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Ïðåäåëüíîå ðàñïðåäåëåíèå ðàíãà äðóæáû
â ñëîæíûõ ñåòÿõ

À. À. Ãðèãîðüåâ

Ñàðàòîâñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ãîñóäàðñòâå ííûé óíèâåð-

ñèòåò èìåíè Í. Ã. ×åðíûøåâñêîãî, Ðîññèÿ, 410012, ã. Ñàðàòîâ, ó ë. Àñò-

ðàõàíñêàÿ, ä. 83

Ãðèãîðüåâ Àëåêñåé Àëåêñàíäðîâè÷ , àñïèðàíò êàôåäðû òåîðèè

ôóíêöèé è ñòîõàñòè÷åñêîãî àíàëèçà, alexprgrigoriev@gmai l.com, https://

orcid.org/0000-0003-3820-9523, SPIN: 8732-2104, AuthorID: 1094743

Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ïàðàäîêñ äðóæáû â
ñëîæíûõ ñåòÿõ è ââîäèòñÿ íîâàÿ âåëè÷èíà � ðàíã äðóæáû óçëà, äë ÿ
êîëè÷åñòâåííîé îöåíêè ïàðàäîêñà. Â ðàáîòå èññëåäóåòñÿ ïðå äåëü-
íîå ðàñïðåäåëåíèå ðàíãà äðóæáû â ñåòÿõ, ïîñòðîåííûõ ñ èñïîëü -
çîâàíèåì êîíôèãóðàöèîííîé ìîäåëè, ãäå ïîñëåäîâàòåëüíîñò ü ñòå-
ïåíåé óçëîâ ãåíåðèðóåòñÿ íåçàâèñèìûìè ðåàëèçàöèÿìè ñëó÷àé íîé
âåëè÷èíû. Äîêàçàíà òåîðåìà î ñõîäèìîñòè ðàíãà äðóæáû äëÿ ñåò åé
ñ êîíå÷íûì ìîìåíòîì ðàñïðåäåëåíèÿ ñòåïåíåé. Ýìïèðè÷åñêèå ðå -
çóëüòàòû ïîäòâåðæäàþò, ÷òî, â îòëè÷èå îò èíäåêñà äðóæáû, ðàí ã
äðóæáû ÿâëÿåòñÿ áîëåå ñòàáèëüíîé õàðàêòåðèñòèêîé ïðè ñðàâíåíèè
ñåòåé ðàçíîãî ðàçìåðà. Ïðåäëîæåííûé ìåòîä ìîæåò áûòü ïîëåçåí
äëÿ ñðàâíåíèÿ ñåòåé ðàçíîãî ìàñøòàáà, íàïðèìåð ñîöèàëüíûõ ñ å-
òåé.
Êëþ÷åâûå ñëîâà: ñëîæíûå ñåòè, ðàíã äðóæáû, êîíôèãóðàöèîí-
íàÿ ìîäåëü, ïàðàäîêñ äðóæáû, ñòåïåííîå ðàñïðåäåëåíèå, ïðåä åëü-
íûå òåîðåìû, êîððåëÿöèè ñòåïåíåé
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Abstract. This work investigates the friendship paradox in complex networks and introduces a new
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rank is proven for networks with �nite moments of degree distribution. Empirical results con�rm that,
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Ââåäåíèå

Îäíî èç ñâîéñòâ, íàáëþäàåìûõ â ðåàëüíûõ ñåòÿõ, çàêëþ÷àåòñÿ â òîì, ÷òî ñð åäíåå êîëè-
÷åñòâî ñîñåäåé óçëîâ â ñåòÿõ ïðåâûøàåò ñòåïåíü ñàìèõ óçëîâ. Òàêîå ñâîéñòâî íàçûâàåòñÿ
ïàðàäîêñîì äðóæáû, è îíî ñïðàâåäëèâî êàê äëÿ ñòåïåíåé óçëîâ, òàê è äðó ãèõ õàðàêòåðèñòèê
â ñåòÿõ. Áîëåå òîãî, ïàðàäîêñ äðóæáû íàáëþäàåòñÿ è íà óðîâíå ñåòè â öåëî ì, è íà óðîâíå
îòäåëüíûõ óçëîâ [ 1]. Äëÿ èçìåðåíèÿ ïàðàäîêñà äðóæáû èñïîëüçóåòñÿ âåëè÷èíà, íàçûâàå-
ìàÿ èíäåêñîì äðóæáû, âû÷èñëÿåìàÿ êàê îòíîøåíèå ñðåäíåé ñòåïåíè óçëà ê ñòåïåíè ñ àìîãî
óçëà [2,3]. Îáíàðóæåíèå è èçìåðåíèå â ñåòÿõ ïàðàäîêñà äðóæáû ïîçâîëÿåò ïðèìåíÿò ü óñî-
âåðøåíñòâîâàííûå ñïîñîáû ðàáîòû ñî ñëîæíûìè ñåòÿìè. Òàê, çíàíèå î ïàðàä îêñå äðóæáû
áûëî èñïîëüçîâàíî ïðè ïðîâåäåíèè áîëåå ýôôåêòèâíûõ îïðîñîâ â ñîöèàëüí ûõ ñåòÿõ [4] è
ïðè âûÿâëåíèè çàðàçíûõ çàáîëåâàíèé [ 5].

Ðàíåå äëÿ àíàëèçà ñòåïåííûõ êîððåëÿöèé èñïîëüçîâàëè âåëè÷èíû, îñíîâàíí ûå íà êî-
ýôôèöèåíòå êîððåëÿöèè Ïèðñîíà, èëè ¾êîýôôèöèåíò àññîðòàòèâíîñòè¿. Îäíàêî ïîçäíåå
áûëî äîêàçàíî, ÷òî ñ óâåëè÷åíèåì ñåòè çíà÷åíèå êîýôôèöèåíòà êîððåëÿöèè ì îæåò áûòü
ñëó÷àéíûì, à èìåííî êîãäà âòîðîé ìîìåíò ñëó÷àéíîé âåëè÷èíû ñòðåìèòñ ÿ ê áåñêîíå÷íî-
ñòè, çíà÷åíèå êîýôôèöèåíòà áîëåå íå ñòðåìèòñÿ ê êîíñòàíòå è çàâèñèò îò ðà çìåðîâ ñåòè [6].

Êîíôèãóðàöèîííàÿ ìîäåëü (Con�guration model, CM) [ 7] � ýòî ìîäåëü ãåíåðàöèè ãðà-
ôîâ, êîòîðàÿ ñîçäà¼ò ãðàôû çàäàííîãî ðàçìåðà n ñ çàäàííîé ïîñëåäîâàòåëüíîñòüþ ñòåïå-
íåé. Ãðàô ñ n âåðøèíàìè îáîçíà÷àåòñÿ êàê Gn = ( Vn ; En ), ãäå âåðøèíû ïîìå÷åíû öåëûìè
÷èñëàìè: Vn = f 1; 2; : : : ; ng. Ìíîæåñòâî En ïðåäñòàâëÿåò ñîáîé íàáîð ð¼áåð (íåîðèåíòèðî-
âàííûõ). Ñòåïåíü âåðøèíû i îáîçíà÷àåòñÿ ÷åðåç di , à ïîñëåäîâàòåëüíîñòü ñòåïåíåé ãðàôà
Gn çàäà¼òñÿ êàêDn = f d1; d2; : : : ; dng. Åñëè çàäàíà öåëî÷èñëåííàÿ ïîëîæèòåëüíàÿ ñëó-
÷àéíàÿ âåëè÷èíà � ñ ôóíêöèåé ïëîòíîñòè âåðîÿòíîñòè f , òî ïîñëåäîâàòåëüíîñòü ñòåïåíåé
Dn = ( d1; d2; : : : ; dn ) ìîæåò áûòü ïîëó÷åíà êàê n íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåëåííûõ
ðåàëèçàöèé ñëó÷àéíîé âåëè÷èíû � . Èçâåñòíî, ÷òî êîíôèãóðàöèîííàÿ ìîäåëü ãåíåðèðóåò
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ñëó÷àéíûå ìóëüòèãðàôû òàêèì îáðàçîì, ÷òî ýìïèðè÷åñêîå ðàñïðåäåëåíèå ñò åïåíåé f n ñõî-
äèòñÿ ê f ïðè n, ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè.

Êîíôèãóðàöèîííàÿ ìîäåëü èãðàåò âàæíóþ ðîëü â àíàëèçå êîððåëÿöèé ìåæäó ñòåïå-
íÿìè â ñëîæíûõ ñåòÿõ è ïîçâîëÿåò ñòðîèòü ãðàôû Gn ñ îïðåäåë¼ííûì ðàñïðåäåëåíèåì
ñòåïåíåé Dn è áåç ñòåïåííûõ êîððåëÿöèé (ñ íåéòðàëüíûì ñìåøèâàíèåì). Ñåòè ñ íåéòðàëü-
íûì ñìåøèâàíèåì ïîçâîëÿþò ñðàâíèâàòü ðåàëüíûå ñåòè ñ ¾íåéòðàëüíîé¿ âåð ñèåé, ãäå ñâÿçè
ôîðìèðóþòñÿ ñëó÷àéíûì îáðàçîì. Åñëè ðåàëüíàÿ ñåòü äåìîíñòðèðóåò îòê ëîíåíèÿ îò òàêîé
ìîäåëè (íàïðèìåð, íàëè÷èå àññîðòàòèâíîñòè èëè äèñàññîðòàòèâíîñòè ), ýòî óêàçûâàåò íà
íàëè÷èå ñïåöèôè÷åñêèõ ñòðóêòóðíûõ ñâîéñòâ, êîòîðûå ìîãóò áûòü âàæíû äë ÿ àíàëèçà.
Â îðèåíòèðîâàííûõ è íåîðèåíòèðîâàííûõ ñåòÿõ ñ íåéòðàëüíûì ñìåøèâàíèåì â åëè÷èíû,
îñíîâàííûå íà ðàíãàõ, îáëàäàþò ñõîäèìîñòüþ [ 8].

Äàííàÿ ðàáîòà ïîñâÿùåíà âîïðîñó êîëè÷åñòâåííîãî èçìåðåíèÿ ïàðàäîêñà äðóæáû â êîí-
òåêñòå ñðàâíåíèÿ ñåòåé ðàçëè÷íûõ ðàçìåðîâ. Èñïîëüçóÿ èäåè ðàáîò [ 6, 9], ââîäèòñÿ ïîíÿ-
òèå ðàíãà äðóæáû êàê õàðàêòåðèñòèêè óçëîâ â ñåòè è ïðîèçâîäèòñÿ ñðàâíåíèå ñ èíäåêñîì
äðóæáû äëÿ èçìåðåíèÿ ïàðàäîêñà äðóæáû. Ðàáîòà ñòðóêòóðèðîâàíà ñëåä óþùèì îáðàçîì: â
ðàçä. 1 ââîäÿòñÿ ïîíÿòèÿ è îáîçíà÷åíèÿ, äîêàçûâàåòñÿ òåîðåìà î ñõîäè ìîñòè ðàíãà äðóæáû;
â ðàçä. 2 ïðèâåäåíû ñèìóëÿöèè è ýìïèðè÷åñêèå ýêñïåðèìåíòû, ïîäêðåïëÿþùè å ðåçóëüòàòû.

1. Ïðåäåëüíîå ðàñïðåäåëåíèå ðàíãà äðóæáû â ñëîæíûõ ñåòÿõ

Ïóñòü ìíîæåñòâî Eni ñîäåðæèò óçëû, èíöèäåíòíûå âåðøèíå i . Â ãðàôå Gn èíäåêñ äðóæ-
áû óçëà i ìîæåò áûòü âû÷èñëåí ñëåäóþùèì îáðàçîì:

� i =

P
j 2 Eni

dj

d2
i

:

Ýìïèðè÷åñêîå ñîâìåñòíîå ðàñïðåäåëåíèå ñòåïåíåé èìååò âèä

hn (k; l ) =
1

2jEn j

X

i<j

(
1; di = k è dj = l;

0; èíà÷å:

Ðàñïðåäåëåíèå ñòåïåíåé óçëîâ îáîçíà÷àåòñÿ êàê f (k), à ðàñïðåäåëåíèå ñòåïåíåé, âçâå-
øåííîå ïî ñòåïåíÿì óçëîâ, êàê f � (k) = kf (k)

jEn j .
Ïîäìíîæåñòâî Vn (k) � Vn ñîäåðæèò âñå óçëû ñòåïåíèk. Ñðåäíèé èíäåêñ äðóæáû ñðåäè

óçëîâ ñî ñòåïåíüþ k ìîæåò áûòü çàïèñàí êàê

	 n (k) :=

(
1
k

P n
j =1 lh n (k;l )

f � (k) ; Vn 6= ? ;

0; V (k) = ? :
(1)

Ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ñðåäíåãî èíäåêñà äðóæáû îïðåäåëÿåòñÿ ñî îòíî-
øåíèåì

	 n (k) =
1

jVn (k)j

X

i 2 Vn (k)

� i :

Âî ìíîãèõ ðåàëüíûõ ñåòÿõ ðàñïðåäåëåíèå ñòåïåíåé ÿâëÿåòñÿ ñòåïåííûì ñ äèñïåðñèåé,
ñòðåìÿùåéñÿ ê áåñêîíå÷íîñòè. Êàê áûëî ïðîäåìîíñòðèðîâàíî ðàíåå íà ïðè ìåðå êîíôèãó-
ðàöèîííîé ìîäåëè ñ Dn = IID , åñëè ïîêàçàòåëü ñòåïåííîãî çàêîíà ðàñïðåäåëåíèÿ ñòåïåíåé
1 < 
 6 2, òî èíäåêñ äðóæáû ìåíÿåòñÿ ñ ðîñòîì ñåòè [ 9]. Ïîäîáíîå ïîâåäåíèå ÿâëÿåòñÿ
êðèòè÷åñêèì íåäîñòàòêîì äëÿ ñðàâíåíèÿ ñåòåé ðàçíûõ ðàçìåðîâ, ÷òî ñèëüíî î ãðàíè÷èâàåò
ïðèìåíèìîñòü èíäåêñà äðóæáû â àíàëèçå ñåòåé.

Ïî ýòîé ïðè÷èíå äëÿ èçìåðåíèÿ ïàðàäîêñà äðóæáû ïðåäëàãàåòñÿ èñïîëüçî âàòü èíóþ
âåëè÷èíó, ëèøåííóþ îïèñàííîãî ðàíåå íåäîñòàòêà èíäåêñà äðóæáû. Íîâàÿ âåëè÷èíà áóäåò
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âû÷èñëÿòüñÿ ÷åðåç ðàíã óçëà, à íå åãî ñòåïåíü. Ïîäõîä ñ èñïîëüçîâàíèåì ðàíãî âûõ âåëè÷èí
äàâíî ïðèìåíÿåòñÿ â ëèòåðàòóðå [ 8,10].

Ðàíã óçëà ñî ñòåïåíüþ k â ñåòè ðàçìåðà n îáîçíà÷èì F �
n (k) è îïðåäåëèì ñëåäóþùèì

îáðàçîì:

F �
n (k) =

1
jEn j

nX

i =1

di 1f di 6 kg:

Îòìåòèì, ÷òî F �
n (k) åñòü êóìóëÿòèâíàÿ âçâåøåííàÿ ïî ðåáðàì ôóíêöèÿ ðàñïðåäåëåíèÿ

ñòåïåíåé.
Ðàíã óçëà ñî ñòåïåíüþ k îïðåäåëÿåòñÿ êàê äîëÿ ð¼áåð â ãðàôå, êîòîðûå ñîåäèíÿþò

óçëû ñî ñòåïåíüþ ìåíüøå èëè ðàâíîé k. Òàêèì îáðàçîì, çíà÷åíèå ðàíãà óçëà çàâèñèò îò
åãî ñòåïåíè è áóäåò âñåãäà â äèàïàçîíå (0; 1]. Äëÿ äåìîíñòðàöèè ðàññìîòðèì íåñêîëüêî
ïðèìåðîâ.

Îáîçíà÷èì dmin = min( d1; : : : dn ) ìèíèìàëüíóþ ñòåïåíü óçëîâ â ñåòè è dmax =
= max( d1; : : : dn ) � ìàêñèìàëüíóþ ñòåïåíü óçëîâ. Â òàáë. 1 ïðèâåäåíû ïðèìåðû âû÷èñëå-
íèÿ ðàíãà óçëîâ äëÿ âåðøèí ñ íåñêîëüêèìè çíà÷åíèÿìè ñòåïåíåé.

Òàáëèöà 1 / Table 1

Ïðèìåð âû÷èñëåíèÿ ðàíãà óçëà ñ ìèíèìàëüíûì çíà÷åíèåì ñòåïåíè , ñî çíà÷åíè-
åì ñòåïåíè íà 1 áîëüøå ìèíèìóìà è ñ ìàêñèìàëüíîé ñòåïåíüþ â ãð àôå

An example of calculating the rank of a node with a minimum degree value, a degree
value that is 1 greater than the minimum, and a maximum degreein the graph

Ñòåïåíü óçëà Ðàíã óçëà

dmin Äîëÿ ð¼áåð, èíöèäåíòíûõ óçëàì ñî ñòåïåíüþ dmin

dmin + 1 Äîëÿ ð¼áåð, èíöèäåíòíûõ óçëàì ñî ñòåïåíÿìè dmin è dmin + 1

... ...

dmax 1

Äëÿ ãðàôà Gn ñ n âåðøèíàìè îïðåäåëèì ñðåäíèé ðàíã ñîñåäåé óçëîâ ñî ñòåïåíüþ k
ñëåäóþùèì îáðàçîì:

M n (k) =

P

`> 0
F �

n (`)

f �
n (k)

hn (k; ` ):

Òåîðåòè÷åñêèé àíàëîã M (k) çàäà¼òñÿ âûðàæåíèåì

M (k) =
P n

l=1 F � (`)h(k; ` )
f � (k)

:

Ïî àíàëîãèè ðàíã äðóæáû óçëà i ñî ñòåïåíüþ di áóäåò ðàâåí

� rank
i =

P
j 2 E ij

F �
n (dj )

di F �
n (di )

:

Ñðåäíèé ðàíã äðóæáû ñîñåäåéHn (k) îïðåäåëèì ñëåäóþùèì îáðàçîì:

Hn (k) :=

(
1

F �
n (k)

P n
l =1 F �

n (l )hn (k;l )
f �

n (k) ; Vn 6= ? ;

0; V (k) = ? :

Êàê ìîæíî çàìåòèòü, íîâàÿ âåëè÷èíà àíàëîãè÷íà èíäåêñó äðóæáû ( 1) ñ òîé ðàçíèöåé,
÷òî âìåñòî ñòåïåíè óçëà â âûðàæåíèè ó÷àñòâóåò ðàíã óçëà.
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Ïóñòü çàäàíà ñëó÷àéíàÿ âåëè÷èíà � , ïî êîòîðîé ïîëó÷åíà ïîñëåäîâàòåëüíîñòü ñòåïå-
íåé Dn = IID (� ), à ýìïèðè÷åñêîå ñîâìåñòíîå ðàñïðåäåëåíèå ñòåïåíåé hn (k; l ) ñõîäèòñÿ ê
ïðåäåëüíîìó ðàñïðåäåëåíèþ h(k; l ) ñî ñêîðîñòüþ n� � , ò. å.

1X

k;l =1

jhn (k; l ) � h(k; l )j 6 n� � ; � > 0

ñ âåðîÿòíîñòüþ, ñòðåìÿùåéñÿ ê 1 ïðè n ! 1 .

Òåîðåìà 1 (Î ñõîäèìîñòè ðàíãà äðóæáû) . Ïóñòü ïîñëåäîâàòåëüíîñòü ãðàôîâ f Gngn> 1

ïîëó÷åíà ïî êîíôèãóðàöèîííîé ìîäåëè ñ ïîñëåäîâàòåëüíîñòü þ ñòåïåíåé Dn , êàæäàÿ èç
êîòîðûõ ÿâëÿåòñÿ ðåçóëüòàòîì n íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåë¼ííûõ ðåàëèçàöèé
ñëó÷àéíîé âåëè÷èíû � . Ïóñòü ïðåäåëüíîå ðàñïðåäåëåíèå ñòåïåíåé f (k) èìååò êîíå÷íûé
(1+ � )-é ìîìåíò ( E[D 1+ � ] < 1 ). Òîãäà äëÿ êàæäîãî ôèêñèðîâàííîãî k, òàêîãî ÷òî f � (k) >
> 0, è äëÿ ëþáîãî

0 < � < min
�

�
8 + 4�

; �
�

âûïîëíÿåòñÿ
lim

n!1
P

�
jHn (k) � H (k)j > n � �

�
= 0 :

Äîêàçàòåëüñòâî. Âûðàçèì ðàçíîñòü Hn (k) � H (k) ÷åðåçM n (k) è M (k), ïðèâåä¼ì ê
îáùåìó çíàìåíàòåëþ, äîáàâèì è âû÷òåì M (k)F � (k) â ÷èñëèòåëå:

Hn (k) � H (k) =
M n (k)
F �

n (k)
�

M (k)
F � (k)

=
M n (k)F � (k) � M (k)F �

n (k)
F �

n (k)F � (k)
=

=
M n (k)F � (k) � M (k)F � (k) + M (k)F � (k) � M (k)F �

n (k)
F �

n (k)F � (k)
=

=
(M n (k) � M (k))F � (k) + M (k)(F � (k) � F �

n (k))
F �

n (k)F � (k)
: (2)

Ðàçäåëèâ ñëàãàåìûå â ïîñëåäíåì ðàâåíñòâå (2), ïîëó÷èì

Hn (k) � H (k) =
M n (k) � M (k)

F �
n (k)

+ M (k)
�

1
F �

n (k)
�

1
F � (k)

�
:

Ïðèìåíèâ íåðàâåíñòâî òðåóãîëüíèêà, èìååì

jHn (k) � H (k)j 6

�
�
�
�
M n (k) � M (k)

F �
n (k)

�
�
�
� +

�
�
�
�M (k)

�
1

F �
n (k)

�
1

F � (k)

� �
�
�
� :

Îöåíèì ñëàãàåìîå M n (k)� M (k)
F �

n (k) . Èç [6, òåîðåìà 6.1] ñëåäóåò, ÷òîjM n (k) � M (k)j = Op(n� � ).
Â ñèëó [6, ïðåäïîëîæåíèå 5.1] èìååì

F �
n (k) > F � (k) � n� " ñ âåðîÿòíîñòüþ 1 � O(n� � ):

Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

M n (k) � M (k)
F �

n (k)
6

C1n� �

F � (k) � n� " = Op(n� � ):

Äëÿ îöåíêè ñëàãàåìîãî M (k)
�

1
F �

n (k) � 1
F � (k)

�
èñïîëüçóåì ðàçëîæåíèå

1
F �

n (k)
�

1
F � (k)

=
F � (k) � F �

n (k)
F �

n (k)F � (k)
:
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Ñîãëàñíî [ 6, ïðåäïîëîæåíèþ 5.1] ïîëó÷àåì

jF �
n (k) � F � (k)j 6 dtv (f �

n ; f � ) 6 n� " :

Ñëåäîâàòåëüíî, ñïðàâåäëèâî ñîîòíîøåíèå

M (k)
�

1
F �

n (k)
�

1
F � (k)

�
6

jM (k)j � n� "

(F � (k) � n� " )F � (k)
= O(n� " ):

Âûáèðàÿ � < min
n

�
8+4 � ; �; "

o
ñ ó÷¼òîì òîãî, ÷òî " = �

4(� +2) , îêîí÷àòåëüíî ïîëó÷àåì

jHn (k) � H (k)j 6 Op(n� � ) + O(n� " )
p
�! 0:

�

Çàìå÷àíèå 1. Âûáîð êîíôèãóðàöèîííîé ìîäåëè â ôîðìóëèðîâêå òåîðåìû îáóñëîâ-
ëåí òåì, ÷òî ñåòè, ñîçäàâàåìûå åþ, óäîâëåòâîðÿþò îïðåäåë¼ííûì óñëîâèÿì ðåãóëÿ ðíîñòè
(ñì. [ 6, ïðåäïîëîæåíèÿ 4.2 è 5.1]). À èìåííî ýìïèðè÷åñêèå ðàñïðåäåëåíèÿ ñòåïåíåé è ñî-
âìåñòíûå ðàñïðåäåëåíèÿ ñòåïåíåé ñîñåäåé äîëæíû ñõîäèòüñÿ ê ñâîèì ïðåäåëüíûì çíà÷ åíè-
ÿì. Â îáùåì ñëó÷àå òåîðåìà áóäåò âûïîëíÿòüñÿ äëÿ ëþáûõ ñåòåé ñ ðàñïðåäåëåíè åì ñòåïå-
íåé, óäîâëåòâîðÿþùèõ [ 6, ïðåäïîëîæåíèÿ 4.2 è 5.1]. Ïîñêîëüêó â íàñòîÿùåé ðàáîòå ôîêóñ
èññëåäîâàíèÿ íàïðàâëåí íà êîíôèãóðàöèîííóþ ìîäåëü, òî äëÿ óïðîùåí èÿ âîñïðèÿòèÿ ìà-
òåðèàëà äàííàÿ òåîðåìà îãðàíè÷èâàåòñÿ ðàññìîòðåíèåì èìåííî ýòîé ìîäåë è.

2. Ìîäåëèðîâàíèå è ýìïèðè÷åñêèå ðåçóëüòàòû

Â äàííîì ðàçäåëå ìû èññëåäóåì ïîâåäåíèå ñðåäíåãî èíäåêñà äðóæáû â èñêóññòâåííûõ
ñåòÿõ, ïîñòðîåííûõ ïî êîíôèãóðàöèîííîé ìîäåëè. Íà ðèñ. 1 ïðåäñòàâëåíû ãðàôèêè, èëëþ-
ñòðèðóþùèå çàâèñèìîñòü èíäåêñà äðóæáû îò ñòåïåíè óçëà äëÿ ðàçëè÷íûõ çíà÷å íèé ïàðà-
ìåòðà 
 è ðàçìåðîâ ñåòè n.

M n (k) � n (k)

0 1 2 3 4 5

� 2

� 1

0

1

2

3

CM, 
 = 1 :5, n = f 100:000; 10:000:000g, log(k)

� n (k); n = 100:000
� 1:05 logk + 2 :42
� n (k); n = 10:000:000
� 1:14 logk + 3 :25

0 0:5 1 1:5 2 2:5 3 3:5

� 3

� 2

� 1

0

CM, 
 = 2 :5, n = f 100:000; 10:000:000g, log(k)

� n (k); n = 100:000
� 0:99 logk + 0 :53
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Ðèñ. 1. Ñðåäíèé èíäåêñ äðóæáû, ðàññ÷èòàííûé äëÿ êàæäîé ñòåïåí è óçëà â èñêóññòâåííûõ ñåòÿõ,
ïîñòðîåííûõ ïî êîíôèãóðàöèîííîé ìîäåëè: à � ãðàôèê M n (k) ïðè 
 = 1 :5; á � ãðàôèê � n (k) ïðè


 = 2 :5. Çíà÷åíèÿ ïðåäñòàâëåíû íà ëîãàðèôìè÷åñêîé øêàëå (öâåò îíëà éí)
Fig. 1. The average friendship index calculated for each nodedegree in arti�cial networks constructed
using the con�guration model: a is graph M n (k) for 
 = 1 :5; b is graph � n (k) for 
 = 2 :5. The values

are presented on a logarithmic scale (color online)
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Ðåçóëüòàòû ïðåäñòàâëåíû íà ëîãàðèôìè÷åñêîé øêàëå ñ àïïðîêñèìèðóþù èìè ëèíèÿìè,
ïîëó÷åííûìè ñ ïîìîùüþ ëèíåéíîé ðåãðåññèè. Âûáîð ëîãàðèôìè÷åñêîé øêàëû î áîñíîâàí
òåì, ÷òî ðàñïðåäåëåíèå ñðåäíåãî èíäåêñà äðóæáû ñëåäóåò ñòåïåííîìó çàêîíó. Íà ãðà ôèêàõ
ïðåäñòàâëåíû óñðåäíåííûå ðåçóëüòàòû, êîòîðûå áûëè ïîëó÷åíû ïîñëå ìîäåëèðî âàíèÿ 200
ñåòåé äëÿ êàæäîãî íàáîðà ïàðàìåòðîâ.

Íà ãðàôèêå ïðè 
 = 1 :5 (ðèñ. 1, à) âèäíî, ÷òî ñðåäíèé èíäåêñ äðóæáû èçìåíÿåòñÿ â
çàâèñèìîñòè îò ðàçìåðà ñåòè n. Äëÿ ñåòåé ñn = 100:000 è n = 10:000:000 íàáëþäàþòñÿ
ðàçëè÷íûå íàêëîíû ëèíåéíûõ àïïðîêñèìàöèé, ÷òî óêàçûâàåò íà âëèÿíèå ðàçìåðà ñåòè íà
ñòðóêòóðó ñâÿçåé. Àïïðîêñèìèðóþùèå ëèíèè, çàäàííûå óðàâíåíèÿìè � 1:05 logk + 2 :42 è
� 1:14 logk+3 :25, äåìîíñòðèðóþò, ÷òî ñ óâåëè÷åíèåì ðàçìåðà ñåòè èíäåêñ äðóæáû äëÿ óçëîâ
ñ îäèíàêîâîé ñòåïåíüþ ìîæåò ñíèæàòüñÿ.

Íà ãðàôèêå ïðè 
 = 2 :5 (ðèñ. 1, á) ïîäîáíîãî ÿâëåíèÿ íå íàáëþäàåòñÿ. Àïïðîêñèìè-
ðóþùèå ëèíèè äëÿ ñåòåé ñ n = 100:000 è n = 10:000:000 ïðàêòè÷åñêè ñîâïàäàþò, ÷òî ñâè-
äåòåëüñòâóåò î íåçàâèñèìîñòè èíäåêñà äðóæáû îò ðàçìåðà ñåòè ïðè äàííîì çíà÷åí èè 
 .
Ïîëó÷åííûå ðåãðåññèîííûå çàâèñèìîñòè � 0:99 logk + 0 :53 è � 1:00 logk + 0 :48 ïîêàçûâàþò,
÷òî íàêëîí ëèíèè ïðàêòè÷åñêè íå èçìåíÿåòñÿ ñ óâåëè÷åíèåì n.

Òàêèì îáðàçîì, ìîæíî ñäåëàòü âûâîä, ÷òî ïàðàìåòð 
 èãðàåò êëþ÷åâóþ ðîëü â îïðåäå-
ëåíèè çàâèñèìîñòè èíäåêñà äðóæáû îò ðàçìåðà ñåòè. Ïðè 
 = 1 :5 íàáëþäàåòñÿ çíà÷èòåëü-
íîå âëèÿíèå ðàçìåðà ñåòè íà ñòðóêòóðó ñâÿçåé, â òî âðåìÿ êàê ïðè 
 = 2 :5 ýòîò ýôôåêò
îòñóòñòâóåò.

Äàëåå ðàññìîòðèì ïîâåäåíèå ñðåäíåãî ðàíãà äðóæáû Hn (k) â èñêóññòâåííûõ ñåòÿõ, ñî-
çäàííûõ ñ ïîìîùüþ êîíôèãóðàöèîííîé ìîäåëè. Íà ðèñ. 2 ïðåäñòàâëåíû ãðàôèêè, èëëþ-
ñòðèðóþùèå çàâèñèìîñòü óñðåäíåííîãî ñðåäíåãî ðàíãà ñîñåäåé îò ñòåïåíè óçëà äëÿ ðà çëè÷-

Hn (k)

0 0:5 1 1:5 2 2:5 3 3:5 4

� 0:3

� 0:25

� 0:2

� 0:15

� 0:1

� 5 � 10� 2

0

CM, 
 = f 1:5; 2:5g, n = f 100:000; 10:000:000g, log(k)

Hn (k); n = 100:000; 
 = 1 :5
Hn (k); n = 10:000:000; 
 = 1 :5
Hn (k); n = 100:000; 
 = 2 :5
Hn (k); n = 10:000:000; 
 = 2 :5

Ðèñ. 2. Ñðåäíèé ðàíã äðóæáû Hn (k), ðàññ÷è-
òàííûé äëÿ êàæäîé ñòåïåíè óçëà â èñêóññòâåí-
íûõ ñåòÿõ, ïîñòðîåííûõ ïî êîíôèãóðàöèîííîé
ìîäåëè. Çíà÷åíèÿ ïðåäñòàâëåíû íà ëîãàðèô-

ìè÷åñêîé øêàëå
Fig. 2. Average friendship rank Hn (k) calculated
for each node degree in arti�cial networks
built using the con�guration model. Values are

presented on a logarithmic scale

íûõ çíà÷åíèé ïàðàìåòðà 
 è ðàçìåðîâ ñå-
òè n. Â äàííîì ðàçäåëå ìû àíàëèçèðóåì
ïîâåäåíèå ñðåäíåãî ðàíãà è ñðàâíèâàåì åãî
ñ ðàíåå ðàññìîòðåííûì ñðåäíèì èíäåêñîì
äðóæáû.

Ãðàôèêè äåìîíñòðèðóþò, ÷òî çíà÷åíèå
ñðåäíåãî ðàíãà ñîñåäåé èçìåíÿåòñÿ â çàâè-
ñèìîñòè îò ïàðàìåòðà 
 . Äëÿ 
 = 1 :5 è

 = 2 :5 íàáëþäàþòñÿ ðàçëè÷íûå ðàñïðåäå-
ëåíèÿ ðàíãîâ, ÷òî óêàçûâàåò íà âëèÿíèå ïà-
ðàìåòðà 
 íà ñòðóêòóðó ñâÿçåé â ñåòè. Îäíà-
êî, â îòëè÷èå îò ñðåäíåãî èíäåêñà äðóæáû,
ñðåäíèé ðàíã ñîñåäåé îñòà¼òñÿ ïðàêòè÷åñêè
íåèçìåííûì ïðè èçìåíåíèè ðàçìåðà ñåòè n.
Ýòî ïîäòâåðæäàåòñÿ òåì, ÷òî êðèâûå äëÿ
n = 100:000 è n = 10:000:000 ïðàêòè÷åñêè
ñîâïàäàþò äëÿ êàæäîãî çíà÷åíèÿ 
 .

Ñðàâíèâàÿ ýòè ðåçóëüòàòû ñ ãðàôèêàìè
ñðåäíåãî èíäåêñà äðóæáû (ðèñ. 1), ìîæíî
ñäåëàòü âûâîä, ÷òî ïàðàìåòð 
 îêàçûâàåò
ðàçëè÷íîå âëèÿíèå íà ýòè äâå õàðàêòåðè-
ñòèêè. Â òî æå âðåìÿ ñðåäíèé èíäåêñ äðóæ-
áû çàâèñèò êàê îò 
 , òàê è îò ðàçìåðà ñåòè
n, ñðåäíèé ðàíã ñîñåäåé çàâèñèò òîëüêî îò

 è íå èçìåíÿåòñÿ ñ óâåëè÷åíèåì n.

Òàêèì îáðàçîì, ñðåäíèé ðàíã ñîñåäåé ÿâëÿåòñÿ áîëåå óñòîé÷èâîé õàðàêòåð èñòèêîé ïî
îòíîøåíèþ ê èçìåíåíèþ ðàçìåðà ñåòè, ÷òî äåëàåò åãî ïîëåçíûì èíñòðóìåíòîì äëÿ àí àëèçà
ñåòåâûõ ñòðóêòóð, îñîáåííî â ñëó÷àÿõ, êîãäà ðàçìåð ñåòè ìîæåò âàðüèðîâàòüñÿ. Óñòîé÷è-
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À. À. Ãðèãîðüåâ. Ïðåäåëüíîå ðàñïðåäåëåíèå ðàíãà äðóæáû â ñëîæíûõ ñåòÿõ

âîñòü ÿâëÿåòñÿ öåííûì ñâîéñòâîì ïðè ñðàâíåíèè ðåàëüíûõ ñåòåé, â êîòîðûõ ðàç ìåð ñåòè â
áîëüøèíñòâå ñëó÷àåâ áóäåò ðàçëè÷íûì.

Íàïîìíèì, ÷òî èíäåêñ äðóæáû ïî îïðåäåëåíèþ ñðàâíèâàåò ñðåäíþþ ñòåïåíü ñî ñåäåé
è ñòåïåíü ñàìîãî óçëà. Ïîýòîìó ñ ïîìîùüþ èíäåêñà ìîæíî óáåäèòüñÿ, ÷òî ôî ðìóëèðîâêà
¾ïàðàäîêñ äðóæáû¿ âåðíà äëÿ ñåòåé. Â ðàçëè÷íûõ ñåòÿõ ¾ïàðàäîêñ¿ ìîæåò èì åòü ðàçíóþ
ñèëó. Íàïðèìåð, â ñîöèàëüíûõ ñåòÿõ äîëÿ óçëîâ ñ èíäåêñîì äðóæáû áîëüøå åäèíèöû ïðè-
áëèæàåòñÿ ê 0.9 îò âñåõ óçëîâ â ñåòè.

Àíàëîãè÷íûì îáðàçîì áóäåò âû÷èñëåíà ñèëà ¾ïàðàäîêñà¿ ñ èñïîëüçîâàíèåì íîâîé âåëè-
÷èíû ðàíãà äðóæáà. Äëÿ òîãî ÷òîáû ñðàâíèòü, ñîáëþäàåòñÿ ëè ïàðàä îêñ äðóæáû â ñåòÿõ ñ
èñïîëüçîâàíèåì âåëè÷èíû ðàíãà äðóæáû, áóäåò âû÷èñëåíà äîëÿ óçëîâ, ó ê îòîðûõ âåëè÷èíà
ðàíãà äðóæáû áîëüøå åäèíèöû. Áûëè ïðîâåäåíû ñèìóëÿöèè è ýêñïåðèìåíòû äë ÿ íåñêîëü-
êèõ ðåàëüíûõ ñîöèàëüíûõ ñåòåé, äëÿ îäíîé òåõíîëîãè÷åñêîé ñåòè, à òàêæå äëÿ ñèíòåòè-
÷åñêèõ ñåòåé, ïîëó÷åííûõ ñ ïîìîùüþ ìîäåëåé Áàðàáàøè � Àëüáåðò è êîíôèãóðà öèîííîé
ìîäåëè. Ñðàâíèòåëüíûå ðåçóëüòàòû ïðåäñòàâëåíû â òàáë. 2.

Òàáëèöà 2 / Table 2

Äîëÿ óçëîâ, ïîäâåðæåííûõ ïàðàäîêñó äðóæáû, ñ èñïîëüçîâàíèåì âå-
ëè÷èí èíäåêñà è ðàíãà äðóæáû

Share of nodes a�ected by the friendship paradox, calculated using
friendship index and rank values

Network Èíäåêñ äðóæáû, % Ðàíã äðóæáû, %

Ïîäïèñ÷èêè Twitter 99.4 99.4

Ïîëüçîâàòåëè Flickr 95.7 92.7

Ñîàâòîðû Github 98.9 93.7

Ïîëüçîâàòåëè Youtube 96.1 92.3

Äîðîæíàÿ ñåòü ÑØÀ 55.7 57.3

CM, 
 = 1 :5, n = 100:000 83.9 74.3

CM, 
 = 1 :5, n = 1 :000:000 83.4 74.0

BA, m = 3 , n = 10:000 90.2 74.9

BA, m = 3 , n = 100:000 90.5 74.9

Ìîæíî çàìåòèòü, ÷òî çíà÷åíèÿ, ïîëó÷åííûå ïî îáåèì âåëè÷èíàì, áëèçêè . Ñëåäóåò òàêæå
îòìåòèòü, ÷òî çíà÷åíèÿ, ïîëó÷åííûå ñ ïîìîùüþ ðàíãà äðóæáû, ìåíüøå ñî îòâåòñòâóþùèõ
çíà÷åíèé èíäåêñà äðóæáû. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî ïðè èñïîëüçîâàíèè èí äåêñà äðóæáû
óçëû ñ áîëüøèìè ñòåïåíÿìè èìåþò îãðîìíîå âëèÿíèå: ïðè âû÷èñëåíèè ñðåäíåãî è õ ñîñå-
äè ãàðàíòèðîâàííî ïîïàäàþò ïîä âëèÿíèå ïàðàäîêñà. Â òî æå âðåì ÿ äëÿ ðàíãà äðóæáû
öåíòðàëüíûå óçëû â ñåòè áóäóò èìåòü ðàíã, áëèçêèé ê 1, è ïðè ïîäñ÷åòå ñðåäí åãî âëèÿíèå
îòäåëüíûõ ñëàãàåìûõ ñíèæàåòñÿ.

Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïðåäëîæåí íîâûé ïîäõîä ê èçìåðåíèþ ïàðàäîêñà äðóæá û â ñëîæíûõ ñå-
òÿõ ñ èñïîëüçîâàíèåì ðàíãîâ óçëîâ âìåñòî èõ ñòåïåíåé. Â èññëåäîâàíèè áûëî ïîê àçàíî, ÷òî
ïðåäëîæåííàÿ âåëè÷èíà ðàíãà äðóæáû äåìîíñòðèðóåò ñõîäèìîñòü ïðè óâåëè÷åíèè ðàçìåðà
ñåòè, â îòëè÷èå îò òðàäèöèîííîãî èíäåêñà äðóæáû, êîòîðûé ìîæåò çàâèñåò ü îò ðàçìåðà
ñåòè. Ýòî äåëàåò ðàíã äðóæáû áîëåå íàäåæíûì èíñòðóìåíòîì äëÿ ñðàâíåíèÿ ñåò åé ðàçíîãî
ìàñøòàáà. Áûëà äîêàçàíà òåîðåìà î ñõîäèìîñòè ðàíãà äðóæáû â êîíôèãó ðàöèîííîé ìîäåëè
ïðè óñëîâèè êîíå÷íîñòè (1 + � )-ãî ìîìåíòà ðàñïðåäåëåíèÿ ñòåïåíåé.

Òàêèì îáðàçîì, ïðåäëîæåííûé ìåòîä ïîçâîëÿåò óñòðàíèòü êëþ÷åâîé íåäîñò àòîê èíäåê-
ñà äðóæáû � çàâèñèìîñòü îò ðàçìåðà ñåòè � è ïðåäîñòàâëÿåò áîëåå íàä¼æíûé èíñò ðóìåíò
äëÿ àíàëèçà êîððåëÿöèé ñòåïåíåé â ñëîæíûõ ñåòÿõ. Äàëüíåéøèå èññëåäîâàíèÿ ì îãóò áûòü
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íàïðàâëåíû íà èçó÷åíèå ïîâåäåíèÿ ðàíãà äðóæáû â îðèåíòèðîâàííûõ è âçâåøåííûõ ñåòÿõ,
à òàêæå íà ðàçðàáîòêó ñòàòèñòè÷åñêèõ êðèòåðèåâ äëÿ åãî ïðèìåíåíèÿ â ñåòÿõ, ïîñòðîåííûõ
íà ðåàëüíûõ äàííûõ.
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Abstract. In this paper, we consider a boundary control problem for a heat conduction equation with
involution in a bounded one-dimensional domain. The solution with the control function on the border
of the rod is given. The constraints on the control are determined to ensure that the average value of the
solution within the considered domain attains a given value.The considered control problem is reduced
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Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ãðàíè÷íîãî óïðàâëå íèÿ äëÿ óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè ñ èíâîëþöèåé â îãðàíè÷åííîé îäíîìåðíîé îáëà ñòè. Ïðèâîäèòñÿ ðåøåíèå ñ ôóíêöèåé
óïðàâëåíèÿ íà ãðàíèöå ñòåðæíÿ. Îïðåäåëåíû îãðàíè÷åíèÿ íà ó ïðàâëåíèå, îáåñïå÷èâàþùèå äîñòè-
æåíèå ñðåäíèì çíà÷åíèåì ðåøåíèÿ â ðàññìàòðèâàåìîé îáëàñòè çàäàííîãî çíà÷åíèÿ. Ðàññìàòðèâàå-
ìàÿ çàäà÷à óïðàâëåíèÿ ñâîäèòñÿ ê èíòåãðàëüíîìó óðàâíåíèþ Â îëüòåððà, êîòîðîå ÿâëÿåòñÿ ïåðâûì
òèïîì, ñ ïîìîùüþ ìåòîäà Ôóðüå. Äîêàçàòåëüñòâî ñóùåñòâîâàí èÿ äîïóñòèìîãî óïðàâëåíèÿ ñâÿçàíî
ñ ñóùåñòâîâàíèåì ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ. Ìåòîäî ì ïðåîáðàçîâàíèÿ Ëàïëàñà äîêàçàíî
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Introduction

It is known that due to the widespread use of partial di�erential equations in physics and
engineering, there is always a great interest in the study of boundary control problems. Therefore,
in recent years, the control problems for heat conduction equations have been widely studied by
many researchers.

The optimal control problem for the parabolic type equations was studied by Fattorini and
Friedman [1, 2]. Control problems for the in�nite-dimensional case were studied by Egorov [3],
who generalized Pontryagin's maximum principle to a class of equations in Banach space, and
the proof of a bang-bang principle was shown under the particularconditions. The time-varying
bang�bang property of time optimal controls for the heat equation and its applications is studied
in [4].

The boundary control problem for a heat equation with a piecewise smoothboundary in an
n-dimensional domain was studied in [5], and an estimate for the minimum time required to
reach a given average temperature was found. In [6], the control problem for the heat conduction
equation with the Robin boundary condition is studied, and a mathematical model of the heating
process of a cylindrical domain is developed. Control problems for theheat transfer equation in
the three-dimensional domain are studied in [7].

The control problem related to the inhomogeneous heat transfer equation was studied in [8],
and the existence of the admissible control with the additional condition of the weight function
was proved by an integral constraint. Control problems for heat equations in bounded one and
two-dimensional domains are studied in works [9� 11]. In these articles, an estimated was found
for the minimum time required to heat a bounded domain to an estimated average temperature.
The existence of a control function is proved by the Laplace transformmethod.

Basic information on optimal control problems is given in detail in monographs by Lions and
Fursikov [12,13]. General numerical optimization and optimal control for second-order parabolic
equations have been studied in many publications, such as [14]. In [15], some practical problems
for control problems related to heat equations are studied.

It is known that in recent years, due to the increasing interest in physics and mathematics,
the boundary problems related to heat di�usion equations involving involution have been widely
studied. In [16], a boundary value problem for the heat equation associated with involution in a
one-dimensional domain is studied. Many boundary value problems for parabolic-type equations
with involution were studied in works [17,18].

In [19], the control problem associated with a pseudo-parabolic type equation in a one-
dimensional domain was studied, and the existence of an admissible control was proved using
the Laplace transform method. The boundary control problem in a bounded two-dimensional
domain for a pseudo-parabolic type equation was studied in [20].

In this work, the boundary control problem for the heat equation with involution is considered.
The main control problem in this work is presented in Section 1. The boundary control problem
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studied in this work is reduced to the Volterra integral equation of the �rst kind by the Fourier
method (Section 2). In Section 3, the existence of a solution to the integral equation is proved
using the Laplace transform method. Section 4 gives an estimate of the minimum time required
to reach a given average temperature of the rod.

1. Statement of problem

In this paper, we consider the heat equation with involution in the domain 
 T := (0 ; � )� (0; 1 )

ut (x; t ) � uxx (x; t ) + �u xx (� � x; t ) = 0 ; (x; t ) 2 
 T ; (1)

with Dirichlet boundary conditions

u(0; t) = � (t); u(�; t ) = 0 ; t > 0; (2)

and initial condition
u(x; 0) = 0 ; 0 6 x 6 �; (3)

where � is a nonzero real number such thatj� j < 1 and � (t) is the control function, which gives
the �ow amplitude.

Let M > 0 be some given constant. We say that the control function� (t) is admissible if it
is continuously di�erentiable on the half-line t > 0 and satis�es the conditions

� (0) = 0 ; j� (t)j 6 M; t > 0:

Di�erential equations with modi�ed arguments are equations in which the unknown function
and its derivatives are evaluated with modi�cations of time or spacevariables; such equations
are called, in general, functional di�erential equations. Among such equations, one can single out
equations with involutions [21]. It is known that a function g(x) 6� x maps bijectively a set of real
numbers D , such that g(g(x)) = x or g� 1(x) = g(x) is called an involution on D (see [22,23]).

Assume that the weight function � (x) 2 W 1
2 ([0; � ]) satis�es the conditions

� (x) > 0; � 0(x) 6 0;

�Z

0

� (x) dx = 1 ; 0 6 x 6 �: (4)

Time-optimal problem. Let � > 0 be a given constant. Problem consists looking for the
minimal value of T > 0 so that for t > 0 the solution u(x; t ) of the problem(1)� (3) with control
function � (t) exists and for someT1 > T satis�es the equation

�Z

0

� (x)u(x; t ) dx = �; T 6 t 6 T1: (5)

The physical meaning of equation (5) is the average temperature in the rod. Our main goal
in this work is to �nd the minimum time estimate for the average t emperature in the rod to be
equal to � .

Remark 1. It is known that boundary control problems for the non-homogeneous heat
equation in the case� = 0 are studied in detail in works [24].

We consider the spectral problem

X 00(x) � �X 00(� � x) + �X (x) = 0 ; 0 < x < �;

X (0) = X (� ) = 0 ; 0 6 x 6 �;
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wherej� j < 1, � 2 Rnf 0g. It is proved in [17,18] that expressing the solution of spectral problem
in terms of the sum of even and odd functions, one �nds the followingeigenvalues:

� 2k = 4(1 + � )k2; k 2 N; (6)

� 2k+1 = (1 � � )(2k + 1) 2; k 2 N0 = N [ f 0g; (7)

and eigenfunctions

X 2k = sin 2kx; k 2 N; X 2k+1 = sin(2 k + 1) x; k 2 N0:

Let

� (x) =
1X

k=1

� k sinkx; x 2 (0; � ); (8)

where

� k =
2
�

�Z

0

� (x) sin kx dx; k = 1 ; 2; � � � : (9)

Denote

� 2k+1 = (1 � � )(2k + 1) � 2k+1 ; k 2 N0; � 2k = (1 + � )2k� 2k ; k 2 N: (10)

Theorem 1. Let

0 < � <
� 1M
� 1

:

Set

T � = �
1
� 1

ln
�

1 �
�� 1

� 1M

�
:

Then a solution Tmin of the Time-Optimal Problem exists and the estimateTmin 6 T � is
valid.

We will consider the proof of Theorem1 step by step in the next sections.

2. Integral equation for control function

In this section, we consider how the given control problem can be reduced to a Volterra
integral equation of the �rst kind.

By the solution of the problem (1)�( 3) we mean function u(x; t ), expressed the form

u(x; t ) = � (t)
� � x

�
� w(x; t ); (11)

where the function w(x; t ) 2 C2;1
x;t (
 T ) \ C( �
 T ) is the solution to the problem

wt (x; t ) � wxx (x; t ) + �w xx (� � x; t ) =
� � x

�
� 0(t);

with initial-boundary conditions

w(0; t) = w(�; t ) = 0 ; w(x; 0) = 0 :

Thus, we have (see [25])

w(x; t ) =
2
�

1X

k=0

1
2k + 1

� tZ

0

e� � 2k +1 (t � s) � 0(s) ds
�

sin(2k + 1) x+
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+
1
�

1X

k=1

1
k

� tZ

0

e� � 2k (t � s) � 0(s) ds
�

sin 2kx: (12)

It follows from ( 11) and (12), we get the solution of the problem (1)�( 3):

u(x; t ) =
� � x

�
� (t) �

2
�

1X

k=0

1
2k + 1

� tZ

0

e� � 2k +1 (t � s) � 0(s) ds
�

sin(2k + 1) x�

�
1
�

1X

k=1

1
k

� tZ

0

e� � 2k (t � s) � 0(s) ds
�

sin 2kx: (13)

From (13) and the condition (5), we can write

f (t) =

�Z

0

� (x)u(x; t ) dx = � (t)

�Z

0

� (x)
� � x

�
dx�

�
2
�

1X

k=0

1
2k + 1

tZ

0

e� � 2k +1 (t � s) � 0(s) ds

�Z

0

� (x) sin(2k + 1) x dx�

�
1
�

1X

k=1

1
k

tZ

0

e� � 2k (t � s) � 0(s) ds

�Z

0

� (x) sin 2kx dx:

where f (t) = � for T 6 t 6 T1.
Then from (8), we have

f (t) = � (t)

�Z

0

� (x)
� � x

�
dx �

1X

k=0

� 2k+1

2k + 1

tZ

0

e� � 2k +1 (t � s) � 0(s) ds�

�
1X

k=1

� 2k

2k

tZ

0

e� � 2k (t � s) � 0(s) ds: (14)

By the condition � (0) = 0 and (14) we may write

f (t) = � (t)

lZ

0

� (x)
l � x

l
dx � � (t)

1X

k=1

� k

k
+ (1 � � )

1X

k=0

(2k + 1) � 2k+1

tZ

0

e� � 2k +1 (t � s) � (s) ds+

+(1 + � )
1X

k=1

2k� 2k

tZ

0

e� � 2k (t � s) � (s) ds:

According to Parseval equality, we get

�Z

0

� (x)
� � x

�
dx =

1X

k=1

� k

k
:

As a result we can write

f (t) = (1 � � )
1X

k=0

(2k + 1) � 2k+1

tZ

0

e� � 2k +1 (t � s) � (s) ds � +
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+(1 + � )
1X

k=1

2k� 2k

tZ

0

e� � 2k (t � s) � (s) ds: (15)

Let us introduce the function

K (t) =
1X

k=0

� 2k+1 e� � 2k +1 t +
1X

k=1

� 2ke� � 2k t ; t > 0; (16)

where � 2k+1 and � 2k are de�ned by (10).
Then equality (15) takes the form

tZ

0

K (t � s)� (s)ds = f (t); t > 0; (17)

where f (t) = � = const > 0 for T 6 t 6 T1.
The resulting Volterra integral equation (17) is the main equation for admissible control� (t).
For any M 0 > 0, we denoteW (M 0) the set of function f 2 W 2

2 (�1 ; + 1 ), f (t) = 0 for t 6 0
which satisfying the condition

kf kW 2
2 (R+ ) 6 M 0:

Theorem 2. There existsM 0 > 0 such that for any function f 2 W (M 0) the solution � (t)
of the equation (17) exists and satis�es the conditionj� (t)j 6 M .

Lemma 1 ([26]). Let  (x) > 0 and  0(x) 6 0 on x 2 [0; 1 ). Then the following inequality
is valid:

n�Z

0

 (x) sin x dx > 0; n = 1 ; 2; : : : :

Lemma 2. For the coe�cients f � kgk2 N de�ned by (9), the following estimate is valid:

0 6 � k 6
C
k

; k = 1 ; 2; : : : ;

whereC = const > 0.

Proof. According to Lemma 1, we have

� k > 0; k = 1 ; 2; : : : :

From (9), we write

� k =
2
�

�Z

0

� (x) sin kx dx = �
2
�

� (x)
1
k

coskx

�
�
�
�

x= �

x=0
+

2
k�

�Z

0

� 0(x) coskx dx =

=
2

k�

�
� (0) � (� 1)k � (� )

�
+

o(1)
k

:

It is clear that
� (0) � (� 1)k � (� ) > 0; k = 1 ; 2; : : : ;

where function � (x) is satisfying conditions (4).
Then we obtain 0 6 � k 6 C

k . �
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Lemma 3. Let j� j < 1. Then the following estimate is valid:

0 < K (t) 6
C�p

t
; 0 < t 6 1;

where function K (t) is de�ned by (16) and C� is a constant only depending on� .

Proof. For any p > 0, consider the following relations:

1X

n=1

e� pn2
=

1X

n=1

n+1Z

n

e� p[s]2 ds =

1Z

1

e� p[s]2 ds =

1Z

1

e� ps2
ep(s2 � [s]2 ) ds;

where [s] is the integer part of s.
Note that ep(s2 � [s]2 ) = ep(s� [s])( s+[ s]) 6 e2ps. Then we obtain

1Z

1

e� ps2
ep(s2 � [s]2 ) ds 6

1Z

1

e� ps2+2 ps ds = ep

1Z

1

e� p(s� 1)2
ds:

Hence, for0 < p 6 const we get

1X

n=1

e� pn2
6

1Z

1

e� ps2
ep(s2 � [s]2 ) ds 6 ep

1Z

0

e� ps2
ds 6

C
p

p
: (18)

From (6), (7) and (18), we have

1X

k=0

e� � 2
2k +1 t 6

1
p

1 � �
C
p

t
;

and
1X

k=1

e� � 2
2k t 6

1
p

1 + �
C
p

t
:

From (10) and Lemma 2, we may write

0 6 � 2k 6 C(1 + � ); k 2 N;

and
0 6 � 2k+1 6 C(1 � � ); k 2 N0:

Consequently, we get the following estimate for the functionK (t):

0 < K (t) 6 C1

p
1 � �
p

t
+ C2

p
1 + �
p

t
6

C�p
t
;

where C� = max f C1
p

1 � � , C2
p

1 + � g. �

3. Proof of Theorem 2

We use the Laplace transform method to solve equation (17). We introduce the notation

e� (p) =

1Z

0

e� pt � (t) dt:
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Then we use the Laplace transform to obtain the following equation

ef (p) =

1Z

0

e� pt dt

tZ

0

K (t � s)� (s) ds = eK (p)e� (p):

Consequently, we obtain

e� (p) =
ef (p)
eK (p)

; where p = � + i�; � > 0; � 2 R;

and

� (t) =
1

2�i

� + i 1Z

� � i 1

ef (p)
eK (p)

eptdp =
1

2�

+ 1Z

�1

ef (� + i� )
eK (� + i� )

e(� + i� )t d�: (19)

Lemma 4. The following estimate

j eK (� + i� )j >
C�p

1 + � 2
; � > 0; � 2 R;

is valid, whereC� > 0 is a constant only depending on� .

Proof. Using the Laplace transform, we can write

eK (p) =

1Z

0

K (t)e� pt dt =
1X

k=0

� 2k+1

1Z

0

e� (p+ � 2k +1 )t dt +
1X

k=1

� 2k

1Z

0

e� (p+ � 2k )t dt =

=
1X

k=0

� 2k+1

p + � 2k+1
+

1X

k=1

� 2k

p + � 2k
;

where K (t) is de�ned by (16) and

eK (� + i� ) =
1X

k=0

� 2k+1

� + � 2k+1 + i�
+

1X

k=1

� 2k

� + � 2k + i�
=

=
1X

k=0

� 2k+1 (� + � 2k+1 )
(� + � 2k+1 )2 + � 2 +

1X

k=1

� 2k (� + � 2k )
(� + � 2k )2 + � 2 � i�

1X

k=0

� 2k+1

(� + � 2k+1 )2 + � 2 �

� i�
1X

k=1

� 2k

(� + � 2k )2 + � 2 = ReeK (� + i� ) + i Im eK (� + i� );

where

ReeK (� + i� ) =
1X

k=0

� 2k+1 (� + � 2k+1 )
(� + � 2k+1 )2 + � 2 +

1X

k=1

� 2k (� + � 2k )
(� + � 2k )2 + � 2 ;

Im eK (� + i� ) = � �
1X

k=0

� 2k+1

(� + � 2k+1 )2 + � 2 � �
1X

k=1

� 2k

(� + � 2k )2 + � 2 :

We know that
(� + � k )2 + � 2 6 [(� + � k )2 + 1](1 + � 2);

and we get
1

(� + � k )2 + � 2 >
1

1 + � 2

1
(� + � k )2 + 1

: (20)
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Thus, according to (20) we can obtain the estimates

jReeK (� + i� )j =
1X

k=0

� 2k+1 (� + � 2k+1 )
(� + � 2k+1 )2 + � 2 +

1X

k=1

� 2k (� + � 2k )
(� + � 2k )2 + � 2 >

>
1

1 + � 2

1X

k=0

� 2k+1 (� + � 2k+1 )
(� + � 2k+1 )2 + 1

=
C1;�

1 + � 2 ; (21)

and

jIm eK (� + i� )j > j� j
1X

k=0

� 2k+1

(� + � 2k+1 )2 + � 2 >
j� j

1 + � 2

1X

k=0

� 2k+1

(� + � 2k+1 )2 + 1
=

C2;� j� j
1 + � 2 ; (22)

where C1;� , C2;� as follows

C1;� =
1X

k=0

� 2k+1 (� + � 2k+1 )
(� + � 2k+1 )2 + 1

; C2;� =
1X

k=0

� 2k+1

(� + � 2k+1 )2 + 1
:

From (21) and (22), we have the estimate

j eK (� + i� )j2 = jReeK (� + i� )j2 + jIm eK (� + i� )j2 >
min(C2

1;� ; C2
2;� )

1 + � 2 ;

and

j eK (� + i� )j >
C�p

1 + � 2
; where C� = min(C1;� ; C2;� ):

�
Then proceed to the limit as � ! 0 from (19), we obtain

� (t) =
1

2�

+ 1Z

�1

ef (i� )
eK (i� )

ei� t d�: (23)

Lemma 5 ([24]). Let f (t) 2 W (M 0). Then, for the imaginary part of the Laplace transform
of function f (t), the inequality

+ 1Z

�1

j ef (i� )j
p

1 + � 2d� 6 C1kf kW 2
2 (R+ ) ;

is valid, whereC1 > 0 is a constant.

Proof of Theorem 2. From (23) and Lemmas4 and 5, we can write

j� (t)j 6
1

2�

+ 1Z

�1

j ef (i� )j

j eK (i� )j
d� 6

1
2�C 0

+ 1Z

�1

j ef (i� )j
p

1 + � 2d� 6
C1

2�C 0
kf kW 2

2 (R+ ) 6
C1M 0

2�C 0
= M;

where

M 0 =
2�C 0

C1
M:
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4. Proof of Theorem 1

We consider the integral equation

tZ

0

K (t � s)� (s) ds = �; T 6 t 6 T1;

where K (t) is de�ned by (16).

Lemma 6. The following estimate is valid:

K (t) > � 1e� � 1 t ;

where the functionK (t) is de�ned by Eq. (16).

The proof of his proposition is based on the fact that the functional series de�ned by (16) is
non-negative.

We introduce a speci�c heating as

H (t) =

tZ

0

K (t � s) ds =

tZ

0

K (s) ds:

The physical meaning of this function is the average temperature in the rod (see [5]). It is
known H (0) = 0 and H 0(t) = K (t) > 0.

We set

H � = lim
t !1

H (t) =

1Z

0

K (s) ds:

Certainly, the average temperature of the rod in the case where the heater is acting with unit
load cannot exceedH � .

It is clear that H � is �nite. Indeed, from ( 10) and (16) we have

H � =
1X

k=0

� 2k+1

� 2k+1
+

1X

k=1

� 2k

� 2k
=

1X

k=0

� 2k+1

2k + 1
+

1X

k=1

� 2k

2k
=

1X

k=1

� k

k
< 1 :

Lemma 7 ([24]). Let 0 < � < MH � . Then there exist T > 0 and a real-valued measurable
function � (t), and the following equality

TZ

0

K (T � s)� (s) ds = �;

is valid.

It is clear that the value T, which was found in Proposition 6, gives a solution to the problem.
Namely, T is the root of the equation

H (T) =
�

M
: (24)

Lemma 8. Let

0 < � <
� 1M
� 1

:

Then there existsT > 0 so that

T < �
1
� 1

ln
�

1 �
�� 1

� 1M

�
;

and Eq. (24) is ful�lled.
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Proof. For obtaining the required estimate, we use Lemma6. We may write

H (t) =

tZ

0

K (s) ds > � 1

tZ

0

e� � 1sds =
� 1

� 1

�
1 � e� � 1 t

�
: (25)

Consider the following equation for de�ning T � :

� 1

� 1

�
1 � e� � 1T �

�
=

�
M

: (26)

Then

T � = �
1
� 1

ln
�

1 �
�� 1

� 1M

�
:

In accordance with (25) and (26), we have

0 <
�

M
6 H (T � ):

Then obviously there existsT (0 < T < T � ), which is a solution to the equation (24). �
The proof of Theorem1 follows from Lemma8.

Conclusion

Note that in the case where the temperature� is small enough, the value ofT � can be replaced
by the following one:

T � �=
�

� 1M
:

Hence, in this case, the estimate of optimal time given by Theorem1 is proportional to
required temperature � and inversely proportional to the size of the rodl and to the maximum
output of the heat sourceM .
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Abstract. Let C\ be the set of all even continuous functions on the real axis,E be a non-empty set
on (0; + 1 ), R f (x; t ) be the spherical mean of the functionf 2 C\ with center at the point x 2 E and
radius t > 0 with respect to Bessel convolution. The following problems arise for the operatorR: 1) �nd
out whether a given setE is an injectivity set of the transform R; 2) if E is not an injectivity set, then
characterize all functionsf 2 C\ such that Rf (x; t ) = 0 on E � (0; + 1 ); 3) if E is an injectivity set, then
restore f from the values of Rf (x; t ) on E � (0; + 1 ). In this paper we obtain a solution of problems 1
and 2 for an arbitrary set E � (0; + 1 ), as well as a solution of problem 3 for the case whenE is a
�nite set of injectivity. It is shown that functions from the ke rnel of the transform R can be described
in terms of series of the eigenfunctions of the Bessel operator converging in the space of distributions.
It follows, in particular, that the set E is not the injectivity set of the transform R if and only if it is
contained in the set of zeros of some eigenfunction of the Bessel operator. Moreover, ifE = f r 1; : : : ; rm g
is a �nite injectivity set, we �nd a class of inversion formul a for the transform R that depend on a set
of polynomials p1; : : : ; pm . It is assumed that p1; : : : ; pm have a su�ciently high degree and satisfy some
conditions related to the zeroes of Fourier � Bessel transform of Dirac measures with supports at points
r 1; : : : ; rm .
Keywords: generalised shift, Bessel convolution, Fourier � Bessel transform, spherical means, injectivity
sets, inversion formulas
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Ââåäåíèå

Ïóñòü � � ôèêñèðîâàííîå ÷èñëî èç ïðîìåæóòêà (� 1=2; + 1 ), C\ � ïðîñòðàíñòâî ÷¼òíûõ
íåïðåðûâíûõ ôóíêöèé íà R, � t (t > 0) � ÷¼òíàÿ ìåðà, ñîïîñòàâëÿþùàÿ ôóíêöèè  2 C\
÷èñëî  (t). Äëÿ f 2 C\ ïîëîæèì

Rf (x; t ) = ( f?� t )(x); x > 0; t > 0; (1)

ãäå ñèìâîë ? îçíà÷àåò ñâåðòêó îòíîñèòåëüíî îáîáù¼ííîãî ñäâèãà Áåññåëÿ T �
x (ñì. ðàçä. 1).

Îïåðàòîð R ÿâëÿåòñÿ àíàëîãîì õîðîøî èçâåñòíîãî åâêëèäîâà ïðåîáðàçîâàíèÿ Ðàäî íà íà
ñôåðàõ, íàçûâàåìîãî òàêæå îïåðàòîðîì ñôåðè÷åñêîãî ñðåäíåãî (ñì. 1, ãë. 4; 2, ãë. 1, Ÿ 2]).
Èçó÷åíèå ñôåðè÷åñêèõ ñðåäíèõ ðàçíîãî òèïà ïðåäñòàâëÿåò ñàìîñòîÿòåëüíûé èíòåð åñ, à òàê-
æå èãðàåò âàæíóþ ðîëü â ñâÿçè ñ èõ ïðèìåíåíèåì â íåêîòîðûõ îáëàñòÿõ ìàòåì àòèêè è
ïðèêëàäíûõ çàäà÷àõ (ñì. [ 3, ÷. 5, ãë. 6;4, ãë. 4, Ÿ 4.9]).
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Îïðåäåëèì ÿäðî ïðåîáðàçîâàíèÿ R îòíîñèòåëüíî íåïóñòîãî ìíîæåñòâà E � (0; + 1 )
ðàâåíñòâîì

KerE R =
�

f 2 C\ : R f (x; t ) = 0 íà E � (0; + 1 )
	

:

Ìíîæåñòâî E � (0; + 1 ) íàçûâàåòñÿ ìíîæåñòâîì èíúåêòèâíîñòè ïðåîáðàçîâàíèÿ R, åñëè
KerE R = f 0g. Ñîâîêóïíîñòü âñåõ òàêèõ ìíîæåñòâ E îáîçíà÷èì I R .

Ïî àíàëîãèè ñ åâêëèäîâûì ñëó÷àåì (ñì., íàïðèìåð, [ 5� 7]) äëÿ çàäàííîãî ìíîæåñòâà
E � (0; + 1 ) âîçíèêàþò ñëåäóþùèå çàäà÷è:

1) âûÿñíèòü, ÿâëÿåòñÿ ëè E ìíîæåñòâîì èíúåêòèâíîñòè ïðåîáðàçîâàíèÿ R;
2) åñëèE =2 I R , òî îïèñàòü KerE R;
3) åñëèE 2 I R , òî âîññòàíîâèòü f ïî çíà÷åíèÿì R f (x; t ) íà E � (0; + 1 ).
Äî íàñòîÿùåãî âðåìåíè îñíîâíûå èçâåñòíûå ðåçóëüòàòû ïî çàäà÷àì 1�3 íåÿâíî ñî äåð-

æàëèñü â ðàáîòå [8] è çàêëþ÷àëèñü â ñëåäóþùåì:
1) îäíîýëåìåíòíîå ìíîæåñòâî E íå ÿâëÿåòñÿ ìíîæåñòâîì èíúåêòèâíîñòè äëÿ R, ïðè÷¼ì

KerE R ïîðîæäàåòñÿ ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà Áåññåëÿ, ïðèíàäëåæàùèì è ýòîìó
ÿäðó (ñì. [ 8, òåîðåìà 3.2]);

2) ìíîæåñòâî E , ñîñòîÿùåå èç äâóõ ÷èñåër1 è r2, ïðèíàäëåæèò I R òîãäà è òîëüêî òîãäà,
êîãäà r1=r2 íå ÿâëÿåòñÿ îòíîøåíèåì ïîëîæèòåëüíûõ íóëåé ôóíêöèè Áåññåëÿ J� (ñì. [ 8,
òåîðåìà 4.6]).

Îòìåòèì, ÷òî ïåðâûé èç ýòèõ ðåçóëüòàòîâ ÿâëÿåòñÿ àïïðîêñèìàöèîííîé òåîðåìîé òèïà
Ìàëüãðàíæà � Õåðìàíäåðà [ 9, ãë. 16], à âòîðîé � àíàëîãîì òåîðåìû Ë. Çàëüöìàíà î äâóõ
ðàäèóñàõ [10].

Â äàííîé ðàáîòå ïîëó÷åíî ðåøåíèå çàäà÷ 1, 2 äëÿ ïðîèçâîëüíîãî ìíîæåñò âàE � (0; + 1 ),
à òàêæå ðåøåíèå çàäà÷è 3 äëÿ ñëó÷àÿ, êîãäàE � êîíå÷íîå ìíîæåñòâî èíúåêòèâíîñòè ïðå-
îáðàçîâàíèÿ R. Ïîêàçàíî, ÷òî ôóíêöèè èç KerE R ìîæíî îïèñàòü â âèäå ðÿäîâ ïî ñîá-
ñòâåííûì ôóíêöèÿì îïåðàòîðà Áåññåëÿ, ñõîäÿùèõñÿ â ïðîñòðàíñòâå ðàñïðåäåë åíèé. Îòñþ-
äà ñëåäóåò, â ÷àñòíîñòè, ÷òî ìíîæåñòâî E � (0; + 1 ) íå ïðèíàäëåæèò I R òîãäà è òîëüêî
òîãäà, êîãäà îíî ñîäåðæèòñÿ âî ìíîæåñòâå íóëåé íåêîòîðîé ñîáñòâåííîé ôóíêöèè îïåðàòîðà
Áåññåëÿ. Êðîìå òîãî, äëÿ êîíå÷íîãî ìíîæåñòâà E = f r1; : : : ; rm g 2 I R íàéäåí êëàññ ôîð-
ìóë îáðàùåíèÿ ïðåîáðàçîâàíèÿ R, êîòîðûå çàâèñÿò îò íàáîðà ïîëèíîìîâ p1; : : : ; pm . Ïðè
ýòîì ïðåäïîëàãàåòñÿ, ÷òî p1; : : : ; pm èìåþò äîñòàòî÷íî âûñîêóþ ñòåïåíü è óäîâëåòâîðÿþò
íåêîòîðûì óñëîâèÿì, ñâÿçàííûì ñ íóëÿìè ïðåîáðàçîâàíèé Ôóðüå � Áåññåëÿ ðà ñïðåäåëåíèé
� r 1 ; : : : ; � r m .

Òî÷íûå ôîðìóëèðîâêè è äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ ïðèâîäÿ òñÿ â ðàçä. 2, 4.
Â ðàçä. 3 ñîäåðæàòñÿ âñïîìîãàòåëüíûå óòâåðæäåíèÿ, íåîáõîäèìûå äëÿ êîí ñòðóêöèè îáðà-
ùåíèÿ ïðåîáðàçîâàíèÿ R. Êðàòêèå ïðåäâàðèòåëüíûå ñâåäåíèÿ, îòíîñÿùèåñÿ ê ãàðìîíè÷å-
ñêîìó àíàëèçó Áåññåëÿ, äàíû â ðàçä. 1.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü D\ � ìíîæåñòâî âñåõ ÷¼òíûõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôèíèòíûõ ôóíêöèé
íà R. Ìíîæåñòâî D\ ÿâëÿåòñÿ òîïîëîãè÷åñêèì âåêòîðíûì ïðîñòðàíñòâîì ñ îáû÷íîé òîïî-
ëîãèåé. Îáîçíà÷èì ÷åðåç D0

\ ïðîñòðàíñòâî âñåõ ÷¼òíûõ ðàñïðåäåëåíèé íà R, ò.å. ëèíåéíûõ
íåïðåðûâíûõ ôóíêöèîíàëîâ íà ïðîñòðàíñòâå D\ . Çíà÷åíèå ôóíêöèîíàëà f 2 D 0

\ íà ôóíê-
öèè  2 D \ áóäåì çàïèñûâàòü êàê hf;  i . Ïðîñòðàíñòâî D0

\ ñîäåðæèò êëàññL loc
\;� âñåõ ÷¼òíûõ

êîìïëåêñíîçíà÷íûõ ôóíêöèé íà R, ëîêàëüíî ñóììèðóåìûõ ïî ìåðå

d� (x) = jxj2� +1 dx:

Âëîæåíèå L loc
\;� â D0

\ îñóùåñòâëÿåòñÿ ïîñðåäñòâîì ñîîòíîøåíèÿ

hf;  i =
Z 1

0
f (x) (x)d� (x); f 2 L loc

\;� ;  2 D \ : (2)

Ìàòåìàòèêà 481



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíô îðìàòèêà. 2025. Ò. 25, âûï. 4

Êàê îáû÷íî, äëÿ íîñèòåëÿ ðàñïðåäåëåíèÿ f 2 D 0
\ èñïîëüçóåòñÿ ñèìâîë suppf , à ìíîæåñòâî

âñåõ ðàñïðåäåëåíèé èçD0
\ ñ êîìïàêòíûì íîñèòåëåì îáîçíà÷àåòñÿ E0

\ .
Äëÿ f 2 C\ îáîáùåííûé ñäâèã Áåññåëÿ îïðåäåëÿåòñÿ ðàâåíñòâîì

T �
x f (y) =

�( � + 1)
p

� �( � + 1
2)

Z �

0
f (

p
x2 + y2 � 2xy cos� )(sin � )2� d�; (3)

ãäå � � ãàììà-ôóíêöèÿ. Åñëè f 2 D 0
\ è g 2 E0

\ , òî ñâ¼ðòêà Áåññåëÿf ? g 2 D 0
\ äåéñòâóåò ïî

ïðàâèëó
hf ? g;  i =



f (x); hg(y); T �

x  (y)i
�
;  2 D \ :

Îñíîâíûå ñâîéñòâà îïåðàòîðîâ îáîáù¼ííîãî ñäâèãà è ñâ¼ðòêè Áåññåëÿ ñîäåðæàòñ ÿ â [4, ãë. 2;
8, Ÿ 2, 3;11, Ÿ 7;12, ãë. 1; 13, ãë. 1].

Ïóñòü I � (z) = J� (z)z� � ,

' � (x) = 2 � �( � + 1) I � (�x ); x 2 R; � 2 C: (4)

Ôóíêöèÿ ' � ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé îïåðàòîðà ( 3) è äèôôåðåíöèàëüíîãî îïåðàòîðà
Áåññåëÿ

L =
d2

dx2 +
(2� + 1)

x
d

dx
=

1
x2� +1

d
dx

 

x2� +1 d
dx

!

; (5)

ïðè÷¼ì
T �

x ' � (y) = ' � (x)' � (y); L' � = � � 2' � (6)

(ñì. [ 8, Ÿ 2, 3]). Èç èíòåãðàëüíîãî ïðåäñòàâëåíèÿ Ïóàññîíà áåññåëåâûõ ôóíêöèé ñëåäóåò
îöåíêà

j' � (x)j 6 ejx jj Im � j : (7)

Ñôåðè÷åñêèì ïðåîáðàçîâàíèåì (ïðåîáðàçîâàíèåì Ôóðüå � Áåññåëÿ) ðàñïðåäåëåíèÿ f 2 E0
\

íàçûâàåòñÿ ÷¼òíàÿ öåëàÿ ôóíêöèÿ

ef (� ) = hf; ' � i ; � 2 C: (8)

Ïðè ýòîì
' � ? f = ef (� )' � ; � 2 C (9)

(ñì. [ 14, ëåììà 12]).
Äëÿ ðàñïðåäåëåíèé f; g 2 E0

\ è ëþáîãî ïîëèíîìà p èìåþò ìåñòî ðàâåíñòâà

]f ? g = ef eg; p̂(L )f (� ) = p(� � 2) ef (� ) (10)

(ñì. [ 8, Ÿ 2]). Åñëè 2 D \ , òî äëÿ ëþáîãî N > 0 ñóùåñòâóåò êîíñòàíòà CN > 0, òàêàÿ ÷òî

j e (x)j 6
CN

(1 + jxj)N ; x 2 R: (11)

Êðîìå òîãî, ñïðàâåäëèâà ôîðìóëà îáðàùåíèÿ

 (y) = { �

Z 1

0

e (x)' x (y)d� (x); ãäå { � =
�
2� �( � + 1)

� � 2 (12)

(ñì. [ 8, Ÿ 2]).
Íàì ïîòðåáóåòñÿ òàêæå ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1. Ïóñòü w � ÷¼òíàÿ öåëàÿ ôóíêöèÿ è w(� ) = 0 äëÿ íåêîòîðîãî � 2 C. Òîãäà
�
�
�
�

�w (z)
z2 � � 2

�
�
�
� 6 max

j � � zj6 2
jw(� )j; z 2 C; (13)

ãäå ïðè z = � � ëåâàÿ ÷àñòü â(13) äîîïðåäåëåíà ïî íåïðåðûâíîñòè.

Äîêàçàòåëüñòâî ëåììû 1 îñíîâàíî íà ïðèíöèïå ìàêñèìóìà ìîäóëÿ è ñîäåðæèòñÿ â [ 15].
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2. Îïèñàíèå ÿäðà

Âñþäó â äàëüíåéøåì ñ÷èòàåì, ÷òî r � ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî. Â ñèëó ( 8)
è (4) èìååì

e� r (� ) = ' � (r ); e� r (0) = 1 : (14)

Îáîçíà÷èì ÷åðåç N r ïîñëåäîâàòåëüíîñòü âñåõ ïîëîæèòåëüíûõ íóëåé ôóíêöèè e� r , çàíóìå-
ðîâàííûõ â ïîðÿäêå âîçðàñòàíèÿ. Èç ñâîéñòâ áåññåëåâûõ ôóíêöèé ñëåäóåò, ÷òî

I � +1 (�r ) 6= 0 è
1

jI � +1 (�r )j
= O(� � +3 =2) ïðè � 2 N r (15)

(ñì. [ 14, ëåììà 3; 16, ãë. 7.9]).
Êðîìå òîãî,

X

� 2N r

1
� 1+ " < + 1 äëÿ ëþáîãî " > 0: (16)

Äëÿ f 2 L 1
�
[0; r ]; d�

�
ïîëîæèì

d� (f; r ) =
21� 2� r � 2� � 4

�
�( � + 1) � I � +1 (�r )

� 2

Z r

0
f (x)' � (x)d� (x); � 2 N r :

Ëåììà 2. Ïóñòü f 2 L loc
\;� . Òîãäà äëÿ òîãî, ÷òîáû f?� r = 0 íà R, íåîáõîäèìî è äîñòà-

òî÷íî, ÷òîáû èìåëî ìåñòî ðàçëîæåíèå

f =
X

� 2N r

d� (f; r )' � ;

â êîòîðîì ðÿä ñõîäèòñÿ â ïðîñòðàíñòâå D0
\ è d� (f; r ) = O(� 2� +1 ), � ! + 1 .

Äîêàçàòåëüñòâî. Äëÿ ðåøåíèé óðàâíåíèÿ f?� r = 0 , ãäå � r � èíäèêàòîð îòðåçêà
[� r; r ], ïîäîáíîå ðàçëîæåíèå óñòàíîâëåíî â ðàáîòå [ 14]. Óòâåðæäåíèå ëåììû 2 äîêàçûâàåòñÿ
àíàëîãè÷íî. �

Äëÿ íåïóñòîãî ìíîæåñòâà E � (0; + 1 ) îïðåäåëèì ìíîæåñòâî �( E ) ðàâåíñòâîì

�( E ) =
�

� > 0 : I � (�� ) = 0 äëÿ âñåõ � 2 E
	

: (17)

Îòìåòèì, ÷òî
�( E ) =

\

� 2 E

N � :

Òåîðåìà 1. 1. Äëÿ òîãî, ÷òîáû ôóíêöèÿ f 2 C\ ïðèíàäëåæàëà KerE R, íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû

f =
X

� 2 �( E )

a� ' � ; (18)

ãäåa� 2 C è ðÿä ñõîäèòñÿ â D0
\ .

2. Ìíîæåñòâî E � (0; + 1 ) ïðèíàäëåæèò I R òîãäà è òîëüêî òîãäà, êîãäà E íå ñîäåð-
æèòñÿ â N � íè ïðè êàêîì � > 0.

Äîêàçàòåëüñòâî. 1. Ïðåäïîëîæèì, ÷òî f 2 KerE R. Ôèêñèðóåì r1 2 E. Ó÷èòûâàÿ, ÷òî

Rf (x; t ) = T �
t f (x) = T �

x f (t) = Rf (t; x ); (19)

è ïðèìåíÿÿ ëåììó 2, ïîëó÷àåì
f =

X

� 2N r 1

a� ' � ; (20)
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ãäå a� = O(� 2� +1 ) ïðè � ! + 1 è ðÿä ñõîäèòñÿ â D0
\ . Åñëè E = f r1g, òî íåîáõîäèìîñòü â

òåîðåìå 1 óñòàíîâëåíà.
Ïóñòü E 6= f r1g è r2 2 E, r2 6= r1. Ïîñêîëüêó f?� r 2 = 0 , èç (20) è (6) èìååì

X

� 2N r 1

a� I � (�r 2)' � = 0 â D0
\ : (21)

Äëÿ ëþáîãî " > 0 âîçüì¼ì ôóíêöèþ ! " 2 D \ , òàêóþ ÷òî supp! " � [� "; " ], ! " > 0 è
Z "

0
! " (x)d� (x) = 1 :

Ñåìåéñòâî ! " ñõîäèòñÿ â D0
\ ê äåëüòà-ôóíêöèè, ñîñðåäîòî÷åííîé â íóëå. Ñâîðà÷èâàÿ îáå

÷àñòè â (21) ñ ! " è èñïîëüçóÿ ( 9), ïðèõîäèì ê ðàâåíñòâó
X

� 2N r 1

a� I � (�r 2)e! " (� )' � = 0 : (22)

Â ñèëó áûñòðîãî óáûâàíèÿ e! " (� ) ïðè � ! + 1 è ñîîòíîøåíèé îðòîãîíàëüíîñòè äëÿ áåññå-
ëåâûõ ôóíêöèé (ñì. ( 11) è [16, ãë. 7, Ÿ 7.10.4]) èç (22) íàõîäèì

a� I � (�r 2)e! " (� ) = 0 ; � 2 N r 1 :

Ýòî ñîîòíîøåíèå è ðàâåíñòâî
lim
" ! 0

e! " (� ) = e� 0(� ) = 1

ïîêàçûâàþò, ÷òî
a� = 0 ; � 2 N r 1 n Nr 2 :

Òåïåðü ïðîèçâîëüíîñòü r2 âëå÷¼ò ðàçëîæåíèå (18). Äîñòàòî÷íîñòü â óòâåðæäåíèè 1 ñëåäóåò
èç (9), (14) è (17).

2. Åñëè E � N � ïðè íåêîòîðîì � > 0, òî ' � 2 KerE R (ñì. ( 9), (14) è (1)). Ïîýòîìó
E =2 I R .

Ïóñòü òåïåðü E =2 I R è f � íåíóëåâàÿ ôóíêöèÿ â KerE R. Òîãäà ïî äîêàçàííîìó âûøå
ñïðàâåäëèâî ðàçëîæåíèå ( 18). Åñëè ïðåäïîëîæèòü, ÷òî E íå ñîäåðæèòñÿ â N � íè ïðè êàêîì
� > 0, òî ïîëó÷èì �( E ) = ? . Îòñþäà è èç ( 18) ñëåäóåò, ÷òîf = 0 . Ïðîòèâîðå÷èå. �

Çàìå÷àíèå 1. Èçâåñòíî (ñì. [ 5]), ÷òî ìíîæåñòâî E � R2 ÿâëÿåòñÿ ìíîæåñòâîì èíú-
åêòèâíîñòè ïðåîáðàçîâàíèÿ Ðàäîíà íà îêðóæíîñòÿõ äëÿ êëàññà ôèíèòí ûõ íåïðåðûâíûõ
ôóíêöèé â R2 òîãäà è òîëüêî òîãäà, êîãäà E íå ñîäåðæèòñÿ â îáúåäèíåíèè âèäà ! (� N ) [ F ,
ãäå � N =

S N � 1
l=0

�
tei�l=N : t 2 R

	
� ñèñòåìà Êîêñåòåðà èç N ïðÿìûõ, F � êîíå÷íîå ÷èñ-

ëî òî÷åê â R2 è ! � åâêëèäîâî äâèæåíèå ïëîñêîñòè R2. Â ñâÿçè ñ ýòèì ðåçóëüòàòîì
Ë. Çàëüöìàí [ 6] âûñêàçàë ñëåäóþùóþ ãèïîòåçó: ìíîæåñòâî E ÿâëÿåòñÿ ìíîæåñòâîì íåèíú-
åêòèâíîñòè ïðåîáðàçîâàíèÿ Ðàäîíà íà ñôåðàõ äëÿ êëàññà C(Rn ) ëèøü â òîì ñëó÷àå, êîãäà
îíî ñîäåðæèòñÿ âî ìíîæåñòâå íóëåé íåêîòîðîé ñîáñòâåííîé ôóíêöèè ëàïë àñèàíà. Èç âòî-
ðîãî óòâåðæäåíèÿ òåîðåìû 1 ñëåäóåò ñïðàâåäëèâîñòü àíàëîãà ãèïîòåçû Ë. Çàëüöìàíà äëÿ
ïðåîáðàçîâàíèÿ R (ñì. ( 6) è (9)).

3. Ðàçëîæåíèå äåëüòà-ôóíêöèè

Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ:

A r;� =
21� � r � 2� � 4� � 2

�( � + 1) I 2
� +1 (�r )

; B r;� =
21� � r � 2

�( � + 1) I � +1 (�r )
; � 2 N r ;

J r;� (x) = A r;� I � (�x )� r (x); � 2 N r ;
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ãäå, êàê è âûøå, � r � èíäèêàòîð îòðåçêà [� r; r ]. Îòìåòèì, ÷òî îïðåäåëåíèå A r;� è B r;�
êîððåêòíî ââèäó ïåðâîãî ñîîòíîøåíèÿ â ( 15).

Ïóñòü Pr � ìíîæåñòâî ïîëèíîìîâ p(z), òàêèõ ÷òî degp > � + 1 è âñå íóëè ôóíêöèè
p(� z2)' z(r ) ÿâëÿþòñÿ ïðîñòûìè, N r;p � ìíîæåñòâî âñåõ íóëåé ôóíêöèè p(� z2)' z(r ), ëåæà-
ùèõ â ïîëóïëîñêîñòè Rez > 0 èëè íà ëó÷å f it : t > 0g.

Äëÿ p 2 P r , � 2 N r;p ïîëîæèì


 r;p;� =

( B r;�
p(� � 2 ) ; åñëè� 2 N r ;

1
p0(� � 2 ) ' � (r ) ; åñëèp(� � 2) = 0 ;

(23)

J r;p;� =

(
1

p(� � 2 ) p(L)J r;� ; åñëè� 2 N r ;
1

p0(� � 2 ) ' � (r ) q� (L )� r ; åñëèp(� � 2) = 0 ;

ãäåq� (z) = p(z)
z+ � 2 . Ñìûñë ðàñïðåäåëåíèé J r;p;� âèäåí èç ëåìì 3 è 4, ïðèâîäèìûõ íèæå.

Ëåììà 3. Ïóñòü p 2 P r , � 2 N r;p . Òîãäà

(L + � 2)J r;p;� = 
 r;p;� p(L)� r : (24)

Äîêàçàòåëüñòâî. Äîñòàòî÷íî óñòàíîâèòü, ÷òî

(L + � 2)J r;� = B r;� � r ïðè � 2 N r : (25)

Äëÿ ïðîèçâîëüíîé ôóíêöèè  2 D \ èìååì


(L + � 2)J r;� ;  

�
=



J r;� ; (L + � 2) 

�
=

=
21� � r � 2� � 4� � 2

�( � + 1) I 2
� +1 (�r )

Z r

0
I � (�x )

�
L + � 2�

 (x)d� (x): (26)

Ïðåîáðàçóåì ýòîò èíòåãðàë ñ ïîìîùüþ ïîâòîðíîãî èíòåãðèðîâàíèÿ ïî ÷àñò ÿì, ðàâåíñòâ ( 5),
(6) è ñîîòíîøåíèé

I � (�r ) = 0 ;
�
I � (�x )

� 0 = � � 2xI � +1 (�x ) (27)

(ñì. [ 16, ãë. 7, ï. 7.2.8, ôîðìóëà (51)]). Íàõîäèì
Z r

0
I � (�x )L (x)d� (x) =

Z r

0
I � (�x )d

�
x2� +1  0(x)

�
= �

Z r

0
x2� +1 �

I � (�x )
� 0d (x) =

= � 2r 2� +2 I � +1 (�r ) (r ) +
Z r

0
 (x)

�
x2� +1 �

I � (�x )
� 0

� 0
dx =

= � 2r 2� +2 I � +1 (�r ) (r ) +
Z r

0
 (x)L

�
I � (�x )

�
d� (x) =

= � 2r 2� +2 I � +1 (�r ) (r ) � � 2
Z r

0
 (x)I � (�x )d� (x):

Îòñþäà è èç ( 26) ïîëó÷àåì


(L + � 2)J r;� ;  

�
= B r;� h� r ;  i , ÷òî âëå÷¼ò (25). �

Ñëåäñòâèå 1. Èìååò ìåñòî ðàâåíñòâî
�
� 2 � z2� eJ r;p;� (z) = 
 r;p;� p(� z2)' z(r ); z 2 C: (28)

Â ÷àñòíîñòè, åñëè z 2 N r;p , òî

eJ r;p;� (z) =

(
0; åñëè � 6= z;

1; åñëè � = z:
(29)
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Äîêàçàòåëüñòâî. Èñïîëüçóÿ ( 10) è (24), ïîëó÷àåì ( 28). Òåïåðü, ó÷èòûâàÿ (23) è (27),
ïðèõîäèì ê ( 29). �

Ëåììà 4. Ïóñòü p 2 P r . Òîãäà
X

� 2N r;p

J r;p;� = � 0; (30)

ãäå ðÿä ñõîäèòñÿ áåçóñëîâíî â ïðîñòðàíñòâå D0
\ .

Äîêàçàòåëüñòâî. Â ñèëó ñèììåòðè÷íîñòè îïåðàòîðà L è ñîîòíîøåíèÿ ( 2) äëÿ ëþáîé
ôóíêöèè  2 D \ è � 2 N r èìååì

hJr;p;� ;  i =
1

p(� � 2)



p(L )J r;� ;  

�
=

1
p(� � 2)



J r;� ; p(L ) 

�
=

=
2� � A r;�

�( � + 1) p(� � 2)

Z r

0
' � (x)

�
p(L ) 

�
(x)d� (x):

Îòñþäà âèäíî (ñì. ( 7), (15) è (16)), ÷òî ðÿä

X

� 2N r

�
�hJr;p;� ;  i

�
� ñðàâíèì ñî ñõîäÿùèìñÿ ðÿäîì

X

� 2N r

1
� 2 degp� 2� � 1 :

Ïîýòîìó ðÿä â ëåâîé ÷àñòè ( 30) ñõîäèòñÿ áåçóñëîâíî â ïðîñòðàíñòâå D0
\ ê íåêîòîðîìó ðàñ-

ïðåäåëåíèþ f 2 D 0
\ ñ íîñèòåëåì íà [� r; r ]. Ïðè ýòîì (ñì. ( 28), (29))

ef (z) =
X

� 2N r;p


 r;p;�
p(� z2)' z(r )

� 2 � z2 ; z 2 C

è ef (z) = 1 , åñëèz 2 N r;p . Ïîêàæåì, ÷òî ef = 1 íà C. Ôóíêöèÿ

g(z) =
ef (z) � 1

p(� z2)' z(r )

ÿâëÿåòñÿ öåëîé ôóíêöèåé íå âûøå ïåðâîãî ïîðÿäêà. Ïðè Im z = � Rez, z ! 1 îíà îöåíè-
âàåòñÿ ñëåäóþùèì îáðàçîì (ñì. ( 15), (16)):

jg(z)j 6
X

� 2N r;p

j
 r;p;� j
2j� j

�
1

jz � � j
+

1
jz + � j

�
+

1�
�p(� z2)

�
�
�
� ' z(r )

�
� 6 O

�
1

jzj

�
+

1�
�p(� z2)

�
�
�
� ' z(r )

�
� :

Ýòà îöåíêà è àñèìïòîòèêà áåññåëåâîé ôóíêöèè íà áåñêîíå÷íîñòè (ñì. [ 16, ãë. 7, ï. 7.13.1,
ôîðìóëà (3)]) âëå÷¼ò ðàâåíñòâî

lim
z!1

Im z= � Re z

g(z) = 0 :

Òîãäà ïî ïðèíöèïó Ôðàãìåíà � Ëèíäåë¼ôà ôóíêöèÿ g îãðàíè÷åíà íà C. Òåïåðü, èñïîëüçóÿ
òåîðåìó Ëèóâèëëÿ, çàêëþ÷àåì, ÷òî g = 0 íà C. Òàêèì îáðàçîì, ef = 1 íà C, ò.å. f = � 0. �

4. Ôîðìóëà îáðàùåíèÿ

Ïóñòü m > 2, 0 < r 1 < r 2 < : : : < r m , E = f r1; : : : ; rm g 2 I R . Ïîñêîëüêó
mT

j =1
N r j = ? ,

òî èìååòñÿ äîñòàòî÷íî áîëüøîé ïðîèçâîë â âûáîðå ïîëèíîìîâ p1; : : : ; pm ñî ñëåäóþùèìè
ñâîéñòâàìè:

1) degpj > � + 1 , j = 1 ; : : : ; m;
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2) íóëè âñåõ ôóíêöèé pj (� z2)' z(r j ) ÿâëÿþòñÿ ïðîñòûìè;

3)
mT

j =1
N r j ;pj = ? .

Ìíîæåñòâî âñåõ òàêèõ íàáîðîâ (p1; : : : ; pm ) îáîçíà÷èì PE .
Âîçüìåì P = ( p1; : : : ; pm ) 2 P E è îïðåäåëèì NE;P êàê äåêàðòîâî ïðîèçâåäåíèå ìíîæåñòâ

N r j ;pj :
NE;P = N r 1 ;p1 � : : : � N r m ;pm :

Äëÿ � = ( � 1; : : : ; � m ) 2 N E;P ïîëîæèì

JE;P; � = J r 1 ;p1 ;� 1 ? : : : ?J r m ;pm ;� m : (31)

Ñèìâîë JE;P; � ;j áóäåò îáîçíà÷àòü ñâ¼ðòî÷íîå ïðîèçâåäåíèå JE;P; � áåç ìíîæèòåëÿ J r j ;pj ;� j .

Ëåììà 5. Ïóñòü E = f r1; : : : ; rm g 2 I R , P = ( p1; : : : ; pm ) 2 P E , � = ( � 1; : : : ; � m ) 2 N E;P .
Òîãäà äëÿ ëþáîãî ðåøåíèÿ (c1; : : : ; cm ) ñèñòåìû

c1 + : : : + cm = 0 ; c1� 2
1 + : : : + cm � 2

m = 1 (32)

ñïðàâåäëèâî ðàâåíñòâî

JE;P; � =
mX

j =1

cj 
 r j ;pj ;� j pj (L )� r j ? JE;P; � ;j : (33)

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ PE è NE;P âèäíî, ÷òî â íàáîðå � íàéäóòñÿ ïî êðàé-
íåé ìåðå äâà ðàçëè÷íûõ ÷èñëà � k , � l . Ïîëàãàÿ

ck =
1

� 2
k � � 2

l
; cl =

1
� 2

l � � 2
k

; cj = 0 ïðè j 62 fk; lg;

ïîëó÷àåì ðàçðåøèìîñòü ñèñòåìû ( 32). Äàëåå, åñëèc1; : : : ; cm óäîâëåòâîðÿþò ( 32), òî â ñè-
ëó (24) èìååì

mX

j =1

cj 
 r j ;pj ;� j pj (L )� r j ? JE;P; � ;j =
mX

j =1

cj (L + � 2
j )J r j ;pj ;� j ? JE;P; � ;j =

=
mX

j =1

cj (L + � 2
j )JE;P; � = JE;P; � ;

÷òî è òðåáîâàëîñü äîêàçàòü. �

Òåîðåìà 2. Ïóñòü E = f r1; : : : ; rm g 2 I R , P = ( p1; : : : ; pm ) 2 P E , (c1; : : : ; cm ) � ïðîèç-
âîëüíîå ðåøåíèå ñèñòåìû (32) ïðè � = ( � 1; : : : ; � m ) 2 N E;P . Òîãäà, åñëèf 2 C\ è

f E;P; � =
mX

j =1

cj 
 r j ;pj ;� j

�
R f

�
(r j ; �) ? pj (L )JE;P; � ;j ;

òî f E;P; � íå çàâèñèò îò âûáîðà ðåøåíèÿ (c1; : : : ; cm ) è

f =
X

� 2N E;P

f E;P; � ;

ãäå ðÿä ñõîäèòñÿ áåçóñëîâíî â ïðîñòðàíñòâå D0
\ .
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Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî
X

� 2N E;P

JE;P; � = � 0; (34)

ãäå ðÿä ñõîäèòñÿ áåçóñëîâíî â ïðîñòðàíñòâå D0
\ . Ïóñòü  2 D \ . Èñïîëüçóÿ ( 12), (8), (31), (10)

è (28), íàõîäèì (ñì. [ 17, äîêàçàòåëüñòâî òåîðåìû 8.23])

hJE;P; � ;  i = { �

Z 1

0

e (x)hJE;P; � ; ' x i d� (x) = { �

Z 1

0

e (x)eJE;P; � (x)d� (x) =

= { �

Z 1

0

e (x)
mY

j =1

eJ r j ;pj ;� j (x)d� (x) = { �

Z 1

0

e (x)
mY

j =1


 r j ;pj ;� j

pj (� x2)' x (r j )
� 2

j � x2 d� (x):

Îöåíèâàÿ ìîäóëü ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ñ ïîìîùüþ ëåììû 1 è íåðàâåíñòâà (7),
èìååì

�
�hJE;P; � ;  i

�
� 6 { �

Z 1

0

�
� e (x)

�
�

mY

j =1

e2r j max
j � � x j6 r

�
�pj (� � 2)

�
�d� (x)

mY

j =1

j
 r j ;pj ;� j j

j� j j
:

Ïîýòîìó èç ( 11), (23) è ðàññóæäåíèÿ â ëåììå 4 ñëåäóåò, ÷òî
X

� 2N E;P

�
�hJE;P; � ;  i

�
� < 1

è ñïðàâåäëèâî ðàçëîæåíèå ( 34). Îíî âëå÷¼ò ðàâåíñòâî

f =
X

� 2N E;P

f ? JE;P; � ;

ãäå ðÿä ñõîäèòñÿ áåçóñëîâíî â ïðîñòðàíñòâå D0
\ . Ó÷èòûâàÿ, ÷òî f ? JE;P; � = f E;P; � (ñì. ( 33),

(1) è (19)), ïîëó÷àåì óòâåðæäåíèåì òåîðåìû. �
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Ââåäåíèå

Àñèìïòîòè÷åñêèå ìåòîäû ÿâëÿþòñÿ ýôôåêòèâíûì àïïàðàòîì, ñ ïîìîùüþ êîòîðîãî ìîæ-
íî íàéòè àíàëèòè÷åñêèå ðåøåíèÿ ñëîæíûõ çàäà÷ òåîðèè òîíêîñòåííûõ êîíñò ðóêöèé. Îíè
ïîçâîëÿþò âûÿâèòü îñîáåííîñòè ïîâåäåíèÿ ðåøåíèÿ òðåõìåðíîé çàäà÷è â ðà çëè÷íûõ îá-
ëàñòÿõ èçìåíåíèÿ íåçàâèñèìûõ ïåðåìåííûõ è òåì ñàìûì íå òîëüêî íàéòè áîëåå ïðî ñòûå
(àñèìïòîòè÷åñêè îïòèìàëüíûå) óðàâíåíèÿ, îïèñûâàþùèå ðåøåíèÿ èñõîäí îé çàäà÷è â êàæ-
äîé èç âûäåëåííûõ îáëàñòåé, íî è äàòü ¾ïîäñêàçêó¿ ÷èñëåííûì ìåòîäàì, íàï ðèìåð ìåòîäó
êîíå÷íûõ ýëåìåíòîâ â íåîáõîäèìîñòè èñïîëüçîâàíèÿ òîé èëè èíîé ñåòêè äë ÿ ïîñòðîåíèÿ
ðåøåíèÿ â ñîîòâåòñòâóþùåé îáëàñòè ôàçîâîé ïëîñêîñòè.

Îñíîâû àñèìïòîòè÷åñêîé òåîðèè òîíêîñòåííûõ óïðóãèõ êîíñòðóêöèé çàëîæ åíû â ðà-
áîòàõ À. Ë. Ãîëüäåíâåéçåðà [1, 2] íà ïðèìåðå çàäà÷ ñòàòèêè è ñòàöèîíàðíîé äèíàìèêè. Â
ðàáîòå [3] ïðåäëîæåííàÿ À. Ë. Ãîëüäåíâåéçåðîì àñèìïòîòè÷åñêàÿ òåîðèÿ ðàñøèðåíà í à ñëó-
÷àé íåñòàöèîíàðíîãî íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ) â òîíêèõ óïðóãèõ
îáîëî÷êàõ. Ðàññìîòðåí êëàññ çàäà÷ î ðàñïðîñòðàíåíèè íåñòàöèîíàðíûõ â îëí, âîçíèêàþùèõ
ïðè óäàðíûõ âîçäåéñòâèÿõ íà òîðåö òîíêîñòåííîé óïðóãîé îáîëî÷êè âðà ùåíèÿ, êîòîðûå
ñîãëàñíî êëàññèôèêàöèè âíåøíèõ âîçäåéñòâèé, ïðèâåäåííîé â [ 4], îòíîñÿòñÿ ê ïðîäîëüíûì
óäàðíûì âîçäåéñòâèÿì òàíãåíöèàëüíîãî è èçãèáàþùåãî òèïîâ è âûçûâàþò ïðèíö èïèàëüíî
ðàçíûå òèïû ÍÄÑ. Ñîãëàñíî ìåòîäèêå, îïèñàííîé â ìîíîãðàôèè [ 3], ÍÄÑ, ñîîòâåòñòâóþ-
ùåå êàæäîìó òèïó âîçäåéñòâèÿ, ìîæåò áûòü ïðåäñòàâëåíî â ðàçëè÷íûõ îáëàñò ÿõ ôàçîâîé
ïëîñêîñòè ðàçíûìè ñîñòàâëÿþùèìè ñ îïðåäåëåííûìè ïîêàçàòåëÿìè èçìåíÿåìîñòè è äèíà-
ìè÷íîñòè.

Â íàñòîÿùåå âðåìÿ çàâåðøàåòñÿ ôîðìèðîâàíèå àñèìïòîòè÷åñêîé òåîðèè, î ïèñûâàþùåé
íåñòàöèîíàðíûå âîëíîâûå ïðîöåññû â òîíêîñòåííûõ óïðóãèõ îáîëî÷êàõ ïðè ðàçëè÷íûõ òè-
ïàõ óäàðíûõ âîçäåéñòâèé íà òîðöå. Â ñòàòüÿõ [ 5� 7] ïðèâåäåíà ñèñòåìàòèçàöèÿ ýòèõ ìå-
òîäîâ, ðàçðàáîòàííûõ äëÿ óäàðíûõ òîðöåâûõ è ïîâåðõíîñòíûõ âîçäåéñòâè é. Äëÿ êàæäîãî
âèäà âîçäåéñòâèÿ ðàçðàáîòàíû ñõåìû ðàñ÷ëåíåíèÿ íåñòàöèîíàðíîãî ÍÄÑ íà ñîñòàâëÿþùèå,
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ïîëó÷åíû àñèìïòîòè÷åñêè îïòèìàëüíûå óðàâíåíèÿ äëÿ êàæäîé èç ýòèõ ñî ñòàâëÿþùèõ, âû-
äåëåíû îáëàñòè ñîãëàñîâàíèÿ äëÿ ñîñåäíèõ ñîñòàâëÿþùèõ (ïðîâåäåíà îöåíê à ãðàíèö îá-
ëàñòåé ñîãëàñîâàíèÿ, äîêàçàíî ñîâïàäåíèå àñèìïòîòèê ðàçðåøàþùèõ óðà âíåíèé â äàííûõ
îáëàñòÿõ), ðàçðàáîòàíû àñèìïòîòè÷åñêèå ìåòîäû ðåøåíèÿ çàäà÷ äëÿ âñåõ ñîñòàâëÿþùèõ, à
òàêæå äîêàçàíà ïîëíîòà îïèñàíèÿ íåñòàöèîíàðíûõ âîëí ñ ïîìîùüþ ó êàçàííûõ êîìïîíåíò.

Ñòàòüÿ [8] ïîñâÿùåíà ìîäèôèêàöèè ìåòîäîâ, ðàçðàáîòàííûõ â [ 3], íà ñëó÷àé òîíêîñòåí-
íîé âÿçêîóïðóãîé îáîëî÷êè âðàùåíèÿ.

Â òî æå âðåìÿ àñèìïòîòè÷åñêàÿ òåîðèÿ äëÿ âÿçêîóïðóãèõ îáîëî÷åê íå äî êîíöà ñôîðìè-
ðîâàíà. Íà íàñòîÿùèé ìîìåíò åùå íå âñå ìåòîäèêè, ðàçðàáîòàííûå äëÿ ó ïðóãèõ îáîëî÷åê,
ïîëó÷èëîñü ìîäèôèöèðîâàòü íà ñëó÷àé îáîëî÷åê âÿçêîóïðóãèõ.

Â íàñòîÿùåé ðàáîòå ïðåäëîæåí àñèìïòîòè÷åñêèé ìåòîä ïîñòðîåíèÿ óðàâí åíèé ïîãðàí-
ñëîÿ â îêðåñòíîñòè ôðîíòà âîëíû ðàñøèðåíèÿ â ñëó÷àå óäàðíîãî ïðîäîëü íîãî âîçäåéñòâèÿ
òàíãåíöèàëüíîãî òèïà íà òîðöå èç òðåõìåðíûõ óðàâíåíèé âÿçêîóïðóãîñòè ñ ïîìîùüþ ìå-
òîäèêè, îïèñàííîé â [ 9] è ìîäèôèöèðîâàííîé íà ñëó÷àé âÿçêîóïðóãîé îáîëî÷êè âðàùåíèÿ.
Ïðåäïîëàãàåòñÿ, ÷òî îáîëî÷êà âûïîëíåíà èç âÿçêîóïðóãîãî ìàòåðèàëà , ïðåäñòàâëåííîãî
ìîäåëüþ Ìàêñâåëëà è óäîâëåòâîðÿþùåãî óñëîâèþ óïðóãîãî îáúåìíîãî ðàñøè ðåíèÿ. Ðàíåå
óðàâíåíèÿ äàííîãî ïîãðàñëîÿ äëÿ âÿçêîóïðóãîé îáîëî÷êè áûëè âûâåäåíû ò îëüêî äëÿ ñëó-
÷àÿ îáîëî÷êè íóëåâîé ãàóññîâîé êðèâèçíû [ 8,10].

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì òîíêîñòåííóþ ïîëóáåñêîíå÷íóþ îáîëî÷êó âðàùåíèÿ, âûïîëí åííóþ èç âÿç-
êîóïðóãîãî ìàòåðèàëà, ñâîéñòâà êîòîðîãî îïèñûâàþòñÿ ìîäåëüþ Ìàêñâåëë à.

Ââåäåì òðèîðòîãîíàëüíóþ ñèñòåìó êîîðäèíàò ( � 1; � 2; � 3), ïðåäñòàâëåííóþ íà ðèñ. 1,
ñâÿçàííóþ ñî ñðåäèííîé ïîâåðõíîñòüþ îáîëî÷êè, ãäå � 1 � êîîðäèíàòà, îòñ÷èòûâàåìàÿ âäîëü
îáðàçóþùåé ñðåäèííîé ïîâåðõíîñòè, � 2 � êîîðäèíàòà, îòñ÷èòûâàåìàÿ âäîëü íàïðàâëÿþùåé

Ðèñ. 1. Îáîëî÷êà âðàùåíèÿ
ñ òðèîðòîãîíàëüíîé ñèñòåìîé

êîîðäèíàò
Fig. 1. Shell of revolution with
triorthogonal coordinate system

ñðåäèííîé ïîâåðõíîñòè, � 3 � êîîðäèíàòà, îòñ÷è-
òûâàåìàÿ â íàïðàâëåíèè âíåøíåé íîðìàëè ê ñðå-
äèííîé ïîâåðõíîñòè îáîëî÷êè.

Ïðåäïîëîæèì, ÷òî äî ìîìåíòà ïðèëîæåíèÿ
íàãðóçêè îáîëî÷êà íàõîäèëàñü â ñîñòîÿíèè ïî-
êîÿ. Ïóñòü â íà÷àëüíûé ìîìåíò âðåìåíè ê òîð-
öó, çàäàííîìó óðàâíåíèåì � 1 = 0 , áûëî ïðèëî-
æåíî óäàðíîå ïðîäîëüíîå îñåñèììåòðè÷íîå âîç-
äåéñòâèå òàíãåíöèàëüíîãî òèïà, òîãäà ãðàíè÷íîå
óñëîâèå íà äàííîì òîðöå ìîæíî çàïèñàòü â âèäå

� 11 = IH (t); v1 = 0 ïðè � 1 = 0 ; (1)

ãäå H (t) � ñòóïåí÷àòàÿ ôóíêöèÿ Õåâèñàéäà, I �
àìïëèòóäà íàãðóçêè, � ij (i; j = 1 ; 3) � êîìïîíåí-
òû òåíçîðà íàïðÿæåíèé, vi (i = 1 ; 3) � êîìïîíåí-
òû âåêòîðà ïåðåìåùåíèé, t � âðåìÿ.

Ëèöåâûå ïîâåðõíîñòè îáîëî÷êè ñ÷èòàåì ñâîáîäíûìè îò íàïðÿæåíèé, òîãä à ãðàíè÷íûå
óñëîâèÿ íà íèõ çàïèøóòñÿ â ñëåäóþùåé ôîðìå:

� 13 = � 33 = 0 ïðè � 3 = � h; (2)

ãäåh � ïîëóòîëùèíà îáîëî÷êè.
Íà÷àëüíûå óñëîâèÿ ïîêîÿ èìåþò âèä

vi =
@vi
@t

= 0 ïðè t = 0 : (3)
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Âûïèøåì ðàçðåøàþùèå óðàâíåíèÿ, îïèñûâàþùèå ðàñïðîñòðàíåíèå íåñòàöèîíà ðíûõ
âîëí â òîíêîñòåííîé âÿçêîóïðóãîé îáîëî÷êå â ñëó÷àå îñåñèììåòðè÷íîãî Í ÄÑ [8].

Òðåõìåðíûå óðàâíåíèÿ äâèæåíèÿ îáîëî÷êè â íàïðÿæåíèÿõ íå çàâèñÿò îò ee ìàòåðèàëà
è ñîâïàäàþò ñ àíàëîãè÷íûìè óðàâíåíèÿìè â óïðóãîì ñëó÷àå:

@�11

@�1
+ H1

@�31

@�3
+

1
H2

@H2

@�1
(� 11 � � 22) +

1
H2

@H1H2

@�3
� 31 +

@H1

@�3
� 13 � �H 1

@2v1

@t2
= 0 ;

@�13

@�1
+ H1

@�33

@�3
�

@H1

@�3
� 11 �

H1

H2

@H2

@�3
� 22 +

1
H2

@H1H2

@�3
� 33 +

1
H2

@H2

@�1
� 13 � �H 1

@2v3

@t2
= 0 :

(4)

Çäåñü� � ïëîòíîñòü ìàòåðèàëà, H i (i = 1 ; 2) � ïàðàìåòðû Ëàìå, êîòîðûå â ñëó÷àå îáîëî÷êè
âðàùåíèÿ çàäàþòñÿ âûðàæåíèÿìè

H1 = 1 +
� 3

R1
; H2 = A(� 1)

�
1 +

� 3

R2

�
; (5)

ãäå Ri (i = 1 ; 2) � ãëàâíûå ðàäèóñû êðèâèçíû ñðåäèííîé ïîâåðõíîñòè, A(� 1) � ðàññòîÿíèå
îò òî÷êè íà ñðåäèííîé ïîâåðõíîñòè äî îñè âðàùåíèÿ.

Òðåõìåðíûå óðàâíåíèÿ ñîñòîÿíèÿ âçÿòû â äèôôåðåíöèàëüíîé ôîðìå è èìåþò â èä [8]:

E
@
@t

�
1

H1

@v1
@�1

+
1

H1

@H1

@�3
v3

�
=

�
2(1 + � )

3t r
+

@
@t

�
� 11 �

�
1 + �
3t r

+ �
@
@t

�
(� 22 + � 33);

E
@
@t

�
1

H1H2

@H2

@�1
v1 +

1
H2

@H2

@�3
v3

�
=

�
2(1 + � )

3t r
+

@
@t

�
� 22 �

� 1 + �
3t r

+ �
@
@t

�
(� 11 + � 33);

E
@
@t

�
@v3
@�3

�
=

� 2(1 + � )
3t r

+
@
@t

�
� 33 �

� 1 + �
3t r

+ �
@
@t

�
(� 11 + � 22);

E
2(1 + � )

@
@t

� 1
H1

@v3
@�1

+
@v1
@�3

�
1

H1

@H1

@�3
v1

�
=

� 1
t r

+
@
@t

�
� 13;

(6)

ãäåE � ìãíîâåííîå çíà÷åíèå ìîäóëÿ Þíãà, � � ìãíîâåííîå çíà÷åíèå êîýôôèöèåíòà Ïóàññî-
íà, t r � ïàðàìåòð, èìåþùèé ðàçìåðíîñòü âðåìåíè, õàðàêòåðèçóþùèé âÿçêîóïðó ãèå ñâîéñòâà
ìàòåðèàëà è íàçûâàåìûé âðåìåíåì ðåëàêñàöèè.

Òðåõìåðíàÿ çàäà÷à (1)�( 6) íå èìååò òî÷íîãî àíàëèòè÷åñêîãî ðåøåíèÿ. Íî ñîãëàñíî èñ-
ñëåäîâàíèÿì, îïèñàííûì â ðàáîòàõ [ 3, 8], íåñòàöèîíàðíîå ÍÄÑ â óïðóãèõ è âÿçêîóïðóãèõ
òîíêîñòåííûõ îáîëî÷êàõ ïðè óäàðíîì òîðöåâîì âîçäåéñòâèè óêàçàííîãî òèïà ìîæåò áûòü
ïðåäñòàâëåíî íåñêîëüêèìè ñîñòàâëÿþùèìè ñ ðàçëè÷íûìè ïîêàçàòåëÿìè èçì åíÿåìîñòè è
äèíàìè÷íîñòè â ðàçëè÷íûõ îáëàñòÿõ ôàçîâîé ïëîñêîñòè.

Ñõåìà ïðèìåíèìîñòè ðàçëè÷íûõ ñîñòàâëÿþùèõ ïðè ïðîäîëüíîì âîçäåéñòâèè òàíãåí-
öèàëüíîãî òèïà â âÿçêîóïðóãîé îáîëî÷êå âðàùåíèÿ íà ïðèìåðå íîðì àëüíîãî ïðîäîëüíîãî
óñèëèÿ ïðèâåäåíà íà ðèñ. 2.

Ïîñòðîåíèå ïðèáëèæåííûõ óðàâíåíèé òåîðèè âÿçêîóïðóãîñòè äëÿ êàæäîé îáëàñòè îñ-
íîâàíî íà ìàëîñòè ãåîìåòðè÷åñêîãî ïàðàìåòðà � = h

R � 1 � îòíîñèòåëüíîé ïîëóòîëùèíû
îáîëî÷êè, ãäå R � õàðàêòåðíîå çíà÷åíèå ðàäèóñîâ êðèâèçíû ñðåäèííîé ïîâåðõíîñòè.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà âûâîäó àñèìïòîòè÷åñêè îïòèìàëüíûõ óðà âíåíèé, îïèñû-
âàþùèõ ðåøåíèå èñõîäíîé çàäà÷è â îáëàñòè 1 äëÿ ñëó÷àÿ ïðîèçâîëüíîé îáîëî÷êè âðàùåíèÿ.

2. Àñèìïòîòè÷åñêèé ìåòîä ïîñòðîåíèÿ óðàâíåíèé ïîãðàíñëîÿ
â îêðåñòíîñòè ôðîíòà âîëíû ðàñøèðåíèÿ

Â îòëè÷èå îò îáîëî÷êè âðàùåíèÿ íóëåâîé ãàóññîâîé êðèâèçíû, ãäå ïåðåä íèé ôðîíò âîë-
íû ðàñøèðåíèÿ ïðåäñòàâëÿåò ñîáîé ïëîñêóþ ïîâåðõíîñòü, îáðàçîâàííóþ í îðìàëÿìè ê åå
ñðåäèííîé ïîâåðõíîñòè, â ïðîèçâîëüíîé îáîëî÷êå âðàùåíèÿ ïîâåðõíî ñòü ïåðåäíåãî ôðîíòà
óæå íå áóäåò îáðàçîâàíà íîðìàëÿìè ê ñðåäèííîé ïîâåðõíîñòè.
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Ðèñ. 2. Ñõåìà ðàñ÷ëåíåíèÿ íåñòàöè-
îíàðíîãî ÍÄÑ íà ñîñòàâëÿþùèå â
ñëó÷àå óäàðíîãî ïðîäîëüíîãî âîçäåé-
ñòâèÿ òàíãåíöèàëüíîãî òèïà: 1 � îá-
ëàñòü ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ â
îêðåñòíîñòè ôðîíòà âîëíû ðàñøèðå-
íèÿ; 2 � êâàçèñòàòè÷åñêàÿ êâàçèñèì-
ìåòðè÷íàÿ çàäà÷à; 3 � ïàðàáîëè÷å-
ñêèé ïîãðàíñëîé â îêðåñòíîñòè êâà-
çèôðîíòà; 4 � òàíãåíöèàëüíîå äëèí-
íîâîëíîâîå ïðèáëèæåíèå; 5 � íàëî-
æåíèå äâóìåðíîé ñîñòàâëÿþùåé è

êâàçèñòàòè÷åñêîãî ïîãðàíñëîÿ
Fig. 2. Scheme of dissection of non-
stationary SSS into components in
the case of shock edge loading of
the tangential type: 1 shows the
region of the hyperbolic boundary
layer in the vicinity of the dilatation
wave front; 2 shows the quasi-static
quasi-symmetric problem; 3 shows
the parabolic boundary layer in the
vicinity of the quasi-front; 4 shows the
tangential long-wave approximation;
5 shows the superposition of the two-
dimensional component and the quasi-

static boundary layer

Â ðàáîòå [9] ïðåäëîæåíà àñèìïòîòè÷åñêàÿ ãåî-
ìåòðè÷åñêàÿ ìîäåëü ôðîíòà âîëíû ðàñøèðåíèÿ äëÿ
ñëó÷àÿ ïðîèçâîëüíîé óïðóãîé îáîëî÷êè âðàùåíèÿ.
Äîêàçàíî, ÷òî ôðîíò âîëíû ìîæíî ñ÷èòàòü ïîâåðõ-
íîñòüþ, îáðàçîâàííîé íîðìàëÿìè ê ñðåäèííîé ïî-
âåðõíîñòè, ïîâåðíóòûìè â òî÷êàõ � 10 = c1t0, ãäå
c1 � ñêîðîñòü ïðîäîëüíîé âîëíû â óïðóãîì ìàòåðè-
àëå, t0 � ôèêñèðîâàííûé ìîìåíò âðåìåíè (ðèñ. 3).

Óðàâíåíèå äàííîé ïîâåðõíîñòè çàäàåòñÿ ôîðìó-
ëàìè

� 1 = � 10 � � 3F (� 10); F (� 10) =
Z � 10

1

d� 1

R1(� 1)
:

Ïðè ýòîì äëèíà ïîâåðíóòîé íîðìàëè çàäàåòñÿ
âûðàæåíèåì

zF
0 = � 3

p
1 + F 2(� 10):

Â ñîîòâåòñòâèè ñ äëèíîé ïîâåðíóòîé íîðìàëè
ìîæíî ââåñòè íîâûå êîîðäèíàòû ( � ; zF ), îïðåäåëÿå-
ìûå âûðàæåíèÿìè

� = � 1; zF = � 3

p
1 + F 2(� 1): (7)

Ïðè÷åì êîîðäèíàòíàÿ ëèíèÿ zF ïðè � = � 10 =
= c1t0 ñîâïàäàåò ñ àñèìïòîòè÷åñêèì ïðåäñòàâëåíèåì
ïåðåäíåãî ôðîíòà âîëíû.

Â ñëó÷àå âÿçêîóïðóãîé îáîëî÷êè âðàùåíèÿ ãåî-
ìåòðèÿ ïåðåäíåãî ôðîíòà âîëíû ðàñøèðåíèÿ áóäåò
àíàëîãè÷íà ñëó÷àþ óïðóãîé çàäà÷è. Íî â ýòîì ñëó-
÷àå ïîä c1 ïîíèìàåòñÿ ìãíîâåííàÿ ñêîðîñòü ïðîäîëü-
íîé âîëíû â âÿçêîóïðóãîì ìàòåðèàëå [ 8].

Ñëåäóÿ îïèñàííîé â [ 9] ìåòîäèêå, çàïèøåì ðàç-
ðåøàþùèå óðàâíåíèÿ äëÿ âÿçêîóïðóãîé îáîëî÷êè â

ñïåöèàëüíîé ñèñòåìå êîîðäèíàò ( 7). Ýòî ïîçâîëèò ïîñòðîèòü àñèìïòîòè÷åñêè îïòèìàëüíûå
óðàâíåíèÿ ïîãðàíñëîÿ â ìàëîé îêðåñòíîñòè ôðîíòà âîëíû ðàñøèðåíèÿ.

Ïåðåéäåì â ðàçðåøàþùèõ óðàâíåíèÿõ, çàïèñàííûõ â íîâûõ êîîðäèíàòàõ, ê áåçðàçìåð-
íûì ïðèôðîíòîâûì êîîðäèíàòàì

x =
1
� 2 (� � � ); � =

c1

R
t; � =

1
R

�; � F =
1
h

zF : (8)

Ðèñ. 3. Ãåîìåòðè÷åñêàÿ ìîäåëü ôðîíòà âîëíû
â ïðîèçâîëüíîé îáîëî÷êå âðàùåíèÿ

Fig. 3. Geometric model of a wave front in an
arbitrary shell of revolution

Äàííûå êîîðäèíàòû õàðàêòåðèçóþò
ÍÄÑ â îêðåñòíîñòè ôðîíòà âîëíû ðàñøè-
ðåíèÿ ïîðÿäêà O(� 2). Ñ÷èòàåòñÿ, ÷òî äèô-
ôåðåíöèðîâàíèå ïî êîîðäèíàòàì ( 8) íå ìå-
íÿåò àñèìïòîòè÷åñêîãî ïîðÿäêà èñêîìûõ
ôóíêöèé.

Êðîìå òîãî, ââåäåì áåçðàçìåðíîå âðå-
ìÿ ðåëàêñàöèè ïî ôîðìóëå

� r =
c1

R
t r :
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Àñèìïòîòèêè äëÿ êîìïîíåíò ÍÄÑ âîçüìåì àíàëîãè÷íî ðàáîòå [ 10] â ôîðìå

v1 = R�v �
1; v3 = R� 2v�

3;

� 11 = E� � 1� �
11; � 22 = E� � 1� �

22; � 33 = E� � 1� �
33; � 13 = E� �

13:

Ñ÷èòàåòñÿ, ÷òî âåëè÷èíû ñî çâåçäî÷êîé èìåþò îäèíàêîâûé àñèìïòîòè÷åñêè é ïîðÿäîê
ïî � .

Â ðåçóëüòàòå ðàçðåøàþùàÿ ñèñòåìà óðàâíåíèé (4), (6) ïðèìåò âèä
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Â äàííîì ñëó÷àå àñèìïòîòè÷åñêè ãëàâíîé êîìïîíåíòîé âåêòîðà ïåðåìåù åíèé ÿâëÿåòñÿ
êàñàòåëüíîå ïåðåìåùåíèå v1. Ïîýòîìó áóäåì âûâîäèòü îñíîâíîå óðàâíåíèå àñèìïòîòè÷åñêè
îïòèìàëüíîé ñèñòåìû îòíîñèòåëüíî ýòîé êîìïîíåíòû èç ïåðâîãî óðàâíåíè ÿ äâèæåíèÿ, à
òàêæå ïîëó÷èì âûðàæåíèÿ äëÿ îñòàëüíûõ êîìïîíåíò ÷åðåç v1.

Â îòëè÷èå îò óïðóãîãî ñëó÷àÿ [ 9], òðåõìåðíûå óðàâíåíèÿ äâèæåíèÿ â ñëó÷àå âÿçêîóïðó-
ãîé îáîëî÷êè íå ìîãóò áûòü çàïèñàíû â ïåðåìåùåíèÿõ èç-çà ôîðìû çàïèñè óðàâí åíèé ñî-
ñòîÿíèÿ, êîòîðûå íåëüçÿ ðàçðåøèòü â îáùåì âèäå îòíîñèòåëüíî íàïðÿæåíè é. Ïîýòîìó äëÿ
ïîëó÷åíèÿ òðåáóåìûõ àñèìïòîòè÷åñêè îïòèìàëüíûõ óðàâíåíèé íåîáõîäè ìî äîïîëíèòåëüíî
ðàçëîæèòü âåëè÷èíû ñî çâåçäî÷êîé â ( 9) â ðÿäû ïî ìàëîìó ïàðàìåòðó ïî ôîðìóëàì

f � = f �
;0 + �f �

;1 + � 2f �
;2:

Äàííîå ðàçëîæåíèå ïîçâîëÿåò íàéòè ÿâíûå çàâèñèìîñòè äëÿ íàïðÿæåíèé è íîðìàëüíîãî
ïåðåìåùåíèÿ ÷åðåç ïåðåìåùåíèå v�

1;0 c àñèìïòîòè÷åñêîé ïîãðåøíîñòüþ O(� ) â âèäå

� �
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à òàêæå ïîëó÷èòü îäíî ðàçðåøàþùåå óðàâíåíèå äëÿ àñèìïòîòè÷åñêè ãëà âíîé êîìïîíåíòû
âåêòîðà ïåðåìåùåíèé v1 â âèäå

(1 + F 2)
@2v�

1;0

@�2F
�

2� F F
1 + F 2

1
R�

1

@2v�
1;0

@x@�F
� 2

@2v�
1;0

@x@�
� k� @v�1;0

@x
�

2(1 � 2� )
3� r (1 � � )

@v�1;0

@x
= 0 ;

ãäåk� = R
A

@A
@�1

; R�
1 = R1

R .
Âîçâðàùàÿñü â ïîëó÷åííûõ óðàâíåíèÿõ ê ðàçìåðíûì ïåðåìåííûì ( 7) è èñêîìûì ðàç-

ìåðíûì ôóíêöèÿì, ïîëó÷àåì ñëåäóþùóþ ñèñòåìó àñèìïòîòè÷åñêè îïòèìàëüí ûõ ðàçðåøà-
þùèõ óðàâíåíèé ïîãðàíñëîÿ â îêðåñòíîñòè ôðîíòà âîëíû ðàñøèðåíèÿ äëÿ àñèìïòîòè÷åñêè
ãëàâíûõ êîìïîíåíò ÍÄÑ:

@2v1

@�2
+ (1 + F 2)

@2v1

@z2F
�

1
c2

1

@2v1

@t2
+

2zF F
1 + F 2

1
R1

@2v1

@�@zF
+

�
k +

2(1 � 2� )
3c1t r (1 � � )

� @v1
@�

= 0 ;

� 11 =
E(1 � � )

(1 + � )(1 � 2� )
@v1
@�

; � 22 = � 33 =
E�

(1 + � )(1 � 2� )
@v1
@�

:
(10)

Óðàâíåíèÿ ( 10) îïèñûâàþò ðåøåíèå èñõîäíîé çàäà÷è â îêðåñòíîñòè ïîãðàíñëîÿ ïîðÿäêà
O(� ), âíóòðè êîòîðîé îí ñîäåðæèòñÿ ñ òîëùèíîé ïîðÿäêà O(� 2).

Òàêèì îáðàçîì, çàäà÷à îïðåäåëåíèÿ ðåøåíèÿ â ìàëîé îêðåñòíîñòè ôðîíòà âîëíû ðàñ-
øèðåíèÿ ñâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîð ÿäêà ñ ïåðå-
ìåííûìè êîýôôèöèåíòàìè � ïåðâîãî óðàâíåíèÿ ñèñòåìû ( 10). Ïîëó÷åííîå ðåøåíèå äîëæíî
óäîâëåòâîðÿòü ñëåäóþùèì ãðàíè÷íûì óñëîâèÿì, ñîîòâåòñòâóþùèì ðàññì àòðèâàåìîìó òèïó
òîðöåâîé íàãðóçêè:

� 33 = 0 ïðè zF = � h
p

1 + F 2; (11)

� 11 = IH (t) ïðè � = 0 : (12)

Çäåñü (11) � ãðàíè÷íîå óñëîâèå íà ëèöåâûõ ïîâåðõíîñòÿõ, ( 12) � ãðàíè÷íîå óñëîâèå
íà òîðöå.

Çàêëþ÷åíèå

Ñëåäóåò çàìåòèòü, ÷òî ïðè F (� 1) = 0 (ñëó÷àé îáîëî÷êè âðàùåíèÿ íóëåâîé ãàóññîâîé
êðèâèçíû) óðàâíåíèÿ ( 10) ñîâïàäàþò ñ àíàëîãè÷íûìè óðàâíåíèÿìè, ïîëó÷åííûìè â [ 8,10]
äëÿ ñîîòâåòñòâóþùèõ îáîëî÷åê, à ïðè t r ! 1 (óïðóãèé ìàòåðèàë) ñîâïàäàþò ñ àíàëîãè÷íû-
ìè óðàâíåíèÿìè, ïîëó÷åííûìè â [ 9] äëÿ ñëó÷àÿ ïðîèçâîëüíîé óïðóãîé îáîëî÷êè âðàùåíèÿ.
Äàííûå ôàêòû ïîäòâåðæäàþò äîñòîâåðíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ.

Òàêèì îáðàçîì, ïðåäñòàâëåííûé â äàííîé ñòàòüå âûâîä àñèìïòîòè÷åñêè î ïòèìàëüíûõ
óðàâíåíèé ãèïåðáîëè÷åñêîãî ïîãðàíñëîÿ â îêðåñòíîñòè ôðîíòà âîëíû ðàñøè ðåíèÿ â îáîëî÷-
êå âðàùåíèÿ îáùåãî î÷åðòàíèÿ, âûïîëíåííîé èç âÿçêîóïðóãîãî ìàòåðèàëà , ïðåäñòàâëåííîãî
ìîäåëüþ Ìàêñâåëëà, ïîëíîñòüþ ïîäòâåðæäàåò óíèâåðñàëüíûé õàðàêòåð àñè ìïòîòè÷åñêîãî
ïîäõîäà, ðàçðàáîòàííîãî íà ïðèìåðå óïðóãèõ îáîëî÷åê âðàùåíèÿ.
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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ äâèæåíèå ìàòåðèàëüíîé òî÷êè âáëèçè îñîáå ííîñòè òèïà äâóõ êàñà-
þùèõñÿ ïîâåðõíîñòåé. Ïîâåðõíîñòè ðàñïîëîæåíû ñèììåòðè÷í î îòíîñèòåëüíî îáùåé êàñàòåëüíîé
ïëîñêîñòè è èìåþò îáùóþ îñü âðàùåíèÿ. Ñíà÷àëà ðàññìàòðèâàåò ñÿ ìîäåëü äâèæåíèÿ äëÿ ãîëîíîì-
íîé ìåõàíèêè. Ïîêàçàíî, ÷òî ÷åðåç îñîáóþ òî÷êó ìîãóò ïðîõîä èòü òîëüêî òðàåêòîðèè â ôèêñèðîâàí-
íîé ïëîñêîñòè, ñîäåðæàùåé îñü âðàùåíèÿ ïîâåðõíîñòåé. Â òî÷ êå êàñàíèÿ âîçíèêàåò äèíàìè÷åñêàÿ
íåîïðåäåëåííîñòü, òàê êàê ó òðàåêòîðèè ñóùåñòâóåò íåñêîëü êî âåòâåé äâèæåíèÿ. Äëÿ èññëåäîâàíèÿ
äâèæåíèÿ ìàòåðèàëüíîé òî÷êè âáëèçè îñîáåííîñòè òèïà äâóõ ê àñàþùèõñÿ ïàðàáîëîèäîâ ðàññìàò-
ðèâàåòñÿ ìîäåëü ðåàëèçàöèè ñèë ðåàêöèè ãîëîíîìíûõ ñâÿçåé ÷å ðåç óïðóãèé ïîòåíöèàë ñ áîëüøèì
ïàðàìåòðîì æåñòêîñòè, èëè æåñòêèé ïîòåíöèàë. Ïîòåíöèàë äî ëæåí îáðàùàòüñÿ â íîëü íà ìíîãîîá-
ðàçèè ñ îñîáåííîñòÿìè è áûòü ñòðîãî ïîëîæèòåëüíûì âíå åãî. Äëÿ ìîäåëè ñ æåñòêèì ïîòåíöèàëîì
òàêæå ïîëó÷àåòñÿ, ÷òî ÷åðåç îñîáóþ òî÷êó ìîãóò ïðîõîäèòü òî ëüêî òðàåêòîðèè â ôèêñèðîâàííîé
ïëîñêîñòè, ñîäåðæàùåé îñü âðàùåíèÿ ïàðàáîëîèäîâ. Ñäåëàíî ÷ èñëåííîå ìîäåëèðîâàíèå äèíàìè-
êè. Ïîëó÷åíî, ÷òî òðàåêòîðèè ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ìîãóò êà÷åñòâåííî îòëè÷àòüñÿ îò
òðàåêòîðèé ñîîòâåòñòâóþùåé ãîëîíîìíîé ñèñòåìû. Ãîëîíîìíà ÿ ñèñòåìà ìãíîâåííî ïðîõîäèò ãåî-
ìåòðè÷åñêóþ îñîáåííîñòü, äâèãàÿñü ñ íåíóëåâîé ñêîðîñòüþ. Ñèñòåìà ñ æåñòêèì ïîòåíöèàëîì ìî-
æåò äâèãàòüñÿ â ñèíãóëÿðíîé îáëàñòè êîíå÷íîå âðåìÿ, â ðåçóë üòàòå ÷åãî âîçíèêàþò áûñòðûå ñìåíû
íàïðàâëåíèÿ âåêòîðà ñêîðîñòè. Â ðåàëüíûõ ìåõàíè÷åñêèõ ñèñò åìàõ äàííûé òèï äâèæåíèÿ ìîæåò
ïðèâîäèòü ê ïîëîìêàì èëè ê íåóñòîé÷èâîñòè òðàåêòîðèé.
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Abstract. The motion of a material point near a singularity of the type of two tangent surfaces is
considered. The surfaces are located symmetrically with respect to a common tangent plane and have
a common axis of rotation. First, a model of motion for holonomic mechanics is considered. It is shown
that only trajectories in a �xed plane containing the axis of rotation of the surfaces can pass through
a singular point. At the point of contact, dynamic uncertain ty arises, since the trajectory has several
possible branches of motion. To study the motion of a material point near a singularity of the type of
double tangent paraboloid, a model of the implementation ofholonomic constraints through an elastic
potential with a large sti�ness parameter, or a �sti� potent ial�, is considered. The potential must vanish on
the manifold with singularities and must be strictly positiv e outside it. For a model with a sti� potential,
it also turns out that only trajectories in a �xed plane conta ining the axis of rotation of the paraboloids
can pass through a singular point. Numerical modeling of thedynamics was done. It was found that
the trajectories of a system with a sti� potential can qualita tively di�er from the trajectories of the
corresponding holonomic system. A holonomic system instantly passes a geometric singularity, moving
with a non-zero velocity. A system with a sti� potential can mov e in a singular region for a �nite time,
resulting in rapid changes in the direction of the velocity vector. In real mechanical systems, this type of
motion can lead to breakdowns or instability of trajectories.
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Ââåäåíèå

Äëÿ èññëåäîâàíèÿ äâèæåíèÿ ãîëîíîìíûõ ìåõàíè÷åñêèõ ñèñòåì â áîëüøèíñòâå ñë ó÷àåâ
ïðèìåíÿþòñÿ óðàâíåíèÿ Ëàãðàíæà èëè Ãàìèëüòîíà. Íåÿâíî ïðåäïîëà ãàåòñÿ, ÷òî ãîëîíîì-
íûå ñâÿçè âñþäó ÿâëÿþòñÿ íåçàâèñèìûìè. Â ýòîì ñëó÷àå êîíôèãóðàöèîííîå ï ðîñòðàíñòâî,
çàäàâàåìîå ãîëîíîìíûìè ñâÿçÿìè, ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì. Ïîë îæåíèå èçîáðà-
æàþùåé òî÷êè îïèñûâàåòñÿ êîíå÷íûì (è ïîñòîÿííûì) ÷èñëîì îáîáùåííûõ êî îðäèíàò, êî-
òîðûå ïîçâîëÿþò ñîñòàâèòü óðàâíåíèÿ Ëàãðàíæà âòîðîãî ðîäà.

Çàâèñèìûå ãîëîíîìíûå ñâÿçè âîçíèêàþò â òåîðèè ñèñòåì ñ èçáûòî÷íûìè ñâÿçÿìè, â
êîòîðûõ ÷èñëî ñâÿçåé áîëüøå ÷èñëà íåçàâèñèìûõ êîîðäèíàò. Äîïîëíèòåëüí ûå ñâÿçè ìî-
ãóò äàâàòü äîïîëíèòåëüíóþ ôóíêöèîíàëüíîñòü èëè ñëóæèòü äëÿ ïîâ ûøåíèÿ óñòîé÷èâîñòè
êîíñòðóêöèè. Ïðèìåð ìåõàíèçìà ñ ¾èçáûòî÷íûì¿ çâåíîì ïðèâîäèòñÿ â [ 1]. Ëèíåéíàÿ ñèñòå-
ìà óðàâíåíèé äëÿ îïðåäåëåíèÿ ìíîæèòåëåé Ëàãðàíæà äëÿ ñèñòåì ñ èçáûòî÷íûìè ñâÿçÿìè
ÿâëÿåòñÿ ïåðåîïðåäåëåííîé. Â áîëüøèíñòâå ñëó÷àåâ ðåøåíèå ôîðìóëèðóåòñ ÿ ñ ïîìîùüþ
ïñåâäîîáðàòíîé ìàòðèöû [ 2]. Îáû÷íî ïðåäïîëàãàåòñÿ, ÷òî â ñèñòåìàõ ñ èçáûòî÷íûìè ñâÿçÿ-
ìè åñòü îáîáùåííûå êîîðäèíàòû, êîòîðûå îäíîçíà÷íî îïèñûâàþò ñîñòîÿíèå ñèñòåìû. Ðàíã
ñâÿçåé ïîñòîÿííûé.

Ãåîìåòðè÷åñêèå îñîáåííîñòè âîçíèêàþò, êîãäà ðàíã ñâÿçåé ìîæåò ìåíÿòüñÿ î ò òî÷êè ê
òî÷êå. Îñîáåííîñòè ãîëîíîìíûõ èëè íåãîëîíîìíûõ ñâÿçåé ðàññìàòðèâàþòñÿ â í åáîëüøîì
÷èñëå ðàáîò. Äâèæåíèå áàëêè ñ äâóìÿ êîíüêàìè èññëåäóåòñÿ â ñòàòüå [3]. Â ñòàòüå [4] ðàñ-
ñìàòðèâàþòñÿ áèôóðêàöèè ïîëîæåíèé ðàâíîâåñèÿ îäíîìåðíîé ìåõàíè ÷åñêîé ñèñòåìû íà
ïëîñêîñòè ñ îñîáåííîñòüþ òèïà ïåðåñå÷åíèÿ â çàâèñèìîñòè îò ïàðàìåòðîâ ñâÿçè. Ãåîìåò-
ðè÷åñêèå îñîáåííîñòè êîíôèãóðàöèîííîãî ïðîñòðàíñòâà âñòðå÷àþòñÿ êàê îäèí èç òèïîâ
îñîáåííîñòåé â òåîðèè ïàðàëëåëüíûõ ìåõàíèçìîâ [ 5]. Â ðàáîòå [6] èññëåäóåòñÿ äâèæåíèå
ìàòåðèàëüíîé òî÷êè íà ïîâåðõíîñòè êîíóñà â ðàìêàõ ãîëîíîìíîé ìåõà íèêè è êâàíòîâîé
ìåõàíèêè. Äâèæåíèå ¾ïàðàäîêñàëüíîãî¿ ìåõàíèçìà Ï. Ë. ×åáûø�åâà èçó÷à åòñÿ â ñòàòüå
àâòîðà [7].

Â ãîëîíîìíîé ìåõàíèêå îáû÷íî íå ðàññìàòðèâàþòñÿ ñèëû, êîòîðûå çàäàþò ãîëîíîìíûå
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ñâÿçè. Ñ ó÷åòîì ñïîñîáà ðåàëèçàöèè ãîëîíîìíûõ ñâÿçåé âîçìîæíî ïîëó÷èòü áî ëåå òî÷íóþ
ôèçè÷åñêóþ ìîäåëü. Â ëèòåðàòóðå ñóùåñòâóåò íåñêîëüêî âàðèàíòîâ ðåàëèçàöèè ãîëîíîìíûõ
ñâÿçåé, òàêèõ êàê äîïîëíèòåëüíûå ìàññû èëè óïðóãèé ïîòåíöèàë [ 8, c. 53-60]. Íà÷àëüíûå
äàííûå äëÿ ñèñòåìû ñ óïðóãèì ïîòåíöèàëîì äîëæíû ñîâïàäàòü ñ íà÷àëüí ûìè äàííûìè äëÿ
ãîëîíîìíîé ñèñòåìû. Òîãäà òðàåêòîðèè ñèñòåìû ñ óïðóãèì ïîòåíöèàëîì ä îëæíû ñòðåìèòü-
ñÿ ê òðàåêòîðèÿì ñèñòåìû ñ ãîëîíîìíûìè ñâÿçÿìè ïðè óâåëè÷åíèè ïàðàìåòðà æåñòêîñòè
ïîòåíöèàëà. Â ðàáîòå [ 9] äàííàÿ ðåàëèçàöèÿ ãîëîíîìíûõ ñâÿçåé äîêàçàíà äëÿ êîíñåðâàòèâ-
íûõ ñèñòåì. Ñëó÷àé áîëåå îáùèõ ñèñòåì ðàññìàòðèâàåòñÿ â [10]. Äâèæåíèå ñ íà÷àëüíûì
âåêòîðîì ñêîðîñòè, êîòîðûé íå êàñàåòñÿ ìíîãîîáðàçèÿ ñâÿçåé, èññëåäóåòñÿ â [11].

Ìåòîä ñ çàìåíîé ñèë ðåàêöèé ãîëîíîìíûõ ñâÿçåé óïðóãèì ïîòåíöèàëîì ñ áîëüø èì êîýô-
ôèöèåíòîì æåñòêîñòè (æåñòêèì ïîòåíöèàëîì) åñòåñòâåííî îáîáùàåòñÿ äëÿ ìåõ àíè÷åñêèõ
ñèñòåì ñ îñîáåííîñòÿìè êîíôèãóðàöèîííîãî ïðîñòðàíñòâà. Ïîýòîìó ìåòîä ñ æåñòêèì ïîòåí-
öèàëîì ïðèìåíèì äëÿ øèðîêîãî êëàññà ìåõàíè÷åñêèõ ñèñòåì. Íî (âîçìîæíàÿ ) ñõîäèìîñòü
òðàåêòîðèé ÿâëÿåòñÿ îòêðûòîé çàäà÷åé.

Îñíîâíàÿ öåëü äàííîé ðàáîòû � ñôîðìóëèðîâàòü è îïèñàòü êà÷åñòâåííûå ýôôåêòû, ñâÿ-
çàííûå ñ äèíàìèêîé ìåõàíè÷åñêîé ñèñòåìû âáëèçè îñîáåííîñòè òèïà êàñàí èÿ. Äëÿ àíàëèçà
ðàññìàòðèâàåòñÿ äâèæåíèå ìàòåðèàëüíîé òî÷êè ïî äâóì êàñàþùèìñÿ ï àðàáîëîèäàì.

Íîâèçíà ðàáîòû çàêëþ÷àåòñÿ â ïðèìåíåíèè ìåòîäîâ ðåàëèçàöèè ãîëîíîì íûõ ñâÿçåé äëÿ
ñèñòåì ñ ãåîìåòðè÷åñêèìè îñîáåííîñòÿìè êîíôèãóðàöèîííîãî ïðîñòðàíñòâà. Â ðàìêàõ ñòàí-
äàðòíîé ãîëîíîìíîé ìåõàíèêè äâèæåíèå ÷åðåç îñîáûå òî÷êè íå îïèñûâàåòñ ÿ. Òàêæå òåîðå-
òè÷åñêè ïîñòðîåíû òðàåêòîðèè äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ïðè ïîäõ îäå ê ãåîìåòðè÷å-
ñêîé îñîáåííîñòè äëÿ äâîéíîé ïîâåðõíîñòè âðàùåíèÿ.

Äëÿ êà÷åñòâåííîãî îïèñàíèÿ äèíàìèêè âáëèçè îñîáåííîñòè ââîäÿòñÿ íîâ ûå ïîíÿòèÿ:
¾îáëàñòü âîçìîæíîãî äâèæåíèÿ¿ è ¾ñèíãóëÿðíàÿ îáëàñòü¿. Äåëàåòñÿ ÷èñë åííîå ìîäåëèðî-
âàíèå òðàåêòîðèé. Ïîëó÷åíî, ÷òî òðàåêòîðèè ñèñòåìû ñ æåñòêèì ïîòåíö èàëîì ìîãóò êà÷å-
ñòâåííî îòëè÷àòüñÿ îò òðàåêòîðèé äâèæåíèÿ ñèñòåìû ñ ãîëîíîìíûìè ñâÿçÿ ìè. Íàïðèìåð,
òðàåêòîðèÿ ãîëîíîìíîé ñèñòåìû ïðîõîäèò ãåîìåòðè÷åñêóþ îñîáåííîñòü çà í óëåâîå âðåìÿ.
Íî òðàåêòîðèÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ìîæåò äëèòåëüíîå âðåìÿ íàõ îäèòüñÿ â ñèí-
ãóëÿðíîé îáëàñòè, ïîñëåäîâàòåëüíî ¾îòðàæàÿñü¿ îò ãðàíèö îáëàñòè â îçìîæíîãî äâèæåíèÿ.
Áûñòðàÿ ñìåíà âåêòîðà ñêîðîñòè è ¾óäàðíûå¿ äâèæåíèÿ ìîãóò ïðèâîäèòü ê íåó ñòîé÷èâîìó
ðåæèìó ðàáîòû ìåõàíèçìà.

Äëÿ ïîñòðîåíèÿ óðàâíåíèé äâèæåíèÿ äëÿ ãîëîíîìíûõ ñèñòåì è äëÿ ñèñòåì ñ æåñòê èì
ïîòåíöèàëîì ïðèìåíÿåòñÿ îáùàÿ òåîðèÿ óðàâíåíèé Ëàãðàíæà [ 12, ãë. 5]. Ìàòðè÷íàÿ ôîðìà
óðàâíåíèé ïðèâîäèòñÿ â [ 13, ãë. 8]. Â ïðåäûäóùèõ ñòàòüÿõ àâòîðà íà ïðèìåðå ñèíãóëÿðíîãî
ìàÿòíèêà ðàññìàòðèâàëîñü äâèæåíèå ãîëîíîìíûõ ñèñòåì ñ îñîáåííîñòüþ òè ïà ïåðåñå÷åíèÿ
èëè êàñàíèÿ äâóõ êðèâûõ íà ïëîñêîñòè [ 14]. Îáîáùåíèå äèíàìèêè ñèíãóëÿðíîãî ìàÿòíèêà
ñ ïîìîùüþ óïðóãîãî ïîòåíöèàëà èññëåäóåòñÿ â ñòàòüå [ 15].

1. Äâîéíàÿ ïîâåðõíîñòü âðàùåíèÿ

Â äàííîì ðàçäåëå èçó÷àåòñÿ äâèæåíèå ìàòåðèàëüíîé òî÷êè ïî ïîäìíî æåñòâó åâêëè-
äîâà ïðîñòðàíñòâà, êîòîðîå ñîñòîèò èç äâóõ ãëàäêèõ ïîâåðõíîñòåé. Ï ðåäïîëàãàåòñÿ, ÷òî
ïîâåðõíîñòè èìåþò êàñàíèå ïåðâîãî ïîðÿäêà â îäíîé èçîëèðîâàííîé òî ÷êå (îñîáîé òî÷êå
êîíôèãóðàöèîííîãî ïðîñòðàíñòâà). Îñíîâíîé èíòåðåñ ïðåäñòàâëÿåò äâè æåíèå ÷åðåç ãåîìåò-
ðè÷åñêóþ îñîáóþ òî÷êó. Äèíàìèêà èññëåäóåòñÿ â ðàìêàõ ãîëîíîìíîé ìåõà íèêè.

Ñèììåòðè÷íûå ïîâåðõíîñòè. Ðàññìîòðèì òðåõìåðíîå åâêëèäîâî ïðîñòðàíñòâî R3.
Çàôèêñèðóåì íåêîòîðóþ ñèñòåìó ïðÿìîóãîëüíûõ êîîðäèíàò Oxyz. Ïóñòü äâå ïîâåðõíîñòè
M + è M � ðàñïîëîæåíû â R3 ñèììåòðè÷íî îòíîñèòåëüíî ïëîñêîñòè Oxy:

M + = f (x; y; z) : z = f (x; y)g; M � = f (x; y; z) : z = � f (x; y)g: (1)

Ôóíêöèÿ f (x; y) > 0 ÿâëÿåòñÿ ãëàäêîé. Ïðåäïîëîæèì, ÷òî ïîâåðõíîñòè M + è M � ïå-
ðåñåêàþòñÿ â èçîëèðîâàííîé òî÷êå s = (0 ; 0; 0)T . Îáîçíà÷åíèå ¾ T¿ ñîîòâåòñòâóåò òðàíñïî-
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íèðîâàíèþ âåêòîðà èëè ìàòðèöû. Äàëåå âåêòîðû ðàññìàòðèâàþòñÿ êàê âåêòîðû-ñòîëáöû.
Îáúåäèíåíèå äâóõ ïîâåðõíîñòåé X = M + [ M � ÿâëÿåòñÿ ìíîãîîáðàçèåì ñ îñîáåííîñòÿìè,
à òî÷êà s ÿâëÿåòñÿ îñîáîé òî÷êîé. Â îêðåñòíîñòè òî÷êè s ìíîæåñòâî X íå äèôôåîìîðôíî
åâêëèäîâó ïðîñòðàíñòâó R2. Òàêæå â îêðåñòíîñòè òî÷êè s íåò îäíîçíà÷íûõ îáîáùåííûõ
êîîðäèíàò.

Åñëè ìíîæåñòâî X ÿâëÿåòñÿ êîíôèãóðàöèîííûì ïðîñòðàíñòâîì ìåõàíè÷åñêîé ñèñòåìû,
òî âáëèçè òî÷êè s åñòü ãåîìåòðè÷åñêàÿ âîçìîæíîñòü ñìåíû òèïà äâèæåíèÿ (ïåðåõîä ñ îä-
íîé ïîâåðõíîñòè íà äðóãóþ). Äâèæåíèå â îêðåñòíîñòè òî÷êè s íå îïèñûâàåòñÿ ãîëîíîìíîé
ìåõàíèêîé.

Äëÿ äàëüíåéøåãî àíàëèçà ïðåäïîëîæèì, ÷òî ïîâåðõíîñòè M + è M � ÿâëÿþòñÿ ïîâåðõ-
íîñòÿìè âðàùåíèÿ âîêðóã îñè Oz. Ââåäåì öèëèíäðè÷åñêóþ ñèñòåìó êîîðäèíàò, îñíîâíàÿ
îñü êîòîðîé ñîâïàäàåò ñ îñüþ Oz. Äëÿ ïðîèçâîëüíîé òî÷êè P 2 R3 îáîçíà÷èì ðàññòîÿ-
íèå îò òî÷êè P äî îñè Oz êàê r , êîîðäèíàòó z êàê h (âûñîòó) è óãîë ïîâîðîòà òî÷êè P
îòíîñèòåëüíî îñè Ox êàê ' . Äëÿ ïîâåðõíîñòåé M + è M � âûñîòà h ÿâëÿåòñÿ ôóíêöèåé ðàñ-
ñòîÿíèÿ � h = h(r ). Òîãäà èç óðàâíåíèÿ ( 1) ïîëó÷àåòñÿ ñëåäóþùàÿ ïàðàìåòðèçàöèÿ äâóõ
ïîâåðõíîñòåé:

M + = f (r; '; h ) : h = h(r )g; M � = f (r; '; h ) : h = � h(r )g; X = M + [ M � : (2)

Êîîðäèíàòû è ñêîðîñòè äëÿ òî÷åê ïîâåðõíîñòåé M + è M � â äåêàðòîâûõ êîîðäèíàòàõ
âûðàæàþòñÿ ÷åðåç êîîðäèíàòû è ñêîðîñòè â öèëèíäðè÷åñêèõ êîîðäèíàò àõ (2):

x = r cos(' ); y = r sin(' ); z = h(r );

_x = _r cos(' ) � r sin(' ) _'; _y = _r sin(' ) + r cos(' ) _'; _z = h0(r ) _r:
(3)

Äëÿ ôóíêöèè h = r 2 ìíîæåñòâî X ñîñòîèò èç äâóõ êàñàþùèõñÿ ïàðàáîëîèäîâ.

Çàìå÷àíèå 1. Â äàííîé ñòàòüå ïðèìåíÿåòñÿ ìåòðè÷åñêàÿ ñèñòåìà åäèíèö ÑÈ. Íî äëÿ
çàïèñè ìàòåìàòè÷åñêèõ âûðàæåíèé ôîðìàëüíî íåîáõîäèì ïåðåõîä ê áåçðàçìåðí ûì ïåðå-
ìåííûì. Ïîýòîìó ïåðåìåííûå ðàçìåðíîñòè ¾äëèíû¿ äåëÿòñÿ íà 1 ìåòð, ïåðåìåííûå ð àç-
ìåðíîñòè ¾âðåìåíè¿ äåëÿòñÿ íà 1 ñåêóíäó, ïåðåìåííûå ðàçìåðíîñòè ¾ìàññû¿ äåëÿòñ ÿ íà 1
êã. Â ôîðìóëå h = r 2 âåëè÷èíà r 2 â ðàçìåðíîì âèäå èìååò ðàçìåðíîñòü äëèíû [ì], à íå ïëî-
ùàäè [ì 2], êàê äîëæíî ñëåäîâàòü èç ðàçìåðíîñòè äëèíû äëÿ âåëè÷èíû r . Â îáùåì ñëó÷àå
ôîðìóëû òèïà h = h(r ) ñ òî÷êè çðåíèÿ ìåòðè÷åñêèõ ñîîòíîøåíèé îçíà÷àþò, ÷òî äëèíà

Ðèñ. 1. Äâà êàñàþùèõñÿ ïàðàáîëîèäà ñ îáùåé
êàñàòåëüíîé ïëîñêîñòüþ Oxy

Fig. 1. Two tangent paraboloids with common
tangent plane Oxy

h [ì] ðàâíà âåëè÷èíå

h(r [ì] ) := h

 
r [ì]
1ì

!

[ì]

äëÿ âåùåñòâåííîé ôóíêöèè h : R ! R.
Îáùàÿ ñõåìà äâóõ êàñàþùèõñÿ ïàðàáî-

ëîèäîâ ïîêàçàíà íà ðèñ. 1. Òî÷êà P0 ñîîò-
âåòñòâóåò ïðîåêöèè òî÷êèP íà ïîâåðõíîñòè
îäíîãî èç ïàðàáîëîèäîâ íà ïëîñêîñòü Oxy.
Òàêæå ñõåìàòè÷íî ïîêàçàíà òðàåêòîðèÿ ìà-
òåðèàëüíîé òî÷êè, êîòîðàÿ â îñîáîé òî÷êå
s = (0 ; 0; 0)T ìîæåò ïåðåõîäèòü ñ ¾âåðõíåé¿
ïîâåðõíîñòè íà ¾íèæíþþ¿ ïîâåðõíîñòü.

Äàëåå â ñòàòüå èçó÷àåòñÿ äâèæåíèå ìà-
òåðèàëüíîé òî÷êè ïî äâîéíîé ïîâåðõíîñòè ñ ïîìîùüþ ìåòîäîâ ãîëîíî ìíîé ìåõàíèêè è
ìåòîäîâ ðåàëèçàöèè ãîëîíîìíûõ ñâÿçåé ÷åðåç óïðóãèé ïîòåíöèàë.
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2. Äâèæåíèå ãîëîíîìíîé ñèñòåìû

Öèëèíäðè÷åñêèå êîîðäèíàòû. Ðàññìîòðèì äâèæåíèå ìàòåðèàëüíîé òî÷êè ìàññîé
m ïî ìíîæåñòâó X , çàäàâàåìîìó óðàâíåíèÿìè ( 2). Âíå îñîáîé òî÷êè s = (0 ; 0; 0)T ïîëîæå-
íèå ìàòåðèàëüíîé òî÷êè îäíîçíà÷íî ïàðàìåòðèçóåòñÿ âåëè÷èíàìè (r; ' ). Ïðîàíàëèçèðóåì
óðàâíåíèÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ïî ìíîæåñòâó X â öèëèíäðè÷åñêèõ êîîðäèíàòàõ.
Êèíåòè÷åñêàÿ ýíåðãèÿ ìàòåðèàëüíîé òî÷êè

T =
1
2

m(1 + ( h0(r ))2)( _r )2 +
1
2

mr 2( _' )2: (4)

Ìàòðèöà êèíåòè÷åñêîé ýíåðãèè T â (4) èìååò äèàãîíàëüíûé âèä. Êîýôôèöèåíò 1=2mr 2

ïåðåä ìíîæèòåëåì ( _' )2 ðàâåí íóëþ ïðè r = 0 , ïîýòîìó ìàòðèöà êèíåòè÷åñêîé ýíåðãèè ( 4)
ÿâëÿåòñÿ ïîëîæèòåëüíî ïîëóîïðåäåëåííîé. Âíå îñîáîé òî÷êè (ïðè r 6= 0 ) ìàòðèöà êèíåòè-
÷åñêîé ýíåðãèè ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé. Óðàâíåíèÿ Ëàãðàíæà âòîðîãî ðîäà
äëÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ïî èíåðöèè èìåþò âèä

m(1 + ( h0(r ))2)•r + mh0(r )h00(r )( _r )2 � mr ( _' )2 = 0 ; mr 2 •' + 2mr _r _' = 0 : (5)

Èç óðàâíåíèé ( 5) ñëåäóåò, ÷òî óñêîðåíèå •' ôîðìàëüíî íå îïðåäåëåíî ïðè r ! 0. Ïðè
r = 0 óðàâíåíèÿ ( 5) ôàêòè÷åñêè íå çàâèñÿò îò ' è _' , è óñëîâèå çàäàåòñÿ òîëüêî íà óñêî-
ðåíèå •r .

Äëÿ àíàëèçà òðàåêòîðèé äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ïî èíåðöèè äåë àåòñÿ ïåðåõîä ê
óðàâíåíèÿì äâèæåíèÿ â ôîðìå Ãàìèëüòîíà:

� îáîáùåííûå èìïóëüñû

pr =
@T
@_r

= m(1 + ( h0)2) _r; p ' =
@T
@_'

= mr 2 _' ;

� ìåõàíè÷åñêàÿ ýíåðãèÿ

H =
p2

r

2m(1 + ( h0)2)
+

p2
'

2mr 2 ;

� óðàâíåíèÿ äâèæåíèÿ

_r =
pr

m(1 + ( h0)2)
; _' =

p'

mr 2;

_pr =
p2

r

m
h0h00

(1 + ( h0)2)2 +
p2

'

mr 3; _p' = 0 :

(6)

Èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû ( 6) ñëåäóåò, ÷òî èìïóëüñ p' = J = const. Àíàëî-
ãè÷íûé ñëó÷àé äëÿ òðàåêòîðèé ìàòåðèàëüíîé òî÷êè íà ïîâåðõíîñòè äâî éíîãî êîíóñà ðàñ-
ñìàòðèâàëñÿ â ðàáîòå [6]. Âîçìîæíî äâà ðàçëè÷íûõ âàðèàíòà ïîâåäåíèÿ òðàåêòîðèé. Ïóñòü
J 6= 0 , òîãäà

H =
1
2
m(1 + ( h0)2)( _r )2 +

J 2

2mr 2:

Èç ñîõðàíåíèÿ ìåõàíè÷åñêîé ýíåðãèè ñëåäóåò, ÷òî âåëè÷èíà r îãðàíè÷åíà è íå ìîæåò
äîõîäèòü äî 0. Ñëåäîâàòåëüíî, ëþáûå òðàåêòîðèè ìàòåðèàëüíîé òî÷ê è íà äâîéíîé ïîâåðõ-
íîñòè âðàùåíèÿ ïðè J 6= 0 íå äîõîäÿò äî ãåîìåòðè÷åñêîé îñîáåííîñòè s = (0 ; 0; 0)T .

Ïóñòü òåïåðü J = 0 . Òîãäà èç óðàâíåíèé ( 6) ñëåäóåò, ÷òî:

' = const; H = H0 =
p2

r

2m(1 + ( h0)2)
:
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Çíà÷èò, ïðè p' = 0 äâèæåíèå ïðè r > 0 èäåò âäîëü ïëîñêîñòè ' = const. ×åòûðåõìåðíîå
äâèæåíèå ïåðåõîäèò â äâóìåðíîå äâèæåíèå. Òàêæå çàìåòèì, ÷òî ïðè J = 0 èìïóëüñ

pr = �
p

2mH 0(1 + ( h0)2)

ñîõðàíÿåò çíàê ïðè äâèæåíèè, òàê êàê âûðàæåíèå ïîä êîðíåì íå ìåíüøå
p

2mH 0. Ñîîòâåò-
ñòâåííî, ñêîðîñòü _r â (6) ñîõðàíÿåò çíàê ïðè r ! 0. Òðàåêòîðèÿ íå èìååò îñîáåííîñòåé ïðè
r ! 0. Íî äâèæåíèå ñ íà÷àëîì â îñîáîé òî÷êå s íå îïðåäåëåíî, òàê êàê óðàâíåíèÿ ( 6) íå
ïðîäîëæàþòñÿ íà r < 0, ïîñêîëüêó ïî îïðåäåëåíèþ r > 0. Ïîýòîìó äëÿ îïèñàíèÿ äâèæåíèÿ
ìàòåðèàëüíîé òî÷êè ÷åðåç îñîáåííîñòü íóæíî ðàññìîòðåòü äðóãóþ ñèñòåìó êî îðäèíàò.

Äåêàðòîâû êîîðäèíàòû. Äëÿ äàëüíåéøåãî àíàëèçà áóäåì ñ÷èòàòü, ÷òî ïîâåðõíîñòè
M + è M � ÿâëÿþòñÿ ïàðàáîëîèäàìè âðàùåíèÿ. Ìíîæåñòâî X â ñèñòåìå êîîðäèíàò Oxyz
ÿâëÿåòñÿ îáúåäèíåíèåì M + è M � . Ïàðàáîëîèäû âðàùåíèÿ M + è M � ðàñïîëîæåíû ñèì-
ìåòðè÷íî îòíîñèòåëüíî ïëîñêîñòè Oxy è çàäàþòñÿ ñëåäóþùèìè ãîëîíîìíûìè ñâÿçÿìè f 1

è f 2:
f 1 = z � (x2 + y2) = 0 ; f 2 = z + ( x2 + y2) = 0 : (7)

Ãîëîíîìíàÿ ñâÿçü f äëÿ äâîéíîãî ïàðàáîëîèäà X ÿâëÿåòñÿ ïðîèçâåäåíèåì äâóõ ãîëî-
íîìíûõ ñâÿçåé f 1 è f 2, çàäàâàåìûõ óðàâíåíèÿìè ( 7):

f = f 1 � f 2 = z2 � (x2 + y2)2:

Ãðàäèåíòû ñâÿçåé f 1 è f 2:

r f 1 = ( � 2x; � 2y; 1)T ; r f 2 = (2 x; 2y; 1)T :

Â îñîáîé òî÷êå s = (0 ; 0; 0)T ãðàäèåíòû r f 1 è r f 2 íå îáðàùàþòñÿ â íîëü. Íî ãðàäèåíò
ïðîèçâåäåíèÿ ñâÿçåé

r f = r (f 1f 2) = f 1r f 2 + f 2r f 1

îáðàùàåòñÿ â íîëü â îñîáîé òî÷êå s, òàê êàê f 1(s) = 0 è f 2(s) = 0 .
Ñîãëàñíî ïðåäûäóùåìó ïóíêòó òîëüêî òðàåêòîðèÿ äâèæåíèÿ â ïëîñêîñòè ' � const ìî-

æåò äîñòèãàòü ãåîìåòðè÷åñêîé îñîáåííîñòè s. Â ýòîì ñëó÷àå äâèæåíèå ôàêòè÷åñêè ïðîèñõî-
äèò â ñå÷åíèè äâîéíîãî ïàðàáîëîèäà ïëîñêîñòüþ, ïðîõîäÿùåé ÷åðåç îñü Oz. Òàêèå ñå÷åíèÿ
ÿâëÿþòñÿ îáúåäèíåíèåì äâóõ êàñàþùèõñÿ ïàðàáîë. Ïðåäïîëîæèì, ÷ òî â íà÷àëüíûé ìîìåíò
âðåìåíè ìàòåðèàëüíàÿ òî÷êà íàõîäèòñÿ íà ïåðâîé ïàðàáîëå. Åñëè òðà åêòîðèÿ äâèæåíèÿ ÿâ-
ëÿåòñÿ ãëàäêîé êðèâîé, òî ïîñëå ïðîõîæäåíèÿ îñîáîé òî÷êè (òî÷êè âåòâëåíèÿ) ñ íåíóëåâîé
ñêîðîñòüþ òðàåêòîðèÿ äîëæíà îñòàâàòüñÿ íà ïåðâîé ïàðàáîëå.

Óðàâíåíèÿ Ëàãðàíæà ïåðâîãî ðîäà äëÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ìàññîé m ïî
ïåðâîìó ïàðàáîëîèäó M + â äåêàðòîâûõ êîîðäèíàòàõ q = ( x; y; z)T :

m•q = � 1r f 1;

r f T
1 •q + _qT f 00

1 _q = 0 :
(8)

Âòîðîå óðàâíåíèå â ( 8) ïîëó÷àåòñÿ ïðè äèôôåðåíöèðîâàíèè ñâÿçè ( 7) äâàæäû ïî âðå-
ìåíè. Ïðÿìûì âû÷èñëåíèåì ïðîâåðÿåòñÿ, ÷òî äëÿ ñâÿçè f 1 â ôîðìóëå ( 7)

r f T
1 r f 1 = 1 + 4 x2 + 4y2; _qT f 00

1 _q = � 2( _x)2 � 2( _y)2; � 1 = m �
2( _x)2 + 2( _y)2

1 + 4x2 + 4y2: (9)

Â ïîñëåäíåì óðàâíåíèè f 00
1 îáîçíà÷àåò ìàòðèöó âòîðûõ ïðîèçâîäíûõ (ìàòðèöó Ãåññå)

äëÿ ñâÿçè f 1(q) = 0 . Óðàâíåíèÿ ( 8) è (9) ïðèìåíÿþòñÿ äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ
äâèæåíèÿ ãîëîíîìíîé ñèñòåìû ñ îäíîé ñâÿçüþ f 1(q) = 0 .
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Íåîïðåäåëåííîñòü äâèæåíèÿ. Ðàññìîòðèì äâèæåíèå ñ ãîëîíîìíîé ñâÿçüþ f âìåñòî
ñâÿçè f 1 â óðàâíåíèÿõ ( 8). Ïðåäïîëîæèì êîíå÷íîå çíà÷åíèå âåëè÷èíû � â îñîáîé òî÷êå.
Òîãäà â îñîáîé òî÷êå s, ó÷èòûâàÿ r f (s) = 0 ,

m•q = 0 ; _qT f 00
1 _q = 0 :

Èç ñîîòíîøåíèÿ m•q = 0 ïîëó÷àåì ìãíîâåííîå ïðÿìîëèíåéíîå äâèæåíèå âäîëü âåêòîðà
ñêîðîñòè. Ïëîñêîñòü Oxy ÿâëÿåòñÿ êàñàòåëüíîé ïëîñêîñòüþ ê ïàðàáîëîèäàì M + è M � â
òî÷êå s. Òîãäà èç óñëîâèÿ _qT f 00

1 _q = 0 ïîëó÷àåòñÿ, ÷òî ( _x)2 + ( _y)2 = 0 , ò. å. âåêòîð ñêîðîñòè
ìàòåðèàëüíîé òî÷êè äîëæåí áûòü ðàâåí íóëþ. Ñëåäîâàòåëüíî, äëÿ êîíå÷ íîãî çíà÷åíèÿ
ìíîæèòåëÿ Ëàãðàíæà � äëÿ ñâÿçè f â îñîáîé òî÷êå s òðàåêòîðèÿ äâèæåíèÿ � ýòî òî÷êà
ïîêîÿ q(t) � s.

Óðàâíåíèÿ äâèæåíèÿ ãîëîíîìíîé ìåõàíèêè íå îïèñûâàþò âîçìîæíûå èçìåí åíèÿ ïàðà-
ìåòðîâ ñèñòåìû (ñêîðîñòè, âåòâè äâèæåíèÿ) ïðè ïðîõîæäåíèè òðàåêòîðèè ÷åðåç ãåîìåòðè-
÷åñêóþ îñîáåííîñòü s = (0 ; 0; 0)T â êîíôèãóðàöèîííîì ïðîñòðàíñòâå. Ïîýòîìó ðàññìàòðè-
âàåòñÿ äðóãîé ìåòîä, ñâÿçàííûé ñ ðåàëèçàöèåé ñâÿçåé.

3. Ðåàëèçàöèÿ ñâÿçåé ÷åðåç óïðóãèé ïîòåíöèàë

Â ðàçäåëå èññëåäóåòñÿ ìîäåëü äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ÷åðåç ãåîìåòðè÷åñêóþ îñî-
áóþ òî÷êó s = (0 ; 0; 0)T äâîéíîãî ïàðàáîëîèäà âðàùåíèÿ. Äëÿ îïèñàíèÿ äèíàìèêè âáëèçè
îñîáåííîñòè ïðèìåíÿåòñÿ ìåòîä ñ óïðóãèì ïîòåíöèàëîì, êîòîðûé ìîäåëèð óåò ãîëîíîìíóþ
ñâÿçü.

Óïðóãèé ïîòåíöèàë. Äèíàìèêà ìåõàíè÷åñêîé ñèñòåìû ñ îáîáùåííûìè êîîðäèíàòàìè
q = ( q1; : : : ; qn )T 2 Rn , êèíåòè÷åñêîé ýíåðãèåé T, îáîáùåííûìè ñèëàìè G è ãîëîíîìíû-
ìè ñâÿçÿìè f k (q) = 0 , k = 1 ; : : : ; m îïèñûâàåòñÿ óðàâíåíèÿìè Ëàãðàíæà âòîðîãî ðîäà ñ
íåîïðåäåëåííûìè ìíîæèòåëÿìè � k [11, ãë. 5]:

d
dt

 
@T
@_q

!

�
@T
@q

= G + � k

mX

k=1

r f k : (10)

Â ãîëîíîìíîé ìåõàíèêå íå ðàññìàòðèâàåòñÿ, êàêèìè ñèëàìè ðåàëèçóþò ñÿ ãîëîíîìíûå
ñâÿçè â óðàâíåíèÿõ (10). Ñðåäè ìåòîäîâ ðåàëèçàöèè ãîëîíîìíûõ ñâÿçåé â îñíîâíîì ðàñ-
ñìàòðèâàåòñÿ ìîäåëü ñ óïðóãèì ïîòåíöèàëîì [ 8]. Â ýòîé ìîäåëè ãîëîíîìíàÿ ñâÿçü ¾âîçíèêà-
åò¿ â ðåçóëüòàòå äåéñòâèÿ óïðóãîãî ïîòåíöèàëàkW ñ áîëüøèì êîýôôèöèåíòîì æåñòêîñòè
k. Ôóíêöèÿ W äîëæíà áûòü ðàâíà íóëþ íà ìíîãîîáðàçèè M (êîòîðîå çàäàåòñÿ ñâÿçÿìè
f k (q) = 0 , ãäå k = 1 ; : : : ; m) è áûòü ñòðîãî ïîëîæèòåëüíîé âíå M . Óðàâíåíèÿ äâèæåíèÿ
ñèñòåìû ñ ïîòåíöèàëîì W è ïàðàìåòðîì æåñòêîñòè k:

d
dt

 
@T
@_q

!

�
@T
@q

= G � k
@W
@q

: (11)

Äëÿ íåçàâèñèìûõ ãîëîíîìíûõ ñâÿçåé f k (q) = 0 , k = 1 ; :::; m, â óðàâíåíèè ( 11) ìîæíî
ïîëîæèòü

W =
mX

k=1

ck (f k )2;

ãäå êîíñòàíòû ck ïîëîæèòåëüíû.
Â ðàáîòàõ [8] è [9] ðàññìàòðèâàåòñÿ ðåàëèçàöèÿ ãîëîíîìíûõ ñâÿçåé ÷åðåç óïðóãèé ïî-

òåíöèàë kW ïðè k ! 1 . Ïðè íåêîòîðûõ óñëîâèÿõ ãëàäêîñòè íà êîýôôèöèåíòû óðàâíåíèé
(11) ïîêàçàíî, ÷òî äëÿ êîíå÷íîãî èíòåðâàëà âðåìåíè [t1; t2] òðàåêòîðèÿ äâèæåíèÿ ñèñòåìû
ñ óïðóãèì ïîòåíöèàëîì ( 11) ñõîäèòñÿ ê òðàåêòîðèè äâèæåíèÿ ñèñòåìû ñî ñâÿçÿìè ( 10) ïðè
k ! 1 . Ñõîäèìîñòü ïîëó÷àåòñÿ äëÿ êîîðäèíàò è ñêîðîñòåé òðàåêòîðèé, ñõîä èìîñòü äëÿ
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óñêîðåíèé áóäåò òîëüêî â ñðåäíåì. Íà÷àëüíûå äàííûå äëÿ òðàåêòîðèè ñèñòåì û ñ ïîòåíöè-
àëîì ( 11) äîëæíû áûòü ñîãëàñîâàíû ñ ìíîãîîáðàçèåì ñâÿçåé, ò. å. q0 2 M , _q0 2 Tq0 M .

Ìåòîä ñ óïðóãèì ïîòåíöèàëîì ïðèìåíÿëñÿ äëÿ äîêàçàòåëüñòâà ðåàëèçàöè è ãîëîíîìíûõ
ñâÿçåé äëÿ ìåõàíè÷åñêèõ ñèñòåì ñ ãëàäêèì êîíôèãóðàöèîííûì ïðîñòðàíñòâîì . Íî äàííûé
ìåòîä åñòåñòâåííî îáîáùàåòñÿ íà ìåõàíè÷åñêèå ñèñòåìû ñ îñîáåííîñòÿìè êîíôèãó ðàöèîí-
íîãî ïðîñòðàíñòâà.

Óïðóãèé ïîòåíöèàë ñ áîëüøèì ïàðàìåòðîì æåñòêîñòè äàëåå íàçûâàåòñÿ æåñò êèì ïîòåí-
öèàëîì.

Öèëèíäðè÷åñêèå êîîðäèíàòû. Çàïèøåì óðàâíåíèÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè
ïî äâîéíîìó ïàðàáîëîèäó X â ôîðìå óðàâíåíèé Ãàìèëüòîíà â öèëèíäðè÷åñêèõ êîîðäèíà-
òàõ. Ïîêàæåì, ÷òî â ìîäåëè ñ æåñòêèì ïîòåíöèàëîì òîëüêî òðàåêòîðèè äâèæåíèÿ â ïëîñêî-
ñòè ' = const ìîãóò ïðîõîäèòü ÷åðåç îñîáóþ òî÷êó s = (0 ; 0; 0)T . Îïðåäåëèì ïîòåíöèàë W ,
êîòîðûé ðàâåí íóëþ íà ìíîæåñòâå X è ñòðîãî áîëüøå íóëÿ âíå ìíîæåñòâà X , êàê êâàäðàò
ñâÿçè f = f 1f 2 â (7):

W = ( f 1f 2)2 = ( z2 � (x2 + y2)2)2 = ( h2 � r 4)2: (12)

Êèíåòè÷åñêàÿ ýíåðãèÿ ìàòåðèàëüíîé òî÷êè â öèëèíäðè÷åñêèõ êîîðäèíàò àõ îïðåäåëÿåò-
ñÿ ôîðìóëîé

T =
1
2

m
�

( _r )2 + r 2( _' )2 + ( _h)2
�

;

îáîáùåííûå èìïóëüñû �

pr = m _r; p ' = mr 2 _'; p h = m _h;

ãàìèëüòîíèàí �

H =
p2

r

2m
+

p2
'

2mr 2 +
p2

h

2m
+ k � (h2 � r 4)2:

Íå áóäåì âûïèñûâàòü ïîëíóþ ñèñòåìó óðàâíåíèé äâèæåíèÿ, íî çàìåòèì, ÷òî î íè ñîäåð-
æàò ñëåäóþùèå äâà óðàâíåíèÿ:

_p' = 0 ; _' =
p'

mr 2 : (13)

Îáîçíà÷èì p' = J = const. Åñëè J 6= 0 , òî òðàåêòîðèÿ äâèæåíèÿ ( 13) íå ìîæåò ïðèáëè-
çèòüñÿ ê çíà÷åíèþ r = 0 äëÿ êîíå÷íîé ýíåðãèè H .

Åñëè J = 0 , òî _' = 0 , ò. å. óãîë ' ÿâëÿåòñÿ êîíñòàíòîé äëÿ òðàåêòîðèè. Ñëåäîâàòåëü-
íî, òîëüêî òðàåêòîðèè ñ ' = const ìîãóò äîñòè÷ü îñîáîé òî÷êè s = (0 ; 0; 0)T . Íà÷àëüíûé
âåêòîð ñêîðîñòè òàêîé òðàåêòîðèè äîëæåí áûòü íàïðàâëåí â ïëîñêîñòè ' = const. Òðàåêòî-
ðèÿ ëåæèò â ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç îñü âðàùåíèÿ äâîéíîãî ïàðàáîë îèäà. Óðàâíåíèÿ
äâèæåíèÿ â öèëèíäðè÷åñêèõ êîîðäèíàòàõ ñîäåðæàò îñîáåííîñòè ïðè r ! 0, ïîýòîìó äëÿ
÷èñëåííîé ìîäåëè ïðèìåíÿþòñÿ äðóãèå êîîðäèíàòû.

Äåêàðòîâû êîîðäèíàòû. Äëÿ ïîñòðîåíèÿ ÷èñëåííîé ìîäåëè äâèæåíèÿ ìàòåðèàëüíîé
òî÷êè âáëèçè äâîéíîãî ïàðàáîëîèäà X çàïèøåì óðàâíåíèÿ äâèæåíèÿ ñ óïðóãèì (æåñòêèì)
ïîòåíöèàëîì ( 12) â äåêàðòîâûõ êîîðäèíàòàõ c ïàðàìåòðîì æåñòêîñòè k :

m
d _x
dt

= � k �
dW
dx

= 8k � (z2 � (x2 + y2)2) � (x2 + y2) � x;

m
d _y
dt

= � k �
dW
dy

= 8k � (z2 � (x2 + y2)2) � (x2 + y2) � y;

m
d_z
dt

= � k �
dW
dz

= � 4k � (z2 � (x2 + y2)2) � z:

(14)

Óðàâíåíèÿ äâèæåíèÿ ( 14) íå èìåþò îñîáåííîñòåé òèïà âûðîæäåííîé ìàòðèöû êèíå-
òè÷åñêîé ýíåðãèè, êàê äëÿ öèëèíäðè÷åñêèõ êîîðäèíàò. Ïîýòîìó äëÿ ÷èñë åííîãî àíàëèçà
ïðèìåíÿþòñÿ äåêàðòîâû êîîðäèíàòû.
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Ðàññìàòðèâàåòñÿ äâèæåíèå âäîëü ïëîñêîñòè ' = 0 . Â ýòîì ñëó÷àå òðàåêòîðèÿ äâèæåíèÿ
òåîðåòè÷åñêè ìîæåò ïðîõîäèòü ÷åðåç îñîáóþ òî÷êó s = (0 ; 0; 0)T . Äëÿ ÷èñëåííîé ìîäåëè çà-
äàþòñÿ íà÷àëüíîå ïîëîæåíèå q0 = ( r0; h0)T è íà÷àëüíàÿ ñêîðîñòü _q = ( _r0; _h0)T . Íà÷àëüíûå
óñëîâèÿ (x0; y0; z0; _x0; _y0; _z0)T 2 TR3 áåðóòñÿ íà ïîâåðõíîñòè âåðõíåãî ïàðàáîëîèäà M + ïî
âûðàæåíèÿì ( 3).

Èíòåðåñ ïðåäñòàâëÿåò îáùåå ïîâåäåíèå òðàåêòîðèè ñèñòåìû ñ æåñòêèì ïîòåíö èàëîì
âáëèçè ãåîìåòðè÷åñêîé îñîáåííîñòè. Ïðè äâèæåíèè â ïëîñêîñòè ' � const = 0 òðàåêòîðèÿ
äâèæåíèÿ ñèñòåìû ñ äîïîëíèòåëüíûì ïîòåíöèàëîì ( 12) äâèæåòñÿ îêîëî ñå÷åíèÿ äâîéíîãî
ïàðàáîëîèäà âðàùåíèÿ ïëîñêîñòüþ ' � 0, ò. å. îáúåäèíåíèÿ äâóõ ïàðàáîë. Ïðîñòðàíñòâåí-
íàÿ çàäà÷à ïåðåõîäèò â ïëîñêóþ.

Îãðàíè÷åíèÿ äèíàìèêè. Ñôîðìóëèðóåì íåêîòîðûå îïðåäåëåíèÿ â äèíàìèêå ãîëî-
íîìíûõ ñèñòåì ñ ãåîìåòðè÷åñêèìè îñîáåííîñòÿìè, êîãäà ãîëîíîìíàÿ ñâÿçü ðåàë èçóåòñÿ ñ
ïîìîùüþ æåñòêîãî ïîòåíöèàëà. Ýòè îïðåäåëåíèÿ ôîðìàëèçóþò íàáëþäåíèÿ , ïîëó÷åííûå
ïðè ÷èñëåííîì ìîäåëèðîâàíèè òðàåêòîðèé äâèæåíèÿ äëÿ äàííîãî êëàññà ìåõàíè÷åñêèõ ñè-
ñòåì.

Îïðåäåëåíèå 1. Îáëàñòü âîçìîæíîãî äâèæåíèÿ (èëè ïîëîæåíèÿ) ìåõàíè÷åñêîé ñè-
ñòåìû � ýòî îáëàñòü êîíôèãóðàöèîííîãî ïðîñòðàíñòâà ìåõàíè÷åñêîé ñèñòåìû ñ æåñòêèì
ïîòåíöèàëîì, êîòîðàÿ ÿâëÿåòñÿ ïðîåêöèåé ìíîæåñòâà H (q; _q) 6 H0 äëÿ çàäàííîé ìàêñè-
ìàëüíîé ìåõàíè÷åñêîé ýíåðãèè H0.

Êîãäà ïàðàìåòð æåñòêîñòè âîçðàñòàåò, òî òðàåêòîðèÿ ìåõàíè÷åñêîé ñèñòåìû ñ óïðóãèì
ïîòåíöèàëîì ( 12) âñå ìåíüøå îòêëîíÿåòñÿ îò èñõîäíîãî êîíôèãóðàöèîííîãî ïðîñòðàíñò âà
ñ îñîáåííîñòÿìè [ 15]. Ïîýòîìó îáëàñòü âîçìîæíîãî äâèæåíèÿ ¾ñóæàåòñÿ¿ äî ìàëîé îêðåñò-
íîñòè ìíîæåñòâà X ïðè k ! 1 .

Äëÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè âáëèçè äâîéíîãî ïàðàáîëîèäà ïî èíåðöèè ïîòåíöè-
àëüíàÿ ýíåðãèÿ è êèíåòè÷åñêàÿ ýíåðãèÿ ÿâëÿþòñÿ ïîëîæèòåëüíûìè ôóíêöèÿ ìè:

H = H0 =
1
2

mv2 + k � (h2 � r 4)2:

Ïðè äâèæåíèè ïî ñâÿçè (h2 � r 4)2 � 0. Ìàêñèìàëüíîå îòêëîíåíèå " = ( h2 � r 4)2 îò ñâÿçè
ñîîòâåòñòâóåò ìàêñèìàëüíîé ïîòåíöèàëüíîé ýíåðãèè ïðè v = 0 :

k � (h2 � r 4)2 6 H0: (15)

Ãðàíèöåé îáëàñòè âîçìîæíîãî äâèæåíèÿ ÿâëÿþòñÿ çíà÷åíèÿ (h; r ), ïðè êîòîðûõ â íåðà-
âåíñòâå (15) äîñòèãàåòñÿ ðàâåíñòâî. Ïîëó÷àþòñÿ ñëåäóþùèå ÷åòûðå êðèâûå: hupp(r ), hlow (r ),
r right (h), r lef t (h), êîòîðûå îãðàíè÷èâàþò äâèæåíèå ñèñòåìû:

hupp(r ) =

vu
u
t

r 4 +

s
H0

k
; hlow (r ) = �

vu
u
t

r 4 +

s
H0

k
;

r right (h) =
4

vu
u
t

h2 +

s
H0

k
; r lef t (h) = �

4

vu
u
t

h2 +

s
H0

k
:

(16)

Êðèâûå ( 16) ìîæíî ñðàâíèòü ñî ¾ñòåíêàìè¿, î êîòîðûå ïðè äâèæåíèè ¾óäàðÿåòñÿ¿ ì àòå-
ðèàëüíàÿ òî÷êà. Ìîäåëèðîâàíèå ïîêàçûâàåò, ÷òî êîãäà ìàòåðèàëüí àÿ òî÷êà ïðèáëèæàåòñÿ
ê ãðàíèöå îáëàñòè (16), òî åå âåêòîð ñêîðîñòè áûñòðî ìåíÿåòñÿ, êàê ïðè óïðóãîì óäàðå
î íåóäåðæèâàþùóþ ñâÿçü. Ãåîìåòðè÷åñêè ïðè ýòîì âåêòîð ñêîðîñòè â ïðîñòðàí ñòâåTR3

ñòàíîâèòñÿ ïî÷òè âåðòèêàëüíûì.
×èñëåííîå ìîäåëèðîâàíèå. Äëÿ ìîäåëèðîâàíèÿ äâèæåíèÿ ãîëîíîìíîé ñèñòåìû ïî

âåðõíåìó ïàðàáîëîèäó M + ïðèìåíÿëèñü óðàâíåíèÿ ( 8) è (9). Ïðè ìîäåëèðîâàíèè ñîîòâåò-
ñòâóþùåé ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ïðèìåíÿëèñü óðàâíåíèÿ ( 14). Ãðàíèöà îáëàñòè
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âîçìîæíîãî äâèæåíèÿ ñòðîèëàñü ïî ôîðìóëàì ( 16). Â íà÷àëüíûé ìîìåíò âðåìåíè ìàòåðè-
àëüíàÿ òî÷êà íàõîäèòñÿ íà ïàðàáîëîèäå M + . Íà÷àëüíûé âåêòîð ñêîðîñòè ëåæèò â ïëîñêî-
ñòè, ïðîõîäÿùåé ÷åðåç îñü âðàùåíèÿ ïàðàáîëîèäîâ M + è M + è êàñàåòñÿ ïàðàáîëîèäà M + .
Çàäàíû çíà÷åíèÿ r0 è _r0 < 0, ïðè ýòîì ' � 0. Íà÷àëüíûå äàííûå äëÿ òðàåêòîðèè ñ óïðóãèì
ïîòåíöèàëîì îïðåäåëÿëèñü ïî âûðàæåíèÿì ( 3).

Äëÿ áîëüøîé æåñòêîñòè k ñèñòåìà ñ æåñòêèì ïîòåíöèàëîì ( 14) ðàçáèâàåòñÿ íà áûñòðî-
ìåäëåííóþ ñèñòåìó. Îáîáùåííûå êîîðäèíàòû ìåíÿþòñÿ ìåäëåííî, îáîáùåíí ûå ñêîðîñòè
ìåíÿþòñÿ áûñòðî. Ïîýòîìó íåîáõîäèìî ó÷èòûâàòü âîçìîæíóþ æåñòêîñòü ñèñò åìû ( 14) è
ïåðåìåííûé øàã èíòåãðèðîâàíèÿ. Äëÿ ÷èñëåííîãî ðåøåíèÿ ïðèìåíÿåòñÿ ìåòîä L SODA
(Livermore Solver for Ordinary Di�erential Equation) ñ àâòîìà òè÷åñêèì îïðåäåëåíèåì æåñò-
êîñòè ñèñòåìû.

×èñëåííîå èíòåãðèðîâàíèå óðàâíåíèé äâèæåíèÿ äåëàëîñü íà ÿçûêå Pyth on. Äâèæåíèå
ìàòåðèàëüíîé òî÷êè âáëèçè äâîéíîãî ïàðàáîëîèäà ïîëó÷åíî ñ ïðèì åíåíèåì ìåòîäà LSODA
èç áèáëèîòåêè scipy. Ïðè ìîäåëèðîâàíèè çàäàâàëèñü ñëåäóþùèå ïàðàì åòðû: àáñîëþòíàÿ
ïîãðåøíîñòü 10� 10, îòíîñèòåëüíàÿ ïîãðåøíîñòü 10� 10. Ãðàôèêè òðàåêòîðèé ñòðîèëèñü â
áèáëèîòåêå matplotlib. Äëÿ ïîñòðîåíèÿ ãðàôèêîâ äèàïàçîí çíà÷åíèé ïî îñÿì Ox è Oz ïîä-
áèðàëñÿ äëÿ ïðèâåäåíèÿ ãðàôèêîâ äâèæåíèÿ äëÿ ðàçíûõ çíà÷åíèé ïàðàì åòðà æåñòêîñòèk
ê ¾ñòàíäàðòíîé ôîðìå¿:

xmax = 2
8

s
H0

k
; xmin = � 2

8

s
H0

k
; zmax = x2

max ; zmin = � x2
max :

Êîîðäèíàòû xmax è xmin ïîëó÷åíû êàê óäâîåííûå êîîðäèíàòû ïåðåñå÷åíèÿ ãðàíèöû
îáëàñòè âîçìîæíîãî äâèæåíèÿ ( 16) ñ îñüþ Ox. Ãðàôèêè òðàåêòîðèé â ïëîñêîñòè ' = 0 �

ïîêàçàíû íà ðèñ. 2, 3.
Àíàëîãèÿ ñ äâèæåíèåì ãîëîíîìíîé ñèñòåìû. Ïðè äâèæåíèè ìàòåðèàëüíîé òî÷êè

ïî èíåðöèè ñ íà÷àëüíûìè óñëîâèÿìè r0 = 1 ì è _r0 = � 1ì/ñ êîîðäèíàòà x ìåíÿåòñÿ îò 1 ì
äî �1 . Ïîñëå ïðîõîæäåíèÿ îñîáåííîñòè äâîéíîãî ïàðàáîëîèäà ãëàäêàÿ òðà åêòîðèÿ äâè-
æåíèÿ ìàòåðèàëüíîé òî÷êè äîëæíà ïðîäîëæèòü äâèæåíèå ïî âåðõíåé ï àðàáîëå. Ñèñòåìà
ïðîõîäèò îñîáåííîñòü çà íóëåâîå âðåìÿ. Ïîýòîìó åñòåñòâåííî ïðåäïîëîæè òü, ÷òî àíàëîãè÷-
íûå ñâîéñòâà áóäóò è ó ñèñòåìû ñ óïðóãèì ïîòåíöèàëîì ñ äîñòàòî÷íî áîëü øèì ïàðàìåòðîì
æåñòêîñòèk.

Òèïè÷íîå äâèæåíèå ñèñòåìû ñ óïðóãèì ïîòåíöèàëîì. Áûëî ñäåëàíî ìîäåëèðî-
âàíèå òðàåêòîðèé äëÿ ñèñòåìû ( 14). Íà ðèñ. 2 ïîêàçàíû òèïè÷íûå ôîðìû òðàåêòîðèé äëÿ
ðàçëè÷íûõ ïàðàìåòðîâ æåñòêîñòè k ïðè îäèíàêîâûõ íà÷àëüíûõ äàííûõ: m = 1 êã, r0 = 1 ì,
' 0 = 0 � , _r0 = � 1:0ì/ñ.

Íà ðèñ. 3 ïîêàçàíû ãðàôèêè êîîðäèíàòû z(t) äëÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ( 14)
(ñèíèé), êîîðäèíàòû z(t) äëÿ ñèñòåìû ñ ãîëîíîìíîé ñâÿçüþ ( 8) (çåëåíûé) è íåêîòîðûå îãðà-
íè÷åíèÿ íà âûõîä èç ¾ñèíãóëÿðíîãî ïðÿìîóãîëíèêà¿ (êðàñíûé).

Ïðè ÷èñëåííîì ìîäåëèðîâàíèè ïîëó÷åíû ñëåäóþùèå íàáëþäåíèÿ, â êîò îðûõ ñôîðìóëè-
ðîâàíû îòëè÷èÿ äèíàìèêè ãîëîíîìíîé ñèñòåìû ( 8) îò ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ( 14).

Íàáëþäåíèå 1. Òðàåêòîðèÿ äâèæåíèÿ ãîëîíîìíîé ñèñòåìû ïåðåõîäèò èç îáëàñòè x > 0
â îáëàñòü x 6 0, êîîðäèíàòà x(t) ! �1 ïðè t ! + 1 . Òðàåêòîðèÿ äâèæåíèÿ ñèñòåìû ñ
æåñòêèì ïîòåíöèàëîì ñîâåðøàåò íåêîòîðûå êîëåáàíèÿ âáëèçè ñèíãóëÿðíîé î áëàñòè, ïåðè-
îäè÷åñêè ïåðåõîäÿ ìåæäó ïîëóïëîñêîñòÿìè x > 0 è x 6 0.

Íàáëþäåíèå 2. Ãëàäêîå äâèæåíèå ãîëîíîìíîé ñèñòåìû ïðîèñõîäèò âäîëü âåðõíåé ïà-
ðàáîëû. Äâèæåíèå ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ìîæåò ïðîèñõîäèòü êàê â ìàëîé îêðåñò-
íîñòè âåðõíåé ïàðàáîëû, òàê è â ìàëîé îêðåñòíîñòè íèæíåé ïàðàáîëû.

Íàáëþäåíèå 3. Òðàåêòîðèÿ ãîëîíîìíîé ñèñòåìû ïðîõîäèò ÷åðåç îñîáóþ òî÷êó ìãíî-
âåííî. Òðàåêòîðèÿ äâèæåíèÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ìîæåò íåêîòîð îå (êîíå÷íîå)
âðåìÿ äâèãàòüñÿ âáëèçè îñîáîé òî÷êè. Â ýòîì ñëó÷àå ïðîèñõîäèò íåñê îëüêî ïîñëåäîâàòåëü-
íûõ ¾îòðàæåíèé¿ òðàåêòîðèè âáëèçè ãðàíèöû îáëàñòè âîçìîæíîãî äâèæå íèÿ. Â ïðèìåðå
íà ðèñ. 4 òðàåêòîðèÿ áîëåå 15 ñ íàõîäèòñÿ â ìàëîé îêðåñòíîñòè îñîáîé òî÷êè.
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Ðèñ. 2. Òðàåêòîðèè äâèæåíèÿ ìàòåðèàëüíîé òî÷êè âáëèçè ïîâåð õíîñòè äâîéíîãî ïàðàáîëîèäà â
ïëîñêîñòè ' � 0� äëÿ ïàðàìåòðîâ æåñòêîñòè: à � k = 106; á � k = 107; â � k = 108; ã � k = 109.
Íà÷àëüíûå óñëîâèÿ: r 0 = 1 ì, _r 0 = � 1ì/ñ, � t = 3 c. Cèíèé � òðàåêòîðèÿ äâèæåíèÿ ñèñòå-
ìû â ïëîñêîñòè Oxz; ÷åðíûé � äâå êàñàþùèåñÿ ïàðàáîëû êàê ñå÷åíèå äâîéíîãî ïàðàá îëîèäà X ;
êðàñíûé � ãðàíèöà îáëàñòè âîçìîæíîãî äâèæåíèÿ ( 16); çåëåíûé � ¾ñèíãóëÿðíûé ïðÿìîóãîëüíèê¿

(öâåò îíëàéí)
Fig. 2. Trajectories of motion of a material point near the surface of a double paraboloid in the plane
' � 0� for the sti�ness parameters: a is k = 106; b is k = 107; c is k = 108; d is k = 109. Initial
conditions: r 0 = 1 m, _r 0 = � 1m/sec, � t = 3 sec. Blue � the trajectory of the system's motion in the Oxz
plane; black � two tangential parabolas as a section of the double paraboloid X ; red � the boundary of

the possible motion region (16); green � �singular rectangle� (color online)

Çàìå÷àíèå 2. Îïèñàííûå â äàííîì ïóíêòå ïîñòðîåíèÿ äëÿ äâèæåíèÿ ìàòåðèàëüíîé
òî÷êè ìîæíî îáîáùèòü äëÿ íà÷àëüíîãî àíàëèçà êîíêðåòíûõ ìåõàíè÷åñê èõ ñèñòåì, êîíôè-
ãóðàöèîííîå ïðîñòðàíñòâî êîòîðûõ èìååò îñîáåííîñòü òèïà äâóõ ñèììåòð è÷íûõ êàñàþùèõ-
ñÿ ïîâåðõíîñòåé â ïðîñòðàíñòâå èëè äâóõ êàñàþùèõñÿ êðèâûõ íà ïëîñêîñò è.

Îáëàñòü ïåðåõîäà. Ïðè àíàëèçå ÷èñëåííûõ òðàåêòîðèé äâèæåíèÿ ñèñòåìû ( 14) ìîæ-
íî ñäåëàòü ñëåäóþùåå çàìå÷àíèå. Äëÿ äâóõ êàñàþùèõñÿ ïàðàáîë (êàê ñå÷åíè ÿ äâîéíîãî
ïàðàáîëîèäà âåðòèêàëüíîé ïëîñêîñòüþ) îêîëî îñîáîé òî÷êè åñòü îáë àñòü, â êîòîðîé ìà-
òåðèàëüíàÿ òî÷êà ìîæåò ïåðåéòè ñ îäíîãî òèïà äâèæåíèÿ (âáëèçè ïåðâî é ïàðàáîëû) íà
äðóãîé òèï (âáëèçè âòîðîé ïàðàáîëû). Äàííóþ îáëàñòü ìîæíî çàêëþ÷ èòü â ¾ñèíãóëÿðíûé
ïðÿìîóãîëüíèê¿, êîòîðûé ïîêàçàí íà ðèñ. 2 çåëåíûì öâåòîì.

Åñëè êîîðäèíàòà z òðàåêòîðèè ñèñòåìû (14) âûõîäèò çà ñèíãóëÿðíûé ïðÿìîóãîëüíèê,
òî äàííóþ òî÷êó òðàåêòîðèè ìîæíî îäíîçíà÷íî ñîïîñòàâèòü ñ âåðõíåé èëè íèæíåé ïà-
ðàáîëîé. Ïî êîîðäèíàòàì (x; z) ìîæíî ñîîòíåñòè ïîëîæåíèå ìàòåðèàëüíîé òî÷êè ñ îïðå-

508 Íàó÷íûé îòäåë



Ñ. Í. Áóðüÿí. Äâèæåíèå ìàòåðèàëüíîé òî÷êè âáëèçè äâóõ êàñàþùè õñÿ ïàðàáîëîèäîâ

äåëåííîé âåòâüþ äâèæåíèÿ. Åñëè èçîáðàæàþùàÿ òî÷êà ñèñòåìû íàõîäèòñ ÿ â ñèíãóëÿðíîì
ïðÿìîóãîëüíèêå, òî ïîëîæåíèå ñèñòåìû ¾ñëîæíî ñîîòíåñòè¿ ñ îäíîé ïàðà áîëîé (ñì. ðèñ. 4).
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Ðèñ. 3. Òðàåêòîðèè äâèæåíèÿ ìàòåðèàëüíîé òî÷êè â ïëîñêîñòè ' � 0� äëÿ ïàðàìåòðîâ æåñòêîñòè:
à � k = 106; á � k = 107; â � k = 108; ã � k = 109. Íà÷àëüíûå óñëîâèÿ: r 0 = 1 ì, _r 0 = � 1ì/ñ,
� t = 3 c. Cèíèé � ãðàôèê êîîðäèíàòû z(t) äëÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ( 14); çåëåíûé �
ãðàôèê êîîðäèíàòû z(t) äëÿ ñèñòåìû ñ ãîëîíîìíîé ñâÿçüþ ( 8); êðàñíûé � íåêîòîðûå îãðàíè÷åíèÿ

íà âûõîä èç ¾ñèíãóëÿðíîãî ïðÿìîóãîëüíèêà¿ (öâåò îíëàéí)
Fig. 3. Trajectories of motion of a material point in the plane ' � 0� for the sti�ness parameters: a
is k = 106; b is k = 107; c is k = 108; d is k = 109. Initial conditions: r 0 = 1 m, _r 0 = � 1m/sec,
� t = 3 sec. Blue � graph of the z(t) coordinate for a system with a rigid potential (14); green� graph of
the z(t) coordinate for a system with holonomic coupling (8); red� some restrictions on exiting �singular

rectangle� (color online)

Äëÿ àíàëèçà òðàåêòîðèé îáùèõ ìåõàíè÷åñêèõ ñèñòåì ñ ãåîìåòðè÷åñêèìè îñîáåí íîñòÿ-
ìè ìîæíî ââåñòè íåñêîëüêî îïðåäåëåíèé, êîòîðûå ðàñøèðÿþò ïîíÿòèå ¾îñî áîé òî÷êè¿ äî
¾îñîáîé îáëàñòè¿ äëÿ äâèæåíèÿ ìåõàíè÷åñêèõ ñèñòåì, â êîòîðûõ ãîëîíîìí ûå ñâÿçè ðåàëè-
çóþòñÿ ñ ïîìîùüþ æåñòêîãî ïîòåíöèàëà.

Â îáùåì ñëó÷àå ðàññìàòðèâàåòñÿ êîíôèãóðàöèîííîå ïðîñòðàíñòâî X , ñîñòîÿùåå èç îáú-
åäèíåíèÿ íåñêîëüêèõ ãëàäêèõ ìíîãîîáðàçèé, M 1; M 2; : : : ; M p, â îáúåìëþùåì ïðîñòðàíñòâå
RN . Ìíîãîîáðàçèÿ M 1; M 2; : : : ; M p ìîãóò èìåòü òî÷êè ïåðåñå÷åíèÿ, â êîòîðûõ ãåîìåòðè÷å-
ñêè âîçìîæíà ñìåíà òèïà äâèæåíèÿ ãîëîíîìíîé ñèñòåìû. Äâèæåíèå âíå òî÷åê ï åðåñå÷åíèÿ
îïðåäåëÿåòñÿ óðàâíåíèÿìè òèïà ( 10) äëÿ îäíîãî ìíîãîîáðàçèÿ M k , ãäåk 2 1; p. Äâèæåíèå
ãîëîíîìíîé ñèñòåìû íå îïðåäåëåíî â îñîáûõ òî÷êàõ s 2 X . Ïîýòîìó äâèæåíèå èññëåäóåòñÿ
ñ ïîìîùüþ ââåäåíèÿ óïðóãîãî (æåñòêîãî) ïîòåíöèàëà W (11).
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Ðèñ. 4. Òðàåêòîðèÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè íà ïîâåðõíîñ òè äâîéíîãî ïàðàáîëîèäà â ïëîñ-
êîñòè ' � 0� äëÿ ïàðàìåòðà k = 108. Íà÷àëüíûå óñëîâèÿ: r 0 = 1 ì, _r 0 = � 1ì/ñ, � t = 20 c.
Íà ðèñ. 4, à: çåëåíûé � âàðèàíò ñèíãóëÿðíîãî ïðÿìîóãîëüíèêà (îáëàñòè ïå ðåõîäà); ñèíèé � ãðàôèê
êîîðäèíàòû z(t) äëÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ( 14) â ïëîñêîñòè Oxz; êðàñíûé � ãðàíèöà
îáëàñòè âîçìîæíîãî äâèæåíèÿ ( 16); ÷åðíûé � äâå êàñàþùèåñÿ ïàðàáîëû êàê ñå÷åíèå äâîéíîãî ïà-
ðàáîëîèäà ( 12). Íà ðèñ. 4, á: çåëåíûé � ãðàôèê êîîðäèíàòû z(t) äëÿ ñèñòåìû ñ ãîëîíîìíîé ñâÿ-
çüþ (8); ñèíèé � ãðàôèê êîîðäèíàòû z(t) äëÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ( 14); êðàñíûé �
âåðõíÿÿ è íèæíÿÿ ãðàíèöà ñèíãóëÿðíîãî ïðÿìîóãîëüíèêà ïî êî îðäèíàòå z(t), êàê íà ðèñ. 4, à

(öâåò îíëàéí)
Fig. 4. Trajectory of motion of a material point on the surface of a double paraboloid in the plane' � 0�

for the parameter k = 108. Initial conditions: r 0 = 1 m, _r 0 = � 1m/sec, � t = 20 sec. In Fig. 4,a: green �
a variant of the singular rectangle (transition region); blue � a graph of the coordinate z(t) for a system
with a hard potential ( 14) in the Oxz plane; red � the boundary of the possible motion region (16);
black � two tangential parabolas as a section of a double paraboloid (12). In Fig. 4, b: green � graph of
the coordinate z(t) for the system with holonomic coupling (8); blue � graph of the coordinate z(t) for
the system with a hard potential (14); red � upper and lower boundary of the singular rectangle in the

coordinate z(t) as in Fig. 4, a (color online)

Îïðåäåëåíèå 2. Îáëàñòü îïðåäåëåííîñòè � ýòî ïîäìíîæåñòâî îáëàñòè âîçìîæíûõ ïî-
ëîæåíèé ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì, òî÷êè êîòîðîãî ìîæíî îäíîçíà÷ íî ñîîòíåñòè
ñ îäíèì èç ãëàäêèõ ìíîãîîáðàçèé M 1; M 2; : : : ; M p, ñîñòàâëÿþùèõ êîíôèãóðàöèîííîå ïðî-
ñòðàíñòâî X .

Îïðåäåëåíèå 3. Ñèíãóëÿðíàÿ îáëàñòü � ýòî ïîäìíîæåñòâî îáëàñòè âîçìîæíûõ ïî-
ëîæåíèé ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì, â êîòîðîì äîïóñòèì áûñòðûé ïåðåõîä ìåæäó
ðàçíûìè òèïàìè äâèæåíèÿ (âáëèçè îäíîãî èç ìíîãîîáðàçèé M 1; M 2; : : : ; M p).

Âåòâè äâèæåíèÿ îòëè÷àþòñÿ ãëàäêèì ìíîãîîáðàçèåì, â ìàëîé îêðåñòíîñò è êîòîðîãî
ïðîèñõîäèò äâèæåíèå ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì.

Íà ðèñ. 4 ïîêàçàíî, ÷òî òðàåêòîðèÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ìîæåò äâèãàòü ñÿ
âáëèçè äâóõ ïàðàáîë, îáõîäÿ êàê âåðõíþþ, òàê è íèæíþþ ïàðàáîëó . Ñ òî÷êè çðåíèÿ ãîëî-
íîìíîé ìåõàíèêè ïåðåõîä ñ âåðõíåé ïàðàáîëû íà íèæíþþ ïàðàáîëó ñîîò âåòñòâóåò ¾íåãëàä-
êîìó¿ äâèæåíèþ. Åñëè ðàññìîòðåòü òðàåêòîðèè íà áîëåå äëèòåëüíîì èíò åðâàëå âðåìåíè,
òî èçîáðàæàþùàÿ òî÷êà äîñòàòî÷íî ïëîòíî çàìåòàåò ñèíãóëÿðíóþ îáëà ñòü (ñì. ðèñ. 4). Íà
ðèñ. 2 è 3 ïîêàçàíî, ÷òî òðàåêòîðèÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ïðè ñóæåíèè îáëàñòè
âîçìîæíîãî äâèæåíèÿ ïåðåõîäèò íà ¾âîçâðàòíîå¿ äâèæåíèå.

Çàêëþ÷åíèå

Ïðè ìîäåëèðîâàíèè äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ïî äâîéíîìó ïàð àáîëîèäó áûëî ïî-
ëó÷åíî, ÷òî òðàåêòîðèè ãîëîíîìíîé ñèñòåìû è òðàåêòîðèè ñîîòâåòñòâóþù åé ñèñòåìû ñ
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æåñòêèì ïîòåíöèàëîì êà÷åñòâåííî îòëè÷àþòñÿ. Â ðàññìàòðèâàåìîì ñëó÷à å, êîãäà òðàåê-
òîðèÿ ìîæåò ïðîõîäèòü ÷åðåç îñîáåííîñòü, ïðîñòðàíñòâåííàÿ çàäà÷à ïåðåõ îäèò â ïëîñêóþ
çàäà÷ó î äâèæåíèè ìàòåðèàëüíîé òî÷êè âáëèçè äâóõ êàñàþùèõñÿ ïàðà áîë.

Òðàåêòîðèè ãîëîíîìíîé ñèñòåìû íåîãðàíè÷åííî äâèæóòñÿ â îäíó ñòîðîíó . Òðàåêòîðèè
äâèæåíèÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì îáû÷íî íå ïðîäîëæàþòñÿ íåîãðà íè÷åííî â îäíó
ñòîðîíó îò äâóõ ïàðàáîë, à ñîâåðøàþò íåêîòîðûå êîëåáàíèÿ â îêðåñòíîñò è îñîáîé òî÷êè.
Äëÿ ðàññìîòðåííûõ ïðèìåðîâ òðàåêòîðèé ñ óâåëè÷åíèåì æåñòêîñòè ïîâåäåíèå òðàåêòîðèé
êà÷åñòâåííî íå ìåíÿåòñÿ. Òðàåêòîðèè äâèæåíèÿ ñèñòåìû ñ æåñòêèì ïîòåíöèàëî ì ìîæíî
ðàçáèòü íà íåñêîëüêî ó÷àñòêîâ:

� äâèæåíèå â îáëàñòè îïðåäåëåííîñòè, âáëèçè îäíîé èç ïàðàáîë;
� äâèæåíèå â ñèíãóëÿðíîé îáëàñòè, â êîòîðîé òðàåêòîðèÿ ìîæåò áûñòðî èçìåíèòü òèï

äâèæåíèÿ (ïåðåéòè ñ ìàëîé îêðåñòíîñòè âåðõíåé ïàðàáîëû íà ìàëóþ îêðå ñòíîñòü íèæíåé
ïàðàáîëû);

� áûñòðûå êîëåáàíèÿ â ñèíãóëÿðíîé îáëàñòè, êîãäà äâóìåðíîå äâèæåíèå ôàêòè÷åñêè
ïåðåõîäèò â ïîñëåäîâàòåëüíîñòü îäíîìåðíûõ ¾èìïóëüñíûõ óäàðîâ¿ âáëèçè ãðàíèöû îáëàñòè
âîçìîæíîãî äâèæåíèÿ.

Òðàåêòîðèè ãîëîíîìíîé ñèñòåìû ïðîõîäÿò ãåîìåòðè÷åñêóþ îñîáåííîñòü çà íóëåâ îå âðå-
ìÿ. Íî òðàåêòîðèè ñèñòåìû ñ æåñòêèì ïîòåíöèàëîì ìîãóò íàõîäèòüñÿ â ñèí ãóëÿðíîé îá-
ëàñòè äëèòåëüíîå âðåìÿ, êîòîðîå ìîæíî íàáëþäàòü. Åñëè íåêîòîðà ÿ ìåõàíè÷åñêàÿ ñèñòåìà
îêàæåòñÿ â òàêîé ìîäåëüíîé ñèíãóëÿðíîé îáëàñòè, òî ïîñëåäîâàòåëüíî ñòü áûñòðûõ ñìåí
íàïðàâëåíèé äâèæåíèÿ ìîæåò ïðèâåñòè ê ïîëîìêå. Ïîýòîìó íåîáõîäèìî ó ÷èòûâàòü âîç-
ìîæíîñòü âûõîäà ñèñòåìû íà ñèíãóëÿðíûé ðåæèì äâèæåíèÿ.
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Àííîòàöèÿ. Ñ èñïîëüçîâàíèåì êîìïëåêñíûõ ïîòåíöèàëîâ òåîðèè èçãèáà òîí êèõ ýëåêòðîìàãíè-
òîóïðóãèõ ïëèò ïîëó÷åíî ðåøåíèå çàäà÷è îá èçãèáå ìíîãîñâÿç íîé ïüåçîïëèòû ñ ýëëèïòè÷åñêèìè
âêëþ÷åíèÿìè èç äðóãèõ ìàòåðèàëîâ. Ïðè ýòîì ôóíêöèè, ãîëîìî ðôíûå âíå îòâåðñòèé, ïðåäñòàâ-
ëåíû ðÿäàìè Ëîðàíà, à ôóíêöèè, ãîëîìîðôíûå âî âêëþ÷åíèÿõ, � ð ÿäàìè ïî ïîëèíîìàì Ôàáåðà.
Óäîâëåòâîðåíèåì ãðàíè÷íûì óñëîâèÿì íà êîíòóðàõ êîíòàêòîâ ï ëèòû è âêëþ÷åíèé, îáîáùåííûì
ìåòîäîì íàèìåíüøèõ êâàäðàòîâ, îïðåäåëåíèå íåèçâåñòíûõ êîý ôôèöèåíòîâ ðÿäîâ ñâåäåíî ê ïåðå-
îïðåäåëåííîé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ð åøàåìîé ìåòîäîì ñèíãóëÿðíîãî ðàçëî-
æåíèÿ. Îïèñàíû ðåçóëüòàòû ÷èñëåííûõ èññëåäîâàíèé äëÿ ïëèòû ñ äâóìÿ êðóãîâûìè èëè ëèíåéíû-
ìè âêëþ÷åíèÿìè. Èññëåäîâàíû çàêîíîìåðíîñòè âëèÿíèÿ ôèçèê î-ìåõàíè÷åñêèõ ñâîéñòâ ìàòåðèàëîâ
è ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê âêëþ÷åíèé íà çíà÷åíèÿ èçãèáàþùèõ ìîìåíòîâ è êîýôôèöèåíòîâ
èíòåíñèâíîñòè ìîìåíòîâ äëÿ êîíöîâ ëèíåéíûõ âêëþ÷åíèé.
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Ââåäåíèå

Ýëåìåíòû ðàçëè÷íûõ êîíñòðóêöèé ñîâðåìåííîé òåõíèêè èçãîòàâëèâàþòñÿ èç ïüåçîìà-
òåðèàëîâ [1� 7]. ×àñòî òàêèå ýëåìåíòû íàõîäÿòñÿ â óñëîâèÿõ èçãèáà òîíêèõ ïëèò, èì åþò
îòâåðñòèÿ, òðåùèíû è èíîðîäíûå âêëþ÷åíèÿ. Ïðè ðàçëè÷íûõ ìåõàíè÷åñêèõ è ýëåêòðîìàã-
íèòíûõ âîçäåéñòâèÿõ âáëèçè êîíòóðîâ ýòèõ îòâåðñòèé, òðåùèí è âêëþ÷åí èé âîçíèêàþò
âûñîêèå êîíöåíòðàöèè ìîìåíòîâ (íàïðÿæåíèé), ÷òî íóæíî ó÷èòûâàòü ïðè ïðîåêòèðîâàíèè
ñîîòâåòñòâóþùèõ êîíñòðóêöèé. À äëÿ ýòîãî íóæíî èìåòü íàäåæíûå ìåòîäû î ïðåäåëåíèÿ
ýëåêòðîìàãíèòîóïðóãîãî ñîñòîÿíèÿ (ÝÌÓÑ) ìíîãîñâÿçíûõ òîíêèõ ïëèò.

Êàê ïîêàçûâàþò èññëåäîâàíèÿ, íàèáîëåå äîñòîâåðíûå ðåçóëüòàòû ïî îïðåäåë åíèþ ÝÌÓÑ
ìíîãîñâÿçíûõ ïëèò ïîëó÷àþòñÿ ïðè ðåøåíèè çàäà÷ ñ èñïîëüçîâàíèåì êîìï ëåêñíûõ ïîòåí-
öèàëîâ ýëåêòðîìàãíèòîóïðóãîñòè [ 8].

Â äàííîé ðàáîòå ñ èñïîëüçîâàíèåì ýòèõ ôóíêöèé ïîñòðîåíî îáùåå ðåøåíèå çàäà÷è îá
èçãèáå áåñêîíå÷íîé ïüåçîïëèòû ñ ïðîèçâîëüíûìè âêëþ÷åíèÿìè. Ïðè ýòîì ê îìïëåêñíûå ïî-
òåíöèàëû äëÿ áåñêîíå÷íîé ïëèòû ïðåäñòàâëåíû ðÿäàìè Ëîðàíà, äëÿ âê ëþ÷åíèé � ðÿäàìè
ïî ïîëèíîìàì Ôàáåðà, à îïðåäåëåíèå íåèçâåñòíûõ êîýôôèöèåíòîâ ðÿäîâ îáî áùåííûì ìå-
òîäîì íàèìåíüøèõ êâàäðàòîâ (ÎÌÍÊ) [ 9] ñâåäåíî ê ðåøåíèþ ïåðåîïðåäåëåííîé ñèñòåìû
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Äëÿ ïëèòû ñ äâóìÿ êðóãîâûìè èëè ëè íåéíûìè âêëþ-
÷åíèÿìè ïðîâåäåíû øèðîêîìàñøòàáíûå ÷èñëåííûå èññëåäîâàíèÿ ðàñïðåäåëåí èÿ èçãèáàþ-
ùèõ ìîìåíòîâ è èçìåíåíèÿ êîýôôèöèåíòîâ èíòåíñèâíîñòè ìîìåíòîâ (ÊÈÌ) . Óñòàíîâëåí
ðÿä çàêîíîìåðíîñòåé âëèÿíèÿ íà ÝÌÓÑ ïëèò ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê âêëþ÷åíèé è
ôèçèêî-ìåõàíè÷åñêèõ ñâîéñòâ ìàòåðèàëîâ áåñêîíå÷íîé ïëèòû è âêëþ÷åíè é.

1. Ïîñòàíîâêà è ìåòîä ðåøåíèÿ çàäà÷è

Ðàññìîòðèì îòíåñåííóþ ê ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìå êîîðäèíà ò Oxy ýëåêòðî-
ìàãíèòîóïðóãóþ òîíêóþ ïëèòó ñ ýëëèïòè÷åñêèìè îòâåðñòèÿìè ñ êîíòóð àìè L l (l = 1; L )
è ïîëóîñÿìè al , bl (ðèñ. 1), â êîòîðûå âëîæåíû âêëþ÷åíèÿ èç äðóãèõ ïüåçîìàòåðèàëîâ,
íàõîäÿùèåñÿ ñ ïëèòîé â óñëîâèÿõ èäåàëüíîãî ýëåêòðîìàãíèòîóïðóãîãî êîíòàêòà. Êàæäîå
èç âêëþ÷åíèé ñïîñîáíî ïåðåõîäèòü â ëèíåéíîå, êîòîðîå ìîæíî ðàññìàòð èâàòü êàê ýëëèïòè-
÷åñêîå, ó êîòîðîãî bl = 0 (â ïðàêòèêå ðàñ÷åòîâ bl 6 10� 3al ). Îáîçíà÷èì áåñêîíå÷íóþ ìíî-
ãîñâÿçíóþ îáëàñòü, îãðàíè÷åííóþ êîíòóðàìè L l , ÷åðåçS, îáëàñòè âêëþ÷åíèé � ÷åðåç S(l ) .
Ââåäåì ëîêàëüíûå ñèñòåìû êîîðäèíàò Ol x l yl (l = 1; L ) ñ íà÷àëàìè â öåíòðàõ ýëëèïñîâ L l
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Ðèñ. 1. Ìíîãîñâÿçíàÿ ïëèòà
ñ âêëþ÷åíèÿìè

Fig.1. Multiconnected plate
with inclusions

è îñÿìè Ol x l âäîëü ïîëóîñåé al òàê, ÷òî â ýòèõ ñèñòåìàõ è â
îñíîâíîé ñèñòåìå êîîðäèíàò óðàâíåíèÿ ýëëèïñîâ èìåþò âèä

x l = al cos�; y l = bl sin � ;

x = x0l + x l cos' l � yl sin ' l ; y = y0l + x l sin ' l + yl cos' l ;

ãäå ' l � óãîë ìåæäó ïîëîæèòåëüíûìè íàïðàâëåíèÿìè îñåé
Ox è Ol x l , îòñ÷èòûâàåìûé îò ïîëîæèòåëüíîãî íàïðàâëåíèÿ
Ox ïðîòèâ ÷àñîâîé ñòðåëêè; x0l , y0l � êîîðäèíàòû íà÷àëà ëî-
êàëüíîé ñèñòåìû Ol x l yl â îñíîâíîé ñèñòåìå Oxy; � � ïàðà-
ìåòð, èçìåíÿþùèéñÿ â èíòåðâàëå îò 0 äî 2� . Íà áåñêîíå÷íî-
ñòè ïëèòà íàõîäèòñÿ ïîä äåéñòâèåì ìåõàíè÷åñêèõ ìîìåíòîâ
M 1

x , M 1
y , H 1

xy è ìîìåíòîâ èíäóêöèé M 1
dx , M 1

dy , M 1
bx , M 1

by .
Ïðè ýòîì íà îñíîâå óðàâíåíèé ÝÌÓÑ ìîæíî íàéòè è ìîìåí-
òû íàïðÿæåííîñòåé H 1

dx , H 1
dy , H 1

bx , H 1
by .

Åñëè äëÿ ðåøåíèÿ çàäà÷è îá îïðåäåëåíèè ÝÌÓÑ ðàññìàòðèâàåìîé êóñî÷íî-îäí îðîäíîé
ïüåçîïëèòû èñïîëüçîâàòü êîìïëåêñíûå ïîòåíöèàëû èçãèáà òîíêèõ ýëåêòðîì àãíèòîóïðóãèõ
ïëèò [ 8], òî îíî ñâîäèòñÿ ê íàõîæäåíèþ èç ñîîòâåòñòâóþùèõ ãðàíè÷íûõ óñëîâèé êîìïëåêñ-
íûõ ïîòåíöèàëîâ W

0

k (zk ) (k = 1; 4) äëÿ áåñêîíå÷íîé ïëèòû è W
0(l )
k (z(l )

k ) (k = 1; 4) äëÿ êàæ-
äîãî âêëþ÷åíèÿ.

Êîìïëåêñíûå ïîòåíöèàëû W
0

k (zk ) ÿâëÿþòñÿ ôóíêöèÿìè îáîáùåííûõ êîìïëåêñíûõ ïå-
ðåìåííûõ

zk = x + � ky; (1)

ãäå� k � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

�
�
�
�
�
�

l4s(� ) l3g(� ) l3p(� )
l3g(� ) l2� (� ) l2� (� )
l3p(� ) l2� (� ) l2� (� )

�
�
�
�
�
�

= 0; (2)

l ij (� ) � ïîëèíîìû âèäà

l4s(� ) = �
�

D22� 4 + 4D26� 3 + 2( D12 + 2D66)� 2 + 4D66� + D11

�
;

l3g(� ) = Cg22� 3 + ( Cg12 + 2Cg26)� 2 + ( Cg21 + 2Cg16)� + Cg11;

l3p(� ) = Cp22� 3 + ( Cp12 + 2Cp26)� 2 + ( Cp21 + 2Cp16)� + Cp11;

l2� (� ) = C� 22� 2 + 2C� 12� + C� 11;

l2� (� ) = C� 22� 2 + 2C� 12� + C� 11;

l2� (� ) = C� 22� 2 + 2C� 12� + C� 11;

D ij = bij D0 � óïðóãèå æåñòêîñòè ïëèòû; Cgij = cgij D0, Cpij = cpij D0, C�ij = c�ij D0,
C�ij = c�ij D0, C�ij = c�ij D0 � ýëåêòðîìàãíèòíûå æåñòêîñòè ïëèòû; D0 = 2

3h3; h � ïîëó-
òîëùèíà ïëèòû; bij , cgij , cpij , c�ij , c�ij , c�ij � ýëåìåíòû îáðàòíîé ìàòðèöû

0

B
B
B
B
B
B
B
B
@

b11 b12 b16 cg11 cg21 cp11 cp21

b12 b22 b26 cg12 cg22 cp12 cp22

b16 b26 b66 cg16 cg26 cp16 cp26

� cg11 � cg12 � cg16 c� 11 c� 12 c� 11 c� 12

� cg21 � cg22 � cg26 c� 12 c� 22 c� 12 c� 22

� cp11 � cp12 � cp16 c� 11 c� 12 c� 11 c� 12

� cp21 � cp22 � cp26 c� 12 c� 22 c� 12 c� 22

1

C
C
C
C
C
C
C
C
A

=
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=

0

B
B
B
B
B
B
B
B
@

s11 s12 s16 g11 g21 p11 p21

s12 s22 s26 g12 g22 p12 p22

s16 s26 s66 g16 g26 p16 p26

� g11 � g12 � g16 � 11 � 12 � 11 � 12

� g21 � g22 � g26 � 12 � 22 � 12 � 22

� p11 � p12 � p16 � 11 � 12 � 11 � 12

� p21 � p22 � p26 � 12 � 22 � 12 � 22

1

C
C
C
C
C
C
C
C
A

� 1

;

sij � êîýôôèöèåíòû äåôîðìàöèè ìàòåðèàëà, èçìåðåííûå ïðè ïîñòîÿííûõ èíäóê öèÿõ ýëåê-
òðè÷åñêîãî è ìàãíèòíîãî ïîëåé; gij è pij � ïüåçîýëåêòðè÷åñêèå è ïüåçîìàãíèòíûå ìîäóëè
äåôîðìàöèè è íàïðÿæåííîñòåé, èçìåðåííûå ïðè ïîñòîÿííûõ íàïðÿæåíèÿõ è è íäóêöèÿõ;
� ij , � ij è � ij � êîýôôèöèåíòû äèýëåêòðè÷åñêîé, ìàãíèòíîé è ýëåêòðîìàãíèòíîé âîñïðèè ì-
÷èâîñòåé, èçìåðåííûå ïðè ïîñòîÿííûõ íàïðÿæåíèÿõ [ 8].

Êîìïëåêñíûå ïîòåíöèàëû W
0(l )
k (z(l )

k ) (k = 1; 4) äëÿ êàæäîé ïëèòû-âêëþ÷åíèÿ S(l ) ÿâëÿ-
þòñÿ ôóíêöèÿìè îáîáùåííûõ êîìïëåêñíûõ ïåðåìåííûõ

z(l )
k = x + � (l )

k y; (3)

ãäå� (l )
k � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ïîëó÷àåìîãî èç óðàâíåíèÿ ( 2) çàìåíîé âñåõ

âåëè÷èí íà àíàëîãè÷íûå âåëè÷èíû ñ èíäåêñîì (l ) ââåðõó.
Ôóíêöèè W

0

k (zk ) îïðåäåëåíû â îáëàñòÿõ Sk , ïîëó÷àåìûõ èç îáëàñòè S àôôèííûìè ïðå-
îáðàçîâàíèÿìè ( 1) è îãðàíè÷åííûõ êîíòóðàìè L kl , ñîîòâåòñòâóþùèìè êîíòóðàì L l ïðè ýòèõ
ïðåîáðàçîâàíèÿõ, è â îáùåì ñëó÷àå ìíîãîñâÿçíîé ïëèòû ìîæíî ïðåäñòàâè òü â âèäå [8,9]

W
0

k (zk ) = � kzk +
LX

l=1

1X

n=0

akln

� n
kl

;

â êîòîðîì � k � èçâåñòíûå ïîñòîÿííûå, îïðåäåëÿåìûå ïî çíà÷åíèÿì ìîìåíòîâ íà áåñêîíå÷-
íîñòè; � kl � ïåðåìåííûå, ïîëó÷àåìûå èç êîíôîðìíûõ îòîáðàæåíèé âíåøíîñòè åäèíè÷íûõ
êðóãîâ

�
�
� � kl > 1

�
�
� íà âíåøíîñòè êîíòóðîâ L kl [10],

zk = zkl 0 + Rkl

.
(� kl + mkl =�kl ); zkl 0 = x0l + � ky0l ;

Rkl =
�

al (cos' l + � k sin ' l ) + ibl (sin ' l � � k cos' l )
�.

2;

mkl =
�

al (cos' l + � k sin ' l ) � ibl (sin ' l � � k cos' l )
�.

2Rkl ;

akln � íåèçâåñòíûå êîýôôèöèåíòû ðÿäîâ, îïðåäåëÿåìûå èç óñëîâèé íà êîíòóðàõ ïë èòû.
Ôóíêöèè W

0(l )
k (z(l )

k ) ãîëîìîðôíû â êîíå÷íûõ îáëàñòÿõ S(l )
k , ïîëó÷àåìûõ èç îáëàñòåé S(l )

àôôèííûìè ïðåîáðàçîâàíèÿìè ( 3), è èõ ìîæíî ïðåäñòàâèòü ðÿäàìè ïî ïîëèíîìàì Ôàáåðà
äëÿ ýòèõ îáëàñòåé

W
0(l )
k (z(l )

k ) =
1X

n=0

a(l )
kn P (l )

kn (z(l )
k );

ãäåP (l )
kn (z(l )

k ) � ïîëèíîìû Ôàáåðà äëÿ ýëëèïñà L (l )
k , èìåþùèå âèä [ 11]

P (l )
k0 = 1 ; P (l )

kn = ( � (l )
k )n + ( m(l )

k )n
.

(� (l )
k )n ;

� (l )
k � ïåðåìåííûå, ïîëó÷àåìûå èç êîíôîðìíûõ îòîáðàæåíèé âíåøíîñòè åäèíè÷íûõ ê ðóãîâ�

�
� � (l )

k > 1
�
�
� íà âíåøíîñòè êîíòóðîâ L (l )

k ñ ïîìîùüþ ñëåäóþùèõ ôîðìóë:

z(l )
k = z(l )

k0 + R(l )
k

.
(� (l )

k + m(l )
k =� (l )

k ); z(l )
k0 = x0l + � (l )

k y0l ;
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R(l )
k =

�
al (cos' l + � (l )

k sin ' l ) + ibl (sin ' l � � (l )
k cos' l )

�.
2;

m(l )
k =

�
al (cos' l + � (l )

k sin ' l ) � ibl (sin ' l � � (l )
k cos' l )

�.
2R(l )

k :

Íî ïîëèíîìû Ôàáåðà P (l )
kn (z(l )

k ) ìîæíî ïðåäñòàâèòü ðÿäàìè ïî ñòåïåíÿì z(l )
k � z(l )

k0 [11]. Ïî-

ýòîìó ôóíêöèè W
0(l )
k (z(l )

k ) ìîæíî ïðåäñòàâèòü è â âèäå ñòåïåííûõ ðÿäîâ

W
0(l )
k (z(l )

k ) =
1X

n=0

a(l )
kn (z(l )

k � z(l )
k0 )n ;

ãäå a(l )
kn � íåèçâåñòíûå ïîñòîÿííûå, êîòîðûå, êàê è akln , áóäåì îïðåäåëÿòü èç ãðàíè÷íûõ

óñëîâèé íà êîíòóðàõ êîíòàêòîâ ïëèòû S è âêëþ÷åíèé S(l ) .
Íà êîíòóðàõ âêëþ÷åíèé, ãäå èìååò ìåñòî èäåàëüíûé êîíòàêò ïëèòû ñ â êëþ÷åíèÿìè,

ãðàíè÷íûå óñëîâèÿ äëÿ îïðåäåëåíèÿ ôóíêöèé èìåþò âèä [ 8]

2 Re
4X

k=1

�
gikl W

0

k (zk ) � g(l )
ik W

0(l )
k (z(l )

k )
�

= f il (t) ( i = 1; 8); (4)

â êîòîðîì

g1kl =
pk

� k
; g2kl = qk ; g3kl = 1 ; g4kl = � k ;

g5kl = dyk ; g6kl = byk ; g7kl = � k ; g8kl = � k ;

g(l )
1k =

p(l )
k

� (l )
k

; g(l )
2k = q(l )

k ; g(l )
3k = 1 ; g(l )

4k = � (l )
k ;

g(l )
5k = d(l )

yk ; g(l )
6k = b(l )

yk ; g(l )
7k = � (l )

k ; g(l )
8k = � (l )

k ;

f 1l = � cl x + c1l ; f 2l = cl y + c2l ; f 3l = f 4l = 0 ;

f jl = cjl ; j = 5 ; 6; 7; 8;

pk , qk , dyk , byk , � k , � k � èçâåñòíûå ïîñòîÿííûå [ 8]; cl � âåùåñòâåííûå ïîñòîÿííûå, ïðè÷åì
âñå âåëè÷èíû ñî çíà÷êîì (l ) ââåðõó îòíîñÿòñÿ ê âêëþ÷åíèþ S(l ) è ïîëó÷àþòñÿ ïî ôîðìóëàì
äëÿ ïëèòû çàìåíîé âåëè÷èí áåç çíà÷êà íà âåëè÷èíû ñî çíà÷êîì (l ); � (l )

k (k = 1; 4) � êîðíè
óðàâíåíèÿ ( 2) äëÿ âêëþ÷åíèÿ S(l ) .

Äëÿ ìíîãîñâÿçíûõ îáëàñòåé ãðàíè÷íûì óñëîâèÿì óäîáíåå óäîâëåòâîðÿòü â ä èôôåðåíöè-
àëüíîé ôîðìå, êîòîðàÿ íå áóäåò ñîäåðæàòü àääèòèâíûõ ïîñòîÿííûõ, â õîäÿùèõ â îáû÷íûå
ãðàíè÷íûå óñëîâèÿ. Ïîñëåäíèå óñëîâèÿ, ïîëó÷åííûå èç óñëîâèé ( 4) èõ äèôôåðåíöèðîâàíè-
åì ïî äóãå êîíòóðà, èìåþò âèä

2 Re
4X

k=1

h
gikl � k;sW

00

k (zk ) � g(l )
ik � (l )

k;sW
00(l )
k (z(l )

k )
i

=
df il (t)

ds
(i = 1; 8); (5)

â êîòîðîì

W
00

k (zk ) =
LX

l=1

1X

n=1

�
0

kln (zk )akln ; W
00(l )
k (z(l )

k ) =
1X

n=1

�
0(l )
kn (z(l )

k )a(l )
kn ; (6)

� k;s =
dzk

ds
; � (l )

k;s =
dz(l )

k

ds
;

�
0

kln (zk ) = �
n

� n� 1
kl (� 2

kl � mkl )
; �

0(l )
kn (z(l )

k ) = n(z(l )
k � z(l )

k0 )n� 1 (l = 1; L ):
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Ãðàíè÷íûì óñëîâèÿì ( 5) áóäåì óäîâëåòâîðÿòü îáîáùåííûì ìåòîäîì íàèìåíüøèõ êâàä-
ðàòîâ [9,12,13]. Äëÿ ýòîãî âûáåðåì íà êàæäîì èç êîíòóðîâ L p ñèñòåìó òî÷åê M pm (xpm ; ypm )
(p = 1; L ; m = 1; M ), â êîòîðûõ óäîâëåòâîðèì ñîîòâåòñòâóþùèì ãðàíè÷íûì óñëîâèÿì. Ïîä-
ñòàâëÿÿ ôóíêöèè ( 6) â ãðàíè÷íûå óñëîâèÿ ( 5) â òî÷êàõ M pm (xpm ; ypm ), äëÿ îïðåäåëåíèÿ

íåèçâåñòíûõ ïîñòîÿííûõ akln è a(l )
kn ïîëó÷àåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

âèäà

2 Re
h 4X

k=1

LX

l=1

1X

n=1

gikp � k;s �
0

kln (tkpm )akln �
4X

k=1

1X

n=1

g(l )
ik � (l )

k;s �
0(l )
kn (t (p)

km )a(l )
kn

i
=

=
df ip (tpm )

ds
� 2 Re

4X

k=1

gik � k;s � k (i = 1; 8;p = 1; L ; m = 1; M ): (7)

Êðîìå óðàâíåíèé ( 7), äëÿ êàæäîãî êîíòóðà îòâåðñòèÿ äîëæíû âûïîëíÿòüñÿ óðàâíåíèÿ

2 Re
4X

k=1

iakp1 = 0 ( p = 1; L ); (8)

ñëåäóþùèå èç îäíîçíà÷íîñòè ïðîãèáà ïðè ïîëíîì îáõîäå êàæäîãî èç ê îíòóðîâ L p.
Ñèñòåìó (7), äîïîëíåííóþ óðàâíåíèÿìè ( 8), áóäåì ðåøàòü ìåòîäîì ñèíãóëÿðíûõ ðàçëî-

æåíèé [14,15]. Ïîñëå íàõîæäåíèÿ ïñåâäîðåøåíèé ýòîé ñèñòåìû ôóíêöèè W
0

k (zk ) è W
0(l )
k (z(l )

k )
áóäóò èçâåñòíûìè è ïî íèì ìîæíî âû÷èñëÿòü îñíîâíûå õàðàêòåðèñòèêè ÝÌÓÑ ( ìåõàíè÷å-
ñêèå èçãèáàþùèå è êðóòÿùèé ìîìåíòû, ìîìåíòû èíäóêöèé ýëåêòðè÷åñêîãî è ì àãíèòíîãî
ïîëåé, ïåðåðåçûâàþùèå ñèëû) [ 8]. Åñëè íåêîòîðûé ýëëèïñ L l ïåðåõîäèò â ïðÿìîëèíåéíîå
âêëþ÷åíèå, òî äëÿ åãî êîíöîâ ìîæíî âû÷èñëèòü òàêæå êîýôôèöèåíòû èíò åíñèâíîñòè ìî-
ìåíòîâ (ÊÈÌ) k�

1M è k�
2M ïî èçâåñòíûì ôîðìóëàì

k�
1M = 2 Re

h
pk sin2 ' l + qk cos2 ' l � 2r k cos' l sin ' l

i
M k ;

k�
2M = 2 Re

h
(qk � pk ) cos' l sin ' l + r k (cos2 ' l � sin2 ' l )

i
M k ;

â êîòîðûõ

M k = �
p

al

2Rkl

1X

n=1

(� 1)nnakln ;

ïðè÷åì ¾ + ¿ è ¾� ¿ ó ÊÈÌ â ëîêàëüíîé ñèñòåìå êîîðäèíàò Ol x l yl îòíîñÿòñÿ ê ïðàâîìó è
ëåâîìó êîíöàì òðåùèíû ñîîòâåòñòâåííî.

Êàê ÷àñòíûå ñëó÷àè èç ïðèâåäåííûõ ðåøåíèé çàäà÷ ýëåêòðîìàãíèòîóïðóãîñòè ( ÝÌÓ)
ñëåäóþò ðåøåíèÿ çàäà÷ ýëåêòðîóïðóãîñòè (ÝÓ), ìàãíèòîóïðóãîñòè (ÌÓ) è òåî ðèè óïðó-
ãîñòè (ÒÓ). Ïðè ïðîâåäåíèè ÷èñëåííûõ èññëåäîâàíèé ðåøåíèÿ âñåõ ýòèõ çàäà÷ ìîæí î
ïîëó÷èòü ïî ïðîãðàììå ðåøåíèÿ çàäà÷è ÝÌÓ, ïðîâîäÿ âû÷èñëåíèÿ äëÿ ìîä åëüíîãî ìà-
òåðèàëà ñ ïîñòîÿííûìè g

0

ij = � ggij , p
0

ij = � ppij , �
0

ij = � gp� ij , ïðè÷åì èõ íóæíî ïðèíÿòü
òàêèìè: � g = � p = � gp = 1 äëÿ çàäà÷ ÝÌÓ; � g = 1 ; � p = � gp 6 10� 3 äëÿ çàäà÷ ÝÓ;
� p = 1 ; � g = � gp 6 10� 3 äëÿ çàäà÷ ÌÓ; � g = � p = � gp 6 10� 3 äëÿ çàäà÷ ÒÓ.

2. Ðåçóëüòàòû ÷èñëåííûõ èññëåäîâàíèé

Áûëè ïðîâåäåíû ÷èñëåííûå èññëåäîâàíèÿ äëÿ ïëèò èç ìàòåðèàëîâ: 1) êîìïîçè ò íà îñ-
íîâå BaT iO 3 � CaF e2O4 (ìàòåðèàë Ì1) [ 16,17]; 2) êîìïîçèò, óïðóãèå, ïüåçîýëåêòðè÷åñêèå è
ýëåêòðè÷åñêèå ïîñòîÿííûå êîòîðîãî ñîîòâåòñòâóþò ñåëåíèäó êàäìèÿ CdSe, à ïüåçîìàãíèò-
íûå è ìàãíèòíûå � BaT iO 3 (ìàòåðèàë Ì2) [ 18]. Ïðè ïðîâåäåíèè ðàñ÷åòîâ óïðóãèå ñâîéñòâà
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ìàòåðèàëà êàæäîãî âêëþ÷åíèÿ ñâÿçûâàëèñü ñî ñâîéñòâàìè ìàòåðèàëà áåñêîíå÷ íîé ïëèòû
ñîîòíîøåíèÿìè s(l )

ij = � (l )
s sij , ãäå � (l )

s � ïàðàìåòðû, ñâÿçûâàþùèå ñîîòâåòñòâóþùèå ïîñòî-
ÿííûå ìàòåðèàëîâ áåñêîíå÷íîé ïëèòû ñ îáëàñòüþ S è âêëþ÷åíèé ñ îáëàñòÿìè S(l ) . Ââèäó
òîãî ÷òî íà çíà÷åíèÿ ìîìåíòîâ â áåñêîíå÷íîé ïëèòå ïüåçîñâîéñòâà âêëþ÷åí èé âëèÿþò íåçíà-

Ðèñ. 2. Ñõåìà çàäà÷è ñ
äâóìÿ êðóãîâûìè âêëþ-

÷åíèÿìè
Fig. 2. Task diagram with

two circular inclusions

÷èòåëüíî, ïðè ïðîâåäåíèè ðàñ÷åòîâ ýòè ñâîéñòâà âêëþ÷åíèé íå
ó÷èòûâàëèñü, ò.å. ñ÷èòàëîñü, ÷òî� (l )

g = � (l )
p = � (l )

gp = 0 .
Â òàáë. 1 äëÿ èçãèáà ìîìåíòàìè M 1

y = my áåñêîíå÷íîé
ïëèòû ñ äâóìÿ îäèíàêîâûìè êðóãîâûìè óïðóãèìè (íå îáëàäà-
þùèìè ïüåçîñâîéñòâàìè) âêëþ÷åíèÿìè ðàäèóñà a1 (b1 = a1,
b2 = a2 = a1) (ðèñ. 2), ñ òî÷íîñòüþ äî ìíîæèòåëÿ my , â çà-
âèñèìîñòè îò c=a1, ãäåc � ðàññòîÿíèå ìåæäó âêëþ÷åíèÿìè, ïà-
ðàìåòðà ìåõàíè÷åñêîé æåñòêîñòè âêëþ÷åíèé � (1)

s è öåíòðàëüíî-
ãî óãëà � êîíòóðà L 1, îòñ÷èòûâàåìîãî îò íàïðàâëåíèÿ îñè Ox
ïðîòèâ ÷àñîâîé ñòðåëêè, ïðèâåäåíû çíà÷åíèÿ èçãèáàþùèõ ìî-
ìåíòîâ M s â òî÷êàõ êîíòàêòà ïëèòû ñ ëåâûì âêëþ÷åíèåì íà
ïëîùàäêàõ, ïåðïåíäèêóëÿðíûõ ê êîíòóðó. Çíà÷åíèÿ � (1)

s , ðàâ-
íûå 0 è 1 , îòíîñÿòñÿ ê ñëó÷àÿì ïëèòû ñ àáñîëþòíî æåñòêèìè
âêëþ÷åíèÿìè è àáñîëþòíî ìÿãêèìè âêëþ÷åíèÿìè (îòâåðñòèÿ-
ìè). Íà ðèñ. 3 èçîáðàæåíû ãðàôèêè ðàñïðåäåëåíèÿ ýòèõ ìîìåíòîâ îêîëî êîíòóðà L 1 â ïëè-
òå èç ìàòåðèàëà Ì2 ïðè ðàçëè÷íûõ çíà÷åíèÿõ c=a1. Ñïëîøíûå ëèíèè îòíîñÿòñÿ ê ñëó÷àþ
c=a1 = 0 ; 1, øòðèõîâûå � ê ñëó÷àþ c=a1 = 1 .

Òàáëèöà 1 / Table 1

Çíà÷åíèÿ M s=my â ïëèòå îêîëî êîíòóðà ëåâîãî âêëþ÷åíèÿ
The values ofM s=my in the plate near the contour of the left switch

c=a1 � (1)
s

� , ðàä.
0 �= 6 �= 3 �= 2 � 0 �= 6 �= 3 �= 2

Çàäà÷à ÝÌÓ Çàäà÷à ÒÓ
Ìàòåðèàë Ì2

1 0:0 � 0:747 � 0:400 0:958 0:986 � 0:747 � 0:849 � 0:218 0:679 1:027
0:1 � 0:150 0:002 0:648 0:540 � 0:150 � 0:170 0:106 0:447 0:559
0:5 0:647 0:526 0:323 0:088 0:647 0:669 0:546 0:253 0:094
2:0 1:332 0:953 0:233 � 0:001 1:332 1:280 0:945 0:302 � 0:013
10:0 1:903 1:293 0:287 0:132 1:903 1:696 1:272 0:469 0:078
1 2:184 1:457 0:336 0:232 2:184 1:876 1:424 0:565 0:146

1:00 0:0 � 0:542 � 0:579 0:611 0:875 � 0:726 � 0:649 � 0:382 0:439 0:907
0:1 � 0:137 � 0:127 0:476 0:485 � 0:160 � 0:185 � 0:004 0:344 0:500
10:0 2:256 1:430 0:279 0:126 2:010 2:098 1:406 0:438 0:075
1 2:703 1:645 0:317 0:220 2:332 2:454 1:617 0:519 0:138

0:10 0:0 � 1:478 � 0:624 0:553 0:867 � 0:780 � 1:627 � 0:449 0:386 0:899
0:1 � 0:549 � 0:219 0:415 0:466 � 0:188 � 0:575 � 0:105 0:299 0:480
10:0 4:207 1:453 0:249 0:148 2:148 3:816 1:355 0:320 0:091
1 6:973 1:506 0:244 0:237 2:554 6:146 1:386 0:281 0:148

0:01 0:0 � 4:843 � 0:288 0:628 0:874 � 0:812 � 5:690 � 0:224 0:435 0:907
0:1 � 1:131 � 0:147 0:423 0:463 � 0:197 � 1:267 � 0:078 0:300 0:477
0:5 0:376 0:436 0:281 0:070 0:612 0:459 0:462 0:240 0:076
2:0 1:939 1:028 0:237 0:010 1:399 1:746 1:002 0:274 � 0:002
10:0 6:521 1:265 0:221 0:154 2:189 5:453 1:192 0:279 0:096

Èç äàííûõ òàáë. 1, ðèñ. 3 è äðóãèõ ïîëó÷åííûõ ðåçóëüòàòîâ ñëåäóåò, ÷òî âëèÿíèå îäíîãî
âêëþ÷åíèÿ íà ÝÌÓÑ îêîëî äðóãîãî çíà÷èòåëüíî, åñëè ðàññòîÿíèå ìåæäó âêëþ ÷åíèÿìè

Ìåõàíèêà 519



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíô îðìàòèêà. 2025. Ò. 25, âûï. 4

Ðèñ. 3. Ãðàôèêè ðàñïðåäåëåíèÿ ìîìåíòîâ M s îêî-
ëî êîíòóðà L 1 ïðè c=a1 = 0 ; 1(ñïëîøíûå ëèíèè) è

c=a1 = 1 (øòðèõîâûå ëèíèè)
Fig. 3. Graphs of the distribution of moments M s

near the contour L 1 at c=a1 = 0 :1 (solid lines) and
c=a1 = 1 (dashed lines)

ìåíüøå äèàìåòðîâ âêëþ÷åíèé ( c=a1 6 2),
ñ óìåíüøåíèåì ðàññòîÿíèÿ c ìåæäó
âêëþ÷åíèÿìè çíà÷åíèÿ ìîìåíòîâ M s â
ïëèòå îêîëî êîíòóðîâ âêëþ÷åíèé ðåç-
êî èçìåíÿþòñÿ âáëèçè òî÷åê ïåðåìû÷êè
è íåñêîëüêî ìåíüøå â çîíàõ ïðîòèâîïî-
ëîæíîé ïåðåìû÷êå (ðàñòóò ïðè � (1)

s > 1
(ïðè E (1)

1 < E 1) è óìåíüøàþòñÿ ïðè

� (1)
s < 1 (ïðè E (1)

1 > E 1)). Ïðè ýòîì
íà çíà÷åíèÿ ìîìåíòîâ â ýòîé çîíå ñó-
ùåñòâåííî âëèÿåò çíà÷åíèå ïàðàìåòðà
æåñòêîñòè� (1)

s : ñ óâåëè÷åíèåì çíà÷åíèÿ
� (1)

s (ñ óìåíüøåíèåì æåñòêîñòè âêëþ÷å-
íèé) çíà÷åíèÿ ìîìåíòîâ M s ðåçêî ðàñ-
òóò. Òàê, åñëèc=a1 = 0 :01, òî â òî÷êå
êîíòóðà, ñîîòâåòñòâóþùåé � = 0 , ïðè
èçìåíåíèè � (1)

s îò 0 (àáñîëþòíî æåñòêèå
âêëþ÷åíèÿ) äî 1 (íåïîäêðåïëåííûå îò-
âåðñòèÿ) çíà÷åíèÿ ìîìåíòîâ ðàñòóò îò
� 4:843 äî 21:831.

Âäàëè îò ïåðåìû÷êè çíà÷åíèÿ ìîìåíòîâ èçìåíÿþòñÿ íåçíà÷èòåëüíî. Êàê âèäí î, îòðèöà-
òåëüíûå ìîìåíòû â ïëèòå âáëèçè ãîðèçîíòàëüíûõ äèàìåòðîâ âêëþ÷åíèé âî çíèêàþò, êîãäà
� (1)

s < 0:14, ïðè 0 6 � < �= 6 è 11� 12 6 � 6 � . Ïîñëåäíåå íàãëÿäíî âèäíî íà ðèñ. 4, ãäå äëÿ
íåêîòîðûõ ìàëûõ çíà÷åíèé � (1)

s ïðèâåäåíû ãðàôèêè ðàñïðåäåëåíèÿ ýòèõ ìîìåíòîâ M s äëÿ

Ðèñ. 4. Ãðàôèêè ðàñïðåäåëåíèÿ ìîìåíòîâ M s äëÿ
íåêîòîðûõ çíà÷åíèé � (1)

s â ïëèòå ñ îäíèì âêëþ÷å-
íèåì (ïðè c=a1 = 1 ) èç ìàòåðèàëîâ Ì1 (ñïëîø-

íûå ëèíèè) è Ì2 (øòðèõîâûå ëèíèè)
Fig. 4. Graphs of the distribution of moments M s

for some values of� (1)
s in a single-inclusion plate (at

c=a1 = 1 ) made of M1 (solid lines) and M2 (dashed
lines) materials

ïëèòû ñ îäíèì âêëþ÷åíèåì (ïðè c = 1 ).
Çíà÷åíèÿ èçãèáàþùèõ ìîìåíòîâ â

ïëèòå èç ¾ñèëüíî àíèçîòðîïíîãî¿ ìàòå-
ðèàëà Ì2 çíà÷èòåëüíî áîëüøå, ÷åì â
ïëèòå èç ¾áëèçêîãî ê èçîòðîïíîìó¿ ìà-
òåðèàëà Ì1. Íà èçãèáàþùèå ìîìåíòû
â ïëèòå çíà÷èòåëüíî âëèÿþò ïüåçîñâîé-
ñòâà, ïîðîé çíà÷åíèÿ ìîìåíòîâ ñ ó÷åòîì
ïüåçîñâîéñòâ (çàäà÷à ÝÌÓ) â 2 è áîëåå
ðàç îòëè÷àþòñÿ îò èõ çíà÷åíèé áåç ó÷åòà
ïüåçîñâîéñòâ (çàäà÷à ÒÓ).

Êàê ïîêàçûâàþò èññëåäîâàíèÿ, ñ
óìåíüøåíèåì îòíîøåíèÿ ïîëóîñåé ýë-
ëèïòè÷åñêèõ âêëþ÷åíèé bl =al çíà÷åíèÿ
ìîìåíòîâ M s â îêðåñòíîñòè êîíöîâ ìà-
ëûõ ïîëóîñåé ýëëèïñîâ bl çíà÷èòåëüíî
óìåíüøàþòñÿ, íî ðåçêî ðàñòóò â îêðåñò-

íîñòè êîíöîâ áîëüøèõ ïîëóîñåé al , ñòðåìÿñü ê áåñêîíå÷íîñòè, è ïðè bl =al 6 10� 3 ìîæíî
ãîâîðèòü î ÊÈÌ äëÿ êîíöîâ ëèíåéíûõ âêëþ÷åíèé.

Â òàáë.2 äëÿ ïëèòû èç ìàòåðèàëà Ì2 ñ äâóìÿ îäèíàêîâûìè óïðóãèìè ëèíåéíûìè â êëþ-
÷åíèÿìè (íå îáëàäàþùèìè ïüåçîñâîéñòâàìè) äëèíû 2a1 (2a2 = 2a1) (ðèñ. 5) â çàâèñèìî-
ñòè îò c=a1, ãäåc � ðàññòîÿíèå ìåæäó âêëþ÷åíèÿìè, è ïàðàìåòðà ìåõàíè÷åñêîé æåñòêîñòè
âêëþ÷åíèé � (1)

s äàíû çíà÷åíèÿ ÊÈÌ k�
1 (â äàííîì ñëó÷àå k�

2 = 0 ). Çíà÷åíèÿ � (1)
s , ðàâíûå

0 è 1 , îòíîñÿòñÿ ê ñëó÷àÿì àáñîëþòíî æåñòêèõ âêëþ÷åíèé è òðåùèí ñîîòâåòñòâ åííî. Äëÿ
ñëó÷àåâ, êîãäà ïàðàìåòð � (1)

s ðàâåí 0; 1 è 10 çíà÷åíèÿ k+
1 (ÊÈÍ äëÿ ïðàâîãî êîíöà òðåùèíû)

äëÿ âñåõc=a1 ïîëó÷àþòñÿ òàêèìè æå, êàê è k�
1 , ïîýòîìó îíè â òàáë. 2 íå ïðèâåäåíû.
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Òàáëèöà 2 / Table 2

Çíà÷åíèÿ ÊÈÌ äëÿ êîíöîâ ëåâîãî ëèíåéíîãî âêëþ÷åíèÿ â ïëèòå èç
ìàòåðèàëà Ì2 ñ äâóìÿ ëèíåéíûìè âêëþ÷åíèÿìè

The CMI(the coe�cient of the moments intensity) values for the e nds of
the left linear inclusion in a plate made of M2 material with tw o linear

inclusions

� (1)
s ÊÈÌ

c=a1

1 2 1 0.5 0.1 0.01

0
k�

1 � 0:527 � 0:542 � 0:554 � 0:568 � 0:603 � 0:639

k+
1 � 0:527 � 0:552 � 0:585 � 0:645 � 0:935 � 1:971

10� 3 k�
1 � 0:160 � 0:161 � 0:162 � 0:162 � 0:164 � 0:164

k+
1 � 0:160 � 0:162 � 0:166 � 0:173 � 0:206 � 0:319

0.1 k�
1 � 0:003 � 0:003 � 0:003 � 0:003 � 0:003 � 0:003

10 k�
1 0.006 0.006 0.006 0.006 0.006 0.006

103 k�
1 0.404 0.408 0.410 0.413 0.417 0.419

k+
1 0.404 0.412 0.423 0.444 0.543 0.882

1
k�

1 0.998 1.026 1.049 1.079 1.148 1.221

k+
1 0.998 1.046 1.110 1.226 1.791 3.836

Ðèñ. 5. Ñõåìà çàäà÷è ñ äâóìÿ
ëèíåéíûìè âêëþ÷åíèÿìè

Fig. 5. Task diagram with two
linear inclusions

Êàê âèäíî èç äàííûõ, ïðèâåäåííûõ â òàáë. 2,
åñëè ìåõàíè÷åñêàÿ æåñòêîñòü âêëþ÷åíèé ìåíüøå
æåñòêîñòè ïëèòû ( � (1)

s > 1), òî ÊÈÌ ïîëîæèòåëüíû
è â ìàëîé îêðåñòíîñòè êîíöîâ ëèíåéíûõ âêëþ÷åíèé
ïðè ïîëîæèòåëüíûõ òîëùèííûõ êîîðäèíàòàõ z íà-
ïðÿæåíèÿ ïîëîæèòåëüíû (ïðîèñõîäèò ðàñòÿæåíèå),
åñëè æå ìåõàíè÷åñêàÿ æåñòêîñòü âêëþ÷åíèé ìåíüøå
æåñòêîñòè ïëèòû ( � (1)

s < 1), òî ÊÈÌ îòðèöàòåëüíû
è â ìàëîé îêðåñòíîñòè êîíöîâ âêëþ÷åíèé ïðè ïî-
ëîæèòåëüíûõ òîëùèííûõ êîîðäèíàòàõ z íàïðÿæå-
íèÿ â ïëèòå îòðèöàòåëüíû (ïðîèñõîäèò ñæàòèå). Åñ-
ëè ìàòåðèàëû ïëèòû è âêëþ÷åíèé ïî ìåõàíè÷åñêèì
ñâîéñòâàì îäèíàêîâû ( � (1)

s = 1 ), òî, êàê è ñëåäîâàëî îæèäàòü, ÊÈÌ ðàâíû íóëþ è íàïðÿ-
æåííîå ñîñòîÿíèå â ïëèòå òàêîå, êàê â ïëèòå áåç âêëþ÷åíèÿ. Ïðè ñáëè æåíèè äðóã ñ äðóãîì
âêëþ÷åíèé èç áîëåå æåñòêîãî ìàòåðèàëà, ÷åì ìàòåðèàë ïëèòû ( � (1)

s < 1), çíà÷åíèÿ ÊÈÌ
óìåíüøàþòñÿ; ïðè ñáëèæåíèè äðóã ñ äðóãîì âêëþ÷åíèé èç ìàòåðèàëà, ê îòîðûé çíà÷èòåëüíî
ìÿã÷å ìàòåðèàëà ïëèòû ( � (1)

s >> 1), çíà÷åíèÿ ÊÈÌ ðåçêî ðàñòóò, îñîáåííî äëÿ áëèæàéøèõ
äðóã ê äðóãó êîíöîâ âêëþ÷åíèé (òðåùèí). Äëÿ ñëó÷àÿ òðåùèí ( � (1)

s = 1 ) çíà÷åíèÿ ÊÈÌ
ñîâïàäàþò ñ èçâåñòíûìè [ 19].

Çàêëþ÷åíèå

Òàêèì îáðàçîì, ñ èñïîëüçîâàíèåì êîìïëåêñíûõ ïîòåíöèàëîâ òåîðèè èçãè áà òîíêèõ ïüå-
çîïëèò [ 8] ðåøåíà çàäà÷à îá èçãèáå ïëèòû ñ âêëþ÷åíèÿìè èç äðóãèõ ìàòåðèàëîâ. Ïð è ýòîì
ñ ïîìîùüþ êîíôîðìíûõ îòîáðàæåíèé, ðàçëîæåíèé ãîëîìîðôíûõ ôóíêöè é â ðÿäû Ëîðàíà
è ïî ïîëèíîìàì Ôàáåðà çà ñ÷åò âûïîëíåíèÿ êðàåâûõ óñëîâèé ÎÌÍÊ [ 9] çàäà÷à ñâåäå-
íà ê ïåðåîïðåäåëåííîé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ðåøàåìîé ìåò îäîì
ñèíãóëÿðíûõ ðàçëîæåíèé [ 14, 15]. ×èñëåííûå èññëåäîâàíèÿ ïðîâåäåíû äëÿ ïëèòû ñ äâóìÿ
êðóãîâûìè èëè ëèíåéíûìè âêëþ÷åíèÿìè. Óñòàíîâëåíû çàêîíîìåðíîñòè èçìåí åíèÿ ÝÌÓÑ
ïëèòû â çàâèñèìîñòè îò ôèçèêî-ìåõàíè÷åñêèõ ñâîéñòâ ìàòåðèàëîâ è ãåîìåòð è÷åñêèõ õà-
ðàêòåðèñòèê âêëþ÷åíèé.
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by the method of variational iterations is ensured by comparative analysis with known solutions. The
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Ââåäåíèå

Ìíîãèå èíæåíåðíûå ïðèëîæåíèÿ òðåáóþò ïðèìåíåíèÿ ïëàñòèí ñ êîñîóãîëüí îé (ïåðåêî-
øåííîé) ãåîìåòðèåé, íàïðèìåð äëÿ õâîñòîâîãî îïåðåíèÿ è ñòðåëîâèäíûõ êðûëü åâ ñàìîëå-
òîâ, à òàêæå â ñóäîñòðîåíèè, ìàøèíîñòðîåíèè, ìåäèöèíå è äð.

Äëÿ èññëåäîâàíèÿ êîñîóãîëüíûõ ïëàñòèí íåîáõîäèìî ðàçðàáîòàòü ýôôåêòè âíûå è òî÷-
íûå ìåòîäû. Â èññëåäîâàíèÿõ [ 1� 10] ýôôåêòèâíîñòü ìåòîäà âàðèàöèîííûõ èòåðàöèé (ÌÂÈ)
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áûëà âûÿâëåíà äëÿ èññëåäîâàíèÿ ïðÿìîóãîëüíûõ â ïëàíå ïëàñòèí. Íàñòîÿù àÿ ðàáîòà ïîñâÿ-
ùåíà ïðèìåíåíèþ ìåòîäà âàðèàöèîííûõ èòåðàöèé äëÿ êîñîóãîëüíûõ ãåîìåòðè ÷åñêè íåëè-
íåéíûõ ïëàñòèí. Íàðÿäó ñ ìåòîäîì âàðèàöèîííûõ èòåðàöèé äëÿ èññëåäîâà íèÿ êîñîóãîëü-
íûõ ïëàñòèí â ëèíåéíîé ïîñòàíîâêå ïðèìåíÿëèñü ìåòîäû êîíå÷íûõ ýëåìåíòîâ [11� 13], äèô-
ôåðåíöèàëüíûõ êâàäðàòóð [ 14] è êîíå÷íûõ ðàçíîñòåé [ 15] áåç ó÷åòà ïîðèñòîñòè ìàòåðèàëà
è ðàçìåðíîé çàâèñèìîñòè.

Èññëåäîâàíèå ïëàñòèí ñ ïîðèñòîñòüþ ÿâëÿåòñÿ âàæíûì ââèäó èõ óíèêàëü íûõ îñîáåííî-
ñòåé. Ïîðèñòûå ìàòåðèàëû äëÿ ïëàñòèí îáëàäàþò ðÿäîì ïðåèìóùåñòâ, êî òîðûå äåëàþò èõ
âîñòðåáîâàííûìè â ðàçëè÷íûõ îáëàñòÿõ, âêëþ÷àÿ ýëåêòðîõèìèþ, ýíåðãåòèê ó, ôèëüòðàöèþ.
Îñíîâíûìè ïðåèìóùåñòâàìè ïîðèñòûõ ìàòåðèàëîâ ÿâëÿþòñÿ:

1) òåðìîèçîëÿöèîííûå ñâîéñòâà � âîçäóõ â ïîðàõ ñíèæàåò òåïëîïðîâîäíî ñòü, ÷òî äåëàåò
òàêèå ìàòåðèàëû ïðèãîäíûìè äëÿ èçîëÿöèè;

2) ýêîíîìèÿ ìàòåðèàëà � ìåíüøèé ðàñõîä ñûðüÿ ïî ñðàâíåíèþ ñ ìîíîëèòí ûìè ñòðóêòó-
ðàìè áåç ïîòåðè ôóíêöèîíàëüíîñòè;

3) óìåíüøåíèå âåñà � ýòî îñîáåííî âàæíî â àâèà-, ñóäî- è àâòîìîáèëåñòðî åíèè.
Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ãåîìåòðè÷åñêè íåëèíåéíûõ ïî Ò. ôî í Êàð-

ìàíó êîñîóãîëüíûõ ïîðèñòûõ ôóíêöèîíàëüíî-ãðàäèåíòíûõ ïëàñòèí ïðè ä åéñòâèè ïîïåðå÷-
íîé íàãðóçêè ñ ó÷åòîì ðàçìåðíîé çàâèñèìîñòè. Èññëåäóåòñÿ âëèÿíèå ïîðèñòî ñòè, ôóíêöèî-
íàëüíîé ãðàäèåíòíîñòè, ðàçìåðíûõ ýôôåêòîâ è óãëà íàêëîíà êîñîóãîëüí ûõ ïëàñòèí.

1. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå êîñîóãîëüíûõ ðàçìåðíî çà âèñèìûõ
ïîðèñòûõ ôóíêöèîíàëüíî-ãðàäèåíòíûõ ïëàñòèí

Ðàññìîòðèì êîñîóãîëüíóþ ïëàñòèíó â ïðîñòðàíñòâå R3 êàê òðåõìåðíîå òåëî V 2 f 0 6 � 6
6 a;0 6 � 6 b; � h=2 6 z 6 h=2g (ðèñ. 1), ãäå h � òîëùèíà ïëàñòèíû, a, b� ñòîðîíû
ïëàñòèíû, ' � óãîë íàêëîíà.

à / a á / b
Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà êîñîóãîëüíîé ïëàñòèíû: a � â 3D âèäå; á � ñðå-

äèííàÿ ïëîñêîñòü êîñîóãîëüíîé ïëàñòèíû (öâåò îíëàéí)

Fig. 1. Calculation scheme of an oblique plate:a � in 3D view; b � the middle
plane of an oblique plate (color online)

Ïðèíÿòû ñëåäóþùèå ãèïîòåçû:
1) ãèïîòåçà Êèðõãîôà;
2) ðàçìåðíûå ýôôåêòû ïëàñòèí ó÷èòûâàþòñÿ â ñîîòâåòñòâèè ñ [ 16];
3) ìîäóëü óïðóãîñòè E = E(z) è êîýôôèöèåíò Ïóàññîíà � = � (z) ÿâëÿþòñÿ ôóíêöèÿìè

îò z.
Èññëåäóþòñÿ ñëåäóþùèå ðàñïðåäåëåíèÿ ïîð (U; X; O) [17]:
1) U-ÏÔÃÌ:

E (z) = ( Ec � Em ) (1=2 + z=h)p + Em � (Ec + Em ) � =2;

� (z) = ( � c � � m ) (1=2 + z=h)p + � m � (� c + � m ) � =2;
(1)
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2) X-ÏÔÃÌ:

E (z) = ( Ec � Em ) (1=2 + z=h)p + Em � (Ec + Em ) (1=2 � j zj =h) � ;

� (z) = ( � c � � m ) (1=2 + z=h)p + � m � (� c + � m ) (1=2 � j zj =h) �;
(2)

3) O-ÏÔÃÌ:

E (z) = ( Ec � Em ) (1=2 + z=h)p + Em � (Ec + Em ) jzj � =h;

� (z) = ( � c � � m ) (1=2 + z=h)p + � m � (� c + � m ) jzj � =h;
(3)

ãäåp � ôóíêöèîíàëüíî-ãðàäèåíòíûé ïàðàìåòð, îòâå÷àþùèé çà ñîîòíîøåíèÿ î áúåìíûõ äî-
ëåé ìàòåðèàëà; � � ïîêàçàòåëü ïîðèñòîñòè ìàòåðèàëà. Ñëåäóåò çàìåòèòü, ÷òî êîíöåíòðàöè-
åé íàïðÿæåíèé âáëèçè ïóñòîò ìîæíî ïðåíåáðå÷ü ââèäó èõ ìàëîãî ðàçìåðà, ï ðåäïîëàãàåòñÿ
ïëàâíîå, íåïðåðûâíîå èçìåíåíèå íàïðÿæåíèé ïî òîëùèíå ïëàñòèíû.

Èç ïðèíöèïà Ãàìèëüòîíà

t1Z

t0

� (� U + W + K ) dt = 0 (4)

ïîëó÷åíû óðàâíåíèÿ äâèæåíèÿ ãèáêèõ ÏÔÃÌ ðàçìåðíî çàâèñèìûõ êîñîóãîëüí ûõ ïëàñòèí
â ïðèíÿòîé ñèñòåìå êîîðäèíàò, à òàêæå êðàåâûå è íà÷àëüíûå óñëîâèÿ.

Ïðèâåäåì ñòàòè÷åñêèå óðàâíåíèÿ ãèáêèõ ÏÔÃÌ êîñîóãîëüíûõ ìèêðî/íàíî ïëàñòèí ( 5)�
(7) â ïåðåìåùåíèÿõ u(�; � ), v(�; � ) è w(�; � ) êàê ôóíêöèè �; � ñ êðàåâûìè óñëîâèÿìè ( 8)�( 9),
îïóñòèâ äèíàìè÷åñêèå ÷ëåíû:
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+
@2w
@�2

��
+

+ A4c� 1
�

� s
@2v
@2�

+
@2v

@�@�
+ c� 1

�
� s

@w
@�

+
@w
@�

� �
� s

@2w
@2�

+
@2w
@�@�

��
= 0 ; (5)

c� 2
�

s2 @2v
@�2

� 2s
@2v

@�@�
+

@2v
@�2

+ c� 1
�

� s
@w
@�

+
@w
@�

� �
s2 @2w

@�2
� 2s

@2w
@�@�

+
@2w
@�2

��
+

+ A3

 
@2v
@�2

+ c� 1 @2w
@�2

� 1 �
� s

@2w
@2�

+
@2w
@�@�

� !

+

+ A4c� 1
��

� s
@2u
@2�

+
@2u

@�@�

�
+

@w
@�

�
� s

@2w
@2�

+
@2w
@�@�

��
= 0 ; (6)

Dc� 4
�

@4w
@�4

� 4s
@4w

@�3@�
+ 2(1 + 2 s)

@2w
@�2@�2

� 4s
@4w

@�@�3
+

@4w
@�4

�
+

+ A1c� 1
�

c� 1
�

� s
@u
@�

+
@u
@�

�
+

@v
@�

+ c� 1 @w
@�

�
� s

@w
@�

+
@w
@�

�� �
� s

@2w
@2�

+
@2w
@�@�

�
� q =

= A2

" 
@u
@�

+
1
2

�
@w
@�

� 2

+ �

 

c� 1
�

� s
@v
@�

+
@v
@�

�
+

1
2

c� 2
�

� s
@w
@�

+
@w
@�

� 2
!!

@2w
@�2

#

+

+ A2c� 2

" 

c� 1
�

� s
@v
@�

+
@v
@�

�
+

1
2

c� 2
�

� s
@w
@�

+
@w
@�

� 2

+ �

 
@u
@�

+
1
2

�
@w
@�

� 2
!!

�

�
�

s2 @2w
@�2

� 2s
@2w
@�@�

+
@2w
@�2

��
; (7)

ãäåA1 =
1R

0

E
(1+ � ) dz, A2 =

1=2R

� 1=2

E
1� � 2 dz, A3 =

1=2R

� 1=2

1� �
2 dz, A4 =

1=2R

� 1=2

1� �
2 dz;
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ãðàíè÷íûå óñëîâèÿ:
� øàðíèð ïî êîíòóðó ïëàñòèíû:

wjS = 0 ;
@2w
@n2

jS = 0 ; ujS = 0 ; vjS = 0; (8)

� çàùåìëåíèå ïî êîíòóðó ïëàñòèíû:

wjS = 0 ;
@w
@n

jS = 0 ; ujS = 0 ; vjS = 0 : (9)

Äëÿ êîñîóãîëüíûõ ÏÔÃÌ ïëàñòèí ñîãëàñíî ìîäèôèöèðîâàííîé ìîìåíòíî é òåîðèè âû-
ðàæåíèå äëÿ öèëèíäðè÷åñêîé �D ïðèìåò âèä

�D =

1=2Z

� 1=2

�
E (z)z2

1 � � 2(z)
+

E(z)l2

1 + � (z)

�
dz: (10)

Â âûðàæåíèè ( 10) ïåðâûé ÷ëåí îòíîñèòñÿ ê êëàññè÷åñêîé òåîðèè, âòîðîé ÷ëåí ó÷èòûâàåò
ðàçìåðíî çàâèñèìûé ïàðàìåòð l ñîãëàñíî ìîäèôèöèðîâàííîé ìîìåíòíîé òåîðèè ßíãà [ 16].
Óðàâíåíèÿ ( 5)�( 10) ïðèâåäåíû ê áåçðàçìåðíîìó âèäó ñ èñïîëüçîâàíèåì ïàðàìåòðîâ ( 11).
×åðòî÷êè íàä áåçðàçìåðíûìè ïàðàìåòðàìè â óðàâíåíèÿõ ( 5)�( 10) è äàëåå îïóùåíû.

�w =
w
h

q =
a2b2

Eh4 q; �E (z) =
E(z)
Em

; � =
a
b

; �� =
�
a

; �� =
�
b

; �l =
l
h

: (11)

2. Ìåòîä âàðèàöèîííûõ èòåðàöèé

Ðàññìîòðèì èñïîëüçîâàíèå ìåòîäà âàðèàöèîííûõ èòåðàöèé íà ïðèìåðå ñè ñòåìû íåëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â îïåðàòîðíîì âèäå

L i [' 1(�; � ); : : : ; ' m (�; � )] = f i (�; � ); i = 1 ; 2; : : : ; m: (12)

Ðåøåíèå ÌÂÈ äëÿ êîñîóãîëüíûõ ïëàñòèí ïðåäñòàâëÿåòñÿ â âèäå ñóììû ïðîèçâåä åíèÿ

ôóíêöèé äëÿ ÌÂÈ â âûñøèõ ïðèáëèæåíèÿõ ' i (�; � ) =
NP

j =1
Ti;j (� )Pi;j (� ), i = 1 ; : : : ; m.

Ïðèìåíåíèå ÌÂÈ ïîäðîáíî îïèñàíî â ðàáîòàõ [ 1� 5]. Ïîêàçàíî, ÷òî ÌÂÈ ïîçâîëÿåò ìè-
íèìèçèðîâàòü âðåìÿ ðàñ÷åòà ïðè âûñîêîé òî÷íîñòè âû÷èñëåíèé [ 1� 5].

2.1. Ñðàâíèòåëüíûé àíàëèç ðåøåíèé

Òàáëèöà 1 / Table 1

Ñîïîñòàâëåíèå ðåøåíèé êâàäðàòíîé ( � = 1 ) ïîëíîðàç-
ìåðíîé ( l = 0 ) ïëàñòèíêè, çàùåìëåííîé ïî êîíòóðó ( 9)
Comparison of solutions of a square (� = 1 ) full-size

(l = 0 ) plate clamped along the contour (9)

Ìåòîäû w(0:5; 0:5) Ïîãðåøíîñòü, %

Yamaki [18] 1.25 0.79

Wang [19] 1.23 2.38

ÌÊÝ [ 20] 1.23 2.38

ÌÂÈ 1 ïðèáë. ( n = 49) 1.26 0.00

Ïðîâåäåì ñðàâíèòåëüíûé àíàëèç
èçâåñòíûõ ðåøåíèé, èìåþùèõñÿ â
ëèòåðàòóðå. Ðåøåíèÿ w(0:5; 0:5) äëÿ
çàùåìëåíèÿ ïî êîíòóðó ïëàñòèí ( 9)
ïðè q = 150, � = 1 , l = 0 , ' = 0
ñîïîñòàâëÿþòñÿ ñ ðåøåíèÿìè, ïîëó-
÷åííûìè ìåòîäàìè Ãàëåðêèíà [ 18,19]
è êîíå÷íûõ ýëåìåíòîâ [ 20].

Èç äàííûõ, ïðåäñòàâëåííûõ â
òàáë. 1, ñëåäóåò, ÷òî ðåçóëüòàòû, ïî-
ëó÷åííûå ÌÂÈ, îáëàäàþò âûñîêîé
òî÷íîñòüþ è îòëè÷àþòñÿ îò [ 18� 20]
ìåíåå ÷åì íà 3%.
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3. Èññëåäîâàíèå ÏÔÃÌ ðàçìåðíî çàâèñèìûõ êîñîóãîëüíûõ ïëàñ òèí

Ãåîìåòðèÿ êîñîóãîëüíûõ ïëàñòèí ñóùåñòâåííî âëèÿåò íà åå íàïðÿæåííî-äåôîð ìèðî-
âàííîå ñîñòîÿíèå è íåñóùóþ ñïîñîáíîñòü. Èññëåäóåì âëèÿíèå óãëà íàêëîí à ' äëÿ ðàçìåð-
íî çàâèñèìîé íà èçãèáàíèå ôóíêöèîíàëüíî-ãðàäèåíòíîé ïîðèñòîé êîñî óãîëüíîé ïëàñòèíû

Ðèñ. 2. Çàâèñèìîñòüq[w(0:5; 0:5)] êîñîóãîëüíûõ
ïëàñòèí U-ÏÔÃÌ ïðè p = 0 , � = 0 :4 ìàêðîðàç-
ìåðíûõ ( l = 0 ) è ìèêðîïëàñòèí ( l = 0 :5) äëÿ

ãðàíè÷íûõ óñëîâèé ( 8) (öâåò îíëàéí)

Fig. 2. Dependence ofq[w(0:5; 0:5)] of oblique
U-PFGM plates at p = 0 , � = 0 :4 of macro-sized
(l = 0 ) and micro-plates (l = 0 :5) for boundary

conditions (8) (color online)

Ðèñ. 3. Ñîïîñòàâëåíèå ðàñïðåäåëåíèÿ ïîðèñòî-
ñòè ïëàñòèíû (öâåò îíëàéí)

Fig. 3. Comparison of the plate's porosity
distribution (color online)

U-ÏÔÃÌ. Íà ðàññìàòðèâàåìûå ïëàñòèíû
äåéñòâóåò ðàâíîìåðíàÿ ïîïåðå÷íàÿ íàãðóç-
êà q. Íà ðèñ. 2 ïðèâåäåíî ñîïîñòàâëåíèå
ðåøåíèé q[w(0:5; 0:5)] äëÿ ìàêðîðàçìåðíûõ
è ìèêðîïëàñòèí ïðè l = 0 :4, à òàêæå
èçîáðàæåíà ïîâåðõíîñòü ïðîãèáîâ ïëàñòè-
íû w(�; � ) ïðè ' = 25 � , l = 0 :5, q = 200.

Íà ðèñ. 3 èçîáðàæåíû ãðàôèêè çàâè-
ñèìîñòè ìàêñèìàëüíîãî ïðîãèáà â çàâèñè-
ìîñòè îò óãëà íàêëîíà ' äëÿ òðåõ òèïîâ
ðàñïðåäåëåíèÿ ïîð: U-ÏÔÃÌ, X-ÏÔÃÌ,
O-ÏÔÃÌ äëÿ ìàêðî- è íàíîðàçìåðíûõ ïëà-
ñòèí. Ðåøåíèÿ ïîëó÷åíû ïðè äåéñòâèè ðàâ-
íîìåðíî ðàñïðåäåëåííîé íàãðóçêè èíòåí-
ñèâíîñòè q = 150 äëÿ øàðíèðíî îïåðòîé ïî
êîíòóðó ïëàñòèíû ( 8). Íà ðèñ. 3 òàêæå èçîá-
ðàæåíû ïîâåðõíîñòè w(�; � ) ïðè ' = 45 � ,
l = 0 :5, q = 150.

Òàêèì îáðàçîì, óâåëè÷åíèå óãëà íà-
êëîíà êîñîóãîëüíîé ïëàñòèíû ïðèâîäèò ê
óìåíüøåíèþ âåëè÷èíû ïðîãèáà w(�; � ). Çà-
âèñèìîñòü ôóíêöèè w(�; � ) îò óãëà ' íåëè-
íåéíàÿ (ñì. ðèñ. 3). Óâåëè÷åíèå ïàðàìåò-
ðà l óâåëè÷èâàåò íåñóùóþ ñïîñîáíîñòü êî-
ñîóãîëüíûõ ïëàñòèí.

Ïîðèñòîñòü ìàòåðèàëà ÿâëÿåòñÿ âàæ-
íûì ôàêòîðîì ïðè àíàëèçå íàïðÿæåííî-
äåôîðìèðîâàííîãî ñîñòîÿíèÿ êîñîóãîëüíûõ
ïëàñòèí. Îòìåòèì, ÷òî êîíöåíòðàöèåé íà-
ïðÿæåíèé âáëèçè ïóñòîò ìîæíî ïðåíåáðå÷ü
ââèäó èõ ìàëîãî ðàçìåðà.

Èññëåäóåì âëèÿíèå ïàðàìåòðà ïîðè-
ñòîñòè � íà èçãèáàíèå ôóíêöèîíàëüíî-
ãðàäèåíòíîé ïîðèñòîé êîñîóãîëüíîé ïëà-
ñòèíû U-ÏÔÃÌ.

Íà ðèñ. 4 ïðèâåäåíû ðåøåíèÿ q[w(0:5;
0:5)] êîñîóãîëüíûõ ïëàñòèí U-ÏÔÃÌ äëÿ
p = 1 , � = 1 è ïîâåðõíîñòü w(�; � ) ïðè
' = 15 � , l = 0 , q = 250 äëÿ øàðíèðíîãî
îïèðàíèÿ ( 9). Öâåò êðèâûõ óêàçàí íà ðèñ. 4
â ñîîòâåòñòâèè ñ ïàðàìåòðîì ïîðèñòîñòè � .

Ïàðàìåòð ïîðèñòîñòè � îïðåäåëÿåò îáú-
åì ïîð â ìàòåðèàëå ïëàñòèíêè. Çíà÷åíèå ïàðàìåòðà ïîðèñòîñòè îêàçûâàåò ñó-
ùåñòâåííîå âëèÿíèå íà íåñóùóþ ñïîñîáíîñòü êîñîóãîëüíûõ ïëàñòèí. Â ÷àñòíî -
ñòè, ðîñò ýòîãî ïàðàìåòðà ñïîñîáñòâóåò ñíèæåíèþ âåëè÷èíû ïðîãèáà äëÿ âñåõ â è-
äîâ ïîðèñòîé ñòðóêòóðû. Íàïðèìåð, äëÿ êîñîóãîëüíûõ ïëàñòèí ñ ðàñïðåäåë åíèåì
ïîð òèïà U-ÏÔÃÌ ïðè èçìåíåíèè êîýôèöèåíòà � îò 0 äî 0.4 ïðîãèá âîçðàñòàåò
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íà 18�25%, òîãäà êàê äëÿ ìèêðîïëàñòèí (ïðè l = 0 :4) óâåëè÷åíèå ñîñòàâëÿåò ëèøü 10%.
Ó÷åò ðàçìåðíûõ ýôôåêòîâ òàêæå ñóùåñòâåííî èçìåíÿåò ÍÄÑ, ïðèâîäÿ ê óìåíüøåíè þ ïðî-
ãèáà êîñîóãîëüíûõ ïëàñòèí íà 40�50%.

Ñîîòíîøåíèå ìàòåðèàëîâ â êîìïîçèòå ìîæåò ñóùåñòâåííî âëèÿòü íà èõ íåñóù óþ ñïîñîá-
íîñòü. Äëÿ àíàëèçà äàííîãî ýôôåêòà èññëåäóåì âëèÿíèå ôóíêöèîíàëüíî- ãðàäèåíòíîãî ïà-
ðàìåòðà ìàòåðèàëà p íà èçãèá ÏÔÃÌ êîñîóãîëüíûõ ïëàñòèí ñ ðàñïðåäåëåíèåì ïîð U-ÏÔÃÌ
(1). Ïðèâåäåíû ðåøåíèÿ q[w(0:5; 0:5)] äëÿ l = 0 ; 0:4 (ðèñ. 5).

Ðèñ. 4. Çàâèñèìîñòü q[w(0:5; 0:5)] êîñî-
óãîëüíûõ ïëàñòèí ïðè � = 0 ; 0:2; 0:4,
' = 15 � äëÿ ãðàíè÷íûõ óñëîâèé ( 8)

(öâåò îíëàéí)
Fig. 4. Dependence ofq[w(0:5; 0:5)] on oblique
plates at � = 0 ; 0:2; 0:4, ' = 15 � for boundary

conditions (8) (color online)

Ðèñ. 5. Çàâèñèìîñòüq[w(0:5; 0:5)] êîñîóãîëü-
íûõ ïëàñòèí ïðè ' = 15 � , � = 1 ,
p = 0 :25; 1; 4 äëÿ ãðàíè÷íûõ óñëîâèé ( 8)

(öâåò îíëàéí)
Fig. 5. Dependenceq[w(0:5; 0:5)] of oblique
plates at ' = 15 � , � = 1 , p = 0 :25; 1; 4 for

boundary conditions (8) (color online)

Ïàðàìåòð p âëèÿåò íà îáúåìíûå äîëè êåðàìèêè è ìåòàëëà â ìàòåðèàëå êîñîóãîëüíûõ
ïëàñòèí. Èñïîëüçîâàíèå ðàññìàòðèâàåìûõ ôóíêöèîíàëüíî-ãðàäèåíòíû õ ìàòåðèàëîâ ïîçâî-
ëÿåò ñî÷åòàòü â ñåáå îñîáåííîñòè ãèáêîñòè ìåòàëëè÷åñêèõ ïëàñòèí è ïðî÷íîñòè êåðàìèêè.
Ñ ðîñòîì ïàðàìåòðà p óâåëè÷èâàåòñÿ îòíîøåíèå îáúåìà ìåòàëëà ê êåðàìè êå è ïðèâîäèò ê
çíà÷èòåëüíîìó ðîñòó íåñóùåé ñïîñîáíîñòè êîñîóãîëüíûõ ïëàñòèí äëÿ l = 0 ; 0:4.

Çàêëþ÷åíèå

Ïîëó÷åíà ìàòåìàòè÷åñêàÿ ìîäåëü êîñîóãîëüíûõ ÏÔÃÌ ïëàñòèí ïî ìîäèôè öèðîâàííîé
ìîìåíòíîé òåîðèè óïðóãîñòè è íåëèíåéíîñòè Ò. ôîí Êàðìàíà.

Ìåòîä âàðèàöèîííûõ èòåðàöèé � ðàñøèðåííûé ìåòîä Êàíòîðîâè÷à � ïðèì åíÿåòñÿ äëÿ
ðàñ÷åòà óêàçàííîãî êëàññà çàäà÷. Ïîêàçàíà åãî âûñîêàÿ òî÷íîñòü, ïîçâîëÿþ ùàÿ ïîëó÷àòü
ïðàêòè÷åñêè òî÷íûå ðåøåíèÿ.

Âïåðâûå â ãåîìåòðè÷åñêè íåëèíåéíîé ïîñòàíîâêå èññëåäóåòñÿ íàïðÿæåííî-äåôî ðìèðî-
âàííîå ñîñòîÿíèå ïîðèñòûõ ôóíêöèîíàëüíî-ãðàäèåíòíûõ ðàçìåðíî çàâè ñèìûõ êîñîóãîëü-
íûõ ïëàñòèí.

Óâåëè÷åíèå îáúåìíîé äîëè êåðàìèêè â ôóíêöèîíàëüíî-ãðàäèåíòíûõ ìà òåðèàëàõ ïîç-
âîëÿåò ñóùåñòâåííî óâåëè÷èòü íåñóùóþ ñïîñîáíîñòü êîñîóãîëüíûõ ïëàñòèí. Ê îñîóãîëüíûå
ïëàñòèíû ñ òèïîì ïîð X (ñì. ( 2)) èìåþò íàèìåíüøèé ïðîãèá ïî ñðàâíåíèþ ñ ïîðàìè U
(ñì. ( 1)), O (ñì. ( 3)).

Âåëè÷èíà óãëà íàêëîíà ñóùåñòâåííî âëèÿåò íà íåñóùóþ ñïîñîáíîñòü ÏÔÃÌ êîñî óãîëü-
íûõ ïëàñòèí.
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ÓÄÊ 534.2

Ðàñ÷åò ðàññåÿíèÿ ïëîñêîé çâóêîâîé âîëíû àáñîëþòíî æåñòêèì òåëîì
ïðîèçâîëüíîé ôîðìû íà îñíîâå ãðàíè÷íîãî èíòåãðàëüíîãî óðà âíåíèÿ

Áåðòîíà � Ìèëëåðà

Ä. Ð. Ëåïåòêîâ

Òóëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. Ë. Í. Òîëñòîãî, Ðîññèÿ, 300026, ã. Òóëà, ïð. Ëå-

íèíà, ä. 125

Ëåïåòêîâ Äàíèèë Ðóñëàíîâè÷ , àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè è èíôîðìàòèêè,

Lepetckov@ya.ru, https://orcid.org/0000-0002-5474-1328 , SPIN: 9047-2173, AuthorID: 1246103

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à ðàñ÷åòà ðàññåÿíèÿ ïëîñêîé çâóêîâîé âîëíû àáñîëþòíî æåñò-
êèì òðåõìåðíûì òåëîì. Ïðåäïîëàãàåòñÿ, ÷òî ïîâåðõíîñòü òåëà çàäàíà íåñòðóêòóðèðîâàííîé ïî-
ëèãîíàëüíîé ñåòêîé (òðåóãîëüíûì 3D-ìåøåì), ÷òî âàæíî äëÿ ïð àêòè÷åñêèõ ïðèëîæåíèé. Ðàçâè-
âàåòñÿ ìåòîä ãðàíè÷íûõ ýëåìåíòîâ íà îñíîâå ðåãóëÿðèçîâàíí îãî èíòåãðàëüíîãî óðàâíåíèÿ Áåð-
òîíà � Ìèëëåðà ñ ïàðàìåòðîì � . Ïðèìåíåíèå ýòîãî óðàâíåíèÿ ðåøàåò ïðîáëåìó íååäèíñòâåíí îñòè
ðåøåíèÿ. Íåñìîòðÿ íà òî, ÷òî äàííûé ïîäõîä èçó÷àëñÿ ìíîãèìè à âòîðàìè, íåêîòîðûå ôàêòû îñòàâà-
ëèñü íåèññëåäîâàííûìè, â ÷àñòíîñòè, ðåãóëÿðèçàöèÿ äëÿ íåñò ðóêòóðèðîâàííûõ ñåòîê, îáîñíîâàíèå
ìåòîäà êîëëîêàöèé äëÿ ðåãóëÿðèçîâàííîãî óðàâíåíèÿ Áåðòîí à � Ìèëëåðà. Â äàííîé ðàáîòå äàíû
íåêîòîðûå îòâåòû íà ýòè âîïðîñû. Ïðåäëîæåíû ðåãóëÿðèçîâàííî å óðàâíåíèå Áåðòîíà � Ìèëëåðà
è åãî äèñêðåòíàÿ îáîñíîâàííàÿ âåðñèÿ íà îñíîâå ìåòîäà êîëëî êàöèé. Ýòî ïîçâîëèëî ðàçðàáîòàòü
óñòîé÷èâûé ÷èñëåííûé ìåòîä, ðàáîòàþùèé äëÿ ïðîèçâîëüíûõ âîëí îâûõ ÷èñåë. Â íåì ïðèìåíÿåòñÿ
èíòåãðèðîâàíèå ïî ÿ÷åéêàì Âîðîíîãî, îöåíêà ïîâåðõíîñòíîã î ãðàäèåíòà àêóñòè÷åñêîãî ïîòåíöèàëà
ïî ñîñåäíèì âåðøèíàì. Ñ öåëüþ âàëèäàöèè è òåñòèðîâàíèÿ ÷èñë åííîãî ìåòîäà, îáîñíîâàíèÿ âûáî-
ðà ïàðàìåòðà � äëÿ ñëó÷àÿ øàðà ñäåëàí âûâîä àíàëèòè÷åñêîãî ðåøåíèÿ íàïðÿìó þ èç óðàâíåíèÿ
Áåðòîíà � Ìèëëåðà è ñôåðè÷åñêîãî ðàçëîæåíèÿ Äæåêñîíà ôóíêö èè Ãðèíà. Ïðèâåäåíû ðåçóëüòàòû
ïðîãðàììíîé ðåàëèçàöèè.
Êëþ÷åâûå ñëîâà: àêóñòè÷åñêèé ïîòåíöèàë, ïëîñêàÿ çâóêîâàÿ âîëíà, àáñîëþòí î æåñòêîå òåëî, ìå-
òîä ãðàíè÷íûõ ýëåìåíòîâ, óðàâíåíèå Ãåëüìãîëüöà, ôóíêöèÿ Ãð èíà, ãðàíè÷íîå èíòåãðàëüíîå óðàâ-
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Calculation of scattering of a plane sound wave by a hard body of arbitrary
shape based on the Burton � Miller boundary integral equatio n
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Abstract. The problem of calculating the scattering of a plane sound wave by a hard three-dimensional
body is considered. It is assumed that the surface of the body is given by an unstructured triangular
mesh, which is important for practical applications. We develop the boundary element method based on
the regularized Burton � Miller integral equation with param eter � . The use of this equation solves the
problem of non-uniqueness of the solution. Despite the factthat this approach has been studied by many
authors, some aspects remained unexplored, in particular,the regularization for unstructured meshes and
justi�cation for the collocation method for regularized Bu rton � Miller equation. We provide some answers
to these questions. The regularized Burton � Miller equation and its discrete justi�ed version based on
the collocation method are proposed. This made it possible todevelop a robust numerical method that
works for arbitrary wavenumbers. The method involves integration over Voronoi cells and estimation
of the surface gradient of the acoustic potential using adjacent vertices. In order to validate and test
the numerical method and justify the choice of the parameter� for the case of a sphere, we derive an
analytical solution directly from the Burton � Miller equat ion and the Jackson spherical expansion of the
Green's function. The results of the software implementation are presented.
Keywords: acoustic potential, plane sound wave, hard body, boundary element method, Helmholtz
equation, Green's function, Burton � Miller boundary integ ral equation, triangular 3D-mesh
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Ââåäåíèå

Ïóñòü D � R3 � çàìêíóòàÿ îäíîñâÿçíàÿ îáëàñòü (òåëî), S = @D� ãðàíèöà D (ïî-
âåðõíîñòü), n = nx 2 S2 � âíåøíÿÿ íîðìàëü â òî÷êå x 2 S, 	 i(x) = Aeikxd � ïîòåíöèàë
ïàäàþùåé íà D ïëîñêîé çâóêîâîé âîëíû, k > 0 � âîëíîâîå ÷èñëî, x 2 R3, d 2 S2 � íàïðàâ-
ëåíèå, xd = x1d1 + x2d2 + x3d3, (x)n = x � (xn)n, @n = r n, r S = ( r )n � ïîâåðõíîñòíûé
ãðàäèåíò, f 0 äëÿ ôóíêöèé îáîçíà÷àåò ïðîèçâîäíóþ, c � ïîëîæèòåëüíûå êîíñòàíòû, A � B
çíà÷èò, ÷òî A è B â ïðåäåëå ðàâíû.

Òðåáóåòñÿ ðàññ÷èòàòü àêóñòè÷åñêèé ïîòåíöèàë ðàññåÿííîé âîëíû 	 s(x) â äàëüíåé çîíå
x 2 D c. Ðàññìîòðèì ñëó÷àé àáñîëþòíî æåñòêîãî òåëà ñ ïðåèìóùåñòâåííî ãëàäêîé ï îâåðõ-
íîñòüþ (ñì. [ 1, ãë. 2]). Ïðèìåðû ãåîìåòðèè ñöåíû ïðèâåäåíû â ðàçä. 3.

Äàííàÿ çàäà÷à õîðîøî èçó÷åíà â òåîðåòè÷åñêîé àêóñòèêå (ñì., íàïðèìåð, [2� 5]). Îäíàêî
åå àíàëèòè÷åñêîå ðåøåíèå èçâåñòíî òîëüêî äëÿ òåë êàíîíè÷åñêîé ôîðìû, çàä àþùèõñÿ ôèê-
ñèðîâàíèåì îäíîé èç êîîðäèíàò â íåêîòîðîé îðòîãîíàëüíîé ñèñòåìå êî îðäèíàò, ãäå ðàçäå-
ëÿþòñÿ ïåðåìåííûå â óðàâíåíèè Ãåëüìãîëüöà (íàïðèìåð, ïëîñêîñòü, ñôåðà è ëè ýëëèïñîèä,
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áåñêîíå÷íûé êðóãîâîé èëè ýëëèïòè÷åñêèé öèëèíäð). Äëÿ ïðàêòè÷åñêèõ ïð èëîæåíèé âàæ-
íî ðàññìîòðåòü ïðîèçâîëüíûå òåëà. Â ýòîì ñëó÷àå ïðåäëîæåíû ðàçíûå ÷èñëåííûå ìåòîäû.
Ðàññìîòðèì ìåòîä ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ) íà îñíîâå ðåãóëÿðèçîâàííîé âåðñèè ãðà-
íè÷íîãî èíòåãðàëüíîãî óðàâíåíèÿ (ÃÈÓ) Áåðòîíà � Ìèëëåðà ñ ïàðàìåòðîì � (ñì. [ 1, 5� 9]).
Òàêîé âûáîð ñâÿçàí ñ òåì, ÷òî ÃÈÓ â ñòàíäàðòíîé ïîñòàíîâêå ( � = 0 ) èìååò íååäèíñòâåí-
íîå ðåøåíèå äëÿ âîëíîâûõ ÷èñåë k, îòâå÷àþùèõ ñîáñòâåííûì çíà÷åíèÿì âíóòðåííåé çàäà÷è
Äèðèõëå. Ýòî ïðèâîäèò ê ÷èñëåííîé íåóñòîé÷èâîñòè.

ÌÃÝ øèðîêî ïðèìåíÿåòñÿ ïðè òåîðåòè÷åñêîì è ïðàêòè÷åñêîì èññëåäîâàíèè çàäà÷ âîë-
íîâîé ìåõàíèêè. Â ðÿäå ðàáîò ýòîò ìåòîä èñïîëüçóåòñÿ äëÿ ïðèáëèæåíí îãî ðåøåíèÿ çàäà÷
ðàññåÿíèÿ çâóêîâûõ âîëí íà òåëàõ íåêàíîíè÷åñêîé ôîðìû, çàäàâàåìûõ àíàëè òè÷åñêè [2,10,
11]. Îäíàêî â èíæåíåðíûõ ïðèëîæåíèÿõ ÷àùå âñåãî âñòðå÷àþòñÿ ëèáî CAD-ïîâ åðõíîñòè
(B-ñïëàéíû) [ 5], ëèáî ïîëèãîíàëüíûå ñåòêè (3D-ìåøè). Ðàññìîòðèì ñëó÷àé íåñòðóêòóð èðî-
âàííîãî òðåóãîëüíîãî ìåøà. Íàïðèìåð, îí ìîæåò áûòü ïîëó÷åí 3D-ñêàíèðî âàíèåì îáúåêòà
èëè òðèàíãóëÿöèåé CAD-ìîäåëè.

Îñíîâíîé âêëàä ðàáîòû â òåîðèþ ÌÃÝ ñîñòîèò â ïðåäëîæåíèè 1 è åãî äèñêðåòíîé âåð-
ñèè 3, ïîëó÷åííîé îáîñíîâàííûì ìåòîäîì êîëëîêàöèé (ïðåäëîæåíèå 4). Íà îñíîâå ïðåäëî-
æåíèÿ 3 äëÿ íåñòðóêòóðèðîâàííûõ ñåòîê ðàçðàáîòàí óñòîé÷èâûé ÷èñëåííûé ìåòîä , âêëþ-
÷àþùèé ïðèìåíåíèå äèñêðåòíîãî ãðàäèåíòà (ðàçä. 4). Åãî ïðåèìóùåñòâîì, ï î ñðàâíåíèþ,
íàïðèìåð, ñ [ 2], ÿâëÿåòñÿ ó÷åò ïðîèçâîëüíûõ k è ñëîæíûõ ïîâåðõíîñòåé. Äëÿ ñëó÷àÿ øà-
ðà äîêàçàíî ïðåäëîæåíèå 2, íóæíîå äëÿ âàëèäàöèè ÷èñëåííîãî ìåòîäà è àðãóìåíòàöèè â
ïîëüçó âûáîðà ïàðàìåòðà � = i=k (çàìå÷àíèå 1).

1. Îñíîâíûå óðàâíåíèÿ ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ

Ïóñòü 	 = 	 i + 	 s � ñóììàðíûé ïîòåíöèàë. Àêóñòè÷åñêèå ïîòåíöèàëû óäîâëåòâîðÿþò
óðàâíåíèþ Ãåëüìãîëüöà. Äëÿ ïîòåíöèàëà 	 s ñïðàâåäëèâî óñëîâèå èçëó÷åíèÿ Çîììåðôåëüäà
äëÿ óõîäÿùèõ íà áåñêîíå÷íîñòü âîëí. Íà ãðàíèöå àáñîëþòíî æåñòêîãî òåë à D âûïîëíÿåòñÿ
óñëîâèå Íåéìàíà @n 	( x) = 0 . Ïîòåíöèàë 	 s(x) èíòåðåñåí â äàëüíåé çîíå, ïîýòîìó äëÿ
óðàâíåíèÿ Ãåëüìãîëüöà áåðåòñÿ âíåøíÿÿ çàäà÷à x 2 D c.

Èç ðåçóëüòàòîâ [1, 4� 8, 12, 13] âûòåêàþò ñëåäóþùèå ôàêòû, â êîòîðûõ Gk (x0; x) =
= (4 �r ) � 1eikr , r = jx0� xj, � ôóíêöèÿ Ãðèíà äëÿ óðàâíåíèÿ Ãåëüìãîëüöà ñ óñëîâèåì èçëó-
÷åíèÿ äëÿ óõîäÿùèõ âîëí, G = Gk , n0 = nx0, dx0 = dS(x0).

1. Âî âíåøíîñòè òåëà D ñóììàðíûé ïîòåíöèàë 	 ãëàäêèé è

	 s(x) =
Z

S
@n0G(x0; x)	( x0) dx0; x 2 D c: (1)

2. Íà ïîâåðõíîñòè S èìååì ÃÈÓ â ñòàíäàðòíîé ïîñòàíîâêå

C(x)	( x) =
Z

S
@n0G(x0; x)	( x0) dx0+ 	 i(x); x 2 S; (2)

ãäå C(x) � ãåîìåòðè÷åñêèé êîýôôèöèåíò, ðàâíûé 1=2 â òî÷êàõ ãëàäêîñòè. Â ýòèõ òî÷êàõ
@n0G = O(r � 1), ïîýòîìó èíòåãðàë â ( 2) ñëàáî ñèíãóëÿðíûé.

3. Åñëèk2 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì âíóòðåííåé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ
Ãåëüìãîëüöà, òî ðåøåíèå ÃÈÓ ( 2) íååäèíñòâåííî. Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû âìåñòî ( 2)
ïðèìåíÿåòñÿ êîìáèíèðîâàííîå óðàâíåíèå Áåðòîíà � Ìèëëåðà

C(x)	( x) =
Z

S
@n0G(x0; x)	( x0) dx0+ 	 i(x) + �

� Z

S
@2

n;n 0G(x0; x)	( x0) dx0+ @n 	 i(x)
�

; (3)

ïîëó÷àåìîå ñóììèðîâàíèåì ( 2) è ïðîäèôôåðåíöèðîâàííîé ïðàâîé ÷àñòè ( 2). Â òî÷êàõ ãëàä-
êîñòè @2

n;n 0G = O(r � 2), ïîýòîìó âòîðîé èíòåãðàë â ( 3) ãèïåðñèíãóëÿðíûé. Ïðè Im � 6= 0
ÃÈÓ (3) èìååò åäèíñòâåííîå ðåøåíèå êëàññà C1;� (S), � 2 (0; 1) (ñì. îïðåäåëåíèå ( 21)).
Îáû÷íî ïîëàãàþò � = i=k (ñì. çàìå÷àíèå 1).
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4. Äëÿ ðåøåíèÿ ïðîáëåìû ñèíãóëÿðíîñòè áåðóòñÿ ñëåäóþùèå òîæäåñòâà:
Z

S
@n0G0(x0; x) dx0 = � C(x);

Z

S
@2

n;n 0G0(x0; x) dx0 = 0 ;
Z

S
@2

n;n 0G0(x0; x)(x0� x) dx0 =
Z

S
@nG0(x0; x)n0dx0� C(x)n;

(4)

ãäå C(x) = 1 , x 2 D c, C(x) = 0 , x 2 D n S, n 2 S2 � ïðîèçâîëüíûé âåêòîð ïðè x =2 S.
Ñ ó÷åòîì ( 4) ïðèìåíÿåòñÿ ñëåäóþùàÿ ðåãóëÿðèçàöèÿ ñèíãóëÿðíûõ èíòåãðàëîâ:

Z

S
@n0G(x0; x)	( x0) dx0 = A1	( x) � C(x)	( x);

Z

S
@2

n;n 0G(x0; x)	( x0) dx0 = A2	( x);

A1	( x) =
Z

S
[@n0G(x0; x)	( x0) � @n0G0(x0; x)	( x)] dx0; (5)

A2	( x) =
Z

S
[@2

n;n 0G(x0; x)	( x0) � @2
n;n 0G0(x0; x)L (x0; x)] dx0+

Z

S
@nG0(x0; x)r S	( x)n0dx0; (6)

L (x0; x) = 	( x) + r S	( x)(x0� x) = 	( x) + r S	( x)(x0� x)n : (7)

Èç ôàêòîâ 1�4 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 1. Ïóñòü A = A0 � A1 � �A 2, B = I + �@n , ãäåA0	( x) = 2 C(x)	( x).
Òîãäà ñïðàâåäëèâî ðåãóëÿðèçîâàííîå ÃÈÓ Áåðòîíà � Ìèëëåðà

A	( x) = B 	 i(x); x 2 S: (8)

Ïðè Im � 6= 0 îíî èìååò åäèíñòâåííîå ðåøåíèå 	 2 C1;� (S).

Óðàâíåíèå ( 8) âñòðå÷àåòñÿ â íåìíîãî äðóãîé ôîðìå è áåç îáñóæäåíèÿ ãëàäêîñòè ðåøåíèÿ
â ðàáîòå [8]. Èäåÿ èñïîëüçîâàòü (d) è ëèíåéíóþ ôóíêöèþ L âçÿòà èç [5]. Â ðàçä. 3 îíà
àäàïòèðóåòñÿ äëÿ òðåóãîëüíûõ ìåøåé.

2. Âûâîä àíàëèòè÷åñêîãî ðåøåíèÿ äëÿ øàðà èç ÃÈÓ Áåðòîíà � Ìèë ëåðà

Äëÿ îáîñíîâàíèÿ âûáîðà � , âàëèäàöèè è òåñòèðîâàíèÿ ÷èñëåííîãî ðåøåíèÿ íóæíî ðàñ-
ñìîòðåòü ïðèìåð, ãäå èçâåñòíî àíàëèòè÷åñêîå ðåøåíèå. Óäîáíî âçÿòü åäèíè÷ íûé øàð, A = 1 ,
d = (1 ; 0; 0). Òîãäà S = S2 � åäèíè÷íàÿ ñôåðà, C(x) � 1=2.

Ïóñòü (r cos�; r cos' sin �; r sin ' sin � ) � ñôåðè÷åñêèå êîîðäèíàòû x 2 R3, r = jxj.
Èìååì [ 3]

	 i(x) = eikr cos� =
1X

l=0


 l j l (kr )Pl (cos� ); 
 l = (2 l + 1) i l ; (9)

ãäåj l � ñôåðè÷åñêèå ôóíêöèè Áåññåëÿ, Pl � ìíîãî÷ëåíû Ëåæàíäðà. Â ÷èñëåííûõ ðàñ÷åòàõ
ñõîäÿùèéñÿ ðÿä ( 9) ïðèìåíÿåòñÿ ñ êîíå÷íûì ÷èñëîì ñëàãàåìûõ. Òîãäà ïî òåîðåìå Ïàðñå-
âàëÿ ïðèáëèæåííîå ðåøåíèå ÃÈÓ ( 3) òàêæå áóäåò ñîäåðæàòü êîíå÷íîå ÷èñëî ñëàãàåìûõ.
Ïîýòîìó äàëåå ñ÷èòàåì, ÷òî ýòî âåðíî äëÿ âñåõ ðÿäîâ Ôóðüå � Ëåæàíäðà. Òî ãäà èõ ìîæíî
ñâîáîäíî äèôôåðåíöèðîâàòü, â ÷àñòíîñòè,

@n 	 i(x) = k
1X

l=0


 l j 0
l (kr )Pl (cos� ): (10)

Äëÿ âíåøíåé çàäà÷è â ñèëó óñëîâèÿ èçëó÷åíèÿ äëÿ óõîäÿùèõ âîëí èìååì

	 s(x) =
1X

l=0

A l hl (kr )Pl (cos� );
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ãäå hl � ñôåðè÷åñêèå ôóíêöèè Ãàíêåëÿ ïåðâîãî ðîäà, A l � íåèçâåñòíûå êîýôôèöèåíòû.
Â èòîãå ñóììàðíûé ïîòåíöèàë ðàâåí

	( x) =
1X

l=0

B l (kr )Pl (cos� ); B l (z) = 
 l j l (z) + A l hl (z): (11)

Èç óñëîâèÿ Íåéìàíà äëÿ r = 1 è ïðîèçâîëüíîãî � íàõîäèì

k
1X

l=0

B 0
l (k)Pl (cos� ) = 0 ; B 0

l (k) = 
 l j 0
l (k) + A l h0

l (k) = 0 ; A l = �

 l j 0

l (k)
h0

l (k)
;

ãäåh0
l (k) 6= 0 . Ïîëó÷èëè èçâåñòíîå âûðàæåíèå äëÿ êîýôôèöèåíòîâ A l ïîòåíöèàëà 	 s (ñì.,

íàïðèìåð, [ 5, ðàçä. 7.2]). Ñîîòâåòñòâåííî, B l (z) = 
 l
h0

l (k) [j l (z)h0
l (k) � j 0

l (k)hl (z)]. Åñëè âîñïîëü-

çîâàòüñÿ âðîíñêèàíîì j l (z)h0
l (z) � j 0

l (z)hl (z) = i
z2 , ïîëó÷èì

B l (k) =
i
 l

k2h0
l (k)

: (12)

Âûâåäåì òåïåðü ðåøåíèå ( 12) èç ÃÈÓ Áåðòîíà � Ìèëëåðà ( 3).

Ïðåäëîæåíèå 2. Äëÿ âñåõ l = 0 ; 1; 2; : : : ñïðàâåäëèâî ðàâåíñòâî

� ik 2h0
l (k)[j l (k) + �kj 0

l (k)]B l (k) = 
 l [j l (k) + �kj 0
l (k)]: (13)

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ñôåðè÷åñêèì ðàçëîæåíèåì Äæåêñîíà [ 14]

G(x0; x) = ik
1X

l=0

2l + 1
4�

j l (k min (r; r 0))hl (k max (r; r 0))Pl (cos
 );

ãäå(r 0cos� 0; r 0cos' 0sin � 0; r 0sin ' 0sin � 0) � ñôåðè÷åñêèå êîîðäèíàòû x0, xx 0 = rr 0cos
 .
Ïðîèçâîäíûå ôóíêöèè Ãðèíà âû÷èñëÿåì â ñìûñëå ãëàâíîãî çíà÷åíèÿ. Òîãäà

@n0G(x0; x) =
ik 2

2

1X

l=0

2l + 1
4�

[j l (k)h0
l (k) + j 0

l (k)hl (k)]Pl (cos
 ); (14)

@2
n;n 0G(x0; x) = ik 3

1X

l=0

2l + 1
4�

j 0
l (k)h0

l (k)Pl (cos
 ); x; x 0 2 S2: (15)

Ïîäñòàâèì ( 9), (10), (11), (14), (15) â ÃÈÓ (3) è âîñïîëüçóåìñÿ ôîðìóëîé

2l + 1
4�

Z

S2
Pl (x0d)Pl0(x

0x) dx0 = Pl (xd)� ll 0; x; d 2 S2:

Òîãäà äëÿ âñåõ�

1
2

1X

l=0

B l (k)Pl (cos� ) =
1X

l=0

n ik 2

2
[j l (k)h0

l (k) + j 0
l (k)hl (k)]B l (k) + 
 l j l (k)+

+ � [ik 3j 0
l (k)h0

l (k)B l (k) + k
 l j 0
l (k)]

o
Pl (cos� );

îòêóäà ñ ó÷åòîì âðîíñêèàíà

h1
2

�
ik 2

2

�
2j l (k)h0

l (k) �
i

k2

�
� �ik 3j 0

l (k)h0
l (k)

i
B l (k) = 
 l [j l (k) + �kj 0

l (k)]

ïîñëå óïðîùåíèé ïîëó÷àåì èñêîìîå ðàâåíñòâî ( 13). �
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Çàìå÷àíèå 1. Èçâåñòíî, ÷òî j l (k) + �kj 0
l (k) 6= 0 ïðè Im � 6= 0 . Òîãäà (13) âëå÷åò (12).

Åñëè � = 0 , ÷òî îòâå÷àåò ñòàíäàðòíîé ïîñòàíîâêå ÃÈÓ, òî äëÿ k, ñîâïàäàþùèõ ñ íóëÿìè
ôóíêöèè Áåññåëÿ j l (k) (ðàâíîñèëüíî, k2 � ñîáñòâåííîå çíà÷åíèå çàäà÷è Äèðèõëå â øàðå)
çíà÷åíèÿ B l (k) â (13) íå îïðåäåëåíû, ÷òî âëå÷åò íååäèíñòâåííîñòü ðåøåíèÿ è ÷èñëåííóþ
íåóñòîé÷èâîñòü.

Èç (13) è îïðåäåëåíèÿ îïåðàòîðà A ñëåäóåò, ÷òî â áàçèñå èç ìíîãî÷ëåíîâ Ëåæàíäðà A
ÿâëÿåòñÿ äèàãîíàëüíûì ñ ýëåìåíòàìè al = � ik 2h0

l (k)[j l (k)+ �kj 0
l (k)], ïîýòîìó åãî ÷èñëî îáó-

ñëîâëåííîñòè � = max l jal j
min l jal j

. Åñëè ïîëîæèòü �k = ic (ìîæíî îãðàíè÷èòüñÿ c > 0) è ïîñòðîèòü
ãèñòîãðàììó çíà÷åíèé cmin = argmin c � (k; c), òî óâèäèì ïèê ïðè cmin � 1. Ýòî îáîñíîâûâàåò
âûáîð � = i=k (ñì. òàêæå [4,12]).

3. Îïèñàíèå ìåòîäà êîëëîêàöèé äëÿ òðåóãîëüíîãî ìåøà

Ïðèâåäåì äèñêðåòíóþ âåðñèþ ïðåäëîæåíèÿ 1, íóæíóþ äëÿ ÷èñëåííîé ðåàëèçàöèè. Äëÿ
ýòîãî, îòòàëêèâàÿñü îò çàäàíèÿ ïîâåðõíîñòè òåëà, àïïðîêñèìèðóåì ÃÈÓ (8).

Ãåîìåòðèÿ ïîâåðõíîñòè. Ïóñòü ïîâåðõíîñòü òåëà D ïðåäñòàâëåíà íåñòðóêòóðèðîâàí-
íûì ðàâíîìåðíûì íåâûðîæäåííûì âîäîíåïðîíèöàåìûì òðåóãîëüíûì ìåøåì S, ñîñòîÿùèì
èç âåðøèí f x i gN

i =1 � R3 ñ âíåøíèìè íîðìàëÿìè f ni gN
i =1 � S2 (ïðèìåðû ñì. íà ðèñ. 1). Ðåáðà

ïðèáëèçèòåëüíî ðàâíû è èõ ñðåäíÿÿ äëèíà h � 0.

à / a á / b â / c

Ðèñ. 1. Ïðèìåðû ìåøåé (ïîêàçàíû âåðøèíû, íîðìàëè è ðåáðà): à � ñôåðà Ôèáîíà÷÷è; á � ¾Ñíåãî-
âèê¿ (îáúåäèíåíèå òðåõ ñôåð); â � ¾×åáóðàøêà¿

Fig. 1. Examples of meshes (vertices, normals, and edges areshown): a is the Fibonacci sphere;b is
�Snowman� (union of three spheres);c is �Cheburashka�

Äèñêðåòèçàöèÿ èíòåãðàëîâ è ôóíêöèé. Ïóñòü i; j = 1 ; : : : ; N ,
P

i =
P N

i =1 . Òî÷êè
x, x0 àññîöèèðóåì ñ âåðøèíàìè x i , x j , íîðìàëè n, n0� ñ íîðìàëÿìè ni , nj . Ìåø S ðàçáè-
âàåòñÿ íà ÿ÷åéêè Âîðîíîãî Si ñ öåíòðàìè â x i è ïëîùàäÿìè wi = jSi j,

P
i wi = jSj. Äëÿ

ðàâíîìåðíîãî ìåøà maxx2 Si jx � x i j � h, wi � h2.
Ôóíêöèè íà ìåøå àïïðîêñèìèðóþòñÿ êóñî÷íî-ëèíåéíûìè ôóíêöèÿìè è

Z

S
f (x) dx =

X

i

Z

Si

f (x) dx �
X

i

wi f (x i ): (16)

Òî÷íîñòü êâàäðàòóðíîé ôîðìóëû ( 16) îïðåäåëÿåòñÿ ïîãðåøíîñòüþ êóñî÷íî-ëèíåéíîé àï-
ïðîêñèìàöèè f . Äåéñòâèòåëüíî, åñëè T � òðåóãîëüíàÿ ãðàíü ñ áàðèöåíòðîì xT è f � ëè-
íåéíàÿ íà T, òî

R
T f (x) dx = jT jf (xT ). Òàê êàê ÿ÷åéêàSi ðàçáèâàåòñÿ íà ñîèçìåðèìûå

òðåóãîëüíèêè T ñ îáùåé âåðøèíîé x i , òî
P

T jT jxT � wi x i è
Z

Si

f (x) dx =
X

T

Z

T
f (x) dx =

X

T

jT jf (xT ) = f
� X

T

jT jxT

�
� wi f (x i ):
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Èíòåãðàëû âèäà
R

S f (x0; x i ) dx0 àïïðîêñèìèðóåì
P

j wj f (x j ; x i ). Åñëè f èìååò ñëàáóþ
ñèíãóëÿðíîñòü O(jx0� x i j � 
 ), x0 2 Si , 
 2 [0; 2), òî ó÷òåì, ÷òî ïî [ 1, ãë. 2]

Z

Si

f (x0; x i ) dx0 = O(jx0� x i j2� 
 ) = O(h2� 
 ): (17)

Íàïîìíèì, ÷òî 	 i(x) = ek1xd , G(x0; x) = (4 � ) � 1ek1 r t, ãäå k1 = ik , r = jyj, y = x0 � x,
t = r � 1. Îòñþäà

@n 	 i = k1ek1xddn; @n0G = G(k1 � t) @n0r; @nG = G(k1 � t) @n r;

@n;n 0G = k2
1G @n0r @n r � G(k1 � t)t(n0n + 3 @n0r @n r ); @n0r = tyn0 @n r = � tyn:

Ïîëîæèì 	 (i )
i = 	 i(x i ), (@n 	 i)(i ) = @n i 	 i(x i ), C(i ) = C(x i ), (@nGk )(j;i ) = @n i Gk (x j ; x i ),

(@n0Gk )(j;i ) = @n j Gk (x j ; x i ), (@2
n;n 0Gk )(j;i ) = @2

n i ;n j
Gk (x j ; x i ) è ïðèáëèæåííî 	 (i ) � 	( x i ),

(r S	) (i ) � r S	( x i ), L (j;i ) � L (x j ; x i ). Â ñèëó (17) ìîæíî ïîëîæèòü (@n0Gk )(i;i ) = 0 è àíàëî-
ãè÷íî â îñòàëüíûõ ñëó÷àÿõ.

Îöåíêà ïîâåðõíîñòíîãî ãðàäèåíòà. Â ñîîòâåòñòâèè ñ (7) äëÿ x0 � x i

r S	( x i )(x0� x i )n i = L(x0; x i ) � 	( x i ) � 	( x0) � 	( x i ):

Äëÿ îöåíêè r S	( x i ) èñïîëüçóåì ñîñåäíèå ñ x i âåðøèíû x i 0 èç 1-ðèíãà Ri .
Ïóñòü U(i ) = (( x i 0� x i )n i ) i 02 R i � ìàòðèöà ðàçìåðà jRi j� 3, F (i ) = (	 (i 0) � 	 (i ) ) i 02 R i � âåêòîð

äëèíû jRi j. Òîãäà äëÿ äèñêðåòíîãî ãðàäèåíòà (r S	) (i ) ïîëó÷àåì ïåðåîïðåäåëåííóþ ñèñòåìó
ëèíåéíûõ óðàâíåíèé U(i ) (r S	) (i ) = F (i ) , êîòîðàÿ ðåøàåòñÿ ñ ïîìîùüþ ïñåâäîîáðàòíîé
ìàòðèöû (U(i ) )+ ðàçìåðîì 3� j Ri j: (r S	) (i ) = ( U(i ) )+ F (i ) . Ìàòðèöà (U(i ) )+ âû÷èñëÿåòñÿ
áûñòðî, òàê êàê jRi j � 6. Åå êîëîíêè îáîçíà÷èì (U(i ) )+

i 0.
Ñèñòåìà ëèíåéíûõ óðàâíåíèé. Â ñîîòâåòñòâèè ñ ïðåäëîæåíèåì 1 èìååì A	( x) =

= B 	 i(x), x 2 S, ãäåA = A0 � A1 � �A 2, B = I + �@n . Íàéäåì äèñêðåòíûå âàðèàíòû ýòèõ
îïåðàòîðîâ. Â ñëó÷àå A0 è B èìååì

(A0	) (i ) = 2C(i ) 	 (i ) ; (B 	 i)(i ) = 	 (i )
i + � (@n 	 i)(i ) : (18)

Ñ ó÷åòîì ( 5), (6) ïîëó÷àåì

(A1	) (i ) =
X

j

wj (@n0G)(j;i ) 	 (j ) � 	 (i )
X

j

wj (@n0G0)(j;i ) ;

(A2	) (i ) =
X

j

wj (@2
n;n 0G)(j;i ) 	 (j ) �

X

j

wj (@2
n;n 0G0)(j;i )L (j ) +

X

j

wj (@nG0)(j;i ) (r S	) (i )nj ;

ãäå(r S	) (i ) = ( U(i ) )+ (	 (i 0) � 	 (i ) ) i 02 R i . Èç ýòîé ôîðìóëû ñëåäóåò, ÷òî

(r S	) (i )v =
X

i 0

(U(i ) )+
i 0v	 (i 0) � 	 (i )

X

i 0

(U(i ) )+
i 0v; v 2 R3:

Åñëè ðàñêðûòüL (j;i ) = 	 (i ) + ( r S	) (i ) (x j � x i ), íàõîäèì

(A2	) (i ) =
X

j

wj (@2
n;n 0G)(j;i ) 	 (j ) � 	 (i )

X

j

wj (@2
n;n 0G0)(j;i ) �

�
X

j

wj (@2
n;n 0G0)(j;i )

� X

i 0

(U(i ) )+
i 0(x j � x i )	 (i 0) � 	 (i )

X

i 0

(U(i ) )+
i 0(x j � x i )

�
+

+
X

j

wj (@nG0)(j;i )
� X

i 0

(U(i ) )+
i 0nj 	 (i 0) � 	 (i )

X

i 0

(U(i ) )+
i 0nj

�
:

Çàïèøåì äàííûå ôîðìóëû â ñëåäóþùèé äèñêðåòíûé âàðèàíò ïðåäëîæåíèÿ 1.

540 Íàó÷íûé îòäåë



Ä. Ð. Ëåïåòêîâ. Ðàñ÷åò ðàññåÿíèÿ ïëîñêîé çâóêîâîé âîëíû àáñ îëþòíî æåñòêèì òåëîì

Ïðåäëîæåíèå 3. Äèñêðåòíûé ïîòåíöèàë 	 (i ) óäîâëåòâîðÿåò ñèñòåìå ëèíåéíûõ óðàâ-
íåíèé

(A (i;j ) )(	 (j ) ) = ( B (i ) ); i; j = 1 ; : : : ; N; (19)

ãäåB (i ) = ( B 	 i)(i ) âçÿò èç (18), à i -ÿ ñòðîêà ìàòðèöû îïðåäåëÿåòñÿ èç ðàâåíñòâà
X

j

A (i;j ) 	 (j ) = ( A0	) (i ) � (A1	) (i ) � � (A2	) (i ) =

= 2C(i ) 	 (i ) �
X

j

wj (@n0G)(j;i ) 	 (j ) +
� X

j

wj (@n0G0)(j;i )
�

	 (i ) �

� �
hX

j

wj (@2
n;n 0G)(j;i ) 	 (j ) �

� X

j

wj (@2
n;n 0G0)(j;i )

�
	 (i ) �

�
X

i 0

V (i;i 0)
1 	 (i 0) +

� X

i 0

V (i;i 0)
1

�
	 (i ) +

X

i 0

V (i;i 0)
2 	 (i 0) �

� X

i 0

V (i;i 0)
2

�
	 (i )

i
;

V (i;i 0)
l = ( U(i ) )+

i 0Q
(i )
l ; Q(i )

1 =
X

j

wj (@2
n;n 0G0)(j;i ) (x j � x i ); Q(i )

2 =
X

j

wj (@nG0)(j;i )nj :

Ðàñ÷åò àêóñòè÷åñêîãî ïîòåíöèàëà. Ðåøàÿ ñèñòåìó (19), íàõîäèì ïðèáëèæåííûå ãðà-
íè÷íûå çíà÷åíèÿ ïîòåíöèàëà 	 (j ) , ïîñëå ÷åãî äèñêðåòèçèðóåì ( 1) è ïðèáëèæåííî çàïèñû-
âàåì 	 s(x) �

P
j wj @n j G(x j ; x)	 (j ) , x 2 D c, jxj � 1.

Ñõîäèìîñòü äèñêðåòíîãî ðåøåíèÿ. Ìåòîä êîëëîêàöèé äëÿ óðàâíåíèÿ Ãåëüìãîëü-
öà îáîñíîâûâàåòñÿ, íàïðèìåð, â ðàáîòå [ 15] ñ ïîìîùüþ òåîðèè Âàéíèêêî. Ñäåëàåì ýòî äëÿ
ðåãóëÿðèçîâàííîãî óðàâíåíèÿ Áåðòîíà � Ìèëëåðà ( 8) íàïðÿìóþ. Ñïðîåêòèðîâàâ ìåø íà ïî-
âåðõíîñòü, òåïåðü áóäåì ñ÷èòàòü, ÷òî S = @D, ÿ÷åéêè Si îòâå÷àþò ðàçáèåíèþ S íà êðèâîëè-
íåéíûå ìíîãîóãîëüíèêè, ïàðàìåòð h � N � 1 õàðàêòåðèçóåò ðàçìåð ìíîæåñòâ Si è íå çàâèñèò
îò ðàçáèåíèÿ, jx � x i j = O(h) äëÿ x 2 Si . Äëÿ ïðîñòîòû ïóñòü S ãëàäêàÿ (èíà÷å åå è ðåøå-
íèå íóæíî ðàçáèòü íà ãëàäêèå êóñêè). Òîãäà ïî [ 1, òåîðåìà 2.2] èìååì j(x0 � x)n0j = O(r 2),
jn0� nj = O(r ), @n0r = O(r ),

@n0G(x0; x) = O(r � 1); @2
n;n 0G(x0; x) = O(r � 2): (20)

Ïóñòü C1;� (S), � 2 (0; 1), � ïðîñòðàíñòâî Ã¼ëüäåðà ôóíêöèé ñ íîðìîé [ 1, ãë. 2]

kf k1;� = kf k1 + kr Sf k1 + sup
x;x 02 S; x6= x0

jr Sf (x) � r Sf (x0)j
jx � x0j �

; kf k1 = sup
x2 S

jf (x)j: (21)

Ïî [ 7, òåîðåìà 3.5] ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå 	 2 C1;� (S) óðàâíåíèÿ Áåðòîíà �
Ìèëëåðà ( 3), à çíà÷èò, è åãî ðåãóëÿðèçîâàííîé âåðñèè ( 8). Èíòåãðàëû â ( 8) ñëàáî ñèíãóëÿð-
íûå, ïîýòîìó ïî [ 1, ãë. 2] îïåðàòîð A èç ïðåäëîæåíèÿ 1 êîìïàêòíûé ïðè äåéñòâèè èç C1;� (S)
â ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé C(S). Îáîñíîâàíèå ìåòîäà êîëëîêàöèé, ïî ñóòè, çà-
êëþ÷àåòñÿ â äîêàçàòåëüñòâå ðàâíîìåðíîé ïî i = 1 ; : : : ; N , x 2 Si ñõîäèìîñòè â ïðîñòðàíñòâå
ðåøåíèÿ C1;� (S) äèñêðåòíûõ êîíå÷íîìåðíûõ îïåðàòîðîâ (A	) (i ) , (B 	 i)(i ) ê A	( x), B 	 i(x)
ïðè èçìåëü÷åíèè ðàçáèåíèÿ h ! 0 (N ! 1 ) (ñì. òàêæå [1, òåîðåìà 1.10]).

Ïðåäëîæåíèå 4. Ïóñòü 	 2 C1;� (S). Ðàâíîìåðíî ïî x 2 Si

A	( x) = ( A	) (i ) + o(1); B 	 i(x) = ( B 	 i)(i ) + O(h); h ! 0;

ãäå êîíñòàíòû â O íå çàâèñÿò îò i è âêëþ÷àþò íîðìû ôóíêöèé.

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî A = A0 � A1 � �A 2. Äëÿ ãëàäêîé ïîâåðõíîñòè A0 = I ,
ïîýòîìó ðàâíîìåðíàÿ ñõîäèìîñòü (A0	) (i ) = 	( x i ) ê A0	( x) âûòåêàåò èç

j	( x) � 	( x i )j 6 kr S	 k1 jx � x i j 6 k	 k1;� jx � x i j = O(h) (22)
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(ñì. òàêæå [1, òåîðåìà 2.5]). Àíàëîãè÷íî, òàê êàê B 	 i(x) = ek1xd (1 + �k 1dn) ãëàäêàÿ ôóíê-
öèÿ, (B 	 i)(i ) = B 	 i(x i ), òî jB 	 i(x) � (B 	 i)(i ) j = O(h).

Ðàññìîòðèì èíòåãðàëüíûå îïåðàòîðû A1, A2 (5), (6). Èç îöåíîê ( 20), (22) è

@n0(G � G0)(x0; x) = O(1); @2
n;n 0(G � G0)(x0; x) = O(1);

j	( x0) � L (x0; x)j = j	( x0) � 	( x) � r S	( x)(x0� x)j = O(r 1+ � );

jr S	( x)n0j = j(r S	( x) � r S	( x0))n0j = O(r � )

ñëåäóåò, ÷òî íóæíî èññëåäîâàòü íà ðàâíîìåðíóþ ñõîäèìîñòü èíòåãðàë
R

S f (x0; x) dx0, ãäå â
õóäøåì ñëó÷àå f èìååò ñèíãóëÿðíîñòü O(r � � 1). Äîñòàòî÷íî èçó÷èòü òîëüêî ýòîò ñëó÷àé.
Ïîëîæèì f = r � � 1g, ãäå g � ðàâíîìåðíî íåïðåðûâíàÿ îãðàíè÷åííàÿ ôóíêöèÿ. Èíòåãðàë
ñðàâíèâàåòñÿ ñ ñóììîé

P
j wj f (x j ; x i ), ãäå ñ÷èòàåìf (x i ; x i ) = 0 , òàê êàê

R
Si

f dx 0 = O(h1+ � )
ïî ( 17).

Ïóñòü j 6= i , x0 2 Sj . Òàê êàê g(x0; x) � g(x j ; x i ) = o(1) ïðè h ! 0 ðàâíîìåðíî ïî i , j , òîR
Sj

f (x0; x) dx0 = ( g(x j ; x i ) + o(1))
R

Sj
r � � 1 dx0.

Èìååì

�
� 1
jx0� xj1� � �

1
jx j � x i j1� �

�
� =

jjx j � x i j1� � � j x0� xj1� � j
jx0� xj1� � jx j � x i j1� � 6

jx j � x i � x0+ xj1� �

jx0� xj1� � jx j � x i j1� � :

×èñëèòåëü ïîñëåäíåé äðîáè åñòü O(h1� � ). Òàê êàê jx j � x i j > c0h, jx0 � xj 6 jx j � x i j + c1h
äëÿ âñåõi , j , òî jx0� xj 6 cjx j � x i j, ïîýòîìó äðîáü åñòü jx0� xj2� � 2O(h1� � ). Îòñþäà

Z

Sj

� 1
jx0� xj1� � �

1
jx j � x i j1� �

�
dx0 = sj O(h1� � ); sj =

Z

Sj

1
jx0� xj2� 2� dx0:

Ñèíãóëÿðíûé èíòåãðàë
R

S jx0� xj � 
 dx0 = O(1), x 2 S, 
 2 (0; 2) (ñì. [ 1, ãë. 2]), ïîýòîìó

X

j

sj = O(1) è
Z

S

1
jx0� xj1� � dx0 =

X

j 6= i

wj

jx j � x i j1� � + O(h1� � ):

Â èòîãå íàõîäèì
Z

Sj

f (x0; x) dx0 = ( g(x j ; x i ) + o(1))( wj jx j � x i j � � 1 + sj O(h1� � )) =

= wj f (x j ; x i ) + wj jx j � x i j � � 1o(1) + g(x j ; x i )sj O(h1� � ) + sj o(1)O(h1� � )

è èñêîìîå ðàâåíñòâî
R

S f (x0; x) dx0 =
P

j wj f (x j ; x i ) + o(1).
Ñõîäèìîñòü äèñêðåòíîãî ãðàäèåíòà (r S	) (i ) â A2 âûòåêàåò èç ðàâíîìåðíîé îöåíêè

	( x i 0) � 	( x i ) = ( r S	( x i ) + O(h� ))( x i 0 � x i )n i , îòêóäà (r S	) (i ) = r S	( x) + O(h� ). �

4. Ïðèìåðû ðåçóëüòàòîâ ðàñ÷åòà

Êîìïüþòåðíàÿ ðåàëèçàöèÿ âàëèäèðîâàëàñü è òåñòèðîâàëàñü äëÿ æåñòêîãî øàðà íà îñ-
íîâå ôîðìóë ðàçä. 2 è íà òåëàõ, çàäàâàåìûõ ìåøåì íåáîëüøîãî ðàçìåðà (ñì. ðèñ. 1).

Íà ðèñ. 2 ïðèâåäåíû äèàãðàììû ðàññåÿíèÿ àíàëèòè÷åñêîãî (ñïëîøíàÿ ëèíèÿ) è ÷èñëåí -
íîãî (øòðèõîâàÿ ëèíèÿ) ðåøåíèé â äàëüíåé çîíå äëÿ ñëó÷àÿ åäèíè÷íîãî ø àðà. Ðåçóëüòàòû
äàíû äëÿ k = 2 � , êîãäà ðåøåíèå ïðè � = 0 íååäèíñòâåííî, ÷òî ïðèâåëî ê ðàñõîæäåíèþ.

Íà ðèñ. 3 èçîáðàæåíû 3D-äèàãðàììû ðàññåÿíèÿ äëÿ òåë ¾Ñíåãîâèê¿ è ¾×åáóðàøêà¿,
à òàêæå ïðèìåðû 2D-ñå÷åíèé, ãäå øòðèõîâîé ëèíèåé ïîêàçàíî àíàëèòè ÷åñêîå ðåøåíèå äëÿ
øàðà òîãî æå îáúåìà, ÷òî è òåëî. Îòìåòèì, ÷òî â ñëó÷àå òåëà ¾Ñíåãîâèê¿ èä åíòè÷íûé ðå-
çóëüòàò áûë ïîëó÷åí â COMSOL ìåòîäîì êîíå÷íûõ ýëåìåíòîâ, àäàïòèðîâàíí ûì äëÿ àêó-
ñòè÷åñêèõ çàäà÷ [3].
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à / a á / b

Ðèñ. 2. Ñðàâíåíèå ðåøåíèé äëÿ øàðà: à � ïðè � = i=k; á � � = 0
Fig. 2. Comparison of solutions for the ball:a is when � = i=k; b is when � = 0

à / a á / b

Ðèñ. 3. 3D-äèàãðàììû ðàññåÿíèÿ: à � äëÿ òåëà ¾Ñíåãîâèê¿; á � äëÿ òåëà ¾×åáóðàøêà¿
Fig. 3. 3D scatter plots: a is for the body �Snowman�; b is for the body �Cheburashka�

Çàêëþ÷åíèå

Â ðàáîòå ïðåäëîæåí ìåòîä ðàñ÷åòà ðàññåÿíèÿ ïëîñêîé çâóêîâîé âîëíû àáñîë þòíî æåñò-
êèì òðåõìåðíûì òåëîì ïðîèçâîëüíîé ôîðìû, ïîâåðõíîñòü êîòîðîãî àïïðî êñèìèðîâàíà òðå-
óãîëüíîé ñåòêîé. Ìåòîä áàçèðóåòñÿ íà ãðàíè÷íîì èíòåãðàëüíîì óðàâíå íèè Áåðòîíà � Ìèë-
ëåðà è ìåòîäå ãðàíè÷íûõ ýëåìåíòîâ. Äëÿ åãî ðåàëèçàöèè âûïîëíåíà ðåãóëÿðèçàöè ÿ ñèíãó-
ëÿðíûõ èíòåãðàëîâ, àäàïòèðîâàííàÿ äëÿ òðåóãîëüíûõ ñåòîê. Àíàëèòè÷ åñêàÿ ìîäåëü äèñ-
êðåòèçîâàíà ìåòîäîì êîëëîêàöèé, è îáîñíîâàíà ñõîäèìîñòü ÷èñëåííî ãî ðåøåíèÿ. Äëÿ âàëè-
äàöèè ÷èñëåííîé ìîäåëè ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå äëÿ ñôåðû íàïðÿ ìóþ èç óðàâ-
íåíèÿ Áåðòîíà � Ìèëëåðà è ðàçëîæåíèÿ Äæåêñîíà ôóíêöèè Ãðèíà. Ïîêàçàíû ñîâïàäåíèå
÷èñëåííûõ è àíàëèòè÷åñêèõ ðåçóëüòàòîâ, à òàêæå óñòîé÷èâîñòü ÷èñëåííîé ðåàëèçàöèè äëÿ
âîëíîâûõ ÷èñåë èç ñðåäíåâîëíîâîé îáëàñòè. Ìåòîä ñðàâíèâàëñÿ ñ FEM è ï ðè ñîïîñòàâèìîé
òî÷íîñòè ïîêàçàë çíà÷èòåëüíî áîëüøóþ ýôôåêòèâíîñòü.
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òðóïíûõ êîñòÿõ, ïîêàçàëè â ñðåäíåì áîëåå âûñîêèå ïðî÷íîñòíûå õ àðàêòåðèñòèêè ïî ñðàâíåíèþ ñ
ñèíòåòè÷åñêèìè àíàëîãàìè. Â ñðåäíåì îñòåîòîìèÿ scarf ïðîä åìîíñòðèðîâàëà è ìåíüøóþ èçãèáíóþ
æåñòêîñòü, è ìåíüøóþ ìàêñèìàëüíóþ íàãðóçêó ïî ñðàâíåíèþ ñ î ñòåîòîìèåé chevron. Ïðîâåäåí-
íîå èññëåäîâàíèå ïîêàçûâàåò ñóùåñòâåííûé èíòåðåñ ó÷åíûõ ê èññ ëåäîâàíèþ ïðî÷íîñòíûõ ñâîéñòâ
îñòåîòîìèé ïåðâîé ïëþñíåâîé êîñòè. Êîëè÷åñòâåííûå ïàðàìåò ðû ïðî÷íîñòíûõ ñâîéñòâ îñòåîòîìèé
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Abstract. Hallux valgus deformity of the �rst toe is a fairly common pat hology and is diagnosed in
a quarter of the adult population. In moderate and severe deformity, osteotomy of the �rst metatarsal
bone is indicated; the most common types of osteotomy are scarf and chevron. The strength properties of
osteotomies are widely studied using full-scale mechanicaltests on cadaveric and synthetic bone samples.
This review is devoted to biomechanical �eld studies evaluating the strength properties of scarf and
chevron osteotomies. A search was conducted for relevant scienti�c articles in the databases PubMed,
Google Scholar, Medline, and E-Library, published up to andincluding May 2025. The search and primary
analysis of the literature were carried out in accordance with the PRISMA methodology. Articles were
considered in which osteotomies were subjected to static cantilever (�xed at an angle of 15 degrees
to the horizon) tests on universal testing machines. The criteria for inclusion in the study were met
by 13 papers that were included in the review. Chevron osteotomy was used in 10 studies, and scarf
osteotomy was used in 9 studies. Osteotomies modeled on cadaver bones showed, on average, higher
strength characteristics compared to synthetic analogues. By and large, the scarf osteotomy demonstrated
lower �exural sti�ness and maximum load compared to the chevron osteotomy. It was revealed that the
use of additional implants in the form of spokes, plates, andspirals does not necessarily lead to an increase
in the strength properties of osteotomy. The conducted research shows a signi�cant interest of scientists
in the study of the strength properties of osteotomies of the�rst metatarsal bone. The quantitative
parameters of the strength properties of the osteotomies studied are given in this article and can be used
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by clinicians when choosing the type of osteotomy for a particular patient, as well as when validating
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Ââåäåíèå

Áèîìåõàíè÷åñêèå ïàðàìåòðû îïîðíî-äâèãàòåëüíîé ôóíêöèè ñòîïû èãðà þò âàæíóþ ðîëü
â âîçíèêíîâåíèè è ïðîãðåññèðîâàíèè ðàñïðîñòðàíåííîé îðòîïåäè÷åñêîé ïà òîëîãèè, ïðîÿâ-
ëÿþùåéñÿ îòêëîíåíèåì ïåðâîãî ïàëüöà êíàðóæè (hallux valgus, HV) . Ýòî çàáîëåâàíèå ñ
òî÷êè çðåíèÿ êëèíè÷åñêîé áèîìåõàíèêè ÿâëÿåòñÿ ïðîÿâëåíèåì äåôîðìàö èè ïåðâîãî ëó÷à
ñòîïû (1ËÑ), êîòîðûé âêëþ÷àåò â ñåáÿ ôàëàíãè ïåðâîãî ïàëüöà, ïåðâóþ ïëþ ñíåâóþ êîñòü
(Ì1), ìåäèàëüíóþ êëèíîâèäíóþ êîñòü ñòîïû, ñîåäèíåííûå ìåæäó ñîáîé ñîî òâåòñòâóþùè-
ìè ñóñòàâàìè. 1ËÑ âìåñòå ñ ïðèëåãàþùèìè ìûøöàìè è ñâÿçêàìè èãðàåò âàæíó þ ðîëü â
îáåñïå÷åíèè îïîðíî-äâèãàòåëüíîé ôóíêöèè ñòîïû [ 1].

Îñíîâíûìè âçàèìîñâÿçàííûìè êîìïîíåíòàìè äåôîðìàöèè 1ËÑ ïðè HV ÿâëÿ þòñÿ îò-
êëîíåíèå Ì1 â ñòîðîíó, ïðîòèâîïîëîæíóþ âòîðîé ïëþñíåâîé êîñòè, à òàêæå îòêëîíåíèå
áîëüøîãî ïàëüöà ñòîïû ïî íàïðàâëåíèþ êî âòîðîìó ïàëüöó [ 2], ÷òî ñîïðîâîæäàåòñÿ ïîäâû-
âèõîì ïåðâîãî ïëþñíåôàëàíãîâîãî ñóñòàâà [ 3]. HV âñòðå÷àåòñÿ ó 23% âçðîñëûõ â âîçðàñòå
18�65 ëåò è ó 35,7% ïîæèëûõ ëþäåé ñòàðøå 65 ëåò [4]. Ïðè óìåðåííîé è òÿæåëîé äåôîð-
ìàöèè 1ËÑ îñíîâíûì è íàèáîëåå ýôôåêòèâíûì ïîäõîäîì ê õèðóðãè÷åñêîé ê îððåêöèè HV
ÿâëÿåòñÿ âûïîëíåíèå îñòåîòîìèè Ì1 [ 5]. Îñòåîòîìèÿ � ýòî õèðóðãè÷åñêàÿ îïåðàöèÿ, ïðè
êîòîðîé õèðóðã öåëåíàïðàâëåííî ðàññåêàåò êîñòü, ÷òîáû èçìåíèòü åå ôîðì ó, ïîëîæåíèå è
óãîë ìåæäó ôðàãìåíòàìè [ 6].

Íàèáîëåå ïîïóëÿðíûìè â êëèíè÷åñêîé ïðàêòèêå ñïîñîáàìè ðàçäåëåíèÿ Ì1 íà äâà ôðàã-
ìåíòà ïðèçíàíû îñòåîòîìèè scarf è chevron [ 1]. Óñïåõ õèðóðãè÷åñêîãî ëå÷åíèÿ HV â çíà-
÷èòåëüíîé ñòåïåíè çàâèñèò îò ïåðâè÷íîé è îêîí÷àòåëüíîé ñòàáèëüíîñòè î ñòåîòîìèè. Äëÿ
ðåøåíèÿ âîïðîñà î áåçîïàñíîñòè è îáîñíîâàííîé âîçìîæíîñòè ðàííåé íàãðó çêè íà ñòîïó â
ïîñëåîïåðàöèîííîì ïåðèîäå áûëî ïðîâåäåíî ìíîæåñòâî ýêñïåðèìåíòàëüíûõ á èîìåõàíè÷å-
ñêèõ èññëåäîâàíèé. Îñòåîòîìèè scarf è chevron íàèáîëåå ïîäðîáíî èçó÷åí û ñ èñïîëüçîâàíè-
åì ìåòîäîâ áèîìåõàíèêè [ 7]. Â ðàìêàõ íàòóðíûõ ýêñïåðèìåíòîâ íà îáðàçöàõ òðóïíûõ èëè
ñèíòåòè÷åñêèõ êîñòåé ìîäåëèðóåòñÿ îñòåîòîìèÿ, êîòîðàÿ çàòåì àíàëèçèðó åòñÿ ñ èñïîëüçî-
âàíèåì óíèâåðñàëüíûõ èñïûòàòåëüíûõ ìàøèí ïðè êîíñîëüíîì èçãèáå [ 8].

Ïåðâîå áèîìåõàíè÷åñêîå ñðàâíèòåëüíîå èññëåäîâàíèå îñòåîòîìèé Ì1 äàòè ðóåòñÿ 1991 ã.
[9]. Íåñìîòðÿ íà äîâîëüíî áîëüøîå ÷èñëî ðàáîò, ïîñâÿùåííûõ íàòóðíûì è ñïûòàíèÿì îñòåî-
òîìèé Ì1, ñðàâíèòåëüíûé àíàëèç ðåçóëüòàòîâ ýòèõ ðàáîò åùå íå ïðîâîä èëñÿ.

Öåëü îáçîðà � îáîáùåíèå îïóáëèêîâàííûõ èññëåäîâàíèé â îáëàñòè áèîìåõ àíè÷åñêèõ ñòà-
òè÷åñêèõ êîíñîëüíûõ èñïûòàíèé îñòåîòîìèé scarf è chevron ñ âèíòîâîé ôè êñàöèåé, ïðèìå-
íÿþùèõñÿ ïðè õèðóðãè÷åñêîì ëå÷åíèè âàëüãóñíîé äåôîðìàöèè ïåðâîãî ïà ëüöà ñòîïû.

Ìåòîäû

Â äàííûé îáçîð áûëè âêëþ÷åíû èññëåäîâàíèÿ, â êîòîðûõ â êà÷åñòâå îñòåîòîìè è äëÿ
êîððåêöèè âàëüãóñíîé äåôîðìàöèè ïåðâîãî ïàëüöà ñòîïû áûëè èñïîëüçîâà íû îñòåîòîìèè
scarf è (èëè) chevron. Àâòîðàìè áûë ïðîâåäåí â áàçàõ äàííûõ Pubmed, Goo gle Scholar,
Medline, E-Library ïîèñê íàó÷íîé ëèòåðàòóðû, ïîñâÿùåííîé ñòàòè÷åñêè ì áèîìåõàíè÷åñêèì
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èññëåäîâàíèÿì êîíñîëüíîãî íàãðóæåíèÿ îñòåîòîìèé, îïóáëèêîâàííîé äî ìàÿ 2025 ã. âêëþ-
÷èòåëüíî.

Ïîèñê èññëåäîâàíèé îñóùåñòâëÿëñÿ ïî êëþ÷åâûì ñëîâàì: âàëüãóñíàÿ äåôîðìà öèÿ, áóð-
ñèò áîëüøîãî ïàëüöà ñòîïû, îñòåîòîìèÿ, chevron, scarf, õèðóðãè÷åñêîå ë å÷åíèå âàëüãóñíîé
äåôîðìàöèè, íàòóðíûå èññëåäîâàíèÿ, íàòóðíûå èñïûòàíèÿ, êîíñîëüíîå íàãðóæåíèå îñòåî-
òîìèè. Ïîèñê è ïåðâè÷íûé àíàëèç ëèòåðàòóðû áûëè ïðîâåäåíû â ñîîòâåòñòâ èè ñ ìåòîäîëî-
ãèåé PRISMA [10].

Ðåçóëüòàòû

Èçíà÷àëüíî áûëî íàéäåíî 39 ñòàòåé. Ïîñëå óäàëåíèÿ äóáëèêàòîâ îêîí ÷àòåëüíî â îá-
çîð âîøëè 13 ñòàòåé, ñîîòâåòñòâóþùèõ âñåì êðèòåðèÿì îòáîðà. Âêëþ÷åíí ûå èññëåäîâàíèÿ
îõâàòûâàþò ïåðèîä ñ 1991 ïî 2025 ãã. ñ çàìåòíûì ðîñòîì êîëè÷åñòâà ïóáë èêàöèé ïîñëå
2010 ã. Â òðåõ èññëåäîâàíèÿõ îñòåîòîìèè èçó÷àëèñü ñ ïðèìåíåíèåì ñèíòåòè÷åñê èõ ìàòåðè-
àëîâ (sawbone), â 10 ñòàòüÿõ èçó÷àëèñü ñâîéñòâà îñòåîòîìèé íà òðóïíî ì ìàòåðèàëå. Â 10
èññëåäîâàíèÿõ èñïîëüçîâàëàñü îñòåîòîìèÿ chevron, à â 9 � îñòåîòîìèÿ scar f. Ñðåäíèé âîç-
ðàñò ëþäåé, îò êîòîðûõ áûëè ïîëó÷åíû òðóïíûå êîñòè, ñîñòàâëÿåò 78 ëåò (îò 56 äî 99).
Áîëüøàÿ ÷àñòü êîñòåé áûëà ïîëó÷åíà îò æåíùèí (60%), îò ìóæ÷èí � 35% [ 8, 11, 12], äëÿ
îñòàëüíûõ êîñòåé ïîë íå áûë óêàçàí.

Âñåãî â îáçîð áûëè âêëþ÷åíû ðåçóëüòàòû áèîìåõàíè÷åñêèõ èññëåäîâàíèé ñî 169 òð óï-
íûìè êîñòÿìè è 122 ñèíòåòè÷åñêèìè îáðàçöàìè. Ðàçìåðû âûáîðîê â èññëåäîâàí èÿõ âàðüè-
ðîâàëèñü îò 6 [8] äî 60 îáðàçöîâ [ 13]. Ìåäèàííîå çíà÷åíèå ñîñòàâèëî 16 îñòåîòîìèé íà îäíî
èññëåäîâàíèå.

Àíàëèç íàçâàíèé ñòàòåé è ïîñòàâëåííûõ â íèõ öåëåé âûÿâèë, ÷òî öåëü áîëüø èíñòâà
èññëåäîâàíèé (8 èç 13) ñîñòîÿëà â ñðàâíåíèè áèîìåõàíè÷åñêèõ ñâîéñòâ ðàçëè÷íûõ ñïîñîáîâ
ôèêñàöèè îñòåîòîìèé, â òîì ÷èñëå è íîâûõ ìåòîäîâ ôèêñàöèè [ 5], êîòîðûå îáåñïå÷èâàþò
áûñòðîå è ïðî÷íîå çàêðåïëåíèå äëÿ ïðîâåäåíèÿ èñïûòàíèé â äåíü çàáîðà êî ñòíîãî ìàòåðè-
àëà. Â [2] ïðîâåäåí ñðàâíèòåëüíûé àíàëèç áèîìåõàíè÷åñêèõ ñâîéñòâ âèíòîâ èç òèò àíîâîãî
è ìàãíèåâîãî ñïëàâîâ, èñïîëüçóåìûõ äëÿ ôèêñàöèè ïðè äèñòàëüíîé øåâðîíí îé îñòåîòîìèè.
Â [8,11,14] ñðàâíèâàëèñü ðàçíûå òåõíèêè îñòåîòîìèé scarf è chevron. Â ðàáîòàõ [ 13,15] ïðî-
âåäåí ñðàâíèòåëüíûé àíàëèç ìåõàíè÷åñêèõ ñâîéñòâ è ñàãèòòàëüíîé ñòàáèëüí îñòè íåêîòîðûõ
ìåòîäèê äèàôèçàðíûõ îñòåîòîìèé.

Ôðàãìåíòû M1, ïîëó÷åííûå ïðè âûïîëíåíèè îñòåîòîìèé, ñêðåïëÿëèñü ïðåèì óùåñòâåí-
íî 3.5 ìì âèíòàìè [ 5, 6, 8, 12, 13, 16, 17], â äðóãèõ ðàáîòàõ èñïîëüçîâàëèñü 2.4�3.0 ìì âèí-
òû [2,3,8,11,14,15]. Â íåêîòîðûõ ðàáîòàõ [ 8,11� 13,16] âèíòû äîïîëíÿëèñü ïëàñòèíàìè èëè
ñïèöàìè Êèðøíåðà [ 6]. Â êà÷åñòâå ìàòåðèàëà èñïîëüçóåìûõ èìïëàíòàòîâ â áîëüøèíñòâå
ðàáîò (12 èç 13) ïðèìåíÿëñÿ òèòàíîâûé ñïëàâ è òîëüêî â îäíîé ñòàòü å [2] � âèíòû èç ìàã-
íèåâîãî ñïëàâà.

Êàê ïðàâèëî, Ì1 ïðè èñïûòàíèÿõ ñ âûïîëíåííîé íà íåé îñòåîòîìèåé ñ îäí îé ñòîðîíû
ôèêñèðóþò ñ ïîìîùüþ ñîáñòâåííûõ çàæèìîâ èñïûòàòåëüíîé ìàøèíû [ 3, 6, 8, 11, 14]. Â [5]
äëÿ ýòîãî ïðèìåíÿëñÿ öèàíîàêðèëàòíûé êëåé. Â ÷åòûðåõ èññëåäîâàíèÿõ [ 8, 13, 15, 17] äëÿ
ôèêñàöèè êîñòè ïðèìåíÿëè ïîëèýôèðíóþ ñìîëó, à â äâóõ ðàáîòàõ [ 2,12] � âèíòîâîé êðåïåæ.

Èçãèáíàÿ æåñòêîñòü scarf îñòåîòîìèé íà òðóïíûõ êîñòÿõ, ñêðåïëåííûõ òîëüê î âèíòàìè,
ñîñòàâèëà îò 24.8 äî 52 Í/ìì (ìåäèàíà 24.8 Í/ìì) [ 3,5], à chevron � îò 20 äî 60 Í/ìì (ìåäè-
àíà 38.2 Í/ìì) [ 17]. Èçãèáíàÿ æåñòêîñòü scarf îñòåîòîìèé, èññëåäîâàííûõ íà ñèíòåòè÷åñêèõ
îáðàçöàõ, ñîñòàâèëà 14 Í/ìì [ 15], chevron � îò 13 äî 58 Í/ìì (ìåäèàíà 33.8 Í/ìì) [ 2,15].

Ìàêñèìàëüíàÿ íàãðóçêà scarf îñòåîòîìèé íà òðóïíûõ êîñòÿõ âàðüèðîâà ëàñü îò 124 äî
150 Í (ìåäèàíà 124.3 Í) [ 5,11], chevron � îò 16 äî 150 Í (ìåäèàíà 185.5 Í) [ 11,17]. Ìàêñè-
ìàëüíàÿ íàãðóçêà scarf îñòåîòîìèé íà ñèíòåòè÷åñêèõ êîñòÿõ âàðüèðîâàë àñü îò 74.7 äî 90.5 Í
(ìåäèàíà 85.6 Í) [ 14,15], chevron � îò 54.8 äî 144 Í (ìåäèàíà 139.6 Í) [ 2,16]. Ïðî÷íîñòíûå
õàðàêòåðèñòèêè îñòåîòîìèé ïðèâåäåíû â òàáë. 1, à èõ ìåäèàííûå çíà÷åíèÿ � â òàáë. 2.
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Òàáëèöà 1 / Table 1

Èçãèáíàÿ æåñòêîñòü è ìàêñèìàëüíàÿ íàãðóçêà ïðè ðàçíûõ îñòåî òîìèÿõ
Flexural sti�ness and maximum load of di�erent osteotomies

Èñòî÷-
íèê

Ìàòåðèàë Òèï ôèêñàòîðà � Îñòåîòîìèÿ Èçãèáíàÿ
æåñòêîñòü, Í/ìì

Ìàêñèìàëüíàÿ
íàãðóçêà, Í

[3] òðóï. âèíòû 2.0 è 3.0 ìì scarf 52:0 � 48:0 124:6 � 56:8
[5] òðóï. âèíòû 2.2 ìì scarf 24.8 124.0
[6] òðóï. ñïèöà Êèðøíåðà,

âèíòû 3.5 ìì,
âèíòû 4.0 ìì

chevron 38.2 24.9 227.9 232.4

[11] òðóï. âèíòû 2.4 ìì scarf � 150.0
[11] òðóï. âèíòû 2.4 ìì chevron � 150.0
[8] òðóï. âèíòû scarf 52.1 124.63
[8] òðóï. ïëàñòèíà,

âèíòû 3.5 ìì
scarf

dorsomedial
7.0 110.0

[8] òðóï. ïëàñòèíà,
âèíòû 3.5 ìì

scarf plantar 24.8 196.2

[13] òðóï. ñêîáû 3.5 ìì,
âèíòû 3.5 ìì,

ïëàñòèíà

scarf 111.0 428.4 êÏà

[12] òðóï. âèíòû 3.5 ìì,
ïëàñòèíà 2.7 ìì

chevron 33.0 220.9

[17] òðóï. âèíòû 3.5 ìì chevron
äîðñàëüíûé

20.0 16.0

[13] òðóï. âèíòû 3.5 ìì chevron
ïëàíòàðíûé

60.0 70.0

[13] òðóï. ñêîáû 3.5 ìì,
âèíòû 3.5 ìì,

ïëàñòèíà

chevron 48.0 205.3 êÏà

[2] ñèíò. ìàãíèåâûå âèíòû
(âíóòðåííèé 2.0 ìì,
âíåøíèé � 3.0 ìì)

chevron 43:06� 17:59 144:2 � 7:43

[2] ñèíò. âèíòû 2.0 è 3.0 ìì chevron 46:6 � 12:14 141:4 � 10:85
[14] ñèíò. âèíòû 2.5 ìì è

L-ïëàñòèíà
scarf � 90:5 � 20:5

[16] ñèíò. âèíòû 2.5 ìì, 1.3 ìì,
ïëàñòèíà

chevron 24.67 54.8

[15] ñèíò. âèíòû 2.7 ìì scarf 14:4 � 2:6 74:7 � 26:4
[15] ñèíò. âèíòû 2.7 ìì chevron 16:6 � 3:3 137:8 � 19:1

Ïðèìå÷àíèå. � Åñëè ìàòåðèàë íå óêàçàí, òî èìïëàíòàòû èçãîòîâëåíû èç òèòàí îâîãî ñïëàâà.
Note. � If the material is not speci�ed, the implants are made of titan ium alloy.

Òàáëèöà 2 / Table 2

Ìåäèàííûå çíà÷åíèÿ ïðî÷íîñòíûõ õàðàêòåðèñòèê îñòåîòîìèé
Median values of osteotomy strength characteristics

Îñòåîòîìèÿ Ìàòåðèàë Ìàêñèìàëüíàÿ
íàãðóçêà, Í

Èçãèáíàÿ æåñòêîñòü,
Í/ìì

scarf òðóï. 124.3 24.8

chevron òðóï. 185.5 38.2

scarf ñèíò. 85.6 14.0

chevron ñèíò. 139.6 33.8
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Ê. À. Ìàðüÿíêèí è äð. Îáçîð ðåçóëüòàòîâ íàòóðíûõ èñïûòàíèé

Îáñóæäåíèå

Íåñìîòðÿ íà òî, ÷òî èçâåñòíî áîëåå 130 ðàçëè÷íûõ âàðèàíòîâ îñòåîòîìèé Ì 1, ïðèìåíÿå-
ìûõ ïðè õèðóðãè÷åñêîì ëå÷åíèè HV, ñàìûìè ïîïóëÿðíûìè èç íèõ ÿâëÿþòñÿ scarf è chevron.
Îáà ýòèõ òèïà ñ÷èòàþòñÿ èäåíòè÷íûìè ñ òî÷êè çðåíèÿ êëèíè÷åñêèõ ðåçóëüò àòîâ ëå÷åíèÿ,
îäíàêî chevron ìåíåå èíâàçèâåí [ 2]. Âî ìíîãèõ ñîâðåìåííûõ áèîìåõàíè÷åñêèõ ðàáîòàõ îñòåî-
òîìèè èññëåäóþòñÿ íà ïðî÷íîñòü ïðè ñòàòè÷åñêîì êîíñîëüíîì íàãðóæåíè è ñ ïðèìåíåíèåì
óíèâåðñàëüíûõ èñïûòàòåëüíûõ ìàøèí. Ïåðâàÿ ïîäîáíàÿ ðàáîòà áûëà îïóá ëèêîâàíà åùå â
1991 ã., à ïîñëåäíÿÿ � â 2025 ã. Íåóãàñàþùèé èíòåðåñ ó÷åíûõ ê ýòîìó âîïðî ñó ïîäòâåðæäà-
åò ôàêò àêòóàëüíîñòè è íåîáõîäèìîñòè îáîáùåíèÿ íàêîïëåííûõ äàííûõ ïî ïðî÷íîñòíûì
ñâîéñòâàì îñòåîòîìèé. Â äàííîé ðàáîòå îáîáùåíû äàííûå ïî ìåõàíè÷åñêè ì èñïûòàíèÿì
îñòåîòîìèé scarf è chevron íà òðóïíûõ è ñèíòåòè÷åñêèõ îáðàçöàõ ïåðâîé ïë þñíåâîé êîñòè.

Âûÿâëåíî, ÷òî îñòåîòîìèè, ñìîäåëèðîâàííûå íà òðóïíûõ êîñòÿõ, ïîêàçàëè â ñðåäíåì
áîëåå âûñîêèå ïðî÷íîñòíûå õàðàêòåðèñòèêè ïî ñðàâíåíèþ ñ àíàëîãàìè, è çãîòîâëåííûìè íà
ñèíòåòè÷åñêèõ êîñòÿõ. Â ñðåäíåì îñòåîòîìèÿ scarf ïðîäåìîíñòðèðîâàëà ìåíü øóþ èçãèáíóþ
æåñòêîñòü è ìàêñèìàëüíóþ íàãðóçêó ïî ñðàâíåíèþ ñ chevron. Ýòîò âûâîä ñïðà âåäëèâ äëÿ
ìîäåëåé íà òðóïíûõ è íà ñèíòåòè÷åñêèõ êîñòÿõ (ñì. òàáë. 2). Â òî æå âðåìÿ â ðàáîòå [ 11]
îáà âèäà îñòåîòîìèè scarf è chevron ïîêàçàëè èäåíòè÷íóþ ïðî÷íîñòü.

Îòìåòèì, ÷òî èñïîëüçîâàíèå äîïîëíèòåëüíûõ èìïëàíòàòîâ â âèäå ñïè ö, ïëàñòèí, ñïèðà-
ëåé íå îáÿçàòåëüíî âåäåò ê óâåëè÷åíèþ ïðî÷íîñòíûõ ñâîéñòâ îñòåîòîìèè, ÷òî áûëî äîêàçà-
íî ýêñïåðèìåíòàëüíî [ 8,11,13,16]. Îäíàêî â ðàáîòå [ 15] âûÿâëåíî ñóùåñòâåííîå óâåëè÷åíèå
ïðî÷íîñòíûõ õàðàêòåðèñòèê ïðè äîïîëíåíèè âèíòîâ ïëàñòèíîé: ìàêñè ìàëüíàÿ ñèëà ñîñòà-
âèëà 16 Í ïðè óñòàíîâêå òîëüêî âèíòîâ è 220 Í ïðè äîïîëíåíèè èõ ïë àñòèíîé, à èçãèáíàÿ
æåñòêîñòü ïðè ýòîì óâåëè÷èëàñü ñ 2.1 äî 33.0 Í/ìì.

Â èññëåäîâàíèè [8] âûÿâëåíà ðàçíèöà áèîìåõàíè÷åñêèõ ñâîéñòâ ìåæäó äâóìÿ âàðèàí-
òàìè ïðîâåäåíèÿ îñòåîòîìèè scarf: ïëàíòàðíîé (îïåðàöèÿ, ïðè êîòî ðîé ïëîñêîñòü îïèëà
íàïðàâëåíà îò ïëàíòàðíîé ê äîðñàëüíîé ïîâåðõíîñòè êîñòè) è äîðñîì åäèàëüíîé (îïåðàöèÿ,
ïðè êîòîðîé ïëîñêîñòü îïèëà íàïðàâëåíà îò äîðñàëüíîé ê ïëàíòàð íîé ïîâåðõíîñòè êîñòè
â ïðîêñèìàëüíî-äèñòàëüíîì íàïðàâëåíèè). Äëÿ ïëàíòàðíîé ôèêñà öèè èçãèáíàÿ æåñòêîñòü
ñîñòàâèëà24:8 � 10:7 Í/ìì ïðè ìàêñèìàëüíîé íàãðóçêå 192.6 Í, à äëÿ äîðñîìåäèàëüíîé �
7:0 � 7:6 Í/ìì è 110.0 Í ñîîòâåòñòâåííî. Ïëàíòàðíûé âàðèàíò îêàçàëñÿ ãîðàçäî ï ðî÷íåå
ïî ïîêàçàòåëÿì èçãèáíîé æåñòêîñòè è ìàêñèìàëüíî âûäåðæèâàåìîé íàãðóçêè . Ïîäîáíîå
èññëåäîâàíèå [17] òàêæå âûÿâèëî ðàçíèöó ìåæäó ïëàíòàðíûì è äîðñàëüíûì âàðèàíòàìè
îñòåîòîìèè chevron. Ïëàíòàðíûé ñïîñîá â äàííîì èññëåäîâàíèè òàêæå îê àçàëñÿ ïðî÷íåå:
èçãèáíàÿ æåñòêîñòü70:0 � 41:0 Í/ìì ïðîòèâ èçãèáíîé æåñòêîñòè äîðñàëüíîãî âàðèàíòà
16:0 � 12:1Í/ìì.

Íàéäåíû ðàáîòû, â êîòîðûõ èññëåäóþòñÿ ïðî÷íîñòíûå ñâîéñòâà îñòåîòîìèé ñ èñïîëüçî-
âàíèåì ðàçíûõ ìàòåðèàëîâ èçãîòîâëåíèÿ âèíòîâ [ 2]. Òèòàíîâûå èìïëàíòàòû äåìîíñòðèðó-
þò íåñêîëüêî áîëåå âûñîêèå ïîêàçàòåëè ïðî÷íîñòè ïî ñðàâíåíèþ ñ ìàãíèåâûì è àíàëîãàìè
(46:6 � 12:14 Í/ìì è 43:06� 17:59 Í/ìì ñîîòâåòñòâåííî).

Ó äàííîãî èññëåäîâàíèÿ åñòü ðÿä îãðàíè÷åíèé. Îòíîñèòåëüíî íåáîëüøîå êîëè÷åñòâî
âêëþ÷åííûõ èññëåäîâàíèé îòðàæàåò ñïåöèàëèçèðîâàííûé õàðàêòåð ìåõàíè÷ åñêèõ èñïû-
òàíèé ñ îáúåêòàìè òàêîãî òèïà. Ðàçëè÷èÿ â òåõíèêå êðåïåæà îáðàçöîâ â èñïûòàòåëüíîé
ìàøèíå, à òàêæå â òèïàõ è òèïîðàçìåðàõ èñïîëüçóåìûõ èìïëàíòàòîâ îãðà íè÷èâàþò âîç-
ìîæíîñòè ïðÿìîãî ñðàâíåíèÿ ðåçóëüòàòîâ èñïûòàíèé. Ýòî ïîäòâåðæäàåòñÿ äîâîëüíî øèðî-
êèì äèàïàçîíîì êîëè÷åñòâåííûõ ïðî÷íîñòíûõ õàðàêòåðèñòèê îñòåîòîìèé . Â èññëåäîâàííûõ
ðàáîòàõ îöåíèâàåòñÿ âîçäåéñòâèå ñòàòè÷åñêèõ íàãðóçîê, ÷òî ìîæåò íå â ïî ëíîé ìåðå îòðà-
æàòü ôèçèîëîãè÷åñêèå óñëîâèÿ ôóíêöèîíèðîâàíèÿ îñòåîòîìèé. Äàííî å èññëåäîâàíèå ìî-
æåò áûòü ïîëåçíî ïðè ðàçðàáîòêå ñòàíäàðòîâ íàòóðíûõ èñïûòàíèé ñ îñòåîòî ìèÿìè ïåðâîé
ïëþñíåâîé êîñòè è äðóãèõ êîñòåé, ÷òî, â ñâîþ î÷åðåäü, îáëåã÷èò àíàëèç, èíò åðïðåòàöèþ
äàííûõ, à òàêæå ñðàâíåíèå ðåçóëüòàòîâ èññëåäîâàíèé, âûïîëíåííûõ ðàçíûì è íàó÷íûìè
ãðóïïàìè.
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Çàêëþ÷åíèå

Ïðîâåäåííîå îáçîðíîå èññëåäîâàíèå ïîêàçûâàåò ñóùåñòâåííûé èíòåðåñ ó÷åíûõ ê èññë å-
äîâàíèþ ïðî÷íîñòíûõ ñâîéñòâ îñòåîòîìèé ïåðâîé ïëþñíåâîé êîñòè. Â îáçîð å àêêóìóëè-
ðîâàíû ïðî÷íîñòíûå ñâîéñòâà îñòåîòîìèé scarf è chevron, èññëåäîâàííûõ ïðè ñòàòè÷åñêîì
êîíñîëüíîì íàãðóæåíèè, ïðîâåäåííîì íà óíèâåðñàëüíûõ èñïûòàòåëüíûõ ìàø èíàõ. Êîëè÷å-
ñòâåííûå ïàðàìåòðû ïðî÷íîñòíûõ ñâîéñòâ èññëåäîâàííûõ îñòåîòîìèé ïðèâåäåíû â äàííîé
ñòàòüå è ìîãóò áûòü èñïîëüçîâàíû êëèíèöèñòàìè ïðè âûáîðå òèïà îñòåîòî ìèè äëÿ êîíêðåò-
íîãî ïàöèåíòà, à òàêæå ïðè âàëèäàöèè áèîìåõàíè÷åñêèõ ìîäåëåé.

Ñïèñîê ëèòåðàòóðû

1. Guo J., Wang L., Mao R., Chang C., Wen J., Fan Y. Biomechanical evaluation of the �rst ray in
pre-/post-operative hallux valgus: A comparative study // Clinical Biomechanics. 2018. Vol. 60.
P. 1�8. DOI: https://doi.org/10.1016/j.clinbiomech.2018.06.002

2. Sahin A., Gulabi D., Buyukdogan H., Agar A., Kilic B., Mutlu I., Ertu rk C. Is the magnesium
screw as stable as the titanium screw in the �xation of �rst metatarsal distal chevron osteotomy?
A comparative biomechanical study on sawbones models // Journal of Orthopaedic Surgery. 2021.
Vol. 29, iss. 3. Art. 23094990211056439. DOI:https://doi.org/10.1177/23094990211056439

3. Popo� I., Negrine J. P., Zecovic M., Svehla M., Walsh W. R. The e�ect of screw type on the
biomechanical properties of SCARF and crescentic osteotomies of the �rst metatarsal // The
Journal of Foot & Ankle Surgery. 2003. Vol. 42, iss. 3. P. 161�164. DOI: https://doi.org/10.1053/
jfas.2003.50029

4. Cai Y., Song Y., He M., He W., Zhong X., Wen H., Zhong X., Wen H., Wei Q. Global prevalence
and incidence of hallux valgus: A systematic review and meta-analysis // Journal of Foot and
Ankle Research. 2023. Vol. 16, iss. 1. Art. 63. DOI:https://doi.org/10.1186/s13047-023-00661-9

5. Èâàíîâ Ä. Â., Äîëü À. Â., Áåññîíîâ Ë. Â., Êèðååâ Ñ. È., Ãóëÿåâà À. Î. Ìåòîäèêà ìåõàíè÷å-
ñêèõ èñïûòàíèé ïðè êîíñîëüíîì íàãðóæåíèè ïëþñíåâûõ êîñòåé ñò îïû // Ðîññèéñêèé æóðíàë
áèîìåõàíèêè. 2023. Ò. 27, • 4. Ñ. 84�92. DOI: https://doi.org/10.15593/RZhBiomeh/2023.4.06 ,
EDN: QWJFLW

6. Kasparek M. F., Benca E., Hirtler L., Willegger M., Boettner F. , Zandieh S., Holinka J., Windhager
R., Schuh R. Biomechanical evaluation of the proximal chevron osteotomy in comparison to the
Lapidus arthrodesis for the correction of hallux valgus deformities // International Orthopaedics
(SICOT). 2022. Vol. 46, iss. 10. P. 2257�2264. DOI:https://doi.org/10.1007/s00264-022-05514-x

7. Esses S. I., McGuire R., Jenkins J., Finkelstein J., Woodard E., Watters W.C., Goldberg M. J.,
Keith M., Turkelson C. M., Wies J. L., Sluka P., Boyer K. M., Hitc hcock K. The treatment
of symptomatic osteoporotic spinal compression fractures// American Academy of Orthopaedic
Surgeon. 2011. Vol. 19, iss. 3. P. 176�182. DOI:https://doi.org/10.5435/00124635-201103000-00007

8. Klos K., Simons P., Hajduk A.-S., Ho�meier K. L., Gras F., Fr�ober R., Hofmann G. O., M�uckley T.
Plantar versus dorsomedial locked plating for Lapidus arthrodesis: A biomechanical comparison //
Foot & Ankle International. 2011. Vol. 32, iss. 11. P. 1081�1085. DOI: https://doi.org/10.3113/
FAI.2011.1081

9. Shere� M. J., Sobel M. A., Kummer F. J. The stability of �xation of �rst metatarsal osteotomies //
Foot & Ankle. 1991. Vol. 11, iss. 4. P. 208�211. DOI:https://doi.org/10.1177/107110079101100404

10. Page M. J., Moher D., Bossuyt P. M., Boutron I., Ho�mann T. C., Mulrow C. D . et al. PRISMA
2020 explanation and elaboration: Updated guidance and exemplars for reporting systematic re-
views // BMJ. 2021. Vol. 372, iss. 160. DOI: https://doi.org/10.1136/bmj.n160

11. Newman A. S., Negrine J. P., Zeeovie M., Stanford P., Walsh W. R.A biomechanical comparison
of the Z step-cut and basilar crescentic osteotomies of the �rst metatarsal // Foot & Ankle
International. 2000. Vol. 21, iss. 7. P. 584�587. DOI:https://doi.org/10.1177/107110070002100710

12. Schuh R., Hofstaetter J. G., Benca E., Willegger M., von Skrbensky G., Zandieh S., Wanivenhaus A.,
Holinka J., Windhager R. Biomechanical analysis of two �xation methods for proximal chevron
osteotomy of the �rst metatarsal // International Orthopaed ics (SICOT). 2014. Vol. 38, iss. 5.
P. 983�989. DOI: https://doi.org/10.1007/s00264-014-2286-1

13. Trnka H.-J., Parks B. G., Ivanic G., Chu I.-T., Easley M. E., Schon L. C., Myerson M. S.
Six �rst metatarsal shaft osteotomies: Mechanical and immobilization comparisons // Clinical
Orthopaedics and Related Research. 2000. Vol. 381. P. 256�265. DOI: https://doi.org/10.1097/
00003086-200012000-00030

552 Íàó÷íûé îòäåë



Ê. À. Ìàðüÿíêèí è äð. Îáçîð ðåçóëüòàòîâ íàòóðíûõ èñïûòàíèé

14. Bohnert L., Radeideh A., Bigolin G., Gautier E., Lottenbach M. Mechanical testing of maximal
shift scarf osteotomy with inside-out plating compared to classic scarf osteotomy with double
screw �xation // The Journal of Foot & Ankle Surgery. 2018. Vo l. 57, iss. 6. P. 1056�1058. DOI:
https://doi.org/10.1053/j.jfas.2018.02.010

15. Shaw N., Wertheimer S., Krueger J., Haut R. A mechanical comparison of �rst metatarsal diaphy-
seal osteotomies for the correction of hallux abducto valgus // The Journal of Foot & Ankle Surgery.
2001. Vol. 40, iss. 5. P. 271�276. DOI:https://doi.org/10.1016/s1067-2516(01)80062-4

16. Kim J. S., Cho H. K., Young K. W., Kim J. S., Lee K. T. Biomechanical comparison study of three
�xation methods for proximal chevron osteotomy of the �rst m etatarsal in hallux valgus // Clinics in
Orthopedic Surgery. 2017. Vol. 9, iss. 4. P. 514�520. DOI:https://doi.org/10.4055/cios.2017.9.4.514

17. Sharma K. M., Parks B. G., Nguyen A., Schon L. C. Plantar-to-Dorsal compared to dorsal-to-
plantar screw �xation for proximal chevron osteotomy: A bio mechanical analysis // Foot & Ankle
International. 2005. Vol. 26, iss. 10. P. 854�858. DOI:https://doi.org/10.1177/107110070502601011

References

1. Guo J., Wang L., Mao R., Chang C., Wen J., Fan Y. Biomechanicalevaluation of the �rst ray
in pre-/post-operative hallux valgus: A comparative study. Clinical Biomechanics. 2018, vol. 60,
pp. 1�8. DOI: https://doi.org/10.1016/j.clinbiomech.2018.06.002

2. Sahin A., Gulabi D., Buyukdogan H., Agar A., Kilic B., Mutl u I., Erturk C. Is the magnesium
screw as stable as the titanium screw in the �xation of �rst metatarsal distal chevron osteotomy?
A comparative biomechanical study on sawbones models.Journal of Orthopaedic Surgery, 2021,
vol. 29, iss. 3, art. 23094990211056439. DOI:https://doi.org/10.1177/23094990211056439

3. Popo� I., Negrine J. P., Zecovic M., Svehla M., Walsh W. R. The e�ect of screw type on the
biomechanical properties of SCARF and crescentic osteotomies of the �rst metatarsal. The Journal
of Foot & Ankle Surgery, 2003, vol. 42, iss. 3, pp. 161�164. DOI:https://doi.org/10.1053/jfas.2003.
50029

4. Cai Y., Song Y., He M., He W., Zhong X., Wen H., Zhong X., Wen H., Wei Q. Global prevalence
and incidence of hallux valgus: A systematic review and meta-analysis. Journal of Foot and Ankle
Research, 2023, vol. 16, iss. 1, art. 63. DOI:https://doi.org/10.1186/s13047-023-00661-9

5. Ivanov D. V., Dol A. V., Bessonov L. V., Kireev S. I., Gulyaeva A. O. Methods of mechanical tests
for cantilever loading of metatarsal foot bones.Russian Journal of Biomechanics, 2023, vol. 27,
iss. 4, pp. 70�76. DOI: https://doi.org/10.15593/RJBiomech/2023.4.06 , EDN: OVYCKA

6. Kasparek M. F., Benca E., Hirtler L., Willegger M., Boettn er F., Zandieh S., Holinka J., Windha-
ger R., Schuh R. Biomechanical evaluation of the proximal chevron osteotomy in comparison to
the Lapidus arthrodesis for the correction of hallux valgusdeformities. International Orthopaedics
(SICOT) , 2022, vol. 46, iss. 10, pp. 2257�2264. DOI:https://doi.org/10.1007/s00264-022-05514-x

7. Esses S. I., McGuire R., Jenkins J., Finkelstein J., Woodard E., Watters W. C., Goldberg M. J.,
Keith M., Turkelson C. M., Wies J. L., Sluka P., Boyer K. M., Hit chcock K. The treatment of
symptomatic osteoporotic spinal compression fractures.American Academy of Orthopaedic Surgeon,
2011, vol. 19, iss. 3, pp. 176�182. DOI:https://doi.org/10.5435/00124635-201103000-00007

8. Klos K., Simons P., Hajduk A.-S., Ho�meier K. L., Gras F., F r�ober R., Hofmann G. O., M�uckley T.
Plantar versus dorsomedial locked plating for Lapidus arthrodesis: A biomechanical comparison.
Foot & Ankle International , 2011, vol. 32, iss. 11, pp. 1081�1085. DOI:https://doi.org/10.3113/
FAI.2011.1081

9. Shere� M. J., Sobel M. A., Kummer F. J. The stability of �xati on of �rst metatarsal osteotomies.
Foot & Ankle, 1991, vol.11, iss. 4, pp. 208�211. DOI:https://doi.org/10.1177/107110079101100404

10. Page M. J., Moher D., Bossuyt P. M., Boutron I., Ho�mann T. C., Mulrow C. D. et al. PRISMA
2020 explanation and elaboration: Updated guidance and exemplars for reporting systematic reviews.
BMJ, 2021, vol. 372, iss. 160. DOI:https://doi.org/10.1136/bmj.n160

11. Newman A. S., Negrine J. P., Zeeovie M., Stanford P., Walsh W. R. A biomechanical comparison of
the Z step-cut and basilar crescentic osteotomies of the �rst metatarsal. Foot & Ankle International ,
2000, vol. 21, iss. 7, pp. 584�587. DOI:https://doi.org/10.1177/107110070002100710

12. Schuh R., Hofstaetter J. G., Benca E., Willegger M., von Skrbensky G., Zandieh S., Waniven-
haus A., Holinka J., Windhager R. Biomechanical analysis oftwo �xation methods for proximal
chevron osteotomy of the �rst metatarsal. International Orthopaedics (SICOT) , 2014, vol. 38, iss. 5,
pp. 983�989. DOI: https://doi.org/10.1007/s00264-014-2286-1

13. Trnka H.-J., Parks B. G., Ivanic G., Chu I.-T., Easley M. E., Schon L. C., Myerson M. S. Six �rst

Ìåõàíèêà 553



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíô îðìàòèêà. 2025. Ò. 25, âûï. 4

metatarsal shaft osteotomies: Mechanical and immobilization comparisons.Clinical Orthopaedics
and Related Research, 2000, vol. 381, pp. 256�265. DOI:https://doi.org/10.1097/00003086-200012
000-00030

14. Bohnert L., Radeideh A., Bigolin G., Gautier E., Lottenb ach M. Mechanical testing of maximal
shift scarf osteotomy with inside-out plating compared to classic scarf osteotomy with double
screw �xation. The Journal of Foot & Ankle Surgery, 2018, vol. 57, iss. 6, pp. 1056�1058. DOI:
https://doi.org/10.1053/j.jfas.2018.02.010

15. Shaw N., Wertheimer S., Krueger J., Haut R. A mechanical comparison of �rst metatarsal diaphy-
seal osteotomies for the correction of hallux abducto valgus. The Journal of Foot & Ankle Surgery,
2001, vol. 40, iss. 5, pp. 271�276. DOI:https://doi.org/10.1016/s1067-2516(01)80062-4

16. Kim J. S., Cho H. K., Young K. W., Kim J. S., Lee K. T. Biomechan ical comparison study of three
�xation methods for proximal chevron osteotomy of the �rst m etatarsal in hallux valgus. Clinics in
Orthopedic Surgery, 2017, vol. 9, iss. 4, pp. 514�520. DOI:https://doi.org/10.4055/cios.2017.9.4.514

17. Sharma K. M., Parks B. G., Nguyen A., Schon L. C. Plantar-to-dorsal compared to dorsal-to-
plantar screw �xation for proximal chevron osteotomy: A bio mechanical analysis.Foot & Ankle
International , 2005, vol. 26, iss. 10, pp. 854�858. DOI:https://doi.org/10.1177/107110070502601011

Received / Ïîñòóïèëà â ðåäàêöèþ 19.06.2025
Accepted / Ïðèíÿòà ê ïóáëèêàöèè 05.09.2025
Published / Îïóáëèêîâàíà / 28.11.2025

554 Íàó÷íûé îòäåë



E. V. Sadyrin et al. Mechanical properties

Èçâåñòèÿ Ñàðàòîâñêîãî óíèâåðñèòåòà. Íîâàÿ ñåðèÿ. Ñåðèÿ: Ìàò åìàòèêà. Ìåõàíèêà. Èíôîð-
ìàòèêà. 2025. Ò. 25, âûï. 4. Ñ. 555�565
Izvestiya of Saratov University. Mathematics. Mechanics. Informati cs, 2025, vol. 25, iss. 4, pp. 555�
565
https://mmi.sgu.ru DOI: https://doi.org/10.18500/1816-9791-2025-25-4-555-565

EDN: https://elibrary.ru/SRTEFP

Article

Characterization of properties for modern dental material s
and bordering tissues.

Part 1. Mechanical properties

E. V. Sadyrin , A. L. Nikolaev, A. P. Evsyukov, D. A. Nizhnik, A. S. Vasiliev

Don State Technical University, 1 Gagarin Square, Rostov-o n-Don 344003, Russia

Evgeniy V. Sadyrin , esadyrin@donstu.ru, https://orcid.org/0009-0000-2227-1299 , SPIN: 7472-7963, AuthorID:

770513

Andrey L. Nikolaev , andreynicolaev@eurosites.ru,https://orcid.org/0000-0003-3491-4575 , SPIN: 8183-3370,

AuthorID: 968623

Alexander P. Evsyukov , aevsukov@mail.ru, https://orcid.org/0000-0001-5521-7563 , SPIN: 2397-2193,

AuthorID: 178681

Daria A. Nizhnik , dnijnik@donstu.ru, https://orcid.org/0000-0002-4069-2166 , SPIN: 1934-1455, AuthorID:

966926

Andrey S. Vasiliev , andrevasiliev@gmail.com, https://orcid.org/0000-0001-7844-1314 , SPIN: 8496-1554,

AuthorID: 644756

Abstract. In the present paper, anex vivo nanoindentation study of the mechanical properties of �llings
made of composite resin and glass ionomer cement, as well as in�ltrated enamel and tissues in their
vicinity, was carried out, followed by a comparison of the results with the properties of the sound tissues.
For a more in-depth interpretation of the obtained experimental data, optical images of the sample surface
structure were obtained. Composite �llings have been shown tobe superior to glass ionomer ones due
to greater similarity in mechanical properties to the sound enamel and fewer internal structure artifacts.
The possibility of the polymerization stress appearing in dentine adjacent to the �lling was demonstrated.
Pathologically altered demineralized enamel treated with polymer in�ltrant, despite a slight decrease in
the values of properties compared to sound tissue, turned out to be generally close to it both in terms
of the mechanical characteristics, which indicates the highpotential for the use of polymer in�ltration in
dental practice for the treatment of early caries.
Keywords: tooth, enamel, dentine, composite resin, glass ionomer cement, polymer in�ltrant, �lling,
nanoindentation
Acknowledgements: This work was supported by the grant of the Russian Science Foundation (project
No. 25-29-00829,https://rscf.ru/en/project/25-29-00829/ ). The authors thank S. Yu. Maksyukov for
assistance in performing ex vivo sealing of the samples. Nanoindentation was carried out using the
equipment of the Resource Center for Collective Use of the Scienti�c and Educational Center for Functional
Gradient Materials of Don State Technical University (RCCP DSTU).
For citation: Sadyrin E. V., Nikolaev A. L., Evsyukov A. P., Nizhnik D. A., V asiliev A. S. Characterization
of properties for modern dental materials and bordering tissues. Part 1. Mechanical properties.Izvestiya
of Saratov University. Mathematics. Mechanics. Informatics, 2025, vol. 25, iss. 4, pp. 555�565. DOI:
https://doi.org/10.18500/1816-9791-2025-25-4-555-565, EDN: SRTEFP
This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International

License (CC-BY 4.0)

© Sadyrin E. V., Nikolaev A. L., Evsyukov A. P., Nizhnik D. A., Vasiliev A. S., 2025



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíô îðìàòèêà. 2025. Ò. 25, âûï. 4

Íàó÷íàÿ ñòàòüÿ
ÓÄÊ 531.7

Õàðàêòåðèçàöèÿ ñâîéñòâ ñîâðåìåííûõ ñòîìàòîëîãè÷åñêèõ ìà òåðèàëîâ
è òêàíåé â èõ îêðåñòíîñòè.

×àñòü 1. Ìåõàíè÷åñêèå ñâîéñòâà

Å. Â. Ñàäûðèí , À. Ë. Íèêîëàåâ, À. Ï. Åâñþêîâ, Ä. À. Íèæíèê,
À. Ñ. Âàñèëüåâ

Äîíñêîé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Ðîññèÿ, 344003, ã. Ðîñòîâ-íà-Äîíó, ïë. Ãàãàðèíà, ä. 1

Ñàäûðèí Åâãåíèé Âàëåðüåâè÷ , êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ñòàðøèé íàó÷íûé ñîòð óäíèê ëà-

áîðàòîðèè ìåõàíèêè áèîñîâìåñòèìûõ ìàòåðèàëîâ, esadyrin@dons tu.ru, https://orcid.org/0009-0000-2227-1299 ,

SPIN: 7472-7963, AuthorID: 770513

Íèêîëàåâ Àíäðåé Ëåîíèäîâè÷ , çàâåäóþùèé ëàáîðàòîðèåé ìåõàíèêè áèîñîâìåñòèìûõ ìàòåðèàëîâ ,

andreynicolaev@eurosites.ru,https://orcid.org/0000-0003-3491-4575 , SPIN: 8183-3370, AuthorID: 968623

Åâñþêîâ Àëåêñàíäð Ïàâëîâè÷ , êàíäèäàò áèîëîãè÷åñêèõ íàóê, äîöåíò êàôåäðû �Áèîëîãèÿ è î áùàÿ ïà-

òîëîãèÿ�, aevsukov@mail.ru, https://orcid.org/0000-0001-5521-7563 , SPIN: 2397-2193, AuthorID: 178681

Íèæíèê Äàðüÿ Àíäðååâíà , ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ¾Òåîðåòè÷åñêàÿ è ïðèêëàäí àÿ ìåõàíèêà¿,

dnijnik@donstu.ru, https://orcid.org/0000-0002-4069-2166 , SPIN: 1934-1455, AuthorID: 966926

Âàñèëüåâ Àíäðåé Ñåðãååâè÷ , âåäóùèé íàó÷íûé ñîòðóäíèê ëàáîðàòîðèÿ ìåõàíèêè áèîñîâìåñò èìûõ ìà-

òåðèàëîâ, andrevasiliev@gmail.com,https://orcid.org/0000-0001-7844-1314 , SPIN: 8496-1554, AuthorID: 644756

Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå áûëî ïðîâåäåíî ex vivo èññëåäîâàíèå ìåõàíè÷åñêèõ ñâîéñòâ ïëîìá
èç êîìïîçèòíîãî ìàòåðèàëà è ñòåêëîèîíîìåðíîãî öåìåíòà, à ò àêæå èíôèëüòðèðîâàííîé ýìàëè è
òêàíåé â èõ îêðåñòíîñòè ñ èñïîëüçîâàíèåì íàíîèíäåíòèðîâàí èÿ ñ ïîñëåäóþùèì ñðàâíåíèåì ðå-
çóëüòàòîâ ñî ñâîéñòâàìè çäîðîâûõ òêàíåé. Äëÿ áîëåå ïîäðîáíî é èíòåðïðåòàöèè ïîëó÷åííûõ ýêñïå-
ðèìåíòàëüíûõ äàííûõ áûëè ïîëó÷åíû ñíèìêè ñòðóêòóðû ïîâåðõíîñ òè îáðàçöîâ ñ èñïîëüçîâàíèåì
îïòè÷åñêîãî ìèêðîñêîïà. Èññëåäîâàíèå ïîêàçàëî, ÷òî ïëîìá à èç êîìïîçèòíîãî ìàòåðèàëà èìååò ðÿä
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ñî ñâîéñòâàìè çäîðîâîé ýìàëè è ìåíüøåãî êîëè÷åñòâà àðòåôàê òîâ âíóòðåííåé ñòðóêòóðû. Ïîêàçà-
íà âîçìîæíîñòü âîçíèêíîâåíèÿ ïîëèìåðèçàöèîííûõ íàïðÿæåíè é â äåíòèíå â îêðåñòíîñòè ïëîìáû.
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Introduction

The state of the tissues of the human oral cavity is an important component of the health
of the body as a system, signi�cantly a�ecting quality of life in general. At the same time,
untreated caries of permanent and primary teeth is one of the most common diseases in the
world � according to the global report of the World Health Organiza tion, it a�ects about 2
billion 510 million people all over the world [1]. Moreover, a number of studies have shown
that pathological changes in the tooth hard tissues contribute to the development of respiratory
diseases [2], lower respiratory tract infections and in�uenza [3], as well as a number of other
diseases [4].

Caries occurs as a result of the interaction of acidogenic oral bacteria with components of
the human diet within the plaque bio�lm, resulting in the format ion of organic acids, mainly
lactic acid. The appearance of acids in the oral cavity can also occur whenconsuming a number
of foods and drinks [5,6], which contributes to the demineralization process � partial dissolution
of the main structural elements of enamel � hydroxyapatite crystal lites [7]. Early caries (stage
of the white spot lesions, WSLs) is characterized by the process of demineralization of tooth
enamel without cavitation [8]. A dental clinician plans a treatment of WSLs depending on a
list of factors (the size of the demineralized area, its location, degree of activity, and others).
With early manifestations of WSLs, treatment may be limited to the methods of non-invasive
dentistry [9]. In more complex cases, it becomes necessary to use methods of preparing the area of
demineralization and �lling it or minimally invasive treatment ( such as polymer in�ltration [ 10]).
Glass ionomer cements (GICs) can be used in a wide range of clinical situations due to the
ability to control their mechanical properties by changing the powder/liquid ratio or the chemical
composition of the material [11]. Treatment of WSLs by the in�ltration method consists of acid
etching of the damaged enamel surface, drying of the subsurface porous area, and impregnation
of it with liquid polymer material, which modi�es the microstructur e of the enamel prisms [12].
However, the e�cacy of this clinical procedure has not been fully investigated: in a number of
clinical cases, high e�ciency has been reported [13], whereas in other studies, it did not show
the desired result for the practicing dental clinician [14].

In the present work, an ex vivo study of the mechanical properties of �llings made of the
composite material and the GIC, the enamel surrounding these �llings, dentine in their vicinity
(i.e., dentine adjacent to the dentine-enamel junction, DEJ), as well as sound dentine and enamel
on the opposite side of the tooth was carried out. According to a similar scheme, a study was
made of the properties of enamel modi�ed by the in�ltrant and dentin e in its vicinity, as well as
sound dentine and enamel on the opposite medial side of the tooth (the procedure was repeated
on two samples each demonstrating the manifestations of WSLs inorder to gather more statistical
data).

1. Materials and methods

Four human molars were extracted for orthodontic reasons in the dental department of the
Rostov State Medical University clinic, Rostov-on-Don, Russia. The local independent ethical
committee of the university approved the research (extract 14/21 dated September 23, 2021),
and the patients provided informed consent. The following dental materials were used in the
study according to the manufacturers' protocols: Vitremer glass ionomer cement (3M ESPE, St.
Paul, USA), Estelite Flow Quick composite material (Tokuyama Dental, Tokyo, Japan), and
Icon in�ltrant (DMG Chemisch-Pharmazeutische, Berlin, Germany).To form thin sections of
the surface of the samples containing the areas under study, they were prepared in longitudinal
section using an Isomet 4000 precision saw (Buehler, Lake Blu�, USA), then ground and polished.

The mechanical properties of the areas under study were assessed using ananoindentation test
machine (NanoTest 600 Platform 3, Micro Materials, Wrexham, UK)using a calibrated Berkovich
diamond indenter. In each test, the load increased linearly for 20 s, remained constant for 30 s,
then decreased linearly for 20 s. The maximum load Pmax was 50 mN. To prevent damage to the
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tooth tissues caused by uncontrolled dehydration, the specimens were kept moist with drops of
distilled water using an infusion pump (Terufusion TE-332, Terumo, Leuven, Belgium). Reduced
Young's modulus Er and indentation hardnessH for each of the areas were obtained utilizing
the Oliver � Pharr method [ 15]. In nanoindentation experiments, creep meant a change in the
deformation of the material during the experiment when the maximum load was held for 30 s.
For each area under study, from 8 to 12 identical indentations were made, and the results were
averaged afterwards.

Microscopy of �llings and tissues in the vicinity of indenter print s was carried out using
the optical system of a nanoindentation system. Overview images of the prepared cross-sections
were made using a Zeiss StereoDiscovery V.20 stereomicroscope (Carl Zeiss Microscopy GmbH,
Oberkochen, Germany) according to the Abbe scheme. Zeiss ZEN software(Carl Zeiss Microscopy
GmbH, Oberkochen, Germany) was used for image processing.

The Shapiro � Wilk normality test was used to examine whether the nanoindentation datasets
were normally distributed. The test statistic ( D ) provided a measurement of the divergence of
the dataset distribution from the normal one. The one-way analysis of variance (ANOVA) was
used to detect statistically signi�cant di�erences between the means of thetwo or three groups
under study. Speci�cally, the null hypothesis was tested:H0 : � 1 = � 2 = � � � = � k , where � is
a group mean andk is a number of groups. The above hypothesis was tested for three sets of
indentation data for the composite �lling case, three sets for theglass ionomer �lling case, and
two sets for each polymer in�ltration case using theF -ratio at a signi�cance level of � = 0 :05.
The Tukey � Kramer test was then used to identify speci�c groups that di �ered from each other.

2. Results and discussion

Figure 1 shows optical images of surface sections of all samples, indicating both the areas of
interest and the anatomical features of the crowns. Indenter imprintsat a distance of 60� m from
the interface with the �lling, in its internal and external parts (t he central region of the enamel
in Fig. 1, a, the approximate boundaries of the �lling are outlined by a burgundy dotted line),
demineralized dentine, and sound tooth tissues are shown in Fig.2. The results of the property
evaluation are given in Table1.

Figure 2, b shows large pores found on the examined surface of the composite �lling. Diagrams
of the dependence of the indentation depth on the applied load for the case of this �lling are
shown in Fig. 3. For the GIC �lling (Fig. 1, b) from the cervical area to the pulp horn, an
assessment was made of its mechanical properties, enamel at the borderwith the �lling (about
400 � m from the interface due to the presence of a crack in the immediate vicinity), bordering
dentine, as well as the sound enamel and dentine on the opposite medial side of the tooth. The
measurement results are shown in Table2.

The results of optical microscopy of the interface of a �lling made ofGIC and dentine are
shown in Fig. 2, c, d. Diagrams of the dependence of the indentation depth on the appliedforce
for the case of a GIC �lling application are shown in Fig. 4.

Considering that in the current research, polymer in�ltration was carried out on the two
samples, further, the �rst and second cases of using this material will be mentioned.

For the �rst case of the WSL in�ltration (Fig. 1, c), the mechanical properties of the treated
enamel, dentine in its vicinity, as well as sound enamel and dentine on the opposite medial side
of the tooth were assessed.

A visual examination of the in�ltrated enamel showed the presence of aWSL focus, extending
from the enamel surface to the DEJ. In this regard, the mechanical properties of the in�ltrated
enamel were measured close to the DEJ. On the opposite side of the junction, presumably
pathologically altered dentine was examined. The test results are given in Table 3. Diagrams
of the dependence of the indentation depth on the applied force for the�rst case of the WSL
in�ltration are shown in Fig. 5. For the second case of polymer in�ltration of the molar in the
upper third of the enamel in height (Fig. 1, d), the mechanical properties were assessed similarly
to the �rst case (see Table4).
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a b

c d

Fig. 1. Optical microscope images of samples afterex vivo dental treatment: a shows composite �lling;
b shows GIC �lling; c shows enamel in�ltration, �rst case; d shows enamel in�ltration, second case;e
stands enamel,d stands for dentine,dej stands for DEJ, es stands for sound enamel,ds stands for sound
dentine, ci stands for internal part of the composite �lling, co stands for external part of the composite
�lling, ec stands for enamel at the interface with the composite �lling material, dc stands for dentine in
the vicinity of a �lling made of composite material, pr stands for previous crown restoration,g stands for
GIC �lling, dgc stands for dentine in the vicinity of a �lling of GIC in the cerv ical region, eg stands for
enamel on the interface of a �lling of GIC, dgh stands for dentine in the vicinity of the GIC �lling in the
area of the pulp horn (crown part), sr stands for stria of Retzius,hsb stands for Hunter-Schreger bands,
ei stands for in�ltrated enamel, di stands for dentine in the vicinity of in�ltrated enamel, pc stands for

pulp chamber (color online)

Table 1
Mechanical properties of the sample treated with the composite material

Area Red. Young's modulusE r , GPa HardnessI , GPa Creep, nm

Filling outer part 11:47� 1:05 1:11� 0:17 236:3 � 56:1

Filling inner part 11:51� 0:32 0:93� 0:05 293:5 � 30:0

Enamel bordering �lling 40:55� 3:85 2:48� 0:65 229:7 � 65:7

Sound enamel 97:77� 5:50 5:98� 0:37 36:5 � 11:1

Dentine bordering �lling 23:50� 2:82 1:16� 0:13 162:3 � 33:7

Sound dentine 26:48� 3:34 1:14� 0:15 101:5 � 15:4

To assess statistically signi�cant di�erences in the indentation results, three sets of Young's
modulus values were selected for the composite material and GIC (the inner part of the composite
�lling, the enamel in the vicinity of the �lling, and sound enamel with sample sizes of 11, 9, and 9
tests, respectively; the GIC �lling, the enamel in the vicinity of the GIC, and sound enamel with
sample sizes of 8, 6, and 9 tests, respectively), and two sets of valuesfor the samples treated with
the in�ltrant (treated and sound enamel with sample sizes of 7 and 11 tests for the �rst sample,
12 and 12 tests for the second sample, respectively). In all cases, from the sample information,
we obtained that the test statistic F was not in the 95% acceptance region, based on which a
conclusion was made to reject the null hypothesis (atp < 0:05), thus, at least two group mean
values for each material were statistically signi�cantly di�erent f rom each other. Additionally,
Tukey � Kramer test subsequently revealed a signi�cant di�erence between all three pairs for
�lling materials.
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a b

c d

Fig. 2. Optical microscopy of �llings and surrounding tissues: a shows indenter marks on the surface of
a composite �lling; b shows indenter marks and pores in the outer layer of the �lling; c shows indenter
marks on dentine in the immediate vicinity of the �lling; d shows surface of the GIC �lling; g stands for
GIC �lling surface, e stands for enamel,ci stands for inner layer of the �lling, co stands for outer layer of
the �lling, ii stands for indenter imprint, cei stands for interface between the �lling and enamel,p stands
for pore, d stands for dentine, g stands for GIC, gdj stands for interface between �lling and dentine, gp

stands for glass particle; symbol� marks the agglomerate of glass microparticles (color online)

Table 2
Mechanical properties of the sample treated with the GIC

Area Red. Young's modulusE r , GPa HardnessI , GPa Creep, nm

Filling 1:57� 0:34 0:14� 0:05 927:0 � 159:5

Enamel bordering �lling 16:27� 7:51 1:25� 0:93 502:5 � 285:5

Sound enamel 91:18� 4:89 5:61� 0:99 49:5 � 27:7

Dentine (pulp horn) 39:37� 0:96 2:03� 0:07 116:3 � 9:0

Dentine (cervical area) 25:36� 1:04 1:48� 0:10 182:9 � 25:3

Sound dentine 23:33� 4:15 1:14� 0:01 124:6 � 45:9

The analysis of experimental data of nanoindentation shows that the outer and inner layers
of the composite �lling are characterized by practically identical values of the Young's modulus
and a decrease in the value of indentation hardness of the inner layer by 16.2% compared to
the outer one, as well as an increased creep value by 24.2%. This observation partially agrees
with the studies of the mineral density of composite �llings [16]. At the same time, the values
of the reduced Young's modulus and the indentation hardness of theinner part of the �lling are
signi�cantly lower than both the surrounding enamel, noted in Fig. 2, a (by 3.5 and 2.7 times,
respectively), and sound enamel (by 8.5 and 6.4 times, respectively). Theobserved features are
important from a practical point of view for creating a strong �lli ng and high adhesion to natural
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enamel. For the enamel in the �lling area, both the reduced Young's modulus and the indentation
hardness were equal to 41.5% of the similar characteristics for sound enamel, and creep was 6.3
times higher, practically not inferior in creep value to the outer part of the composite �lling
(Fig. 2, b).

a b

Fig. 3. Diagrams of the dependence of the indentation depth on the applied force for the case of a
composite �lling: a shows composite �lling, enamel in its vicinity, and sound enamel; b shows dentine in

the vicinity of the composite �lling and sound dentine (color online)

a b

Fig. 4. Diagrams of the dependence of the indentation depth on the applied force for the case of a GIC
�lling: a shows GIC, enamel in its vicinity, and sound enamel;b shows dentine in the vicinity of the GIC

�lling close to the cervical area and to the pulp horn, sound dentine (color online)

Table 3
Properties of the sample treated with the in�ltrant � �rst cas e

Area Red. Young's modulusE r , GPa Hardness �I , GPa Creep, nm

In�ltrated enamel 94:54� 6:53 6:32� 0:95 42:7 � 27:8

Sound enamel 107:67� 11:89 7:02� 0:90 29:0 � 11:9

Dentine bordering
in�ltrated enamel

23:38� 1:76 1:16� 0:07 119:4 � 241:0

Sound dentine 26:38� 5:60 1:07� 0:07 132:1 � 26:0
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Table 4

Properties of the sample treated with the in�ltrant � second c ase

Area Red. Young's modulusE r , GPa Hardness�I , GPa Creep, nm
In�ltrated enamel 77:9 � 3:99 4:90� 0:55 58:5 � 10:9
Sound enamel 88:84� 4:88 6:62� 1:32 42:0 � 21:2
Dentine bordering
in�ltrated enamel

19:37� 2:89 1:09� 0:17 204:0 � 38:6

Sound dentine 21:22� 1:62 1:25� 0:17 152:2 � 21:9

a b

Fig. 5. Diagrams of the dependence of the indentation depth on the applied force for the �rst case of
WLS in�ltration: a shows in�ltrated and sound enamel; b shows dentine in the vicinity of the in�ltrated

enamel and sound dentine (color online)

Observations of the dependence of the indentation depth on the applied force (P � h diagrams)
show that the nature of both the loading and unloading branches of the curves for enamel at
the border with the �lling is generally similar to that for the sou nd enamel, but an increase in
the indentation depth is observed. These facts indicate a change in the mechanism of resistance
to loads of such enamel, despite the fact that during optical microscopy, no visual signs of
pathological changes were noted (homogeneous tissue, without color changes and distinguishable
cavities [17], Fig. 1, a). At the same time, a small number of large defects in the form of pores
with a diameter of up to 19 � m are observed on the surface (this pore is shown in Fig.2, b).
Similar e�ects are observed for dentine: its Young's modulus in the �lling area decreases by
11.3%, and creep increases by 59.9% in relation to the sound tissue, while the hardness values
are comparable.

As for �lling materials made of GIC, extremely low values of the reduced Young's modulus
and indentation hardness are obvious: they are signi�cantly lower than those of the surrounding
(10.4 and 8.9 times, respectively) and sound enamel (58.1 and 40.1 times, respectively). At the
same time, the creep of GIC was 1.84 times higher than that of the surrounding enamel and
18.7 times higher than that of sound enamel. Such a low value of mechanical characteristics is
consistent with the recent results obtained by Petrovi�c et al. [18] during nanoindentation of a
number of commercial GICs. It should be noted that at the boundary between the �lling and
enamel, as well as between the �lling and dentine, there was a delamination of the interface (more
than 50 � m wide, Fig. 2, c), presumably caused by an increased stress concentration due to an
excessive di�erence in the mechanical characteristics of the �lling andthe surrounding tissue
(which can be further studied using the approaches of [19]). Analysis of optical images showed a
high content of glass particles on the cement surface with a diameter of6:68� 2:70 � m, as well
as pores reaching 15.12� m, and agglomerates of glass microparticles (Fig.2, d).
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For the GIC �lling, an even smaller angle of inclination of the unloading branches of the
P � h diagrams (Fig. 4) relative to the abscissa axis and a greater spread in depth (due tothe
heterogeneity of the surface and high porosity) is characteristic compared to the case of the
composite �lling. The study of dentine in the vicinity of the GIC �l ling (Fig. 4, b) was carried
out in two areas: near the pulp horn and in the cervical area. It is noteworthy that, unlike
demineralizede dentine or dentine around carious enamel, the values ofthe reduced Young's
modulus and indentation hardness in both areas of dentine in the vicinity of the GIC were
higher than the values of the sound tissue: in the cervical area by 8.7% and 29.8%, and near the
pulp horn by 68.8% and 78.1%, respectively. Presumably, this phenomenon is associated with
tissue deformation caused by polymerization stresses inside the GIC[20,21]. This observation is
consistent with the results of Dias et al. [22], in whose work increased hardness was observed in
all areas of direct contact with the GIC in sound and demineralized dentine.

The nanoindentation data of the �rst case of using a polymer in�lt rant show that, despite
the lower reduced values of Young's modulus and indentation hardness of the in�ltrated enamel
compared to sound tissue (by 12.2% and 10.0%, respectively), as well as an increased creep
value (by 47.2%), both branches of theP � h diagrams for the pairs �in�ltrated enamel � sound
enamel� have a similar character, including the angle of inclination (Fig. 5, a). As for dentine,
we note lower values of the reduced Young's modulus and creep of this tissue in the vicinity of
the in�ltrated enamel (by 11.4% and 9.6%, respectively), as well as a higher hardness value (by
8.4%) compared to sound dentine (Fig.5, b).

For the second case of using a polymer in�ltrant, lower values of thereduced Young's modulus
and indentation hardness of the in�ltrated enamel relative to the sound tissue were recorded (by
12.3% and 26.0%, respectively), as well as a higher creep value (by 39.3%). The unloading
branches of theP � h diagrams for the pairs �in�ltrated enamel � sound enamel� demonstr ate a
similar character, including the angle of inclination, while the loading branches of the in�ltrated
enamel have a smaller angle of inclination and a noticeable increasein the depth of indentation.
In this sample, the behavior of dentine largely repeats the features of the enamel.

Conclusion

In this work, an ex vivo study of the mechanical properties of composite and GIC �llings, as
well as in�ltrated enamel and tissues in their vicinity, was conducted, followed by a comparison
of the results with the corresponding properties of the sound tissues. The results showed that a
composite �lling appears more preferable for use in dentistry than a GIC �lling due to greater
similarity of mechanical properties, a lower probability of adhesion loss at the enamel border,
and a smaller content of internal structure artifacts.

The information collected for both samples treated with the in�ltrant allows us to draw
several conclusions:

� the mechanical properties of enamel after in�ltration are closer to the properties of the
sound enamel, in contrast to both types of �lling materials;

� given the small di�erence in the mechanical properties of in�ltrat ed enamel and the sound
tissue surrounding it, the probability of undesirable stressgrowth in the in�ltrated DEJ is lower
than in the case of �llings.

However, further research is needed to better understand the ability of the in�ltrant to
penetrate tissues in di�erent areas of the tooth and at di�erent stages of caries progression.

The continuation of the article will be published in the nextissue.
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Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ïîèñêó ýôôåêòèâíîãî àëãîðèòìà
îáíàðóæåíèÿ âûáðîñîâ â íåñòàöèîíàðíûõ îäíîìåðíûõ âðåìåííûõ
ðÿäàõ, ïðåäñòàâëÿþùèõ ñîáîé íàòóðíûå èçìåðåíèÿ. Òàê, íåñòà öè-
îíàðíîñòü ðÿäà õàðàêòåðèçóåòñÿ íàëè÷èåì èçìåí÷èâîãî òðåí äà â
äàííûõ, à òàêæå ãåòåðîñêåäàñòè÷íîñòüþ � íåïîñòîÿíñòâîì äèñ ïåð-
ñèè äëÿ îòäåëüíî âçÿòûõ ïîäïîñëåäîâàòåëüíîñòåé âðåìåííîãî ðÿäà.
Íåó÷åò ýòèõ îñîáåííîñòåé ïðèâîäèò ê òîìó, ÷òî âûáðîñû, ñâÿçàí -
íûå ñ ïîëîìêàìè èëè íåòî÷íîñòüþ àïïàðàòóðû, ôèêñèðóþùåé íà-
òóðíûå èçìåðåíèÿ, ìîãóò áûòü êëàññèôèöèðîâàíû êàê ðåãóëÿðíûå
çíà÷åíèÿ. Ýòî äåëàåò áîëüøèíñòâî ñóùåñòâóþùèõ ìåòîäîâ îáíà ðó-
æåíèÿ âûáðîñîâ âî âðåìåííûõ ðÿäàõ íåýôôåêòèâíûìè. Â ðàáîòå
îïèñàíû ðåàëüíûå äàííûå, ïðåäñòàâëÿþùèå ñîáîé íàáëþäåíèÿ çà
òåìïåðàòóðîé è êîíöåíòðàöèåé çàãðÿçíèòåëÿ â ïîãðàíè÷íîì ñ ëîå
àòìîñôåðû ã. Êðàñíîÿðñêà, êîòîðûå îáëàäàþò çàäàííûìè ñâîéñò âà-
ìè. Ïðèâåäåí êðàòêèé îáçîð ñóùåñòâóþùèõ ìåòîäîâ, ïîêàçàíû èõ
ïðåèìóùåñòâà è íåäîñòàòêè â ïðèìåíåíèè ê èìåþùèìñÿ äàííûì.
Ïðåäëîæåí àâòîðñêèé ïîäõîä ê îáíàðóæåíèþ âûáðîñîâ â ðÿäàõ
îïèñûâàåìîãî òèïà. Ïðåäñòàâëåííûé â ðàáîòå ìåòîä íàïðàâëåí í à
êîððåêöèþ è îáúåäèíåíèå ñóùåñòâóþùèõ ïîäõîäîâ è ðàçäåëåí íà
äâà ýòàïà: ëîêàëèçàöèÿ òî÷åê, ïîäîçðèòåëüíûõ íà âûáðîñ, è ðåã ðåñ-
ñèÿ ïî ëîêàëèçîâàííîìó ó÷àñòêó ñ àäàïòèâíûì ïîðîãîì îòñå÷åí èÿ
òî÷åê. Ïðåäëîæåííûé àëãîðèòì ïðîòåñòèðîâàí íà èìåþùèõñÿ äà í-
íûõ. Ïðîâåäåíî ñðàâíåíèå ñ ñóùåñòâóþùèìè ïîäõîäàìè.
Êëþ÷åâûå ñëîâà: àíàëèç âðåìåííûõ ðÿäîâ, îáíàðóæåíèå âûáðî-
ñîâ, z-áàëë, íåñòàöèîíàðíîñòü, ðåãðåññèÿ, ðàçðàáîòêà àëãîðèòì à
Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå
Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò • 24-71-10022).

© Ïåòðàêîâà Â. Ñ., 2025



Â. Ñ. Ïåòðàêîâà. Àëãîðèòì îáíàðóæåíèÿ âûáðîñîâ â íåñòàöèîíà ðíûõ âðåìåííûõ ðÿäàõ

Äëÿ öèòèðîâàíèÿ: Ïåòðàêîâà Â. Ñ. Àëãîðèòì îáíàðóæåíèÿ âûáðîñîâ â íåñòàöèîíàðíûõ âðå-
ìåííûõ ðÿäàõ íàòóðíûõ èçìåðåíèé // Èçâåñòèÿ Ñàðàòîâñêîãî óíèâ åðñèòåòà. Íîâàÿ ñåðèÿ. Ñåðèÿ:
Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2025. Ò. 25, âûï. 4. Ñ. 566 �577. DOI: https://doi.org/10.18500/
1816-9791-2025-25-4-566-577, EDN: TMDBOY
Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International (CC-BY 4.0)

Article

Algorithm for searching for outliers in non-stationary tim e series
of �eld measurements

V. S. Petrakova

Institute of Computational Modelling SB RAS, 55/44 Academg orodok St., Krasnoyarsk 660036, Russia

Viktoriya S. Petrakova , vika-svetlakova@yandex.ru, https://orcid.org/0000-0003-1126-2148 , SPIN: 3099-4941,

AuthorID: 1182060

Abstract. The paper is devoted to �nding an e�cient algorithm for detect ing outliers in non-stationary
one-dimensional time series representing �eld measurements. Thus, the non-stationarity of a series is
characterized by the presence of a variable trend in the data, as well as heteroscedasticity which is the
inconstancy of variance for individual subsequences of thetime series. Failure to take these features
into account leads to the fact that outliers associated with breakdowns or inaccuracies of the equipment
recording �eld measurements can be classi�ed as regular values. This makes most existing methods for
detecting outliers in time series ine�ective. The paper describes real data representing observations of
temperature and pollutant concentration in the boundary layer of the atmosphere in Krasnoyarsk, which
have speci�ed properties. A brief overview of existing methods is given, their advantages and disadvantages
in application to the available data are shown. The author's approach to detecting outliers in the series of
the described type is proposed. The method proposed in the paper is aimed at correcting and combining
existing approaches and is divided into two stages: localization of points suspected of being outliers
and regression on the localized section with an adaptive threshold for cutting o� points. The proposed
algorithm was tested on the available data. A comparison with existing approaches was made.
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Ââåäåíèå

Âðåìåííûå ðÿäû ïðåäñòàâëÿþò ñîáîé ïîñëåäîâàòåëüíîñòü íàáëþäåíèé çà èçìåí åíèåì
íåêîòîðîé ïåðåìåííîé x âî âðåìåíè, êîòîðûå ìîãóò áûòü èñïîëüçîâàíû â ðàçíûõ ïðè-
ëîæåíèÿõ, â òîì ÷èñëå äëÿ ïîíèìàíèÿ è ïðîãíîçèðîâàíèÿ ïîâåäåíèÿ íåê îòîðîé ñèñòåìû,
îïèñûâàåìîé ïåðåìåííîé. Îñîáûì âèäîì âðåìåííûõ ðÿäîâ ÿâëÿþòñÿ ðÿäû, ï ðåäñòàâëÿþ-
ùèå ñîáîé íàòóðíûå èçìåðåíèÿ. Âî-ïåðâûõ, äîñòèæåíèÿ â îáëàñòè èçìåðèòåëü íîé òåõíèêè
ïîçâîëÿþò ñîáèðàòü áîëüøèå îáúåìû äàííûõ ñ çàäàííîé òî÷íîñòüþ [ 1]. Âî-âòîðûõ, òàêèå
ðÿäû, êàê ïðàâèëî, ÿâëÿþòñÿ ñóùåñòâåííî íåñòàöèîíàðíûìè, ò. å. íå ñîõð àíÿþò ñòàòèñòè-
÷åñêèå õàðàêòåðèñòèêè ïîäïîñëåäîâàòåëüíîñòåé âðåìåííîãî ðÿäà ñî âðåìåíåì, íå èìåþò
åäèíîãî òðåíäà, à òàêæå ÿâíî âûðàæåííîé ñåçîííîñòè. Áîëüøîå êîëè÷åñòâî íàáëþäåíèé
çà ïåðåìåííîé (ò. å. áîëüøîé ðàçìåð âûáîðêè) óñëîæíÿåò àíàëèç âðåìåííûõ ðÿ äîâ, äåëàÿ
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ðÿä ìåòîäîâ íåýôôåêòèâíûìè [ 2]. Âìåñòå ñ òåì â òîì ÷èñëå èç-çà òðåáîâàíèé ê òî÷íîñòè
èçìåðåíèé îáíàðóæåíèå âûáðîñîâ â òàêèõ äàííûõ ÿâëÿåòñÿ ïåðâûì øàãîì â ðà çâåäî÷íîì
àíàëèçå äàííûõ.

Ñ êëàññè÷åñêîé òî÷êè çðåíèÿ øèðîêî èñïîëüçóåìîå îïðåäåëåíèå ïîíÿòèÿ ¾âûá ðîñ¿ áûëî
äàíî â ðàáîòå [ 3]. Ñîãëàñíî [ 3, ñ. 1], âûáðîñ � ýòî ¾íàáëþäåíèå, êîòîðîå íàñòîëüêî îòëè÷à-
åòñÿ îò äðóãèõ íàáëþäåíèé, ÷òî âûçûâàåò ïîäîçðåíèÿ, ÷òî îíî áûëî âûçâàíî ä ðóãèì ìåõà-
íèçìîì¿. Ýòèì îïðåäåëåíèåì ïîêðûâàåòñÿ áîëüøîé êðóã ïðîöåññîâ � âûáðîñ ì îæåò áûòü
êàê ïðîñòî øóìîì, òàê è íåîæèäàííîé ñìåíîé ïîâåäåíèÿ ñèñòåìû (àíîìàë èåé) èëè îøèáêîé
èçìåðåíèÿ, ñâÿçàííîé ñ ïîëîìêîé îáîðóäîâàíèÿ. Ìåòîäû îáíàðóæåíèÿ âûáðîñîâ â äàííûõ
øèðîêî ðàçâèâàþòñÿ â íàñòîÿùåå âðåìÿ (ñì. îáçîðíûå ðàáîòû [ 4� 6]), îäíàêî ëèøü íåáîëü-
øîå ÷èñëî èç íèõ ïðèìåíèìî ê àíàëèçó âðåìåííûõ ðÿäîâ. Ýòî ñâÿçàíî ñ òåì, ÷ òî âðåìåííûå
ðÿäû îòëè÷àþòñÿ îò âûáîðîê òåì, ÷òî íå ìîãóò áûòü ïåðåìåøàíû, òàê êàê ï îçèöèÿ êàæäî-
ãî èçìåðåíèÿ âî âðåìåííîì ðÿäó èìååò çíà÷åíèå. Â îáçîðíûõ ðàáîòàõ [ 7, 8], ïîñâÿùåííûõ
àíàëèçó ñóùåñòâóþùèõ ìåòîäîâ äëÿ îáíàðóæåíèÿ âûáðîñîâ âî âðåìåííûõ ðÿ äàõ, âûäåëåíî
ïîðÿäêà 15 ìåòîäîâ, ñãðóïïèðîâàííûõ ïî íåñêîëüêèì íàïðàâëåíèÿì. Î äíàêî âûäåëåííûå
àâòîðàìè ìåòîäû èìåþò îãðàíè÷åíèÿ ïî ïðèìåíèìîñòè ê äëèííûì íåñòàöèî íàðíûì âðå-
ìåííûì ðÿäàì íàòóðíûõ èçìåðåíèé. Òàêèì îáðàçîì, ðàçðàáîòêà íîâûõ ï îäõîäîâ ê ïîèñêó
âûáðîñîâ âî âðåìåííûõ ðÿäàõ, ó÷èòûâàþùèõ êîíòåêñò, â êîòîðîì ëîêàëè çóåòñÿ âûáðîñ,
ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé.

Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçä. 1 ïðèâåäåíî îïèñàíèå ä àííûõ, êîòî-
ðûå èñïîëüçóþòñÿ íà ïðîòÿæåíèè ñòàòüè äëÿ òåñòèðîâàíèÿ è îáîñíîâàíè ÿ ìåòîäîâ. Ðàçäåë 2
ïîñâÿùåí êðàòêîìó îáçîðó ñóùåñòâóþùèõ ìåòîäîâ ïîèñêà âûáðîñîâ âî âðåìåí íûõ ðÿäàõ è
èõ ïðèìåíåíèþ ê èìåþùèìñÿ äàííûì. Â ðàçä. 3 ïðèâåäåíî îïèñàíèå àâòîð ñêîé ìåòîäèêè è
îáñóæäåíèå ðåçóëüòàòîâ åå ïðèìåíåíèÿ ê èìåþùèìñÿ äàííûì. Íàêîíåö, çàêë þ÷èòåëüíûé
ðàçäåë ïîñâÿùåí îïèñàíèþ ðåçóëüòàòîâ èññëåäîâàíèÿ.

1. Îïèñàíèå èìåþùèõñÿ äàííûõ

Ñëîæíîóñòðîåííûå íåñòàöèîíàðíûå âðåìåííûå ðÿäû âñòðå÷àþòñÿ, â ÷àñòíîñò è, ïðè íà-
êîïëåíèè íàáëþäåíèé çà îêðóæàþùåé ñðåäîé, íàïðèìåð çà êà÷åñòâîì àòìî ñôåðíîãî âîç-
äóõà. Òâåðäûå ÷àñòèöû äèàìåòðîì 2.5 ìê è ìåíåå (PM2.5) ÿâëÿþòñÿ îäí èì èç íàèáîëåå
âðåäíûõ çàãðÿçíèòåëåé âîçäóõà â ïðèçåìíîì ñëîå àòìîñôåðû ñîâðåìåííûõ ãîðîäîâ è øè-
ðîêî ïðèçíàííûì ìàðêåðîì êà÷åñòâà âîçäóõà. Àíàëèç òàêèõ äàííûõ ïî çâîëÿåò îïèñàòü äè-
íàìèêó ñìåí ïåðèîäîâ ïîâûøåííûõ êîíöåíòðàöèé PM2.5 â ïîãðàíè÷íîì ñëî å àòìîñôåðû
è ïðîãíîçèðîâàòü ðàçâèòèå òàêèõ ïåðèîäîâ ïî èçâåñòíûì ñöåíàðèÿì. Çíà÷ èòåëüíîå êîëè-
÷åñòâî òåêóùèõ èññëåäîâàíèé ñîñðåäîòî÷åíî íà èçó÷åíèè äàííûõ î êîíöåíòðàö èÿõ PM2.5,
ñîáðàííûõ ñåòüþ ïðîñòðàíñòâåííî ðàñïðåäåëåííûõ äàò÷èêîâ, è ïîñëåäóþùåì ïð îãíîçèðî-
âàíèè ðàçâèòèÿ çàãðÿçíåíèé (ñì., íàïðèìåð, [ 9� 12]).

Êðàñíîÿðñê âõîäèò â ÷èñëî ðîññèéñêèõ ãîðîäîâ, ãäå êà÷åñòâî àòìîñôåðíîãî âîçäóõà
êîíòðîëèðóåòñÿ íà ñòàöèîíàðíûõ ïîñòàõ íàáëþäåíèÿ ïî âñåìó ãîðîäó. Â Ìèíèñòåðñòâå ýêî-
ëîãèè è ðàöèîíàëüíîãî ïðèðîäîïîëüçîâàíèÿ Êðàñíîÿðñêîãî êðàÿ äåéñò âóåò ðåãèîíàëüíàÿ
âåäîìñòâåííàÿ èíôîðìàöèîííî-àíàëèòè÷åñêàÿ ñèñòåìà äàííûõ î ñîñòîÿí èè îêðóæàþùåé
ñðåäû Êðàñíîÿðñêîãî êðàÿ (ÊÈÀÑ), èìåþùàÿ äåâÿòü àâòîìàòèçèðîâàííûõ í àáëþäàòåëü-
íûõ ïóíêòîâ (ÀÍÏ) â ÷åðòå ãîðîäà. Êàæäûå 20 ìèí. çàìåðÿþòñÿ òåìïåðàò óðà, âëàæíîñòü,
äàâëåíèå è êîíöåíòðàöèÿ PM2.5, êîòîðûå àâòîìàòè÷åñêè çàïèñûâàþòñ ÿ â íàáîð äàííûõ.
Ñîáðàííûå äàííûå îòðàæåíû íà ãåîïîðòàëå ¾Ñèñòåìà ìîíèòîðèíãà âîçäóõà ã. Êðàñíîÿð-
ñêà¿ (https://air.krasn.ru/map.html?2= ). Äëÿ êîíòðîëÿ êîíöåíòðàöèé PM2.5 â ÊÈÀÑ èñ-
ïîëüçóþòñÿ àíàëèçàòîðû ïûëè ìîäåëè E-BAM 1 (Met One Instruments Inc., ÑØÀ), ïðèí-
öèï äåéñòâèÿ êîòîðûõ îñíîâàí íà èçìåðåíèè ïîãëîùåíèÿ � -èçëó÷åíèÿ ÷àñòèöàìè ïûëè,
îñàæäåííûìè íà ôèëüòðîâàëüíîé ëåíòå. Äàííûé ìåòîä ñåðòèôèöèðîâàí Àãåí òñòâîì ïî

1E-BAM particulate monitor operation manual. Electronic re source. URL: https://metone.com/wp-content/
uploads/2022/06/E-BAM-9805-Manual-Rev-G.pdf (äàòà îáðàùåíèÿ: 09.01.2025).
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îõðàíå îêðóæàþùåé ñðåäû ÑØÀ 2. Àíàëèçàòîðû ýòîãî êëàññà ðåêîìåíäîâàíû äëÿ èçìåðå-
íèÿ ñîäåðæàíèÿ ôðàêöèé PM10 è PM2.5 â àòìîñôåðå, ñåðòèôèöèðîâàíû è àêêðåäèòîâàíû
âî ìíîãèõ ñòðàíàõ ìèðà, â òîì ÷èñëå â Ðîññèè (• 57884-14 â Ãîñóäàðñòâåí íîì ðååñòðå
ñðåäñòâ èçìåðåíèé). Îïèñàííûå äàò÷èêè èìåþò îñîáåííîñòü � ïðè íèçêèõ êîí öåíòðàöèÿõ
PM2.5 äèñïåðñèÿ èçìåðåíèé ñóùåñòâåííî âûøå, ÷åì ïðè âûñîêèõ. Ýòî, ïîìèìî ðàçíûõ òðåí-
äîâ íà êàæäîì ó÷àñòêå (ðèñ. 1), ïðèâîäèò ê ãåòåðîñêåäàcòè÷íîñòè ïîëó÷åííûõ ÷èñëîâûõ
íàáîðîâ çíà÷åíèé.

Íà ðèñ. 1 ïðåäñòàâëåí ïîëíûé íàáîð äàííûõ ïî òåìïåðàòóðå è PM2.5 çà ïåðèîä ñ 1 ÿí -
âàðÿ 2019 ã. ïî 21 äåêàáðÿ 2023 ã. ñ äàò÷èêà ïîñòà ¾Âåòëóæàíêà¿.

���������� ���������
 ���������
 ���������� ���������� ���������
 ������	��
 ����������

����

�	�

���

�

��

���
���

���
��

à / a

���������� ���������� ���������� ���������� ���������� ������
��� ���	��
��� ���	����	�

����

�

���


��

���
���

���
���

���
���

á / b
Ðèñ. 1. Èçìåðåíèÿ òåìïåðàòóðû ( à) è êîíöåíòðàöèè PM2.5 ( á) â ã. Êðàñíîÿðñêå

çà ïåðèîä ñ 1 ÿíâàðÿ 2019 ã. ïî 31 äåêàáðÿ 2023 ã.
Fig. 1. Measurements of temperature (a) and PM2.5 concentration (b) in Krasnoyarsk

from January 1, 2019, to December 31, 2023

Êàê âèäíî, äàííûå, ïðåäñòàâëåííûå íà ðèñ. 1, ñîäåðæàò áîëüøèå ïðîïóñêè. Òàêæå â
çíà÷åíèÿõ áîëüøîå êîëè÷åñòâî íåäëèííûõ ïðîïóñêîâ, êîòîðûå íå âèäíû ïðè âèçóàëüíîì
àíàëèçå âñåãî íàáîðà äàííûõ. Òàêæå ïîêàçàíèÿ ïî êîíöåíòðàöèè ôèêñèð óþò íåñêîëüêî âû-
áðîñîâ (çíà÷åíèÿ, ïðåâûøàþùèå 400), êîòîðûå ìîãóò áûòü èäåíòèôèöèðî âàíû âèçóàëüíî. Â
ðàáîòå ðàññìàòðèâàþòñÿ è äàííûå ïî òåìïåðàòóðå, êîòîðûå èìåþò ïîíÿ òíûé êâàäðàòè÷íûé
òðåíä, ñåçîííîñòü è îäèíàêîâóþ äèñïåðñèþ äëÿ âñåãî íàáîðà. Ïîêàçàíèÿ ïî êîíöåíòðàöèè
PM2.5 ïðåäñòàâëÿþò áîëüøèé èíòåðåñ äëÿ èññëåäîâàíèÿ, íî, êàê âèäíî èç ðèñ.1, á, íå èìå-
þò ÿâíî âûðàæåííîãî òðåíäà è ñåçîííîñòè, à òàêæå èìåþò ðàçíóþ äèñïåðñèþ ïðè íèçêèõ
è âûñîêèõ êîíöåíòðàöèÿõ PM2.5.

2. Îáçîð ñóùåñòâóþùèõ ìåòîäîâ îáíàðóæåíèÿ âûáðîñîâ
âî âðåìåííûõ ðÿäàõ

Ñóùåñòâóþùèå ìåòîäû îáíàðóæåíèÿ âûáðîñîâ âî âðåìåííûõ ðÿäàõ ìîãóò áûòü óñëîâíî
ðàçäåëåíû íà ñëåäóþùèå ïîäãðóïïû: îñíîâàííûå íà ñòàòèñòè÷åñêîì îïèñàíèè ð ÿäà èëè åãî
÷àñòè; íà îöåíêå áëèçîñòè çíà÷åíèÿ ê ñîñåäíèì çíà÷åíèÿì; íà îöåíêå ïëîòí îñòè ðàñïðå-
äåëåíèÿ äàííûõ; íà êëàñòåðèçàöèè; íà ðåãðåññèîííûõ ìåòîäàõ. Íàèáîëåå èñ÷åðï ûâàþùåå
ñðàâíåíèå ðàáîòû ðàçíûõ ìåòîäîâ íà ñèíòåòè÷åñêèõ äàííûõ ïðèâåäåíî â ðàáî òå [7]. Çäåñü
áóäåò îáñóæäàòüñÿ ïðèìåíèìîñòü ñóùåñòâóþùèõ ìåòîäîâ ê îïèñàííûì â ïðåä ûäóùåì ðàç-
äåëå äàííûì.

2Environmental Technology Veri�cation Report. URL: https://archive.epa.gov/nrmrl/archive-etv/web/pdf/
01_vr_metone_bam1020.pdf (äàòà îáðàùåíèÿ: 18.08.2023).
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Ñòàòèñòè÷åñêèå ìåòîäû îñíîâàíû íà ïðåäïîëîæåíèè, ÷òî âûáðîñ � ýòî çíà÷åí èå, êîòî-
ðîå íå âïèñûâàåòñÿ â ñòàòèñòè÷åñêîå îïèñàíèå âñåãî âðåìåííîãî ðÿäà èëè åãî ïîä ïîñëåäîâà-
òåëüíîñòè. Çäåñü îñíîâíûì ïîäõîäîì ÿâëÿåòñÿ âû÷èñëåíèå (ìîäèôèöèðîâ àííîé) z-îöåíêè,
êâàðòèëåé è ìåæêâàðòèëüíîãî ðàçìàõà [ 13]. Êâàðòèëè è ìåæêâàðòèëüíûé ðàçìàõ ïîêàçû-
âàþò, êàêèå çíà÷åíèÿ íàèáîëåå ðàñïðîñòðàíåíû â âûáîðêå, â ïðåäïîëîæ åíèè, ÷òî äàííûå
ðàñïðåäåëåíû íîðìàëüíî. Ýòî òðåáîâàíèå íå âûïîëíÿåòñÿ äëÿ èìåþùèõñÿ äàííûõ, äàæå
åñëè ðàññìàòðèâàòü îòäåëüíî âçÿòûå ïîäïîñëåäîâàòåëüíîñòè. Ãèñòîãðàììû ðàñïðåäåëåíèÿ
âðåìåííûõ ðÿäîâ äëÿ èçìåðåíèé òåìïåðàòóðû è êîíöåíòðàöèè PM2.5 ïðèâåä åíû íà ðèñ. 2.
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Ðèñ. 2. Ãèñòîãðàììû ðàñïðåäåëåíèÿ äàííûõ èçìåðåíèé: à � òåìïåðàòóðà; á � êîíöåíòðàöèÿ PM2.5;
â � äåñÿòè÷íûé ëîãàðèôì îò èçìåðåíèé êîíöåíòðàöèè PM2.5

Fig. 2. Histograms of measurement data distribution: a is temperature; b is PM2.5 concentration; c is
decimal logarithm of PM2.5 concentration measurements

Òàêèì îáðàçîì, äàííûå íå èìåþò íîðìàëüíîãî ðàñïðåäåëåíèÿ, áîëåå òîãî, ãèñòîãðàì-
ìû ðàñïðåäåëåíèé èññëåäóåìûõ âðåìåííûõ ðÿäîâ ìóëüòèìîäàëüíû. Ýòî äåëàåò êðè òåðèé,
îñíîâàííûé íà ðàñ÷åòå êâàðòèëåé, íåïðèãîäíûì äëÿ àíàëèçà èìåþùèõñÿ äà ííûõ.

Ðàñ÷åòz-îöåíêè [ 14] çäåñü ÿâëÿåòñÿ áîëåå ïîäõîäÿùèì èíñòðóìåíòîì. Ïîä z-îöåíêîé
ïîíèìàþò ìåðó îòíîñèòåëüíîãî ðàçáðîñà íàáëþäàåìîãî çíà÷åíèÿ, êîòîðà ÿ ïîêàçûâàåò, íà-
ñêîëüêî îòëè÷àåòñÿ ðàçáðîñ çíà÷åíèé îò âûáðàííîé ìåðû öåíòðàëüíîé ò åíäåíöèè. Ðàçëè-
÷àþò ñòàíäàðòíóþ ( Zmean (x i )) è ìîäèôèöèðîâàííóþ ( Zmed(x i )) z-îöåíêó äëÿ çíà÷åíèÿ x i

âðåìåííîãî ðÿäà (èëè åãî ïîäïîñëåäîâàòåëüíîñòè) X t = f x1; x2; :::; xN g:

Zmean (x i ) =

�
�
�
�
x i � �

�

�
�
�
� ; Zmed(x i ) =

�
�
�
�
x i � median(X t )

1:486� MAD

�
�
�
� ;

ãäå äëÿ X t îïðåäåëåíû: � � âûáîðî÷íîå ñðåäíåå, � � ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå,
median(X t ) � ìåäèàíà, MAD � ìåäèàííîå àáñîëþòíîå îòêëîíåíèå. Ìîäèôèöèðîâàííàÿ
z-îöåíêà áîëåå óñòîé÷èâà â ñðàâíåíèè ñî ñòàíäàðòíîé z-îöåíêîé. Çíà÷åíèå x i ñ÷èòàåòñÿ
âûáðîñîì, åñëè z-îöåíêà áîëüøå íåêîòîðîãî çàäàííîãî ïîðîãà, ÷àùå âñåãî âûáèðàåìîãî ðàâ -
íûì 3 (äëÿ íîðìàëüíî ðàñïðåäåëåííûõ äàííûõ). Äëÿ ñëîæíîóñòðîåííûõ âðåìåí íûõ ðÿäîâ
íå èìååò ñìûñëà ñòðîèòü z-îöåíêó äëÿ âñåãî ðÿäà X t , à òîëüêî äëÿ åãî ïîäïîñëåäîâàòåëüíî-
ñòè çàäàííîé äëèíû. Òàêîé ïîäõîä íàçûâàåòñÿ MZS (Moving z-score). Çäåñü äëÿ ïðèíÿòèÿ
ðåøåíèÿ ïî òî÷êå x i âû÷èñëÿåòñÿz-îöåíêà ïî ïîñëåäîâàòåëüíîñòè f x i � w ; :::; wi � w+1 ; :::; x i � 1g,
ãäåw � çàðàíåå çàäàííàÿ âåëè÷èíà îêíà. Ðåçóëüòàòû ïðèìåíåíèÿ ñòàíäàðòíîé è ìîäèôèöè-
ðîâàííîé z-îöåíêè äëÿ íåêîòîðûõ ïîäïîñëåäîâàòåëüíîñòåé èññëåäóåìûõ äàííûõ ñ w = 10
ïðèâåäåíû íà ðèñ. 3, 4. Çäåñü è äàëåå èñïîëüçîâàíèå ðàçíûõ öâåòîâ äëÿ âûäåëåíèÿ òî÷åê,
îïðåäåëÿåìûõ êàê âûáðîñ, íå ÿâëÿåòñÿ õàðàêòåðèñòèêîé ìåòîäà, à èñïîëüçó åòñÿ òîëüêî äëÿ
âèçóàëüíîãî êîíòðàñòèðîâàíèÿ ðåçóëüòàòà ïðèìåíåíèÿ ðàçíûõ ìåòîäîâ.

Òàê, z-îöåíêà õîðîøî ñïðàâëÿåòñÿ ñ îïðåäåëåíèåì åäèíè÷íûõ, ÿâíî âûáèâàþùèõ ñÿ èç
ïîñëåäîâàòåëüíîñòåé çíà÷åíèé (ðèñ. 3, ä� ç), ïðè ýòîì ìîäèôèöèðîâàííàÿ îöåíêà îïðåäåëÿ-
åò ãîðàçäî áîëüøå òî÷åê, ïîäîçðèòåëüíûõ íà âûáðîñ. ×àñòü èç ýòèõ òî÷åê äåéñò âèòåëüíî
ÿâëÿåòñÿ ïðîïóùåííîé, êàê, íàïðèìåð, òî÷êè â ðàéîíå 9�11 óòðà í à ðèñ. 3, â, ã, à ÷àñòü èç
íèõ � êàê íà ðèñ. 3, ä, å, ÿâëÿþòñÿ ëîæíî ïðèíèìàåìûìè.
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Ðèñ. 3. Ðåçóëüòàò ïðèìåíåíèÿ z-îöåíêè ê íåêîòîðûì ïîäïîñëåäîâàòåëüíîñòÿì âðåìåííîãî ðÿä à ïî
ïîêàçàíèÿì êîíöåíòðàöèè PM2.5: à, â, ä, æ , è � ðåçóëüòàòû ïðèìåíåíèÿ ñòàíäàðòíîé z-îöåíêè;

á, ã, å, ç, ê � ðåçóëüòàòû ïðèìåíåíèÿ ìîäèôèöèðîâàííîé z-îöåíêè (öâåò îíëàéí)
Fig. 3. The result of applying the z-score to some subsequences of the time series based on
the PM2.5 concentration readings: a, c, e, g, i are results of applying the standard z-score;

b, d, f, h, j are results of applying the modi�ed z-score (color online)

Ðåçóëüòàò ïîëó÷àåòñÿ õóæå, åñëè äàííûå îáëàäàþò ìåíüøåé äèñïåðñèåé, íî ÷à ñòûìè
ñìåíàìè òðåíäà, êàê äàííûå ïî òåìïåðàòóðå (ñì. ðèñ. 4).

Ïîñêîëüêó ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè ïîäïîñëåäîâàòåëüíîñòè ìåíÿþ òñÿ ïðè ñìåíå
òðåíäà, òî òî÷êè ðàçëàäêè (òî÷êè ñìåíû òðåíäà) îïðåäåëÿþòñÿ êàê âûáð îñû. Âñå ðèñóíêè
äëÿ êàæäîãî íàáîðà äàííûõ äîñòóïíû ïî ññûëêå: https://colab.research.google.com/drive/
1IIrw6Jp3X3QSwcCey_NumvRxBaWr7i9O?usp=sharing

Ìåòîäû îáíàðóæåíèÿ âûáðîñîâ, îñíîâàííûå íà îöåíêè áëèçîñòè çíà÷åíèÿ ê á ëèæàéøèì
ñîñåäÿì [ 15], îñíîâàíû íà ïðàâèëå, ÷òî ðàññòîÿíèå ìåæäó x i è ãðóïïîé åå áëèæàéøèõ ñî-
ñåäåéx i � w ; x i � 1; x i +1 ; ; x i + w çíà÷åíèé ìåíüøå çàäàííîãî ïîðîãà d. Ïðîáëåìà òàêîãî êëàññà
ìåòîäîâ çàêëþ÷àåòñÿ â òîì, ÷òî åñëè â äàííûõ åñòü áûñòðîðàñòóùèé òðåíä, òî òàêèå ìåòîäû
ñòàíîâÿòñÿ íåýôôåêòèâíûìè.

Ìåòîäû, îñíîâàííûå íà ïëîòíîñòè ðàñïðåäåëåíèÿ äàííûõ [ 16], çàêëþ÷àþòñÿ â òîì, ÷òî
äëÿ âðåìåííîãî ðÿäà (èëè åãî ïîäïîñëåäîâàòåëüíîñòè) X t ñòðîèòñÿ ãèñòîãðàììà, à çíà÷å-
íèÿ, îïðåäåëÿåìûå êàê âûáðîñû, íàõîäÿòñÿ â õâîñòå ãèñòîãðàììû. Òàêàÿ ãðóï ïà ìåòîäîâ
íå ïîäõîäèò äëÿ èññëåäóåìûõ äàííûõ, ïîñêîëüêó äàííûå èìåþò ìóëüòèìî äàëüíîå ðàñïðå-
äåëåíèå; ò. å. ñíà÷àëà äîëæíû áûòü ðàçäåëåíû íà êëàññû, ñîîòâåòñòâóþùèå êà æäîé ìîäå.
Ýòà çàäà÷à ÿâëÿåòñÿ ñëîæíîé è ïðàêòè÷åñêè íå îïèñàíà â ëèòåðàòóðå, çà èñêëþ÷åíèåì
íåáîëüøîãî ÷èñëà ðàáîò (ñì., íàïðèìåð, [ 17,18]), à òàêæå òðåáóåò ïðåäâàðèòåëüíîãî çíàíèÿ
î ðàñïðåäåëåíèè â êàæäîì êëàññå.
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Ðèñ. 4. Ðåçóëüòàò ïðèìåíåíèÿ z-îöåíêè ê íåêîòîðûì ïîäïîñëåäîâàòåëüíîñòÿì âðåìåííîãî ðÿä à ïî
ïîêàçàíèÿì òåìïåðàòóðû: à, â, ä, æ , è � ðåçóëüòàòû ïðèìåíåíèÿ ñòàíäàðòíîé z-îöåíêè; á, ã, å, ç,

ê � ðåçóëüòàòû ïðèìåíåíèÿ ìîäèôèöèðîâàííîé z-îöåíêè (öâåò îíëàéí)
Fig. 4. The result of applying the z-score to some subsequences of the time series of temperature readings:
a, c, e, g, i are results of applying the standardz-score;b, d, f, h, j are results of applying the modi�ed

z-score (color online)

Îòìåòèì, ÷òî ìåòîä, êàê è â ïðåäûäóùèõ ñëó÷àÿõ, ìîæåò áûòü ïðèìåíåí ê îò äåëü-
íî âçÿòûì ïîäïîñëåäîâàòåëüíîñòÿì. Íî çäåñü ïîäðàçóìåâàåòñÿ, ÷òî ïîäïî ñëåäîâàòåëüíîñòè
äîëæíû áûòü áîëüøîãî ðàçìåðà, à çíà÷èò, òàêæå îòðàæàþò îáùóþ ìóëü òèìîäàëüíîñòü
äàííûõ.

Ïîñëåäíÿÿ ãðóïïà ðåãðåññèîííûõ ìåòîäîâ ÿâëÿåòñÿ íàèáîëåå ïåðñïåêòèâíîé â ïðèìåíå-
íèè ê èññëåäóåìûì äàííûì. Ðåãðåññèîííûå ìåòîäû îñíîâûâàþòñÿ íà îïðåäåëåíèè âûáðîñà
êàê òî÷êè, êîòîðàÿ çíà÷èòåëüíî îòêëîíÿåòñÿ îò ñâîåãî îæèäàåìîãî çíà÷ åíèÿ. Òàêèì îáðà-
çîì, ïðè íàëè÷èè îäíîìåðíîãî âðåìåííîãî ðÿäà òî÷êà â i -é ìîìåíò âðåìåíè ìîæåò áûòü
îáúÿâëåíà âûáðîñîì, åñëè ðàññòîÿíèå äî åå îæèäàåìîãî çíà÷åíèÿ ïðåâûøàåò ïðåä îïðåäå-
ëåííûé ïîðîã � . Òàê, åñëè îæèäàåìîå çíà÷åíèå äëÿ x i îïðåäåëÿåòñÿ êàê x̂ i è jx i � x̂ i j > � ,
òî (t i ; x i ) ÿâëÿåòñÿ âûáðîñîì.

Îæèäàåìîå çíà÷åíèå x̂ i îïðåäåëÿåòñÿ ïî ðåãðåññèîííîé ìîäåëè, ïîñòðîåííîé ïî ïîäïî-
ñëåäîâàòåëüíîñòè âðåìåííîãî ðÿäà, âêëþ÷àþùåé òî÷êó x i . Îñíîâíûå òðóäíîñòè ñâÿçàíû ñ
íåîáõîäèìîñòüþ ïðåäâàðèòåëüíîãî çíàíèÿ î ñòðóêòóðå òðåíäà, îïðåäåëåí èåì çíà÷åíèÿ ïî-
ðîãà � è âû÷èñëåíèÿìè äëÿ áîëüøèõ íàáîðîâ äàííûõ. Ïðîáëåìà àâòîìàòè÷åñêî ãî ïîèñêà
ñòðóêòóðû òðåíäà ìîæåò áûòü ðåøåíà âûáîðîì ïîëèíîìèàëüíîé àïïðîêñè ìàöèè âûñîêîãî
ïîðÿäêà äëÿ íåáîëüøîãî ÷èñëà òî÷åê. Ïðîáëåìà âûáîðà ïîðîãà � � áîëåå ñëîæíàÿ, ïîñêîëü-
êó ïðè ãåòåðîñêåäàñòè÷íûõ äàííûõ çíà÷åíèå ïîðîãà äîëæíî îïðåäåëÿòüñÿ í à êàæäîì íà-
áîðå òî÷åê ñàìîñòîÿòåëüíî, òàê êàê îäíà ðåãðåññèîííàÿ êðèâàÿ ìîæåò îá úåäèíèòü ó÷àñòêè
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ñ ðàçíîé äèñïåðñèåé. Íà ðèñ. 5 ïðåäñòàâëåí ðåçóëüòàò ðàáîòû ðåãðåññèîííîãî àëãîðèòìà
äëÿ òåõ æå ïîäïîñëåäîâàòåëüíîñòåé âðåìåííîãî ðÿäà, ÷òî è íà ðèñ. 3, 4. Â êà÷åñòâå ïîðî-
ãà áûëè âûáðàíû çíà÷åíèÿ � = 0 :7 äëÿ òåìïåðàòóðû è � = 20 äëÿ êîíöåíòðàöèè PM2.5.
Ðåãðåññèîííàÿ ìîäåëü ñòðîèëàñü ïî 12 òî÷êàì.
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Ðèñ. 5. Ðåçóëüòàò ïðèìåíåíèÿ ðåãðåññèîííîé êóáè÷åñêîé ïîë èíîìèàëüíîé ìîäåëè äëÿ îöåíêè âû-
áðîñîâ: à, â, ä, æ , è � â äàííûõ ïî êîíöåíòðàöèè PM; á, ã, å, ç, ê � â äàííûõ èçìåðåíèé òåìïåðàòóðû

(öâåò îíëàéí)
Fig. 5. The result of applying a regression cubic polynomial model to estimate outliers: a, c, e, g, i are in

the PM concentration data; b, d, f, h, j are in the temperature measurement data (color online)

Òàêèì îáðàçîì, ðåãðåññèîííûé ïîäõîä áîëåå òî÷åí â îïðåäåëåíèè àíîìàëüí ûõ çíà÷åíèé,
÷åì îïèñàííûå âûøå, îòíîñèòåëüíî èññëåäóåìûõ äàííûõ. Îäíàêî, êàê áûëî óêàçà íî âûøå,
òàêîé ìåòîä ìîæåò âûäàâàòü îøèáêè â ñëó÷àå ãåòåðîñêåäàñòè÷íûõ äàííûõ (ñì ., ðèñ.5, ä, æ ,
è). Ìåòîä íå òî÷åí, åñëè ñîâïàäàþò òî÷êè ñìåíû ðåãðåññèîííîé ìîäåëè è òðåíäà â äàííûõ,
òîãäà êðàéíèå òî÷êè ïîäïîñëåäîâàòåëüíîñòè îïðåäåëÿþòñÿ êàê âûáðî ñ (ñì. ðèñ. 5, ê), íåîá-
õîäèìîñòü ñòðîèòü ìîäåëü âûñîêîãî ïîðÿäêà íà êàæäîì íåáîëüøîì íàáî ðå òî÷åê äåëàåò
ïîäõîä âû÷èñëèòåëüíî- è âðåìÿçàòðàòíûì.

3. ×àñòè÷íî ðåãðåññèîííûé ìåòîä ïîèñêà âûáðîñîâ â ñëîæíîóñ òðîåííûõ
âðåìåííûõ ðÿäàõ

Ïðåäëàãàåìûé çäåñü ïîäõîä íàïðàâëåí íà óñòðàíåíèå íåäîñòàòêîâ ìåòîäîâ, îñíîâàííûõ
íà ïîñòðîåíèè ðåãðåññèè è îöåíêå ðàññòîÿíèÿ äî áëèæàéøèõ ñîñåäåé. Ìåòîäû, îñíî âàííûå
íà ðàñ÷åòå ðàññòîÿíèé ê ðÿäîì ëåæàùèì òî÷êàì, ïîçâîëÿþò ó÷åñòü îñíîâí îå ñâîéñòâî ðÿ-
äà � ñâÿçàííîñòü åãî çíà÷åíèé ìåæäó ñîáîé, à ðåãðåññèîíûå � îöåíèòü îòêëîíåí èå çíà÷åíèÿ
îò íàáëþäàåìîãî â äàííûõ òðåíäà. Ïðåäëàãàåìûé ìåòîä çàêëþ÷àåòñÿ â òîì, ÷òîáû ñíà÷àëà
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íàéòè ìåñòà ñêîïëåíèÿ òî÷åê, ïîäîçðèòåëüíûõ íà âûáðîñ, à çàòåì èõ îáðàáîò àòü ðåãðåñ-
ñèîííîé ìîäåëüþ. Íàëè÷èå ïðåäîáðàáîòêè ïîçâîëèò ñíèçèòü âû÷èñëèòåë üíóþ ñëîæíîñòü
ðåãðåññèîííîãî ìåòîäà è óñòðàíèòü âëèÿíèå ãåòåðîñêåäàñòè÷íîñòè, íàáëþäàåì îé â äàííûõ,
íà ðåçóëüòàò îòíåñåíèÿ òî÷êè ê âûáðîñó. Òàêèì îáðàçîì, ïðåäëàãàåìûé àë ãîðèòì ñîñòîèò
èç äâóõ ýòàïîâ:

1) ïðåäîáðàáîòêà;
2) ðåãðåññèîííàÿ ìîäåëü ñ àäàïòèâíûì óñëîâèåì îïðåäåëåíèÿ âûáðîñà.

3.1. Ïåðâûé ýòàï. Ïðåäîáðàáîòêà

Ïðåäîáðàáîòêà çàêëþ÷àåòñÿ â òîì, ÷òîáû íàéòè òî÷êè, çíà÷åíèå êîò îðûõ ÿâëÿþòñÿ ïî-
äîçðèòåëüíûìè íà âûáðîñ. Ñ ýòîé öåëüþ äëÿ êàæäîé òî÷êè x i ïðîâîäèòñÿ äâå ïðÿìûõ.
Ïîëîæèì, ÷òî ÷åðåç òî÷êè (t i ; x i ), (t i +2 ; x i +2 ) ïðîõîäèò ïðÿìàÿ, çàäàííàÿ óðàâíåíèåì

yi; 1 = ki; 1x + bi; 1; (1)

à ÷åðåç òî÷êè(t i +1 ; x i +1 ), (t i +3 ; x i +3 ) � ïðÿìàÿ

yi; 2 = ki; 2x + bi; 2: (2)

Ïîñëå ýòîãî äëÿ òî÷åê (t i ; x i ), (t i +2 ; x i +2 ) ñ÷èòàþòñÿ ðàññòîÿíèÿ di , di +2 äî ïðÿìîé, çàäàí-
íîé óðàâíåíèåì ( 2), à äëÿ òî÷åê (t i +1 ; x i +1 ), (t i +3 ; x i +3 ) � äî ïðÿìîé, çàäàííîé óðàâíåíèåì
(1). Òàêèì îáðàçîì, çà îäèí ïðîõîä ïî âðåìåííîìó ðÿäó X t âû÷èñëåíèåì 8 êîíñòàíò ïîëó-
÷åí íàáîð ðàññòîÿíèé D = di . Ýòè ðàññòîÿíèÿ ïîçâîëÿþò îöåíèòü, íàñêîëüêî çíà÷åíèå â
òî÷êå îòëè÷àåòñÿ îò åå áëèæàéøèõ ñîñåäåé, ïðè ýòîì ó÷èòûâàÿ ôàêò, ÷òî â äàííûõ ìîæåò
áûòü íåïîñòîÿííûé òðåíä. Òåïåðü äëÿ îòñå÷åíèÿ íàáîðà âðåìåí t i , ðÿäîì ñ êîòîðûìè åñòü
çíà÷åíèÿ, ïîäîçðèòåëüíûå íà âûáðîñ èëè ñîñåäíèå ñ íèìè, íåîáõîäèìî âûá ðàòü ïîðîãîâîå
çíà÷åíèå dT , òàêîå, ÷òî åñëè di > d T , òî ðÿäîì ñ t i ìîæåò íàõîäèòüñÿ âûáðîñ. Â êà÷åñòâå
DT ìîæíî âûáðàòü íåêîòîðîå çíà÷åíèå ïðîöåíòèëè äëÿ íàáîðà D. Òàê, íà ðèñ. 6 âûäåëå-
íû çíà÷åíèÿ, êîòîðûå ÿâëÿþòñÿ ïîäîçðèòåëüíûìè íà âûáðîñ èëè ñîñåäñòâó þò ñ íèìè äëÿ
èññëåäóåìûõ äàííûõ ïî òåìïåðàòóðå è êîíöåíòðàöèè PM2.5. Â êà÷åñòâå ïîð îãà îòñå÷åíèÿ
èñïîëüçîâàëîñü çíà÷åíèå dT , ðàâíîå 80-é ïðîöåíòèëè ( q80) íàáîðà D.
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Ðèñ. 6. Ðåçóëüòàò ïîèñêà òî÷åê, ïîäîçðèòåëüíûõ íà âûáðîñ, â äà ííûõ ïî êîíöåíòðàöèè PM ( à)
è èçìåðåíèé òåìïåðàòóðû ( á) (öâåò îíëàéí)

Fig. 6. The result of searching for outlier points in PM concentration data ( a) and temperature
measurements (b) (color online)
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3.2. Âòîðîé ýòàï. Ðåãðåññèÿ è îòñå÷åíèå

Âòîðîé ýòàï çàêëþ÷àåòñÿ â òîì, ÷òî äëÿ êàæäîãî ñêîïëåíèÿ òî÷åê, ïîäîçð èòåëüíûõ íà
âûáðîñ, ñòðîèòñÿ ðåãðåññèîííàÿ ìîäåëü òðåòüåãî ïîðÿäêà äëÿ çàäàííîãî íàáî ðà çíà÷åíèé
è áëèæàéøèõ ê ñêîïëåíèþ òî÷åê. Òàê, ïîëîæèì, òî÷êà (t j ; x j ) îïðåäåëåíà íà ïðåäûäóùåì
ýòàïå êàê ïîäîçðèòåëüíàÿ íà âûáðîñ. Åñëè â äèàïàçîíå (t j � w ; t j + w) íàõîäÿòñÿ åùå òî÷êè,
ïîäîçðèòåëüíûå íà âûáðîñ, òî ðàññ÷èòûâàåòñÿ âåëè÷èíà j 0� ìåäèàííîå ïîëîæåíèå òî÷êè,
ïîäîçðèòåëüíîé íà âûáðîñ. Äàëåå ïî 2w òî÷êàì, ëåæàùèì â äèàïàçîíå (t j 0� w ; t j 0+ w), ñòðî-
èòñÿ ïîëèíîìèàëüíàÿ ðåãðåññèÿ òðåòüåãî ïîðÿäêà:

yj 0;k (x) = aj 0;kx3 + bj 0;kx2 + cj 0;kx + dj 0;k :

Âåëè÷èíà w 2 Z ÿâëÿåòñÿ ãèïåðïàðàìåòðîì àëãîðèòìà è çàäàåòñÿ ïîëüçîâàòåëåì. Ðåøåíèå,
ÿâëÿåòñÿ ëè òî÷êà (t j ; x j ), ãäå t j 2 (t j 0� w ; t j 0+ w), âûáðîñîì, ïðèíèìàåòñÿ ïðè âûïîëíåíèè
îäíîãî èç äâóõ (èëè èõ ñîâîêóïíîñòè) óñëîâèé:

Zmed(jyj 0;k (t j ) � x j j) > Z T ; (3)

Zmed(dist (( t j ; x j ); yj 0;k (x))) > Z T : (4)

Òàê, óñëîâèå (3) îòñåêàåò òå òî÷êè(t j ; x j ), êîòîðûå äàëåêè îò ïðîãíîçèðóåìîãî çíà÷åíèÿ,
ïîëó÷åííîãî ïî ïîñòðîåííîé ðåãðåññèè, à óñëîâèå ( 4) � òî÷êè, êîòîðûå äàëåêè îò ïîñòðîåí-
íîé ðåãðåññèîííîé êðèâîé. Èñïîëüçîâàíèå z-îöåíêè â êà÷åñòâå óñëîâèÿ ïîçâîëÿåò ñíèçèòü
÷óâñòâèòåëüíîñòü ìåòîäà ê ãåòåðîñêåäàñòè÷íîñòè äàííûõ.

Óñëîâèå (3) ÿâëÿåòñÿ áîëåå ïðîñòûì â ðåàëèçàöèè, à ( 4) óâåëè÷èâàåò òî÷íîñòü, íî òðå-
áóåò ðåøåíèÿ çàäà÷è ìèíèìèçàöèè. Ðåçóëüòàòû ïðèìåíåíèÿ àëãîðèòìà ê èññë åäóåìûì äàí-
íûì ñ ãèïåðïàðàìåòðàìè dT = q80, w = 15, zT = 1 :5 ïðåäñòàâëåíû íà ðèñ. 7.
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Ðèñ. 7. Ðåçóëüòàò ïðèìåíåíèÿ ïðåäëîæåííîãî àëãîðèòìà äëÿ î öåíêè âûáðîñîâ â äàííûõ ïî êîíöåí-
òðàöèè PM (à) è èçìåðåíèé òåìïåðàòóðû ( á) (öâåò îíëàéí)

Fig. 7. The result of applying the proposed algorithm to estimate emissions in PM concentration data (a)
and temperature measurements (b) (color online)

Òàêèì îáðàçîì, ïðåäëîæåííûé àëãîðèòì äåëàåò ìåíüøåå êîëè÷åñòâî ëîæíî ï îëîæè-
òåëüíûõ êëàññèôèêàöèé ïî ñðàâíåíèþ ñ îïèñàííûìè âûøå àëãîðèòìàìè äëÿ ãåò åðîñêåäà-
ñòè÷íûõ äàííûõ (ñì., íàïðèìåð, ðèñ. 7, à). Îäíàêî, êàê è äðóãèå ìåòîäû, âîçìîæíî ëîæíî
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îòðèöàòåëüíîå ñðàáàòûâàíèå (ñì., íàïðèìåð, ïîñëåäíèé ðèñóíîê èç ð èñ. 7, à: êðàéíèå ëå-
âûå òî÷êè íå áûëè êëàññèôèöèðîâàíû êàê âûáðîñû). Ýòà ïðîáëåìà ìîæåò áûò ü ðåøåíà
óâåëè÷åíèåì ÷óâñòâèòåëüíîñòè àëãîðèòìà ê âûáðîñàì (óìåíüøåíèè çíà÷åíè ÿ ZT ), îäíàêî
ýòî ïðèâåäåò ê óâåëè÷åíèþ ëîæíî ïîëîæèòåëüíûõ ñðàáàòûâàíèé.

Âûâîäû

Ðàáîòà ïîñâÿùåíà ïîèñêó ýôôåêòèâíûõ àëãîðèòìîâ îáíàðóæåíèÿ âûáðîñî â â äëèííûõ
ñëîæíî óñòðîåííûõ âðåìåííûõ ðÿäàõ ñ ÷àñòîé ñìåíîé òðåíäà è ïðîÿâëåíèåì ãåòåðî ñêåäà-
ñòè÷íîñòè â äàííûõ. Ðàññìîòðåíû êëàññû ñóùåñòâóþùèõ àëãîðèòìîâ, äëÿ êî òîðûõ îïðåäå-
ëåíû èõ ïðåèìóùåñòâà è íåäîñòàòêè äëÿ èìåþùèõñÿ ðåàëüíûõ âðåìåííûõ ðÿäî â íàòóðíûõ
èçìåðåíèé. Ïîêàçàíî, ÷òî ìåòîäû, îñíîâàííûå íà ñòàòèñòè÷åñêîì îïèñàíèè â ðåìåííîãî ðÿ-
äà, ðàñïîçíàþò òî÷êè ðàçëàäêè (òî÷êè ñìåíû òðåíäà) êàê âûáðîñû, ÷òî ÿâëÿåòñÿ ëîæíî
ïîëîæèòåëüíûì ñðàáàòûâàíèåì. Ìåòîäû, îñíîâàííûå íà àíàëèçå ãèñòîãðàìì, íå ïîäõîäÿò
äëÿ ìóëüòèìîäàëüíî ðàñïðåäåëåííûõ äàííûõ, áîëåå òîãî, òðåáóþò ïðåäâà ðèòåëüíîãî çíà-
íèÿ èëè ïðåäïîëîæåíèÿ î ðàñïðåäåëåíèè âðåìåííîãî ðÿäà. Ìåòîäû, îñíîâàíí ûå íà ñðàâíå-
íèè ðàññòîÿíèé ìåæäó áëèæàéøèìè òî÷êàìè, ïëîõî ðàáîòàþò äëÿ ðÿ äîâ ñ áûñòðî ðàñòóùèì
òðåíäîì. Ðåãðåññèîííûå ìåòîäû âû÷èñëèòåëüíî ñëîæíû è äîïóñêàþò áîëüøåå ÷è ñëî ëîæíî
ïîëîæèòåëüíûõ è ëîæíî îòðèöàòåëüíûõ ñðàáàòûâàíèé äëÿ ãåòåðîñêåäàñòè ÷íûõ äàííûõ.

Ïðåäëîæåííûé â ðàáîòå ìåòîä íàïðàâëåí íà êîððåêöèþ è îáúåäèíåíèå èçâåñò íûõ ïîäõî-
äîâ. Ìåòîä ðàçäåëåí íà äâà ýòàïà: ñíà÷àëà ïðîèñõîäèò ïðåäîáðàáîòêà , â ðåçóëüòàòå êîòîðîé
ëîêàëèçóþòñÿ ýëåìåíòû ðÿäà, ïîáëèçîñòè ñ êîòîðûìè ìîãóò áûòü âûáðîñû, çàò åì ëîêàëüíî
ïðèìåíÿåòñÿ ðåãðåññèîííàÿ ìîäåëü. Ïîðîã îïðåäåëåíèÿ òî÷åê íà âûáðîñ ÿâë ÿåòñÿ àäàï-
òèâíûì è çàâèñèò îò ëîêàëèçàöèè òî÷êè, ÷òî ïîçâîëÿåò åìó ó÷èòûâàòü ñì åíû òðåíäà è
ãåòåðîñêåäàñòè÷íîñòü.

Íåäîñòàòêè ïðåäëîæåííîãî àëãîðèòìà çàêëþ÷àþòñÿ, â ïåðâóþ î÷åðåäü, â á îëüøîì êî-
ëè÷åñòâå ãèïåðïàðàìåòðîâ (òðè ïàðàìåòðà), ê îïðåäåëåíèþ îäíîãî èç êîò îðûõ (ïàðàìåòð
ZT ) àëãîðèòì êðàéíå ÷óâñòâèòåëåí. Òàêæå àëãîðèòì ÿâëÿåòñÿ âû÷èñëèòåëüíî çàòðàòíûì
ïðè áîëüøîì ÷èñëå òî÷åê, ïîäîçðèòåëüíûõ íà âûáðîñ. Òàê, åñëè êîëè÷åñòâ î òàêèõ òî÷åê
áîëüøå, ÷åì N=w, òî àëãîðèòì çà ñ÷åò ïðåïðîöåññèíãà ÿâëÿåòñÿ áîëåå âû÷èñëèòåëüíî- è
âðåìÿçàòðàòíûì, ÷åì ðåãðåññèîííûé.

Ïîëíûé íàáîð ðåçóëüòàòîâ äëÿ âñåãî íàáîðà ðåàëüíûõ äàííûõ, îïèñàííûõ â ð àçä. 1,
ìîæíî íàéòè ïî ññûëêå: https://colab.research.google.com/drive/1IIrw6Jp3X3QSwcCey_
NumvRxBaWr7i9O?usp=sharing.
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Íàó÷íàÿ ñòàòüÿ

ÓÄÊ 519.7

Ìàòåìàòè÷åñêèå ìîäåëè àíàëèçà è ïðîãíîçèðîâàíèÿ äèíàìèêè îñíîâíûõ
õàðàêòåðèñòèê äîðîæíî-òðàíñïîðòíîé ñèñòåìû ñ ïðîöåäóðîé êîððåêöèè
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Introduction

Road transport remains the dominant mode of transportation in Russia, playing a critical
role in the country's economy by facilitating the movement of goods and passengers. The number
of vehicles on Russian roads continues to grow annually. However, road transportation is also
among the least safe modes of travel, as evidenced by concerning trends insafety statistics.

One of the most pressing issues facing Russia's road transport system is the high incidence of
tra�c accidents. According to o�cial data from the State Tra�c Insp ectorate of the Ministry of
Internal A�airs, nearly 33,000 road accidents occurred in the �rst half of 2023 alone. These
incidents resulted in the tragic loss of approximately 3.500 livesand left more than 42.000
individuals injured 1 [1]. This alarming situation highlights the urgent need for improved safety
measures and a comprehensive approach to mitigating risks withinthe road transport sector.

In this context, several articles published between 2018 and 2023 o�er valuable ideas and
methods for analyzing and predicting road safety indicators.

One signi�cant study by I. E. Ilina examines the modeling of accidentrates involving trucks
in Russia [2]. The author analyzes existing data and proposes methods to enhance road safety,
particularly relevant given the increasing number of freight transportations.

In a review conducted by Jameel and Evdorides, existing indicators of the road safety system
are explored, and modi�cations are suggested to improve their e�ectiveness [3]. The authors
emphasize the importance of adapting indicators to modern conditions and the transport system's
challenges.

M. Polyakov, V. Ivashchenko, and I. Shuvalov presented a model predicting the main indicators
of road transport system safety [4]. Their work utilizes a system dynamics approach for analysis
and forecasting, which can assist in developing more e�ective tra�c management strategies.

Finally, the article by O. Mayboroda and B. Sarymsakov discusses ways to improve the system
of road safety indicators in the context of analyzing the qualityof motor vehicle transportation [5].
The authors propose new approaches to assessing and monitoring safety, which can help reduce
the number of road tra�c accidents.

However, the results of these studies do not contain results on management using the proposed
mathematical models, as well as information on procedures for correcting models of system
dynamics, the need for which is very urgent.

The article is structured as follows. Section 1 contains a statement of the problem and
approach to its solution. Section 2 describes the complex of mathematical models proposed for
solving the problem. The third section presents the results of the numerical solution of a system
of di�erential equations. Section 4 contains information about the correction of the mathematical
model. The �fth section contains information related to the use of the proposed results by decision
makers. Section 6 contains brief conclusions on the article.

1. Statement of the problem and approach to its solution

To e�ectively analyze and predict the primary safety characteristics of the road transport
system, it is essential to develop a complex of mathematical models. Thesemodels should leverage
a system-dynamic approach, regression models, and products to formalize the cause-and-e�ect
relationships of a complex structure between model variables.

Considering the aforementioned information, employing system dynamics is the appropriate
method for addressing this issue. System dynamics has proven e�ectivein modeling diverse
complex processes and systems multiple times [2,3,6].

The construction of the proposed mathematical model complex involvesseveral structured
steps, as illustrated in Fig. 1.

1Assessment of the road tra�c safety situation. Available at: http://stat.gibdd.ru/ (accessed June 22, 2024);
About the road tra�c safety. Federal law FZ-16 ot 09.02.2007. Available at: http://base.garant.ru/12151931/
(accessed June 23, 2024).
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Fig. 1. Stages of developing a system dynamics model to predict the
main characteristics of the road transport system

Considering the preceding, the following variables, indicated in Table 1, are taken as indicators
characterizing the safety of the country's road transport system. In Table 1, all values are shown
for the annual period.

Table 1
Key safety indicators of the road transport system

Variable
notation

Description

X 1(t) Total number of tra�c accidents
X 2(t) Number of fatalities in tra�c accidents
X 3(t) Number of injured in tra�c accidents
X 4(t) Number of tra�c accidents with particularly severe consequences
X 5(t) Number of tra�c accidents during dark hours
X 6(t) Number of tra�c accidents involving drivers who refused medical

examination
X 7(t) Number of tra�c accidents caused by tra�c rule violations by

drivers with less than two years of driving experience
X 8(t) Number of tra�c accidents caused by tra�c rule violations by

drivers with 10 to 15 years of driving experience
X 9(t) Number of tra�c accidents involving children under 16 due to

their carelessness
X 10(t) Number of tra�c accidents on regional or intermunicipal roa ds
X 11(t) Number of tra�c accidents on federal highways
X 12(t) Number of tra�c accidents in the capitals of the constituent

entities of the Russian Federation
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In practice, quantitative scales with a clear physical meaning are used despite some of the
variables being qualitative. The study assumes that for numerical modeling of the process of
changing safety variables, we use the apparatus of the theory offuzzy sets to transition to such
representations. We calculate the normalized values of the variablesby measuring them on a
quantitative scale and using their normalized values in the calculations, determined from the
following expression:

X i (t) =
X �

i (t)
X norm

i
; i = 1 ; :::; 17;

where X i (t) � the normalized value of the indicator used in the model; X �
i (t) � the present

value of the indicator, determined by the numerical scale;X norm
i � normalization coe�cient.

Additionally, the model considers external factors that a�ect road safety, and these factors are
presented in Table2.

Table 2

External factors that a�ect the road transport system

Variable
notation

Description

F1(t) Administrative o�ense cases initiated
F2(t) Warnings issued to police o�cers by court decisions
F3(t) Fines imposed on police o�cers by court decisions
F4(t) Decisions forwarded to baili�s for enforcement
F5(t) Decisions received from courts regarding administrative arrest
F6(t) Decisions received from courts regarding driving license

revocation, including those with an additional administrat ive �ne

The construction of system dynamics models is carried out based on selected variables
and external factors, called, in terms of system dynamics, levels that characterize the system's
functioning. Based on these scales, we constructed di�erential equations of the form:

dX (t)
dt

= X + (t) � X � (t);

where X + (t), X � (t) represent the positive and negative values of the rate of change ofthe
variable X (t), respectively. These values encompass all factors contributing to the growth and
decrease of said variable.

It is assumed that rates are functions that depend on factors. The rates look like:

X � (t) = f (F1(t); F2(t); :::; Fk (t)) = f 1(F1(t)) f 2(F2(t)) ; :::; f k (Fk (t)) ;

where F1; :::; Fk are factors that can function as as both variables and external functions.

2. Mathematical model

2.1. Development of a graph of cause-and-e�ect relationshi ps of system variables
and external factors

Experts in the �eld of road safety establish connections between road safety characteristics
that have both positive and negative impacts on the behavior of these characteristics over time,
relying on their judgments [7]. The presence of these relationships allows the building of an
incidence matrix for security characteristics, shown in Table3.
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Table 3
Incident matrix for safety performance of the road transport system

X 1 X 2 X 3 X 4 X 5 X 6 X 7 X 8 X 9 X 10 X 11 X 12 F1 F2 F3 F4 F5 F6
X 1 0 0 0 0 0 0 +1 +1 +1 +1 0 +1 +1 +1 � 1 P1 � 1 � 1
X 2 0 0 0 +1 +1 0 0 +1 0 0 0 +1 0 +1 � 1 � 1 � 1 � 1
X 3 0 0 0 0 0 +1 +1 +1 +1 +1 +1 +1 +1 +1 0 � 1 0 � 1
X 4 0 +1 0 0 +1 0 +1 +1 0 0 0 +1 0 +1 � 1 � 1 � 1
X 5 0 +1 0 +1 0 0 +1 +1 0 0 0 +1 +1 +1 � 1 � 1 � 1 � 1
X 6 0 0 +1 0 0 0 +1 +1 +1 0 +1 +1 0 0 � 1 � 1 0 � 1
X 7 +1 � 1 0 0 � 1 0 0 +1 � 1 0 +1 +1 +1 0 � 1 � 1 � 1 P2
X 8 +1 0 0 0 0 0 +1 0 0 +1 0 +1 +1 +1 0 � 1 0 � 1
X 9 +1 � 1 � 1 0 0 0 +1 +1 0 0 +1 +1 +1 0 � 1 � 1 � 1 � 1
X 10 +1 0 0 0 0 0 +1 +1 0 0 0 +1 0 +1 0 � 1 0 0
X 11 +1 +1 +1 +1 +1 +1 +1 +1 0 0 0 +1 0 +1 � 1 � 1 � 1 � 1
X 12 +1 +1 +1 +1 +1 +1 +1 +1 +1 0 0 0 0 0 0 0 0 0

The variable Ui;j located at the intersection of the corresponding lines, characterizes the
mutual in�uence of model variables, taking into account external environmental factors:

Ui;j =

8
>>><

>>>:

� 1; variable of external factor X j negatively a�ects X i ,

0; variable of external factor X j does not a�ect X i ,

+1 ; variable of external factor X j has a positive e�ect on X i ,

Pi ; productions or element of production rule system.

Let us determine the production valuesPi , i = 1 ; :::; N , characterizing the in�uence of the

Fig. 2. A subgraph of cause-and-e�ect
relationships for safety indicators of
the functioning of the road transport

system for the variable X 2

environment on the model parameters, which are
determined at the stage of adaptation of the developed
model to the selected control object. Productions
consist of two parts: a sensory precondition (or �IF�
statement) and an action (�THEN�):

Pi =

8
><

>:

� 1; if condition 1 is met,

0; if condition 2 is met,

1; if condition 3 is met.

After the condition is met and the action is
activated, the model products look like: P1 = +1 ;
P2 = +1 ; P3 = � 1.

We construct the model by constructing a cause-
and-e�ect relationship graph based on the incidence
matrix. Figure 2 shows a subgraph for the variableX 2.
The generated graph can describe the complex system
of causal relationships between the analyzed variables
and external factors. The graph's vertices represent the variablesX 1 � X 13 and external factors
F1 � F6, while the arcs determine the cause-and-e�ect relationships between them, including the
direction and type of connection [4].

2.2. Equations of system dynamics

System dynamics models are constructed by utilizing the cause-and-e�ectrelationship graph.
To develop a model, a subset of levelsX = X i , i = 1 ; :::; 13, is chosen to establish the functional
dependencies between them [8]. These dependencies are determined by analyzing the available
statistics provided by the State Tra�c Inspectorate of the Minis try of Internal A�airs of Russia.

The variables X i , i = 1 ; :::; 13, are de�ned within the admissible range:0 < X i (t) 6 1. Based
on the cause-and-e�ect graph that represents the safety indicators ofroad transport systems, we
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created equations in the following format:

dX i

dt
=

Y

i;j

f i;j (X +
j )

X

m

F +
i;m �

Y

i;k

f i;k (X �
k )

X

n

F �
1;n : (1)

In general, the system of equations will look like this:

dX 1

dt
= f 1;7(X 7)f 1;8(X 8)f 1;9(X 9)f 1;10(X 10)f 1;11(X 11)f 1;12(X 12)f 1;14(X 14)f 1;15(X 15)�

� (F1 + F2 + F4) � (F3 + F5 + F6) (2)
dX 2

dt
= f 2;4(X 4)f 2;5(X 5)f 2;8(X 8)f 2;9(X 9)f 2;11(X 11)f 2;14(X 14)f 2;15(X 15)F2�

� (F3 + F4 + F5 + F6); (3)
dX 3

dt
= f 3;6(X 6)f 3;7(X 7)f 3;8(X 8)f 3;9(X 9)f 3;10(X 10)f 3;11(X 11)f 3;12(X 12)f 3;13(X 13)�

� f 3;14(X 14)f 3;15(X 15)(F1 + F2) � (F4 + F6); (4)
dX 4

dt
= f 4;2(X 2)f 4;5(X 5)f 4;7(X 7)f 4;8(X 8)f 4;9(X 9)f 4;11(X 11)f 4;14(X 14)f 4;15(X 15)F2�

� (F3 + F4 + F5 + F6); (5)
dX 5

dt
= f 5;2(X 2)f 5;4(X 4)f 5;7(X 7)f 5;8(X 8)f 5;11(X 11)f 5;14(X 14)f 5;15(X 15)(F1 + F2)�

� (F3 + F4 + F5 + F6); (6)
dX 6

dt
= f 6;3(X 3)f 6;7(X 7)f 6;8(X 8)f 6;9(X 9)f 6;10(X 10)f 6;11(X 11)f 6;13(X 13)f 6;14(X 14)f 6;15(X 15)�

� (F3 + F4 + F6); (7)
dX 7

dt
= f 7;1(X 1)f 7;8(X 8)f 7;13(X 13)f 7;14(X 14)f 7;15(X 15)(F1 + F6) � f 7;2(X 2)f 7;5(X 5)�

� f 7;10(X 10)(F3 + F4 + F5); (8)
dX 8

dt
= f 8;1(X 1)f 8;7(X 7)f 8;9(X 9)f 8;11(X 11)f 8;12(X 12)f 8;14(X 14)f 8;15(X 15)(F1 + F2)�

� (F4 + F6); (9)
dX 9

dt
= f 9;1(X 1)f 9;7(X 7)f 9;8(X 8)f 9;9(X 9)f 9;13(X 13)f 9;14(X 14)f 9;15(X 15)F1 � f 9;2(X 2)�

� f 9;3(X 3)(F3 + F4 + F5 + F6); (10)
dX 10

dt
= f 10;1(X 1)f 10;7(X 7)f 10;8(X 8)f 10;11(X 11)f 10;14(X 14)f 10;15(X 15)F2 � (F4); (11)

dX 11

dt
= f 11;1(X 1)f 11;2(X 2)f 11;3(X 3)f 11;4(X 4)f 11;5(X 5)f 11;6(X 6)f 11;7(X 7)f 11;8(X 8)�

� f 11;14(X 14)f 11;15(X 15)F2 � (F3 + F4 + F5 + F6); (12)
dX 12

dt
= f 12;1(X 1)f 12;2(X 2)f 12;3(X 3)f 12;4(X 4)f 12;5(X 5)f 12;6(X 6)f 12;7(X 7)f 12;8(X 8)�

� f 12;9(X 9)f 12;10(X 10): (13)

The time argument t for all functions in (2)�( 13) is omitted for brevity.

2.3. Creation of functional relationships among the intern al variables
of the model

Expressions in the system of di�erential equations that are written as f A;B (X B ) indicate the
relationship between the variableX A and X B and are determined using regression analysis tools.
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On the other hand, expressions of the formF if
i for i = (1 ; :::; 6) represent the dependency of the

variable on an external factor, as de�ned by the predicate:

F if
i =

8
><

>:

� 1; an inverse relationship between the variable and the external factor;
0; the variable and the external factor are not related to each other;
+1 ; direct proportionality between a variable and a factor:

Each expressionF if
i for i = 1 ; :::; N has its own conditions.

In order to ascertain the nature of f A;B (X B ) expressions, we utilize regression analysis to
establish the relationships between the variables. In our notation of expressionsf A;B (X B ), the
variable X B is the explanatory variable and X A is the variable being explained. By employing
the least squares method, we identify functional dependencies as 2nd-degree polynomials [9]. For
example, in the �rst equation for X 1 there are dependencies of this variable on variablesX 7� X 12.
These dependencies, determined by the least squares method, have the form:

f 1;7(X 7) = 6 :7X 2
7 � 11:3X 7 + 5 :66;

f 1;8(X 8) = � 1:51X 2
8 + 2 :45X 8 � 0:04;

f 1;9(X 9) = � 0:95X 2
9 + 1 :64X 9 + 0 :24;

f 1;10(X 10) = � 2:65X 2
10 + 5 :24X 10 � 1:64;

f 1;11(X 11) = � 0:58X 2
11 + 0 :83X 11 + 0 :65;

f 1;12(X 12) = � 1:55X 2
12 + 2 :74X 12 � 0:28:

To illustrate, we can demonstrate the relationship between the occurrence of road accidents
X 1 and two factors: the number of road accidents caused by intoxicated drivers X 8 (Fig. 3, a)
and the number of road accidents caused by pedestrian tra�c violations X 9 (Fig. 3, b). For each
polynomial, some characteristics were calculated, for example: forf 1;9(X 9): standard deviation
= 0.044; regression variance = 0.0029; regression standard error =0.035; Pearson's test: 0.88.
The Pearson criterion, in this case, shows the magnitude of the approximation reliability.

a b

Fig. 3. Graph of the functional dependence of the number of accidents (indicator X 1) on the number
of accidents due to tra�c violations: a � by drivers in a state of intoxication X 8; b � by pedestrians
X 9. The black line represents the graphs of changes in these dependencies; the gray line represents the

corresponding statistical data (color online)

3. Solving a system of di�erential equations numerically

Once the construction of a system dynamics model is complete, it is necessary to de�ne the
elements and variables involved in the equations of this system. Thistask relies on the data
obtained from the available statistics on the factors and signi�cant variables of the system [5].
After determining the functional dependencies and coe�cients in the equations, and external
factors, the resulting system of equations is solved by the numerical methods of the fourth order
of accuracy.

Figure 4 shows the change in time of the calculated values for all calculated values of the
model variables over the interval from 2021 to 2024.
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Fig. 4. Forecasting results for each variable for 2021�2024(color online)

We compared the calculation results with actual statistical data foreach variable. For example,
let us present graphs comparing statistical and simulated data for2004�2010 for variablesX 2
and X 8. The results are shown in Fig.5, respectively.

In Fig. 5 a, the maximum deviation from statistics was 9.8 percent in 2009; inFig. 5 b, it
was 10 percent in 2010.

a b

Fig. 5. Comparison of statistical and simulated data for variablesX 2 (a) and X 8 (b) (color online)

4. Correction of the system dynamics model

Correction of the mathematical model is necessary to improve its accuracyand adequacy.
Numerous factors come into play when constructing a mathematical model, making certain
simpli�cations and approximations necessary. However, these simpli�cations and approximations
may only sometimes lead to highly accurate predictions of the simulation results.

After we tested the model on statistical data, it may become clear that it does not correspond
to reality in some aspects. In this case, correcting the model can improve its accuracy and
reliability. The mathematical model can be corrected by adding new parameters or variables and
adjusting the parameters. As a result of model correction, it is possible to obtain a more accurate
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forecast of the dynamics of the main characteristics of the road transport system, which can help
make decisions in the �eld of accidents.

We used statistical data from 2004 to 2020 to predict system behaviors as part of the modeling
process. For instance, Fig.6 illustrates the system behavior during the period from 2004 to
2010 [10].

Fig. 6. The state of the system for 2004�2010 (color online)
We correct the mathematical model if the di�erence between the model and statistical data

exceeds 10%. Figure5 indicates that the model did not require any corrections from January
2004 to November 2005. However, corrections were made to the model during the remaining
time interval. The developed models accurately align with the statistical data recorded between
2021 and 2022, indicating that the number of accidents from these models closely matches the
actual �gures. As a result, the developed software can be con�dently recommended for practical
application in simulating the primary safety metrics of the Russian road transport system.

5. Actions of the decision maker when the model variables go b eyond
the allowable values

In the decision-making sphere, when the main characteristics of the road transport system
reach or exceed permissible values, a number of measures are required to return the variable's
value to the acceptable zone. These are the points where serious decisions are made to restore the
model's stability. Often, acceptable values are set in advance based on relevant safety documents

Fig. 7. Changes in key safety indicators in 2023

so that they can be considered
when making decisions [2].

The mathematical comp-
lex can build petal diagrams
and compare the obtained
values with the maximum
allowable. This functionality
will be recommended for use
by the decision-maker. Figure7
shows radar diagrams that
characterize
changes in the main safety
indicators of the road trans-
port system in the time interval
of 2021 to 2023. The red line
shows the limit values of these
characteristics.

Figure 7 shows that the
characteristic X 7 goes beyond
the allowable zone, and this is
a signal for the decision-maker
to make a decision.
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Conclusion

We created a set of system dynamics models that enable the prediction of key safety indicators
related to the operation of the road transport system. By utilizing the suggested approach,
we also designed a non-linear di�erential equation system, the solution of which enables the
determination of �uctuations in safety indicator values during various time intervals. A proposed
procedure has been suggested to enhance the accuracy and reliability of the forecasting results
by making corrections to the model.
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Àííîòàöèÿ. Â ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû ðàçðàáîòêè ìàòåìàòè÷åñêîé ìîäåëè äëÿ êîìïüþ-
òåðíîãî ìîäåëèðîâàíèÿ ðàñïðîñòðàíåíèÿ àòìîñôåðíûõ çàãðÿç íèòåëåé ñ ó÷åòîì ñóõîãî îñàæäåíèÿ è
âëèÿíèÿ æèäêèõ àòìîñôåðíûõ îñàäêîâ. Ðàçðàáîòêà áàçèðóåòñ ÿ íà èçâåñòíûõ ìàòåìàòè÷åñêèõ ìî-
äåëÿõ Ãàóññà è Ýðìàêà. Â íàøåé ìîäåëè äëÿ ó÷åòà îáîçíà÷åííûõ ôà êòîðîâ â ñëó÷àå íàáëþäàåìûõ
àòìîñôåðíûõ îñàäêîâ óðàâíåíèå ðàñïðîñòðàíåíèÿ øëåéôà ïîëó ÷àåò íîâûé ìíîæèòåëü. Ýòî êîýô-
ôèöèåíò óâåëè÷åíèÿ êîíöåíòðàöèè, ïðîïîðöèîíàëüíîãî óâåë è÷åíèþ ìàññû øëåéôà çàãðÿçíèòåëÿ
ïîä âîçäåéñòâèåì æèäêèõ îñàäêîâ, îïðåäåëÿåìûé èç óðàâíåíèÿ Êåëüâèíà è çàêîíà Ðàóëÿ. Ðàçðàáî-
òàííàÿ ìîäåëü ðåàëèçîâàíà â âèäå ïðîãðàììíîãî êîìïëåêñà, è ñïîëüçóþùåãî äàííûå îá èçâåñòíûõ
èñòî÷íèêàõ âûáðîñîâ, ìåòåîðîëîãè÷åñêèå óñëîâèÿ è ðåçóëüòà òû ìîíèòîðèíãà êîíöåíòðàöèé çàãðÿç-
íÿþùèõ âåùåñòâ â îïðåäåëåííûõ òî÷êàõ ïðîìûøëåííîé òåððèòîðè è. Ïðîâåäåíû ðàñ÷åòû è ñðàâ-
íèòåëüíàÿ îöåíêà òî÷íîñòè ïðåäëàãàåìîé ìîäåëè. Ïîêàçàíî, ÷òî ó÷åò ñóõîãî îñàæäåíèÿ è âëèÿíèÿ
îñàäêîâ ïîçâîëÿåò áîëåå òî÷íî ìîäåëèðîâàòü äèíàìèêó ðàñïð îñòðàíåíèÿ ïîëëþòàíòîâ íà ðàññìàò-
ðèâàåìûõ äàííûõ.
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Introduction

The in�uence of many di�erent factors on pollutant dispersion makes the task of calculating
it quite complex and necessitates the imposition of certain restrictions on the initial conditions.

Research on modeling air pollutant dispersion dates back to the 1930s. Early analytical
and approximate solutions to the advection�di�usion equations were developed under various
simplifying assumptions. Among these, the Gaussian plume modelbecame the most widely used,
o�ering a solution to the transport equation under assumptions of constant wind speed and
direction. The model assumes a normal distribution of pollutant particles along three axes.
Dispersion values are determined based on the generalization of experimental data for various
meteorological situations.

Subsequently, modi�cations of the Gaussian plume model were obtained for more stringent
initial conditions. The Gaussian plume model also served as the basis for various models and
methods for calculating air pollutant concentrations, obtained by combining it with other ap-
proaches. A combination with the Lagrangian particle movement model was presented in [1],
where a simulation program for volcanic ash dispersion was developed. The latter model is based
on the Lagrangian particle dispersion model and allows for more accurate forecasting of emission
concentrations and predicting the localization of pollution's potential sources.

Then, various solutions to the transport equation were considered, taking into account addi-
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tional factors such as dry deposition or the terrain in�uence. A model incorporating sedimentation
e�ects was developed by D. L. Ermak [2] and later implemented as a computer simulation model
that showed improvements compared to the basic Gaussian plume model[3].

The study by Boulos Alam et al. [4] investigates pollutant dispersion in urban-like environ-
ments using CFD simulations under neutral and slightly stable atmospheric conditions. The
study compares the performance of �rst- and second-order turbulence closure models, with
validation against the MUST �eld experiment. Results show that the k � � model, especially
when combined with an algebraic Scalar Gradient Di�usion Hypothesis (SGDH), provides better
accuracy, capturing up to 75% of concentration values within a factor oftwo under slightly stable
conditions. Although the Scalar Flux Transport Equation (DFM ) model also performs well, its
high computational cost may hinder practical use. A consistent underestimation of observed
concentrations across models highlights the need for further re�nement.

Other recent advancements in pollutant dispersion modeling have focusedon enhancing
accuracy and computational e�ciency through novel approaches and improved turbulence repre-
sentations. Lin [5] conducted a study on pollutant dispersion using Eulerian RANS simulations,
focusing on anisotropic and near-source di�usivity behavior. The research highlighted the im-
portance of considering anisotropic turbulence and near-source e�ects to improve the accuracy
of dispersion models. While speci�c error metrics were not provided, the study emphasized the
enhanced realism achieved by incorporating these factors. Advantagesinclude improved modeling
of complex dispersion patterns close to sources, though increased modelcomplexity may lead to
higher computational demands.

Fuchs et al. [6] developed the DAD-drift model, a modular approach for estimatingspray drift
at the landscape scale. The model combines a mechanistic droplet model, micrometeorological
data, and a 3D Gaussian di�usion framework. Validated against two �eld trials, it achieved a
high correlation with observed data (R2 = 0 :931, RSR = 0 :260), demonstrating robustness
across various environmental conditions and nozzle types. Key advantages include its modular
design and adaptability to diverse scenarios, though reliance on detailed input parameters may
limit applicability in data-sparse regions.

Chaloupecka et al. [7] focused on physical modeling techniques to simulate gas dispersion
for emergency planning in both urban and rural settings. The study emphasized the importance
of accurate dispersion modeling to inform emergency response strategies. While speci�c results
and error metrics are not detailed, the research advocates for the integration of physical models
into emergency preparedness frameworks. Advantages include the potential for real-time scenario
planning, though limitations may arise from the complexity of urban topographies and the need
for high-resolution data.

Lumet et al. [8] developed a surrogate modeling approach that combines Proper Orthogonal
Decomposition (POD) and Gaussian Process Regression (GPR) to emulateLarge-Eddy Simula-
tions (LES) of urban pollutant dispersion. This method signi�cantly reduces computational
costs while maintaining accuracy, enabling rapid ensemble predictions. Applied to the MUST
�eld experiment, the surrogate model improved concentration �eld predictions and accounted
for atmospheric internal variability. Advantages include enhanced computational e�ciency and
uncertainty quanti�cation, but the surrogate's accuracy depends on the quality and representa-
tiveness of the training data.

Krassas et al. [9] evaluated various numerical models to predict pollutant dispersion over
Tokyo's Polytechnic University campus. The study assessed modelperformance against observed
data, highlighting discrepancies and areas for improvement. While speci�c error metrics are
not provided, the research underscores the challenges of modeling dispersion in complex urban
environments. Advantages include the practical application of models to real-world settings,
though disadvantages involve potential inaccuracies due to simpli�ed assumptions and the need
for high-resolution input data.

Pariyar et al. [10] introduced a time-fractional advection-di�usion model to capture the
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anomalous di�usion behavior observed in pollutant dispersion.This approach accounts for memory
e�ects and non-local dynamics, providing a more accurate representation of pollutant transport.
The model o�ers improved �exibility over classical integer-order models, though it requires careful
calibration of fractional parameters and may involve increased computational complexity.

Jiao et al. [11] utilized Large Eddy Simulation (LES) to study pollutant disp ersion over
buildings with stepped roofs, a common architectural feature in urban areas. The research reveals
how roof geometry in�uences air�ow patterns and pollutant distrib ution. LES provides detailed
insights into turbulent �ow structures, enhancing understanding of dispersion mechanisms. The
main advantage is the high-resolution depiction of complex �ow �elds, though LES is computa-
tionally intensive and may not be practical for large-scale or real-time applications.

In Russia, current regulatory practices are based on methodologies approved by Order No. 273
of June 6, 2017, �On the approval of methods for calculating the dispersion of emissions of harmful
(pollutant) substances in the ambient air�1, which for the regulation of environmental impacts.
However, these methods do not account for important atmospheric factors such as humidity,
precipitation, and dry deposition of pollutant particles. This omission compromises prediction
accuracy and limits the reliability of identifying pollution sou rces under real meteorological
conditions.

The primary objective of this work is to develop and implement an enhanced numerical
model for pollutant dispersion that accounts for key atmosphericfactors neglected in standard
regulatory methods, thereby improving the realism and reliability of air quality assessments
under variable weather conditions. An improved production model for pollutant dispersion was
developed based on the D. Ermak model to enhance prediction accuracy and foster the develop-
ment of competitive domestic software and mathematical tools for environmental monitoring. The
proposed modi�cation incorporates the e�ects of humidity, precipitation, and other meteorological
factors, enabling a more realistic simulation of pollutant behavior in the atmospheric boundary
layer.

Thus, the present study integrates into the current scienti�c discourse on the advancement
of numerical models for atmospheric transport and addresses the urgent need for improving
dispersion predictions under complex meteorological in�uences. The results of this research can
be applied both in the development of updated regulatory methodologies and as part of real-time
environmental monitoring systems.

1. Model derivation

Notation

The in�uence of atmospheric humidity, precipitation washout of plumes, and the dry deposi-
tion of pollutant particles due to gravity leads to an underestimation of the predicted concentra-
tions in areas near the source of pollution, and consequently, an overestimation in more distant
areas. [12] We developed a dispersion model that accounts for humidity and gravitational e�ects
to improve the accuracy of pollutant concentration predictions in the study area.

Our production model takes into account the e�ects of humidity and gravity on plume
formation. The Table lists all the variables and symbols used inthis model.

The model is based on the plume dispersion model by D. Ermak, which includes the dry
deposition of pollutants:

C(x; y; z) =
Q

2�u� y � z
exp

�
�

y2

2� 2
y

�
� e1 �

�
e2 �

p
2�

W0� z

K z
� e3 � erfc

�
W0p
2K z

+
z + H
p

2� z

��
; (1)

1On the approval of methods for calculating the dispersion of emissions of harmful (pollutant) substances in
the ambient air. Order of the Ministry of Natural Resources o f the Russian Federation of June 6, 2017, No. 273.
Collection of Laws of the Russian Federation, 2017, no. 37.
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where e1 = exp
�

�
Wset(z � H )

2K z
�

W 2
set�

2
z

8K 2
z

�
; e2 = exp

�
�

(z � H )2

2� 2
z

�
+ exp

�
�

(z + H )2

2� 2
z

�
;

e3 = exp
�

W0(z + H )
K z

+
W 2

0 � 2
z

2K 2
z

�
:

In Equation ( 1) K z = � 2
zu=2x is the eddy di�usivity coe�cient; Wset = �gd 2=18� is the

settling velocity of spherical particles according to Stokes' law, where� is the density of the
pollutant particle, d is the diameter of the pollutant particle, g is the acceleration due to gravity,
� is the air viscosity; W0 = Wdep � 1=2 � Wset, where Wdep > 0 is the dry deposition velocity of
pollutant particles, determined experimentally.

Table. Variables used in the pollutant dispersion model derivation

Variable Description Units
C(x; y; z) Pollutant concentration at spatial point (x; y; z) kg/m 3

x, y, z Spatial coordinates m
H Height of the emission source m
Q Pollutant emission rate kg/s
u Wind speed m/s
� y , � z Gaussian dispersion parameter in they, z direction m
K z Turbulent di�usion coe�cient in the z direction m2/s
� Particle density kg/m 3

d Particle diameter m
g Gravitational acceleration m/s2

Wset Sedimentation (settling) velocity by Stokes' law m/s
Wdep Dry deposition velocity (empirical) m/s
W0 Composite parameter related to deposition and sedimentation m/s
C1 Increased concentration under precipitation conditions kg/m 3

C0 Initial concentration kg/m 3

ms Total droplet mass including water kg
mp Dry pollutant particle mass kg
M w Molar mass of water kg/mol
M p Molar mass of pollutant kg/mol
� p Amount of substance (pollutant) mol
� w Amount of substance (water) mol
RH Relative humidity dimensionless (0-1)
# Hygroscopic growth factor (binding coe�cient with water) dimensionless

D. Ermak's model, despite its advantages over the Gaussian model [3], does not take into
account the in�uence of atmospheric precipitation on pollutant dispersion. We will consider the
in�uence of precipitation on the mass and, therefore, on the speed of pollutant dispersion. To
do this, we will use the fact from Koehler's theory [13], which states that the concentration of
a pollutant changes proportionally to the change in the mass of the pollutant plume due to
precipitation. Using a combination of Kelvin's equation and Raoult's law [ 14] for droplet mass
increase, we can obtain a coe�cient for the increase in concentration. Kelvin's Equation describes
how the saturation vapor pressure over a droplet surface depends onits curvature (droplet size)
and surface tension. Raoult's Law (Solute E�ect) describes how dissolved solutes (pollutants)
lower the vapor pressure of water. The Koehler equation (combining both e�ects) predicts the
critical droplet size for activation [14]. So, concentration of pollutant after the washout C1 can
be found as

C1 = C0 �
ms

mp
;

where mp = 1
6 ��d 3 is the dry mass of the pollutant particle.
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The mass of a droplet (formed in the cloud of the droplet's plume) withdiameter d can be
found as [13]:

1
6

��d 3 = M w � w + M p� p:

The dry mass of the pollutant particle can be found using the formula mp =
�
6

� pd3
p.

The amount of pollutant substance is given by� p =
mp

M p
.

The amount of water substance in the droplet can be found as� w =
RH � # � � p

1 � RH
[14].

So, the mass of bounded water is

mw = � w � M w =
RH � # � � p � M w

1 � RH
:

From here, the total mass of the droplet can be found as

ms = mp + mw = � pM p +
RH � # � � p � M w

1 � RH
:

So, the concentration increase coe�cient can be found as

K RH =
ms

mp
=

6
�� pd3

p

�
RH � # � � p � M w

1 � RH
+ � pM p

�
:

Then, the pollutant concentration at a point in the study area for cases with and without
precipitation can be expressed as

C(x; y; z) =

8
>>>>>><

>>>>>>:

Q
2�u� y � z

exp
�

� y2

2� 2
y

�
� e1 �

h
e2 �

p
2� W0 � z

K z
� e3 � erfc

�
W0p
2K z

+ z+ Hp
2� z

�i
;

without precipitation ;

Q
2�u� y � z

exp
�

� y2

2� 2
y

�
� e1 �

h
e2 �

p
2� W0 � z

K z
� e3 � erfc

�
W0p
2K z

+ z+ Hp
2� z

�i
� K RH ;

with precipitation :

2. Developed software

To implement the proposed approach, we developed, calibrated, and tested a stationary
production model for calculating pollutant dispersion using thehigh-level programming language
Python. The program interface is shown in Fig.1.

Fig. 1. The developed software's interface (color online)
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We con�gured the program to accept as input the start and end of the time interval for which
the atmospheric pollutant dispersion is to be simulated, alongwith the sensor code whose data
(wind speed and direction, air humidity) are used in the modeling process.

Additional parameters, such as the number of emission sources, their spatial coordinates,
source heights, and emission intensities, grid size and resolution, particle density and diameter,
molar mass, and pollutant hygroscopicity coe�cient, were speci�ed in the con�guration �le
located in the root directory of the project.

During the study, we used a Microsoft SQL Server database containing environmental and
meteorological data collected at 20-minute intervals over the past three years.

Fig. 2. The industrial area under study and
the objects located on it (color online)

The study area is an industrial zone
measuring 5 km by 5 km near a populated area,
with predominantly �at terrain (Fig. 2).

Five stationary environmental monitoring
stations, designated as R1, R2, R3, R4, R5

and marked with green markers on the map
are installed in this area. These stations
measure the concentrations of pollutants in the
air and collect meteorological data, including
wind speed and direction, air temperature and
humidity, and atmospheric pressure. In addition,
registered emission sourcesS1, S2, S3, such as
oil re�neries, wastewater treatment plants, and
chemical storage facilities, are located in the area.

The following declared characteristics of these
objects are known: location, altitude above sea
level, operating hours, and emission intensity of
pollutants into the atmosphere. It is also known
that other industrial facilities in this area could
be potential sources of pollution. Environmental monitoring data for the study area were obtained
from a commercial organization responsible for conducting environmental assessments in the
region and adjacent settlements. However, some meteorological parameters, such as insolation and
precipitation, necessary for the simulations, were not availablefrom this source. To supplement
these missing data, we dynamically acquired relevant meteorologicalinformation via API calls
to the OpenMeteo.com service at each simulation time step.

The output data are provided in an Excel �le containing concentration values for each selected
time step at the speci�ed point of interest. Additionally, the simu lation results include a heatmap
of pollutant concentrations and a graphical visualization of thedispersion over a mapped area.

3. Simulation results

The experiments were conducted on a desktop computer with the following speci�cations:
AMD Ryzen 7 5700X processor (8 cores, 16 threads, 3.4 GHz base clock), 32GB DDR4 RAM
running Windows 10 64-bit. Each iteration corresponds to a simulation of air pollutant dispersion
over a 20-minute time period. To ensure the interpretability of results, we simulate a full 24-hour
day, which consists of 72 iterations. The entire daily simulationtakes approximately 20 seconds.
After all iterations have completed, the average pollutant concentration for the day is calculated
and used for mapping. The simulation results are displayed as a map showing the pollutant
distribution and a heat map of concentrations.

Let's take a look at some of the results. Figure2 shows the simulation outcomes for hydrogen
sul�de dispersion using the D. Ermak model, without considering pollutant removal by precipi-
tation. According to meteorological observations, precipitation in the form of rain was observed
throughout the day, and the atmosphere was predominantly highly unstable (classes A�B).
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Figure 3 shows the simulation results for hydrogen sul�de dispersion using our production
model, and how pollutant washout by precipitation a�ects dispersion on the same date. Considering
pollutant washout helps to reduce the overestimated values typicalof all exponential models in
areas far from the pollution source. As seen in Fig.3, there are more areas close to the source
with elevated pollutant concentrations, which is con�rmed by environmental monitoring data for
the studied area.

a

b

Fig. 3. Hydrogen sul�de dispersion on May 1, 2021:a re�ects the case without
considering plume washout by atmospheric precipitation; b re�ects the case of

considering plume washout by atmospheric precipitation (color online)

The model incorporating plume washout showed a notable improvement in predictive accuracy,
achieving a mean absolute error (MAE) ofMAE = 0 :000086and a mean absolute percentage
error (MAPE) of 41.04%. In comparison, our implementation of theD. Ermak model yielded a
higher MAE of 0.000135 and a MAPE of 48.51%, highlighting the superior performance of the
proposed approach.

The average percentage error of Ermak's model without considering the in�uence of precipi-
tation was nearly identical to the error of the previously developed Gaussian plume model imp-
lementation, with a MAPE of 48.82% [15]. The obtained deviation values are within the range
of errors for exponential plume models, as described by M. R. Beychok [16].

The choice of the sensor used as the primary data source also has some impact on the
simulation results. Greater accuracy can be achieved by running simulations for a single time
interval multiple times, using data from di�erent sensors. Let's examine the simulation results
for October 20, 2022 (Fig.4).
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a

b

Fig. 4. Hydrogen sul�de dispersion on October 20, 2022, considering plume
washout by atmospheric precipitation; data sourced:a from sensor R1; b from

sensorR5 (color online)

A comparison of the results for the area containing sensorR1 shows a lower mean absolute
error, MAE 1 = 0 :0001081, when using data from this sensor, compared to data from sensor
R5, which has a mean absolute error of MAE5 = 0 :0001771. However, this approach requires a
signi�cantly larger number of simulations, proportional to t he number of points of interest, and
consequently, more time for analysis and result interpretation.

Overall, the model demonstrates su�cient accuracy for further use. This model takes into
account both dry deposition and the e�ects of atmospheric precipitation and pollutant washout.
However, there are some limitations to the model. For example, it isnot suitable for cases with
low wind speeds (< 1 m/s), and it does not account for complex terrain or structures that could
a�ect pollutant dispersion. Therefore, it may not be suitable for areas with signi�cant topography.
Additionally, the model does not consider possible chemical reactions between pollutants in
the plume and other pollutants, which could a�ect the accuracy of the predictions. Despite
these limitations, the model provides a valuable basis for solving inverse problems such as the
localization of unknown sources of atmospheric emissions by enabling more accurate modeling
of pollutant dispersion patterns [15].

The developed program allows users to simulate the dispersion of airpollutants from multiple
sources within the adjustable study area. Users can con�gure the grid size, study area, number,
and characteristics of the sources in the con�guration �le. The sourcecode implementing the
developed model and a sample dataset for simulations are available via the link https://github.
com/xtelias/Localisation-of-air-pollution-point-source . For access to the web version of the soft-
ware, please contact the author via email at es1098@mail.ru.
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Conclusion

This study presents a new production-level atmospheric dispersion model that is based on
the mathematical framework of D. Ermak's work, but has been extended to include the e�ects
of atmospheric precipitation on pollutant washout. The model is implemented as a computer
simulation tool that uses meteorological data and emission sourceinformation to simulate the
dispersion of pollutants in a de�ned area.

The system also includes automated graphical visualization of simulation results, which
aligns with current standards for environmental monitoring systems. Validation of the model
demonstrated a signi�cant improvement in predictive accuracy due to the incorporation of
washout processes, achieving a mean absolute percentage error of 41.04% compared to 48.51% for
the original D. Ermak model. This indicates enhanced reliability in simulating pollutant behavior
under realistic atmospheric conditions, making it a valuable tool for environmental management
and planning.

This method is suitable for practical applications in environmental risk assessment, ecological
monitoring, and real-time decision support for industrial and governmental stakeholders.
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Õðîìîâ Àâãóñò Ïåòðîâè÷

Àâãóñò Ïåòðîâè÷ Õðîìîâ � äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññî ð, çàñëóæåí-
íûé äåÿòåëü íàóêè ÐÔ, ïî÷åòíûé ïðîôåññîð ÑÃÓ. Åãî èìÿ âíåñåíî â ýíöèêëîïåäèþ Ñà-
ðàòîâñêîãî êðàÿ [ 1, ñ. 603]. Ñîðîê øåñòü ëåò îí çàâåäîâàë ñîçäàííîé èì êàôåäðîé äèô-
ôåðåíöèàëüíûõ óðàâíåíèé è ïðèêëàäíîé ìàòåìàòèêè � ñî äíÿ åå îñíîâàí èÿ (1974 ã.) è äî
îáúåäèíåíèÿ ñ êàôåäðîé ìàòåìàòè÷åñêîé ýêîíîìèêè (2020 ã.). Ïîä åãî ðó êîâîäñòâîì áû-
ëî çàùèùåíî 30 êàíäèäàòñêèõ äèññåðòàöèé. Øåñòü ó÷åíèêîâ Àâãóñòà Ïåòðîâè ÷à óñïåøíî
çàùèòèëè äîêòîðñêèå äèññåðòàöèè.

Ïðîðî÷åñêèìè îêàçàëèñü ñëîâà åãî ó÷èòåëüíèöû ìàòåìàòèêè: ¾Òû ó íàñ ñò àíåøü ïðî-
ôåññîðîì¿, � êîãäà â 10 ëåò îí åäèíñòâåííûé èç êëàññà ðåøèë ñëîæíóþ çàäà÷ó. Ýòî ñòàëî
íà÷àëîì åãî óâëå÷åííîñòè ìàòåìàòèêîé.

Àâãóñò Ïåòðîâè÷ âñåãäà îòëè÷àëñÿ ñàìîñòîÿòåëüíîñòüþ â âûáîðå çàäà÷ è ñï îñîáîâ èõ
ðåøåíèÿ. Òàê, îáó÷àÿñü íà ìåõàíèêî-ìàòåìàòè÷åñêîì ôàêóëüòåòå ÑÃÓ, î í íèêîãäà íå îáðà-
ùàëñÿ çà êîíñóëüòàöèåé ê ïðåïîäàâàòåëÿì, à íà ÷åòâåðòîì êóðñå ñàì ïðåä ñòàâèë (÷åì î÷åíü

Þáèëåè 601



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíô îðìàòèêà. 2025. Ò. 25, âûï. 4

óäèâèë ïðîôåññîðà Ãåîðãèÿ Ïåòðîâè÷à Áîåâà) òåìó êóðñîâîé ðàáîòû, êîòî ðóþ è çàùèòèë
íà ¾îòëè÷íî¿.

Ïðè ïîäãîòîâêå äèïëîìíîé ðàáîòû ïî çàäàííîé Íèêîëàåì Ïåòðîâè÷åì Êóïöîâûì òåìå
âûÿñíèëîñü, ÷òî ðåçóëüòàò óæå ïîëó÷åí èçâåñòíûì àìåðèêàíñêèì ìàòåìàòèêî ì Ì. Í. Ñòî-
óíîì. Ïîñêîëüêó äëÿ äèïëîìíîé ðàáîòû íàëè÷èå íîâûõ ðåçóëüòàòîâ áûëî îáÿçàòåëüíûì,
Íèêîëàþ Ïåòðîâè÷ó ïðèøëîñü äàòü äðóãóþ òåìó ïî ìàëîèçó÷åííîìó âîï ðîñó, îïóáëèêî-
âàííîìó â ðåôåðàòèâíîì æóðíàëå. À. Ï. Õðîìîâ çà ìåñÿö íàïèñàë âòîðó þ äèïëîìíóþ ðà-
áîòó, êîòîðàÿ ïîëó÷èëà ðåêîìåíäàöèþ ê îïóáëèêîâàíèþ è ñòàëà ïð îïóñêîì â àñïèðàíòóðó
ê Í. Ï. Êóïöîâó.

Ðàáîòàÿ íàä êàíäèäàòñêîé äèññåðòàöèåé, À. Ï. Õðîìîâ îáíàðóæèë îø èáêó â ñòàòüå
Ì. Â. Êåëäûøà � àêàäåìèêà, ïðåçèäåíòà Àêàäåìèè íàóê, � êîòîðàÿ äàëà åìó èçâåñòíîñòü
â ìàòåìàòè÷åñêîé ñðåäå, íî è ïðè÷èíèëà ìíîãî áåñïîêîéñòâà.

Êàíäèäàòñêàÿ äèññåðòàöèÿ áûëà áëåñòÿùå çàùèùåíà â 1964 ã. â Ìàòåìàòè÷åñêîì èíñòè-
òóòå èìåíè Â. À. Ñòåêëîâà Àêàäåìèè íàóê ÑÑÑÐ. Ðåçóëüòàòû, ïîëó÷åííûå À. Ï. Õðîìîâûì,
Ì. À. Íàéìàðê âêëþ÷èë â ñâîþ èçâåñòíóþ ìîíîãðàôèþ ¾Ëèíåéíûå äèôôåðåí öèàëüíûå
îïåðàòîðû¿ [ 2].

Ïî ñîâåòó èçâåñòíîãî ñîâåòñêîãî ìàòåìàòèêà Ñåðãåÿ Áîðèñîâè÷à Ñòå÷êèíà â ñâîþ êàí äè-
äàòñêóþ äèññåðòàöèþ À. Ï. Õðîìîâ íå âêëþ÷èë ðåçóëüòàòû, ñâÿçàííûå ñ îøè áêîé Ì. Â. Êåë-
äûøà. Îíè ñòàëè îñíîâîé åãî äîêòîðñêîé äèññåðòàöèè, çàùèòà êîòîðîé ñîñòî ÿëàñü â 1973 ã.
â Ñèáèðñêîì îòäåëåíèè Àêàäåìèè íàóê â äèññåðòàöèîííîì ñîâåòå ïîä ïðåäñåäà òåëüñòâîì
çíàìåíèòîãî àêàäåìèêà Ñåðãåÿ Ëüâîâè÷à Ñîáîëåâà. Ëþáîïûòíî, ÷òî â òî æå âðåìÿ, êîãäà
Àâãóñò Ïåòðîâè÷ çàùèùàë äîêòîðñêóþ äèñññåðòàöèþ â Àêàäåìãîðîäêå, åãî ó÷åí èê Âëàäè-
ìèð Àëåêñååâè÷ Ìîëîäåíêîâ â Ñàðàòîâå çàùèùàë êàíäèäàòñêóþ äèññåðòàöèþ .

Ðåçóëüòàòû, ïîëó÷åííûå À. Ï. Õðîìîâûì â ñïåêòðàëüíîé òåîðèè äèôôåðåíöè àëüíûõ
è èíòåãðàëüíûõ îïåðàòîðîâ, ïîñòàâèëè åãî â ðÿä âåäóùèõ ñïåöèàëèñòîâ â ýò îé îáëàñòè.
Ñòîèò îòìåòèòü, ÷òî ñòàòüÿ [ 3] ïîñëóæèëà îñíîâîé äëÿ 15 êàíäèäàòñêèõ äèññåðòàöèé åãî
ó÷åíèêîâ.

Â êà÷åñòâå îñíîâíîãî ìåòîäà À. Ï. Õðîìîâ èñïîëüçîâàë ìåòîä Êîøè � Ïóàí êàðå èíòåãðè-
ðîâàíèÿ ðåçîëüâåíòû èçó÷àåìîãî îïåðàòîðà ïî ñïåêòðàëüíîìó ïàðàìåòðó . Ðàçâèòèå ýòîãî
ìåòîäà, íàçâàííîå ðåçîëüâåíòíûì ïîäõîäîì, ïîçâîëèëî â 2015 ã. ïîëó ÷èòü íîâûå âàæíûå
ðåçóëüòàòû â çàäà÷å îáîñíîâàíèÿ õîðîøî èçâåñòíîãî ìåòîäà ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîé
ôèçèêè � ìåòîäà Ôóðüå. Ýòà çàäà÷à áûëà ïîñòàâëåíà Â. À. Ñòåêëîâûì áîëåå ñòà ëåò íàçàä.
Â ìåòîäå Ôóðüå áûë ñäåëàí êà÷åñòâåííî íîâûé øàã, ïîçâîëÿþùèé ïðèìåíèò ü åãî ïðè ìè-
íèìàëüíûõ òðåáîâàíèÿõ ê èñõîäíûì äàííûì. Èíôîðìàöèþ î ðåçóëüòàò àõ À. Ï. Õðîìîâà,
ïîëó÷åííûõ äî 2020 ã., ñì. â [ 4,5].

Ïîñëåäíåå äåñÿòèëåòèå äî þáèëåéíîãî ãîäà îêàçàëîñü äëÿ Àâãóñòà Ïåòðîâè÷ à îñîáåííî
ïëîäîòâîðíûì � áûëè ïîëó÷åíû âàæíûå ðåçóëüòàòû è â ìåòîäå Ôóðüå, è â òåî ðèè ôóíê-
öèé. Îí èçó÷àë ñâîéñòâà ôîðìàëüíîãî ðÿäà, ñîîòâåòñòâóþùåãî ìåòîäó Ôóð üå â îáîáùåííîé
ñìåøàííîé çàäà÷å äëÿ âîëíîâîãî óðàâíåíèÿ. Ýòîò ðÿä ìîæåò îêàçàòüñÿ ð àñõîäÿùèìñÿ, è
òîãäà âîïðîñ îáîñíîâàíèÿ ìåòîäà Ôóðüå ñâîäèòñÿ ê âîïðîñó î íàõîæ äåíèè ñóììû ýòîãî
ðÿäà. È âîò òóò À. Ï. Õðîìîâ, îïèðàÿñü íà èäåè Ë. Ýéëåðà è àêàäåìèêà À . Í. Êðûëîâà,
íàøåë íîâûé ìåòîä ñóììèðîâàíèÿ ðàñõîäÿùèõñÿ ðÿäîâ. Îêîí÷àòåëüí ûé ðåçóëüòàò ïî ýòîìó
âîïðîñó ñôîðìóëèðîâàí â [ 6].

À. Ï. Õðîìîâ, íàðÿäó ñ íàó÷íîé, âåë áîëüøóþ îðãàíèçàöèîííóþ ðà áîòó: 15 ëåò áûë
ïðåäñåäàòåëåì äèññåðòàöèîííîãî ñîâåòà ïî çàùèòå êàíäèäàòñêèõ äèññåðòàöèé; ñ 1994 ã.
âîçãëàâëÿë (îò Ñàðàòîâñêîãî óíèâåðñèòåòà) îðãàíèçàöèþ èçâåñòíûõ Ñàðàòî âñêèé çèìíèõ
øêîë ïî òåîðèè ôóíêöèé, êîòîðûå ïðîâîäÿòñÿ óæå áîëåå 40 ëåò [ 7]; áûë èíèöèàòîðîì è
îäíèì èç ãëàâíûõ îðãàíèçàòîðîâ Âîðîíåæñêèõ çèìíèõ øêîë ïî òåîðèè ôó íêöèé.

Â íàñòîÿùåå âðåìÿ îðãàíèçàöèÿìè ýòèõ øêîë çàíèìàþòñÿ åãî ó÷åíèêè: Ñàðà òîâñêóþ
çèìíþþ øêîëó âîçãëàâëÿåò äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Ñåðãåé Ïåòð îâè÷ Ñèäî-
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ðîâ, Âîðîíåæñêóþ çèìíþþ øêîëó � äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Ì àðèÿ Øàóêà-
òîâíà Áóðëóöêàÿ.

Íà ó÷åíîì ñîâåòå ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà, ïîñâÿùåííîì þ áèëåþ Àâãóñòà
Ïåòðîâè÷à Õðîìîâà, ïðîðåêòîð ïî ó÷åáíîé ðàáîòå ÑÃÓ Èãîðü Ãåðèêîâè ÷ Ìàëèíñêèé íàïîì-
íèë ïðèñóòñòâóþùèì: ¾Â 1993 ã. À. Ï. Õðîìîâ âçÿë íà ñåáÿ îòâåòñòâåííî ñòü çà ñîõðàíåíèå
íàó÷íîé øêîëû ìåõìàòà. Àâãóñò Ïåòðîâè÷ ñòàë íàñòàâíèêîì äëÿ íîâîãî ïîêîëåíèÿ ìàòåìà-
òèêîâ ïîñëå óõîäà èç æèçíè âûäàþùåãîñÿ ó÷åíîãî è äåêàíà ôàêóëüòåòà Àí äðåÿ Àíäðååâè÷à
Ïðèâàëîâà ... Äëÿ ìåíÿ ëè÷íî îí [À. Ï. Õðîìîâ] âñåãäà áûë è îñòàåòñÿ î ëèöåòâîðåíèåì íå
òîëüêî ôàêóëüòåòà, íî è âñåãî ÑÃÓ � ÷åëîâåê, ÷üè ïðèíöèïû, ãëóáèíà íàó ÷íîé ìûñëè è
ïðåäàííîñòü äåëó ñòàëè ýòàëîíîì äëÿ êîëëåã è ó÷åíèêîâ¿. Ó÷åíèöà Àâãóñò à Ïåòðîâè÷à
äåêàí ìàòåìàòè÷åñêîãî ôàêóëüòåòà Âîðîíåæñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåò à Ìàðèÿ
Øàóêàòîâíà Áóðëóöêàÿ îòìåòèëà, ÷òî Àâãóñò Ïåòðîâè÷ � ó÷èòåëü íå òî ëüêî â íàóêå, íî è
ïî æèçíè � ¾ýòî öåëîå ìèðîâîçðåíèå, ñî÷åòàþùåå ãëóáèíó íàó÷íîãî ïîäõîä à ñ æèòåéñêîé
ìóäðîñòüþ¿.

Â îòâåòíîì âûñòóïëåíèè À. Ï. Õðîìîâ îòìåòèë, ÷òî â ñâîåé íàó÷íîé äåÿòåë üíîñòè îí
ðóêîâîäñòâîâàëñÿ ïðàâèëàìè Äåêàðòà:

� îïàñàòüñÿ âñÿêîé òîðîïëèâîñòè è ïðåäâçÿòîñòè;
� äëÿ îáëåã÷åíèÿ ðåøåíèÿ ðàçáèâàòü êàæäûé âîïðîñ íà ÷àñòè;
� íà÷èíàòü âñåãäà ñ ïðîñòåéøåãî;
� ïðè ïðåäñòàâëåíèè ñâîèõ íàó÷íûõ ðàáîò áûòü óâåðåííûì, ÷òî âñå ïîíÿòíî è íè÷åãî

íå óïóùåíî èç âèäó.

Õðîìîâà Ãàëèíà Âëàäèìèðîâíà

Äîñòîéíîé ïîäðóãîé è ñîðàòíèöåé Àâãóñòà Ïåòðîâè÷à ñòàëà åãî ñóïðóãà � Õ ðîìîâà Ãà-
ëèíà Âëàäèìèðîâíà, ñ êîòîðîé îíè ðàçäåëèëè íå òîëüêî ñâîþ æèçíü, í î è ëþáîâü ê ìàòå-
ìàòèêå.

Ã. Â. Õðîìîâà � ïðîôåññîð êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé è ìàòåìà òè÷åñêîé
ýêîíîìèêè, ïåðâàÿ â èñòîðèè Ñàðàòîâñêîãî óíèâåðñèòåòà æåíùèíà, ïîëó ÷èâøàÿ äîêòîð-
ñêóþ ñòåïåíü â îáëàñòè ìàòåìàòèêè.

Â åå æèçíè Ñàðàòîâñêèé óíèâåðñèòåò èãðàåò îñîáóþ ðîëü. Ðîäèíà � ãîðîä Ñûçðàí ü,
à â Ñàðàòîâå îíà òðåõëåòíåé îêàçàëàñü ïîòîìó, ÷òî åå îòåö Øóâàëîâ Âëà äèìèð Èâàíî-
âè÷ ïîñòóïèë íà ôèçèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò ÑÃÓ, è ðîäèòåëè, ÷ò îáû ñåìüÿ áûëà
âìåñòå, ïîìåíÿëè îòäåëüíóþ êâàðòèðó íà êîìíàòó ñ ñîñåäÿìè, áåç óäîáñòâ , íî çàòî â ïÿ-
òè ìèíóòàõ õîäüáû äî óíèâåðñèòåòà. À ïîñêîëüêó ðåáåíêà íå ñ êåì áûëî î ñòàâèòü, îòåö
÷àñòî áðàë ìàëåíüêóþ Ãàëþ ñ ñîáîé â óíèâåðñèòåò. Òàê ÷òî åé ñ äåòñòâà çíàêîì óíèâåðñè-
òåòñêèé ãîðîäîê è ôèçè÷åñêèé êîðïóñ. Òàì, íà ïåðâîì ýòàæå, îíà ÷àñòî äîæ èäàëàñü îòöà
ïîä ïðèñìîòðîì ñîòðóäíèöû óíèâåðñèòåòñêîé áèáëèîòåêè (áèáëèîòåê à òîãäà ðàçìåùàëàñü
â ôèçè÷åñêîì êîðïóñå).

Íà ôîòîãðàôèè âûïóñêíèêîâ 1941 ã., êîòîðàÿ õðàíèòñÿ â óíèâåðñèòåò ñêîì ìóçåå, åñòü è
Ãàëÿ Øóâàëîâà [ 8]. Ñòóäåíòû ýòîãî âûïóñêà çíàëè åå åùå è ïîòîìó, ÷òî êâàðòèðà Øóâàëî-
âûõ áûëà ìåñòîì, ãäå îíè ÷àñòî ñîáèðàëèñü. Ïîýòîìó ÷åðåç 25 ëåò íà âñòðå÷ó âûï óñêíèêîâ
1941 ã., óöåëåâøèõ çà âðåìÿ âîéíû, ïîçâàëè è åå.

Çàêîí÷èâ øêîëó ñ çîëîòîé ìåäàëüþ, Ãàëèíà Âëàäèìèðîâíà ïîñòóïèë à íà ìåõàíèêî-
ìàòåìàòè÷åñêèé ôàêóëüòåò ÑÃÓ ïî ñïåöèàëüíîñòè ¾Ìåõàíèêà¿. Çäåñü îíà è â ñòðåòèëà ñâî-
åãî ñïóòíèêà æèçíè � Àâãóñòà Ïåòðîâè÷à Õðîìîâà. Îáà äî ñèõ ïîð óäèâëÿþ òñÿ òîìó, êàê
ýòî ïðîèçîøëî. Õîòÿ îíè äâà êóðñà ó÷èëèñü âìåñòå, íèêàêîãî âíèìàíèÿ äðóã íà äðóãà íå
îáðàùàëè, ó êàæäîãî áûë ñâîé êðóã îáùåíèÿ. È âîò îäíàæäû, êîãäà âñÿ ãðóïïà ñîáðàëàñü
ïðîãóëÿòüñÿ ïî ãîðîäó, îíè ñëó÷àéíî îêàçàëèñü ðÿäîì è ìåæäó íèìè çàâ ÿçàëàñü áåñåäà, êî-
òîðàÿ ïðîäëèëàñü âñþ ïðîãóëêó. Ñ óäèâëåíèåì îíè ïîíÿëè, ÷òî î ÷åì áû íè øåë ðàçãîâîð,
èõ ìíåíèÿ ñîâïàäàþò. Íà ÷åòâåðòîì êóðñå îíè ïîæåíèëèñü.
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Ãàëèíà Âëàäèìèðîâíà ïèñàëà äèïëîìíóþ ðàáîòó ó ïðîôåññîðà Ñåðãåÿ Ãåîðãè åâè÷à Ëåõ-
íèöêîãî è áûëà óâåðåíà, ÷òî ïîñëå îêîí÷àíèÿ óíèâåðñèòåòà ñòàíåò åãî àñïèð àíòêîé. Ê ñîæà-
ëåíèþ, ïðîôåññîð ñîáèðàëñÿ óåçæàòü èç Ñàðàòîâà â Ëåíèíãðàä. Ïîýòîìó îí ä àë Ã. Â. Õðî-
ìîâîé ðåêîìåíäàöèþ äëÿ ïîñòóïëåíèÿ â àñïèðàíòóðó â Èíñòèòóò ìåõàíè êè â Ìîñêâå. Â ýòî
âðåìÿ ïðîôåññîð Ñ. Á. Ñòå÷êèí ñïåöèàëüíî ïðèåõàë â Ñàðàòîâ îòáèðàòü ñèëüíûõ ñòóäåí-
òîâ. Îí ïðåäëîæèë À. Ï. Õðîìîâó ìåñòî â àñïèðàíòóðå Ìàòåìàòè÷åñêîãî èíñòèòóòà èìåíè
Â. À. Ñòåêëîâà ÀÍ ÑÑÑÐ. Ïîñêîëüêó ìîëîäîé ñåìüå ïðîæèâàòü â Ìîñêâå âìåñòå í å áûëî
âîçìîæíîñòè, Õðîìîâû ðåøèëè îñòàòüñÿ â Ñàðàòîâå.

Àâãóñò Ïåòðîâè÷ ïîøåë ïî íàó÷íîé ñòåçå, à Ãàëèíà Âëàäèìèðîâíà ñòàëà ðàá îòàòü â
Âû÷èñëèòåëüíîì öåíòðå ÑÃÓ. Òàì îíà çàíèìàëàñü ðåøåíèåì ïðèêëàäíûõ çàäà÷, îäíà èç
êîòîðûõ è ïðèâåëà åå ê íàó÷íûì èññëåäîâàíèÿì â òîëüêî åùå çàðîæäàþùåéñÿ îáëàñòè
ìàòåìàòèêè � òåîðèè íåêîððåêòíî ïîñòàâëåííûõ çàäà÷.

Îñíîâîïîëîæíèêàìè ýòîé òåîðèè ÿâëÿþòñÿ òðîå ñîâåòñêèõ ó÷åíûõ: àêàä åìèê Àíäðåé
Íèêîëàåâè÷ Òèõîíîâ (Ìîñêâà), ÷ëåí-êîððåñïîíäåíò Âàëåíòèí Êîíñòàíòè íîâè÷ Èâàíîâ
(Ñâåðäëîâñê), àêàäåìèê Ìèõàèë Ìèõàéëîâè÷ Ëàâðåíòüåâ (Íîâîñèáèðñ ê). Êàæäûé èç íèõ
îêàçàë âëèÿíèå íà íàó÷íóþ ñóäüáó Ã. Â. Õðîìîâîé.

Èìåííî èç ëåêöèé À. Í. Òèõîíîâà, êîòîðûå îí ïðî÷èòàë íà êîíôåðåíöè è â Êèåâå, Ãà-
ëèíà Âëàäèìèðîâíà ïîëó÷èëà ïåðâîå çíàêîìñòâî ñ íåêîððåêòíûìè çàäà ÷àìè. Ïîçæå îíà
íåîäíîêðàòíî ïðèíèìàëà ó÷àñòèå â òèõîíîâñêèõ êîíôåðåíöèÿõ ïî ýòî é òåìàòèêå. Îäíà èç
íèõ ïðîâîäèëàñü â Ñàðàòîâå íà îñòðîâå ×àðäûì, ãäå Ã. Â. Õðîìîâà áûë à îäíèì èç ãëàâíûõ
îðãàíèçàòîðîâ.

Ñ ìåòîäîì Â. Ê. Èâàíîâà áûëè ñâÿçàíû ïåðâûå íàó÷íûå ðåçóëüòàòû Ã. Â. Õðîì îâîé è åå
ïåðâîå ïóáëè÷íîå âûñòóïëåíèå (äîêëàä íà êîíôåðåíöèè â Êèåâå), êîòî ðîå ñòàëî â íàó÷íîé
áèîãðàôèè îäíèì èç ñàìûõ çíà÷èìûõ. Ïåðåä ïîåçäêîé Àâãóñò Ïåòðîâè÷ ïðåäîñòåð åã: ñêà-
çàë, ÷òîáû îíà îðèåíòèðîâàëàñü íå íà àïëîäèñìåíòû, à íà êðèòèêó, âî çìîæíî, æåñòêóþ,
ïîòîìó ÷òî ìîãóò íàéòèñü ëþäè, êîòîðûå çàõîòÿò óìàëèòü, âîâñå óíè ÷òîæèòü èëè äàæå
ïðèñâîèòü ÷óæîé ðåçóëüòàò, è íóæíî óìåòü îòñòàèâàòü ñâîè ïîçèöèè, à äëÿ ýòîãî õîðîøî
çíàòü ïóáëèêàöèè ïî ñâîåé òåìàòèêå. Ýòî íàïóòñòâèå îêàçàëîñü íå íàïð àñíûì. Îäèí èç
ïðåäñòàâèòåëåé òèõîíîâñêîé øêîëû âûñòóïèë ñ ðåçêîé êðèòèêîé äîêëàäà Ã. Â. Õðîìîâîé.
Ãàëèíà Âëàäèìèðîâíà ñóìåëà çàùèòèòü ñâîé ðåçóëüòàò, à âìåñòå ñ íèì è ì åòîä Â. Ê. Èâà-
íîâà, äîêàçàâ, ÷òî êðèòèêà áûëà íåñîñòîÿòåëüíà. Ïîñêîëüêó íà äîêëà äå ïðèñóòñòâîâàëè
ïðåäñòàâèòåëè è òèõîíîâñêîé, è èâàíîâñêîé íàó÷íûõ øêîë, Ãàëèíà Âëà äèìèðîâíà ïðèîá-
ðåëà èçâåñòíîñòü êàê â Ìîñêâå, òàê è â Ñâåðäëîâñêå.

Ìåòîä Â. Ê. Èâàíîâà ëåã â îñíîâó êàíäèäàòñêîé äèññåðòàöèè, êîòîðóþ Ã. Â. Õðîìîâà
çàùèòèëà â 1973 ã. â Ñàðàòîâå. Ïðè ýòîì ðåçóëüòàòû îíà ïðåäâàðèòåëüíî äîêëàäûâàëà íà
ñåìèíàðå Ì. Ì. Ëàâðåíòüåâà, à ñàì Â. Ê. Èâàíîâ ñòàë ãëàâíûì îïïîíåíòîì. Îòçûâ âåäóùåé
îðãàíèçàöèè ïîäïèñûâàë Ãóðèé Èâàíîâè÷ Ìàð÷óê � áóäóùèé ïðåçèäåí ò Àêàäåìèè íàóê.

Ïîñëå çàùèòû äèññåðòàöèè Ã. Â. Õðîìîâà íà÷àëà ðàáîòàòü íà êàôåäðå â û÷èñëèòåëü-
íîé ìàòåìàòèêè, âîçãëàâëÿåìîé ïðîôåññîðîì Í. Ï. Êóïöîâûì. Ýòî åå ¾ðîä íàÿ¿ êàôåäðà,
íûíå êàôåäðà âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè, íà êî òîðîé îíà è
ïðîðàáîòàëà ïîëâåêà.

Ïðîäîëæàÿ çàíèìàòüñÿ íàó÷íûìè èññëåäîâàíèÿìè, Ãàëèíà Âëàäèìèð îâíà ðàçðàáîòàëà
íîâûé ïîäõîä ê ïîëó÷åíèþ îöåíîê ïîãðåøíîñòåé ðåøåíèé íåêîððåêòíûõ çàäà÷. Ïî ýòîé
òåìå â 1998 ã. îíà çàùèòèëà äîêòîðñêóþ äèññåðòàöèþ â Óðàëüñêîì îòäåëåí èè Àêàäåìèè
íàóê Ðîññèè â ã. Åêàòåðèíáóðãå.

Ïîñëå çàùèòû äèññåðòàöèè Ã. Â. Õðîìîâà ïðîäîëæèëà èññëåäîâàíèÿ è ïîë ó÷èëà ðÿä
âàæíûõ íàó÷íûõ ðåçóëüòàòîâ, â òîì ÷èñëå óêàçàëà ãðàíèöû ïðèìåíåíèÿ ì åòîäîâ À. Í. Òè-
õîíîâà è Ì. Ì. Ëàâðåíòüåâà. À â 2023 ã., óæå ðàáîòàÿ íà êàôåäðå äèô ôåðåíöèàëüíûõ
óðàâíåíèé è ìàòåìàòè÷åñêîé ýêîíîìèêè, îíà íàøëà íîâûé âèä ïîëèíîì èàëüíûõ ñïëàéíîâ
ñî ñâîéñòâàìè, âîñòðåáîâàííûìè ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷ [ 9]. Ëþáîïûòíî, ÷òî äî
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Ñ. È. Äóäîâ è äð. Õðîìîâ À. Ï. Õðîìîâà Ã. Â. Ê 90-ëåòèþ ñî äíÿ ðîæäåíèÿ

ñèõ ïîð Ãàëèíà Âëàäèìèðîâíà èñïîëüçîâàëà ìåòîäû òåîðèè ôóíêöèé äë ÿ ïîëó÷åíèÿ ðå-
çóëüòàòîâ â íåêîððåêòíî ïîñòàâëåííûõ çàäà÷àõ, à çäåñü, íàîáîðîò, óâèä åëà, ÷òî îäèí èç
ìåòîäîâ ðåøåíèÿ íåêîððåêòíûõ çàäà÷ ïðèâîäèò ê ïîñòðîåíèþ ñïëàéíîâ � îä íîìó èç ìàòå-
ìàòè÷åñêèõ àïïàðàòîâ òåîðèè ôóíêöèé.

Ãàëèíà Âëàäèìèðîâíà ñâîèì ãëàâíûì ó÷èòåëåì ñ÷èòàåò Àâãóñòà Ïåòðîâè÷à � èìåííî
îí îòêðûë åé êðàñîòó ìàòåìàòèêè è íàó÷èë îòñòàèâàòü ñâîè ðåçóëüòàò û. Îíà, êàê íèêòî
äðóãîé, ÿâëÿåòñÿ ñâèäåòåëåì åãî âûñîêîãî ìàñòåðñòâà.

Ã. Â. Õðîìîâà ñ÷èòàåò ñâîåé çàñëóãîé, ÷òî íå äàëà ïðîïàñòü îäíîé çàìå÷à òåëüíîé èäåå,
âûñêàçàííîé À. Ï. Õðîìîâûì íà íàó÷íîì ñåìèíàðå. Îí ïðåäëîæèë äëÿ óëó÷ øåíèÿ àïïðîê-
ñèìàöèîííûõ ñâîéñòâ õîðîøî èçâåñòíûõ â òåîðèè ïðèáëèæåíèé èíòåãðàëüíûõ î ïåðàòîðîâ
ñòðîèòü èç íèõ òàê íàçûâàåìûå ðàçðûâíûå îïåðàòîðû, íå òðåáóþùèå ïðè èõ ê îíñòðóè-
ðîâàíèè íèêàêèõ óñëîæíåíèé, è ïðîäåìîíñòðèðîâàë ñâîþ èäåþ íà îïåð àòîðå Ñòåêëîâà, à
ïîçæå � íà îïåðàòîðå Ëàíäàó, äëÿ êîòîðîãî îí ñäåëàë åùå è óïðîùåíèå. ×åðåç íåñêîëüêî
ëåò ïîñëå ýòîãî Ã. Â. Õðîìîâà ñòàëà ïðèìåíÿòü òàêèå îïåðàòîðû è â íåêîð ðåêòíûõ çàäà÷àõ,
è â ïîñòðîåíèè ñïëàéíîâ. Ïî äàííîé òåìå îíà ñäåëàëà ïëåíàðíûé äîêëàä íà Âîðîíåæñêîé
çèìíåé øêîëå â 2025 ã. [ 10].

Îòìåòèì, ÷òî äîëãèå ãîäû (2002�2024 ãã.) Ãàëèíà Âëàäèìèðîâíà áûëà ãëàâíûì ðåäàêòî-
ðîì ñáîðíèêà íàó÷íûõ òðóäîâ ¾Ìàòåìàòèêà. Ìåõàíèêà¿ (ISSN 1609- 4751). Êðîìå òîãî, îíà
áûëà ïðåäñòàâèòåëåì Ïîâîëæñêîãî ðåãèîíà â ìåæðåãèîíàëüíîì îáùåñòâåííîì ä âèæåíèè
¾Çà âîçðîæäåíèå îòå÷åñòâåííîé íàóêè¿, âîçãëàâëÿåìîì àêàäåìèêîì Á. Ñ. Ê àøèíûì.

Â çàêëþ÷åíèå ïðèâåäåì ñëîâà ïðîôåññîðà Ìîñêîâñêîãî óíèâåðñèòåòà È. Ñ. Ëîì îâà íà
ó÷åíîì ñîâåòå ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÑÃÓ: ¾Ñ îãðîìíîé ðà äîñòüþ è ãëóáî-
êèì óâàæåíèåì íàáëþäàþ çà óäèâèòåëüíûì ñî÷åòàíèåì ôèçè÷åñêîãî è íàó÷íî ãî äîëãîëåòèÿ
â âàøåé ñåìüå. Âàø ñîâìåñòíûé ïóòü â íàóêå, äåñÿòèëåòèÿ ïëîäîòâîðíîé ðàáî òû ñëóæàò
ÿðêèì ïðèìåðîì ïðåäàííîñòè çíàíèÿì è íàñòîÿùèì âäîõíîâåíèåì äëÿ íàó÷íîãî ñîîáùå-
ñòâà¿.
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