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NMPABUNA /11 ABTOPOB

XypHan npunnmaer k nybankaumun cra-
Tbi, COZPXKaLLe HOBbIE OPUrMHANbHbIE
pe3ynbTaThl M0 BCEM OCHOBHBIM pasgenam
MaTeMaTuKI, MeXaHUK1 U MHHOPMATUKK.
Pepkonnerveii He paccMaTpUBAlOTCA CTaTby,
HOCSALLME NCKIOYMTENBHO NPUKNAZHON Xa-
paKTep, paHee onybAMKOBaHHbIE UM NPUHS-
Thle K ONY6NNKOBAHMIO B AAPYTUX XypHaNax.

06bem ny6nukyemoii CTaTbh He AOMKEH
npeBbIWwath 12 CTpaHNL, 0YOPMAEHHBIX B
LaTeX cornacHo ctunesomy ¢ainy, pasme-
LeHHoMy no agpecy https://mmi.sgu.ru/
ru/dlya-avtorov. Ctatbin 60nbluero obbema
MPUHMMAKOTCA TONLKO MO COFNACOBAHMIO C
pegKonnerveii xypHana.

Bce pykonucu, noctynuBLLme B peaKLyio
W COOTBETCTBYIOLME NPodUAI0 XypHana,
MPOXOAAT PeLieH3MpOBaHHe, 1 3aTeM pejKon-
nerus NpUHUMAeT peLlieHine 0 BO3MOXHOCTH
nx onybnukoBaHua. B cnyyae nonoxurens-
HOTO pelleHns CTaTbs NOABepraercs Ha-
YUHOMY 11 KOHTPONbHOMY PeiaKTPOBaHMI.

CraTbs, HanpaBneHHas aBTOPY Ha f0-
paboTKy, AOMKHA 6bITb BO3BPALLEHA B UC-
NpaBNeHHOM BUAe B MaKCMMabHO KOPOTKMe
cpoku. Cratbs, 3ajepxaHHas Ha cpok bonee
TpéX MecsLeB, paccMaTPUBAETC Kak BHOBb
noctynusLuas. K nepepabotaHHoi pykonucu
Heo6X0ANMO MPUAOXKMTL NMUCbMO OT aBTO-
POB, COlepXKalLiee OTBETbI Ha BCe 3aMeyaHus
W NOSACHSIOLLIEe BCe M3MEHeHNS, C(ienaHHble
B CTaTbe. Bo3BpalLieHve CTatbit Ha 4OPaboTKy
He 03Hauaer, 4o TaTbs byzer ony6anKoBa-
Ha, nocne nepepaboTku OHa BHOBb byfeT
peLieH31poBaThbCs.

ABTOpY CTaTbi, NPUHATON K MybAMKaLuK,
OZHOBPEMEHHO C pelleHneM peaKosnerny
BbICHINAETCA NLIEH3UOHHBIA A0TOBOP.

[laToi nocTynnenus craTby CYnTaeTcs Aata
MOCTyNNeHNs ee OKOHYaTeIbHOr0 BapuaHTa.

Mnata 3a nybaukaymio pykonuceii He
B3MMaeTcs.

bonee noApo6HO € npaBunamm Ans asTo-
POB 1 MOPSIAKOM PeLieH3MPOBaHNS MOXHO
03HaKOMUTLCS Ha CaitTe XypHana: https://
mmi.sgu.ru
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IIpenenbHOE pacnpenesieHue paHTa JIPY>KObI
B CJIO2KHBIX CETAX

A. A. I'puropnen

CapaTOBCKWMi HAITMOHAIBHBIN UCCIETOBATETLCKUI TOCYIaPCTBEHHBIN YHUBED-
curer umenn H. I'. Uepnsbrmesckoro, Poccusi, 410012, r. Caparos, yin. Act-

paxaHckas, JI. 83

T'puropseB Auiekceili AusekcaHapoBud, acnupaHT Kadeapbl Teopun
dyHKIMit M cTOXacTHYECKOrO aHamM3a, alexprgrigoriev@gmail.com, https://
orcid.org/0000-0003-3820-9523, SPIN: 8732-2104, AuthorID: 1094743

Annoranusa. B macrogmeit pabore m3ydaercs MmapagokC JIPYKObI B

CJIO2KHBIX CETAX U BBOJUTCA HOBAasd BEJIMYNHA — PaHT ,Ipr}K6bI y3Jaa, JJ1sd

KOJINYECTBEHHON OIeHKM IapaJjokca. B pabore ncciemyercs mnpeesb-
HOE pACIIpeJIeJIeHIe PAHra JIPYKObl B CETSX, IMOCTPOEHHBIX C HMCIIOJIb-
. J

30BaHMEM KOHMUTYPAIMOHHON MOJIEJN, TJIe TOCIeI0BATEIFHOCTh CTe-

/—/ ﬁ neHen Y3JIOB I'eHepupyeTcda HE3aBUCHUMBIMHU DEAJIN3aAIlUAMN CJIy‘IaIU/IHOﬁ

BesimanHBL. JloKazaHa TeopeMa O CXOIMMOCTHU PAHTa JIPY2KObI JJId ceTeit

A4
HayL-l Hb”/l ¢ KOHEYHBIM MOMEHTOM DPACIPEJIeJICHNs] CTeleHel. IMIUPUIeCKUe pe-
3yJIBTATHI MMOATBEPXKIAIOT, UTO, B OTJIMYHME OT WHIEKCA JPYKOBI, PAHT

OT .ELe _rl JIPY2KOBI sIBJIsIETCSI 60JIEe CTAOUILHOM XapaKTepPUCTUKON ITpU CpaBHEHUN
L ) cerTeil pasHoro pasmepa. IIpeytoKeHHBIII METO/L MOXKeT ObIThH IOJIE3€H
) ’( JIJIs CDABHEHUsI ceTell pa3Horo macmraba, HAIPUMED COIUAIBHBIX Ce-
Tei.
U KuroueBble cjioBa: C/IOXKHBIE CETU, PAHT JPYKOBI, KOH(MUTYPAITHOH-
Has MOJIEJIb, [TAPAIOKC JIPYKObI, CTEIIEHHOE PACIPeIesIeHne, TPeIehb-

HBIE TEOPEMBI, KOPPEJIAINN CTeNeHel

s murupoBanusi: ['pueopves A. A. IlpenenbHoe pacipejeseHne
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Article

Limiting distribution of friendship rank in complex networks
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Bsenenue

Oj1HO U3 CBOICTB, HADIIOMAEMBIX B PEAJBHBIX CETSIX, 3aKJII0YACTCSA B TOM, 9TO CPEJIHEE KOJIH-
YeCTBO COCEJIeHl y3JI0B B CETHAX IIPEBBINIACT CTEIEHDL CAMHUX y3JI0B. Takoe CBOHCTBO HA3BIBACTCS
[1apaJIoKCOM JIPY?KObI, 1 OHO CIIPABE/IJINBO KaK JIJIs CTEIEHEeH y3JI0B, TAK U APYTUX XapaKTEPUCTUK
B ceTsix. Bojiee Toro, nmapaiokc Apy2KObI HAOJIIOIAeTCs U HA YPOBHE CETH B IIEJIOM, U Ha yPOBHE
oresbHBIX y3u10B [1]. st u3mepenust napajokca Jpy»KObl UCIOIb3YeTCsl BeJIMUINHA, HA3bIBAe-
Mast UHJEKCOM JIPY2KObI, BRIYHUC/IsieMast KaK OTHOIIEHNE CPeHell CTeleH: y3Jia K CTEIIeHN CAMOro
y3na [2,3]. ObHapy:keHne U U3MEPEHUE B CeTsIX MapaiOKCa JIPYKObI MO3BOJISIET IPUMEHSITH YCO-
BEPIIIEHCTBOBAHHBIC CIIOCOOBI PAOOTHI CO CJOKHBIMU CeTIMU. TaK, 3HAHUE O MapaioKce IPYKObI
ObLIO MCIIOJIL30BAHO TIPU poBeieHrn Gosiee 3bMEKTUBHBIX OIIPOCOB B CONMUAJIBHBIX ceTsX [4] u
[pU BBISIBJIEHUU 3apa3HbIxX 3aboseBanuii [5].

Panee mjist anasmza CTENEHHBIX KOPPEISIUI HUCIOJIH30BAIN BEJIUIUHBI, OCHOBAHHBIE HA KO-
sdpdunmenre koppessiun [lupcona, mim «kKosdduinenT accopraruBHocTH». OIHAKO TO31HEE
OBLIO JIOKA3AHO, UTO C YBEJUYEHHEM CEeTU 3HadeHne KOdDPUIMeHTa KOPPEJAN MOXKET ObITh
CJIyJaiiHbIM, & UMEHHO KOIJa BTOPON MOMEHT CJIyYaiiHOW BEJMYHHBI CTPEMUTCA K OECKOHETHO-
cru, 3HaYeHne koadbdurmenTa 60siee He CTPEMUTCs K KOHCTAHTE U 3aBUCUT OT pa3Mepos ceru [6].

Kounduryparuonnast mozesb (Configuration model, CM) [7] —3To Mozeb renepanuu rpa-
doB, KoTOpasi co37aéT rpadbl 3aJAaHHOTO pa3Mepa 1 C 3aJaHHON MTOCIEI0BATEILHOCTHIO CTelle-
ueit. I'pad ¢ n Bepmmuamu oboznadaercs kKak Gy, = (Vy,, Ey), 1/1e BEpUIMHBI TOMEUCHBI TEIBIMA
quciaamu: Vi, = {1,2,...,n}. Muoxkecrso E, npeiucrasisier coboii Habop pébep (HeOpHeHTUPO-
BaHHbIX ). CTelleHb BEPIIMHBI i 0003HaYaeTCsl Uepe3 d;, a I0CIIe0BaTeIbHOCTh creneneii rpada
G, 3anaéresa kak D, = {dy,da,...,d,}. Eciu 3anana nenouncienHas MOJOKUTEIbHAS CIIy-
yaiiHasi BesinanHa £ ¢ (QYHKIMEH IOTHOCTH BEPOSATHOCTH f, TO MOCJIEe0BATEIbHOCTD CTEIeHEH
D,, = (dy,da, . ..,d,) MoXxKeT ObITH IOJIyYeHA KAK 7 HE3ABUCUMBIX U OJIMHAKOBO PACIIPEICIEHHBIX
peasmzarnuii ciaydaiinoin Besmunnabl €. M3BectHO, uTo KOHMUIYpAIMOHHAS MOJETH M€HEPUPYET
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caydaifHble MyJIbTUPadbl TAKIM 00pPa30M, UTO SMIMPUIECKOE pacIpele/eHne creneHeii f, cxo-
JITCS K f TIPU 1, CTPEMSIIIEMCsT K OECKOHETHOCTH.

Kondurypammonsaas: Mojenb UrpaeT BaykKHYIO POJIb B aHAJN3€ KOPPEJISIINi MEXKIy CTele-
HMHU B CJIOXKHBIX CETSIX U II03BOJISIET CTPOUTHL rpadbl (G, C ONPEIeIEHHLIM PacIpe e/ IeHIeM
crenereit D, un 6e3 CTENEHHBIX KOPPEIAIil (c HENTPAJTbHBIM CMGLHI/IB&HI/IGM). Cetu ¢ HelTpaIb-
HBIM CMeIIUBaHUEM ITO3BOJISIOT CPABHUBATH PeaJjibHbIe CETH C «HEHTPaAJIbHOI Y Bepcuei, rjie cBa3u
dopMuUpPyIOTCS CIyIaiHbIM 00pa3oM. Eciin peasbHast ceTh IeEMOHCTPUPYET OTKJIOHEHUS OT TAKOM
Moz (HaIpuMep, HAJIWYHe acCOPTATUBHOCTU WJIM JTHCACCOPTATUBHOCTH), 9TO yKa3bIBACT HA
HaJn4Ine CIelnudUIecKuX CTPYKTYPHBIX CBOHCTB, KOTOPbHIE MOI'YT OBITH BarKHBI JIjIsI aHAJINA3A.
B OPHUEHTHUPOBAHHBIX U HEOPHUEHTUPOBAHHBIX CETAX C HeﬁTpa.HbeIM CMeIlllMBaHueM BEJIMYNHDBI,
OCHOBaHHbIE Ha paHrax, 00JIaJaoT CXOIUMOCTHIO (8.

JlamHas paboTa IIOCBAIIEHa BOIIPOCY KOJINIECTBEHHOI'O U3MEPEHMS IIapaJoKCca APy KObl B KOH-
TEKCTe CPABHEHUs CeTell PasJMIHbIX pa3Mepon. Vcnonb3ys umen pabdboT [6, 9]7 BBOJUTCSI IIOHA-
THE PaHra APYyKObI KaK XapaKTEPUCTUKH Y3JI0B B CETU W IMPOU3BOJINTCA CPABHEHUE C MHIEKCOM
Apy2KObI JIJIT M3MEPEHUsT ITapagoKca Ipy2KObl. Pabora cTpyKTyprupoBaHa CJIeILYIOMIM 00pa30M: B
pazz. 1 BBOASATCS HOHATHS U 0003HAYMEHNUSI, IOKA3BIBAETCS TEOPEMa O CXOIUMOCTU PAHTa JIPYKOBI;
B pa3/l. 2 IpUBEJIEHB] CUMYJIAUN U SMITPUIECKIE SKCIIEPUMEHTHI, MOJIKPEILIAIONTAE PE3YIbTATHI.

1. IlpenenbHOe pacnpenesieHne paHTa JIPY>KObI B CJIOXKHBIX CETIX

IIycrs muO)KECTBO E)p; COMEPKUT Y3JIbI, HHIIMIEHTHBIE BepimnHe i. B rpade G, mHIEKC ApYK-
OBl y3J1a ¢ MOKeT ObITH BBIYHUCJIEH CJIEIYIONNM 00pa30oM:

o ZjeEm- d;
e

SMHI/IpI/I‘{GCKOG COBMECTHOE pacIpe/iejieHue CTeIleHE nMeeT BT

hod) — 1 1, d=kud; =1,
9| By = |0, mmaue.

Pacupenesenne creneneit ysinos obosnauaercst kak f(k), a pacupejeiieHue creneHeil, B3Be-

kf(k
[IIEHHOE 110 CTeIeHsIM y3Ji0B, Kak f*(k) = ‘é( |).
n

[Mommuoxkecrso V,, (k) C V,, comepxkut Bee y3ibl crenenn k. Cpeauit nHgeKe ApyKObl cpein
y3JIOB CO CTEIEHbIO k& MOXKeT OBbITh 3alllCaH Kak

1 25— thn (kD)
W)= ET W (1)
0, V(k)=2.

Omuupuveckast QYHKINUSA pacipeleeHns CpeIHero NHIeKca Ipy»KObl OlIpeIe/IsieTcsl COOTHO-

INIeHuemM 1
&) = T m) Z.E%k)

Bo mHOTUX peasbHBIX CETSIX paclipejiesieHne CTeleHel siBsieTCs CTENeHHBIM C JIUCIIepCcueit,
crpemsieiica K 6eckoneunocTr. Kak ObLIO MPOIEMOHCTPUPOBAHO paHee Ha IMpuMepe KOHMUry-
panmonHo# mosenu ¢ Dy, = I D, ecim moka3aTe/ b CTEIEHHOT'O 3aKOHA PACIPEJIe/IeHUs CTeleHel
1 < v < 2, To ungekc apyx6u1 Mensiercsi ¢ pocrom ceru [9]. TlogobHoe 10BeICHUE SIBIIsIETCSE
KPUTUIECKUM HEIOCTATKOM JJIsT CPaBHEHUS CceTeil pa3HbIX Pa3MepPOB, UTO CHJILHO OTPAHUYINBAET
MIPUMEHNMOCTD UHJIEKCA JIPY2KObI B aHAJM3€e CETEl.

Ilo »roit mpuymHe i U3MEPEHUs MAPaJIOKCa JIPYKOBI IpejlaraeTcs UCIOIb30BaATh UHYIO
BEJIMYNHY, JUMIEHHYIO OIMUCAHHOTO paHee HeJoCTaTKa WHAeKca Apyko0bl. HoBas Besmunna Oymer
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BBIMUC/IATHCA 9€Pe3 PAHT y3JIa, & He ero creleHb. 1101X0/] ¢ HCIoIb30BaHeM PAHTOBBIX BEJIUINH
JIABHO IIpUMeHsieTcs B iuteparype (8, 10].

Panr ysna co crenenbio k B ceTH pasmepa n oboznaunm FF(k) m ompemenum cyemyonum
obpasoM:

. RN
F¥ (k) = WZdﬂl{di <k}
=1

OrmerumM, uro F)f (k) ecrb KyMmy/isiTuBHAsI B3BellIeHHAasl 110 pebpaM (DyHKIUST PACIIPe/IeJIeHIs
CTelleHeH.

Panr yzia co crenennio k omperensercs Kak joJisi pédbep B rpade, KOTOpPbIE COEIUHSIOT
y3JIbI CO CTEIEeHBIO MeHbIe mau paBHOil k. Takum oOpazom, 3HaUEHWE PAHTa y3J1a 3aBUCHT OT
ero crernenu u Oymer Beerja B guanazone (0;1]. st geMoHCTpaIm pacCMOTPHM HECKOJIBKO
[IPUMEDOB.

O6osaaunM dpi, = min(di,...d,) MHHIMAJIBHYIO CTEHEHb Y3JO0B B CeTH U dpax =
= max(dy, . ..d,) — MaKCUMAJbHYIO CTeleHb y3Ji0B. B Tabj. 1 npuBeleHbl IIPUMEDBI BbIYUCIE-
HUs paHTa Y3JI0B JIJIgd BEPINTUH C HECKOJIBKUMU 3HAYCHUAMN cTelleHen.

Tabauya 1 / Table 1

[Tpumep BbIYUCIEHUS PAHTa y3/1a ¢ MUHUMAJbHBIM 3HAYEHUEM CTElleHU, CO 3HAYEHU-
eM crerneHn Ha 1 OOJIbIlle MUHAMYMa U C MAKCUMAJILHON CTEIeHbIo B rpade
An example of calculating the rank of a node with a minimum degree value, a degree
value that is 1 greater than the minimum, and a maximum degree in the graph

Crenensb ysiia Panr yzia

dmin Hons pébep, MHIUACHTHBIX y3JaM CO CTEHEHBIO dmin

Amin + 1 Hons pébep, MHIMAEHTHBIX y3JaM CO CTEMEHIMH dypin A dpmin + 1
dmax 1

s rpada G, ¢ n BepHIMHAME OIPEIETUM cpedHut pame cocelieil y3JI0B CO CTEIeHbio k
CJIEIYIONINM 0OPa30oM:
> Fi ()

M, (k) = %hn(k,@.

Teopernaecknit anasor M (k) 3a/aércst BbIpaskeHIEM

i FH Ok, 1)
7 (%)

[To anasorum panr apy:KObI y3J1a ¢ CO CTeneHbio d; OymeT paBeH

d; Fy(d;)

M(k)

Brank —
7

Cpedruti pane dpyotcou coceneit Hy, (k) onupenenum ciemyromum o6pa3oM:

1 2 Fr(Dha(k,D)
Hyk) = AT gy Va7 2
0, Vk) = 2.

Kak MOXKHO 3aMeTHTb, HOBasi BeJIMYMHA aHAJIOTMYHA UHJEKCY JApYyxKObl (1) ¢ Toii pasuureii,
9TO BMECTO CTEIICHN y3J1& B BBIPAXKCHAM yIaCTBYeT PAHT y3JIa.
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[Tycrs 3amana caydaiinas BeauduHa &, MO KOTOPO# MOJIyYeHA TOCJIEI0BATEIBHOCT CTelle-
ueit D,, = IID(), a sMuupuyeckoe coOBMeCTHOe pacipejesenne creneneii hy(k,l) cxomures: K
npeesabHoMy pacupezenenuio h(k,l) co ckopoctbio ™", . e.

(o)
> |hn(k, 1) = h(k, D] <n 7", k>0
k=1
C BEPOSTHOCTBIO, cTpeMsIelicsa K 1 mpu n — oo.

Teopema 1 (O cxoxumocTtu pamra 1pyK0bi). [Iycmo nocaedosamervrocmo epaghos {Gr bn>1
noAyuena no Konpuaypayuornot modesu ¢ nocaedosamenvrocmuvio cmenenel, Dy, kaoscdan u3
KOMOPOIT ABAAENCA DEZYNLIAMOM T HEZABUCUMBIL U 00UHAKOBO DACNPEOCNENHBIT PEasU3auU
cayuatinot seauvuno, £. Ilyemo npedeavhoe pacnpedeserue cmenenet f(k) umeem wonewnwvit
(14n)-t momenm (E[DY] < o). Tozda das xasicdozo durcuposanozo k, maxozo wmo f*(k) >

> 0, u das 1100020
0<(5<min{8_:_74n, H}

lim P <\H (k) — H(k)| > n*5> ~0.

GbIMONHAETNCA

n—oo

HoxkaszareabcTtBo. Bripasum pasnocts H, (k) — H (k) aepes M, (k) u M(k), npuBeném K
obremy 3HaMeHaTe o, 1obasnuM u BerareM M (k)F*(k) B uncinrere:

CM(R) M) Mu(R)F*(R) - MGRELGR)
HaR) = HE) = Tty ~ Ty F (k) (k) -
_ Ma(R)F* () — M(R)F* (k) + M(W)F* (k) — M(R)F3 (k)
() (k)
 (Mak) = M(R)F* (k) + M(b)(F* (k) — Fi(k) o)
P () () '

Paziesus craraeMble B MOCIEAHEM PABEHCTBE (2), HOJLY UM

) = = ]\W HME (F,il(k) - Fl(k:)> |

[IpuMeHnuB HEPABEHCTBO TPEYTOJLHUKA, UMEEM

) 191 < |2y ] (g5~ )|
M (k) =M (k)

Ouenmy craraemoe —*pm——. 13 6, Teopema 6.1] cremyer, uto | M, (k) — M (k)| = Op(n=0).
B cuy [6, npeanosoxenue 5.1] nmeem

Fy(k) > F*(k) —n™° ¢ BepositHoCcTBIO 1 — O(n™%).
Torna crupaBeiInBO HEPABEHCTBO

M, (k) — M(k) Cin™% _
IR Tt

s onenkn ciaaraemoro M (k) ( F*l(k) - F*l(k)> HCIIOIB3YEM PA3JIOKEHIEe

1 L F(k) - Fy(k)

Ei(k) (k) F(k)F*(k)
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Corutaco [6, npeanosiozkenuto 5.1] moryaaem
[y (k) — F*(k)| < dw(fp, f7) < 0"

CJIG,ILOB&TG.HBHO, CIIpaBeJJINBO COOTHOIIIECHUE

1 1 M (k)| -n—¢ _
M(k — < = 0(n™°).
0 (m 7)) < 0 @ =0
Bri6upas 0 < min {ﬁ, K, 5} ¢ y96TOM TOTrO, 9TO £ = m, OKOHYATEJIbHO MOJIydaeM

|H, (k) — H(E)| < Op(n~%) +0(n=%) & 0. -

3amedyanue 1. Bpibop KoH(bUIrypalmoHHO! MOAeH B (POPMYJINPOBKE TEOPEMBI O0YCJIOB-
JIEH TeM, 9TO CEeTH, CO3ABAEMBIE €10, YIOBJIETBOPSIOT OMPEIETEHHBIM YCIOBUAM PEryISPHOCTH
(cm. |6, npemmosoxkenns 4.2 u 5.1]). A UMeHHO SMINpPUTIECKUE PaCIpPeeIeHns CTeleHeil n co-
BMECTHBIE PACIIPEJIeIeHNsT CTeIIeHel COCe el JIOJIKHBI CXOJUThCS K CBOUM IIPEJIe/IbHBIM 3HAUEHU-
saMm. B obrem cirywae TeopeMa OyIeT BBIOTHATHCS I JIOOBIX CeTell ¢ pacIpeieIeHneM CTerre-
Heil, yaosaerBopsiomux |6, npeamonoxenust 4.2 u 5.1|. Ilockosnbky B Hacrosiieit pabore ¢okyc
HCCJIeIOBaHUs HAIIPABJIEH Ha KOH(MUTYPAIMOHHYIO MOJIE/Ib, TO JJIsl YIPOIIEHUsI BOCIIPUSATHS Ma-
TepuaJia JAHHAS TEOPEMa OTPAHMINBACTCS PACCMOTPEHUEM UMEHHO 3TOM MOIesn.

2. MogenupoBaHue u SMIIUPUIECKNE PE3YJIbTAThI

B nmamnom pasziese MbI UCCJIEyeM IIOBEJICHUE CPEIHEr0 MHIEKCA JIPYKObI B MCKYCCTBEHHBIX
CeTsIX, TIOCTPOEHHBIX 10 Koudurypamuonnoi moaenn. Ha puc. 1 npegcrapiennbl rpaduku, ULIO-
CTPUPYIOIINE 3aBUCUMOCTD UHJIEKCA JIPYKObI OT CTEIeHU y3Ja JJIs PA3JINIHbIX 3HAYEHUU Hapa-
MeTpa 7y U Pa3MepPOB CETH 7.

M, (k)

—1 ¢ O,(k),n =100.000

—1.05log k + 2.42
O, (k),n = 10.000.000
~1.14logk + 3.25

0 1 2 3 4
CM, v = 1.5, n = {100.000, 10.000.000}, log(k)

a/a

y
A
e c L e 9,(k),n =100.000 \
"

—0.99log k + 0.53
O,,(k),n = 10.000.000
~1.00log k + 0.48

0 05 1 15 2 25 3 35
CM, v = 2.5, n. = {100.000, 10.000.000}, log(k)

6/b

Puc. 1. Cpenuuii unjekc apyzK0bl, paCCUUTAHHBINA JJIsl KaXKJIOH CTEleHU y3jia B UCKYCCTBEHHBIX CETsX,
HOCTPOEHHBIX 110 KOHMUryparuonHoii mogemu: a— rpabuk M, (k) upu v = 1.5; 6 —rpacdux D, (k) upu
v = 2.5. 3HaUeHUsI PeICTAaBIEeHbI Ha JOrapudMUIeCKoil mKase (IBeT OHJIAH)

Fig. 1. The average friendship index calculated for each node degree in artificial networks constructed
using the configuration model: a is graph M, (k) for v = 1.5; b is graph @, (k) for v = 2.5. The values
are presented on a logarithmic scale (color online)
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PesysibraThl 1pencTaBaeHbl Ha JIOrapU(pMIIECKON IIKaJIe ¢ alllIPOKCUMUPYIOMUME JIMHUSIMU,
MOJTyYCHHBIMU C ITOMOIIBIO JINHEWHON perpeccun. Buibop jorapudMudeckoit mKaabl 000CHOBAH
TeM, ITO pacIpeeeHne CpeJHero nHiaeKca Ipy2KObl ciiemnyer crelreHHOMYy 3akony. Ha rpadukax
[IPECTaBJICHbl yCPeHEHHbBIE PE3Y/IbTaThl, KOTOPbIe OBLIN MOJIyYeHbI Tocje MojeanpoBannsa 200
ceTeil 1T KaxXkI0ro Habopa mapaMeTposB.

Ha rpaduke npu v = 1.5 (puc. 1, a) BUIHO, 4TO CpeJHUIT MHIEKC APYKOBI U3MEHSIETCS B
3aBUCUMOCTH OT pa3mepa cetu n. s cereit ¢ n = 100.000 u n = 10.000.000 mabsromaoTcs
pa3JInyHble HAKJIOHBI JUHEWHBIX aNIIPOKCUMAIINHI, UTO yKA3bIBAeT Ha BJIUSHUE pa3Mepa CeTU Ha
CTPYKTYPY CBsi3eii. ATIIPOKCUMUPYIOIIHe JIUHUHU, 3ajaHHble ypasHeHussMu —1.05logk + 2.42 u
—1.141og k+3.25, 1eMOHCTPUPYIOT, YTO C YBEJIMIEHUEM PAa3Mepa CEeTH UHJIEKC JIPY2KObBI JIJIsI Y3JI0B
C OJIMHAKOBOU CTENEeHBIO MOYXKET CHUXKATHCS.

Ha rpaduke npu v = 2.5 (puc. 1, 6) nomo6HOro siBjienusi He HabJIOaeTCs. ANIIPOKCUMIE-
pytormme auann jia cereit ¢ n = 100.000 u n = 10.000.000 mpakTUYecKr COBIAJIAIOT, 9TO CBU-
JIETEILCTBYET O HE3ABUCUMOCTH WMHJIEKCA JIPYKOBI OT pa3Mepa CeTUu NpU JAHHOM 3HAYCHUU 7.
[Tosyuennnie perpeccuonunie 3apucumoctu —0.99log k + 0.53 u —1.00 log k£ + 0.48 noka3bIBaior,
9TO HAKJIOH JIMHUU MPAKTUIECKH HE U3MEHSIETCS C YBEJIMICHUEM N.

Takum 00pa3oM, MOXKHO CIEJATH BBIBOJL, UTO HapaMeTp 7y UI'PAeT KJIIOUEBYIO POJIb B OIpee-
JIEHUU 3aBUCUMOCTU UHJIEKCA APY2KObI oT pasmepa ceru. [lpu v = 1.5 Habmogaercs 3HaAIUTE b
HOE BJIMSIHUAE Pa3Mepa CeTU Ha CTPYKTYPY CBsi3eil, B TO BpeMs Kak npu 7y = 2.5 31oT 3bdeKT
OTCYTCTBYET.

Hastee pacemMoTpuM moBejieHue cpeiHero panra ApyR6bl H, (k) B HCKYCCTBEHHBIX CETSIX, CO-
3JIAHHBIX C TOMOIIBI0 KOHGUTypannoHHoO! mojeau. Ha puc. 2 mpejcraBieHbl rpaduku, ULIIO-
CTPUPYIOIINE 3aBUCUMOCTD YCPEIHEHHOIO CPEIHEr0 PAHTa COCEJIel OT CTEIIeHH Y3J1a JIjIs PA3Ind-

HbIX 3HA4YEHUIl IlapaMerpa 7y U pPasMepoB ce-

H, (k)
0 | | | | | | |

. o H,(k),n = 100.000, v=15

H,(k),n = 10.000.000,y = 1.5
—5x1072+4 ¢ o Hp(k),n =100.000, =25 | |-

. H,(k),n = 10.000.000, = 2.5
—0.1 | ', L
—0.15 N -
702 - [
—0.25 |
—0.3 T T T T T T T T B
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Puc. 2. Cpenuuii panr apyx6ut H,(k), paccan-
TaHHBIN JIJIg KazKJI0 CTEeIleH! y3Jla B UCKYCCTBCH-
HBIX CETSX, TOCTPOEHHBIX 110 KOH(MUTYPAIUOHHON
Mojiesin. 3HAUYEeHUsI MPeJICTaBIeHbl Ha Jorapud-
MUIYECKON IIKaJle
Fig. 2. Average friendship rank H, (k) calculated
for each node degree in artificial networks
built using the configuration model. Values are
presented on a logarithmic scale

™ n. B nanHoM pasziene Mbl aHAJIU3UPYEM
[IOBEJIEHNE CPEIHEro pPaHra U CPaBHUBAEM €ro
C paHee PacCMOTPEHHBIM CPEIHUM WHICKCOM
Py 2KOBI.

I'pacdukm meMOHCTPHUPYIOT, YTO 3HAUEHUE
CpeJIHero panra coceieil M3MeHsIeTCsl B 3aBU-
cumocTu OT mapamerpa . Hma v = 1.5 u
v = 2.5 HabIIOJAIOTCS Pa3/JINdHbIe pacipee-
JIGHUSI PAHTOB, YTO YKAa3bIBACT HA BIUSHUE I1a-
pameTpa 7y Ha CTPYKTYPY cBsizeii B cetu. O1Ha-
KO, B OTJIMYHE OT CPEJTHEro MHIEKCA JIPY2KObI,
CpeJHUIT paHT coceseil OCTAETCsS TPAKTUIECKU
HEU3MEHHBIM IIpU U3MEHEHNU pa3Mepa CEeTH M.
DTO MOATBEPKIAETCS TEM, ITO KPHUBBIE ISt
n = 100.000 u n = 10.000.000 nmpakTuyiecKn
COBITQJIAIOT JIJTsT KAXKI0T0 3HAYEHUS 7.

CpaBHHBast 3TH Pe3YJIbTATHI ¢ rpaduKaMu
CpeJIHero MHJIEKca JIpY:KObl (puc. 1), MOXKHO
CcZieJIaThb BbIBOJL, 9TO IIapaMeETp 7y OKa3bIBaECT
pa3mYHOe BJIMSAHUE HAa ITHU JBE XapaKTepu-
cTuKH. B TO 2Ke BpeMs cpeJIHuil WHJIEKC JIPY K-
ObI 3aBUCHUT KaK OT 7Y, TAK U OT pa3Mepa CeTu
N, CPEJJHUI paHr COCeJel 3aBUCUT TOJBKO OT
Y U He U3MEHSeTCHA C YBEJUICHUEM M.

Taxum o6pa3oM, cpesHMT paHD cocelieil siBjisieTcsi 6ojiee YCTONINBON XapaKTEePUCTUKOM 110
OTHOIIIEHUIO K U3MEHEHUIO Pa3Mepa CeTU, YTO JIEJAET €ro MOJIE3HBIM HHCTPYMEHTOM JIJIST aHATU3a
CETEBBIX CTPYKTYDP, OCODEHHO B CJIy4asX, KOTJIA Pa3MeEp CETU MOXKET BapbUPOBATHCSH. YCTOHYH-
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BOCTb SIBJISIETCS IIEHHBIM CBOMCTBOM IIPM CPaBHEHHH PeasibHBLIX ceTeil, B KOTOPBIX pa3Mep CeTH B
OOJIBITINHCTBE CAyYaeB Oy/leT Pa3/InIHbIM.

HamoMuanM, 9TO mMHIEKC APYyKOBI IO OIPEIEIeHNI0 CPABHUBAET CPEIHIOI0 CTEIIEHb COCEIei
U CTeleHb caMoro ysJia. IloaTomMy ¢ MOMOIIBI0 MHIEKCA MOXKHO yOEIUThCHA, 9TO (POPMYIUPOBKA
«IMapaJoKC IpyKObI» BepHa st ceTeil. B pasjmaHbIX ceTax «mapagoKc» MOXKET UMEeTh Pa3HyIo
cuty. Hammpumep, B cOMUAIBHBIX CETAX JI0JIsI Y3JI0B C UHIEKCOM JIPY?KObI OOJIBIE €IMHUIbI TIPHU-
osmmkaercst K 0.9 oT Bcex y3JI0B B CETH.

AnajornasbiM 06pa3oM OyJIeT BEIMHUCJIEHA CUJIa «IIapaJoKCcay ¢ UCIOJIb30BAHNEM HOBOI BeJIU-
9UHBI paHTa Apyzkba. s Toro 9Tobbl CpaBHUTL, COOJIIOMAETCS JIU MAPAIOKC IPYKOBI B CETAX C
HCITOJIb30BAHNEM BEJIMYMHBI PAHTa, IPY>KObI, OyAeT BRIYUCIEHA H0JIA Y3JI0B, Y KOTOPBIX BEJTHYNHA
paHra JapyKObI OOJIBbITIE eAUHUIILI. DBLIN TPOBEIEHBI CUMYJISIIUN U SKCIIEPUMEHTBI JIJI HECKOJIhb-
KAX PEaJbHBIX COIMUAJIBHBIX CeTeH, /I OHOW TEXHOJIOTUIECKOW CeTH, a TaKKe JJjIs CHHTETHU-
YECKHUX CceTeli, IMOJYUYEeHHBIX C IIOMOIIBIO Moueseil Bapabamu — AnbbepT u KoHMUIYparOHHOIM
Mojiesin. CpaBHUTEJIbHBIE PE3YJIBTATHI IPEJCTABIEHBI B Ta0JI. 2.

Tabauya 2/ Table 2

JloJist y3710B, IOJBEPIKEHHBIX TAPAJIOKCY JIPYKObI, ¢ UCIIOJIL30BAHUEM Be-
JIMIUH WHJEKCA W PAHTa JIPYKObI

Share of nodes affected by the friendship paradox, calculated using
friendship index and rank values

Network Wnnexc apyx6u1, % | Panr apyx6s1, %
Tlognucauku Twitter 99.4 99.4
ITonbzoBarenn Flickr 95.7 92.7
Coasropnr Github 98.9 93.7
ITonbzoBaresn Youtube 96.1 92.3
Hopoxkuast cers CITTA 55.7 57.3
CM, v = 1.5, n = 100.000 83.9 74.3
CM, v = 1.5, n = 1.000.000 83.4 74.0
BA, m =3, n =10.000 90.2 74.9
BA, m =3, n = 100.000 90.5 74.9

Mo>KHO 3aMETUTh, 9TO 3HAYEHU S, [TOJIYI€HHBIE 110 0b6enM BejinanHaaM, Ou3ku. Ciie/ryeT TakxKe
OTMETUTDH, 9TO 3HAYCHUA, TOJIYICHHbBIE C IIOMOIIbIO PpaHr'a ﬂpyH{6bI, MEHbBIIIE COOTBETCTBYIOITUX
3HAYEHUN UHJEKCA JPYKObI. DTO 00bICHAETCA TEM, YTO IIPHU UCIOJb30BAHUN HHIEKCA JIPYKOBI
y3JIbI C OOJIBIIUMU CTEIEHSIMU UMEIOT OTPOMHOE BJIUSIHUE: [PU BBIYUCJICHUM CPEJHEr0 UX COCe-
¥ TapaHTUPOBAHHO IIOMAJAIOT II0J BJIUAHHUE TIapajoKca. B To 2Kke BpeMms i paHra JIpyKObI
[EHTPAJBbHBIE Y376l B CETH OYAyT MMETHh PAHT, OJU3KWil K 1, ¥ MpH TMo/IcIeTe CPeHEero BINSHUE
OT/IE/TbHBIX CJIATAEMBIX CHUZKAETCS.

3akJIroueHue

B mamnoit pabote rpeii0:KeH HOBBIH IMOAX0 K N3MEPEHHIO apaI0Kca, IPY2KObI B CJIOXKHBIX Ce-
THAX C UCIOJIL30BAHUEM PAHIOB Y3JIOB BMECTO UX creneHeil. B ncciiemoBannn 66110 TOKa3aHO, YTO
[IpEeJIIOYKEHHAS BEJIMIUHA PAHTA JIPYKOBI JIEMOHCTPUPYET CXOAUMOCTD [IPU YBEJIUICHUN Pa3Mepa
CeTH, B OTJIMYNE OT TPAIUIIMOHHOIO WHJIEKCA JPY?KObI, KOTOPBI MOXKET 3aBHCETH OT pa3Mepa
ceTu. DTO JIeJIaeT PaHr APY2KObI 6ojiee HA eXKHBIM HHCTPYMEHTOM JIjIsI CPABHEHUS CeTeil pa3HOro
macinTaba. Belia 1okazana TeopeMa 0 CXOIUMOCTH PAHTa IPY2KObI B KOHMUT'Y DAIIMOHHON MO N
npu yeiaosuu KonedHocTu (1 4 77)-ro MOMeHTa paciipe/e/ieHnst CTeeHelt.

Takum 06pa3oM, IPeIIOKEHHbBI METO/I I03BOJISIET YCTPAHUTH KJIFOYEBOI HEJIOCTATOK MHIEK-
ca IpyKObI — 3aBUCUMOCTH OT Pa3Mepa CeTU — U IIPEIOCTaBIsIeT Oojee HANEKHBIT UHCTPYMEHT
JIJIST aHAJTI3a KOPPEJIANHUi cTeneHeil B CJI0KHBIX ceTdax. JlambHeiinme nccaeoBaHust MOTYT ObITh
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HaIIPaBJICHbl Ha U3yYeHUe TIOBEJICHUs] paHTa JIPyKObl B ODUEHTUPOBAHHBIX U B3BEIIIEHHBIX CETSIX,
a TaK2Ke Ha pa3pabOTKy CTATUCTUYIECKUX KPUTEPUEB JJIsi €r0 IPUMEHEHUS B CETSIX, TOCTPOCHHBIX
Ha peasbHBIX JaHHBIX.
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O 3azaye onTUMAJIBLHOTO IO BPEMEHU yHPaBJIEHUS JJIs YPABHEHUS
TEeNJIONNPOBOAHOCTU C MHBOJIIOIIAEN

®. H. /dexxkoHOB
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maremaTuky, f.n.dehqonov@mail.ru, https://orcid.org/0000-0003-4747-8557

Annoramusa. B gannoit pabore paccMarpuBaercs 3a/a9a TPAHUYHOIO yIIPABJIEHUS JJIsI YPABHEHUS TeIl-
JIOIPOBOJTHOCTH C WHBOJIIOIUEN B OTPAHMIEHHON 0HOMepHO#T obstactu. [IpuBoaurces pemrerne ¢ byHKImeit
yIpaBjieHus Ha TpaHulle crepxkHusi. OnpesiesieHbl OrpaHUYeHNs Ha yIIpaBeHne, 06eCIeqnBaroIue JOCTH-
JKEHHe CPeJIHIM 3HAYEHUEM DeIleHUs B PACCMaTPUBAaEMOll 00/IacTy 3aJaHHOIO 3Ha4YeHus. Paccmarpusae-
Mas 3a/1a9a yIPaBJIeHNs CBOJIUTCS K MHTErPAJIbHOMY ypaBHeHHIO Bosbreppa, KOTOpOe SBJISeTCs TePBhIM
THUIIOM, C ITOMOIIBI0 MeTosia Pyphe. /loKazaTebeTBO CYIIECTBOBAHUS JIOMYCTUMOTO YIIPABJICHUS CBI3aHO
C CYIIECTBOBAHUEM DEIeHNs WHTErpajbHOIO ypaBHeHus. Meronom npeobpasoBanus Jlamiaca gokasaHo
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cytecTBoBaHue (DYHKIMK YIIPABICHUs ¥ HANHJIEHA OIEHKA MUHUMAJIBLHOTO BPEMEHH JOCTUKEHUST 33 TAHHOM
cpejiHeil TeMIepaTypbl B CTepIKHE.
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Introduction

It is known that due to the widespread use of partial differential equations in physics and
engineering, there is always a great interest in the study of boundary control problems. Therefore,
in recent years, the control problems for heat conduction equations have been widely studied by
many researchers.

The optimal control problem for the parabolic type equations was studied by Fattorini and
Friedman [1,2]. Control problems for the infinite-dimensional case were studied by Egorov [3],
who generalized Pontryagin’s maximum principle to a class of equations in Banach space, and
the proof of a bang-bang principle was shown under the particular conditions. The time-varying
bang—bang property of time optimal controls for the heat equation and its applications is studied
in [4].

The boundary control problem for a heat equation with a piecewise smooth boundary in an
n-dimensional domain was studied in [5], and an estimate for the minimum time required to
reach a given average temperature was found. In [6], the control problem for the heat conduction
equation with the Robin boundary condition is studied, and a mathematical model of the heating
process of a cylindrical domain is developed. Control problems for the heat transfer equation in
the three-dimensional domain are studied in [7].

The control problem related to the inhomogeneous heat transfer equation was studied in (8|,
and the existence of the admissible control with the additional condition of the weight function
was proved by an integral constraint. Control problems for heat equations in bounded one and
two-dimensional domains are studied in works [9-11]. In these articles, an estimated was found
for the minimum time required to heat a bounded domain to an estimated average temperature.
The existence of a control function is proved by the Laplace transform method.

Basic information on optimal control problems is given in detail in monographs by Lions and
Fursikov [12,13]. General numerical optimization and optimal control for second-order parabolic
equations have been studied in many publications, such as [14]. In [15], some practical problems
for control problems related to heat equations are studied.

It is known that in recent years, due to the increasing interest in physics and mathematics,
the boundary problems related to heat diffusion equations involving involution have been widely
studied. In [16], a boundary value problem for the heat equation associated with involution in a
one-dimensional domain is studied. Many boundary value problems for parabolic-type equations
with involution were studied in works [17,18].

In [19], the control problem associated with a pseudo-parabolic type equation in a one-
dimensional domain was studied, and the existence of an admissible control was proved using
the Laplace transform method. The boundary control problem in a bounded two-dimensional
domain for a pseudo-parabolic type equation was studied in [20].

In this work, the boundary control problem for the heat equation with involution is considered.
The main control problem in this work is presented in Section 1. The boundary control problem
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studied in this work is reduced to the Volterra integral equation of the first kind by the Fourier
method (Section 2). In Section 3, the existence of a solution to the integral equation is proved
using the Laplace transform method. Section 4 gives an estimate of the minimum time required
to reach a given average temperature of the rod.

1. Statement of problem

In this paper, we consider the heat equation with involution in the domain Q7 := (0, 7) x (0, 00)
ut(x,t) — ugz (2, t) + Quge(m —2,t) =0, (x,t) € Qr, (1)

with Dirichlet boundary conditions
u(0,t) =v(t), wu(mt)=0, t=0, (2)

and initial condition
u(z,0) =0, 0<z<m, (3)

where « is a nonzero real number such that |a| < 1 and v(¢) is the control function, which gives
the flow amplitude.

Let M > 0 be some given constant. We say that the control function v(t) is admissible if it
is continuously differentiable on the half-line £ > 0 and satisfies the conditions

Differential equations with modified arguments are equations in which the unknown function
and its derivatives are evaluated with modifications of time or space variables; such equations
are called, in general, functional differential equations. Among such equations, one can single out
equations with involutions [21]. It is known that a function ¢g(z) # = maps bijectively a set of real
numbers D, such that g(g(z)) =z or g~'(x) = g(x) is called an involution on D (see [22,23]).

Assume that the weight function p(z) € W3 ([0, 7]) satisfies the conditions

plz) >0, pla)<0, / px)de=1, 0<z<m. (4)

Time-optimal problem. Let 8 > 0 be a given constant. Problem consists looking for the
minimal value of T > 0 so that for t > 0 the solution u(x,t) of the problem (1)—(3) with control
function v(t) exists and for some Th > T satisfies the equation

™

/p(:v)u(x,t) dr =0, T<t<T. (5)
0

The physical meaning of equation (5) is the average temperature in the rod. Our main goal
in this work is to find the minimum time estimate for the average temperature in the rod to be
equal to 6.

Remark 1. It is known that boundary control problems for the non-homogeneous heat
equation in the case o = 0 are studied in detail in works [24].

We consider the spectral problem

X"z) —aX"(mr —2) + XX (x
X(0)=X(m) =0,

o ~—
N
S
VAN
A
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where |a| < 1, @ € R\ {0}. It is proved in [17,18] that expressing the solution of spectral problem
in terms of the sum of even and odd functions, one finds the following eigenvalues:

Aok = 4(1 + @)k?, k€N, (6)
Aok = (1—a)(2k+1)2, keNy=NuUJ{0}, (7)

and eigenfunctions

Xop =sin2kx, keN, Xopp = sin(2k + 1)26, k € Np.

Let -
= Zpk sinkzx, x € (0,m), (8)
k=1
where i
2 .
pk:/p(x)smkmdx, k=1,2,---. 9)
T
0
Denote
Bok+1 = (1 — 04)(216‘ + 1),02k+1, keNg, pPorp= (1 + a)?k}pgk, k € N. (10)
Theorem 1. Let o
0<b< b )
A1

Then a solution T, of the Time-Optimal Problem exists and the estimate Tym < T is

valid.
We will consider the proof of Theorem 1 step by step in the next sections.

2. Integral equation for control function

In this section, we consider how the given control problem can be reduced to a Volterra
integral equation of the first kind.
By the solution of the problem (1)—(3) we mean function u(x,t), expressed the form

T™T—X

u(z,t) = v(t) —w(x,t), (11)

s
where the function w(x,t) € C2 1(QT) N C(Qr) is the solution to the problem

Wi (2, 1) — Weg(z, 1) + Qg (m — 2, 1) = 7rT_J;V'(t),

with initial-boundary conditions
w(0,t) = w(m,t) =0, w(x,0)=0.

Thus, we have (see [25])

\)

:]

- t
</6—>‘2k+1(t_s)y’(s) ds) sin(2k + 1)x+
0
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4= Z </ —Aak(t=9) /(g )ds> sin 2k . (12)

It follows from (11) and (12), we get the solution of the problem (1)-(3):

t

— ° 1
u(z,t) = T m1/(15) - %Z 1 (/e)‘z’““(ts)l/(s) d3> sin(2k + 1)x—
0

_;; <O/ e~ P2k(t=9) /(5 )d5> sin 2k. (13)

From (13) and the condition (5), we can write

™

10 = [ playutet)do=vi) [ o)™ do-
0
2 3 te_’\%“(t_s)u'(s)ds p(x)sin(2k + 1)z de—
o

p(x) sin 2kx dzx.

St~y Oy O —,

- t
—% Z % /e)‘%(ts)l/(s) ds
0

where f(t) =0 for T <t <Tj.
Then from (8), we have

- ¢
P21 —A2k41(t—s) _
/p 2k+1/e V'(s)ds
0 k=0 0
- t
— Z % /e_)‘%(t_s)l/(s) ds. (14)

By the condition v(0) = 0 and (14) we may write

t
- > o
£ =v(0) [ o) do—v0) Y5 (1= ) Y@kt Vg [ (o) st
k=1 k=0 0

S — _

- ¢
+(1+ ) Z 2kpay; / e 2k (=5) () ds.
0

k=1

According to Parseval equality, we get

] pla)”
0

oo
-y
i
k=1
As a result we can write

t
oo
(1 -« Z (2k 4+ 1) pog+1 / A1 (t=9)  (6) ds % 4
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t
oo
+(1+a) Z 2k poy; / e 2k (=) () ds. (15)
Let us introduce the function
o o0
K(t) =Y Bopsre #1043 " Bye™ 2 >0, (16)
k=0 k=1

where B 11 and foy are defined by (10).
Then equality (15) takes the form

¢
/Kt—s )ds = f(t), t>0, (17)
0

where f(t) =60 = const > 0 for T' < t < T3.
The resulting Volterra integral equation (17) is the main equation for admissible control v(t).
For any My > 0, we denote W (M) the set of function f € W(—o0, +00), f(t) =0 for t <0
which satisfying the condition

1 lwzr,) < Mo.

Theorem 2. There exists My > 0 such that for any function f € W(My) the solution v(t)
of the equation (17) exists and satisfies the condition |v(t)| < M.

Lemma 1 (|26]). Let ¢(z) > 0 and ¢'(z) < 0 on z € [0,00). Then the following inequality

1s valid:
nm

/w(x)sinxd:B}O, n=12....

0

Lemma 2. For the coefficients {pi}ken defined by (9), the following estimate is valid:

where C' = const > 0.

Proof. According to Lemma 1, we have

From (9), we write

2 [ 2 1
PE = /p(a:) sin kx dx = — p(a:)E cos k‘x
0

=TT 2
k— / ) cos kx dx =
0
2

o -1COR <—1>kp<w>) + 4,

It is clear that
p(0) — (—1)fp(m) >0, k=12,
where function p(x) is satisfying conditions (4).

Then we obtain 0 < pg < % O
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Lemma 3. Let |a| < 1. Then the following estimate is valid:
Ca
\/%7

where function K(t) is defined by (16) and Cy, is a constant only depending on c.

0< K(t) < 0<t<1,

Proof. For any p > 0, consider the following relations:

0o 0o Nl 0o oo
Z e P — Z / e Pl ds = /e_p[s]2 ds = /e_p526p(52_[s]2) ds,
n=1 n=1 o, 1 1

where [s] is the integer part of s.
Note that eP(s*~[51*) = ep(s—[s])(s+s]) < e2P5. Then we obtain

o0 o0 o0
/e—pszep(SZ—[S}z) ds < /e—p82+2ps ds — ep/e—p(s—1)2 ds.
1 1 1

Hence, for 0 < p < const we get

Sert g /6_”526”(52‘[5}2) ds < ep/e_psgds << (18)
n=1 1 0 \/ﬁ

From (6), (7) and (18), we have

1
A2t

E e k41’
k=0

and

o0
Sehtg L C
‘ 1+a+t

b
Il

From (10) and Lemma 2, we may write
0< B <C(l+a), keN,

and
0< Bary1 <C(1—a), keN.

Consequently, we get the following estimate for the function K (t):

V11—« n < Ga
Vi Vi
where C, = max{C1v/1 — «a, Cov/1 + a}. a

Ca

0<K(t)<01 CQ

—_
|+
Q

o~
~

3. Proof of Theorem 2

We use the Laplace transform method to solve equation (17). We introduce the notation
o0
v(p) = /e_pty(t) dt.
0
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Then we use the Laplace transform to obtain the following equation

:/Ooe t/th—S )ds = K(p)U(p).
0 0

Consequently, we obtain

v(p) = M, where p=o+ir, 0>0, TE€ER,
K(p)
and
o+i00 ~
/ pet JO ) (orini gy, (19)
(p 277 K (o +1i1)
o—100

Lemma 4. The following estimate

Cy
Vit

is valid, where C, > 0 is a constant only depending on o.

K (0 +i7)| > o>0, T€eR,

Proof. Using the Laplace transform, we can write

= / K(t)e P dt = Zﬁ%ﬂ / e~ WAkt gy 4 ZB% / e~ (PHAen)t gy —
_ - _ Boky1 Z Bk
D Agktn P+ Aok
where K (t) is defined by (16) and
~ . . Bok+1 > Bok
Klo+ir) =Y — 26 N~ 2k
(o +i7) k200'+)\2k+1+l7' ;U+)\2k+27'

o0

N Boki1(0+ Aakr1) = Bor(0 + Aak) . Bok+1
_|_ — —
(U+)\2k+1)2+7'2 ;(0—1—)\%)24—72 ZT§(U+)\2’€+1)2+72

k=0
o0 /8 _ "
—iT Z ot )\232 T2 ReK (o +i1) +ilmK (o +iT),
k=1
where
o0 oo
Bok+1(0 + Aaky1) Bak(o + Aar,)
ReK (o +iT) = + ,
( z% (0 + Aggr1)? + 72 ; (0 + Agp)? + 72
o o
~ . 52k+1 /32k
ImK(oc+i1) = —7 -7
( ) —o (U + )\2k+1 ; J + /\Qk T2

We know that

(0 + M)+ 72 < [(0+ X\e)* + 1] (1+7%),

and we get
1 1 1

>
(c+M)2+72 7 1+72(c+ )2+ 1

(20)
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Thus, according to (20) we can obtain the estimates

o0 o0
Bor+1(0 + Aakt1) Bak (o + Aag)
ReK (o +1iT) + >
| Z;) (0 + Aogpy1)? + 72 ; (0 + Aop)? + 72
Z Bor+1(0 + )\2k+1) _ G
1+72 (04 Aopg1)?2+1 1472
and
~ Bok+1 Tl Bok+1 Co.0|T]

ImK (o +i7) T > _ 2 ,
| ( > | ’Z (0 4+ Aop1)? +72 7 1472 L (0 + Agpy1)? +1 1+ 77

where (' ,, C2, as follows

Z Bok+1(0 + A2ky1) Cypo — i Bok+1
(0 + Xapg1)2 +17 ‘7 (0 + Aapg1)2+ 17

k=0
From (21) and (22), we have the estimate

% ~ ~ min(C3 ., C3
|K (0 +i7)[> = [ReK (0 + i7)|* + |ImK (o + iT)|* > min(Cio, o)

1472 ’
and
~ C, .
’K(J + 7/7-)| > \/ﬁ, where CO' == mln(CLg, 02’0-).
T

Then proceed to the limit as o — 0 from (19), we obtain

27T / f ZTt

(21)

(23)

Lemma 5 ([24]). Let f(t) € W(My). Then, for the imaginary part of the Laplace transform

of function f(t), the inequality
+o00o
[ 1TV < Culflwza

is valid, where C1 > 0 is a constant.

Proof of Theorem 2. From (23) and Lemmas 4 and 5, we can write

+oo  ~ +oo
1 |f(l7')| 1 / . Cl ClMO
< — - < — 2dr < — |1 fllw <K~ =
v(t) < dr < g [ @IV T2dr < ol g < grgs

27 ) | K(ir)]

27y
M
Ch

My =
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4. Proof of Theorem 1

We consider the integral equation
t
/K(t—s)y(s)ds: 0, T<t<T,
0

where K (t) is defined by (16).
Lemma 6. The following estimate is valid:
K(t) > Bre ™,
where the function K (t) is defined by Eq. (16).

The proof of his proposition is based on the fact that the functional series defined by (16) is
non-negative.
We introduce a specific heating as

H(t):/tK(t—s) ds:/K(s) ds.
0

0

The physical meaning of this function is the average temperature in the rod (see [5]). It is
known H(0) =0 and H'(t) = K(t) > 0.
We set

o0
H —tgngoH(t) = /K(S)ds.
0
Certainly, the average temperature of the rod in the case where the heater is acting with unit
load cannot exceed H*.
It is clear that H* is finite. Indeed, from (10) and (16) we have

[e.o]

— B — 3 P p P
H*:Z 2k+1+2l€= 2l NPk N PR
par T SS U RA  wr  A L e

Lemma 7 ([24]). Let 0 < 8 < MH*. Then there exist T > 0 and a real-valued measurable
function v(t), and the following equality

/K(T —s)v(s)ds =0,
0

1s valid.

It is clear that the value T', which was found in Proposition 6, gives a solution to the problem.
Namely, T is the root of the equation

0
H(T) = —. 24
(1) =+ (24)
Lemma 8. Let M
0<g< M
A1

Then there exists T > 0 so that

and Eq. (24) is fulfilled.
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Proof. For obtaining the required estimate, we use Lemma 6. We may write

t

= /tK(S) ﬁ1/e_hsd ﬂi( e‘“) (25)
0

0

Consider the following equation for defining T™:

Then

In accordance with (25) and (26), we have

4 .
0< o7 <H(T™).
Then obviously there exists T' (0 < T' < T™), which is a solution to the equation (24). O

The proof of Theorem 1 follows from Lemma 8.

Conclusion

Note that in the case where the temperature 6 is small enough, the value of T can be replaced

by the following one:
0

LM
Hence, in this case, the estimate of optimal time given by Theorem 1 is proportional to

required temperature € and inversely proportional to the size of the rod I and to the maximum
output of the heat source M.

12

T*
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Amnnoranus. Ilycrs C — MHOXKECTBO BCeX Y€THBIX HEIIPEPLIBHBIX (YHKIHUI Ha BEIIECTBEHHOI ocu, F —
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aro Rf(z,t) =0 na E X (0,+00); 3) eciiu E aBjisiercss MHOXKECTBOM UHbEKTUBHOCTH, TO BOCCTAHOBUTDH f
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Abstract. Let C} be the set of all even continuous functions on the real axis, £ be a non-empty set
on (0,+00), Rf(z,t) be the spherical mean of the function f € C, with center at the point € E and
radius ¢ > 0 with respect to Bessel convolution. The following problems arise for the operator R: 1) find
out whether a given set F is an injectivity set of the transform R; 2) if E is not an injectivity set, then
characterize all functions f € Cy such that Rf(x,t) = 0 on E x (0,400); 3) if E is an injectivity set, then
restore f from the values of Rf(z,t) on E x (0,400). In this paper we obtain a solution of problems 1
and 2 for an arbitrary set E C (0,4+00), as well as a solution of problem 3 for the case when F is a
finite set of injectivity. It is shown that functions from the kernel of the transform R can be described
in terms of series of the eigenfunctions of the Bessel operator converging in the space of distributions.
It follows, in particular, that the set F is not the injectivity set of the transform R if and only if it is
contained in the set of zeros of some eigenfunction of the Bessel operator. Moreover, if E = {ry,...,7y}
is a finite injectivity set, we find a class of inversion formula for the transform R that depend on a set
of polynomials p1,...,pm,. It is assumed that pq, ..., p, have a sufficiently high degree and satisfy some
conditions related to the zeroes of Fourier —Bessel transform of Dirac measures with supports at points
Ty o3 Tm-

Keywords: generalised shift, Bessel convolution, Fourier — Bessel transform, spherical means, injectivity
sets, inversion formulas

Acknowledgements: The research was carried out in the framework of the state assignment of the
Ministry of Science and Higher Education of the Russian Federation (project No. 124012400352-6).

For citation: Krasnoschekikh G. V., Volchkov Vit. V. Injectivity sets of the spherical mean operator with
respect to the Bessel convolution. Izvestiya of Saratov University. Mathematics. Mechanics. Informatics,
2025, vol. 25, iss. 4, pp. 479-489 (in Russian). DOI: https://doi.org/10.18500/1816-9791-2025-25-4-479-
489, EDN: HLNVFT

This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
License (CC-BY 4.0)

BBeaenne

[Tyctb o — dpuKcHpoBaHHOE YHCIIO U3 IPoMeKyTKa (—1/2, +00), Cj — IPOCTPAHCTBO YETHBIX
HenpepbIBHBIX (ynkiumii Ha R, §; (t > 0) — uérnas mepa, conocrassomas dynxuun ) € Cy
qucyio P(t). Ana f € Cy nomoxum

Rf(x,t) = (fxd)(x), x>0, t>0, (1)

IJIe CHMBOJI * O3HAYaeT CBEPTKY OTHOCHTENILHO 060bmménHoro c¢asura beccenst T (cm. pasm. 1).
Oneparop R sBjsiercst aHAJIOIOM XOPOIIO M3BECTHOI'O €BKJIMI0BaA IIpeobpasoBanust Pajgona Ha
cdepax, Ha3bIBAEMOrO TakKe orepaTopoM cdepuyaeckoro cpeanero (em. 1, rr. 4; 2, rr. 1, § 2|).
Nsyuenne ccheprdecKux CpeIHNX Pa3HOro TUIIA IPEICTABIISET CAMOCTOSITE/ILHBI HHTEPEC, & TaK-
2Ke uUrpaeT BazKHYIO POJIb B CBA3U C UX IIPUMEHEHUEM B HEKOTOPBLIX O6.HaCTHX MaTeMaTuKu1u u
NPUKJIAIHBIX 3aauax (eM. [3, 4. 5, rr. 6; 4, rur. 4, § 4.9]).
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Omupesiesum s11po ipeobpasoBanust )R OTHOCUTEIBHO HerycToro muoxkecrBa FE C (0, 400)
PaBEHCTBOM

KerpR={f€Cy:Rf(z,t)=0 na E x (0,400)}.

Mmuoxkectso E C (0, 4+00) Ha3bIBAETCS MHOXKECTBOM HHBEKTUBHOCTH IPeoOpasoBaHus R, eciu
Kerg R = {0}. CoBokynHOCTB BCeX TaKuX MHOKecTB F obosnatnm IR.

[To anajoruu ¢ eBKJINJIOBBIM ciydaeM (cM., Hampumep, [5-7]) Jyuist 3a/aHHOrO MHOYKECTBA
E C (0,+00) BO3HHKAIOT CJIE/YIOINIHE 38,185 0:

1) BBISICHUTD, siBJIsieTCst Ji F) MHOYKECTBOM MHBEKTHBHOCTH IpeobpasoBanust R;

2) ecn E ¢ Ig, To onucars Kerg R;

3) ecin E € T, To BoccranoBuTh f 10 3HadeHusM R f(z,t) Ha E x (0, +00).

/1o HACTOSIIEr0 BpeMeHH OCHOBHBIE M3BECTHbIE PE3YJIBTATHI 110 3aJadaM 1-3 HesBHO comep-
JKAJIICh B paboTe (8] 1 3aK/IIOUAINCH B CJIELYIOIEM:

1) oHO3/IEMEHTHOE MHOXKECTBO F HE SIBJISIeTCsSl MHOYKECTBOM MHBbEKTUBHOCTH JJIsd R, pUIéMm
Kerg R nmopoxaercst cobcTBeHHBIME (DYHKINSIME OliepaTopa Beccestst, mpuna reKariMn ToMy
sipy (cm. [8, Teopema 3.2));

2) mHOKecTBO F, cocrosiiee u3 JByX YUCEJI 71 U T2, IPUHAJIEXKUT LR TOIJA U TOJIBKO TOTJA,
KOIJIa 71 /Ty He SIBJISIETCS OTHOIIEHHEM IOJIOKNTENbHbIX Hysteil dyukimun Beccenst J, (cMm. |8,
teopema 4.6|).

OTmeTHM, ITO HEPBBIH U3 ITUX PE3YIILTATOB SIBJISIETCS AIIIPOKCHMAIIMOHHON TeopeMoil THIla
Masbrpanzka — Xepmanuepa [9, ri1. 16|, a Bropoit — anasorom teopemsl JI. SambiMana o 1BYX
pajuycax [10].

B nammoit pabore mostyaeno perrenne 3aa4 1, 2 11t npousBosibHoro MHOKecTBa E C (0, +00),
a TakKe pelleHne 3a/aqn 3 JUIs Cirydasi, Korja £ — KOHeYHOe MHOYKECTBO MHBEKTUBHOCTH IIpe-
obpazopanus R. Ilokazano, uro dyukiuu n3 Kerg R MOXKHO onmcarh B BHJE PAJIOB IO COO-
CTBEHHBIM (PYHKIHUSM orepaTopa Beccess, cxonsimuxes B mpocTpancrse pacupesesennii. Orcio-
Jla CJIeJlyeT, B 9aCTHOCTH, 9TO MHOXKecTBO E C (0,+00) He npuHayeRuT Zr TOTAA U TOJBKO
TOTJIa, KOIJIa OHO COJIEPYKHUTCsI BO MHOYKECTBE HyJIeil HEKOTOPOI coGCTBEeHHOI (DyHKIMU oneparopa
Beccens. Kpome toro, nist koneanoro muoxkecrBa E = {ry,...,ry,} € Ir naiinen kmacc dop-
MyJ1 obpaleHusi IpeobpasoBannst R, KOTOPBIE 3aBUCAT OT HaOOpa MOJMHOMOB D1, . . ., Pm. Llpn
STOM HPEIIOIAraeTcsi, 9TO P, . .., Py UMEIOT JOCTATOYHO BBICOKYIO CTEIeHb U YIOBJIETBOPSIIOT
HEKOTOPBIM YCJIOBUSIM, CBSI3AHHBIM C Hy/IsiMu IpeobpasoBannit Pypre — Beccenst pactpezesnennit

57"1’-- '75’f’m'

Tounbie HOPMyJIMPOBKU U JOKA3ATEIHLCTBA OCHOBHBIX PE3Y/IbLTATOB MPUBOIATCA B pa3i. 2, 4.
B pazz. 3 comepxkarcs BcrioMoraTebHbIE YTBEPKICHUS, HEOOXOAMMbIE JJIsi KOHCTPYKIUA 00pa-
menus: mpeobpazosanus R. KpaTkue npensapurTesibHble CBEJICHUs, OTHOCAIINECST K TapMOHUYe-

ckoMy aHaJm3y Beccessi, nanbr B pas3m. 1.

1. IIpenBaputresibHBbIE CBEJ€HUS

ITycrb Dy — MHOXKECTBO BCeX Y€THBIX OecKoHeuHO JiuddepeHnupyeMbiX (DUHUTHBIX (DyHKIHI
Ha R. Muoxectso Dy sIBjisleTCsl TONOJIOTHYECKIM BEKTOPHBIM IIPOCTPAHCTBOM C OOLIMHOI TOIIO-
jiorueii. O6o3HAYUM Uepe3 Dé IIPOCTPAHCTBO BCEX YETHBIX pacupeiienennit Ha R, T.e. TuHERHBIX

HEIPEPBIBHLIX (DYHKIMOHAIOB Ha HpocTpancTse Dy. Hadenne dyHKnuonana f € Dé Ha PyHK-

i ¢ € Dy 6ynem 3amuceiBaTh Kak (f,1)). [IpocTpancrso Dé COJIEPIKUT KJIACC Léo

KOMILJIEKCHO3HAYHBIX (DYHKIUH Ha R, JIOKAJIBHO CyMMUPYEMBIX IO MEPE

S, BCEX YETHBIX
I

du(z) = |z[**da.

Biiozkenue Llhog B DE OCYIIIECTBJIAETCA ITOCPEICTBOM COOTHOIIEHUSI
b

(o) = /0 @ @)dp(z), fe Ll e, 2)
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Kax obbrano, fy1st Hocurenst pacupesenenns f € D) HCIOIB3YeTCs CHMBOI SUPD f, & MHOKECTBO
Bcex pacupeiesienuii u3 D] ¢ KOMIAKTHBIM HOCHTEJIeM 0O03HAYAeTC s 55 .
Hna f € Cy obobmennbril casur Beccens onpejensercss paBeHCTBOM
IN'a+1 & .
T f(y) = 7( )1 / f(\/x2 + 42 — 2xy cos §) (sin )%*d, (3)
Vrl(a+3) Jo
rae I' — ramva-dynknus. Ecma f € Dé uge 55 , To cBépTKa Beccensa fxg € Dé JeificTByeT 110
paBHIILy

<f*ga'¢}> = <f($)><9(y)aT§¢(y)>>, ¢€Du-
OcHoBHBIE CBOICTBA O1IEPATOPOB 000OIIEHHOIO C/BUra U CBEPTKU Beccesst conepxkarcst B [4, 1. 2;
8,8§2,3; 11, 8§ 7; 12, rur. 1; 13, rur. 1].
Mycrs 1n(2) = Jo(2)279,

oxa(z) =2T(a+ DIy(Az), z€R, XeC. (4)
Dyukims ), ABseTcs cobCTBeHHOI DyHKIMEl onepaTopa (3) u muddepenIuaibHOro orneparopa
Beccens
d?  (2a+1)d 1 d [ 9,01 d
L=— 4+ 77— = gt
dz? + ¢ dr  z2etl gg\”* dz |’ (5)
MIPUIEM
Teoa(y) = ea(x)ea(y), Loy = —Xpy (6)

(em. [8, § 2, 3|). I3 unrerpasnbroro npexcrasiennst Ilyaccona GecceseBbix (DyHKIWMIA ciejyer
OIIEHKA
oa(z)| < el AL (7)

Cdepuuecknm npeobpazosanueM (npeobpazosannem Pypre —Beccesst) pacupenesennus f € Eé
Ha3bIBAETCS YE6THAS Tiesiast PyHKIHS

f()‘) = <f) 90)\>7 AeC (8)

ITpu sTom

ox*xf=f(Npr, AeC 9)
(em. |14, nmemma 12]).
Jlnst pacupenesienuit f, g € 5bl 1 J1000T0 IOJIMHOMA, P UMEIOT MECTO PaBEHCTBa

Frg=13 pL)FO) =p(=>\)f(N) (10)
(em. [8, § 2]). Ecin ¢ € Dy, To jyist moboro N > 0 cymecrsyer kKoncranta Cy > 0, Takast 4T0

~ Cxn

<N R. 11

P < T 7€ ()
Kpowme Toro, cupasenusa dpopmysa obparieHust

o N 9
V) =0 [ H@padu@), e = (7T(a-+1) (12

(em. [8, § 2]).

Ham norpebyercst Takke cJielyIomiee yTBep:K/IeHue.
JIemma 1. ITycmov w — wémnaa yeaas gynryus u w(X) =0 das nexomopozo X € C. Toeda

Aw(z)
22 _ )2

x |w(C)], z€C, (13)

~X
I¢—z[<2
2de npu z = £\ swesan wacmov 6 (13) doonpedenena no nenpepuerocmu.

JokazaTesbeTBO JIeMMbI 1 OCHOBAHO Ha IIPUHIHAIIE MAKCUMYMa MOJLYJIsl U COIepkKUTes B [15].
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2. Omnwucanue sapa

Bcerojty B aibHeiinemM cauraem, 9ro r — (DUKCUPOBAHHOE MOJIOKUTEIbHOE Jncio. B cury (8)
u (4) mmeem

gr()‘) = @A(T)a gr(o) =1 (14)

O6oznaunM yepes N, HoOC/IeI0BATEILHOCTL BCEX IMOJIOXKUTEILHBIX HyJseil (byHKIUK 0, 3aHyMe-
POBaHHBIX B MOPsAKe Bo3pacTanus. 3 cBoiicTB GecceieBbIX PYHKIHUN CIeayer, ITO

1

Liy1(Ar) #0 m o O] = ONT3/2) 1pu A e N, (15)
(cm. [14, memma 3; 16, 1. 7.9]).
Kpowme Toro,
1
Z e < +oo  prs moboro € > 0. (16)

AEN;
Hona f € L'([0,7]; dp) monoxum

2172a7.72a74

) = O /0 f@)ea(@)dn(z), AeN;.

Jlemma 2. Ilycmo f € Llu"; Tozda das mozo, umobv, fx0, =0 na R, neobxodumo u docma-

mo41Ho, YMmobvl UMEAO MECTNO pa3aoxncerue

F= d(f.r)ex

AEN

6 KOMOPOM PAOD CTOOUMCA 6 NPOCTNPAHCINGE Dé wdy(f,r) = ON2TH, X = +o0.

HokazareanctBo. [y pemenuit ypaBuerust fxy, = 0, rje Y, — HHIUKATOP OTpE3Ka
[—7, 7], 107106HOE pa3/IoXKeHne yCTaHOBJIEHO B paboTe [14]. YTBep:KieHue seMMbl 2 0Ka3bIBALTCS
aHAJIOTUYHO. O

st menycroro muoxkecrsa E C (0, +00) oupesennm muokectBo A(E) paBeHCTBOM

AE)={¢>0:14(én) =0 s Beex n € E}. (17)
Ormerum, 9TO
AE) = (] Na-
nek

Teopema 1. 1. [laa mozo, wmobv dynxuyua f € Cy npunadaestcara Kergp R, neobrodumo u
docmamouro, 4mobu.

f= Z axex, (18)
)

AEA(E

2de ay € C u pad crodumca 6 Dé.
2. Mnooicecmeo E C (0, +00) npunadaesicum Ir mozda u mosvko moeda, koeda E ne codep-
orcumes 6 Ny wu npu xaxom 7 > 0.

HoxkazarenanctBo. 1. Ilpeanonoxkum, uro f € Kerg R. @ukcupyem r1 € E. YauTsiBasi, 910
Rf(x,t) =T f(z) = T f(t) = Rf(L, ), (19)

U [IPUMEHSS JIEMMY 2, TIoJIydaeM

f=> apn, (20)

AEN
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rae ay = O(N?**) mpu A — 400 u paj cxomuTca B DE. Ecim E = {r1}, 10 HEOGXOAUMOCTH B
TeopeMe 1 yCTaHOBJIEHA.
[Iycts E # {r1} ure € E, r9 # 11. [lockonbky fxd,, = 0, u3 (20) u (6) nmeem

Z axlo(Mr2)px =0 B Dy (21)
AeNr

st smi06oro € > 0 BospMéM QyHKIMIO we € Dy, Takyio 4T0 suppwe C [—¢€,€], we > 0 n

/0 we()du(z) = 1.

CeMeiicTBO Ws CXOUTCHA B Da K Jenbra-byHKIMA, cocpeioTodennoil B uyie. CBopaunBas obe
gactu B (21) ¢ we u ucnosnb3yst (9), NIpUXOAUM K PDABEHCTBY

Z a)\Ia()\V“Q)(Tjg()\)(p)\ =0. (22)
AeN,

B cuny 6picTporo yobiBanus We(\) mpu A — +00 ¥ COOTHOIIEHUI OPTOrOHAIBHOCTH J1JIst Hecce-
neBbIx yukmwit (em. (11) u [16, rr. 7, § 7.10.4]) n3 (22) maxomum

a,\Ia()\Tg)(:)E()\) =0, M€ er.

DTO COOTHOIIEHUE U PABEHCTBO

lim @-(\) = do(A) = 1

e—0
ITIOKA3BIBAIOT, ITO

ay =0, )\GNTI\NW.

Terepb NPOU3BOJILHOCTD 'y BiIeUET passioxkenue (18). JocrarogHocTsb B yTBepKIeHun 1 ciempyer
u3 (9), (14) u (17).

2. Eciu E C N, npu nekoropom 11 > 0, to ¢, € Kerg R (em. (9), (14) u (1)). TTosromy
E ¢ Ix.

[Tycrs Teneps F ¢ Ir u f — nenynesas dyukius B Kerp R. Torma mo qokazaHHOMY BbIIIe
crpase o pasnozkenue (18). Ecin npeamonoxurs, uro E He cogepzkutcs B N, HI IPH KaKOM
n > 0, ro moixyunm A(E) = &. Orcrioga u u3 (18) crenyer, aro f = 0. [Iporusopeune. O

Bameuanne 1. Ussecrno (cm. [5]), aro mmoxkectBo E C R? apisgercsa MHOMKECTBOM HHDL-
eKTUBHOCTH TIpeobpa3oBaHust PajioHa Ha OKPYXKHOCTSIX JJIsl KJlacca (DUHUTHBIX HEIPEPBIBHBIX
dbynkimit B R? Torga u TOJIbKO TOIIA, Korja F He COIepsKuTCs B 00beIMHEHIH BIIA w(EN)UF,
e Yy = Ul]\; 61 {tei”l/ N.te ]R} — cucrema Koxkcerepa n3 N npsaMbix, F' — KOHeYHOe HC-
710 Touek B R? m w — eBkamiIoBO JjBuKeHne miockoctd R?. B ¢Ba3: ¢ 9THM pPe3y/IbTaToM
JI. Basnbivan 6] BbICKa3aJI CIIeLyOILY 0 THIIOTE3Y: MHOXKECTBO F sIBJISIETCS] MHOYKECTBOM HEMHb-
eKTUBHOCTH TpeobpasoBanust Pasona wa cdepax s kiaacca C(R™) jumb B TOM citydae, Korjaa
OHO COJIEPYKUTCS BO MHOYKECTBE HyJiell HEKOTOPOil cobCcTBeHHON (DyHKIMM Jjaiiacuada. 13 Bro-
POTO YTBEPXKIEHUSI TEOPEMBI 1 cilellyeT ClpaBelJINBOCTD aHAJIOra TUIOTe3bl JI. 3ajibiMana st
npeobpazoBanust R (em. (6) u (9)).

3. Pazmoxkenue qenbra-QyHKINUN
Beeném ciienyromie 0603HaTEHMA:
217a7,72a74)\72 217047,.72
AT,)\ = D) 5 Br,)\ = 5
[a+DIZ, (M) I+ DIgy1(Ar)
~7T,>\($) = AT,AIQ(AZ')XT(I')’ A€ Nra

A EN,,
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rje, KaK W BBIIIE, X, — HHIUKATOpP OTpe3Ka [—r,7]. OrmeTnm, uro ompexesnenne A,y u B\
KOPPEKTHO BBU/IY 1IEPBOIO COOTHOIIEHus B (15).

[Tycts P, — MHOXKECTBO TOJMHOMOB p(z), Takux 4rto degp > « + 1 u Bce Hyaun QyHKIUN
p(—22) ¢, (r) aBasiorcs mpoctbivu, N, — MHOXKeCTBO Beex Hyseit dbynkmnn p(—22)p,(r), nexa-
mux B noJyiiockoct Re z > 0 nim Ha jayge {it : ¢t > 0}.

Host p € Pr, A € N;p 1os102K0M

%, ecit A € N,
Vrp A = 1 2
W’ ecJ/imm p(—)\ ) = O,
7 e >\2 ( )jr)\v ecam A EN’F?
TP\ —
? WQ/\(L)(STv ec/ia p(_)\z) =0,

rie gx(z) = sz%)?' Cwmpicn pactpefenenuit Jy. p x BUJEH U3 JeMM 3 1 4, IPUBOJAUMBIX HUXKeE.

Jlemma 3. IIycmwv p € Pr, A € N, py. To20a
(L + X)) Ty pr = Vrpap(L)0r. (24)
okazaTesbcTBO. JloCTATOYHO yCTAHOBUTDH, ITO
(L+X)Tn = Bxdr upn A EN,. (25)
na npoussosbhoit bynkiun ¢ € Dy nmeem

(L A+ X)Trr, ) = (Tox, (L + X)) =
21—a7,—2a—4>\—2

- ' €z Hep(x x).
a F(a+1)1g+1(m/o Lo(Az) (L + ")t (w)dp(z) (26)

[Tpeobpaszyem 3TOT MHTErPAJI € IIOMOIIBIO HOBTOPHOTO HHTEIPUPOBAHMUSI 110 YacTsiM, paBeHCTB (5),
(6) u cooTHOIIEHMI

L) =0, (I.(\x)) = N2l (\x) (27)
(em. [16, o 7, n. 7.2.8, dopmyaa (51)]). Haxomum

/Hamwwmmm»:/r<MM(MH¢@»=—/ZWHGJMMHM@:
0

0
= A2r20 2L () / P(x 2a+1 ()\:L')),)/dx =
= A2 P2 () / Y(z)L(Ia(Az))du(z) =
= A2, —\2 / () (Ax)dp(z).
Orciona n u3 (26) nomygaem (L + A) Ty 5, ¥) = By x(0r, 1), uto BreudT (25). O

CaencrBue 1. Umeem mecmo pasencmeo
(32 = 2%) Trpa(2) = Wrpap(=2")px(r), 2z €C. (28)

B wacmnocmu, ecau z € Ny.p, mo

jr,p,x(z) _ {O, ecau A # z, (29)

1, ecau A=z
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HokazareascrBo. cnonssys (10) u (24), noxyaaem (28). Teneps, yunreiBas (23) u (27),
npuxouM K (29). O

Jlemma 4. Ilycmov p € P,.. Tozda

Z Jr,p,)\ = 507 (30)

XN p

2de pad crodumces Oe3YCAO8HO 8 NPOCMPAHCNEE Dé.

Hoxka3zaresbcTBo. B cuny cummerpuanoctu oneparopa L u coornorenus (2) jist 0060
by 1) € Dy u A € N, umeem

1 1
<u7r,p,)\aw> = m@@)%,m”@ = m<~7r,»?@)¢> =

27(1147“ A

T [ @ e @),

Orciona Bumo (em. (7), (15) u (16)), aro psij

Z ‘(jm,’A,z/JH CPaBHUM CO CXOJISIINMCS PAIOM Z 2 degp Sa=1"
AEN, AEN:

Iosromy psaz B siesoit wacru (30) cxonurea 6esycioBHO B npocTpancTse D K HEKOTOPOMY pac-
npesiestenmio f € Dy ¢ nocurenem wa [—r,r]. IIpn sTom (em. (28), (29))

B SR L

XN p

" f(z) =1, ecin z € N, . TTokazem, 410 f: 1 na C. Oyukmus

o)1
93 = S e

ABJISIETCsI TeJ0#l (byHKIme# He BbIme mepBoro mopsaka. [Ipu Im z = + Re 2z, z — 0o ona omenn-
BaeTcs craeyonmM obpasoM (cm. (15), (16)):

gl (1 ! ! 1 :
PO (|Z_A|+|Z+A|>+\p<_22>»|@z<r>><O(|z|>+\p<—z2>|!wz<r>|'

AN p

Dra OlEHKA M aCUMITOTHKA OeccesieBoil pyHKImu Ha OGeckoneunocru (cm. (16, mr. 7, mw. 7.13.1,
dbopmyia (3)]) Breuér paBeHCTBO
lim g¢g(z) =0.

Z—00
Imz=+ Re z

Tora no npuniuny Pparmena—JIungenéda dbynkius g orpanuyena na C. Tenepb, ucnonbsys
teopemy JInysuiis, sakaodaeM, uro g = 0 Ha C. Takum obpazom, f =1 va C, Te. f =3dg. [

4. DPopmyJia obparieHus

m
[Mycrs m > 2,0 <7 <ry <...<7y, E={r,...,rn} € Ir. Hockomxy (| N, = @,
i=1

TO UMEETCH JIOCTATOYHO OOJIBIION IIPOU3BOJI B BBIOOPE MOJUHOMOB 1, ..., Py CO CJIELYIOMIMMUI
cBoOlicTBaAMMU:
1) degp; >a+1,j=1,...,m;
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2) nymu Beex dyukuuit p;(—2%)p;(r;) aBasorcs npocTHIMy;

m
3) .ﬂlej =9
]:

MHuoxkecTBO Bcex Takux HAOOPOB (1, . . ., Dy) 0603HAUUM Pp.
Bosemem P = (p1,...,pm) € Pg u onpeneinm Ng p Kak J1eKapTOBO IPOU3BEIEHIE MHOKECTB
Nejpj:

Nep = Neypy X oo XN,

Tt A = (M1, ..., \) € N p nosoknm

m,Pm *

GE,P,A = ‘77"17171,)\1 K’k jrm7pm7Am' (3]‘)
CI/IMBOJI 3E,P7A’j 6yﬂeT 0603Haanb CBépTOque IIpousBeJIeHe GE’P,A 663 MHOXKHUTEJIA ‘Z'j,pijj .

Jlemma 5. Ilycmo E = {r1,...,rm} € Ir, P = (p1,...,pm) € Pe, A= (\1,..., ) € Ng,p.
Tozda dasn 106020 pewenus (1, ..., Cm) CUCTEMDL

it em=0, XN+, . +ea) =1 (32)

CNPABEIAUBO PABEHCTNEO

m

IJEPA= Y i pn D5 (D)0, % JE.PA- (33)
7j=1

HokaszarenscrBo. U3 onpenenenust P u Ng p Bujgno, 9ro B Habope A HaiijyTest 10 Kpaii-
Hell Mepe JIBa Pa3/IMYIHbBIX Yuciaa g, A;. [losaras

1 1 .
k=53 =53 ¢ =0 upn j¢&{kI},
A = A AT = A
noJsiydaeM paspernmmoctsb cucrembl (32). Hanee, eciau ¢y, . .., ¢y yaoBiaerBopsior (32), To B cu-
ay (24) umeem
m m
~ . 2 ~ B
D P (D)0, % IEpag = D (LA AN Trypy0, * JEPAG =
=1 =1
m
= (L +X)Igpa =IEPA,
j=1
9TO U TPpebOBaJIOCH T0KA3aTh. O

Teopema 2. [Tycmv E = {r1,...,tm} €I, P = (p1,...,Pm) € Pg, (c1,...,Cm) — npous-
soavroe pewenue cucmemv, (32) npu A = (A1,..., \m) € Ng,p. Tozda, ecau f € Cy u

m
FBpA =Y rmp (RE) () x 0 (L)3m, s

j=1
mo fg.pa me 3asucum om evibopa pewerusn (C1,...,Cm) U
f= E fEPA,
AGNE,p

2de pad cxodumces 6e3ycA06HO 8 NPOCMPAHCEE DE.
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HokazaresabcTBo. Ilokaxkem, 9To

> Jepa =6, (34)

AENE,p

r71e paj| cxozures Gesycrnosno s npocrpanctse Dy. Hyers ¢ € Dy. Uenonssys (12), (8), (31), (10)
u (28), maxomum (cM. |17, mokasarenbecTBO TeopeMsl 8.23))

(JE,PA ) / O(@) (3P, pr)dp(z / D(2)Ip,pa(z)du(z) =
m _ (2 .
/ w ];[ ERIPY; (.’E) = %a/o 1/}(1U)jl_‘|;7rj,pj,>\j Wdu(@

OmennBasi MOJMY/Ib IIPABON YACTH ITOTO PABEHCTBA C MOMOINBIO jJeMMbl 1 u HepaseHcTBa (7),
nMeeM

(@erail| < [ B TL e mas o cZ)ldM@HW‘
0 =1 ;

J=1

[Mosromy u3 (11), (23) u paccyKeHusi B jjeMMe 4 CJIeyeT, 94To

Z |(JE,pA, )| < 00

AeNE P

u crpaseyuBo pasioxkenue (34). OHO BJIeUéT pABEHCTBO

F=Y_ f*3ppa,

AE/\/‘Eyp

IZe PsiJl CXOQUTCS G6e3yCJIOBHO B IIPOCTPAHCTBE Dé. Yunreisast, uro f*Jg pA = fepa (cM. (33),
(1) u (19)), nosydaem yTBepKIEHHEM TEOPEMBI. O
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BBegenne

AcuMITOTHYECKIE METOIBI SIBASIOTCH 9P (MEKTUBHBIM aIlllapaTOM, C IIOMOIIBIO KOTOPOI'0 MOXK-
HO HaAWTH aHAJUTHUYIECKHUE peniennsd CJI02KHBIX 3aJa9 TeOPHUHU TOHKOCTEHHBIX KOHCprKI_[I/IfI. OHI/I
[IO3BOJIAIOT BBLISIBUTH OCOOEHHOCTH IIOBEIEHHS PEIIeHHs TPEXMEPHON 3aJadil B Pa3IndYHBIX 00-
JIACTSIX M3MEHEHUsI HE3aBUCHUMBIX IIE€PEMEHHBIX M TEeM CaMbIM HE TOJILKO HaiiTh 6ojiee IpocThie
(a.CI/IMHTOTI/ILIeCKI/I OHTI/H\/Ia.HbeIe) ypaBHeHI/IH, OIIMCBbIBaIOIIE pEeIIeHN A I/ICXO;[HOf/i 3a/a91 B KazK-
JIOI1 U3 BBIJEJIEHHBIX 00JIaCTell, HO U JaTh <«IIOICKA3KY» UHUCAECHHBIM METOLAM, HAIIPUMED METOLY
KOHEYHBIX 3JIEMEHTOB B HEOOXOIUMOCTH HCIIOJb30BAHUSA TOW WM MHON CETKU JJIsi ITOCTPOEHUSI
pellieHnst B COOTBETCTBYIOIIEH 001acTu (pa30Boii IJIOCKOCTH.

OCHOBBI aCHUMITOTUYECKOI TEOPUM TOHKOCTEHHBIX YIPYIHX KOHCTPYKIIMI 3aJI0XKE€HBbI B pa-
6orax A. JI. Tonbuenseiizepa [1,2] Ha npuMepe 3aj1ad CTaTUKKA U CTAIMOHAPHOI nuHaMuKu. B
pab6ore [3] npemioxkennast A. JI. TonbenBeiizepomM acuMITOTHYIECKAsT TEOPUS PACIIUPEHA Ha CJIy-
Jail HeCcTaIMOHAPHOIO HAIpsizKeHHO-1ebopmupoBanaoro cocrosiuus (HJIC) B ToHKHUX ynpyrux
obostoukax. PaccMoTpeH Kjace 3a/1a9 0 paclipoCTPaHEHNN HECTAIIMOHAPHBIX BOJIH, BOSHUKAIOIIIITX
[IpY yIApHBIX BO3IAEHCTBUSAX Ha TOPEI] TOHKOCTEHHON yIpPYyroil 00OJIOUKH BPAILEHUs, KOTOPBIE
coracHo KjaccuuKaluy BHEIIHAX BO3EHCTBUN, IPUBEIEHHON B [4], 0THOCATCS K MIPOIOIBHBIM
yﬂaprIM BOS,ZLGI?ICTBI/IHM TaHTeHIIaJILHOT'O 1 I/I3FI/I6a.IOH_LeFO TUIIOB 1 BBISBIBAIOT IIPUHIUIINAJIBHO
pasubie Tunbl HIIC. Corsacio merosuke, onucanuoii B monorpadun [3|, HIC, coorsercrByio-
mee KaykKJI0My THITy BO3JIEHCTBHUsI, MOXKET OBITH IIPEJACTABIEHO B Pa3INYHBIX 00JIacTsX (a30Boit
IIJIOCKOCTHU Pa3HBIMH COCTaBJIAIOIIMMU C OIIPpEJACJICHHBIMU ITOKa3aTe/IAMU U3MEHACMOCTH 1 JUHA-
MHUYHOCTH.

B Hacrosiiiiee BpeMst 3aBepiiaercsi (GOpMUPOBAHUE aCHMITOTHIECKON TEOPUHU, ONUCHIBAIOIIEH
HECTAIMOHAPHBIE BOJHOBBIE IIPOIECCH B TOHKOCTEHHBIX YIIPYIUX 000JIOUKAX IPU PA3JIMIHBIX TH-
nax yJapHbIX BozjeiicrBuil Ha Topre. B crarbsax [5-7| npusejena cucremarnsanusi STUX Me-
TOJIOB, pa3pabOTAHHBIX M YAAPHBIX TOPIEBBIX U IMOBEPXHOCTHBLIX BO3zeiicTBuit. s KaxKaoro
BHJIA BO3JIEHCTBHUS paspaboTaHbl cxeMbl pacuienenns nectarnnonapHoro HJIC ma cocrasisrorniue,
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MOJTyI€HbI ACUMIITOTUYECKH ONITUMAJIbHBIE YPABHEHUS JJIsl KayKJIOM U3 3TUX COCTABJISIONINX, BbI-
JIeJIeHbl 00JIaCTH COIVIACOBAHUSI JIJIsl COCEJIHUX COCTABJISIIONMX (IIPOBE/IeHa OIleHKa I'DAHUIl 00-
JlacTell COTJIaCOBaHUsI, IOKA3aHO COBIaJIEHNE aCUMIITOTUK Pa3PeIIaionNinX yPaBHEHNN B JTaHHBIX
006J1aCTsX ), pazpaboTaHbl ACUMITOTUIECKUE METO/IbI PEIIeHNs 3a/1a4 JIJIs BCEX COCTABJISIIONINX, a
TaKKe JJOKa3aHa ITOJIHOTa OIIUCaHUdA HECTallUOHAPHBIX BOJIH C ITOMOIIBIO YKAa3aHHbBIX KOMIIOHEHT.

Crarps [8] mocssimena MoandUKaIII METOOB, Pa3pabOTaHHbIX B (3], Ha CiIywail TOHKOCTEH-
HOH BA3KOYNPYTOil 0OOJIOYUKH BPAIIEHUS.

B To ke BpeMst acuMIITOTHYECKAs Teopus JJjisd BA3ZKOYIIPYTrux 000J09€eK He JI0 KOHIa chopmu-
poana. Ha Hacrosimuii MOMEHT elie He Bce METOIUKM, pa3paboTaHHbIE JIJId YIPYTUX 000JIOYEK,
MIOJTY IMJIOCH MOIUMPUITMPOBATL HA CIydail 000JI09€K BA3ZKOYIPYTHUX.

B nacrosieit pabore mnpeyiozKeH acCUMITOTHIECKAN METOJ| IIOCTPOEHUST YPaBHEHUN OTpaH-
CJI0SI B OKPECTHOCTH (PPOHTA BOJIHBI PACIIUPEHUS B CJIydae YIAapHOrO MPOIOJIBHOTO BO3IEHCTBUS
TAHTeHIIAJIBHOIO THUIIA HA TOPIE U3 TPEXMEPHBIX yPABHEHUN BA3ZKOYIPYT'OCTH C IIOMOIILIO Me-
TOJIMKU, OIIMCAHHOU B [9] 7 MOAUMPUITMPOBAHHON Ha CJIydail BA3KOYIIPYTOit 0DOJIOUKN BPAIEHUA.
[Ipeamonaraercs, 9ro 060J0YKa BBIMOJIHEHA U3 BS3KOYIPYTOro MaTepHaJa, MPEICTABICHHOIO
Mozeapio MakcBesia u yA0BIETBOPSIONIETO YCJIOBHUIO YIIPYroro o0beMHOTo pacimupenusi. Pamee
YPaBHEHUS JTAHHOTO MTOTPACTIOS JIJI BSI3KOYIIPYTOil 000JI0YKHU OBLIIN BBIBEIEHBI TOIHKO JIJIS CJIy-
Jasi 000JIOUKHU HYJIEBOH rayccoBoii kpusususl |8, 10].

1. IlocranoBKa 3amavuu

PaccMoTpuM TOHKOCTEHHYIO MOJIYOECKOHEUHYIO 000JI0UKY BPAIIEHUS, BBIIIOJIHEHHYIO U3 Bsi3-
KOYIIPYTOro MaTepuaJia, CBONCTBA KOTOPOTO OMUCHLIBAIOTCS MOJe bio MakcBesia.

Beesiem TpHOpTOrOoHAIBHYIO CHCTEMY KOODIMHAT ((v1;(r2;(3), TPEJICTABICHHYIO Ha puc. 1,
CBSIBAHHYIO CO CPEJINHHOM MMOBEPXHOCTHIO ODOJIOUKH, IJIe (v] — KOOP/IMHATA, OTCIUTHIBAEMAsT BIOJIb
obpa3zyIrolreit CpeInHHON TOBEPXHOCTH, (vg — KOOPJANHATA, OTCINTHIBAEMAst BIIOJIb HAIIPABJIAIOIIEH

CPEIMHHOI IOBEPXHOCTH, (x3 — KOOpJ/IMHATA, OTCUU-

a, ThIBaeMasl B HAIIpABJIEHNH BHEITHEN HOpMAJIU K Cpe-
JINHHO ITOBEPXHOCTU OOOJIOYKH.

[IpennosokumM, YTO A0 MOMEHTA MPUIOKEHUS

Harpy3kKu O0O0J/IOYKA HAXOJWIACH B COCTOSTHUM IIO-

kosd. IlycTh B HadabHBIE MOMEHT BpeMEHU K TOD-

(0} 1y, 3aJlaHHOMy ypaBHeHueM «1 = (), OBLJIO HTPUJIO-

2KEHO yJIapHOE TPOJOJIBbHOE OCECHMMETPUYHOE BO3-

JeficTBre TaHI'€HIMAJILHOI'O THUIIA, TOIVIA I'PaHUYHOE

YCJIOBHE Ha JIAHHOM TOPIIE MOXKHO 3allUCaThb B BUJE

UHZIH(t), 1)120 opu a1:0, (1)
Puc. 1. O6osouka BparieHust
C TPHUOPTOTOHAJBLHOM CHCTEMOM rae H(t) —crynenuaras dbyuknus Xesucaiiga, I —
i RoopauHatr . aMIUITY/1a HAarpysku, oy (i, = 1,3) — KOMIIOHeH-
Fig. 1. Shell of revolution with . .
: . ThI TEH30pa HaupsizKeHuii, v; (i = 1,3) — KoMIIOHEeH-
triorthogonal coordinate system ’
TBHI BEKTOPA MepeMeIeHnit, ¢ — BpeMs.
JIureBble TTOBEPXHOCTH ODOIOUKM CIUTACM CBOOOJIHBIMU OT HAIPSIZKEHUN, TOT/IA IPAHUIHBIC
yCJIOBUS Ha HUX 3AIMINYTCH B cJiejylornieil dhopme:

o13 =033 =0 npu az==h, (2)

rae h — moJiyToInHa 000JI0YUKH.
HagayibHbBIE yCJIOBHS ITOKOST UMEIOT BT

. 81)1‘
ot

v; =0 mpu t=0. (3)
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BeinumnieM paspermiaiolige ypaBHEHUs, OIHMCHIBAIONINE PACIPOCTPaHEHHe HeCTalXOHADHBIX
BOJIH B TOHKOCTEHHOIl BSI3KOYIIPYTOil 060J10UKe B ciydae ocecummerpuanoro HJIIC [8].

TpexmepHBIe ypaBHEHNS JBUKEHIA 000JIOUYKH B HAIPAKEHUAX HE 3aBUCAT OT ee MaTepHaJa
U COBIIQJIAIOT C AHAJOTUYHBIMU yDAaBHEHUAMH B yIPYTOM ClIydae:

0011 8031 1 8H2 1 (9H1H2 8H1 821}1

— = ——Z(0oy — — ——013— pH| = =0,

80&1 + ! 8@3 H2 8@1 (011 022) + H2 80&3 731 + 80[3 13 P 8t2 (4)
80’13 80’33 8H1 H1 8[‘[2 i 1 8H1H2 i 1 8H2 H 821)3 0
- ~ — =011 — 77/ = O —— 0 — 013 — —5 = U.

(90(1 ! (9043 8053 1 H2 (90&3 22 HQ 6@3 33 H2 8041 13 P 8t2

Baeck p — mnorHOCTH Marepuadia, H; (i = 1,2) — mapamerpst Jlame, KoTopbie B cIydae 000JI09KH
BpAIIEHUS 33 AI0TCS BHIPAYKEHUSIMU

Qs Qs
=2 Hy=A 1+ =2
Rl, 2 (Oél) ( + R2> ’ (5)

rae R; (1 = 1,2) — riaBHble pajinychl KPUBU3HBI CPEJAMHHOI moBepxHOCTH, A((v]) — paccrositue
OT TOYKHU Ha CPEJIMHHON MOBEPXHOCTHU JI0 OCH BPAIIEHUS.
TpexmepHble ypaBHEHUsI COCTOsIHUSL B3Thl B auddepernuaibuoii popme u umeor Bug [8]:

pd (Low  LOoH, N _(2tv) 0N (L 0N ot ow)
ot \ Hy 0ay ~ Hy Oag - 3t, ot ) 1 3t 5; ) (022 +033),

B 1 OH 1 0H 201+v) 9 l+v 0
ok < 201 4+ 21}3) — (H + >022 — ( +1/f)(011 + 033),

H =1+

H1H2 80&1 i FQ 80&3 3tr a 3t,« ot
0 (ovs\  2(14+v) O 1+v 0
Ea (8(1;;) = ( 3, +a)033— (73757" +Va)(011+022)7
FE 0/ 1 Ov ov 1 0H 1 0
(% 90 * 5o o) = (5 + )

20+ 0) o \H ooy 0y Hioas) ~\G T

(6)

rie F — mruoBenHoe 3Hadenue Moayis FOura, v — MruoBenHoe 3Hadenue kKosdgdunuenra Ilyacco-
HA, t, — IIapaMeTp, UMEIONNI pa3MEPHOCTb BpEMEHH, XapaKTECPUIYIOMNI BAZKOYIIPYTAE CBOICTBA
MaTepuaJia U Ha3bIBA€MbIil BpEMEHEM pEeJIaKCAIIIH.

Tpexmepnast 3aga4a (1)—(6) He uMeer TouHOrO anajuTHYecKoro perrenusi. Ho cormacuo mc-
CJIeJIOBAHMSIM, OIMCAHHBIM B paborax |3, 8], necranmonapuoe HIC B yupyrux u Bs3KOYLPYTHX
TOHKOCTEHHBIX 0DOJIOUKAX IPU YAAPHOM TOPIEBOM BO3IEHCTBUH yKA3aHHOIO THIIA MOYKET OBITh
opeacTaB/JICHO HECKOJIbBKUMHU COCTaBJIAIOIMMUA C Pa3/JIMIYHBIMHU ITOKa3aTe/IdAMU U3MEHACMOCTH H
JUHAMUYIHOCTH B Pa3JIMIHBIX 00J1aCTIX (PAa30BOil ILJIOCKOCTH.

CxeMa MPUMEHNMOCTH Pa3JINIHBIX COCTABJIAIONIUX IPU IIPOJIOJLHOM BO3JICHCTBUN TAHTE€H-
[AJIBHOIO THUIIA B BSI3KOYIIPYTOil 000/JI0YKe BpAINEHUsT Ha IPUMepPe HOPMAJIBHOIO IIPOJIOIBHOIO
yCWJINS TIpUBEJIEHa Ha puc. 2.

[Tocrpoenne npubINKEHHBIX YPaBHEHUI TEOPUH BASKOYIPYTOCTH I KayKJI0i 0OJACTH OC-
HOBAHO HA MAJIOCTU N€OMETPUYECKOTO MapamMerpa 1 = % <& 1 — OTHOCHUTETLHOM TIOJIYTOJIIITHbI
obosioukm, rie R — XapaxkTepHoe 3HaUeHNe PAJIIMyCOB KPUBU3HDBI CPEINHHON ITOBEPXHOCTH.

Hacrosimast pabora mocBsineHa BbIBOLY ACHMIITOTHYIECKH ONTUMAJIBHBIX YPAaBHEHUN, OIUCHI-
BAIOIUX PeIeHre UCXOTHOM 3a/1a9n B 00/1acTh 1 s ¢y dasi IPOU3BOJIBLHOM 000IOUKY BPAIICHUSI.

2. AcuMnOToTuvecKuii MeTOJI IIOCTPOEHNS YPAaBHEHUI MOTrPaHCI0s
B OKpPeCTHOCTU (PPOHTA BOJIHBI PAaCHIMPEHUS

B oriimane ot 000/109KH BpallleHusT HYJIeBOI rayCcCOBOIl KPUBU3HBI, T/I€ epe Hnil (PpOHT BOJI-
HBl PACIIUPEHUs IPEJCTABIIsAeT COOOM TJIOCKYIO MOBEPXHOCTH, 0OPA30BAHHYIO HOPMAaJIIMU K €€
CPeIMHHON TTOBEPXHOCTH, B IIPOU3BOJILHOM 000/I09Ke BPAIEHUs IOBEPXHOCTh IepeTHero (ppoHTa
y2Ke He OymeT obpa3oBaHa HOPMAJSIMU K CPEAUHHON MOBEPXHOCTH.
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2 1
l(\vfmll>
vvuuU S

Puc. 2. Cxema pacwieneHus HecCTalu-
oumapaoro HJ/IC wma cocrasisiomupe B
cJIydae yaapHOro MPOJOJBHOTO BO3/Ieli-
CTBUsI TAHMEHIUAJIBHOIO THUIa: 1 — 00-
JIACTH THIIEPOOJIMIECKOrO ITOTPAHCIIOSN B
OKpecTHOCTU (DPOHTA BOJIHBI PaCIIupe-
HUsl; 2 — KBAa3UCTaTHIeCKasi KBA3UCHM-
MeTpudHasi 3ajada; 3 — napabosine-
CKUII IIOI'PAHCJION B OKPECTHOCTU KBa-
3udpoHTa; 4 — TaHreHIINAJIBHOE JIJIMH-
HOBOJIHOBOE IIPHUOJIMKEHHE; 5 — HAJIO-
JKCHHE JBYMEPHOIl COCTaBJAONIEA U
KBa3UCTATHIECKOTO MTOTPAHCIION
Fig. 2. Scheme of dissection of non-
stationary SSS into components in
the case of shock edge loading of
the tangential type: 1 shows the
region of the hyperbolic boundary
layer in the vicinity of the dilatation
wave front; 2 shows the quasi-static
quasi-symmetric problem; 3 shows
the parabolic boundary layer in the
vicinity of the quasi-front; 4 shows the
tangential long-wave approximation;
5 shows the superposition of the two-
dimensional component and the quasi-
static boundary layer

B pabore [9] mpemioxkena acuMnToTHUecKasi Teo-
MeTpUYecKas Moje/b PPOHTa BOJIHBI PACIIUPEHHS JIJIs
cJIydast IIPOMU3BOJILHON YIPYroil 0O0JIOUYKH BpAIICHUS.
Jokazano, 9T0 PPOHT BOJHBLI MOXKHO CYUTATH ITOBEPX-
HOCTbBIO, 0OPa30BAHHOI HOPMAJISIMU K CPEJIUHHOMN I10-
BEPXHOCTH, IOBEPHYTLIMH B TOYKax g = cilg, TIe
€1 — CKOPOCTb IIPOJIOJILHOI BOJIHBI B yIPYIOM MAaTepH-
ase, to — GpUKCUpPOBaHHBI MOMEHT BpeMeHH (puc. 3).

VpaBHeHne JAHHON IMOBEPXHOCTH 3aa€TCA (POPMY-
JIaAMHA

dOél

a10
a; = a9 —az3F(a), F(ag) = —.
1 10 — a3F(aqp) (cv10) /1 Ri(on)

[Ipu sTOM JiHA TIOBEPHYTON HOPMAJIU 33/IA€TCs
BbIparKeHUEM

Zér = a3/ 1 +F2(a10).

B coorBercTBUU ¢ AIUMHON MOBEPHYTOH HOpPMaJIU
MOXKHO BBECTH HOBBIE KOODAMHATHI (v 2F ), OIpeIesisie-
Mble BBIDaXKEHUSIMH

zF:a3\/1+F2(oz1). (7)

[TpryueM KOOpJMHATHAS JUHUSA Zp NMPH O = (1) =
= ¢1t( COBIAJAET C ACUMITOTUICCKUM IPEJICTABICHUEM
repeaHero (ppoHTa BOJIHBL.

B ciaygae Bsaskoynpyroit 060J09KH BpaIeHHs TeO0-
MeTpHsl TiepeiHero (bpoHTa BOJHBI PACIIUPEHUsS OyIeT
aHAJIOTMYHA CJIydalo yrnpyroii 3amadun. Ho B aToM city-
Jae 1101 ¢] IOHUMAETCS MTHOBEHHAsI CKOPOCTH MTPOJIOJIb-
HOI1 BOJIHBI B BSI3KOYIIPYroM Marepuasie [8].

Crenyst onucannoii B [9] MeTo/uKe, 3amumeM pas-
pelnrapmye ypaBHeHus /I BI3KOYIPYTOil 060I09YKU B

o =y,

crienuaJibHoll cucreme KoopauHaT (7). DTO MO3BOJIUT IIOCTPOUTH ACUMITOTHYECKN ONTHMAJbHbIE
YPaBHEHUSI IIOTPAHCION B MaJIofl OKpeCTHOCTU (DPOHTa BOJIHBI PACIITHPEHUSA.
TlepeitneM B paspeniarolinx ypaBHEHUIX, 3alIMCAHHBIX B HOBBIX KOOpJAWHATaX, K Oe3pasmep-

HBIM TPUQPPOHTOBBIM KOOPINHATAM

1
Ui

x

Puc. 3. Teomerpuueckass momenb (ppoHTA BOJHBI

2(7-_5)7 7—:7757 é—:

U f=za =g 8

JlanHble  KOOPJMHATHI XapaKTEPU3YIOT
HJIC B okpecTtHOCTH (DPOHTA BOJHBI PACIIIH-
penns nopska O(n?). Cuanraercs, uro aud-
bepennuposanue mo KoopuHaTam (8) He Me-
HSIET aCHMIITOTUYECKOTO MOPSIIKA UCKOMBIX
dyHKIHIIL.

Kpome Toro, BBesieM 6Ge3pasMepHOe Bpe-
Mg peJsrakcanuu 1o (popmysie

B IIPOU3BOJIbHOM 000JI0UKE BpAIEHUsI
Fig. 3. Geometric model of a wave front in an !

arbitrary shell of revolution
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Acumurorukn st komnonenT HJIC BosbMmeMm anasioruuno patore [10] B dopme

* 2 %
v = anla V3 = RT] ’1)3,

—1 _x* —1 _x* —1 *
o =LEn "o, ow=En "0y, o033=En 03, o013=~L0;

C‘—II/ITa.eTCﬂ7 4YTO BEJIMYUHBI CO SBQS'HO‘{KOI';I nMernT O,ILI/IHa/KOBbH';I aCUMIOTOTUYECKUI IIOPA 0K
1o 1.
B pesysbrare paspemarormiast cucrema ypasaenuii (4), (6) npumver Bu
0o} doy F 1 Oof doy
29%11 11 +772 CF = 1 1+F2772 13
o0& ox 1+ F? R} OCr Ir
2, %
21k % * CF 1—v 0 U1
ot~ i) = (1 )
+n°k* (011 — 032) + nR*m (1+v)(1 — 2v) Ox2
——+<1 —— L)Vt F? ( 7) -
ax + nRTm + aCF nR* 11 77R2 022 + n R* R; 033

1—v 0%vi
_(1+77 - CF 2) 3
RiV1+ F2/ (

=0,

v)(1—2v) 022

0 9 0V Cr ov} 9 CpF 1 Ov}
T (2 (g — _
ax<("7 o€ ( Thr w/rlw) oz TTr PR agF>

- (P ) 7 - (772 v ) o+ i) Q
8895 (an*<1 " TReVI T F? <1F+ F2) T) ( 8893)052 N ( CJ% 13;1/ " Vaic)@l +is);
e (VTP ) = (72 ty) )t = (11550 v o+ o)

1 0 Cr Ovg vy 1 dois
S A — - 1+ 220 = ) = 28
21+ 1) ax<< nR{«/ileF?)( 5.) F VI o "m) T Tow

B manHOM Ccilyyae aCUMITOTHYECKH I'JIaBHON KOMIIOHEHTOH BEKTOPA I€PEMENIEHUN SIBIISIETCS
KacaTesjbHoe rnepemerenue v1. [loaromy O6ysemM BBIBOJUTH OCHOBHOE YpaBHEHNE ACUMIITOTUIECKH
OIITUMAJIbHONM CHUCTEeMBI OTHOCHTEJIbHO 3TOI KOMIIOHEHTBI U3 II€PBOTO YPaBHEHUs JBUKEHU, &
TaK2Ke II0JIyIUM BbIPpaKeHUs JJIsd OCTAJIbHBIX KOMIIOHEHT 4Yepe3 U].

B ommune or yupyroro ciaydast 9], TpexMepHble ypaBHEHHUsI [BUZKEHHsI B CJIydae BI3KOYIIPY-
roit 000JI0YKU HE MOTYT OBITH 3aIMCAHBbI B IIEPEMEIeHnsiX n3-3a (DOPMbI 3aINCH yPABHEHUI CO-
CTOSTHUS, KOTOPBIE HEJIb3sl Pa3PeInTh B OOIIEM BUJI€ OTHOCUTEILHO HampsizkeHuit. [losromy st
[OJIy4eHusl TpeOyeMbIX aCUMIITOTHYECKN ONTHMAJIbHBIX YPaBHEHUN HEOOXOIUMO JIOMOJHUTETHHO
Pa3JIOKUTH BEJIMINHBI CO 3B€3/109KON B (9) B PsAJBl 10 MaJIOMy HapaMmeTpy 1o (opMyiam

= fo+nfi+0°fs.

JlanHoe pa3jokeHne MO3BOJIAeT HATH sIBHbIE 3aBUCUMOCTH JIJIsT HAIIPSI?KEHU 1 HOPMaJIbHOTO
HepeMeIeHnsT Yepe3 IMePeMeNeHne v; , ¢ aCHMITOTHYecKoil norpemtnoctsio O(n) B Bue
b

* I-v 81/{,0 * 0k v 81/1"0
7110 = 1+v)(1—2v) Oz’ 7220 = 7830 = 1+v)(1—2v) Oz’
1 duig vy dvig
f0= ——V1+ 2L 0~ 14
T1B0T 14y + orp’ Oz + or’
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a TakzKe IOJIYYUThL OJHO pa3pellarollee ypaBHeHUe i aCUMITOTUYCCKU IJIABHONM KOMIIOHCHTDI
BEKTOpa liepeMelleHnil v1 B BUIe

Ovip 2pF 1 Pvig  0%ip o Oviy  21-2) Fvip

1+ F* — —
(1+F7) 9% 14 F? R} 0z0(r Dz0¢ or  3n(1-v) Oz ’
rue k* = %%, R} = %.

Bosspaliasicb B MOJIy4eHHBIX YPABHEHUSIX K PA3MEPHBIM II€PeMeHHBbIM (7) U UCKOMBIM pa3-
MEpPHBIM (DYHKIHSIM, IOJIYIaeM CJIEIYIONIYIO CUCTEMY aCUMITOTUYECKH OINTHMAJIbLHBIX pa3pera-
IONIUX yPABHEHUI IIOI'PAHCIION B OKPECTHOCTH (PPOHTA BOJIHBI PACHIUPEHUS JJIsi ACUMIITOTUIECKH
riapabix KomnornenT HJIC:

9%y 9 9%, 1 9%, 22pF 1 0% 2(1—2v) \ Ou

U L4 F -~ — S )P

9az * (1+F7) 022 & ot? T Ry 0adzp ( 3erty (1 — y)> da 0 (10)
El—-v) Ou Ev vy

011 = 022 = 033 = (

(1+v)(1—2v) da’ 14+v)(1—2v) da’

Ypasaenusi (10) onuceIBaOT perenne UCXOAHOM 3a/1a91 B OKPECTHOCTH TIOIPAHCIION TOPSIIKA
O(n), BHYTpPH KOTOPOii OH COIepsKUTCA ¢ ToamuHoil nopsaxa O(n?).

Takum obpaszom, 3aj1a4da ONPEJIE/IEHUsT PEIIEHUsT B MaJIOi OKPEeCTHOCTU (DPOHTA BOJHBI Pac-
IIAPEHUST CBOIUTCS K PEIeHUI0 YPABHEHUS B YACTHBIX MPOU3BOIHBIX BTOPOIO TOPSAIKA C Iepe-
MeHHbIMU K03 duimenTamu — rnepsoro ypasHenusi cucremsl (10). [Tosyuennoe perenne j10JKHO
YIOBJIETBOPSITH CJIEYIOIIIM I'PAHUIHBIM YCJIOBUSM, COOTBETCTBYIOIIUM PACCMATPUBAEMOMY THUILY
TOPIEBONA HAIPDY3KU:

033=0 mpum zp==+hV1+ F2, (11)
on=1IH(t) mpn «a=0. (12)

Baech (11) —rpaHuvHoe ycCaOBHE Ha JIMIEBBIX [OBEPXHOCTSX, (12) —rpaHuvnHoe ycjaoBHe
Ha TOPIIE.

3akJIroueHue

Caenryer 3amerursb, uro upu F(ap) = 0 (ciayuail 060109KM BpalleHust HyJIE€BON IayccoBoii
KpuBu3HbI) ypasHeHusi (10) coBHajaOT ¢ aHAJOTHYHBIME YPABHEHUSIMH, 110JIydeHHbIMU B |8, 10]
JIJIsl COOTBETCTBYIONIUX 000JI0UEK, a Ipu t, — 00 (yIpyruil MaTepuast) COBIAJIAIOT C AHAJIOITIHbI-
MU yPaBHEHUSIMHE, Oy YeHHBIME B [9] /17151 ci1ydast IpOM3BOJIBLHOI yIPYToit 060JOYKH BPAIIEHHUS.
Jannbie GaKkThl MOJATBEPHKIAIOT JJOCTOBEPHOCTD Oy YEHHBIX PE3YJIbTaTOB.

Takum 06pa3oM, IPEJACTABICHHBIA B JIAHHONW CTATHE BBIBOJ ACUMIITOTUIECKH ONTUMAJIBHBIX
YPaBHEHUI rUnepOoInIecKOro MOrPaHC/Ios B OKPECTHOCTH (DPOHTA BOJIHBI PACIITMPEHUS B 000101~
Ke BpallleHust 00IIero ouepTaHusi, BHIIOJTHEHHON U3 BA3KOYIIPYTOro MaTepHUasia, IpeICTaBIeHHOrO
MoIe/IbI0 MaKcBelIa, MOTHOCTBIO MOJATBEPKIAeT YHUBEPCATbHBIA XapaKTep aCUMITOTHYIECKOIO
MO/IX0/1a, Pa3pabOTAHHOIO Ha MPUMEPE YIIPYTUX 000JI0UEK BPAIIEHHUS.
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Awnnoramus. PaccmarpuBaercst [BMKeHnE MAaTEPUAJBHON TOYKHM BOJIM3KM OCOOEHHOCTH THUIA JIBYX Kaca-
IOIMUXCsl oBepXHOCTEH. [T0BEepXHOCTH pacIioIoKeHbl CHMMETPHUYHO OTHOCHUTEIHLHO ODOIIEell KacaTesbHOM
IJIOCKOCTU U UMEIOT O0IILyIo och Bparenus. CHadaa paccMaTPUBAETCsT MOJIESh JIBUYKEHUSI JIJISI TOJIOHOM-
Hoit Mexanuku. [lokazano, 9To 4epe3 0coOyI0 TOUKY MOT'YT IPOXOJUTDH TOJIBKO TPACKTOPUH B (DUKCHPOBAH-
HOIi TIJIOCKOCTH, COJIEprKallieil OCh BpAIleHUs MOBEPXHOCTE. B TOUKe KacaHUs BOSHUKAET JMHAMIIECKAST
HEOIPEJIEJIEHHOCTD, TAK KaK y TPAEKTOPUHU CYIIECTBYET HECKOJIBKO BeTBeil aBmkenust. Jjis nccieroBanus
JBUYKEHUS MATEPUAIbHON TOYKM BOJIM3M OCOOEHHOCTH THUIIA IBYX KACAKIUXCS TapabOIONI0B PACCMAT-
pUBaeTCs MOJEIb PeAU3aliy CUJI PEAKIINU TOJOHOMHBIX CBsI3ell depe3 yIpyruit HOTEHIHA ¢ OOIBIITIM
mapaMeTpoM YKeCTKOCTHU, WU KeCTKui noreHnuas. [Torennualt momKkeH obpamarbest B HOJTb Ha MHOTO00-
pa3un ¢ 0COOEHHOCTSIMU U OBITH CTPOTO MOJIOKHUTEILHBIM BHE €ro. Jljis Mofenn ¢ }KeCTKUM ITOTEHITHATIOM
TaKXKe TOJIyJaeTcs, YTO 9epe3 0COOYI0 TOUKY MOTYT IIPOXOJINTH TOJILKO TPAECKTOPUU B (DUKCHPOBAHHOM
IJIOCKOCTH, CconlepzKaleil och BparieHus mnapabosiongoB. Creaano YuCJIeHHOe MOJEJNPOBAHUE JTHHAMU-
ku. [losygeno, 94T0 TpaeKTOPUN CHCTEMBI C YKECTKUM ITOTEHITUAJIOM MOI'YT KAYECTBEHHO OTJIMIATHCST OT
TPAEKTOPHUIl COOTBETCTBYIOIIEH TOJIOHOMHON crucTeMbl. ['0JIOHOMHAsI CHCTeMa MTHOBEHHO ITPOXO/UT Ieo-
METPUYIECKYIO OCOOEHHOCTD, JBUTAsICh C HEHYJIEBOH CKOpOCThIO. CHUCTeMa ¢ YKECTKUM IOTEHIHAIOM MO-
JKET IBUTATHCS B CHHTYJISPHON 00JIACTH KOHEIHOE BPEMSsI, B PE3yJIbTaTe 9er0 BOSHUKAIOT OBICTPBIE CMEHBI
HaIIpPaBJIEHUs] BEKTOPa CKOPOCTU. B peasibHbIX MEXaHWYEeCKUX CUCTEMAX JIAHHBIN THIl JBUXKEHUS MOXKET
[IPUBOJINTDH K TIOJIOMKAM HJIA K HEYCTOWIUBOCTH TPAEKTOPUA.
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Abstract. The motion of a material point near a singularity of the type of two tangent surfaces is
considered. The surfaces are located symmetrically with respect to a common tangent plane and have
a common axis of rotation. First, a model of motion for holonomic mechanics is considered. It is shown
that only trajectories in a fixed plane containing the axis of rotation of the surfaces can pass through
a singular point. At the point of contact, dynamic uncertainty arises, since the trajectory has several
possible branches of motion. To study the motion of a material point near a singularity of the type of
double tangent paraboloid, a model of the implementation of holonomic constraints through an elastic
potential with a large stiffness parameter, or a “stiff potential”, is considered. The potential must vanish on
the manifold with singularities and must be strictly positive outside it. For a model with a stiff potential,
it also turns out that only trajectories in a fixed plane containing the axis of rotation of the paraboloids
can pass through a singular point. Numerical modeling of the dynamics was done. It was found that
the trajectories of a system with a stiff potential can qualitatively differ from the trajectories of the
corresponding holonomic system. A holonomic system instantly passes a geometric singularity, moving
with a non-zero velocity. A system with a stiff potential can move in a singular region for a finite time,
resulting in rapid changes in the direction of the velocity vector. In real mechanical systems, this type of
motion can lead to breakdowns or instability of trajectories.

Keywords: singular point, manifolds with singularities, tangency type singularity, holonomic constraints,
realization of constraints in mechanics
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Bsenenue

st mccreloBaHus IBUYKEHUsT TOJIOHOMHBIX MEXAHUUIECKUX CUCTEM B OOJIBITUHCTBE CJIYYIAEB
IpUMeHsIoTCa ypaBHenus Jlarpamxka win ['amunbrona. Hesgsuo mpe/nosaraercs, ITO roJIOHOM-
HbIE CBA3U BCIOJLY SIBJISIOTCH HE3ABUCHUMBIMU. B 3TOM cilydae KOH(MUTYPAIIMOHHOE TPOCTPAHCTBO,
3aJlaBaeMoe TOJIOHOMHBIMU CBSI3SIMU, SIBJISIETCS TVIAJIKUM MHOroobpasueMm. llosioxkenue uzobpa-
JKAIOIIEN TOYKU OIMCHIBAETCSI KOHEYHBIM (1 IIOCTOSIHHBIM) YHCJIOM OOOGIIEHHBIX KOOD/MHAT, KO-
TOPBIE MTO3BOJIAIOT COCTABUTDH ypaBHeHus Jlarpam:ka BTOpOro poja.

3aBUCHMBIE€ TOJIOHOMHBIE CBSI3U BO3HUKAIOT B TEOPHUHU CHCTEM C H30BITOYHBIMU CBS3SMU, B
KOTODPBIX UHCIO CBsA3el OOJIbINe THC/Ia HE3ABUCHMBIX KOOpAWHAT. JlOMOJHUTENbHBIE CBA3U MO-
I'yT JaBaTh JOMOJHUTEbHYIO (DYHKIIMOHAJBHOCTD UJIN CJIY?KUTh JIJIsT TIOBBIMIEHUs] YCTONIMBOCTH
kKoHCTpyKImu. [Iprvep Mexanusma ¢ «u30bITOUHBIMY 3BeHOM TpuBoauTcs B |1]. JIuneitnas cucre-
Ma, ypaBHEHUIl JIJisi OlpeJie/IeHs MHOXKUTe el JlarpaHka Jijist CUCTEM C U30BITOYHBIMU CBSI3SIMU
SIBJISIETCST TIepeoTipeieientoit. B GOMbIIHCTBE CcilydaeB pernierne (pOPMYIUPYETCss ¢ MTOMOIIHIO
nceB006paTHOl MaTpuiibl [2]. OGBIYHO pe/InoIaraeTCst, YT0 B CHCTEMAaX ¢ N30BITOIHBIME CBSI3s1-
MU eCTh 00ODITIEHHbIE KOOPJMHATDI, KOTOPBIE OJIHO3HAYHO OMUCHIBAIOT COCTOSIHAE CUCTEMBI. PaHr
CB#A3CH IIOCTOAHHBIN.

leomerpudeckre 0COBEHHOCTH BO3HUKAIOT, KOTJIA PAHT CBA3EHl MOXKET MEHSTHCH OT TOYKU K
touke. OCcOOEHHOCTH TOJIOHOMHBIX UJIU HETOJIOHOMHBIX CBS3€fl PAcCMaTpUBAIOTCS B HEDOJIBIIOM
qucsie pabor. JIpurkenne Gasku ¢ JByMsI KOHbKaMu uccisejnyercst B crarbe [3]. B crarbe [4] pac-
cMaTpuBaioTcd OudypKaIu MOJ0KEHUIT PABHOBECUS OJIHOMEPHON MeXaHUYeCKOH CHUCTEMBI Ha
IJIOCKOCTU C OCOOEHHOCTBIO THUIIA MEPECCUYCHNs B 3aBUCHMOCTH OT IIapaMETPOB CBs3H. |eomer-
pudeckne 0COOEHHOCTH KOHMUTYPAIIMOHHOTO ITPOCTPAHCTBA BCTPEYAIOTCS KAaK OJUH U3 THUIOB
ocobeHHOCTell B Teopuu NapaJiieabHbIXx MexaHusMoB [5|. B pa6ore [6] ucciemyercs nsuzxenue
MaTepPUATBHOI TOYKU Ha MOBEPXHOCTH KOHYCA B paMKaX TI'OJJOHOMHOM MEXaHUKH U KBaHTOBOI
Mmexanuku. JIBmxkenue «mnapajgokcagabHoroy» mexaumsma 1. JI. YebblméBa m3ydaeTcss B cTaThe
asTopa |7].

B rosionomuoii Mexannke 0ObIYHO HE PACCMATPUBAIOTCS CHJIbI, KOTOPBIE 33/[aI0T I'OJIOHOMHBIE
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cBasu. C yderoM crocoba pean3alui IOJJOHOMHBIX CBA3€l BO3MOXKHO IIOJIYUYHUTh 0OJiee TOIHYIO
dusnueckyio Mojieib. B mureparype cyIecTByeT HeCKO/ILKO BAPUAHTOB PEATU3AINN IOJIOHOMHBIX
cBsi3eff, TAaKUX Kak JIONOJHUTENbHbIE MacChl WK yupyruil norernuad [8, c. 53-60]. Hauanbubie
JIAHHBIE JIJIST CUCTEMBI C YIIPYTUM MTOTEHITAAIOM JIOJI2KHBI COBIIaIATh C HAUAJIbHBIMU JJAHHBIMU JIJIsT
TOJIOHOMHOM crucTeMbI. TorIa TPAeKTOPUHU CUCTEMBI C YIIPYTUM ITOTEHIINAJIOM JTOJIYKHBI CTPEMUTH-
cd K TPAeKTOPHUSM CUCTEMBI C TOJJOHOMHBIMU CBA3SAMHU TP YBEJUYEHUU IapaMeTpa >KeCTKOCTH
noreniuaa. B pabore [9] nannasi peasmsanusi TOJIOHOMHBIX CBsI3eii JloKa3aHa JJisi KOHCEPBATHB-
Hbix cucreM. Ciyuail 6osee obmux cucrem paccmarpusaercst B [10]. [IuzkeHue ¢ HadaIbHBIM
BEKTOPOM CKOPOCTH, KOTODBIH He KacaeTcsi MHOroobpas3us cBs3eil, ucciaepyercs B [11].

Meroz ¢ 3aMeH0il crI peakIinii FOJIOHOMHBIX CBSA3€H YIIPYTUM IIOTEHITUAIOM C HOJIBIITIM KO-
burreHTOM KECTKOCTH (KECTKUM MOTEHIMAJIOM) eCTeCTBEHHO 0000IIAeTCsl JIUIsl MEXaHUIECKIX
CHCTEM C OCODEHHOCTSIMU KOH(MPUTYPaAImOHHOTO ITpocTpancTBa. [loaToMy MeTo ¢ JKeCTKIM ITOTeH-
[IaJIOM TIPUMEHVM JIJIsi IIUPOKOTO KJIacca MexaHmdecknx cucreM. Ho (Bo3MOXKHAs1) CXOAMMOCTH
TPAEeKTOPUIl ABJISETCA OTKPBITON 3a1aveli.

OcHoBHAasI 1IeJIb JAHHOM paboThl — cPOPMYIMPOBATH U OIUCATH KaueCTBEHHbIE 3 (DEKTHI, CBsI-
3aHHbIE C JUHAMUKON MEXaHMIECKON CrCTEeMBI BOIN3U OCOOEHHOCTH THITa Kacanud. ljisa anaimsa
paccMaTpuBaeTCs JIBUXKEHNE MaTepUaJbHON TOYKH 10 JIBYM KAaCAIOIIMMCS T1apaboIon1aM.

HoBuznaa paboTh! 3aK/1I09a€TCs B IPUMEHEHNN METO/IOB Pean3allui TOJIOHOMHBIX CBSI3€H JI/Ist
CHUCTEM C P€OMETPUIECKUMH OCOOEHHOCTAMHI KOH(UT'Y PAITMOHHOIO IPOCTPaHCTBa. B paMKax craH-
JAPTHOM TOJIOHOMHON MEXaHUKM JIBUXKEHUE depe3 0coOble TOUKM He OIMUChIBaeTCs. Takke Teope-
TUYECKN MMOCTPOEHBI TPAEKTOPUN JIBUKEHUS MATEPUAJIHLHON TOUKH IIPH IMOJAX0JIe K NeOMeTprie-
CKOIf OCOOEHHOCTH JJIsl JBOMHO# MOBEPXHOCTH BPAIIECHHS.

JlJIsT Ka4ecTBEHHOI'O OIMCAHMSI JIUHAMUKHU BOJIN3M OCOOEHHOCTU BBOJATCS HOBBIE IOHSITHS:
«00JIaCTh BOBMOXKHOTO JIBUXKEHUSI» U «CHHTY/IsIpHAsT 00J1acThb». Jleraercst YnceHHoe MOIETIpPo-
BaHUe TpaeKTopuii. [losydeHo, 9TO TPpaeKTOPUU CUCTEMBI C YKECTKUM IMOTEHIIMAJIOM MOT'YT Kade-
CTBEHHO OT/IMYATHCSI OT TPAEKTOPHUil NBUXKEHUsT CUCTEMBI ¢ TOJTOHOMHBIMU CBsi3siMu. Hampumep,
TPAEKTOPHUS NOJIOHOMHON CHCTEMBI ITPOXOIUT I'€OMETPUIECKYI0O OCOOEHHOCTH 38 HYJIEBOE BpPEMs.
Ho TpaekTopusi CHCTEMBI C 2KECTKHUM IMOTEHIIMAJIOM MOYXKET JJIUTETHbHOE BpeMA HAXOAUThCS B CUH-
TYJSIPHOM 00JIacTH, ITOCJIETOBATEIHHO «OTPaXKasiChy OT I'PAHUIL 00JIACTH BO3MOXKHOTO JTBUKEHUSI.
BricTtpast cMena BeKTOpa CKOPOCTH U «YIAPHBIE» IBUKEHUS MOT'YT IIPUBOJIUTH K HEYCTOWIMBOMY
pexuMy PabOThl MEXaHU3MA.

JJtst TocTpoeHusT ypaBHEHUH JIBUKEHUS JIJISI TOJTOHOMHBIX CHCTEM U JJIsi CUCTEM C YKECTKHM
HOTEHIUAJIOM [IPUMeHsieTcs1 obIast Teopust ypasaenuii Jlarpanxka [12, rur. 5. Marpuunas dopma
ypaBrenuii mpuBoguTes B |13, ri. 8|. B mpenpuiymnux craThax aBTopa Ha IPUMEPe CHHIYJISIPHOIO
MasITHUKA PACCMaTPUBAJIOCH JBUKEHNE TOJJOHOMHBIX CUCTEM C OCOOEHHOCTBIO TUTIA TepeCcedeHns
WM KacaHWsl JBYX KPUBBIX Ha 1iockocTu [14]. O6obrienne MHAMUKN CHHIYJISPHOIO MasITHUKA
C TIOMOIIBIO YIIPYTOro MOTEHIHAIA UCCIeyeTcs B cTaThe |15].

1. /JIBoiiHas MOBEpPXHOCTH BpaIlleHUS

B nmammom pasziesne msydaeTrcs IBHKEHHE MaTEPHAJIBHON TOYKUA IO IOIMHOYKECTBY €BKJIH-
J0Ba IIPOCTPAHCTBa, KOTOPOe COCTOMT W3 JBYX IJIaJKUX MoBepxHOocTell. IIpemmomaraercst, wTo
HOBEPXHOCTH MMEIOT KACAHHEe [EePBOrO MOPsiJIKa B OJHOI M30/MpoBaHHON Touke (0co60il TouKe
KOHbUrypanuoHHoro npocrpatcrsa). OCHOBHOI HHTEPEC IPEJICTABIISIET IBUXKEHIE YePe3 TeOMeT-
pudeckyio ocobyio Touky. JluHaMuKa nccieyercs B paMKax I'OJIOHOMHOM MEXaHUKU.

CHUMMeTpHUYHBIE MOBEPXHOCTH. PaccMOTPUM TpexMepHOe eBK/IMIOBO MPOCTPAHCTBO R3.
SaduKrcupyeM HEKOTOPYIO CUCTEMY IPSIMOYTOJIbHBIX KoopauHaT Oxyz. [lycTs aBe mOBEpXHOCTH
M, u M_ pacnosnoxensl B R? cummerpuano oraocuTensno miockocta Ory:

M+:{(x,y,z) ZZ:f(l',y)}, M- :{(x7y7z) 2Z:—f($,y)}. <1>

Oyukuus f(x,y) > 0 asusiercst raagakoit. [Ipeamosnoxkum, aro nosepxHocru My u M_ 1e-
pecekatoTcst B nzosmpoBannoii Touke s = (0,0, O)T. Ob6ozHauenne «1T'» COOTBETCTBYET TPAHCIIO-
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HUPOBAHMUIO BEKTOPa WM MarTpuilbl. Jlajee BEKTOPhI pacCMaTpPUBaIOTCA KaK BEKTOPBI-CTOJIOIBI.

Ob6bemuuenne aByx nosepxuocreit X = M4 U M_ gBagercs MHOTOOOpa3ueM ¢ OCODEHHOCTSIMH,

a TOYKa S SIBJISIETCsT 0co0o0it Toukoit. B okpecTtHOCTH TOUKEM S MHOXKecTBO X He muddeoMopdHO

eBKJIIIOBY mpocTpanctBy R2. Takke B OKPECTHOCTH TOYKH S HET OJHO3HAYHBIX OOOGIIEHHBIX

KOOpAWHAT.

Eciin muOX)KecTBO X sIBIIsieTCst KOHMDUTYPAITMOHHBIM ITPOCTPAHCTBOM MEXaHUIECKOW CUCTEMBI,
TO BOJIU3U TOYKU S €CTh MeOMETPUYECKash BO3SMOKHOCTh CMEHbI THIIA JIBUKEHHUsI (II€pexo| ¢ OJl-
HOIT IOBEPXHOCTH Ha APYyTyio). JIBIKeHIe B OKPECTHOCTH TOYKH S HE OIHCBIBACTCS TOJIOHOMHOM
MEXaHUKOI.

st naJibHeRIero aHa/m3a MpeJIrmooyKuM, ITo moBepxHocTu My u M_ sIBISFOTCST IOBEPX-
HOCTSIME BpaleHus Bokpyr ocu Oz. BBejeM HMUIMHIPUYECKYIO CHCTEMY KOODJIMHAT, OCHOBHAS
0Chb KOTOpO#i coBmagaer ¢ oceio Oz. Js mpomssosbuoit Toukn P € R3 060o3naunM paccros-
Hre or Touku P 1o ocu Oz Kak 1, KOOpJAMHATY 2z Kak h (BBICOTY) M yroj IIOBOpOTa TOYKH P
otHocuTesibHO ocu Oz Kak . st nosepxuocreit My u M_ Boicora h siBiisiercs DyHKIHEH pac-
crosinusi —h = h(r). Torpa uz ypasuenus (1) nosydaercs cieayiomasi napaMeTPU3aIs JIBYX
HOBEPXHOCTEH:

My :{(T790>h) : h:h(T‘)}, M- :{(T790¢h) th= —h(?“)}, X=MUM_. (2)

Koopauuater u ckopocTtu jisi Touek moBepxuocreit My u M_ B JIeKApTOBBIX KOOPIUHATAX

BBIPAKAIOTCS Yepe3 KOOP/MHATHI U CKOPOCTHU B IUJIMHIPUIECKUX KOoOpauHaTax (2):

y =rsin(e), z=h(r),
y = isin(p) + 7 cos(p)p,

x = rcos(p),

& = 1 cos(p) — rsin(p)@, (3)

z=h'(r)r.
Hns dynxuun h = 72 MHOKecTBO X COCTOHT U3 JBYX KACAIOIINXCS I1apaboIoI0B.

Sameuanne 1. B nanuoii crarbe npumensiercst merpudeckas cucreMa equaun, CU. Ho mis
3alUCH MAaTEeMATUIeCKUX BbIPpAyKeHUH (hopMaTbHO HEOOXOUM Iepexo/] K Ge3pasMepHbIM Iepe-
MeHHBIM. [T09TOMY IepeMeHHble Pa3MEPHOCTH <«JJIUHBI» JIEJIATCA Ha 1 MeTp, mepeMeHHbIe pas3-
MEPHOCTH «BPEMEHU» JIEJISITCS Ha 1 CeKyHJLy, IIepeMEeHHbIe PA3MEPHOCTH «MAaCChl» JIeJIITCs Ha 1
kr. B bopmyiie h = r? Besmmumna 2 B pa3sMepHOM BHJIE UMeET Pa3MEPHOCTh JJIMHBI [M|, a He 1wio-
ma;m [M2], Kak JIO/KHO ClleIoBaTh U3 Pa3MEPHOCTH JUTHHbI 7l BeJIMIUHBI 7. B obmeM ciydae
dopmysbr Tuia h = h(r) ¢ TOUYKM 3peHUs] METPUYECKUX COOTHOINEHUH O3HAYAIOT, YTO JJIMHA
h M| pasaa BesunHE

Ev v

w‘\

h(rm]) :=h

st BerectBerHoi dyukmun h : R — R.

Obmast cxeMa JBYX KacaroImuxcs mapado-
JIOMJIOB ToKazaHa Ha puc. 1. Touka P’ coor-
BETCTBYET IPOEKIINU TOYKHU P Ha MOBEPXHOCTH
OJTHOTO M3 MAapabOJIONJIOB Ha IJIOCKOCTL Oxy.

Takrke cxeMaTUIHO MTOKA3aHA TPACKTOPHS Ma-
TePUAJHLHON TOYKHU, KOTOpPasi B OCO0OI TOUYKe
s = (0,0, O)T MOXKeT IIePeXOUTh C «BepxXHeil»
IIOBEPXHOCTH HA «HWKHIOIO» TOBEPXHOCTD.
Jlaee B cTaTbe M3y4daeTCs JIBUXKEHUE Ma-

Puc. 1. IBa xacarommxcs mapaboJsionia ¢ ooreit
KacaTeJbHON TI0CKOCThIo Oy
Fig. 1. Two tangent paraboloids with common
tangent plane Oxy

TEPUAJIbHON TOYKM IO JIBOMHON ITOBEPXHOCTU C IOMOIIBIO METOJIOB I'OJJOHOMHON MEXaHUKHU U
METOJIOB peajin3alii I'OJJOHOMHBIX CBA3€H depe3 yIpyruil HOTEeHITAAJ.
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2. /IBurkeHWe IoJIOHOMHOM CHCTEMBbI

IMuauHaagpuYecKne KOOpAUMHATBI. PaccMOTpUM JBUKEHHE MATEPUAILHOI TOUKH MacCOit
m 1o muoxkectBy X, 3ajaBaeMoMy ypasaenusamu (2). Bue ocoboit Toukn s = (0,0,0)7 mosoxe-
HHME MATEPUAJIbHON TOUKH OJHO3HAYHO MapaMeTpusyeTcsd BeamauHaMu (1, ¢). IIpoanammsupyem
YPaBHEHHUSI JIBUKEHHSI MATEPUATBHON TOYKH 10 MHOKECTBY X B IMIMHIAPUIECKUX KOOPJAUHATAX.
Kunernueckas sneprus MaTepuajbHONl TOUKH

1 PRVIVACIN SN
T = (14 ()P + 5mr (@) (@
Marpuna Kunerndaeckoit sueprun T’ B (4) nveer quaroHanbueiit Bui. Kosdbdurment 1/2 mr?
nepes1 MuOKHTeseM (p)? pasen Hymo Tpn 7 = 0, O3TOMY MAaTPHIA KHHETHHUEeCKOi sneprun (4)
SIBJISIETCST TIOJIOZKUTEIBHO [OJIyolpeiesenHoii. Bue ocoboit Touku (nipu r # 0) Marpuiia KUHETH-
YEeCKOIl SHEPruu sIBJISeTCsl I0JIOXKUTEILHO OIIpeJIeIeHHOI. Y paBHeHus JlarpaH:xa BTOPOro poja
JUISL IBUZKEHUS MATEPHUAJIBLHON TOYKH 110 MHEPIUU UMEIOT BUL

m(1 4 (W (r)?)i +mb' ()W (r)(7)? —mr(9)? =0, mr?@g + 2mrig = 0. (5)

U3 ypasuenuit (5) cienyer, uro yckopenue ¢ (opmasibHo He ompejeseno npu r — 0. Ilpu
r = 0 ypasaenust (5) dakTuuecKn He 3aBUCAT OT ¢ U (), U YCJIOBUE 3aJIa€TCsI TOJBKO Ha YCKO-
peHue 7.

Jlns anammsa TpaeKTOpUil IBMKEHUST MaTEePUATLHON TOYKHU M0 WHEPITUH JEIACTCs MIEPEXOT K
YPABHEHUSIM JIBUXKeHUS B popMme ['aMuibroHa:

— 00OOITEHHBIE UMITYJIBCHI

oT orT
2\ 2.
p’!" = 87" = m(l + (h/) )T7 p(P = aso =mr 807
— MeXaHn4YeCKasd dHePIrud
oo p; P2

— YPpaBHEHUs JIBU2KECHUA

P pr . Dy
ml+ )2y 7T m? ©
N +p§> o
Pr= @ e s P
U3 nocnennero ypashenusi cucrembl (6) ciieilyer, 4ro UMILYJILC py = J = const. Amaso-

TUYHBIA ciry4dail Jijid TPaeKTOpUil MaTepruaJsibHONM TOYKMU Ha IIOBEPXHOCTU JIBOMHOI'O KOHYyCa pac-
cMarpuBajicst B pabore [6]. BosmoxkuO /1Ba pasiuvHbIX BapuaHTa MOBeIeHust TpaekTopuil. Ilycrs
J # 0, Torna
1 J?
N2\ ()2
H = om(1+ (h')?)(#)* +

N3 coxpaneHnss MeXaHUYIECKOH SHEPIrUM CJIEYET, UTO BEJUIUHA 7 OIDAHMYCHA U HE MOYKET
noxomurh 10 0. CieoBarebHO, JI00ble TPACKTOPUU MaTepHaIbHON TOYKHM Ha JBOWHON IOBEPX-
HocTH Bpamenns mpu J # 0 He OXoaAT 10 reoMeTpuyeckoii ocobennoctn s = (0,0,0)7.

[Tycrs reneps J = 0. Torma u3 ypasuenwuii (6) ciemyer, 9ro:

2mr?’

p?

= t, H=Hy= —F—F———-
oo T (T W)
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3uaunrt, upu p, = 0 apuzkenue upu r > 0 UIET BIOJDb IJIOCKOCTH ¢ = const. Yernipexmepnoe
JBUZKEHUE TIEPEXOJUT B AByMEpHOe JBIKeHue. Takke 3ameTuM, 9To nipu J = 0 uMIryine

pr = £+/2mHy(1 + (h')?)

COXpaHsieT 3HaK IIPU JIBUKEHNN, TaK KaK BbIpaykeHUe I0JI KOpHeM He MeHbIe /2mHy. Coorser-
CTBEHHO, CKOpOCTh 7 B (6) coxpansier 3uak npu r — 0. Tpaekropust He mmeer ocobeHHOCTET TTIpU
r — 0. Ho apmkenune ¢ HagajaoMm B 0coboOii TOUKe S He OIPEJIE/ICHO, Tak Kak ypaBHeHust (6) He
npomosKaoTcs Ha r < 0, TocKo/IbKY 1o onpeaentenuto r > (. [Tosromy mj1sa onucanust TBUKEHUS
MaTepPUATHHOI TOYKHU Yepe3 0COOEHHOCTh HY?KHO PACCMOTPETH APYTYIO CHCTEMY KOODIMHAT.
dekapToBbl KoopauHaThbl. /s manbHeliero anajimsa 0yIeM CIUuTaThb, 9TO MOBEPXHOCTU
M, u M_ asnsrorcs napabosoungamu Bpamenusi. MuoxkecrBo X B cucreme koopauHar Oxyz
apysiercs oobequunenuem M, u M_. Ilapabonounsr Bpamenus My u M_ pacrosioXKeHbl CUM-
METPUYIHO OTHOCHUTEHHO TIOCKOCTH OXy M 33 al0TCsl CAEAYIOMUME TOJJOHOMHBIMU CBSI3SIMU f1
u fo:
fi=z—(@*+9%) =0, fo=z+ (> +y*) =0. (7)

lonmonomuast cBs3b f i aBoiinoro mapabosionaa X sIBJISIETCS TTPOU3BEIEHUEM IBYX TOJIO-
HOMHBIX CBsizeil fi u fo, 3aaBaeMbix ypaBHenusiMu (7):

f=f-fo=2"— (" +y)>~
I'paguenTsr cBszeit f1 u fo:
V= (-2z,-2y,1)", Vfo=(22,29,1)"

B oco6oit Touxe s = (0,0,0)” rpaguentsr Vfi u V fo ne obpamaiorca B Hosb. Ho rpajuent
IIPOU3BEJICHUA CBA3EH

Vf=V(fife) = iVfa+ 2V

obparaercss B HOJIb B 0cob0it TouKe s, Tak Kak f1(s) =0 u fa(s) = 0.

CoracHO IPeABIIYIEeMy IIyHKTY TOJBLKO TPAGKTOPUS ABUKEHH B ILIOCKOCTH ( = const Mo-
JKeT JIOCTUTaTh FeOMEeTPHYECKOil ocobennocTu s. B sToM cirydae apuzkenue paKTHUIECKH IPOUCXO-
JIUT B CEYEHHUHN JIBOMHOrO Imapabosionia I0CKOCTbIO, poxosieii yepe3 och Oz. Takue cedenust
SABJIAIOTCA 00beMHEHNEM JIBYX Kacaromuxcs napabost. ITpeanonoKnM, 9o B Ha9aIbHbBI MOMEHT
BpeMeHHU MaTepHaJbHas TOYKa HaXOAUTCA Ha epBoil napaboste. Eciin TpaeKTopus JBUKEHHUA SB-
JISIETCsI TJIAJKON KPUBOI, TO MOCJIe TPOXOKIEHHsI 0COOON TOYKM (TOUKYM BETBJIEHHUsI) C HEHYJIEBOIl
CKOPOCTBIO TPAEKTOPHA JIOJKHA OCTABATLCSA Ha MEPBOil mapabouie.

Vpasuennsi Jlarpanzka MepBOro poja il JBUYKEHUsI MATEPUAJbHONW TOUYKH Maccoil m 1o
nepsomy napabosomity My B JIeKapTOBBIX KoopuHatax q = (x,y, 2)T:

mq = AV fi,

T (8)

vifa+a" fla=o.

Bropoe ypasrenue B (8) nosyuaercst npu jguddepennupoBannn cBsa3u (7) JBaXKJIbI 110 Bpe-
MeHn. [TpsiMBIM BBIUHCIIEHEEM IPOBEPSIETCsI, ITO st cBsizu f1 B hopmyste (7)

2()* + 2(9)*

VAVA=1+42 + 4%, & fla=-2(2)?2-21)>% M=m ——5 "
fiVh +4z" +4y°, q f1q (¢) ()7, 1 1+ 422 1 4y?

9)

B nocnennem ypasnenun f; o6o3HadaeT MaTpPUIly BTOPLIX IPOM3BOIHLIX (MaTpuily lecce
1
st cesisu f1(q) = 0. Ypasuenusi (8) u (9) npUMeHSIIOTCs JIJIsl YMCJIEHHOIO MOJIEJIMPOBAHUS
JIBIZKEHNST TOJIOHOMHO( CHCTeMBI ¢ 071HO# ¢Bst3bio f1(q) = 0.
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Heomnpenenennocts aBukenus. PaccMoTpuM JIBUYKEHUE ¢ TOJIOHOMHOI CBSI3bIO f BMECTO
cesisu fi B ypasHenusix (8). IIpe/iosioxkunM KOHEYHOE 3HAUEHHE BEJIMYMHBI A B 0C000ii TOUKe.
Torna B ocoboit Totuke s, yuaurbiBas V f(s) = 0,

mq =0, q'f'q=0.

N3 coornomenust md = 0 mojiyuaeM MIHOBEHHOE MPSMOJIMHEHHOE JIBU2KEHUE BJI0JIbh BEKTOPA
ckopoctu. [lnockocts Oxy SBISETCS KACATENLHON MIOCKOCTBIO K mapabosonmam My u M_ B
touxe s. Torma u3 ycnosust ¢ fi'q = 0 nomysaercs, uto (i)% + ()% = 0, T.e. BeKTOp CKOPOCTH
MaTepUaTbHON TOYKHU JIO/2KEeH ObITh paBeH Hyso. CjeoBaTesbHO, Ui KOHETHOIO 3HAUYCHUS
MHOXKUTeN s Jlarpam:ka A jyist cBsizu f B 0c000ii TOUKE S TPAEKTOPUS JBUXKEHUSI — ITO TOUKA
nokost ((t) =s.

YpaBueHus JABUKEHUS MOJIOHOMHON MEXaHUKHU HE OIMCHIBAIOT BO3MOXKHbBIE U3MEHEHUS I1apa-
METPOB CUCTEMbI (CKOPOCTHU, BETBU JIBHXKEHUS) MDY IIPOXOXKICHUN TPACKTOPUH Ye€Pe3 MeOMEeTPH-
JeCKyI0 OCOOEHHOCTD S = (O,O,O)T B KOH(UTYpaImoHHoM mpocTpancTse. [losTomy paccmarpu-
BaeTCd APYrOofl MeTOo/, CBA3AHHLIN C peajm3anueil cBas3ei.

3. Peanuzanusa cBsaseiil yepe3 ynpyruii IIoTeHImal

B pasneite ucciemyercst MOeNb ABUKEHIS MATEPUAIBLHON TOUKN Yepe3 NeOMETPHUIECKYI0 0CO-
6y1o Touxy s = (0,0,0)7 npoiimoro mapabonoua ppamenus. [y onpcannsa IMHAMEKE BOII3H
OCO6€HHOCTI/I IIpUMEHLAETCA MeTO/ C YIIPYI'UM ITOTEHI[NAJIOM, KOTOprﬁ MoZAe/IMpyeT T'OJIOHOMHYTO
CBSI3b.

VYupyruii noTeHnua. JnnaMmka MEXaHIIeCKOM CUCTEMBI ¢ 0O0DIIEHHBIMU KOOPIMHATAMMU
q=(q1,...,q,)" € R", xunernueckoit sueprueii T', o6obmennbvMu cuiamMuy G 1 TOJTOHOMHBI-
mu csazamu fr(q) = 0, k = 1,...,m onucbiBaercs ypasHeHusiMu JlarpaH:ka BTOPOro poja ¢
HEOIPE/IeJIeHHBIMI MHOXKUTEJIMU A, [11, T, 5]:

d (0T or

I i I . 1
a \ 94 da G+>\k;ka (10)

B rojonoMHOII MexXaHUKe He pacCMaTpPUBAETCHA, KAKMMU CHUJIAMHU PEaU3yIOTCd T'OJIOHOMHBIE
csisu B ypasrenusix (10). Cpeju MeTOIOB peasin3allii MOJIOHOMHBIX CBsi3efi B OCHOBHOM pac-
CMaTPHUBAETCS MOJIEJIb € YIPYTUM ToTeHImanoM [8]. B 9Toii Mojiesn roloHOMHAsT CBsI3b «BO3HUKA-
eT» B pesyJbTare JeiicTBUdA yupyroro norernuaia kW ¢ 60abmmM KoopOUIMEHTOM KECTKOCTH
k. ®yukiust W noskHa ObITh paBHa Hy/0 Ha MHOrooOpasun M (KOTOpoe 3a/1aeTcst CBA3sSMU
fr(q) =0, tme k = 1,...,m) u GbiTb cTPOro NmoJOKUTEIbHON BHE M. YpaBHEHUs J[BUXKEHHUsI
CHUCTEMBI C IToTeHIuaJioM W u mapaMeTpoM »KecTKocTH k:

d (oT 8T_G kaW (11)
dt \ 9q oq oq’

st He3aBUCHMBIX TOJIOHOMHBIX cBsizeil fi(q) = 0, kK = 1,...,m, B ypaBHenun (11) moxkHO
HOJIOYKUTH

W = Z ck(fk)za
k=1

IJIe KOHCTAHTBI Cf, TTOJIOKUTEIBHDI.

B paborax [8] u [9] paccmarpuBaeTcs peasnsalysi TOJOHOMHBIX CBsI3€ll Yepe3 YUPYIHuil [o-
terrmaa kW npu k — oco. IIpu HEKOTOPBIX YCIOBUAX TVIAIKOCTH Ha KOI(MDPUIINEHTHI YPaBHEHMIT
(11) mokazaHo, 9TO JIJIsi KOHEYHOIO MHTEPBaJja BPEMEHHU [t1,ty] TPaeKTOpHs JIBUKEHUs CHCTEMbI
¢ yupyrum norenimaioM (11) cxoaures K TpaeKTOpUN JBUZKEHUsT CUCTeMbI o cBsa3sMu (10) mpu
k — 0o. CxoauMOCTh MOIYYaeTCsa I KOOPAMHAT U CKOPOCTEH TPACKTOPHil, CXOANMOCTD I
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YCKOpeHUii OyIeT TOJBKO B cpeaHeM. HadabHble JaHHbIE JJIs TPAEKTOPUH CUCTEMBI C IIOTEHITH-
astoM (11) Ho/KHBI GBITH COIIACOBAHBI C MHOrOOOpasueM cBsizeil, T.e. qo € M, g € Tq, M.

MeTom ¢ yIpyTruM MOTEHITUAJIOM TIPUMEHSIIC TS JOKA3aTeTbCTBA PEATU3AIIMH TOJIOHOMHBIX
CBsI3€i JIJIsT MEXaHIIECKUX CUCTEM C TVIAJIKUM KOH(MUIYpaIllmoOHHBIM IpocTpaHcTBOM. Ho mamHbIit
METO/I €CTECTBEHHO 0000IIAeTCsT HA MEXaHUIECKUE CUCTEMbBI C OCOOEHHOCTIMU KOHMUIYPAIMOH-
HOT'O IIPOCTPAHCTBA.

Vupyruii moreHnpa ¢ 60JIbIIIM IapaMeTPOM YKECTKOCTH JIajiee Ha3bIBAETCS YKECTKUM IIOTEH-
[IAAJIOM.

Hunnusaapuveckue KOOpAWHATBI. 3aldllleM yYPAaBHEHUs JIBUKEHUA MaTEPUAILHON TOUKN
o aBoitnoMy mnapabosionny X B dpopMme ypaBHenuii 'aMuIbTOHa B MUIMHIPUIECKUX KOODIMHA-
Tax. r[OKa)Kel\/I7 Y9TO B MOJZIeJIN C 2KEeCTKUM IMOTEeHITUAaJIOM TOJIBKO TPaeKTOPUU ABUZKCHUA B IIJIOCKO-
CTH ¢ = const MOryT IpOXoANUTDL depe3 ocobyio Touky s = (0,0, O)T. Onpenenum norennuan W,
KOTOPBI paBeH HYJIIO Ha MHOXKecTBe X H CTPOro OOJIbIE HyJIsl BHE MHOXKeCTBa, X , KAK KBaJpaT

cesizu f = fifo B (7):
W= (fif2)* = (2* = (2® + %)% = (h* — )%, (12)

Kunerndeckasi sueprus MaTepraabHOR TOYKN B MUJIMHIPUIECKIX KOOPIMHATAX OIPE/Ie/IdeT-
csa bopmyiioit
1

T = gm (7 + () + () ;

00001IIEHHbIE UMITYJILCHI —
— N 3 — i
Pr=mr, PpPe=Mr-@, pPp ="M,

raMUu/AbTOHUAH — ) )
p'r p ph 2 4\2
ot et k(B2 =)
2m  2mr 2m
He 6y1em BbIIUCHIBATD IIOJIHYIO CUCTEMY YPAaBHEHUN ABUYKEHNS, HO 3aMETUM, YTO OHU COLEP-

JKaT CJIeYIONNe JIBa yPaBHEHUSI:

H=

. . Py
p(p - 07 ()0 - mr2 . (13)

O6oznaunm p, = J = const. Ecim J # 0, To Tpaekropus asuxenns (13) ne Mozker mpubiiu-
BUThCA K 3HadeHuio r = () jj1g KoHeuHoit suepruu H.

Ecim J =0, To ¢ = 0, T.e. yros ¢ siBIsieTCsl KOHCTAaHTON jiist TpaekTopuun. CjieoBaTeib-
HO, TOJIBKO TPAEKTOPUHU C ¢ = const MoryT gocrudb ocoboit Touku s = (0,0, O)T. Hagambubrit
BEKTOD CKOPOCTHU TAKOH TPaeKTOPUHU JIOJI?KeH ObITh HAIIPABJIEH B INIOCKOCTHU ¢ = const. TpaexkTo-
pUsi JIEXKUT B IJIOCKOCTH, IIPOXO/ISIIEHl Yepe3 OCh BpaIlleHus JTBOMHOrO napaboionia. Y paBHEHUS
JBUKEHUS B IJIMHIPUYIECKUX KOOPJMHATAX COIEPKAT ocobeHHOCTH 1pu 7 — 0, mO3TOMY JI/Ist
YUCJICHHOW MOJEIU IMPUMEHSAIOTCS APYTHe KOODINHATEI.

JdekapToBbl KOOpAWMHATHI. J[J1s TOCTPOEHUS INCJEHHON MOJIE/N JABUKEHIS MaTePHAIbHON
TOUYKM BOJIM3M JIBOIHOrO napabosonaa X 3amnumieM ypaBHEeHUs! JBUZKEHUs € YIPYTUM (?KECTKUM )
norenipaioM (12) B eKapTOBBIX KOODAMHATAX C IIAPAMETPOM YKECTKOCTH K :

di aw 2 2 212 2 2
m— ==k —— =8k (= (& + ) (@ +97) -,
dy dW 2 2 2\2 2 2
A AR . _ . . 14
m— k &y 8k (2" — (" +y")7) - (2" +y7) -y, (14)
dz dw 9 9 2\2
mo— =k =4k (2~ (& +9°)%) =

YpasHenusi jBrrkenusi (14) He nMeOT OCOOGEHHOCTEH THIIA BBIPOXKJIEHHOH MATPUIBI KHHE-
TUYIECKOW SHEPIUU, KaK s IMUINHIPUIECKUX KoopauHAT. [losToMy i 9uC/IEHHOTO aHasn3a
IPUMEHSIOTCH JIEKAPTOBBI KOOPIANHATHI.
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PaccmarpuBaercst nsukeHue B1osb mwiockocTu ¢ = 0. B sToMm ciiydae TpaeKTOpUs TBUMKEHUS
TEOPETUIECKU MOXKET IIPOXOJUTD Yepe3 0cobyto Touky s = (0,0, O)T. st aucnennoit Mmoziesn 3a-
JIAIOTCS HAUaJIbHOe MOJIoKeHne qo = (7o, ho)T U HavaJIbHasi CKOPOCTb q = (7, hg)T. Haganpubie
yenosus (o, Yo, 20, ¥0, Yo, 20) € TR3 GepyTcs Ha moBepxHOCTH BepxHero mapabosionaa M, 1o
BBIparKeHusAM (3).

WMurepec npejcrasisier oblee MOBEIEHUE TPACKTOPUU CHCTEMBI C KECTKHM ITOTEHIIUAJIOM
BOJIM3U TeoMeTputieckoit ocobennoctu. [Ipu nBmxkenun B miockoctu = const = 0 TpaekTopus
JIBIZKEHHsI CHCTEMbI C JIOHOJIHUTEIbHBIM MOTeHIMaIoM (12) JBUXKeTCsi OKOJIO CeveHusl JBOHHOTO
rmapabojion ia BpallleHns IJIOCKOCThIO ¢ = 0, T.e. o0bemmHeHust 1ByX mapabos. IIpocrpancreen-
Has 331298 IEePEXOIUT B IJIOCKYIO.

Orpanndyenus guHamuku. ChopMy/mpyeM HEKOTOPbLIE OIpeIeeHus B JUHAMUKE IOJIO-
HOMHBIX CHUCTEM C I€OMETPUYECKHMMU OCODEHHOCTSIMH, KOIJA I'OJIOHOMHASI CBSI3b PEAJIU3YETCS C
ITOMOIIBIO YKECTKOI'O MOTEHIINa . DTU OIpeesieHnsT (pOpPMAIU3yOT HAOIIOIEHUsT, Oy IeHHBIE
[IPU IUCJIEHHOM MOJICTUPOBAHUYU TPACKTOPUI NBUKEHUS Il TAHHOTO KJIACCa MEXAHUIECKUX CH-
CTEM.

Onpenenenne 1. O6acTb BOZMOXKHOIO JIBUMKEHHsI (MJIM IIOJIOXKEHUST) MEXaHUIECKON CHU-
CTeMBI — 3TO 00JIaCTh KOH(MUIYPAITMOHHOI'O ITPOCTPAHCTBA MEXAHUYIECKON CUCTEMBI C YKECTKUM
IIOTEHIINAJIOM, KOTOpasl siBjsieTcsi npoekiweii muoxecrsa H(q,q) < Hp mis 3a7aHHOll Makcy-
MaJILHOI MeXaHndecKoil sxneprum Hy.

Korna mapamerp »KeCTKOCTH BO3PACTaeT, TO TPAEKTOPUS MEXaHUIECKON CUCTEMBI C YIPYTIHM
norennuasaoM (12) Bce MeHBIIIE OTKJIOHSIETCH OT MCXOJHOIO KOH(UIYPAIIMOHHOI'O IIPOCTPAHCTBA
¢ ocobennoctsimu [15]. [Toaromy 06s1acTh BOBMOXKHOIO JIBUKEHUST «CYXKAETCsI» JI0 MAJIOH OKPeCT-
HOCTHU MHOXKecTBa X mpu k — 0.

s nBUrKeHNsA MaTepHAJIbHOM TOYKH BOJIM3H JBOMHOTO MapabosIon 1a 0 HHEPIUN MOTEHIH-
aJibHas SHEPrus W KHHETUYIeCKas SHEPIUs ABJISIOTCS HOJOKUTEIbHBIMIA (DYHKITHAME:

1
H=Hy=-mv*+ k- (h? —rH2%

2
[pu nemwkennn o ceasu (h? —r4)? = 0. Makcumanbioe otkiionenne € = (h? —r?)? or cessn
COOTBETCTBYET MaKCHMAJIbHOII IIOTeHINAIbHOM SHeprun npu v = 0:
k- (h* —r"? < H,. (15)

['panurieii 06s1acTH BO3MOYKHOI'O JIBUXKEHUsI SIBJISTIOTCsI 3HaYenust (h, 1), Ipu KOTOPBIX B HEpa-
Bercrse (15) mocturaercs pasercTso. Ilosywaiorces ciemyontue YeTbipe KPUBBIE: Rypp (1), Riow (1),
Tright (1), Tieft(h), KOTOPBIE OrPAHIYUBAIOT JIBUKEHNE CHCTEMBI:

H H
| R LTS P
(16)
4 HO 4 HO
rright(h) = h2 + ?, Tleft(h) = — h2 + ?

Kpussie (16) MOXKHO CPABHUTH CO «CTEHKaMU», O KOTOPBIE [IPU JIBUXKEHUN «YIapSeTCsI» MaTe-
puanbHas Touka. MojeJmpoBanue MOKa3bIBAeT, ITO KOIJla MaTepuabHas TOYKA IPUOIUKACTCA
K rpanurie obsactu (16), TO ee BEKTOP CKOPOCTH OBICTPO MEHSETCsI, KAK IPU YIPYTOM yiape
0 HeyJIep’KUBAIOIILYIO CBs3b. [€OMETPHYECKH IIPH STOM BEKTOpP CKOPOCTH B mpocrpancrse TR3
CTAHOBUTCSI MTOYTH BEPTUKATIHHBIM.

YucaenHoe mojesupoBanue. st MOJeMpOBaHust JBUKEHUST MOJJOHOMHON CHCTEMBI 110
BepxHeMy napabosousy My npumensuics ypashenus (8) u (9). Ilpu monesmposanun coorser-
CTBYIOIIEl CUCTEMBI € YKECTKMM MOTEHIIMAJIOM IpuMeHsiinch ypasaenust (14). I'panuna obiaacru
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BO3MOXKHOT'O JIBUZKEHHUsI CTpOomIach o ¢gopmysam (16). B HavajbHbI MOMEHT BpEMEHU MATepH-
aJibHasl TOUKa, HaXO[UTCst Ha napabosonie M. HagaabHbIN BEKTOP CKOPOCTH JIEYKUT B ILJIOCKO-
CTH, TIPOXOJISINEN Yepe3 och BpalleHus napabdosonnos My u My u kacaercs napabosonga My .
Bajanbl 3HadeHust ro U 19 < 0, mpu 31oMm @ = 0. HavasbHble JaHHBIE [IJIsT TPAEKTOPUH C YIIPYTUM
HOTEHINAJIOM OIPEJIEISAINChH 110 BhIpayKeHusiM (3).

st 6osibinoit xkecrkocTu k cucrema ¢ »KecTKuM moreHnuaioM (14) pasbusaercs Ha GbICTPO-
MeyteHHY 0 cucteMy. O0ODOIIEHHbIE KOODIUHATHI MEHSFOTCS MeJJIeHHO, ODODOIIEHHBIE CKOPOCTH
MeHs1I0TCsE ObIcTpo. [TosToMy HEOOXOIMMO YUUTHIBATH BO3MOXKHYIO KECTKOCTH cucreMbl (14) n
[epeMeHHbI mar nHTerpupoBanus. Jljs duciieHHOro pereHust npumensiercss mMeron LSODA
(Livermore Solver for Ordinary Differential Equation) ¢ aBromaTndeckum onpejiesieHIeM KecT-
KOCTHU CHCTEMBI.

YuciieHHOE WHTErpUPOBAaHUE YPABHEHUI JIBUKEHUS Je1aioch Ha sizbike Python. JIpuskenne
MaTepUabHON TOUYKN BOJU3U JIBORHOTO apabosIonia moJiydeHo ¢ npuMenenneM Meroga LSODA
n3 6ubsmoreku scipy. [Ipum MomempoBaHuu 3a1aBAJINCh CJIEIYIONIAE TapaMeTPhl: abCOJIIOTHAS
norpenmocts 10710, ornocurensnas norpemmnocts 10719, I'paduku TpaexTopmii cTpomIuch, B
oubsimoreke matplotlib. st mocTpoenus: rpadukoB quanaszoH 3uadenuit mo ocsm Ox u Oz moj-
OoupaJicst JJisi IpUBeeHusT IPaOUKOB JIBUXKEHUS JIJIsl PA3HBIX 3HAYMEHUN ImapaMeTpa KeCTKOCTH k
K «CTaHIAPTHON (dopmes:

_QSE .__QSHO — 2 L 2
Tmax = L Lmin = L Zmax = LTmaxs “Amin — ~Lpax -

KoopmHATBl Zpax U Tyin MOJTYYEHBI KaK YABOEHHBIE KOODJIWHATHI TepecedeHus] T'PAHUIIBI
obutactu Bo3MoxkHOTO nBrzKenust (16) ¢ ocvio Ox. I'paduku Tpaekropuit B miockoctu ¢ = (0°
IOKa3aHbl Ha puc. 2, 3.

Ananorns ¢ ABU>KeHHEM TOJIOHOMHOI cucTeMbl. [Ipu nBukeHnn MaTeprabHOl TOYKA
110 MHEPIUN ¢ HAYAJIBHBIME YCJIOBUSIME 79 = 1M u 79 = —1 M/c KoopamHaTa - MeHsieTcss OT 1 M
1o —oo. Iloce mpoxoxkgernsi 0cOOEHHOCTH JBOWHOIO Mmapabosiona IJIaaKas TPASKTOPHUs IBU-
JKEHHMS MaTepHaIbHOM TOYKM HOJIXKHA IPOJIOJIKATH ABMKEHME 110 BepxHeil mapabose. Cucrema
[IPOXOJUT OCOOEHHOCTD 3a HyJIeBoe BpeMsi. I103ToMy eCcTeCTBEHHO IIPeIIIoI0KUTD, YTO AHAJIOITY-
HbIE CBOMCTBA OyJIyT U Y CUCTEMBI C YIIPYTUM ITOTEHITUAJIOM C JOCTATOYHO OOJIBIITUM HapaMeTPOM
»KecTkoCcTH K.

TunudyHoe ABUXKEHUE CUCTEMbBI C yIPYTrUM ITOTEHIINAJIOM. BbLIO CAeIaHO MOIEIUPO-
BaHue TpaekTopuil st cucrembl (14). Ha puc. 2 nokazausl Tunuanbie (bOpMbI TPACKTOPHIA J1JIst
Pa3IUYHBIX [IaPAMETPOB YKECTKOCTHU Kk IIPU OJMHAKOBBIX HadaJIbHBIX JaHHBIX: m = 1 Kr, rog = 1 M,
»o = OO, T"() = —1.0M/C.

Ha puc. 3 nokazanbl rpaduku KOOpAUHATHL 2 () /Il CUCTEMBI ¢ YKeCTKUM HoTeHruasaoM (14)
(cummit), KoopAuHATEI 2 () JJIs1 CHCTEMBI C TOJIOHOMHOIT CBsI3bI0 (8) (3eJIeHBlil) 1 HEKOTOPBIe Orpa-
HUYEHUsI Ha BBIXOJ M3 «CHHIYJISIPHOIO MPSIMOYTOJIHUKA» (KPaCHBIIA).

[Ipu ync/reHHOM MOJEIMPOBAHUN IOy Y€HbI CJIeIyIONIe HabIIoAeHsI, B KOTOPBIX ChOpMyIIn-
POBaHbI OTJINYHUS JMHAMUKH TOJIOHOMHOM CHCTEMBI (8) OT CHCTEMBI € KeCTKUM moTeHImagom (14).

Hao6aoaenue 1. Tpaekropust IBMKEHNsT TOJIOHOMHON CHCTEMBI TIepexoauT n3 obaactu x > 0
B obmacth = < 0, koopaunara x(t) — —oo npu t — +00. TpaekTopust ABUKEHUS CHCTEMBI C
KECTKUM ITOTEHIINAJIOM COBEPINAET HEKOTOPbIe KoJIeOaHMsI BOJIU3U CHHIY/ISIpDHOI 00JIacTH, IIepu-
OJIUYIECKH TIEePexX0oJIst MeK Ty noJryimockocTaMu & 2> 0 u x < 0.

Habaoaenue 2. I'tankoe aBu»KeHHE TOJJOHOMHOM CHCTEMBI ITPOUCXOIUT BIOJIb BEpXHEH ITa-
pabosbl. IBrKeHne CHCTEMBI C YKECTKUM ITOTEHITNAIOM MOYKET IIPONUCXOINTD KaK B MaJIOil OKpecT-
HOCTHU BepXHeil mapaboJibl, TaK U B MAJIOil OKPECTHOCTH HUMKHEH mapaboJIbL.

Hab6aronenue 3. Tpaekropus roIOHOMHOM CHCTEMBI IIPOXOAUT Yepe3 0COOYI0 TOUKY MIHO-
BeHHO. TpaeKTopust JIBUKEHUsI CUCTEMBI C YKECTKUM TIOTEHITUAJIOM MOXKET HEKOTOpoe (KOHEUHOe)
BpeMsI IBUTAThCS BOIN3KM 0co00it Toukn. B 3TOM cilydae MpOnCXonT HECKOJIBKO MOCTIEI0BATE b
HBIX <«OTPaXKeHUit» TPAeKTOPUHN BOJIM3N T'PAHUIBI 00JIACTH BO3MOXKHOIO JBIXKEHHUsI. B mpuMmepe
Ha puc. 4 TpaekTopus bojee 15 ¢ HAXOAUTCS B MaJjIOi OKPECTHOCTH OCODOM TOYKH.
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Puc. 2. Tpaekropun JBuzKeHUsI MaTEPUAJbHON TOYKU BOJIU3M IIOBEPXHOCTH JIBOWHOIO mapabojionsia B
mwiockocT ¢ = 0° s mapamerpos xKecrkocri: a—k = 105 6 —k = 10"; 6 —k = 10%; 2 — k = 10°.
Havanbubie ycmoBus: rg = 1w, 79 = —1wm/c, At = 3c¢. Cunuii — TpaeKTOpUsl JBUNKEHUS CHCTE-
MBI B 1iockocTr Oxz; 9epHBIA — JBe KACAIOIHecs mapaboJibl Kak cedeHue JBOWHOTO mapabosonga X
KPaCHBIA — IpaHuna 06JacTi BO3MOXKHOIO jABuzKeHust (16); 3eJIeHblil — «CUHIYJISPHBLI [IPAMOYTOJILHUK
(1BeT oHJIAMH)
Fig. 2. Trajectories of motion of a material point near the surface of a double paraboloid in the plane
¢ = 0° for the stiffness parameters: a is k = 10%; b is k = 107; c is k = 108; d is &k = 10°. Initial
conditions: rg = 1m, 79 = —1m/sec, At = 3sec. Blue — the trajectory of the system’s motion in the Oxz
plane; black — two tangential parabolas as a section of the double paraboloid X; red — the boundary of
the possible motion region (16); green — “singular rectangle” (color online)

3ameuvanue 2. Ounucanuoie B JAHHOM IIYHKTE ITOCTPOCHUA [Jidd JIBU2KEHUA MaTepI/IaJIbHOfI
TOYKHU MOZKHO O606]J.[I/ITI) JJIgl HA9aJIbHOT'O aHaJIn3a KOHKPETHBIX MEXaHUYICCKUX CUCTEM, KOHCI)I/I—
rypamnnuoHHOE ITPOCTPaHCTBO KOTOPLIX NUMEET 0CODEHHOCTD THIIA, JABYX CUMMETPUIHBIX KaCarOIIUuX-
Ce HOBerHOCTeﬁ B IIPOCTPAHCTBE UJIN JABYX KaCalOHIUXCdA KPUBBIX Ha IIJIOCKOCTH.

O6uiactb nepexona. Ilpu anainse YUCIEHHBIX TPAEKTOPUIl JBUXKEHUs cucTeMbl (14) MOXK-
HO c7lesaTh ciemytoree 3amedanue. s 1ByX Kacarommxcs mapabost (Kak cedeHus JABOHOrO
napabosIon/1a BePTUKAJIBHON MJIOCKOCTBIO) OKOJIO 0COOON TOYKH €CTh 00J1acTh, B KOTOPOI Ma-
TepuaJibHAST TOYKA MOXKET I[epeiiTh ¢ OJHOrO THIa JBHXKeHUs (BOJIM3M NepBOM mapaboJibl) Ha
Jipyroit tuir (BGsm3u Bropoii napabosbt). JaHHyo 06/1acTh MOXKHO 3aKJIIOYUTh B «CHHIYJ/ISPHbII
MIPSIMOYTOJIbHUK >, KOTOPBI TTOKA3aH Ha PUC. 2 3€JIEHBIM I[BETOM.

Eciin koopiuHaTa z TpaeKTopuu cucteMbl (14) BBIXOIUT 3a CHHIYJISIPHBIH MPSAMOYTOJIBHUK,
TO ITAHHYIO TOYKY TPACKTOPUU MOXKHO OJHO3HAYHO COIOCTABUTL C BepXHEW WM HUXKHEW Ia-
pabodoii. Ilo kKoopauHaTtam (x,z) MOKHO COOTHECTH MOJIOXKEHHE MATEPHAJIBHON TOYKH C OIpe-
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JIEJIEHHOM BETBBIO JBUKeHUs. K m300parkaromiasi TOUKa CUCTEMbl HAXOIUTCS B CUHTYJISIPDHOM
HPSIMOYTOJIBHUKE, TO [IOJIOYKEHHE CHCTEMBI «CJI0KHO COOTHECTH» C OJIHOI apabosioii (cm. puc. 4).
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Puc. 3. TpaexkTopun JBUzKEeHUsI MATEPUAJIBHON TOUKHU B TJIOCKOCTH ¢ = 0° 11jIsi IapaMeTpoB YKECTKOCTH:
a—k =10% 6 —k = 10 6 —k = 10%; 2—k = 10°. Hauaneusle yciosus: 1o = lwm, 7o = —1m/c,
At = 3c¢. Cunnii — rpaduxk xKoopauHaThl z(t) IJis CHCTEMBI ¢ KeCTKUM norernuajoMm (14); 3esaeHbrit —
rpadbuk KoopauHaThL z(t) JJIs CUCTEMBI ¢ TOJOHOMHOMN CBA3bIO (8); KPACHbI — HEKOTOPBIE OIDAHUIEHUSI
HA BBIXOJ[ U3 «CUHI'YJIIPHOIO [IPSIMOYTOJIbHUKAY ([[BET OHJIAIH )
Fig. 3. Trajectories of motion of a material point in the plane ¢ = 0° for the stiffness parameters: a
is k = 10% b is k = 107; ¢ is k = 108; d is k = 10°. Initial conditions: ry = 1m, 7y = —1m/sec,
At = 3sec. Blue — graph of the z(t) coordinate for a system with a rigid potential (14); green— graph of
the z(t) coordinate for a system with holonomic coupling (8); red— some restrictions on exiting “singular
rectangle” (color online)

s aHaIM3a TPAEKTOPUN ODIUX MEXAHUIECKUX CHCTEM C NeOMETPUUIECKHMHU OCOOEHHOCTSI-
MM MOXKHO BBECTH HECKOJIBLKO OIIPeesIeHNii, KOTOPhIE PACIIUPSIOT MOHATHE «0CO0O0N TOUKU» 10
«0c060i1 001aCTH» IJIsl IBUXKEHUS MEXAHIMIECKUX CUCTEM, B KOTOPBLIX I'OJJOHOMHBIE CBSA3U PeaJsid-
3YIOTCSI C IOMOIIBIO YKECTKOI'O IIOTEHIIAAJIA.

B obrmiem citygae paccMaTpuBaeTcss KOH(PUTYPAIMOHHOE ITPOCTPAHCTBO X , COCTOsIIIEee n3 00b-
eIMHEeHNsA HeCKOJbKUX IVIQJIKUX MHorooopasuit, My, Ms, ..., My, B oObeMTonieM IpOCTPaHCTBe
RY. Muoroobpazust My, Ms, ..., M, MoryT umMeTb TOYKH IlepecedeHnsl, B KOTOPBLIX reoMeTpuye-
CKJ BO3MOKHA, CMEHa THUIIa, JBUKEHUsI TOJIOHOMHOI crcTeMbl. JIBrKeHne BHE TOYEK IIePEeCedeHIsT
onpegiensiercst ypasuennsivu tuna (10) gis ogmoro muoroobpasust My, riae k € 1,p. JIpuzxkenne
TOJIOHOMHOII CHCTEMBI He OIIPEeJIeSIEHO B 0COOBIX ToUKaxX S € X . [loaToMy ABUKEHIE UCCIIEMyeTCsT
C TOMOIIBIO BBEJICHUsT yIPYroro (skecTkoro) norenrmana W (11).
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Puc. 4. Tpaekropusi JIBUKEHUST MaTEePUAILHON TOYKYM Ha MOBEPXHOCTH JIBOWHOrO mapaboJionjia B ILIOC-
koctn ¢ = 0° mia mapamerpa k = 10%. Hawanbnble yemosus: 1o = 1M, 79 = —1m/c, At = 20c.
Ha puc. 4, a: 3e/1eHblil — BApHAHT CHHI'YJISIPHOIO IIPSMOYToJbHEKA (061aCTH IIepexo/ia); cutuit — rpadbuk
KOOpAMHATH 2(t) I cuereMbl ¢ KecTKuUM ToTeHImanoM (14) B miockoctn Ozz; KpacHBIH — rpaHuIa
obsactu BO3MOXKHOTO nBrzkeHust (16); YepHBIl — 1Be Kacaromuecs: mapaboJibl KaK CeueHne JIBOMHOrO Ia-
pabosonyia (12). Ha puc. 4, 6: 3esenblii — rpaduk KOOPAMHATHI z(t) JJisi CUCTEMbI ¢ MOJIOHOMHOI CBsl-
310 (8); cuumii — rpacduk KoopauHaThl 2(t) IJIS CHCTEMBI ¢ KEeCTKUM ToTeHnmaaoMm (14); kpacHbiii —
BEPXHslsl U HIKHAs TPAHMIA CHHIYJISPHOTO MPAMOYIOJbHUKA [0 KoopiauHare z(t), Kak Ha puc. 4, a
(uBeT oHJIAlH)
Fig. 4. Trajectory of motion of a material point on the surface of a double paraboloid in the plane ¢ = 0°
for the parameter k = 108. Initial conditions: rp = 1m, 779 = —1m/sec, At = 20sec. In Fig. 4, a: green —
a variant of the singular rectangle (transition region); blue —a graph of the coordinate z(t) for a system
with a hard potential (14) in the Ozz plane; red — the boundary of the possible motion region (16);
black — two tangential parabolas as a section of a double paraboloid (12). In Fig. 4, b: green — graph of
the coordinate z(t) for the system with holonomic coupling (8); blue — graph of the coordinate z(t) for
the system with a hard potential (14); red — upper and lower boundary of the singular rectangle in the
coordinate z(t) as in Fig. 4, a (color online)

Onpenenenne 2. O6/1aCcTh OIPEJIETIEHHOCTH — 3TO IOJIMHOXKECTBO 00JIaCTH BO3MOXKHBIX I10-
JIOYKEHNI CHCTEMBI € YKECTKHUM IIOTEHIIMAJIOM, TOYKH KOTOPOIO MOYKHO OJHO3HAYHO COOTHECTH
C OJIHUM M3 TJIJKuX Muoroobpaszmit My, M, ..., My, cocrapagiomux KOHMHUIYpPaIMOHHOe IIPO-
crpaHcTBO X.

Omnpenenenne 3. CunrysnsipHast 06J1acTb — 39TO MOJMHOYKECTBO 0OJIACTH BO3MOXKHBIX IT10-
JIOXKEHHUI CHUCTEMBI C YKECTKUM ITOTEHIINAJIOM, B KOTOPOM JOIYCTUM OBICTDBIN IIEPEX0J MEXKITy
Pa3HLIMU THIIAMH JBUZKeHHs (BOJIH3H OJHOrO u3 MHOroobpasuit My, Mo, ..., My).

BerBu mBUKeHUST OTJIMYAIOTCS T[JIAJKAM MHOINOOOpa3heM, B MAJIONH OKPECTHOCTH KOTOPOIrO
MTPOUCXOJIAT JABUKEHNE CUCTEMBI C JKECTKUM TOTEHITHATIOM.

Ha puc. 4 nokazano, 9410 TPaeKTOPUS CUCTEMBI C YKECTKUM IOTEHIIMAIOM MOYKET JBUTATHCS
BOJIN3U IBYX mapaboJi, 00X0/st KaK BEPXHIOK, TaK U HIKHIOKW Hapabosy. C TOUYKM 3peHus rojio-
HOMHOI MEXaHUKH [ePEXO0]] C BepXHeil mapabo/Ibl Ha HUXKHIOK apaboJIy COOTBETCTBYET «HEIJIA/I-
KOMY» JBUKeHHUIO. Ecin paccMoTpers TpaekTopuu Ha 6oJjiee JUIMTEIbHOM HHTEpPBaJie BPeMeHH,
TO M300parKaIoIas TOUKa JIOCTATOYHO IJIOTHO 3aMeTaeT CUHTYJISIPHYIO obaacth (cm. puc. 4). Ha
puc. 2 u 3 MOKa3aHO, YTO TPAECKTOPHUS JIBUKEHUS MATEPHAJBHON TOUYKHU IIPU CYKEHUH 0DJIaCTH
BO3MOXKHOT'O JIBUKEHUSI [IEPEXOJIUT HA, «BO3BPATHOE» JIBUKEHUE.

3akJiroueHue

IIpu MonmenmpoBanuy ABUKEHUST MATEPUAILHON TOUKH 110 JABOMHOMY apabosonay ObLIO Io-
JIyI€eHO, YTO TPAEKTOPUU TOJJOHOMHOW CHCTEMBI W TPAEKTOPHUHU COOTBETCTBYIOIIEI CHCTEMBI C
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JKECTKHUM IMOTEHIINAJIOM Ka4eCTBEHHO OTJIMYAIOTCd. B paccMaTpuBaeMOM ciydae, KOIJia TPaeK-
TOPHs MOXKET IIPOXOJUTD IePe3 0COOCHHOCTH, MMPOCTPAHCTBEHHAS 3a/1a4a IEPEXOIUT B IJIOCKYTO
3ajady O JBMKCHUU MATEPUAIbHONW TOYKM BOJIM3M ABYX KaCAIOMMXCS Mapabdo.

TpaexkTopun roJIOHOMHON CHCTEMBI HEOIPDAHMYIEHHO JBUXKYTCA B OfHY cTopony. Tpaexkropun
JIBUYKEHUST CHCTEMBI C KECTKUM ITIOTEHIINAIOM OOBITHO He IIPOIOJIZKAIOTCA HEOTPAHNIEHHO B OJTHY
CTOPOHY OT JIByX I1apaboJi, a COBEPIIAIOT HEKOTOPbIE KOJeOaHusl B OKPECTHOCTH OCODOI TOYKH.
15t pacCMOTPEHHBIX IPUMEPOB TPAEKTOPHIl ¢ YBEIUYIEHUEM KECTKOCTHU MTOBEeIeHNe TPACKTOPHUil
KageCTBEHHO HE€ MEHACTCA. TpaeKTOpI/H/I ABUZKEHUA CHUCTEMDbI C 2KECTKHM ITOTCHIMaJIOM MOXKHO
pa3buTh Ha HECKOJILKO YYaCTKOB:

— IBUXKEHHE B 00JIACTU OMpPEIeIeHHOCTH, BOJM3U OJHON U3 mapaboT;

— JIBUKEHHUE B CHUHI'YJISPHON 00JIaCTH, B KOTOPOW TPAEKTOPHUS MOYXKET OBICTPO U3MEHUTDL THUIL
JBIKeHNsT (epeiiTu ¢ MaJioil OKPEeCTHOCTH BepxHeil mapabosibl Ha MaJIyl0 OKPECTHOCTD HUZKHEN
napaboJibl);

— ObICTpBIe KOJIeOaHUsI B CHUHTYJISIDHON O0JIACTH, KOTJIa JIByMEPHOE JIBUXKEHUE (DAKTUIECKU
[IEPEXO/IUT B ITOC/IEIOBATE/ILHOCTD OITHOMEPHBIX «UMITYJILCHBIX YIAaPOBy BOJIMU3U FPAHUIBI 00IaCTH
BO3MOXKHOTO JIBU2KEHUS.

TpaekTopun roJJOHOMHON CUCTEMbBI IPOXO/IAT MEOMETPUYECKYIO OCOOEHHOCTD 3a HyJIEBOE Bpe-
Mms. Ho TpaekTopun CUCTEMBI € KECTKUM HOTEHIIMAJIOM MOI'YT HAXOJUTHCA B CUHTYJISPHON 00-
JIACTH JIJINTEJILHOE BPEMsi, KOTOPOE MOYKHO Hab/romaTh. Ecjin HekoTopas MexaHuvIecKast CHCTEMA
OKayKeTCsi B TaKOH MOJIEJIbHON CHHIYJISPHON 00J/IacTH, TO TMOCJEI0BATEBHOCTh OBICTPBIX CMEH
HaIpaBJIEHUI JIBUKEHUS MOXKET IpUBeCTH K 1mojioMke. [losToMy HEOOXOIMMO yUUTHIBATEL BO3-
MOKHOCTb BBIXOJIa CUCTEMBI HA CUHTYJISPHBINA PEXKUM JTBUXKEHUS.
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Ansorarusi. C HCIIOJIB30BAHNEM KOMIIJIEKCHBIX TOTEHIHAJIOB TEOPUH M3ruba TOHKUX JIEKTPOMATHU-
TOYHPYTUX IUIAT [OJIY9YEHO PeIleHre 33/1a9n 00 n3rude MHOTOCBS3HOM MHE3OIIUTHI C SJUINITHIECKITMHI
BKJIIOUEHUSIMEU U3 JPYrux marepuasoB. [Ipm stom dyHKInu, rosomopdHble BHE OTBEPCTUIl, TPEICTaB-
stennl pajgavu Jlopana, a dyHkiuu, rogoMopdHbe BO BKIIOUEHHUAX, — psijgaMu 110 noauHomam Pabepa.
YI0BJIETBOPEHUEM T'DAHUIHBIM YCJIOBUSIM Ha KOHTYPaxX KOHTAKTOB ILUINTHI M BKJIIOYEHHN, 0OOOIIEHHBIM
MEeTOJ[OM HAWMEHBINNX KBaJIPATOB, OIPEe/IeHNe HEN3BECTHBIX KOIMD@UIMEHTOB PsJIOB CBEIEHO K IIepe-
OTIPEJIEIEHHON CrCTeMe JIMHEHHBIX areOpanvdecKux ypaBHEHHUH, PEIaeMoil MeTOIOM CHHTYJISIPHOTO PA3JI0-
xkeHus. OnuCcaHbl Pe3yIbTATHI YUCIEHHBIX UCCIIEIOBAHMI JJIS IUINTHL C ABYyMsi KDYTOBBIMY UJIU JIMHEHHBI-
MU BKJIIOUeHUAMHA. VccienoBanbl 3aKOHOMEPHOCTH BIIUSTHAST (PU3UKO-MEXAHUIECKUX CBONCTB MaTE€PHAJIOB
U TEOMETPUYIECKUX XapAKTEPUCTUK BKJIIOUCHUI HA 3HAYCHUs] M3rUOAIONINX MOMEHTOB U KOI(DDUIINEHTOB
MHTEHCUBHOCTU MOMEHTOB JIJIsI KOHIIOB JIMHENHBIX BKJIIOUYEHUI.
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Abstract. Using the complex potentials of the theory of bending of thin electromagnetoelastic plates, a
solution has been obtained to the problem of bending a multiconnected piezoplate with elliptical inclusions
made of other materials. In this case, functions holomorphic outside the holes are represented by Laurent
series, and functions holomorphic in inclusions are represented by Faber polynomial series. By satisfying
the boundary conditions on the contact contours of the plate and inclusions using the generalized least
squares method, the determination of unknown coefficients of the series is reduced to an overridden system
of linear algebraic equations solved by the singular value decomposition method. The results of numerical
studies for a plate with two circular or linear inclusions are described. The patterns of the influence of
the physical and mechanical properties of materials and geometric characteristics of inclusions on the
values of bending moments and coefficients of the moment intensity for the ends of linear inclusions are
investigated.

Keywords: piezoplate, piezoinclusions, complex potentials, generalized least squares method, bending
moments
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Bsenenue

Sﬂel\leHTbI Pa3JIMIHbIX KOHCprKLH/Iﬁ COBpeMeHHOﬁ TEXHUKN N3TIOTaBJINBAIOTCA U3 ITBE30Ma-
repuasios [1-7]. Hacro Takue 3/1leMEHTHI HAXOJASITCS B YCJIOBHSIX M3rUbOa TOHKHUX IUIAT, UMEIOT
OTBEPCTUSI, TPEIUHBI U HHOPOJIHBIE BKJIIOUEHUs. [Ipn pa3imaHbix MEXaHUIECKUX U SJICKTPOMAr-
HUTHBIX BO3JICHCTBUSAX BOJM3UM KOHTYPOB STHX OTBEPCTHUI, TPEIIMH U BKJIOYCHUN BO3HUKAIOT
BBICOKHE KOHI[EHTPAITINHA MOMEHTOB (HAIPSI?KEHNUIT ), 9TO HY?KHO YIUTHIBATD [P TPOCKTUPOBAHUI
COOTBETCTBYIOIMUX KOHCTPYKIMIA. A JIJIsT 3TOr0 HY»KHO UMETh HaJEKHbIE METOJIbI ONPEIe/ICHUST
9JIeKTPOMarHuToynpyroro cocrostiusi (YMYC) MHOTOCBSIBHBIX TOHKUX ILJTHT.

Kaxk mokassIBatoT nccjeaoBanusi, HanboJiee JOCTOBEPHBIE PE3YILTATHI 110 onpeaeaeHno IMYC
MHOTOCBSI3HBIX IIAT MOJIYYAIOTCs IIPU PENIEHUN 33129 C UCIIOIH30BAHNEM KOMILIEKCHBIX [TOTEH-
[[AJIOB 3JIEKTPOMATHUTOYIIPYrocTH [8].

B nmammoit pabore ¢ ucrosb3oBaHneM 3TUX (PyHKIHI TOCTPOEHO O0Iee perenne 3a1a9u 00
n3rube GECKOHEYHO ITbE30IINTHI C IIPOU3BOJILHBIMU BKJIIOUeHUAME. [1py 9TOM KOMILJIEKCHBIE T10-
TEeHIMAJIbI JIjIs OECKOHEUHOH IUIMTHI MIPEICTABIEHBI psiamu JlopaHa, JJisd BKJIIOUEHUN — psilaMu
o nosmmaoMaM Pabepa, a ompeneneHne HEN3BECTHBIX KOI(DMUITMEHTOB PAI0B ODOOIEHHBIM Me-
TogoM HamMenbInx kBajapaToB (OMHK) [9] cBemeno K perreHnio mepeonpe/iesieHHON CHCTEMBI
JINHEHHBIX ajirebpanveckux ypaBHeHuil. [Ijist M Thl ¢ IByMst KDYTOBBIMU HJTH JIMHEHHBIMEI BKJTHO-
YEHUSIMI MTPOBEJIEHBI IITMPOKOMACIITaOHbIe UNCIEHHbBIE UCCJIEIOBAHNS PaCIpele/IeHnsT N3rndaro-
IIIX MOMEHTOB U u3MeHeHusi Kosbdunuentos narencusnoctu MomenToB (KIMIM). Yeranosien
psia 3akoHOMepHOCTeH Biustaust Ha DM YC [T reoMeTpuiecKuX XapakKTePUCTUK BKJIIOUEHUN 1
bUBUKO-MEXaHUIECKUX CBOMCTB MaTEPHUAJIOB OECKOHEYUHON IIJINTHI U BKJIIOYEHU.

1. IlocranoBKa m MeTond PelleHHs 3aJa4n

PaccmoTpuM oTHECEeHHYIO K IPsIMOYTOJIBHOM JAeKapToBoiil cucreMe Koopaunar Oy 3JIEeKTpo-
MATHATOYNPYTI'YIO TOHKYIO ILUIUTY C JJIMITUYECKUME OTBepcTusiMu ¢ KouTypamu L; (I = 1,7/3)
u mosyocsamu ag, by (puc. 1), B KOTOpBIE BJIOYKEHBI BKJIIOUEHHS U3 JPYTUX MHE30MATEPUAIIOB,
HaXOSIIIUECH C IUIMTON B YCIOBUSIX HMIEAJbHOIO JIEKTPOMAIHHUTOYIIPYIOoro KoHTakTa. Kazkioe
13 BKJIIOYEHHUI CIIOCOOHO IEPEXOAUTh B JIUHEHHOE, KOTOPOE MOXKHO PACCMATPUBATEL KaK SJIIAIITH-
geckoe, y Kotoporo by = 0 (B mpakTuke pacderon by < 1073q;). O603HaIMM GECKOHETHYIO MHO-
FOCBSI3HYIO 0BJIACTb, OrPAHHICHHYIO0 KOHTYpaMu L, depes S, obacru Briodenuii — depes SO,
Beesiem siokasibhble cucteMbl koopauaar Opxy; (I = 1,7) C HavYajJaMd B IEHTPaX SJLIUICOB L;
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u ocamu Opx; BIOJb IOJIyOCel a; TaK, YTO B 9THUX CHCTEMaxX U B y
OCHOBHOII cUCTeMe KOOP/MHAT ypaBHEHUS JIJIMIICOB UMEIOT BU/J,

x; =ajcosf, 1y = b sinb;

T =z +TCO8P —yrsingy, Yy = yor + x8inp; + yi cos ¢y,

I7le (] — YTOJI MEXKJY TOJIOKUTETbHBIMI HATPABICHUSIME OCEit
Ozx u O, OTCYNTBHIBAEMBII OT IOJIOXKUTEJILHOIO HaIlPaBJICHHS
Ox IpOTUB YacoBOii CTPEIKU; T, Yoi — KOOPAMHATHI Hadasa jo- O
KasbHOI cuctembl Opxpy; B ocHoBHOI cucreme Oxy; 6 — mapa- Puc. 1. MHOMOCBSI3HAS TULITA.
MeTp, u3MeHsiomuiicsa B uarepsaJje or 0 x1o 27. Ha 6eckonedHo- ¢ BRITIOMCHISMIT

CTH ILIATA HAXOJAUTCH II0J1, JeCTBUEM MEXAHUYECKUX MOMEHTOB Fig.1. Multiconnected plate
Mz, My, HZ) n momenToB muaykumit M7, Mg;, M2, le; with inclusions

IIpu srom Ha ocHoBe ypaBHeHuit DM YC MOXKHO HANTH ¥ MOMEH-

ThI HalpszKeHHocreit HJ, gg, e Hl?; .

Ecmu pis pemenust 3agaqn o6 onpenesennun dMYC paccMarpuBaeMoil KyCOIHO-0IHOPOIHOMN
[IBE3OIINTHI UCIIOJIL30BATH KOMILJIEKCHBIE ITOTEHIINAJIBI U3ruda TOHKUX JIEKTPOMATHUTOYIIPYTUX
winT [8], TO OHO CBOJUTCS K HAXOXKJIEHUIO U3 COOTBETCTBYIONIMX TPAHUIHBIX YCJIOBUHA KOMILIEKC-
HBIX [OTEHIHAJIOB W,; (2) (k =1,4) nus GecKOHEUHOIT MUIATHI U W,;(l)(z,(cl)) (k =1,4) nna kax-
JIOTO BKJIIOYECHHUSI.

Kowmmrekcable moTeHIMAIBI W];(zk) SABJSIOTCA (PYHKITUAME ODOOIEHHBIX KOMILIEKCHBIX IIe-

PEMEHHDBIX

2% = T + [y, (1)

e (i — KOPHHU XapaKTEPUCTUICCKOTO YPaBHECHUA

lis(p)  lag(p)  Isp(p)
lag(p) lop(p) lov(p)| =0; (2)
Lap(p)  lou(p) Iy ()

lij (@) — HmOTMHOMBI BHJTA

las(p) = — <D22M4 + 4Dggp* + 2(D12 + 2Dgg) pi* + 4Dg 1t + D11>7
lag(1) = Cgazpt® + (Cg12 + 2Cg26)11° + (Cy21 + 2Cg16) 1 + Cyr1,
(1) = Cpoapi® + (Cp12 + 2Cpa6) i + (Cp21 + 2Cp16) 1t + Cp,
lag(1) = Cpaop® + 205120 + Cpia,
low (1) = Cuaap® + 2Cy12p + Conn
loy (1) = Cyaop® + 2Cy 120 + Cha1;

l3p

D;; = b;jjDg— ynpyrue xecrkoctu mwuTbl; Cyi; = ¢4 Do, Cpij = cpijDo, Cgij = cgij Do,
Cuij = cuijDo, Cyij = cyijDo — 97€KTpOMAruuTHLIE YKECTKOCTH IUITHI; Do = %hzj’; h — noJty-
TOJIIUHA, IIATEL; bij, Cgij, Cpij, CBij,> Cuijs Cyij — 2JIE€MEHTBHI 00PaTHOH MaTpPHUIIbLI

b1 bi2 bie  cg11 Cg21 Cp11 Cp21
b12 ba2 bag  Cgl2 Cg22 Cpl2  Cp22
bis bag bes  Cgl6 Cg26 Cple Cp26

—Cg1l —Cgl2 —Cg16 CB11 €12 Cull Cui2 | =
—Cg21 —Cg22 —Cg26 Cp12 Cp22 Cpl2  Cu22
—Cp11  —Cp12 —Cple Cvll Cul2 Cxll Cyl2
—Cp21  —Cp22  —Cp26 Cp12 Cp22 Cy12 Cx22
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-1
S11 S12 S16 911 G921 P11 P21

512 522 S26 912 922 P12 P22
S16 526 Se6 916 926 P16 D26
=|—-911 —g912 —g916 P11 B2 vi1 vi2 ;
—g21 —g22 —g26 P12 Po2 vi2 Vo
—P11 —P12 —Pie Vi1 Vi2 Xi11 X12
—DP21 —P22 —P26 Vi2 V22 X12 X22

5ij — KoaddunuenTs! gedopMayu MaTepuasia, U3MEePEHHbIE IIPH ITOCTOAHHBIX HHIYKITIAX JJICK-
TPHYIECKOTO ¥ MArHUTHOTO HOJIEH; ¢;; M D;j — MbE303IEKTPIHYCCKHEC M ITHe30MArHUTHEIC MOJLYIIN
JehbOpMAaIIN U HAMPSIZKEHHOCTEH, U3MepEeHHbIe MPU MOCTOSTHHBIX HANPSIKEHUSIX U WHJLYKITHSIX;
Bij, Vij U Xij — KOI(DDUINEHTDI JN3IEKTPIYECKO, MATHUTHON U 3JIKTPOMATHUTHON BOCIPUHIM-
YMBOCTEN, U3MEPEHHbIE [IPU [IOCTOSTHHBIX HALIPsIZKeHUsIX [8].

Komiutekcnblie moTeHnuaist W,;(l) (zlgl)) (k =T1,4) mnst xazoit mwmnrsi-prmouenns SO spms-
foTCsT (PYHKINAMEI OOOOIIEHHBIX KOMILIEKCHBIX IEPEMEHHBIX

z,gl) =+ u,(f)y, (3)

! .
rie ,u,(g) — KOPHHU XapaKTePUCTHYECKOTO yPABHEHMs, IOy YaeMOro U3 ypaBHeHus (2) 3aMeHOl Beex
BeJIMYMH Ha aHaJIOTHUYHbIC BEJIMYNHDLI C MHICKCOM (l) BBery.
/
Oyuxnun W (z) oupejesnensl B 061acTax Sy, HOIydacMbIX U3 ob1acTn S adpbuHHbIME Hpe-
obpazoBanusivu (1) 1 orpaHMYeHHBIX KOHTYpaMu Ly, COOTBETCTBYIOIIUME KOHTYpaM L; 1ipu 9Tux
npeobpasoBaHusX, U B OOIIEM CJIydae MHOIOCBSI3HOMN IJINTBI MOYKHO IIPEJCTaBUTH B Buje [8,9]

L oo
’ Qg
Wy(zk) =Trzp + Y > —",
I=1 n=0 Gkt

B KOoTOpoM [’y — M3BecTHBIE MOCTOSHHBIE, ONPeIe/seMble TI0 3HaYeHUIM MOMEHTOB Ha ODeCcKOoHedu-
HocTH; (f; — MEPEMEHHBIE, MOIydaeMble U3 KOH(POPMHBIX OTOOPAKEHMII BHEITHOCTH €IMHIUIHBIX

KpYyTOB ‘Ckl > 1‘ Ha BHENTHOCTH KOHTYPOB Ly [10],

2 = ZRo + Rkl/(Ckl +mya/Crt),  Zkio = Tol + kYol
Ry = (al(COS @1 + g sin ) + by (sin g — py, cos 901)) /2,
My = <al(cos o1 + g sinpp) — iby(sin ¢; — pug cos ¢Z)>/2Rkl;

Qklp — HEU3BECTHBLE K03 DUINEHTHI PsiJIOB, OIPEJIesisieMble U3 YCJIOBUI Ha KOHTYPAaX IJIATHI.
YR ! .
QyHKINN Wk( )(z,(€ )) roJIOMOPMHBI B KOHEYHBIX 00JIACTIAX S,g), nosydaeMbix 13 obmacreii S0
addunHBIMI TPeoOpazoBaHusiME (3), ¥ UX MOXKHO IPEICTABUTEL psgamu 110 mnognaomam Pabepa

IJIsL 3THX obJracTeil

(1 l > ! l l
WD) =3 ol P D),
n=0

rie P,gg(z,gl)) — nosimHoMbl Pabepa jyist sjIUIICA L,(gl) , uMmerornue BuJ [11]

P =1, P = GO o0

l .
Clg) — [I€epeMEHHbIE, I10JIy9aeMbIC U3 KOH(bOpMHbIX OTO6pa}KeHI/II/I BHEIITHOCTU €IUHUYIHBIX KPYI'OB

’le) > 1’ Ha BHENTHOCTH KOHTYPOB Ll(j) C TIOMOIIIBIO CJIEIYIONTUX (POPMYIL:

A0 = D [0+, 3= e
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Rl(gl) = (al(COS o1 + M;(gl) sin ) + iby(sin gy — “i(fl) o8 SOI)) /2’

ml(cl) = (al(cos o1+ ,u,(f) sin ;) — iby(sin ¢ — u;(f) cos @l)) /2Rl(cl)

Ho nommuomsr Pabepa P( )( g )) MOXKHO IIPEJICTABUTD DPSJIAMH 110 CTEIEHSIM z](cl) — z,(clg [11]. TTo-

()

l
sToMy DYHKITUN Wk( )(Zk ) MOKHO TIPE/ICTABUTH U B BHJIE CTEIICHHBIX PsJIOB

Zakn Y =)

(0

rje a;, — HeU3BEeCTHBIE IIOCTOSHHbIC, KOTOPbIe, KaK M Ul,, Oy/leM ompejessTb U3 I'DaHUYHBIX
YCJIOBUI Ha KOHTYpaX KOHTAKTOB ILJIUTHI S U BKJIIOUEHUH S ),

Ha konTypax BKJ/IIOYeHMIT, IJle UMEET MECTO HJI€aJIbHBI KOHTAKT IJIUTHI C BKJIIOYEHUSIMH,
IPaHUYHBbIE YCJIOBUS JJist onpeesienns yHKnuii umeror su 8|

4
2Re " (gnaWiz) = g W) = falt) (i =T8), (®)

B KOTOPOM

Pk
g1kl = i 9okl = Qs 931 = 1, Garr = pk,

95kl = dyk,  Gekl = byk, Gkl = Vky  98KI = Pk>

(l)

o _ @ _ O O _q o _ O

(
91k = W’ Gor =k > Y93k = Gar = M
Fo
o _ 40 ) _ @ o _ O o _
951 = dyk’ 6k — byk’ e = Vo 98k = P’

fu=—-ax+cy, fa=cqy+cy, fa=fu=0,
fjl = Cjl, ] = 57677’87

Pk Qs Ayks byk, Vg, pr — U3BECTHBIE IIOCTOSIHHBIE [8]; ¢; — BEIECTBEHHbBIE IIOCTOSIHHBIE, IIPHIEM
BCE BEJIMIMHBI €O 3HAIKOM (/) BBEPXY OTHOCATCS K BKJIIOUEHUIO S ) g oIy daiorcs 1o popmMysiam

JUIsl TJIATHI 3aMEHON BeJInYKMH 6e3 3HAYKa Ha BeJUYuHbl cO 3HAYKOM ([); ,u,(cl)(k = 1,4) — xopHu
ypasmenus (2) as srmodenns SO

JIj1st MHOTOCBSI3HBIX 00JIacTel TPAHUYIHBIM YCJIOBUSIM y/I00HEE YI0BIETBOPSTE B AuddepeHIu-
aJILHOI (popMe, KoTopasl He OYIeT Colep:KaTh aIJIUTUBHBIX MOCTOSHHBIX, BXOIAIINX B OOBITHBIE
IpaHuvHbIe yCjIoBHsl. [lociieiHue yeIoByst, oIy YeHHble u3 yeaosuii (4) ux auddepennuposau-
eM II0 JyTre KOHTypa, UMEOT BU/I

4
7 " d’L t .
2Re ) [giklék,ku (2k) — gzgllc)él(vl,lwk (l)(zl(gl)):| = fdls() (i=1,8), (5)
k=1
B KOTOPOM
L oo ” l
Wi (z1) = > ) bpan(2k) akin, Z o2 (2A)all), (6)
=1 n=1
O s = dey 0 _ dzl(e)
S ds ) ks ds ’
: n W0 0 _ Wy
D (2k) = — = v O (217) = 0z, — 2) ((=1,L).
kl kl 1(<£l _ mk;l) k k k kO
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[panuuanbiM yesaoBusiM (5) OyeM yI0BJIETBOPITH 0OOOIEHHBIM METOJIOM HAUMEHBIINX KBa/I-
paros [9,12,13|. Ist sT0r0 BEIGepeM Ha KaxKI0oM u3 KOHTYPoB Ly, cucremy Touek My (Tpm, Ypm)
(p=1,L;m =1, M), B KOTOPBIX YJOBJIETBOPHM COOTBETCTBYIONINM IPAHMIHBIM yCioBusaM. 1log-
craisia Gyuxnuu (6) B rpanudabie yciaoBust (5) B T09kax Mpm (Tpm, Ypm), LI OIpeIeIeHnsT

l . .
HEU3BECTHBIX OCTOSTHHBIX Qgp ¥ @), TMOJTydaeM CUCTeMy JIMHeHHbIX ajrebpaniecKuX ypaBHeHH
BUIA

4 L
2Re [Zzzgzkpdk s‘bkln(tkpm Qkln — ZZ 9ik ](fll I(l)(tl(CTZL) (2] =

k=11=1 n=1 k=1n=1

4
= 2P 9Re Zgik5k7srk (i=1,8p=1,L;m=1M). (7)
k=1

KpOMe ypaBHeHI/IfI (7), JJId Ka2K/I0I'0 KOHTYPa OTBEPCTUA JOJI2KHBI BBIIIOJITHATBHCA YPpaBHEHUA

4
2Re Y iapp =0 (p=1,L), (8)
k=1

cJIeJTyIOIIe U3 OTHO3HAYHOCTH IPOruba IIPH IIOJTHOM 00X0Jie KaXKJ0TO U3 KOHTYPOB L.

Cucremy (7), ronosHeHHy0 ypaBHeHusiMU (8), Gy/1eM perarbh MeTo[0M CHHIYJISIPHBIX Pa3/Io-
skennii [14,15]. TTocste HaxoxK ieHNsI 1ICeBIOpeIeHni 9T0ii cucreMbl DyHKIUH W,;(zk) u W,;(l) (z,gl))
6y/IyT U3BECTHBIME W [T0 HUM MOYKHO BBIYHC/ISATH OCHOBHBIE XapakTepuctukn DMYC (mexannte-
CK¥Ee M3rHOAIoNe U KPYTSIUi MOMEHTBI, MOMEHTHI WHIYKIIUA 9JIEKTPUIECKOTO U MATHUTHOTO
nosteii, nepepessiBatomiye cuibl) [8]. Eciu HekoTOpBI ss1Mc L) HEpexXoiuT B HPSIMOJIMHENHOe
BKJIIOYEHHUE, TO JJIT €0 KOHIOB MOXKHO BBIYUCUTD TAKKe KOIDMUIMEHTH NHTEHCUBHOCTH MO-
menrTos (KIMIM) k‘fM u k:QiM 10 U3BECTHBIM (hOpMYyIaM

k‘fM = 2Re [pk sin® w1+ qx cos? (] — 27), cos ¢ sin gol] My,
k;EM = 2Re [(qk — Pk cos @y sin ) + 7";€(cos2 o1 — sin? cpl)} M,

B KOTOPBIX

Vi n
M, =+ +1)"nag,,
2Ry, ;( ) "

npudeM «+» n «—» y KUM B jokanbmoii cucteme KoopauwHaT O)x;y; OTHOCATCS K MPABOMY U
JIEBOMY KOHIIAM TPENUHBI COOTBETCTBEHHO.

Kak ugacTHbIe CIydyanm U3 IPUBEIEHHBIX PEIIeHUil 3a/1a4 daekTpomaruuroynpyrocru (DMY)
CJIEJLYIOT pellleHnst 3aJad sJjekTpoynpyrocru (DY), marauroynpyroctu (MY) u Teopun yupy-
rocru (TV). Ilpu mpoBemeHMH YHCIEHHBIX HCCIEIOBAHUN PEIEHUsT BCEX TUX 337ad MOXKHO
TOJIYUTh 1O MPOrPAMME DCITICHHS 3a/ai MY, IPOBOJIs BBIMUCIICHHS JI MOJICTBHOTO Ma-
TepUaJIa € MOCTOSTHHBIMUI gl] = Ag9ij, pw = A\pPij, I/Z-j = AgpVij, IPUYEM UX Hy?KHO IIPUHATDH
TaKUMI: \g = A\p = )\gp = 1 gma samaa OMY; A\, = 1,A, = Ay < 107 3 g zamaa DY;
Ap=1,0g = Agp < 1073 s 3amaa MY; Ag = Ap = )\gp 1073 st 3amaa T.

2. PesyabTaThl 4YUCJIEHHBIX MCCJI€IOBaHUMI

Bbuiu poBeieHbl YUCIeHHBbIE UCCIIE0BAHUS JJIsl IUIUT U3 MATePUasoB: 1) KOMIO3UT Ha OC-
Hose BaTiO3—CaFey04 (Mmarepuan M1) [16,17]; 2) koMmosur, ynpyrue, be303JIeKTPUIECKUE U
9JIEKTPUIECKHE MTOCTOSTHHBIE KOTOPOI'O COOTBETCTBYIOT ceenny Kaamust C'dSe, a nmbesoMarauT-
uble u Marautible — BaTi03 (marepuasn M2) [18]. Tlpu npoBejernn pacueToB ynpyrue cBoiicTsa
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MaTepuaJia KazKJI0Ir'o0 BKJ/IIOYEHUA CBA3BIBAJINCH CO CBOliCcTBaMH MaTepuaJia OCCKOHEYHON IIJIUTHI

M) _ @ O]
COOTHOIIEHUAME S,/ = As’Sij, TJe As’ — IapaMeTpBbl, CBA3BIBAIONINE COOTBETCTBYIONIHE TOCTO-

SHHBIE MATEPHAJIOB OECKOHEUYHOIl IINTHI ¢ 00/1acThio S 1 BKmodennii ¢ obnacrsvu SO . Beuy
TOr'O 9TO Ha 3HAYEHUA MOMEHTOB B OECKOHETHOM IIJINTE ITHe30CBONCTBA BKIIOYEHHUIN BIUIIOT HE3HA-
YHUTEIbHO, IPU IPOBEJICHUN PACUYETOB 3TU CBONCTBA BKJIIOUECHUI He
VIUTBIBAJINCH, T.€. CIUTAJIOCH, UTO )\gl) = )\I(,l) = )\él) =0. %ﬁ‘ﬁbmr

B tabsn. 1 gnsg m3ruba MOMeHTAMU M;O = m, OeckoHe4HO '
IUIATBI C JBYMsI OJIMHAKOBBIMU KPYTOBLIMH yrnpyrumu (He obiasia-
IOIUME [1b€30CBONCTBAME) BKJIIOUEHHUsIME pajuyca a1 (b = aq,
by = az = a1) (puc. 2), ¢ TOYHOCTHIO O MHOKUTEIS MMy, B 3a-
BHCHUMOCTH OT ¢/aj, TJie ¢ — PACCTOSIHNE MEKJLy BKJIIOUCHUSIMU, T1a-
paMeTrpa MeXaHHIeCKOH »KECTKOCTH BKJIIOYEHMIA )\gl) U [IeHTPaJIbHO-
ro yria 0 xkorTypa Li, OTCINTBIBAEMOro OT HarmpasjieHus: ocu Ox
MIPOTHUB YaCOBOM CTPEJIKM, MPUBEIEHBI 3HAUEHNST M3THOAIOIINX MO- Puc. 2. Cxema sazaun c

MeHTOB M B TOYKaX KOHTAKTa IJIUTHI C JICBBIM BKJIIOUeHHeM Ha 70y MfA KPyTOBBIMIT BKJIIO-
3 )\(1) YeHuAMU
IIOMIA/KAX, NEPHICHWMKY/IAPHBIX K KOHTYDY. SHaueHus As’, PaB- g 9 Tuck diagram with

ubple 0 1 00, OTHOCATCA K CAyYasM ILIUTHI ¢ aOCOIIOTHO YKECTKUMUI two circular inclusions
BKJIOUYEHUIMU U a,6CO.HIOTHO MATKUMU BKJIFOYEHUIMU (OTBepCTI/IH—

mu). Ha puc. 3 nuzobparkennl rpaduku pacipe/iesieHus: STUX MOMEHTOB OKOJIO KOHTypa L1 B 1im-
Te u3 Marepuasia M2 npu pazaudubx 3Hadenusx ¢/aq. CIUIONIHbIE JIMHUM OTHOCATCS K CJLy9aio
¢/a1 = 0,1, mrpuxoBble — K Ciydaro ¢/a; = 00.

Tabauya 1 / Table 1

3uavenust M;/m, B IIHTE OKOJIO KOHTYDPA JIEBOTO BKJIIIOUEHHUSI
The values of M;/m, in the plate near the contour of the left switch

0, pan.
c/ay | AV 0 ‘ /6 ‘ /3 ‘ /2 ‘ ™ 0 ‘ /6 ‘ /3 ‘ /2
Sagaga OMY Banaga TVY
Marepuas M2
00 0.0 | —0.747 | —0.400 | 0.958 | 0.986 | —0.747 | —0.849 | —0.218 | 0.679 | 1.027
0.1 | —0.150 | 0.002 | 0.648 | 0.540 | —0.150 | —0.170 | 0.106 | 0.447 | 0.559
0.5 0.647 0.526 | 0.323 | 0.088 0.647 0.669 0.546 | 0.253 | 0.094
2.0 1.332 0.953 | 0.233 | —0.001 | 1.332 1.280 0.945 | 0.302 | —0.013
10.0 | 1.903 1.293 | 0.287 | 0.132 1.903 1.696 1.272 | 0.469 | 0.078
00 2.184 1.457 0.336 0.232 2.184 1.876 1.424 0.565 0.146
1.00 | 0.0 | —0.542 | —0.579 | 0.611 | 0.875 | —0.726 | —0.649 | —0.382 | 0.439 | 0.907
0.1 | —0.137 | —0.127 | 0.476 | 0.485 | —0.160 | —0.185 | —0.004 | 0.344 | 0.500
10.0 | 2.256 1.430 | 0.279 | 0.126 2.010 2.098 1.406 | 0.438 | 0.075
00 2.703 1.645 | 0.317 | 0.220 2.332 2.454 1.617 | 0.519 | 0.138
0.10 | 0.0 | —1.478 | —0.624 | 0.553 | 0.867 | —0.780 | —1.627 | —0.449 | 0.386 | 0.899
0.1 | —0.549 | —0.219 | 0.415 | 0.466 | —0.188 | —0.575 | —0.105 | 0.299 | 0.480
10.0 | 4.207 1.453 | 0.249 | 0.148 2.148 3.816 1.355 | 0.320 | 0.091
00 6.973 1.506 | 0.244 | 0.237 2.554 6.146 1.386 | 0.281 | 0.148
0.01 | 0.0 | —4.843 | —0.288 | 0.628 | 0.874 | —0.812 | —5.690 | —0.224 | 0.435 | 0.907
0.1 | —1.131 | —0.147 | 0.423 | 0.463 | —0.197 | —1.267 | —0.078 | 0.300 | 0.477
0.5 0.376 0.436 | 0.281 | 0.070 0.612 0.459 0.462 | 0.240 | 0.076
2.0 1.939 1.028 | 0.237 | 0.010 1.399 1.746 1.002 | 0.274 | —0.002
10.0 | 6.521 1.265 | 0.221 | 0.154 2.189 5.453 1.192 | 0.279 | 0.096

W3 nannawix Tabs. 1, puc. 3 U APYrUX MOy IEHHBIX PE3YJILTATOB CJIEIYET, UYTO BJIUTHUE OJTHOTO
Bryodenns Ha IMYC 0KoJIO Apyroro 3HAUUTEIBHO, €CJIM PACCTOSTHHE MEXKJIY BKJIIOUCHUSIMEI
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K

3

(o)}

N

-2

0 /6 /3 /2 27/3 5m/3 0

Puc. 3. I'paduknu pacnpenenenus momentos M, oko-
Jio KouTypa Ly tipu ¢/a; = 0, 1(ciontable guHun) u
¢/ay = 0o (ITPUXOBbIE JIMHWUN)

Fig. 3. Graphs of the distribution of moments M
near the contour Ly at ¢/a; = 0.1 (solid lines) and
¢/a; = oo (dashed lines)

MEHbIIIE TMaMeTPOB BKJIoUeHuii (¢/a; < 2),
C yMEHbIIIEHHEM DACCTOSIHUSI € MeXKJLy
BKJIIOUCHHUSIMI 3HAYeHUsT MOMeHTOB M B
IUIATE OKOJIO KOHTYPOB BKJIIOUECHWUiT pe3-
KO M3MEHSIIOTCsI BOJIM3U TOYEK I1€PEeMBIUYKH
M HECKOJIbKO MEHBIIE B 30HAX HIPOTHBOIO-
JIOXKHOM TIepeMbliKe (pacTyT npu A >

(1)

(mpu Ey;’ < Ej) U yMEHbIIAIOTCS LU
A <1 (pn E%l) > FEy)). Ilpn stom
Ha 3HAYE€HUs] MOMEHTOB B 3TOIl 30HE Cy-
MIECTBEHHO BJIMSIET 3HAYEHHE IapaMmerpa

(1)

2KEeCTKOCTHI )\S ¢ C YBEJIMYECHUEM 3HAYCHUA

/\9) (¢ yMEHBIIIEHHEM JKECTKOCTH BKJIIOYE-
HUIT) 3HaYeHusT MOMEHTOB Mg pe3ko pac-
tyr. Tak, eciim ¢/a; = 0.01, To B TOUKE
KOHTYypa, coorBercTByomieii # = 0, mpu
U3MEHEHUHN )\gl or 0 (abcosoTHO KecTKue
BKJIIOUEHNUST) JI0 00 (HENOoJKPEIIeHHbIE OT-
BEPCTHUsI) 3HAYECHUS MOMEHTOB PACTYT OT
—4.843 no 21.831.

BﬂaHI/I OT IIePEMbIYKU 3HAYCHNA MOMEHTOB U3MEHAIOTCA HESHATUTEJIHLHO. Kak BUJIHO, OTpUIla-

TeJIbHbIE MOMEHTHI B ILINTE BOJIM3U TOPU30OHTAJIbHBIX AUaMETPOB BKJIIOUEeHUI BO3HHKAIOT, KOT1a

/\gl) < 0.14, mpu 0 < 0 < w/6 u 11712 < 6 < 7. [TocsenHee HAMISIIHO BUAHO Ha puc. 4, vje JJist

(1)

HEKOTOPLIX MaJIbIX 3HAYEHUI )\3

0 w36 w18 w12 m/9 Sm/36 w6 Tn/36 2m/9 O

Puc. 4. I'pacduku pacupenenenus momernToB M mjist

HEKOTOPBIX 3HAYEHUI AY B e ¢ OJTHUM BKJIIOYe-

HreM (npu ¢/a; = 00) u3 marepuasos M1 (crtom-
Hble JuHuK) 1 M2 (IITpuxoBble JIMHAN)

Fig. 4. Graphs of the distribution of moments M

for some values of )\gl) in a single-inclusion plate (at

¢/a; = c0) made of M1 (solid lines) and M2 (dashed

lines) materials

[PUBEJIEHBI TPa@UKN PACIIPEJIETICHUS 9TUX MOMEeHTOB M Jijist

IJINTHI ¢ OJJHUM BKJIOUeHHEM (IIpU ¢ = 00).

SuaveHnsi W3ruOAOMNUX MOMEHTOB B
IJINTE U3 «CUJIBHO aHU30TPOITHOIO» MaTe-
puasma M2 sHaunTesbHO 0O0JIBITE, YEeM B
wmTe U3 «OJIM3KOr0 K M30TPOITHOMY» Ma-
tepuana M1. Ha wusrubatonime MOMEHTBI
B ILIUTE 3HAYUTEIHHO BJIMSIOT MBE30CBOIi-
CTBa, MOPOil 3HAYEHUST MOMEHTOB C YIeTOM
nbe3ocBoiicTs (3amata DMY) B 2 u Gosee
pa3 OTJIMYAIOTCs OT UX 3Ha4YeHuii 6e3 ydera
nbe3ocsoiicTs (3agada TV).

Kak mokasbIBAIOT WCCIIEIOBAHUS, C
YMEHbBINEHUEM OTHOINEHUsI TOJIyoceii 3JI-
JIMIITUYECKUX BKJIIOYeHuil by/a; 3HadveHust
MOMEHTOB Mg B OKPECTHOCTH KOHIIOB Ma-
JIBIX TIOJIyOCeH SJLIUIICOB b; 3HAYUTEIHLHO
YMEHBINAIOTCsI, HO PE3KO PACTYT B OKPECT-

HOCTH KOHIIOB GOJIBIIHEX TIOJyoCeil a;, cTpeMsch K GeckomedHocTH, n 1pu by /a; < 1073 MoxkmHO
ropoputh 0 KM juIst KOHIIOB JIMHEHHBIX BKJIIOUEHMIH.

B Tabs. 2 giaa nounrel u3 matepuaa M2 ¢ 1ByMs OJMHAKOBBIMU YIIPYTUMHE JTHHEHHBIME BKJIIO-
YeHHAMH (He 00JIQJAOIIMI Ibe30CBoiicTBaMn) JnHbL 2a1 (2a2 = 2a1) (puc. 5) B 3aBUCHMO-
CTH OT ¢/aq, TJie ¢ — PACCTOSTHUE MEKJLy BKJIIOUEHUSIMU, U TIapaMeTpa MEXaHUIECKON JKEeCTKOCTH

(1) (1)

BKJIFOUEeHMIT g~ naHbl 3HaveHnss KM kli (B TaHHOM CJIydae kzi = 0). 3uavenusi \s ', paBHble

0 1 00, OTHOCATCA K CAydasgM abCOJIOTHO YKECTKUX BKJIIOYEHHUI W TPEIIUH COOTBEeTCTBEHHO. s
1
CJIy9aeB, KOTJIa ITapaMeTp )\g ) paBen 0, 1 u 10 3nagenus l{:fr (KWH nyist mpaBoro KOHIA TPEIUHEI)

JJId BCeX C/(Il IIOJIy9al0TCAd TaKHMU 2Ke, KaK 1 ]{7;, IIO9TOMY OHHU B TabJI. 2 He IpuBEIACHDI.
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Tabavwya 2/ Table 2

Suadenna KM 1j1st KOHIIOB JIEBOIO JIMHEHHOI'O BKJIIOYEHHUSA B IIATE U3
MaTepuasa M2 ¢ AByMsi JTUHEHHBIMYU BKJITIOYCHUSIMEI

The CMI(the coefficient of the moments intensity) values for the ends of

the left linear inclusion in a plate made of M2 material with two linear

inclusions
AL | KM ¢/a
00 2 1 0.5 0.1 0.01

0 ki —0.527 | —0.542 | —0.554 | —0.568 | —0.603 | —0.639
ki —0.527 | —0.552 | —0.585 | —0.645 | —0.935 | —1.971
10-3 1 —0.160 | —0.161 | —0.162 | —0.162 | —0.164 | —0.164
kf —0.160 | —0.162 | —0.166 | —0.173 | —0.206 | —0.319
0.1 ki —0.003 | —0.003 | —0.003 | —0.003 | —0.003 | —0.003

10 ki 0.006 0.006 0.006 0.006 0.006 0.006
ki 0.404 0.408 0.410 0.413 0.417 0.419
kf 0.404 0.412 0.423 0.444 0.543 0.882
ki 0.998 1.026 1.049 1.079 1.148 1.221
ki 0.998 1.046 1.110 1.226 1.791 3.836

103

Kak BumaHO M3 JAHHBLIX, MPUBEIEHHBIX B Ta0J. 2,
€cJd MeXaHWYecKas KECTKOCTb BKJIIOYEHUU MeHBbIIIEe H%—m v
JKECTKOCTH TLJINTHI (Agl) > 1), ro KM nosioxxuresibHbt
U B MaJIOl OKPECTHOCTU KOHIIOB JINHENHBIX BKJIIOYEHUN
IPU HOJIOZKUTEJNBbHBIX TOJIIIMHHBIX KOOP/JUHATaX 2 Ha- 2a, c
NPSAZKEHUS MOJIO?KUTENbHBI (nponcxo,m/IT paCTS{}KeHI/Ie),

€CJIN K€ MeXaHNIecKasd »KeCTKOCTb BKJIIOUCHNN MEHbIIIe

1 LU G
2KECTKOCTH ILJIUTBI ()\g ) < 1), To KM orpunarebHbl ’
7 B MaJIOif OKPECTHOCTU KOHITOB BKJIIOYEHUU MpHU TO- Puc. 5. Cxema sajauu ¢ asywmst

JIMHEAHBIMHA BKJIIOYCHUS MU
Fig. 5. Task diagram with two
linear inclusions

JIOXKATEJIbHBIX TOJIIUHHBIX KOODJIMHATAX 2 HAIIPsiZKe-
HUsl B [JIUTE OTPUIATEBHBI (IIpoucxouT cxkarue). Fe-
JII MaTepPUaJIbl IJIUTHI U BKJIIOYCHUH 110 MEXaHUIECKUM
CBOMCTBaM OJMHAKOBBI (/\gl) = 1), To, KaK u cjenoBayno oxujgarh, KIIM paBHBI Hy/10 U HAIIps-
JKEHHOE COCTOSIHUE B IJIUTE TaKoe, KaK B IUinTe 0e3 BKJodenus. [Ipu cbimmkenun apyr ¢ npyrom
BKJIIOUEHHIT n3 0ojiee yKECTKOTO MATEpUaJja, UYeM MATePUasl ILIUTHI (/\gl) < 1), snauennss KM

YMEHBIIAIOTCS; IPU COIMMKEHNH IPYT € APYIOM BKJIIOUEHHUH U3 MaTepraia, KOTOPId 3HAYNTEILHO
1 .
MsArde Marepuasa wmTel (Ag ' >> 1), snadennss KM pesko pactyT, ocobeHHo Jist OimKaimmx

(1)

JpYT K JIPYTy KOHIIOB BKjodenuit (rpermun). Qs ciyqas Tpemun (As ' = 0o0) suHadenns KIIM
COBIIAJIAIOT C U3BeCTHLIME [19)].

3akJiroueHmue

Takum 06pazoM, ¢ UCIOIH30BAHUEM KOMILJIEKCHBIX ITOTEHITUAJIOB TEOPUN U3rN0a TOHKUX IThe-
somuT [8] perena 3ajaua 06 n3rube IWINTHL ¢ BKIOYEHUSIME U3 JIDYIUX Marepuason. Ilpu srom
C TIOMOIIBIO KOH(MOPMHBIX 0TOOparKeHNUil, Pa3IoKeHnl ToIoMOPQHBIX PYHKIHUI B psagbl Jlopama
u 1o nosmaomam Pabepa 3a cuer BbinosiHeHusi Kpaebix yciaosuit OMHK [9] 3azaga ceege-
Ha K II€PEONPEIECCHHO CcucTeMe JIMHEHHBIX aJredpamvdecKux ypaBHEHUM, pernraeMoil MeToIoM
CHUHTYJISIDHBIX pasJioxkenuit |14, 15]. Yuciennble ucciie[oBaHusl IPOBEEHBI JIJIS IUIATHL C JABYMSI
KPYTOBBIMU WJIM JINHEHHBIMU BKJIFOUCHUSMU. YCTaHOBJIEHBI 3aKOHOMEpHOCTU m3MeHenuss JMYC
IIJIUTHI B 3aBUCHUMOCTHU OT CbHSHKO-MeX&HI/ILIeCKI/IX CBOICTB MaTepuaJioOB U I'eOMEeTPpUYICCKUX Xa-
PaKTEPUCTUK BKJIIOYEHUIA.
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Abstract. A model of flexible oblique Kirchhoff plates made of porous functional-gradient materials is
derived. Nonlinearity is accounted for by the theory of T. von Karman. The nonlinear partial derivative
equations are solved using the method of variational iterations. The validity of the results obtained
by the method of variational iterations is ensured by comparative analysis with known solutions. The
stress-strain state (STS) of oblique-angled plates is investigated. The influence of plate inclination angle,
dimensional effects, porosity and functional gradient of the material is analyzed. The stress concentration
near voids can be neglected due to their small size, and a smooth, continuous stress variation along
the plate thickness is assumed. It is revealed that the increase in the volume fraction of ceramics in
functionally graded materials allows to significantly increase the bearing capacity of oblique plates. The
oblique plates with increased pore concentration from the upper and lower surfaces to the center have
the highest bearing capacity compared to the uniform porosity distribution and reduced concentration.
The magnitude of the inclination angle and size-dependent parameter significantly affects the bearing
capacity of porous functional-gradient oblique-angled plates.
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BBenenune

MHorue nHzKeHepHbIe TPUJIOZKEHNsT TPEOYIOT IIPUMEHEHUST IJIACTHH € KOCOYTOJIbHOl (11epeKo-
IIEHHOM ) TeOMeTpHUei, HAIlPUMED JIJIsi XBOCTOBOI'O OIIEPEHUs] U CTPEJOBUIHBIX KPBLILEB CAMOJIe-
TOB, & TaK»Ke B CYJOCTPOECHUY, MAIMMHOCTPOEHUN, MEIUIINHE U JIp.

JlJist mccieoBaHusl KOCOYTOJIBHBIX IIJIACTUH He0OXoquMo pa3padboraTh 3hdeKTUBHBIE U TOU-
Hble MeTozibl. B uccaenosanusx [1-10] addexrusrocts meroa Bapuannonnbix ureparnuii (MBI)

MexaHuka 525



@ WUszs. Capart. yH-ta. Hos. cep. Cep.: Matematuka. Mexannka. Vinchopmatura. 2025. T. 25, Bbin. 4

OblLj1a BBISIBJIEHA JIJIsl UCCJIeI0OBAHUS IIPSIMOYTOILHBIX B IIaHe macTul. Hacrosmas paboTa mocssi-
OnIieHa IIPUMEHEHHUIO MeTO/[a BapUuallMOHHBIX I/ITepa.HI/Iﬁ JJIsT KOCOYT'OJIbHBIX T€OMETPUIECKU HEJIN-
HefHbIX IIacTuH. Hapsity ¢ MeTo oM BapUAIMOHHBIX UTEPAIUii JIJIsi UCCIIEOBAHUST KOCOYTOIb-
HBIX [JIACTUH B JINHEHO! OCTAHOBKE IIPUMEHSIIUCH METOJIbI KOHEUHBIX 3jieMeHTOB [11-13], mud-
bepennmanbabix KBajgparyp [14| u KoHeuHbIX pasHOCcTeii [15] 6e3 yuera nopucrocTu Marepuasa
W pa3MEepHON 3aBUCUMOCTH.

I/ICC.He‘I[OBa,HI/Ie IJIaCTUH C ITIOPUCTOCTBIO ABJIAETCA BaKHBIM BBUJY UX YHUKaJIbHBIX OCO6eHHO—
creii. [TopucTbie MaTepuasibl JJIsl TJIACTUH 00JIAAI0T PSJIOM IIPEMMYIIECTB, KOTOPbIE JeJIAl0T MX
BOCTPEOOBAHHBIMY B PA3JIUIHBIX 00JIACTSIX, BKJIIOYAs 9JIEKTPOXUMUIO, SHEPTETUKY, (PUIHTPAIIHIO.
OCHOBHBIMU ITPEUMYINECTBAMEI MOPUCTHIX MATEPUAJIOB ABJISIIOTCS:

1) TepMOU3OIIAIIMOHHBIE CBONCTBA — BO3/IyX B IOPAX CHUYKAET TEILJIONPOBOHOCTD, UTO JIEJIAET
TaKue MaTepUaJbl IIPUTOIHBIME JIJIsi U30JISIINN;

2) 9KOHOMHUsI MaTepuasa — MEHbIIHUI PACXO/] ChIPbsI 110 CPABHEHUIO ¢ MOHOJUTHBIMU CTPYKTY-
pamu 6e3 norepu GhyHKINOHATLHOCTH;

3) yMeHbIIIeHIe Beca — 3TO OCOOEHHO BAayKHO B aBHa-, CyJI0- U aBTOMOOUIIECTPOEHNN.

Hacrosiimas paboTa MOCBsIIEHa UCCIeI0BAHIIO reoMeTprdeckn Hesmmueiinbix mo T. don Kap-
MaHY KOCOYTOJIbHBIX ITOPUCTBIX d)yHKH‘I/IOHaJIbHO—FpaﬂI/IeHTHbIX IJIaCTHUH IIpU rILeI'-/'IC'I‘BI/H/I Imorepev-
HOM HAIPY3KHU € YUETOM pasMepHoil 3aBucuMocTu. Vceieayercst BiausiHue MOPUCTOCTH, (DYHKIHO-
HAJLHON IPaJMEeHTHOCTH, pasMepHbIX 3hMEKTOB U yTiia HAKJIOHA KOCOYTOJIbHBIX IJIACTHH.

1. MaremaTudeckKoe MoAeJImpoBaHe KOCOYIrOJIbHBIX pasMEpPHO 3aBUCUMbIX
IIOPUCTBIX (l)yHKI_lI/IOHaJ'IbHO-I‘pa,I[I/IeHTHbIX IIJIaCTUH

PaccMoTpuM KOCOYrO/IbHYIO INIACTHHY B IpocTpancTse R3 Kak Tpexmepnoe Tesio V € {0 < € <
< a,0 < n<b —h/2 <z < h/2} (puc. 1), tme h— TosmuHA IACTUHBL, @, b— CTOPOHBI
IJIACTHUHBI, (0 — yroJI HaKJIOHA.

y T q(&m)

a/a 6 /b
Puc. 1. Pacyernasi cxema KOCOyroJibHOU ILIacTuHbl: a—B 3D BHIE; 6 — cpe-

JIMHHAS TJIOCKOCTH KOCOYTOJIBHOM IUIACTHHBI (11BET OHJIAIH)

Fig. 1. Calculation scheme of an oblique plate: ¢ —in 3D view; b — the middle
plane of an oblique plate (color online)

[IpuHATHI CIemyIomue THIIOTESbL:

1) runoresza Kupxroda;

2) pasmepHble 3(DdEKTHI IIACTHH yUYUTBIBAIOTCS B cOOTBeTCTBUN C [16];

3) moayusb yupyroctu E = E(z) u koadbdurment [Tyaccona pu = p(z) sasorest GyHKImsiMu
oT Z.

Uccnenytores cnenytomue pacupeenenust nop (U, X, O) [17]:

1) U-IIOIM:

E(z)=(E.— En) (1/24 2/h)? + Ey, — (E. + Ey,) T2,

() = (e — pim) (12 2/B) + i — (p1c + ) T/2: @
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2) X-TIQT'M:

E(Z) = (Ec_Em) (1/2+Z/h)p+Em - (Ec+Em) (1/2_ ‘Z|/h)F
w(z) = (pe — pm) (1/2 + 2/0)P + pn, — (e + pm) (1/2 = |2| /h) T

E(2) = (Ec — Ep) (1/2 4 2/ + Ep — (Ec + Ep) |2| T/ b,

H(=) = (e — pim) (12 + 2/ & pn — (e + i) |21 T/, ®)

rje p — QYHKIMOHATHLHO-IPAJIMEHTHBIN TapaMeTp, OTBEYAIONINN 38 COOTHOIIEHU OObEMHBIX JI0-
Jieit marepuasia; I — mokasaresib nopucroctu Mmarepuaa. CielyeT 3aMeTUTh, YTO KOHIIEHTPAIU-
el HAIIPsI2KeHU BOJIN3U ITyCTOT MOYKHO IpeHeOpeydb BBUIY UX MAJIOrO Pa3Mepa, MPEeJIINo/1aracTcs
[JIABHOE, HEIIPEPBHIBHOE M3MEHEHHE HAIIPSIYKEHUI 110 TOJIIUHE [JIACTUHBI.

W3 npunmuna amuasTona

/6(—U+W+K)dt:0 ()

moJTyueHbl ypaBHeHus Japrkenns ruokux [IOI'M pasmepHo 3aBUCHUMBIX KOCOYTOJIbHBIX ILIACTIH
B HpHHHTOf/i cucremMe KOOp/JIMHAT, a TaKzKe KpaeBble U HaYaJIbHbIE YCJIOBULI.
[TpuBenem crarmuaeckue ypasuenus ruokux [IOI'M kocoyroabHbIX MUKPO/HaHOIIACTHH (5)—

(7) B mepememntenusix u(&,n), v(§,n) u w(&,n) kak byuxyn &, 7 ¢ KpaesbiMu ycjaobusivu (8)—(9),
OIlyCTUB JMHAMUYECKUE TJICHDL:

@_’_aiw 82710 _|_AC*2 Si—Q ﬂ_F@_i_aiw 3282711}_2 82w+827w +
oz " e \ o€z 3 o¢? ocon o2 " o€ o¢? dEIm

0%v 0% ow Gw 0w d*w
-1 _ oV -1 _ow _
e (5W5+6wn+c ( e T )<58%*%%%)> > ©
C_2 82872’0 . 2 82’1) + ﬁ T _887'11) n 8711) 32 82w . 25 8211) + a2w +
€2 AEDN ¢ 0On €2 0Eon  On?
+A 6721} + *182710_1 _ 82710 + 6277"0 +
Slaez T ez “o2¢ T deonm
9%u d%u ow 9w 9w
_1 e g e —
e (=5 + ) + ¢ (2 a5¢ * o)) =° ©)
O*w *w 9w O*w o*w
_4 _ o
Ik[w“ww+M+mww2“%w+%J+

+ At et —s%—i—@ +@+ 10w _3%4_% _882710_’_8211) L
! ac o) " oe o€ ac oy a2¢ " ocon) 1T
du  1(ow)® _1_@+@<¢,g_@+mﬂ Pw
2\ ¢ re “oc Tap) T 2" o€ ae?

1

2

¢ +
Ae? —1( ‘%+3”> —2< ow 8“’) u 1<3“’>2 y
207\ \Par o) T2 \TPag o) T\ e talae

0w 9w d*w

2

—2

XG@@ 5%%*8%”’ ®
1 1/2 1/2 1/2

vie Ay = [ qimds Av= [ pEpde, Ay = [ Rz Ag= [ Gldz
0 —1/2 -1/2 -1/2
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rpaHUYHbIE YCJIOBUS:
— MIApHUP II0 KOHTYPY ILJIACTUHBI:

0w

w|g =0, WB:O, uls =0, wv|lg=0; (8)
— 3aIeMJIeHUe IO KOHTYPY IJIACTUHBL:
ow

= 07 —_ = O7 = 0, =0. 9

wls 5, 15 uls vls (9)

s kocoyronpubix [TOI'M miacTtun corsiacHO MOAUMUIIMPOBAHHONR MOMEHTHOM TEOPUU BbI-
pakeHue JJjisl MUINHAPUIecKoi [ mpumMeTr BU/I

1/2
. E(2)2? E(2)1? ;
D‘_JQ <1—/ﬂ(z>+1+u<z>>d' (10)

B Boipazkennu (10) mepBblil 4ieH OTHOCHTCS K KJIACCHIECKON T€OPUH, BTOPOIl “WIEH yINTHIBAET
pasMepHO 3aBUCHUMBII ITapamMerp | coracHo Mo udUIMpoBaHHO# MOMeHTHOI Teopun fura [16].
VYpasuenust (5)—(10) npusenenbl K 6e3pasMepHOMY BUJLy C HCIIOJb30BaHueM mapamerpos (11).
Yeprouku HaJ1 6e3pa3MepHBIME apamMeTrpaMn B ypasHeHusx (5)—(10) u gasee omyIneHsl.

2b2

il £= : (11)

Q|

RS
Y n_b7 _h

2. Meroa BapualMOHHBIX HUTepamii

PaccmoTrprM ncnonb3oBaHne METOMA BAPUAIIMOHHBIX UTEPAIdil HA MPUMepPe CUCTEMBI HEJIH-
HEeWHBIX b depeHInaIbHBIX YPABHEHUN B OIIEPATOPHOM BHU/IE

Li[@1(§7n)7"'7¢m(€an>]:fi(§777)> 1=12,...,m. (12)

Pemerne MBU it KOCOYTOJIBHBIX TIJIACTUH MIPEJICTABIISIETCSI B BUJIE CYMMBI ITPOU3BEIEHUS
N
dbynkrmit grst MBI B Beicmmx npubmmxennsx ¢;(€,n) = > T; j(§)P;j(n), i =1,...,m.
i=1

[Tpumenernne MBI noapo6uo ommcano B paborax [1-5|. [Tokazano, uro MBU nossossier mu-
HUMU3HUPOBATH BPEMsl pacueTa IPU BBICOKON TOYHOCTH BbIYMC/IeHUi [1-5].

2.1. CpaBHUTEJbHbLIA aHAJN3 PeIeHu

[TpoBesieM cpaBHUTE/BHBIN aHAJIN3

Tabauya 1/ Table]  W3BECTHBIX pEIIEHUI, UMEIOIIUXCS B

Conocrasenne pemennii ksaaparnoii (A = 1) mommopas-  JIATeparype. Permenmst w(0.5;0.5) ms
Meproit (I = 0) IIACTHHKY, 3aIMeMIeHHoi 10 KouTypy (9) — 3allleMJIeHHs 110 KOHTYpPY mtactuH (9)
Comparison of solutions of a square (A = 1) full-size npmqg = 150, A = 1,1 =0, ¢ = 0
(I =0) plate clamped along the contour (9) COIOCTABJISAIOTCS C PEINEHUAMHE, MOJTIYy-

yeHHbIME MeTosamu [asepkuna [18,19)

MeTtongr w(0.5;0.5) | Torpemnocts, %

: U KOHEYHBIX 3j1eMeHTOB [20)].
Yamaki [18] 1.25 0.79 W3 jaHHBIX, [pEJICTABJIEHHBIX B
Wang [19] 1.23 2.38 Tabji. 1, cireftyer, 9TO pe3yJsibTaThl, MO0-
MKD [20] 1.23 2.38 saydennble MBI, obianamoT BBICOKOI
MBMU 1 npu6. (n = 49) 1.26 0.00 TOYHOCTBIO M OT/ImYaroTcs ot [18-20]

Menee ueM Ha 3%.
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3. MUccaenoBanue IIPI'M pazmepHO 3aBUCUMBIX KOCOYTOJIbHBIX MJIACTUH

leomeTpust KOCOYTOJIBHBIX ILIACTHH CYIIECTBEHHO BJIMSIET Ha €€ HallpszKeHHO-I1eOopMUPO-
BAHHOE COCTOSIHME U HECYIIyIO criocobHoCTh. Vccnenyem BiusgHue yriia HAKJIOHA 0 JIJId pa3Mep-
HO 3aBUCHUMOIl Ha m3rubanne GyHKINOHAJIHHO-TPAINEHTHON TOPUCTON KOCOYTOIbHON IIACTHHBI
U-IIOI'M. Ha paccmaTpuBaeMble ILJIACTHHBI

JleficTByeT paBHOMepHas IolepedHas Harpys-  [400 q =05
ka ¢. Ha puc. 2 mpusesieHo conocrabieHne --p=0"
pemennii ¢[w(0.5;0.5)] m1g MakpopasMepHbIX | U-IIOI'M ~=ig=13]
u wvukporyiactun npu | = 0.4, a makke |, =04 B
n300parkeHa MOBEPXHOCTh IPOruOOB ILIACTH- ) =0 _
ue1 w(&,n) upu ¢ = 25°, 1 = 0.5, ¢ = 200. 0 | P = =gt

Ha puc. 3 m3obpazkeHBl rpadWKH 3aBU- _iziZSS

200

CHUMOCTH MaKCHUMaJIbHOI'O HpOI‘I/I6a B 3aBHUCHU-
MOCTHU OT yIVia HaKJIOHa ¢ [Jjid Tpex THUIIOB

pacupenenennss mop: U-IIOT'M, X-TIOI'M,

150

O-II®I'M 15t MaKpO- 1 HAHOPA3MEPHBIX ILJIa- 100 ’
. /

cruH. Perienust oty deHbl Ipu IeHCTBUN paB- ~

" ol
HOMEPHO pPAaCIpeaeIeHHON Harpy3Ku WHTEH- 50 ﬂ
cuBHOCTH ¢ = 150 /151 NIADHUPHO OIIEPTOIi 110 w(0.5,0.5)

0

KOHTYDyY Itactunbl (8). Ha puc. 3 Takzxke u306- 00 0s o s o -

axxe OBEPXHOCTU W = 45°
paKenk1 HosepxHocTit w(&,n) mpi ¢ " Puc. 2. Basucumocts ¢[w(0.5,0.5)] KocoyTrombHbIx

=05, ¢=150. mwiactud U-IIOT'M npu p = 0, I' = 0.4 makpopas-
Taxmv  obpasowm, ysemmienne yria  Ha- Mmepubx (I = 0) u mukporwtactur (I = 0.5) st

YMEHBIIEHIIO Besrunbl nporuba w(, 7). 3a- Fig. 2. Dependence of ¢[w(0.5,0.5)] of oblique

BUCHMOCTE pymKiu w(E, 1) OT yria ¢ Helu-  {_ppGM plates at p = 0, I = 0.4 of macro-sized
Heifnast (cM. puc. 3). YBeludeHHe Iapamer- (I = 0) and micro-plates (I = 0.5) for boundary
pa | yBeJiMuMBaeT HECYIIYIO CIIOCOOHOCTH KO- conditions (8) (color online)
COYTOJIBHBIX IJIACTHH.

IlopucrocTs MaTepmasia SABISACTCA BaK-
HbIM (pAKTOPOM ITIPU AHAJU3E HAIPSKEHHO- " W —150 l =U2w _!jﬁl‘fm
1ebOPMUPOBAHHOI'O COCTOSIHUS KOCOYTOJIHHBIX q = xnorm
nnactuH. OTMeTHM, YTO KOHIEHTpanueil Ha- 12
IpsKeHui BOJU3H IIyCTOT MOYKHO ITpeHeOpeyDb 1
BBUJIy X MAJIOI'O Pa3Mepa. 08

O-Ndrm

Uccnemyem Bausinue mnapamerpa IOpuU- .
croctu ' wa w3rumbanme GyHKIMOHAILHO-
IPaJUECHTHON IIOPUCTON KOCOYI'OJbHOU ILIa-
crunbl U-TTOT'M.

Ha puc. 4 upusesnenst pemenus g[w(0.5; 6 & 4 i mE @ S0 8 A s

0.5)] rocoyrompmprx mracrun U-IIOTM  nrs Puc. 3. Conocrasiienne pacipeiesieHus: IIOpuCTO-
p = 1, A = 1 u nosepxuocts w(§,n) 1upu CTW MJTACTUHBI (I(BET OHJIAMH )

p = 15° 1 = 0, ¢ = 250 mjig mapHAPHOTO
ommpanus (9). Llper kpuBbIX yKasan Ha puc. 4
B COOTBETCTBMHU C IIapaMeTpoM mopucroctu I

0.4

0.2

Fig. 3. Comparison of the plate’s porosity
distribution (color online)

[Tapamerp mopucroctu I' onpenessier 06b-
eM TII0p B MaTepuaje IJIACTUHKHA. JHadeHHe [apaMerpa I[IOPUCTOCTH OKa3bIBAaeT Cy-
[IECTBEHHOE BJIMSIHHE Ha HECYILYI0 CIIOCOOHOCTb KOCOYTOJBHBIX IJIACTHH. B YacTHO-
CTH, POCT 3TOIO0 IapaMeTpa CIOCOOCTBYET CHMXKEHHIO BEJIUYMHBI HpOrmba Jjisi BCeX BU-
OB TIOPUCTON CTPYKTYypbl. Hampumep, jisi KOCOYTOJBHBIX IJIACTUH C PAacIpeie/IeHIeM
mop tuna U-IIOI'M npu wmsmenenmn koadummenta I' or 0 mo 0.4 mporumb Bo3pacTtaer
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Ha 18-25%, rorma kaxk mist mukporutactu (nipu | = 0.4) yBenuuenue cocrasiser b 10%.
Yaer pazMepHbIX 3peKToB Takke cynectBeHHo u3amensier HJIC, mpuBojist K yMeHBIIIEHUIO TIPO-
ruba KOoCcOyroabHbIX 1tactud Ha 40-50%.

CooTHollleHnE MATEPUAJIOB B KOMIIO3UTE MOXKET CYIIECTBEHHO BJIUAThH HA UX HECYIILYIO CIIOCO0-
HocTh. Jlyta ananmsa ganHOrO 3hdeKTa nuccieayeM BiausHIe PyHKITHNOHAJILHO-TPAIUEHTHOTO T1a-
pamerpa marepuasia p Ha u3rud [IPI'M kocoyroabHbIX mracTtuH ¢ pacipegeiseraunem mop U-TIOT'M
(1). IIpusenenst pemenus qw(0.5;0.5)] aus [ = 0,0.4 (puc. 5).

400 q | 300 q
; A=

250

1=0 | 200

200 ey 150

150
100

100

50
50

w(0.5,0.5) w(0.5,0.5)

0.0 0.5 1.0 1.5 2.0 2.5 0.0 0.4 0.8 1.2 1.6

Puc. 4. 3asucmmocts ¢ [w(0.5,0.5)] Koco- Puc. 5. 3aBucnmocts ¢[w(0.5,0.5)] Kocoyross-
yrosapubix mwiactua unpu ' = 0,0.2,0.4, HBIX IUACTHH upm ¢ = 15°, A = 1,
¢ = 15° pama rpaHuuHbIX ycsosuit  (8) p = 0.25,1,4 nusg rpaHudHbIX ycsoBuii (8)

(1Ber oHyAliH)
Fig. 4. Dependence of ¢ [w(0.5,0.5)] on oblique
plates at I' = 0,0.2,0.4, ¢ = 15° for boundary
conditions (8) (color online)

(uBer oHuIAlH)
Fig. 5. Dependence ¢[w(0.5,0.5)] of oblique
plates at ¢ = 15°, A = 1, p = 0.25,1,4 for
boundary conditions (8) (color online)

HapaMeTp P BJIHLACT HaA O6’beMHbIe J0JI1 KEpAMUKU U MeETaJlJla B MaTepuaJie KOCOYTOJIbHBbIX
wractul. Vcrop3oBanne paccMaTpuBaeMbIX (PyHKIIMOHAJIBHO-TPAIUEHTHBIX MATEPUAJIOB [TO3BO-
JIIeT covueTarhb B cebe 0COOEHHOCTH TMOKOCTH META/UIMYECKUX IIJIACTUH U IMPOYHOCTA KEPAMUKH.
C pocToMm mapamMerpa P YBeJIMIMBAETCS OTHOIIEHNE 00beMa METaJLIa K KEPAMUKE U IIPUBOJUT K
3HAUNTEIFHOMY POCTY HeCyIeil CrrocOOHOCTH KOCOYTOMbHBIX ItacTud st [ = 0,0.4.

3akJiroueHue

Tlosyaena maTeMaTndecKasi MoJeIb KOCOYTOJbHBIX [IPI'M maacTus 1mo MogudUIIpOBAHHOM
MOMEHTHO# Teopunu yupyroctu u mejuaeitnoctu T. dou Kapmana.

Meros BapuallmOHHBIX UTEpaIinii — paclnpeHHblii MeTo KanTopoBudya — IpuMeHsIeTCs JIJIst
pacdera yKa3aHHOIO KJjacca 3ajad. [lokazaHa ero BbICOKasi TOYHOCTH, TO3BOJISIIOIIAsT IOy IaTh
MPaKTUIECKU TOYHBIE PELICHUs.

Buepsbie B reoMeTpUYeCKH HEJIUHEHHON ITOCTAHOBKE MCCJIELYETCsl HAIPSI2KEHHO-1e(pOPMUPO-
BaHHOE COCTOSIHHME IOPUCTBIX (DYyHKIIMOHAIBLHO-IPAJMEHTHBIX PA3MEPHO 3aBHUCUMBIX KOCOYTOJIb-
HBIX IJIACTHH.

YBenudenne 00bEMHON A0/ KEPAMUKK B (DYyHKIIMOHAJIBHO-TPAIMEHTHBIX MAaTepUasIaX 03~
BOJIFET CYIIECTBEHHO YBEJMIUTh HECYIIYIO CIIOCOOHOCTH KOCOYTOJIBHBIX ILIACTHH. KocoyTrobHbIe
wiactusbl ¢ tunoM mop X (eM. (2)) mMmeror HamMeHbIIHi Hporu6 1o cpaBHeHHIO ¢ nopamu U
(em. (1)), O (em. (3)).

Benuauna yrita HakJI0HA CYIIECTBEHHO BJIUsIET Ha HeCyIlyto criocobHocTs [IPT'M kocoyrosib-
HBIX IJIACTHH.
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Annoramusa. PaccmarpuBaercs 3a1a4a pacdeTa paccesiHus IJI0CKON 3BYKOBOI BOJIHBI a0COJIIOTHO KECT-
KAM TpPeXMepHbIM TejioM. lIpeimosiaraercsi, YTO MOBEPXHOCTh TeJIa 3aJaHa HECTPYKTYPUPOBAHHON IO-
JIIMOHAJIBHON ceTKoil (TpeyronbHbiM 3D-Merem), 4TO BasKHO Jyis OPAKTUYECKUX NpHJIOKeHuil. Pa3su-
BAETCs METOJ, TDAHUYHBIX IJIEMEHTOB HA OCHOBE DPEryJISPU30BAHHOIO WHTErPAJBHOrO ypaBHeHHUs bep-
ToHa — Muiepa ¢ napamerpoMm «. IIpumenenue 3Toro ypaBHeHHs peliaer IpobJieMy HeeIUHCTBEHHOCTU
pemnenus. HecMoTps Ha TO, 9TO JAHHBIH TOIXO0 N3y 9AJICS MHOTMMHI aBTOPAME, HEKOTOPbIE (DAKTHI OCTABA~
JINCh HEMCCJIEIOBAHHBIMY, B YACTHOCTH, PEryJIsipU3AIINs JIJIs HECTPYKTYPUPOBAHHBIX CETOK, 0OOCHOBAHUE
MeTOJ[a KOJUIOKAIWIT [IJIsi PEeryJIsspU30BAHHOIO ypaBHeHus Beprona— Mwmurepa. B mamnoit pabore manb
HEKOTOPBbIE OTBETHI HA T BONPOCHI. lIpesjioKeHbl perysspu3oBaHHOe ypaBHeHne beprona—Muiepa
¥ €ro JIUCKpeTHasi 0DOCHOBAHHAS BEPCHsl HA OCHOBE METOJIa KOJUIOKAIWil. DTO MO3BOIMIO pa3zpaboTaTh
YCTOWYMBBIA YUCIEHHBI METOJ, PAOOTAIOIIMIA JJIsI IPOU3BOJIBHBIX BOJIHOBBIX Yncesl. B HEM IpUMeHSIeTCst
WHTErpUpOBaHue 0 sgdeiikaM BopoHOro, oreHKa MOBEPXHOCTHOTO IPA/IMEHTa aAKYCTUIECKOrO IIOTEHIINATIA
o coceauuM BepiuHaM. C Ie/IbI0 BAJUAAINN U TECTUPOBAHUS YUCIEHHOIO METOa, 0OOCHOBaHUS BHIOO-
pa mapameTrpa « JUId CJIydas Iapa CJAejaH BBIBOJ[ aHAJUTHYIECKOrO PEIleHrs] HAUPSMYIO U3 yPaBHEHUs
Beprona—Munnepa u chepuaeckoro pasmoxenus Jxekcona dyakmuu ['puna. [IpuBeaersr pesyabraTs
IIPOrPaMMHON peasin3aliui.

KiioueBbie cjioBa: akyCTHYECKHIT IIOTEHIINAJ, TIJIOCKAs 3BYKOBas BOJTHA, aDCOJIFOTHO 2KECTKOE TeJI0, Me-
TOJ TPAaHUYHBIX 3JIEMEHTOB, ypaBHeHue [esibMroJibiia, GpyHKIuUs ['prHa, IpaHUYHOE UHTEIPAJIBHOE ypaB-
umenne Beprona— Mwuurepa, Tpeyrosbabiii 3D-mermnt
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Calculation of scattering of a plane sound wave by a hard body of arbitrary
shape based on the Burton —Miller boundary integral equation
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Daniil R. Lepetkov, Lepetckov@ya.ru, https://orcid.org/0000-0002-5474-1328, SPIN: 9047-2173, AuthorID:
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Abstract. The problem of calculating the scattering of a plane sound wave by a hard three-dimensional
body is considered. It is assumed that the surface of the body is given by an unstructured triangular
mesh, which is important for practical applications. We develop the boundary element method based on
the regularized Burton—Miller integral equation with parameter «. The use of this equation solves the
problem of non-uniqueness of the solution. Despite the fact that this approach has been studied by many
authors, some aspects remained unexplored, in particular, the regularization for unstructured meshes and
justification for the collocation method for regularized Burton —Miller equation. We provide some answers
to these questions. The regularized Burton—Miller equation and its discrete justified version based on
the collocation method are proposed. This made it possible to develop a robust numerical method that
works for arbitrary wavenumbers. The method involves integration over Voronoi cells and estimation
of the surface gradient of the acoustic potential using adjacent vertices. In order to validate and test
the numerical method and justify the choice of the parameter « for the case of a sphere, we derive an
analytical solution directly from the Burton —Miller equation and the Jackson spherical expansion of the
Green’s function. The results of the software implementation are presented.

Keywords: acoustic potential, plane sound wave, hard body, boundary element method, Helmholtz
equation, Green’s function, Burton—Miller boundary integral equation, triangular 3D-mesh
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BBenenune

[ycts D C R?® — samxmyTtast omnocBssHasg obmactsb (Tesno), S = 0D — rpammma D (to-
BEPXHOCTB), N = N, € S? — BHemmHss HOpMasb B Touke = € S, Ui(x) = Ae*? — norenmuar
naaomieit Ha D I1JI0CKO#H 3BYyKOBO# BOJIHBL, k > 0 — BosiHOBOE umciio, ¢ € R3, d € S? — manpan-
nenne, xd = x1dy + xody + x3ds, (), = x — (xn)n, 0, = Vn, Vg = (V),, — M0BEPXHOCTHBI
rpaauent, [’ mua dyHknuii 0603HaAYAET TPOU3BOAHYIO, ¢ — HOJIOKUTEIbHBIE KOHCTaHThI, A ~ B
3HauuT, 9T0 A 1 B B 1pejee paBHbIL.

Tpebyercst paccanTaTh aKyCTHIECKH TOTEHIMAT paccessHHOi BosHbl W (z) B HasbHeil 30H€
x € D°. PaccmorpuM ciiydaii abCoOIIOTHO YKECTKOTO TeJIa ¢ IPEUMYIIECTBEHHO IIaJIKON TTOBEPX-
HocThiO (cM. [1, rur. 2]). IIpumepsl reoMerpun ClieHbI IPUBEJIEHBI B Pa3jl. 3.

JauHast 3a/1a9a XOPOIIO U3yvYeHa B TEOPETUIECKON akycTuke (CM., Hanpumep, [2-5]). Oaaako
ee aHAJIMTUIECKOE PEIIEHIe U3BECTHO TOJILKO JIJIs TeJl KAHOHUIECKOH (hOPMBI, 3a1a101uxcs (K-
CUPOBAHUEM OJHOI M3 KOODIAMHAT B HEKOTOPOI OPTOrOHAJILHOI CHCTEMe KOOPAMHAT, TIe Pas3/ie-
JISTIOTCs IepEeMEHHbIE B ypaBHeHUN ['ebMrobiia (HampuMep, II0CKOCTD, cepa NI SJITAIICON/T,
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GeCKOHEYHBII KPYTOBOil WK 3/unTuYecKuil numeap). st npakTHuecKux MpUIOKEHUH BaXK-
HO PacCMOTPETh IPOU3BOJIbHBIE Tejla. B 9ToM cilydae IIpejIoyKeHbl pa3Hble UCIEHHbBIE METOJIbI.
Pacemorpum metoz rpanndnbix vmeMenToB (MI'D) ma ocHoBe perynsipm3oBaHHOI Bepchu Ipa-
HUYHOrO uHTerpasibuoro ypasaenusi (I'Y) Beprona—Muiiepa ¢ napamerpom « (em. [1,5-9]).
Takoii BeIGOp cBsizan ¢ TeM, yro [V B crangaprHOil octanoBke (o = 0) uUMeeT HeeMHCTBEH-
HOe pEeIleHNe JIJIsi BOJTHOBBIX Yuces k, OTBeYalonux cCOOCTBEHHBIM 3HAYEHUSIM BHY TPEHHEN 3a/1a91
Jupuxje. 9TO NPUBOJIUT K YUCJICHHON HEYCTOWIUBOCTH.

MI'D mupoKo IpUMEHSIETCST IPA TeOPETHIECKOM U MTPAKTUIECKOM HMCCIOBAHUN 3a/1a9 BOJI-
HOBO¥ MexaHuKu. B psjie paboT 3TOT METO/] UCIIOIb3YeTCsl JIJIst TPUOJIMAKEHHOTO PEIEHUS 33,184
paccesiHisi 3ByKOBbBIX BOJIH Ha TeJlaX HEKAHOHIMIECKOIl (hOpMBI, 3ajiaBaeMbIxX aHajuTudecku 2,10,
11]. Ogaako B MHIKEHEPHBIX NPUJIOKEHUSX dalle Bcero Berpedatorcs 6o CAD-noBepxHocTH
(B-crnaiinsr) [5], 60 nosmronanbuele cerku (3D-memnm). Pacemorpum corydaii HecTpyKTypupo-
BAHHOT'O TPEYTroJIbHOTO Merra. Hampumep, oH MoxKeT 6bITh 1osiydern 3D-ckaHupoBanneMm o0beKTa
i Tpuanryisaueii CAD-mozmesn.

OcHoBHOIT BKJ1aJl paboThl B Teopuio MI'D cocrouT B npemioxkennn 1 u ero IUCKPETHOR Bep-
cun 3, MOJIyd9eHHON 0O0CHOBAHHBIM METOJIOM KoJutokarmit (mpesioxkenne 4). Ha ocHose npejyio-
JKeHUsT 3 JIsi HECTPYKTYPUPOBAHHBIX CETOK pa3paboTaH yCTOWIMBBIN THC/IEHHBIA METOJ, BKJIHO-
Jaromuii IpuMeHeHNe JIMCKPeTHOro rpajuenTa (pasma. 4). Ero npenMyinecTBoM, 110 CpaBHEHUIO,
HanpumMmep, ¢ [2|, sBisiercst ydeT Ipou3BOIBHBIX k ¥ CJIOXKHBIX MOBepxHOCTEi. st cirydas ma-
pa JI0Ka3aHO TIpejjIoyKeHne 2, Hy>KHO€e JIJIsl BaJUJAINA YUCJIEHHOI'O METOJIa U apryMeHTAIluu B
noJsib3y BbIOOpa mapamerpa a = i/k (3amedanue 1).

1. OcHoBHbIE ypaBHEHUsI METOJA I'PAHUYHBIX 3JIEMEHTOB

IIycrs ¥ = W; 4+ Wy — cymMMapHBIii [TOTEHIMAI. AKYCTHYECKUE TOTEHIIAABI YIO0BIETBOPSIOT
ypapHeruto ['esibmrogbia. s morennnana Wy cripaBelJInBO YCIOBUE U3TyYeHIsT 30MMePdebIa
JJIsT yXOISIIINX Ha 6eCKOHeIHOCTDh BOIH. Ha rpannie abCoJIIOTHO »KeCTKOIo Tejia [ BBIOIHAETC s
yenosue Heiimana 0,V (z) = 0. Iorennuan Wq(x) unTepecer B JajbHEl 30HE, MOITOMY JIJisi
ypaBHeHus ['esibMrosibiia 6epercs BHEITHsS 3a1a4qa x € D°.

13 pesyabraros |1, 4-8, 12, 13] BoiTekaior ciemyiomue daxrol, B KoTopbix Gp(z',z) =
= (4rr)~Ler r = |2’ — x|, — dbynkima puna aas ypasnenus: [eTbMIobIia ¢ yCIOBHEM H3IIy-
qeHns s yxoaanmx o, G = G, n' = ny, da’ = dS(2/).

1. Bo BHemuocTH Tena D cymmapHblil notennuas W riajkuit u

Uy(x) = / O G (2!, 2)¥(2')d2', x € D°. (1)
S
2. Ha mosepxuoctn S umeem 'Y B cTraHIapTHOI TOCTAHOBKE
C(z)¥(x) = / O G2, )V (2") da’ + Wi(z), =z €S, (2)
S

rie C(z) — reomerpudeckuii koadduiment, pasubiii 1/2 B Toukax riajkocTi. B 9Tux ToUKax
O G = O(r~1), mosromy mnrerpan  (2) ciabo CHHTYIAPHBIA.

3. Ecimm k? siBiisiercst cOOCTBEHHBIM 3HAYMEHNEM BHYTpeHHell 3ajaun JIupuxie s ypaBHeHHsI
Tenbmrodibiia, To pemenne 'Y (2) weepuucrsenno. s perienusi 3ol pobieMbl BMecTo (2)
npuMeHsieTcsi KomOnaupoBanuoe ypasuenne beprona—Musiepa

C2)¥(z) = /S 0w C(a’ )W (') o’ + Wi(x) + o /S 02 Gla! 1) U(a') da' + D, 05(2)), (3

nosygaemoe cymmupoBanueM (2) u npouddepeHmpoBatntoii npasoii vactu (2). B roukax ria-
KOCTH Oi,n,G = O(r~2), nosromy Bropoii unTerpas B (3) runepcunryispubii. Ipn Ima # 0
TNY (3) umeer eammcrsennoe permenne xmacca C1P(S), B € (0,1) (cm. onpenenenue (21)).
O6bruno nosaraor « = i/k (cM. 3amevanue 1).
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4. Jlns pernerust npobJIeMbl CHHTYJISPHOCTH OEPYTCs CIEIYIONINE TOXKIECTBA:

/ O Go(2', 1) da’ = —C(x), / 87%7”/670(93/, r)ds’ =0,
S S

(4)
/ 87%7”,6‘0(3:', z)(z' —x)da’ = / OnGo(2',z)n' d’ — C(z)n,
S S
rie C(z) = 1,z € D¢, C(z) =0,z € D\ S, n € S — npomsBosbHBIH BekTop Tpu = ¢ S.
C yuerom (4) npuMeHsICTCs CIIeyIoIasi PeryJIsipU3aliisi CHHIYJIIPHBIX HHTErDAJIOB:

/8n/G(x/,x)\IJ(ac’) da’ = A1V (x) — /82 G2, )W (2)) da’ = AV (z),
S
AP (x) = /S[(?n/(}'(x’,:v)\ll(:v') — O Go(2!, )W (x)] da’, (5)

AV (z) = /[8i7n/G(x',x)W(x') - 8,217n/G0(x',:p)L(x',x)] dr'+ | 8,Go(z',2)Vs¥(x)n' dx’, (6)
S S

Lz, z) = ¥(z) + V¥ (z)(z' —x) = ¥(z) + V¥ (z)(z' — 2)n. (7)
N3 dpaxToB 14 BBITEKAET CJEAYIOIIEe YTBEPIKICHUE.

IIpennoxkenne 1. ITycmv A = Ag — A1 — aAs, B =1 + a0y, 2de Ag¥(z) = 2C(z)¥(x).
Tozda cnpasedauso pezyaspudosannoe I'UY Bepmona — Muanepa

AV(z) = BUi(z), x€S. (8)
puIma # 0 ono umeem edurcmeennoe pewenue ¥ € CH3(S).

Ypasuenue (8) Bcrpedaercs: B HEMHOI'O JApyroii hopme u 6e3 06Cy K AeHHst TVIaIKOCTH PEIIeHNUSsT
B pabore 8. Mues ucnonbzosars (d) u smueitnyo dysxmuo L B3sata u3 [5]. B pasm. 3 ona
AJIAITHPYETCS JIJIst TPEYTOJIBHBIX MEIICH.

2. BpiBoJ aHasmTHYEeCcKoro perieHus aJjisg mniapa u3 'Y Beprona — Mussepa

Jlist obocHOBaHUS BBIOOPA (v, BAJIMIAIMKA ¥ TECTUPOBAHNS YUCJICHHOTO PEIICHUS HYKHO pac-
CMOTPETD IPUMED, T N3BECTHO AHAJTUTUIECKOE PElIeHre. YI00HO B3ATh € IMHNIHbI map, A = 1,
d = (1,0,0). Torna S = S? — equnuunas cdepa, C(r) = 1/2.

[yctsb (rcos B, rcospsinf,rsinpsinf) — chepudeckue koopmunaTht € R3, 7 = |z|.

Nneem [3]

(o]
Wi (z) = ethreos? — Z'yljl(kr)Pl(cos 0), ~=(20+1)i, 9)

=0
rue j; — cepuueckne dpynxun Beccenst, P, — muorowens Jlexkanapa. B unciieHHbIX pacuerax
exogsimuiicst psjt (9) IpUMEHsIeTCsT ¢ KOHEYHBIM YHCJIOM caraeMbix. Torma o Teopeme ITapce-
BaJig npubsmkennoe pemenne 'Y (3) rakke Oymer comep:KaTh KOHEIHOE UHCIO CJIATAEMBIX.

Ilosromy majiee cumTaeM, 9TO 3TO BEpHO Jjist Bcex psinoB Pypbe—Jlexkanapa. Torma nx MoKHO
cBoboHO muddepeHnnpoBaTh, B YaCTHOCTH,

o0
OnWi(x) =k Y yiji(kr)Pi(cos0). (10)
1=0
s BHeNIHel 33,1841 B CHJIy YCJIOBUS U3JIyUeHUs JJisl yXOJISAIINX BOJIH UMeeM
oo
Uy(x) = Z Arhy(kr)P(cos ),
1=0
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e h; — chepudeckne pyHKIUU ['aHKe st IEPBOTO poja, A; — HEU3BECTHBIE KOIDPUIMEHTHI.
B urore cymmapHbBIil MOTEHIUAT PABEH

= Z Bi(kr)P(cos®), Bi(z) =vji(z) + Athi(z2). (11)
1=0

U3 ycinosus Heiimana jjist ¥ = 1 u mpou3BobHOTO 6 HAXOMMM

, Y4y (k)
kZBz JPileos) =0, Bi(k) = mwji(k) + Aihi(k) =0, A= =555

rue h;(k) # 0. Iosyunau usBecTHOE BhIpaykeHue st Kodddunuenrop A; norenrmuana Yy (cm
Hanpumep, |5, paz. 7.2]). CoorsercrBenno, Bj(z) = % [1(2)hy(k) — j;(k)hy(2)]. Ecan Bocmomns-
!

30BaTbCst BponckuanoM ji(2)h)(z) — jj(2)hi(2) = %, nomyaum

Bulk) = (12)

Briseniem Teneps perenne (12) uz 'Y Beprona - Musrepa (3).

Ilpensoxkenune 2. Jlas scex 1 =0,1,2,... cnpasediugo pagencmeo
ik} (k) Gu(k) + k()] Bu(k) = Lji (k) + kg ()] (13)

HokazareabcTBo. Bocnosnbsyemes cdepudeckum pasioxkenueM Jzkekcona [14]

2041 . .
G(fc’,x):zkl; . ji(kmin (r, ")) by (k max (r, ")) Pi(cos ),

rie (' cos @, cos ¢’ sin @' r' sin ¢’ sin§') — cdhepuueckue koopmuuarsr ', rz' = rr’ cos-y.
[IpousBoanbie dpyukimu ['puHa BBIYUCIsIEM B CMBIC/IE IJIABHOIO 3HAYEHUS. Tormaa

0,6 x) = i”;rl[ ((RDHICE) + 51K ()] Pi(cos ), (1)
62 Gl ) = kS 2 = L ieyni (k) Pu(cos ), 2" € S2. (15)
=0
[Mogcrasum (9), (10), (11), (14), (15) B TUY (3) u Bocnosbsyemcst hbopMyIioii
2l4:: ! /S ) P/(2'd)Py(2'2) da’ = P/(xd)oy, x,d €S>

Torna nas secex 6

ik
*ZBz )P (cos 0) Z{%[jz(k)hf(k) + 1 (k) (k)] Bi(k) + (k) +
1=0

Falik? (k)R (k) Bi(k) + knji (k)] } Pu(cos 6),
OTKYyda C y9€TOM BPOHCKHAHaQ
ik? i
(5~ o (20 (R (R) — 1) — kSRR (R)] Buk) = (k) + ok (h)]

[0C/Ie YIIPOIIEHNiT TOJIyaeM NCKOMOe paBeHCTBO (13). O

538 HayuyHbiii otgen



/. P. Jlenetkos. Pacuet paccesHnsi naockoii 38yKOBOV BOJIHbI aBCOIOTHO XKECTKUM TE0M @

Bameuanwne 1. Issecrno, uro ji(k) + akjj(k) # 0 upu Ima # 0. Torza (13) Bieder (12).
FEcmn a = 0, uro orBeuaer crammapraoi nocranoske 'Y, To g k, coBnajaommux ¢ HyJIsSIMI
dbynxmun Beccens j;(k) (pasrocmibro, k? — cobcTBeHHOe 3Havenne 3adaun Jlupuxie B mrape)
suadenuss By(k) B (13) He ompejeseHbl, 9TO BeYeT HEEJIUHCTBEHHOCTh DEIIeHUs] U IUCICHHYIO
HEyCTONYNBOCTD.

U3 (13) u onpenenenus oneparopa A cieayer, aro B 6a3uce n3 MHorowienos Jlexanapa A

ABJIAETCA MAroHaIbHBIM ¢ ssiementamu a; = —ik2h) (k) [ (k) + akj] (k)], nosTomy ero uncio o6y-
max |ay] ;
CIIOBJIERHOCTH /5 = o, Beqm nonoxuts ak = ic (MOkHO OrpaHHIuTHCA ¢ > 0) U HOCTPOUTD

IUCTOrPAMMY 3HAYEHHUN Cryin = argmin, £(k, ¢), T0 yBUAUM MUK P Cpin ~ 1. D9T0 060CHOBBIBAET
BeIGOp o = i/k (cMm. Takzke [4,12]).

3. Omnwmcanme mMeToaa KOJUJIOKAIUN JJISI TPEYTOJILHOTO MeIa

[IpuBesieM MUCKPETHYIO BEPCUIO MPEJIOKEHN 1, HyKHYIO JIJIsI IUC/IeHHON peasm3anuu. s
5TOrO, OTTAJKUBASCH OT 3a/IaHusl IOBEPXHOCTH TeJia, anmnpokcumupyem 'Y (8).

T'eomeTpus noBepxuocTu. Ilycrs nmosepxuocts Testa D mpejicraBiiena HECTPYKTYPUPOBaH-
HBIM PABHOMEPHBIM HEBBIPOXKIEHHBIM BOJIOHEIIPOHUTIAEMBIM TPEYTOJILHBIM MEIIeM S, COCTOSAIUM
w3 pepim {2;}Y , C R? ¢ prermmmvm mopmassivim {n; Y, C S? (mpmvepst cum. ma puc. 1). Pe6pa
NpUOIM3UTEIHHO PABHBI U UX CcpejiHss jjuHa h = 0.

6/ c
Puc. 1. IIpumeps! Merneii (moka3aHbl BepIIUHLI, HOpMaau 1 pebpa): a— cdepa Pubonaaun; 6 — «Cuero-
BuK» (00benunenue Tpex cdep); 6 — « Hebyparkas

Fig. 1. Examples of meshes (vertices, normals, and edges are shown): a is the Fibonacci sphere; b is
“Snowman” (union of three spheres); ¢ is “Cheburashka”

" . N
Jduckperusamusa nHTerpasios n ¢gynkmmii. Ilycrs i,j = 1,...,N, > . = > . ,. Toukn
x, &' accoluupyeM ¢ BepIIMHAME Tj, £;, HOPMad 1, n' — ¢ HOpMaJsAMu n;, nj. Memr S pas6u-
BaeTcsl Ha staeiiku Boponoro S; ¢ mexrpamu B x; u momaasmu w; = |Si|, >, w; = |S|. daa

PABHOMEPHOTO MeTlla MaX,es, |2 — x;| < h, w; < h2.
OyHKIUU Ha Melle allllPOKCUMHUPYIOTCs KYyCOIHO-IMHERHBIMU (DYHKITUAMUA 1

/S floyds =3 /5 @)= P uif(w) (16)

TounocTs KBaApaTypHOiT hopmyssr (16) ompeessieTcst MOrPeIHOCTHIO0 KYCOTHO-INHEHHOI arl-
npokcuMmanyu f. HeiictBurensno, ecau 1 — TpeyrosbHas TPaHb ¢ GApUIEHTPOM T U f — JIN-
weiinast na T, 1o [ f(z)de = |T|f(x7). Tak xak siueiika S pasbuBaeTcs Ha COM3MEPHMBIE
Tpeyronbauku 1’ ¢ obimeit Bepumuoit z;, T0 Y, |T|xr = wiz; u

[ s =32 [ sae =3t = 5 (8 Tler) = wit).

T T
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Uurerpanst Buga |, o f(@',z;) da’ anmpoxcnvmpyem Zj w;f(xj,2;). Ecm f umeer ciabyro
cuuryisipaocts O(|z — x;|77), 2’ € S;, v € [0,2), To yurem, uro no |1, . 2|

/S_ f(2' @) da’ = O(|2" — z;]*77) = O(h*77). (17)

Hanomumm, uro Wi(x) = M7 G2/ z) = (4n)~teM"t, e ky = ik, r = |y|, y = 2/ — =,
t =r"1. Orciona

O; = k1eM%dn,  0,G = G(ky —t) dpyr, 0,G = G(k1 —t) Our,

OnG = k1G 0pr Opr — G(ky — )t(n'n + 30,1 Opr),  Opr =tyn'  Opr = —tyn.
HOHO)KI/IM \Ifl( ) = \I/i(aci), (Bn\Ill)(’) = anlllll(l'z), C(l) = C(l’z), (8nGk)(]’Z) = 8nin(:ch,xi),
(O Gk)(J’ 0 = = On; Gi(7j, i), (32,n,Gk)(j’i) = 3%i7ank($j,$i) u npubimokenno W & U (xz;),
(Vs®)) ~ VgW(x;), LU ~ L(x;,2;). B ey (17) Moxuo nosnoxuts (8, Gy) ) = 0 i anaso-
UYHO B OCTAJILHBIX CJLyYasiX.

OueHKa IMOBEPXHOCTHOrO rpajuenTta. B coorsercreun ¢ (7) nyst ' ~ x;

VsVU(z;)(2' — zi)n, = L(2',2;) — U (x;) = V(') — U(z;).

s onenkn VoW (x;) ucmonb3yeM coceiHue ¢ T; BEPIIUHBL Ty U3 1-punra R;.

Mycrs U = ((xy—xi)n, )irer, — Marpuma pasmepa |R|x3, F® = (W) —w®),p — pekrop
qumnbl | R;|. Torma jyist qucKpeTHOro rpajuenTa (VS\I/)(i) MOJTY A€M TIEPEOIIPEICTEHHYIO CHCTEMY
JUHEHHBIX ypaBHeHUit U (i)(VS\IJ)(i) = F), KOTOpasi PEIIaeTcss C MOMOIIBIO TICEBI000PATHON
marpamst (UO)T pasmepom 3 x |Ry|: (Vs¥)D = (UO)+FO, Marpuna (U®)t perancisercs
6BIcTpO, Tak Kak |R;| ~ 6. Ee xononku obozmaamy (U®)F.

Cucrema JuHeEHHBIX ypaBHeHUH. B coorBercTBun ¢ mnpemioxennem 1 mveem AWV (z) =
= BYi(z), x € S, tme A=Ay — Ay — aAs, B =1+ ad,. Haiislem JuckpeTHble BADUAHTHI ITUX
oreparopos. B cityuae Ag u B umeem

(Ae) D = 200w®  (BE;)D = 0 4 o(5,;)®. (18)
C yuerom (5), (6) momyaaem

(A 0)® = ij Oy G W) — z)zw] O Go) U,

J

(AgW)C Zw] w @I =N "ai(02,Go)IILY) 4+ " w(8,Go) I (Vo) Dy,
J

J
e (Vo) = (U (@) —w@),cp . U3 s1oit bopmyitsr cieyer, 4o

(Vo) Doy = (D) fou® —w@O N (00, veR?

!

3 i/

7

Ecrmn packpeirs LUD = U0 1 (Vg0) O (25 — z;), naxommm

(A1) Zw] (02 ,,G)) T Zw] wGo)I —

~ 2w G oo (Wi (ay — wu® - WZ(W Wiy =)+

i 7

+ 37 w5 (0aGo) 3 (3O e — WO S Uy En; ).
J

,L'/

SarmineM JJaHHble (POPMYJIbI B CACIYIONINN UCKPETHLIN BApUAHT IIPEII0KeHusT 1.
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Ipennoxenue 3. Juckpemnoi nomenyuan ¥ ydosaemeopaem cucmeme sunetinox ypas-

HeHul . ‘ ;
(A (D) = (BY), i j=1....N, (19)

2de BY) = (B gzam us (18), a i-A cmpoka mampuis, onpedesiemcs us paeencmea

ZA W) = (Ag0)D — (A4, 0)D — o(A,0)D =
— 20 g Z“’J (0 Q)0 @ <ij 6n/Go)(“)> ol _
—a[Zw] 32 LG <ij wGo) ) ) )
S (S S )
v = 0P, wa wGo) “(w — z), Zw] (9,Go)n

Pacuer akycrudyeckoro norennmasia. Pemas cucremy (19), Haxoqum npubIIizKeHHbIE Ipa-
Hpanble 3Hadenns norenmuata W) mocse wero muckpermsmpyen (1) # HPHGIIZKEHHO 3aIICH-
BaeM Ws(z) ~ 2, wjaan(xj,x)\Il(j), x € D |z| > 1.

CX0AMMOCTh JUCKPETHOro perreHusi. Meros KoJUTOKaImil jijisi ypaBHeHUsT [ e1bMroib-
11a 060CHOBBIBAETCs, HapuMep, B padore [15] ¢ nomorpio Teopun Baiiaukko. Cresnaem 310 st
peryJisipu30BaHHOro ypapHenusi Beprona—Muuiepa (8) zanpsimyto. CpoeKTupoBaB MeIll Ha [0-
BEPXHOCTh, TETeph OyeM CINTaTh, 910 S = 0D, a4eiiknu S; oTBeUatoT pa3dmennio S Ha KPUBOJIU-
HeifHble MHOTOYTOMLHIKH, mapaMeTp h < N ! xapakTepusyeT pasMep MHOYKECTB S; U HE 3aBUCHT
or pasbuenus, |x — ;| = O(h) s x € S;. g npocrorsl mycrsb S 1iajikasi (HHadYe ee U perie-
HIe HyKHO pasObuTh Ha riaajakue xyckn). Torma mo [1, Teopema 2.2] mmeem |(z/ — z)n’| = O(r?),

|n' —n| = O0(r), Opr = O(r),
O G(x' x) = O(r™1), 87217,1,(}(37’,37) =0(r 2. (20)
Iycrs C1A(S), B € (0,1), — npocrpancrso Témbaepa dynximii ¢ Hopmoit [1, ri. 2]

\Y -V !
s = 1l + V57l +sup  TSAD =BTy sl o)

z,x' €S, r#x! |

Ilo [7, Teopema 3.5| cymecrByer emuncrennoe pemtenne ¥ € CLP(S) ypasmenus Beprona
Mustepa (3), a 3HauuT, U ero perynsipu3oBanuoii Bepcuu (8). Murerpaser B (8) ciabo cHHTYIIsIp-
HBIE, 105TOMY 110 |1, Tu1. 2] oneparop A u3 mpesioxkenns 1 KoMmakTabIi npu geiicrsun u3z C14(S)
B IIPOCTPAHCTBO HenpepblBHLIX dyuKIiwii C(.S). ObocHoBanne MeTo/ja KOJUIOKAHIL, 10 CyTH, 3a-
KJIIOYAETCS B JIOKA3aTeIbCTBE paBHOMEpHOH 0 4 = 1,..., N, x € S; ¢CXOIUMOCTH B IPOCTPAHCTBE
pemenns C#(S) muckpermpx koednoMepHpix oneparopos (AV)D (B x AV (x), BY;(x)
npu u3MesbdeHny pasouenus h — 0 (N — 0o) (cm. rakske [1, Teopema 1.10]).

Ipeanoxenne 4. [Tycmy U € C15(S). Pasnomepno no x € S;
AV(z) = (AD)D +0(1), BUi(z) = (BE;)®D +0(h), h— 0,
2de xoncmarmor 6 O He 3a6UCAM OM, 1§ U BKANOYAIOM HOPMBL PYHKUUT.

HoxkazarenabcTBo. Hanomuum, yro A = Ag— A1 —aAy. s rmaakoit nosepxuoctu Ag = 1,
nosToMy pasHOMepHast cxomumocthb (AgW) ) = U(z;) k AgU(z) BoITeKaeT U3

W (2) = V()| < [Vs¥lloolz — zi| <[V plz — il = O(h) (22)
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(cM. Takuxe [1, Teopema 2.5]). Ananmormano, Tak kak BU;(z) = e179(1 4 akidn) ragkas dymk-
must, (BU;)W = BU;(z;), 1o |BY;(z) — (BY;)D| = O(h).
Paccmorpum naTerpasbusle oneparopst Ap, Az (5), (6). 113 omenox (20), (22) u

O (G — Go) (@, 2) = O(1),  2,4(G — Go)(a',z) = O(1),
W) — L/ 2)] = |9(a) — V() — VsU(a)(@ — )| = O ),
Vs¥(a)n'| = [(Vs¥(z) — VsT(a)n'| = O(")

CIIeJlyeT, 9TO Hy’KHO HCCIIe0BATh Ha PABHOMEDHYIO CXOAMMOCTS uuTerpan [¢ f(x',z)dz’, rue B
xyaurem ciaydae f umeer cunryaspuocts O(rP~1). JlocraTouno u3yquTs TOIBKO STOT ciryHail.
onoxum f = rP~lg, tne ¢ — paBHOMepHO HelpepbIBHAS orpanmdenHas GynKims. VaTerpar
CPaBHUBAETCA C CyMMOIt Zj wj f(xj,%;), vae cunraeM f(x;,z;) = 0, Tak Kak fSi fda' = O(h'*h)
o (17).

HyCTb j #1i, 2 € Sj. Tak kak g(2',x) — g(z;,2;) = o(1) upu h — 0 paBHOMEpPHO 11O %, j, TO
fS (o', ) dz’ = (g(xj, xi) + o(1)) ij rP=1 da!.

Nnmeem

| 1 1 |z — 2|1 P — |2 — x|t |zj — 2 — 2’ + z|'P
| ~X

o — P ay - fci\l‘ﬁ| T a2 Pl — P S o = Py — P

Yucsmrens nocaemeit apobu ects O(h!™F). Tak kax |z; — ;] > coh, |2/ — 2| < |2v; — x| + c1h
a7 Beex i, j, 1o |2 — x| < c|lzj — 4], mosTomy mpobw ectn |7 — x|2*~20(h1F). Orciona

1 1 1
— dr’ = s:0(ht=P }:/ 4.
| e 0w = [ g

Cunrynspusiii uarerpan [ |’ —z|77da’ = O(1), z € S, v € (0,2) (em. [1, ro. 2]), nosromy

_ _ 1-8
;sj O(l) u /S|3«" = Bdl’ Z‘%_%P +O(h"7").

B urore nHaxomnm

/s_ f@ ) da’ = (g(xj, 2:) + o(1))(wjlz; — z;|" " + s;0(h' 7)) =
= w; f(z;,2:) +wjlr; — ] Lo(1) + g(x;, ;) s;0(hP) 4 s;0(1)O (R )

u nckomoe pasenctso [ (2, ) da’ = 37 w; f(xj, i) + o(1).

CX0oIMMOCTEh IUCKPETHOT'O TPAIUEHTa (VS\IJ)(i) B Ao BbITEKAET M3 PABHOMEPHOIl OLICHKHU

U(zy) — ¥(x;) = (Ve¥(x;) + O(hﬁ))(xi/ — Tj)n;, OTKYJIA (VS\II)(i) =Vgs¥(x)+ O(hﬁ). O
4. TIlpumepsbl pe3y/ibTaTOB pacyeTa

KommbiorepHasi peajmsaiius BaJuupPOBaIach U TECTUPOBAJIACH JIJIsl KECTKOIO Iapa Ha OC-
HOoBe (opMyJI pas3jl. 2 U Ha TeJax, 33J[aBaeMbIX MeleM HeGOJIbIIoro pasmepa (cum. puc. 1).

Ha puc. 2 npuse/ieHbl AuarpaMMbl PACCesiHUsl aHATUTUIECKOTO (CILJIONTHASL JIMHUST) U YUCIIeH-
HOTO (IITPUXOBAast JINHWsI) PEIICHNI B TAJbHEN 30He 71 CIydast ¢UHATHOTO Iapa. Pe3yaprars
JlaHbl it k = 27, korja perienne npu « = () HEeJIMHCTBEHHO, YTO MPUBEJIO K PACXOXKJICHUIO.

Ha puc. 3 uzobpazkensr 3D-nmuarpammvbr paccestaust Jjist Tel «CHeroBuk» un «edyparnkas,
a Takxke npuMepbl 2D-ceuenuil, rje mITPUXOBOI JUHUEH TOKA3aHO AHAJUTUIECKOE PeIlleHne JJIst
mapa Toro ke obbema, 9To u Tejo. OTMernmM, 9To B ciiy4dae Tesa « CHEroBUK» HMJIEHTUYIHBIN pe-
gysibrar 0T mosyder B COMSOL MeTo/10M KOHEUHBIX 3JIEMEHTOB, aJallTHPOBAHHBIM JIJIsT aKYy-
cTHYecKux 3ajad [3].
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ka=6.2832 alpha 0+0.15915] cond 4.1748 ka=6.2832 alpha O cond 1024
90° 90°

——. analytic = N ——. analytic
S — numerical S — numerical

270°
theta

a/a 6/

Puc. 2. Cpasrenne pemenntii st mapa: a—upu o =i/k; 6 —a =0
Fig. 2. Comparison of solutions for the ball: a is when « = i/k; b is when a =0

ka=7 d_angle=0° ka=7 d_angle=0°
90° 90

a/a 6 /b

Puc. 3. 3D-muarpammbl paccestaust: a— i1 Tesia « CHEroBuk»; 6 — jjist Teyia « debyparimkas
Fig. 3. 3D scatter plots: a is for the body “Snowman”; b is for the body “Cheburashka”

3akJIroueHue

B pabore npeyiozken MeTOT pactuera pacCesHusl IJI0CKON 3BYKOBOI BOJIHBI aDCOJIIOTHO 2KECT-
KIAM TPEXMEPHBIM TEJIOM ITPOU3BOJILHOM (DOPMBI, TOBEPXHOCTH KOTOPOTO aIllllPOKCUMUPOBAHA, TPe-
yroJibHOI ceTkoii. Meron 6a3upyercsa Ha rpaHUYHOM HHTEIPaJbHOM ypaBHeHun bBeprona—Mui-
Jiepa 1 MeTO/Ie I'PaHUYIHbIX 9JIEMEHTOB. ,H.HH €r'o peaJin3allu BbBIIIOJIHEHa PEryidpu3alnd CUHTY-
JIIPHBIX MHTErpaJjioB, aJalTHPOBAHHAs JJI TPEYTOJbHBIX CETOK. AHAJUTHYECKAass MOIEIb IHC-
KPETU30BaHa METO/IOM KOJIJIOKAIUii, B 0O0CHOBaHA CXOIUMOCTD YMCJIEHHOrO pernerus. Jljs Baju-
JIaIUIU TUCJIEHHONW MOJIEJIH TOJIYIEeHO aHAJUTHIECKOe PelleHne Jjisi ¢pepbl HAIPSIMYIO U3 ypaB-
menusa bepromna—Mutepa n pasioxkenus: xxekcona dyuknnn ['puna. [lokazansr coBmagenue
YHUCJICHHBIX U aHAJIATUIECKUX PE3YJIbTATOB, 8 TaKyKe YCTOWYMBOCTD YMCJIEHHON peau3aliuu st
BOJTHOBBIX UHCEJI U3 CPeIHEeBOIHOBOM obstactu. Metoa cpasauBasicst ¢ FEM u nmpu comocraBumoii
TOYHOCTH TTOKAa3aJI 3HAUNTEILHO OOIbITyI0 3 (DEKTUBHOCTD.
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Awnnoramus. BajbrycHas medopMaliys mepBOro HaJibiia CTOIBI SIBJISIETCSI JIOBOJIBHO PACIIPOCTPAHEHHOMN
[ATOJIOTHEN U JIMarHOCTUPYETCs Y YeTBEPTU B3POCJIOro HacejeHus. [lpu ymepeHHoit u Ts2Kesoii jedop-
MAaIiH II0KA3aHO BBIIOJHEHNE OCTEOTOMUM ITEPBOI IJIIOCHEBOW KOCTH, CAMBIMHU PACIPOCTPAHEHHBIMU THU-
mamu Kotopoit sBasiorcs scarf u chevron. IlpogrocTHbie cBO#ICTBa OCTEOTOMUIT IMPOKO UCCIAEAYIOTCSH C
IIOMOIIBIO HATYPHBIX MEXAHUIECKUX WCIBITAHUI Ha 00pa3lax TPYIHBIX U CHHTETHYECKHX Kocreil. Jlan-
HBII 0030p IOCBSIIEH OMOMEXaHUYECKUM HATYPHBIM HCCIEIOBAHUSIM 110 OIEHKE IMPOYHOCTHBIX CBOWCTB
ocreoroMmuii scarf u chevron. Bl IpoBejieH IONCK COOTBETCTBYOIINX HAYYHBIX cTaTeil 110 H6a3aM JTaHHBIX
PubMed, Google Scholar, Medline, E-Library, omybsmkoBanubix g0 Mas 2025 r. BriounTeabho. [lonck
¥ TEePBUYHBIA AHAJIN3 JINTEPATYPBI OBLIT MPOBesieH B cooTBeTcTBUU ¢ MeTogosorneit PRISMA. Pacemar-
PUBAJIUCH CTATHU, B KOTOPBIX OCTEOTOMMU IOBEPrauCh CTATHIECKUM KOHCOJLHBIM (3aKPEILIeHHbIE 10T
yIJIOM 15 IPaJlyCcoB K TOPU3OHTY) MCIILITAHUSAM HA yHUBEPCAJBHBIX UCIBLITATEIbHBIX MaimuHax. Kpure-
pusiM BKJIIOUEHUs] B HCCJIeJI0OBaHMe oTBedasin 13 pabor, KoTopble BomLin B 0030p. B 10 ucciemoBanmsix
HCIOJIB30BaIach ocreoromusi chevron, a B 9 — ocreoromust scarf. OcreoroMuu, cMOIEIUPOBAHHBIE HA
TPYIHBIX KOCTSX, [MOKA3aJIU B CPe/HeM 0OoJjiee BBICOKHE MPOYHOCTHBIE XaPAKTEPUCTUKY IO CPABHEHUIO C
CHHTETHYECKNMU aHajoramu. B cpemnem ocreoromus scarf mpoeMOHCTPUPOBAJIA U MEHBIIYIO U3TUOHYIO
JKECTKOCTh, W MEHBIIYI MAaKCHMAJbHYI0 HArpy3Ky IO cpaBHeHHI0 ¢ ocreoromueii chevron. Ilposesen-
HOe MCCJIeJOBaHUE IOKA3BIBAET CYIIECTBEHHBIN MHTEPEC YUYEHBIX K MCCJIEIOBAHUIO IIPOYHOCTHBIX CBOMCTB
OCTEOTOMUIT TIEPBOH TIJTIOCHEBOH KOCTH. KomiaecTBeHHbIE TapaMeTPhbl TPOIHOCTHBIX CBOMCTB OCTEOTOMMUIL
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Abstract. Hallux valgus deformity of the first toe is a fairly common pathology and is diagnosed in
a quarter of the adult population. In moderate and severe deformity, osteotomy of the first metatarsal
bone is indicated; the most common types of osteotomy are scarf and chevron. The strength properties of
osteotomies are widely studied using full-scale mechanical tests on cadaveric and synthetic bone samples.
This review is devoted to biomechanical field studies evaluating the strength properties of scarf and
chevron osteotomies. A search was conducted for relevant scientific articles in the databases PubMed,
Google Scholar, Medline, and E-Library, published up to and including May 2025. The search and primary
analysis of the literature were carried out in accordance with the PRISMA methodology. Articles were
considered in which osteotomies were subjected to static cantilever (fixed at an angle of 15 degrees
to the horizon) tests on universal testing machines. The criteria for inclusion in the study were met
by 13 papers that were included in the review. Chevron osteotomy was used in 10 studies, and scarf
osteotomy was used in 9 studies. Osteotomies modeled on cadaver bones showed, on average, higher
strength characteristics compared to synthetic analogues. By and large, the scarf osteotomy demonstrated
lower flexural stiffness and maximum load compared to the chevron osteotomy. It was revealed that the
use of additional implants in the form of spokes, plates, and spirals does not necessarily lead to an increase
in the strength properties of osteotomy. The conducted research shows a significant interest of scientists
in the study of the strength properties of osteotomies of the first metatarsal bone. The quantitative
parameters of the strength properties of the osteotomies studied are given in this article and can be used
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by clinicians when choosing the type of osteotomy for a particular patient, as well as when validating
biomechanical models.

Keywords: hallux valgus, scarf, chevron, biomechanics, cantilever loading, first metatarsal bone, osteotomy,
surgical treatment, field studies, type of fracture
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BBenenue

Buomexanuveckne mapaMeTpbl OIIOPHO-ABUTATE/THHOM (DYHKIINK CTOITBI UTPAIOT BAXKHYIO POJIb
B BOSHMKHOBEHUU U IPOI'PECCHPOBAHUHI PACIIPOCTPAHEHHON OPTOIEINIECKON TaTOJOIUH, IIPOSB-
Jstorieiicss oTkJIoHeHreM 1epBoro najbiia kHapyxku (hallux valgus, HV). Dr1o 3abonesanue ¢
TOYKH 3PEHUsT KJIANHUIECKON OMOMEXaHUKU SIBJIAETCS MPOABIeHNEM JeOPMAIMH [IEPBOTO JIyda
cronbl (1JIC), koropslii BKIOYaer B cebst (hajaHru MepBOro MaJblia, MepBYIO IIIOCHEBYIO KOCTh
(M1), MeuaIbHY0 KJIXHOBUIHYIO KOCTh CTOIIBI, COEJIMHEHHbIE MEXKy CO0Oi COOTBETCTBYIOIIN-
Mu cycrapamu. 1JIC BMecTe ¢ MpHJIErafoliMy MBIIIIAMA ¥ CBSI3KAMU UTPAET BayKHYIO POJIb B
obecrievueHnn OMOPHO-BUraTeIbHON (DyHKIMU CTOB! [1].

OCHOBHBIMU B3auMOCBsA3aHHBbIME KommoHeHTamu gedopMmanun 1JIC npu HV asisiores or-
kyionenre M1 B CTOpPOHY, MPOTUBOIIOJIOKHYIO BTOPOH ILIIOCHEBON KOCTH, & TaKKe OTKJIOHEHHE
6OJIBIIIOrO MAJIbIIA CTOIBI 10 HAIIPABJIEHUIO KO BTOPOMY MAJIBILY [2|, 4TO CONPOBOKIAETCsI IO/ IBbI-
BUXOM IIepBoro mocHedananrosoro cycrasa [3]. HV Berpedaercst y 23% B3pocsibix B Bo3pacre
18-65 sier u y 35,7% noxunbix sozeit crapiie 65 ser [4]. Ilpu ymepernoit u Tsizesoit nedbop-
marun 1JIC ocHoBHBIM M Hanbosiee 3PPEKTUBHBIM ITOAXO0JI0M K XUPYPrudecKoit koppekimu HV
siBsisiercsi BbiosiHeHne ocreoromuu M1 [5]. Ocreoromust — 910 XUpyprudeckast oneparus, Ipu
KOTOPOI XUPYPT Ie/IeHAITPABIEHHO PACCEKAeT KOCTh, YTOOBI M3MEHUTD €€ (POPMY, HOJIOKEHUE U
yroJi Mexkty dbparmentamu [6).

HawuboJtee nomyiapHbIMI B KJIMHIYIECKON MMPaKTUKe crocobamu pasaesenus M1 wa apa dpar-
MeHTa npusHaHbl ocreoromun scarf u chevron [1]. Yemex xupyprudeckoro Jsiedenust HV B 3na-
YUTEJIbHON CTEIleHN 3aBUCUT OT IEPBUYHON M OKOHYATENBbHOI crabujibHOCTH ocTeoTomuu. Jljist
pelenust Borpoca o 6e30I1acHOCTH U 0OOCHOBAHHOM BO3MOXKHOCTH PAHHEH HArPY3KU Ha CTOIY B
IIOCJIEOTIEPAIIMOHHOM IIepPHo/ie ObLIO IIPOBEIEHO MHOYKECTBO SKCIEPUMEHTAJIbHBIX OHOMexXaHude-
ckux uccienoBanmit. Ocreoromun scarf u chevron nanboJiee 1o IpOOHO U3y UEHBI ¢ UCIIOJIB30BAHU-
eM MeToj10B Gruomexanuku |7]. B paMKax HaTYPHBIX 9KCIEPUMEHTOB Ha 00pasliaX TPYIHBIX WU
CHHTETUIECKNX KOCTE MOIE/UPYETCsT OCTEOTOMUsI, KOTOPas 3aTeM aHAJIU3UPYETCs C UCIIOJIb30-
BaHUEM YHHBEPCAJbHBIX UCIBITATEILHBIX MAIIUH IIPU KOHCOJIBLHOM u3rube [§].

IIepBoe 6roMexaHIMYIECKOE CpaBHUTE/IHHOE UCCaeqoBanme ocreoromuit M1 marupyerca 1991 r.
[9]. HecmoTpst HA JIOBOIBHO GOJIBIIIOE YHUCIIO PABOT, HOCBAIIEHHBIX HATYPHBIM UCIIBITAHUSIM OCTEO-
Tomuit M1, cpaBHUTEBHBIN aHAIN3 PE3Y/IBTATOB 3TUX PabOT eIle He ITPOBO/IMIICS.

Ilean 0630pa — 06061IEHE OITYOJIMKOBAHHBIX NCCJIEIOBAHNI B 001aCTH OMOMEXaHMIECKUX CTa-
TUYECKUX KOHCOJIbHBIX UCIHbITaHU ocreoromuil scarf u chevron ¢ BunTOBOI (bukcarueii, mpume-
HATOIIUXCS IIPU XUPYPrUIECKOM JICYEHUU BaJIbIYCHOM J1e(DOPMAIIU IEPBOIO MAJIbIA CTOIDI.

MeTtonb:

B mammbIi 0030p OBLIM BKJIIOUYEHBI HCCJIEIOBAHHS, B KOTOPHIX B KAYECTBE OCTEOTOMUU IJIsI
KOPPEKLNN BaJbI'yCHOR jedopMalii IEePBOr0 HAJIbIA CTONLI ObLIM HCIIOIL30BAHbLL OCTEOTOMUM
scarf u (mim) chevron. Apropamu 6bur npoBeseH B 6asax ganHbix Pubmed, Google Scholar,
Medline, E-Library monck Hay<HO# JIuTEpATyPbI, TOCBSIIEHHON CTATHIECKIM OMOMEXaHUIECKIM
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UCCIEOBAHUSIM KOHCOJIBHOI'O HAIPYKEHUsT OCTEOTOMUiL, onmybukoBanHo# 1o masi 2025 1. BKJIIO-
HHUTETHHO.

[Touck ucciemoBanuii OCyIIECTBIISIICS 10 KJIIOYEBBIM CJIOBaM: BaJIbI'ycHas jiedopMmalius, Oyp-
cuT GOJIBIIOTO TAJIBIIA CTOIBI, OcTeoToMus, chevron, scarf, xupyprudeckoe JiedeHne BajbIyCHO
necdopMaIuu, HATYPHbIE UCCIEIOBAHNUS, HATYPHbIE UCIBLITAHUS, KOHCOJIbHOE HATPY2KEHUIE OCTEO-
tomuu. [lonck u epBUYHBII aHaIU3 JIUTEPATYPHI OBLIN IIPOBEJIEHBI B COOTBETCTBUU C METOJ0JIO-

rueit PRISMA [10].

PesynbTaTsl

Wsznavanabno 6b10 Haitmeno 39 crareit. [locie ynanenus nybimkaToB OKOHYATEIBHO B 00-
30p Bonumm 13 crareil, COOTBETCTBYIOIINX BCEM KpUTEPHUsSM 0TOOpa. BKioYeHHbIe HCCIIeI0BAHNS
oxBaTbiBaOT 1epuos, ¢ 1991 mo 2025 rr. ¢ 3aMETHBIM POCTOM KOJIUYECTBA IMyOJIMKAIIA TTOCTIe
2010 1. B Tpex uccie1oBaHUsAX OCTEOTOMUH M3YYaJNUCh C IPUMEHECHUEM CUHTETUICCKUX MAaTEPU-
asoB (sawbone), B 10 craTbsaX M3ydYaJnch CBOWCTBa OCTEOTOMHUIl Ha TpymHOM Marepuase. B 10
UCCeOBAHUSX UCIOJIb30BAIaCh ocTeoroMusi chevron, a B 9 — ocreoromusi scarf. Cpeuuii Bos-
pacT JIoJIeil, OT KOTOPBIX OBbLIM MOJIyYeHbl TPYIHBbIE KOCTH, cocrasiser 78 jer (or 56 g0 99).
Bosbias gacts kocreil 6bu1a noaydena or xkeumuH (60%), or myxuun —35% (8,11, 12|, s
OCTaJIbHBIX KOCTEH 1MoJ1 He ObLIT yKa3aH.

Bcero B 0630p ObLIM BKJIFOUEHBI PE3Y/IbTATHI OHOMEXaHMIECKNX HCCJIeI0BaHIi co 169 TpyIr-
HBIMHU KOCTSMU U 122 cuurerndeckumu obpasinamu. Pa3zmepbl BBIOOPOK B UCCAEIOBAHUSX BAPbU-
posasncs ot 6 [8] mo 60 obpasnos [13|. Mennanmoe 3uatenue coctaBuiio 16 ocTeoToMuii Ha OHO
HCCJIe/IOBAHYIE.

Anajms HazBaHWII cTaTell W MMOCTABJIEHHBIX B HUX Iejieil BBISBUJI, UTO IeJIb OOJIBIINHCTBA
uccaenoBanmii (8 uz 13) cocrosiia B cCpaBHEHNH OMOMEXaHIMIECKIX CBOJICTB PA3IMIHBIX CIIOCOOOB
dukcanun ocreoroMuii, B TOM YHCJIe U HOBBIX METOIOB (buKcanuu [5|, KoTopbie obecrednBaiT
OBICTPOE U IIPOYHOE 3aKPEIJICHUE JIjIsI IPOBE/ICHUSI UCIIBITAHUN B JIEHb 3a00pa KOCTHOTO MaTEPU-
asa. B [2| npoBesien cpaBHUTE/LHBI aHAIN3 GHOMEXaHUIECKUX CBOCTB BUHTOB U3 TUTAHOBOI'O
U MarHueBOro CIUIABOB, UCIOJIB3YEMBbIX JIjIst (DUKCAIUU [IPU JIUCTAJBHON MEBPOHHOI OCTEOTOMHUM.
B [8,11,14] cpaBauBasncy pasuble Texuuku ocreoromuii scarf u chevron. B paborax [13,15]| mpo-
BeJIeH CPABHUTEIbHDBIN aHAIIN3 MEXAHUIECKUX CBOICTB U CArUTTAIbHOM CTaOMIbHOCTA HEKOTOPBIX
METOJUK Jradu3apHbIX OCTEOTOMUIA.

®parmenTel M1, H0JIy4eHHDBIE IPU BBITOJIHEHIY OCTEOTOMUIA, CKPEIISINCEH IIPEUMYIIeCTBEH-
HO 3.5MM BuHTaMu [5,6,8,12,13,16, 17|, B apyrux paborax ucnosb3oBaiuch 2.4-3.0 MM BuH-
Tol |2,3,8,11,14,15]. B mekoropbix padorax [8,11-13, 16| BUHTHI JOMOIHSINCH IUTACTHHAMHU HJIH
cumiamu Kupminepa [6]. B kauecrBe marepuasia MCHOJIB3yeMbIX UMILIAHTATOB B OOJIBITUHCTBE
pa6or (12 u3 13) npuMeHsiJICs TUTAHOBBII CIIJIAB U TOJIBKO B OJHON cTaThe [2] — BUHTBHI U3 Mar-
HUEBOTO CILIABA.

Kax npasuio, M1 npu ucnbITaHUSX C BBIIIOJTHEHHONW Ha HEHl OCTEOTOMUEH ¢ OJHON CTOPOHBI
(bUKCUPYIOT ¢ TIOMOIIBIO COOCTBEHHBIX 3a’KMMOB HCIBITATEIBHON MamuHbl [3,6,8,11,14]. B [5]
JIJIsl TOrO TIPUMEHSIJICS [IMaHOAKPUIATHBIH Kieil. B gersipex uccsenoanusx [8, 13,15, 17| mis
dukcanum KoCcTH TPUMEHSLIN OINI(MUPHYIO CMOJIY, a B IBYX paborax [2,12] — BUHTOBOI Kperex.

srubHast xkecTKOCTh scarf 0cTeoToMuil Ha TPYIHBIX KOCTSIX, CKPEIJIEHHBIX TOJIbKO BUHTAMH,
cocrasmia ot 24.8 10 52 H/mm (meguana 24.8 H/mm) [3,5], a chevron — or 20 mo 60 H /MM (meau-
ana 38.2 H/mwm) [17]. Usrubnas xecrrocThb scarf ocreoToMmit, NCCIe10BAHHBIX HA CHHTETHIECKIX
obpasrax, cocrasmia 14 H/yu [15], chevron —or 13 10 58 H/mm (memana 33.8 H/mm) |2, 15].

MakcumasbHast Harpyska scarf octeorommit Ha TPYIHBIX KOCTSIX BapbUpoBasiach or 124 10
150 H (meamana 124.3 H) [5,11], chevron —or 16 g0 150 H (mexmana 185.5 H) [11,17]. Makcu-
MaJIbHas Harpyska scarf ocreoroMuit Ha CHHTETHYECKIX KOCTAX Bapbuposasiach or 74.7 1o 90.5 H
(menmana 85.6 H) [14,15], chevron — ot 54.8 no 144 H (mexmana 139.6 H) [2,16]. IIpounoctable
XapaKTePUCTUKN OCTEOTOMHI IIPUBEJIEHBI B TA0/. 1, & UX MeaHHble 3HAUEHNUS — B TA0J. 2.
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Tabauua 1 / Table 1

Nsrubnas *KeCcTKOCTh U MaKCUMaJbHAas HArPY3Ka IPHU PA3HBIX OCTEOTOMUAX
Flexural stiffness and maximum load of different osteotomies

Ucrou- | Marepuas Twun dbukcaropa* Ocreoromust Narubnas MaxkcumasbHas
HUK JKecTKoCTh, H /MM narpyska, H
[3] TPyTIL. BuHTH 2.0 1 3.0 MM scarf 52.0 £48.0 124.6 + 56.8
5 TPYIL. BUHTHI 2.2 MM scarf 24.8 124.0
6 TPYIL. cruria. Kupriraepa, chevron 38.2 249 2279 232.4

BUHTHI 3.5 MM,
BUHTHI 4.0 MM
[11] TPYIL. BUHTBHI 2.4 MM scarf - 150.0
[11] TPYIIL. BUHTHI 2.4 MM chevron - 150.0
8] TPYIL BUHTBI scarf 52.1 124.63
8] TPYIL. IIACTHHA, scarf 7.0 110.0
BUHTHI 3.5 MM dorsomedial
8] TPYIL. IJIACTUHA, scarf plantar 24.8 196.2
BUHTHI 3.5 MM
[13] TPYTL. CKOOBI 3.5 MM, scarf 111.0 428.4 klla
BUHTHI 3.5 MM,
IJIACTUHA
[12] TPYIL. BUHTBI 3.5 MM, chevron 33.0 220.9
mracTuHa 2.7 MM
[17] TPYIL. BUHTBI 3.5 MM chevron 20.0 16.0
JIOpCaJIbHBINA
[13] TPYIL BHHTBI 3.5 MM chevron 60.0 70.0
JIAHTAPHBIA
[13] TPYIL CKOOBI 3.5 MM, chevron 48.0 205.3 Ila
BUHTHI 3.5 MM,
IJIACTUHA
2] CUHT. Mar"ueBble BUHTBI chevron 43.06 = 17.59 144.2 +7.43
(BuyTpennuii 2.0 MM,
BHerHEH — 3.0 MM)
2] CUHT. BUHTHI 2.0 1 3.0 MM chevron 46.6 £ 12.14 141.4 +10.85
14] CHHT. BHHTBHI 2.0 MM H scarf - 90.5 +£20.5
L-nnacruna
[16] CHHT. BUHTBHI 2.5 MM, 1.3 MM, chevron 24.67 54.8
ILJIACTUHA
[15] CUHT. BUHTBI 2.7 MM scarf 14.4+2.6 74.7+26.4
[15] CHHT. BHHTBI 2.7 MM chevron 16.6 £ 3.3 137.8 £19.1

IIpumeuanue. *Ecau MmaTepuas He yKasaH, TO UMIIAHTATHI U3MOTOBJIEHBI U3 TUTAHOBOTO CILIABA.
Note. *If the material is not specified, the implants are made of titanium alloy.

Tabauwya 2/ Table 2

MemanHble 3HAYEHUSI IPOYHOCTHBIX XapPaKTEPUCTUK OCTEOTOMIUIA
Median values of osteotomy strength characteristics

550

Ocreoromus | Marepuas | Makcumanbaas | VsrubHasi 2KeCTKOCT®b,
Harpyska, H H/mm

scarf TPy. 124.3 24.8

chevron TPyI. 185.5 38.2

scarf CHUHT. 85.6 14.0

chevron CHHT. 139.6 33.8
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Ob6cyxenne

Hecmotps wa 1o, uTo n3BectHo 60s1ee 130 pa3indHbix BapuaHTOB ocTeoromuii M1, npumensie-
MBIX IIPHU XUPYyPrudeckom JjiedeHun HV, caMbIMu IOy IsipHBIMU U3 HUX siBJIsiioTcs scarf u chevron.
Oba 5TUX THITA CIUTAIOTCS UAEHTUIHBIMA C TOYKM 3PEHUs] KIUHUIECKUX PE3YJIbTaTOB JIEUeHMUS,
oxnako chevron menee naBasmuse [2|. Bo MHOTIX cOBpeMeHHBIX OHOMEXaHIMIECKIX PAbOTax OCTEO-
TOMUU UCCJEIAYIOTCS HA IMPOYHOCTH IPU CTATUYECKOM KOHCOJBLHOM HArpPyKeHUU C IPUMEHEHHEM
YHUBEPCAJILHBIX UCIBITATEIbHBIX Marmud. [lepBas momobnas pabora ObLIa OmyOJIMKOBAHA €Ille B
1991 r., a mocaenuas — B 2025 r. Heyracaromuit mHTepec YUIeHBIX K 9TOMY BOIIPOCY MOATBEPKIA-
er (pakT aKTyaJbHOCTA U HEOOXOIUMOCTH OOOOINEHNST HAKOIIEHHBIX JIAHHBIX 110 MPOYHOCTHBIM
cBoiicTBaM ocTeoromuii. B manHO# pabore 0000IIEHBI HAHHBIE IO MEXAHUIECKUM HCIBITAHUSIM
ocreoromuii scarf u chevron na TpPymHBIX ¥ CHHTETHYECKUX 0Opa3Iax IMEePBOi IJTIOCHEBOI KOCTH.

Boisiieno, 4To ocreoroMun, CMOJIEIMPOBAHHDBIE HA TPYIHBIX KOCTSX, [TOKA3aJU B CPEJTHEM
6oJiee BBICOKUE TPOYHOCTHBIE XaPAKTEPUCTUKH 110 CPABHEHUIO C AHAJIOTAMU, W3TOTOBJICHHBIMU HA
CHHTETHIECKUX KOCTsIX. B cpenreM ocreoromust scarf mpogeMoHCTpUpOBajia MEHBIIYO H3THOHY O
2KECTKOCTh ¥ MAKCUMAJIbHYIO HAIPY3KY IO CpaBHEHUIO ¢ chevron. 9TOT BBIBOJ CIIPABEJJIUB JIJIst
MoOjiesIell Ha TPYIHBIX U Ha CHHTETHYECKUX KOCTAX (cM. Tabi. 2). B To ke Bpemsi B pabore [11]
oba Buza octeoromun scarf u chevron mokazannm UACHTUIHYIO TPOIHOCTD.

OTrmeTnM, 9TO UCTIOJIB30BaHUE NOMOJTHUTETbHBIX UMILJIAHTATOB B BUJIE CIINIL, IIJIACTAH, CIIUPA-
Jielt He 00sI3aTe/IbHO BeJIeT K yBEJMIEHUIO TPOIHOCTHBIX CBONCTB OCTEOTOMUMU, ITO OBLIO J0Ka3a-
HO 9KcHepuMenTanbho [8,11,13,16]. Oxnako B pabore [15] BBISBIEHO CYIIECTBEHHOE yBeIHICHIE
IIPOYHOCTHBIX XaPaKTEPUCTUK IIPU JIOMOJHEHUN BUHTOB ILIACTUHON: MAKCUMAJIbHAS CUJIa COCTa-
Busa 16 H mpu ycramoske Tonbko BunToB u 220 H npu jononennn nx miacTUHON, a8 W3THOHAasT
JKECTKOCTB MPH 9TOM yBemdmiack ¢ 2.1 10 33.0 H /v

B uccsieioBanun (8] BbisiBIeHa pasHUIA OMOMEXAHUYECKUX CBONCTB MEXKJLy JBYMsi BApHAaH-
TaMU [IPOBeJIeHus ocTeoToMun scarf: mianTapHoil (omeparusi, Ipu KOTOPOii IJIOCKOCTH ONUJIA
HAIIPABJIEHA OT IJIAHTAPHON K JIOPCAJIBHOI TIOBEPXHOCTH KOCTHU) U JIOPCOMETUATBHOM (onepaunﬂ,
IIpU KOTOPOH TJIOCKOCTBH ONIJIa HAIpaBJIeHa OT JOPCAJIBHOM K IJIAHTAPHON MOBEPXHOCTH KOCTH
B IIPOKCHUMAJIbHO-JIUCTAJILHOM Hanpasjerun). s mwianraproit dpukcanum usrubHast »KeCcTKOCTb
cocrasuita 24.8 + 10.7 H/mm npu makcumasibHOM Harpyske 192.6 H, a s mopcomeunaibHO —
7.0+ 7.6 H/mm u 110.0 H coorBercrBenno. [lmanTaphplii BapuaHT OKa3ascs TOPA3/I0 IMPOTHee
[0 TIOKA3aTe/IsIM H3TMOHON >KECTKOCTH U MaKCHMAJIbHO BblLIepKuBaeMoil Harpy3ku. [lomobroe
uccsiesiopanue [17] Takyke BBISIBUIO DA3HUIYY MEXKJly IIAHTAPHBIM U JOPCAJIbHBIM BapHaHTAMU
ocreoromunu chevron. IlnanTapubiit criocod B JAHHOM HCC/IEIOBAHUHN TAKXKe OKA3AJICS IIPOYHEee:
usrubnasi xkecrkocrb 70.0 £ 41.0 H/MMm nporus usrubHOil KECTKOCTH JIOPCAJBHOIO BapuaHTa
16.0 £ 12.1 H/mm.

Haiinensr paboThbl, B KOTOPBIX UCCJIEIYIOTCA ITPOYHOCTHBIE CBOWCTBA OCTEOTOMUN C UCIIOTb30-
BaHMEM PA3HbIX MATepUasIOB M3rOTOBJEHHUs] BUHTOB [2]|. TuraHoBbIe UMILIAHTATEI JIEMOHCTPUDY-
IOT HECKOJIBKO 00Jiee BBICOKHUE ITOKA3ATENM IPOYHOCTU 110 CPDABHEHUIO ¢ MATHUEBBIMY AHAJIOTAME
(46.6 + 12.14 H/mm u 43.06 £ 17.59 H/mm coorBeTCTBEHHO).

Y IAaHHOTO HUCCJEeNOBaHUS €CTb Psj orpanmdeHuii. OTHOCUTEIBHO HEDOJBINOE KOJTUIECTBO
BKJIIOUEHHBIX HCCJIEIOBAHUN OTPAXKAET CHEIUAIU3UPOBAHHBIN XapaKTep MEXaHUIECKUX HUCIIbI-
TaHUil ¢ OObeKTaMU TAKOro Tuila. Pa3jndns B TeXHUKE Kpelexka 00pas3loB B UCIHBITATEIbHOMN
MaIlliHe, & TakyKe B TUMAX W TUMOPa3Mepax HCHOJIb3yeMBbIX MMILJIAHTATOB OTPAHUYMBAIOT BO3-
MOXKHOCTH IIPSIMOTO CPAaBHEHUS PE3YJIBTATOB UCIIBITAHUIT. DTO MOATBEPKIAETCsT JIOBOJIBHO IIIHPO-
KUM JIUAITA30HOM KOJIMIECTBEHHBIX ITPOYHOCTHBIX XaPAKTEPUCTHK OCTeoTOMUl. B ncciemoBanHbIx
paboTax OIEHUBAETCsT BO3JIEHCTBUE CTATUYECKUX HAI'PY30K, 9TO MOXKET HE B IOJIHOW Mepe OTpa-
2KaTh (QUBNOJOTUIECKHUe yCA0BUs (DYyHKIIMOHUPOBaHUs ocTeoToMmuil. JlaHHOe mcciieioBaHue MO-
2KeT OBITH ITOJIE3HO IIPU Pa3pabOTKe CTAH/IAPTOB HATYPHBIX UCHBITAHUNA C OCTEOTOMUSIMUA HEPBOIT
IJIFOCHEBON KOCTU W JIPYT'UX KOCTEH, YTO, B CBOIO OYEPEb, OOJIErdYUT aHAJNU3, WHTEPIPETAINIO
JAHHBIX, 8 TaKXKe CpaBHEHUE PEe3yJIbTATOB UCCJCIOBAHUN, BBIIOJHEHHBIX PA3HBIMU HAYIHBIMU
TpyIIIaMA.
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3akJiroueHue

IIpoBenennoe 0630pHOE UCCIETOBAHUE TOKA3LIBAET CYIIECTBEHHBIN MHTEPEC YUICHBIX K HCCIIe-
JIOBAHWIO MPOYHOCTHBIX CBOWCTB OCTEOTOMMUII TEPBOH ILIIOCHEBO Koctu. B 0030pe akkymy/m-
POBaHbI IIPOYHOCTHBIE CBOIcTBa ocTreoTomuii scarf u chevron, mccae OBAHHBIX IIPU CTATHIECKOM
KOHCOJIbHOM Harpyz>K€HHNH, IPOBEICHHOM Ha YHUBEPCAJIbHBIX UCIHbITATE/IbHBIX MalllMHAX. KO.HI/I‘{G—
CTBEHHBIE ITapaMeTPhbl IPOYHOCTHBIX CBONMCTB MCCJIEJOBAHHBIX OCTEOTOMUN IPUBEACHBI B JJAHHOU
cTaThe U MOTYT OBITH MCIIOJIb30BAHBI KJIMHUIIICTAMI IIPU BEIOOPE TUIIA OCTEOTOMHUH JJjIsi KOHKPET-
HOI'O TAITNEHTA, a TaK:Ke MPH BAJNIAINN OMOMEXaHMIEeCKUX MOJIeIelt.
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3yJILTATOB CO CBOMCTBAMU 37I0POBBIX TKaneil. [jist 6osee moapoGHOt MHTEPIIPETAIINH IOy IeHHBIX IKCITe-
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Introduction

The state of the tissues of the human oral cavity is an important component of the health
of the body as a system, significantly affecting quality of life in general. At the same time,
untreated caries of permanent and primary teeth is one of the most common diseases in the
world — according to the global report of the World Health Organization, it affects about 2
billion 510 million people all over the world [1]. Moreover, a number of studies have shown
that pathological changes in the tooth hard tissues contribute to the development of respiratory
diseases [2], lower respiratory tract infections and influenza [3|, as well as a number of other
diseases [4].

Caries occurs as a result of the interaction of acidogenic oral bacteria with components of
the human diet within the plaque biofilm, resulting in the formation of organic acids, mainly
lactic acid. The appearance of acids in the oral cavity can also occur when consuming a number
of foods and drinks [5, 6], which contributes to the demineralization process — partial dissolution
of the main structural elements of enamel — hydroxyapatite crystallites |7]. Early caries (stage
of the white spot lesions, WSLs) is characterized by the process of demineralization of tooth
enamel without cavitation [8]. A dental clinician plans a treatment of WSLs depending on a
list of factors (the size of the demineralized area, its location, degree of activity, and others).
With early manifestations of WSLs, treatment may be limited to the methods of non-invasive
dentistry [9]. In more complex cases, it becomes necessary to use methods of preparing the area of
demineralization and filling it or minimally invasive treatment (such as polymer infiltration [10]).
Glass ionomer cements (GICs) can be used in a wide range of clinical situations due to the
ability to control their mechanical properties by changing the powder /liquid ratio or the chemical
composition of the material [11]|. Treatment of WSLs by the infiltration method consists of acid
etching of the damaged enamel surface, drying of the subsurface porous area, and impregnation
of it with liquid polymer material, which modifies the microstructure of the enamel prisms [12].
However, the efficacy of this clinical procedure has not been fully investigated: in a number of
clinical cases, high efficiency has been reported [13|, whereas in other studies, it did not show
the desired result for the practicing dental clinician [14].

In the present work, an ex vivo study of the mechanical properties of fillings made of the
composite material and the GIC, the enamel surrounding these fillings, dentine in their vicinity
(i.e., dentine adjacent to the dentine-enamel junction, DEJ), as well as sound dentine and enamel
on the opposite side of the tooth was carried out. According to a similar scheme, a study was
made of the properties of enamel modified by the infiltrant and dentine in its vicinity, as well as
sound dentine and enamel on the opposite medial side of the tooth (the procedure was repeated
on two samples each demonstrating the manifestations of WSLs in order to gather more statistical
data).

1. Materials and methods

Four human molars were extracted for orthodontic reasons in the dental department of the
Rostov State Medical University clinic, Rostov-on-Don, Russia. The local independent ethical
committee of the university approved the research (extract 14/21 dated September 23, 2021),
and the patients provided informed consent. The following dental materials were used in the
study according to the manufacturers’ protocols: Vitremer glass ionomer cement (3M ESPE, St.
Paul, USA), Estelite Flow Quick composite material (Tokuyama Dental, Tokyo, Japan), and
Icon infiltrant (DMG Chemisch-Pharmazeutische, Berlin, Germany).To form thin sections of
the surface of the samples containing the areas under study, they were prepared in longitudinal
section using an Isomet 4000 precision saw (Buehler, Lake Bluff, USA), then ground and polished.

The mechanical properties of the areas under study were assessed using a nanoindentation test
machine (NanoTest 600 Platform 3, Micro Materials, Wrexham, UK) using a calibrated Berkovich
diamond indenter. In each test, the load increased linearly for 20 s, remained constant for 30 s,
then decreased linearly for 20 s. The maximum load Pmax was 50 mN. To prevent damage to the
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tooth tissues caused by uncontrolled dehydration, the specimens were kept moist with drops of
distilled water using an infusion pump (Terufusion TE-332, Terumo, Leuven, Belgium). Reduced
Young’s modulus F, and indentation hardness H for each of the areas were obtained utilizing
the Oliver — Pharr method [15]. In nanoindentation experiments, creep meant a change in the
deformation of the material during the experiment when the maximum load was held for 30 s.
For each area under study, from 8 to 12 identical indentations were made, and the results were
averaged afterwards.

Microscopy of fillings and tissues in the vicinity of indenter prints was carried out using
the optical system of a nanoindentation system. Overview images of the prepared cross-sections
were made using a Zeiss StereoDiscovery V.20 stereomicroscope (Carl Zeiss Microscopy GmbH,
Oberkochen, Germany) according to the Abbe scheme. Zeiss ZEN software (Carl Zeiss Microscopy
GmbH, Oberkochen, Germany) was used for image processing.

The Shapiro — Wilk normality test was used to examine whether the nanoindentation datasets
were normally distributed. The test statistic (D) provided a measurement of the divergence of
the dataset distribution from the normal one. The one-way analysis of variance (ANOVA) was
used to detect statistically significant differences between the means of the two or three groups
under study. Specifically, the null hypothesis was tested: Hy : p1 = po = -+ = ug, where p is
a group mean and k is a number of groups. The above hypothesis was tested for three sets of
indentation data for the composite filling case, three sets for the glass ionomer filling case, and
two sets for each polymer infiltration case using the F-ratio at a significance level of o = 0.05.
The Tukey — Kramer test was then used to identify specific groups that differed from each other.

2. Results and discussion

Figure 1 shows optical images of surface sections of all samples, indicating both the areas of
interest and the anatomical features of the crowns. Indenter imprints at a distance of 60 pm from
the interface with the filling, in its internal and external parts (the central region of the enamel
in Fig. 1, a, the approximate boundaries of the filling are outlined by a burgundy dotted line),
demineralized dentine, and sound tooth tissues are shown in Fig. 2. The results of the property
evaluation are given in Table 1.

Figure 2, b shows large pores found on the examined surface of the composite filling. Diagrams
of the dependence of the indentation depth on the applied load for the case of this filling are
shown in Fig. 3. For the GIC filling (Fig. 1, b) from the cervical area to the pulp horn, an
assessment was made of its mechanical properties, enamel at the border with the filling (about
400 pm from the interface due to the presence of a crack in the immediate vicinity), bordering
dentine, as well as the sound enamel and dentine on the opposite medial side of the tooth. The
measurement results are shown in Table 2.

The results of optical microscopy of the interface of a filling made of GIC and dentine are
shown in Fig. 2, ¢, d. Diagrams of the dependence of the indentation depth on the applied force
for the case of a GIC filling application are shown in Fig. 4.

Considering that in the current research, polymer infiltration was carried out on the two
samples, further, the first and second cases of using this material will be mentioned.

For the first case of the WSL infiltration (Fig. 1, ¢), the mechanical properties of the treated
enamel, dentine in its vicinity, as well as sound enamel and dentine on the opposite medial side
of the tooth were assessed.

A visual examination of the infiltrated enamel showed the presence of a WSL focus, extending
from the enamel surface to the DEJ. In this regard, the mechanical properties of the infiltrated
enamel were measured close to the DEJ. On the opposite side of the junction, presumably
pathologically altered dentine was examined. The test results are given in Table 3. Diagrams
of the dependence of the indentation depth on the applied force for the first case of the WSL
infiltration are shown in Fig. 5. For the second case of polymer infiltration of the molar in the
upper third of the enamel in height (Fig. 1, d), the mechanical properties were assessed similarly
to the first case (see Table 4).
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Fig. 1. Optical microscope images of samples after ex vivo dental treatment: a shows composite filling;
b shows GIC filling; ¢ shows enamel infiltration, first case; d shows enamel infiltration, second case; e
stands enamel, d stands for dentine, dej stands for DEJ, es stands for sound enamel, ds stands for sound
dentine, ci stands for internal part of the composite filling, co stands for external part of the composite
filling, ec stands for enamel at the interface with the composite filling material, dc stands for dentine in
the vicinity of a filling made of composite material, pr stands for previous crown restoration, g stands for
GIC filling, dgc stands for dentine in the vicinity of a filling of GIC in the cervical region, eg stands for
enamel on the interface of a filling of GIC, dgh stands for dentine in the vicinity of the GIC filling in the
area of the pulp horn (crown part), sr stands for stria of Retzius, hsb stands for Hunter-Schreger bands,
el stands for infiltrated enamel, di stands for dentine in the vicinity of infiltrated enamel, pc stands for
pulp chamber (color online)

Table 1
Mechanical properties of the sample treated with the composite material
Area Red. Young’s modulus E,., GPa | Hardness I, GPa | Creep, nm
Filling outer part 11.47 £1.05 1.11 +0.17 236.3 + 56.1
Filling inner part 11.51 £0.32 0.93 +0.05 293.5 £30.0
Enamel bordering filling 40.55 £ 3.85 2.48 + 0.65 229.7 £65.7
Sound enamel 97.77 £5.50 5.98 £0.37 36.5 £ 11.1
Dentine bordering filling 23.50 + 2.82 1.16 £0.13 162.3 +33.7
Sound dentine 26.48 + 3.34 1.14 £0.15 101.5+ 154

To assess statistically significant differences in the indentation results, three sets of Young’s
modulus values were selected for the composite material and GIC (the inner part of the composite
filling, the enamel in the vicinity of the filling, and sound enamel with sample sizes of 11, 9, and 9
tests, respectively; the GIC filling, the enamel in the vicinity of the GIC, and sound enamel with
sample sizes of 8, 6, and 9 tests, respectively), and two sets of values for the samples treated with
the infiltrant (treated and sound enamel with sample sizes of 7 and 11 tests for the first sample,
12 and 12 tests for the second sample, respectively). In all cases, from the sample information,
we obtained that the test statistic F' was not in the 95% acceptance region, based on which a
conclusion was made to reject the null hypothesis (at p < 0.05), thus, at least two group mean
values for each material were statistically significantly different from each other. Additionally,
Tukey — Kramer test subsequently revealed a significant difference between all three pairs for
filling materials.
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Fig. 2. Optical microscopy of fillings and surrounding tissues: a shows indenter marks on the surface of
a composite filling; b shows indenter marks and pores in the outer layer of the filling; ¢ shows indenter
marks on dentine in the immediate vicinity of the filling; d shows surface of the GIC filling; ¢ stands for
GIC filling surface, e stands for enamel, ¢i stands for inner layer of the filling, co stands for outer layer of
the filling, ¢ stands for indenter imprint, cei stands for interface between the filling and enamel, p stands
for pore, d stands for dentine, g stands for GIC, gdj stands for interface between filling and dentine, gp
stands for glass particle; symbol * marks the agglomerate of glass microparticles (color online)

Table 2
Mechanical properties of the sample treated with the GIC

Area Red. Young’s modulus E,., GPa | Hardness I, GPa Creep, nm
Filling 1.57+0.34 0.14 +0.05 927.0 £ 159.5
Enamel bordering filling 16.27 £ 7.51 1.25+0.93 502.5 4+ 285.5
Sound enamel 91.18 +4.89 5.61 £0.99 49.5 £27.7
Dentine (pulp horn) 39.37 £ 0.96 2.03+0.07 116.3 £9.0
Dentine (cervical area) 25.36 + 1.04 1.48 £0.10 182.9 +25.3
Sound dentine 23.33 +4.15 1.14 +0.01 124.6 £ 45.9

The analysis of experimental data of nanoindentation shows that the outer and inner layers
of the composite filling are characterized by practically identical values of the Young’s modulus
and a decrease in the value of indentation hardness of the inner layer by 16.2% compared to
the outer one, as well as an increased creep value by 24.2%. This observation partially agrees
with the studies of the mineral density of composite fillings [16]. At the same time, the values
of the reduced Young’s modulus and the indentation hardness of the inner part of the filling are
significantly lower than both the surrounding enamel, noted in Fig. 2, a (by 3.5 and 2.7 times,
respectively), and sound enamel (by 8.5 and 6.4 times, respectively). The observed features are
important from a practical point of view for creating a strong filling and high adhesion to natural
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enamel. For the enamel in the filling area, both the reduced Young’s modulus and the indentation
hardness were equal to 41.5% of the similar characteristics for sound enamel, and creep was 6.3
times higher, practically not inferior in creep value to the outer part of the composite filling
(Fig. 2, b).
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——Composite filling (inner layer) ——Sound cnamel ——Dentine in the vicinity of the composite filling
——Enamel in the vicinity of composite - enamel interface — Dentine sound
a b

Fig. 3. Diagrams of the dependence of the indentation depth on the applied force for the case of a
composite filling: a shows composite filling, enamel in its vicinity, and sound enamel; b shows dentine in
the vicinity of the composite filling and sound dentine (color online)
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a b

Fig. 4. Diagrams of the dependence of the indentation depth on the applied force for the case of a GIC
filling: a shows GIC, enamel in its vicinity, and sound enamel; b shows dentine in the vicinity of the GIC
filling close to the cervical area and to the pulp horn, sound dentine (color online)

Table 3
Properties of the sample treated with the infiltrant — first case
Area Red. Young’s modulus E,, GPa | Hardness I, GPa Creep, nm

Infiltrated enamel 94.54 +6.53 6.32 £ 0.95 42.7+27.8
Sound enamel 107.67 £+ 11.89 7.024+0.90 29.0+11.9
Dentine bordering 23.38+1.76 1.16 +£0.07 119.4 +241.0
infiltrated enamel
Sound dentine 26.38 + 5.60 1.07 +£0.07 132.1 +26.0
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Table /
Properties of the sample treated with the infiltrant — second case
Area Red. Young’s modulus E,, GPa | Hardness I, GPa | Creep, nm
Infiltrated enamel 77.9+3.99 4.90 £ 0.55 58.5£10.9
Sound enamel 88.84 +4.88 6.62 + 1.32 42.0 £21.2
Dentine bordering 19.37 £ 2.89 1.09£0.17 204.0 £ 38.6
infiltrated enamel
Sound dentine 21.22 +1.62 1.25 +£0.17 152.2 +21.9
505
405
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—Tiiflated simel —Sound enamel ——Dentine in the vicinity of infiltrated enamel ——Dentine sound
a b

Fig. 5. Diagrams of the dependence of the indentation depth on the applied force for the first case of
WLS infiltration: a shows infiltrated and sound enamel; b shows dentine in the vicinity of the infiltrated
enamel and sound dentine (color online)

Observations of the dependence of the indentation depth on the applied force (P—h diagrams)
show that the nature of both the loading and unloading branches of the curves for enamel at
the border with the filling is generally similar to that for the sound enamel, but an increase in
the indentation depth is observed. These facts indicate a change in the mechanism of resistance
to loads of such enamel, despite the fact that during optical microscopy, no visual signs of
pathological changes were noted (homogeneous tissue, without color changes and distinguishable
cavities [17], Fig. 1, a). At the same time, a small number of large defects in the form of pores
with a diameter of up to 19 pum are observed on the surface (this pore is shown in Fig. 2, b).
Similar effects are observed for dentine: its Young’s modulus in the filling area decreases by
11.3%, and creep increases by 59.9% in relation to the sound tissue, while the hardness values
are comparable.

As for filling materials made of GIC, extremely low values of the reduced Young’s modulus
and indentation hardness are obvious: they are significantly lower than those of the surrounding
(10.4 and 8.9 times, respectively) and sound enamel (58.1 and 40.1 times, respectively). At the
same time, the creep of GIC was 1.84 times higher than that of the surrounding enamel and
18.7 times higher than that of sound enamel. Such a low value of mechanical characteristics is
consistent with the recent results obtained by Petrovi¢ et al. [18] during nanoindentation of a
number of commercial GICs. It should be noted that at the boundary between the filling and
enamel, as well as between the filling and dentine, there was a delamination of the interface (more
than 50 pum wide, Fig. 2, ¢), presumably caused by an increased stress concentration due to an
excessive difference in the mechanical characteristics of the filling and the surrounding tissue
(which can be further studied using the approaches of [19]). Analysis of optical images showed a
high content of glass particles on the cement surface with a diameter of 6.68 £ 2.70 um, as well
as pores reaching 15.12 um, and agglomerates of glass microparticles (Fig. 2, d).
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For the GIC filling, an even smaller angle of inclination of the unloading branches of the
P — h diagrams (Fig. 4) relative to the abscissa axis and a greater spread in depth (due to the
heterogeneity of the surface and high porosity) is characteristic compared to the case of the
composite filling. The study of dentine in the vicinity of the GIC filling (Fig. 4, b) was carried
out in two areas: near the pulp horn and in the cervical area. It is noteworthy that, unlike
demineralizede dentine or dentine around carious enamel, the values of the reduced Young’s
modulus and indentation hardness in both areas of dentine in the vicinity of the GIC were
higher than the values of the sound tissue: in the cervical area by 8.7% and 29.8%, and near the
pulp horn by 68.8% and 78.1%, respectively. Presumably, this phenomenon is associated with
tissue deformation caused by polymerization stresses inside the GIC [20,21]. This observation is
consistent with the results of Dias et al. [22], in whose work increased hardness was observed in
all areas of direct contact with the GIC in sound and demineralized dentine.

The nanoindentation data of the first case of using a polymer infiltrant show that, despite
the lower reduced values of Young’s modulus and indentation hardness of the infiltrated enamel
compared to sound tissue (by 12.2% and 10.0%, respectively), as well as an increased creep
value (by 47.2%), both branches of the P — h diagrams for the pairs “infiltrated enamel — sound
enamel” have a similar character, including the angle of inclination (Fig. 5, a). As for dentine,
we note lower values of the reduced Young’s modulus and creep of this tissue in the vicinity of
the infiltrated enamel (by 11.4% and 9.6%, respectively), as well as a higher hardness value (by
8.4%) compared to sound dentine (Fig. 5, b).

For the second case of using a polymer infiltrant, lower values of the reduced Young’s modulus
and indentation hardness of the infiltrated enamel relative to the sound tissue were recorded (by
12.3% and 26.0%, respectively), as well as a higher creep value (by 39.3%). The unloading
branches of the P — h diagrams for the pairs “infiltrated enamel —sound enamel” demonstrate a
similar character, including the angle of inclination, while the loading branches of the infiltrated
enamel have a smaller angle of inclination and a noticeable increase in the depth of indentation.
In this sample, the behavior of dentine largely repeats the features of the enamel.

Conclusion

In this work, an ex vivo study of the mechanical properties of composite and GIC fillings, as
well as infiltrated enamel and tissues in their vicinity, was conducted, followed by a comparison
of the results with the corresponding properties of the sound tissues. The results showed that a
composite filling appears more preferable for use in dentistry than a GIC filling due to greater
similarity of mechanical properties, a lower probability of adhesion loss at the enamel border,
and a smaller content of internal structure artifacts.

The information collected for both samples treated with the infiltrant allows us to draw
several conclusions:

— the mechanical properties of enamel after infiltration are closer to the properties of the
sound enamel, in contrast to both types of filling materials;

— given the small difference in the mechanical properties of infiltrated enamel and the sound
tissue surrounding it, the probability of undesirable stress growth in the infiltrated DEJ is lower
than in the case of fillings.

However, further research is needed to better understand the ability of the infiltrant to
penetrate tissues in different areas of the tooth and at different stages of caries progression.

The continuation of the article will be published in the next issue.
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Annoramus. Pabora nocssiieHa moucky 3¢p@eKTUBHOIO aJrOpuTMa

OoOHApY?KEHHSI BHIOPOCOB B HECTAIMOHAPHBIX OJHOMEDHBIX BPEMEHHBIX

pAnax, IPeACTABISIONNUX cO00 HATYPHBbIE M3MEPeHusA. 1aK, HeCTalr-
OHAPHOCTH PsJia XapaKTePU3yeTcsl HaJIudueM U3MEHYUBOI'O TPEH/IA B

JaHHDBIX, a TaKKe I'eTepOCKeJaCTUIHOCTBIO — HEIIOCTOAHCTBOM JUCIIED-
CHUU IOJId OTJEJIbHO B3ATHIX HO,ZLHOCJIG,D;OB&TQJII)HOCTG‘I‘/JI BPEMEHHOI'O PDAIa.
g J

Heyuer stux ocobeHHOCTEl TPUBOAUT K TOMY, YTO BBIOPOCHI, CBsI3aH-

_ HbIE C ITOJIOMKAMU WJIH HETOYHOCTBIO AIapaTypbl, (DUKCUPYIOIei Ha-
ﬁ TYpPHBIE U3MEDPEHUsI, MOTYT OBITH KJIACCH(DUITUPOBAHBI KAK PETyJIsPHBIE

I_l a L‘I H bl |7| 3HAYEHUsI. DTO JIeJIAaeT OOJIBIIMHCTBO CYIIECTBYIONUX METOI0B O0HAPY-
y JKEHHsI BBIOPOCOB BO BPEMEHHBIX pafax HeddbdekTuBHbIME. B pabore
ONMCAaHBI PEAJIbHBIE JTAHHBIE, [IPEJICTABIAIONNE cOO0 HADIONCHAS 33

OTﬂeﬂ TEMIIepaTypoil U KOHIEHTPAIMell 3arpsi3HUTESIsI B IOIPDAHUIHOM CJIO€e

L J aTmocdeps! I. KpacHosipcka, KoTopbie 0071a/1a10T 38 JaHHBIMI CBOHCTBA~
N

I mu. [Ipusesnen KpaTkuii 0630p CYIIECTBYIOMUX METOJOB, TOKA3AHBI UX
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Abstract. The paper is devoted to finding an efficient algorithm for detecting outliers in non-stationary
one-dimensional time series representing field measurements. Thus, the non-stationarity of a series is
characterized by the presence of a variable trend in the data, as well as heteroscedasticity which is the
inconstancy of variance for individual subsequences of the time series. Failure to take these features
into account leads to the fact that outliers associated with breakdowns or inaccuracies of the equipment
recording field measurements can be classified as regular values. This makes most existing methods for
detecting outliers in time series ineffective. The paper describes real data representing observations of
temperature and pollutant concentration in the boundary layer of the atmosphere in Krasnoyarsk, which
have specified properties. A brief overview of existing methods is given, their advantages and disadvantages
in application to the available data are shown. The author’s approach to detecting outliers in the series of
the described type is proposed. The method proposed in the paper is aimed at correcting and combining
existing approaches and is divided into two stages: localization of points suspected of being outliers
and regression on the localized section with an adaptive threshold for cutting off points. The proposed
algorithm was tested on the available data. A comparison with existing approaches was made.
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Bsenenue

Bpemennbie psiibl MpeCTaBASIOT COOOH MTOCIEI0BATENILHOCTD HAOJIONEHUN 38 M3MEHEeHUeM
HEKOTOPOII IIEpEMEHHOI & BO BpPEMEHH, KOTOpbleé MOI'YT OBbITh HCIOJIL30BAHLI B PA3HBIX IIPU-
JIOKEHUSIX, B TOM 4YHUCJE JIJISI TOHUMAHUSI ¥ IIPOrHO3UPOBAHUS ITOBEJICHUS HEKOTOPON CUCTEMBI,
onucbiBaeMoil mepemMmeHHO#. OCOOBIM BUIOM BPEMEHHBIX PSIIOB SABJISIIOTCA PSIIABI, IIPEICTABJISIIO-
e coboii HaTypHbIE U3MEpPEHNsI. Bo-IepBhIX, JOCTUKEHUsT B 00JIACTH U3MEPUTEIbHON TEXHUKI
HO3BOJISAIOT cOBUpaTh Gosble 00beMbl JaHHBIX € 3a/aHHON TOYHOCTHIO |1]. Bo-BTOpBIX, Takue
PAOBI, KaK MPaBWJIO, SIBJISIOTCS CYIIECTBEHHO HECTAIITMOHAPHBIMU, T. €. HE COXPAHSIIOT CTATUCTH-
qecKrne XapaKTEePUCTUKM IOJIIIOCIIEI0BATEILHOCTE BPEMEHHOTO Psijia CO BpEMEHeM, He MUMEIOT
€IMHOTO TPEHa, & TaK»Ke SIBHO BBIPAXKEHHOM CE30HHOCTU. BOJIBITOe KOJIUYIEeCTBO HAOJIIOMEHUH
3a TepeMeHHOil (T.e. GOJIBIINOIl pasMep BBIOOPKH) YCIOXKHSIET aHAIN3 BPEMEHHBIX DSIJIOB, JeIast
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psizi MeTozioB HeabdekTuBHbIMU [2]. BMecTe ¢ Tem B TOM umcsie u3-3a TpeOOBAHUN K TOYHOCTH
I/ISMepeHI/IIU/I O6Hapy)KeHI/Ie BbI6pOCOB B TaKUX JAaHHBIX fABJILACTCHA IIE€PBBIM ITaroM B Pa3BEJOYHOM
aHaJM3e JAHHBIX.

C KJ1accr4ecKoil TOYKHU 3peHus IMIPOKO UCIIOIb3YEMOE OIIPEIe/IEHIE ITOHITHS «BBIOPOC» OBLIO
jano B pabore [3]. Coruacuo [3, c. 1], BBIGpoc —3T0 «HABIIIO/IEHIE, KOTOPOE HACTOJIBKO OT/IHYa-
€TCsT OT APYTUX HAOJIIOMEHNH, 9TO BBISBIBAET MOJO3PEHMSI, IYTO OHO OBLIO BBI3BAHO JIPYIUM MeEXa-
HU3MOM». DTUM OIIPEieIeHIEM IMOKPBIBAETCA OOJIBINON KPYT IPOIECCOB — BBIOPOC MOXKET OBITh
KaK IPOCTO IIIYMOM, TaK 1 HEOXKUJIAHHONW CMEHOM ITOBEJIEHNs CUCTEMbI (aHOMAJIMelt) Wiin OnOKOi
U3MepeHusi, CBA3aHHOM ¢ MOJIOMKON obopymoBanusi. MeTomab oOHApyKeHUsT BEIOPOCOB B JTAHHBIX
[IPOKO PAa3BUBAIOTCs B HACTOsiIee BpeMst (cM. 0630pHBIe paborsl [4—6]), onHako uib HEGOIb-
n1oe 91CJI0o U3 HUX IIPUMEHUMO K aHaJIN3y BPEMEHHDBIX PAIOB. STO CB#3aHO C TeM, YTO BpEMEHHbIE
PSIBI OTJIMIAIOTCS OT BBIOOPOK TEM, ITO HE MOTYT OBITH [T€PEMEIIaHbl, TAK KAK MO3UITUS KAXKI0-
ro M3MEpEeHUs BO BpDEMEHHOM Dsily uMeeT 3HadeHue. B 0630pHbIX padorax |7, 8|, mocesieHHbIx
aHAJIN3Y CYIIECTBYIONINX METOMIOB JJIsi OOHAPY2KEHUsI BLIOPOCOB BO BPEMEHHBIX PSIJIAX, BLIIEIEHO
mopsiika 15 MeTo/I0B, CrpyIIIMPOBAHHBIX 0 HECKOJBKUM HampasjeHusiM. OJIHAKO BbBIJIEJIEHHBIE
aBTOPaMU METOJIbI MMEIOT OIPAHUYEHUs 110 MPUMEHUMOCTH K JJIMHHBIM HECTAIMOHAPHBIM Bpe-
MEHHBIM PsaM HaTyPHBIX n3MepeHuil. Takum obpaszoM, pa3zpaboTKa HOBBIX IIOJXOJOB K ITOUCKY
BBIOPOCOB BO BPEMEHHBIX PsijlaX, yIUTHIBAIONINX KOHTEKCT, B KOTOPOM JIOKAJU3yeTCs BBIOPOC,
ABJIACTCH aKTyaJIbHOU 3aa4eii.

CraTbsl Opranu3oBaHa CJIeAyomuM obpasoM. B pasi. 1 npuBeaeHo onucaHne JaHHBIX, KOTO-
Pbl€ UCIIOJIb3YIOTCA Ha IIPOTAKEHUN CTAaTbU JIJIsI TECTUPOBAHUA 1 O6OCHOBaHI/IH METOI0B. Pa3,qeﬂ 2
MTOCBAIIEH KPATKOMY 0030py CYIIECTBYIOIINX METO/IOB ITOMCKA BEIOPOCOB BO BPEMEHHBIX PSIIaX U
X IPUMEHEHMIO K MMEIOIINMCS JaHHBIM. B pasj. 3 npuBeieHO OIncaHue aBTOPCKOM METOIUKN 1
obcyKIeHre Pe3yJIbTATOB ee IMPUMEHEHUsI K MMEIOMUMCs fanubiM. HakoHer, 3akIi09nTeIbHbII
pa3es MOCBSIINEH ONMMCAHUIO PE3YJILTATOB MUCCICIOBAHUSI.

1. Onucanve MMeOINXCS TAHHBIX

C10y)KHOYCTPOEHHBIE HECTAIIMOHAPHBIE BDEMEHHbBIE PsiJIbl BCTPEUYAIOTCS, B YaCTHOCTH, [IPU Ha-
KOILJIEHUN HAOJIIOIEHNI 32 OKPY?KAIOIIei CpeIoil, HaIpuMep 3a KadecTBOM aTMOC(EPHOro BO3-
nyxa. Teepaple dactunpl quamerpoMm 2.5 MK u Menee (PM2.5) spistiorcst onnum u3 zanbosiee
BPEJIHBIX 3arps3HUTENIEH BO3/IyXa B IPU3EMHOM CJIO€ aTMOChEPhI COBPEMEHHBIX TOPOJIOB U IIHU-
POKO IPU3HAHHBIM MapKepPOM KadecTBa BO3/yxa. AHAIN3 TAKMX JIAHHBIX TO3BOJISIET OIUCATH -
HaMHKY CMEH II€PUOJIOB IOBBIMIEHHBIX KOHIeHTpannii PM2.5 B morpanmaHoMm cjioe armocdepbl
U TIPOTHO3UPOBATH PA3BUTHE TAKUX IEPUOJIOB 110 M3BECTHBIM CIIEHAPUSIM. SHAYUTEIbHOE KOJIU-
YeCTBO TEKYIIUX HUCCAEIOBAHUI COCPEIOTOYEHO Ha U3YyUYeHNH JaHHBIX O KOHIeHTparusax PM2.5,
CcOOpaHHBIX CETHIO IMPOCTPAHCTBEHHO PACIIPEICIEHHBIX JATINKOB, U MOCJIEIYIOMEM IPOrHO3UPO-
BaHUM Pa3BUTHUs 3arpsisHeHuil (cum., Hampumep, [9-12]).

KpacHosipck BXOIUT B YHCJIO POCCUMCKHAX TOPOIOB, TJI€ KA4eCTBO aTMOC(EPHOTO BO3JIyXa
KOHTPOJINPYETCsT Ha, CTAITMOHAPHBIX ITOCTaX HADJIIOIeHNs 110 BceMy ropoay. B Munncrepcrse sK0-
JIOTUU ¥ PaIliOHAJHLHOTO IIPUPOIONOIL30BaHusT KpacHosIpcKoro Kpasi JIeificTByeT pernoHaJIbHasT
BeJOMCTBEHHaA I/IH(bOpMaLLI/IOHHO—aHaHI/ITI/IquKaH CucreMa JaHHBIX O COCTOAHHU Opr)KaIOHLefI
cpenpt Kpacnosipeckoro kpast (KMAC), umeromast 1eBATh aBTOMATH3NPOBAHHBIX HAOIIIOIATE b-
ueix nyHkToB (AHII) B yepre ropoga. Kaxipie 20 MuH. 3aMepsitOTCsi TeMIIEPATyPa, BJIAYXKHOCTD,
naBjeHue u KoHnentparusgs PM2.5, koTopbie aBTOMATHYECKH 3aIUCHLIBAIOTCA B HADODP MAHHBIX.
Cobpannble jaHHble OTpaykeHbl Ha reornopraje «Cucrema MOHMTOPHHTA BO3ayxa . KpacHosp-
ckay (https://air.krasn.ru/map.html?2=). lnsa xourposus xounenrparnumii PM2.5 8 KITAC nc-
MOJIB3YIOTCA aHam3aTophl bt Mojen E-BAM! (Met One Instruments Inc., CIIIA), npun-
[UIT JIeACTBUSI KOTOPBIX OCHOBAH HA M3MEPEHWH IIOIVIOIIEHUS [-U3JIydYeHUs] YacTUIAMHU IIbLIH,
OCarKIEHHLIMU Ha (UILTPOBAIbLHON JieHTe. JlaHHBIA MeTon cepTUdHUIUPOBAaH AT€HTCTBOM IIO

'E-BAM particulate monitor operation manual. Electronic resource. URL: https://metone.com /wp-content /
uploads/2022/06 /E-BAM-9805-Manual-Rev-G.pdf (marta obparmenus: 09.01.2025).
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oxpane okpyzkaromeii cpeasr CIITAZ. Anains3arops! 5TOro Kjacca peKOMEHIOBAHBI JJIs H3Mepe-
nus cojepxkanus dpaxiuit PM10 u PM2.5 B armocdepe, cepruduiiupoBatbl U aKKpPEIUTOBAHBI
BO MHOTHX CTpaHax Mupa, B ToM qucie B Poccun (No 57884-14 B T'ocymapcrBeHHOM peectpe
cpezicTB u3Mepenwii). OnucaHHble JATINKN UMEIOT OCOOEHHOCTDb — IIPU HU3KUX KOHIIEHTPAIIUSIX
PM2.5 nucniepcust u3aMepeHuii CyIecTBEHHO BBIIIE, 9€M IIPU BBICOKUX. DTO, IOMUMO PA3HBIX TPEeH-
JIOB Ha KasKJIOM ydacTke (puc. 1), IPUBOIUT K T€TEPOCKEIACTUIHOCTH MOy IEHHBIX YUCJIOBBIX
HaOOPOB 3HAYEHUIA.

Ha puc. 1 npeacrasien mosnbiit HabOp JAHHBIX 110 TeMiieparype u PM2.5 3a nmepuosa ¢ 1 su-
Baps 2019 r. o 21 nekabps 2023 r. ¢ garunka nocra «BerirykaHkas.
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Puc. 1. Usmepenus remueparypsl (a) u kornenrpamuu PM2.5 (6) B 1. Kpachosipcke
3a nepuof ¢ 1 susapsa 2019 r. mo 31 mexkabpsa 2023 r.
Fig. 1. Measurements of temperature (a) and PM2.5 concentration (b) in Krasnoyarsk
from January 1, 2019, to December 31, 2023

Kak Bummo, mannbie, mpeicTaBjeHHbIE HA PHUC. 1, copepxKkaT OOJIbINE IPOIYCKU. Takke B
BHAYEHUSIX OOJIBINOE KOJMIECTBO HEJJIMHHBLIX MPOIIYCKOB, KOTOPbIe HE BUJIHBLI IIPU BU3YaJHLHOM
aHaJIM3€e BCcero Habopa JaHHBIX. TaKkyKe IMOKa3aHUsl 110 KOHIIEHTPAIUU (PUKCHPYIOT HECKOJIBKO BbI-
6pocos (3navenust, npesbimatoiue 400), KOTOpble MOTYT ObITH NIEHTUMUIMPOBAHBI BU3yaJbHO. B
paboTe pacCMaTPUBAIOTCS U JIAHHBIE IO TEMITEPATYPE, KOTOPbIe MMEIOT MOHSITHBIN KBaIpaTHIHBII
TPEHI, CE30HHOCTDH U OJMHAKOBYIO JIMCIIEPCHUIO IJjIsi Bcero Habopa. ITokasaHust 10 KOHIIEHTPAIII
PM2.5 npecTaBisgioT 60BN MHTEPEC JJI NCCIeI0BAHUsI, HO, KAK BIUIHO U3 pHUC. 1, 6, He nMe-
IOT SIBHO BBIPAyKEHHOI'O TPEHJA M CE30HHOCTH, a TAaKKe MMEIOT PA3HyIO JUCIEPCHIO MPU HU3KUX
U BBICOKUX KOHIleHTpalnusx PM2.5.

2. O0630p cylIecTBYIOMINX METOJ/IOB OOHAPYy KEeHUsI BHIOPOCOB
BO BPEMEHHBIX psijgax

CymecTByromire MeTo bl OOHAPYKEHUsT BELIOPOCOB BO BPEMEHHBIX PSIJAX MOTYT ObITH YCJIOBHO
paszesieHbl Ha CJIEYIONINEe TIOJArPYIIIbl: OCHOBAHHBIE HA CTATUCTUYIECKOM ONMCAHUM PSJa WU €TI0
qaCcTH; Ha OIEHKe OJM30CTU 3HAYEHWS K COCETHUM 3HAUYCHHUSIM; Ha OIEHKE IIJIOTHOCTH pacipe-
JeJIeHus JTAaHHBIX; Ha KJIACTEPU3alllM; HA PErPEeCCHOHHBLIX Merojax. Hambosiee ncuepnbiBaiomiee
cpaBHeHMe pabOThl PA3HBIX METOJOB HA CHHTETHYECKUX JIAHHBIX NpHBejeHo B pabore [7]. 3mech
Oymer 00CyXKIAThC TPUMEHIMOCTD CYIIECTBYIONUX METO/IOB K OIMMCAHHBIM B IPEJBIIYIIEM Pas3-
Jaejie JJaHHBIM.

?Environmental Technology Verification Report. URL: https://archive.epa.gov/nrmrl/archive-etv /web/pdf/
01 vr_ metone bam1020.pdf (mara obpamenus: 18.08.2023).
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CraTtucTuveckue MeTObl OCHOBAHBI Ha MPEIIIOJIOXKEHUN, ITO BBIOPOC — 3TO 3HAUEHUE, KOTO-
poe He BIIMCBHIBAETCS B CTATUCTUYECKOE OIMCAHNE BCETO BPEMEHHOIO PS/JIa WM €0 TO/IIIOCIeI0Ba-
TeJIBHOCTHU. 3/1eCh OCHOBHBIM IMOJIXOJIOM SIBJISIETCS BBIYHCIICHNE (MOIIMUIPOBAHHOI) 2-OICHKH,
KBapTUIeil 1 MeKKBapTUILHOrO pasmaxa [13]. Ksapruim u MeKKBapTUIBHBIH pa3sMax MOKa3bl-
BAIOT, KaKue 3HadYeHusi HamboJiee PACIPOCTPAHEHBI B BLIOOPKE, B IIPEIIOJIOKEHUU, 9TO JAHHDIC
pacipeiesieHbl HOPMaJIbHO. DTO TpeboBaHUe He BBIMOJIHAETCHA JJIs UMEIOIINXCH JAHHbBIX, JIayKe
€CcJIn PacCMATPUBATDH OTIEIBLHO B3ATBHIE IMOJIOCIEI0BATEILHOCTH. ['HCTOrpAMMBI PACIIPEIeICHUS
BPEMEHHBIX PsAJIOB )i U3MEPEHuil TeMepaTypbl U KoHieHTpanuun PM2.5 npuBenens! Ha puc. 2.
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Puc. 2. T'ucrorpammer pacipeesiennst JaHHBIX U3MEPEHUIT: a — TeMiiepaTypa; 6 — KourenTparus PM2.5;
6 — IeCATUYIHbIN JorapudM OT n3Mepennit konmnenrparun PM2.5
Fig. 2. Histograms of measurement data distribution: a is temperature; b is PM2.5 concentration; ¢ is
decimal logarithm of PM2.5 concentration measurements

6

Taxum 06pa3oM, JaHHBIE HEe MMEIOT HOPMAaJILHOTO PACIIPEC/ICHUs, 00JIee TOrO, THCTOTPaM-
MBI PaCIIPEIEICHNAN UCCIIELyeMbIX BPEMEHHLIX PSJIOB MYJILTAMOIAJIBHEL DTO JIEIaeT KPUTepHii,
OCHOBaHHBII Ha pacdeTe KBapTUJICH, HEIPUTOAHBIM JIJIsI aHAJIN3a UMEIOIIUXCS JTaHHbIX.

Pacuer z-onenku [14] 3mech sBisiercss Gosiee MOAXOASANUM UHCTPYMEHTOM. [1of 2-OneHKOM
IOHMMAIOT MepPy OTHOCHUTEILHOIO pasdbpoca HabII0IaeMOro 3HAYEHHs, KOTOpas OKA3LIBAeT, Ha-
CKOJIBKO OT/INYIaeTCss pa3dpoc 3HAUEHUiT OT BHIOPAHHON MephbI IeHTpaJabHON TeHmeHInn. Pa3in-
JaI0T CTAHAAPTHYIO (Zmean(i)) 1 MoaudUupoBanuyio (Zy,eqd(x;)) 2z-ONEHKY JJisi 3HAYEHUS X;
BPEMEHHOIO psijia (uiu ero mojnociaenosareabnocru) Xy = {1, 2, ..., TN}

Ty — [

x; — median(Xy)
Zmean i) = ; Zme i) = 5
(w:) o al@i) 1.486 - MAD

e s X; OIpesesieHbl: [t — BBIOOPOYHOE CpeJiHee, O — CPEIHEKBAJIPATUIHOE OTKJIOHEHUE,
median(X;) — menuana, MAD — meauanuoe abcostorHoe orTKioHeHHe. Moaudunuposanuas
z-oreHKa 06oJjiee ycToifynBa B CPaBHEHHWH CO CTAHIAPTHOHN 2z-OIEHKO#. 3HAYEeHWe X; CINTACTCS
BBIOPOCOM, €CJIN Z-OIleHKa OOJIBbIIEe HEKOTOPOI'O 3aJaHHOI0 IIOPOra, Yallle BCEro BRIONPaeMOro pas-
HBIM 3 (JIJIs1 HODMAJIBHO PACIIPE/IEJIEHHBIX JaHHBIX). [IJIs CII0KHOYCTPOEHHBIX BPEMEHHBIX PsiJIOB
He UMEET CMBICJIA CTPOUTD 2-OIEHKY JIJIsT BCETO Ppsijia Xy, & TOJIBKO JJIst €r0 O/ IITOCIeI0BATETHLHO-
cTu 3aJaHHOl JHbL. Takoii moaxox HaseiBaercs M ZS (Moving z-score). 31ech jjisi NPUHSATUS
PEIIIeHNST 110 TOUKE X; BBIYUCIISAETCS Z-OIeHKA, [0 TOCIE0BATEIBHOCTH { Lj—ypy <oy Wiyt 1y vy Ti1 J
rIe w — 3apaHee 3a/laHHAsT BeJIMINHA OKHA. Pe3y/IbTaThl IPUMEHEHHSI CTAHIAPTHOM U MOINUITN-
POBAHHOM Z-OIEHKHU JJIsi HEKOTOPBIX IOJIITOC/IEIOBATEILHOCTEN HCCaelyeMbIX JaHHBIX ¢ w = 10
HpuBeJIeHbl Ha puc. 3, 4. 31ech U Jajee UCIOJIL30BAHNE PA3HBIX IIBETOB JIJIS BBIJIEICHUS TOYEK,
OIIpeJIe/IsIEMBIX KaK BBIOPOC, He SIBJISETCS XapaKTEPUCTUKON METOA, & UCIIOJIb3YeTCs TOJIBKO ISt
BU3YAJIbHOIO KOHTPACTUPOBAHUS Pe3y/IbTaTa IPUMEHEHUs Pa3HbIX METOJIOB.

Tak, z-OIleHKa XOPOIIO CIIPABJSIETCS ¢ OIpeIeeHNeM eINHNIHBIX, IBHO BBIOMBAIOIINXCS U3
ocJsieIoBaTesIbHOCTEl 3Hadenuit (puc. 3, 0—3), upu 3ToM MOIUIIPOBAHHAS OIEHKA, OIPEICIsI-
eT ropasio 6oJIbIle TOYEK, IOJ03PUTE/]LHBIX Ha BBIOpOC. YacTh U3 9TUX TOYEK AeHCTBUTEIHLHO
SABJISIETCS TIPOIYIIIEHHOM, KaK, HAITPUMeEDP, TOYKHN B paiione 9-11 yTpa Ha puc. 3, 6, 2, a 9acTb U3
HUX — KaK Ha, pUC. 3, d, €, SIBISIIOTCS JIOYKHO TPUHIMAEMBIMH.
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Puc. 3. Pesynbrar npuMeHeHust z-OlMEHKH K HEKOTOPBIM TOJITOCIEI0BATEIBHOCTSIM BPEMEHHOTO P 110
noKaszaHusaM KoHuenrpamuu PM2.5: a, 6, 0, otc, u— pe3yJbrarbl IPUMEHEHUs CTAHIAPTHON 2Z-OLEHKU;
6, 2, e, 3, K — Pe3yJIbTaThl IIPUMEHEHHs MOAUQMUIIMPOBAHHON Z-OlleHKU (I[BET OHJIAliH)

Fig. 3. The result of applying the z-score to some subsequences of the time series based on
the PM2.5 concentration readings: a, ¢, e, g, i are results of applying the standard z-score;
b, d, f, h, j are results of applying the modified z-score (color online)

Pesynbrar nosyuaercst Xyxke, ecyiin JJaHHbIE O0JIA/IAIOT MEHBINEH JUCIEPCHEl, HO YaCThIMU
CMEHAMM TPEHJIa, KaK JIAHHbIe 110 Temieparype (cM. puc. 4).

[TockobKY CTATHCTUYIECKHE XapaKTEPUCTUKH O/IITOC/IEIOBATEIBHOCTU MEHSIIOTCS IIPU CMEHe
TPEH/Ia, TO TOYKN PA3JIaJIKH (TOYKNA CMEHBI TPEH/IA) OHPEEISIOTC KaK BRIOPOCEL. Bee pucynku
JUIsE KayKJI0oro Habopa JaHHBIX JOCTYIHBI 10 ceblake: https://colab.research.google.com/drive/
HUIrw6Jp3X3QSwcCey  NumvRxBaWr7i907usp=sharing

Metoibl 0OHApYKeHUST BLIOPOCOB, OCHOBAHHBIE HA OIEHKH OJIN30CTY 3HAYEHUs K OJIMKANTIIIM
cocessiM [15], ocHOBaHBI Ha NpPaBUe, YTO PACCTOSIHUE MEXKJLY X; ¥ IPYIIOii ee GumKaimmx co-
cenetl Ty, Ti—1,Tit1,, Titw SHAYEHUI MeHbINe 3ajannoro nopora d. IIpobiema takoro kjacca
METOJIOB 3aKJ/IF0UAETCSI B TOM, UTO €CJIA B JJAHHBIX €CTh OBICTPOPACTYIIUI TPEHJT, TO TAKIE METOIbI
CTaHOBATCH HEI(PDEKTUBHBIMIU.

MeTo/ibl, OCHOBaHHBIE HA IJIOTHOCTH PACIIPEJIeJIeHUs TAHHBIX [16], 3aK/II09a0TCs B TOM, YTO
JIJISE BDEMEHHOTO Dsijia (MM €ro MOJIIOCTIEI0BATEILHOCTH) Xy CTPOUTCS THCTOTpaMMa, a 3Hade-
HUsl, OIIPeJIe/IieMble KaK BBIOPOCHI, HAXOISATCA B XBOCTE THCTOTPAMMBI. TaKasi I'DYIIIa METOIO0B
HE TOJXOJUT JIJIsl MCCJIeyeMbIX JAHHBIX, IIOCKOJIbKY JAHHBIE HMEIOT MYJIBTHMOJIAJIBHOE Pacipe-
JieJieHue; T. €. CHavYaJa JOJKHBI ObITh Pa3jieleHbl Ha KJIACChI, COOTBETCTBYIOIINE KaKJ0M MOJIE.
OTa 3aja4a SABJSETCH CJIOXKHON U NPAKTUYECKH HE OIMCAaHA B JINTEPATypPe, 38 HCKJIIOYEHUEM
HeGoIbIIIoro yrcsa pabor (cM., Hanpumep, [17,18]), a Takxke TpebyeT IpeIBAPUTEILHOIO 3HAHUS
O pacCIIPeJIeJIEHNN B KaXKJIOM KJIacce.
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Puc. 4. Pesysbrar npuMeHeHusT z-ONEHKH K HEKOTOPBIM TIOJIOCIE0BATEILHOCTSM BPEMEHHOIO PSJIa 110
MMOKA3AHUSIM TEMIIEPATYPBL: a, 8, d, Ji¢, U — Pe3yJIbTATHl IPUMEHEHUs CTAHIAPTHON Z-OIEHKU; 6, 2, e, 3,
K — Pe3yJIbTaThl IIPUMEHEHMs] MOAUQMUIIMPOBAHHON Z-OleHKH (IIBET OHJIAfiH)

Fig. 4. The result of applying the z-score to some subsequences of the time series of temperature readings:
a, ¢, e, g, i are results of applying the standard z-score; b, d, f, h, j are results of applying the modified
z-score (color online)

OTMeTuM, 9TO METOJ, KaK W B MPEIbIAYIINX CIydasX, MOXKET ObITh IPUMEHEH K OTIE/Ib-
HO B3sITBIM IOJTIOCTe0BaTeabHOCTIM. Ho 3/1ech moipasyMeBaeTcst, ITO MOAIOCIeI0BATEIbHOCTH
JIOJIZKHBI OBITH OOJIBIIIONO pa3Mepa, a 3HAYHUT, TAKXKE OTPAXKAIOT ODIIYI0 MYJILTHMO/IAJIbHOCTH
JaHHBIX.

[Tocsiesist rpyna perpecCHOHHBIX METOJIOB SIBJISIETCsT HanboJiee ePCIIeKTUBHON B IIPHMEHE-
HUU K UCCJIJyeMbIM JIAHHBIM. PerpeccioHHbIe MeTO/ bl OCHOBBIBAIOTCSI HA OLPEJIEIEHNN BHIOPOCa
KaK TOYKH, KOTOpasl 3HAYUTEIHHO OTKJIOHACTCS OT CBOEIO OKUJAEMOro 3HadeHusi. Takum obpa-
30M, IPU HAJIMYNHM OJHOMEPHOIO BPEMEHHOI'O Psi/ia TOYKA B i-ii MOMEHT BPEMEHH MOXKET ObITh
00bsIBICHA BBIOPOCOM, €CJIU PACCTOSIHEE JI0 €€ OXKHIACMOr0 3HAYEHMUS IIPEBBIIIACT IPE/IOIpe/ie-
nenHblii opor 7. Tak, ecam oKujaemMoe 3HAYCHUE It X; OLUPENESeTCs KaKk & U |T; — & > T,
TO (t;, ;) SBJISETCST BEIOPOCOM.

OxkujaemMoe 3HaYEHUE L; OLPEIEIAETCH 10 PErPECCUOHHON MOJIE/IN, [IOCTPOEHHON 10 IIOIIO0-
CJIeTOBATE/IHbHOCTH BPEMEHHOTO Psia, BKJIIOYAONEH TOUKY ;. OCHOBHBIE TPYAHOCTH CBA3AHDI C
HEOOXOIUMOCTBIO MIPEIBAPUTEIHLHOIO 3HAHKUSI O CTPYKTYpPe TPEH 1A, OpeaeeHueM 3HadeHusl 10-
pora T M BBIYUCIEHUSIMU J1JIsI OOJIBIINX HAOOPOB HaHHBIX. IIpobireMa aBTOMATHYIECKOTO ITOUCKA
CTPYKTYPBI TPEHa MOXKET ObITh PeIleHa BHIOOPOM MOJMHOMHUAJILHON alIpOKCUMAIINNA BBICOKOTO
MOPsIIKa JIJI HEOOJIBIIOTo Ynciia Todyek. [Ipobaema BbibOpa mopora 7 — 6oJj1ee Ca0KHas, ITOCKOIb-
Ky IpU TeTEPOCKEIACTUIHBIX JAHHBIX 3HAYUEHUE IIOPOra JOJYKHO ONPEAeaIThCa HA KayK/IOM Ha-
bope TOUeK CaMOCTOATENHHO, TAK KAK O/HA PErpecCHOHHasi KPUBasi MOYXKET OObeTUHUTD YIACTKHI
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¢ pasHoil aucrepcueii. Ha puc. 5 mpezpcrapiieH pe3yabTar paboThbl PErPECCHOHHOIO AJITOPUTMA
JIJISI TEX »Ke IOJIIOC/IEI0OBATE/IbHOCTE BPEMEHHOI'O psijia, YTO U Ha puc. 3, 4. B kayecrse mopo-
ra O6buM BeIOpaHbl 3HadeHust 7 = 0.7 mrsa Temmeparypsl u 7 = 20 myia xkoumeHnTpanun PM2.5.
Perpeccuonnas Mozeab crpomiach 1o 12 TodkaM.
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Puc. 5. Pegyabprar npuMeHeHUsi perpecCHOHHON KyOUYIeCKON MOJIMHOMHUAIBLHON MOJIEH JJIsi OIEHKU BbI-
O6pPOCOB: a, 6, 0, otCc, U — B TaHHBIX 110 KOHIleHTparu PM; 6, 2, e, 3, kK — B JJaHHBIX U3MEPEHUIT TEMIIEPATY DI
(uBeT omtaiin)

Fig. 5. The result of applying a regression cubic polynomial model to estimate outliers: a, ¢, e, g, ¢ are in
the PM concentration data; b, d, f, h, j are in the temperature measurement data (color online)

Takum 06pa30M, perpecCHOHHBI MOAX0 1 00jIee TOUYEeH B ONpeIeIeHUN AHOMAJIbHBIX 3HAUEHNH,
9eM OIMCAHHBIE BBIIE, OTHOCUTEIBHO MCCIeIyeMBIX JaHHBIX. OTHAKO, KaK OBLIO YKa3aHO BBIIIE,
TAKOIi METOJ| MOXKET BbIJIABATH OIIMOKH B CJIy4ae reTepOCKeaCTUIHbBIX JAHHBIX (CM., puc. 5, d, o,
u). MeToj He TOYEH, ecjiu COBIAJ/AI0T TOUYKI CMEHbI PEIPECCHOHHON MOJIE/IN ¥ TPEHJIA B JIAHHBIX,
TOr/[a KpaiiHue TOUYKH MO/II0CIIe/[0BATEIbHOCTH OIIPEIEIISIIOTCs KaK BBIOPOC (CM. puc. 5, k), He0b-
XOJIMMOCTb CTPOUTDH MOJE/Ib BBICOKOTO IOPSIIKA Ha KayK/IOM HEDOJILIIIOM Habope TOUeK JIeIaeT
IO/TXO/T BBIYUCIINTETHHO- M BPEMSI3aTPATHBIM.

3. YacTu4HO perpeccmoHHbIl METO/l MONCKAa BHIOPOCOB B CJIOYXKHOYCTPOEHHBIX
BPEMEHHBIX pAJax

[IperaraemMblit 3/1eCh 0JIX0/1, HAIIPABJIEH Ha, YCTPAHEHUE HEJIOCTATKOB METOJIOB, OCHOBaAHHBIX
Ha IIOCTPOEHUH PErPEeCCUU U OIEHKE PaCCTOSHUsI 10 O/mKaimux cocemeir. MeTomapl, ocHOBaHHbIE
Ha pacyeTe PacCTOSHUI K PSJIOM JIEXKAIIUM TOYKAM, MO3BOJISIOT YYECTh OCHOBHOE CBOMCTBO psi-
J1a — CBSI3aHHOCTH €0 3HAYECHUI MeK 1y cOoDOI, a PerpecCHOHble — OIEHUTh OTKJ/IOHEHNE 3HAUCHUST
oT HabOJIIOIaeMOro B JaHHBIX TpeHaa. IIpemmaraeMbrit MeTO T 3aKII0YAETCS B TOM, ITOOBI CHAYAIA
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HalTH MecTa CKOILIEHHsl TOYEK, IOJ03PHUTENbHLIX Ha BLIOPOC, a 3aTeM UX 06paboTaTh perpec-
CHOHHON MOJienbio. Hammaue 1npegobpaboTKK MO3BOUT CHU3UTH BBIYUCIUTEILHYIO CJIOKHOCTH
PErpecCHOHHOTO METO/Ia U YCTPAHUTD BJIMSAHIE MeTePOCKEIACTUIHOCTH, HAbIIOMaeMOll B JaHHDIX,
HA PE3yJILTAT OTHECEHHsI TOUKU K BBIOpOCY. Takum 00pasoM, mpe/imaraeMblii aJrOpUTM COCTOUT
U3 JIBYX 3TAIIOB:

1) npenobpaboTKa;

2) perpeccuoHHasi MOJIE/Ib C aJIallTUBHBIM YCJIOBUEM OIIpeJIeJIeHHs] BBIOPOCA.

3.1. Ilepssrii stan. IIpemo6paborka

IIpenobpaboTka 3aK/II0YAETCS B TOM, 9TOOBI HAUTH TOYKH, 3HAYECHUE KOTOPDIX ABJISIIOTCS I10-
JO3pUTEIbHBIMU Ha, BhIOpoc. C 9TOH 1EebIo Ui KaXKJI0i TOYKU T; IIPOBOJAUTCH JBE IPSIMbBIX.
[Tosoxkum, uro uepes Touku (i, x;), (tit2, Tite) TPOXOIUT NpsiMasi, 3a/IaHHAs] yPABHEHUEM

Yi1 = ki1x + by, (1)
a depe3 TOUKN (ti41,Tiy1), (i3, Tir3) — HpaAMasg
Yi,2 = ki2x + b; 2. (2)

[Tocse sToro mast Touek (t;, ), (tite, Tite) caurarorcs paccrosuus d;, d;1o 1O NPAMOI, 3aaH-
HOil ypaBuenueM (2), a jyist ToueK (ti41, Ti+1), (tit+3, Tiys) — 10 UPIMOIA, 33 JAHHON ypaBHEHIEM
(1). Takum o6pa3oM, 3a OJIMH POXOJL 10 BPEMEHHOMY psijty X; BBIYHCIEHUEM 8 KOHCTAHT TIOJIYy-
yeH Habop paccrogHuilt D = d;. ITH pacCTOSHUS IO3BOJIAIOT OLIEHUTH, HACKOJILKO 3HAYECHHE B
TOYKE OTJMIACTCA OT €€ OIMKANIINX COCeael, IPU STOM YyUnNThIBasg (PaKT, 9TO B JAHHBIX MOXKET
OBLITh HEIIOCTOSAHHBIN Tpen . Tenepb st orcedennst HAOOpa, BPEMEH t;, PSIAOM ¢ KOTOPLIMU €CTh
3HAYEHUs, IOJ03PUTE/IbLHLIE Ha BLIOPOC UJIM COCEIHME C HUMU, HeOOXOIUMO BLIOpATh IOPOTOBOE
sgadenue dr, Takoe, 4To ecau d; > dp, TO PAIOM C t; MOXKET HaXOIUThLCA BLIOpoc. B KaudecTse
D7 MoxXKHO BRIOpaTh HEKOTOpPOE 3HAUEHMe IPOIeHTUIn s Habopa D. Tak, Ha puc. 6 Bblgese-
HbI 3HAYEHUS, KOTOPBIE SBJISIOTCA MOAO3PUTENBHBIMYA Ha BHIOPOC MU COCEJACTBYIOT C HUME JIJIsk
HccaedyeMbIX TaHHBIX 110 TeMIlepaType n KoHmeHTpauun PM2.5. B kadecrBe mopora oTcedeHust
UCIIOJIB30BAJIOCh 3HadeHue dr, pasHoe 80-it mporentuim (ggp) Habopa D.
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Puc. 6. Pesynbrar moucka TOYeK, IOJO3PUTENBHBIX HA BBIOPOC, B JAHHBIX 0 KOHIeHTparmun PM (a)
n u3Mepenuit Temueparypsl (6) (1BeT OHJIAINH)
Fig. 6. The result of searching for outlier points in PM concentration data (a) and temperature
measurements (b) (color online)
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3.2. Bropoii stan. Perpeccust u orceuenune

Bropoit aTam 3ak/rovuaeTcs B TOM, UTO JJIsi KayKJ/IOIO CKOILICHUS TOYEK, O03PUTE/ILHBIX Ha
BBIOPOC, CTPOUTCS PErPECCUOHHAs] MOJE/b TPETHEro MOPsIKa JJIsd 3a/[aHHOIN0 HAabOopa 3HAYEHUT
1 OJIIDKAIINX K CKOILIEHHIO Touek. TaK, IIOI0XKUM, TouKa (t;, ;) OIpejieieHa Ha IPeIblLyIneM
srale Kak H0J03puTesbHast Ha BeIOpoc. Ecin B anamasone (tj_q,tj4y) HAXOASTCS €Ille TOUKH,
HOJIO3PUTEBHBIE HA BBIOPOC, TO PACCIMTHIBAETCS BEMYUHA j' — MEJIMAHHOE TOJIOKEHNE TOYKH,
II0JI03PHUTE/IBHOI Ha BBIOpOC. [lasiee 110 2w TOYKaM, JIeXKaImM B AUanasoHe (tj_qy, tjrqy), CTPO-
UTCA TTOTUHOMUAIbHAS PETPECCUST TPETHETO TOPSJIKA:

yj/’k(a:) = aj/7kx3 + bj’,k372 + Cj/7k$ + dj’,k'

Benuunna w € Z gaBisieTcs rumeprapaMeTpoM aJITOPUTMa U 33/IaeTCsl MoJIb30oBaTeseM. Perenue,
ABJISETCS JIM TOYKA (tj,a:j), e t; € (tjr_w,tjr+w), BBIOPOCOM, MMPUHUMAETCST TP BBITTOJTHEHUN
OJIHOTO W3 JBYX (MM WX COBOKYITHOCTH) yCJIOBHIA:

Zmed(|yj k(t5) — z3]) > Zr, (3)
Zmed(dist((tj, z5), yj k() > Zr. (4)

Tak, ycioBue (3) orcekaer Te ToUKH (tj,;), KOTOpbIE JAJIEKH OT IIPOIHO3UPYEMOrO 3HAYEHNSI,
OJIyYeHHOTO [0 TIOCTPOEHHOI perpeccun, a ycjaosue (4) — TOYKH, KOTOPbIE JaJIeKU OT TI0CTPOEH-
HOIl perpeccuoHHoil Kpupoii. Vcrosb3oBanue 2-OIEHKN B KAYeCTBE YCJIOBHS O3BOJISET CHUSUTH
YYBCTBUTEJIBLHOCTb METOJ/Ia K MeTePOCKEIaCTUIHOCTH JIAHHDIX.

Yeqosue (3) sBisiercst 6oJiee TPOCTHIM B peasm3anui, a (4) yBeJInduBaeT TOYHOCTb, HO Tpe-
Oyer peleHus 3a/[a9u MUHUMU3aIi. Pe3yibraThl IPUMEHEHHs aJIrOPUTMa K UCCIEyeMbIM JaH-
HBIM C TumeplapamerpaMu dr = ggg, w = 15, zpr = 1.5 npeacTaBjeHbl Ha PUC. 7.

S
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Mata: 2020-07-22 Aata: 2021-04-13

a/a 6 /b

15:00 18:00 21:00

Puc. 7. Pesysbrar npuMeHeHHUsl IPEJJIOKEHHOIO aJITOPUTMa JIJIsl OIIEHKH BBIOPOCOB B JIAHHBIX 110 KOHIIEH-
rpamuu PM (a) u uamepennii Temneparyps! (6) (1BeT oHJaliH)
Fig. 7. The result of applying the proposed algorithm to estimate emissions in PM concentration data (a)
and temperature measurements (b) (color online)

Taknum 06pa30M, Hpe,H,HO}KeHHbIﬁ aJITOPUTM JieJlaeT MEHbIIIee KOJIMYIECTBO JIO2KHO ITOJIO2KH-
TeJIbHbIX K.}IaCCI/I(bI/IKa,LLI/Iﬁ II0 CPaBHEHHIO C OIIMCaHHBIMM BBIIIIE aJITOpUTMaMU IJId IreTepOoCKeda-

CTHYHBIX JAHHBIX (CM., Hanpumep, puc. 7, a). OHAKO, KaK ¥ JAPYrUe METObI, BO3MOYKHO JIOKHO

WncpopmaTuka 575



@ W3B. Capat. yH-Ta. Hos. cep. Cep.: Matematnka. Mexanuka. Hcpopmatuka. 2025. T. 25, Boin. 4

orpunareabHoe cpabarbiBaHue (CM., HAIPUMED, MOCJeIHUI PUCYHOK U3 pHUC. 7, a: KpaiiHue Jie-
Bble TOYKU He ObLIN KJIACCUMDUIMPOBAHBI KaK BbIOPOCHI). DTa npobieMa MOXKeT ObITh peleHa
YBEJIMYEHUEM TyBCTBUTEILHOCTH AJTOPUTMa K BBIOpOcaM (yMEHbBICHUN 3HAYCHUST 7 ), OJHAKO
9TO MPUBEJET K YBEJMIECHUIO JIOKHO MOJOKUTEIbHBIX cpabaTbIBAHUIA.

BriBoapbl

Pabota nocssmiena moucky 3hOeKTUBHBIX aJrOpUTMOB 0OHAPYKEHUsT BHIOPOCOB B JJINHHBIX
CJIOYKHO YCTPOEHHBIX BPEMEHHBIX PsJiaX C 9acCTOW CMEHOH TpEeHJIa U IPOsiBJIEHHEM I'€TePOCKe 1a-
CTUYHOCTHU B JAHHBIX. PACCMOTPEHBI KJIACCHI CYTIECTBYIONINX AJITOPUTMOB, JIJII KOTOPBIX OIpeie-
JIGHBI UX MIPEUMYIIECTBA U HEJOCTATKHU JIjIsi UMEIOIIUXCs PeaIbHBIX BPEMEHHDLIX PsiJIOB HATYPHBIX
n3Mepennit. [lokazano, 9T0 MeTO/Ibl, OCHOBaHHbIE HA CTATUCTUYECKOM OIMCAHUN BPEMEHHOI'O Psi-
Jla, PACIIO3HAIOT TOYKU PA3JIaJIKK (TOYKM CMEHBbI TPEHJIA) KAK BBIOPOCHI, UTO SIBJISIETCS JIOYKHO
IIOJIOKUTE/ILHBIM cpabaTbiBanneM. MeTonbl, OCHOBAHHBIE HA aHAJN3€ TUCTOIPAMM, HE IOJIXOJIAT
JUIS MYJIBTUMOJIQJILHO PACIIPEJIESIEHHBIX JaHHBIX, Oojiee TOro, TpeOyIOT IPeIBapUTEIHLHOTO 3HA-
HUsI WM TPEJIIOJIOXKEHUS O PACIPEIETICHIN BPDEMEHHOTO psijia. MeTo/1bl, OCHOBaHHBIE Ha CpaBHE-
HUW PACCTOAHUIN MEXK Ty OJIMKANIITUMU TOUKAMU, IIJI0X0 PADOTAIOT ISl PSIJIOB C OBICTPO PACTYIIIUM
TpeH oM. PerpeccrnonHtble METO/ bl BHIYUCIUTENBHO CJI0XKHBI U JIOIIYCKAIOT DOJIbIIEEe YHCIIO JIOZKHO
[TOJIOYKUTEJIbHBIX U JIO2KHO OTPUIATE/bHBIX CpabaThIBAHUN JIJIs FeTEPOCKETACTUIHBIX JAHHDBIX.

IIpenoxkennsiit B paboTe METO.I HAIIPABJIEH Ha KOPPEKIINIO 1 00beINHEHIE N3BECTHBIX [TOIX0-
J10B. MeTos pa3jiesien Ha JBa dTana: CHAYaa IPOUCKOIUT IPeaodbpaboTKa, B pe3yibTare KOTOPOit
JIOKAJTU3YIOTCS 3JIEMEHTBI PsiJia, MODJIM30CTH ¢ KOTOPBIMEU MOTYT OBITH BHIOPOCHI, 3aTEM JIOKAJIBHO
IIPUMEHSIETCST pPerpeccuoHHast Mojesb. llopor ompenesienuss TOUEK Ha BBIOPOC SIBISIETCS aall-
THUBHBIM U 3aBUCUT OT JIOKAJU3AIUM TOYKH, YTO IIO3BOJIAET €My yUYWUTBIBATh CMEHBI TPEHJIa U
reTepOCKEeIACTUIYHOCTD.

Hepocrarku 1npeiyio2keHHOTO aJIrOPUTMa 3aKJII0YAIOTCHA, B IIEPBYIO OY€PE/Ib, B OOJIBIIOM KO-
JIMYeCTBE THIlepIapaMeTpoB (TpH IapaMeTpa), K OHPEIEJICHUI0 OJHOIO U3 KOTOPBLIX (mapamerp
Z7) anropuTM KpaiiHe dyBCTBUTENEH. TakzKe ajJlrOPUTM sIBJISETCs] BBIYUCIUTETHLHO 3aTPATHBIM
1pu OOJIBIIIOM YHUCJIe TOYEK, MOJIO3PUTEIbHBIX Ha BBIOpOC. Tak, ecim KOJMYeCTBO TAKMX TOYEK
6ouibiiie, yeM N/w, TO aJIlOPUTM 3a CYET IPENPOIECCUHTa sIBISETCsl 60Jiee BBIYUCIUTEIbHO- U
BpPEMSA3aTPATHBIM, YeM PETPECCUOHHBIN.

[Tostabiit HAGOP PE3YIBTATOB JIJIsi BCEro HAbOpa peabHbIX JAHHBIX, ONHUCAHHBIX B pasi. 1,
MOXKHO HafiTu 1o cebuike: https://colab.research.google.com/drive /11Irw6Jp3X3QSwcCey
NumvRxBaWr7i90 7usp=sharing.
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Introduction

Road transport remains the dominant mode of transportation in Russia, playing a critical
role in the country’s economy by facilitating the movement of goods and passengers. The number
of vehicles on Russian roads continues to grow annually. However, road transportation is also
among the least safe modes of travel, as evidenced by concerning trends in safety statistics.

One of the most pressing issues facing Russia’s road transport system is the high incidence of
traffic accidents. According to official data from the State Traffic Inspectorate of the Ministry of
Internal Affairs, nearly 33,000 road accidents occurred in the first half of 2023 alone. These
incidents resulted in the tragic loss of approximately 3.500 lives and left more than 42.000
individuals injured! [1]. This alarming situation highlights the urgent need for improved safety
measures and a comprehensive approach to mitigating risks within the road transport sector.

In this context, several articles published between 2018 and 2023 offer valuable ideas and
methods for analyzing and predicting road safety indicators.

One significant study by I. E. Ilina examines the modeling of accident rates involving trucks
in Russia [2]. The author analyzes existing data and proposes methods to enhance road safety,
particularly relevant given the increasing number of freight transportations.

In a review conducted by Jameel and Evdorides, existing indicators of the road safety system
are explored, and modifications are suggested to improve their effectiveness [3]. The authors
emphasize the importance of adapting indicators to modern conditions and the transport system’s
challenges.

M. Polyakov, V. Ivashchenko, and I. Shuvalov presented a model predicting the main indicators
of road transport system safety [4]. Their work utilizes a system dynamics approach for analysis
and forecasting, which can assist in developing more effective traffic management strategies.

Finally, the article by O. Mayboroda and B. Sarymsakov discusses ways to improve the system
of road safety indicators in the context of analyzing the quality of motor vehicle transportation [5].
The authors propose new approaches to assessing and monitoring safety, which can help reduce
the number of road traffic accidents.

However, the results of these studies do not contain results on management using the proposed
mathematical models, as well as information on procedures for correcting models of system
dynamics, the need for which is very urgent.

The article is structured as follows. Section 1 contains a statement of the problem and
approach to its solution. Section 2 describes the complex of mathematical models proposed for
solving the problem. The third section presents the results of the numerical solution of a system
of differential equations. Section 4 contains information about the correction of the mathematical
model. The fifth section contains information related to the use of the proposed results by decision
makers. Section 6 contains brief conclusions on the article.

1. Statement of the problem and approach to its solution

To effectively analyze and predict the primary safety characteristics of the road transport
system, it is essential to develop a complex of mathematical models. These models should leverage
a system-dynamic approach, regression models, and products to formalize the cause-and-effect
relationships of a complex structure between model variables.

Considering the aforementioned information, employing system dynamics is the appropriate
method for addressing this issue. System dynamics has proven effective in modeling diverse
complex processes and systems multiple times [2,3,6].

The construction of the proposed mathematical model complex involves several structured
steps, as illustrated in Fig. 1.

! Assessment of the road traffic safety situation. Available at: http://stat.gibdd.ru/ (accessed June 22, 2024);
About the road traffic safety. Federal law FZ-16 ot 09.02.2007. Available at: http://base.garant.ru/12151931/
(accessed June 23, 2024).
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[ Select variables that characterize the traffic safety ]

L; |
Select external influences (disturbances)

. ;

( N\
Develop a graph of cause-and-effect relationships between system (J

L variables and external influences )

4 N\
Build a system of equations of system dynamics, the solution of
—>| which will allow predicting the values of the main indicators of the

road transport system

[ Build functional dependencies between model variables by

. J/

regression analysis

Solve by numerical methods a system of nonlinear differential
equations and adjust the model

Fig. 1. Stages of developing a system dynamics model to predict the
main characteristics of the road transport system

Considering the preceding, the following variables, indicated in Table 1, are taken as indicators
characterizing the safety of the country’s road transport system. In Table 1, all values are shown
for the annual period.

Table 1
Key safety indicators of the road transport system

Variable Description

notation

X1(t) Total number of traffic accidents

Xo(t) Number of fatalities in traffic accidents

X3(t) Number of injured in traffic accidents

X4(t) Number of traffic accidents with particularly severe consequences

X5(t) Number of traffic accidents during dark hours

Xe(t) Number of traffic accidents involving drivers who refused medical
examination

X7(t) Number of traffic accidents caused by traffic rule violations by
drivers with less than two years of driving experience

Xs(t) Number of traffic accidents caused by traffic rule violations by
drivers with 10 to 15 years of driving experience

Xo(t) Number of traffic accidents involving children under 16 due to
their carelessness

Xio(t) Number of traffic accidents on regional or intermunicipal roads

X11(t) Number of traffic accidents on federal highways

Xi2(t) Number of traffic accidents in the capitals of the constituent

entities of the Russian Federation
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In practice, quantitative scales with a clear physical meaning are used despite some of the
variables being qualitative. The study assumes that for numerical modeling of the process of
changing safety variables, we use the apparatus of the theory of fuzzy sets to transition to such
representations. We calculate the normalized values of the variables by measuring them on a
quantitative scale and using their normalized values in the calculations, determined from the

following expression:
_Xi®)

- norm’
Xi

Xi(t) i=1,..,17,

where X;(t) — the normalized value of the indicator used in the model; X (¢) — the present
value of the indicator, determined by the numerical scale; X" —normalization coefficient.
Additionally, the model considers external factors that affect road safety, and these factors are
presented in Table 2.

Table 2

External factors that affect the road transport system

Variable Description

notation

Fi(t) Administrative offense cases initiated

Fy(t) Warnings issued to police officers by court decisions

Fs(t) Fines imposed on police officers by court decisions

Fy(t) Decisions forwarded to bailiffs for enforcement

F5(t) Decisions received from courts regarding administrative arrest

Fs(t) Decisions received from courts regarding driving license
revocation, including those with an additional administrative fine

The construction of system dynamics models is carried out based on selected variables
and external factors, called, in terms of system dynamics, levels that characterize the system’s
functioning. Based on these scales, we constructed differential equations of the form:

dX(t)
=X - X (¢
D= Xt - X,
where X1 (t), X~ (t) represent the positive and negative values of the rate of change of the
variable X (t), respectively. These values encompass all factors contributing to the growth and
decrease of said variable.
It is assumed that rates are functions that depend on factors. The rates look like:

XE(t) = f(FL(t), Fa(t), .. Fi(t)) = fu(FL(8) fa(Fa(t)), .oy fr(FR(t)),

where F1, ..., I}, are factors that can function as as both variables and external functions.

2. Mathematical model

2.1. Development of a graph of cause-and-effect relationships of system variables
and external factors

Experts in the field of road safety establish connections between road safety characteristics
that have both positive and negative impacts on the behavior of these characteristics over time,
relying on their judgments [7]. The presence of these relationships allows the building of an
incidence matrix for security characteristics, shown in Table 3.
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Table 3
Incident matrix for safety performance of the road transport system

X1 | Xo | X3 | Xa | X5 | Xe | X7 | Xs | Xo | X1o | X11 | Xao | F1 | Fo | F5 | Fy | F5 | Fs
X1 0 0 0 0 0 0 +1 +1 +1 +1 0 +1 +1 +1 -1 Py -1 —1
X2 0 0 0 +1 +1 0 0 +1 0 0 0 +1 0 +1 —1 —1 —1 —1
X3 0 0 0 0 0 +1 +1 +1 +1 +1 +1 +1 +1 +1 0 —1 0 —1
X4 0 +1 0 0 +1 0 +1 +1 0 0 0 +1 0 +1 —1 -1 —1
X5 0 +1 0 +1 0 0 +1 +1 0 0 0 +1 +1 +1 —1 —1 —1 —1
Xg 0 0 +1 0 0 0 +1 +1 +1 0 +1 +1 0 0 -1 —1 0 —1
X7 +1 -1 0 0 —1 0 0 +1 —1 0 +1 +1 +1 0 -1 —1 -1 P>
X3 +1 0 0 0 0 0 +1 0 0 +1 0 +1 +1 +1 0 —1 0 —1
Xo +1 —1 —1 0 0 0 +1 +1 0 0 +1 +1 +1 0 —1 —1 -1 —1
X10 +1 0 0 0 0 0 +1 +1 0 0 0 +1 0 +1 0 —1 0 0
X11 +1 +1 +1 +1 +1 +1 +1 +1 0 0 0 +1 0 +1 -1 —1 —1 —1
X129 +1 +1 +1 +1 +1 +1 +1 +1 +1 0 0 0 0 0 0 0 0 0

The variable U;; located at the intersection of the corresponding lines, characterizes the
mutual influence of model variables, taking into account external environmental factors:

—1, wvariable of external factor X; negatively affects Xj,

U 0,  variable of external factor X; does not affect X,
w +1, wvariable of external factor X; has a positive effect on X,

P;, productions or element of production rule system.

Let us determine the production values P;, ¢ = 1, ..., N, characterizing the influence of the
environment on the model parameters, which are
determined at the stage of adaptation of the developed
model to the selected control object. Productions
consist of two parts: a sensory precondition (or “IF”
statement) and an action (“THEN"):

—1, if condition 1 is met,
P =40, if condition 2 is met,

1, if condition 3 is met.

After the condition is met and the action is
activated, the model products look like: P, = +1;
P2 = +1; P3 = —1.

We construct the model by constructing a cause-  Fig. 2. A subgraph of cause-and-effect
and-effect relationship graph based on the incidence  relationships for safety indicators of
matrix. Figure 2 shows a subgraph for the variable X,.  the functioning of the road transport
The generated graph can describe the complex system system for the variable X
of causal relationships between the analyzed variables
and external factors. The graph’s vertices represent the variables X7 — X13 and external factors
Iy — Fg, while the arcs determine the cause-and-effect relationships between them, including the
direction and type of connection [4].

2.2. Equations of system dynamics

System dynamics models are constructed by utilizing the cause-and-effect relationship graph.
To develop a model, a subset of levels X = X;, i =1, ..., 13, is chosen to establish the functional
dependencies between them [8]. These dependencies are determined by analyzing the available
statistics provided by the State Traffic Inspectorate of the Ministry of Internal Affairs of Russia.
The variables X;, ¢ = 1, ..., 13, are defined within the admissible range: 0 < X;(¢) < 1. Based
on the cause-and-effect graph that represents the safety indicators of road transport systems, we
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created equations in the following format:

d i . o
X L) X - T ) S ®
i m i,k n

In general, the system of equations will look like this:

% = f17(X7) fra(Xs) f1.0(X0) Fra0(X10) fan (X11) fra2(X12) fraa(X14) f115(X15) X
«(Fi+ Fy + Fy) — (Fy + Fs + Fy) 2)
% = f2,4(X4) f2,5(X5) fo,8(X8) f2,0(X0) fo,11(X11) fo,14(X14) fo,15(X15) Fa—
—(F3+ Fy+ F5 + Fp), (3)
% = f3.6(X6) f3.7(X7) f3.8(X38) f3.9(X0) f3.10(X10) f3.11(X11) f3.12(X12) f3.13(X13)
x f3,14(X14) f3,15(X15) (F1 + F2) — (Fy + Fg), (4)
% = fa2(X2) fa5(X5) fa7(X7) fas(Xs) fr0(Xo) far1 (X11) fa1a(X1a) fa15(X15) Fo—
—(F3+ Fy+ F5 + Fp), (5)
% = [5,2(X2) f5,4(X4) f5,7(X7) f5,8(X3) f5,11(X11) f5,14(X14) f5,15(X15) (F1 + F)—
—(F3+ Fy+ F5 + Fp), (6)
% = f6.3(X3) fo.7(X7) f6.8(Xs) f6,0(X0) f6.10(X10) f6.11(X11) f6,13(X13) fo,14(X14) fo,15(X15) —
—(F3 4 Fy + Fy), (7)
% = fr1(X1) fr.8(Xs) fr13(X13) fr.14(X14) f7.15(X15) (F1 + Fg) — fr.2(X2) f7.5(X5) %
X fr,10(X10)(F3 + Fy + F5), (8)
% = f8,1(X1) f8,7(X7) fs,0(Xo) fs,11(X11) f3,12(X12) fs,14(X14) f3,15(X15) (F1 + F2)—
—(Fy + Fp), (9)
% = fo1(X1) fo71(X7) fos(Xs) fo.0(Xo)fo13(X13)fo14(X14) fo15(X15)F1 — fo2(X2)x
X fo,3(X3)(F3 + Fy + F5 + Fg), (10)
diz(tlo = f101(X1) f10.7(X7) fr08(X8) fro11(X11) fr0.14(X14) fro.15(X15) Fo — (Fy),  (11)
diiftll = f111(X1) f11,2(X2) f11,3(X3) f11.4(Xa) f11.5(X5) f11,6(X6) f11,7(X7) f11,8(Xs) ¥
x f11,14(X14) f11,15(X15) Fo — (F3 + Fy + F5 + Fg), (12)
alil(tl2 = f121(X1) f12.2(X2) f12,3(X3) f12.4(X4) f12,5(X5) f12,6(X6) f12,7(X7) f12,8(Xs) ¥
% f12,0(Xo9) f12,10(X10)- (13)

The time argument ¢ for all functions in (2)—(13) is omitted for brevity.

2.3. Creation of functional relationships among the internal variables
of the model

Expressions in the system of differential equations that are written as fa, B(Xp) indicate the
relationship between the variable X4 and Xp and are determined using regression analysis tools.
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On the other hand, expressions of the form F;f for i = (1, ...,6) represent the dependency of the
variable on an external factor, as defined by the predicate:

—1, an inverse relationship between the variable and the external factor,
Fff =40, the variable and the external factor are not related to each other,

+1, direct proportionality between a variable and a factor.

Each expression F;f for ¢ = 1,..., N has its own conditions.

In order to ascertain the nature of f4 p(Xp) expressions, we utilize regression analysis to
establish the relationships between the variables. In our notation of expressions fa p(Xg), the
variable Xp is the explanatory variable and X 4 is the variable being explained. By employing
the least squares method, we identify functional dependencies as 2nd-degree polynomials [9]. For
example, in the first equation for X7 there are dependencies of this variable on variables X7—X72.
These dependencies, determined by the least squares method, have the form:

fi7(X7) = 6.7X7 — 11.3X7 + 5.66,

f18(Xs) = —1.51XZ + 2.45Xg — 0.04,

f1.0(X9) = —0.95X¢ + 1.64Xg + 0.24,

fr10(X10) = —2.65X7) + 5.24X19 — 1.64,

fr11(X11) = —0.58 X7, + 0.83X1; + 0.65,

f1712(X12) = —1.55X122 + 2.74X15 — 0.28.

To illustrate, we can demonstrate the relationship between the occurrence of road accidents

X1 and two factors: the number of road accidents caused by intoxicated drivers Xg (Fig. 3, a)
and the number of road accidents caused by pedestrian traffic violations Xg (Fig. 3, b). For each
polynomial, some characteristics were calculated, for example: for fi 9(Xo): standard deviation

= 0.044; regression variance = 0.0029; regression standard error = 0.035; Pearson’s test: 0.88.
The Pearson criterion, in this case, shows the magnitude of the approximation reliability.

~o-Dependence of X; on Xs based on statistics ~#- Polynomial: f;(Xs(t)) = -0.0413 + 2.45 Xg - 1.51 Xs? ~e-Dependence of X, on Xs based on statistics ~#- Polynomial: f;(Xs(t)) = 0.245 + 1.64 Xo - 0.954 Xo*
250000 250000

230000 230000

— — —.—
210000 — —a— —g

190000

—— . —a
210000 = =

190000

170000 170000
150000 150000
— 130000 —_
g 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 g 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022

Years Years

a b

Total number of accidents
Total number of accidents

Fig. 3. Graph of the functional dependence of the number of accidents (indicator X;) on the number

of accidents due to traffic violations: ¢ —by drivers in a state of intoxication Xg; b —by pedestrians

Xy. The black line represents the graphs of changes in these dependencies; the gray line represents the
corresponding statistical data (color online)

3. Solving a system of differential equations numerically

Once the construction of a system dynamics model is complete, it is necessary to define the
elements and variables involved in the equations of this system. This task relies on the data
obtained from the available statistics on the factors and significant variables of the system [5].
After determining the functional dependencies and coefficients in the equations, and external
factors, the resulting system of equations is solved by the numerical methods of the fourth order
of accuracy.

Figure 4 shows the change in time of the calculated values for all calculated values of the
model variables over the interval from 2021 to 2024.
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Fig. 4. Forecasting results for each variable for 2021-2024 (color online)

We compared the calculation results with actual statistical data for each variable. For example,
let us present graphs comparing statistical and simulated data for 2004-2010 for variables Xs

and Xg. The results are shown in Fig. 5,
In Fig. 5 a, the maximum deviation
was 10 percent in 2010.

respectively.

from statistics was 9.8 percent in 2009; in Fig. 5 b, it

p
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Fig. 5. Comparison of statistical and simulated data for variables X5 (a) and Xs (b) (color online)

4.

Correction of the system dynamics model

Correction of the mathematical model is necessary to improve its accuracy and adequacy.
Numerous factors come into play when constructing a mathematical model, making certain
simplifications and approximations necessary. However, these simplifications and approximations
may only sometimes lead to highly accurate predictions of the simulation results.

After we tested the model on statistical data, it may become clear that it does not correspond
to reality in some aspects. In this case, correcting the model can improve its accuracy and
reliability. The mathematical model can be corrected by adding new parameters or variables and
adjusting the parameters. As a result of model correction, it is possible to obtain a more accurate
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e

forecast of the dynamics of the main characteristics of the road transport system, which can help
make decisions in the field of accidents.

We used statistical data from 2004 to 2020 to predict system behaviors as part of the modeling
process. For instance, Fig. 6 illustrates the system behavior during the period from 2004 to

( N
— —e—Statistical data = Model data Adjusted Data
-
x
31,2
§ L i a— — -+ ~
b= <z ———— 3
30,8 f — < g g e S N
o » — -8
-050,5
304
a2
£0,2
3
£ o0
[} D D By D D By by D by D By D
2 & S A S N P
O S R AR R T N R A SO A R R
s ¥ S ¥ o e ¥ gﬁ’\ > Tt ¥ @9\ & M @"\ ~
B S LS S 1 5
Time interval

Fig. 6. The state of the system for 20042010 (color online)

We correct the mathematical model if the difference between the model and statistical data
exceeds 10%. Figure 5 indicates that the model did not require any corrections from January
2004 to November 2005. However, corrections were made to the model during the remaining
time interval. The developed models accurately align with the statistical data recorded between
2021 and 2022, indicating that the number of accidents from these models closely matches the
actual figures. As a result, the developed software can be confidently recommended for practical
application in simulating the primary safety metrics of the Russian road transport system.

5. Actions of the decision maker when the model variables go beyond

the allowable values

In the decision-making sphere, when the main characteristics of the road transport system
reach or exceed permissible values, a number of measures are required to return the variable’s
value to the acceptable zone. These are the points where serious decisions are made to restore the
model’s stability. Often, acceptable values are set in advance based on relevant safety documents

so that they can be considered
when making decisions |2].

The mathematical comp-
lex can build petal diagrams
and compare the obtained
values with the maximum
allowable. This functionality
will be recommended for use
by the decision-maker. Figure 7
shows radar diagrams that
characterize
changes in the main safety
indicators of the road trans-
port system in the time interval
of 2021 to 2023. The red line
shows the limit values of these
characteristics.

Figure 7 shows that the
characteristic X7 goes beyond
the allowable zone, and this is
a signal for the decision-maker
to make a decision.

WncpopmaTuka

System characteristics in 2023

Total number of accidents (X1)

Number of crashes with 8
particularly serious consequences
(x13)

Number of deaths in traffic
accidents (X2)

Number of accidents due to the
poor condition of streets and
roads (X12)

Number of injured in traffic
accidents (X3)

Number of accidents due to the
operation of technically faulty

vehicles (X11) (xa)

Number of crashes involving
children under 16 (X10)

~/ The number of deaths per 10
thousand vehicles (X5)

lumber of victims per 100,000
(x9) inhabitants (X6)

Number of traffic accidents due-td
violation of traffic rules by driver:
under the influence of alcohol (X8)

Number of accit due to traffic
violations by drivers (X7)

--Model data -®Limit values

Severity of accident consequences
3 (number of deaths per 100 injured)

Fig. 7. Changes in key safety indicators in 2023
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Conclusion

We created a set of system dynamics models that enable the prediction of key safety indicators
related to the operation of the road transport system. By utilizing the suggested approach,
we also designed a non-linear differential equation system, the solution of which enables the
determination of fluctuations in safety indicator values during various time intervals. A proposed
procedure has been suggested to enhance the accuracy and reliability of the forecasting results
by making corrections to the model.
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Annoranumsi. B crarbe npejicraBieHbl pe3yJibTaTbl pa3pabOTKU MATEMATHIECKON MOJEH JIJIs KOMIThIO-
TEPHOTO MOJIEJIUPOBAHUST PACIIPOCTPAHEHUST AaTMOCHEPHBIX 3arPsI3HUTEJEN C YIETOM CyXOTO OCAYKJICHUST 1
BJIMSIHUST YKUJKAX aTMOCKHEPHBIX 0CAJIKOB. PazpaboTka 6a3upyercst Ha M3BECTHBIX MATEMATHYECKUX MO-
nesisix aycca u Dpmaka. B Hareir mojenu jijist ydera 0603HAYEHHBIX (DAKTOPOB B CJIydyae HADJIIOIAEeMbIX
aTMOChEPHBIX OCAIKOB YPABHEHHE PACIPOCTPAHEHUS IIjIelida MoIyIaeT HOBBI MHOXKHUTEIb. DTO KOID-
durmenT yBendeHns KOHIEHTPAIMH, POTIOPIMOHAIBLHOIO YBEJUICHUIO MACCHI HuIelidha 3arpsa3HuTes
110J1, BO3/IEIICTBIEM YKUJIKUX OCAJIKOB, OIIpejieisieMblil 3 ypaBHenus KenbBuHa u 3akoHa Payiist. Pazpabo-
TaHHAs MOJIEJIb PeaIM30BaHA B BUJIE MPOTPAMMHOIO KOMILIEKCA, UCIOJIB3YIONEro JTaHHbIE 00 M3BECTHBIX
HUCTOYHUKAX BBIOPOCOB, METEOPOJIOrNIECKIUE YCIOBUSI U PE3YJITATH MOHUTOPUHTA, KOHIIEHTPAIIWIA 3arpsi3-
HSIOIUX BEIIECTB B OIPEJIEIEHHBIX TOYKAX IPOMBIIIJIEHHON TeppuTopun. [IpoBeeHsl pacueThl U cpas-
HUTEJbHAS OIIEHKA TOYHOCTHU IpejiaraeMoit mojesn. [lokazaHo, 9To y4eT CyXoro OCarKJIeHusI U BJINSTHUS
0CaJIKOB MO3BOJISIET 60JIeE TOYHO MOJIETUPOBATH JIMHAMUKY DACIPOCTPAHEHUS TOJITIOTAHTOB HA PACCMaT-
PUBaEeMbIX JAHHDIX.
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Introduction

The influence of many different factors on pollutant dispersion makes the task of calculating
it quite complex and necessitates the imposition of certain restrictions on the initial conditions.

Research on modeling air pollutant dispersion dates back to the 1930s. Early analytical
and approximate solutions to the advection—diffusion equations were developed under various
simplifying assumptions. Among these, the Gaussian plume model became the most widely used,
offering a solution to the transport equation under assumptions of constant wind speed and
direction. The model assumes a normal distribution of pollutant particles along three axes.
Dispersion values are determined based on the generalization of experimental data for various
meteorological situations.

Subsequently, modifications of the Gaussian plume model were obtained for more stringent
initial conditions. The Gaussian plume model also served as the basis for various models and
methods for calculating air pollutant concentrations, obtained by combining it with other ap-
proaches. A combination with the Lagrangian particle movement model was presented in [1],
where a simulation program for volcanic ash dispersion was developed. The latter model is based
on the Lagrangian particle dispersion model and allows for more accurate forecasting of emission
concentrations and predicting the localization of pollution’s potential sources.

Then, various solutions to the transport equation were considered, taking into account addi-
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tional factors such as dry deposition or the terrain influence. A model incorporating sedimentation
effects was developed by D. L. Ermak [2] and later implemented as a computer simulation model
that showed improvements compared to the basic Gaussian plume model [3].

The study by Boulos Alam et al. [4] investigates pollutant dispersion in urban-like environ-
ments using CFD simulations under neutral and slightly stable atmospheric conditions. The
study compares the performance of first- and second-order turbulence closure models, with
validation against the MUST field experiment. Results show that the k — ¢ model, especially
when combined with an algebraic Scalar Gradient Diffusion Hypothesis (SGDH), provides better
accuracy, capturing up to 75% of concentration values within a factor of two under slightly stable
conditions. Although the Scalar Flux Transport Equation (DFM) model also performs well, its
high computational cost may hinder practical use. A consistent underestimation of observed
concentrations across models highlights the need for further refinement.

Other recent advancements in pollutant dispersion modeling have focused on enhancing
accuracy and computational efficiency through novel approaches and improved turbulence repre-
sentations. Lin [5] conducted a study on pollutant dispersion using Eulerian RANS simulations,
focusing on anisotropic and near-source diffusivity behavior. The research highlighted the im-
portance of considering anisotropic turbulence and near-source effects to improve the accuracy
of dispersion models. While specific error metrics were not provided, the study emphasized the
enhanced realism achieved by incorporating these factors. Advantages include improved modeling
of complex dispersion patterns close to sources, though increased model complexity may lead to
higher computational demands.

Fuchs et al. [6] developed the DAD-drift model, a modular approach for estimating spray drift
at the landscape scale. The model combines a mechanistic droplet model, micrometeorological
data, and a 3D Gaussian diffusion framework. Validated against two field trials, it achieved a
high correlation with observed data (R? = 0.931, RSR = 0.260), demonstrating robustness
across various environmental conditions and nozzle types. Key advantages include its modular
design and adaptability to diverse scenarios, though reliance on detailed input parameters may
limit applicability in data-sparse regions.

Chaloupecka et al. [7] focused on physical modeling techniques to simulate gas dispersion
for emergency planning in both urban and rural settings. The study emphasized the importance
of accurate dispersion modeling to inform emergency response strategies. While specific results
and error metrics are not detailed, the research advocates for the integration of physical models
into emergency preparedness frameworks. Advantages include the potential for real-time scenario
planning, though limitations may arise from the complexity of urban topographies and the need
for high-resolution data.

Lumet et al. [8] developed a surrogate modeling approach that combines Proper Orthogonal
Decomposition (POD) and Gaussian Process Regression (GPR) to emulate Large-Eddy Simula-
tions (LES) of urban pollutant dispersion. This method significantly reduces computational
costs while maintaining accuracy, enabling rapid ensemble predictions. Applied to the MUST
field experiment, the surrogate model improved concentration field predictions and accounted
for atmospheric internal variability. Advantages include enhanced computational efficiency and
uncertainty quantification, but the surrogate’s accuracy depends on the quality and representa-
tiveness of the training data.

Krassas et al. [9] evaluated various numerical models to predict pollutant dispersion over
Tokyo’s Polytechnic University campus. The study assessed model performance against observed
data, highlighting discrepancies and areas for improvement. While specific error metrics are
not provided, the research underscores the challenges of modeling dispersion in complex urban
environments. Advantages include the practical application of models to real-world settings,
though disadvantages involve potential inaccuracies due to simplified assumptions and the need
for high-resolution input data.

Pariyar et al. [10] introduced a time-fractional advection-diffusion model to capture the
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anomalous diffusion behavior observed in pollutant dispersion. This approach accounts for memory
effects and non-local dynamics, providing a more accurate representation of pollutant transport.
The model offers improved flexibility over classical integer-order models, though it requires careful
calibration of fractional parameters and may involve increased computational complexity.

Jiao et al. [11] utilized Large Eddy Simulation (LES) to study pollutant dispersion over
buildings with stepped roofs, a common architectural feature in urban areas. The research reveals
how roof geometry influences airflow patterns and pollutant distribution. LES provides detailed
insights into turbulent flow structures, enhancing understanding of dispersion mechanisms. The
main advantage is the high-resolution depiction of complex flow fields, though LES is computa-
tionally intensive and may not be practical for large-scale or real-time applications.

In Russia, current regulatory practices are based on methodologies approved by Order No. 273
of June 6, 2017, “On the approval of methods for calculating the dispersion of emissions of harmful
(pollutant) substances in the ambient air’!, which for the regulation of environmental impacts.
However, these methods do not account for important atmospheric factors such as humidity,
precipitation, and dry deposition of pollutant particles. This omission compromises prediction
accuracy and limits the reliability of identifying pollution sources under real meteorological
conditions.

The primary objective of this work is to develop and implement an enhanced numerical
model for pollutant dispersion that accounts for key atmospheric factors neglected in standard
regulatory methods, thereby improving the realism and reliability of air quality assessments
under variable weather conditions. An improved production model for pollutant dispersion was
developed based on the D. Ermak model to enhance prediction accuracy and foster the develop-
ment of competitive domestic software and mathematical tools for environmental monitoring. The
proposed modification incorporates the effects of humidity, precipitation, and other meteorological
factors, enabling a more realistic simulation of pollutant behavior in the atmospheric boundary
layer.

Thus, the present study integrates into the current scientific discourse on the advancement
of numerical models for atmospheric transport and addresses the urgent need for improving
dispersion predictions under complex meteorological influences. The results of this research can
be applied both in the development of updated regulatory methodologies and as part of real-time
environmental monitoring systems.

1. Model derivation
Notation

The influence of atmospheric humidity, precipitation washout of plumes, and the dry deposi-
tion of pollutant particles due to gravity leads to an underestimation of the predicted concentra-
tions in areas near the source of pollution, and consequently, an overestimation in more distant
areas. [12] We developed a dispersion model that accounts for humidity and gravitational effects
to improve the accuracy of pollutant concentration predictions in the study area.

Our production model takes into account the effects of humidity and gravity on plume
formation. The Table lists all the variables and symbols used in this model.

The model is based on the plume dispersion model by D. Ermak, which includes the dry
deposition of pollutants:

C’(m,y,z)—Qexp(—yg>-61-[62—\/ﬁm-63‘erfc< Wo +Z+H>], (1)

© 27uoyo, 205 K, V2K, 20,

'On the approval of methods for calculating the dispersion of emissions of harmful (pollutant) substances in
the ambient air. Order of the Ministry of Natural Resources of the Russian Federation of June 6, 2017, No. 273.
Collection of Laws of the Russian Federation, 2017, no. 37.
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In Equation (1) K, = o2u/2x is the eddy diffusivity coefficient; Wyey = pgd?/18u is the
settling velocity of spherical particles according to Stokes’ law, where p is the density of the
pollutant particle, d is the diameter of the pollutant particle, g is the acceleration due to gravity,
p is the air viscosity; Wy = Waep — 1/2 - Weet, where Wye, > 0 is the dry deposition velocity of
pollutant particles, determined experimentally.

Table. Variables used in the pollutant dispersion model derivation

Variable Description Units
C(z,y,z) | Pollutant concentration at spatial point (z,y, 2) kg/m?
T, Y, 2 Spatial coordinates m
H Height of the emission source m

Q Pollutant emission rate keg/s
U Wind speed m/s
Oy, O Gaussian dispersion parameter in the y, z direction m
K, Turbulent diffusion coefficient in the z direction m? /s
P Particle density kg/m?
d Particle diameter m

g Gravitational acceleration m/s?
Weet Sedimentation (settling) velocity by Stokes’ law m/s
Waep Dry deposition velocity (empirical) m/s
Wo Composite parameter related to deposition and sedimentation m/s
Ch Increased concentration under precipitation conditions kg/m?
Co Initial concentration kg/m?
My Total droplet mass including water kg
myp Dry pollutant particle mass kg
My, Molar mass of water kg/mol
M, Molar mass of pollutant kg /mol
Vp Amount of substance (pollutant) mol
Vi Amount of substance (water) mol
RH Relative humidity dimensionless (0-1)
U Hygroscopic growth factor (binding coefficient with water) dimensionless

D. Ermak’s model, despite its advantages over the Gaussian model [3], does not take into
account the influence of atmospheric precipitation on pollutant dispersion. We will consider the
influence of precipitation on the mass and, therefore, on the speed of pollutant dispersion. To
do this, we will use the fact from Koehler’s theory [13], which states that the concentration of
a pollutant changes proportionally to the change in the mass of the pollutant plume due to
precipitation. Using a combination of Kelvin’s equation and Raoult’s law [14] for droplet mass
increase, we can obtain a coefficient for the increase in concentration. Kelvin’s Equation describes
how the saturation vapor pressure over a droplet surface depends on its curvature (droplet size)
and surface tension. Raoult’s Law (Solute Effect) describes how dissolved solutes (pollutants)
lower the vapor pressure of water. The Koehler equation (combining both effects) predicts the
critical droplet size for activation [14]|. So, concentration of pollutant after the washout C; can
be found as m

C1=Co- 787
My

where m,, = éﬂpdg’ is the dry mass of the pollutant particle.
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The mass of a droplet (formed in the cloud of the droplet’s plume) with diameter d can be
found as [13]:
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1
*7Tpd3 = Myvy + Myvyp.

6
The dry mass of the pollutant particle can be found using the formula m, = % ppdf;.
The amount of pollutant substance is given by v, = %.

P

, RH -9 -y,
The amount of water substance in the droplet can be found as v, = <R [14].
So, the mass of bounded water is

RH -9 v, M,

From here, the total mass of the droplet can be found as

RH -0 -1 - My,
1-RH

Mg = My + My = VM, +

So, the concentration increase coefficient can be found as

ms 6 (RH-ﬁq@-M@

K = —_—
RH 1—-RH

+ v M. > .
my  Tppds pep

Then, the pollutant concentration at a point in the study area for cases with and without
precipitation can be expressed as

2
without precipitation,

C(x,y,2) =

Q N O P L L. Wo | zH )|,
Trucgos OXP T207 ) €1 |e2 2m %= - e3 - erfe el KRru,

with precipitation.

2. Developed software

To implement the proposed approach, we developed, calibrated, and tested a stationary
production model for calculating pollutant dispersion using the high-level programming language
Python. The program interface is shown in Fig. 1.

© Main - m] X

CTPOHKM NPOTpamMmel

start_time

end_time

station_id:

2022-06-29T11:20:00.000
2022-06-30T11:00:00.000

248

HUTb HAaCTPOAKK

>TUTb CUMYNALWIO ﬂ']lil‘ﬂ‘y'ki\_ll-Il]-HHl}ﬁ Mofenu ¢ >TOM BNUAHKWA 0CaaKoB

Fig. 1. The developed software’s interface (color online)
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We configured the program to accept as input the start and end of the time interval for which
the atmospheric pollutant dispersion is to be simulated, along with the sensor code whose data
(wind speed and direction, air humidity) are used in the modeling process.

Additional parameters, such as the number of emission sources, their spatial coordinates,
source heights, and emission intensities, grid size and resolution, particle density and diameter,
molar mass, and pollutant hygroscopicity coefficient, were specified in the configuration file
located in the root directory of the project.

During the study, we used a Microsoft SQL Server database containing environmental and
meteorological data collected at 20-minute intervals over the past three years.

The study area is an industrial zone
measuring 5 km by 5 km near a populated area, # )\ \ J | by
with predominantly flat terrain (Fig. 2). Y= L% g ' / \

Five stationary environmental monitoring g~ . /4 N, | p ‘.
stations, designated as R;, R, Rs, R4, Rj - s AN\
and marked with green markers on the map INORN @
are installed in this area. These stations - N 47
measure the concentrations of pollutants in the im) ‘s_} /
air and collect meteorological data, including ] / “ ,
wind speed and direction, air temperature and "/"'. / ¢
humidity, and atmospheric pressure. In addition, T AL J"/ \
registered emission sources S, So, S3, such as /4 A N ,
oil refineries, wastewater treatment plants, and J ass Y& ; y
chemical storage facilities, are located in the area. C— B _\/\ W= ) ¥

The following declared characteristics of these ///f { ' N N
objects are known: location, altitude above sea ‘ :
level, operating hours, and emission intensity of Fig. 2. The industrial area under study and
pollutants into the atmosphere. It is also known the objects located on it (color online)
that other industrial facilities in this area could
be potential sources of pollution. Environmental monitoring data for the study area were obtained
from a commercial organization responsible for conducting environmental assessments in the
region and adjacent settlements. However, some meteorological parameters, such as insolation and
precipitation, necessary for the simulations, were not available from this source. To supplement
these missing data, we dynamically acquired relevant meteorological information via API calls
to the OpenMeteo.com service at each simulation time step.

The output data are provided in an Excel file containing concentration values for each selected
time step at the specified point of interest. Additionally, the simulation results include a heatmap
of pollutant concentrations and a graphical visualization of the dispersion over a mapped area.

3. Simulation results

The experiments were conducted on a desktop computer with the following specifications:
AMD Ryzen 7 5700X processor (8 cores, 16 threads, 3.4 GHz base clock), 32GB DDR4 RAM
running Windows 10 64-bit. Each iteration corresponds to a simulation of air pollutant dispersion
over a 20-minute time period. To ensure the interpretability of results, we simulate a full 24-hour
day, which consists of 72 iterations. The entire daily simulation takes approximately 20 seconds.
After all iterations have completed, the average pollutant concentration for the day is calculated
and used for mapping. The simulation results are displayed as a map showing the pollutant
distribution and a heat map of concentrations.

Let’s take a look at some of the results. Figure 2 shows the simulation outcomes for hydrogen
sulfide dispersion using the D. Ermak model, without considering pollutant removal by precipi-
tation. According to meteorological observations, precipitation in the form of rain was observed
throughout the day, and the atmosphere was predominantly highly unstable (classes A-B).
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Figure 3 shows the simulation results for hydrogen sulfide dispersion using our production
model, and how pollutant washout by precipitation affects dispersion on the same date. Considering
pollutant washout helps to reduce the overestimated values typical of all exponential models in
areas far from the pollution source. As seen in Fig. 3, there are more areas close to the source
with elevated pollutant concentrations, which is confirmed by environmental monitoring data for
the studied area.
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pgm=3
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Fig. 3. Hydrogen sulfide dispersion on May 1, 2021: a reflects the case without
considering plume washout by atmospheric precipitation; b reflects the case of
considering plume washout by atmospheric precipitation (color online)

The model incorporating plume washout showed a notable improvement in predictive accuracy,
achieving a mean absolute error (MAE) of M AE = 0.000086 and a mean absolute percentage
error (MAPE) of 41.04%. In comparison, our implementation of the D. Ermak model yielded a
higher MAE of 0.000135 and a MAPE of 48.51%, highlighting the superior performance of the
proposed approach.

The average percentage error of Ermak’s model without considering the influence of precipi-
tation was nearly identical to the error of the previously developed Gaussian plume model imp-
lementation, with a MAPE of 48.82% [15]. The obtained deviation values are within the range
of errors for exponential plume models, as described by M. R. Beychok [16].

The choice of the sensor used as the primary data source also has some impact on the
simulation results. Greater accuracy can be achieved by running simulations for a single time
interval multiple times, using data from different sensors. Let’s examine the simulation results

for October 20, 2022 (Fig. 4).
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Fig. 4. Hydrogen sulfide dispersion on October 20, 2022, considering plume
washout by atmospheric precipitation; data sourced: a from sensor Rp; b from
sensor Ry (color online)

A comparison of the results for the area containing sensor R; shows a lower mean absolute
error, MAE; = 0.0001081, when using data from this sensor, compared to data from sensor
R5, which has a mean absolute error of MAEs = 0.0001771. However, this approach requires a
significantly larger number of simulations, proportional to the number of points of interest, and
consequently, more time for analysis and result interpretation.

Overall, the model demonstrates sufficient accuracy for further use. This model takes into
account both dry deposition and the effects of atmospheric precipitation and pollutant washout.
However, there are some limitations to the model. For example, it is not suitable for cases with
low wind speeds (< 1 m/s), and it does not account for complex terrain or structures that could
affect pollutant dispersion. Therefore, it may not be suitable for areas with significant topography.
Additionally, the model does not consider possible chemical reactions between pollutants in
the plume and other pollutants, which could affect the accuracy of the predictions. Despite
these limitations, the model provides a valuable basis for solving inverse problems such as the
localization of unknown sources of atmospheric emissions by enabling more accurate modeling
of pollutant dispersion patterns [15].

The developed program allows users to simulate the dispersion of air pollutants from multiple
sources within the adjustable study area. Users can configure the grid size, study area, number,
and characteristics of the sources in the configuration file. The source code implementing the
developed model and a sample dataset for simulations are available via the link https://github.
com/xtelias/Localisation-of-air-pollution-point-source. For access to the web version of the soft-
ware, please contact the author via email at es1098@mail.ru.
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Conclusion

This study presents a new production-level atmospheric dispersion model that is based on
the mathematical framework of D. Ermak’s work, but has been extended to include the effects
of atmospheric precipitation on pollutant washout. The model is implemented as a computer
simulation tool that uses meteorological data and emission source information to simulate the
dispersion of pollutants in a defined area.

The system also includes automated graphical visualization of simulation results, which
aligns with current standards for environmental monitoring systems. Validation of the model
demonstrated a significant improvement in predictive accuracy due to the incorporation of
washout processes, achieving a mean absolute percentage error of 41.04% compared to 48.51% for
the original D. Ermak model. This indicates enhanced reliability in simulating pollutant behavior
under realistic atmospheric conditions, making it a valuable tool for environmental management
and planning.

This method is suitable for practical applications in environmental risk assessment, ecological
monitoring, and real-time decision support for industrial and governmental stakeholders.
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Abstract. In 2025, two veterans of Saratov State University, two professors, celebrated their 90th
birthdays: August Petrovich Khromov (June 17) and Galina Vladimirovna Khromova (September 16).
Both have dedicated more than 70 years of their lives to the university, and both have come a long way
from student to professor. This article focuses on the key milestones of their academic careers.
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XpomoB Asryct IlerpoBuy

Aprycr IlerpoBrd XpoMoB — JIOKTOP (PUBHKO-MAaTEMATHIECKIX HAYK, IIPOdECCOp, 3aciIyKeH-
bl Jearenb Hayku PP, moderuniit mpodeccop CI'Y. Ero mma Baeceno B sunmkaonemuio Ca-
parosckoro kpas [1, ¢. 603]. Copok miecTb JieT OH 3aBeJOBaJ CO3JaHHON uM Kadeapoii rud-
epeHnmATBHBIX yPaBHEHUI M IPUKJIAIHON MaTeMaTuKu — co JHs ee ocHoBanus (1974 r.) u 10
obbeuHeHnst ¢ Kadeapoit Maremarndeckoii skonomuku (2020 r.). Ilog ero pykoBojacTBOM Gbi-
Jjio 3antuineno 30 kapgunarckux jguccepranuii. [llects yuenukor Asrycra IlerpoBuya ycremHo
BaIlUTIIN JTOKTOPCKHE JIMCCEPTAIINMN.

HpOpO“IQCKI/IMI/I OKa3aJINCh CJIOBaA €TI0 y‘{I/ITeHbHI/IHbI MaTeEMaTUKU: <<TBI y HaC CTaHelIb IIPO-
deccopomy», —koraa B 10 JieT OH €IMHCTBEHHBIH U3 KJIaCCa PEIIN CJIOXKHYIO 3a/a49y. DTO CTAJIO
HaYaJIOM €0 yBJIEYEHHOCTH MaTEMaTHUKOIA.

Agrycr IleTpoBud Bcerga OTJIMYAJICS CAMOCTOSTEIbHOCTBIO B BBHIOOPE 3ajad U CIIOCODOOB HX
pemenns. Tak, obydasichb Ha MeXaHHKO-MaTeMaTndeckoM daxyiabrere CIY, o HUKOTIa HE 0Opa-
ITIAJICS 33 KOHCYJIbTAIEll K MIPErnojiaBaTesIsiM, 8 Ha 9eTBEPTOM KypCe CaM MPEICTABIII (IeM OU€Hb
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yauBui npodeccopa leoprusi Ilerposuua Boesa) Temy KypcoBoii paboThl, KOTOPYIO U 3all[UTHII
Ha <OTJIUIHO>.

ITpu moxroroeke juitoMHOl padbors! 1o 3agauHoil Hukostaem [lerposudem Kytmoseim Teme
BBISICHUJIOCH, ITO PE3YJIbTAT y2Ke MOJIyIeH M3BECTHBIM aMepukanckuM mMatemarukoMm M. H. Cro-
yHOM. [ToCKONBKY Jisi IUIIOMHO# pabOThl HAJIMYME HOBBIX PE3YJIbBTATOB OBLIO 00s3aTe/IbHBIM,
HuxkoJrato IlerpoBudy npumnuiocs JaTh APYryiO0 TEMy 10 MAJIOU3YIEHHOMY BOIIPOCY, OITyOJIMKO-
BaHHOMY B pedeparuBHoM kypHaje. A. II. XpoMoB 3a MecsI| Hamcaa BTOPYIO JUILIOMHYIO pa-
00Ty, KOTOpas IOJIyIn/Ia PEKOMEHIAINIO K OIMyOJIUKOBAHUIO U CTAJIa IPOIIYCKOM B ACIIUPAHTYPY
K H. II. Kymmosy.

Paborast maym xkapmumarckoii auccepranumeit, A. II. XpoMmoB obHapY»KuI OMIMUOKY B CTaThe
M. B. Kemmpimra — akajgeMuka, mpesuieHTa AKajJeMun HayK, — KOTOpas JIajia eMy U3BEeCTHOCTD
B MATEMAaTUYIeCKO! cpejie, HO W MPUINHUIIA MHOTO OECIIOKONCTBA.

Kannunarckas muccepramus Oblia 6sectsine 3aimuiiena B 1964 r. 8 MaTemaTuyeckoM HHCTHU-
tyte umenn B. A. Crekinosa Axkanemun nayk CCCP. Pegymbrarst, noxyaenusie A. [1. XpoMoBbiM,
M. A. Haiimapk BKJIIOUMJI B CBOIO M3BECTHYIO MOHOTpacuio «JluHelnbie auddepeHuaabubie
oreparopsl» [2].

ITo coetry m3BecTHOTO coBeTckoro maremaruka Ceprest Bopucosuua CreuknHa B CBOIO KaH U~
snarckyto guccepranuio A. I1. XpoMoB He BRITFOUIIT PE3Y/IbTATHI, CBsi3aHHbIEe ¢ omubkoit M. B. Kej-
geira. OHM cTaJi OCHOBOI €ro JJOKTOPCKOM AUCCEPTAINH, 3aIluTa KOTOPOoit cocTosiachk B 1973 1.
B CubupckoMm oTjeeHnn AkajeMun HAyK B JIMCCEPTAIIMOHHOM COBETE IOJT MPEJICeIATETbCTBOM
zuamenuToro akajemuka Cepres JIbBosuda CobosieBa. JIT0OOIBITHO, YTO B TO K€ BPeMs, KOTJia
Agrycr IlerpoBut 3armuina JOKTOPCKYIO JUCCCEPTAIMIO B AKaJIEMIOPOJIKe, ero yueHuk Birau-
mup Anekceesnd Mosonernkos B CapaToBe 3aIUINAT KAHIHIATCKYIO JHCCEPTAIIIO.

Pesyawprarer, nmogydennasie A. II. XpoMOBBIM B CIIEKTpaJibHON Teopun JudepeHIna bHbIX
U MHTErpajibHBIX ONEPATOPOB, HMOCTABUJIN €0 B Pl BEJAYIIUX CIEIUAJUCTOB B 9TOH O0JACTH.
Crour OTMETHUTH, YTO CTaThs [3| mociyzKusaa OCHOBOW Jjisd 15 KaHJIMIATCKUX JIUCCEPTAIH €ro
YIEHUKOB.

B kauectBe ocHoBHOTO MeToia A. I1. Xpomos ucnosrszosast meron Koru — [Tyankape uaTerpu-
pOBaHMS PE30JIbBEHTHI N3y9YaeMOro OIlepaTopa I0 CIEKTPaJILHOMY IapameTpy. Pa3zsurue sToro
MeTOJa, HA3BAHHOE PE30JIbBEHTHBIM IOXOJ0M, MO3BOJUI0 B 2015 I MOJYyYNTH HOBBIE BajXKHBIE
pe3yJIbTaThl B 33/1a4e 000CHOBAHMS XOPOIIIO M3BECTHOI'O METO/IA PEIIEHUS 331289 MaTeMaTHYeCKO
dusukn — metosia Pypre. ITa 3a1aua Oblia mocrasiena B. A. CrekyioBbIM 6oJjiee cTa JieT Ha3al,
B merome @ypbe ObLI caeialH KAYeCTBEHHO HOBBIH IIAr, MO3BOJISIONINI IIPUMEHUTD €r0 IIPU MU-
HUMAJILHBIX TPEOOBAHUSX K UCXOMHBIM JaHHbIM. Vudopmarmio o pesyabratax A. II. Xpomosa,
nostyuennbix 1o 2020 1., cm. B [4,5].

ITocnemnee necsituierne no OUIEHHOrO roja okasaaoch st ABrycra [lerpoButia ocobeHHO
IJIOJIOTBOPHBIM — OBLIM TIOJIYIEHbI BaXkKHbIe pe3ysiabTaThl U B MeTojge Pypbe, U B Teopuu (pyHK-
nuii. OH U3y4aJs cBoiicTBa (GOPMAaIbHOIO psijia, cOOTBeTCTBYIONEro MeToay Pypbe B 000011IeHHOI
CMEITIAHHOM 3a/1a49e JIjIsi BOJTHOBOI'O YPaBHEHUsI. DTOT Psijl MOXKET OKA3aTbCsl PACXOJSIIIAMCS, W
Toryga Bompoc obocnoBanus MerTojia Dypbe CBOAUTCS K BOIPOCY O HAXOXKJIECHUU CYMMBI 3TOTO
psga. U Bor Tyt A. II. Xpomos, onupasice Ha ujen JI. Ditytepa u akajgemuka A. H. Kpsuiosa,
HAaIlleJl HOBBIl METO/I CYyMMHUPOBAHUS PACXOIANITNXCS PsifioB. OKOHYATEIbHBIN PE3YJILTAT 10 STOMY
Boupocy chopmyuposat B [6).

A. TI. XpomoB, Hapsiy ¢ HayIHOHN, BeJ OOJBINYI0 OPraHu3aIlMoHHyI0 pabory: 15 jser ObLT
peJicejlaTesieM JIMCCEPTAIIMOHHOIO COBETa 10 3allUTe KaHIUJAATCKUX jaucceprarnuii; ¢ 1994 r.
Bo3raB/sl (o1 CapaToBCKOrO YHHBEPCHUTETA) OPraHu3ariio n3BecTHbIX CapaTOBCKUN 3MMHIX
MIKOJI 10 Teopun (byHKIWIA, KOTOpbIe MPOoBOjsiTCest yxke Gosee 40 jer [7]; 6bu1 uHUIIIATOPOM U
OJIHAM U3 TJIABHBIX OPIaHU3aTOPOB BOPOHEKCKNX 3UMHUX IIKOJI 110 TEOPUU (PYHKIIUN.

B Hacrositiiee BpeMst OpraHU3aIUsIMU 3TUX IMTKOJI 3aHUMAKTCs ero yueHuku: CapaToBCKYIO
3UMHIOIO IITKOJTY BO3IJIABJISIET JTOKTOp (pusmuko-maremarndeckux Hayk Cepreit Ilerposua Cumo-
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poB, BOpOHEkKCKYIO0 3UMHIOIO MIKOJIY — JIOKTOp (usuko-mMareMaTudeckux Hayk Mapus [layka-
ToBHa Bypiyiikas.

Ha y4uenom coBeTe MeXaHUKO-MaTEMATUIECKOTO (haKyIbTETa, TOCBSIEHHOM 106m1e10 ABrycTa
ITerpouua Xpomosa, mpopekTop 1o yuebnoit pabore CI'Y Urops l'epukosra MajimHCcKAii HAITOM-
uu npucytersytomnM: «B 1993 1. A. TI. XpoMoBs B3st1 Ha cebst OTBETCTBEHHOCTD 38 COXPaHEHNE
HAyYHOI mKoJIBI MexMmaTa. ABryct IlerpoBud crajt HACTABHIKOM JIJIsi HOBOT'O ITOKOJIEHUST MaTeMa-
TUKOB TTOCJTIE YXOJ1a U3 YKI3HN BBIJAIOIIET0CS YIEHOTO U JIeKaHa (pakyabreTa AHapes AHapeeBuda
[TpuBasiosa ... Qs menst smano o [A. I1. Xpomos| Beerga ObL1 U 0CTAETCST OJTUIETBOPEHUEM HE
TOJIbKO (pakyJsibreTa, HO U Beero CI'Y — desioBek, UbM NPUHINIBI, TUIYOMHA HAyJIHONW MBICIU U
MPEeTaHHOCTh JIEy CTaji 3TaJOHOM JIJIsi KOJIJIEr W y9YeHWKoB». Ydenuna Asrycra IlerpoBuua
JeKaH MaTeMaTuIeckoro (akyibrera BopoHEKCKOro rocynapcTBeHHOTO yHuBepcurTera Mapust
[MTaykaToBua Bypaynkas ormerusia, aro Asryct [leTpoBud — yunresnb He TOJIBKO B HayKe, HO U
10 >KU3HU — «3TO IeJI0€ MUPOBO3PEHHUE, COUETAOIIee TVIYONHY Hay9IHOrO IMOAXO/a C KUTEHCKON
MYJIPOCTBIO.

B orBernoM BhIcTyILIeHUE A. I1. XpomoB oTMeTHI, 9TO B CBOEH HAyIHOU JesSTETbHOCTH OH
PYKOBOJICTBOBaJIC TpaBuiaMu Jlekapra:

— OACATBCS BCAKON TOPOIUIMBOCTH U TPEIB3SITOCTH;

— JJ1st ODJIerdeHus PerieHnst pa3duBaTh KazKIblil BOIIPOC HA YaCTH;

— HAYMHATH BCETJIA C IIPOCTERIIETO;

— [pU MPEJICTABIECHUN CBOUX HAYJHBIX pabOT OBITH YBEPEHHBIM, UYTO BCE MOHATHO W HUUIETO
HE YIYIIEHO U3 BUILY.

Xpowmosa l'anmmaa BaagumupoBHa

Iocroitnoit monpyroit u coparaureit Aprycra [lerposuda craja ero cynpyra — Xpomosa [a-
Jinna BiiajimMupoBHa, ¢ KOTOPOl OHU Pa3/Ie/nin He TOJBKO CBOIO »KU3Hb, HO U JIIOOOBb K MaTe-
MaTHUKe.

I'. B. Xpomosa — mpodeccop kadenpsr auddepeHnuaibHbIX yPABHEHNNT 1 MAaTEMaTHICCKON
SKOHOMUKH, TepBasi B ucropun CapaToBCKOIO YHUBEPCUTETA YKEHIIMHA, OJIYUYUBIIAas JOKTOD-
CKYIO CTelleHb B 00JIACTU MATeMAaTHKH.

B ee xwusnu CapartoBckuil yHUBEPCHUTET HIPaeT 0cobyio posib. Pojuna — ropos Chi3paHb,
a B CaparToBe oHa TpexJeTHell okazajach 1moroMmy, 4ro ee oren Ilysasos Baamumup VBano-
BUY MOCTYIUI Ha usnko-maremarndeckuii dpaxyapbrer CI'Y, u pomurenn, 9ToObI ceMbsi ObLTa
BMeCTe, TOMEHSIN OTJIeJIbHYI0 KBapTUPY HAa KOMHATY C COcelsiMu, Oe3 yJ00CTB, HO 3aTO B IIsi-
TH MHUHYTaX XOABOBI JI0 YHUBEpCHTeTa. A MOCKOIbKY pebeHKa He ¢ KeM OBLIO OCTABUTDL, OTeT
qacTo 6pas masieHbKyio [amo ¢ coboit B yauBepcuteT. Tak 9uTo €if ¢ AeTcTBa 3HAKOM yHUBEPCHU-
TETCKUI TOPOJIOK M (pU3MIecKmii Kopiryc. TaM, Ha IEPBOM 3Tayke, OHA JacTO JOKUIAIACH OTIA
[0/ IPUCMOTPOM COTPY/IHUIbI YHUBEPCUTETCKON OuOmorekn (6HOIMOTEKa TOr/Ia Pa3MeIaIach
B (BbU3MUECKOM KOPILyCe).

Ha dororpadun Boimyckuukos 1941 1., KoTOpasi XpaHUTCA B yHUBEPCUTETCKOM My3€e, eCTh U
lasist [lyBasosa [8]. CryieHTBI 9TOrO BBIIyCKa 3HAJM €€ ellle U HoToMy, 4ro KBaprupa [lysasio-
BBIX ObLJIa MECTOM, TJie OHU YacTo cobupasuck. [losromy depes 25 jier Ha BCTpedy BBIITYCKHUKOB
1941 1., ynesieBmux 3a BpeMs BOWHBI, TO3BAJIA U €€.

3aKOHUYMB IIKOJY C 30JI0TOi Memasbio, [asmaa BiaguMmMupoBHA MOCTyHuIa Ha MEXaHUKO-
mareMaTuudeckuii pakyiabrer CI'Y o cnenmanbaoctun «Mexanukay. 371eCh OHA U BCTPETHUIIA CBO-
ero cryTHuka Xu3Hu — Aprycra Ilerposuua Xpomosa. Oba 10 CUX TOP YIUBJISIOTCS TOMY, KaK
9TO MPOU3OILIO. XOTs OHU JIBa KypCa yIUJIUCh BMECTE, HUKAKOIO BHUMAHUS JPYT Ha JIpyra He
obpalaJim, y Kaxoro ObL1 cBoit Kpyr obmierusi. I BOT OHAXKIBI, KOT/Ia BCSI TPYIITa cobpaJsiach
HPOTYJIATHCS 110 TOPOJLY, OHU CJIyYallHO OKA3aJ/IMCh PSJIOM U MEXKJIy HUMU 3aBsA3ajach Decejia, KO-
TOpasi TPOJJINIACH BCIO TPOTY/Ky. C yIUBIEHUEM OHU IOHSIJIU, 9TO O YeM ObI HU IIeJT PasroBop,
uxX MHeHus coBnasaioT. Ha derBepTOoM Kypce OHU TOYKEHUJIHCH.
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layinna BiagumuposHa nucasia nuiuioMuyio pabory y npodeccopa Ceprest ['eopruesuyaa Jlex-
HUITKOTO U OBbLIa yBEPEHA, ITO MOC/Ie OKOHYAHUsT YHUBEPCUTETa CTAHET ero acnupanTkoil. K coxka-
JieHuto, mpodeccop cobupasics yesxkarsb u3 Caparosa B Jleauarpas. [losromy on gan I B. Xpo-
MOBOI PEKOMEHTAITNIO JIJIsI IOCTYIIeHNs B acnupanTypy B Uucruryt mexanuku B Mockse. B sTo
Bpems rpodeccop C. B. Creukun crnenuanbao npuexas B CapaTroB oTdUpaTh CHJIBHBIX CTYIIEH-
toB. On mpemnoxui A. II. XpomoBy MecTo B actimpanType MareMaTudecKoro HHCTUTYTa UMEHH
B. A. Crexknoa AH CCCP. IlockombKy MOI0O/I0# ceMbe TPOXKUBATL B MOCKBe BMecTe He OBLITO
BO3MOXKHOCTH, XPOMOBBI pernmiin ocraTbesi B Capatose.

Agrycr IlerpoBuu momen no HayudHoit crese, a lasmba BiragumuposHa craja paborarh B
Berauciurensuom nenrpe CI'Y. Tam ona 3anmMasiach pellieHHEM MPUKJIATHBIX 3aJad, OJHA U3
KOTOPBIX U INPUBEJIA €€ K HAYyJIHBIM HCCJICIOBAHUSIM B TOJIBKO €Ie 3apOXKIAIoINIeiicss obIacTu
MaTeMATUKU — TEOPUU HEKOPPEKTHO HOCTABIEHHBIX 3aJ1a4.

OCHOBOIIOJIO)KHUKAME 9TON TEOPUU SIBJISIFOTCSI TPOE COBETCKUX YUEHBIX: aKajgeMuk AHmpeil
Hukomnaesunu Tuxonos (Mocksa), uien-koppectnongenT Basientun KoncranTunosunu VBaHoB
(CBepyioBek), akagemuk Munxamn Muxaiinosua Jlaspentoes (HoBocubupek). Kazkiprit u3 Hux
oKa3aJl BiMsHUE Ha Hay4dHyIo cyap0y ['. B. Xpomosoii.

Nmenno uz jeknuit A. H. Tuxonosa, koTopble oH mpounTas Ha koHdepenunn B Kuese, ['a-
suna BragmMupoBHA TOTyUHIIA ITEpBOE 3HAKOMCTBO C HEKOPPEKTHBIMHU 3ajadamu. [lozzke ona
HEOJHOKPATHO MPUHAMAJIA YIACTHE B TUXOHOBCKUX KOH(DEPEHIHAX 10 3Toi Temarnke. Onna u3
Hux npoBoamwiack B Caparose Ha octpoBe Yapmeim, rie . B. XpomoBa 6bL1a OJHUM U3 TJIABHBIX
OPraHn3aToOpOB.

C meronom B. K. Banosa ObLiu cBsi3aHbl 1I€pBbIe HayYHbIe pe3ysbTarh! . B. XpomoBoii u ee
nepBoe IyOJMYHOe BBICTYILIeHNe (JI0K1a)1 Ha KoHdepeHin B Kuese), KoTopoe cTajio B HayIHOM
ouorpadun ogHIM U3 caMbIX 3HauYnMbIX. [lepen moesakoit ABrycr IlerpoBuu mpemocreper: cka-
3aJ1, 9TOOBI OHA OPUEHTHPOBAJIACH HE Ha AIIOAUCMEHTHI, 8 Ha KPUTHUKY, BO3MOXKHO, YKECTKYIO,
IIOTOMY YTO MOTYT HAHTUCH JIIOJIA, KOTOPBIE 3aXOTAT YMAJUTh, BOBCE YHUYTOXKUTH WM JIayKe
[IPUCBOUTH UyKOH PE3yJIbTAT, U HYy?KHO YMETh OTCTAWBATH CBOU MO3UIINU, a JJIsI STOT'O XOPOIIIO
3HATH MyOJIMKAIIMK 110 CBOEW TeMaTHWKe. DTO HAIyTCTBHE OKa3aJIoCh He HampacHbiM. OIuH U3
[IPEJICTABUTE/IENl TUXOHOBCKOM IITIKOJIBI BRICTYIIMII C PE3KOil KpuTukoi mokiana . B. Xpomosoii.
lasmmua BinagunMmupoBHa cyMesia 3alliuTUTh CBOH pe3ysbrarT, a BMecte ¢ uuM u meton B. K. Usa-
HOBA, JIOKA3aB, YTO KPUTHKA Oblia HecocrosTesabHa. [10CKOJIBKY Ha JOKJIAJE IIPUCYTCTBOBAJIM
IIPEICTABUTE/IN U TUXOHOBCKOH, 1 MBAaHOBCKOW HAyYHBIX KO, [anuna BiaaguvmupoBHa mpuob-
peJia uzBecTHOCTHL Kak B MockBe, Tak u B CBepjI0BCKe.

Meton B. K. lBanosa Jier B OCHOBY KaHIUJATCKOI Iauccepranuu, Koropyio 1. B. Xpomosa
zamuruia B 1973 1. B Caparose. Ilpu 3TOoM pe3y/braThl OHa MPeIBAPUTENBHO JIOKJIaIbIBajIa HA
cemunape M. M. JlaBpentnena, a cam B. K. Banos craj riiaBabiM onmonenToM. OT3bIB BeLyIIeit
oprarusarun nomuckias ['ypuit Usanosna Mapuyk — Oyaymumii npesujieHT AKajgeMun HayK.

ITocne s3ammTer muccepramuu . B. Xpomosa mHagasa paboTaTh Ha Kadeape BBIUUCIATETb-
HOIT MaTemaTuku, Bo3ryasiasemoit mpodeccopom H. I1. Kymmoseim. 910 ee «pomnasi» kadepa,
HblHEe KadeIpa BBIYUC/IUTEIHHON MATEeMATUKH U MAaTeMAaTHIeCKOW (DU3UKM, Ha KOTOPOH OHa
popaboTaJia MOJIBEKA.

IIpomomkast 3aHUMATBHCA HayIHBIMU UCCaenoBaHusMu, Lanuna Bianumuposna paspaborasa
HOBBIH TOJXOJ K IIOJIyYIEHHUIO OIEHOK IMOTPEITHOCTEN peIeHnii HEeKOPPEKTHBIX 3amad. 1o aToit
Teme B 1998 1. oHa 3ammTHIA JOKTOPCKYIO JUCCEPTAIUIO B Y PAJIbCKOM OTIe/eHNH AKaleMun
nayk Poccun B r. Exarepunbypre.

ITocne 3amuTer quccepramuu [. B. XpomoBa TpoiozKuIa MCCIEIOBAHUS U TIOJIYIHIA P
Ba)KHBIX HAyJHBIX PE3yJIbTATOB, B TOM YHCJIEe YKa3aJja rpaHullsl npuMenerust Meromgos A. H. Tu-
xonoBa m M. M. JlaBpentneBa. A B 2023 1., yke paborast Ha Kadeape auddepeHTnaIbHbX
yPaBHEHUI U MaTeMaTUIeCKON 9KOHOMUKM, OHA HalllJla HOBBIA BU/JI IIOJIMHOMUAJILHBIX CILJIAHOB
co cBoiicTBaMM, BOCTPEOOBAHHBIMU ITIPH DPeNIeHUN NPUKJIaJAHBIX 3a1a4 [9]. JIro6ombiTHO, 9TO 110

604 lMpunoxxerne



C. N. Aynos n gp. Xpomos A. 1. Xpomosa I. B. K 90-netuto co aHs poxaeHusi _@

cux nop lanuna BraguMupoBHa ncCmosb30Baia METOIAbI Teopuu (BYyHKIUN JJIsd MOy IeHUsT pe-
3yJIbTATOB B HEKOPPEKTHO IIOCTABJEHHBIX 3aJa4ax, a 3JIeCh, HA000POT, YBHUEIa, YTO OJUH U3
METOJIOB PeIleHNs] HEKOPPEKTHBIX 33/1a4 IPUBOJIUT K IIOCTPOECHUIO CILIAHOB — OJIHOMY U3 MaTe-
MaTHYECKUX aIIapaTOB TeOpuu (PpyHKITUI.

layimaa BiragumupoBHa CcBOMM TJIaBHBIM yumTejeMm cautaeT ABrycra llerpoBnda — nmMeHHO
OH OTKPBLI €l KPacoTy MaTeMaTWKH U HAYy4YWJI OTCTAMBATh CBOU pe3ysibrarbl. OHa, KaK HUKTO
JpYTroii, sIBJIsieTCsl CBUJETEIEM ero BBICOKOI'O MacTepPCTBA.

I". B. XpomoBa cunTaer cBoeil 3aciIyroii, 4To He jaja IPONacTb OJHOM 3aMevaTesbHOM njee,
Boickasannoii A. II. XpomosbiM Ha HayaHOM ceMunape. OH IIPe/IOXKIII JJIsT YILy IIIEeHNs] AllIPOK-
CUMAIMOHHBIX CBOHCTB XOPOIIO U3BECTHBIX B T€OPUM NPUOIIMKEHUI HHTEIPATIBHBIX OIIEPATOPOB
CTPOUTH W3 HUX TaK Ha3bIBaeMble pa3pbIBHBbIE OMEPATOPbLI, He Tpelylolue Mpu UX KOHCTPYU-
POBaHMN HUKAKUX YCJIOXKHEHHUIT, ¥ POJEMOHCTPUPOBAJ CBOIO HJIel0 Ha oneparope CTekioBa, a
1103:ke — Ha oueparope Jlanzuay, Jyist KOTOPOro OH CzeJiall elle U yIpouieHue. depes HeCKOIbKO
set nocate sroro I'. B. XpomoBa crasia NIpUMEHSATH TaKUe ONEePATOPhl U B HEKOPPEKTHBIX 3a/1a9aX,
u B 10cTpoeHnu ciutaitnos. Ilo nanHoll TeMe oHA cesalia IIEHAPHBI J10K/Ia Ha BopoHeskckoi
sumHeit mkose B 2025 r. [10].

OrmerumM, ato goirue rogpt (2002-2024 rr.) Nasmmna BiaguvuposHa Gblia NIABHBIM PeJIaKTO-
pom cOopHUKa Hay4dHBIX TPYIoB «Maremaruka. Mexanuka» (ISSN 1609-4751). Kpome Toro, ona
ObL1a mpencraBuTesieM [[0BOIKCKOrO pernoHa B MEKPErHOHAJIBLHOM OOIECTBEHHOM JIBHKEHUU
«3a BO3POXKJEHNE OTEUECTBEHHOI HAYKU», BO3raBjsgeMoM akajemukom B. C. Kamuubim.

B zakisiouenue npusesieM ciioBa mpodeccopa Mockosekoro yuusepcutera M. C. Jlomosa Ha
YUIEHOM COBETE MeXaHnKOo-MareMaTudeckoro daxynabrera CI'V: «C orpoMuOit pagocTbio u riaybo-
KUM yBaXkKeHueM HabJIIO/IAl0 38 YAUBUATEIHLHBIM cOYeTaHneM (PU3NIECKOro U HAy IHOT'O JIOJITOJIETHS
B Ballleil ceMbe. Ball coBMecTHBIN IyTh B HayKe, JIECATUJIETHS IJIOJOTBOPHOIl paboOThI CilyKar
SIDKUM TIPUMEPOM [PEJIAHHOCTU 3HAHUSAM M HACTOSIIMM BJIOXHOBEHUEM JIJIs HAYYHOTO COODIIe-
CTBay.
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