@ccas.ru, ORCID: 0000-0001-9484-6012SPIN: 1857-9863 AuthorID: 6896

xA N8

Oasdiaa Aiia Aaadindaia , Oefné-14idaaead, a.tarkhovas@yandex.ru

:
Qo
»
o
Qe
Qo
o
ox
D~
6
>
(@}
O
>
O
Q:;
(9%
(¢
D
[
Qo
=1
o
-
(@}
-
D

o)

O,

= oo
=

>

ox

[}

o

AR An O
|

fifal ifadaaiey a iiadée oenéa i a

i0ageéiaaia ia 6retaeyd eevaicee Creative Commons Attribution 4.0 International (CC-BY 4.0)

Introduction

The optimal investor behavior whose objective is to minimize the ruin probability in the
presence of uncontrollable stochastic cash ow, or a risk process, was rst studied ifi]f It was
assumed that the risk process (for example, the surplus of an insurer) is described by Brownian
motion with drift and the risky stock price following a geometric Brownian motion. Such a model
of the surplus process for the insurer can be obtained as a result of the di usion approximation
of the net claims process in the classical Crarer-Lundberg (CL) model?). For the case when
there is no risk-free interest rate, it was shown in]] that the non-constrained optimal policy is to
always invest a constant amount of money into a risky asset (regardless of the level of surplus).
If the interest rate is positive, the optimal control is a state-dependent function. In particular,
for the case of zero correlation between the processes of insurance risk and of asset price, it was
shown that the optimal amount tends to zero as the surplus tends to in nity.

For the CL model (a compound Poisson risk model with negative jumps and positive determi-
nistic drift), the structure of the optimal strategy changes crucially at least, at low level of surplus:
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a constant amount (CA) strategy, which is similar to the one described above, cannot be optimal,
because it leads to immediate ruin at zero initial surplus. This is contrary with to a non-zero

survival probability at zero initial surplus in the absence of investments. Moreover, as shown
in [3,4], the optimal amount tends to zero as the surplus tends to zero. Nevertheless, the optimal
strategy requires borrowing money when the surplus level is close to zero.

Of course, borrowing restrictions can also lead to signi cant changes in the optimal investment
behaviors; moreover, unexpected e ects can arise in the zone of low surplus levels. For the CL
model, the optimal investment problem with limited leveraging level and allowed shortselling
was studied in B]: it was shown that some unusual strategy (short-selling the high return stock
to earn interest) can be optimal when a strong investment constraint on borrowing (money) and
buying (stock) is imposed. As for the optimal investment strategy in the CL model at large levels
of surplus, it turns out to be asymptotically close to some CA strategy in the case of small jumps
in the risk process (i.e., in the case when exponential moments of jumps are nite, see, e.@,1]).

In the case of zero interest rate, some (non-zero) CA strategy again becomes optimal for
arbitrary initial surplus (not only asymptotically) if we consider a compound Poisson risk model
with small positive jumps and negative deterministic drift (see B]), which is interpreted as alife
annuity insurance model [2]. In the general case of a hon-negative interest rate, a limit value of
the optimal amount at zero surplus is also not zero for this model, as well as for the di usion
risk model [1] and for the CL model perturbed by di usion [9].

Let us recall that, as stated above, in the CL model, the corresponding limit (at zero surplus)
is equal to zero. As will be shown below for a more general model witfivo-sided jumps this fact
can be established a priori (i.e., before solving the optimization problem), and it is important
for formulating the correct condition on the solution to Hamilton Jacobi Bellman equation
(HJB equation) as the optimal survival probability function (in particular, this condition allows
us to reject the solution corresponding to the CA strategy). We show in this paper that in the
case of exponential distributions of jumps, the optimal strategy, the value function, and some
additionally introduced function satisfy a system of nonlinear ordinary di erential equations
(ODE) of the rst order with initial conditions depending on an unknown parameter. This
parameter can be calculated after solving the problem for the ODE with a parameter using the
normalization condition. As a result of the asymptotic study of the ODE system, we obtain
asymptotic representations for the optimal strategy and the value function.

1. The model description and optimization problem

We will consider below the optimal investment problem in the presence of an uncontrollable
risk process with two-sided jumps. This process can be considered as a surplus process of an
insurance portfolio that combines surpluses for two types of insurance business: life and non-life
insurance (see10,11] and references there). The total portfolio surplus is of the form

N (t) N((t)
Ri=u+ct+ Yi Zj, t>0: D
i=1 j=1

Here R; is the total portfolio surplus at time t > 0; u is the initial surplus, cis the di erence
between the premium rate in non-life insurance and the life annuity rate (or the pension payments
per unit of time), assumed to be deterministic and xed. N(t) is a homogeneous Poisson process
with intensity 1 > 0 that, for any t > 0, determines the number of random revenues up to
the time t; Yx (k = 1;2;::)) are independent identically distributed (i.i.d.) random variables
(r.v.) with a distribution function G(z) (G(0) =0, EY1 = n< 1, n> 0) that determine the
revenue sizes and are assumed to be independent N (t). These random revenues arise at the
nal moments of the life annuity contracts' realizations. Further, N (t) is a homogeneous Poisson
process with intensity > Othat, for any t> 0, determines the humber of claims up to the time
t; Zx (k=1;2;:::) are i.i.d. r.v. with a distribution function F(z) (F(0)=0, EZ;=m< 1,
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m > 0) that determine the the claim sizes and are assumed to be independent dfl (t). In
addition, we assume that the processes of total premiums and total payments are independent.
If 1=0, > 0, we have a CL model (only with the second sum inX));if 1> 0, =0 (only
with the rst sum in ( 1)), this is the life annuity insurance model.

Suppose that at time t, the insurance company invests a fraction ; of the surplus to a
risky asset whose price follows a geometric Brownian motiodS; = S (dt+ S dw;, where
is the stock return rate, is the volatility, and w := fw;gi>o is a standard Brownian motion
independent of f N (t)gi>0, FN1(t)gi>0 Yi's and Z;. The rest fraction (1 1) of the surplus is
invested in a risk-free asset which evolves adP; = rPdt, wherer is the interest rate.

With dynamic investment control, denoted by = f sgs>0, the surplus process is governed
by

dx; =( r)y (Xedt+ rX,dt+ (X;dwg+dR; t>0; Xo=u; (2)

where R; is de ned by (1).

De nition 1. A control policy = f sQs>0 IS said to be admissible if ; satis es the
following conditions:

() ¢ is Fy predictable wherefF (g0 is a ltration generated by processesfw;gi>o and
fRGt>0;

(i) X is square integrable over any nite time interval almost surely.

Note that we do not impose assumptionr0 6 ¢ 6 1fort > 0. This means that we allow both
borrowing and shortselling, and { 2 R, t > 0.
We denote by the set of all admissible controls. The survival probability of the process
X; dened in (2) under policy 2 is' (u)= P (X; > 0; t> 0), and the maximal survival
probability (the value function) is
V(u) = sup ©o(u): 3)

It is clear that V(u) is a non-decreasing function by its de nition. If we assume thatV is
twice continuously di erentiable, then it solves the following HIB equation:

n
sup 5 2 VR VI ( D+ urd (4 )V
2R

Zu Y 0
+ V(u 2)dF(2)+ 1 V(u+2dG(z) =0; u>0: 4)
0 0

2. Preliminary results for the case r=0: Lundberg bounds for ruin
probabilities under CA strategies and lower bound for the value function

Let us return to the controlled process of the form @) and denoteA; := (X, . Then A is an
amount of money invested in a risky asset at the moment, and equation (2) can be rewritten
as

dx; =( NAwdt+ rX, dt+ Adw+ dR; t>0; Xo=u:

If r =0 and A; A for some constantA, then we have a CA strategy and the corresponding
process (for brevity, we will denote it asX ) satis es the equation

dX2 = Adt + Adw(+ dRy; t>0; Xg= u (5)

This process can be considered as a proceRs perturbed by diusion with drift (in the case
A 6 0). Assuming niteness of exponential moments ofY; and Z1, we can write the equation

(Mz,() D+ sM () D (c+ A) +35 22 2=0;
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whereMz ( ) is the moment generating function of r.v.Z. It can be checked that if there exists

a positive (A) satisfying the last equation (so-called adjustment coe cient), then the process

exp( X {) is amartingale with mean equal toexpf  (A)ug. This property allows us to obtain

the Lundberg bounds for the ruin probability A(u)=1 ' A(u): “(u) 6 K expf  (A)ug for

some constantK , 0 <K 6 1 (for the CL model perturbed by di usion see, e.g., [L2)). It is easy

to understand that, for =sup (A), the maximizer A is also the minimizer for the equation
A

Nt (Mz() D+ aM v() D (c+ A) + 3 2A2 2 =0;

therefore, we getA = ——, where is a positive solution of the equation

2

Mz()+ M vy()= + 1+c t 53

(6)
(for the case ; =0, i.e., in CL model with investments, the corresponding equation see inr]).
Let us introduce the following assumption:
(A) c¢>0; the safety loadingis positive, i.e.,c+ n m> 0.
If the assumption (A) holds, then the positive solution of the equation ) is unique (we will
see it below for the case of exponential distributions of jumps). Thus, we get the best estimate
in the set of all CA strategies: » (u) 6 K expf ug, hence, for the value function @) the
following inequality holds: V(u) > 1 K expf ug for some constantK, 0 < K 6 1 (recall
that is a positive solution to equation ©)). This is in contrast with the power asymptotic
representation at in nity of the survival probability in the case when the whole of the surplus or
some of its constant proportion is invested in a risky asset; sed(] and comments in [L1].
The case of exponential distributions of jumps
Let F(z)=1 e ™, G(z)=1 e #", m;n> 0. Then the equation (6) can be rewritten
in the form )
1hn .

I m ¢ T1iant2z %

For simplicity, we will assume here that assumption(A) is ful lled. In the case =0 (without
investments), it is easy to see that there exists a unique positive solutiong < 1=m of (7) (at
the point 1=m we have a vertical asymptote:1=(1 m)!1 , " 1=m). The Figure shows the
graph of a convex function of de ned on the left side of the equation (7) and two graphs of

concave functions de ned on the right side of the equation ) for =0 (lower curve)

and for > 0 (upper curve). The

12 A intersection points correspond to the
solutions of the equation (7): it is obvious
10 - that g < < 1=m, where satises (7)
for > 0.
87 : Thus, CA strategy A A gives
the best Lundberg bound among all CA
67 strategies, including zero strategyA; 0
(without investment). However, let us show
4 that any CA strategy A A, A 80 is
5 worse than zero strategy for small levels
of the surplus. Thus, any CA strategy
0 A 1| 9 ] At A, A 60 cannot be optimal for the
0 0.1 0.2 0.3 0.4g, 05 optimization problem (3). Indeed, for the

survival probability ' A(u) of the process

Figure. Adjustment coe cients (5), where A 6 0, we have the condition
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' A(0) = 0 due to Brownian perturbation. Moreover, it can be shown that I'im0 "Au)=0. At
u! +

the same time, in the case of zero CA strategy and exponential distributions of jumps it is easy
to obtain (using the method of integro-di erential equations (IDE); in a more general case, see,
for example, [L1]) the exact formula for survival probability * °(u):

w=1 (1 om)exp( ou); 8

where ¢ is de ned above. Therefore,' °(0) = om > 0, and we see that CA strategies cannot
be optimal. But in [7] it was shown that, for the CL model with small claim sizes, the optimal
strategy as a function of the surplus converges, as the surplus tends to in nity, to the value

A = —— that maximizes the corresponding adjustment coe cient, where ; is the unique
1
positive solution to equation (6) (or (7) in the case of exponential distributions of claim sizes)

with 1 = 0. In addition, the Cramer-Lundberg approximation for the minimal ruin probability
was obtained: there exists a constan&2 (0; 1 ) such that uIlilm 1 V(u)exp( 1u)= &

In what follows, we will show (for the case of exponential distributions of jumps) that similar
asymptotic representations for the optimal strategy and value function can also be obtained for
a more general risk model, i.e., for ; > 0; the case of non-negative interest rate will also be
included. For this we propose to use the asymptotic analysis of solutions to a certain singular
problem for a system of nonlinear ODE, which is satis ed by an optimal strategy, a value function
and a certain additionally introduced function.

3. General case (non-negative r): Conditions for the solutions of HIB equation

Let us turn to the HIB equation (4). SupposeV is a twice continuously di erentiable function
and V solves @). Let us also assume thatV satis es the conditions

lim V() =1; 9)
Vqu >0, v¥uy<0, u>o: (10)

(Note that if the second derivative of the function V (u) is non-negative at some pointu > 0,
the supremum in (4) is not achieved. The condition ) is obvious in the case of a positive safety
loading taking into account (8); in the general case it can be justi ed by the results 10] about
the asymptotic representation for the survival probability at a constant proportion of risky assets
(¢ , 0< 6 1) in the insurer's surplus). Then the maximizer of the right side of the HIB
equation has the form

= y(u):= (Zui/);/QTJ()U): (11)
Taking the expression (1) in (4), we obtain the nonlinear integro-di erential equation (IDE)
2 Z
(ru+oVqu) ( + )V(u)+ Vu 2)dF(2)+ 1 V(u+ 2)dG(z)=
0 0
_( nDAVuy)?, :
R VL T us> 0 (12)
Denote A(u) = u ,(u), then
A(u) = (2\;)0\{55@: (13)

Note that for reasons similar to those that require to rejecting the CA strategy producing
the Brownian disturbance, we must also conclude that the functionA(u) satis es the condition

A(+0) = Lilm+0 A(u)=0: (14)
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Then, settingu! 0in (12) in the assumption of niteness of V{+0) = lim 4 + VYu) and
taking to account the relations (13), (14), we obtain the following non-local condition:

A
cVq+0) ( + )V(O0)+ 1 V(2)dG(z)=0: (15)
0

The case of exponential distributions: Singular problem for ODE system
Let us introduce the function

exp(u=n) 21
Vqu)

Note that, taking into account integration by parts in ( 15) with G(y)=1 exp( y=n), the
condition (15) can be rewritten in the following form:

R(u) = exp( z=n)VYz)dz: (16)

cVY{+0) V (0)+ 1VY+0)R(+0)=0: (17)

From this we conclude that V{+0) > 0 (recall that V(0) > 0 for the value function in
the considered model in view of the formula 8) for the survival probability in the absence of
investments; as its consequence we haw(0) > om).

Theorem 1. Letc>0,F(z2)=1 e M G(z=1 e ", m;n> 0. If there exists a
twice continuously di erentiable solution V of equation (12) with the conditions (9), (10) and
(15), then:

1) pair of functions A, R, de ned in (13), (16), is a solution of the following singular initial
problem for nonlinear ODE system:

8

%f 1 (ru+c (ZA(L; % +

? A+ 2aw D 2 D rw=o; (18)
“Rw=RW) %Jr (2A(3

with initial conditions (14) and (17) and unknown parameterV (0)=V{+0) >c= ;

2) V(u) is the maximal survival probability for the procesq2) in the class of all admissible
control policies, i.e. V (u) is the solution of the optimization problem(3); optimal control has the
form , = A(X;)=X;, whereX,, t > 0, is the corresponding solution of equation(2);

3) the functions V, A, R have the following asymptotic representations:

a) for small values of the surplus

A(uy —u; u! 0O

V (0=V4+0) ¢ (0P T
. 1+ﬁ% u u, u! 0

R(u)

V(u) V(@O)+ VY+0) u %&)C—r)u?’z2 coul 0

b) for large values of the surplus in the the case> O:

A(u) ﬂ+F1 =

2
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mn_, n’m? 1
m+n r (m+ n)2u’

V(u) 1 Kexp %U(T D, ur1

R(u)

in the caser =0:

A(u) —— u!l

R(u)

coull o
1+ n

V(u 1 Kexp( u); ull ;
where is the unique positive solution of equation7) and K > 0.

Recall that < 1=m; compare also the asymptotic representations at in nity for the case
r = 0 with the results of the Section 2 for CA strategies.

The proof of the theorem is too long, we will not give it here. Note only that the equation for
A can be obtained similarly to the corresponding equation in9] (not containing the function R);
the equation for R is derived by direct di erentiation in ( 16), taking into account the relation
(13). The statement 2) about the solution of the optimization problem is proved using veri cation
arguments; asymptotic representations at in nity were found in the form of asymptotic series
in inverse powers of the argument; asymptotic representations at zero were obtained by the
asymptotic investigation of transformed ODE system (L8) with the replacement of the function R
by another function D, linearly related to A, R and ru, while D (+0) = V (0)=V{+0) . It remains
to be noted that this parameter can be determined numerically as a result of solving the
initial ODE problem formulated above, and nally, V(0) is determined using the normalization
condition (9) for the solution obtained with a xed parameter. Numerical calculations require
additional studies of the ODE system.
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Introduction

We consider the boundary value problemL for the di erential equation

yo®x) + a)y(x) = 1 (x)y(x); 0<x<T; (1)
subject to the Robin boundary conditions
U(y):= yX0) hy(0)=0; V(y):= y{T)+ Hy(T)=0; (2)
and the jump conditions at an interior point b2 (0; T):
y(b+0)= diy(b 0); y{b+0)= y(b 0)=ci+ dpy(b O): 3

Here is the spectral parameter,q(x) and r(x) are complex-valued functions,q(x) 2 L(0;T),
and r(x) = a2 for x 2 (bx 1;h), where0 = by <by = b <bp, = T. The numbersh, H, a, and
dx are complex, andax 6 0, d1 6 0. For de niteness, let argd; 2 [0; ).

We study the inverse spectral problem for the boundary value problem X) ( 3). Inverse
spectral problems consist in recovering operators from their spectral characteristics. Such prob-
lems play an important role in mathematics and have many applications in natural science and
technology. Inverse spectral problems are also used for solving nonlinear integrable evolution
equations of mathematical physics. Inverse problems for the classical Sturm Liouville operators
(when r(x) 1, dg =1, and d; = 0) have been studied fairly completely (seel] and the
historical review therein). Inverse problems for arbitrary order di erential operators and systems
with arbitrary characteristic numbers are more di cult. They have been solved later by the
method of spectral mappings (see the monograph2,[3] and the references therein). Inverse
problems on spatial networks are an important and popular part of the inverse problem theory;
in the review paper B], one can nd the main results on inverse problems on spatial networks.
Boundary value problems with discontinuous weights and jump conditions at interior points have
been considered in many papers, but mostly for the case with real weights. In the case when
r(xy 1(.e., ax = 1), the boundary value problem L satisfying conditions (3) was studied
in [5 9] and other papers. Inverse problems for a real weight(x) were studied in [LO 15 and
other works. Inverse problems for the boundary value probleni with complex-valued weights
were studied in [L6,17], where only uniqueness results were obtained.

Note that complex-valued weights appear, in particular, in the study of the interaction of
electromagnetic waves with layered media possessing both dielectric and magnetic properti&8][
Moreover, a number of problems for Sturm Liouville equations on curves in the complex plane
can be reduced to the boundary-value probleni of the form (1) ( 3) on a real interval. In the
present paper, we establish properties of the spectral characteristics far and study the inverse
spectral problem of recovering parameters of from the given spectral characteristics. For this
class of nonlinear inverse problems, an algorithm for constructing the global solution is obtained.
To study this class of inverse problems, we develop ideas related to the method of spectral

mappings pJ.
1. Spectral data

Let Iy := bk be ;1 andag = reexp(i' ), rxk > 0,06 ", <' 1< . We assume that
the following regularity condition holds: ! = diaz ai;=ch 6 0. Denote by ( x; ) the
solution of (1) such that (3) holds andU() =1 , V() =0 .Let M( ) := (0 ; ). We will
also use the solutions (x; ); (x; );S(x; ) of Equation (1) satisfying (3) and the conditions
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"0:; )=1,"90; )= h,S(; )=0,S%:; )=1, (T;:)=1, qT; )= H. Denote
D(x;; ):=( ) H(x; );' (x; )i, wherehy(x); z(x)i := y(x)z4x) yqx)z(x). The function

()=h& ) x)i= V()=U() (4)

does not depend onx, and it is called the characteristic function for L. The eigenvalues
= f kOkso Of L coincide with the zeros of the entire function (). Clearly,

(x; )=S0 )+M(C) ()=  )=C ) M(C)= of)=( ) )
where o ):= (0; )= V(S). Using (4) and (5) one gets

s ), (x )i L (6)
Let = 2, = Z. Consider the half-planes , = f : Im(ay) > 0g, k = 1;2, and
denote
ThenS; =f rarg 2 (j; j+1)9 where 1= 5= ", »= "1, 3= "o, 4= 1.
For su ciently small > 0, we construct the sectorsS;; = f :arg 2(;+ ; j«1 )g
Let fex(X; )Ok=1:2, X 2 [0;b] and f Ex(X; )Gk=1:2, X 2 [b; T] be the Birkho -type fundamental
systems of solutions (FSS's) of Equation 1) with the asymptoticsasj j!1 , 2§, =0;1
(see L)):

e ¢ )= DX tiag) exp(( DX liax)[1]; x 2 [0;h);
EC(¢ )=(( DX Hag) exp(( DX Hao(x )AL x 2 [b;T;

where[1] = 1 + O(1=). The functions e(k )(x; ) and E|£ )(x; ) are regular for 2 §;,j j>
and continuous for 2 Sj,j j> for some > 0. Using these FSS's and the jump conditions
(3) we get the following asymptotical formulas asj j!'1 , =0;1

"O)(x; )= (iaq) expia )1+ ( ia1) exp( iax)[1] =2, x 2 [0;b];
O )= teexpliad)l]+ ! exp( iail)[1] (iaz) exp(iaa(x b)[d]+
+ 1 exp(iail)[d]+ !+ exp( ialy)[1] ( iaz) exp( iaa(x b)[1] =(4az); x2 [b;T];
O )= lrexpliaal)l] ! exp( iazl)[l] (iai) expia(bn x)[1]+
+ Ioexp(ia)[l]+ '+ exp( ia2)[l] ( ia1) exp( iai(bh x)[1] =(4a1); x 2 [O; bl;

O )= (iay) expiaxAT x)A+(iaz) exp( iaT )]

2; X2 |[b;T]:
In view of (4), these formulas yield

( )=C 1) 'sexplial]+! exp( iaal)[l] exp(ia 2l2)[1]
I exp(iaily)[1]+ !+ exp( Tal1)[1] exp( iazl2)[1] =4, jj!1 ; ("
M()= (ai) T 2 ¢ C)

Using (7) by the known technique (see 1, Ch. 1]) we obtain that the spectrum of L consists
of two subsequences= f yg=1f xig[f k20, and

p— k i
K = Ki = WGXP(I 3 )+ C+0(1=k); k!l ; 9)
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whereC; = (2iagly) tIn( ! =), Co=(2iazl) tIn(!+=! ). Moreover,

JC )i>Cj E(l)BE(l2)) M()j6 CH | 2G;
J' (% )j6 CJEi(x)j; x2(0;b); 8;
" (x; )i6 CIR(x)E( (x b)j; x2(b;T); 8; (10)
j(x )6 CjE(x) Y x20b; 2G;
J(x )i6ClE(X)EB((x bt x2mT); 2G;

whereG = f ] kig >, B(x) =exp( iagx)for 2 ., x 2 Ix. Let mg be the
multiplicity of the eigenvalue  ( k= k+1 = 1= k+m, 1), and put

S=fk>1: ¢ 16 g[f Og:

It follows from (9) that for su ciently large k (k > k ) all eigenvalues are simple, i.e.my =1
for k > k . Similar to [19] one gets

1
X ™% M s

W , (11)

Mk+

where is the principal part of M ( ) in a neighborhood of . The sequence

+1

M = fMyokso is called the Weyl sequence of, and the dataW = f ;Mygk>0 are called the
spectral data of L. Similar to (9) we calculateM = fMy1g[f Mg2g, and

2 1 8 2kr qlq .. 1
= — 1+ — 1 Myo = + 1+ — = (12
K1 2 (0] K k2= 7 e ex s (cos isin ) (0] K (12)
ask!l .Here :='; '+ =2 Notethat cos < 0, since 2 (=2;3=2).Using (7), (9),
(10), (12 and the asymptotical formulas for' (x; ) and (x; ), we obtain the estimates
. . . . kr 1l;cos
' (X k)6 C; Jmkm6pr——i%——;x2Mﬂ: (13)
It follows from (8) and (9) that
a= lm (iM ()% 2 7 (14)
it
l1= b= k||i1m (k=(a1 k1)); =T I1; a= ||(i|r1n (k=(l2 k2); (15)
e . p :
A=1,=l = |l|vr1n exp(2 keazl2); di=  (a1(A+1))=(ax(A 1)): (16)

2. Inverse problem

In this paper, we consider the followinglnverse problem

Given the Weyl function M ( ) (or the spectral dataW), construct L.

According to (11), the speci cation of the Weyl function is equivalent to the speci cation of
the spectral data.

Firstly, we will prove the uniqueness theorem. For this purpose, together withL we consider
a boundary value problemLC of the same form but with g(x), B, (x), i, H, di, d, instead of
a(x), b, r(x), h, H, di, do. We agree that if a certain symbol denotes an object related toL,
then ~ will denote an analogous object related td”.

Theorem 1. IfM( ) M( ) (or W= W), thenL = C. Thus, the speci cation of the Weyl
function (or the spectral data) uniquely determines the functiong|(x), r(x), and the parameters
b, h, H, di, do.
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Proof. It follows form (14) ( 16) that b= B, ax = &, di = @. We construct the functions
Po= = ' 7 Pp='"0 20 (17)
In view of (6), this yields
= Py~+ P = Pi* P% P 1=(0 9 (=0 O (18)
Using (5), (17), (18) and the asymptotical formulas for' and , we infer
Pa(x; ) 16 CHj; jPo(x )i6CHj;, 2G\G: (19)

Taking (5), (17) and the assumption of the theorem into account, we conclude that the functions
Px(x; ) are entire in for each x. Together with (19), this yields Py(x; ) 1, Po(x; ) O.
Using (18) we calculate' (x; ) '—(x; ), ( x; ) Tx; ), henceL = L.

Let us go on to deriving a constructive solution to the inverse problem. For this purpose, we
will use ideas of the method of spectral mapping<]. We will reduce our nonlinear inverse problem
to the solution of the so-calledmain equation which is a linear equation in a corresponding
Banach space of sequences. We give a derivation of the main equation, and prove its unique
solvability. Using the solution of the main equation we provide an algorithm for the solution of
the inverse problem considered. For simplicity, in the sequel we con ne ourselves to the case when
the function () has only simple zeros (the general case requires minor technical modi cations).

Let the Weyl function M ( ) and the spectral dataW be given. Using (4) ( 16), we compute
b, ax, and d;. Then we choose a model boundary value problerr such that b= b, & = ay,
d1 = di, and arbitrary in the rest (for example, we can takeg=0). Let =1 if = 1, and

k=exp( kr qli(raln) tcos )if = 2. Denote

k=i k w+iMk M2 zZko= kb Zki:= Tk ko= My ke = M

By virtue of (9) and (12), one has ¢ = O(1=k). Consider the functions

(X)) = (X Zkg ) (X)) =Xz ), =000
Brikj (X) 1= D(X;ZniiZ) &i: Bunixj (X):= D(XZnis2zg) K 1] =01
fro(X) == (" ko(X) " k1(X)=(k k); Fka(X) =" ka(X)=k;
Anoko(X) == (Bnoko(X) Bniko(X)) k k=( n n);
An1k1(X) == (Bniko(X)  Bn1ki(X)) k= n: Anzko(X) := Bniko(X) k k= n;
Anok1(X) := (Bnoko(X)  Bniko(X) Bnoki(X) + Bniki(X)) «=( n n):

Similarly fi; (x) and Ay (x) are de ned. Using (9), (12), (13) and the asymptotical formulas
for ' (x; ) we get

itk 05§k ()i 6 C; jAnixi ()i iAnixj (X)j 6 C k(in  kj+1) * (20)
Denote by V the set of indicesu = (n;i), wheren> 0,i =0:1

Theorem 2. The following relation holds

X
T (X) = fi(x) + Aniki (O (x);  (nji) 2V, (21)
(kij)z2v

where the series converge absolutely and uniformly on2 [0; T] and on compact sets.
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Proof. Consider the contours y :=f :j j= Rng, whereRy !'1 suchthat v G.
Denote Sy .= f : Im(ag)=09g, So:= S1[S2, S:=f : dist(Sy; )= g, where > 0
is such that [ ~ int S. Let be the image ofS in the -plane, and ,E’, = N \int
W= nn Q, yi= \int y.Denoteby y = [ Qand § = ([ ¥ the closed
contours with counterclockwise circuit. Applying Cauchy's integral formula we get
PL(x ) 1|(:12 P ) :21iz Pu(x )4 21iZ P( ) kg,

21 N N

wherek =0;1, 2 int ,E’l ,and j is the Kronecker delta. Taking (18) into account we calculate

4
1

L6 )= 06 ) 5 ~x; )P )+ =A% )Po(x; )

! N

d

NG )

In view of (19), one hasNIilgn "N(X; ) =0 uniformlyin x 2 [0; T]and on compact sets. Taking

(17) and (5) into account we obtain
Z

1 1 1 1 . n . .
X )= ) o DG M) M) 06 )d + )
N
Note that the terms with S(x; ) and S(x; ) are zero because of Cauchy's theorem. Using the
residue theorem we get the relation

A
i (X) =" ni(x)+ Bhik o(X)" ko(X)  Bhik 1(X)" k1(x) ;
k=0

which is equivalent to (21).
By similar arguments, we calculate

X
Anickj (X) Ahiiki (x) + Ahils (X)Als;kj (x)=0; (mi);(k;jj)2V: (22)
(Iis)2v

Let f (x) =[fu(X)]uzv, A(X) =[Auv(X)]uvav, X)) = [fu(X)]uzv, AX) = [ Auy (X)]uvayv . We
denote bym the Banach space of bounded sequences= [ ]u2v withthe norm k k =sup oy | uj-
According to (20), one has that for each xed x, the operators| + A(x) and |  A(x), acting
from m to m, are linear bounded operators. Relations41) and (22) can be written as follows:

) =01+ A (x); (1 + RGO Ax)) = I

Symmetrically one hasf (x) = (I  AX))f(x); (I AX)(l + A(x)) = 1. Thus, for each
xed X, the operator | + A(x) has a bounded inverse operator, hence the linear equation
fx) = (1 + A(x))f (x) is uniquely solvable. This equation is calledthe main equation of the
inverse problem. Solving the main equation we nd the vectorf (x), and also the solutions
"ni(X) = " (X; ni) of Equation (1); hence, we can constructq(x), h, H, and d,. Thus, the
solution of the inverse problem can be found by the following algorithm.

Algorithm.  Given the Weyl function M ( ) and the spectral dataW.
. Calculate b, ay, and d; via (14) ( 16).
. Choose a model boundary value probler such that b= b;ax = ax;d1 = d;.
. Construct f(x) and A(x) (see above).
. Find f (x) = [fulu2v by solving the main equationf{x) = (1 + A(x))f (x).
. Calculate’ n1(x) = fri(X) n, " no="n1(X)+ fro(X) n n.
. Find q(x); h;H and d» using (1) ( 3).

OO0, WNPEF
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Remark 1. We can also calculateq(x) by the formula q(x) = g(x) 2F (x), where

pS
F(x)= % Mko~ko(X)" ko(X) Mui1"x1(X)" k1(X) :
k=0
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Article
Oscillations of nite-dimensional models of an extensible catenary
E. A. Degilevich %2 A.S. Smirnov 13

nstitute for Problems in Mechanical Engineering of the Russian Academy of Sciences, 61 Bolshoy Pr. V. O.,
St. Petersburg 199178, Russia

2Gazpromneft Industrial Innovations LLC, 74 A Road to Kamenka, St. Petersburg 197350, Russia
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Egor A. Degilevich , DegilevichEgor@gmail.com, ORCID: 0000-0003-0142-456,1SPIN: 2976-336Q AuthorID:
1076938

Alexey S. Smirnov , smirnov.alexey.1994@gmail.com, ORCID: 0000-0002-6148-0322SPIN: 5464-2279 AuthorID:
947771

Abstract. This article is devoted to the study of natural oscillation frequencies of nite-dimensional
models of a stretchable exible catenary. An analytical solution for two- and three-dumbbell models
is presented, as well as the results of computer modeling of a twenty-dumbbell model of a stretchable
catenary. In the case of an analytical approach, a coordinate solution method is used, in which the
coordinates of the concentrated masses of dumbbell models in a de ected position are calculated. In
the case of the numerical approach, the MSC.ADAMS software package is used, which allows analyzing
the statics, kinematics, and dynamics of multibody systems. The results obtained for the considered
stretchable catenary models are in good qualitative agreement with each other. Besides, when considering
the limit transitions from the stretchable variant to the non-stretchable one, there is also a good consistency
of the expected e ects with the found results. For a nite-dimensional twenty-dumbbell model of a non-
stretchable catenary with concentrated parameters, the rst three dimensionless frequencies are compared
with the frequencies of a continuous model, the values of which were found earlier. There is an excellent
similarity of the results, con rming the applicability of the twenty-dumbbell scheme for describing the
dynamics of catenary at low oscillation frequencies. In addition to determining the frequencies familiar
to the classical non-stretchable catenary, an analysis of new migrating frequencies is carried out,
which appear as a result of the emergence of additional degrees of freedom due to the consideration
of stretchability. Frequency dependencies on the parameter characterizing the compliance of the catenary
are constructed, which allows for estimating how quickly the migrating frequencies move from the high-
frequency range to the low-frequency zone as the sti ness of the chain weakens. The formulas obtained
and the models considered have both theoretical value and good applicability for applied tasks.
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Pafifiiodei i8iioaéedp éiid+iliadiop iladéu danoyeeeiié OE i aeeiié Lo & idaa-
oigiediaaiill Alfolyiee, flfolyudé ¢ 4460 6id0ded aaiodeaé aeeil lo = Lo=2 & 0i-
+a+iié dodcaié ianfid  m=2 ia élivad. Ada oi+a+itd adoca iafil  m=2, dafiléleeaiita
a gadiedad, ia 6+afiocadpo a aaesediee, a daiodaguilé adoc iafit m, MMed+aaité a oa-
GOEUI0A0A fieeyiey 4800 é1i64a00 4506¢ia Fai0aedé, faddepado eicdaaiey. Adiodee yaeypony
6idoaeie e ivaanoaaeypo fiiaié iddaeeil i sedfioéiioup céaseday. Aéeia idiedoa aey daia-
fidda i6éieiadony daailé 2a. Pafi+aoita ndail daniiaodeaadiié nenoaia a idiadddeeaiiil
fiffiolyiee & a daaifaaniii iaddoeediili Aifiolyiee 1664444l fa def 1 a

al a
Pén. 1. bafn+40i0a fidail 48003ai0aéiiié iTadee 0asdalé éejéé: a a jaiaaso-
2edii ATRoTyiee & a 6aaiaanill iadddeaeaiil Atnolyiee a neen 6ivoainoe

@ oyaednoe A daaiiaaniil iadddeeaiill nifolyiee (64do Tieaél)
Fig. 1. Calculation schemes of two-dumbbell model of a catenarya is in an unloaded
state and in equilibrium loaded state; b is forces of elasticity and gravity in equilibrium

loaded state (color online)

Neééa 6id6ainoe, adénoacpuay a daaitadnin iaadosediii ffiolyiee ia aoo¢ A1 Aoiolia
gazedié 6i06aié daioaee, 1+aaeail, daaia F = mg=(2sin ), daa 6aie i1dsead daiodeup
e dioeciioagup a yoii ninoiyiee (oen. 1, &). x0fal Aaycaou oaie  n aiaglae+iti 6aei

o & idaaoisiediaaiili Atfoiyiee, ieaadao 6+anou, <ol
a mg 2acsin mg cos
lg=1 | = - = : ) (1)
cos 2csin csin2
aaal yoi aéeia sanoyivagaény daioaee, a | = F=c &3 &a61aiaoey. ia nitad oef 1é
01866l (1) iaoddail 1ied+eou naycl 1deedd 6éacaiitie daeaie e o
acsin2
COS g= —

lo  2acsin  mgcos

10 11a8ee OF, AIAOIUAE & 4460 AR0EEs AAI0A8AE, 6 &1015Ié TORGOROAGPO AOAIAIE AAl-
&1a0. 1381y0Té fBAIA fATEROAAITN Aeliaode+iay & aldefeiiaode-iay 615i0 sleaaares,

&101808 6ABARATTIAdACT BARAITOBA0U T T0A&EUINROS. BAIT, ~Of i5& Aaceeaiee 1T Aeiiao-
3816 01514 Sl6A4aieé 406c 1AAR0  m AGAA0 TAABEAdU AAB0EAENI0A TA0AIANAIRY Aaisl
ifie x (38R, 2, &), oldaa eaé ide aadeeaiee i aloeReliaode+ié 615ia eieasaieé &l
3eciidasiina MAvaiey aaieu ey (38R, 2, 4). A iABAT AE6-a4 & ea+Af0AA TATAUAITE
511548100 FERA0A0 1B8IyOU AABOSEABUNA MAUAIRE 456ca X, & AT A0TST fe6+aa &4l
A5ecTivasiiia Matdieda  y
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fielidaode+i0a (&) eiedaaiey (6aao fieaér)

2. Neii&dose+ita ( a) e aio
Fig. 2. Symmetrical (a) and antisymmetrical (b) oscillations (color online)

N
|

2= x5+ ( y+ra?=12+2a y+( y)3 )
1Z,=x3+( y a2=12 2a y+( y)3

Aaa eiadén s 1oitneony é aeeiai 14ded aaioacaé 16e neildode+ind éiedaaieyd, a eiaaéna
la € 2a & &aaié e idaaié aaiodeyi nioaaonoaaiii ide aioeneiaode+ild éieadaieyo.
Aldazay ec (2) aeeil lg, 115 € |, & daféeaataay ed a dya Oaééida, iadiael adoidiacee
61865e0 daioaeaé i oi+iinolp ai neadaaitsd aoisial idyaéa iagioe
X 12 x3
s=1s | TO X+ I3 0 %)%
3)
Lo @ +I2 aZ( 2. b a +I2 a2( 2
1a = l1a | y K Y)© 2a = l2a | y 213 y
Eeidoe+anéay yiadaey nenodil ide aaesediee it felidode+iié & aioefieiiaodse+ité 6id-
ial éledaaieé nioadonoaaiil daaia
1 2 1 2
Ts=-m( x)% Ta= sm(_y)5 (4)
2 2
a odicéaéuiay yiadaey a néd+ad iaelo éieddaiéé i 6+aoll 6idide ( 3) e 1+aaeéaind
daadifioaxg = Isin ,a=lcos &6aao

1 . mg cos’
= mg x+2 F <+ -c 2 = csin? : x)?:
S g S 2 S 2aSIn ( )
1 mg sin 2 ®)
_ 2 2 _ 2.
a=F( 1at 22)+ 5C T+ 25 = ccod + ( V5
2 4a
548 GRIAGI0A T x @ y Measa’iod Mesanapony, eaé yoi & aléail 0ou. Eiadoeline
& aacediodaeé elyooeceaiol i 6+aocll aldaeadieé ( 4) e (5) a6ado daaial:
. mg cos’ mg sin 2
. _ 2 _
as= a; = m;, Cs=2csin® + : © ca=2ccod + :
s= 8a s asin a 2a
&, NBAATaa048&011, +anoiol 14800 éiédaaiéé ideioo aea
r T r . r
. cos C 2
ke= 2= Zging + 999 = Bo Loe 4 sing (6)
as m a sin aa m
[4006aiT aeadol, +~of a ned+aa = =4 +afidiol ks & k, Ataiadapo. Oaéaed éc (6) neaao-
a0, +0T i8¢ ¢! 1 yoe +afoiol ide 18i+&0 ¢adaiild 1adaiaodad 46aoo iaiadaié+aiil
aicdanoaoil, oaé +of danfiaodeadadiay 1iadéu adaao iadadiaeéol a aaddaaiodeuiop iiadéu
jadanoyeeeiié OE, éi0iday ia eiado foadiaiaé nataiad. 10é oidilgaieé sed seanoéinoe c
+anoiod, iaidioea, 46ado diditgaouny
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a
ben. 3. ban+aoila fdaid odadaaioasuiié ifadée oaiiié eeiee: a aiaia-
adoezediill flfolyiee & a daaifaaniil iaadoeaediii Aifoiyiee; a4 neéd
6186aTT0e e oyaednoe a daaitadniii afit

i 12a062Ail AinONiee (6240 Tieas)
(0]

unloaded state and in equilibrium loaded state;b is forces of elasticity and
gravity in equilibrium loaded state (color online)

s ~A~ ~NZNO

M ctg = lp; (8)
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‘ L. (1,
YN 7Y A AP (210)
(242,91 +591) % (24025, Y t+a1p) (242,91 +0Y
al a alb
Peéi. 4. Eiedaaiey 0dadaaioaeniié iiadee &11d0de+i03; a4 aioenéiido-

: A
de+ita (6aao Tieaér)
Fig. 4. Three-dumbbell model oscillations: a symmetrical; b antisymmetrical
(color online)

Ay Tiodaaeaiey flanoaaiild +~afioio 1aetd eieadaieé adaai ii-idaseidio enieuci-
aou éTidaeiaoiteé iaofa. N yoié oaéup aliegai atidasediey a6y éaaadaoia acei aaiodeaé

1f=xi+(y1+ @)?=xi+yZ+a?+2ay; 15=(xz x1)%+(y2 y1)?>=4y%
Bs=Bs=(xa+ x)%+(y1  y+a)?=15+( x)*+( y)°+2x3 x 2 y(yi+ a);
Bs=(x2+ x x1 X)%+(ya+ y yi+ y)?=15 8y y+4( y)%
Ba=(xat X)2+(yi+ y+a?=1i+( x)°+( y)?+2x1 x+2 y(y1+ a);
Ba=(x2  )%+(y2+ y @?=15+( 0+ ¥)® 2a x 2 y(ya+ a);
Ba=(x2 X x1 X)2+(y2+ y y1 Y= 15+4( x)%

a3 6+04ail, +01 X = X1; Yo = y;. CAafil eiadén 1 6 aéeéil icia+ado aa ideiaaédeaeiinol é ea-
aié aaioaee, 2 é Haindaélilé, 3 éidaaié, a acéad s € aiféaclaapo, +0of 10dad+apuea ei
atdaseaiey 10itiyony & felidodeidi & aioeneiidode+iti éiedaaieyi nifoaaonoaaiil
Caiéntaay atdasediey aey aadidiaceé aaioaeaé e danéeaanaay eé a dya Oaéeida, iieell
ied+eou nedasdpuea 61di6ed i of+iifiolp ai adee+ei aoidial ifdyaéa iaginoe
X1 a+y; 2 x2 o, 12 (a+yp)? 2, X1(a+ y1)
1s T | 2I3 ( X) + 2I3 ( ) + |3 Xy,
1 1 1 1 1
X1 a+y 12 x2 , 13 (a+ y1)? > Xi(a+ y1) .
O o3 (X i () FRR
1 1 1 1 1 (9)
X1 a+yi 12 x§, 2,12 (a+y)?, ., xia+y) _
3a T X | y+ K ( x)°+ T( ) -3 Y,
1 1 1 1 1
2 2
5= 2, 2a E( X)%; 3s = 1s

1
s= 2mg x+ 50(2 I+ 5)+2F1 15+ F2 o

1
a=§C( 22t St )+ Fi( 1at )t F2 oa
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& IINEA TAN0aTace 618168 ( 9), & 0AGaed 6-A04 04T, +0ix1 = I1sin ,y1 = 1,=2, F1 = mg=sin
e F, = mgctg , 1ia & éaaadaoe=iié aiidiéneiacee i6eido aéa
. csin m |
s= mg——+csin®  ( x)2+2 —29 a 2  x y+
I1 [ [ 2
I a 1,=2)? a 1,=2)?
+ 1 (3 12 P 22 - 2 (Y&
I3 sin 17
cog ctg csin mg I (10)
_ 2 2 2
= m - + csin X)<+2 — a — X y+
a g l1sin I € x) [ 12 2 y
|2 a |2=2 2 a |2=2 2
+ 1 |(3 : ) + C( |2 ) ( y)2
$sin 2
x07 aed éanadony éeiace+anéié yiadaee nenoaia, of iia, i+adeail, éaé aey neiiaode=+iaod,
0aé é aey aioeneéiiacde+iid éieddaieé daaia

2m 0 C C
A= 0 ami T ¢, c, (12)
xy Cyy
44a yeaiaiol 1aodeol eaaceoidnaed elydoeoeaioia aey neiiaode+ins é aioeneiidode+-
00 éledaaieé a0ado daéeie
Cxxe =2 m cos csi? ; Cy. =2 oM mg L
s Iisin s TRET: 2
12 (a 1,=2)2 a 1,=2)?
C:2mgl(.2)+c( 222 L,
s 13 sin 12
1 1
2 (13)
co c .
Cxx, =2 mg i 9 Lesi? Cxya = Cxys;
[1sin P
12 (a 1,22 (a 1,=2)?
Cy. =2 mg-t : +C
YYa g 13 sin 12
Caientaay ~anoioila 683aidiea det(C  Kk2A)=0 & ilai0AA&yy A &&T 1208860 ( 12), ié6-
+@l 1ifiéa dacaddolaaiey Tidaadeeoaey neadaopuda aeéaaadaoiia 6daaidiea
1

4m?2

1 Y
Kis:2s = am Cuxs + Cyy, (Cxxs nys)2 + 4C>%ys ;
r : - (14)
1 I g |
— 2 2 .
kla;2a - % CXXa + nya (Cxxa nya) + 4CXYa y
454 0AGaRA MEAAGAD 188U AT Aidiaiéd atdasaiey ( 13).
painitodei ~anoité ned+aé, éiaza seanoéinol 6idoaesd aaiodeaé 46ado aanéiia+it aieu-
gié, 0. 4. adiféiel idadaaséuité 1ddasia c!l Oidaa éc 0i8ioe ( 8) eaaét aéaaou, +of
1! g, 12! g, ! o, i€ yoii lg(2cos o+ 1) =2 a. Riif, 07 & yoié neodacee 14a fiei-
ia0de+i0a ~anoiol e deligay aioenéiiacdé+iay +anoioa 46ado iaiadaie+aiil aicdanoaod
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Q> S Qe
o O

o
ox
O

-

ifadee p = k=ko, 88dko = g=2a, e
A 0362 433 (1A3A3Y MAeI&0Ge:- pefi. 5. Aaagq:,apfaqal aewayua.z.aAey‘égr.u‘)ygeeue oariié
Ay & i858y Aioeneiiaode-iay) geiee ioé = 0:3 (6aao Tieaéi)
Z/X 55066 y A As A y . Fig. 5. A twenty-dumbbell model of a stretchable catenary

4\|’eAa eddpuea¢, +anoiol 10 aaée- at =0:3 (color online)
+eid {
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=0:3; 4 10é = 0:05 (6440 Tieaéi)

Fig. 6. The oscillation frequencies of a twenty-dumbbell model of stretchable catenary depending ofi:
aisfor =0:3; bisfor =0:05(color online)
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ifadée iaed a01d1é ~anoiod iaidasnaiié iiaaee, daaiié 8:345 ifa 0:8%; a 08aouy +afioi-
0a ps = 11:42 éfia+itiasiié iiaaee iésed +afioiol iaicacnaiié itaaee, daaiié 11:60, ia
1:6%. I8¢ = 0:3 0aéeed iadepaadony oidiedd fideaned 1daead dadcdaciaditie +anoioaie
éiid=inasié e idisasnaiié i1adeaé iddanoyeaeeiié OE: 46y iadaié +anoiol 2:73710i1-
iceadiea 0:3%), aey aoioié +afiolold 4:68018i0ea 4:718 (dafdieeddied 0:8%),

ja oen. 7 i0eadadin adaoceée cadeneiiinoe aacoaciadiié endiailé iadaié +anoion é
44060 Ysieased0pued,, ~anoio agy adaadaceaaiodeiié iiadee, a oaéaed aéy 4a00- & 0dadaai-
0aélité 1iaaeaé, 1Mnoataiits ia TRitaa 1Me6+aiito daiaa aiaéeoé+anéed atdaseaieé ( 6)
& (14) A 6+400 fiNoileaiey ( 16), 1 1adxi40da {
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a ioe = 0:05 (6440 Tieaéi)
Fig. 7. Comparison of oscillation frequencies of dumbbell models of catenary depending ¢n
aisfor =0:3;bisfor =0:05 (color online)

7 A
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aeeyied danoyeeeiifioe OE ia aefaieéo fefiodid, &i0idia caéép+aaofy ia oieuél a eiee+a-
fioaaiili didiugaiee ~anoio éieddaieé, it & a iiyacaiée ifatd ysieadedopued,, a iecéi-
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Abstract. Mathematical models of a thin shell deformation, which are considered in the rst part
of the article, constitute either a variational problem of energy functional minimum in terms of shell
deformation or a boundary problem for di erential equations of shell equilibrium. In both cases, the
boundary conditions are also introduced according to the type of shell xation. To solve the speci ed
tasks, the di erent methods are considered. Using either the Ritz method for the variational problem
of energy functional minimum for shell deformation or the Bubnov Galerkin method for the boundary
problem for di erential equations of shell equilibrium, we will get systems of linear or nonlinear equations.
The nite element method (FEM) in application to shell theory problems also leads to systems of linear
equations, and the order of the equations can be very large. It is possible to use the Gauss method to
solve the linear systems of algebraic equations in case the system order is less tharf.1d another case,

it is necessary to use iterative methods. For nonlinear tasks of thin shell theory, the parameter marching
method is used. If the load is taken as a parameter, it is the V. V. Petrov's sequential loading method. It
allows transforming the nonlinear tasks into a consistent linear solution with coe cients varying at each
stage of loading. For solving nonlinear problems of shell theory, we consider the iteration method, when
the nonlinear terms are transferred to the right side and successively changed at each iteration stage. In
the article, it is also considered the method of quickest descent. A. L. Goldenweiser developed the special
method: The asymptotic-integration method of thin shell theory, which is described in the article. If the
equilibrium equation of the shell contains the discontinuous function (unit functions, delta-functions),
then for this case there is a special G. N. Bialystochny's method, which is also specied in the article.
Examples of the application of the described methods for solving speci ¢ problems of shell theory are
also given.

Keywords: elastic thin shell, mathematical model, algorithms for solving nonlinear problems, numerical
methods, stability of shells

For citation: Karpov V. V., Bakusov P. A., Maslennikov A. M., Semenov A. A. Simulation models and
research algorithms of thin shell structures deformation. Part II. Algorithms for studying shell structures.
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1. 1&otaeéa dagdiey aaseaceiiind & 6524400 casda+ 0&idee Talei+-aé
ioe effeaaiaaiee iaisyaediii-adoioiedtaaiilal anoiyiey (IAN) & ofoiée+eaifoe Tai-
é1+a+i00 éliNodoéveé iaovaiaoe-anéay ifadél iflaedo 4ol iMéd+aia & aead eédaaaié caaa+e
aey aéooaddaioeaeuiial 6daaidiey daaitaaney e 66aaand oneiaeé eee a aead aaseaoeiiiié
cada~e 1ieieioia o6ieveiiaga iléiié ioaioeaguiié yidaoaee aaoisiadeé éiifodoedee
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i1 idécaanoiti ~enefadi 1adaidodai e idedaaiyol &6 é ivep (iaota beooa):
@& _ @& _ @& _ o, P
O, —O, _0; |1J _112! ’ N (4)
@y @y @w
A 8ac6elinaoa Meéd+ei ienodio iaeeiaéins aédaadae+anéed édaaiaieé foitneodéuit Ui ,
Vi, Wi, iaofal dagaiey €101dié danniiodei ieaed.
Ariee 63g3 aony édadaay casa+a aey ae006adaioeaeuins 6daaiaieé, oi, lanoaaea aied ( 2),
ieo+ei idaycéo. Eiodadae it 1aeanoe, caieiadiié T1aiei+éié, 1o idiecaaaaiey idaycee
ardiéneiedopued ooiedee aieaedi 1adataouny a idéu (1aoia Adailaa Aagadéeia)

Aey iadleeadiey ieidicia 66ieoee (3 ileeil id&IAIOU 14014 [ASREI6AEpAAT Aibhiea,
eee 13074 TieTidaciaoiial fiohea, & eoadaceliitl ISToaRAli Al+-efieedl cia=aiey ~&f-
1300 1204180518 Uy, Vi, Wi , +01a0 & 4380i&ép8l T86+e0l ia-ied 66ié6eé  U(x:y),
V(xy), W(x;y) ide cia~aiée q= o, SIaiii ide epali cia-aiee aas6cee %

R6ol 180748 iaehieisaésaal fionea AiRoTeo a AEAA6PUAL. 1600 M1 (Uj 1; Vi 1; Wj 1)
iaaloiday ol-éa AoLARdATAAIeY dofesee ( 3), 1eleisl 1oidlé bl fadde (0.4. ibeaefl
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=
Qo
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Q_)/
—

: @ @ @
()= Est Uj1 t@f;(Ml);Vijl t@l;:j(l\/'l);wijl t@s};(Ml);Q

@% (M1);Vj2=Vj1 tl@@%{f(M 1); Wijj2 = Wi 1 tlg(Ml):

Nou&noaoao fadaiaiiay itaeoeéasey 1aotad iaenéidaésaan fionea

OAaiadi danfilodei iaoial dagaiey idceiaéiné nenoaia ( 4). Caan ifeedo a0ou ianéteu-
&1 fiiTala, i1 ia-efaol dawaiéad idaeil i i6eaalal 11 iaddoceéa iifoiyiey Taiei+ée (0. a.
38 q=0,U =0,V =0, W = 0). Aaeaa afia 1a01a0 46460 JA&youny feaaiadie. Eoae,
ide cia+aiee iaddocée o ecaanoil ciaraiey Ui, Vi, Wi i0zeil iaéoe yoe cia+aiey ise
[a800céa g + Ok = Gkt

Nefniodio aeeidéins 6daaidieé ( 4) caiésdl a aéaad

F(X;q)=0 6))

caanux = (Uj; Vi ; Wi )T, F =(Fu;Fa;Fa)T.

Refioaia (5), fiee o6ieoeiias eiado aea ( 1), yol Aefiddia 3 N 65aaidieé fi 3N aéc-
aanoidie, é10idop aieaa naaiaii iieeii caienaol a aeaa

N\~ N~ A T
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6daaiaieé ( 5) Tiifaaia ia idofaa eoada-
-af

e+aféié jadooceée ii-
0 dafidiaeouny. Oaéay ia-

0dde onoié-eaifioe Taiei~ée, a 4aedad eoadaceliiné 1816ann acaa

olaeéa iieeao alou efiféuciaaia ia oleuél aey dagaiey eeiaéii-6iooaed casa+, it e aey

i48eiaéii-0id0ae0, a 0ataed casa+ 1eco+anoe. Yoa 1aoiaeéa fiefiaia 4 6aaicad [ 8|
Ca+anoop idiasiaeii enneaaiaaou IAN jaiei+ee ia oieiél a aieseoe+anéie 1aganoe,

it € & caedeoe+anéié, 0.a. iadlaeou ia oleuél aaodipp édeoe+anesdp iadddces, it e ieee-

ipp & ad6aea édeoe+anéea iaasocéee, anee fie anou (efinedataacl ianoiop e Taudp Moade

x07al 151a&f0e daéed ennedaiaaiey, ideell asy dagaiey ideeidéiial 6oaaiaiey ( 3)
iB&IaIyoU 14014 i0aieacdiey dasdiey il 1a0ai&odo | 9]. Netaeiifiou yoial i&otaa 6foa-
[aaeeaa40 0aidaia 7 1ayains 66ieoeyd (fi. [ 9)).

6ROl ecadnioit 1aéioioia dagaied aseidéiial 6oaaiaiey ( 5) i8¢ q= o Xo(Ujo;Vjo;
Wi o), 0 a

Xo(%p) =0 (6)
i515660404i6€0041 ( 5) 11 1a0aia0d0 g A 08c6Eloacd Teo+ei aed0addiveasuina
68aaiaied
@FdX | @F_ -
@Xdg @q

Yo 60aaidied A ia+asuili ofefaddl ( 6) idaafcaasydo ftaié fa+aeiiop caaaso aey

4000304i6easlial 6oaaiaiey iadaial iMoyasa 1oiineodeui &-. Caanugs = J iaoseoca

888 qc caaadony, a Xy iadiaéofy ec daodiey ééidéiial acadadae+anéiarl 6oaaiaiey
Q@F Q@F
—(Xiia) X+ — (Xi; %) G =0: 8
@X
liefaiiay idoiaeéa fiffivadéyao noou iaoiaa ifiedaiaacdenins iaddoeaedieé [ 10
Aéy dagaiey yoié fiefodil eefaéins aéddadae+afnéed voaaiaieé iieell ioéiaieou ia-
Nms KA L © _NA Nz A~ O8Nz ra A A .9 Fx LB k k k N
ola Aaonna. bagea yoo fienoaio, iadiael X, o.a. ¢ia+aiey U”( ), Vij( ), Wij( ) e
0= Ok+1. IIE8 +&4T [adiael iaetieaiiné é yoli6 yoaio cia+aiey iadaiaodia
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Oacel 1adachi, idialeeeay i316ARRA THEaATAA0ABIITAT 6aRee-Aiey aad6cee & Bagay
6ei86104 65aATaIey fi eciAiypueieny 1o yoaia & yoais fasfiediitie cia-aieyie Ui ,
Vi, W, aiciael &1 iadalé edeoe+aneié 1aadocee. iae yoié iaadoced  det(d) = 0. iifed
i5iiceaaiey yoié oi-ee is16aMMA 1iedd Al0U idTaTeaal, OleusT iIBedALAIA Aad0cee q

&y ia-asiié caaa~e ( 8) iAo 14da0é idyaie of-iifoe,
iyono a8y alfioeaeaiey ideAIsaINe o+iifoe desiaeony 400U AifoadT+il 1as0é pad
q 1T AG0e a8ea, 85eAdy ¥:iaadocea q iB1aea W caiaiyjaofy eénafié, Atroiyuaé eg
1004cETA, ARAOABIING & efideiiié aBeAlé %4iaad6cea q iB1aéa W..
Agy 6agee-aiey of+iifioe dafi-a07a ioeei AIAf0T AGAIN Yéeada ideiaieol, aideias,
BAI6 1801aa D6iAA E600a 4-a1 11dyaea of=iifoe. I5e1Aiaiea 41684 o106 f6al TieRall

ia&, oi+ee, aaa det(J) = 0, iaciaapofy iftacie. TAtacd of+ée
filioaaonoacpo eee idaaadenitl oi+éai (a ied 1diendiaeo dacéeé 1adadia ia ifaia daaii-
aanita Ainofyiéa Moady onoié+eainoe aiei+ée), eée oi+éal aédodeacee (a yoeod oi+éad
iyaeyaony aicitaeiifiot dacadoacaiey dagaiey).
parifiiodei édiia iaodeon Refae J aua dafngedaiiop iaodess Refae [ 12
3o = @F @F
a X @q
e fadio, fAifiolyueé e¢ iaoded Jn, 1€6+aiid e¢ Jq al+adéeaaiedi m-ai fioiéada iao-
oeod @;
A 01+88 480006a0ee, 0. &. 4 01+64 10ad0acaiey i1alal dawvaiey [ 12] (danfiacdeaapoy ii-
T-adaaii ned+ae at+~adéeaaiey éazedial noieava), det(J) =0 édet(Jy) =0, a aiddaaeuiié
o1+éa

det(J)=0; det(Jm) 60:

Agy 1a51aa edeoe-afees ol-36 4020884 ¥%:iaad6ceaq idiaea W Vel eee Maiou
12021808 idiaisee Agdiey [ 13, eee, 14 11y 12021408 idlalesdiey davaiey, ide-

a
FE246pUGH 18014886,
&

Q s

Y & ©

At AL

ey dagaiey ideieiadony addocéa, € ia éasedll yoaia cadadony cia+aiea k. Dagaaony
éeidéila 6daaiaied, an+eneypony ana idecaadnoita 1adaiaoda &, ediia oial, ad+enéypony
det(J) & iaediéligda idedavaied idiaeda
(k) &W ;)(W (K) gy iv]
w® = WX v
i=1 j=1
I6e 11adiad é édeoce+anéié oi+éa adadeéa ¥iadddcéa q 1diaea W, élaaa ide neaao-
budi gada iaddoaeadiey Ozead iaddocéa g a6ado alélwad édeoe+anéié, éanaoadeliay é eéseaié
Yiiaddocéaq 181aea W 1aiyao iaidaaeaiéa e idfendiaeo niaia ciaéa iaeaielgaal ide-
daudiey i6iaeaa, o.a. Wk wk 1) < 0@ det(J) a4eece edeoe+anéié jaadocée a46ado
aéecié é ioép. A yoli feo+aa iatasiaeil eciaieol ciaé ia idioeariéiaeiné & 6 Ok, €
6 Xy Afee aa 610y 40 1ail &c ofgtacé WK wk D < o det(d) = 0 ia aGii&iyaony,
i810aMNA 181aieseadony i 1ddezeiel cia+aieai Ok
Agy 140iaa édeoe+anéed oi+aé adadeéa ¥4iaddocéaq ididea Wy i6e éfielciaaiee
iaotaa 1diaieacdiey dawgaiey i1 1adaiaodo addocée iieeil 1ddaeiaeeéol fedadpueé ae-
aideol, caienaiiié a aeaa aeié-ndaia (sen.  1).
56 > 04 ilidio 1A0461aa ~434¢ ede0e+aRech 0i+e6 4030864 W = W () 8anaddé&-
fay é a0a0eés éaeaié iaiyao naia iaidaacaiea (den. 2)
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| HSH%&™ () Yo+,
J#0#12%. ["#$3"-,
IP=0,Dq°% X =0, q=0.

A35#32*%. %-"36"#. [HOHSH
FdX  F _
X dg fq

'$-+96.32". "#-7+%&533 ['#53"-3
DVX =g DwX ()X 3()Y3(i), detd.

Y

i=1

DWX ! =pwk|
IP=1
DX = -DX
Dg= -Dq

XKt =xk +px |
q¥*t =g~ +Dg*

Fig. 1. Flowchart for traversing critical points
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d - Y
Xi Xj
=1
Oaiddi teeli acoe X 1 sisioea
(k+1) _ (k) , X
(ia 1-1 yoais k= O, 0=0), 83884 1 = k+ «
38 efileiciaaiee iMneaaidé nosiee foaia ( 10) iMeo=+ei
3N+1 dX‘ dX’ 3X+l
d'd':l, gée X, Xi= %
i=1 i=1
1080644 ieeil a08aceol L & 0.4,
A 130148 idTaieaediey dasaiey il iAeE6+0ai6 1a8218080 1ad21808 10843641 eaeé
Aoiia 643482018 48003842i68AETA 1A8CAAROIGE X, Tlyofio ana fie aléaeil &idou 14i6
& 00 aed daciadino. Oaé 838 U, V, W &ciddyhory a iaodas, a q a iia, of idlasiaeii
13034 i5eiaiaiedl yoial 1a014a 1403608 & AAcAACIAdInl 1a82i80da 048, +ofal ana X

AN N N e

féaaiaaiey onoié~eainoe ia iAoTyiité oieueid. ei

iMasil danidaadeadiiay & iidiacliay é noaaeiilé iadsciinoe, e anee yoi 10adédit ia
141420€4a40My, o7 &1i000 1alei+ée caeddicdi padiedil iditadteeil. la0ddeaé 1aiei+éee
21440 6adaéoasenoeéeE =2:1 10° Iia, = 0:3. Adcaa, anee yoi ia 1414104l fidoeasuil,
A daceizediee 14daidudieé 6aadaeeaadini aaayou +eaita: N =9.

la oen. 3 idaancadcait cadeneiinoe iaddocéa q idiaea W aéy ilelaé jaiei-éee
aailyéié eseaecil, gadiedil-itadeaeil caédaieaiiié il élioddo, i 1adaiacdaie a=b=
= 200h, Ry = R, = 400h, h = 0:011. A&y 53caiey iAceiaéié Reroain (  4) iB&IAyAoRy
14014 eoadaoeé, iyolio aéaaia oieliél aaddiyy eédeoe+anéay iaddoces

la 0en. 4 aey ieTaié 1aiei-ee aayéié eseaecia i iadaiaodaie a= b=60h, Ry =
= Ry, = 225h, h = 0:09 | 183af0aaédit cadeneiifioe ¥iaddocéa q idiaeéa W (fieigiié
aoaoee).

Aey dagaiey ideeidéiié nenodin (- 4) ideiadiyeny 1aota idiaicaediey dasdiey 1 ia-
da14080 addocée i 1a6iall edeoe+anées oi+&é. Oid a8 dacoeuoad aleé iMeo+ai & idé éf-
ileliclaaiee 140iaa idtaieaediey it iaeeo+waio 1adaidodo. ia sen. 4 daéaed iddanocaacaia

aefneiinol Ydet) id1aea W ¢ (g0dediaié a0a6ee). [6edana ciazaiey  detJ ANNOAAOMAOAO-
i

Aol ¥iaddocéaq idiaea Wy aéy iiéia
120h, R1 = Rz = 450h, h = 0:09
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Fig. 3. Load q de ection W graph
for a shallow shell of double curvature,
pivotally xed along the contour,
with parameters a = b = 200h,
Ri =Ry = 400h, h=0:01m
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Deéfi. 4. Adadee %iaadocedy isiaea W (fieieilé ada-
0eé) & ¥4iaddogéa q 116dadeeodél  det(J)¢ (godesiaié
daidaodaie a= b=60h, Ry = R, =225h, h=0:09i
Fig. 4. Load q deection W graph (continuous graph)
and Load g determinant det(J) (line graph) graph
for a shallow shell of double curvature with parameters

a= b=60h, Ry = R, =225h, h=0:09m
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a= b=120h, R; = R, =450h, h=0:09i

Fig. 5. Load q de ection W graph for a shallow shell
of double curvature with parameters a = b = 120h,
R; = R, =450h, h=0:09m
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Fig. 6. Load q deection W graph for a
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2) daciadl 034ad, ideadAaaiina é idayieaieuinio na+aiep, fifoaaéypo: aey 1eaéieyp-
Ued iee0o (aieiiged) 03add anfioa daaia 0.07 1, gédeia 0.045 i; 48y 4i00d4aiied (ia&io)
844306 adnioa daaia 0.045 i, gédeia 0.0225 i;

3) Gadacoadenoeée iaoadeasa &linodoeoee: sedeaciadoli AE =2:5 104 lla e =0:167

4) iaddocea daAINadil saniddadediiay il ieiuaae 1aiei-ée, Ainocaaeypuay i iia-
foAaaiiti adnh éiinoscesoee q=4:3 10 3 lia.

Pagaied casas &l & iieéfaai
e Bb. A. liadi 166+48ii0d
ie i6Taeaia idaan 24, filloado-
AOAGPUAA aeafio i6iéoedli dagaied, 6+eolaapuad
iTAa0&eaiiol &liooda a i z, & Aigigilie éeigyie iéacail dagaied, ii-
e6+4iia yeniasei

--= 272,

I"#"$%" &'()* — - 430,

(+% & — 445,

I"#'$%" &'()*

(+% Q@

- = 90-./&%$"$%0
— - 111-./&$"$%0
— 12+3".%,"$4

peéf. 8. Yipa( idiaeaia nesaa+aoieé 1aiei+ee
Fig. 8. Diagrams of de ections of a folded shell

Ange a fioilgdieyd odldee 1aiel+4é anoda+apofny dacdiaitd doievee a acad dacie+-
00 66ieveé Odaenaéaa eée adéuoa-06iéoeé Aedada, of aey dawgaiey 6daaidieé daaiiaa-
fiey & yoil ned+ad dacdaaioai A I. Adéiioi+iti [  17,18] Aifdoéaeuité 1aoia.

[6fiou aait Tatéitaaiiia aéodasaiveaéuiia 6daaiaied

. Xk
L'FOl= bB)H(X  xi); (11)
i=1
daaL" eeéidéité aedoadaiceasuité 1iadacid iidyaéa n fi TTRoTyiitié élydoesedioa-
RN p i N AOANNIAO A LI AZAZNOF77AOQ A Z7A 2 X N\
ie L"= ad=dX (an = 1), b(x) ecaanocita 66iédee; H(x x;) Taiauaiida 66ieédee
j=1
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Xk i
fx) = Cn' m(X)+ fi(x) H(x xi)
i=1 m=1
yaeyaony +anoidi eiodadaéli odaaidiey (- 11), ééécﬁn dagaiey nenoai eeiaéins iataii-
81ai006 aeadadae+anéed ooaaiaieé
xXn ) dl- dlf-:-
c — 0 - 12
m dx! dx! (12)
m=1 Xi Xi
anenoaia ooieéceé f' ., (x)g oOdiaaidioagiiay fenodia dagaieé ddaaiaiey ( 11), 0.4. caéay
fiefidodia eeidéil idcadeneilo 06ieoeé, eeidéiay élidéiacey €101000 aado 1auaa dagaiea
filfoaaonoacpuadal faitdiaiial 6daaiaiey
latida dawaied iaiaiiaiaiial aedooasaioeacuilal 6daaiaiey ( 11)
1
X0 XK X0 :
f(x)= Cn' m(X)+ Ch' m(X)+ fi(x) HX xp); (13)
m=1 i=1  m=1
a +ai idodadail 6adaeouny ranoaiiaéié (- 13) a (11). CaanicC,, inoiyiina eicaadediaaiey
l6fiol aedbadaiveaeuila 6oaaidied niaddeeeo Tatauaiiop aaeuoa-66iécep
LU ()] = b(xi) (X xi); (14)
aadb(xj) ciaraied ecaanoiié 66ieéoee h(x) a of+éax;; (x x;) aaeloa-66ievey
Dagaieal 6daaiaiey ( 14) yaeyaony 66ieoey
xo x :
f(x)= Cn' m(X)+ Ch' m(XHMX  Xxp); (15)
m=1 m=1

% . O Aue FAX AL

F48Cl, dagdiey Nemnoai eeiaéind i

X d g 0; i8¢ 1=0;1:::;n 2
Cogr = 1 17 a8 | 1 (16)
m=1 y b(xi); 10é n
Anee 466040ai6eaiia 6daaidied fitaddaeeo idiecaiaiop 10 Tataudiilé adéioa-ooievee
d (x xi)
L"[f (x)] = b(x) ————=;
[F 001 = b0 —"
idaday aal ~anou idatadacoaony é aeao
d d db
X)— = b(Xj)— — X
u )dX u |) X dX . ( |)
A yoii fe6+ad eioadan idaanoadsyac dagdied, iicaiéypudd Tiddadeeol +anoité eiodasas
6daaiaiey
d(x xi)
L"[f (x)] = b(x;) ————=:
[F 001 = bx) =
Tateé eiodanae yolal odaaidiey oaéaed ileeil 108a0a4E00 4 4844 ( 15), 444 Cl, Tivdadey-
bofy éaé dagaiey fiefiodil aédaddae+anéed 6oaaidieé (16), nataiaita ~eaia éioidio
8 Y
20; e 16 n 3
1= b(xi); e l=n 2
©odp 1b(Xi); 10é I=n 1L
358 jag+ité 10aaé



A ofi fie6+aa, 61444 idaaay +anol 466040ai6eadiinal 6daaidiey ftaddaeed adidop idiec-
afaiop 70 Tatauaiiié adéuoa-ooieoee, Nodveodda dagaiey ( 15) ia eciaieory. Nataiaita
+@4ai0 AMfoadonoadpuaé nenoait acddadae+anéed 6daaiaieé a yoi neod+aa
8 s
50, ioé 16 n 4
b(xi); e l=n 3
[ xs
3 dn 1b(Xi); e l=n 2
(dg 1 dn 2)b(xi); 188 I=n 1L

r?m 2 m= %”)(T*(x;y)+T 0y
) 612 = 6T (y) T (xiy)

(x;y;z) dadainoaii

(X;y;2)= m(xy)+ h (x;y);

X X
m(y)= " k(X)sinyg; (x;y) = k(X) sinyi
k k
é eiddadediaaiep fneaaopuesd aeddadaioeaeuins ddaaiaieé 1oiiieodédit 66ieveé " k(X)
e k(x):
d* y  afy @, . & a @ .

—— A= Z(TFx)+ T (X); 2= e (TV )+ T, (x): (A7)
or B E M0 T ) k= 6 (T 00+ T ()
Caafiua,, a, MAOYI04, cadefyuedid @ , h, = & b Saciad iearoeiee a isard;

Ty (X)=@2=D(T (xy);sinyy); yx = ky=b.
A fié6+ad 1aiial 0aiiadaoddiial néa+éa it NoiaIIl Teiiéinoe z= h/2
T"=TJH(x Xxj); T =const;
2
Te = —(@ cosk )TyH(x xi); T, = k—(l cosk T
Ta0Aa Sagaiea 60aaiaieé ( 17) ia TAfaaiee ( 12) caieRaadl a acad
0 q — 1

' — 1.X11 2 X11 rr+ @ alj(‘l(x XI)A r .
k(X)— Ckex + Cke +2L|(TO l Chf H(X Xi)+2LkT y
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0 q — 1
as;(x  Xi)
k(X) = D&exﬂ + DEe X21 +12L§Tg @ Cth H(x xi) 12LET ;
aaé Cj, DL (i = 1;2) Tnolyiina éiodadediaaiey; Ly = @:(kalfl); Ly = @:(kalél),

Aoty
@ = (b=hH*(@=)(1 cok ).
oi é

sraaner

@ _, @m_ @ _
_— = 0 y —_— - 0 y - O 1
@x X @x
of, jaideidd, 60ie6ey  (x)idei&o aea
cen
S =
12 3Tysh a5 (a xi)=b
k(x) = — chxz1+
K o=
sh  aja=b
0 4 1
az (X Xi)
+12L5Ty @1 cth Y(x %) 12T
1.3. Aneiioioe+anéra eiodaoediaaied 6daaiaieé oaisee Taie+ae
A. E. Aisuadiadécadn dacdaaioai 1401 daediey 6daaiaieé daainaaney iaiei-aé [ 19
paffiiodel ool yoial iaotaa.
Effilétcopofy 1aiiaiaiod 6daaidiey daailadiiey a i1&daiavdieys e ideieiadony, +of
nodaeiiay 11a&aoiiion 1aiel+ee 1oianaia é 19oialiasuiti edeaieeiaéiti eioaeiacal
Odaaidiey daaitadney a iadaiaudieys edaoél caiegdl 4 aead
L) + L2(v) + LB¥w) + h? Nt (u) + N2(v) + N3(w) =0;
L2 (u) + L?(v) + LZ23w) + A2 N2 (u)+ N?’(v)+ N2(w) =0; (18)
L3 (u) + L3(v) + L3¥(w) + 0* N3(u) + N¥%(v) + N3¥(w) =0;
aaan = 0, i36i0io0é 6adacoadiné eeiaéiné daciad fdaasiié 1M1adaniiioe; Li e
N 5e60&84i0ea8uind 1iadaoid0. 1a iA0a06 Yoaiad dafifdeeddieé 46460 daseil OT6UET
noyaie liddacisa L e iiayaie fidsacida N (yoe 1iddacisd caiefitaapony & 0aasesa)
Dagdiey 66aaidieé ( 18) caaapony a aead

u=k tu(x;y; k)ek o),
v =k 2v(x;y; k) oy).

w =k Bw(x;y; k)ek )

cla+aiey.
i5&iai, ~of v6ievey ecidiyaiifioe f(x;y) i& caaéneo 1o 1adaidoda k, a 66iésee &i-
o&ifieaiinoe u, v, w i1a60 atol id&ancaaeain a a4 aneéiioioe+anéed dacéiedieé
10X, U (X;
U= g+ Y105Y) (zy)+:::;
k K
v1(X; Vao(X;
V= Vo 1(6y) | va(xy) | o
k k2
wi(X;y) | wa(Xy)
W= Wp+ + +
0 K k2
a éioionod Uo 60, Vo 60, Wo 60.
360 jao=iné foade



Aaaei t i4é101d1a ieéleee0aceliia cia+aied oae, ~ofad 2=t 4087 6a&0i ~&féll, 1daanoa-
ael e3adp ~anol éamedidl 6oaaidiey ( 18) a aeaa idiecaaaaiey yéniiiaiveaeuiial iilaee-
03éy ekf fa aya, danitéleediité 11 6aedi iendiayuel noaiaiyi iadaidoda k, & 1108aada;,
+014a0 & 63400 +anoyo 1Me6+aiins nioiigaieé én+acée élyodedediol ideé anad noadidiyod
k. YOI i0eadaao é aanéiia<ité ineaalaacaéuiinoe fenoadl édaaidieé. ladaay (aietaiay)
fiefiodia ec 0840 6daaiaieé 1ied+aaony a dacoelioacd idedaaiedaiey é ioep élydooescedioia
38 FO&IAIYS k MAI0G AGMIEEs NOAIAIYG A6y Gasdial FivizAiey; A0IBAY Aefo&IA &c
0040 6daaiaieé ied+-eony a dacéelivaca idedaaieaaiey é i6ep élydooesedioia ide coaia-
6 (k 1) e 04

Tiddaoida LT e NV it iendiayuei nodiaiyi k ilzeil caiefiaou a aéaa

L'Yu) k* K"ILHug+ k"1 Liug)+ Lit(uy) +::: €
L'2(v) k2 K"2LPug+ kM2 T Li2(v)+ LiZ(vy) + ::: €;
L3w) k3 K"SLBug+ kM3 T LiB(wo)+ LiB(wy) +::: €F;
i1 mily il mi1l 1 il i1 kf (19)
N'™*(u) k* k™ *Ngup+ k Ni"(ug) + Ng(u1) + ::: €%
N'2(v) k2 kM2NR2vo+ k™2 1 NI2(vo) + N2(vy) + ::: €F;
NB3w) k3 KM™3NRBwo+ k™3 T NIB3(wo) + NB(wy) +::0 €F;
3a& 11320160 LD & NI TisRa&eaiiol 1adach naycaia i LI & NI

Anee 1adaie+eouny Aifioaaédiedl nenoail ddaaiaieé aey Tivaadéaiey  ug, Vo, Wo (&i-
gfaiié nenoaia), of a yoeo iioiigdieyd aifoaoi+it iiddaieol oieuél ~&aia, nfaddaeatéa
iadaidod k a iaealngaé aey aaiiial aldaaediey fodiaie. Anee ines yoiai 1iafnocadeou ( 19
4 (18), calaieol N2 -&8&ck 2t & i51a&M08 146101304 BAIABACTAAISY, O A cAABASTIROE 10
cia+ai €laou 1anol 1you dacee+ild ned+aaa.

+2 1 11 +2 1 12 +1) 13 —0N-
kl Lo u0+k2 LoVO"‘k3 LOW0—O,
k "2 L8g + k 2*2L5%v0 + k **1L5wp = 0;

k 2L 3o + k 2*2L3%v0 + k **1L33wp = 0:

k 2L g+ k 22320 + k "1 L Pwg = 0;
k 12 L2kg + k 272220 + k 3" 2wy = 0;
k 72 L8Mo+ k 22 Lg%+ k 31 L3+ N§° wo=0:
3. I8¢ 1=2<t< 1 6daaiaiéy ideido aea
k 2L o+ k 272 L0 + k **1LEPwo = 0;
k "2 L8g + k 2*2L5%v0 + k 31 L5wp = 0;
k 1+2 L81U0+ k 242 L82V0+ k 3+5 2/tNg>3WO =0:
4. 16e t=1 6daaiaiey i6ei6o aéa
k *2Lgtuo+ k 2"2Lg%v0 + k 37 L5%+ Ng® wo =0;
k *2LGMo+ k 22 Lg%+ k 31 LE+ N§° wo =0;

k "2 L§h+ NG* uo+ k 22 Lg%+ Ng? vo+ k 3 NgPwp = 0:
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5. 188 1<t< 1 6daaidiey ideioo aea
k *2Lgtuo + k 2"2Lg%v0 + k **2 2ZINg3wg = 0;
k 142 L81U0+ k 242 L32V0+ k 3+3 Z/INgswo :01

Kk 1+4 Z/INSIUO_'_ k 2+4 2/tNgZVO+ k 345 2/tNg3WO =0:

Easeaay e¢ yoeo fefiodl iddanoaasyao iaié femodio eeiaéins 1aiieiains acadadas+a-
fiéed 6daaidieé foiiieddeuiil  ug, Vo, Wo
Adiayued a yoe 6daaidiey neiaied  L§ & Ng A iliitup oadeeo ied+apony +48a¢ LY

Dagaiey yoed fiefioai aiéeeill 400U faodeaeasiia, iyolio adée+eid L & Ng Taycaid
6alaeanaioyol arieiecaeuiti oneiaeyi, a oaé éaé yoe aaee+eil cadefiyo oieuét io 66ie-
oee éciaiyaiiioe f, of caéel 1adacii idediael & doaaiaieyi aey fivaaaeaiey f(x;y).
xefel 0aéed 6daaidieé fouanoaaiil caaeneo 10 04 cia+aieé, éi0io0a aapofy iféacacaéyi
eioaineaiioe 1, 2, 3. liyoiio yoe cia+aiey aiéeeill 400U 0aéeie, &io0idla ideaiayo
ofelér é Taifio ffloiigaiep agy Tiddadéaiey 66iévee eciaiyaiinoe f(x;y). Aagaa 1a-
fibeeaadony, éaé i1ado atol iaéadit iaisioeaidd+eana cia+aiey 1, 2, 3. l1iéachiaadony,
éaéei 1a40acii ieeil iifiooieol 66iéoee eciaiyaiifioe, e ideaiayorny idaaeéa aey ioaaa-
éaiey élydoeoeadioia afneiioioe+anéial daceieediey 66ie0eé eidaineaiinoe agy iifaind
eioaasaeia.

O&iddl oMol 1aiel+ea iaddoeedia & 11aadoiinioitie feeaie i éfiliaioaie X,Y,Z,
iT faténoaa +afoiial eioddoaea iaiaiioiaiié nenoaid ( 18) ia dafiniaodeaaporiy, oaé +oi
ifa 1éiti faidysediiti AtnoTyiedl ifadacoiddadony fdiia faidyeediino Alfolyieé
eioaadaeaie 1aiioiains odaaiadieé

A 8a+a&noaa iseidsia iseididiey Tienaiiial 1407aa ileeil i9eaanoe 8aaiod [ 20 22

.....

\\\\\

aiéi-aé ilcaieypo ainoaoi-

iey iaidyeedii-aaoidiediaaiital afoiyiey, 16i+iifoe & énoié+e
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Abstract. The study object is a exible plate of a mesh structure with an electrical drive with clamped
edges. A source of electromotive force is connected to the gate and the plate. The gate is located at some
distance below the plate. The volumetric ponderomotive forces of the electric eld acting on the plate are
modeled by the Coulomb force. The motion equations of a geometrically nonlinear plate, boundary,
and initial conditions are obtained from the Ostrogradsky Hamilton variational principle based on
Kirchho 's hypotheses. An isotropic, homogeneous material is considered. Scale e ects are taken into
account using modi ed couple stress theory. It is assumed that the elds of displacement and rotation are
not independent. Geometric nonlinearity is taken into account according to the theory of T. von Karman.
The mesh structure of the plate was modeled using the continuum theory of G. I. Pshenichny, which made
it possible to replace the regular system of ribs with a continuous layer. The system of partial di erential
equations describing the nonlinear vibrations of the mesh plate under consideration was reduced to a
system of ordinary di erential equations using the nite di erence method of second-order accuracy. The
Cauchy problem was solved by the Runge Kutta method of fourth-order accuracy. The mathematical
model, solution algorithm, and software package were veri ed by comparing the calculation results with
a full-scale experiment. An analysis of the static instability depending on the mesh geometry was carried
out, as well as an analysis of the appearance of instability zones depending on the amplitude and frequency
of the electrical voltage dynamic part.

Keywords: NEMS, mesh plate, electric eld, loss of stability, natural oscillations, carbon nanoplate,
mathematical modeling
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Oasaéodsenoeée eiedaaieéVy =1:5B, Vgn =0:7B
Table. Oscillation characteristics Vst =1:5V, Vgin =0:7V
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Abstract. There is a known demand for hyperelastic deformation models in the design of technical
products using elastomeric materials (rubber and rubber-like polyurethanes, silicones, and TPE thermo-
plastic elastomers), which realize high (up to 500%) reversible deformations and damping capacity under
cyclic and impact loading. Such products include car tires, shock absorbers, exible gears, compliance
mechanisms in robotics, etc. No less relevant and at the same time socially signi cant is the application of
the theory of hyperelasticity for the purpose of developing implantable materials and devices for general,
cardiac, and plastic surgery, including the replacement of soft biological tissues (skin, muscles, ligaments,
etc.) with their functional analogues in the form of biocompatible synthetic materials. One of the unsolved
problems in the mechanics of hyperelastic models remains the physical interpretation of their material
constants. In this report, the material constants of the models are compared with the elastic moduli of
the materials (Eo and Gy) in the unstrained state. It is veri ed that for the neo-Hookean model, the
relation = E@=6 holds, for the 2-parameter Mooney Rivlin model Cy; + C19 = E¢=6. It has been
established that the same formula is valid for the 3-, 5-, and 9-parameter Mooney Rivlin models and the
nth order polynomial model. For the Ogden model3 = 2E,, Yeoh C; = Eq=6, Veronda Westmann
6(C,C, + C3) = E(. Material constants are indicators of the mechanical stability of hyperelastic models
due to the Hill Drucker condition. Using the example of a biomaterial, the results obtained using the
derived formulas are compared with each other and with the indicators of elastic models: linear, bilinear,
and exponential. A number of models characterize cases of small deformations unsatisfactorily.
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yeanoiiadaie, daceifiiaiaitie eee &€iadoidoaeie, a aaodisiacee, ioiada iie enid-
o0aapo, élia+inie, alelgeie, [aseidéil oivoaeie. Nodiala Nivdadedied 48i4061d6aié
aadoisiacee aanuia aidinoia e Tiitaaii ia 0aicidill aiageca e 1adaiaodad firaceaenito
odicioia (letea Eeadaiona, Elge Adeia é ad.) | 1].

Algugeifioal iyaeed oéaiaé a 1daaiecia +aéiadéa (éiaea, sedé+ina idioiee, ésiaaiin-
i0a fAtnéan, oéaie nadaoca, 1a+aie, sededaéa & 40630 1d3aita) oaésed n+eodapony &e1ad-
didoaeie. Eco+aied iadaie+aneed naiénoa aeioeaidé fieleidd, +ai eco+aied 0daaeseli-
06 &1iN0doeseNiind 1acddeaéta. fitaiay idtagdia, aiciééapuay ide efifiédalaaiee
iyaéed aeiéiae+anéed noddeossd, yoi adaid aeiadoidodié iiaaee, éioiday al iaéaieaa
oi+i1 16danéaclaaéa iiadaaiead aefiacddeaca| 2.

Easedié éc fdidénoaa 48idd0id6aed 1aaedé (ialacéianaié, 1oie beaeeia, Addoaa
Afénia, 1aadia, E&T, Adioa, eeilieasuilé e 44.) ihiayoail ainoaoi+it aieiegia ~enel
150481281106 52410 & TAcidTa [ 3 8], & &5 +efel ia68sliit 5anoas (5ef. 1).

A&idd0id6a8a i1adée f iMeo+aiio-

e jacheasiitie éfifioaioale, eae

|| oaaeer, iaaiagia-apony aey dactze

| oeo ehesaiaatee iaiojeedit aaoio-
2 iedtaaiinal Aifoyiey oae. Taié ec
S soof 1 2040406 caad+ 1A6aieee A8TAGGIBO-
§ 400 T aeo iiaaeaé noaaony dece+anéay eioaos-
7 200} - idA0avey ed 1a04deaéuind éiifnoaio. Ec-
olLm L L L . . L aanoii, +of 1ie nfaddeeaony a dacéised-
1990 1995 2000 2005 2010 2015 2020 FNN 520 XA NN 22O AAXNN 12N N A A N 010 i N 7
Moo ieéé yiadaee dadioiadee it fioaiaiyi ei-
Pefi. 1. xefiél i646e6a0RE iT A8TAB0IB0AST 1144 aadeaioia |1, I, € 13 0aicida aadivia-
&yi, efadenesiaaiial a AR SCOPUS it afaai [ 6] Oee idaaidl oaicida aadisiadee Ei-
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[ 10] &€ D. C. Drucker (1959 &.) [L1], idaadniao-

/A 1a0aidod0 i1adedé loie beaeeia ide iaiiiniteé

Oaaeesal/ Tablel

Edeoddee fioadeeliinoe 1iadedé 16ié beaseia
Stability criteria of Mooney Rivlin models
l1adee ioie beéaseéia Edeoddee
2-iadaiaode+aneay Ciwo+Co1>0,Cp1>0
3-1adaiaode+anéay Cio+Cp1>0,C11>0
5—Iééaiéf)6é—éﬁé‘y Cio+tCp1>0,C0>0,Cot+ Cpp+ Cy11 >0
9—|36é\iét‘)6é—éﬁé‘y Cio+ Cp1>0,C3>0,Cp26 0,Cp3 6 0,
Cop+ Co2+C11>0,Cy0+ Copz+ Cp2+Co1 >0

Adénoaeodeiin, aey 2-1adaidode+anéié iiadée ide 1aelo 1aiinitd aaoisiaceyo
1 " "
=2Cyo — +2Co1 1 5 =2Cpo(1+ 1 2')+
+2Co1(1 (1 3")=2C10(@8")+2Cpi(3")=6"(Cio+ Cm):

Caanu 6+o0aii, +oi élyodeoeaio aaoio- 15
NS n BN n n ) 1
iabee ="+1e(@+")"=1+ n" ioe
n 1.

Iofipaa iiéo+aal, +0i S1O0r ow(A) .-

o
d _ . 2. O-Ogden(A) >‘ )
T - 6(C10+ Co1): @) s, - i
) GPolynom()\) .

Anédanoaed iaftaepaaiey 1nooeaca -~ e
Hill Drucker 0a e&e éiay oaitiaiiéiae- 0 3 -
+afiéay iiadel iieedd ia adiaeou aey 1 1
Tléﬁé.l,\y \Ié.elja aé.ﬁTéié.Oéé iabéééa' 100 105 110 115
éa. YOI 1a04aét anoda+aaony a ée0adaco- A
da 16e Tadadioéa dacoeuoaoia faifnitar
dafioyeediey iacdoeasta, iaideiad, ia- pefi. 2. AQiad0id0aea itadee iaaéiioiesa ii-
dacoia aeioéaiaé iicaiii~ilé adoaoee fia +aéladéa: vy ialaoéianéay;, v r 2-iada-
[2] eéé iadéifioieon ifa +aelaaéa, éaé jdode+aneay loie beaeeia ioe Cio+ Co1 =
fa 8ef. 2 (Ae1adoidoaed iTadee dann+e- = 1:35113; ogden l38afa 1-&1 iidyaéa;
0ail aaoioaie noaoue) veoh E&T 3-&1 1i0yaéa; P olynom Ile'éijié-
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Fig. 2. Hyperelastic models of human nasal
periosteum: ; ny IS neo-Hookean; v g is 2-para-
metric Mooney Rivlin for Cyp+ Cop = 1:35MPa;
ogden 1S Ogden of the 1st order; veon is Yeoh
of the 3rd order; poynom IS polynomial of the
2nd order; v w is Veronda Westmann (V-W).
The dots here and in Fig. 3 indicate the data of
mechanical tests 2]
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C 1 1 1

2p:2 Cio o - =2Cyo > +2Co1 3

A yoii fieo+ad
. d
E(C10;Co1) := ||r|n1d* (;C 10;Co1) ! 6Co1 +6Cap; (4)
0. a. -
Cor+ C10= EO; (5)
+07 ATABanoaony i 6181081¢ ( 2). [A0d0aIT 4eadou, ~0T 48y 11adey faaeda 2(Coi+ Cig) = Go.
14860 3-iadaidode+aneéay:
1 1 1
»=2C0 5 +2Coi 5 +6Cy °? 1+ 5+ 5+ 1 (6
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. d
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fiidaaaaeeal o61dioed ( 5), (6), 0. &. daalaiiay fidiia iadadeaeuins iMnolyiitd Co1 € Cqg
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a idaaoisiesdiaaiiii Alnoiyiee

[Tadéu 1aaaia [16]. Onocaiadeeaapuel 6daaiaieal yaeyaony

X1 1
= p p 2 p
p=1

l1adéu 1aadia oaifiaiietag~anéay iiadeu, ifataapuayny ia 46aaito ioiineoael-

00 dageiaieyd a alelwgdé noaiaie, +ai ia eiaadeaioad adoisiaceé. Agy iiaaee 1-ai
iioyaéa orioaiadeeaapuaé 66iéoeaé yaeyaony
( 1 ) = 2 )
idaaae iaiecaiaiié 1o éioiaié ige I 1 8aaai
d 3
E(; =1Ilm — (;; I —
() Mg ( ) >
Neadaiaaodeuin, aey iiadee 1aaaia 1-ai imoyaéa
3 =2Eg @)
lladeu E&T [17]. llad&u n-iidyaéa fiodieofy ec fiioiigaiey
1 X 1
= 2 ) |C i (I 1 3)|
i=1
A feo6+aa iadee 3-ai ioyaéa
1 2 2 2
(;C1;C2;Ca) = — Ci1+2C; %+ = 3 +3C; 2+~ 3
e d
E(Cy) = “rlnldi (;C1;C2C3) ! 6Cy:
A e0134 11e6+adi
Eo
C1 = — 8
6 (8)
a ifadéil naaeada iiseil iaéoeé i1 61091084
Go = 2C12
lieeifieaeliay ifaaen 2-ai fioyaéa [18]
=2( 2)(Cio+ Cor 1+2C( 2+2 1 3)+
+2 Co2 + 2 3+3Cu( 1+ )

lieeilieaguiay i1adéu yoi iaeaieda 1aueé aadeaio caiene iodiceaea yiadaee aa-
oidiacee. lia eazeeo a iiifaa ad0aed ecaanoitd 11aaeaé [ 2). laideias, iiaaee loie
Déaéeia lieeil €336 1ed+eou éaé +anoita ned+ae ieeilieaeiié itaaée. liyonio ca-

&liniadit aey ieeilieaéuiié itaaee
. e AL : .
E(C10;Co1) := ||f'n1d* (;C 10;Co1; C11; C20; Co2) ! 6Cp1 + 6Cyp; 9)
386 ja6+i0é f0ade



+01 fif0ad0fi0a0a0 6i8i6ea ( 4) aey iiadeaé 16ie Deaeeia. 10idoel, +of ieeiiieast-
jay iadeu yoi daimaiieiag+aneay 1iaden, a iifad éoisié eniletcopony 1-é & 2-é
eiaadeaion adoisiaceé 11 e, [2).
l1adeu Aadiiaa Aanoiaii [19):
2 1
= 2C1Ce%20 2 7 3)( 2)+2C3(1 3):

aéfa [20,21]. A e4dasbee aeidadoiaoaes iiadedé fia 1adnid+-eea 6idigdd AfMoadonoaed anai
efnedaaaiill iaoadeacai a g&diéll eioddaaca adoidiaceé. 16aaae idiecaiaiié doié-
oee (") aey yoié iiaaee

6(C1C, + C3) = Eqo: (20)

2. Noaaiaied 8acoeiioacia dan+aoia fa+asuiial 6ido&ia! 11a0ey
& i87aiRoe+anélé fAiiaiioe 581486156485 1145646 8 12606 430181268y

i54afi0aaeya0 eioadan ndaaiaies ~ef-
4106 8acOE10ATA, Te6+aiiad f ifii-
Gtip 61816é (- 3), (5), (7) ( 10), i&aead fi-
476 & A iTeacadasyie 6i56aed ilaaead 13 '
(8efi. 3): eeidéité (fafioaciié) = E",
aeseiaéiié (aa660aciié) = E;" +
+ Ex(" "o) (") © yeiliaibeasuiié <TOr §

= a (exp[b"] 1), 343E iia6&u 6id6- <

aifoe a eeidéiné ‘Faééé, El, E2 i1a6- 5] Obilin2(€)
éé GidOATNOE & aeeeidéiié itadee, 05} / .
06ieoey Oyashadaa, "o edeoe+afeay i (£)
430181208y (a6y aéiéiae+aneesd oeaiaé . NN
adoisiacey, ive &ioislé yeanoeiiané 0=
j&daieci MAyAORy leeazainanl), aeé 0 005 00 0.15
b Tasaia0sh yefiiiaioeaeuiié iiadee pef. 3. OiBoaea iladse adéinoiesa M.
(idaanoadéaia ia oen. 3 fieigiie ée- Nigigile eeiedé idaancaaeaia yeninaioe-
idé). A ea+afnoaa 168iada Banniioda- aéiiiay aden
0 0adaéoaddenoeée aeliacadeaca iaa- Fig. 3. Elastic models of nasal periosteum. The
éifoieosa fifia (nasal periosteum) +aéaa- solid line represents the exponential model
83 ide 12606 430151a0y5, daffi+eoai-
{04 ia Miitad Tioias " Aafias [ 17]

E¢ dacoeloacta ndaaiaiey, 166adaaind a oaae. 2, aéafl, ~of +efieaiiia aaiiod aanuia
Ae&lit foee+apofy 4864 10 4863a. [acaiedd acecée 1asead fiaé ciaraiey 11acedé 6idoa:-
Aoe, daffi+eoaiitd a aeeeidéiié e yeniiiaioeastilé 11adeys, eiad0i804e0 iTadeys 154a-
ia & Addiiaa Aanoiai (a iifieaaied aaod fie Taial 1eyaéa). I éacaodeyi é éeidé-
fié 11adee [ae4aieas aeecea 461861803ay iataceianeay iadeu  (Eo=6 =7:9481la ), a
& aceeidéiié e yefiidioeasnuiié iadeu 1aaaia (Eg=1:5 =1:284lia) & Aasiiaa
Aafoiaii (Eo=6(C.Cy+ C3) =0:62111a ).

Jadaie+aneop iafnoaaeeuiiiol (Eo < 0) idiadiliiodesiaaee iiadee 2-iadaiaode+aneay
ioie Peaseia, E&T & Neeilieasiiay, +of 140448430 452086e 06i86eé () yoed ii-
43656 16 12600 430181a08y6 (fi. def.  2). IATaaiil yail iage+ea eioadaaea iafoaadeuii-
Ao&( =1:00 1:03)a08aeeail 6 iladée 166 Deageia  (6(Cio+Cor) = 8:094iia ),14i8a
+8081 6 Tleefiieasuiié (6(Cio+ Co1) = 5:074lia ) eiiadee E&l (Cp= 1:311lia )
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Oaadeesa 2/ Table 2
[a+aeuiné 11acel 6id6ainoe dacee+ind i1a4eaé aeliacadeasa
Initial modulus of elasticity of di erent biomaterial models

O8Il 11a4e4é lacél biaa, lia
Eeidéiay E 7.177
Oisoaea Aeeeidéiay E; 1.10
Yéniliaioeagiiay Eo 1.10
i&1aoeianeay 7.95
i6ié Pbeaseéia 8:10
g x x4 A [EEENEN 1.28
Aéiadoiddvaea — Eo
Eai 1:31
lieeifieaéiiay 5:.07
Adoiiaa Adroiaii 0.62
Oaéei 140achi, itadee 16ie beaseia, EA&T & éailieaduiay iaoi+il fiehdaapo yén-
iadeidiocaeliop édeadp oéaidé iaaéinoiesd iifa ia noadoad aaodisiaceé. loiacel, ol
ai anai eioddaaéa aadoisiaceé ieiinoup aadéaaoii i oi-ée coaiey iadaie+anéié onoié-
+@ainoe idlyaeée naay iiaaee iadiadéianéay ( 0 :276, 27:81% 0:899), laaaia
: 9 fiaa

= = R =
A&noiaii (=0 :020, =2:94% R =0:9992,
i y i aafiay 1aoaeiifou,

2. Adseodeoediaail, ~oi aey idlacéianéié inagee = Eo=6, 4éy 2-iadaiaode+ar
6 T 0aéay sed Oididea fiidaddaceaa,

beaéeia e meeitieaéuiié
1

. 6aiaedoaioeoadedii adagoadegopo ned+ae 1aeid
aaoidiaceé. Aadéaaoii idiaiicedopo 1adaie+anéia iadaaied ennedaiaaiiial aéliacase-
aea a gediél eioacaaca adodioiaveé iadée iafaoéianéay, 1aaaia e Addiiaa Aanoiaii.
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The e ect of the geometric shape of an incision on the relaxation of residual
stresses in a surface-hardened cylinder during thermal exposure
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Abstract. A computational method is proposed for predicting residual stress relaxation during high-
temperature creep following prior surface plastic deformation of solid cylinders with square and V-shaped
notches. A series of parametric simulations was performed for cylindrical specimens made of EI698 alloy
(20 mm length, 3.76 mm radius) with various notch geometries: depths off 0:1; 0:3g mm for square
notches, and depths off 0:1;0:3g mm with opening angles offl ;5 ;15 g for V-notches. The study
demonstrates that residual stress eld calculations after notching a strengthened cylindrical specimen
require an elastoplastic formulation. The steady-state creep law was employed to simulate residual stress
relaxation at 700 C over 100 hours. A parametric analysis of notch geometry e ects on stress relaxation
was conducted. Results indicate that after the complete loading cycle hardening treatment at 20C
thermal loading (heating) to 700 C 100-hour creep at 700 C thermal unloading (cooling) to 20 C,
despite relaxation, signi cant compressive residual stresses remain. This con rms the e ectiveness of
surface plastic strengthening for components with the investigated notch types under high-temperature
creep conditions.

Keywords: solid cylinder, surface plastic deformation hardening, square and V-pro le notches, residual
stresses, thermal exposure, high-temperature creep, stress relaxation
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B. I1. Paguerko, B. E. [nebos. BansHue reomeTpunyeckoii ¢hopMbl Hagpe3a Ha penakcauuio @

Muorue KOHCTPYKIIMOHHBIE 3j1eMeHThI, nmogasepruyThle [II1J]; sKcILuIyaTupyloTcs B yCIOBUAX
MOBBIIIIEHHBIX TEMIIEPATY P, KOIJ[a IPOABJISIOTCH PEOJIOTNYeCKUe CBOCTBA MaTepraJsia U Pa3BUBa-
IOTCsI TIPOIIECCHI MTOJI3YYeCTH, IPUBOJISINNE K PEJIAKCAIIIH CXKUMAIOIINX OCTATOYHBIX HAIIPSIYKEHHIA.
Hannoe siBjienne moJpobHO ucciegoBano B paborax [12, 20, 26-33|, rue perrens 3a1a4qu pacyera
peJlakcanuy HalpPszKeHUR Jij1d MUIAHJPUYIECKUX JleTajlell [IPU Pa3InYHbIX BUJIAX HAIDYKEHUS.
Ojmako mpobsieMa peakCaIllii HAMPSKEHUH B MUJINHIPUIECKAX JTETAISIX ¢ KOHIEHTPATOPAMH
HANPSZKEeHUii (TEeXHOJIOTUIECKUME HAJPE3aMU UM SKCILIYATAIMOHHBIMU JIe(heKTaMM) OCTAETCs
HEJIOCTATOYHO M3y4YEHHO, HECMOTPs Ha €e CYIIECTBEHHOE TeOPETUYECKOe U MPAKTUUIECKOe 3Ha-
genue. VIckirouenune cocrapiisier uccjaeoBanue (34|, B KoropoM paspaboTan MeToj pacdyera pe-
JIAKCAITUU OCTATOYHBIX HAIPSZKEHUN [IPU [TOJI3YUYeCTH JIJIs [UJIHHIPUIECKOIl JeTalu ¢ HaJ[pe3aMu
moJIyKpyTjIoro mnpodus mnociie omnepexkaroriero I[IIIJ], cyTh KOTOPOro 3ak/io4aeTcsd B HaHECEHUN
HAaJIPEe30B Ha y2Ke yIpOUYHeHHbIH obpa3zer. Hacrosias pabora mpo/io/nKaeT uccae0BaHus B JaH-
HOM HAIIPABJIEHUU U TOCBAIIEHA AHAJN3Y PEJIAKCAIINH OCTATOUYHDBIX HAIIPSKEHU [IPU BHICOKOTEM-
[ePaTyPHON SKCIO3UIMH JIJIsi IIUJUHPOB ¢ HAJIpe3aMH KBaJIPATHOIO U V-00pa3HOro mpoduis.

1. IlocraHoBKa 3aja4u

PaccmarpuBaercs nuimHpudeckuii obpaser], 00KoBasi OBEPXHOCTh KOTOPOI'O IOJIBEPIJIACD
IPOIIE/[ype OlePezKAaroIero MOBEPXHOCTHOIO IuiacTudeckoro jgedopmuposanus (OIIII/): cuava-
Jia, BBIIOJIHAETCS YIPOUYHSIONIasi 00paboTKa, a 3aTeM Ha OOKOBYIO IMOBEPXHOCTDH IMJIMHJIPA HAa-
HOCHUTCsI KPYTOBOii HaJIpe3 (KOHIIEHTPATOD HAIPsi?KEeHU) KBajpaTHoil mwin V-obpasnoit hopmbl
(puc. 1). Lean ucciieoBanusi — aHAIM3 PEJAKCAIMA T10JI€fi OCTATOYHBIX HAIPSIZKEHUil IPH BbI-
COKOTEMIIEPATYPHOI ITOJI3yYeCTH B IPUCYTCTBIN YKA3aHHBIX KOHIICHTPATOPOB HAIIPAXKCHUN.

d

a/a 6/b
Puc. 1. Cxemaruueckoe nzobpaxkenue mpoduiieil HaIpe30B HA MOBEPXHOCTU TAJINH-
Jpa: a— KBaJpaTHOro; 6 — V-00pa3Horo
Fig. 1. Schematic representation of the notch profiles on the cylinder surface: a is
square; b is V-shaped

BenencrBue dusndeckoil HeJIMHEHHOCTH ypaBHEHHT TOJI3yYECTH U NeOMETPUIECKOIl Hepery-
JISPHOCTH 3aJ1a"1, 00YCJIOBJIEHHON HAJIMYHEM KOHIIEHTPATOPOB HAIIPSIXKEHU, PEIlIeHre OCYIIeCTB-
JISJIOCh YHUCJIEHHBIMH MeTojaMmu. Vlcciie/ioBanme MPOBOJIMIOCH METOJIOM KOHEYHBIX 3JIEMEHTOB
(MKD) mist nusmsgapuyaeckoro obpasia u3 ciuiasa D698 co ciepyomuMu napaMeTpaMu.

leomerpudeckne xapakrepuctuku obpasma: jaauaa L = 20 MM, paanyc a = 3.76 MM.

[Tapamerpsr Hajpe3os KBaaparaoro npodwus: riaybuna d = {0.1;0.3} mm.

[Tapamerpsr Hajpe3oB V-obpasnoro npoduis: riybuna ¢ = {0.1;0.3} MM, yroa pacKpbiTus
p ={1°,5°,15°}, pajuyc ckpyrienus Bepmuabl 10 MKM.

MexaHnuvieckue XapakTepUCTUKU MaTepuasa: Moayib yupyroctu Ey = 203 I'lla npu Temiie-
parype Tp = 20°C, E; = 152 I'lla npu 77 = 700 °C; roadbdurment [lyaccona p = 1/3 (ue
3aBUCUT OT TEMIIEPATYDHI).

YeiioBust Harpyzkenust: temueparypa Bbiaep:xkku 17 = 700°C, 1IATEJIbHOCTH BBIIEPKKI
100 4.
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Thermal force resonant loading of a three-layer plate
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Abstract. The e ect of thermal shock on forced vibrations of a circular three-layer plate excited by
a resonant load is investigated. The plate is asymmetrical in thickness, thermally insulated on the
lower surface and contour. The distribution of the non-stationary temperature over the thickness of
the plate is calculated using an approximate formula obtained as a result of solving the problem of
thermal conductivity by averaging the thermophysical properties of materials of a three-layer package.
In accordance with the Neumann hypothesis, forced oscillations from a resonant load are superimposed
on free oscillations caused by heat stroke (instantaneous drop in heat ow). The hypothesis of a broken
line is used as a kinematic one: for high-strength thin bearing layers, the Kirchho hypothesis; for an
incompressible thicker ller, the Timoshenko hypothesis about the straightness and incompressibility of
a deformed normal that rotates by some additional angle (relative shift). The formulation of the initial
boundary value problem includes di erential equations of transverse vibrations of the plate in partial
derivatives obtained by the variational method, homogeneous initial conditions and boundary conditions
of the spherical support of the contour. The desired functions are plate de ection, relative shear, and
radial displacement of the median plane of the ller. The analytical solution of the initial boundary value
problem is constructed by decomposing the desired displacements into a series according to a system
of proper orthonormal functions. The corresponding calculation formulas and the results of numerical
parametric analysis of the dependence of the solution on the intensity and time of exposure to the heat
ux, the magnitude of the power load are presented.

Keywords: circular three-layer plate, heat stroke, resonant harmonic load
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i&0i&iaeeseydilfioe é 4a610iediaaiilé noaaeiiié imadodiinoe nely. A eaaen ainoaoi+it
ofenon cailéieoded (| hz = 2¢) 4aoidiediaaied ifa+eiyaony agiloaca Oeiigaiél. A yoii
fie6+aa iidiagu é foaaeiiié 1Maaddiiiioe caiieieodey iinea ideeisediey iadddcée 0adaed
igyiieéidéia, ianeeeiadia, i iaida+eaadony ia iaéioidné aiieieoaeniteé o6aie (r;t).
I8¢ dagaiee caga+e odieniaiaiaiinoe ideieiaging, +oi 1io6d ieanoeit é aa ieeeiyy
1486100 ( z= ¢ h,) ddisiecieesiaain. A yoli Aes-aa i5e5auaiea 0aiiasaossa  T(z:t)
ai adaiaie t & aal eciaiaiéa il oleueid ieanoeill 46aao Tiodaaéyouny idedéesediiié
61516676, ideadaaié a[  2):
_ gH 1, c+hyy, 1 2% () c+ hy nzz)
T=— +§(+H)67 3 COS N S+ — (D)
n=1
. P P P
ddaa= /C, khk H,C = Ckhy H,H = hg, s= z=H, = ta HZ a
k=1 k=1 k=1
ofdaaidiiay oaiiadacoaiiaiaiaiiiou; k Elyodesedio oaieliaiaiaiiiioe, Cyx éiyo-
devedio odielaiéinoe; caanu e aaedad k=1;2;3 iiiad ety
A ea+an0aa oece+anéed 6oaaidieé minoiyiey ideieiagny caéli Adéa a 43aeaoisii-
gadiaié 616ia i 6+ao0i 0aiTadadoda:

s& =2Geld )

aa iaidysedieéd (aaodidiacey); Gk; Ky i1iadceeé nadeaa e favaiiial aadioiediaaiey;
ok Elyoo6eoedio eeidéilal 0aiiadacodiial dangedaiey iaoadeasia neiaa
la 1eanoeidé a ia+aéuité iMaio 1adapo oaieiaié ioié eioaineaiinoup G € aaoii-
fe+-anéay feefaay iadddcéa, daailiadii danidaadeadiiay 1M aideiaé 1Maasdiinoe aasosiaal
Aey:
q(r; t) = qo(D cos( kt) + E sin(! «t)); 3
dadq = const,! | éioaifeaiiiol & +anoioa aiagiaé iadddcée, éioiday ffaiaaado i faiié
éc MTanoaaiins +anoio ! , ieanoeit ! =!,; D, E 1adaiaodd iaddocee.
latiea 6oaaiaiey ftanoaaiits éiedaaieé sanniaodeaaaiié ieanoeit a ianoaoetiasdii
04i1adao00dill 1Méd (1) ideadadit a [ 38). A iagal ned+aa a 08aoladi 6daaiaiee iyaeony
daciiaififay iaddocéa ( 3)
Lo(aiu+ ap  asw;) =0;
Lo(apu+ as  asw; ) =0;
Ls(asu + as agW;r) Mow = (D cos( kt) + E sin(! «t)); 4)
aaaw(r;t), (r;t),u(r;t) enénnaidides, ioiifiecdéuité naaea e daaeaéiiia 1adaianaiea
&11daéiaoité imadadinoe; Mow eiadoeliita feed, ive+ai

x 1810iTNo0 1a0adeaca, oi+éa aaadoo iaicia+ado 1aiiédaoiop idiecaiaiop it adaiaie;
aedbadaioediaaiéa 1 élidaeiaca iaicia+ail caiyoié a iéseidl éiadéna; a; €éilyodoe-
0eaiol, aldasediila ~adac iadaie+anéed e adliacde+anéea 1adaiaodd neida [ 38 Lo, Ls
4600404i0éasuitd 11adaoisn
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[a &1i060a Teanoein i5aaiieasadony s.edfoeay 46a00aaia, 1daiyofioadpuay joiiieoasu-
ili6 fiaaead ideead newyie (r1;t) = 0. Nedaiaaodeuii, ia oadiedii 1iddoi éiio6oa
r = rp aléeei( aditeiyouny onstaey
@ Z
u(rpt) = (rpt) = wirit)=0; M (rt) = $zdz= 0; (5)
k:]. hk
aad ) caaeasuiid iaidyeedied a k-l figld, M, 14TA0AIT0E caeaapleé A0, 6-é-
dliaapueé 0dieTatd aicadénoaes,
Wi NE NE Z
M, = agu;y + as;r aW;r aso M My = My =3 K T zdz;
r _
k=1 k=1 hy
2 2 2 2
ago= h; Kj éGl C2+ Ch1+*h1 + hy, Koy éGZ C2+ Ch2+*h2 +
2 4 2
+-c> K -Gz ;
3 3 373
M, 0A&ii46a06di0é ifiaio, aiciééapueé éc-ca Taudiiié odieiaié aaoisiaoee ( 2), al-
dacedied aey &101oial Me6+ail fi efileuciaaiedl ( 1) & i5eadadii a [ 39.
A fa+asuiné Maio adaidie i51aea, féidiiol & 19edandied 0aiiadacsdn 1daaiieasa-
bofy i6edadie
w(r, 0)=0; w(r, 0)=0; T(z; 0)=0: (6)
2. Dagaiead ia-aelii-édadaié caaa+é
Nefiodia (4) iified yeiaioadins idaiadaciadieé ideaiadony é aéad
C, o
U= bwir + Cor+ == = bowir + Cor + —=;
La(w; )+ M*w = qo(D cos( «t) + E sin(! kt)); 7)
aaa
_ By @as, _ aias apaz, 4 _ . _ ay .
ajas a8y g @ a4 a5
iA841aUaiey & 6Ai0da ieanoein aleseill atou Tasaie-aiinie, iyoiio iajasiaeii
a (7) 1ai6eéol éiifoaion eiodasesiaaiey C, = C4 = 0. Ec 180406 4260 adaié+i06 ofei-
aéé (5) nedaspo éfifidaion eiodasesiaaiey
by L. _
Cl - aW,r (rll t)1 C3 - 7W1|’(r11t)
A B8coeii0a0a ey 161484 SiA4i aaa adaie=i006 6netaey idé r =r,
w = 0 ] a7WlI'I' + ?er = Mtl (8)
1
d8day = ag azhy ashp ,ag= ago+ asby + ashy
Niaganit 4&1T0aca aéiaia dpaied danfiaodeaadiié caaa-e fed+el, [agsaanaay ia
fiafaiai0d eledaaiey, alcaaii0d odistall 6aadil, alivaeaaiiid eledaaiey ca fi+ao dacH-
jaifiié faasocee. Noiiessy dasdiey, ifeo+ei enenind iadaiauaiey
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Niafnoaaiind ejedaaiey, alcaaiita 1aifaaiiai 1aadiedi oaietaiai ioiéa (oaiéiadi
6aadi), enneaaiaait a [ 38, iyoiié oaiiaeify ia éieddaieyd 10 daciiaifiiié addoc-
ée (3). Enénita o6iévee & iadddced dacéieeel a dya 1T fenoadid fATanoaaiind 66ieseé
Vn  Vn( nr)

X h3 X
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b 1 J
ol nf1
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=0 n o nr1)
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ii5iedial=i0é elyo0eoeaio; Jo( nr):lo( nr) O6i€OEE ARRA&EY: (L)
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Oh(t) = Mo q(r; t) vardr = Dy cos( t) + E sin(! t);
0
0
Ddor1 Jo( nra)
Dh= —— Ji( nn1 ——I11( nr1) ;
n Modn N ( n ) IO( nrl) ( n )
Edors Jo( nr1)
E J | r ;
" Mot ot 1( nr1) ol nra) 1( nr1)
I, +anoiol ftanoadiitd éiedaaieé, ive+ai ! ﬁ = ﬁ M 4

Anée a 084004 08aaidied fenodil @) Mancaaeol andasediey ( 9) i 6+aoli élyooeseai-
ofa gy (t), of TMeo+ei aedoadaiveacdiia ddaaiaiea aoidial iayaéa aey enéiiié ooiée-
oeeé T, (t). A dacdelioaod, 6+eotaay idotiisiediaaiiiiot fnenoaia Vy, €iaai

Ta(t) + ! 2Th(t) = Dy cos «t) + Epsin(! kt) il ( n) My ; (10)
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EEEY
2 Jo( nr1 x
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My = 0% H012 K1
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H H
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n=1

H n(2c+ h nh . n(2c+ h . nh
— cos (H 2) cos H2 + nc sin ( 2)+sm 2
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Numerical study of coagulation of dispersed inclusions during injection
of droplet fractions into a ow of dusty medium
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Abstract. The paper presents a numerical solution to the problem of coagulation of solid particles and
droplets during the injection of a gas-droplet ow into a gas suspension ow. It was assumed that a
dusty medium moves in a at channel, and a gas-droplet mixture is blown through the side surface
of the channel. As a result of the coagulation of solid particles and droplets, the average density of
the solid particle fraction decreases and the fractional composition of the droplet mixture changes. The
calculations are based on a mathematical model of the dynamics of a polydisperse multi-velocity and
multi-temperature gas suspension with a Lagrangian model of particle coagulation with relative velocity
sliding. The mathematical model implemented a continuum technique for modeling the dynamics of
multiphase media, which makes it possible to take into account the interphase interaction. The dynamics
of the carrier medium is described by the Navier Stokes equations for a compressible heat-conducting
gas with interphase heat and momentum exchange. The aerodynamic drag force, the added mass force,
and the dynamic Archimedes force were taken into account. The dispersed phase consisted of a number of
fractions di ering in the size of dispersed inclusions and the density of the particle material. The hydro-
and thermodynamics of each dispersed fraction were described by a system of hydrodynamic equations,
including the continuity equation, the equations for the conservation of momentum components, and
the equation for the conservation of thermal energy, written taking into account the interphase thermal
and force interaction. The system of equations for the dynamics of a multi-velocity multi-temperature
polydisperse system was integrated by the explicit nite-di erence McCormack method. The monotonicity

of the solution was ensured by a nonlinear correction scheme. As a result of the calculations, time and
space dependencies were obtained that characterize the evolution of the composition of a multi-fraction
system when mixing ows of di erent dispersion.

Keywords: coagulation, multiphase medium, polydisperse gas suspension, viscous compressible heat-
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Fig. 1. General diagram of the simulated process !l
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Abstract. Dendrograms obtained from electroencephalograms are studied as maximal pre x codes.
A dendrogram de nes a distribution on the space of 2-adic integers and represents a partition, up to
the set of zero Haar measure, into balls of nonzero radii. Non-Archimedean and Archimedean metrics
are proposed for the characterization of dendrograms associated with the electroencephalograms of given
mental classes. To more reliably distinguish one mental class from another, it is proposed to use the
Gromov Hausdor distance between disconnected compact spaces: non-Archimedean in the form of a
union of 2-adic balls represented by branches of a dedrogram, on the one hand, and Archimedean in the
form of a (fat) Cantor set, on the other hand.
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fedcil aelivaaéiada), dep (28 1adedioia; adidaniey), mci (27 1adedioia; 6iadaiiia éiaie-
0RaiTa Banfioa1n0aN), schiz (41 ia6eaid; seciodaiey), controls (96 iadeaidia; éliodieuiay
aooiia)
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0.4. fa iifeedficad anad aaiadiasall ileil cadaou dasoeidaiad 1a0deés (6etodaiaode-
86) , éioiday eiaooediaaia 2-aae+aneéié sup-iaiié. Eidie fglaaie, dannolyiea idee-
a6 aaoiy aaiasiadaiiaie a e bdaail 2 X, aadk iaeéneiaguita iaoodasiila oaea, +oi
aaiaotasaiiac a e b il iacgp  2¢ niaiaaapo. Aiedd o1al, épaay adiasiasaiia caiaado
oiioyai+aiiia dacaeaiea idifiodaificda  Z, 6400 2-ade+anéed ~efaeé ia iaiaoanacapueany
2ad0, 1audaeiaied &i0io00 e Tadacopo aaiadiasaiio. Pad anou fidaeilé éeann it eada-
806, 11dlaeadiiio nodidiup aaiéée, a éléuoa at+aoia 1i ifaéep 2K, Eazedlé gad daaeéona
2 ;" 2 N iaiicia+ii 1iodaaeyaony netai aeeid °, fiedalaaoaeuit, aaoaup aeeia -, endi-
aytaé ec é6iy adiasiasaiin. Noda a+-aiey 6eliodaiaodeé aey efneaascaind eeanfia

ae.

Oaagesal/ Tablel

Nodaied cia+aiey / Average values of

alz controls dep mci schiz
alz 0.23438| 0.19375| 0.19375| 0.23438| 0.23438
controls 0.16406 | 0.19375| 0.19375| 0.19375
dep 0.23438| 0.23438| 0.23438
mci 0.23438| 0.23438
schiz 0.23438
C ilifudp 6eutodaiaodeée 10 Adaaieaadl aadiadiasaild olitelae+anéee. Eaé aeai
&¢ 4aiilio, 10eaaaaiito a oadeesa, aey , ~eMéT aicileeilc dacee+ilo cia-aieé idadeeeéi,
iyolié od6eo6da ennedacains éeannia adiasiadaii neaal daceé+eia: 0d6ail fiéacaou
+01-6@41 1 10eiaaédseiinoe YYA &1ieddoilio esanno aaeas aielgial +enea mlaiaadieeé,
i dacee+ey anoda+apory, cia=eo, ileeil idaaiieiaeol, +of e ecididiée Tadaiaodia
idAaiadaaioee endiaind aaiins YYA 6eu0daidodeéa ileedod foaol atidaceodéiia
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fiidéod (Ai. [ 5]). Aagaa, ide oeénesiaaiié idiadacee adoadé adiadiasaii 1,2;:::;m
(& enfedacains aaiasiasaiiad YYA m = 19) daifiolyied 1dsead aaiadiadaiiaie a;b
Tiddaaeel neaasdpuei fadaci
U
{,l xn
(a;b) = (2 (wa(m) 2 (wp(n))?2:
n=1
434 ( wa(n)), ( wp(n)) &eeit adoaaé wsy(n), wy(n), €adued é élivaaié addeeia i iMa-
ol n a aaiadiasdaiiad a;b Alicadonoaaiil. Ndaaiea cia+aiey 1aodeé aey enneaacaito
geannia aaiasiadail 16aanoaaain a cage. 2
Oaaeeda2/ Table 2
Nodaiea cia+aieéy / Average values of
alz controls dep mci schiz
alz 0.36956| 0.39052 | 0.35165| 0.35553| 0.35904
controls 0.38591 | 0.35566| 0.36843| 0.36143
dep 0.31622| 0.33241| 0.33108
mci 0.33832| 0.33514
schiz 0.32982
Agy idodeee  +ai aleligd cia+aied, 0ai alcliod dacee+ed a 46eiad 61aT1a0o 1nedalaa-
0aéuiinoaé. Aey 6elodaidodeée +ai idiligd cia+aied, 0ai aielgd niaiaadied 16406&En-
i00 éfaia.
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Aaéeeaiaié 1a0deéié d(a;b) = ja b a4 aeaa aiaiisoecia :Z, 1 C aeaa
R i R 2x
xj2' 7! 31
i=0 i=0
Toidoel, <01e  Z,, & Cyaéypony ianaycinie éfitaéoifie isifiodaifiodaie. Oi+éa X = Xo+
+X1 2+ Xo 22+ x3 234 11 &g Z, ANANNa0eciT foladaseadony a oi+éo daeie+iiai iodacéa
(X) = 3Xo+ ZX1+ SXo+ 11, A88X0; X1, X2; 111 2 f 0; 1g. [2i6€140, 1adachi gada  B14(0) Z»
(ivaanoaaeaiiial nifoaaonoadpuaé aaoaup aaiasiasaiid, anfioeediaaiiié i éliéaaciai
yeaeodiail) & C a6aao iileednoal oi+aé aaeie+ilal iodacéa aeaa %xz + 3%xs +
iifodaificda Z, & C yaeypory yeaidioaie idifiodaifioaa Aadlitaa Oaonaisda. Olaaa,
faigeidd, dannoiyied 1deead gadi B1=4(0) Z, fi 6ai0d0i & 0i+é4 x = 0 daaeodna 1/4 e
iifleednoaii (B1=4(0)) C &daado 6aiaeaoaisyou fieaadpudio iddaadinoad
5 _ 1
7 6 dehH (B1=4(0); (B1=4(0))) 6 3
a neeéo oiai (Ai. [ 6]), +oi
1 . . . . ,
é]dlamX diamYj 6 dgn (X;Y ) 6 = maxfdiamX diamYg 3
a6y €patd X;Y 2M . A 618i68a ( 3) diamX & diamY &eaidodd X e 'Y Afoadonoaaiil.
Ecaanioil, +of idiAodaifioal M a&ladce+anéia (fi. [6]). YOl ciaseo, +0i epadd oi+ée
X;Y 2M lieeil ifaaeieou daiadce+anéié eseaié , aéeia éioioié L ( ) oadaia oannoiyiep
Asiiiaa Oaoniaisoa dgn (X;Y) 182ead X & Y. Al+efiedied den (X;Y) 86y X = [ B,k
(G =1;2::;m)e Y = (X) yaeyaony idoseaeaedilé e 086aiaiélé caaa+aé. Ol ia 1aiéa,
ifeell danfiaodeaaou dacee~itia ééannd aaiasiasail (éeanni dacaedieé Z, ia gaon) e
€0 -fadach & éaioioial iffeedfiodd C e 6Mdaaiyou dannolyiey (aeeil daladce+anéed) agy
gacedial éeanna adiasiasaiil ai ed 1adacia a éaioidiali iifleednodd i 6aéup Gadaéoadeca-
oee efifneaacains iaidcacuins eeaniia. Eaiolaial iilseanoal Ciieeil caidieou ia oienoia
gaioiaial iileeanodi  FC, iada éioioial, a ioée+ea 1o i Tiél <10

:9.»

ifleed
fleell IRGSTEOU (AI. [ 7]) A iMi0d (1 1) x+t ox),
58at 2 (0;1) & c:[0;1]! [0:1] &fdl B6iédey EAidIdA
S P Xj Q& o5 N P 2Xj
2 X afieex = 21 2C; x; 2f0;1g;
o(x)= _i=t o i=1 4)
> sup c(y); aneéx2[0;1]nC
x6y;y2C
[aiaeids, ioe t = 1=3 dannoiyied Adiitaa Oaonaioda 1asead 2-azé+anéei gadi
B1-4(0) & 4&i 14dacii & F C 64iaedoaioyao aaiéiiio iadaaainoas
5 . 1-
TSB deH (B1=4(0); c1=3( (B1=4(0)))) 6 3
Caafill 034420804801 10 fOBIET  -TadAC & C, CA0&I A MTulp ( 4) A0+efiéyal Tadac 1074
daaediey c. l0idoei, ~0i adée+eéia t 2 (0;1) a64do Tidaadéyou 1ado oienoial éaioisiaa
ifleedaficda F C. Agy 3401ié1é;, 6adaéoddecadee aaocae aaiadiasaiit (a afieidieé é %a066-
Alé;, Dadaéoadeécadee aaiasiasaiia i iMiulp 1dodeé e ) damxia ieeeiyy 10aiéa a iada-
43if0AA 48 BARROIIEY day 1Aceds 2-aa8-AReel padli & a1 1adacli 4  C (&84l & F C). Agy
0-348+ANETAT BABA B,o4(0) ideeiyy 10884 6aalaA 5572 0:0694(fie6+aéC) & 5=108 0:0463

(fe6+aéF C, t = 1=3).
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Abstract. The article is dedicated to the 90th anniversary of the Department of Geometry of Saratov
State University, which was founded by the outstanding mathematician, honored scientist Viktor Vladi-
mirovich Wagner. A brief description of the scienti ¢ work of V. V. Wagner and the main achievements
in the eld of geometry, algebra, and their applications is given. Prospects for further development of the
scienti ¢ research areas founded by him are noted.

Keywords: di erential geometry, history of geometry, Viktor Vladimirovich Wagner, history of mathe-
matics at Saratov State University

For citation:  Bredikhin D. A., Makeev N. N., Poplavski V. B. Legacy of Viktor Wagner On the 90th
anniversary of the Department of Geometry of Saratov State University. Izvestiya of Saratov University.
Mathematics. Mechanics. Informatics, 2025, vol. 25, iss. 3, pp. 442 453 (in Russian). DOI:10.18500/
1816-9791-2025-25-3-442-45BDN: EVXYVR

This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
License (CC-BY 4.0)

>
el
.=

paeeae 443



Eca. Nasao. 6i-0a. 1a. fds. N&d.: 1acdiaoeea. 146aieéa. Eididiacééa. 2025. O. 25, adi. 3

=
=
> Q-
Q»
=4
ox
Qx
<
Q:
Q-
= o
= 9\
Q:
-
Qo
o
Q-
D:
=N
()
(@]
Y

t . O
[}
Q-
o
qu
Qo
=13
D
D
e
o
Qx
O
=4
>
S
(@)
Qo
=13
=]
ox
o >)
> (D

yaeyaony

: e
iotoanfva A. O. Easaia ca-
s multiplicities anholonomesg,

e1iMi0o iifaiiadaceés) [ 1], 16aanocaaéaiiop é ca-

m—
@

®

S
=
o
o)
(ol
@D

: a
&1 i0aaéieeail aicacade
i

Q- =
a»
pral
2
2
9
R =
(e}
a1
(o]
H
(e}
[e)}
\‘
a»
N
o
=
=t
oD
a»
P/
=
(e}
(o2}
O
'_\
O
\l
©

444 iBeeieedied



A. A. Ad3aedei e 40. ianedsaed Aaaidsa. E 90-640ep 8264480 aan40see NAO

o

o

(@] >

>

>

5 o

B2
’ > 1/

SOl O D X B

= p_)/

= % —

S o=

< g)

1,

o _. @
ox
1L
o
o
Q-
@
c

3 =
=
H Ol
Q)
Q-
©
Q-
s I
: @
@
o
>
=
®
Q
=
=
D

(D~

N sy AN

445



=
=
‘l’i
— OX
O <:
P
" Oj e
S o

(1)
c:
L]
O
T Ot D

o
[}

3

=
)
:)
=
D
@D an

>
R
= =

= O M) =5 =
SO =3
8,
o
=
D
i ©
| =3
— x = O
Q.
@
m/
o
59
=t (D
O
S o
>
i
=
<
oY
Qo
N
> Qe
ox
oy
m/

—_ —
Dy =
s O
o
Qo
N
D
o
1
o
@
<
o
= Qo
)
o
Qy
<
Qo = Ox

N
o:
HENEPE - —

o
5 B

O Do

Oiliyioota 16140 iaaieiiiins iadaie+aneed fenoadl fiefitaapo daeeediey ide
jage+ee ooaiey. 1aiaél NoUAN0Aacas dya i8eiddia fefodi fi ideeiaeinie idaieiiinie
fiaycyie iadaial idyaea adc 0daiey. Eidpo 1anot oaéeed iadaiecit, dadasecopued idée-
iaéita iaaieninioa nayce aieaa aoniéian iioyaéa [ 5]

A. A. Aagiaso iseiaacdeees 6814 iaaieiiiné nayce, Tnitaaiité ia iinosiaiieé
&l iladee, adiai fienaiilé e isleeepniodesiaaiilé a oiliyiooié éiead A. A. Aiasi-

fi A |

=13
|
o
=>
Y
=13
=1
Q»
(02
Q-
o)
o
L

seANA

Qo
QD
f— ('_D:
=
=
2
>
N
(@)
Qo
X
Qo
o
Q'.B
X
X
2
o
o
Qo
D:
-QJ/

446 iBeeieedied



N sMNAN A s

Qv
Q)
:
quf

o <
=) Qo
! Dy

>
N

ox
> Q)
=
o
D
=X

.....

3 ox <
. 2
(0 d
Q-
D
2

(D

PR

7

g
(e N
S o 2
D an
) o D
> (D: 8‘ aQ»
, -~ O O
: QO Do ~ \(<D
D3 >T
H %’
X
=
()
Qo
o

: Q»
o
=

paeeae 447



Eca. Nasao. 6i-0a. 1a. fds. N&d.: 1acdiaoeea. 146aieéa. Eididiacééa. 2025. O. 25, adi. 3

|6e efifiedataaiee naiénoa didaaeyaiial adeaediey iadaie+~anéed 1auaéoia yoe 1auaéol
daffiaodeaapory éaé nenodid i iaaiefiniidie Aaycyi 10, +0f iicaiéyao ideiaiyol a
- . 3 S8V §

=
=
T
()

o Q-
(e}
D
Q'.R
X
x
o
)
o
Qo
;@
H m,
Do
x
Q»
[
Qo
Q»
®

X qy
m»
> 3
o

Zeme

Zoamn £



')>:
.)>;
>N
x
Do
Q:
o
(o2
(4
(0]
Q:
o
5
1
D:
Qo
Q:
o
Qo
>
Q-
an
o
ox
ol
mp
(o]
@

D:
Do
o
@
=2
o
Q.

(o))
Do
Q:

ox
el
an
=
Do
(@]

ox
(9]

(0]

22
pl
O

o = :
=

° S < B

S , QX O D

t Q O 9) -

= [@]]

Qo

k, [

ot

. O

(-

I

5 Ot

T

7

Il
QD e
O’ Qo
=1

1 O
> QO

iei. Eadiiodio

Q)
|

Qe
(-
©
g)/
D:
jabld
Qo
QO
Qx
-
;O
=

Q
Qo
_(D\
<

pagese 449



Eca. Nasao. 6i-0a. 1a. fds. N&d.: 1acdiaoeea. 146aieéa. Eididiacééa. 2025. O. 25, adi. 3

\\\\\\

N

T T Ars FAAA

AN A

S

adasaenocia A. A. Aaaidd fiigaae iad+iop @éieo, &ioiday aianea aa-
filidé aéeaa a foa+anoaaiiop e iediadp iadéo, a dacaeoea aaliaode+anéial e acaaadae+a-
fiélal iad+i006 iaidaaeadieé [ 26]. Iddafioaaeoaée yoié iad+iié géiel yaeeenu iifieodéyie



')>:
.)>;
>N
x
Do
Q:
o
(o2
@,
(0]
Q:
o
5
1
D:
Qo
Q:
o
Qo
>
Q-
an
o
ox
ol
mp
(o]
@
D:
Do
o
@
=2
()
Q.
(@)
Qo
Q:
ox
el
an
o
=
Qo
(@]
ox
(9]
(0]
2
pl
O

s AAN

s AN

AAAAAA

Niefié £20ada06d0

1. Aaai&d A. A. Sur la geometrie di erentielle des multiplicities anholonomes // 03640 fidiéiada i
4460181116 & 0aiciaiiio aiagéeco. 1935. Adi. 2 3. N. 269 318.

2. Eeadd A A, laicia b. A, bagdanéeé 1. E. Aeeéoid Aeaaeiesiae+ Aaaidd (é 50-eaoep il
Ay dleeadiey) // OFiAGe 1a0diaoe-anees face. 1958. O. 13, » 6 (84). N. 221 227.

3. Aodeiia I. A, Eeadd A. A., Eyiei A. N., bagdaneeé 1. E. Adeoid Asaaeiediae+ Aaaiad
(& 70-8A08p it 4y Sieeadiey) // ONiace 1addlade+aneesd ace. 1979. O. 34, « 4 (208). N. 227
229.

4. Aeeoid Aeaaeiedsiae+ Aaaiad /1ia 0da. A. A. bicaia // Ecaanioey Nadaoianéial 6ieaddneodoa
itaay nasey. Naoey: lacdiaceeéa. 14daieéa. Eididiaoeéa. 2008. O. 8. 1oaaeuiné 1ooeneé
41 c. (Isi6annida Nasaoianéial 6ie4a6Me0aoa)

5. Alasiicaaia A. A. Tfiffa0 i&daieée i&aisiinine fenoadl. 1ineéaa : Adfigay péiéa, 1970.

272 A

6. Eeadd A. A, Eineé 1. A, Taicia b. A Aeéoid Asaaeiediae+ Aaiidd (& 70-840ep i aiy
dleeddiey) // Aeddadaiveasuiay aaNaodey : 1dseade. ao+. fa. 1979. Adi. 4. N. 3 14.

7. Adeaisuyi A. O., Osaaeei A. I.  Enoisey iadaieée 0addaiai 0déa. 1iiéaa : [adeéa, 1982. 294 .

8. Aaaiad A. A. Adlidode+aneay eioddiddoadey aaeeediey iaaielmins aeiaie+anéed nenoai //
080640 faieiada iT a3éoiainio é o6 aiageco. 1941. Adi. 5. N. 173 225

e

10. Aadiicaaia A. A, Oidaasyaind nenoaid i idaieniioie faycyi
00. Iifiéaa : T1aidiidec, 1961. » 104. N. 27 32

11. Naaia E. E., Yaeeo 1. Y. Tinodtaied iaaieninios 1iadedé fielpind fdda // Alesaad
Aéaadiee jaoé NNND. 1962. O. 142, « 1. N. 54 57

12. A3aias A. A. 141a0dii0d asoiia // Aleeaan Aéaadiee iacé NNND. 1952. O. 84, «6. N. 1119
1122.

13. Aaaidd A. A. i5&anoaasdied 6iidyai+aiias ife6asosii // 1acdiaoe+aneeé naidieé. 1956
O. 38, « 2. N. 203 240

14. Eeads A A. E 0&idee 1a1audiind asoii // Aiesaan Aeaadiee jasé NNND. 1954. 0. 97, « 1
N. 2528

pagede 451



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

10.

11.

12.

13.

452

Eca. Nasao. 6i-0a. 1a. fds. N&d.: 1acdiaoeea. 146aieéa. Eididiacééa. 2025. O. 25, adi. 3

Eeeooioa A., 168fioli A, Asadadae+aneay 0aidey 1ieoaddii : a2 o. O. 2. 1inéaa : 188, 1972.
422 .

Mitsch H. A natural partial order for semigroups // Proceedings of the American Mathematical
Society. 1986. Vol. 97, iss. 3. P. 384 388. DOI10.1090/S0002-9939-1986-0840614-0

Hartwig R. How to partially order regular elements // Mathematica Japonica. 1980. Vol. 25, iss. 1.
P.113.

Nambooripad K. S. S. The natural partial order on a regular semigroup // Proceedings of the
Edinburgh Mathematical Society. 1980. Vol. 23, iss. 3. P. 249 260. DOI10.1017/S0013091500003801
Mitsch H. Semigroups and their natural order // Mathematica Slovaca. 1986. Vol. 44, iss. 4. P. 445
462.

ligaaneeé A. A. xanoe+ind iloyaée & eadiiloaiod ilileaia // xaalgdaneeé naisiee.

2021. O. 22, adi. 4. N. 182 198. DOI: 10.22405/2226-8383-2021-22-4-182-19BDN: UZQNWZ
Jonsson B. Representation of modular lattices and of relation algebras // Transactions of the
American Mathematical Society. 1959. Vol. 92. P. 449 464. DOI:10.1090/S0002-9947-1959-0108
459-5

Andeka H., Bredikhin D. A. The equational theory of union-free algebras of relations // Algebra
Universalis. 1994. Vol. 33. P. 516 532. DOI:10.1007/BF01225472

Schein B. M. Relation algebras and function semigroups // Semigroup Forum. 1970. Vol. 1. P. 1 62.
DOI: 10.1007/BF02573019 EDN: XLNTYL

@aéi A. 1. Aldvaied i1e6adoii a 1alauaiind asoiia // lacdiace+anéeé naisiee. 1961.

0. 55, « 4. N. 379 400.

Aaaiao A. A. Oaiaey ioilpaieé & aeadaca +anoe+i0o fotadasedieé // Oaldey iMe6adoin & 44
ideéleediey : fia. fo. Nadaoia : Eca-art Nasaotanéial 6i-oa, 1965. Adi. 1. N. 3178.

@élea idi6aniioa Aasidda. Eaddada aanaodee Nasaoianéial 6ieaddnecdoa / ita d8a.

A. A. bicdia. Nadaoia : Eca-ai Nadaoranéial 6i-oa, 2020. 328 .

References

Wagner V. V. Sur la gonetrie dierentielle des multiplicities anholonomes. Trudy seminara po
vektornomu i tenzornomu analizu [Proceedings of the Seminar on Vector and Tensor Analysis],
1935, iss. 2 3, pp. 269 318 (in French).

Liber A. E., Penzov Yu. E., Rashevsky P. K. Viktor Vladimirovich Wagner (on the 50th anniversary
of his birth). Russian Mathematical Surveys 1958, vol. 13, iss. 6 (84), pp. 221 227 (in Russian).
E mov N. V., Liber A. E., Lyapin E. S., Rashevskii P. K. Viktor Vladimirovich Wagner (on
his seventieth birthday). Russian Mathematical Surveys 1979, vol. 34, iss. 4, pp. 209 212. DOI:
10.1070/RM1979v034n04ABEH003268

Rozen V. V. (ed.) Viktor Vladimirovich Wagner. lzvestiya of Saratov University. Mathematics.
Mechanics. Informatics, 2008, vol. 8 (separate print). 41 p. (in Russian).

Dobronravov V. V. Osnovy mekhaniki negolonomnykh sistenfFundamentals of mechanics of non-
holonomic systems]. Moscow, VWsshaya shkola, 1970. 272 p. (in Russian).

Liber A. E., Losik M. V., Penzov Yu. E. Viktor Vladimirovich Wagner (on the 70th anniversary of
his birth). Di erential Geometry , 1979, iss. 4, pp. 3 14 (in Russian).

Grigoryan A. T., Fradlin B. N. Istoriya mekhaniki tvyordogo tela [History of Solid Mechanics].
Moscow, Nauka, 1982. 294 p. (in Russian).

Wagner V. V. Geometrical interpretation of motion of nonholonomic dynamic systems. Trudy
seminara po vektornomu i tenzornomu analizu[Proceedings of the Seminar on Vector and Tensor
Analysis], 1941, iss. 5, pp. 173 225 (in Russian).

Wagner V. V. The theory of a eld of local hyperbands in X, and its applications to the mechanics
of a system with nonholonomic constraints. Doklady Akademii Nauk SSSR 1949, vol. 66, iss. 6,
pp. 1033 1036. (in Russian).

Dobronravov V. V. Control systems with nonholonomic constraints. Mekhanika [Mechanics]. Col-
lected papers. Moscow, Oborongiz, 1961, iss. 104, pp. 27 32 (in Russian).

Sedov L. I,,Eglit M. E. Construction of nonholonomic models of continuous media with allowance
for the nite nature of deformations and certain physico-chemical e ects. Doklady Akademii Nauk
SSSR 1962, vol. 142, iss. 1, pp. 54 57 (in Russian).

Wagner V. V. Generalized groups.Doklady Akademii Nauk SSSR 1952, vol. 84, iss. 6, pp. 1119
1122 (in Russian).

Wagner V. V. Representation of ordered semigroupsSbornik: Mathematics 1956, vol. 38, iss. 2,
pp. 203 240 (in Russian).

iBeeieedied



A. A. Ad3aedei e 40. ianedsaed Aaaidsa. E 90-640ep 8264480 aan40see NAO

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25,

26.

Liber A. E. On the theory of generalized groups.Doklady Akademii Nauk SSSR 1954, vol. 97,
iss. 1, pp. 25 28 (in Russian).

Cliord A., Preston G. Algebraicheskaya teoriya polugrupdThe algebraic theory of semigroups].
Vol. 2. Moscow, Mir, 1972. 422 p. (in Russian).

Mitsch H. A natural partial order for semigroups. Proceedings of the American Mathematical
Society, 1986, vol. 97, iss. 3, pp. 384 388. DOI:10.1090/S0002-9939-1986-0840614-0

Hartwig R. How to partially order regular elements. Mathematica Japonica 1980, vol. 25, iss. 1,
pp. 113.

Nambooripad K. S. S. The natural partial order on a regular semigroup.Proceedings of the
Edinburgh Mathematical Society 1980, vol. 23, iss. 3, pp. 249 260. DOI10.1017/S0013091500003801
Mitsch H. Semigroups and their natural order. Mathematica Slovaca 1986, vol. 44, iss. 4, pp. 445
462.

Poplavski V. B. Partial orders and idempotents of monoids.Chebyshevskii Sbornik2021, vol. 22,
iss. 4, pp. 182 198 (in Russian). DOI: 10.22405/2226-8383-2021-22-4-182-198DN: UZQNWZ
Jonsson B. Representation of modular lattices and of relation algebra3ransactions of the American
Mathematical Society, 1959, vol. 92, pp. 449 464. DOI:10.1090/S0002-9947-1959-0108459-5
Andeka H., Bredikhin D. A. The equational theory of union-free algebras of relations. Algebra
Universalis, 1994, vol. 33, pp. 516 532. DOI:10.1007/BF01225472

Schein B. M. Relation algebras and function semigroupsSemigroup Forum 1970, vol. 1, pp. 1 62.
DOI: 10.1007/BF02573019 EDN: XLNTYL

Shain B. M. Imbedding of semigroups in generalized groupsSbornik: Mathematics 1961, vol. 55,
iss. 4, pp. 379 400 (in Russian).

Wagner V. V. Theory of relations and algebra of partial maps. In:Teoriya polugrupp i ee prilozheniya
[Theory of Semigroups and Its Applications]. Saratov, Saratov State University Publ., 1965, iss. 1,
pp. 3 178 (in Russian).

Rozen V. V. (ed.) Professor Wagner's School. Department of Geometry of Saratov University.
Saratov, Saratov State University Publ., 2020. 328 p. (in Russian).

linodieea a ddaaéoep / Received 28.05.2025
iBefyoa é ivaeeéaoee / Accepted 05.06.2025
Ticageéiaaia / Published 29.08.2025

paeeae 453



©OITUNEEUTO 4WUIEMR NN

410012 K EUxXxEUUEBEOUOEE®

TIO +7(845-2) 51-29-94, 51-45-49, 52-26-89
Y E:0H(845-2) 27-85-29
E-mail:publ@sguirdat@sgu.ru

©OIULIIOO0 OTINN:NN

410012 B EUxXxEUOUEBEOUOES
o-MOTHNATUOAATEUO X x
O1pb EGNEWA O E UXEROUW@NO TU
»1 QY EW7(845-2) 26-15-54

E-mail: mmi@sgu.ru
Website:https:/mmi.sgu.ru






