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iia daniddadcaied daiaa addeeal a naoyos, MROBTANNG i edleu -
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Article
Limiting distribution of friendship rank in complex networ ks
A. A. Grigoriev

Saratov State University, 83 Astrakhanskaya St., Saratov 4 10012, Russia

Alexey A. Grigoriev , alexprgrigoriev@gmail.com, https://orcid.org/0000-0003-3820-9523 , SPIN: 8732-2104
AuthorID: 1094743

Abstract. This work investigates the friendship paradox in complex netvorks and introduces a new
metric the friendship rank of a node, designed to quantify t he paradox. The study examines the limiting
distribution of friendship rank in networks generated via the con guration model, where node degrees
are produced by independent realizations of a random variale. A convergence theorem for friendship
rank is proven for networks with nite moments of degree distribution. Empirical results con rm that,
unlike the friendship index, the friendship rank is a more stble characteristic when comparing networks
of di erent sizes, especially for degree distributions withheavy tails. The proposed method can be useful
for comparing networks of varying scales, such as social ngbrks.

Keywords: complex networks, friendship rank, con guration model, friendship paradox, power-law
distribution, limit theorems, degree correlations

For citation:  Grigoriev A. A. Limiting distribution of friendship rank in  complex networks. Izvestiya of
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ffay ifaden easaao ca éiddaeyoeé iazead nodia-
iyie a neleild naoyd e iicaiéyao fodieol adadl G N Tiddadev.iiti danidaadeaiedi
fiodiaiaé D, & a&c NOAIAIiNG 100aeyoeé (i iaéodasiitl nidweaaiedl). N&oe i iaéodasi-
il Nideeaaiedi Micaieypo dadieaacl 6daeuita Naoe i 3idéodaciiiés, add  neaé, daa nayce
0181ed0pofy fe6+aéiti 1adachi. Anee ddasuiay naol aaininodedoad 1oé éfiaiey 1o oaéié
iladée (iaioeidd, iace+ea annidoaceaiiioe eee aenaniidoaoeaiifioe ), yol ééaclaaad ia
jagée+éa nidoeoe+anéed Noddeoosins naiénoa, éioidla 11aoo alou aaseil 4é y aiaéeca.
A 16eai0ed1aaiine & i&1dedioediaaiins naoyd i iaéodasuill nideeaaiedl a aee+eiq,
fifaaiita ia daidad, 1aéaaapo fdiaeitioup [ 8].

Aaiiay daaioa iifiayuaia alieino éiee+anoaadiital ecidsaiey radaaiéna aooaeal 4 éii-
04604 fdaaiaiey naoaé dacee+ild daciadia. Efilelucoy eade daaio [6,9], aalaeofny iiy-
0€a dalda ad0aeal éaé dadaéoadenoeée 6¢eia a naoe e idiecaiaeony na@aiea n eiadént
adb6aedal aey eciadaiey iadadiéna addaeal. Dadioa Nodoéoddediaaia fiéaa opuei 1adagii: a
daca. 1 aaiayoniy itiyoey e iaicia-aiey, aiéaciaaaony odidadia T ndiaé  iifioe daida ad6eead;
a daca. 2 18eaaaail neideyoee e yiiede+anéead yéniadeiaiod, iaédaieypue & dacgoetoaod

X : = o d =
ho(kil)= -~ b d=ked =1k
2JEn .. 0 eia+a:
i<
PafidAaaeAaIea f0AIAIAE 6Caia TAicia+adony 6aé f (k), A GANIGAARBAIRA MOAIAIAE, ACAA-
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at+eneyouny +~adac daia 6céa, a i aal nodiaiu. ltasia i eniedciaaiedl dai
aaaii ioeiaiyaony a éeoasacoda [ 8,10].
Daid 6céa iT nodiailp k a naoeé dagiddan faigia~ei F, (k) & Tidaaaeei fieaadpuei
1adacii:
1 X
Fo(k) = — dilfd, 6 kg:
JEnJ i=1

baia 6céa il fodiaditup k Tiddadeyaony éaé aiey 6%aad a adadad, €ioidla fldaeiypo
6ce0 fil AOATAIUD 1Aiigd e Baaflé k. Oadel Tadach, cla+Aied 5aiaa 6géa caaefied 1
aal nodidie & a6ado anasdaa a aeaiaciia (0;1]. Aey aailinodacee danfiiodel ianéieuét
ideiadia

faiciazel  dmn = min(di::idy) ieidlaghiop AOAIAIN 6cEiAa 4 AA0E &  dmax =
= max(dy;:::dy) 1aéneiaguiop foaidil 6céia. A caae. 1 i0eadadil i5eiddl ad+enséa-
ey daida 6cela aey aadgei i ianéietéeie cia+aieyie fnoaiaiaé.

Oaaeesal/ Tablel

[6&idd at-efnéaiey daida ogéa i ieiéiaguili cia+aiedi nodiaie , Al cia=arfe-
Al Addiale ia 1 aleliga 1eiéidia & fi 1aéneiagdiié noaraiup a as a6a
An example of calculating the rank of a node with a minimum degee value, a degree

No&idiu ocea Paia 6¢céa
i Aley 6v4480, &i6aAi0106 6¢eal Al AGATAIUD  dmin
Ay + 1 Aley 5v4480, &i64410106 6CBal i AOAIAIJIE  dmin © Omin + 1
dmax 1
A&y 55202 G, fi n A30geiaié Tiddadeel  fidaaieé daia Mnaadé océla it nodiaiup k
Aeaacpuel 1adach: b
Fn ()
>0 N
Mn(k) = ~2———hn(k;"):
fn(k)
O81380e+aMeeé aiaeiaM (K) caaavsony atdasediea
P F Ohk)
M (k)= —=1 -2
f (k)
il ajaeiaee daia 486204l 6cBa i fil HOAIAIUP df 40480 BAAAI
P d
rank — j2Ejj Fn( j)
i aiF,, ()

P
1y FaOhn(kD. g -
Hp(K) := (F)_n(k) T (K) v Vn® 7,

: V(k)= ?
Eaé ieeil cai&oeol, iaay adee+eia aiasiae+ia eiadénsd addeead ( 1) fi oié dacievaé,
+07 aiafof fiodiaie dcea a aldasedieé 6+afivaddo daid 6cea

laodiaoeea 461
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ionol caaaia neo+aéiay adee+eia |, it &10idié iied+aia 1Mneaalaacdeniiinou noaia-
iaé Dn = IID (), a yiiede+anéia nfaianoiia danidaadeaied noaiaiaé hy(k;l) fdiaeony é
1634480iM6 dafisdadsdiep  h(k:1) Al feldiiotp n , o. &
X‘ . .
jha(kl)  h(k;Djén ; >0
k:l=1

A aastyoiiioup, nodaiyuaény é 116e n!l

Odidaia 1 (I Adiaeiinoe daida ad6aeal) . Iofol iMfiedaiaacdsuiinon a0adta  fGngns1
ied+aia it élioedodaoeiiiié 1adee n ineaaiaaoaéuiiiou b fodidiaé D,, éamxaay éc
8101800 yaeyaony sacoetoaoi n iacadeneilo é 1aeiaéial danidaadeyLiiid ddaeecaoeé
fed+aéité aadee+eit . 16nol iddadedita danisdadedied nodiadiaé f (k) eidao élid+iné
(1+ )-éin&io (  E[DY 1< 1). 01443 4éy éaseaial 6eenesiaaiiial k, 0adiar +of f (k) >
> 0, é 4éy épaian

0< < min s+a
adneiyaony
nI'ilm P jHh(k) H(Kk)j>n =0:
Aléacaoaeinoal. Addacei daciiiol Hp(k)  H(K) +&84cM (k) & M (k), ideadava é
fataié ciaiaiaodép, aiaaaei e at+oai M (K)F (k) & ~éfnéeodea:
o) Hlg= Mo MO0 MaOF (0 M9OFy () _
n(k)  F (k) Fn(K)F (k)
_ Ma(KF (k) M(KF (k)+ MKF (k) M(KF,(k) _
Fn(KF (k)
_ (Ma(k) M(K)F (K)+ M(K)(F (k) Fn(k)). @)
Fn(K)F (k) '

Dacadeea fiéadadita a iifedaial sadaifoaa (2), ied+ei
Mn(k) M(k 1 1
Fn (k)

Ha(k) H(K) = 0 F®

iaeidiea iddaadinoar odadaieniesa, eidai

Ma() M(Q 11

Hn() H(9j6 =S M (K)

Fa(k)  F (k)

Toaiei neazaaina %.EQ [6, 0&i54&iA 6.1] 1€4AGA0, +01jM (k) M (K)j = Op(n ).

A fi@e&o [6, idaaiiéiaedied 5.1] eidai
F,(k)>F (k) n ~ faaaiyoiidoip 1 O(n ):

Olaaa nidaadaceal iadaadinoai

Ma(k) M (k) Can

6 - = Op(n :
Fa (k) Fg o o)
Agy 16aiee neadadinal M (k) = 1(k) = 1(k) efilelicodl dacéisedied
1 1 _ F (k) Fnk),

Fa(k) F (K Fo(kF (k)
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A. A. A3eaisiaa. 158436014 5anicaadeaied 5aisa 456eal A Releils Haoys P

o s

Niagafii [ 6, iddaitéleediep 5.1] 1é6+aai

IFa(k)  F (k)6 dw(fq:f )6 n

1 1 iM(K)j n ..
M (k) 6 MK T =o(n )
Fa(k)  F (k) (F (k) n )F (k)
n (0]
A Az XN . " R4/ AN AAXA LA AATT L AN Q s w2 L X O
AQaeo y < min 854 1 N 0+Y4011 o1al, +0i i +2) , 1ell—aoaeull lieo-+-aal
: : "y P g
jHn(k) H(k)j6 Op(n )+ O(n )" O
Caia-aied 1. A04ID ETIORAGBAGEINE 1adee A OIBI6EeSTAca dAIBAIN TA6RETA-
81 01, +01 RA0S, AICAAAAAINA AP, GATABAOATOVPO TIOAARGYAIIOI ONETAGY 0AA0EY  OiIF0e
(fil. [ 6, idAdiEIeediey 4.2 & 5.1]). A @I&iil Viiede+aneea dANIOAAREAIRY MOAIAIAG & Al
218004 BaNiDAAAGATEY MOAIAIAE AIfiaaaE Albeeil FGIAROURY & NaTe] IDAARGUINI clas  Afé-
§i. A TAU&) fe6+aa 0A10AIA 46480 AGINEIVOURY A6y pAGG NAOAE i OAMIGAARGAIE &l FOAIA-
86, 6A1aBA0AIBYPURS [ 6, i0AAITERAIRY 4.2 & 5.1]. NE16UE0 A 1AROTUAE BAAI0A BTG
efificaaiaaiey iaioaasai ia aiioeacsaoeTiop iiaasl, of 48y 6iB1UAT &y AifIBEyORY 1a-
0&0RAsA AATTAY OAIOAIA 130AI6+RAAA0NY BARRIOOAIRAI SIAIT YOI6 1438 @

i
Aaoyo, 1iosTaiias il élioeaddaceiiiné iadee. ia sen 1 i0aancaaeait acadeée, eeep-
ROBEBOPUSA CAASARITNON &iadena 486aeal 10 MOATAIE OCEA A8y BACEe+Il6 cia+d @é 1ada-
id0da e daciadia faoe n.
M (k) n (K)
| |
3 L
O |
2 - L
1 - 1
0 -
. 2 | B
1 - n(K);n =100:000 . * L . n(k);n =100:000 3
1:05logk +2:42 . ‘0‘ ° 0:99logk + 0:53 \
n(K); n =10:000000 " n(K);n =10:000000
1:14logk +3:25 1:00logk +0:48
2 | = 3 R
T T T T T T T T T T T T T T
0 1 2 3 4 5 0 05 1 15 2 25 3 35
CM, =1:5 n= 100000 10:000:000g, log(k) CM, =2:5 n= 100000 10:000:000g, log(k)
al a alb
pef. 1. Nodaieé eiaden adoeeal, dann+eoaiilé 46y eaaedié NOAIAI & Océa A efieonnioadiind faoyo,
TR0d1Aiiad 11 éliceasdaseiiiié iladee: a adadeé Mp(k) ioé =1:5 & aocaoceé (k) ioé
= 2:5. Cia+aiey 10danoadeadin ia éiaadeoie+anéié géaed (6aao iiea  éi)

Fig. 1. The average friendship index calculated for each nodeegree in arti cial networks constructed
using the con guration model: a is graph M, (k) for =1:5; bis graph (k) for = 2:5. The values
are presented on a logarithmic scale (color online)

D
()
Q-
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DAacoelinaod i8aanoaacadil ia elaadedie+anéié géaea i andiéneiedopu eie éeieyie,
ifeo+aiitie i Mitup éeidéiié odasannee. Ataido éiaasedie+anéié geaen 1 aifitaai
04, +01 dafiiddadcaied noaaiaal eiadena adoseal NEaacao NOAIAINIO cadlio. ia a0a 6eeéad
idaanoadedit 6ndaaiaiita dacoeucaodn, éioidna atée Meé+aid iinea 1iadeest aaiey 200
fidaoaé aey éasedldl iadida iadaiaodia.

la asaoeed ioe = 1:5 (8éf. 1, a) aeéail, ~of fddaieé eiadén addeedl eciadiyaony a
caaeneiinoe 10 dacidda naoe n. Aéy naodé fin = 100:000 € n = 10:000.000 iadepaapoiy
dacee=ita iaéélil eeidéils andiéneiaceé, +oi 6éacliaaao ia aeeyiea daciada naoe ia
08080086 faycaé. Aiidieneiedopued éeiee, caaaiita 6oaaiaieyie 1:05logk +2:42 &

1:14 logk+3:25, 4aiiifiodedopo, +oi fi 6aaée+aiedl dacidda fnaoe eiadén addaedl aéy 6¢éia
fi Taeiaéiaié noaiaiup ifleedo fieaeaouny

ja asaoeés ioe = 2:5 (0éh. 1, &) iMaiaiial yagaiey ia iaaepaadony. Aiidiéneie-
d6pued eéeiee aey naoaé i n = 100:000 & n = 10:000000 idaéoe+anée fiaiaaapo, +of fae-
430360N0Aad6A0 T iacadeneiinoe eiadéna addeedl 10 dacidda face 1de aaiili cia+ai eé
leo+aiina 6aasanneliina caaeneiinoe 0:99logk + 0:53 & 1:00logk + 0:48 iiéactaapo,
+0f [aééli eeieé idadoe+anée ia eciaiyaony i 6aaee+aiéai n

Oaéei 1adacii, ileeil fadeaol a0aia, +of iadaidod £30a30 éep+aadp diel a 1idaaa-
gaiee caaeneiinoe eiadéna addaedal 10 dacidda naoe. ige = 1:5 iadépaadony cia+eodéu-
ifa aeeyiea daciaoca naoe ia AOBGED0GDG faycaé, a of acaiy éaé ive = 2:5 y0io y606aéo
T0f60M0a6AC

Aagad sannitodel iMadadiea N6Aaiaal daida addeadld H,(k) a enéonnoaaiitd naoyos, fi-
caaiitd A imitip &lideaodaseiiiié itadee. ia aen. 2 16aanocaaeain asaodeée, eeep-
fiodeddpuead cadénéiifiol 6ndaaiaiitarl ndaaiaal daida finaaaé 1o nodiaie 6¢cea aey da cée+-

00 cia+aiéé 1adaiacda & daciddia fa-
Hn (k) o0& n. A aaiili dacaded 10 aiaeecedodi
0T I —— ifadadiea Noaaidal daida e ndaaieaadi aai
oHp(K); n = 100:000 =15 ~ \s00 N AN ANNAN X O 77AN  mX O s 2NN N 722 O A Ay
¢ 102 ) ioin 10000000 =15 | f 6 ad danfiiodaiiti ndaaiéi eidaénii
’ . Ha(K)'n = 10000000 =25 aoodeead
o1 . | Adadeée aaiiifodedascpo, +oi cia+aied
' K fdaaidal daida ninaaaé eciaiyaony a caae-
0:15 | s fieiiioe 10 Tadaidoda A&y =15e
= 2:5 jadépaapony dacee+ila danidaaa-
0:2+ - gaiey daidia, +of 6éaclaaado ia aéeyiea ia-
daidoda  ia ROBORO6AO Raycaé a doe. Taia-
0:251 A &1, & 10ée+ea 10 Nodaidal eiadéna addeedad,
03 | | fdaaieé daia finaaaé Tnoav.ony idadoe+an
0O 05 1 15 2 25 3 35 a4 faéciaiiti ioe éciaiaiée daciada faoe n
CM, = fL525g, n = £100000, 10000000y, log(k) YOI 114088402242807Y 04, 0T édeatd aey
Pef. 2. Noaaiee daia 406eeal Hy(k), danfse- 1 = 100:000 & n = 10:000000 idagoe+afiee
oaiite aey eazeaié fioaiaie 6cea a eheonnoaai-  fiaiadapo aey easeaidl gia+diey
(6 Naoyo, 1TModiaiilo i éliceasdaceriiiié Nodaaieaay yoe dacoeuoaol i ddadeéaie
fiadee. Cla+aiey 104an0aaeail fa elaadeo- foa4iaal eiadena adoeeal (defi. 1), ieeil
_ ie~aneie geaca fiadéaou adaia, +of 1adaidod féaciaaao
Fig. 2. Average friendship r.ankH,_](l_<) calculated dacee+1iA Aceyied ia Yoo 4a& 5ABABOADE-
for each node degree in articial networks .. 3., A A 0 A8t MRB AL A2 AX 2XZ
built using the con guration model. Values are r,uA)ee\eA A:O' a?iai’j\my rjéqa!eg e"j"aﬁn ?6953?"
presented on a logarithmic scale al caaefieo €aé o , 0aé e 10 daciada fiade
n, Ndaaieé daid fifaaaé caaeneo oieuét 1o
e ia eciaiyaony i 6aaee+aieai n.

Oaéei 1adachi, Nddaieé daia fNaadé yaeyaony aiedad onoié+eaié 6adaeodd enoeéié i

foifgaiép é éciaiaiep daciada fiaoe, +of adéaao aai ileaciti eifioddiaioli aey ai aééca
a
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aliou yaeyaony 6aiidl fiaiénoaii ide ndaaidieé aaéuitd naoaé, a é10id06 dac  1ad fnaoe a
aiéligéinoaa neo+aaa aéaao dacee=iai.
jaimiel, o7 eiadén addeead i Tiddadédiep nAaAIeaado fodaipp fodiail il faaaé
& f0didit Naital ocea. lyolié i Miuip eiadéna ileeil 6adaeoudny, +of of dioéediaéa
Ysiadaaien adoaeal, addia ey Naoaé. A dacee+ild RAoYd Yiadaiién, iieedd ei 4ol daciop
fieéd. [aideidd, a AMoeaenind naoyd aley océia fi eiadeéni adoseal aléligd aaeiéoa ioe-
aeéeaeadony é 0.9 10 anad 6céfa a naoe
Aiagiae+i0i 1adacli 46430 at+eneaia fieea vsiadaaienae i enielciaaied ifaié aaee-
+@i( daida addeeda. Aéy oial ~oial ndaaieou, faépaaaony eé 1adaa Tén addeedl a faoyod i
efnielciaaieédl adee+eil daida addzedl, 46440 al+enedia aiey 6¢éa, 6 é 101800 adeé+eia
daida ad0seal aléligd daeiesn. Adée i61aa4ail feiceyoee & yeniaseidiol aé y ianéieu-
ged daaéuind Alfoeaeuind nacaé, aey failé oadiieiae+anéié nace, a caésed aey neidaoe-
+8fiéed naodé, 1Me6+aiins i Mitup 11adédé Addadage A&UA43d0 & é1i6eascda oefiiié
1a8ee. Ndaaieodeuind dacoeiioact 16aanodaasdin a caas. 2
Oaaéeda2/ Table 2
Aiey 6¢é1a, 11a84dae4ii00 T1adaaiénsd adoeead, i éfiléuciaaiedi aa-
ge+ef eiadena e dafda adoeead
Share of nodes aected by the friendship paradox, calculaté using
friendship index and rank values
Network Eiddén asoeeal, % | Daid 400seadl, %
liaren+eée Twitter 99.4 99.4
lleticiaaoaée Flickr 95.7 92.7
Ntaaoiaa Github 98.9 93.7
leticiaanaée Youtube 96.1 92.3
Aidizeiay n&ou NGA 55.7 57.3
CM, =1:5 n=100:000 83.9 74.3
CM, =1:5n=1:000000 834 74.0
BA, m =3, n =10:000 90.2 74.9
BA, m =3, n =100:000 90.5 74.9
lieeil caiaoeoi, +of gia+aiey, iTe6+aiita it 1adei adee+eiai, aéecée . Ne&aodo oaéaed
f0id0eol, +oi cia+aiey, 11eé+aiida i Miuup daida addaead, iaituga il 104aonoasdpued
ciaraieé eiadena addeeal. Yol Tauyiiyaony odi, <ol ide eniélciaaiee &i aadéna addeedl
6cel i aléugeie nodiaiyie eidpo Tadiiiia aeeyied: i6é at-eneaiee ndaaiaai e 0 ANna-
4@ Aadaioestaaiil imaaapo iMa aeeyied iadaaiéna. A of aed adai y aéy daida aodeeal
0aiodaeuitia 6cel a naoe 46a00 eiaou daia, acecéeé é 1, é ide Man+aoca Ndaai aal aeeyied
10436000 féadaaits nieseadony
Cagep-aied
A aaiilé 824104 iddaéieedi i1a0é iTadia é eciddaiep iadaaiéna addeea 0 & féleeils fa-
Oy6 A efiféliclaaiedl daidia 6céia aianot €6 nodidiaé. A enneaalaaiee anét iné acaii, +of
iddaéieediiay adée+eia daida ad6aeal aailiiodedsdas fdiaelinou ide baaée+aiee daciada
faoe, a foee+ea 10 odaaedeliiial eiaaéna addsedl, €10160€é iiaedo cadenao U 10 dacidda
fidoe. YOI 448280 daid ad0seal aledd iaddeeill eifi0d01AioN 46y Noaaidiey nao  aé daciial
iafgoaaa. Atéa aiéacaia oaidaia i ficiaeiinoe daida ad0seal a é1ioeao daoeftiiié iaaee
ioe onetaee élia+iinoe (1+ )-aiilaioa danidaaaeaiey noaidiaé.
Oaéei 14dacii, 1d&aéiaediiné 18014 ilcaleyao ofodaieol éep+aaié idaino aoié eiaae-
fia ad6zedll caaeneéiiinol 70 dacidda Naoe e idaainoaaéyao aiéda iaaveeité éiid  d061aio
aey aiaeéca éiadaeyoeé nodiaiaé a neieilo naoys. Aacliaéepea ennéadalaaiey i 1460 aaou
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iaidadeadit ia eco+aied Madaadiey daida ad6aedl a 1d6eaioediaaiitd e acaaeaiits fnaoyo,
a 0aéeed fa 0acoaaioés fnoacenoe+anéed edeoadeaa aey aai ioeiaiaiey a naoyaiinosiaiins
fa 6aaelito aaiind
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iajaiaaineeé anoaasdnoadiiné 6ieaddneods, Ocadéenocai, 160 136, & laiaiaai, 8. Oé+e, 4. 316

Adoeiita 0asd66 [vdeaaei oaee , Baiagaao Oeceéi-iaddiace+anéed iace, idaiiaadacdel eaoda aa
iaodiaoeée, f.n.dehgonov@mail.ru, https://orcid.org/0000-0003-4747-8557

Aiiloasey. A aaiiié 5aai0d danfiaodeaadony caaa+a adaie+iial 6idaacd iey asy 6daaiaiey odi-
&nistanainoe i eiaiepoedé a 1asaie+aiié 1aiadiné 1aéa fioe. 18eaiaeony dagaied i 60iesedé

~a 0

6idaaediey fa ddaieod foadeely. l16daaeail 1adaie+aiey ia 6 idaaeaied, 1aanid+~eaapued ainoe-
adied nodaiél cia+aiedl dagaiey a daniniaodeaaailé 1aeéanoe  caaaliilal cia+aiey. baffiacdeaaa-
iay cada+a 6ivaasaiey naaeony é eiodasasiino 6daaidiep A 16104583, 101614 yasyaony iadadi
oeili, fi Miaip idoiaa O6dua. Aléacacdénnioal fiouanioaiaai ey afionoeiiar oivaaeaiey naycail
i fiGUAROATAAIeAl dAraiey ei0aadasniTal 6daaidiey. 14014l 1 idatadaciaaiey Eaigana aiéacail

© Dekhkonov F. N., 2025



T Sn Eca. Nadao. 6i-oa. iia. ias. NAS. ladkiaceea. 4caieea. Ei6  13iaesa. 2025. O, 25, Adi. 4

fidlianoalaaied ooieoee didaacaiey e iaéadia ivaiéa iéieiae uitar adaiaie aifioeesediey caaaiiié
fiddaiaé oaiiadaoodd a foadeeia.
Eép+-da0ad nefaa:  ia+aeiil-edadaay casa+a, 6daaidied odienisiatainoe, ie felaeuita asaiy,

=

ei0aadaediia 6daaidiea, aiionoeiia oidaseadied, i6aiadac  faaied Eaieana, eiaiepoey
Agaziaaoiifioe:  AA010 acadiaacai aéaadiees @. A. Ageiias ca aal 6aiild caid+a iey.

A&y veoediaaiey: Dekhkonov F. N.On a time-optimal control problem for a heat conduction equéion
with involution [ A&6éiita O. I. T caaa+a Tiogiaguiial il addidie 0idadsdiey aey 6daaiaiey
odieTiaiataiinoe i eialepoedé] // Ecaénoey Nadaoianeial oi eadoneocdoa. iiaay naoey. Nasey: 1a-
odladeea. 1acaieéa. Eioidiaceeéa. 2025. O. 25, ali. 4. N. 4674  78. DOI: https://doi.org/10.18500/
1816-9791-2025-25-4-467-47BDN: GQNYBX

Noaoly Ticaeestaaia ia 6neiaeyd éesdicee Creative Commons  Attribution 4.0 International (CC-BY 4.0)

Introduction

It is known that due to the widespread use of partial di erential equations in physics and
engineering, there is always a great interest in the study of boundgrcontrol problems. Therefore,
in recent years, the control problems for heat conduction equations habeen widely studied by
many researchers.

The optimal control problem for the parabolic type equations wa studied by Fattorini and
Friedman [1, 2]. Control problems for the in nite-dimensional case were studied g Egorov [3],
who generalized Pontryagin's maximum principle to a class of equatins in Banach space, and
the proof of a bang-bang principle was shown under the particulaconditions. The time-varying
bang bang property of time optimal controls for the heat equation and its applications is studied
in [4].

The boundary control problem for a heat equation with a piecewise smoottboundary in an
n-dimensional domain was studied in $], and an estimate for the minimum time required to
reach a given average temperature was found. 6], the control problem for the heat conduction
equation with the Robin boundary condition is studied, and a mathematical model of the heating
process of a cylindrical domain is developed. Control problems for theeat transfer equation in
the three-dimensional domain are studied inT].

The control problem related to the inhomogeneous heat transfer equatiowas studied in B],
and the existence of the admissible control with the additional codition of the weight function
was proved by an integral constraint. Control problems for heat equtions in bounded one and
two-dimensional domains are studied in works9 11]. In these articles, an estimated was found
for the minimum time required to heat a bounded domain to an estimaéd average temperature.
The existence of a control function is proved by the Laplace transforrmethod.

Basic information on optimal control problems is given in detail n monographs by Lions and
Fursikov [12,13]. General numerical optimization and optimal control for second-orer parabolic
equations have been studied in many publications, such a&4]. In [15], some practical problems
for control problems related to heat equations are studied.

It is known that in recent years, due to the increasing interest in physts and mathematics,
the boundary problems related to heat di usion equations involving involution have been widely
studied. In [16], a boundary value problem for the heat equation associated withnivolution in a
one-dimensional domain is studied. Many boundary value problesifor parabolic-type equations
with involution were studied in works [17,18].

In [19], the control problem associated with a pseudo-parabolic type equ@n in a one-
dimensional domain was studied, and the existence of an admissékontrol was proved using
the Laplace transform method. The boundary control problem in a lunded two-dimensional
domain for a pseudo-parabolic type equation was studied in20)].

In this work, the boundary control problem for the heat equation with involution is considered.
The main control problem in this work is presented in Section 1. The bondary control problem
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studied in this work is reduced to the Volterra integral equation ofthe rst kind by the Fourier
method (Section 2). In Section 3, the existence of a solution to the tegral equation is proved
using the Laplace transform method. Section 4 gives an estimate ohé minimum time required
to reach a given average temperature of the rod.

1. Statement of problem

In this paper, we consider the heat equation with involution in the domain 1 :=(0; ) (0;1)
() Uux () + U xt)=0; (xt)2 7; 1)

with Dirichlet boundary conditions
u@©;t)= (t); u(;t)=0; t>0; (2

and initial condition
u(x;0)=0; 06 x6 ; 3)

where is a nonzero real number such thaj j < 1and (t) is the control function, which gives
the ow amplitude.

Let M > 0 be some given constant. We say that the control function (t) is admissible if it
is continuously di erentiable on the half-line t > 0 and satis es the conditions

0)=0; j ()j6M; t>0

Di erential equations with modi ed arguments are equations in which the unknown function
and its derivatives are evaluated with modi cations of time or spacevariables; such equations
are called, in general, functional di erential equations. Among sich equations, one can single out
equations with involutions [21]. It is known that a function g(x) 6 x maps bijectively a set of real
numbers D, such that g(g(x)) = x or g *(x) = g(x) is called an involution on D (see p2,23)).

Assume that the weight function (x) 2 W2([0; ]) satis es the conditions

z
(x)> 0,  4x)6 0; (x)dx=1; 06 x6 : @)
0

Time-optimal problem. Let > 0 be a given constant. Problem consists looking for the
minimal value of T > 0 so that fort > 0 the solution u(x;t) of the problem(1) (3) with control
function (t) exists and for someT; > T satis es the equation

Z
Xu(x;t)dx=; T 616 Ty: (5)
0

The physical meaning of equation ) is the average temperature in the rod. Our main goal
in this work is to nd the minimum time estimate for the average temperature in the rod to be
equal to .

Remark 1. It is known that boundary control problems for the non-homogeneos heat
equation in the case =0 are studied in detail in works [24].

We consider the spectral problem

X%) X % x)+ X (x)=0; 0<x<;
X0)=X()=0; 06 x6 ;
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wherej j< 1, 2 Rnf0g. Itis proved in [17,18] that expressing the solution of spectral problem
in terms of the sum of even and odd functions, one nds the followingigenvalues:

k =41+ K% k2 N; (6)
a1 = (1 )2k+1)% k2 Ng= N[f Og; ()

and eigenfunctions

Xok =sin2kx; k2 N; Xoksr =sin(2k+1)x; k 2 Np:

Let 2
x) = ksinkx;  x 2 (0; ); (8)
k=1
where
2 Z
K= — (x)sinkxdx; k =1;2; 9
0
Denote
k+1 =1 )2k+1) x+1; k2No  x=(1+ )2k x; k2N (10)
Theorem 1. Let M
0< < %
1
Set 1
T = "In1 1
1 1M

Then a solution Ty, of the Time-Optimal Problem exists and the estimatél, 6 T is
valid.

We will consider the proof of Theorem1 step by step in the next sections.

2. Integral equation for control function

In this section, we consider how the given control problem can be reducedta Volterra
integral equation of the rst kind.
By the solution of the problem (1) ( 3) we mean functionu(x;t), expressed the form

u(x;t) = (t)—x w(x;1); (11)
where the function w(x;t) 2 Cfftl( )\ C( 1) is the solution to the problem

Wi (X 1) Wi () + W xt) = X t);

with initial-boundary conditions
w(O;t)= w(;t)=0; w(x;0)=0:
Thus, we have (seed9))

x 4 4

w(x;t) = 2 e 219 Qg)ds sin(2k + 1) x+
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X, 2
REME O Ys)ds sin2kx: (12)

k
k=1 0

It follows from (11) and (12), we get the solution of the problem @) ( 3):

R 2
u(x;t) = X1 2 2kil e xS Qg)ds sin(2k + 1) x
k=0 0
x4 4
1 % e %S Qs)ds sin 2kx: (13)
k=1 0

From (13) and the condition (5), we can write

Z Z «
f(t)= (Xu(x;t)dx = (t) (x) dx
0 0
t
EX L e 2n(9 0(s)olsZ (x) sin(2k + 1) x dx
2k +1
k=0 0 0
t
% 14y z .
= L oe® Ys)ds  (x)sin2kx dx:
k=1 o 0
wheref (t)= forT6 t6 T;.
Then from (8), we have
Z « )4 Zt
— 2k+1 2k+1 (T 8)
f (1) t  (x) dx el © qs) ds
0 k=0 0
x 2z
2K gl 9) Yg)ds: (14)
o1 2k
0
By the condition (0) =0 and (14) we may write
7! | N ) N 7t
f= @O ®——d O +@ ) @EK+1) 2. e = €9 (s)dst
0 k=1 k=0 0
% Z
+(1+ ) 2k o e 2k (t s) (s) ds:
k=1 0
According to Parseval equality, we get
z R
(x) X dx = sy
k
0 k=1
As a result we can write
% 2t
f)=@ ) (2k+1) 21 e 29 (5)ds +
k=0 0
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R Z
+(1+ ) 2k 5 e =9 (s)ds: (15)
k:]. 0
Let us introduce the function
S
K(t) = k1€ Zt4 xe b t> 0 (16)
k=0 k=1

where 1 and » are de ned by (10).
Then equality (15) takes the form

Zt
K({t s) (s)ds=f(t); t> 0 a7
0
wheref (t)= =const>0forT 6 t6 T;.

The resulting Volterra integral equation (17) is the main equation for admissible control (t).
For any Mg > 0, we denoteW (M) the set of functionf 2 W2(1 ;+1),f(t)=0 fort6 O
which satisfying the condition
kf kW22(R+) 6 Mo:

Theorem 2. There existsMg > 0 such that for any functionf 2 W(Mg) the solution (t)
of the equation (17) exists and satis es the conditionj (t)j6 M.

Lemma 1 ([26]). Let (x)> 0and Yx) 6 Oonx 2 [0;1 ). Then the following inequality
is valid:
P
(X)sinxdx >0; n=1;2::::
0

Lemma 2. For the coe cients f ygkon de ned by (9), the following estimate is valid:
06 6 E; k=1:;2,:::;
k
where C = const > 0.

Proof. According to Lemma 1, we have

k>0 k=1;2;::::
From (9), we write
Z x= z
K = E (x) sinkxdx = E (x)l coskx + 3 9x) coskx dx =
k =0 K
0 0
2 K o(1)
= — + —:
o @ (D) + T

It is clear that
O (D()>0 k=1;2:::;

where function (x) is satisfying conditions @).
Then we obtain06 6 $.
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Lemma 3. Letj j< 1. Then the following estimate is valid:
C
O<K (1) 6 p—f; 0<t 6 1

where function K (t) is de ned by (16) and C is a constant only depending on .
Proof. For any p > 0, consider the following relations:

% w B 2 2
e pnz = e p[3]2 ds — e p[S]2 dS — e pSZeP(Sz [5]2) dS,

n=1 n=1 , 1 1

where[s] is the integer part of s.
Note that eP(s® [s") = gh(s [sD(s*[s) g g2PS_ Then we obtain

A A A
e PP P gse e PH2PSds= @ e P 17 (s

1 1 1

Hence, forO<p 6 const we get

A A
e g o PP [P gse & e Pds6 pC—p: (18)
n=1 1 0

From (6), (7) and (18), we have

o, 1 C
e *+1°6 p——p—;
_ 1 t
k=0
and
2 4 1 C
e % 6 p——p=:
kel 1+ t

From (10) and Lemma 2, we may write
06 6 C(1l+ ); k2N;

and
06 x+1 6 C(1 ); k2 No:

Consequently, we get the following estimate for the functiorK (t):

p1 p1+ C
0<K (t) 6 Clﬁaf—+ Czﬂaf—G FFE;

whereC = maxfClp 1 , Czp 1+ g

3. Proof of Theorem 2

We use the Laplace transform method to solve equation1(7). We introduce the notation

A
e(p)= e P (1)dt:
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Then we use the Laplace transform to obtain the following equation

2 Zt
Bp)= ePdt K(t s) (s)ds= R(p)e(p):
0 0
Consequently, we obtain
e(p) = S(p)); where p= +i; > 0 2 R;
Y
and i1 -
|
(t) — % ﬁ(p) eptdp: Zi 'IE( + I. )e( +i )td: (19)
() ( +i)
il 1
Lemma 4. The following estimate
. . C
R +i)i>p=— >0 2R
1+ 2
is valid, whereC > 0 is a constant only depending on .
Proof. Using the Laplace transform, we can write
A )4 A Y A
€(p)= K(t)e Pdt= aer € (Pro2en)tgt+ e (Pradtgr=
0 k=0 0 k=1 0
— x 2k+1 + R 2k
o P o2er P
whereK (t) is de ned by (16) and
B( +i)= . 5 S X . S
keo T2t ep Tt
_ X g+ k) +)4 x( + %) i x 2k+1
o (T 2e)?+ 2 ()P 2 o (T 2e1)? 2
i ® - 2"2+ ;= Re( +i )+ ilme( +i);
v ( 2)
where
Rele( +i ):X k1 F 2|<+1)+>4 k( + o) |
o (T 2ea)?+ 2 ()P
xR 3
( ) o (T 2aen)?+ 2 ()P 2
We know that
(+ W2+ 26 [( + WP+1E+ 2
and we get
1 1 1
(+ 07+ 27 1% 2(+ gl 0
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Thus, according to (20) we can obtain the estimates

X toaen) X al + al
Rel( 4+ )iz 2k+1 ( +1) | 2 2k
IRef( ) o (T 2e)? 2 (O 2)P 2

S 1 3 a1+ 2ke1) — Cy . (21)
1+ 2 o, C+ )2+l 1+ 2
and
© LN Co i i
Jim ( |)J JJk:O( T 2k+1)2+ 2 1+ 2k:0( + 2k+1)2+1 1+ 2 ( )
whereC;. , Cy. as follows
Ci = X+ ae). Cy = X 2k+1

oo (T 2e1)?+ LY o (T 21)?+ 1

From (21) and (22), we have the estimate

min(C2 ;C2
il( +i)j%=jRef€( +i )j2+jmi€( +i )j?> (1+22)
and
jk( +i)j> p%; where C = min(Cy; ;Cy ):
+
Then proceed to the limitas ! 0 from (19), we obtain

(=2 " A gy, (23)
2. RGi)
1

Lemma 5 ([24]). Let f (t) 2 W(My). Then, for the imaginary part of the Laplace transform

of function f (t), the inequality

71

P —
B )] 1+ 2d 6 Cikfkyzr,);
1

is valid, whereC; > 0 is a constant.

Proof of Theorem 2. From (23) and Lemmas4 and 5, we can write

71 71
U (D) 1 7P Cy CiMg
1 1+ 2d 6 2 kfk S = M;
i 0i6 5 i TRl 2C i )i d 6 5c,Kkwir) 6 55 =M
where
2Co
Mo = M:
0 C,
lacdiaoeéa
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4. Proof of Theorem 1
We consider the integral equation
7t
K({t s) (sfds=; T 616 Tq;
0
whereK (t) is de ned by (16).

Lemma 6. The following estimate is valid:
K(t)> e
where the functionK (t) is de ned by Eq. (16).

The proof of his proposition is based on the fact that the functimal series de ned by (L6) is
non-negative.
We introduce a speci ¢ heating as

Zt Zt
H()= K(t s)ds= K(s)ds:
0 0
The physical meaning of this function is the average temperature inhie rod (see §)). It is
known H(0) =0 and Hqt) = K (t) > 0.
We set

H = tIlgn H({t)= K(s)ds:
' 0
Certainly, the average temperature of the rod in the case where the héer is acting with unit
load cannot exceedH .
It is clear that H is nite. Indeed, from (10) and (16) we have

b3 b3 b3 X X

H = 2k+1 + 2k _ 2k+1 + 2k _ 7k<1:
2k+1

k=0 e 2 e KL KK
Lemma 7 ([24]). Let 0< < MH . Then there existT > 0 and a real-valued measurable

function (t), and the following equality

zZr
K(T s) (s)ds= ;

is valid.

It is clear that the value T, which was found in Proposition 6, gives a solution to the protdm.
Namely, T is the root of the equation

H(T)= —: 24
(M= 4 (24)
Lemma 8. Let
0< < -t
1
Then there existsT > 0 so that
1
T< ~In1 T
1 1

and Eq. (24) is ful lled.
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Proof. For obtaining the required estimate, we use Lemma. We may write

Zt Zt
H(t)= K(s)ds> 1 e Sds= -t 1 e 1 : (25)

1
0 0

Consider the following equation for de ning T :
L1 e T o= (26)
1

Then

1
T = —Ihn1 —
1 1M

In accordance with (25) and (26), we have
O0< — 6 H(T):
M (T)

Then obviously there existsT (0<T <T ), which is a solution to the equation (24).
The proof of Theorem1 follows from Lemmas8.

Conclusion

Note that in the case where the temperature is small enough, the value off can be replaced

by the following one:

T = :
M

Hence, in this case, the estimate of optimal time given by Theoremll is proportional to

required temperature and inversely proportional to the size of the rodl and to the maximum
output of the heat sourceM .

1.

References

Fattorini H. O. Time-optimal control of solutions of operational di erential equations. Journal of
the Society for Industrial and Applied Mathematics Series A Contro] 1964, vol. 2, iss.1, pp. 54 59.
DOI: https://doi.org/10.1137/0302005

Friedman A. Optimal control for parabolic equations. Journal of Mathematical Analysis and Appli-
cations, 1967, vol. 18, iss. 3, pp. 479 491. DOIhttps://doi.org/10.1016/0022-247X(67)90040-6
Egorov Yu. V. Optimal control in a Banach space. Doklady Akademii Nauk SSSR 1963, vol. 150,
iss. 2, pp. 241 244 (in Russian).

Chen N., Wang Y., Yang D.-H. Time-varying bang-bang property of time optimal controls for
heat equation and its applications. Systems& Control Letters, 2018, vol. 112, pp. 18 23. DOI:
https://doi.org/10.1016/j.sysconle.2017.12.008

Albeverio S., Alimov Sh. A. On one time-optimal control problem associated with the heat exchange
process.Applied Mathematics and Optimization, 2008, vol. 57, pp. 58 68. DOI: https://doi.org/10.
1007/s00245-007-9008-7

Alimov Sh. A., Komilov N. M. Determining the thermal mode s etting parameters based on output
data. Di erential Equations , 2022, vol. 58, pp. 21 35. DOI: https://doi.org/10.1134/S00122661220
10049

Dekhkonov F. N. On the control problem associated with theheating process.Mathematical Notes
of NEFU, 2022, vol. 29, iss. 4, pp. 62 71. DOLl:https://doi.org/10.25587/SVFU.2023.82.41.005
Dekhkonov F. N. Boundary control associated with a paraboilc equation. Journal of Mathematics
and Computer Science 2024, vol. 33, iss. 2, pp. 146 154. DOIhttps://doi.org/10.22436/jmcs.033.
02.03

Fayazova Z. K. Boundary control of the heat transfer proces in the space.Russian Mathematics
(Izvestiya VUZ. Matematika), 2019, vol. 63, iss. 12, pp. 71 79. DOI:https://doi.org/10.3103/
S1066369X19120089

laodiaoeea 477



T Sn Eca. Nadao. 6i-oa. iia. ias. NAS. ladkiaceea. 4caieea. Ei6  13iaesa. 2025. O, 25, Adi. 4

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Dekhkonov F. N. Boundary control problem for the heat transfer equation associated with heating
process of a rod Bulletin of the Karaganda University. Mathematics Series 2023, vol. 110, iss. 2,
pp. 63 71. DOI: https://doi.org/10.31489/2023m2/63-71

Dekhkonov F. N. On the time-optimal control problem for a heat equation. Bulletin of the Karagan-
da University. Mathematics Series 2023, vol. 111, iss. 3, pp. 28 38. DOIhttps://doi.org/10.31489/
2023m3/28-38

Lions J. L. Contole optimal de sysemes gouverres par desequations aux cerivees partielles Paris,
Dunod, Gauthier-Villars, 1968. 426 p. (in French).

Fursikov A. V. Optimal control of distributed systems, theory and applications Translations of
Mathematical Monographs, vol. 187. Providence, RI, AMS, 200. 305 p. DOI: https://doi.org/
10.1090/mmono/187

Altmuller A., Gune L. Distributed and boundary model predictive control for the heat equation.
GAMM-Mitteilungen , 2012, vol. 35, iss. 2, pp. 131 145. DOlhttps://doi.org/10.1002/gamm.2012
10010

Laroche B., Martin P., Rouchon P. Motion planning for the heat equation. International Journal of
Robust and Nonlinear Control, 2000, vol. 10, iss. 8, pp. 629 643. DOIhttps://doi.org/10.1002/1099-
1239(20000715)10:8<629::AID-RNC502>3.0.CO;2-N

Mussirepova E., Sarsenbi A., Sarsenbi A. The inverse prdém for the heat equation with re ection
of the argument and with a complex coe cient. Boundary Value Problems 2022, art. 99 (2022).
DOI: https://doi.org/10.1186/s13661-022-01675-1

Kopzhassarova A., Sarsenbi A. Basis properties of eigémctions of second-order di erential ope-
rators with involution. Abstract and Applied Analysis 2012, vol. 2012, iss. 1, art. 576843. DOI:
https://doi.org/10.1155/2012/576843

Ahmad B., Alsaedi A., Kirane M., Tapdigoglu R. An inverse problem for space and time fractional
evolution equations with an involution perturbation. Quaestiones Mathematicae 2017, vol. 40,
iss. 2, pp. 151 160. DOI: https://doi.org/10.2989/16073606.2017.1283370

Dekhkonov F. N. On the control problem associated with a psudo-parabolic type equation in
an one-dimensional domain.International Journal of Applied Mathematics, 2024, vol. 37, iss. 1,
pp. 109 118. DOI: https://doi.org/10.12732/ijam.v37i1.9

Dekhkonov F. N. Boundary control problem associated witha pseudo-parabolic equationStochastic
Modelling and Computational Sciences2023, vol. 3, iss. 1, pp. 119 130. DOl:https://doi.org/10.
61485/SMCS.27523829/v3n1P9

Cabada A., Tojo F. A. F. General results for di erential equations with involutions. In: Di erential
Equations with Involutions. Paris, Atlantis Press, 2015, pp. 17 23. DOI: https://doi.org/10.2991/
978-94-6239-121-5 2

Carleman T. Sur la treorie desequations inegrales et ses applications.Verhandlungen des Interna-
tionalen Mathematiker-Kongresses 4irich, 1932, vol. 1, pp. 138 151 (in French).

Wiener J. Generalized solutions of functional-di erential equations. New Jersey, World Scienti ¢
Publ., 1993. 424 p. DOI: https://doi.org/10.1142/9789814343183

Dekhkonov F. N., Kuchkorov E. I. On the time-optimal contr ol problem associated with the heating
process of a thin rod. Lobachevskii Journal of Mathematics 2023, vol. 44, iss. 3, pp. 1134 1144.
DOI: https://doi.org/10.1134/S1995080223030101

Tikhonov A. N., Samarsky A. A. Equations of mathematical physicsMoscow, Nauka, 1966. 724 p.
(in Russian).

Alimov Sh. A., Dekhkonov F. N. On a control problem assocated with fast heating of a thin rod.
Bulletin of National University of Uzbekistan: Mathematics and Natural Siences 2019, vol. 2,
iss. 1, pp. 1 14. DOI: https://doi.org/10.56017/2181-1318.1016

Received / lifiooieéa a ddaaésep 03.10.2024
Accepted / [8iyoa é ibaceeasee 12.02.2025
Published / Ticaéeéiaaia / 28.11.2025

478

ja6+iné joade



A A. Edafiiuyv.ees, Aeo. A. Ale+éia. lileednioaa einaeoeaiiid & 1iadacida P

Ecaanoey Nadaoianeéiar éié@ééﬁéééc‘na. ffaay n&oey. Nadey: lao &laoééa. 1adaieea. Eiold-

iaoeeéa. 2025. O. 25, adi. 4. N. 479 489

Izvestiya of Saratov University. Mathematics. Mechanics. Informati cs, 2025, vol. 25, iss. 4, pp. 479

489

https://mmi.sgu.ru DOI: https://doi.org/10.18500/1816-9791-2025-25-4-479-489
EDN: https://elibrary.ru/HLNVFT

ANz HAXNAAQS

ATidoéeé ainoaasfnoaai

i0é oieaddneodo, binney, 283001, a. AT a0, 6. Oieaddneodoneéay, 4. 24

AAQ

Edaniluy.eed Asda Aeoagiudae+ , aniedaio éa0aadl iaodiace+anéial aiaceca & aéoodadaiveaeui 06
68aaidieé, wolverimred@mail.ru, https://orcid.org/0009-0005-2783-4333
Ale+éia Aeoasee Agaseiesiae+ , 16018 deceéi-lacdiaoe+aneed faoé, caadadpueé ea6aasié iao aia-

O~ AnA AnQ

0e-+anéial aiageca & 460603a8ai0eaelils 6daaiaieé, volna936 @gmail.com, https://orcid.org/0000-0003-4274-
0034, SPIN: 4478-1677 AuthorlD: 505219

(4
ox
oy
Q:
(4
O
=3
=

’
N
>
N

ox
o)
s 2
o
Qo

Q
Qo =
o
Qo
0
Q)
Q:
gly
(4
w
Q:
D
<
=1
(9%
O
|
=<

<

Q:

: ox

=

: D .
<

o =
. O
ey
<
a»
o

nelé Oaadsacee (i61aéo « 12 4012400352-6).
aiey: Edafiiluv.eed A A., Aie-éla Aeo. A, lileed
i . A

O~ O st

f i
fiaddoee Aannaey // Eca anoey Nadao
1

®
.QJ/
E-!l
o)
=
=]
m/
o;
('D;
™
.QJ/
N
o
N
ol
o
N
o
a»
E)
IN
pral
N
\‘
©
N
[ee]
[{o)
w)
©)

https://doi.org/10.18500/1816-9791-2025-25-4-479-48, EDN: HLNVFT

Noaoly Tivaeeéataaia ia 6neiaeys éesdicee Creative Commons  Attribution 4.0 International (CC-BY 4.0)



T Sn Eca. Nadao. 6i-oa. iia. ias. NAS. ladkiaceea. 4caieea. Ei6  13iaesa. 2025. O, 25, Adi. 4

Avrticle
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Abstract. Let C, be the set of all even continuous functions on the real axisE be a non-empty set
on (0;+1 ), Rf (x;t) be the spherical mean of the functionf 2 C, with center at the point x 2 E and
radius t > 0 with respect to Bessel convolution. The following problems ase for the operatorR: 1) nd
out whether a given setE is an injectivity set of the transform R; 2) if E is not an injectivity set, then
characterize all functionsf 2 C, such that Rf (x;t) =0 onE (0;+1 ); 3)if E is an injectivity set, then
restoref from the values of Rf (x;t) on E  (0;+1 ). In this paper we obtain a solution of problems 1
and 2 for an arbitrary set E ~ (0;+1 ), as well as a solution of problem 3 for the case whek is a
nite set of injectivity. It is shown that functions from the ke rnel of the transform R can be described
in terms of series of the eigenfunctions of the Bessel opemat converging in the space of distributions.
It follows, in particular, that the set E is not the injectivity set of the transform R if and only if it is
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Aadaaied
[[e]ale]¥ 0eénesiaaiiia ~enet éc idlidee60éa ( 1=2,+1), C, ioinodainoai +~¥40ito

iai6aotails ooieveé ia R, ¢ (t > 0) <Yioiay iada, fliiicadeypuay doiedee 2 C,
~ef&T (1), A&y f 2 C, iéleeei

Rf(xt)=(f? )(x); x>0 t>0 (1)
Faa feiale ? icia+ado Naddoeos 1oiifeodeil 1alalv4Hiital fiaaeaa Aannasy T, (fi. daca. 1)
[iA6aoid R yaeyaony aiagiall 6idiel ecaanoiial aaéeeadiaa idaiadaciaaiey baai ia fa
fi040ad, iaclaadiial caéaed 1iadacidii nodde+anéial nddaiaar (i 1, &6. 4;2,86. 1, Y 2))
Eco+aiea ndade+anéed nodaied daciial oeia idaanoaaéyao naiinoiyodéuité eicad an, a oaé-
aed 3020 aaziop &iell a4 nayce i &0 ideiaiaiedl a iaéioidnd Taéanoyd iacdl  aceée e
i06éeaaild caaa+ad (Mi. [ 3, +. 5, aé. 6;4, 8. 4, Y 4.9]).
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lileeaniodi E  (0;+1 ) iacGaaaony iifeedfiodll eiuaéoeaiinoe idaiadaciaaiey R, aneé
Kerg R = f0g. Niaiéaiiifiou anad oaées iiieednoa E faiciatél |g.

i1 ajagiaee n daeeeaiani neo+aai (ii., iaideidsd, [ 5 7)) aey caaaiiial iileednoaa
E (0;+1) aicieeapd feaacpued caaase

1) a0yfileo, yasyaony e E iiieeanoall einaéoeaiiioe iddiadaciaaiey  R;

2) aneeE 21 g, of Tiefaou Kerg R;

3) 4fieeE 21 g, OF AlAfOAITAGOU f if cia=&ieyi Rf(x;t)ia E (0;+1).

Al janolyudal asaiaie Tninaind ecaanoild dacéeloann il caaa+ai 1 3 iayail il aao-
Al A 534104 §] & cassp-asenl a AE&AGPUAI:

1) Tafly8&I&I0NA ifleedfioal  E 8 yaeyaony ifieednioan eiuaeoeaiiioe a8y R, ide+vi
Kerg R i181se&adony ftanoaaiitie ooiéseyie 11adacioa Aannaey, iseiaaédaeanei e yoiio
yasoé (ii. [ 8, oaidaia 3.2));

2) iifeednoal E, AROTYUAA ec 4200 ~efaér, e ro, idéladcameeo | g ofaaa e oielél olaaa,
81843 r1=r, 18 JABYAORY TOi@Aieal 1Meleee0d6UiNs (6636 O6ieoee A&RRASY J (. [8,
041d4ia 4.6])

Toidoei, +of 1adaté éc yoed dacoelioadia yaeyaony aiidieneiaseliiié 0aidaiié oeia
lagiadaicea O&diaiadda [ 9, aé. 16], a 40idi¢  aiaetan o&idain E. Casuviaia 7 4406
53486ias L0).

A 42016 524108 1186+411 54@Aied caaa+ 1, 2 46y I5TecATEUIAT ieedfio 8aE  (0;+1),
a 0aézed dawgadied caaa+eé 3 aey ned+ay, 6iaaE  éMia+iia iileeanoal eiuaéoeaiinoe 16a-
1adaciaaiey R. Tiéacail, +0i 06iévee éc Kerg R ilzeil Tiefaol a aeaa oyaia it fla-
ROAAITI 66ieseyi Tiada0ida AARRASY, AGTAyUesRY A IBIR0GAIN0AS dafidaads  Aié. 1ofp-
aa Neaacao, a ~anoiifoe, +of ifleednodl E  (0;+1 ) ia i6eiaaedaeed |r 01aaa e oieuél
ofaaa, éiaaa il nfaddaeeony ai lileednoaad iveaé iaéioiaié nranoaaiiié o6iévee Miadaoioa
Aannaey. EaNa oial, aéy élid+ial iileednoaa E =fry:::;rmg 2 | p 1aéaai éeann 0616-
168 1ad0atdiey idATABAcTAAiey R, E10I00& CAAGAYO 1O 1aaida TTeeiia  pii::::pm. 108
yoil 1584IT6A3240RY, <01 pi:::::pm €1APO AlF0A0T:IT AGRTE6p AOAIAIL & 6ATABA0ATISYhO
iaé101001 6féiaeyi, naycaiiai i ioeyie ivaiadaciaaieé Oodua Aannaey da fiddaaeaieé

Fl

Oi+i0& oidiveediage e aieacacdéunoaa iitaild dacoeloadia ideala ofy & daca. 2, 4
A daca. 3 fladdaeaony aniliiaacdenind 6oaddaesdiey, idladiaeind aéy éii  fodoésee 1ada-
vaiey id&tadaciaaiey R. Edaoéed iddaaadeodélind nadadiey, 10iiiyueany é aadiiie+a-
fiélio aiageco Aafnaey, aait a daca. 1

NAAN ANO N

lofiou Dy iifeednoal anas +v40i06 aan
1

ia R. lileediiodal D, yaeyaony ofiieiae+anéei adéoisidi sl ié ofii-

giaedé. laicia~ei +a48a¢ DY idif0daifioal anad +v40i00 daniddadsdieé ia R, 0.4. €8idéitd
iai0as0aing ooiéoeliaeia ia idifiodaifioaa D\. Gia+aiea doieveiiaéa f 2 DQia o6ié-
oee 2D, a6adi caiefitaaou eaé Hf; i.isinodainoal DY filaddeeeo ééaﬁﬁ_'\?c anad +v.0i00
gliieaéniicia+ins 66ieveé ia R, éiéaeuii foiiessaids i iada

W, = ' f(x) (x)d (x); f2LP; 2D 2)
0
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aé 1a0+il, aey iineocaey danidaaaeadiey f 2 D\0 efiieicéaony neiaié suppf, a lileeanoal
anao danidaaacaieé é(;D\0 fi éliTaéoili iifiecaédi faicia+aaony E\0
Agy f 2 C, 1alauaiité naaea Aannaey fiddaaeyaony daaaifioall
V4
T.f(y)= pt Y 1" xzryE 2 in )2 d: 3
fW) = p=——"11 ( x2+y Xy cos )(sin )< d; 3)
( +3) o0
aaa aaiia-6oiesey. Anee f 2 D\O egz2 E\O, ot Rav.00ea Aannaey? g 2 D\O a4énoancao il
[0aaeeod
2g; i= f(x);hy):;Te (Vi ; 2D\:
Ifitainé faténoaa 1iacaoiona 1alanv4iiial naaeaa e nav.ooée Aannaey niaadeeadn v a[4, aé. 2;
8,Y 2 311 Y 7;12 &é. 1;13, aé. 1]
l6nou | (z)=J (2)z ,
" x)=2 ( +1)I (x); X2R; 2C: 4
Ooievey ' yaeyaony nlanoaaiiié 66ieoeaé 1iadacida (  3) & aed06adaiveasduiial 1iadaoida
Aannaey [
d? 2 +1) d 1 d d
L= gt e e a ®)
dx X dx X dx dx
[0e<+v4i
1 _— ! 1 . 1 —_— 2'
=" X" (); L = (6)
(fi. [8, Y 2, 3]). Ec eiodadaciilal isdancaacaiey icanfiia aannacdans 66iéoeé nedascao
16aiéa

i (je eIm i (7)
Noase+aneel isalasaciaaiedl (i04iadaciaaiedi O6dUA A&ff&sy) daficaadeaiey  f 2 E

& )=H" i; 2C: (8)
I6e yoii
et =f)y 5 2C 9)
(Ri. [ 14, éaiia 12))
Agy danidaaaeaieé f;g 2 E\0 e épaiar ieeitia p éiapo 1anoT daaainoaa
i2g="r*g HLI()=p ) (10)
(fi. [ 8, Y 2]). Afiéé 2 D\, o 48y épaial N > 0 fioLafioacdo élifndaioa Cy > 0, 0aéay +oi
Cn
e . R: 11
EaNa o1al, Aidaddaseaa ﬁTc’-%ic')eé 1adauvaiey
1
1 . — 2
)= { x)' x(y)d (x); &@a { = 2 ( +1) (12)
(A. [8,Y 2)])
[ai M0d&a6aony 0aéaed NEdadpudd 00aadaeadied
Ediia 1 6ROl w +vs0iay oaeay 66iécey € w( ) =0 aey idéioisial 2 C. Oiaaa
w (2) . .
—— 6 max jw( )j; z2C; 13
7z 26, Zj62J()J (13)
daa ide z = gadaay ~anou a(13) ailiddaadeaia it iaidgadaaiinoe
Algéacacaeunoar eaiia 1 1iitaail ia 10eioeiad 1aéneidia ifadey e fiaadeeeony a [ 15].
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A A. Edafiiuyv.ees, Aeo. A. Ale+éia. lileednioaa einaeoeaiiid & 1iadacida P

€()=" () &@O=1 (14)
laigia+ei +a4d4¢ N, ifiedataacdénilfiol anad éleeeodélitd iceaé ooiesee €, caioia-
dlaaiits a ioyaéa aicoanoaiey. E¢ faiénoa aannaeaand 66ieoeé neaascao, +ol

1 +3=2
| v1(r )60 € = O( ) ioeé 2N, (15)
i+ (r)i
(Ai. [ 14, eaiia 3; 16, ae. 7.9]).
=ERE
X 1 i e
o+ < +t1 aéy épaiai > 0 (16)
2N r
Aey f 2 L1 [0;r];d  Tiéleeei
ol 2, 2 4 Z,
d(f;r)= 5 f(x)" (x)d (x); 2N;:
( + 1) I +1(I’ ) 0
Eaiia 2 oot f 2 Lo, Oidaa aey oial, ~ofad f? =0 ia R, idiasiaei & ainoa-
Oi+if, +0Tal eldél ianol daceieediea
f = d (f;r) ;
2N r
a éioidh aya noiaeony a idinodainoaa Dled (fir)=0( 2 "), 1 +1
Aléagaoaeunoal Agy dagdieé odaaidiey f? , = 0, 438 , eiaééaoid 108acéa
r;r ], Taiaila daceieedied 6foaiiacaii a 6adiod [ 14]. Oodddaeadied eaiitl 2 aiéaclaaaony

Agy idionolal iileedicda E  (0;+1 ) Tiddaadeel ifieedniodl  ( E) daaainoai

(E)= > 0:1 ( )=0 4y afds 2E : (17)
foidoei, +of \
(E)= N
2E
Daiddia 1. 1. Agy 01al, +01al 606iévey f 2 C, ideiazeaxaca Kerg R, idiadiaeii e
ainoaoi+it, ~ofad X
f = a' ; (18)
2 (E)
da4a 2 C e dya fidiaeony a D
2. liteednioal E (0;+1) i6eiaaedaeed | 0fdaa e oieliél olaaa, éldaa E ia nfaas-
eoiy a N i@ ide eaéli > 0
Ajéacaoaeunoal 1. Iddaieiseei, +of f 2 Kerg R. Oeénedsdi ri 2 E O—ébﬂéély, +0i
Rf(x;t)= T, f(x) = T, f(t) = Rf (t;x); (19)
& 18eiaiyy eaiioé 2, éo+aai X
f = a' (20)
2N,
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DESNS
dada = O( 2*1)ise | +1 e aya fioiaeony a D Anée E = fryg, O idTadiaeiiniou a
5 .

6o .
l6fou E 6 frigér, 2 E, rp 6 ry. liiélenéd f? , =0, éc (20) & (6) éidai

al (rp' =0 a D (21)
2N,
Agy epaiai "> 0 algliival 66iédep !+ 2D,, 0aéop +of supp!» [ ""],!->0¢&
Z.
Fe(x)d (x)=1:
0
Naidéroar ! - fiolaeony a DY é adeioca-ooiesee, iindadior-aiilé a ioed. Naida-eaay 144
+afioe a Q1) il ! - & efileucoy (9), Idediae é daadifioasd
X
al (rge() =0 (22)
2N,

oadaaiey k-( )i0é ! +1 é Al
i )
al (rak()=0; 2Ny,:

fim k()= &()=1

a =0; 2N, nNp,:
O&iddu idTecateniinol  r, a8a+Ya0 daceiaedied 18). Ainoaoci+iinou & 6oaédaeadiee 1 NEAAGA0
&g (9), (14) & (17). )
2. Afige E N ide iaéionsii > 0,01 " 2 Kerg R (. (9), (14) e (1)). liyoiio

\\\\\

> Ot
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A A. Edafiiuyv.ees, Aeo. A. Ale+éia. lileednioaa einaeoeaiiid & 1iadacida P

348, 6aé & algd, , &iaeeaoid 108acéa [ rr]. 1oidoei, +of Tiodadedied A, & B,
€160aéoiT adeas 1asaiai ftioiieaiey a ( 15).

l6fou P, iifeednodl ileefiiia p(z), 0aéed +of degp > +1 e ana i6ee doievee
p( z2)' L(r) yaeypony i8iiodie, Ny, iileedfioal Anad i0e&e 6oievee  p( z2)' ,(r), ddeea-
ueo a iedieinéinoé Rez > 0 éée fa e6+a fit : t> 0g.

A&y p2P,, 2N, iléfeel

( g
o oy anée 2 Ny; (23)
T Ay afeep( ) =0;
5 (N ’
] ﬁp(L)Jr; : anée 2 N,;
rp; LA -0
5 d (L) afeep( ?)=0;
aadq (2) = 2%, Niofe canicaadedieé J., acadieéc eall 3 e 4, 36aTaci00 iéeed.
Eéﬁé 3. Iéﬁc‘)u p2Pr, 2Nr;p- OTéaé
(L+ 2)Jr;p; = rp P(L) £ (24)
Aleacadodsunioal.  ATROAdTT 6fdaiagou, +oi
(L+ I, =B, , ioe 2N,: (25)
Agy islecareiiié o6ieoee 2D, @idai
(L+ 2= Jn L+ ) =
21 r2 4 2 r )
= I (x) L+ (x)d (x): (26)
( +DI12,4(r) o
8&1a8ac06a1 Yoio &i0838aé A iMifuup TAcTdiAT ioaadesiaaiey il +afno Vi, 5aaaifioa ( 5),
(6) & fifloiigaieé
1 (r)=0; 1 (x)°= 2l 4(x) (27)
(Ai. [ 16, 3&. 7, 1. 7.2.8, 6idioea (51)]). [asiae
Z r Z r Z r
I (x)L (x)d (x)= 1 (x)dx®* qx) = x2* 1 (x) W (x)=
0 0 7 0
r 0
= 2r2%2) (r) (n+ x) x2* 1 (x) % dx=
0z
r
= 2r2*2 (r) (r)+ (X)L 1 (x)d (x)=
0z
)
= 22 q(r) () 2 ()1 (x)d (x):
0
lofipaa @ ec ( 26) iMe6+aai  (L+ 2)J. ; =B, h,; i, +0f a64+Y4025).
Nedanioaed 1. Eiddo ianol aaiinoai
2z ﬁr;p; (2) = rp; P( 22)' 2(r); z2C: (28)
A +anoiifiog, afieeé z2 Ny, of
(
0; aneé 6 z;
ﬁr;p; (2) = e . (29)
1, anee = z:
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Eca. Nasao. 6i-0a. 1a. nds. N&d.: 1acdiaoeéa. 146aieéa. Eid

id1a0eéa. 2025. O. 25, adi. 4

Algacaodenunoal.  Efiieigoy ( 10) & (24), iie6+adi (
(

28). OAi&dl, 6+800aay (23) & (27),

E&iia 4. lofiol p2P,. Oldaa
X
Jrp: = o (30)
2N np
444 aya nolaeony aaconélai a isinodaifiodd DY
Atéacaodéinoal. A fieéo neiidode+iifoe 1iddacida L & flioilgdiey ( 2) 48y épaié
ooiésee 2D, e 2N, &idal
1 .
hdpp, 3 1= > P(L)Ir 5 = > Jdr s p(L) =
( 9 2 p( <)
2 Ar' r
’ " (x) p(L)  (x)d (x):
( +Dp( 2 o
Tofipaa aeait (Ai. (- 7), (15) & (16)), +of dya
X X 1
hdrp: ; | Ndaaiei Al Adiayueiny ayan TR
2N 2N ¢
iyofio aya a eaaié ~anoe ( 30) ndlaeofny adconeiait a i6inodainoad DO é i&é&iolsno dan-
iddadediep f 2 DY finecdedi ia [ rr]. ide yoii (. ( 29), (29)
X 2y
_ p( z9)" ().
18(2) - r;p; 2722 Z 2 C
2N np
e fz) =1, 4neez 2 N,,. liéasedi, 01 =1 ia C. O6iesey
Mz) 1
902)= — v
p( z9)" 4(r)
yaeyaony oaelé ooiévedé i& atpd 1adaial iloyaéa. 1oe Imz= Rez, z!1 Jiaioéie-
aadony fedacpuei 1adach (fil. (- 15), (16)):
X jwmi 1 1 1 1 1
jo@ie ~ Ll = t 60 e
N, A1 0z oz p( 2% " 2(r) iz p( 2% " 2(r)
Yoa oéiéa & aneiioloeéa adnnasdaié ooievee ia aanélia+inoe (M. [ 16, &. 7, 1. 7.13.1,
0181684 (3)]) 46a+Y40 daAAInoAl
lim g(z)=0
zI1
Im z= Rez
Oiaaa im iseioeio Odadidia Eeiadevsda 66ievey g 1adaie+aia ia C. O8iadu, efiteucoy
0&104i0 Eedaceey, cadep+adl, +of g=0 ia C. Oaéeitadacl, f=1ia C, 0.4f = .
4. Oidioea 1asanaiey
y ) T
[6A00 m > 2, 0<r1<r,< <rm E="fry:iirmg 2 | r. [IREIEGES Nr, ?,
j=1
i T aléugié idiecaie a anaiva ieeiiiia P1;:::Ppm AT AB&adpueie

ja6+iné joade



3) ) er P~
~ J:l
lileedfioal anad 0aéed faaidia (pi1;:::;pm) Taicia+éi Pg
Aiglidl P =(p1;:::;pm) 2 P e1i6dadéel Ng.p €aé 43éadoiai idiécadadied iileednoa
Nep = Nrgpy 200 N orpipn:
A&y =( 1;::5 m) 2NEgp Téieéi
JeEpP Jrl,pl, 1 er,pm, m (31)

Edlas. [6fou E =fry;:irmg21g, P =(p;iiipm) 2Pe, =( 1,005 m)2Negp
Oiaaa 48y épaial 0dediey (ci;:::;cn) Henoain
Ci+::i+Cn=0; ©c 2+:::+¢Cy 3,=1 (32)
fiidaddaeéal oaaddinoan
xXn
Jep: = G oy B(L) g PR gt (33)
=1
Aléacaoaelnoar. E(; fidaaaeaiey Pg & Ng.p aéail, ~of a iaaida jaéadony i évae-
jaé 18404 aaa dacee+itd ~enea |, . lieaday
1 1 ox s s
&= 55— 0= —5—>=: G =0 1ide ] 62k;lg;
kK | k

3acOAreiifoU AEMOAIN ( 32). Adsaa, Afeec:::::;cm 0ATABA0AIYPO ( 32), Of A fie-

xXn xn )
G rpm: P(L) g ?JeR; = G(L+ DIrp:; ?Iep § =
j=1 j=1
X 2
= G(L+ )ep, =Jep; ;
j=1
+01 & 06aalaaéinu aiéacaol
O&iddia 2. 16AdU E = fro;:iiirmg 21 R, P =(pu;::ii;pm) 2 PE, (C1;:::;Cn) idlec-
aiéuiia ddedied nenocaiac (32 id¢ =( 1;::7; m)2NEgp. Olaaa, aneef 2 C, &
xn
fep, = G rp:; R () ?2p(L)Jder; 4;
j=1
of fep. 1d cadeneo 10 alaida daediey (cp;:::;Cm) €
X
f = fep; 5
2N Egp
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Jep; = o (34)

iofou 2 Dy . EATEUcEY ( 12), (8), (31), (10)

Z, Z,
hegp, ; i={ (x)NEep; ;' xid (x)= { €(x)8ep; (X)d (x)=
0 0
fi oo fi oo pi( X2’ (1))
= { x) B (0d (x)={ €(x) nm o d (X):
0 . 0 L : X
j=1 =1 J
Toaieaay iacel idaaié +anoe yoial daaaifioda i ililuip éaiid 1 e [adaaainoaa (7),
YRR 7
Wep, ; i 6 ex) €1 max p( Ad(x) —
0 j=1 i xjer iz )il
liyofié ec ( 11), (23) e dafifideeaddiey a €aiia 4 neaadao, ol
X
hegp. ; 1 <1
2N gp

IA A e

¢ Nidaadaseal daceleedied (34). 1it 46a+v40 daaddinoal

X
f = f? JE-p ,
2N gp
444 BY4 MGIACORY A4CORETAN & T8IR0AAIN0AE DO O+8008aY, <01 f2 Jep. = fep. (Al (33,
(1) & (19), le6+aal 60aAdeaaIeal OAIBAIN
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Abstract. In this article, the asymptotically approximate equations for the hyperbolic boundary layer
in a thin semi in nite viscoelastic shell of revolution in t he vicinity of the dilatation wave front at
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shell. The equations are derived asymptotically from the 3D equations of viscoelasticity in the special
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Aadadied

Aeiiotoe+anéed iaotal yaeypory yooaeoeaini aiadaoti, i iiuup éfoionai iiee-
il iaéoe aiaceoe+anéea oagaiey féleilid cada+r oaidee ofiéifioaiits &fifio doéoee. lie
iicaiéypo adyaeou ifitaaiiinoe ifadaaiey daeaiey 0dadiadiié casa+é a da cée=+ind fa-
eanoyd eciadidiey fdcadeneils 1adaiaiino e oai faill & oletél jaéoe aieada ol fio0a
(aneiioioe+anée Tioeiaglita) 6oaaiaiey, fiefitaapuead dagaiey endiai ié caga+e a éaee-
alé é¢ a0adeaiins 1aeanoaé, i e aaol ysifanéacéd,, ~eneaiiai idofaal, ial deiao iaoiad
&lia+i00 yeaiadiola a iaiadiaeiinoe efiieéuciaaiey oié eee éiié faoée ae y iodiaiey
dagaiey a fifloadonoadpuaé 1aganoe daciaié ieifiéifioe
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ife6+ait aneiioioe+anée Tioeiaelita 6daaiaiey aey éaseaié ec yoed il fidadéypuéd, aad-
aaeain faeanoe ffaeaniaaiey aey fifiaaied Aifoaaéypued (idiaaaaia foaié a asaieo ia-
éanoaé niaeaniaaiey, aiéacaii flaiaaaied aneiioioeé dacdagapued 66a  aidieé a aaiits
faeanoyo), dacdaaioail anelioioe+anéed 1aolat dagaiey casa+ aéy anad finoadéypues, a
Oaéaed aléacaia iieiioa Tiefaiey iafnoaoeiiadits aiéi i 1Miuip 6 éacaiits éfiitiaio.

Noaouy B] iifiayuaia ilaeoeéasee iaoiaia, sacdaaioaiitsd a [ 3], ia fed+aé ofiéifioai-
iié aycéiviooaié 1aiei+ée asavaiey.

A 01 228 4841y aneiioioe+anéay 0aidey aéy ayceidisnaes Taiei+aeé ia ai éiida noidie-
diaaia. ia iafioiyueé ilaio at4 id and iaoiaeéee, dacdaaioaiid &y 6 i06&e0 Taiei-ae,
ife6+e8iiu itaeoeoedsiaaol ia neo+aé 1aiei+aé ayceioiooaes.

A ianolyuaé 6aaiod ivdasleedi aneiioiog+anéeé 1aoia inosiaiey 0daai aieé iaoai-
gty a 1édanoiifioe 6diioa aieit dafigédaiey a fed+ad 6aadiial isiaiel iial aicaaénoaey
naidaioeasliial oeia ia 0166a e¢ 00adiacilo doaaiaieé aycéigivoainoe fi 1itadp 1a-
ofaéée, Tienaiiié a [ 9] & ilaedevediaaiiié ia Aed+aé aycéioiodaié 1aiei+ée asauaiey
|daaiieadaaony, ~of 1aiei+-éa adileidia éc aycéioidsdaial iaoddeaca , 164anocaaeaiiiar
iTadelp laénadesa e 6a1aedoaidypudal oneiaep 6idoaial 1audiiial dange daiey. baida
6daaiaiey aaiilal imasanely aey aycéioisoaié iaiei+ée atee anadaait o Telér aey neo-
+ay 1aieéi-ée i6eaaié aaodniiaié edeaecia [ 8,10]

baniitodel ofiginoaiiop Medaanéiia+iop iaigi-ed adauaiey, adiei aiiop ec ayc-
B6166A1E1 1a04deaea, faiénoaa &ioiaial fiefitaapony iiadeup laénases a.

Aadadi ooeldoialiacuiop nenoaio élisaeiao ( 1, 2, 3), i0danoaaediiop ia den. 1,
faycaiiop it ndaaeiiié 1iaasoiinoup 1aiei-ée, aaa 1 €iidaeiaoa, fofi+eoltaadiay aaieu
fadacopuaé noaaeiiié 1Maasdiinoe, o €éiidaeiaoa, 1of+eolaadiay aaiel iaidaaéypuaé

noadaeiiié iiaasdiioe, 3 €élidaeiaoa, fon+e-
a, olaadiay a iaicaaeaiee aidgiaé iioiage é fnoa-
R aeiiié 11aaaodiiioe 1aiei+ée
|daaiieleeel, +0f & ifidioa ideciaediey
jadoocée iaieéi+-éa iadiaeeanu a Anoiyiee -
ély. lonon a ia+aediné inaio asaiaie é ois-

o, 00, caaaliiio odaaidiedi 1 = 0, alér ioeéi-
2edil 6aadiia ialaiénita tnaneiiaode+ita aic-
adénoaed ocaiddioeaedilar oeia, oidaa adaie+iia
OMneTaea ia aaiili 01d6a ifeell caiéfiaol a aeaa

R 11=1IH (t), vi=0 ioe 1=0; (1)
peén. 1. laiei-éa asauvaiey

A Oééfamgééazté?aébﬁ‘ﬁ‘éﬁé 434 H (t) fooidi~aoay 6oieoey Odaenasdaa, |

Fig. 1. Shell of revolution with aliécooda jaadocee, i (i) =1;3) efiiai-

triorthogonal coordinate system Olf 9?[9\@&\ 'a36¥??"’}'3?’, vi (IA _1 3 efimiai-
00 Aaéoida Tadaiauaieé, t aoaiy

Eevdaala 11aaaodiinoe 1aiei+éé f+eoadi naialaidie 10 iaidysedieé, ofaa a aoaie+ita
ofetaey ia ied caiegdony a neaadpuaé o6idia

13= 33=0 ide 3= bh; 2)
daah iedoieueia Taiei+ée.

[a+aeuitd onetaey ety eidpo aea

v.—@/ 0 ioe t=0 3
@t
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Fig. 2. Scheme of dissection of non-
stationary SSS into components in = 1. Zp = 3p m: 7)
the case of shock edge loading of
the tangential type: 1 shows the
region of the hyperbolic boundary
layer in the vicinity of the dilatation
wave front; 2 shows the quasi-static |adaaia
quasi-symmetric problem; 3 shows A né

neo-
the parabolic boundary layer in the 1308y Tadaaiaal 6diioa aieil dargedaiey ada
vicinity of the quasi-front; 4 shows the  3jagide+ia Aed+ap 6id6&Ié cada+e. il a yoii fieo-
tangential long-wave approximation;  -33 i3 c iiieiadofy iaiaaiiay Aeidifon isiael-
5 shows the superposition of the Wo- s 47a(g 3 aycélGiaoAT 120436268 [ 8.
dimensional .component and the quasi- Neéa()y fiefiaiiié a [ 9] i&0M4ee8, caiesdl dac-
static boundary layer o et T T o R Y
dagapuea 0daaiaiey aey aycéioiooaié iaiéi~ée a
filaoeasuiié nenodia éloaeiac (7). Yol iicaiéeo iinodieol aneiioloe+anée fiogiagiind
6daaidiey 1asaifély a iaeié 1ésanoiifioe 6aiioa aieil dafgedaiey
1483é4ai a dacdagaplied 6daaiaieyo, caieniaiitd a ifais éiisaeiacad, é aacoaciao-
i0i 10éodaiioiadi éioaeiaoai
X = i( )i = %t; = %; F= }zp (8)
4 Aaiitd éfioaeiaol G6adaéoddecdpo
U3 IAN & 1édanoiifiioe 681ioa aleil dafige-
daiey ioyaéa O( 2). N+eoadony, +0of 426-
G0 =Gy 0adaioediaaiea ii élidaeiacai ( 8) id 1a-
iyao aneiioloé+anéial iioyaéa enénao
o 00iéoee.
) - EdNia 01a1, 448481 44coaciadiia ada-
befi. 3. Adliaode+anéay iiadéu odiioa aieit iy daeaénacee 11 oididea
a idiecaieuiié iaiei+ea adavaiey
Fig. 3. Geometric model of a wave front in an — Et
arbitrary shell of revolution ' R’
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Aneiioioeée aéy eniniaio IAN aiclial aiaetae+it 6aaioa | 10] & 6idia
— 2y, -
vi= Rvy, va=R “vg;
— 1 1 .
11 — E 11» 22 — E 221 33 — E 33 13 — E 13
N+eoadofy, +01 adée+eil Al cadcai+élé eidpo Taeiaglané aneiioloe+anee  é ioyaie

2@y @11+ 2 fFF 1@11+p1+|:2 2@13+

@ @x 1+F2R; @F F
2 F 1 @v, _ ..
+ K (1 2 1+ P— =0;
R, 1+F2 (1+ )1 2) @%
@ 13 F p 2 @ 33 l 1 1 1
—=+ 1+ —p——  1+F"==  — 93 S 2t St a3
@x Rl 1+F?2 (@)= R]_ R2 R]_ R2
1+ n F 1 @V3 =0:
P =Y,
R, 1+F2 (1+ )1 2) @% |
@ L@y F @y, . rF 1@y _
— == —p— —= -~ =1 =
@x @ R, 1+F2 @x 1+F2R;@F
_ 22(1+ ) @ o1+ @ _
= Tt = n + = (2t 33) 9)
3 | @x 3 @x
@ 2k 1 F v, = 22(1+ )+ @ 2C 1+ + @( + o)
= P Vi = — Tt =, 22 o =, L1t 33)
@x R2 1+F2 3 @x R 3, @x
@p1+|:22@¥ - 22(l+ )+ @ 21+ + @( + )
= = = —  t =, 33 =, Lt 22)
@x @r 3¢ @x 3¢ @x
1 @ F @y "1 20y ivl _ @3
21+ ) @x R, 1+F? X @F R, X
A &aiili neo+ad aneiioioe+afnéee aeaaiié Mifidioié adeoida 1adaial aieé yaeyaony
ganaoaediia 1adaiauaied vi. liyolié aéaai adaiaeod iitaiia 6daaidiea anerioloé+anée
fioeiaédiié nenoaia oiiiecdenit yoié éiiiiaiot ec 1adaiarl 6daaiaie y daeeediey, a
Oaéeed 1ied+ei aldaaediey aey foaenito éfiiniaio ~adac Vi
A T0ee+4 10 6id6ANAT fieo+ay [ 9], 00461adi0& 0dadidiey aaeaediey a e6+ad aycéioids-
aié Taiei-ée ia 11400 atol caienail a 1adaiauaieys éc-ca o1a8i0 caiené 6daai aieé ii-
fofyiey, 6101804 iaelcy dacdageol a Taudi aéaa 1oiineodedil iaidyseaie é. liyolié aey
ifé6+aiey 08346ai0o aneiioioe+anée Tioeiaeuitsd 6daaiaieé iaiadiae it afiieieoaeanit
dacéieeeodu aaee+eil i cadcai+éié a ( 9) a ayad i 1aelio 1adaiaodo 1 oidideal
_ 2
fo=fo+ f + “f,
Aaiiia daceieedied iicaleyao iaéoe yaila caaeneiinoe agy iaidysedicé e iidiaéairar
iadaiavaiey ~adac 1adaiaudied v, c afneéiioioe+anéié iiadagiifiotp  O( ) & aeaa
_ 1 @y, _ _ @y,
HOT @+ )@ 2) @x’ BT BT 1+ )1 2) @x
1 P——@y, @Y P —— @y,
130= —— 1+ F2—=; = = 1+ F2—=;
v 1+ @F @x @F
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a 0aéaed 1ed+eol 1ail dacdagapudd 6dadiaiea aey aneiioioe+anée aea aié éniiaiod
adéoida 1adaiavaieé v, a aéaa
(1+F2) @vio 2¢F 1 @iy Z@Vl;o @Yo 21 2) @yp _ 0-
@& 1+F2R, @x@ @x@ @x 3.1 ) @x
aadk = RGA R = R
icadaviaynu a 11eo+aiiid 6daaiaieyd é dacidditi 1adaiaiidn ( 7) e énélitl dac-
120101 66iéveyi, Med+aal neaadpudp nenoaid aneiioioe+anéeé Tiogiaéui 00 dacdaga-
pbuéd 6daaiaiéé adainely a i1édanoiiioe 6diioa aieit dangedaiey aey anerioloe+anée
A63a4ai0o éfiiaio IAN
@V1+(1+ Fz)@vl E@V1+ 22cF 1 @ oy 2@ 2) @1/:0,
2 @ 3 @ 1+F’Ri@ @z at@ ) @
1= Ed ) 7@1/' 22= 33-= E 7@‘1'
i+ ) 2)@’ 1+ )1 2)@

Odaaiaiey ( 10) Tiefitaapo dagaied endiailé caaa+e a 1edanoiinoe iMadainely noyaéa
O( ), aibode éioidié i fifaadaeeony i ofeteiié Mdyaéa o( ?).

Oaééi 1adacil, cada+a Tiddadediey dagdiey a iaeié 1édanoiinoe 6diioa aieid éan-
gedaiey naiaeony é dagaiep 6daaidiey a +~anoitd idiecaiains aoisian e yaéa n iaoa-
iaiitieé éiyodeseaioaie Tadaiai vdaaiaiey nenoaid ( 10). lie6+aiita dagaiead aiéaeil
6atagaoaisyou nedascpuei adaie+idi oneiaeyi, nifoadonoasdpuei danni a0deaaaiiio oeio
0180aalé addocee:

p
33=0 i0¢ zg= h 1+ F2 (1D
11 =IH (t) i6é = (12)

Neaaodo caidoeoul, +of ide F( 1) = 0 (Red+aé 1aiei+-ée adavaiey ivedaié aadnniaié
édeaecil) 6daaiaiey ( 10) Afaraaapo i aiagiae+itie 6daaiaieyie, ied+aiitie a [ 8, 10]
aey fffoaaonoacpued 1aigi-aé, aise t, !'1  (6id6aéé iaocadeag) fifaiadapo i aiagiae+ia-
e 6daaidieyie, ieo+aiitie a [ 9] aéy neo+ay idiecaieuiié 6iddaié 1aiei+ée adauaiey
Aaiila 6aéol ifacaddeeaapo aifioiaadiinou Meé+aiitd dacoetoaoia.

Oaéei 1adachi, 164anoaacaiiné a aaiilé foaocud adaia aneiioloe+anée 1 joeiaéliind
6daaiaieé aeiadaiee~anéial imasainéeny a 1edanoiinoe 6diioa aiéit dange daiey a1aiei+-
834 adavaiey Tauaal i+adoaiey, adiieiaiiié é¢ aycéioidodial iadadeaca , idAanoaasaiinal
i1adeip laénaaeea, 1einoup Maoaddaesaddo oieaddnagiilé 6adacodd ane  iiojoe+anéial
ifadiaa, dacdadioaiilal ia i6eiada 6i156aes Taiei+aé adauvaiey
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Abstract. The motion of a material point near a singularity of the type of two tangent surfaces is
considered. The surfaces are located symmetrically with regzt to a common tangent plane and have
a common axis of rotation. First, a model of motion for holonanic mechanics is considered. It is shown
that only trajectories in a xed plane containing the axis of rotation of the surfaces can pass through
a singular point. At the point of contact, dynamic uncertain ty arises, since the trajectory has several
possible branches of motion. To study the motion of a materidpoint near a singularity of the type of
double tangent paraboloid, a model of the implementation ofholonomic constraints through an elastic
potential with a large sti ness parameter, or a sti potent ial , is considered. The potential must vanish on
the manifold with singularities and must be strictly positiv e outside it. For a model with a sti potential,

it also turns out that only trajectories in a xed plane conta ining the axis of rotation of the paraboloids
can pass through a singular point. Numerical modeling of thedynamics was done. It was found that
the trajectories of a system with a sti potential can qualita tively dier from the trajectories of the
corresponding holonomic system. A holonomic system instaly passes a geometric singularity, moving
with a non-zero velocity. A system with a sti potential can mov e in a singular region for a nite time,
resulting in rapid changes in the direction of the velocity vector. In real mechanical systems, this type of
motion can lead to breakdowns or instability of trajectories.

Keywords: singular point, manifolds with singularities, tangency typ e singularity, holonomic constraints,
realization of constraints in mechanics
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Aadadied

Aey effieaaiaaiey adsaiey AT6liMNiNG 1a0aie+anees fefoal A aleigeifioad fé  6+ada
iSeiaiypofy 65aaiaiey Eaadaiea ese Aaiesuolia. 1ayar idaaitea A380fY, ~of &7&lii-
108 Rayce afpad yaeypony idcaasneitie. A yoii Ae6+aa l0ea65a08i A i 3ifiodaifioal,
caaaaaAIA AleTMitie Raycyie, yaeyaony aéaaeel iiaiasacedl. e Teedied eciada-
aapuaé oi+ee TieRtaadony eiia+iai (& iMool ~enel 1aTauAIT05 & 1548120, &-
01504 Ticaeypo Aifoaacol 6daaiaiey Eaadaiea A0i5IAT 84,

Caaefeina aleiimiod fayce alciedapd a o&idee AeRdal A ecatol=itie Aaycyie, a
5101306 +efiét fiaycaé aléiiod ~efsa fAchasneind elidasiad. Alieieodsii 04 fayce -
560 432300 ATTEIR0A8UIOh O6IEOSTAGUNAOL e8é fedeeedl 48y 1A (oaiey GROTE+EATROE
Slif05686ee. 158180 10aiecia A %ecalol=iti¢ cAAM Beatadony a [ 1]. B&idéiay fiefioa-
14 65aaiaieé Ay Ti5aaa8AIRY ileeddsaé Eaadaiea a8y feR0Al il ecalol+itie Raycyie
yaeyaony ia0aTioasacaiie. A aleuseifioad fe6+-aaa SAgAIea OIBI6Ees0a0R V A Tup
i8A4TTA0A01¢ 1200860 [ 2. 140+17 154411624380, 0 A fiefi0Aiad fi ecatol-itié Aaycy-

1& Mol TATAUAITI0A &Tidaeiac, &iold0a faficia=ii fieRtaapo AiRoTyiea AefoAi0. Paia
Faycaé MAoTyiiae.

Rafaose-aneed Triaaiinoe aicieeapo, eiaaa daia fAycas feedd 1aIjouny 1 o of+eé é
oi+84. TRtadiiinoe A1siilinG ese faaleins Raycaé danfiacdeaapony a i aaisuafi
~&fiBa 53410, Aadeedied aasee fi 4adly eliucaie eRREAAG6AOMY & MOAOUAT]. A foAcUA 4] dan-
Miaodeaapony ac6008a0ee isledicé daaiadney faiMmasié 1asare ~&f81é AeRoAIn i
ieifieinoe i TAAITROUD Oeia TA0ARA+Aiey A caaefeiiioe 1o iadaiaodia fAayce.  AAnAo-
5e+afieed TRaaiiioe &li6eaoda0eliiial iBiR0saif0aa afR0Ba-~apofy cae  1ael & oeia
TA4iTH0AE & 0ATSee 1A0A8BA6UIN0 1A6aieciA [ 5. A 334104 [6] eRfieaacadny aaceeaied
1203583606 of+ee fa 11aas6iTH0e &fioRa A daieas alsiiiié 1asa ieee & caaioiaié
1a6aicee. Adcmaied ¥iadaaienasuial; 1a0aiecia i E. x2400R8a &c6+a  &OfY & AOAOUA
240154 [7]

A &ieTiiiié 1a6aie6a 140+11 14 daffiaddeaapory fiesd, &ioi504 caaapd A16Timi0a
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nayce. N 6+80ii fiiiilaa ddaeecacee A&iiiind Raycaé aigiieeil Me6+eol ai €aa oi+iop
dece+anecp iadel. A e20ada06da NOUAN0AGA0 TaNéTeuél 4adeaiola ddasecaoee Aléiinins
Aaycaé, 0aged éaé Afileie0asnind 1anni eee 6isoaeé Modiveae [ 8, c. 53-60]. ia+asiita
aaiina aey nenoaia i 6iddaei Modiveadt aiéeeil fifaiaaaou i fa+aeui aie aaiidié aey
afeiiniie nenodin. Oiaaa 0dadéeoisee fienoadi i 6idoaei iodiveasn a iéeeil Aiodaieou-
fiy & odaaeoideyi fenoaia i aleliiiidie Aaycyie 16é dadee-aiee iadaidoda aeanoéinoe
ilodioeasa. A 5aaiod [ 9] aaiiay ddasecasey aiélinind naycaé aiéacaia 4éy élinadaacea-

00 fiefiodl. Neo+aé 4ieda 1aued nenodal danniaodeaadony a [10]. Adeaedied fi ia+asiidi
aaeoion néiaifioe, €i0io0é ia éafaaony iiiaiiadacey fiaycaé, efifedascaony a[11].

18074 i caidiié fieé daaeoeé A&iinins naycaé 6idoae iMoaiveast i aiéig ei éiyo-
0eoeaioli sedfnoéifioe (sedfoéel ifoaiveasti) anoanoaaiil 1atauaaofy aey iad aie+anéeed
fiefoai i Titaaiiinoyie élioedosaseliiiar ioiiodaifioaa. liyolio iaoia f aeafioéel 1oai-
0eaen ideidie aey wedieial esanna iadaie+aneesd nenoai. i (algiieeiay ) Noiaeiinou
00adéoioeé yaeyaony ioéstoié caaa+ae.

Ifitaiay 64éu aaiiié 6aaiot noisiceesiaadi & fiefaol éa+anoadiita y60aé00, fay-
caiila i aefaieéié iadaie+anéié nenodil adéece iifaaiiinoe oeia éanai ey. Aey aiageca
dafifiiaooedadony aaeesedied iacddeaeliié oi+ée it a4aoi éafapueifiy i adaaiéieaal.

flaécia 8aaion caéep+adony a ideididiee 1a0iaia sdasecacee il 106 Aaycaé aey
fienoai i aaiiaode+anéeie Tiiaaiiifioyie liceéasodaceliiial idifiodaifioda. A 52iéad foai-
aaooiié aietining 1adaieée aaéasedied ~adac Miata of+ée ia fieftaadon y. Oaéaed 04184-
oe-anée 1Modiait 0dadéoioee aaeaediey iacaceaeuiié oi+ée ide 1ad  1aa é aainaooe+a-
fiélé Titaaiiinoe aey aaiéiié imaaadiinoe asauaiey.

Aey eéa+anoaaiiial fiefaiey aeiaieée aaeece iffaaiiiioe aalayony ia 0a Tiiyoey
ydaeanou aicileeilal adeéaediey, e vaneidoeydiay taganou. Adeadony +ene aiiia iladeedi-
aaiea 0daadéoioeé. lied+ail, +of 0dadéoidee nefodil i sedfioéei 1Moaio  eael ifado éa+a-
fioaaiil foee+aoufy 10 0dadéoioeé aaesediey fenoaid i aiefifiitie Aaycy ie. [aiseids,
0dadéoioey aiefiiiiié fefioail i6idiaeo aaliaooe+anédp ifiaaiiinou ¢a i 6éaaia aoaiy
it 06246018y fefoail i cedfioéel MOAIveaen ileedd a6e0aeia adaiy iad iaéouny a nei-
aoeyaiié 1aganoe, iineaaraacdenil yiodaseayie, 10 ddaieo Taéafnioe a icileeiial adéaediey.
AQfoday fidia a4e01da NEIBIN0e & %.04a8i08¢, aaéaediey 11400 i5ealaeou & iad  noié+ealo
daeseeid 6aaiol 1adaiecia.

Aey Tiiodiaiey 6daaidieé adesediey agy aiiinits nenfodl e aey fenoai i sednoé el
ifoaioeaéti ideiaiyaony fatay oaioey 6daaidieé Eaddaisea [ 12, 3. 5]. 1aode+iay oidia
6daaidiee ideaiaeony a [ 13, &é. 8]. A id4a0460e0 fdacuyd aaoida ia ideiada neiaceysiai
iayoieéa danfiacdedaddinu aaesedied aielinino fenocai i TRTaaiiinoup oé ia 14dana-aiey
gee éanaiey 4400 é8eand ia ieiiéinoe [ 14). Taiatdied aeiaieée neiaoeysilal iayoieea
fi MiTudp 6id6aTal iodioeasa enfeaadaony a ioaoua [ 15

A aaiill dacaded eco+adony aaesedied jacddeasuiié of+ée il iaii eanoad aaéee-
Alaa 161i0daifoaa, éioidia fifnoied ec 4400 Acaaéed 11adsciinodé. I ddaiieasadony, +of
1aad0iinoe eiapo éanaied 1adaial iidyaéa a Tailé ecieestaaiiié of +@a (iftaié of+éa
ali6ea00a0eliital 18ifiodaifoaa). Iitainé eioddan idaancaasyas aae aedied +adac aanao-
de+aneéodp iiaop oi+éo. Aeiaiééa ennedascaony a daieéad aielinié iada ieée.

Neéildode+ina i1adasdiinoe. parnniiodel 0dadiadita daéeeaial isinodainoal R3.
Cadeérneadadi 1aéioiaop nenoaid idyitoaienins éiivaeiao Oxyz. l6fiol aaa itadddiinoe
M, &M Jafitéieeditl & RS2 fieiidode=ii 10iifieodenit isinéifnoe Oxy

M: =f(xy;2):z=f(xy)g, M =f(xy;2):z= f(Xy)g Q)

D6iesey f(x;y) > 0 yasyaony asaaéié. 1ddaieiaeel, +of 11aaddiifioe M: &M Tia-

dan&éapony a eciéeataaiilé oi+éd s=(0;0;0)". Taicia+aied ¥ T AN0AAOMN0A0A0 OdAIRIT-
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iinoyie adacdiey aiedoa e  Oz. Addadi veéeiade+an

(9]
C
=
-
=1
(0
@)
x
o™ @
Q-
>
>
D
<

My =f(r;h):h=h(r)g; M =f(r;"h):h= h(r)gg X=M,[ M : (2)

x=rcos(); y=rsin(); z=h(r);

x=rcos() rsin( ), y=rsin()+rcos(). z=hqnr @)
Agy ooiedee h = r2 ifieednioal X AlAOTE0 ec 4265 eanapuedhy adaaisieaia
Caid=aied 1. A aaiflé Roaoua idIaiyAony 1400e-afeay fefiodia aasies NE. it aey
caiefie javdiaoe-afees andasaieé oidiasul fafaciael 1204514 & AAcBaciadi 0i 1804-
141701, Tyon6 iABAIAIT04 BaciAdiiioe Y:aseile A88YORy fa 1 1408, A0AIAIT04 & ac-
1851108 %:AB81418;, 436y0fY 1A 1 AA861A6, TA0AIAINA dACIABINOe Yianfi,, adeyofi v ia 1
ea. A 015I68A h = r2 agee+eia r? & BaciAdi A4A &i8a0 Saciadiifiou aseid [i], a ia iei-
baae [i 2], eaé aieeeil MBAATAA0U & BACIABIAOS a8eil 46y A&se=ei0  r. A 14041 AE6+aa
615680 0&ia h = h(r) fi of+eé ARy 1400e+aReed fAlioflsdieé icia~apd, ~of aseia
h [i] 6aaia adee-eid
!
. riil .
h(rfl):= h -

Tavay o (o] i-
éleaia inéacaia ia oen. 1. Oi+éa PO #ilo-
440MN0aoao 18iaéoee oi+éeP faifaadsdiinoe
iaifal ec iadaaieieaia ia ieinéinou Oxy ’
Oaéaed Ndaiace+ii iéacaia 00adéoisey ia- PeR. 1. Aa
0addeaéuiié of-ée, éioiday a iiiaié oi+éa 83
s=(0;0;0)" ileed0 140401400 i ¥%.4800i4é¢,  Fig. 1. Two tangent paraboloids with common
ifadocdiiioe ia Ysieeeippe, 114ad6iROU. tangent plane Oxy
Aagaa a noaola ecd+aaony aadéaedied ia-
0ddeaéuiié oi+ée 11 aaiéiié Maassiiioe i Miutp iaclaia aiefit iiié 1adaieée e
iaotaia ddaéecacee Aielinino naycaé +adac 6iddaeé Modiveaé
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2. Aaezediea aiefiniité fefoaid
Oeceiade+anéed éiioaeiaol banfiiodel aaéaedied iaoddeacliié oi+ée ianfié
m 1T iileediicdd X, cadadadinio odaaidieyie ( 2). Aid iitaié oi+éé  s=(0;0;0)" il&ieed-
ied laoddeasuiié oi+ée faiigia+i 1adaiaodecoaony adee~eiaie (r;' ). Iotaiagecesdai
6daaidiey adesediey iacddeasuiié oi+ée 1i iffleednoas X a 0ééeiade+anéed éiidaeiaoad
Eéidoe+anéay yiadaey iavadeasuilé oi+ée
1 2 2 1 201 \2
T = Sm@+(hYr)2(D?+ Zmrd()? )
1a0deoa eeidoe+aneié yidoaee T & (4) e1440 aéaadiiaguiné aea. Eiyooesedio  1=2mr?2
i 0, ilyoiio iaocdeda ééi 3

ia044 iileee0dedl (‘)2 6adai icep ide r
i

yaeyaony iéleeeodsuil meonisaadeaiieé. A

+&félé yiddaee yaeyaony ielaeeodsiil iodadediiié. Odaaidiey Eaadaieed 4015147 61aa
a6y aaesediey 1a040easniié oi+-ee 1 fadoee idpo aea
m@1 + (h%r))?r + mhYOhR) ()2 mr()?=0; mr?s+2mrr'_=0: (5)
E¢ 65aaiaiéé ( 5) fiedasdo, ~of 6feidaied '« oidiaguil ia Tidaadsait ide r1 0. ise
= 0 60aaidiey ( 5) 6acoe+anée 4 caaenyo 10’ &', & ofefadd caaadony oleuel ia onéi-

Agy aiaéeca 08adéoideé adeaediey iacadeacliié oi+ée i eiadoee adé  adony 1adadia é
O6daaiaieyi adeesediey a 6idia Aaieéuoiia
TA1auaiita eiiéeuna
@T @T
- — 2\ - — - 21 .
=g m@+(hY)r; p = @ - M
iadaie+anéay yiadaey
2 2
_ Pr p-
H = + ,
2m(1+(h92)  2mr2
6524741y aaeaediey
r — pr - 1 — p' -
- m@+(h92)’ — mr? ©)
2 2
L
= m@+(h92)2 mr3 = '

E(; iinedaidal odaaidiey nenoaid ( 6) nedascao, +oi eiicéun p = J = const. Aiaéi-
ae+ifé neo+aé aey 0daadéoioeé iavadeaéliié oi+-ée ia 1Maaddiinoe aal  éilan éfiona da-
Riaodeaasny a 5aaiod B]. Alciieel 444 dacee+i06 Aadeaida 1Ta4AAeY 0034801686, 160U
J 6 0, 01ada

1 J2
H = m(1+(h%2)(r)%+ :

E(; ficdaidiey 1adaie+anéié yiadaee nedacao, ~of adéé+eéia r 1adaié+aia é ia iieedo
aiotaeol ar 0. Neaaitaaoaeuin, epalda 0dadéoidee 1aoadeacdiié oi+é e ia aaiéiié 11aado-
iifoe adavaiey idé J 6 0 ia aidiayo ai aaliaode+anéié tiaaiitnoe s=(0;0; O)T.

i6R0OU 0&IABU J = 0. OfaAa &c 60AAIAIeE (6) AEAAGAD, <01

2
Pr
" =zconst; H=Hpg= ——————
°7 2m(@+(h9?)
502 jag+iné joade



K. i. A6auyi. Aaeedied 1a0adeasiile o-66 Aasece 4A65 eafiapue Ghy iadaaisieata P

fi1=2z (xX2+y)=0; fo=z+(x2+y?)=0: @)
Al 7 X yaeyaony idiecadaaie
ifii0d naycaé fi e f,, cagadadins 6daaia 7):

f=f f2=22 (X*+y)%

rfi=( 2 2y;1)7; rfa=@x2y; )"

<84 s=(0;0;0)" adaaedion r f, & r f, i& 1adavapony a ied. i adaaeaio

rf=r(faify)="Ffirfo+for fy

\\\\\

1adatadony a iiéu a niaié oi+éa s, 0aé éaéf,(s)=0 ef,(s)=0.

Nizganii idaataoudio i6ieds oiélél 00aaeoidey aaeaediey a ieifnéinoe ' constii-
2480 aiNoeaacl adnaode+anané nfaaiiiioe s. A yoli ie6+ad 4aéacdied 6adoe+anée idiensi-
4e0 a Na+aieé aaiéiai 1adaaiéieaa iginéinoup, 16i6iayuaé ~adac il Oz. Oaéea na+aiey
yaeypony 1andaeiaiedi 4260 eanapuediny iadaaie. 1ddaileisee, + of & ia+aéuité inaio
adaiaie iaoadeasiiay oi+ea iadlaeony ia iadalé iadaaied. Anee 0da  4éoidey aadaediey ya-
éyaony aeaaéié eaeaié, of iinea ididieeaaiey iiiaié oi-ée (oi+ée adoagaiey) i iaioeaaié
féiainolp 0dadéoioey aiéaeia ifoadaoury ia 1adaié iadadiéa.

Oosaaidiey Eaadaised 140aial olaa aéy adeeediey iacddeasuiié oi+-ée iafffé m ii
iA0alio 1adaaiéiead M. A 446a001a06 élidaeiacad q = (x;y;z)"

me = gr fy; 8
rfleg+ g fig=o0: ®

ofiy 168 aeddadaivediaaiee fayce ( 7) adaeeal i ada-
) KAy ¢ .

i 187840ya0fy, +of 4ey nayce

200% +2(y)°.

1+4x2+4y? ©)

rffrfi=1+4x?+ay’ tfi= 20° 2%

075icia+ado 1a0de606 a0id06 i6iecaiaind (1200860 AAfMna)
/ (8) e (9) ioei

. s O FIANA A o
~

aiypony aey +eneaiiial ilaaeesiaaiey
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[alidaaaeaiiiiou aaeaediey. banifiiiodel aaéesedied i aiéliliiié naycup f aianol
fayce f1 & 6daaidieyo ( 8). Iddaiciacel &lia+iia cia+aied adee+ein a iifaié oi+éa.
Oia&a & 416 0T+84 s, 6+@00aay r f(s) =0,

meg=0; q'fdy=0

Ec fifloiigdiey me = 0 ifeo+adi iaiTadiiia ioyileeidéind aacaedied aaiel adéoida
felaTnoe. I&RETRol  Oxy JAGYAORy Gafacasiié ielnaiioup & iadaaisieaal M, e M a
o+84 5. Olaaa 8¢ 6fEiady qTf 08 = 0 18640y, 01 (x)2+(y)2 = 0, 0. 4. AAEOTS RGOS
jacdoeasiiné oi+ée Aleaedi atoU daadi ivep. Neaalaaodeuil, aey élia+ ifal ciaaiey
iilee€0dey Eaddaieea aey naycef a iiiaié oi+éa s 0dadéoidey adeaediey yol oi+éa
mey q(t) s

Odaaiaiey aaesediey aieiiiiiié 1adaieée ia Tientaapo aiciieeita éciai aiey iada-
140814 fenoaid (iéldinoe, adoae aaeaediey) ide 1didieeaaiee 08adéoidee +404c anaode-
+afiéop taaiiinou s = (0;0;0)7 a éliveaosadeiiili idin0daiRoaa. Tiyolié danfiacde-
aaaony aooaié iaoia, naycaiiié i daacecaceaé naycaé.

a 2 ifoaioeae

ca.
Oiddaeé ifoaiveae. Aeiaieé
- ﬁ
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ox
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Do
o
Qo
5;
o
Do
ox
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-
D:
c:
=
o
o
_—|_>
D
lo )
Q»
[N
M:
lo )
1O
@
Q:
Q»
o
(@]
[
-
o
Q-
o
[t
(oY
(e}
=1
N2
oy
x
-
D
@
[}
e
faB)

onéidaieé 40aao oleliél a Nd&aial. [a+aenind aaiida aey odadéoidee fenfoai 0 i ilodioe-
ael (| 11) aleeeit 4000 fAtaeantaait i iifaiiadaceal naycaé, o.a Qo2 M, dp2 TgoM.

14074 i 6T06Ae1 110aibeaen ideidiyeny 48y aiéacacdeiunoad ddasecane e &iefiiiao
faycaé aey iadaie+anéed nenoai i aeaaéel éliveascdaceliitl idinodainoain it aaiioé
iaofa anoanoaaiil Talauaaony ia 1adaie+anéea fiefodild i Rfaaiiiioyie &iioeas daoefi-
i1ar igifodainoaa

Oidoaeé imoaiveas i aieligel 1adaidodn sedfioéinoe 42644 iac0aadony sedido  éei iMoai-
Oeaéll.

Oeéeiade+anéead éndaeiaod. Caiegal 6oaaidiey aaeaediey iacadeaéiiié oi+-ée
T 4aiéifio 1adaaieiead X & 610i4 6daaidieé Adieeloiia a oeeeiade+anees éioaeia-
0a0. l1éasedi, +0i 4 itadée i aedfioéedl ifoaiveasti oléuél 0dadéoidee adaeaediey a ieinél-
fioé' = const 11460 i6iGTae0l +4d4c Tfitaop 0i+eé6 s=(0;0;0)". Tivdadee imodiveae W,
éioia0é daaai ioep ia iifeednioaa X & Nodial aieligd i6éy aid iifecdficda X, éaé éaaadao
faycef = f1f, a (7)

W= (fif2)?=(2° (+y?)?)?=(h? %> (12)

Eeidoe+aneéay yiadaey iadddeasiiné oi+éé a seediade+aneed anoaciad ao Niddadéyao-

iy 6ioioelé

— . — 21 - .
pr=mr; pr=mre. pp=mh
aaieéuorieai ) X X
p p P
H= T+ ——+ "+k (h? r%?
2m  2mr

la 46aai adientaaod 1ieiop nenodio édaaiaieé aaeaeadiey, ii caidoei, +oi 1 ie nfads-

2eao feadasdpuea aaa 6daaiaiey
p.
r =0;, '_= —5: 13
P = 2 (13)

Tlaicia=ei p = J =const. Afiéé J 6 0, 07 0da8e018ey aaeeediey (13) i& ilaedo idease-
ceolny é cia+aiep r =0 aéy éiia+iié yiadaee H.

AreeJ =0, 00 '_=0, 0.8 6&ie"' yaeyaony &lificaiolé aey odadeoivee. Neaaiaaoaei-
i, 0O16U&T 0dadésideée A ' = const 11400 &lfioe+i Titaié oi+éé s = (0;0;0)". la+aeiiné
A43e010 néidinoe oaéié odadéoidee aicaedi alol iaidadcai a ieiiéinoé ' = const. O8adéoi-
dey eéazeeo a ielnéinoe, 16idiayuaé ~adac i adavaiey aaiéilal 1adaaie Teda. Odaaiaiey
adadeediey a oeeeiadé+anéed éiidaeiacad niaadaeao iifaaiiifioe i8¢ r ! 0, 1iyoiio aey
+eneaiilé ifadee ioeidiypony asoaea éiidaeiaod.

Adéasoial éfidaeiaod. Agy TTodiaiey ~eneaiiié laadee aaéseadiey iacadeaeuiié
Oi-8& adsece AATENAT 1adadlelead X caiegdl 65aaiaiey aaceediey A Gid6AS! (afoeel)
ifodiceaeh ( 12) a 44éaaoialo éiidaeiacad c iadaidodii seeanoéinoe  k :

dx dw
m-—-= k — =8k 22 X2 + 2)2 X2+ 2 X;
= S8k (22 03+ yHD) (3 )
d daw
ok “U=8k (22 (C+y)) (YD) s (14)
dt dy
dz daw
m-——-= k —= 4k (22 (xX°+y?»? z
t z

Oosaaidiey aaeeediey ( 14) ia €iapo ftadiiinoaé oéia aldleeadiilé 1a08e60 éeia-
0e+anéié yiaddee, éaé aéy oeeeiade+anées éidaeiao. liyolio aey +ené  aiilal aiageca
idéiaiypony aaéadoiad éiidaeiaod.
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alb

(64a0 Tieaéi)

Fig. 2. Trajectories of motion of a material point near the suface of a double paraboloid in the plane

‘ 0 for the stiness parameters: a is k = 10°%; b is k = 107; ¢ is k = 108; d is k = 10°. Initial

conditions:ro =1 m,rg = 1m/sec, t =3 sec.Blue the trajectory of the system's motion in the Oxz

plane; black two tangential parabolas as a section of the dauble paraboloid X ; red the boundary of
the possible motion region (6); green singular rectangle (color online)
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K. . A6auyi. Aadeedied 1adadeasiilé oi-6¢ Aasece 4405 eafapue &iy iadaaisieaia P

a&éaiié adoalp aaeeediey. Anee ecltadaseaplay oi+éa nefodil iaciaeon y a neiaceysii
ioyifoaietieéa, ol iéfeedied nenoail Yuneizeil ffoianoe, i Tailé iada aiéie (ni. oen. 4).
--------------- TN T (S B S Vi — -
al a alb
\ A
::::::\—‘Z::::l-:——_ N-7Z-==-Y :::::kl:::&t[::::.::l(
alc ald
DPeéfi. 3. Odadéoidee aaeadiey 1acadeagiiié oi+-ée a ieifeinoe ' 0 &eéy iadaidodia eednoéifioe:
a k=10%4a k=10";a k=108 a k = 10° [a+aeuiod oneiaey: ro = 11, rg = 1i/A,
t = 3 c. Ceieé adadeé éioaeiaol z(t) aéy fenodil i seanoéel Modiceael ( 14); cagaité
Adaceé élisaefaol  z(t) aéy nenoadid i aieiiiiné Aaycup ( 8); édanitné iaéioisna 1adaie+aiey
fa a06ia ec ysnelaoeysinar isyiidaieuieéas, (64ao Tieaél)
Fig. 3. Trajectories of motion of a material point in the plane ' 0 for the stiness parameters: a
is k = 10%; b is k = 107; c is k = 108; d is k = 10°. Initial conditions: ro = 1m, rp = 1m/sec,

t = 3 sec. Blue graph of the z(t) coordinate for a system with a rigid potential (14); green graph of
the z(t) coordinate for a system with holonomic coupling 8); red some restrictions on exiting singular
rectangle (color online)
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al a alb

pefi. 4. 052460188y aacaediey iacddeasiilé ol+ee ia Madadiii o Aaiéial iadaaieieaa a ien-
éirioe ' 0 &éy iadaidoda k = 108. [a+aeuidd onetaey: ro = 14, rp = 1i/M, t = 20c
ja 0en. 4, & caeaité aaseaio neiaceysital isyiioaieiieca (faganoe ia daodiaa); neieé asadeé
élioaeiaot  z(t) aéy nenoaia i aeanoéel 1Modiveaen ( 14) a iéiiéinoé Oxz; édaniié asaieda
faeanoe aicileeiial adesediéy (| 16); ~adilé &aa éanapueadny iadaaiel éaé na+aiéd aaiéilal ia-
daaleieaa ((12). ia oen. 4, a: chediné aoaoceeé énvaeiaot  z(t) aey nenodin i alelililé nay-
cup (8); feieé &adadeé éfidaeiaod z(t) aey nenoait i eedfoéei ioaioeasti (- 14); édafité
aaaoiyy e ieeeiyy adaieva neidaceysiiai igyiioaienieéa i éf idaeiacd z(t), éaé ia den. 4, a

(6440 Tieaér)
Fig. 4. Trajectory of motion of a material point on the surface of a double paraboloid in the plane 0
for the parameter k = 108. Initial conditions: ro=1m, rp = 1m/sec, t =20 sec. In Fig. 4,a: green
a variant of the singular rectangle (transition region); blue a graph of the coordinate z(t) for a system
with a hard potential ( 14) in the Oxz plane; red the boundary of the possible motion region (16);
black two tangential parabolas as a section of a double paraoloid (12). In Fig. 4, b: green graph of
the coordinate z(t) for the system with holonomic coupling (8); blue graph of the coordinate z(t) for
the system with a hard potential (14); red upper and lower boundary of the singular rectangle in the
coordinate z(t) as in Fig. 4, a (color online)

liodadeaied 2 Taéanol 1iodadéaiiifioe yoi ifaiileeanoai 1aéanoe aiciieei(o ii-
éledieé nenoait f seanoéei Moaiveaéil, oi+éé é101aial ifeeil faiicia+ il AMoianoe
fi 1aiei ec asaaéed iitaiiacaceé Mq; Mo My, Ailfidadeypued élioeadaaseiiita ioi-
fiodaifioai X

liodadedied 3 Nél’éééyéi‘y faéanou yol ifaiileedanoal 1aeanoe aiciiaeito ii-
élaediéé nenoadil N sednoéei Modiveast, a é101aii afionoei aifoddé Tadadia jdaedd
dacidie oeiaie aaceediey (adsece TailaT ec iiTaNadaceé M1 M1 M),

Adoae daezdiey Toee+apony aeaaéei iifaiiadaceal, a 1aéié 1eédanoiinio e éforonai
T61endiaco adesedied fienodil i seednoéeél imoadiveast.

la &en. 4 1éacaii, 0 0daaéoidey fenoail i sednoéel Modioeaéi iieedd aaeaaou fy
adéece 4360 iadaaie, 1adiay éaé aaadipp, 0aé é ieaeipp 1adadied N oi-éé caaiey aiéi-
ifiiié 1adaieéé 1a6adia i aaddiaé iadaaiel ia ieeeipp 1adaaiesd iiio 43004080 .iddcaa-
Elio¢, aaeeediep. Anee daffiiodaolu 00adéoidee ja aledd aseodelil eio  adaaea asdiaie,
01 ecladaazeapliay oi+éa ainoadi+ii 1€1oif caiacado neiadeysiop 1aea fiol (Ai. oen. 4). la
den. 2 e 3 iMéacail, ~0f 08aaéoidey aaeaediey iacadeaguiié oi+ée ide foxadiee Taéanoe
aicileeilal adeaediey 140a01ae0 ia ¥.aicadaoiia;, adésedied
Caéep+aied

|6e ifadeediaaiee adéaediey iacddeaguiié oi+ée it aaiéino iad aaiéieas adert -
g6=+ail, +oi 0dadéoioee Aielinité nenoail e 0dadéoidee fiioaaonoadpu aé fenoaid i
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aa8fioéel Modiveasdn éa+anoaaiil Toee+apofy. A daffiacdeaadin neo+a 4, é1aaa odade-
oioey ifeedo 18i6iaeol +adac Tifaaiiiiou, idifiodaifioddiiay cada+a 1adad jaeo a ieinéop
cada+0 T adéeediee 1aoadeacliié oi+ée ddeece 4360 éanapuediy 1ada aie.

Odadeoiaee aleniiiité fenoain idiadaie<aiil 4aeaedony a 14i6 foidTio . Odadéoisee
aaeaediey nenoaid i ecdnoéel 1Modiveaét 1al+ii ia 1diaiéaeapony iaiada ie+aiit 4 1ai6
018116 70 4260 1adaaie, a nfaddeapo 1aéioidla éieddaiey a 1édanoiinc e iTaié oi+ée.
A&y 8anfitodaiins ideiadia 0dadéoideé n 6adée+aiedi sdnoginoe iadadied 08aaéoioeé
ea+anoaaiil ia iaiyaony. Odadéoidee aacsediey fenoail i aanoéel Modiveasl i iieeil
dacaéol ia fanéieuét 6+-anoéia:

Adaesedied a faeanoce Tidaaaeaiiinoe, aaéece Taité ec 1adaaie;

ddemxdied a neiasceyasiié 1aeanoe, a éioigié 0daaéoisey iieeddo alnosi éciaiéol oéi
Aaeaediey (ladaéoe fi iaéié 1édanoiinoe aaadiaé iadaaied ia 1aeop 1éda Aoiifiol ieseiaé
ladaaiel);

alnodla éieddaiey a neiaceysiié 1aeanoe, laaa aadiasiia aaeaediéa 0aéoe+anee
ia0adiaeo a ifeaalaaodeniinou 1ailiasits Y.eiiveunits 6aadia;, aaeece aoaieod 1aéanoe
aicileeiial aaeaediey.

Odadéoiaee aienininé fefodid ididiayo aaliaodoe+anéop ifitaaiiinol ca iceda & aoa-
iy. 1 08a8é010ee fenodit i sedfidoéel Modiveasti 11400 jadiaeouny a nei aoeyoiié 1a-
8anoe 46e0aéiita asaly, &1o1ana iiseil iadépaaci. Anee i&éloida y iadaie+anéay fnenoaia
Téazedony a oaéié itadeuiié neiaceysdité aeanoe, of Mneaaiaaoaeuil Aol adnodad niai
aidadeaieé adeeediey iieedo T6eaanoe é iénéa. liyoiié iatadiaeit 6 +e00aaou aic-
ifeeiifiolu addiaa fenoail ia nefaceydité daseel aaeaeadiey
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Aiildasey N efifetciaaiedi éniedénind iloaiveasia oaioee ecaeaa ofi éed yeaéodiiaaie-
0161864e0 Téed 1Me6+ail ddgaied cada+e 14 ecdedd iilaifayc  1é TuacTieeol i yéeeioe+anéeie
aeep-aieyie éc 486480 iacadeagia. 18e yoii 66ievee, aient d0i0a aia 70aadnoeé, idaanoaa-
eai0 oyaaie Eidaia, a 66iévee, aiéiiioodita ar aéep+aieyd, o yaaie il ieeinai Oaa4sa
O4fasdoaiddiedl asaie+iti onefaeyi ia &lio6dad elicagoia i éeol & aéep+aieé, Tatauaiiai
iaofali faéidilged éaaadacia, fiddaacaied iaécadnoito ély 06evediota dyaia nadaail é iaoa-
Ti0daaeaiité nenodia eeiaéine acadadae+anéeod 6oaaiaieé, 8 agadiié 1aoiall nefasceysiial dacel-
aediey. lienait acoei0aot +eneadiilsd enneaaiaaieé aey ieeod fi 446iy eaoaiaie eee eeiaéia-
ié aéép+aieyie. ENNeaaiaain caéiinasiinoe aeeyiey 6eceé i-iddaie+anéed naiénoa iavaceasia
& aafiaooe+anéed dadaéoadenoeé aéep+aieé ia ciaraiey ecaedapued iiidioia e élyddeseaioia
eioaifieaiiiioe inaioia agy éfioia eeiaéiis aéep+aieé

Eep+8a0a neiaa:  iudghieeoa, iiaciagep+aiey, eNiedeniod iloaiveasa, 1atau aiioé 1aofa iae-
1ailged eaaadania, ecaedapued ifaiod
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Abstract. Using the complex potentials of the theory of bending of thinelectromagnetoelastic plates, a
solution has been obtained to the problem of bending a multionnected piezoplate with elliptical inclusions
made of other materials. In this case, functions holomorphicoutside the holes are represented by Laurent
series, and functions holomorphic in inclusions are represited by Faber polynomial series. By satisfying
the boundary conditions on the contact contours of the plateand inclusions using the generalized least
squares method, the determination of unknown coe cients of the series is reduced to an overridden system
of linear algebraic equations solved by the singular value @&omposition method. The results of numerical
studies for a plate with two circular or linear inclusions are described. The patterns of the in uence of
the physical and mechanical properties of materials and geuetric characteristics of inclusions on the
values of bending moments and coe cients of the moment intersity for the ends of linear inclusions are
investigated.

Keywords: piezoplate, piezoinclusions, complex potentials, geneliaed least squares method, bending
moments

For citation: Kaloerov S. A., Ermakov O. E. Solution of the problem on bending of a multiconnected
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N. A. Easiasia, 1. V. Adiaéia. Dagdied casa+e 14 eciedd oiigié i eeol

é iiiyie Oyx, aaiel 1ieoindé a 0aé, +oi a yoeod fenodiad e a
Tiifaiié nenoadia éioaeiac 6daaidiey yeeeifia eidpo aea
X|=@acos; y;=hsin ;
X = Xg + X;C0S' | ysin'|; y=yg+Xsin',+ycos
dad' | oaie 1d=eal ieieodéuitie iaidadeaieyie naé
Ox & Oyx, Tof+eodaadité 1o éleeeoacliial iaidaaeaiey
Ox idf0éa ~afiaié fodaeée; xo, yo Elidaeiaod ia+-aea éi- O
eaeuiié Aefoaid Oy a infialie fiefodia — Oxy; 1303 peq 1. inanaggiay iseoa
1200, eciaiypuéény a éioadadaéaio 04&r 2 . la aanéiia+ii- A asep-aieyie
fioe 1eeoa iadiaeony ila adénoaeal iadaie+anéed ifaiota Fig.1. Multiconnected plate
1 1 1 A RITA AIAAARAE 1 1 1 1 . -
Moy . Ha & aiCTa elaceoee Mg Moy, My My with inclusions
I0€é yoii ia Thilaa 6daédiaieé YION iiaeii iaéoe e ifiai-
N A N O sr7nmi N O 7 1 1 1 1
ol |a|6yaea|||no°ae° Hax Hay. HbX’OHPyo o ]

Anee a8y dagdiey casa+e 14 Tiodadediee YION dafnfiaodeaadité eoni+i-ai jofaité
ilaciieeol eniféuciaaou éliieaénina moaioeael ecaeda oliéed yeaéooii aaiéoioiooaed
iéeo [ 8], of 1l faiaeony é iadieeddiép é¢ filioaaonoasdpued adaie+itd oneiaeé gliiedén-
FA N AN O 7 NN siAA 0 isian 2 O A AAZO L ZAZ i N N A N 0 fesiae AN
i00 Tioaieaéia W, (z) (k = 1;4) aéy aanéiia+iie iéeol e Wk(')(zlﬁl)) (k = 1;4) aéy éaee-
aiai aéep+aiey.

Dt O A A O wAN O Zii A N i A 0 oA il N se A ZIASE NN AZAZNOrrA A AAN O AmsAm 0

. !Emeaenlua ioaioeaéd W, (z¢) yaeypony 60i€oeyie 1aiauaiilo éiiieaéniad ia-
daiaiito
Zk= X+ Y, (1)
daa i éidie dadaéoadenoe+anéial 6daaiadiey
|4s( ) I3g( ) |3p( )
lsg( ) 2 () () =0; 2)
lsp( ) 12() 12 ()
lj () Téeiiid aeaa
lus( )= Doz *+4Dgg 3+2(D1y+2Dee) 2+4Dgs + D1 ;

lag( )= Cga2 3+ (Cg12+2Cqp6) 2+ (Cg21+2Cgi6) + Cqu1;
l3p( )= Cpaz 3+ (Cp12+2Cp26) 2+ (Cp21+2Cpis) + Cpi1;
I, ()=C 2 ?+2C 1, +C gy
l2 ()= C g ?+2C 1 + C 1y
l, ()=C 2 2+2C 15 +C 13;

Dj = bjDo 0186584 seafioéifoe ieeod; Cyii = CgjjDo, Cpj = ¢pjjDo, Cj cijj Do,
Cij = cjj Do, Cj =cj Do yeaéodiiadieoita seanoéinoe ieeod; Do = %h3, h 1eo-
otéueia iéeol; by, cgjj, Cpij, Cij , Cij , Cj yeaiaiol 1adaoité iaodeod

0

1
P11 12 bie  Cgi1 Cgor Cpir Cp21
P12 p2 e Cgi2 Cgo2 Cpi2 Cp22
bre ) Dss  Cgi6 Cgo6 Cpie  Cp26
Cg11 Cg12 Cgze C11 Ci12 Ci11 Ca2
Cg21 Cg22 Cg2e Ci12 C22 Ci12 C22
Cp11 Cp12 Coie C11 C12 Ci11 C 12
Cp21 Cp22 Co26 Ci12 C22 Ci12 C22

jadajeéa 515



T Sn Eca. Nadao. 6i-oa. iia. ias. NAS. ladkiaceea. 4caieea. Ei6  13iaesa. 2025. O, 25, Adi. 4

0

[EEY

S11 S12 S16 011 Q21 P11 P2z !
S12 S22 So6 O12 Q22 P12 P22
S16 S26 Se6 O16 O26 P16 P26
= O11 012 Oie 11 12 11 12 ;
021 O22 U6 12 22 12 22
P11 P12 Pie 11 12 11 12
P21 P22 P26 12 22 12 22
sj €elyooeseaion adodidiavee iaoddeaca, eciadaiina ide iMfiolyiias eiase 0eyo yeae-
00e+anéial & iaaieoiial meaé; gj € pj Iudciyéaeooe+anéed e iuaciiadieoita ifacee
adoisiacee e iaidyseaiiinodé, eciadaiita i6eé 1nRoiyiind faidysedieyd e e iavéoeyo;
i, ij € i €elyooecedion aeyeaéode+anéié, iadieoiié e yeaeodiiadieoiié aifioee i-
+@ainoaé, eciadaiita 1de 1Mnolyiitd iaidyaeadieyo [ 8].
Eniieasniod ioaioeasa W, "(z") (k = T;2) aey easeaié iseon-acep+aiey SO yaey-
boiy 66iéoeyie Talaudiiao éiieaénitsd 1asaiaiitd

dad |’ éioie badaéoadenoe-anéiar ooaaiaiey, iie6+aaiidl ec 60aaiaiey ( 2) caiaiié anao
adée+ei ia aiagiae+ita adee+eil i eiadénii (1) 4aaa66
A\ Z7A s NN 0 A 0 120 i O/sZA A AL N oA N ~ T N ONA A AZ i N AN N N AANIIANY o
Ooiédee W, (z) Tidadaeail a 1aéanoyd Sy, iieéd+aailo eg faeanoe S adoeiilie ida-
1adaciaaieyie (1) e 1adaie+aiito élioodaie L, Aifioddonoasdpueie élioddai L, ide yoed
idatadaciaaieyd, e a fauadi ned+aa iifainayciié ieeol iieeil iddanocaae oU & 4eaa 8,9]
X %
Akin
Wi(zk) = «zc + o
I=1 n=0 K
a éioioii x €caanoida 1noiyiita, Tidaaaeyaita 1 cia+aieyi iliaiofa ia danéfia+-
iioe; | 1adalaiita, Med+adita éc¢ &1ioioiild 1oiadacedieé aidwgiiioe daeie+ild
gaodia | > 1 ia aidegiiioe élioosia Ly [10],
Zc=2Zkwo+ R (ki Ma=w) Zwo= Xo*+ kYo
Ry = a|(cos' |+ ksSin' |)+ ib|(sin‘ | k cos' |) 2;
my = af(cos' |+ sin'|) ib(sin' kcos' ) 2Ry;
ayn iaécaanoita élyodesveadiol oyaia, fioaaaeyaita e¢ oneiaeé ia élio6oad ie eol
A\ Z A N 0 ANALANAX AZA A AAZO IA A~ AL N AN e A A 2 N ONA A~ ~z N~ O £
doiesee W, (2\") aienivoin a lia+ito Taeanoyd s, e6+aai0o ec 1aéafcae SO
aooeiitie idatadaciaaieyie ( 3), & &0 lieeil iddanoadeou dyaaie i iieeiiiai Oadada
aey yoeo 1aéanoaé
R
%,y = N p M ,0y.
W (z) = & P (27
n=0
~ o O (l) (l) AL N sZANA AN £ O T RN TR T LY Y (l) AN O NN 0 AN
aaaP, (z,’) neeiiia Oaaada aey yeeeina L,’, eiapuéa aea [ 11]
M _ . M — ¢ Myn (Myn" ¢ (Oyn.
I:)ko_l' Pkn_(k)+(mk) (k)’
I asaaiiad, Mec+a8i04 &g &ii6181i00 Toiadazedieé aidaiifioe aasie+ias & 36a1a
| £ ALO _rmm NN AnrN Z xAA 1) &~ wmvan N0 s Ll N AN AAXY £
1&) > 1 ja aiawgiinoe éiiodaia Lﬁ) A imiudp Aéaadpued 610idé

I I 1)’ I I I I I
2= g+ R0 (Peml= 0 A= Py
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R = a(cos' 1+ sin')+ib(sin'y  (Jcos ) 2
ms) = afcos' |+ S) sin' ) ib(sin' S)COS' ) ZR(kI):
it fieeffio Oaaas PV (") Vieelt i3aaR0AAGOL Byaaie 1T Aodialyi  z2  z() [11]. Ti-

b3
9 | | | |
w @)= an@’ Z)"

n=0
aad al) iaecadnoind inowyiid, éiolsnd, eae é an, ACAA1 TIBAAAEYOU e Adaie+ind
onétaeé ia éiiodoad élioaéoia ieeol S é aéep+aieé s
la éli060ad aéep+aiéé, daa eiaao ianoi eadaelité élioaéo ieeod i a gep+aieyie,
adaie+ina oneiaey agy Tivaadeaiey 06ieoeé eiapo aea [ 8]
xt 0 ONYEOPRO NS . _ T
2Re Okt Wi(z) g /W, (7)) = fu(t) (i=1,8); 4)
k=1
a 018
_ bk, — . _ . _ .
Ok = o Okl = s Q3 =1, Q= «

Osk = Oyk; Oekl = Byks Ok = kb Geil = ko

(1)
M _ P . (M — 0. M _q. M- .
9k = gy 9k =% Ok =1l O =

k
OO FRY () W () N () W) DY () N )8
O = Ay Gk = Byt 9= k5 Gk = ks
fu= ox+cy; fa=qy+cy; faz="14=0;
fi=q; 1=5678

P Go Oy, Bk, k.« @CAAMOIOA THONITOA [ 8] ¢ AAUAMOAAINA TAOYINA, i3e+A]
afia a8eé+eil i cia=en (1) 424300 10iiAyoRy é asep-aiep SO & iTes+apony il oidiosal
46y 16800 Galaié adee+ei A& cia+éa ia adee+eil il gia+el 0; Dk =132 sisie
6daaidiey ( 2) aey aéep+aiey SO,

A&y 1iTAIRAYCIN6 1462046 Adaie+i01 6fETaeyi 6aTAIAA GA1a6&0AI8Y0U & & 8008d&i08-
8016 01318, 810164y 18 A6AR0 MT4AdeeA0U A44S0RAIN6 TAOWITNG, &  Olayued a fa0+i0d
adaie+i0a ofeiaey. lneaaied oneiaey, iMe6+4aii0a ec 6neiacé ( 4) &5 4600adai6esiaaie-
3 i 4684 61106584, e1apo ae4

X h " -
D (1) va, %) ,_( oy (t L
2R g Wiz o Qw0 = T = 1, ©
k=1
a 81010
X % R
00 0 0q| | o1 I I
W, (20 = an@an; W= DE)al); ©)
I=1 n=1 n=1
o = dﬂ O = LZS)'
k;s dS H k:s dS ’
0 n . o Dy _ I I — T
e (2) = CoaE) =@ gt (=10

1
botCE my)
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~ AAXN

014l jaéidiligéd éaaa-

daoia [9,12,13). A&y yoial a044041 ia saeedll &g elio6o1a L, ARAGAI0 67+48 M pm (Xpm: Ypm)
(p=TL;m= 1, M), & &101506 64164041581 ATT0AR0NR0AOPUST Adaie=i0i 6RETaeyi. 1Ta-
AoAA Aie+i04 6METASY ( 5) & 07+6a6 M pm(Xpm, Ypm), 86Y TidAa4EEIY

~NAN A~ s 0

aieé

hxd X % . x4 i
h oy o |
2Re Okp kis kin (tkpm)@kin gi(k) I(<)s k(n)(t(k‘?ﬂ)a(kﬂ =
k=1 1=1 n=1 k=1 n=1

Cl:i (tm) X4
:% 2Re gk ks k (i=L8p=TLL;m=1M): @)

2Re  iakp1 =0 (p= LL); (8)

@ O:

>

kyy =2Re pesin®' |+ gccos' | 2rgcos' jsin' | My;
i
Koy =2Re (G pk)cos' |sin' |+ r(cos' | sin®'|) My;

a éioiono
_ Par
M= o ( 1)"nawn;
Kl n=a
ide+al ¥a+¢ € ¥ ¢ 0 EEI & &1éaguiié fienoaia éisaeiao Oixy, 10ilfiyofiy & idaalio e
84406 éfivai odauein fiioaaofioaaiir.

Eaé +afoila fieo+ae éc 10eaaaaiito dawaieé casa+r yéaéodiiadieoisidosaifioe (- YIO)
fidaopo ddsdiey cada+ yeaeodisioosaifioe (YO), iadieoididsdinoe (I0) & oai  déé 6ido-
ainoe (00). I0e idiadadiee +efeaiinso enneaaiaaieé ddgaiey anad yoed caaa+ ilel 1
ie6+eou 11 161adaild dagdiey casa+e YIO, idialay ad+eneaiey aey iia aeaiat ia-
O X NN A mAs A rrAN A 0 _ 5 0 0 N 8% AN A NN
oadeaéa f iinolyiidie  g; = gGj, By pPij, jj = gpij, 10e+al €0 ioeeil ideiyou
A AN, _ _ _ R T _ . _ 3 e NEA 7R
oaéeie: g = p = o0 = 1\ aey caaas YIO; 4 = 1; B> o 6 10 ° aey caaa+ YO,

p=1; g= gp6 10 “&aéycaaa+ 10, 4= p= gp6 10 * aey caaa+ OO.
2. Dacoeuoaol +eneaiild enneaalaaieé

Adee d1adaadi +~eneaiita enfedaraaiey aey ieeo éc iaoadeasia: 1) &iiiige 0 ia -

ifad BaTiO3 CaFeyO4 (iacadeaé I11) [ 16,17]; 2) &liiiceo, 6iddaea, ildciyeaéode+anéead é

01614l fAlioaacnoaopo naeaiead éaaiey CdSe
aieoida BaTiO3 (iacadeae 12) [ 18]. I6e idiaaadiee dan+aoia 6idoaea naiénoaa
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2

Al { (s, aaa ) iasaiaosn, nay
yii0a 1aoadeaeia aanéiia=iié ieéod i 1aéanoup Se
0147 +0f ia cia+aiey iliaioTa a aanéiia+iié ieeoa uacinaién
+@0460iT, 10e 151adadiee dan+aoia yoe naiénoaa aéep-
6+e00aa6efl, 0.4, ivedastu, <ol ' = = =0
A 0aaé. 1 aey ecaeaa inaioaie My1 = my a
ieéol i aaoly Tfaeiaéiadié ésdaiadie oidoaeie (ia 1aé
bueié Tuacinaiénoaaie) aéep+aieyie dasedna a (bp = ay,
b = a = ap) (Befi. 2), A Of+iifoUp &l iileedodey
aenéiinoe 10 c=ay, daac dannolyiea idsead aéep-aieyie
3218084 140aie+aneé seanoeinoe asep+aiee Heo
ai 6aea éfliooda L, Ton+eolaaaiial 1o iaidadeaiey e Ox ~ .
isloea +afiaié foddeee, IBeAAAAIN cia+aiey ecaeaapues ii- pefi. 2. No&ia cadare
j&iola Mg a 01+8a0 élioada i6edl fi 6&a0i aésp+aiedi ia aaoly édoaiadie aéep-
oS AL A w8 X ra A A £ s AR A AN ZX 2 ~r . 2 1) xxa +-aieyie
I€iUageas, adiaiaceceyoius e eiioodo. Giazaiey s ', 848 pig 5 Task diagram with
ia 0e 1, 1oiifiyony é ned+ayi 1eéol i aafiiepoil searioééié two circular inclusions
asep-aieyie e aaniepoil iyaseie assp-aieyie (104dM0LY-
i@). [a 8en. 3 écladasedin A0a0eée dafiiddadsdiey yoes ilaiota 16161 &lio6da L, aiee-
0& ¢ 1a08d8aEa 12 3¢ dacse=ind cia+dieyd c=a. Nielgia eeiee T0iifiyofy é neo+ap
c=a =0;1, godediatad é fed+ap c=a =1
Oaaeéesdal/ Tablel
Ciazaiey Ms=m, & i6eoa 7éiéi &lio6da eaalai asep-aiey
The values ofMs=my in the plate near the contour of the left switch
, 83a.
c=a | 0 | =6 | =3 ] =2 ] 0 [ =6 | =3] =2
Caaa+a Yio Caaa+a 00
la0adeaé 12

1 0.0 0:747 0:400 | 0:958 | 0:986 0:747 0:849 0:218 | 0:679 | 1.027
0:1 0:150 | 0:002 | 0:648 | 0:540 0:150 0:170| 0:106 | 0:447 | 0:559
0:5 0.647 0:526 | 0:323 | 0:088 0.647 0:669 0:546 | 0:253 | 0:094
2:0 1:332 0:953 | 0:233 0:001 | 1:332 1:280 0:945 | 0:302 0:013
100 | 1:903 1:293 | 0:287 | 0:132 1:903 1:696 1:272 | 0:469 | 0:078
1 2:184 1:457 | 0:336 | 0:232 2:184 1:876 1:424 | 0:565 | 0:146
1:00 | 0:0 0:542 0:579 | 0:611| 0:875 0:726 0:649 0:382 | 0:439 | 0:907
01 0:137 0:127 | 0:476 | 0:485 0:160 0:185 0:004 | 0:344 | 0:500
10.0 | 2:256 1:430 | 0:279 | 0:126 2:010 2:098 1:406 | 0:438 | 0:.075
1 2:703 1:645 | 0:317 | 0:220 2:332 2:454 1:617 | 0:519 | 0:138
0:10 | 0.0 1:478 0:624 | 0:553 | 0:867 0:780 1.627 0:449 | 0:386 | 0:899
0:1 0:549 0:219 | 0:415| 0:466 0:188 0:575 0:105 | 0:299 | 0:480
10.0 | 4:207 1:453 | 0:249 | 0:148 2:148 3:816 1:355 | 0:320 | 0:091
1 6:973 1:506 | 0:244 | 0:237 2:554 6:146 1:386 | 0:281 | 0:148
0:01 | 0.0 4:843 0:288 | 0:628 | 0:874 0:812 5:690 0:224 | 0:435 | 0:907
0:1 1:131 0:147 | 0:423 | 0:463 0:197 1:267 0:078 | 0:300 | 0:477
0:5 0:376 0:436 | 0:281 | 0:070 0:612 0:459 0:462 | 0:240 | 0:076
2:0 1:939 1:.028 | 0:237 | 0:010 1:399 1:746 1:002 | 0:274 0:002
100 | 6:521 1:265 | 0:221 | 0:154 2:189 5:453 1:192 | 0:279 | 0:096
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Pén. 3. Adadeée dafiiddadeaiey inai
&l

0. Oaé, 0:

' c=a = 1 (godediata eeie &liosda, fifoadonoacpuaé = 0, ioe
Fig. 3. Graphs of the d|itr|bimo.n of moments Ms aciaiiee gl) 0 0 (AARTEPOI ce&fioeea
near the contour L, at c=g = 0:1 (solid lines) and 2. "o 11 (I31AeA%BAITHA o

c=a = 1 (dashed lines) aeep-aiey) ai 1 (iaracoaieaiioa io-
aaon cia+-aiey ifiaiola 6anooo 1o

s
N
o @
Lol
—
Q.
(@]
> Qo

i (i8¢ c=q =
04 eeiee) e 12 (wodediata é
Fig. 4. Graphs of the distribution of moments Ms  ggjpe=afié

NI

for some values of & in a single-inclusion plate (at  jfjaiofa M & 1édanoiifioe éfisoia ia-
c=a = 1) made of M1 (solid lines) and M2 (dashed  s35 fjagifias yéeeiiia b ciareoaedil
lines) materials Giaiigabory, if 3aceT 3af060 & 1e3afo-
iioe éfioia aletiged ilesina T
ataloeol T EEI a&y éiioia eeiaéins aéep+aieé
A 0aae.2 a6y ieeol e¢ 1a0adeasa 12 i 4adiy Taeiagiadie 6isoaeie eeidéidie a éép-
+aiéyié (ia 1aeaaapueie uaginaiénoaaie) aeeid 2a; (2ap = 2a;) (0e. 5) & caaeneil-
fioe 10 c=a, dadc dafnoiyied ideedd aéép+aieyie, e 1adaidoda iddaie+anéié aanoéifoe
acepaice I aain ciataiey EEl  k, (4 &aiili fe6+ad k, = 0). Giaraiey Y, saaioa
0é 1, 7oiliyony é feo+ayi aaniepoil eedfioéed aéep+aieé & odauei filioddonoa aiil. Aey
fe6+a4a, 61442 12021800 ) 32a&i 0;1 e 10cia+aiey ki (EEI a8y i6aaiai é1ioa 08aneia)
aey anadc=ga ied+apofy oaéeie e, éaé e k., 1iyoiio Tie & oadé. 2 ia i6eadaail
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Gia+aiey EEIl aey éiioia €aaial eeidéiial aéep+aie

ia0ddeasa 12 i 4461y eeiaéinie aéep+ai
The CMi(the coe cient of the moments intensity) values for the e nds of
the left linear inclusion in a plate made of M2 material with two linear

inclusions
® | gl =
1 2 1 0.5 0.1 0.01

0 Ky 0:527 | 0:542| 0:554| 0568| 0:603| 0:639
1 0:527 | 0552 | 0585| 0645| 0:935| 1971
10 3 Ky 0:160 | 0:161 0:162 | 0:162| 0:164| 0164
1 0:160 | 0:162| 0:166| 0:173| 0:206| 0:319
0.1 Ky 0:003| 0:003| 0:003| 0:003| 0:003| 0:003

10 Kk, 0.006 | 0.006 | 0.006 | 0.006 | 0.006 | 0.006
10° Kk, 0.404 | 0.408 | 0.410 | 0.413 | 0.417 | 0.419
1 0.404 | 0.412 0.423 | 0.444 | 0.543 | 0.882
Kk, 0.998 1.026 1.049 1.079 1.148 1.221
1 0.998 1.046 1.110 1.226 1.791 3.836

R Fig. 5. Task diagram with two
linear inclusions

T

aBBp-&icé ec 41684 AM0GIAT 120800a6a, +4i 1acddeae ieeon (P < 1), ciasaiey EEI
Gi&iligapOny; ide fiaseaaice 4563 fi 4308T A88p+Aidé &¢ 1208088, & 101306 cia+e0a8ui
iya+a 1a08deasaiseon (P >> 1), ciaaiey EEI 34ceT 5af060, AN 46y Aéeeeadéaed
4564 & 40646 &iiia aésp+aieé (0dauel). Aey neo+ay odauei (P = 1) ciaraiey EEI
fiaiagapo i ecaanoitie [ 19

Oaéei 1adacii, i enileuciaaiedl éiedéniad Modiveasia odioee egae 4a ofiéed iua-
clieeo [ 8] dagaia cada+a 14 ecdeaa ieeold i aéep+aieyie ec 4903e0 1a0ddeasia. 15 e yoi
fi 1iifutp é7i6101100 Toladasedieé, daceisedieé aieNii06i00 d6ieoe é a oyal Eidaia
e i imeeiniai 0addda ¢a A+ao adileidiey €5adand oneiaee TE | 9] cadara naaaa-
fa é iaoalioaaaeaiiie fiefoaia eeiaéiio acaaadae~anéed odaaidieé, odgaaiié iao  fall
fieidoeyoins daceleedieé [ 14,15). xefieaiita enfiedaiaaiey i6iadaain aey ieeod i aaoly
edoaianie ese eeiacinie aéep+aieyie. Onoaitagait caslinasiinoe eciai aiey YIOR
iéeol a caadefieiifioe 10 deceéi-iadaie+afiéed naiéfioa iacadeacia e aaliaod e+aféed da-

i
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Abstract. A model of exible oblique Kirchho plates made of porous functional-gradient materials is
derived. Nonlinearity is accounted for by the theory of T. von Karman. The nonlinear partial derivative
equations are solved using the method of variational iteraibns. The validity of the results obtained
by the method of variational iterations is ensured by compaative analysis with known solutions. The
stress-strain state (STS) of obliqgue-angled plates is inveigated. The in uence of plate inclination angle,
dimensional e ects, porosity and functional gradient of the material is analyzed. The stress concentration
near voids can be neglected due to their small size, and a smih continuous stress variation along
the plate thickness is assumed. It is revealed that the increse in the volume fraction of ceramics in
functionally graded materials allows to signi cantly incre ase the bearing capacity of oblique plates. The
oblique plates with increased pore concentration from the uper and lower surfaces to the center have
the highest bearing capacity compared to the uniform porodiy distribution and reduced concentration.
The magnitude of the inclination angle and size-dependent pameter signi cantly a ects the bearing
capacity of porous functional-gradient oblique-angled pates.
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Aadaadied

11484 eicaiasina idesieaiey 05840p0 iBLIAIAIeY Teandel A &ifloalsu 16 (1A548i-
paiie) 4811400846, 1AI0IAd A8y BATHOTATAT TIASAIEY & AOBAETACAINE e808l 44 fiaifea-
074, & Oadeed A fGATHOBTAIRE, 1ageiifiodiaiee, 13280814 & 45

Aey efifeaaiaaiey eicalenins isafoel iaiasiaeii dacsaaioao yooasoe  Ai04 & of+-
108180740, A efifieaataaieyd [ 1 10] yooAc0ealioU 18014a Aa08a0&1T06 e0adaseé (IAE)

jadajeéa 525



a0ea alyaeaia a6y enneaaiaaiey iayiioaieiino a ieaid ieanoei. ianoyu ay daaioa iinay-
uaia ideidiaiep iaoiaa aadeaceliiid eoddaceé aey éinidaienitd aanaode +anéeé iaee-
jaéind 1eanoei. [adyao i 1a0tall aadeaseliins eoddaneé aey enneaaiaa iey éinioaieu-
00 Teanoei a eéiaéité inoaitaéa ideiaiyeenu 1doiad éiia+ins yeaidioia [11 13|, 4e6-
0adaioeaélind éaaadanod [ 14] e élia=ind daciifiodé [ 15 da¢ 6+aoa ildenoifoe iavddeaéa
& daciadiié caaeneiinoe.

Cfifieaaiaaied ieanoei i iMdoenoiiolp yaeyaony aaaeili aaeao 6 6ieéasu 0o TTaiii-
fiodé. 11deno0a iaoadeasn aey ieanoei 1aeaaapo oyain idaeionanoa, &l 01603 aaeapo ed
AlfO0AATAAITTIE A Bacee+06 TABanoys, Aceh+ay yEasosioeIep, ViAdaa0ee 6, 686105a0ED
TAitai0ie idaeioudnoaaie 1Moenons 1aoddeasia yaeypony:

Yo Il ado oaietiataiait fiol, +0Of 4aéaao
fidaaiaiep f itifeeoi 0ié N006Ens-
aaoiitaéeanost aiee
éé jaeeiaéind it O. o1 i Eao-
oeiioe a aénoaee 1Mada=-
ofy aeeyiea 1oenol  foe, 66iéoel-
élia éifnioaieai 00 ieanoei
euind daciadit ca aeneiao

alb
a a 3D aeaa; a noa-

Fig. 1. Calculation scheme of an oblique platea in 3D view; b the middle
plane of an oblique plate (color online)

|6eiyol neaadpuea aeroach

1) Aeéilo&ca Eeddaioda;

2) daciadita yooaéon ieanoei 6+eotaapony a ffioaaonoaee i [ 16];

3) ifa6éu 6iddaINoe E = E(z) & &lyo6esedio leaniiia = (2) yaéypony doiéoéeyie
10 z

Efifie&acpony fedacpued daniddadeaiey 1o (U; X;0) [17):

1) U-IOAI

E(z)=(Ec Em)@=2+2z=hP?+ E, (Ec+ En) =2
@=( ¢ m@A2+2z=HP+ 5 (c+ m) =2
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2) X-IOAI:
E(z2)=(Ec Em)(1=2+2z=hP+ En (Ec+ Em)(1=2 j Zj=h) ; @
@=( ¢ m@=2+z=hP+ n (c+ m)(1=2 ] zj=h);
3) O-i0AI:
E(2)=(Ec Em)(1=2+2z=h’+ Em (Ec+ Em)jzj =h; 3)
@=( ¢ m@A=2+z=hHP+ n (c+ m)izi =h;
aaap 06iéoetiaelii-adaaedioité 1adaiaos, |oaa—apuee ca ﬁTTOiTzaley [ Auaiias ai-
€4¢ 1a040easa;  éacacdél moenoinoe iacddeaca. Nedaodo caiaoeol, +of élivaiodase-
aé |a|6yaea|ee aaééce 16100 Teeil 10aiddda+U aaead eod iagial daciada, i daaiieaaaaony
iéaaiia, iaisaolaita ecidiaiea iaidyaeadiéé it oleueid iéanoeia.
Ec ideiseia Aaieéoiia
A1
( U+W+K)dt=0 (4)
to
M86+ai0 6daaidiey aaeeediey aeaeed IOAl daciadil cadeneins elroaieni 00 Téanoei
a ioeiyoié fenoaia éiidaeiao, a caésed €6adala é ia+aelita oneiaey.
i5ea&4al noaoe+anéeed 6daaidiey aeaeed I0A] éliToaienins ieésiiail ieéanoei ( 5)
(7) aiadsaiauaieyd u(; ) v(; )ew(; )éaéooieoee ; i édadadie oneraeyie ( 8) (9),
Tibfoea aeiaie+anéea +eaia:
@Gu, @w Gw | Asc 2 g@u  Gu @u aw 6w , Gw dw |
@2 @ @2 @? @@ @2 @ @? @@ @?
@v_  @v @w, @w @Gw = @w
+Asct s——+ +cl s—+ = S—— + =0; 5
‘ @ eo e @ ‘@ oo ®)
c 2 szg\zl Zs@v +@Z+cl SQW+ Qw SZ@VZV Gw @vzv
@ @@ @ @ @ @ @ @ @
e @oant Gy, g
@ @ @ @ @
+Agc s@+ Gu |, Qw s@+ Gw =0; (6)
@ @ @ @ @ @
Dc 4 @\QI 4s @;W +2(1+25) @EWZ 4s Qw + @VX
@ @@ @@ @@ @
vAc ! ol @u+ @u @er c 1 @w @W @w s@+ @w q
" @ @ @ @ @ @ @ @@ 4
) AL
= A2 @U+ } @W + c 1 @V @V C 2 SQW+ QW @;VZ\/ +
@ 2 @ ‘0@ "2 @ @ ¢
@v @v 1 @w @w 2 @u 1 @w 2
+Ac? ¢l s+ — +lc? s+ — —+ - —
’ @ @ 2 @ @ @ 2 @
@@W Gw  Gw ™
@ @@ @
R 2 2 R2
533A; = (1f ) E5dz, Ag= i-dz, Ay = L _dz
0 1=2 1=2 1=2
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1)
wis=0: @i 0. uc=0: vis=0: ®)
Is ; @ﬁls v Uls v Vs ;
caudiedied it élio6as ieanoeid
: @w . .
Wjs=0; ——|s=0; ujs=0; vjs=0: 9)
@
Aey éinioaienins 10AI ieanoei maeanii itagoesedtaaiiié maioi é 0aidee ao-
dazediéad aey oeeeiade+anéié D i6eiao aea
Z=2
b E(2)z? . E (2)I? (10)
1 2(z) 1+ (2
1=2
A alidasediee (10) 1adané +&ai 10ilieony & esanne+anéié oaioee, aoidié +8ai 6+e00aado
daciddii cadeneité iadaiaod | ifaganil ilagéoeoediaaiiié ifaioiié odioee Rida [ 16].
Odaaiaiey ( 5) ( 10) 16eadadit é 4acoaciddiiio aead i efielciaaiédl 1adaidodia ( 11).
x3d0i+ée iad dacdacidditié 1adaidodaie a 6daaidieyo ( 5) ( 10) & aaeaa Tiduaid.
2
w_ all? E(2) a I
w= 0= ——0q; E(2)= ; = - = —; =— == (11)
h h Em b a b
2. 180714 4adeaseliind ecddaneé
baniiiodel efitélciaaied iaciaa aadeaceliiio ecadaveé ia ideidda e foail iaee-
iaéinc aeodasaiveacuins 6daaiaieé a fiadaocioili aeaa
Lil' 2C e m( )= Fi(5 ) i=1525000m (12)
Dagéaied 1AE aey &Iioalenind ieanoei 16aanoaaeyaony a aéad noid islecada aiey
A A N 7 IA A A A~ N o~ \ 7z Y 0 7 ~ p
00iévee aéy IAE a adnged ideaéeéaeaieyd iy )= T ()P (), i=1;::0;m
j=1
|deidiaied IAE 1iadiait fiefail a daaioad [ 1 5]. liéacaif, +0of IAE Ticaiéyao ie-
ieieceaiaaou aanieié oi-iifoe ad+eneadieé [ 1 5].

Oaaeedall/ Tablel ecadnoitd oawgaieé, eidpuediny a
Niiifioageaied oapdiee caaadasiie (= 1) iisiidag- ~ €€040a0604. Dagaiey w(0:5;0:5) aey
ia6iié (| = 0) ieanoeiee, caudisaiiié it élioodo ( 9) cauaieaiey 1T &lio6do ieanoei ( 9)
Comparison of solutions of a square ( = 1) full-size ide q = 150, =1,1=0,"' =
(1 =0) plate clamped along the contour ©) fififioaasypofy i dawaieyie, ifes-
AR +aiinie 1&otaaie Aagadéeia 18,19
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Calculation of scattering of a plane sound wave by a hard body of arbitrary
shape based on the Burton Miller boundary integral equatio n

D. R. Lepetkov

Tula State Lev Tolstoy Pedagogical University, 125 Lenin Av e., Tula 300026, Russia
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Abstract. The problem of calculating the scattering of a plane sound wag by a hard three-dimensional
body is considered. It is assumed that the surface of the bodysigiven by an unstructured triangular
mesh, which is important for practical applications. We devdop the boundary element method based on
the regularized Burton Miller integral equation with param eter . The use of this equation solves the
problem of non-uniqueness of the solution. Despite the facthat this approach has been studied by many
authors, some aspects remained unexplored, in particulaithe regularization for unstructured meshes and
justi cation for the collocation method for regularized Bu rton Miller equation. We provide some answers
to these questions. The regularized Burton Miller equation and its discrete justi ed version based on
the collocation method are proposed. This made it possible talevelop a robust numerical method that
works for arbitrary wavenumbers. The method involves integiation over Voronoi cells and estimation
of the surface gradient of the acoustic potential using adjaent vertices. In order to validate and test
the numerical method and justify the choice of the parameter for the case of a sphere, we derive an
analytical solution directly from the Burton Miller equat ion and the Jackson spherical expansion of the
Green's function. The results of the software implementation are presented.

Keywords: acoustic potential, plane sound wave, hard body, boundary kement method, Helmholtz
equation, Green's function, Burton Miller boundary integ ral equation, triangular 3D-mesh
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-

4 02800, & 611306 Gr(x%x) =

a8y odaaiaiey Adsuiaiensa i 6netagai eceo-

0}
g)o
Q:
O
o O
N C/
D .

sX)=  @Gx%x)( x3dx®* x2 D (1)
S

CX)( x)=  @G(x%x)( x%dx°+ (x); x2S; (2)
S
338 C(x) aafiaode+aneeé &lydoesedio, 8aaité  1=2 a 6i+ead aeaaéinoe. A yoesd oi+ead
@oG = O(r 1), 1iyofi6 &ivdasae a ( 2) neaar fieiasceyaine.

3. Afiee k2 yaeyaony fifanoadiill cia+aiedl ai6odaiiaé caaa+e Aedesed a6y 6daaidiey
Adguiaiensa, of dagaied AEO ( 2) iadaeifioadiil. Aey dagaiey yoié 161asdit aianor ( 2)
ideiaiyaony &liadiesiaaiiia 6daaidied Adsoiia ieeedsa

Z Z
CX)( xX)=  @G(x%x)( xYdx®+ (x)+ @, G(x%x) ( xX9dx+ @ i(x) ; (3)
S S

8ifioe @,.«G = O(r 2), iyolio aoidié eivaasas a
REO (3) &iadd A4eifioadiila dasaied esaffia CL (S), 2 (0;1) (Al TidAadeaied ( 21)
T40+11 iT6aaapo = i=k (fil. cal&d+aied 1)



A. b. E&i3061a. Pan+a0 dafnayiey iginéié ¢ad

4. Aey dagaiey 5146810 AelaceyaIT
Z Z
@oGo(x% x) dx°=  C(x); @,,0Go(x%x) dx°=0;
7 S Z S ’
@, 0Go(x%x)(x° x)dx°=  @Go(x%x)n%x° C(x)n;
s s

384C(x) = 1,x 2 D C(x) =0,x 2 DnS, n2 S idecaieliné adeoid ise x2S
N 63011 ( 4) idelaiyaony Aedacpuay 5AA6eydecaA0eY AEIaA6eydino eiddadasia:
Z Z
@oG(x%x) ( x9dx°= A1 ( x) CX)( X); @,0G(x%x) ( x9dx%= Az ( x);
S 7 S
AL(X)=  [@G(X%x)( XY  @Go(x%x) ( x)]dx5 (5)
z S z
Ar(x)=  [@n,0G(x%x) (XY @,Go(x2x)L(XEx)]dx*% @Go(x%x)r s ( x)n%x% (6)
S S
LOGEX) = ( )+ rs ()X x)= ( x)+ 1 s(x)(X° X )

Ec 628074 1 4 20086340 NBAAGPUAA 60AAGEAAIRA.

i0dasTeedied 1.  ToRdol A=Ay A1 A B =1+ @, 888A0( x) =2C(x) ( X).
Oiaaa fidaadaceal daaceydeciaaiiia AEO Addoiia ieeedsa
A(x)=B i(x); x2S (8)
i8¢ Im 60 1T €130 44ifM0a4ii1a daraied 2 cl (S)
O8aaiaied (8) afioda+adony a idiiial 486416 61814 & Aac 1afideeadiey a6aa8inoe dagaiey
a 024104 [B]. Eady efiiieliclaact (d) & éeidéiop 66iésep L acyoa éc pl. A daca. 3 1ia
24310836807y aey 08a6AI6UI05 12086,
2. A0ana aiageoe+aneéiai sdsaiey a8y gada éc AEO Addoiia 1eé 840a
sy 1A AMO&S 147 daodiey ideell dafi-

i6fou (r cos;r cos' sin ;r sin' sin )

Eidéi [ 3]
ikr cos X- : o
i(x)=¢€ = ji(kr)Pi(cos ); 1 =21+1)i; 9)
1=0
dadj, noade+anéea ooieoee Aéﬁﬁéey, P, iifai+eain Edaeaiada. A ~enediind oan+aoad
fidlayueény aya ( 9) ideiaiyaony i élia=itl ~enel fnéadaains. Oidaa it 0didaia ladna-
aaey idedcemxaiiia dagdied AEO ( 3) 0aéeed 464ao ftaddeeacu élia+ita ~enél neasdaains
liyolio aaeda n+éoaai, +oi yoi addii aéy anad oyaia Oodua Eadaseaiada. Of daa eo ileeil
Aatalail 466040aioediaaou, a ~anoiinioe,
X‘ -
@ i(x)=k 1 (kr)Pj(cos ): (10)
1=0
Agy aideiaé cada+e a neeod onetaey eceo+aiey aey 6oiayued aiei eidai
R
s(X) = Ajhi(kr)Pi(cos );
1=0
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aa&h, nodoe+aneed ooievee Aaiedey 1adaial oiaa, A, 18ecadnoild élyooesediod.
A 20734 f6iiasiné imodiveae daaai
X .
(x)= Bi(kr)Pi(cos ); Bi(z) = 1ji(2) + Ah(2): (11)
1=0
Ec 6netaey iaéiaia aey r =1 & idiecaieninal jaotaei
R . 0 |j Io(k)
k  BYK)Pi(cos )=0; BXk)= jAk)+ Ahdk)=0; A = A :
1=0 '

aa&dh(k) 6 0. lieo+eee ecadnoila aldasedied aey &iyodesedioia A, ilddiveasa s (M
iaiaeids, [ 5, daca. 7.2)). Niioadonoadiil, B(z) = W[“(z)ho(k) jxk)hi(2)]. Anee 3 TRiTe0-
claaouny astineeaiti  ji(z)h%z) jA2)hi(2) = %, iMeod=ei

Bi(K) = kzho(k)- (12)

o..o bY

A0adaai 0aiadl dasaied ( 12) éc AEO A&ddolia 1eeedda (- 3).
[daaeieaied 2. A&y anadl = 0;1;2;::: Nidasdaceal daadinoal
ikzhl()(k)[jl(k)+ ki XK01B1(K) = 1[ii(k)+ kj AK)]: (13)
Ajéacaoaeinoar. AIfiiTeUcoaIny noade+anéei daceiaediedl Ascdéfilia [ 14
ps
Gx®x) = ik At
1=0

ji(kmin (r;r 9)h;(k max (r;r 9) Py (cos );

aaa(r%os %rocos' %in %r0%in' Osin fﬁ fio
iotecaiaind eoiesee Adeia an+eneyai a

ade+aneed énsaeiaon  x% xx%= rrOos .
fi0fea agaaial ciasaiey. Olaaa

@600 = "o ARG 0900 + o (TP (cos ); (1)

=0

21 +1

R
@nG(x%x) = k3
1=0
lanoaaei ( 9), (10), (12), (14), (15 a AEO (3) & elcoainy 6idioeié

20+1 z
- P (xd)Po(x%) dx°= Py(xd) yo; x;d2 S
S

jAk)hXk)Pi(cos ); x;x°2 S (15)

Oiaaa 46y anao

X 2 n;
Bi(k)Pi(cos ) = 7[J|(k)h°(k)+ J N (1B (K) + 11 (K)+
1=0 1=0

+ ik {k)hi(k)Bi (k) + k |Jo(k)] Pi(cos );

h 2 : i

1 ik | A . .

5 5 2iOhtk) ik R Bi(k) = il + ki AK)]
inea oiatuaieé 1Med+aail enélita daaainoar ( 13).
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daoida A neaacdo, +of a dacen
e a = k2K (k) + ki JK)], iyolio &aT +efiel 1a6-
fiée iMéleeedl k = ic (ileeil 1adaie+éouny c¢> il ]
(

inoe = a
k;c), 01 0ae&aei it i8¢ cmin 1. YOI 1aifiiiataado

it addweil, iidiace é 8aada): a fiodoa Oealia++e; a ¥%Nidai-

a6 N6Aasd); & Yuxadodagéa,

Fig. 1. Examples of meshes (vertices, normals, and edges ashown): a is the Fibonacci sphere;b is
Snowman (union of three spheres);c is Cheburashka

Aénédaoecadey eiodadacia e 0oieveé. 6ol i;j =1;:::;N, P P = P iNzl. Oi+-éé
x, x0 anfl6eedcai n addeeiaie  x, x;, iidiage n, n® i iisiagyie ni, iy lag S dacae-
aadony ia y+-aéee Aisiiial S n vaiodaie a x; e iéluaayie  w; = jSij, ;w = jSj. Aey
daainiasinai idgd  maxyes jx  Xij h,w hZ
Ooiésee ia 1agd aiidieneiedcpony eoni+i-eeidéitie o6ieveyie
Z x £ X
f(x)dx = f (x) dx w;if (Xi): (16)
S i S i

Oi+iifioll éaaadacnsdiié 6idioen ( 16) Tidaaadeyaony adaegiinolp éoni+ii-eeiaéii
gé f.AéenoaeoééUﬁ, aneéeT odadaiéuiay adail i 4adeo
i fO0dx = JTif (x7). QAe 828 y+368aS dacaea

idéfay ia T, of - A0y fa fleciadeins
odadaieuieée T fi faudé daogeiié xi, o1 1 jTixr wix;
z x £ X X
f(x)dx = f(x)dx = iTif (x7)=f JTiXT w;if (Xi):
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A0 fiéaadop

-~ o R o P o
Eiodadact aeaa ¢f (x8x;) dx andieneiedsai iwif(xjixi). Anee f eia
+0f 1

fieiaceyaiifiou O(Gx° xij ), x°2 S, 2[0;2), of 6+04i, =oi if [ 1, &. 2]
Z
f (x%x;)dx%= O(jx° xij> )= O(h? ): (17)
Si
[aimiiei, ~of ix) = X G(x%x) = (4 ) tert, aa8ky = ik, r = jyj,y = x° x,

t=r 1 Tofpaa
@ = kie"?¥dn; @G = G(ky t)@r; @G=Gki t)@r;
@noG = K2G@or@r G(ki tt(n"h+3 @or@r); @or =tyn® @r= tyn:

fiseel D = ix), (@ )P = @ i(x), €V = Cx), (@G)I) = @ Gy(xj;xi),
(@oGK)11) = @ G(xj;%i), (@G0 = @ . Gk(xj;xi) & idedceeediii () ( xi),

rs) @ r s(x) LD L(x:x). Afess (17) lieefi iisieeedt  (@iG)H) =0 & aiael-
ae-~it a inoaéuiad neo+ayo.
[vaiéa 11adooinoial adaaedioa. A fiffoaaonoaee i () agy x0 X
rs(x)(x% xin = LX) (xi) (X% (x):

A&y T6&iee r s ( x;) efilelcoal ANAAIRA i x; 4408I0 X0 &¢ 1-081Aa R;.

ool UM = (X0 Xi)n,)ior, 120886a83¢i&3a jRij 3,FD =( (0 (), 288015
8eI&I06 6aaidiee  UN(rs) W = FO), &ioiday dagadony i mitip nAAANA0201E
1208860 (UM)* 8aciddi 3] Rij: (rs) @ = (UD)*FO, Tagsesa (UM)* ac+enieyaory
40f031, 0ae 636 jR;j 6. A4 eieiiee Taigiazel (UMY,

Nefiodia eeidéilsc 6daaidieé. A Aif0Ad0R0aee i iddasiediedl 1 &iadl A(Xx)=
=B (x),X2S,88A= Ao AL A B =+ @, 2648l 48fies80i04 aadeaion yoed
f1adaoidia. A fieo+ad Ag € B éidai

(Ag) M=2c® 0. B ph= 04 (@ H; (18)

N 6+40ii ( 5), (6) ilé6+adl

X SN X L

(Ap) O = W (@G)G1) () 0] W, (@0Go) )

LX X L X |
(Ay) O = W (@;noG)(J") () W, (@;noGo)(J" La) 4+ W (@Go) ) (r ) (l)nj :
i i i
a8a(r s) O =(uiyr( D)o, . EG y0Oié 0181680 feaa6ao, +oi

. X . : X .

(rs) Ov=" (UO)Hy @ O ity va R

i0 i0

Arige sanesaoul (i) = M +(r g) O(x;  x;), iaciae

X NN, X
(Ay) O = W (@;noG)(J") ) M W (@;noGo)(J")

] i
X . . X .
Wi (@nGo)™) (U ) @ O Uy xi) +
] i0 j0
X X . X
+ W (@Go)) (UDyon; (i9 O (Ui,
j io io
Caiegéi aaiita 610160 a fiedadpueé aefiédaoité aadeaio idaaeiaediey 1.
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A. b. E8i&06&ia. Pari+a0 dannayiey ielnéié cadéiaié aieil aan 1epoil sednoéel 0dél
i04asiedied 3.  Aeéfiédanilé iloaiveas () paT1a880418y40 fiefodid &iaéind 6daa-
jaieé B _ _
(AGHYC Oy=BW); §j =1;:::;N; (19)

3a8B () = (B ) acyo éc¢ (19), ai-y nodiéa iaodesn 1iddadeyaony ec daaaifioaa
AGD ) =(ag) O (Ay) O (Ay) =
x X o
=2¢c) @) W, (@oG)U1) () 4+ W, (@oGo)W1) M
i X i
W (@,,0G) ) ) W) (@,0Go) i)
i j ,
[
Vl(i;io) (i9 4 X Vl(i;io) (i) 4 X Vz(i;io) (i9 X Vzi;i") (i) .

hx

i0 iQ i0 i0

. _ . . X . . X .
V= (U0 QP = wi(@aG0) i x)i QY = wi(@Go) T n;:
J J

ban+ao aéoénoe+anéiai ifodioeaea. Dagay fiefiodid (19), iadiaeil i6eaeeaeaiita ada-
ie+i0a gié1+é’u'é1§{ ifodiceaea (j'), iifiéd +aal aénédaoecedddi (1) e ideaeeaediii caiend-
4adl  (x) W@ G(x;x) W), x2DCjx L i

Noiaeiiiol aefédaociial daeaiey. laoia éiegicaceé aey 6daaidiey Adeuiadieu-
oa 1ainitataadony, iaioeiad, a oaaiocd [ 15 fi mMildip odldee Aaéieedl. Nadeaal yoi a&y
daaoeydeciaaiiial 6oaaidiey Adsoiia 1eeeasa ( 8) iaiayiop. Nidideéoedsiaaa iae ia it-

aaodiifol, 0diadl asadl fi+eocaou, +01S = @D y+aéée S; 10ad+apo dacaeaiep S ia édeaiee-
iaéina iiiaioaienieée, iadaiaod h N !5adaéoasecodo daciad iileedniod S e id cadeneo

10 dacaediey, jx  xij = O(h) a&y x 2 S;. Aéy 15IA0T00 T6ROL S Aeaaday (&ia+d &4 & dara-
jn® nj = O(r), @or = O(r),
@G(x%x)= O(r 1), @,0G(x%x) = O(r ?): (20)
i6fiou CY (S), 2 (0;1), idifodaifRdal Avseiiadda o6ieoeé fi figiié [ 1, &é. 2]

kfky. = kfky + kr sfky + sup ir sf (X) rsf (X%;
X;x92S; x6x0 JX Xq

kfky =supijf (x)j:  (21)
x2S

i [ 7, 0415414 3.5] A6UAM0A6A0 &4eifidadiiia daedied 2 CU (S) 6daaidiey Aasoiia
ieeedda ( 3), a cia+eo, & aal aaseydeciaaiiié addiee ( 8). Eiodadasn a (8) ieaal feiaseys-
04, yolio [ 1, &6. 2] 1iada0id A éc idaasieediey 1 &7iiadoi0é idé aaéndace éc CL (S)
a i81i08aifoal 1Aidad0ai06 6oiéveé  C(S). Taifiiiaaied 10iaa éieaieases, il A6oe, ca-
8ep+a30My 4 aieacacacinoad daaimasdié m i=1;:::;N, x 2 S; Adiagiiioe a i8ifodaifioad
dagaiey CL (S) 48fiedaoins &lia+ilasind fiddasisia (A) D B YD eA(x),B i(x)
i5& ecidsi-aiee dacaediey h! O(N !'1 ) (Ai. 0aéeed [1, 0aidaia 1.10]).

i5aacieedied 4. oot 2 CL (S). Paaimasiiii x2S

A(Xx)=(A) D+01); B i(x)=(B )P +0(h); h! o

448 éfifioaiot & O & caaeéfiyo 10 i & aéep+apo i8I0 66ieoeé.

Aleacaoasunoal.  faifiiei, ~of A=Ay A1 A .. A&y 5623816 i1aad6ioe Ag= I,

AANOANDO

Ao (Ag) = ( xj) éAg( x) a00&éado éc

~AL \\/I\

iyolio daainasiay notael
JOx) (x)i6 krs kijx xij6 k kg jx xij=0(h) (22)

lddaieéa 541



Eca. Nasao. 6i-0a. [1a. fds. N&a.: 1acdiaoeea. 146aieéa. Eio  i81aoeéa. 2025. O. 25, adi. 4

[agiae+ii, 046 836 B (x) = ed(1+ k 1dn) Zeaseay o6ie-
B i(x) (B )Wj=0(h).
118020160 Aq, A, (5), (6). Ec 16ai1e ( 20), (22) &
@o(G  Go)(x%x)= O(1); @.o(G Go)(x%x)= O(1);
JOXY LG =i(x) () r s(x)x° x)j=0r™ );
rs(nd=jrs(x)r s(xHnY=o()

A7\ O ~v N s R ~ s O ~
U éi0dasas <F(x%x) dxC aad a
r 1. Aifdaoi+il eéco+eol 0felél yoio fed+aé.

J déyREibééééé

\yA AN A

- N
: Ul
=
>;

fe6+ad f eiddo neiaceysiifion Of
f=r !9 &g 0aaimasii i&ig

ot IO
@D: O H
O
]

=5

~

=2
3@(0;

o

ij6i,x%2¢5.0ae éaeg(x%x) g(xj;x)= o(1)ide h! 0daamasitii i,j,of
0

s x%x) dx®= (g(xj; i) + o(1)) 5 " Ldx0

1 1 _dixgoxiit i x9 xjt ig X X x0+ xjt

jx0  xjt X xijt X0 xjtojx xijt X0 xjtojx xijt

xeneeodsl iineaaidé asiae anot O(ht ). Oaé éaéjx; xij > coh, jx° xj 6 jx; Xij+ cih
a6y anaci, j, of jx° xj 6 gx;  xij, Nyofi6 asiau afoa jxO xj2 20(h! ). lofpaa

z z

1 1 1
. . : . dx°= s;o(ht ); si= @ ——dx®
s X0 xit x xjt : Py X0 xj? 2
. R
Neigosyaine eiodasas jx° xj dx°= O(1), x2S, 2 (0;2) (fii. [ 1, 8. 2]), iiyoii
Z
X 1 X :
Sj = O(l) e ﬁdxoz Ll + O(hl ):
s X7 X] e X Xi)
J j8i
A 20734 jadiaei
Z

f (x%x) dx®= (g(xj;xi) + o)(wjjx; xij '+ s0(ht )=
Sj

= wif(x;;xi)+ wijx;  xij to(l)+ g(xj;xi)s;0(ht )+ sjo(1)O(ht )
R P
e efienia daaainoal o f (x3x)dx%= " ; wif (xj;x) + o(2).
N&iaeiifiou aenesdoifal asaaedioa (rs) M a A, atodéado éc 5aaifiasiié fvaiee
(rs(xi)+ O(h )(xic X, 08684 (r s) O =rs(x)+ O(h).



A. b. E&i3061a. Pafi+a0 daifayiey ieinéié caoeiaié aisit aan iepoii eediioéel 0aét
al a alb
pefi. 2. Ndaaidied sdgdieé aéy gada: a ioe = i=k; a4 =
Fig. 2. Comparison of solutions for the ball:a is when = i=k; biswhen =0
al a alb

peéfi. 3. 3D-4€aadaii0 daffayiey: a aey odea vwNiddiace,; a4 aey 0aea ¥axaa00agéa;
Fig. 3. 3D scatter plots: a is for the body Snowman ; b is for the body Cheburashka

Caesp+aied

A 324004 62481eeal 14074 BaN+20A GATRAYIEY i61NEIé cA68AIé AT6in aafe  poiT aao-
881 0OAGIABITI 0AET IBTeCATENTE 61810, TAAGGIAOU EIOTOTAT AidT ereiesiaaia 0oa-
GETEGITE NAOEIE. 1A0TA AACRBOROMAY 1A Adaie+ill @I0AAGAGHT 00AAIR  iee ARdOTA 18é-
6802 & 120148 A0AIe+106 YERIAIONA. Asy AA1 0Aa8ecA0Re AlIEIAIA GAAEYORCA0E  V Neias-
&Y0106 Si0AA0ASTA, AAATORBIAAITAY 46y OBAGAIEUIND NAGIE. Aiaceos+  ARGAY TAABU Ae-
édaoéciaaia 1a0iail éieeieaceé, e 1aiiilaaia noiaeiinou ~enéaiin ai ddwaiey. Aéy aace-
42088 +eMBAINE 114868 TB6+All AiaBe0e-ANGIA DAZAIRA AGY NOADD fAidy  10p & 6OAa-
iaiey Addoiia leeeaca @ dacéiediey Asadiiia ooieoee Adeia. feacaid fiaiaadies
+BRBAITNG @ aiaee0e+AMERE DACORIOAOIA, A 0ABEA GROTE+EAIN0U +efEAITE dAABECAGRE A8Y
Ai611A00 +efiaé & NOAAIAATENATE Tasarioe. 14014 NOAAIGAAGHAY i FEM &1 88 Aiiiioaaesiié
OT+1i0e MBAcaE cia-e0A&UI Ai6lgoh YOOABORAINOU
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Review of the results of mechanical tests on the strength pro perties
of the scarf and chevron osteotomies of the rst metatarsal b one

K. A. Maryankin, A. R. Khaliulova, L. V. Bessonov,

S. I. Kireev, N. V. Ostrovsky, D. V. Ivanov ™
Saratov State University, 83 Astrakhanskaya St., Saratov 4 10012, Russia
Konstantin A. Maryankin , kostya.maryankin.04@mail.ru, https://orcid.org/0009-0001-7374-388X , SPIN: 1970-

0138 AuthorID: 1307780

Alsu R. Khaliulova , alisahaliulovaO3@gmail.com, https://orcid.org/0009-0000-6565-0440 , SPIN: 5539-7738
AuthorID: 1308092

Leonid V. Bessonov , bessonov@sgu.ruhttps://orcid.org/0000-0002-5636-1644 , SPIN: 9022-8177 AuthorID:
774968

Sergey |. Kireev , kireevsi@rambler.ru, https://orcid.org/0000-0002-3318-5633 , SPIN: 5885-9996 AuthorID:
620012

Nikolay V. Ostrovsky , nvostrovsky@mail.ru, https://orcid.org/0000-0002-8370-2299, SPIN: 2398-6172
AuthorID: 116256

Dmitry V. Ivanov , ivanovdv.84@mail.ru, https://orcid.org/0000-0003-1640-6091 , SPIN: 4459-1094 AuthorID:
201794

Abstract. Hallux valgus deformity of the rst toe is a fairly common pat hology and is diagnosed in
a quarter of the adult population. In moderate and severe defamity, osteotomy of the rst metatarsal
bone is indicated; the most common types of osteotomy are scaand chevron. The strength properties of
osteotomies are widely studied using full-scale mechanic#ésts on cadaveric and synthetic bone samples.
This review is devoted to biomechanical eld studies evaluaing the strength properties of scarf and
chevron osteotomies. A search was conducted for relevant ignti ¢ articles in the databases PubMed,
Google Scholar, Medline, and E-Library, published up to andincluding May 2025. The search and primary
analysis of the literature were carried out in accordance wih the PRISMA methodology. Articles were
considered in which osteotomies were subjected to static céitever (xed at an angle of 15 degrees
to the horizon) tests on universal testing machines. The crieria for inclusion in the study were met
by 13 papers that were included in the review. Chevron osteotom was used in 10 studies, and scarf
osteotomy was used in 9 studies. Osteotomies modeled on cada bones showed, on average, higher
strength characteristics compared to synthetic analoguesBy and large, the scarf osteotomy demonstrated
lower exural sti ness and maximum load compared to the chewron osteotomy. It was revealed that the
use of additional implants in the form of spokes, plates, andpirals does not necessarily lead to an increase
in the strength properties of osteotomy. The conducted rese@h shows a signi cant interest of scientists
in the study of the strength properties of osteotomies of the rst metatarsal bone. The quantitative
parameters of the strength properties of the osteotomies sitdied are given in this article and can be used
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by clinicians when choosing the type of osteotomy for a partialar patient, as well as when validating
biomechanical models.

Keywords: hallux valgus, scarf, chevron, biomechanics, cantileverdading, rst metatarsal bone, osteotomy,
surgical treatment, eld studies, type of fracture

For citation:  Maryankin K. A., Khaliulova A. R., Bessonov L. V., Kireev S. I., Ostrovsky N. V.,
Ivanov D. V. Review of the results of mechanical tests on the sength properties of the scarf and chevron
osteotomies of the rst metatarsal bone. Izvestiya of Saratov University. Mathematics. Mechanics. In-
formatics, 2025, vol. 25, iss. 4, pp. 546 554 (in Russian). DOIhttps://doi.org/10.18500/1816-9791-2025-
25-4-546-554 EDN: ZYDAHE

This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
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Aadadied

Aéfiddaie+anéed iadaidodd 1Moi-aaeaaodsiié ooidvee Aofit eada b0 daaeiop aiéd
a aiciééifadiee e idiadanfnediaaiee danidinodaiaiiié 1doiiaae+anéié ia oiéfaee, ioiya-
éypuaény Toééniaiedl 1adaial 1aéuda éiadosee (hallux valgus, HV) YOI caaiedaaied
oi-éé caaiey éeeigé+anéié aefiadaieée yaeyaony idiyaeaieal aaoisiao @é 14daial eo+a
fiofia (LEN), &loiaté aéep+ado a naay dacaiae 1adaial iaduoa, iddaop iép fiiaaodp éinou
(11), i&aeaguiop éeeiagaiop éinol fofit, Afaaeiaiind 1daead fiaié A 0aaonoadpue-
ie nofoadaie. 1EN aianoa i iveeddapueie itgdaie & faycéaie eadado aaseiod b oiéu a
faania+aiee 1dit-aaédanaeliié o6iesee nofia [ 1].

TAffai0ie acaeiiiaycaiitie éfilidioaie adoiviacee 1EN ide HV yaey bofy 70-
ééniaied 11 a noianio, idtoealitéleeiop aoidlé iepiiaalé éiioe, a 0aéeed T0ééiidiea
Aleligial 1Taglioa Notia 1T faidaaeadiep & aoidiio 1aeloo [ 2], +01 fifidtaleeaadony iaad-
aeoii 1adaiai iepniadaeaiaiaial nonoada [  3). HV anoda+adony 6 23% acdinedd a aicdanoa
18 65 €40 & 6 35,7% ileeéld epadé fnoadead 65 €40 B. 18e 6iddaiilé & oyaedéié 4a0is-
jasee 1EN 1iifaiol & jaeaiedd yooaéoeaidi ilasial & 6edodae+anséié é 100aéoee HV
yaeyaony adieiaied noaionee I1 [ 5). TRo&loliey yoi 6edodae+aneay Tiadacey, ide
glo1aié 0860843 tacaiaidaagaiil dannaéaao éinou, ~oial eciaieou aa 6id1 6, ieiediéa e
6aié ideead odadiaioaie [ 6.

[aeaiedd imoeysidie a eeeie+aneié idaéoeéa filitaaie dacadeaiey i1 fa aaa 606aa-
idioa idéciait noaioiiee scarf & chevron [ 1]. Ofiidd ded0dae+anEIAT 84+8iey HV & cia-
+@03&0ié nodiaie cadeneo 1o 1adae+iié & 1éli-acdéuiié noaageuiiioe 1 foaioliee. Agy
dagaiey andifa T aaciianiifioe é 1aiiitaaiité aicitaeiifioé daiiaé iaddo cée ia nofié a
iTneaiiadaceliiil 1adeiaa atél 161adaaii iifeednoal yéniadeiaioaeuins a efiadaie+a-
fieed ennedaiaaieé. Inodionee scarf & chevron iagaieda imadtail eco+ai a A efnéaciaaie-
i 1401414 aefiadaieée [ 7). A daiéad iaoosils yéniadeiaiota ia 1adacoad 0doiitd eee
fieidaoe+anéed éinoaé iiaaeeddaony noaioliey, éioiday caodi aiagéecedd aony i enitéuct-
aaiéal 6ieaasnaeuins eniioacdenits iagei ide éninfenill ecdeada [ 8.

146474 4éTiddaie+anéla ndaaieodelind ennedaiaaied ifoaloiieé 11 4aoe d6aofy 1991 a.
[9]. 1&fii108Y ia a1alelit aiéuesia ~efnél 5aalo, ifiayuaiins iaoodiai e figoaieyi noai-
olieé 11, ndaaieoaéiiné aiacec dacoeunacia yoed 8aaio aua ia iaiaia eény

Od&éu Tacida 1aiaudied Tivaeeéiaaiilo enneaaiaaieé aiaeanoe 4eiiad aie+anéeos fnoa-
oe+afnées éiiftenitd enitoaieé noaioiieé scarf & chevron i aeioiaié 6é énaceae, iseia-
iypuedny e 6edddaeanéll ea+aieé aaéuaoniié aadidiacee 1adaial ia éloa nofid
140740

A aaii0é 1acid a0ee aéep+ail ennedaiaaiey, a 6101000 4 éa+anoad fnodiolie e aey
g108aé0ee aaeuaonité aaoisiacee 1adaiar iaéuoa notia atee eniénciaa i0 Tnodioliee
scarf & (éée) chevron. Adoidaié alé 187adaai 4 aacad &aiind Pubmed, Goo gle Scholar,
Medline, E-Library Tiefié iad+iié é€0adaoddq, iiiayuaiiié noace+anéé i aéliadaie+anéeéi
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Oaaeesal/ Tablel
olieys

Ecaeaiay ae&noéinou & iaéneiasuiay iaadocéa idé 4acits noal
Flexural sti ness and maximum load of di erent osteotomies

Efoi+- | lacadeae Oeéi 6eénaocioa IRoaiotiey Ecaeaiay laéneiagiiay
ieé aafnioéifiou, N iadsocea, |
3] 000i. aeiol 2.0 e 3.01i scarf 520 480 1246 568
[5] 000I. aeiol 2.21i scarf 24.8 124.0
[6] 0001. fiieda Eedegiada, chevron 38.2 24.9 2279 2324

aeiol 3.51i,
aeiod 4.01i

[17] 0001. aeiod 2.41i scarf 150.0
[11] 00d0I. aeiol 2.41i chevron 150.0
[8] 000i. aeiod scarf 52.1 124.63
[8] 0080I. iéafoeia, scarf 7.0 110.0

aéiod 3.51i dorsomedial

[8] 0001. Téanoeia, scarf plantar 24.8 196.2

aeiod 3.51i

[13] 0001. féfad 3.51i, scarf 111.0 428.4 éla

aeiol 3.51i,
ieanoeia
[12] 000i. aeiod 3.51i, chevron 33.0 220.9
ieafioeia 2.71

[17] 000I. aeiol 3.51i chevron 20.0 16.0

aionaeniae

[13] 0001. aeiod 3.51i chevron 60.0 70.0

iéaioadideé

[13] 0001. féfad 3.51i, chevron 48.0 205.3 éla

aeiod 3.51i,
ieanoeia
[2] fieio 1aaiedata aeiod chevron 43.06 17:59 1442 743
(aicodaiieé 2.01i,
aideiéé 3.010)

[2] néio. aéiot 2.0 € 3.01i chevron 466 1214 1414 10:85

[14] fieio aeiod 2.51i e scarf 905 205
L-ieafioeia

[16] fieio aeioa 2.51i, 1.31i, chevron 24.67 54.8

ieanoeia

[15] néio aeiod 2.71i scarf 144 2.6 747 264
[15] fieio aeiol 2.71i chevron 166 33 1378 191

ioeid+aied.  Anee 1acddeaé ia 6éacai, of éiigaioacn ecaloiacain e oedai  1a7al figaaa.

Note. If the material is not speci ed, the implants are made of titanium alloy.

550

0aasesa 2/ Table 2

144@aii0a cia+aiey 181+iinoin6 cadacoddenoeé noaioiieé
Median values of osteotomy strength characteristics

Tfo&ioniey lacdoeas ié\éﬁéiaéul’éy Egéééiély aeanoéinou,
jadoocéa, | I

scarf 000i. 124.3 24.8

chevron 0090i. 185.5 38.2

scarf féio. 85.6 14.0

chevron feiod. 139.6 33.8
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7 e i y scarf e chevron.
dacoelo aofta ea-aiey,

=
= (D
=1}
o
—I)
8) 8\
/ H
]
S &
o S
o @
<: o

< Qo

(04
D
(%]
o
QD
=
=
(04
o
>
(9]
<
=
o

MANN NAAZAMNA N

=

=

=

o

(o9

~N
[0}

\ Q)

: N
: »

o0}

H

o

\]

)

o

D

D

2

=]
N
D:
> QO

jadajeéa 551



Eca. Nasao. 6i-0a. [1a. fds. N&a.: 1acdiaoeea. 146aieéa. Eio  i81aoeéa. 2025. O. 25, adi. 4
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made of composite resin and glass ionomer cement, as well aslirated enamel and tissues in their
vicinity, was carried out, followed by a comparison of the results with the properties of the sound tissues.
For a more in-depth interpretation of the obtained experimental data, optical images of the sample surface
structure were obtained. Composite llings have been shown tobe superior to glass ionomer ones due
to greater similarity in mechanical properties to the sound enamel and fewer internal structure artifacts.
The possibility of the polymerization stress appearing in datine adjacent to the lling was demonstrated.
Pathologically altered demineralized enamel treated with plymer in Itrant, despite a slight decrease in
the values of properties compared to sound tissue, turned duo be generally close to it both in terms
of the mechanical characteristics, which indicates the highpotential for the use of polymer in Itration in
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Introduction

The state of the tissues of the human oral cavity is an important conponent of the health
of the body as a system, signi cantly a ecting quality of life in general. At the same time,
untreated caries of permanent and primary teeth is one of the most comnmdiseases in the
world according to the global report of the World Health Organiza tion, it a ects about 2
billion 510 million people all over the world [1]. Moreover, a number of studies have shown
that pathological changes in the tooth hard tissues contribute b the development of respiratory
diseases d], lower respiratory tract infections and in uenza [3], as well as a humber of other
diseases4].

Caries occurs as a result of the interaction of acidogenic oral bacteria thi components of
the human diet within the plaque bio Im, resulting in the format ion of organic acids, mainly
lactic acid. The appearance of acids in the oral cavity can also occur wherbnsuming a number
of foods and drinks b, 6], which contributes to the demineralization process partial dissolution
of the main structural elements of enamel hydroxyapatite crystallites [7]. Early caries (stage
of the white spot lesions, WSLSs) is characterized by the process of denaralization of tooth
enamel without cavitation [8]. A dental clinician plans a treatment of WSLs depending on a
list of factors (the size of the demineralized area, its location, dege of activity, and others).
With early manifestations of WSLs, treatment may be limited to the methods of non-invasive
dentistry [9]. In more complex cases, it becomes necessary to use methods of preparimg d@rea of
demineralization and lling it or minimally invasive treatment ( such as polymer in ltration [ 10]).
Glass ionomer cements (GICs) can be used in a wide range of clinical situatis due to the
ability to control their mechanical properties by changing the powder/liquid ratio or the chemical
composition of the material [L1]. Treatment of WSLs by the in Itration method consists of acid
etching of the damaged enamel surface, drying of the subsurface pos area, and impregnation
of it with liquid polymer material, which modi es the microstructur e of the enamel prisms 12].
However, the e cacy of this clinical procedure has not been fully investigited: in a number of
clinical cases, high e ciency has been reported13], whereas in other studies, it did not show
the desired result for the practicing dental clinician [L4].

In the present work, an ex vivo study of the mechanical properties of llings made of the
composite material and the GIC, the enamel surrounding these lling, dentine in their vicinity
(i.e., dentine adjacent to the dentine-enamel junction, DEJ), as well a sound dentine and enamel
on the opposite side of the tooth was carried out. According to a siilar scheme, a study was
made of the properties of enamel modi ed by the in Itrant and dentin e in its vicinity, as well as
sound dentine and enamel on the opposite medial side of the toothiHe procedure was repeated
on two samples each demonstrating the manifestations of WSLs iorder to gather more statistical
data).

1. Materials and methods

Four human molars were extracted for orthodontic reasons in the deal department of the
Rostov State Medical University clinic, Rostov-on-Don, Russia The local independent ethical
committee of the university approved the research (extract 14/21 da¢d September 23, 2021),
and the patients provided informed consent. The following dental mag¢rials were used in the
study according to the manufacturers' protocols: Vitremer glassénomer cement (3M ESPE, St.
Paul, USA), Estelite Flow Quick composite material (Tokuyama Dental, Tokyo, Japan), and
Icon in ltrant (DMG Chemisch-Pharmazeutische, Berlin, Germany).To form thin sections of
the surface of the samples containing the areas under study, they weiprepared in longitudinal
section using an Isomet 4000 precision saw (Buehler, Lake Blu , USAYhen ground and polished.

The mechanical properties of the areas under study were assessed usingpaoindentation test
machine (NanoTest 600 Platform 3, Micro Materials, Wrexham, UK) using a calibrated Berkovich
diamond indenter. In each test, the load increased linearly for 20 s,emained constant for 30 s,
then decreased linearly for 20 s. The maximum load Pmax was 50 mN. To event damage to the
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tooth tissues caused by uncontrolled dehydration, the specimens weret moist with drops of
distilled water using an infusion pump (Terufusion TE-332, Teruno, Leuven, Belgium). Reduced
Young's modulus E; and indentation hardnessH for each of the areas were obtained utilizing
the Oliver Pharr method [ 15]. In nanoindentation experiments, creep meant a change in the
deformation of the material during the experiment when the maximum bad was held for 30 s.
For each area under study, from 8 to 12 identical indentations were nte, and the results were
averaged afterwards.

Microscopy of llings and tissues in the vicinity of indenter prints was carried out using
the optical system of a nanoindentation system. Overview images ohe prepared cross-sections
were made using a Zeiss StereoDiscovery V.20 stereomicroscope (Carls&dilicroscopy GmbH,
Oberkochen, Germany) according to the Abbe scheme. Zeiss ZEN softwai@arl Zeiss Microscopy
GmbH, Oberkochen, Germany) was used for image processing.

The Shapiro Wilk normality test was used to examine whether the nanoindentation datasets
were normally distributed. The test statistic (D) provided a measurement of the divergence of
the dataset distribution from the normal one. The one-way analys of variance (ANOVA) was
used to detect statistically signi cant di erences between the means of thetwo or three groups
under study. Speci cally, the null hypothesis was tested:Hg: 1= 2 = = , where is
a group mean andk is a number of groups. The above hypothesis was tested for three sets o
indentation data for the composite lling case, three sets for theglass ionomer lling case, and
two sets for each polymer in Itration case using theF -ratio at a signi cance level of = 0:05.
The Tukey Kramer test was then used to identify speci c groups that di ered from each other.

2. Results and discussion

Figure 1 shows optical images of surface sections of all samples, indicatingth the areas of
interest and the anatomical features of the crowns. Indenter imprintsat a distance of 60 m from
the interface with the lling, in its internal and external parts (t he central region of the enamel
in Fig. 1, a, the approximate boundaries of the lling are outlined by a burgundy dotted line),
demineralized dentine, and sound tooth tissues are shown in Fi@. The results of the property
evaluation are given in Table1.

Figure 2, b shows large pores found on the examined surface of the compositenk. Diagrams
of the dependence of the indentation depth on the applied load for th case of this lling are
shown in Fig. 3. For the GIC lling (Fig. 1, b) from the cervical area to the pulp horn, an
assessment was made of its mechanical properties, enamel at the boraéth the lling (about
400 m from the interface due to the presence of a crack in the immediate ®inity), bordering
dentine, as well as the sound enamel and dentine on the opposite mell&de of the tooth. The
measurement results are shown in Table.

The results of optical microscopy of the interface of a lling made ofGIC and dentine are
shown in Fig. 2, ¢, d. Diagrams of the dependence of the indentation depth on the applietbrce
for the case of a GIC lling application are shown in Fig. 4.

Considering that in the current research, polymer in Itration was carried out on the two
samples, further, the rst and second cases of using this material wibe mentioned.

For the rst case of the WSL in Itration (Fig. 1, c), the mechanical properties of the treated
enamel, dentine in its vicinity, as well as sound enamel and dentinerothe opposite medial side
of the tooth were assessed.

A visual examination of the in Itrated enamel showed the presence of &/SL focus, extending
from the enamel surface to the DEJ. In this regard, the mechanical mperties of the in ltrated
enamel were measured close to the DEJ. On the opposite side of the juiam, presumably
pathologically altered dentine was examined. The test results are gan in Table 3. Diagrams
of the dependence of the indentation depth on the applied force for thest case of the WSL
in Itration are shown in Fig. 5. For the second case of polymer in Itration of the molar in the
upper third of the enamel in height (Fig. 1, d), the mechanical properties were assessed similarly
to the rst case (see Table4).
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c d

Fig. 1. Optical microscope images of samples afteex vivo dental treatment: a shows composite lling;
b shows GIC lling; ¢ shows enamel in ltration, rst case; d shows enamel in Itration, second caseje
stands enamel,d stands for dentine, dej stands for DEJ, es stands for sound enamelds stands for sound
dentine, ci stands for internal part of the composite lling, co stands for external part of the composite
lling, ecstands for enamel at the interface with the composite lling material, dc stands for dentine in
the vicinity of a lling made of composite material, pr stands for previous crown restoration,g stands for
GIC lling, dgcstands for dentine in the vicinity of a lling of GIC in the cerv ical region, eg stands for
enamel on the interface of a lling of GIC, dgh stands for dentine in the vicinity of the GIC lling in the
area of the pulp horn (crown part), sr stands for stria of Retzius, hsb stands for Hunter-Schreger bands,
ei stands for in Itrated enamel, di stands for dentine in the vicinity of in Itrated enamel, pc stands for
pulp chamber (color online)

Table 1
Mechanical properties of the sample treated with the compodée material
Area Red. Young's modulusk,, GPa | Hardnessl, GPa | Creep, nm
Filling outer part 1147 1:.05 1:11 017 2363 561
Filling inner part 1151 0:32 0:93 0:05 2935 300
Enamel bordering lling 4055 3:85 2:48 0:65 2297 657
Sound enamel 97:77 550 5:98 0:37 365 111
Dentine bordering lling 2350 2:82 1:16 0:13 1623 337
Sound dentine 2648 334 1:14 015 1015 154

To assess statistically signi cant di erences in the indentation reailts, three sets of Young's
modulus values were selected for the composite material and GIC (thefer part of the composite
lling, the enamel in the vicinity of the lling, and sound enamel with sample sizes of 11, 9, and 9
tests, respectively; the GIC lling, the enamel in the vicinity of the GIC, and sound enamel with
sample sizes of 8, 6, and 9 tests, respectively), and two sets of valdes the samples treated with
the in ltrant (treated and sound enamel with sample sizes of 7 and 11 ¢sts for the rst sample,
12 and 12 tests for the second sample, respectively). In all cases, frommet sample information,
we obtained that the test statistic F was not in the 95% acceptance region, based on which a
conclusion was made to reject the null hypothesis (ap < 0:05), thus, at least two group mean
values for each material were statistically signi cantly di erent from each other. Additionally,
Tukey Kramer test subsequently revealed a signi cant dierence between dl three pairs for
lling materials.
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c d

Fig. 2. Optical microscopy of llings and surrounding tissues: a shows indenter marks on the surface of
a composite lling; b shows indenter marks and pores in the outer layer of the Iling ¢ shows indenter
marks on dentine in the immediate vicinity of the lling; d shows surface of the GIC lling; g stands for
GIC lling surface, e stands for enamel,ci stands for inner layer of the lling, costands for outer layer of
the lling, ii stands for indenter imprint, cei stands for interface between the lling and enamel,p stands
for pore, d stands for dentine, g stands for GIC, gdj stands for interface between lling and dentine, gp
stands for glass particle; symbol marks the agglomerate of glass microparticles (color onlie)

Table 2
Mechanical properties of the sample treated with the GIC
Area Red. Young's modulusg,, GPa | Hardnessl, GPa | Creep, nm
Filling 1:57 0:34 0:14 0:05 9270 1595
Enamel bordering lling 16:27 751 1:25 0:93 5025 2855
Sound enamel 9118 4:89 5:61 0:99 495 277
Dentine (pulp horn) 3937 0:96 2:03 007 1163 9.0
Dentine (cervical area) 2536 1:.04 1:48 0:10 1829 253
Sound dentine 2333 415 1:14 001 1246 459

The analysis of experimental data of nanoindentation shows that tke outer and inner layers
of the composite lling are characterized by practically identical values of the Young's modulus
and a decrease in the value of indentation hardness of the inner lay by 16.2% compared to
the outer one, as well as an increased creep value by 24.2%. This obseiwat partially agrees
with the studies of the mineral density of composite llings [16]. At the same time, the values
of the reduced Young's modulus and the indentation hardness of thaner part of the lling are
signi cantly lower than both the surrounding enamel, noted in Fig. 2, a (by 3.5 and 2.7 times,
respectively), and sound enamel (by 8.5 and 6.4 times, respectively). Thebserved features are
important from a practical point of view for creating a strong Ili ng and high adhesion to natural
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enamel. For the enamel in the lling area, both the reduced Young's modlus and the indentation
hardness were equal to 41.5% of the similar characteristics for sed enamel, and creep was 6.3
times higher, practically not inferior in creep value to the outer patt of the composite lling
(Fig. 2, b).

a b

Fig. 3. Diagrams of the dependence of the indentation depth o the applied force for the case of a
composite lling: a shows composite lling, enamel in its vicinity, and sound enamnel; b shows dentine in
the vicinity of the composite lling and sound dentine (color online)

a b

Fig. 4. Diagrams of the dependence of the indentation depth o the applied force for the case of a GIC
lling: a shows GIC, enamel in its vicinity, and sound enamel}p shows dentine in the vicinity of the GIC
lling close to the cervical area and to the pulp horn, sound dentine (color online)

Table 3
Properties of the sample treated with the inltrant rstcas e
Area Red. Young's modulusg,, GPa | Hardness |, GPa Creep, nm
In ltrated enamel 94:54 653 6:32 0:95 427 278
Sound enamel 10767 11:89 7:02 0:90 290 119
Dentine bordering 2338 1:76 1:16 0:07 1194 2410
in ltrated enamel
Sound dentine 26:38 5:60 1.07 0:.07 1321 260
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Table 4
Properties of the sample treated with the in Itrant second ¢ ase

Area Red. Young's modulusg,, GPa | Hardnessl, GPa | Creep, nm
In Itrated enamel 779 399 4:90 055 585 109
Sound enamel 88:84 4.88 6:62 1:32 420 212
Dentine bordering 19.37 2:89 1:.09 0:17 2040 386
in ltrated enamel
Sound dentine 21.22 1.62 1:25 0:17 1522 219

a b

Fig. 5. Diagrams of the dependence of the indentation depth o the applied force for the rst case of
WLS in ltration: a shows in Itrated and sound enamel; b shows dentine in the vicinity of the in Itrated
enamel and sound dentine (color online)

Observations of the dependence of the indentation depth on the ap@d force P h diagrams)
show that the nature of both the loading and unloading brancles of the curves for enamel at
the border with the lling is generally similar to that for the sou nd enamel, but an increase in
the indentation depth is observed. These facts indicate a change in thmechanism of resistance
to loads of such enamel, despite the fact that during optical microsopy, no visual signs of
pathological changes were noted (homogeneous tissue, without coldranges and distinguishable
cavities [17], Fig. 1, a). At the same time, a small number of large defects in the form of pores
with a diameter of up to 19 m are observed on the surface (this pore is shown in Fi@, b).
Similar e ects are observed for dentine: its Young's modulus in the lling area decreases by
11.3%, and creep increases by 59.9% in relation to the sound tissue, ilehthe hardness values
are comparable.

As for lling materials made of GIC, extremely low values of the reduced Yung's modulus
and indentation hardness are obvious: they are signi cantly lover than those of the surrounding
(10.4 and 8.9 times, respectively) and sound enamel (58.1 and 40.1n&s, respectively). At the
same time, the creep of GIC was 1.84 times higher than that of the surtomding enamel and
18.7 times higher than that of sound enamel. Such a low value of meahical characteristics is
consistent with the recent results obtained by Petrovt et al. [18] during nanoindentation of a
number of commercial GICs. It should be noted that at the boundary betveen the lling and
enamel, as well as between the lling and dentine, there was a delamin@in of the interface (more
than 50 m wide, Fig. 2, ¢), presumably caused by an increased stress concentration due to an
excessive di erence in the mechanical characteristics of the lling andhe surrounding tissue
(which can be further studied using the approaches ofl9]). Analysis of optical images showed a
high content of glass particles on the cement surface with a diameter @68 2:70 m, as well
as pores reaching 15.12m, and agglomerates of glass microparticles (Figz, d).
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For the GIC lling, an even smaller angle of inclination of the unloading branches of the
P h diagrams (Fig. 4) relative to the abscissa axis and a greater spread in depth (due tthe
heterogeneity of the surface and high porosity) is characteristic copared to the case of the
composite lling. The study of dentine in the vicinity of the GIC | ling (Fig. 4, b) was carried
out in two areas: near the pulp horn and in the cervical area. It is nogéworthy that, unlike
demineralizede dentine or dentine around carious enamel, the values tfe reduced Young's
modulus and indentation hardness in both areas of dentine in the iginity of the GIC were
higher than the values of the sound tissue: in the cervical area by 8% and 29.8%, and near the
pulp horn by 68.8% and 78.1%, respectively. Presumably, this phemeenon is associated with
tissue deformation caused by polymerization stresses inside the GIR0, 21]. This observation is
consistent with the results of Dias et al. P2], in whose work increased hardness was observed in
all areas of direct contact with the GIC in sound and demineralized dentine.

The nanoindentation data of the rst case of using a polymer in Itrant show that, despite
the lower reduced values of Young's modulus and indentation hardnesof the in ltrated enamel
compared to sound tissue (by 12.2% and 10.0%, respectively), as Wek an increased creep
value (by 47.2%), both branches of theP h diagrams for the pairs in Itrated enamel sound
enamel have a similar character, including the angle of inclinatin (Fig. 5, a). As for dentine,
we note lower values of the reduced Young's modulus and creep of thissue in the vicinity of
the in Itrated enamel (by 11.4% and 9.6%, respectively), as well as aigher hardness value (by
8.4%) compared to sound dentine (Fig5, b).

For the second case of using a polymer in Itrant, lower values of theeduced Young's modulus
and indentation hardness of the in ltrated enamel relative to the sound tissue were recorded (by
12.3% and 26.0%, respectively), as well as a higher creep value (by 3%)3 The unloading
branches of theP  h diagrams for the pairs in ltrated enamel sound enamel demonstr ate a
similar character, including the angle of inclination, while the loading branches of the in Itrated
enamel have a smaller angle of inclination and a noticeable increagethe depth of indentation.
In this sample, the behavior of dentine largely repeats the featuresfadhe enamel.

Conclusion

In this work, an ex vivo study of the mechanical properties of composite and GIC llings, as
well as in Itrated enamel and tissues in their vicinity, was conducted, followed by a comparison
of the results with the corresponding properties of the sound tiages. The results showed that a
composite lling appears more preferable for use in dentistry tlan a GIC lling due to greater
similarity of mechanical properties, a lower probability of adhesion loss at the enamel border,
and a smaller content of internal structure artifacts.

The information collected for both samples treated with the in ltrant allows us to draw
several conclusions:

the mechanical properties of enamel after in Itration are closer to the properties of the
sound enamel, in contrast to both types of lling materials;

given the small di erence in the mechanical properties of in ltrat ed enamel and the sound
tissue surrounding it, the probability of undesirable stressgrowth in the in Itrated DEJ is lower
than in the case of llings.

However, further research is needed to better understand the ability of le in Itrant to
penetrate tissues in di erent areas of the tooth and at di erent stages of caries progression.

The continuation of the article will be published in the nextssue.
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ie. [5ea44ai edacéeé 14¢id notanoadpued 1aotaia, neacaid ed
daeiouanoda e iaainoaoée a ideidiaiee é éidpueiry aaiiai.
I64aeieedi aaoionéeé iiadia é Taiadosediep aladiiia a oyaad
TieN0AAaiaT ogia. 184ar0aaediiné a 6aaiod 14oia iaidaasai i a
8100aé0ep e Tandaeiaiea fovuanoadpued ifadiaia e dacaaeai ia
4aa yoaia: eiéaeécacey oi+aé, 1aicdecaelits ia a0adin, e 838  dar-
fiey 1t éiéageciaaiiiio 6+anoéd i aaaioeaidi 1aial jona+al ey
0i+-36. 10346Taeaiilié aedideoi idioanoediaai ia eidapuédiy aa i-
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Abstract. The paper is devoted to nding an e cient algorithm for detect ing outliers in non-stationary
one-dimensional time series representing eld measuremé&n Thus, the non-stationarity of a series is
characterized by the presence of a variable trend in the dataas well as heteroscedasticity which is the
inconstancy of variance for individual subsequences of théime series. Failure to take these features
into account leads to the fact that outliers associated with lreakdowns or inaccuracies of the equipment
recording eld measurements can be classi ed as regular vaks. This makes most existing methods for
detecting outliers in time series ine ective. The paper desdbes real data representing observations of
temperature and pollutant concentration in the boundary layer of the atmosphere in Krasnoyarsk, which
have speci ed properties. A brief overview of existing mettods is given, their advantages and disadvantages
in application to the available data are shown. The author's approach to detecting outliers in the series of
the described type is proposed. The method proposed in the pag is aimed at correcting and combining
existing approaches and is divided into two stages: localation of points suspected of being outliers
and regression on the localized section with an adaptive threhold for cutting o points. The proposed
algorithm was tested on the available data. A comparison wih existing approaches was made.
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Aadaadied

AB&IAI0& By40 iDAAN0AASYPO ATATE TTREAATAA0ABUINNON (AABhAAIEE ca ecidl  Aiedl
iagloisie 1a0aIaie  x af adAiaie, &1OIB0A 11460 400U eRilelciaail A Baciid ide-
&iceaieys, A Ofi +efiea asy ifieiaiey & idiaiicesiaaiey iMadaaiey iae 107616 fenoaid,
fiefi0aaaiie 1asaiaiie. a0l Acall AB&IAING dyata yasypoRy dyad, | 32af0aAEYb-
L&A fiTAlé 12060104 eciadaiey. Ai-iAda06, lfioeaaiey A Tasanoe eciadeodsi  (ié oasieae
iicaieypo Aiaedaoi aléliged Ta0810 AAIT06 A caaaiié of+inoup [ 1]. Ai-a01808, caéea
3ya0, eas id2Aesl, Yasypofy AOUAROAAIT iafoaceiiaditie, 0.4 & A8 aiypo Aoadefioe-
~&fGeA BA0AGOAGEROEEE TTAITNEAATAA0ABIITHOAE ABAIAINTAT Byaa Al ASAIAIAI, 1A &iapd
aaeiial 0daiaa, & 0acaead VAl a0dazeaiiié RACTiioe. Aleugia eise+anoal iadepadieé
ca TA0AIAITE (0.4, Aféligié Baciad A04ISee) ORETelyad Alasec ABAIAITNS Y 44, 4484y
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dya 1aoiaia iayooaeoeaidie [ 2]. Aiafiod fi 0&i a ol +efiéd €c-ca 0daaiaaieé é oi+iinoe
eciddaieé 1aiaddaedied atadinia a oaéed aaiito yaeyaony iadadi gaaii a oa caaai+ii
alaééca aaiiao.

N eganne+anéié oi+-ée coaiey gediél eniielcoaiia iddadéaiea iiyoey ¥%.a0a oifi¢, atér
aait a 6aaioa [ 3] NEEENIN [ 3, . 1], a04dii yol Ysiadepaaied, éioidia ianoietél oee+a-
aofy 10 a064&0 iadépadieé, +oi aliclaaao iaicdaiey, +of 1it A0éT alcaail a d0aeéi iada-
iecifi¢. Yoeéi 1i6dadeaiedi iméalaaaony aieugié ésoa idivaniia atasin i 1aed0 4ol
€aé 181MoT goill, 0aé e idleeeaaiiié fiaiié ifadaaiey fiefiodid (aifiae eaé) eee Tgeaéié
eciadaiey, naycaiité i 1eniéelé 1aiaoataaiey. 1aoial 1aiadoseaiey adaoinia a aaiiaod
pediél dacaeaapony a ianolyudd asdaiy (fi. 1aciditd daaiod [ 4 6]), 1aiaél eegl iaaieu-
218 +efél &c ie6 ideidiell é ajacecs adaiaiins oyaia. Yoi faycaii i oai, + 01 404idiita
ayan foee+apony 10 adaidié oai, +of ia 11460 alou 1adaidaail, 0aé éaé | iceoey éasedi-
a7 eciddaiey ar ad&idiin ayad eiddo cia+aied. A Taciaind daaioad | 7,8], TiRayuaiiad
aiagecd N6LANOAGPUES 1401aia a6y 1aiadosediey atadiiia ai adaiaiits oy 440, a0aeail
ifoyaéa 15 iaoiata, nasoiiesiaaiins i iaféletéel iaivaaedieyi. 1 aiaél atadeaiioa
aaoidaie iaoial eidpo iadaie+aiey i ideidieiifioe é aeeiiti ianoacel jaditi aoa-
iaii0i ayaai iaooaino eciasaieé. Oaéei 1adachi, dacdaaioéa ifand i jadiaia é iefiéo
a0adifia ai adaiaiiio oyaad, 6+eolaapued élioaéno, a éioidii eiéaee ¢coaony anasin,
yaeyaony aéooaéliié casa+aé

Noaouy 1943 ieciaaia neaaopuei 1adacii. A 63 ca. 1 ideadaaii ienaiéa a aiiao, éiol-
d0a efiféticopory ia idioysediée fivaoue aey oanoediaaiey e faiiitaaie y iaoiaia. bacaae 2
iTRayuai édaoéiio 1acidd fduanoadpued iaoiaia ifenéa ataainia ai adaiai i006 oyaaod e
&0 ideididiep é éidpueify aaiidi. A daca. 3 i6eadaaii lienaiea aaoid féfé idoiaeée é
fandaeadied dacoeuoacia 4a iveidiaiey é eidpueiny aaiidi. iaéiias, caéé p-eodéuité
dacaae inayuai fienaiep dacoeuoacia enneaaiaaiey
1. Tiéhaied eidpuedny aaiins

Néiaeiiofiodiaiind ianoaseliasind asaiaiina dyal anoda+apony, a +anoiino e, ioe ia-
éligdiee iadepaaieé ca 1éddaeaplidé noaaié, iaideiad ¢a éa+anoail aoii foaaiiar aic-
406a. 0430408 +afoedl &eaidodl 2.5 ié & 14id& (PM2.5) yaeypony iai &1 éc iadaiédd
a834aitd caddycieoaeaé aicadda a idecaiili neia aoiinoasi fTasdaiaiins aisiaia e ge-
o1é1 idéciaiini 1adeadli éa+anoaa aicadda. Aiagec 0aéed aaiiad i caieyao Tiefaou ae-
jaiééd niai 1ddeiaia imalegdiind éilivaiodaceé PM2.5 4 itadaie~+il el a aoiinoasd
¢ idiaiicediaaol dacaeoed oaéed 1adeiaia il ecaanoili noaiadeyi. Cia+ 2046uila éiee-
+afoal 0aéoued enneaalaaieé nindaaiol+ail ia ecé+-aiee aaiiad 1 élivaiodas eyd PM2.5,
fitadaiitd naoup 1diiodaifioaaiil danidaaaéaiiisd aao+eéia, é 1iieaaodpuai 1o aiiceoi-
aaiée dacaeoey caadyciaieé (ii., iaideias, [ 9 12)).

Edafiiyone asiaeo a +efél aififieénéed Aloiaia, 4aa éa+anoal aoiiioasiial aicasda
a11081620640MY ia fivadeliadind 1inoad jaaépaaiey it andio &idiao. A leiefoadnoas yéi-
éiaée e daoeiiaglitai ioeaaiieuciaaiey EééﬁﬁyaﬁArT éday aaéno 4640 daaeiiaeuiay
aaaiinoaaiiay eioisiaceiiii-aiaceoce+anéay fenodia aaiiad 1 ATRoTYi ee 1édbdeeapuaé
fidaat Edaniyonélal eéday (EEAN), eidpuay 43ayol aaoliaoecediaaiios i adepaaoaeu-
00 T6iéota (AAII) a +4004 a1diaa. Easeala 20 iéi. caiadypoiy 0aiiadao 60a, aeaaeinou,
dadeadied e éflivaiodacey PM2.5, éioiala aaoiiace+anée caiefidiaaponi y a iadid aaiids.
Ni4adaii0a aaiind todasedin ia aaniooacad ¥Nemnoaia ilieoideisa aicadda a Edadiyo-
fiéae, (ttps://air.krasn.ru/map.html?2= ). A&y &7iodiéy éiivdiodaseé PM2.5 & EEAN éf-
iMelcopony aiagéecaoidn idee itadée E-BAM 1 (Met One Instruments Inc., N@A), idei-
0ei aaénoaey éioidns iiifaal ia éciadaiée iagtuaiey -ecéo+aiey +anoeodaie idee,
faseddiitie ia 6eelodiaasuilé ediod. Aaiité 14oia nasoeoesediaai Aaai onoai it

1E-BAM particulate monitor operation manual. Electronic re source. URL: https://metone.com/wp-content/
uploads/2022/06/E-BAM-9805-Manual-Rev-G.pdf (da0a fadavaiey: 09.01.2025).
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W SRR

alb
y 08118020030 ( a) & élivaiodacee PM2.5 ( &) a & Edanityoned
a 1adeia i 1 yiaady 2019 & 1T 31 a3éaddy 2023 &
Fig. 1. Measurements of temperature §) and PM2.5 concentration (b) in Krasnoyarsk
from January 1, 2019, to December 31, 2023

pef. 1. Eiasai

s

.....

2Environmental Technology Veri cation Report. URL:  https://archive.epa.gov/nrmrl/archive-etv/web/pdf/
01_vr_metone_bam1020.pdf (4ada fadavaiéy: 18.08.2023).
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al a alb al c
pefi. 2. Aenoiasaiit daniddadediey 4aiiao egiasdieé: a oaiiadaooda; a éflivadiodavey PM2.5;
a aanyoe+ité éiaadedi 10 eciadaieé élivaiodacee PM2.5

Fig. 2. Histograms of measurement data distribution: a is temperature; b is PM2.5 concentration; ¢ is
decimal logarithm of PM2.5 concentration measurements

O
jab)
D
<
'O,
®
Qo
o
<
X

ad iié i
Zmean (X|)) é iAaé(’jéOéé’l\aal’l,(’)p ( Zmed(X|)) Z'TOé.l’é
a4l ilaiineaalaanaeiiinoe) Xt = fX1;X0; 5 XN G
Xi  median(Xt)
1:486 MAD '

Zmean (Xi) = ! v Zmed(Xi) =

334 aey X
median(X;) 1daeaia,

s NAZ

~A A AN

==
w
—~~
Q.
D
<
o
Qy
:
c:
=5

& ox ©
Q)/
21
Qx
QJo
QD
Qo
D

w
o O

>

N AN e

o:
s

N

o’
Qx
@
[]
. OX o,
o
>
5 B
[o]

[
Qx

D

=1}

w

PJ D
_p)o

<

ay»

D

<

©

o

=1

<

D

@\



A. N. 140826184, Aeaideoi 1aiadoaediey A0451ATA & iafcaselia  8i06 48814106 6y4a

o 00°%, o 0%
by o by o
o ot . . o o% . .
o 0y o &t - MY oo o0
0_a e e % o 0 a® e — *
0.-.“.-!0.9..-..."9..-.... o %o 0 0e%%%0%%%% . %%," -...' < %
al a alb
. .
o 0e® . K o oo .‘ . o
se,® Vo0 S Wty o o, et %o o, "o ® %00 o o, ae® %0,
? o K} ®0 * o e _ . _* i '. K] *e ® o e L4 i
.. % A 00 o® li.... d'. .. .“o. o0 o® 0.... d'.
alc a/d
- -
I . Lt Coate o0 ¢ 4o . et
° 00 o % _0;'1».‘ 00,‘»."""'»'.0. .°.".°o ,. o % (] *oe o .)e"u.‘ 00,'0.‘"""«'.00 .°.".°o ,. o
o
ale al f
® o
. hd . hd
oy . ® ° o, . M °
T °o »'3. "’."eo o * . o* e "o oo 0’2. ....lle. o * . o o o
L] ° Y L] .“....“.‘.Q...”e.“.A ‘».m. .. ° L] ° ._ L] .“....“..A.”..lle .mA A‘..“.. L) o o

elg ¢/ h

L] L]
o o e o ° .
L] b L]
o 0 ..._. e ..-“.~e'=.e... 00" o0, Uy e?®, o, % o o ..._. ol "eo;.o RS 0 0 ¢ ogen, o* 0%
el élj
berfi. 3. Dagoeuoao ideididiey z-10aiée é iaéioidai Mailieaaiaaodeuiinoyl adaiaiiial oya ail
iéacaieyi élivdiodacee PM2.5: a, 4, 4, &, & 8ac6eloaol iseiaidiey noaiaasoiié z-ioaiée;
4 & 4 ¢, & 8acoeloacn ideidiaiey itacoesediaaiiié z-16aiée (0aao iieaén)

Fig. 3. The result of applying the z-score to some subsequences of the time series based on
the PM2.5 concentration readings: a, ¢, e g, i are results of applying the standard z-score;
b, d, f, h, j are results of applying the modi ed z-score (color online)
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140740 1aiadosediey a0adinia, 1niaaiita ia 10aiée aeecinoe cia+aiey é a Eeacacgel
fAtAdayi [ 15], iifaait ia idaaeea, +oi dannoiyied 1deedd Xj & a006iiié aa déeaeaéwed fii-
RAAAEX; w;Xi 1;Xj+1;;Xi+w Claraieé iailga caaaiiial iaiaa d. Id1aedia oaéial éeanna
idoiaia caéep+adony a ofl, +of afee a aaiitd anou adnodidanooueé 0daia, of  caéea iaoial
ficaitayony iayodoaéoeaidie.

140740, itaaiida ia ieioilfioe danidaadediey 4aiias [ 16], caéép+apofiy a o, +of
aey adaidiiial ayaa (éee aal naiinedalaaoaeuiinoe) y defoiadaiia, a cia+a-

y, Ti jadiayony a 6a g aooi ia

Eidigiaceéa 571



Eca. Nasao. 6i-0a. [1a. fds. N&a.: 1acdiaoeea. 146aieéa. Eio  i81aoeéa. 2025. O. 25, adi. 4

oo™ *oeceres, I *o0e0a,,
..o°"' T"%ee, ..n"" T%ee,
B .,o" - D "o" -
Vosed o, o oser o, o
al a alb
<a00000000000"%000000 | ____ 000000000000 %000000  ______
- '...o"'.“. ®00 - ’“u"'.“. ®oe
Rt i
(L) o o ®
alc alrd
....u»w"'%qm....‘,... a«w”"«m.....‘,...
c.- ....."o o.' ....."o
Py %, %
0" Seg000 .'Om." Toeee 07 ®eqee, .'o.... (T
s ) 0000’
ale al f
.‘..' O eeetteite,, 0000, oo™ .‘,f 0 eeeetteite, 00000, 0"
o "
\d wﬂ?
'mm.o.....o""""". 0009000%ei00eest®"**”
&e/g ¢/ h
JCR _O.". A-.ee.'...
® ... Oe%eq, o® oo Oodeq,
»00000“.‘. = ...= - ®ono o M.“o“.“ - ...; o ®0ns, -°
%o .o‘,.. o [} '.. oo’ .o“. o . 0..
eli élj
Deéfl. 4. bacéelioao ideidiaiey z-ivaiée é iaéioiddl aiiiedaiaacaeuiinoyi adaiaiilar aya ai
iéacaieyi 0aiiadaoosa: a, 4 & a, & 83c¢éeloaod i jaaooié z-ioaiée; 4 4 4 ¢,
& BAacoeuoaod iseiaidiey itaedeoediaaiiié

-foaiée (6440 fieaér)

Fig. 4. The result of applying the z-score to some subsequences of the time series of temperaueadings:

a, C, e g, i are results of applying the standardz-score;b, d, f, h, j are results of applying the modi ed
z-score (color online)
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fi daciié aefiadnedé. ia den. 5 iddancadedi 6acoeiioad daaiol daadanneliinal asaiseoia
aey 0ad eea iaiineaalaaoaéeuiinoaé agaiaiiial oyaa, +of e ia oen. 3, 4. A éa+afnoad iai-
da a0ee adaoail cia+aiey = 0:7 aéy 0aiiadaoddl e = 20 aey éfivaiodacee PM2.5.
baasannétiiay ifadéu fnodieeanu il 12 oi+éai

e/ élj
ben. 5. Dacgoelioao ideiaidiey daadanneliiié ecae+anéié e eifieaelilé iiadée aey ioaiée ao-
adiiia: a, 4, 4, 2, € a4aaiilc i1 élivaiodacee PM 3, 8,3, ¢, & a4aaiits eciadaieé 0aiiadaoodi

(6440 Tieaéi)
Fig. 5. The result of applying a regression cubic polynomial mdel to estimate outliers: a, c, e, g, i are in
the PM concentration data; b, d, f, h, j are in the temperature measurement data (color online)

Oaéei 1adacti, d4asanneiiiie imacia 4iedad oi+ai a livdadediee aimasii 00 cia+aieé,
+&i Tiefaiitd ated, 10iiNeodeuit enneaacaits aaiitd. Taiaél, 6aé atél oéaca it a0ga,
0aéié 1aoia iieedo allaadaol feedée a ned+aad aaoadinéaaanoe+ias aaiias (Al ., den.5, &, e,
e). 14074 ia oi+ai, dnee filaiaaapo oi+ée Midit daadanneliié itadee e 0daiaa a aaiiao,
oldaa eéoaéiea oi+ée iaiifieaaiaaoaeuiinoe fioaaaeypony éaé atasi  fi (fi. def. 5, &), iafa-
diaeiiiolu fAodieou itadeu adniéar iloyaéa ia éasedll iadieugli faal 04 oi+aé aaeaao
ifadia ad+efeeoasdil- & adaiycaodaoidi
3. xafoeé+il daddanneliité 1aofa ieféa atasiiia a feiaeiion 001aiito

aoaiaiito oyaad

|daaeadadiné cadnu iadia iaidadeai ia 6fodaiaied idaifoacéia 1aoiaia, ihitaaiino
ia ifnodiaiee daadannee e 16aied dannoiyiey ai acéseadeed finaadé. 1ao0iaa, i aaiioa
fa dafi~aoa daffiolyieé é ayall easeauei oi+éal, iicaiéypo 6+anou Tiiiai fa farénoar oy-
aa faycaiiiiou aal cia+aieé ideead flaié, a daasanfietica Toaieol foéetiai ea cia+aiey
10 1aaepaadiial a 4aiito odaiaa. 164a6a4a4i0é 14014 caéep+adony a ofi, +0fal hia+aéa
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faéoe 1anoa nétieaiey oi+ae, aicdeoaeuitd ia anasdin, a caodl &6 1adaaio aol da&adan-
figliilé iiadéup. (ace+ed idaaiadaaioée iicaieeo Aieceou at+eneeodé Uidp Aéleeiliou
daadanneliiial iaolaa e o6fnodaieol aéeyied aaoadinéaaanoce+iinoe, iadépaaai 1é a aaiiao,
ia d&coelioao 10idnaiey oi+ée é anasino. Oaéel 1adac, 10aaéasadiné ae  aldeoi Afoied
ec aaod yoaiia:

1) 16aaiadaaioéa;

2) daasdanneiiiay 1taael i adaioeaill énéiaai fidaaaeaiey anasina.
3.1. 1adané yoai. I6daiasaaioéa

|dda1adadioéa caéep+adony a ofl, +0ial iaéoe oi+ée, cia+aied éio 1606 yaeypoiy ii-
alcoeodedinie ia anasif. N yolé oaeup &gy eamedié oi-ée Xj iofaiaéony aaa ioyiiod
lieTeeel, ~0f ~adac 0i+€€  (ti;Xi), (ti+2; Xi+2) 10101a€0 idyiay, cadaiiay 6daaiaieai

Vi1 = Ki;1x + by 1; 1)

+A04C¢ O1+€e(tj+1;Xi+1), (ti+3; Xi+3) TOyiay

Q-

Yi:2 = Ki:2x + b;2: (2)

[ified yoial aey oi+aé (ti;Xi), (ti+2;Xj+2) A+€0apofy daffoiyiey di, di., af idyilé, casai-
16 OBAAIAIGAI ( 2), & A6V 01286 (tis1:Xis1), (tiss:Xiss) &l iBYIE, CAAAINNE GBAAIAIGAI
(1). Oaéei 1adacii, ¢ca Taei i816ia 1t adaiaiiTio 8yao X al+eféaiedi 8 éfifioaio 1eo-
+4i jaaid dannoiyieé D = di. Yoé dannoiyiey iicaieypo 16aieou, ianéleuél cia+aied a
0i+éa Toee+aaony 10 aa déeacaéeed Minaaaeé, ioe yoli 6+-eolaay 6aéo, ~0i a aaiild ifeedo
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Introduction

Road transport remains the dominant mode of transportation n Russia, playing a critical
role in the country's economy by facilitating the movement of good and passengers. The number
of vehicles on Russian roads continues to grow annually. However, ad transportation is also
among the least safe modes of travel, as evidenced by concerning trendsseffety statistics.

One of the most pressing issues facing Russia's road transpostséem is the high incidence of
tra c accidents. According to o cial data from the State Trac Insp  ectorate of the Ministry of
Internal A airs, nearly 33,000 road accidents occurred in the rst half of 2023 alone. These
incidents resulted in the tragic loss of approximately 3.500 livesand left more than 42.000
individuals injured® [1]. This alarming situation highlights the urgent need for improved safety
measures and a comprehensive approach to mitigating risks withithe road transport sector.

In this context, several articles published between 2018 and 2023 o eraluable ideas and
methods for analyzing and predicting road safety indicators.

One signi cant study by I. E. llina examines the modeling of accidentrates involving trucks
in Russia 2]. The author analyzes existing data and proposes methods to enhancead safety,
particularly relevant given the increasing number of freight transportations.

In a review conducted by Jameel and Evdorides, existing indicators ofite road safety system
are explored, and modi cations are suggested to improve their e eciteness 8]. The authors
emphasize the importance of adapting indicators to modern conditins and the transport system's
challenges.

M. Polyakov, V. Ivashchenko, and I. Shuvalov presented a model practing the main indicators
of road transport system safety fi]. Their work utilizes a system dynamics approach for analysis
and forecasting, which can assist in developing more e ective tra ¢ maragement strategies.

Finally, the article by O. Mayboroda and B. Sarymsakov discuses ways to improve the system
of road safety indicators in the context of analyzing the qualityof motor vehicle transportation [5].
The authors propose new approaches to assessing and monitorirgfety, which can help reduce
the number of road tra c accidents.

However, the results of these studies do not contain results on manament using the proposed
mathematical models, as well as information on procedures for correcty models of system
dynamics, the need for which is very urgent.

The article is structured as follows. Section 1 contains a statement ofhie problem and
approach to its solution. Section 2 describes the complex of mathemiail models proposed for
solving the problem. The third section presents the results of the nmerical solution of a system
of di erential equations. Section 4 contains information about the correction of the mathematical
model. The fth section contains information related to the use of the proposed results by decision
makers. Section 6 contains brief conclusions on the article.

1. Statement of the problem and approach to its solution

To e ectively analyze and predict the primary safety characteristics d the road transport
system, it is essential to develop a complex of mathematical models. Thes®dels should leverage
a system-dynamic approach, regression models, and products torfoalize the cause-and-e ect
relationships of a complex structure between model variables.

Considering the aforementioned information, employing system dyamics is the appropriate
method for addressing this issue. System dynamics has proven e ectivi@ modeling diverse
complex processes and systems multiple timeg,3, 6].

The construction of the proposed mathematical model complex involveseveral structured
steps, as illustrated in Fig. 1.

! Assessment of the road tra ¢ safety situation. Available at:  http://stat.gibdd.ru/  (accessed June 22, 2024);
About the road tra c safety. Federal law FZ-16 ot 09.02.2007. Available at: http://base.garant.ru/12151931/
(accessed June 23, 2024).
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Fig. 1. Stages of developing a system dynamics model to prexti the
main characteristics of the road transport system

Considering the preceding, the following variables, indicated in Take 1, are taken as indicators
characterizing the safety of the country's road transport systemIn Table 1, all values are shown
for the annual period.

Table 1
Key safety indicators of the road transport system

Variable Description

notation

X1(t) Total number of tra ¢ accidents

Xo(t) Number of fatalities in tra ¢ accidents

X3(t) Number of injured in tra ¢ accidents

X4(t) Number of tra ¢ accidents with particularly severe consequences

X5(t) Number of tra ¢ accidents during dark hours

Xe(t) Number of tra ¢ accidents involving drivers who refused medical
examination

X7(t) Number of tra c accidents caused by tra c rule violations by
drivers with less than two years of driving experience

Xg(t) Number of tra c accidents caused by tra c rule violations by
drivers with 10 to 15 years of driving experience

Xo(t) Number of tra c accidents involving children under 16 due to
their carelessness

X1o(t) Number of tra ¢ accidents on regional or intermunicipal roa ds

X1 (t) Number of tra c accidents on federal highways

X12(1) Number of trac accidents in the capitals of the constituent
entities of the Russian Federation
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In practice, quantitative scales with a clear physical meaning are usedeas$pite some of the
variables being qualitative. The study assumes that for numerical radeling of the process of
changing safety variables, we use the apparatus of the theory dfizzy sets to transition to such
representations. We calculate the normalized values of the variablesy measuring them on a
guantitative scale and using their normalized values in the calcwtions, determined from the
following expression:

Xi(t) .
Xi(t) = 7X'r'10rm ;i =1;0517,

|
where X;(t) the normalized value of the indicator used in the model; X; (t) the present
value of the indicator, determined by the numerical scale;X ™™ normalization coe cient.
Additionally, the model considers external factors that a ect road safety, and these factors are

presented in Table2.

Table 2

External factors that a ect the road transport system

Variable Description

notation

Fa(t) Administrative o ense cases initiated

Fa(t) Warnings issued to police o cers by court decisions

Fa(t) Fines imposed on police o cers by court decisions

Fa(t) Decisions forwarded to baili s for enforcement

Fs(t) Decisions received from courts regarding administrative erest

Fs(t) Decisions received from courts regarding driving license
revocation, including those with an additional administrative ne

The construction of system dynamics models is carried out based on seledt variables
and external factors, called, in terms of system dynamics, levels thatharacterize the system's
functioning. Based on these scales, we constructed di erential equatianof the form:

dX(t) _ « :
e S OB OF

where X * (t), X (t) represent the positive and negative values of the rate of change dtlie
variable X (t), respectively. These values encompass all factors contributing to thergwth and
decrease of said variable.

It is assumed that rates are functions that depend on factors. The r&s look like:

X (1) = £ (Fa(t); Fa(t); i Fe(t)) = Fa(Fa(t)f2(Fa(t)); s f(Fu(t));
where Fq;::;; F¢ are factors that can function as as both variables and external functins.

2. Mathematical model

2.1. Development of a graph of cause-and-e ect relationshi ps of system variables
and external factors

Experts in the eld of road safety establish connections between road $aty characteristics
that have both positive and negative impacts on the behavior of hese characteristics over time,
relying on their judgments [7]. The presence of these relationships allows the building of an
incidence matrix for security characteristics, shown in Table3.
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Table 3
Incident matrix for safety performance of the road transport system
X1 | X2 | X3 | X4 | X5 | Xg | X7 | Xg | Xo | X10 | X112 | X12 | Fa | Fo | F3 | Fa | Fs | Fg
X1 | O 0 [0 0 0 0 [+ [+1 [+1 | +1 0 +1 | +1 | +1 1P 1 1
X2 0 0 0 +1 +1 0 0 +1 0 0 0 +1 0 +1 1 1 1 1
X3 | O 0 | 0 0 0 | +1 |+ | +1 | +1 | +#1 | +1 | +L | +1 | +1 | © 1] 0 1
X4 0 +1 0 0 +1 0 +1 +1 0 0 0 +1 0 +1 1 1 1
Xs | O |+L | 0 |+ | © 0 |[+L [+I | © 0 0 +1 | +1 | +1 1 1 1 1
X6 | O 0 [ +I | © 0 0 | +1 | +L | +1 0 +1 | +1 0 | 0 1 1] 0 1
X7 | +1 1] 0 0 1] 0 0 | +1 1| 0 +1 | +1 | +1 | O 1 1 1] P,
Xg |+1 | 0 | O 0 0 0 [+1 | © 0 | +1 0 +1 | +L | +1 | O 1] 0 1
Xg | +1 1 1] 0 0 0 | +L [+I | © 0 +1 | +1 | +1 | © 1 1 1 1
X0 | +L | 0 | O 0 0 0 | +L [+L | © 0 0 +1 0 [+1 | © 1/ 0 | 0
Xua | +1 | +1 [ +1 [ +1 [ +1 [ +1 [+1 [+1 | © 0 0 +1 0 [+1 1 1 1 1
X1z | +1 | +1 | +1 | +1 | +1 | +1 | +1 | +1 | +1 0 0 0 0|0 |00 0]O

The variable U;; located at the intersection of the corresponding lines, characterizes &
mutual in uence of model variables, taking into account external ewironmental factors:

g 1, variable of external factor X; negatively a ects Xj,

~_ 0y variable of external factor X; does not a ect Xj,

W § +1; variable of external factor X; has a positive e ect onXj,
" Pj; productions or element of production rule system.

Let us determine the production valuesP;, i = 1;:::; N, characterizing the in uence of the
environment on the model parameters, which are
determined at the stage of adaptation of the developed
model to the selected control object. Productions
consist of two parts: a sensory precondition (or IF
statement) and an action ( THEN ):

8

2 1, if condition 1 is met,
if condition 2 is met,
if condition 3 is met.

Pi=>0;
T

After the condition is met and the action is
activated, the model products look like: P1 = +1;
P,=+1;P3= 1.

We construct the model by constructing a cause- Fig. 2. A subgraph of cause-and-e ect
and-e ect relationship graph based on the incidence relationships for safety indicators of
matrix. Figure 2 shows a subgraph for the variableX,. ~ the functioning of the road transport
The generated graph can describe the complex system system for the variable X 2
of causal relationships between the analyzed variables
and external factors. The graph's vertices represent the variableX; X13 and external factors
F1 Fe, while the arcs determine the cause-and-e ect relationships between thenncluding the
direction and type of connection f].

2.2. Equations of system dynamics

System dynamics models are constructed by utilizing the cause-and-e ectlationship graph.
To develop a model, a subset of levelX = X;, i =1;:::;13, is chosen to establish the functional
dependencies between thenB]. These dependencies are determined by analyzing the available
statistics provided by the State Tra c Inspectorate of the Minis try of Internal A airs of Russia.

The variables X, i = 1;:::; 13, are de ned within the admissible range:0 < X ;(t) 6 1. Based
on the cause-and-e ect graph that represents the safety indicators afoad transport systems, we
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created equations in the following format:

ax, Y X LY X _
dt = fi;j (XJ ) Fi;m fi;k(xk) F]_;n' (1)

i m itk n

In general, the system of equations will look like this:

% = f1.7(X7)f 1.8(X8)f 1:9(X9)f 1:10(X 10)f 1:12(X 12)f 1;12(X 12)f 1:14(X 14)f 1:15(X 15)
(Fi+ Fa+ Fg) (Fs+ Fs+ Fe) (2)
% = f2.4(X4)f 25(X5)f 2:8(X 8)f 2:9(X 9)f 2:12(X 12)f 2:14(X 14)F 2:15(X 15) F2
(F3+ F4+ Fs+ Fg); (3)
% = f3:6(X6)f3:7(X7)f3:8(X 8)f 3:0(X 0)f 3:10(X 10)F 3:11(X 11)F 3:12(X 12)F 3:13(X 13)
f3.14(X14)f315(X15)(F1 + F2)  (Fa+ Fe); (4)
% = f2.2(X2)f 2,5(X5)f 4.7(X 7)f 2:.8(X 8)f 4:9(X 9)f 2:11(X 11)f 2:14(X 14)f 2:15(X 15) F2
(Fs+ Fa+ Fs+ Fe); (5)
d;(ts = f52(X2)f54(X2)f57(X7)f58(X8)f 511(X11)f 5:14(X 1) 5:15(X 15)(F1 + F2)
(Fs+ Fa+ Fs+ Fe); (6)
d;(te = f6:3(X3)f6,7(X7)f 6:8(X 8)F 6;9(X 9)F 6;:10(X 10)F 6:11(X 12)F 6:13(X 13) f 6:14(X 14) f 6;15(X 15)
(F3+ Fa+ Fe); (7)
d;(,: = f7.1(X1)f 7.8(X 8)f 7,13(X 13)F 7,24(X 14) f 7,15(X 15)(F1 + Fe)  f7,2(X2)f 7:5(X )
f710(X10)(F3 + Fa + Fs); (8)
dc):,[S = fg1(X1)fg7(X7)fg9(X0)f 8:11(X11)f g:12(X 12)F 8:14(X 14) F 8:15(X 15) (F1 + F2)
(Fa + Fe); 9)
% = fo.1(X1)f 9,7(X7)f9:8(X8)f 9:9(X 9)f 9:13(X 13)f 9,14(X 14)f 9:15(X 15) F1  f9;2(X2)
fo.3(X3)(F3+ Fa+ Fs+ Fe); (10)
d)c(ltlo = f101(X1)f10,7(X7)f 10,8(X 8)f 10,11 (X 11)f 10:14(X 14)f 10:15(X15)F2 - (Fa);  (11)
% = f11,0(X1)f122(X 2)F 11;3(X 3) f 12:4(X 4)F 12;5(X 5)f 12,6 (X 6) F 12,7(X 7)F 12:8(X 8)
f11,14(X14)f11;15(X15)F2  (Fs+ Fa+ Fs+ Fo); (12)
dijt” = f122(X0)f 122(X2)f 123(X 3)f 12:4(X 2)f 125(X 5)f 12:6(X 6)f 12:7(X 7)f 128(X 8)
f12:9(X 0)f12:10(X 10): (13)

The time argument t for all functions in (2) ( 13) is omitted for brevity.

2.3. Creation of functional relationships among the intern al variables
of the model

Expressions in the system of di erential equations that are writtenasf a.g (Xg) indicate the
relationship between the variableX o and Xg and are determined using regression analysis tools.
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On the other hand, expressions of the forrrFiif fori = (1;::;6) represent the dependency of the
variable on an external factor, as de ned by the predicate:

8
2 1; an inverse relationship between the variable and the external factor
Fi'f =.0 the variable and the external factor are not related to each other
" +1; direct proportionality between a variable and a factor.

Each expressiorFi'f fori=1;::N has its own conditions.

In order to ascertain the nature of f o.5 (Xg) expressions, we utilize regression analysis to
establish the relationships between the variables. In our notatin of expressionsf a.g (Xg), the
variable X g is the explanatory variable and X 5 is the variable being explained. By employing
the least squares method, we identify functional dependencies as 2uggree polynomials 9]. For
example, in the rst equation for X ; there are dependencies of this variable on variables; X 1».
These dependencies, determined by the least squares method, have the form:

f17(X7) =6:7X2  11:3X7+5:66;
f18(Xg) = 15IXZ+2:45Xg 0:04;
f19(X9) = 0:95X2+1:64Xg+0:24;
f110(X10) = 2:65X2,+5:24X 19 1:64;
f111(X11) = 0:58X% +0:83X 13 + 0:65
f112(X12) = 1:55X%,+2:74X 1, 0:28

To illustrate, we can demonstrate the relationship between the occuence of road accidents
X1 and two factors: the number of road accidents caused by intoxicated dvers Xg (Fig. 3, a)
and the number of road accidents caused by pedestrian tra ¢ violatiors X g (Fig. 3, b). For each
polynomial, some characteristics were calculated, for example: fdr;.9(Xg): standard deviation
= 0.044; regression variance = 0.0029; regression standard error 8.035; Pearson's test: 0.88.
The Pearson criterion, in this case, shows the magnitude of the appxamation reliability.

a b

Fig. 3. Graph of the functional dependence of the number of agidents (indicator X ;) on the number

of accidents due to tra c violations: a by drivers in a state of intoxication Xg; b by pedestrians

Xg. The black line represents the graphs of changes in these depaencies; the gray line represents the
corresponding statistical data (color online)

3. Solving a system of di erential equations numerically

Once the construction of a system dynamics model is complete, it is necesgdo de ne the
elements and variables involved in the equations of this system. Thisask relies on the data
obtained from the available statistics on the factors and signcant variables of the system [5].
After determining the functional dependencies and coe cients in the equatons, and external
factors, the resulting system of equations is solved by the numeritanethods of the fourth order
of accuracy.

Figure 4 shows the change in time of the calculated values for all calculatedalues of the
model variables over the interval from 2021 to 2024.
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Fig. 4. Forecasting results for each variable for 2021 2024color online)

We compared the calculation results with actual statistical data foreach variable. For example,
let us present graphs comparing statistical and simulated data for2004 2010 for variablesX
and Xg. The results are shown in Fig.5, respectively.

In Fig. 5 a, the maximum deviation from statistics was 9.8 percent in 2009; inFig. 5 b, it
was 10 percent in 2010.

a b

Fig. 5. Comparison of statistical and simulated data for variables X, (a) and Xg (b) (color online)

4. Correction of the system dynamics model

Correction of the mathematical model is necessary to improve its accuracgnd adequacy.
Numerous factors come into play when constructing a mathematical modglmaking certain
simpli cations and approximations necessary. However, these sinlipcations and approximations
may only sometimes lead to highly accurate predictions of the simation results.

After we tested the model on statistical data, it may become clear thati does not correspond
to reality in some aspects. In this case, correcting the model can imprevits accuracy and
reliability. The mathematical model can be corrected by adding new pararaters or variables and
adjusting the parameters. As a result of model correction, it is pasible to obtain a more accurate
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forecast of the dynamics of the main characteristics of the road tnasport system, which can help
make decisions in the eld of accidents.

We used statistical data from 2004 to 2020 to predict system behavie as part of the modeling
process. For instance, Fig.6 illustrates the system behavior during the period from 2004 to
2010 Q.

Fig. 6. The state of the system for 2004 2010 (color online)

We correct the mathematical model if the di erence between the model andtatistical data
exceeds 10%. Figurés indicates that the model did not require any corrections from January
2004 to November 2005. However, corrections were made to the model thg the remaining
time interval. The developed models accurately align with the statistcal data recorded between
2021 and 2022, indicating that the number of accidents from these adels closely matches the
actual gures. As a result, the developed software can be con dently @commended for practical
application in simulating the primary safety metrics of the Rusdan road transport system.

5. Actions of the decision maker when the model variables go b eyond
the allowable values

In the decision-making sphere, when the main characteristics of theoad transport system
reach or exceed permissible values, a number of measures are required tauretthe variable's
value to the acceptable zone. These are the points where serious decisi@me made to restore the
model's stability. Often, acceptable values are set in advance based gelevant safety documents
so that they can be considered
when making decisions?].

The mathematical comp-
lex can build petal diagrams
and compare the obtained
values with the maximum
allowable. This functionality
will be recommended for use
by the decision-maker. Figure7
shows radar diagrams that
characterize
changes in the main safety
indicators of the road trans-
port system in the time interval
of 2021 to 2023. The red line
shows the limit values of these
characteristics.

Figure 7 shows that the
characteristic X7 goes beyond
the allowable zone, and this is

a signal for the decision-maker
to make a decision. Fig. 7. Changes in key safety indicators in 2023
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Conclusion

We created a set of system dynamics models that enable the prediction ok safety indicators
related to the operation of the road transport system. By utilizing the suggested approach,
we also designed a non-linear di erential equation system, the sotion of which enables the
determination of uctuations in safety indicator values during various time intervals. A proposed
procedure has been suggested to enhance the accuracy and reliability ofetlfiorecasting results
by making corrections to the model.
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Introduction

The in uence of many di erent factors on pollutant dispersion makes the task of calculating
it quite complex and necessitates the imposition of certain restrichns on the initial conditions.

Research on modeling air pollutant dispersion dates back to the B®s. Early analytical
and approximate solutions to the advection di usion equations were developed under various
simplifying assumptions. Among these, the Gaussian plume modélecame the most widely used,
o ering a solution to the transport equation under assumptions of constant wind speed and
direction. The model assumes a normal distribution of pollutant mrticles along three axes.
Dispersion values are determined based on the generalization of expeental data for various
meteorological situations.

Subsequently, modi cations of the Gaussian plume model were obtaed for more stringent
initial conditions. The Gaussian plume model also served as the bsfor various models and
methods for calculating air pollutant concentrations, obtained by combining it with other ap-
proaches. A combination with the Lagrangian particle movement mdel was presented in ],
where a simulation program for volcanic ash dispersion was develed. The latter model is based
on the Lagrangian particle dispersion model and allows for morecurate forecasting of emission
concentrations and predicting the localization of pollution's potential sources.

Then, various solutions to the transport equation were consideredaking into account addi-
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tional factors such as dry deposition or the terrain in uence. A moctl incorporating sedimentation
e ects was developed by D. L. Ermak ] and later implemented as a computer simulation model
that showed improvements compared to the basic Gaussian plume modgl].

The study by Boulos Alam et al. [4] investigates pollutant dispersion in urban-like environ-
ments using CFD simulations under neutral and slightly stable atmospheric conditions. The
study compares the performance of rst- and second-order turbulence ature models, with
validation against the MUST eld experiment. Results show that the k model, especially
when combined with an algebraic Scalar Gradient Di usion Hypothesis §GDH), provides better
accuracy, capturing up to 75% of concentration values within a factor ofwo under slightly stable
conditions. Although the Scalar Flux Transport Equation (DFM ) model also performs well, its
high computational cost may hinder practical use. A consistent underdsnation of observed
concentrations across models highlights the need for further re nement

Other recent advancements in pollutant dispersion modeling have focusedn enhancing
accuracy and computational e ciency through novel approaches and impoved turbulence repre-
sentations. Lin [5] conducted a study on pollutant dispersion using Eulerian RANS snulations,
focusing on anisotropic and near-source di usivity behavior. Tte research highlighted the im-
portance of considering anisotropic turbulence and near-source e egtto improve the accuracy
of dispersion models. While speci ¢ error metrics were not provided,hHe study emphasized the
enhanced realism achieved by incorporating these factors. Advantagéslude improved modeling
of complex dispersion patterns close to sources, though increased modemplexity may lead to
higher computational demands.

Fuchs et al. [6] developed the DAD-drift model, a modular approach for estimatingspray drift
at the landscape scale. The model combines a mechanistic droplet mogdeticrometeorological
data, and a 3D Gaussian di usion framework. Validated against tvo eld trials, it achieved a
high correlation with observed data (R?> = 0:931, RSR = 0:260), demonstrating robustness
across various environmental conditions and nozzle types. Key adveages include its modular
design and adaptability to diverse scenarios, though reliance onedailed input parameters may
limit applicability in data-sparse regions.

Chaloupecka et al. J] focused on physical modeling techniques to simulate gas dispersio
for emergency planning in both urban and rural settings. The study erphasized the importance
of accurate dispersion modeling to inform emergency response strategi While speci c results
and error metrics are not detailed, the research advocates for the integtion of physical models
into emergency preparedness frameworks. Advantages include the pote for real-time scenario
planning, though limitations may arise from the complexity of urban topographies and the need
for high-resolution data.

Lumet et al. [8] developed a surrogate modeling approach that combines Proper Ortigonal
Decomposition (POD) and Gaussian Process Regression (GPR) to emulatearge-Eddy Simula-
tions (LES) of urban pollutant dispersion. This method signi cantly reduces computational
costs while maintaining accuracy, enabling rapid ensemble predictien Applied to the MUST
eld experiment, the surrogate model improved concentration eld predictions and accounted
for atmospheric internal variability. Advantages include enharced computational e ciency and
uncertainty quanti cation, but the surrogate's accuracy depends on he quality and representa-
tiveness of the training data.

Krassas et al. P] evaluated various numerical models to predict pollutant dispersian over
Tokyo's Polytechnic University campus. The study assessed modelerformance against observed
data, highlighting discrepancies and areas for improvement. Whil speci ¢ error metrics are
not provided, the research underscores the challenges of modelingspersion in complex urban
environments. Advantages include the practical application of moels to real-world settings,
though disadvantages involve potential inaccuracies due to simpéd assumptions and the need
for high-resolution input data.

Pariyar et al. [10] introduced a time-fractional advection-di usion model to capture the
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anomalous di usion behavior observed in pollutant dispersionThis approach accounts for memory
e ects and non-local dynamics, providing a more accurate representain of pollutant transport.
The model o ers improved exibility over classical integer-order models though it requires careful
calibration of fractional parameters and may involve increased amputational complexity.

Jiao et al. [11] utilized Large Eddy Simulation (LES) to study pollutant disp ersion over
buildings with stepped roofs, a common architectural feature in urlan areas. The research reveals
how roof geometry in uences air ow patterns and pollutant distrib ution. LES provides detailed
insights into turbulent ow structures, enhancing understanding of dispersion mechanisms. The
main advantage is the high-resolution depiction of complex ow elds, though LES is computa-
tionally intensive and may not be practical for large-scale or eal-time applications.

In Russia, current regulatory practices are based on methodologies ppoved by Order No. 273
of June 6, 2017, On the approval of methods for calculating the idpersion of emissions of harmful
(pollutant) substances in the ambient air 1, which for the regulation of environmental impacts.
However, these methods do not account for important atmospheric faors such as humidity,
precipitation, and dry deposition of pollutant particles. This omission compromises prediction
accuracy and limits the reliability of identifying pollution sou rces under real meteorological
conditions.

The primary objective of this work is to develop and implement an enhaced numerical
model for pollutant dispersion that accounts for key atmosphericfactors neglected in standard
regulatory methods, thereby improving the realism and reliabilty of air quality assessments
under variable weather conditions. An improved production model ér pollutant dispersion was
developed based on the D. Ermak model to enhance prediction accuracy and tiessthe develop-
ment of competitive domestic software and mathematical tools for evironmental monitoring. The
proposed modi cation incorporates the e ects of humidity, precipitation, and other meteorological
factors, enabling a more realistic simulation of pollutant behaior in the atmospheric boundary
layer.

Thus, the present study integrates into the current scienti ¢ discourse on the advancement
of numerical models for atmospheric transport and addresses the gent need for improving
dispersion predictions under complex meteorological in uences. The ra#s of this research can
be applied both in the development of updated regulatory methodoloigs and as part of real-time
environmental monitoring systems.

1. Model derivation
Notation

The in uence of atmospheric humidity, precipitation washout of plumes, and the dry deposi-
tion of pollutant particles due to gravity leads to an underestimation of the predicted concentra-
tions in areas near the source of pollution, and consequently, an exestimation in more distant
areas. [L.2] We developed a dispersion model that accounts for humidity and gsatational e ects
to improve the accuracy of pollutant concentration predictions in the study area.

Our production model takes into account the e ects of humidity and gravity on plume
formation. The Table lists all the variables and symbols used irthis model.

The model is based on the plume dispersion model by D. Ermak, which aludes the dry
deposition of pollutants:

Q y? P—Wp , Wo z+ H
C(x;y;z) = ex —~—— e 2 erfc + p— (1
(Xy:2) 20y p 22 ) K, € fTKZ %22 1)

10on the approval of methods for calculating the dispersion of emissions of harmful (pollutant) substances in
the ambient air. Order of the Ministry of Natural Resources o f the Russian Federation of June 6, 2017, No. 273.
Collection of Laws of the Russian Federation, 2017, no. 37.
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Wset(z H)  WE, 2 (z H)? (z+ H)?
where e; =exp SEZKZ 85}?222 . ey exp o7 +exp o7 :
Wo(z+ H) & W 2
e; = ex +
P K, 2K 2

In Equation (1) K, = 2u=2x is the eddy di usivity coe cient; Wset = gd2=18 is the
settling velocity of spherical particles according to Stokes' law, where is the density of the
pollutant particle, dis the diameter of the pollutant particle, g is the acceleration due to gravity,

is the air viscosity; Wo = Wgep 172 Wset, Where Wgep > 0 is the dry deposition velocity of
pollutant particles, determined experimentally.

Table. Variables used in the pollutant dispersion model derivatbn

Variable Description Units
C(x;y;z) | Pollutant concentration at spatial point (X;y;z) kg/m?3
X, Y, 2 Spatial coordinates m
H Height of the emission source m
Q Pollutant emission rate kals
u Wind speed m/s
vr 2 Gaussian dispersion parameter in they, z direction m
K, Turbulent di usion coe cient in the z direction m2/s
Particle density kg/m3
d Particle diameter m
g Gravitational acceleration m/s?
Wset Sedimentation (settling) velocity by Stokes' law m/s
Waep Dry deposition velocity (empirical) m/s
W, Composite parameter related to deposition and sedimentatio m/s
Ci1 Increased concentration under precipitation conditions kg/m 3
Co Initial concentration kg/m?3
msg Total droplet mass including water kg
mp Dry pollutant particle mass kg
Mw Molar mass of water kg/mol
Mp Molar mass of pollutant kg/mol
p Amount of substance (pollutant) mol
w Amount of substance (water) mol
RH Relative humidity dimensionless (0-1)
# Hygroscopic growth factor (binding coe cient with water) dimensionless

D. Ermak's model, despite its advantages over the Gaussian modeB][ does not take into
account the in uence of atmospheric precipitation on pollutant dispersion. We will consider the
in uence of precipitation on the mass and, therefore, on the speed of glatant dispersion. To
do this, we will use the fact from Koehler's theory [L3], which states that the concentration of
a pollutant changes proportionally to the change in the mass Pbthe pollutant plume due to
precipitation. Using a combination of Kelvin's equation and Raodt's law [14] for droplet mass
increase, we can obtain a coe cient for the increase in concentration. Kelvi's Equation describes
how the saturation vapor pressure over a droplet surface depends Gts curvature (droplet size)
and surface tension. Raoult's Law (Solute E ect) describes how dissved solutes (pollutants)
lower the vapor pressure of water. The Koehler equation (combining kb e ects) predicts the
critical droplet size for activation [14]. So, concentration of pollutant after the washoutC; can
be found as

Ms
Ci=Co —;
mp

wherem, = % d 2 is the dry mass of the pollutant particle.
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The mass of a droplet (formed in the cloud of the droplet's plume) withdiameter d can be
found as [L3):
1

6o|3:|\/|ww+|v|pp:

The dry mass of the pollutant particle can be found using the fornula mp = 3 pdg.
o mp
The amount of pollutant substance is given by , = M.
p
RH #

The amount of water substance in the droplet can be found as,, = 17R’Hp [14].
So, the mass of bounded water is
RH # M
= Mw = p w.
Mw = w Mw 1 RH

From here, the total mass of the droplet can be found as

RH # , My

Ms= Mmp+ my = pMp+ 1 RH

So, the concentration increase coe cient can be found as

ms_ 6 RH # , My
M e T .® 1 rA PMe

Then, the pollutant concentration at a point in the study area for cases with and without
precipitation can be expressed as

h
%zu“ Yy e e T2 o e W°+P :
without precipitation ;
C(x;y;z) = ; h D i
§2uyz 2"—5 e & 2 Yz e erfc 19W+{Z3+§—HZ KRrH;

with prempitation :

2. Developed software

To implement the proposed approach, we developed, calibrated, and tesl a stationary
production model for calculating pollutant dispersion using thehigh-level programming language
Python. The program interface is shown in Fig.1.

Fig. 1. The developed software's interface (color online)
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We con gured the program to accept as input the start and end of the time interval for which
the atmospheric pollutant dispersion is to be simulated, alongwith the sensor code whose data
(wind speed and direction, air humidity) are used in the modeling preess.

Additional parameters, such as the number of emission sources, tlmespatial coordinates,
source heights, and emission intensities, grid size and resolutipparticle density and diameter,
molar mass, and pollutant hygroscopicity coe cient, were specied in the con guration le
located in the root directory of the project.

During the study, we used a Microsoft SQL Server database containg environmental and
meteorological data collected at 20-minute intervals over the past thee years.

The study area is an industrial zone
measuring 5 km by 5 km near a populated area,
with predominantly at terrain (Fig. 2).

Five stationary environmental monitoring
stations, designated asRi, Rz, R3, R4, Rs
and marked with green markers on the map
are installed in this area. These stations
measure the concentrations of pollutants in the
air and collect meteorological data, including
wind speed and direction, air temperature and
humidity, and atmospheric pressure. In addition,
registered emission source$;, Sy, S3, such as
oil re neries, wastewater treatment plants, and
chemical storage facilities, are located in the area.

The following declared characteristics of these
objects are known: location, altitude above sea
level, oper_ating hours, and emissi_on intensity of Fig. 2. The industrial area under study and
pollutants into the atmosphere. It is also known the objects located on it (color online)
that other industrial facilities in this area could
be potential sources of pollution. Environmental monitoring daa for the study area were obtained
from a commercial organization responsible for conducting environental assessments in the
region and adjacent settlements. However, some meteorological paramedesuch as insolation and
precipitation, necessary for the simulations, were not availabldrom this source. To supplement
these missing data, we dynamically acquired relevant meteorologicéhformation via API calls
to the OpenMeteo.com service at each simulation time step.

The output data are provided in an Excel le containing concentration values for each selected
time step at the speci ed point of interest. Additionally, the simu lation results include a heatmap
of pollutant concentrations and a graphical visualization of thedispersion over a mapped area.

3. Simulation results

The experiments were conducted on a desktop computer with the following spediations:
AMD Ryzen 7 5700X processor (8 cores, 16 threads, 3.4 GHz base clock)GE2 DDR4 RAM
running Windows 10 64-bit. Each iteration corresponds to a simudtion of air pollutant dispersion
over a 20-minute time period. To ensure the interpretability of reslts, we simulate a full 24-hour
day, which consists of 72 iterations. The entire daily simulationtakes approximately 20 seconds.
After all iterations have completed, the average pollutant concentréion for the day is calculated
and used for mapping. The simulation results are displayed as a npashowing the pollutant
distribution and a heat map of concentrations.

Let's take a look at some of the results. Figure2 shows the simulation outcomes for hydrogen
sul de dispersion using the D. Ermak model, without considering mllutant removal by precipi-
tation. According to meteorological observations, precipitation n the form of rain was observed
throughout the day, and the atmosphere was predominantly higly unstable (classes A B).
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Figure 3 shows the simulation results for hydrogen sul de dispersion usig our production
model, and how pollutant washout by precipitation a ects disperdon on the same date. Considering
pollutant washout helps to reduce the overestimated values typicabf all exponential models in
areas far from the pollution source. As seen in Fig3, there are more areas close to the source
with elevated pollutant concentrations, which is con rmed by environmertal monitoring data for
the studied area.

b

Fig. 3. Hydrogen sul de dispersion on May 1, 2021:a re ects the case without
considering plume washout by atmospheric precipitation; b re ects the case of
considering plume washout by atmospheric precipitation (olor online)

The model incorporating plume washout showed a notable imprament in predictive accuracy,
achieving a mean absolute error (MAE) ofMAE = 0:000086and a mean absolute percentage
error (MAPE) of 41.04%. In comparison, our implementation of theD. Ermak model yielded a
higher MAE of 0.000135 and a MAPE of 48.51%, highlighting the gperior performance of the
proposed approach.

The average percentage error of Ermak’'s model without considering theniuence of precipi-
tation was nearly identical to the error of the previously develoed Gaussian plume model imp-
lementation, with a MAPE of 48.82% [15]. The obtained deviation values are within the range
of errors for exponential plume models, as described by M. R. Beychok .

The choice of the sensor used as the primary data source also hasrsoimpact on the
simulation results. Greater accuracy can be achieved by running simations for a single time
interval multiple times, using data from di erent sensors. Let's examine the simulation results
for October 20, 2022 (Fig.4).
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b

Fig. 4. Hydrogen sul de dispersion on October 20, 2022, corndering plume
washout by atmospheric precipitation; data sourced:a from sensorR;; b from
sensorRs (color online)

A comparison of the results for the area containing sensoR; shows a lower mean absolute
error, MAE; = 0:0001081 when using data from this sensor, compared to data from sensor
Rs5, which has a mean absolute error of MAE = 0:0001771 However, this approach requires a
signi cantly larger number of simulations, proportional to t he number of points of interest, and
consequently, more time for analysis and result interpretation.

Overall, the model demonstrates su cient accuracy for further use. This nodel takes into
account both dry deposition and the e ects of atmospheric precipitaton and pollutant washout.
However, there are some limitations to the model. For example, it is10t suitable for cases with
low wind speeds € 1 m/s), and it does not account for complex terrain or structures that cauld
a ect pollutant dispersion. Therefore, it may not be suitable for areas with signi cant topography.
Additionally, the model does not consider possible chemical reactits between pollutants in
the plume and other pollutants, which could a ect the accuracy of the predictions. Despite
these limitations, the model provides a valuable basis for solag inverse problems such as the
localization of unknown sources of atmospheric emissions by enaldirmore accurate modeling
of pollutant dispersion patterns [15].

The developed program allows users to simulate the dispersion of giollutants from multiple
sources within the adjustable study area. Users can con gure the gilisize, study area, number,
and characteristics of the sources in the con guration le. The sourcecode implementing the
developed model and a sample dataset for simulations are availabVvia the link https://github.
com/xtelias/Localisation-of-air-pollution-point-source . For access to the web version of the soft-
ware, please contact the author via email at es1098@mail.ru.
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Conclusion

This study presents a new production-level atmospheric dispersion nael that is based on
the mathematical framework of D. Ermak's work, but has been extendedd include the e ects
of atmospheric precipitation on pollutant washout. The model is mplemented as a computer
simulation tool that uses meteorological data and emission sourc@formation to simulate the
dispersion of pollutants in a de ned area.

The system also includes automated graphical visualization of sintation results, which
aligns with current standards for environmental monitoring systems. Validation of the model
demonstrated a signi cant improvement in predictive accuracy due to he incorporation of
washout processes, achieving a mean absolute percentage error of 4%ompared to 48.51% for
the original D. Ermak model. This indicates enhanced reliability in Smulating pollutant behavior
under realistic atmospheric conditions, making it a valuable tal for environmental management
and planning.

This method is suitable for practical applications in environmentd risk assessment, ecological
monitoring, and real-time decision support for industrial and governmental stakeholders.
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Aazono 1aosiae+ Odiita 416018 6eceéi-iaddiace+anées iaos, idioani 8, canedeeai-
i0é adyodeu iacee PO, i+aoiné 1610anne NAO. A&l eiy aidnaii a yioeeeiidaep Na-
daoianéial ésay [ 1, A. 603). Nidié ganoi 640 1i caddaiaae ficaaiiie ei eaddasié 4eo-
baocaiveaelito ooadiaieé e ioeéeaaiié iacdiaoeée fi aiy aa initaai ey (1974 &) e ai
Tandaeidiey n éadaasié iaodiaoe+anéié yéiiieée (2020 &). iia aai 86 éfaianoai ao-
&1 catietdil 30 éaiaeaaoneed aefinasoaceé. @anou 6+aieéia Adaonoa 1aodiae +a onideii
caueoeée aiéoionéea aennasoacee

|oioi+-anéeeie 1éacaeenu fe an aiac i-
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Gacads i5l0ANMBA Aaidaey 1a001ae+a ATAaa) 0AI6 e65ATATE Baaion, ol 86p & caleoes
ia vioseii,

& ifaai0iaca aeieniiié daalon it caaaiiié iesleadi 1a0siae+4ai EGioiadi oaia
AQyATRENU, +0T BACOBIOAD Gaed TTE6+AT ecAARDINI aiddeeaifies 1a0diaoesl 1. 1. Nok-
6ifl. TiAelenes asy agisiiné 5aaiol iase+ea Mans dacoeioasia 4067 Taycadasdidi,
[eaieap 8081a8+6 i0e0EIRl 420U A56E0D 0&I6 iT 1asieco-Aiilio Afi 3176, Ti6AEeEl-
aaiili6 4 520a5a0ealN e6diasa. A. i. O5iiia ca 1afyo faiefae 0156 b agiefiiop 8a-
4106, Eiolday iTeo+-esa Ga8Tiaaacep & Ticasesiaaieh & foasa id  Tiofel a afiedalosss
& 1. 1. E6isias.

Pa&ioay faa eaiaeaaoneié aefnacoaceas, A. i. O5iia jaladomees fo €486 & ROAOUA
I. A Basaloa acaadiesa, idaceadioa Adaadiee iace, &ioiday aasa Ai6 &CARADITOU
4 1a0&ia0e-a&falé fidAA4, i & ide+eiesa 1iTaT Aanieiénoaa

Eajaeaaofieay aefifasoasey a0ea ABAROYUA calelaia A 1964 & & 1a0diade-andi &ifioe-
0604 &iaie A. A. Noaseiaa Acaadiee iace NNRND. Dacoeioadsd, le6+aif0a A. 1. Osfiadi,

I. A [agiade asep=eé a fialp ecaanioiop 1iadacep LS04 48608041 6easuI0a
1iasa01s0¢, [ 2.

it 11A2006 caaRoiial fitadonalal iaodiaoeea Nasaay Aideriac-a Nod+eeia afaip eai  ae-
aa0Ré6h aeffadoacep A. 1. O5iiia 12 acsp+eé 5agos10a00, fiaycaiiia fitee  asiél. A Eas-
A0ga. Tie fioase TRTATé A4l 41e0ionalé aefifasoacee, caueoa 61oidlé Mol yeari a 1973 4
a Neaednen joagsaiee Acaadies a6 a AeRNAGOAGRTIN ATad0A 14 i5aafaaa  oAeufioal
ciaiaieoial acaadicea Nasady Euatae+a Nialedaa. Epafiof, =of A ol eed  adAly, &aaa
Aaa6fo Ta08Tae+ cateuas aieoidniesh achnfasoaceh a Acaaliaisiaea, Al 6+ai ee Asaae-
ied Asaeniadae+ iteiaaieia a Nadaoiad caetas eaiacaaonesp aenfasoaoep

PA&CGEI0A0N, T86+A1108 A. I. OBITANI 4 AiAcOdasUNE OATSee 4800ABAIBE 480106
& &i0AAGABIING TiASa0ISIA, TifoaAeEe AT & By4 ARAGUEH AIAGRABEROIA A YO 16 TAeanoe
Rofed Toiaoeon, ~of fdaouy [3] ifedseesa TAiialé a8y 15 caiacaa0need Aehnasoases aai
6+8ie87A.

A ea+afi0aa TRianal iaotaa A. 1. Oaiiia efifetciaas 130t Eige i6ai 8254 eidAAde-
3iaaiey BACTEUAAION ec6+adiial TiAdaoida i fiAe0dasUMs 1adaia0ds PacAcoea Yol
180748, facAaiiia GAcTela&idInl 1TadiaN, iicaleest & 2015 & iied +80U 1A0& Adzei0a
B3Ac6EU0A0N & caaa-4 TaiRTaAIey 6idTat ecAANONAT 1A0T4a 0A0AieY cada+  1addiade+Aaneré
6ecede 1a01aa O6BUA. Yoa caaa+a a0ea iiioaasaia A. A. Noaesiali 4leda fidd &0 facaa.
A 120148 06504 alé fadeal ea+anoaal Taté gad, iicaleypued i5eiaied G &4l i5e ié-
161280106 00A41AAIEYE & SRGAINT Aalitl. Eioidiaceh 1 5ac6eioad as A. 1. Osiiaa,
1166+41106 & 2020 &, fil. & 4,5,
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N. E. Adaia ¢ 48. Oaiita A. 1. Oaiitaa A A. E 90-8a0ep fil aiy dleeddiey

5ia, Alsiiazefiaoh ceiipp @éies 4iedid decesi-iaddiace-anees jace | adey dacea-
oiaia AGSE6683Y.

i 6+4ifi fita4048 1&6aiesi-a0aiaoe-AReTaT 6286810404, TIRAYUAI b 1e88p AaaG6ROA
iaoatae+a O8IAa, 151586010 it 6+a4ié 5a4i0a NAO Eaisu Adsesiae - laseifeed faifi-
iee idef6onoAchUH: %A 1993 & A. i. Oiiia acyé fa fa4y 10A80M0AAIT  ROU ca MBdAAICA
ia6+11é pélen 1a61a0a. Aaasno ia0siae+ fioae ianoaaieen asy iatar fieiaaiey iaodia-
0R&TA TTRE4 6514a & aeecieé A0AapUAAIRY 6+AMT4T & 436a1a 6A66BI0A0A A 454y Aiadadae+a
i5eaasiaa ... Aey 1aiy ee+ii 1f [A. 1. O51ia] Afidaaa 40é & THoadony 1 886804104 3
OfeieT 62606I0A0, 1T & aRdal NAO +Asiade, ~ié ideioein, scasia a6 +ié iofee &
i58AAIMHOU 4386 RoAse yOAsTili sy élesdd & 6-aiedias. O-aieoa Aaasdho a iaosiae-a

| (0]

A N

Jaséaoiaia Abdedoeay foiaoeea, +oi Aaadno 1aodiae+~ 6+e0adél fa of  euéi 0éa, il é
il seécie uyol 0aéia iediaicoaied, fi+acapuad aeéaeio iad+iiar iasdia a i aeeocaénéié
16a0ifnoupe,
A i0adoiii aonooigaiee A. 1. Oaiita 10iaoee, +of a faiaé iao+ié aayoae aithoée i

doéeiaianoaiaaeny icadeeaie Adéasoa:

flafaouny anyéié oidiieeainoe & idaaacyoinoe;

aey 1aeda+aiey oagaiey dacaedaou éasedlé anoin ia +afoe;

fa-éfaou anaadaa i idifioaéeaar;

i0e idaarioaaeaiee naied fad+il6 daaio atou 6aadaiidi, ~of ana iiyoil é ie+aal
ia ¢iouait e aead.

N\ A~ N AN

Ainoiéiné 1asoaié e fdaocievaé Aaaonoa 1aosiae+a foasa 4ai ioisoda O  aiilaa Aa-
eefa Acaaeiesiaia, n 6101a1é 1ie dacadsese & oTeuél naip aeegid, i T e épaiau é iaoa-
iaoeéa.

A A. Odiilaa 16104ff10 6204400 4666404i6€AE1IN6 Gdaaidieé & 1acdia oe-aféié
yéiilieée, iadaay a enoidee Nasaoianéial oieaddneodoa sediteia, 6  +eagay Aieoid-
fiéop foaiaiu a Taeanoe iaoaiaoeée.

A 33 eeécie Nasaoianéeé 0ieadsneodo easado iifacp oieu. Diaeia aisia Nagsai
a & Nagaoiad fia 0da6edoiaé 1éacagani ionio, +oi 44 1040 @oaaeia Asa 4aeied Eaail-
aé+ iN00IeE ja Oeceédi-iaddiaoe+anéeé 6aéosiodd NAO, & diaeodse, +0 1al Raiuy atea
aianoa, imaiyee foadeliop eaadoedd fa €fifaod i fAifdayie, dac 6aianoa , i1 caol a 1y-
oe i€ 6latial ar 6ieaaof féletesd oddadiéa ia i éai a0ei 1 foaadeou, 10a0

én

ofigeé &igiaié e dece+afnée 0 , a 1404l yoased, Tia ~afol diee  eaaéafilu 106a
ifa 10eniosli ffod6aieol 6ieaddneoaonéié dedeeiodée (Aedéeiodé  a ofaaa daciauaeanu

ia 6ioTasacee aniongieéia 1941 &, éioiday 6oaieony a 6ieadsneodd  néll i6¢ad, anou é
Aasy @oaasiaa [ 8]. Nooaaion yoial ationea ciage 44 aud & iiolo, +01 aad08da P6aasi-
a0o atea 1anof, aaa fie +anoi nfaedasena. lyoiié +adac 25 a0 fa anoda+o6 adi  onéieéla
1941 &, 604édaged ca adaiy aiéia, iicaaée é aa

Caéii-ea @éied i ¢ieiolé idaasup, Aaseia Asaaeiesiaia inooies a ia 1adaieél-
jaodiaoe-anéeeé 6aéoeindo NAO il fidoeasiiinoe yiadaieéas. Caadniliae a nodaoeea nai-
aal Ridoieéa aeecie Aaaonoa aodiae+a Osiiiaa. 1aa & fed 1o 6aeaeyp ofiy ofio, éaé
yoi idlecigel. Oloy Tie 48a éodna 6+eéenu aianod, ieéasial aieiaiey 4004 fa adoaa ia
Tadavaee, 6 éasedial até falé éaoa jatdiey. E aio faiasead, é1aaa any aooiia ifadaeafii
igtaoeyoudy it aioias, Tie fieo+aéit iéacaéefiu oyal e idaedd iéie caa ycaéanu danaaa, éi-
0164y idiagesanu afnp islacees. N 6aeasdiedi fie iiiyee, +oi 1 +&i ad ie gdé dacaiaig,

il

paeeae 603



Rageia Asaasiesiaia iefiasa asieniiop 5aaios 6 isioannisa Nasady Adioae  Aae-a E&6-
ieo6Tal & A06a 6AAGATA, +0O1 1TFEA Téli-aiey 6ieaddneodoa foardo A4t afied  aidélé. E fitea-
saie, I5T0&AMD ATaedashy 6acaeact e¢ Nadaoiaa a Eaieiasaa. fiyoneiia  ae A A. O8-
i1aié Saétiaiaacep a8y iinocieaiey a aniedaio6d6 a Eifioeoso iasaie eé alifiead. A yoi
a1y 15168AMI6 N. A. Nod+eel fidoeasii ideacas a Nadaoia 1046820l Ae8Iils  AOGAA-
ofa. i ivaasieees A. 1. O51i1a6 14707 & Afie5ai0604 1a0aiade+Aneiar &ifideosoa eiaie
A. A. Noaeeiaa Al NRIND. TiRéfeies 11eiaié faiua idieeadou a Iinead aianoa | & a0ef
aiciieeiifioe, O5iiia0 dasese iMoaoufy a Nadaoiaa.

Aaaoio 1a05iae+ ieae 11 1a6+ité AoAca, a Aaseia Asaaeiesiaia fidasa daa  10adl a
Al-efeeoasii 6ai06a NAO. Oal fia caidiasani dacaiedl 1586634106 caaa, faia ec
5101306 & i06aAea &4 & fa6=i0i eRneaataaieyl a Of6UET AUA cadieadpldéhy  Taeanoe
ja0diaoeee 0aloee 461508601 iTHOAABAITN6 caaa+

ifiatiisieeiecaie yoié oaidee yaeypony 051a fladoneesd 6+ai06: adaa  Aiee Aiadaé
jealeadaes Oediia (iifead), ~eai-eidsaniliaaio Aasaioel Efifcaioe ffag+ Eaafia
(Naddasiane), acaadies iedace lesaseiae- Eaadaiouda (ifalfieaesn &), Easeals &g ied
feacae aseyiea fa fad-iop noauas A A. Osiale.

Ei&iil é¢ 6aéoeé A. I. Oediitaa, 101804 1i idi-eoaé ia élidadaioe ¢ a Eeaad, Aa-
eeia Agaaeiesiaia eo+eea 140414 ¢iaélinoal n iaéidsaéoitie casa +aie. Tigeed 1ia
jafaiiéoaoii ideieiaga 6+afioea a oediiianéed élivasaioeys 1 yol é 0diaoeéa. laia e
ied isiataeeanu a Nasaoiad ia iiostad xasadi, aad A A. Oaiitaa ade a Taiel é¢ 86aai0o
16aaiecaoidia.

N i&ofaii A. E. E&aifaa anée naycait iadada iad+iid sacoeioacd A A. O&ii aié e aa
ia0a14 i6aee+ia a0nooiedied (aiesaa ia &licdsaioee a Eeaad), éiol 814 foaet a iad+ité
aeélasadee aiel ég NAING cia+eind. 14644 iMacasié Aaaono 1aodiae+ i6aainoas aa: féa-
cag, ~0fal ia Toeaioediaaganu fa ia aielaéniaion, a ia eédéoeéd, af Gifeeil, seafioéadp,
ifofi6 +of 11460 iaéoefu epae, éioidta cadioyo oiageol, afana éie +0lee€0OU eée aased
ivefiaieou ~6aeié dacoeucao, & idzeil 6iaol fofivaedaou faie iiceoee, a aeéy yoial 6idiel
ciaol ivaceeacee il Nalaé 0diaoeéd. Yol jaivonoaed 1éacasini & iaid  anidi. 1aei ég
idaanoaae0aedé oesiitanéiée géied annooiee i daceié edeoedié aiecasa A A. Oaiiaié.
Aageia Acaseiediaia fioidéa caueoeol Nalé dacoelnas, a aianoa i iei ¢ &ola A. E. Eaa-
iTaa, aiéacaa, ~of édeoeéa altéa ianinoilyodeuia. INETeUEs fa aiééa  aa idendofnoaiaase
iddafioaaeoase coiifanéie, é eaaiianéie jao+ &g, A : 2 ia ioefa-

caueoeea a 1973 4 a Nadaoiad. 16e yoii dacoeuoach fia iddasadeodélil  aléeaalaasa ia
fidieiada 1. 1. Eaadaioudaa, a fai A. E. Eaaila fioaé aeaaidi minidiof Tocha adaouaé
idaaiecasee Naientaaé Aodeé Eaaitae+ 1ad+608 acaoueé idaceadi 0 Aéasdieée iaoe.

ifiea caueon aennasoacee A A. Odiitaa ia+aéa daaioaol ja éadaadd a O+eféeodéu-
iié 1a0diaoeée, aicagaaeyaiié 1616annian 1. 1. Eoiotadi. Yoi 4a ¥.01a fay; éadaana,
i0id éaddada at-eneeocaéuiié 1acdiaoeée e iaodiace+anéié oeceée, ia éi oigié Tia é
ididaaioaéa iieaaéa

iotaiesedy caiéiaouny jao+itie ennedaiaaieyie, Aageia Agaaeied 1aia dacdaaioaéa
ifaté 1acia é ieod+aiep i6aité 1adaegiinodé dagaieé ia61604E0i00 cada+ I7 yoié
048i4 & 1998 A fia caleoéea aieoidneop aennadoacep a Odaeineél 104eai ee Aéaadiee
jacé pifnee a a Aeaoddeiaosaa.

Iifed caueod aennasoacee A A. Odiilaa idlaleacesa efnedaiaaiey e e 6+ééa aya
aazei(o 1ad+i00 dacéeloacia, a oii ~efead déacaéa adaiesl ideidiaiey i &oiaia A. I. Oe-
ofifaa & 1. 1. Eaadaioudaa. A a 2023 4, Gaed daalday ia éa0aada 4éd  06ad&i6easiins
6daaidieé e iacaiaoe+anéié yéiilieée, fia iagea ifané aea ieefi eaeuitd nieaéiia
it Aaiénoaaie, amodaalaaiitie 19 dagaiee ideéeaaitd casa+ | 9]. EpaiiGaoii, ot ai
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