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Аннотация. Â ðàáîòå ðàññìàòðèâàåòñÿ îïåðàòîð Äèðàêà ñ ñóì-

ìèðóåìûì ïîòåíöèàëîì íà êîíå÷íîì èíòåðâàëå (a, b). Èçó÷àþòñÿ

âîïðîñû ïîêîìïîíåíòíîé ðàâíîñõîäèìîñòè îðòîãîíàëüíîãî ðàçëî-

æåíèÿ ñ òðèãîíîìåòðè÷åñêèì ðÿäîì Ôóðüå, è íàéäåíî äîñòàòî÷íîå

óñëîâèå äëÿ ïîêîìïîíåíòíîé ðàâíîñõîäèìîñòè íà êîìïàêòå îñíîâ-

íîãî èíòåðâàëà (a, b).
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1. Введение и формулировка результатов

Çàäà÷à ðàâíîñõîäèìîñòè ñïåêòðàëüíîãî ðàçëîæåíèÿ ïî ñèñòåìå ñîáñòâåííûõ è ïðèñîåäè-
íåííûõ ôóíêöèé äèôôåðåíöèàëüíîãî îïåðàòîðà ñ òðèãîíîìåòðè÷åñêèì ðÿäîì èññëåäîâàíà
Â. À. Èëüèíûì. Â åãî ðàáîòàõ [1,2] ñîáñòâåííûå è ïðèñîåäèíåííûå ôóíêöèè îïðåäåëÿþòñÿ
êàê ðåãóëÿðíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñî ñïåêòðàëüíûìè ïàðàìåòðàìè,
ò. å. íåçàâèñèìûìè îò ãðàíè÷íûõ óñëîâèé. Òàì æå íàéäåíî íåîáõîäèìîå è äîñòàòî÷íîå
óñëîâèå äëÿ ðàâíîìåðíîé ðàâíîñõîäèìîñòè íà êîìïàêòå áèîðòîãîíàëüíîãî ðàçëîæåíèÿ ïî
ñèñòåìå ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé ñ òðèãîíîìåòðè÷åñêèì ðÿäîì äèôôåðåí-
öèàëüíîãî îïåðàòîðà ïðîèçâîëüíîãî ïîðÿäêà ñ ãëàäêèìè êîýôôèöèåíòàìè.

Â. Ì. Êóðáàíîâ äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ñóììèðóåìûìè êîýôôèöèåíòà-
ìè èññëåäîâàë ñêîðîñòü ðàâíîìåðíîé ðàâíîñõîäèìîñòè è ðàâíîñõîäèìîñòü â ìåòðèêàõ Lp,
1 ⩽ p <∞ íà êîìïàêòå [3, 4].

È. Ñ. Ëîìîâ èçó÷àë ñêîðîñòü ðàâíîñõîäèìîñòè â ìåòðèêàõ Lp, 1 ⩽ p < ∞ ïðè îïðåäå-
ëåííûõ óñëîâèÿõ íà óáûâàíèå áèîðòîãîíàëüíûõ êîýôôèöèåíòîâ è íà íîðìû ñîáñòâåííûõ
è ïðèñîåäèíåííûõ ôóíêöèé [5, 6].

Äëÿ îïåðàòîðà Øð¼äèíãåðà ñ ìàòðè÷íûìè êîýôôèöèåíòàìè ðàâíîìåðíàÿ ðàâíîñõîäè-
ìîñòü íà êîìïàêòå èññëåäîâàíà â ðàáîòå [7], à äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïðîèç-
âîëüíîãî ïîðÿäêà â ìåòðèêàõ Lm

p , 1 ⩽ p ⩽ ∞ ñêîðîñòü ðàâíîñõîäèìîñòè íà êîìïàêòå � â [8],
à òàêæå ïðè 1 ⩽ p <∞� â ðàáîòàõ [9, 10].

Âîïðîñû ïîêîìïîíåíòíîé ðàâíîìåðíîé ðàâíîñõîäèìîñòè íà êîìïàêòå è äðóãèå ñïåê-
òðàëüíûå ñâîéñòâà îïåðàòîðà Äèðàêà èññëåäîâàíû â ðàáîòàõ [11�16].

Ðàññìîòðèì íà êîíå÷íîì èíòåðâàëå G = (a, b) îïåðàòîð Äèðàêà

Dy = B
dy

dx
+ P (x)y, y(x) = (y1(x), y2(x))

T ,

ãäå B =

(
0 1
−1 0

)
, P (x) = diag(p1(x), p2(x))�äåéñòâèòåëüíîçíà÷íàÿ ìàòðèöà-ôóíêöèÿ è

pi(x) ∈ L1(G), i = 1, 2.
Ïóñòü L2

p(G), p ⩾ 1�ïðîñòðàíñòâî âåêòîð-ôóíêöèé f(x) = (f1(x), f2(x))
T ñ íîðìîé

‖f‖p,2,G ≡ ‖f‖p,2 =
(∫

G

(
|f1(x)|2 + |f2(x)|2

)p/2
dx
)1/p

.

Â ñëó÷àå p = ∞ íîðìà â L2
∞(G) îïðåäåëÿåòñÿ ðàâåíñòâîì

‖f‖∞,2 = sup
G

vrai|f(x)|.

Î÷åâèäíî, ÷òî ïðè f(x) ∈ L2
p(G), g(x) ∈ L2

q(G), ãäå p
−1+q−1 = 1 (1 ⩽ p ⩽ ∞), ñóùåñòâóåò

(f, g) =

∫

G

2∑

j=1

fj(x)gj(x)dx.

Математика 5
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Ñëåäóÿ ðàáîòå [1], ïîä ñîáñòâåííîé ôóíêöèåé îïåðàòîðà D, îòâå÷àþùåé äåéñòâèòåëüíî-
ìó ñîáñòâåííîìó çíà÷åíèþ λ, áóäåì ïîíèìàòü ëþáóþ òîæäåñòâåííî íå ðàâíóþ íóëþ âåêòîð-
ôóíêöèþ y(x), êîòîðàÿ àáñîëþòíî íåïðåðûâíà íà çàìêíóòîì èíòåðâàëå G = [a, b] è ïî÷òè
âñþäó â G óäîâëåòâîðÿåò óðàâíåíèþ Dy = λy.

Ïóñòü {un(x)}∞n=1 �ïðîèçâîëüíàÿ ïîëíàÿ îðòîíîðìèðîâàííàÿ â L2
2(G) ñèñòåìà ñîáñòâåí-

íûõ âåêòîð-ôóíêöèé îïåðàòîðà D, {λn}∞n=1 � ñîîòâåòñòâóþùàÿ ñèñòåìà ñîáñòâåííûõ çíà-
÷åíèé.

Äëÿ ïðîèçâîëüíîé f(x) ∈ L2
p(G) (p ⩾ 1) ñîñòàâèì ÷àñòè÷íóþ ñóììó ïîðÿäêà ν îðòîãî-

íàëüíîãî ðàçëîæåíèÿ ïî ñèñòåìå {un(x)}∞n=1:

σν(x, f) =
∑

|λn|⩽ν

(f, un)un(x), x ∈ G.

Äëÿ êàæäîãî j = 1, 2 ðàññìîòðèì j-þ êîìïîíåíòó ÷àñòè÷íîé ñóììû σν(x, f):

σjν(x, f) =
∑

|λn|⩽ν

(f, un)u
j
n(x), x ∈ G,

è ñðàâíèì σjν(x, f) ñ ìîäèôèöèðîâàííîé ÷àñòè÷íîé ñóììîé òðèãîíîìåòðè÷åñêîãî ðÿäà Ôó-
ðüå, ñîîòâåòñòâóþùåé j-é êîìïîíåíòå fj(x) âåêòîð-ôóíêöèè f(x):

Sν(x, fj) =
1

π

∫

G

sin ν(x− y)

x− y
fj(y)dy.

Определение 1. Áóäåì ãîâîðèòü, ÷òî j-я компонента разложения вектор-функции
f(x) ∈ L2

p(G) в ортогональный ряд по системе {un(x)}∞n=1 равносходится в метрике Ls,
s ∈ [1,∞] на любом компакте множества G = (a, b) с разложением соответствующей j-й
компоненты fj(x) вектор-функции f(x) в тригонометрический ряд Фурье, åñëè íà ëþáîì
êîìïàêòå K ⊂ G

lim
ν→+∞

∥∥∥σjν(·, f)− Sν(·, fj)
∥∥∥
Ls(K)

= 0. (1)

Теорема. Пусть f(x) ∈ L2
p(G) (p > 1), функции pi(x) (i = 1, 2) принадлежат классу

Lα(G) (α ⩾ 1) и справедливо неравенство

1

α
− 1

s
< min

{1
2
,
1

q

}
, q =

p

p− 1
.

Тогда на любом компакте K ⊂ G справедливо равенство (1), т. е. j-я компонента разло-
жения вектор-функции f(x) ∈ L2

p(G) в ортогональной ряд по системе {un(x)}∞n=1 равно-
сходится в метрике Ls, s ∈ [1,∞] на любом компакте множества G = (a, b) с разложени-
ем соответствующей j-й компоненты fj(x) вектор-функции f(x) в тригонометрический
ряд Фурье.

Замечание. Ïðè s = ∞ ðàâåíñòâî (1) îçíà÷àåò, ÷òî

lim
ν→+∞

∥∥∥σjν(·, f)− Sν(·, fj)
∥∥∥
C(K)

= 0.

Ïîýòîìó ïðè α > 2 èìååì ðàâíîìåðíóþ ðàâíîñõîäèìîñòü íà ëþáîì êîìïàêòå K ⊂ G
(ñì. [11]).
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2. Некоторые вспомогательные утверждения

Определение 2. Áóäåì ãîâîðèòü, ÷òî для системы {un(x)}∞n=1 выполняется неравен-
ство Рисса, åñëè ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ M = M(p), ÷òî äëÿ ïðîèçâîëüíîé âåêòîð-
ôóíêöèè f(x) ∈ L2

p(G) (1 < p ⩽ 2) ñïðàâåäëèâî íåðàâåíñòâî

∞∑

n=1

|(f, un)|q ⩽M‖f‖qp,2,

ãäå q = p/(p− 1), M(p)�êîíñòàíòà, íå çàâèñÿùàÿ îò f(x).

Äëÿ äîêàçàòåëüñòâà òåîðåìû íåîáõîäèìû íåêîòîðûå âñïîìîãàòåëüíûå ëåììû.

Лемма 1. Пусть функции pi(x) (i = 1, 2) принадлежат классу L1(G). Тогда существу-
ют такие постоянные C1 и C2, что справедливы неравенства

‖un‖∞,2 ⩽ C1, (2)
∑

|µ−λn|⩽1

⩽ C2, (3)

где µ—произвольное действительное число.

Îöåíêè (2) è (3) óñòàíîâëåíû ñîîòâåòñòâåííî â ðàáîòàõ [15,16].
Ïóñòü

Φ1
n(r,R, ν) =

R∫

r

sin νt

t
sinλn(t− r) dt,

Φ2
n(r,R, ν) =

R∫

r

sin νt

t
cosλn(t− r) dt,

R0

2
⩽ R ⩽ R0, R0 > 0, 0 < r < R <∞, ν > 0, n ∈ N,

∥∥∥Φj
n(·, R, ν)

∥∥∥
p,[0,R]

≡
{ R∫

0

∣∣∣Φj
n(r,R, ν)

∣∣∣
p
dr
}1/p

.

Лемма 2. Если β ∈ (0, 1], то для интегралов Φj
n(r,R, ν) (j = 1, 2; n ∈ N) справедливы

следующие оценки:

|Φj
n| ⩽ C(β)

{
|ν − |λn||−βr−β , для |ν − |λn|| ⩾ 1,

max{| ln r|, | lnR|}, для |ν − |λn|| < 1,
(4)

‖Φj
n(·, R, ν)‖γ,[0,R] ⩽ C(R0)

{
|ν − |λn||−1/γ , для |ν − |λn|| ⩾ 1, γ ∈ (1,∞),

1, для |ν − |λn|| < 1,
(5)

‖Φj
n(·, R, ν)‖1,[0,R] ⩽ C(R0)

{
|ν − |λn||−1/τ , для |ν − |λn|| ⩾ 1, τ > 1,

1, для |ν − |λn|| < 1.
(6)

Доказательство. Ðàññìîòðèì òîëüêî ñëó÷àé j = 2, èáî ïðè j = 1 äîêàçàòåëüñòâî
îöåíêè (4) ïðîâîäèòñÿ ñîâåðøåííî àíàëîãè÷íî. Ó÷èòûâàÿ ðàâåíñòâî

cos(α− β) = cosα cosβ + sinα sinβ,
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äëÿ èíòåãðàëà Φj
n(r,R, ν) ïîëó÷èì

Φ2
n(r,R, ν) = cosλnr

R∫

r

sin νt

t
cosλnt dt+ sinλnr

R∫

r

sin νt

t
sinλnt dt =

= H1(r,R, ν, λn) cosλnr +H2(r,R, ν, λn) sinλnr. (7)

Ïðåäñòàâèì èíòåãðàë H1 â ñëåäóþùåì âèäå:

H1 =

R∫

r

sin νt

t
cosλnt dt =

R∫

r

sin νt

t
cos |λn|t dt =

∞∫

r

−
∞∫

R

=

=
1

2

∞∫

r

sin(ν − |λn|)t
t

dt+
1

2

∞∫

r

sin(ν + |λn|)t
t

dt−

−1

2

∞∫

R

sin(ν − |λn|)t
t

dt− 1

2

∞∫

R

sin(ν + |λn|)t
t

dt =

=
1

2
sign (ν − |λn|)

∞∫

|ν−|λn||r

sin t

t
dt+

1

2

∞∫

(ν+|λn|)r

sin t

t
dt−

−1

2
sign (ν − |λn|)

∞∫

|ν−|λn||R

sin t

t
dt− 1

2

∞∫

(ν+|λn|)R

sin t

t
dt.

Ïðèìåíÿÿ íåðàâåíñòâî |
∞∫
x

sin t
t dt| ⩽ C(ε)/xε, x > 0, ε ∈ [0, 1], ïîëó÷èì

|H1| ⩽
C1(β)

|ν − |λn||βrβ
+

C1(β)

|ν − |λn||βRβ
⩽

C(β)

|ν − |λn||βrβ
.

Àíàëîãè÷íî äëÿ èíòåãðàëà H2 ïîëó÷èì

H2 = signλn

R∫

r

sin νt

t
sin |λn|t dt =

signλn
2

R∫

r

cos(ν − |λn|)t
t

dt− signλn
2

R∫

r

cos(ν + |λn|)t
t

dt.

Èíòåãðèðóÿ ïî ÷àñòÿì
R∫
r

cos(ν−|λn|)t
t dt è ïðèìåíÿÿ íåðàâåíñòâî | sinx| ⩽ |x|1−β , β ∈ [0, 1],

ïîëó÷èì

∣∣∣
R∫

r

cos(ν − |λn|)t
t

dt
∣∣∣ =

∣∣∣sin(ν − |λn|)t
(ν − |λn|)t

∣∣∣
R

r
+

1

ν − |λn|

R∫

r

sin(ν + |λn|)t
t2

dt
∣∣∣ ⩽

⩽
1

|ν − |λn||βRβ
+

1

|ν − |λn||βrβ
+

1

|ν − |λn||β

R∫

r

dt

t1+β
⩽

⩽
2

|ν − |λn||βrβ
+

β−1

|ν − |λn||β
( 1

rβ
− 1

Rβ

)
⩽

C2(β)

|ν − |λn||βrβ
,

ãäå C2(β) = 2(1 + β−1), β > 0.
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Àíàëîãè÷íî äëÿ èíòåãðàëà
R∫
r

cos(ν+|λn|)t
t dt èìååì îöåíêó

R∫

r

cos(ν + |λn|)t
t

dt ⩽
C2(β)

|ν + |λn||βrβ
.

Ñëåäîâàòåëüíî, äëÿ èíòåãðàëà H2 ñïðàâåäëèâà îöåíêà

|H2| ⩽
C(β)

|ν − |λn||βrβ
.

Ó÷èòûâàÿ ýòè îöåíêè äëÿ èíòåãðàëîâ H1 è H2, èç ðàâåíñòâà (7) ïîëó÷èì

|Φ2
n(r,R, ν)| ⩽ |H1|+ |H2| ⩽

C(β)

|ν − |λn||βrβ
.

Âòîðàÿ ÷àñòü îöåíêè (4) ñëåäóåò èç íåðàâåíñòâà

∣∣∣
R∫

r

sin νt

t
cosλn(t− r) dt

∣∣∣ ⩽
R∫

r

dt

t
⩽ 2max[| ln r|, | lnR|].

Òåïåðü äîêàæåì îöåíêó (5). Ïóñòü ÷èñëî R0 > 0 çàôèêñèðîâàíî è ñïðàâåäëèâî íåðàâåí-
ñòâî |ν−|λn|| ⩾ 2

R0
⩾ 1, òîãäà |ν−|λn||−1 ⩽ R0

2 ⩽ R. Ó÷èòûâàÿ íåðàâåíñòâî (a+b)p ⩽ 2p(ap+bp),

a ⩾ 0, b ⩾ 0, 0 ⩽ p <∞, äëÿ èíòåãðàëà Φj
n(r,R, ν) (j = 1, 2) ïîëó÷èì

‖Φj
n(·, R, ν)‖γ,[0,R] ⩽ 21/γ

(
‖Φj

n(·, R, ν)‖γ,[0,|ν−|λn||−1] + ‖Φj
n(·, R, ν)‖γ,[|ν−|λn||−1,R]

)
.

Äëÿ îöåíêè ‖Φj
n(·, R, ν)‖γ,[0,|ν−|λn||−1] ïðèìåíèì (4) ïðè β ∈ (0, 1), βγ < 1, à äëÿ îöåíêè

‖Φj
n(·, R, ν)‖γ,[|ν−|λn||−1,R] � (4) ïðè β = 1. Â ðåçóëüòàòå èìååì

‖Φj
n(·, R, ν)‖γ,[0,|ν−|λn||−1] = O

(( |ν−|λn||−1∫

0

|ν − |λn||−βγr−βγdr
) 1

γ
)
=

= O
(
|ν − |λn||−β

)
·
(
|ν − |λn||γβ−1

)
= O

(
|ν − |λn||−1/γ

)
;

‖Φj
n(·, R, ν)‖γ,[|ν−|λn||−1,R] = O

(( R∫

|ν−|λn||−1

|ν − |λn||−γr−γdr
) 1

γ
)
=

= O
(
|ν − |λn||−1

)
·
( ∫

|ν−|λn||−1

r−γdr
)1/γ

=

= O
(
|ν − |λn||−1

)
·
[
(R−1)γ−1 − |ν − |λn||γ−1

]1/γ
=

= O
(
|ν − |λn||−1

)
·
(
2|ν − |λn||γ−1

)1/γ
= O

(
|ν − |λn||−1/γ

)
.

Ïðè 1 ⩽ |ν − |λn|| < 2
R0

â ñèëó îöåíêè (4) äëÿ β = β0 <
1
γ ïîëó÷èì

‖Φj
n(·, R, ν)‖γ,[0,R] =

(
|ν − |λn||−β0

)
·
( R∫

0

r−β0γdr
)1/γ

=
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= O
(
|ν − |λn||−β0

)
R

1
γ
−β0

0 = O
(
|ν − |λn||−β0

)
|ν − |λn||β0−

1
γ = O

(
|ν − |λn||−

1
γ

)
.

Ïðè |ν − |λn|| < 1 îöåíêà (5) íåïîñðåäñòâåííî ñëåäóåò èç îöåíêè (4), ó÷èòûâàÿ èíòåãðè-
ðóåìîñòü ôóíêöèè | ln r|γ .

Ëåììà 2 äîêàçàíà. □

Ïóñòü f(x) = (f1(x), f2(x))
T ∈ L2

p(G), p > 1. Ôèêñèðóåì ïðîèçâîëüíûé ñâÿçíîé êîìïàêò
K ⊂ G è ÷èñëî R, óäîâëåòâîðÿþùåå óñëîâèþ 0 < 2R < dist(K, ∂G).

Ââåäåì äëÿ êàæäîé x ∈ K ôóíêöèþ

ϕ(x, y,R, ν) =

{
1
π · sin ν(x−y)

x−y , ïðè |x− y| ⩽ R,

0, ïðè |x− y| > R,
(8)

ãäå y ∈ G, ν > 0.
Îáîçíà÷èì

W (x, y,R, ν) = diag (ϕ,ϕ), Wn(x,R, ν) =

∫

G

W (x, y,R, ν)un(y) dy. (9)

Лемма 3. Пусть система {un(x)}∞n=1 замкнута и минимальна в L2
p(G), p > 1 и для

произвольной функции f(x) ∈ L2
p(G) выполняется оценка

∥∥∥
∞∑

n=1

Wnfn

∥∥∥
s,2,K

⩽ C(ν,K)‖f‖p,2, s ⩾ 1,

где C(ν,K) не зависит от f(x).
Тогда в метрике L2

s(K) справедливо равенство

∞∑

n=1

Wnfn =

∫

G

f(y)W
(
|x− y|, R, ν

)
f(y) dy,

где fn = (f, un).

Äîêàçàòåëüñòâî ëåììû 3 ïîëíîñòüþ àíàëîãè÷íî äîêàçàòåëüñòâó èç [8, ëåììà 3].

3. Доказательство теоремы

Ïóñòü f(x) = (f1(x), f2(x))
T ∈ L2

p(G), p > 1. Ôèêñèðóåì ïðîèçâîëüíûé ñâÿçíîé êîìïàêò
K ⊂ G è ÷èñëî R, óäîâëåòâîðÿþùåå óñëîâèþ 0 < 2R < dist(K, ∂G).

Ó÷èòûâàÿ (9) è (8), ïîëó÷èì

Wn(x,R, ν) =

∫

G

W (x, y,R, ν)un(y)dy =
1

π

∫

|x−y|⩽R

sin ν(x− y)

x− y
un(y)dy =

=
1

π

R∫

0

sin νt

t
{un(x− t) + un(x+ t)} dt = 2

π

R∫

0

sin νt

t
· un(x− t) + un(x+ t)

2
dt.

Â ñèëó ôîðìóëû ñðåäíåãî çíà÷åíèÿ (ñì. [11])

un(x− t) + un(x+ t)

2
= un(x) cosλnt+

+
1

2

x+t∫

x−t

{sinλn(t− |x− ξ|)I + sign (ξ − x) cosλn(t− |x− ξ|)B}P (ξ)un(ξ)dξ,
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ãäå I � åäèíè÷íàÿ ìàòðèöà â E2, ïîëó÷àåì

Wn(x, y,R, ν) =
2

π
un(x)

R∫

0

sin νt

t
cosλnt dt+

+

R∫

0

sin νt

t

x+t∫

x−t

{
sinλn

(
t− |x− ξ|

)
I + sign (ξ − x) cosλn

(
t− |x− ξ|

)
B
}
P (ξ)un(ξ)dξ =

=
2

π
un(x)

R∫

0

sin νt

t
cosλnt dt+

1

π

x+R∫

x−R

( R∫

|x−ξ|

sin νt

t

{
sinλn

(
t− |x− ξ|

)
I + sign (ξ − x)×

× cosλn

(
t− |x− ξ|

)
B
}
dt
)
P (ξ)un(ξ)dξ =

2

π
un(x)

R∫

0

sin νt

t
cosλnt dt+

+
1

π

x+R∫

x−R

{
Φ1
n(|x− ξ|, R, ν)I + sign (ξ − x)Φ2

n(|x− ξ|, R, ν)B
}
P (ξ)un(ξ)dξ.

Ïðåäñòàâèì ýòó ôîðìóëó â âèäå

Wn(x,R, ν) = un(x)δ(ν, λn) + un(x)
{ 2

π

R∫

0

sin νt

t
cosλnt dt− δ(ν, λn)

}
+

+
1

π

x+R∫

x−R

{
Φ1
n(|x− ξ|, R, ν)I + sign (ξ − x)Φ2

n(|x− ξ|, R, ν)B
}
P (ξ)un(ξ)dξ =

= un(x)δ(ν, λn) + un(x)J(ν, λn)+

+
1

π

x+R∫

x−R

{
Φ1
n(|x− ξ|, R, ν)I + sign (ξ − x)Φ2

n(|x− ξ|, R, ν)B
}
P (ξ)un(ξ)dξ, (10)

ãäå

δ(ν, λn) =





1, ïðè ν > λn,
1
2 , ïðè ν = λn,

0, ïðè ν < λn,

J(ν, λn) =
2

π

R∫

0

sin νt

t
cosλnt dt− δ(ν, λn).

Ðàññìîòðèì ðàçíîñòü
∞∑
n=1

Wnfn − σν(x, f), ãäå f ∈ L2
p(G) (p > 1) è fn = (f, un).

Ó÷èòûâàÿ çäåñü ôîðìóëó (10), ïîëó÷èì

∞∑

n=1

Wnfn − σν(x, f) = −1

2

∑

|λn|=ν

(f, un)un(x) +
∞∑

n=1

(f, un)un(x)J(ν, λn)+

+
1

π

∞∑

n=1

(f, un)

R∫

0

{
P (x+ r)un(x+ r) + P (x− r)un(x− r)

}
Φ1
n(r,R, ν)dr+

+
1

π

∞∑

n=1

(f, un)

R∫

0

{
P (x+ r)un(x+ r)− P (x− r)un(x− r)

}
Φ2
n(r,R, ν)dr =

Математика 11
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= F1(x) + F2(x) + F3(x) + F4(x), x ∈ K. (11)

Îöåíèì ‖Fi‖s,2,K , i = 1, 4.
Èñïîëüçóÿ îöåíêè (2), (3) è íåðàâåíñòâî Ðèññà, èìååì

‖F1‖s,2,K =
1

2

∥∥∥
∑

|λn|=ν

(f, un)un(·)
∥∥∥
s,2,K

⩽
1

2

∑

|λn|=ν

|(f, un)|‖un‖s,2 ⩽

⩽ C
∑

|λn|=ν

|(f, un)| ⩽ C
( ∑

|λn|=ν

|(f, un)|q
) 1

q
( ∑

|λn|=ν

1
)1/p

⩽ C‖f‖p,2, 1 < p ⩽ 2.

Ïðèìåíèâ îöåíêè (2), (3), íåðàâåíñòâî Ðèññà (ñì. [12]) è ó÷èòûâàÿ íåðàâåíñòâî (ñì. [9])

|J(ν, λn)| ⩽
C(R)

1 + |ν − |λn||
,

èìååì

‖F2‖s,2,K =
∥∥∥

∞∑

n=1

(f, un)un(·)J(ν, λn)
∥∥∥
s,2,K

⩽ C(R)

∞∑

n=1

|(f, un)||J(ν, λn)|‖un‖s,2,K ⩽

⩽ C
∞∑

n=1

|(f, un)| · |J(ν, λn)| ⩽ C
( ∞∑

n=1

|(f, un)|q
) 1

q
( ∞∑

n=1

1

(1 + ||λn| − ν|)p
)1/p

⩽

⩽ C‖f‖p,2
( ∞∑

n=1

( 1

1 + n

)p ∑

n⩽|ν−|λn||⩽n+1

1
)1/p

⩽ C‖f‖p,2
( ∞∑

`=1

`−p
)1/p

⩽ C‖f‖p,2, 1 < p ⩽ 2.

Òåïåðü îöåíèì ‖F3‖s,2,K . Â ñèëó îöåíêè (2) èìååì

|F3(x)| =
1

π

∣∣∣
∞∑

n=1

(f, un)

∫ R

0
{P (x+ r)un(x+ r) + P (x− r)un(x− r)}Φ1

n(r,R, ν)dr
∣∣∣ ⩽

⩽
1

π

∞∑

n=1

|(f, un)|
∫ R

0
{
(
|p1(x+ r)u1n(x+ r)|2 + |p2(x+ r)u2n(x+ r)|2

)1/2
+

+
(
|p1(x− r)u1n(x− r)|2 + |p2(x− r)u2n(x− r)|2

)1/2}∣∣∣Φ1
n(r,R, ν)

∣∣∣dr ⩽

⩽ C
∞∑

n=1

|(f, un)|
∫ R

0
Q(x, r)

∣∣∣Φ1
n(r,R, ν)

∣∣∣dr, (12)

ãäå Q(x, r) = |p1(x+ r)|+ |p1(x− r)|+ |p2(x− r)|+ |p2(x+ r)|.
Â ñèëó íåðàâåíñòâà Þíãà (ñì. [17]) äëÿ ýòèõ èíòåãðàëîâ ñïðàâåäëèâû îöåíêè

‖N±‖s,K =
∥∥∥
∫ R

0
p1(· ± r)Φ1

n(r,R, ν)dr
∥∥∥
s,K

⩽ ‖p1‖α‖Φ1
n(·, R, ν)‖γ,[0,R],

‖M±‖s,K =
∥∥∥
∫ R

0
p2(· ± r)Φ1

n(r,R, ν)dr
∥∥∥
s,K

⩽ ‖p2‖α‖Φ1
n(·, R, ν)‖γ,[0,R],

ãäå γ−1 = 1 + 1
s − 1

α äëÿ s > α, γ = 1 äëÿ s ⩽ α.
Èñïîëüçóÿ îöåíêè (5) è (6), ïîëó÷àåì

∥∥∥N±
∥∥∥
s,K

⩽ C(R)‖p1‖α





|ν − |λn||
1
α
− 1

s
−1, äëÿ |ν − |λn|| ⩾ 1, s ⩾ α

|ν − |λn||−
1
τ , äëÿ |ν − |λn|| ⩾ 1, s ⩽ α,

1, äëÿ |ν − |λn|| < 1,

(13)
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∥∥∥M±
∥∥∥
s,K

⩽ C(R)‖p2‖α





|ν − |λn||
1
α
− 1

s
−1, äëÿ |ν − |λn|| ⩾ 1, s ⩾ α

|ν − |λn||−
1
τ , äëÿ |ν − |λn|| ⩾ 1, s ⩽ α,

1, äëÿ |ν − |λn|| < 1.

(14)

Äëÿ s > α â ñèëó îöåíêè (13) è (14) èç íåðàâåíñòâà (12) ñëåäóåò

‖F3‖s,2,K ⩽ C
∞∑

n=1

|(f, un)|
∥∥∥
∫ R

0
Q(x, r)|Φ1

n(r,R, ν)|dr
∥∥∥
s,2,K

⩽

⩽ C
( ∑

|ν−λn|<1

|(f, un)|
{∥∥∥N+

∥∥∥
s,K

+
∥∥∥N−

∥∥∥
s,K

+
∥∥∥M+

∥∥∥
s,K

+
∥∥∥M−

∥∥∥
s,K

}
+

+
∑

|ν−λn|⩾1

|(f, un)|
{∥∥∥N+

∥∥∥
s,K

+
∥∥∥N−

∥∥∥
s,K

+
∥∥∥M+

∥∥∥
s,K

+
∥∥∥M−

∥∥∥
s,K

})
⩽

⩽ C(‖p1‖α + ‖p2‖α)
{ ∑

|ν−λn|<1

|(f, un)|+
∑

|ν−λn|⩾1

|(f, un)| · |ν − λn|
1
α
− 1

s
−1
}
.

Îòñþäà ñ ïîìîùüþ íåðàâåíñòâà Ðèññà, íåðàâåíñòâà 1
α − 1

s <
1
q è (3) ñëåäóåò îöåíêà

‖F3‖s,2,K ⩽ C(‖p1‖α + ‖p2‖α)‖f‖p,2.

Â ñëó÷àå s ⩽ α, ïðèìåíÿÿ îöåíêè (14) ñ ïàðàìåòðîì τ > 1
p è íåðàâåíñòâî Ðèññà è

ó÷èòûâàÿ (2), (3), èìååì

‖F3‖s,2,K ⩽ C(‖p1‖α + ‖p2‖α)
{ ∑

|ν−|λn||<1

|(f, un)|+
∑

|ν−|λn||⩾1

|(f, un)| · |ν − |λn||−
1
τ

}
⩽

⩽ C(‖p1‖α + ‖p2‖α)‖f‖p,2.

Ñëåäîâàòåëüíî, äëÿ 1
α − 1

s <
1
q ïîëó÷èì ñïðàâåäëèâîñòü îöåíêè

‖F3‖s,2,K ⩽ C(K)‖f‖p,2.

Àíàëîãè÷íî óñòàíàâëèâàåòñÿ îöåíêà äëÿ âåêòîð-ôóíêöèè F4(x):

‖F4‖s,2,K ⩽ C(K)‖f‖p,2.

Ñëåäîâàòåëüíî, â ñèëó ïîëó÷åííûõ îöåíîê äëÿ ñóìì F4(x), k = 1, 4 èç (11) ñëåäóåò, ÷òî
äëÿ ëþáîé ôóíêöèè f(x) ∈ L2

p(G), 1 < p ⩽ 2 âûïîëíÿåòñÿ îöåíêà

∥∥∥
∞∑

n=1

Wnfn − σν(·, f)
∥∥∥
s,2,K

⩽ C(K)‖f‖p,2, (15)

ãäå fn = (f, un).
Ïîñêîëüêó ïðîñòðàíñòâî L2

p(G) (p > 2) âëîæåíî â ïðîñòðàíñòâî L2
p(G) (1 < p ⩽ 2), òî

ïðè óñëîâèè 1
α − 1

s <
1
2 îöåíêà (15) ñïðàâåäëèâà è â ñëó÷àå f(x) ∈ L2

p(G) (p > 2).

Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî ïðè 1
α − 1

s < min
{

1
2 ,

1
q

}
îöåíêà (15) ñïðàâåäëèâà äëÿ

ïðîèçâîëüíîãî f(x) ∈ L2
p(G) (p > 1).

Ñ äðóãîé ñòîðîíû, ïîíÿòíà ñïðàâåäëèâîñòü îöåíêè

‖σν(·, f)‖s,2,K ⩽
∑

|λn|⩽ν

|(f, un)|‖un‖s,K ⩽ C(K)‖f‖p,2
∑

|λn|⩽ν

1 ⩽ C(K)ν‖f‖p,2.
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Òîãäà äëÿ ëþáîé ôóíêöèè f(x) ∈ L2
p(G), p > 1, èìååò ìåñòî îöåíêà

∥∥∥
∞∑

n=1

Wnfn

∥∥∥
s,2,K

⩽

∥∥∥
∞∑

n=1

Wnfn − σν(·, f)
∥∥∥
s,2,K

+ ‖σν(·, f)‖s,2,K ⩽ C(K)ν‖f‖p,2.

À ýòî îçíà÷àåò, ÷òî óñëîâèå ëåììû 3 âûïîëíåíî. Ïîýòîìó èç íåðàâåíñòâà (15) ñëåäóåò, ÷òî
äëÿ ëþáîé âåêòîð-ôóíêöèè f ∈ L2

p(G) (p > 1) âûïîëíÿåòñÿ îöåíêà

‖Sν(·, f)− σν(·, f)‖s,2,K ⩽ C(K)‖f‖p,2. (16)

Èç çàìêíóòîñòè ñèñòåìû {un(x)}∞n=1 â L
2
p(G) ñëåäóåò, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò

òàêîå ÷èñëî n0(ε, f), ÷òî

∥∥∥f −
n0(ε,f)∑

n=1

(f, un)un(x)
∥∥∥
p,2

<
ε

2C(K)
.

Îáîçíà÷èì g(x) =
n0(ε,f)∑
n=1

(f, un)un(x). Òîãäà â ñèëó íåðàâåíñòâà òðåóãîëüíèêà

‖Sν(·, f)− σν(·, f)‖s,2,K = ‖Sν(·, f − g) + Sν(·, g)− σν(·, f − g)− σν(·, g)‖s,2,K ⩽

⩽ ‖Sν(·, f − g)− σν(·, f − g)‖s,2,K + ‖σν(·, g)− Sν(·, g)‖s,2,K .

Îòñþäà â ñèëó îöåíêè (16) è ðàâåíñòâà σν(x, g) = g(x) äëÿ äîñòàòî÷íî áîëüøèõ ν ïîëó-
÷èì

‖Sν(·, f)− σν(·, f)‖s,2,K ⩽ C(K)‖f − g‖p,2 + ‖g(·)− Sν(·, g)‖s,2,K <

<
ε

2
+ ‖g(·)− Sν(·, g)‖s,2,K . (17)

Ïîýòîìó ñëåäóåò äîêàçàòü ðàâåíñòâî

lim
ν→∞

‖g(·)− Sν(·, g)‖s,2,K = 0. (18)

Èç îïðåäåëåíèÿ ñîáñòâåííîé ôóíêöèè un(x) ñëåäóåò, ÷òî îíà ïðèíàäëåæèò êëàññóW
1
α(G)

(ñì. [15]). Ñëåäîâàòåëüíî, ôóíêöèÿ g(x) òàêæå ïðèíàäëåæèò W 1
α(G). Åñëè s ⩽ 2, òî ðàâåí-

ñòâî (18) ÿâëÿåòñÿ ñëåäñòâèåì áàçèñíîñòè òðèãîíîìåòðè÷åñêîé ñèñòåìû L2(G). Åñëè s > 2,

òî ïî óñëîâèþ 1
α − 1

s < min
{

1
2 ,

1
q

}
íàõîäèì

α >
s

s ·min
{

1
2 ,

1
q

}
+ 1

> 1.

Ýòî ïîêàçûâàåò, ÷òî ôóíêöèÿ g(x) ïðèíàäëåæèò W 1
α(G), α > 1.

Ñëåäîâàòåëüíî, êàæäàÿ êîìïîíåíòà gi(x), i = 1, 2 âåêòîð-ôóíêöèè g(x) = (g1(x), g2(x))
óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà. Ïîýòîìó íà ëþáîì ôèêñèðîâàííîì êîìïàêòåK ⊂ G ñïðà-
âåäëèâî ðàâåíñòâî

lim
ν→∞

‖g(·)− Sν(·, g)‖C(K) = 0.

Òàêèì îáðàçîì, ðàâåíñòâî (18) äîêàçàíî.
Èç íåðàâåíñòâà (17) ñ ó÷åòîì ðàâåíñòâà (18) ïîëó÷èì, ÷òî ïðè ν ⩾ ν0 (ν0 �äîñòàòî÷íî

áîëüøîå ÷èñëî) âûïîëíÿåòñÿ íåðàâåíñòâî

‖Sν(·, f)− σν(·, f)‖s,2,K < ε.

Òåîðåìà ïîëíîñòüþ äîêàçàíà.
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Аннотация. Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû è êëàññû êîíå÷íûõ ãðóïï. F-èíúåêòîðû

(Á. Ôèøåð, Â. Ãàøþö, Á. Õàðòëè, 1967) è F-ïðîåêòîðû (Â. Ãàøþö, 1969), ãäå F�íåêîòîðûé êëàññ

ãðóïï, îòíîñÿòñÿ ê õîðîøî èçâåñòíûì ïîäãðóïïàì â ãðóïïàõ, îáîáùàþùèì ñâîéñòâà ñèëîâñêèõ è

õîëëîâûõ ïîäãðóïï. Äëÿ íåïóñòîãî ìíîæåñòâà ω ïðîñòûõ ÷èñåë áûëî ââåäåíî â ðàññìîòðåíèå ïîíÿ-

òèå Fω-ïðîåêòîðà ãðóïïû, îáîáùàþùåå ïîíÿòèå F-ïðîåêòîðà (Â. À. Âåäåðíèêîâ, Ì. Ì. Ñîðîêèíà,

2016). Èñïîëüçóÿ àíàëîãè÷íûé ïîäõîä, àâòîðàìè äàííîé ñòàòüè áûëè îïðåäåëåíû Fω-èíúåêòîðû â

ãðóïïàõ. Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ Fω-èíúåêòîðîì â G, åñëè H � F-ìàêñèìàëüíàÿ ïîä-

ãðóïïà â G è äëÿ êàæäîé ñóáíîðìàëüíîé ω-ïîäãðóïïû K ãðóïïû G ïåðåñå÷åíèå H ∩ K ÿâëÿåòñÿ

F-ìàêñèìàëüíîé ïîäãðóïïîé â K. Â ñëó÷àå, êîãäà ω ñîâïàäàåò ñ ìíîæåñòâîì âñåõ ïðîñòûõ ÷è-

ñåë, ïîíÿòèå Fω-èíúåêòîðà ñîâïàäàåò ñ ïîíÿòèåì F-èíúåêòîðà ãðóïïû. Öåëüþ íàñòîÿùåé ðàáîòû

ÿâëÿåòñÿ èçó÷åíèå ñâîéñòâ Fω-èíúåêòîðîâ â ðàçðåøèìûõ ãðóïïàõ. Â ðàáîòå èñïîëüçóþòñÿ êëàñ-

ñè÷åñêèå ìåòîäû äîêàçàòåëüñòâ òåîðèè êîíå÷íûõ ãðóïï, à òàêæå ìåòîäû òåîðèè êëàññîâ ãðóïï.

Ðåøåíû ñëåäóþùèå çàäà÷è: óñòàíîâëåíû ñâîéñòâà ñóùåñòâîâàíèÿ è ñîïðÿæåííîñòè Fω-èíúåêòîðîâ

â ðàçðåøèìûõ ãðóïïàõ (òåîðåìà 1); îïèñàíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ

ïîäãðóïïà ðàçðåøèìîé ãðóïïû ÿâëÿåòñÿ åå Fω-èíúåêòîðîì (òåîðåìû 2�4). Ïîëó÷åííûå ðåçóëüòàòû

ÿâëÿþòñÿ ðàçâèòèåì èçâåñòíûõ òåîðåì îá F-èíúåêòîðàõ, îíè ìîãóò áûòü ïîëåçíûìè â äàëüíåéøèõ

èññëåäîâàíèÿõ ïîäãðóïïîâîãî ñòðîåíèÿ êîíå÷íûõ ãðóïï ìåòîäàìè òåîðèè êëàññîâ ãðóïï.
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Abstract. Only �nite groups and classes of �nite groups are considered. F-injectors (B. Fischer, W. Gas-

chutz, B. Hartley, 1967) and F-projectors (W. Gaschutz, 1969), where F is a class of groups, are well-

known subgroups in groups that generalize the properties of Sylow and Hall subgroups. For a non-empty

set ω of primes the concept of Fω-projector of a group (V. A. Vedernikov and M. M. Sorokina, 2016),

which generalizes the concept of F-projector, was introduced. Using a similar approach, the authors of

this article de�ned Fω-injectors in groups. A subgroup H of G is called an Fω-injector in G if H is an

F-maximal subgroup in G and for every subnormal ω-subgroup K of G the intersection H ∩ K is an

F-maximal subgroup in K. In the case where ω coincides with the set of all primes, the concept of an

Fω-injector coincides with the concept of an F-injector of a group. The goal of this paper is to study

the properties of Fω-injectors in soluble groups. The paper uses classical methods of proofs of the theory

of �nite groups, as well as methods of the theory of classes of groups. The following tasks are solved:

the existence and conjugacy of Fω-injectors in solvable groups are established (Theorem 1); necessary

and su�cient conditions under which a subgroup of a solvable group is its Fω-injector are described

(Theorems 2�4). Obtained results develop known theorems on F-injectors; they can be useful in further

research of the subgroup structure of �nite groups using methods of the theory of classes of groups.
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Ââåäåíèå

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïðè èññëåäîâàíèè ïîäãðóïïîâîãî ñòðîåíèÿ
êîíå÷íûõ ãðóïï ñðåäñòâàìè òåîðèè êëàññîâ ãðóïï âàæíóþ ðîëü èãðàþò ïîäãðóïïû â ãðóï-
ïàõ, îïðåäåëÿåìûå ïîñðåäñòâîì ôèêñèðîâàííûõ êëàññîâ. Ê òàêèì ïîäãðóïïàì îòíîñÿòñÿ
F-èíúåêòîðû â ãðóïïàõ, ââåäåííûå â ðàññìîòðåíèå â ñîâìåñòíîé ðàáîòå Á. Ôèøåðà, Â. Ãà-
øþöà, Á. Õàðòëè [1]. F-èíúåêòîð ãðóïïû G, ãäå F�íåïóñòîé êëàññ ãðóïï, ïðåäñòàâëÿåò ñî-
áîé òàêóþ åå ïîäãðóïïó, ïåðåñå÷åíèå êîòîðîé ñ ëþáîé ñóáíîðìàëüíîé ïîäãðóïïîéK ãðóïïû
G ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â K.

Ïîíÿòèå F-èíúåêòîðà ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì ïîíÿòèÿ ñèëîâñêîé (õîëëîâîé)
ïîäãðóïïû ãðóïïû, à èìåííî ñèëîâñêàÿ p-ïîäãðóïïà (õîëëîâà π-ïîäãðóïïà) ãðóïïû G� ýòî
â òî÷íîñòè Np-èíúåêòîð (Gπ-èíúåêòîð) â G (ñì., íàïðèìåð, [2, p. 68]), ãäå Np è Gπ �êëàññû
âñåõ p-ãðóïï è âñåõ π-ãðóïï ñîîòâåòñòâåííî (p�ïðîñòîå ÷èñëî, π�íåïóñòîå ìíîæåñòâî ïðî-
ñòûõ ÷èñåë). Êëþ÷åâûå ñâîéñòâà F-èíúåêòîðîâ ãðóïï äëÿ ïðîèçâîëüíîãî êëàññà Ôèòòèíãà
F èçëîæåíû â [3, Ch. IX] è [4, Ch. 7]. Èññëåäîâàíèþ F-èíúåêòîðîâ â ãðóïïàõ äëÿ ðàçëè÷íûõ
êëàññîâ ãðóïï F ïîñâÿùåíû ðàáîòû Á. Õàðòëè, Äæ. Êîññè, Ï. Ôåðñòåðà, Ë. À. Øåìåòêîâà,
Í. Ò. Âîðîáüåâà, Â. Ãî è ìíîãèõ äðóãèõ àëãåáðàèñòîâ (íàïðèìåð, [5�7]).

Ïîíÿòèå F-èíúåêòîðà ÿâëÿåòñÿ äâîéñòâåííûì ê ïîíÿòèþ F-ïðîåêòîðà ãðóïïû, ââåäåí-
íîìó â ðàññìîòðåíèå Â. Ãàøþöåì â 1969 ã. [8]. Äàííîå ïîíÿòèå òàêæå ÿâëÿåòñÿ îáîáùåíè-
åì ïîíÿòèé ñèëîâñêîé è õîëëîâîé ïîäãðóïï, íî íàñëåäóåò äðóãîå èõ ñâîéñòâî. F-ïðîåêòîð
ãðóïïû G ïðåäñòàâëÿåò òàêóþ F-ïîäãðóïïó H èç G, ÷òî ôàêòîð-ãðóïïà HN/N ÿâëÿåòñÿ
F-ìàêñèìàëüíîé â G/N äëÿ ëþáîé íîðìàëüíîé ïîäãðóïïûN èç G. Ìíîãèå âàæíûå ñâîéñòâà
F-ïðîåêòîðîâ â ãðóïïàõ áûëè óñòàíîâëåíû äëÿ ñëó÷àÿ, êîãäà êëàññ F ÿâëÿåòñÿ ëîêàëüíîé
ôîðìàöèåé (ñì., íàïðèìåð, [9, ãë. IV]). Îáîáùåíèåì ïîíÿòèÿ ëîêàëüíîé ôîðìàöèè ÿâëÿåòñÿ
ââåäåííîå â ðàññìîòðåíèå â [10] ïîíÿòèå ω-ëîêàëüíîé ôîðìàöèè, ãäå ω�íåïóñòîå ìíîæå-
ñòâî ïðîñòûõ ÷èñåë.

Â ðàáîòå [11] â êà÷åñòâå åñòåñòâåííîãî îáîáùåíèÿ ïîíÿòèÿ F-ïðîåêòîðà áûëè îïðåäåëåíû
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Fω-ïðîåêòîðû ãðóïï è óñòàíîâëåíû èõ ñâîéñòâà (ñóùåñòâîâàíèå, ñîïðÿæåííîñòü, âëîæåíèå
â äðóãèå ïîäãðóïïû) äëÿ ñëó÷àÿ, êîãäà F ÿâëÿåòñÿ ω-ëîêàëüíîé ôîðìàöèåé. Ñëåäóÿ ïîäõî-
äó ê îïðåäåëåíèþ Fω-ïðîåêòîðà èç ðàáîòû [11], â [12] áûëî ââåäåíî â ðàññìîòðåíèå ïîíÿòèå
Fω-èíúåêòîðà ãðóïïû è óñòàíîâëåíû íåêîòîðûå ïðîñòåéøèå ñâîéñòâà òàêèõ ïîäãðóïï. Íà-
ñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñâîéñòâ Fω-èíúåêòîðîâ â ðàçðåøèìûõ ãðóïïàõ.

Ðàçâèâàÿ ôóíäàìåíòàëüíûå òåîðåìû Ñèëîâà è Õîëëà (ñì., íàïðèìåð, [3, Ch. A, Eq. (6.2);
Ch. I, Eq. (3.3)]), â [1] áûëî äîêàçàíî ñóùåñòâîâàíèå è ñîïðÿæåííîñòü F-èíúåêòîðîâ â ðàç-
ðåøèìûõ ãðóïïàõ äëÿ êëàññà Ôèòòèíãà F, ñîäåðæàùåãîñÿ â óíèâåðñóìå âñåõ ðàçðåøèìûõ
ãðóïï (ñì. òàêæå [3, Ch. IX, Eq. (1.4)]). Â äàëüíåéøåì Ë. À. Øåìåòêîâ è, íåçàâèñèìî, Â. Ãî
äëÿ ïðîèçâîëüíîãî êëàññà Ôèòòèíãà F äîêàçàëè ñóùåñòâîâàíèå è ñîïðÿæåííîñòü F-èíúåê-
òîðîâ â ãðóïïå G ñ π-ðàçðåøèìîé ôàêòîð-ãðóïïîé G/GF [13, 14] (çäåñü GF �íàèáîëüøàÿ
íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G, ïðèíàäëåæàùàÿ êëàññó F, π� ñîâîêóïíîñòü âñåõ ïðîñòûõ
äåëèòåëåé ïîðÿäêîâ âñåõ ãðóïï èç F). Èññëåäîâàíèþ âîïðîñîâ ñóùåñòâîâàíèÿ è ñîïðÿæåííî-
ñòè F-èíúåêòîðîâ â íåðàçðåøèìûõ ãðóïïàõ ïîñâÿùåí ðÿä ñòàòåé Í. Ò. Âîðîáüåâà è äðóãèõ
àâòîðîâ (íàïðèìåð, [15,16]).

Â íàñòîÿùåé ðàáîòå äëÿ êëàññà Ôèòòèíãà F è ïðîèçâîëüíîãî íåïóñòîãî ìíîæåñòâà ω
ïðîñòûõ ÷èñåë óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è ñîïðÿæåííîñòè Fω-èíúåêòîðîâ â ðàç-
ðåøèìûõ ãðóïïàõ (òåîðåìà 1) è ïîëó÷åíû êðèòåðèè Fω-èíúåêòîðà ðàçðåøèìîé ãðóïïû (òåî-
ðåìû 2�4). Â ñëó÷àå, êîãäà ω ñîâïàäàåò ñ ìíîæåñòâîì âñåõ ïðîñòûõ ÷èñåë, èç äàííûõ òåîðåì
â êà÷åñòâå ñëåäñòâèé âûòåêàþò èçâåñòíûå ðåçóëüòàòû î F-èíúåêòîðàõ ðàçðåøèìûõ ãðóïï.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Èñïîëüçóåìûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ äëÿ ãðóïï è êëàññîâ ãðóïï ñòàíäàðòíû (ñì.,
íàïðèìåð, [3, 17]). Ïðèâåäåì ëèøü íåêîòîðûå èç íèõ. Â äàëüíåéøåì, ñèìâîë := îçíà÷àåò
ðàâåíñòâî ïî îïðåäåëåíèþ. Çàïèñü H ⩽ G (H < G, H ◁ G, H ◁◁ G) îçíà÷àåò, ÷òî H �
ïîäãðóïïà (ñîîòâåòñòâåííî ñîáñòâåííàÿ, íîðìàëüíàÿ, ñóáíîðìàëüíàÿ ïîäãðóïïû) ãðóïïûG;
H ×K �ïðÿìîå ïðîèçâåäåíèå ïîäãðóïï H è K ãðóïïû G; H ⋊K �ïîëóïðÿìîå ïðîèçâåäå-
íèå H è K, ãäå H ◁ G, K ⩽ G; 1� åäèíè÷íàÿ ïîäãðóïïà (ãðóïïà); G′ �êîììóòàíò ãðóïïû
G; d(G)� ñòóïåíü ðàçðåøèìîñòè ãðóïïû G, ò.å. íàèìåíüøåå íàòóðàëüíîå ÷èñëî n, äëÿ êî-
òîðîãî G(n) = 1, ãäå G(n) � n-é êîììóòàíò ãðóïïû G; Cn �öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà
n, Dn �äèýäðàëüíàÿ ãðóïïà ïîðÿäêà n, Sn � ñèììåòðè÷åñêàÿ ãðóïïà ñòåïåíè n, SL(n, q)�
ñïåöèàëüíàÿ ëèíåéíàÿ ãðóïïà ñòåïåíè n íàä ïîëåì èç q ýëåìåíòîâ.

Ïóñòü P�ìíîæåñòâî âñåõ ïðîñòûõ ÷èñåë, π�ïîäìíîæåñòâî ìíîæåñòâà P; π(G)�ìíî-
æåñòâî âñåõ ïðîñòûõ äåëèòåëåé ïîðÿäêà ãðóïïû G. Ãðóïïà G íàçûâàåòñÿ π-группой
(π′-группой, πd-группой), åñëè π(G) ⊆ π (ñîîòâåòñòâåííî π(G) ∩ π = ∅, π(G) ∩ π 6= ∅).
Ïóñòü X�íåïóñòîå ìíîæåñòâî ãðóïï. Òîãäà π(X)� îáúåäèíåíèå ìíîæåñòâ π(G) äëÿ âñåõ
G ∈ X [9, c. 250].

Классом групп íàçûâàåòñÿ ñîâîêóïíîñòü ãðóïï, ñîäåðæàùàÿ ñ êàæäîé ñâîåé ãðóïïîé è
âñå ãðóïïû, åé èçîìîðôíûå. ×åðåç G îáîçíà÷àåòñÿ êëàññ âñåõ êîíå÷íûõ ãðóïï; A�êëàññ
âñåõ êîíå÷íûõ àáåëåâûõ ãðóïï; N�êëàññ âñåõ êîíå÷íûõ íèëüïîòåíòíûõ ãðóïï; U�êëàññ
âñåõ êîíå÷íûõ ñâåðõðàçðåøèìûõ ãðóïï. Характеристикой êëàññà ãðóïï F íàçûâàåòñÿ ìíî-
æåñòâî χ(F) = { p ∈ P | â F ñóùåñòâóåò íååäèíè÷íàÿ p-ãðóïïà } [17, c. 165]. Êëàññ ãðóïï F

íàçûâàåòñÿ классом Фиттинга, åñëè âûïîëíÿþòñÿ ñëåäóþùèå äâà óñëîâèÿ: 1) èç G ∈ F

è N ◁ G ñëåäóåò, ÷òî N ∈ F (ò.å. F�íîðìàëüíî íàñëåäñòâåííûé êëàññ ãðóïï); 2) èç
G = N1N2, N1 ◁ G, N2 ◁ G, N1, N2 ∈ F ñëåäóåò, ÷òî G ∈ F [9, ñ. 14].

Ïóñòü F�êëàññ ãðóïï. ÏîäãðóïïàH ãðóïïû G íàçûâàåòñÿ F-максимальной подгруппой
в G, åñëè H ∈ F è èç H ⩽ K ⩽ G è K ∈ F ñëåäóåò, ÷òî H = K. Ïîäãðóïïà H ãðóïïû
G íàçûâàåòñÿ F-инъектором ãðóïïû G, åñëè äëÿ êàæäîé ñóáíîðìàëüíîé ïîäãðóïïû K
ãðóïïû G ïåðåñå÷åíèå H ∩K ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â K ( [1], ñì. òàêæå [3,
Ch. IX, Eq. (1.2)]).
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Â ñëåäóþùåé ëåììå ïðåäñòàâëåíû èñïîëüçóåìûå äàëåå ñâîéñòâà F-ìàêñèìàëüíûõ ïîä-
ãðóïï.

Лемма 1. 1. Пусть F— класс групп и α— автоморфизм группы G. Если V является
F-максимальной подгруппой группы G, то V α является F-максимальной подгруппой в G
[18, ãë. 3, ëåììà 2.6 (á)].

2. Пусть F— класс Фиттинга, G— разрешимая группа, N —нормальная подгруппа
группы G с абелевой фактор-группой G/N . Пусть W — F-максимальная подгруппа из N и
V1, V2 — F-максимальные подгруппы группы G, содержащие W . Тогда V1 и V2 сопряжены
в G ( [1], ñì. òàêæå [17, ëåììà 5.44]).

3. Пусть F— класс Фиттинга и G—нильпотентная группа. Подгруппа H группы G
является F-максимальной в G тогда и только тогда, когда H — χ(F)-холлова подгруппа
в G [17, òåîðåìà 5.47].

2. Îïðåäåëåíèå, ïðèìåðû, ïðîñòåéøèå ñâîéñòâà Fω-èíúåêòîðîâ

Определение 1. Ïóñòü F�íåïóñòîé êëàññ ãðóïï, ω�íåïóñòîå ìíîæåñòâî ïðîñòûõ ÷è-
ñåë. Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ Fω-инъектором ãðóïïû G, åñëè H � F-ìàêñèìàëü-
íàÿ ïîäãðóïïà â G è äëÿ êàæäîé ñóáíîðìàëüíîé ω-ïîäãðóïïû K ãðóïïû G ïåðåñå÷åíèå
H ∩K ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â K.

Замечание 1. Èç îïðåäåëåíèÿ 1 íåïîñðåäñòâåííî ñëåäóåò, ÷òî âñÿêèé F-èíúåêòîð ãðóï-
ïû ÿâëÿåòñÿ åå Fω-èíúåêòîðîì äëÿ ëþáîãî íåïóñòîãî ìíîæåñòâà ω; îáðàòíîå íåâåðíî. Â ñëó-
÷àå, êîãäà ω ñîâïàäàåò ñ ìíîæåñòâîì âñåõ ïðîñòûõ ÷èñåë, ïîíÿòèå Fω-èíúåêòîðà ñîâïàäàåò
ñ ïîíÿòèåì F-èíúåêòîðà ãðóïïû.

Пример 1. Ïóñòü ω�íåïóñòîå ìíîæåñòâî ïðîñòûõ ÷èñåë, óäîâëåòâîðÿþùåå óñëîâèþ
2 /∈ ω, G = S4 è H ∼= C3 � ñèëîâñêàÿ 3-ïîäãðóïïà ãðóïïû G. Ïîäãðóïïà H ÿâëÿåòñÿ
N-ìàêñèìàëüíîé â G, íî ïåðåñå÷åíèå H c ñóáíîðìàëüíîé ïîäãðóïïîé K ∼= C2 × C2 ãðóïïû
G ñîâïàäàåò ñ åäèíè÷íîé ïîäãðóïïîé, êîòîðàÿ íå ÿâëÿåòñÿ N-ìàêñèìàëüíîé â K. Ñëåäî-
âàòåëüíî, H íå ÿâëÿåòñÿ N-èíúåêòîðîì â G. Åäèíñòâåííîé ñóáíîðìàëüíîé ω-ïîäãðóïïîé
ãðóïïû G ÿâëÿåòñÿ åå åäèíè÷íàÿ ïîäãðóïïà, ïîýòîìó H ÿâëÿåòñÿ Nω-èíúåêòîðîì â ãðóï-
ïå G.

Пример 2. Ïóñòü ω�ìíîæåñòâî ïðîñòûõ ÷èñåë, óäîâëåòâîðÿþùåå óñëîâèþ 2 ∈ ω,
3 /∈ ω,G = S3×C4 (ñì. [19], IdGroup(G) = [24, 5]). Â ãðóïïåG èìååòñÿ ïîäãðóïïàH ∼= C2×C4,
ÿâëÿþùàÿñÿ N-ìàêñèìàëüíîé â G, ïðè÷åì ïåðåñå÷åíèå H ñ ñóáíîðìàëüíîé ïîäãðóïïîé
K ∼= C3 ñîâïàäàåò ñ åäèíè÷íîé ïîäãðóïïîé, êîòîðàÿ íå ÿâëÿåòñÿ N-ìàêñèìàëüíîé â K. Ñëå-
äîâàòåëüíî, ïîäãðóïïà H íå ÿâëÿåòñÿ N-èíúåêòîðîì â G. Ñóáíîðìàëüíûìè ω-ïîäãðóïïàìè
ãðóïïû G ÿâëÿþòñÿ òîëüêî ñëåäóþùèå òðè ïîäãðóïïû: K1 = 1, K2

∼= C2 è K3
∼= C4.

Ïîñêîëüêó H ∩ Ki = Ki �N-ìàêñèìàëüíàÿ ïîäãðóïïà â Ki, i = 1, 2, 3, òî H ÿâëÿåòñÿ
Nω-èíúåêòîðîì â G.

Пример 3. Ïóñòü ω�ìíîæåñòâî ïðîñòûõ ÷èñåë, óäîâëåòâîðÿþùåå óñëîâèþ {2, 7} ⊆ ω
è 3 6∈ ω, G = S3 × D14 (ñì. [19], IdGroup(G) = [84, 8]), H �öèêëè÷åñêàÿ ïîäãðóïïà ãðóï-
ïû G ïîðÿäêà 14. Òîãäà H N-ìàêñèìàëüíà â G, íî íå ÿâëÿåòñÿ N-èíúåêòîðîì â G. Äåé-
ñòâèòåëüíî, ïåðåñå÷åíèå H ñ ñóáíîðìàëüíîé ïîäãðóïïîé K ∼= C21 èç G åñòü öèêëè÷å-
ñêàÿ ïîäãðóïïà ïîðÿäêà 7, êîòîðàÿ íå ÿâëÿåòñÿ N-ìàêñèìàëüíîé â K. Ñóáíîðìàëüíûìè
ω-ïîäãðóïïàìè â G ÿâëÿþòñÿ òîëüêî òðè ïîäãðóïïû: K1 = 1, K2

∼= C7, K3
∼= D14. Ïî-

ñêîëüêó H ∩K1 = K1 �N-ìàêñèìàëüíàÿ ïîäãðóïïà â K1, H ∩K2 = K2 �N-ìàêñèìàëüíàÿ
ïîäãðóïïà â K2 è H ∩K3 = K2 �N-ìàêñèìàëüíàÿ ïîäãðóïïà â K3, òî H ÿâëÿåòñÿ Nω-èíú-
åêòîðîì â G.

Пример 4. Ïóñòü ω�ìíîæåñòâî ïðîñòûõ ÷èñåë, óäîâëåòâîðÿþùåå óñëîâèþ {3, 5} ⊆ ω
è 2 6∈ ω, G = (LC2)×C5, ãäå L ∼= SL(2, 3) (ñì. [19], IdGroup(G) = [240, 102]). Â ãðóïïå G èìå-
åòñÿ ïîäãðóïïàH ∼= (C3⋊C4)×C5, ÿâëÿþùàÿñÿ U-ìàêñèìàëüíîé â G, ïðè÷åì ïåðåñå÷åíèåH
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ñ ñóáíîðìàëüíîé ïîäãðóïïîé K ∼= Q8×C5 (Q8 � ãðóïïà êâàòåðíèîíîâ ïîðÿäêà 8) ñîâïàäàåò
ñ ïîäãðóïïîé, èçîìîðôíîé C10, êîòîðàÿ íå ÿâëÿåòñÿ U-ìàêñèìàëüíîé â K. Ñëåäîâàòåëüíî,
ïîäãðóïïà H íå ÿâëÿåòñÿ U-èíúåêòîðîì â G. Ñóáíîðìàëüíûìè ω-ïîäãðóïïàìè ãðóïïû G
ÿâëÿþòñÿ òîëüêî ñëåäóþùèå äâå ïîäãðóïïû: K1 = 1 è K2

∼= C5. Ïîñêîëüêó H ∩Ki = Ki �
U-ìàêñèìàëüíàÿ ïîäãðóïïà â Ki, i = 1, 2, òî H ÿâëÿåòñÿ Uω-èíúåêòîðîì â G.

Пример 5. Ïóñòü ω�ïðîèçâîëüíîå íåïóñòîå ìíîæåñòâî ïðîñòûõ ÷èñåë,G� òàêàÿ ãðóï-
ïà, ÷òî π(G) ∩ ω = ∅, F�ïðîèçâîëüíûé íåïóñòîé êëàññ ãðóïï, H � F-ìàêñèìàëüíàÿ ïîä-
ãðóïïà ãðóïïû G. Ïîñêîëüêó åäèíñòâåííîé ñóáíîðìàëüíîé ω-ïîäãðóïïîé ãðóïïû G ÿâëÿåò-
ñÿ åå åäèíè÷íàÿ ïîäãðóïïà èH∩1 = 1� F-ìàêñèìàëüíàÿ ïîäãðóïïà â åäèíè÷íîé ïîäãðóïïå,
òî H ÿâëÿåòñÿ Fω-èíúåêòîðîì â G. Òàêèì îáðàçîì, äëÿ ëþáîãî íåïóñòîãî êëàññà ãðóïï F

è ëþáîãî íåïóñòîãî ìíîæåñòâà ω â êàæäîé ω′-ãðóïïå ëþáàÿ F-ìàêñèìàëüíàÿ ïîäãðóïïà
ÿâëÿåòñÿ åå Fω-èíúåêòîðîì.

Ðàññìîòðèì ïðîñòåéøèå ñâîéñòâà Fω-èíúåêòîðîâ, èñïîëüçóåìûå â äàëüíåéøåì.

Лемма 2. Пусть F—непустой класс групп, ω—непустое множество простых чисел,
G— группа. Если H — Fω-инъектор группы G, K — субнормальная ω-подгруппа группы G,
то H ∩K является Fω-инъектором в K.

Доказательство. Ïóñòü H � Fω-èíúåêòîð â G, K ◁◁ G, π(K) ⊆ ω, H1 := H ∩ K.
Óñòàíîâèì, ÷òî H1 ÿâëÿåòñÿ Fω-èíúåêòîðîì â K. Ñîãëàñíî îïðåäåëåíèþ 1 H1 ÿâëÿåòñÿ
F-ìàêñèìàëüíîé ïîäãðóïïîé â K.

Ïóñòü N � ñóáíîðìàëüíàÿ ω-ïîäãðóïïà ãðóïïûK. Ïîêàæåì, ÷òî H1∩N � F-ìàêñèìàëü-
íàÿ ïîäãðóïïà â N . Òàê êàê N ◁◁ K è K ◁◁ G, òî N ◁◁ G è ïî îïðåäåëåíèþ 1 H ∩N �
F-ìàêñèìàëüíàÿ ïîäãðóïïà â N . Ââèäó ðàâåíñòâ H1∩N = H ∩K ∩N = H ∩N ýòî îçíà÷àåò,
÷òî H1 ∩ N ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â N . Ñëåäîâàòåëüíî, ïî îïðåäåëåíèþ 1
H1 � Fω-èíúåêòîð â K. □

Лемма 3. Пусть F—непустой класс групп, ω—непустое множество простых чисел,
G— группа. Если L—нормальная подгруппа группы G и H — Fω-инъектор в L, то Hg

является Fω-инъектором в L для любого g ∈ G. В частности, если H — Fω-инъектор
группы G, то Hg является Fω-инъектором в G для любого g ∈ G.

Доказательство. Ïóñòü L ◁ G, H � Fω-èíúåêòîð â L è g ∈ G. Ïîêàæåì, ÷òî Hg

ÿâëÿåòñÿ Fω-èíúåêòîðîì â L.
Ïðîâåðèì, ÷òî Hg � F-ìàêñèìàëüíàÿ ïîäãðóïïà â L. Äåéñòâèòåëüíî, òàê êàê H ∈ F

è F�êëàññ ãðóïï, òî Hg ∈ F. Ïóñòü Hg ⩽ M ⩽ L, ãäå M ∈ F. Òîãäà Mg−1 ∈ F è
H ⩽ Mg−1

⩽ Lg−1
= L. Ïîñêîëüêó H � Fω-èíúåêòîð â L, òî ïî îïðåäåëåíèþ 1 H �

F-ìàêñèìàëüíàÿ ïîäãðóïïà â L è ïîýòîìó H = Mg−1
. Ñëåäîâàòåëüíî, Hg = M . Òåì ñà-

ìûì äîêàçàíî, ÷òî Hg ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â L.
Ïóñòü K � ñóáíîðìàëüíàÿ ω-ïîäãðóïïà ãðóïïû L. Ïîêàæåì, ÷òî ïåðåñå÷åíèå Hg ∩ K

ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â K. Ïóñòü Hg ∩K ⩽ R ⩽ K, ãäå R ∈ F. Óñòàíîâèì,
÷òî Hg ∩K = R. Ïóñòü K1 := Kg−1

è R1 := Rg−1
. Òîãäà

(H ∩K1)
g = Hg ∩K1

g = Hg ∩K ⊆ R = R1
g ⊆ K1

g.

Ñëåäîâàòåëüíî, H ∩K1 ⊆ R1 ⊆ K1. Òàê êàê K1 ÿâëÿåòñÿ ñóáíîðìàëüíîé ω-ïîäãðóïïîé â
L è H � Fω-èíúåêòîð â L, òî ïî îïðåäåëåíèþ 1 H ∩K1 � F-ìàêñèìàëüíàÿ ïîäãðóïïà â K1.
Òîãäà ñ ó÷åòîì òîãî, ÷òî R1 ∈ F, ïîëó÷àåì ðàâåíñòâî H∩K1 = R1. Ïîýòîìó (H∩K1)

g = R1
g

è, çíà÷èò,Hg∩K = R. Ñëåäîâàòåëüíî,Hg∩K � F-ìàêñèìàëüíàÿ ïîäãðóïïà âK. Òåì ñàìûì
óñòàíîâëåíî, ÷òî Hg ÿâëÿåòñÿ Fω-èíúåêòîðîì â L äëÿ ëþáîãî g ∈ G. □

Лемма 4. Пусть F—непустой класс групп, ω—непустое множество простых чи-
сел, G— группа. Если H — F-максимальная подгруппа группы G и H ∩ L— Fω-инъектор
в L для любой максимальной нормальной ωd-подгруппы L группы G, то H является
Fω-инъектором в G.
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Доказательство. ÏóñòüH � F-ìàêñèìàëüíàÿ ïîäãðóïïà ãðóïïû G è äëÿ ëþáîé ìàêñè-
ìàëüíîé íîðìàëüíîé ωd-ïîäãðóïïû L ãðóïïû G ïåðåñå÷åíèå H∩L ÿâëÿåòñÿ Fω-èíúåêòîðîì
â L. Óñòàíîâèì, ÷òî H ÿâëÿåòñÿ Fω-èíúåêòîðîì â G.

Ïóñòü N � ñóáíîðìàëüíàÿ ω-ïîäãðóïïà ãðóïïû G. Ïîêàæåì, ÷òî ïîäãðóïïà H ∩N ÿâ-
ëÿåòñÿ F-ìàêñèìàëüíîé â N . Åñëè N = G, òî ïî óñëîâèþ H ∩ N = H � F-ìàêñèìàëüíàÿ
ïîäãðóïïà â N .

Ïóñòü N < G. Òîãäà â G ñóùåñòâóåò ìàêñèìàëüíàÿ íîðìàëüíàÿ ïîäãðóïïà L1, ñîäåð-
æàùàÿ N . Ýòî îçíà÷àåò, ÷òî L1 � ωd-ïîäãðóïïà ãðóïïû G. Ñîãëàñíî óñëîâèþ ïîäãðóïïà
H1 := H ∩ L1 ÿâëÿåòñÿ Fω-èíúåêòîðîì â L1. Òàê êàê N ◁◁ G, òî ïî ñâîéñòâó ñóáíîðìàëü-
íûõ ïîäãðóïï N ∩ L1 = N � ñóáíîðìàëüíàÿ ω-ïîäãðóïïà â L1. Òîãäà ïî îïðåäåëåíèþ 1
H1 ∩ N ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â N . Ñ ó÷åòîì ðàâåíñòâà H1 ∩ N = H ∩ N
çàêëþ÷àåì, ÷òî H ∩N � F-ìàêñèìàëüíàÿ ïîäãðóïïà â N . Îòñþäà ñîãëàñíî îïðåäåëåíèþ 1
ñëåäóåò, ÷òî H ÿâëÿåòñÿ Fω-èíúåêòîðîì â G. □

3. Ñóùåñòâîâàíèå è ñîïðÿæåííîñòü Fω-èíúåêòîðîâ

Теорема 1. Пусть F—непустой класс Фиттинга, ω—непустое множество простых
чисел. Тогда в каждой разрешимой группе G, удовлетворяющей условию π(G′) ⊆ ω, суще-
ствует по крайней мере один Fω-инъектор и любые два Fω-инъекторa группы G сопряже-
ны в G.

Доказательство. ÏóñòüG�ðàçðåøèìàÿ ãðóïïà è π(G′) ⊆ ω. Äîêàæåì òåîðåìó èíäóê-
öèåé ïî ïîðÿäêó ãðóïïû G. Åñëè G = 1, òî G ÿâëÿåòñÿ Fω-èíúåêòîðîì â G, è óòâåðæäåíèå
âåðíî. Ïóñòü G 6= 1. Òîãäà ïî ñâîéñòâó ðàçðåøèìûõ ãðóïï ãðóïïà G îòëè÷íà îò ñâîåãî
êîììóòàíòà G′. Ïîêàæåì, ÷òî G′ óäîâëåòâîðÿåò óñëîâèþ òåîðåìû. Äåéñòâèòåëüíî, èç ðàç-
ðåøèìîñòè ãðóïïû G ñëåäóåò ðàçðåøèìîñòü G′. Ïîñêîëüêó (G′)′ ⩽ G′, òî (G′)′ ÿâëÿåòñÿ
ω-ãðóïïîé. Òàê êàê |G′| < |G|, òî ïî èíäóêöèè äëÿ G′ óòâåðæäåíèå âåðíî, ò.å.

в G′ существует по крайней мере один Fω-инъектор,

и любые два Fω-инъектора из G′ сопряжены в G′.
(1)

Ïóñòü K � Fω-èíúåêòîð ãðóïïû G′. Òîãäà ñîãëàñíî îïðåäåëåíèþ 1 K � F-ìàêñèìàëüíàÿ
ïîäãðóïïà â G′. Â ÷àñòíîñòè, K ∈ F, è ïîýòîìó â G ñóùåñòâóåò F-ìàêñèìàëüíàÿ ïîäãðóïïà
H, ñîäåðæàùàÿ K. Óñòàíîâèì, ÷òî H ÿâëÿåòñÿ Fω-èíúåêòîðîì â G.

Ïóñòü L�ïðîèçâîëüíàÿ ìàêñèìàëüíàÿ íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G. Äîêàæåì, ÷òî
H ∩ L ÿâëÿåòñÿ Fω-èíúåêòîðîì â L. Òàê êàê L′ ⩽ G′, òî π(L′) ⊆ ω è, ñëåäîâàòåëüíî, ïî
èíäóêöèè äëÿ L óòâåðæäåíèå âåðíî.

Ïóñòü R� Fω-èíúåêòîð ãðóïïû L. Òàê êàê G/L� àáåëåâà ãðóïïà, òî G′ ⊆ L è ñîãëàñíî
ëåììå 2 R ∩G′ ÿâëÿåòñÿ Fω-èíúåêòîðîì â G′. Ââèäó (1) ïîäãðóïïû R ∩G′ è K ñîïðÿæåíû
â G′, ò.å. ñóùåñòâóåò òàêîé ýëåìåíò x ∈ G′, ÷òî (R ∩ G′)x = K. Òàê êàê R ∈ F, òî Rx ∈ F,
è ïîýòîìó â ãðóïïå G ñóùåñòâóåò F-ìàêñèìàëüíàÿ ïîäãðóïïà T òàêàÿ, ÷òî Rx ⊆ T . Èç
K = Rx ∩G′ ⊆ Rx ïîëó÷àåì, ÷òî K ⊆ T .

ÏîñêîëüêóH è T � F-ìàêñèìàëüíûå ïîäãðóïïû âG, ñîäåðæàùèåK, èK � F-ìàêñèìàëü-
íàÿ ïîäãðóïïà â G′, òî ñîãëàñíî ï. 2 ëåììû 1 H è T ñîïðÿæåíû â G, ò.å. H = T y äëÿ
íåêîòîðîãî ýëåìåíòà y ∈ G.

Òàê êàê R� Fω-èíúåêòîð â L, òî ïî ëåììå 3 Rx ÿâëÿåòñÿ Fω-èíúåêòîðîì â L. Ñëåäî-
âàòåëüíî, Rx � F-ìàêñèìàëüíàÿ ïîäãðóïïà â L. Ïîñêîëüêó T ∩ L ◁ T , T ∈ F è êëàññ F

íîðìàëüíî íàñëåäñòâåíåí, òî T ∩ L ∈ F. Òîãäà èç Rx ⊆ T ∩ L ⊆ L ñëåäóåò, ÷òî Rx = T ∩ L
è, çíà÷èò, (Rx)y = (T ∩ L)y = T y ∩ L = H ∩ L. Ïî ëåììå 3 (Rx)y ÿâëÿåòñÿ Fω-èíúåêòîðîì
â L. Òåì ñàìûì äîêàçàíî, ÷òî H ∩ L� Fω-èíúåêòîð â L.

Èòàê, H � F-ìàêñèìàëüíàÿ ïîäãðóïïà ãðóïïû G, è íàìè óñòàíîâëåíî, ÷òî äëÿ ëþáîé
ìàêñèìàëüíîé íîðìàëüíîé ïîäãðóïïû L ãðóïïû G ïåðåñå÷åíèå H∩L ÿâëÿåòñÿ Fω-èíúåêòî-
ðîì â L. Òîãäà ïî ëåììå 4 H ÿâëÿåòñÿ Fω-èíúåêòîðîì ãðóïïû G.
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Ïîêàæåì, ÷òî ëþáûå äâà Fω-èíúåêòîðà ãðóïïû G ñîïðÿæåíû â G. Ïóñòü H1 è H2 �
Fω-èíúåêòîðû ãðóïïû G. Ïî ëåììå 2 H1 ∩G′ è H2 ∩G′ ÿâëÿþòñÿ Fω-èíúåêòîðàìè â G′. Â
ñèëó (1) ïîäãðóïïûK èH1∩G′ ñîïðÿæåíû âG′, ò.å.K = (H1∩G′)g1 äëÿ íåêîòîðîãî ýëåìåíòà
g1 ∈ G′. Ïîýòîìó K ⊆ Hg1

1 . Àíàëîãè÷íî K ⊆ Hg2
2 äëÿ íåêîòîðîãî ýëåìåíòà g2 ∈ G′. Ââèäó

ï. 1 ëåììû 1 Hg1
1 è Hg2

2 � F-ìàêñèìàëüíûå ïîäãðóïïû â G. Òîãäà ñîãëàñíî ï. 2 ëåììû 1 Hg1
1

è Hg2
2 ñîïðÿæåíû â G è, ñëåäîâàòåëüíî, H1 è H2 ñîïðÿæåíû â G. □

Â ñëó÷àå, êîãäà ω = P, èç òåîðåìû 1 âûòåêàåò ñëåäóþùèé èçâåñòíûé ðåçóëüòàò.

Следствие 1 ([1], ñì. òàêæå [17, òåîðåìà 5.45]). Пусть F—непустой класс Фиттинга.
Тогда в каждой разрешимой группе G существует по крайней мере один F-инъектор и
любые два F-инъекторa группы G сопряжены в G.

Замечание 2. Äëÿ ïðîèçâîëüíîãî êëàññà Ôèòòèíãà F, ââèäó çàìå÷àíèÿ 1, èç ôàê-
òà ñóùåñòâîâàíèÿ F-èíúåêòîðîâ â ðàçðåøèìûõ ãðóïïàõ ôîðìàëüíî ñëåäóåò ñóùåñòâîâàíèå
Fω-èíúåêòîðîâ â ðàçðåøèìûõ ãðóïïàõ (ïîñêîëüêó âñÿêèé F-èíúåêòîð ãðóïïû ÿâëÿåòñÿ åå
Fω-èíúåêòîðîì äëÿ ëþáîãî ìíîæåñòâà ω). Â ýòîé ñâÿçè öåííîñòü òåîðåìû 1 çàêëþ÷àåòñÿ,
ïðåæäå âñåãî, â óñòàíîâëåíèè ôàêòà ñîïðÿæåííîñòè Fω-èíúåêòîðîâ â ðàçðåøèìûõ ãðóïïàõ.

4. Êðèòåðèè Fω-èíúåêòîðà ðàçðåøèìîé ãðóïïû

Èñïîëüçóÿ òåîðåìó 1, äëÿ íåïóñòîãî êëàññà Ôèòòèíãà F óñòàíîâèì íåîáõîäèìûå è äîñòà-
òî÷íûå óñëîâèÿ, ïðè êîòîðûõ ïîäãðóïïà H ðàçðåøèìîé ãðóïïû G ÿâëÿåòñÿ Fω-èíúåêòîðîì
â G.

Теорема 2. Пусть F—непустой класс Фиттинга, ω—непустое множество простых
чисел, G— разрешимая группа, удовлетворяющая условию π(G′) ⊆ ω. Подгруппа H груп-
пы G является Fω-инъектором в G тогда и только тогда, когда H — F-максимальная
подгруппа группы G и H ∩G′ — Fω-инъектор в G′.

Доказательство. Достаточность. Ïóñòü H � F-ìàêñèìàëüíàÿ ïîäãðóïïà ãðóïïû G
è H1 := H ∩ G′ � Fω-èíúåêòîð â G′. Äîêàæåì, ÷òî H ÿâëÿåòñÿ Fω-èíúåêòîðîì â G. Òàê
êàê G�ðàçðåøèìàÿ ãðóïïà è π(G′) ⊆ ω, òî ïî òåîðåìå 1 â G ñóùåñòâóåò ïî êðàéíåé ìåðå
îäèí Fω-èíúåêòîð. Ïóñòü K � Fω-èíúåêòîð ãðóïïû G. Òîãäà ïî ëåììå 2 K1 := K ∩ G′

ÿâëÿåòñÿ Fω-èíúåêòîðîì â G′. Ïîñêîëüêó π((G′)′) ⊆ ω, òî ïî òåîðåìå 1 ïîäãðóïïû H1 è K1

ñîïðÿæåíû â G′, ò.å. ñóùåñòâóåò ýëåìåíò g ∈ G′ òàêîé, ÷òî H1 = (K1)
g = Kg ∩ G′. Òàêèì

îáðàçîì, H1 ⊆ H è H1 ⊆ Kg.

Ñîãëàñíî îïðåäåëåíèþ 1 ïîäãðóïïà H1 ÿâëÿåòñÿ F-ìàêñèìàëüíîé â G′. Àíàëîãè÷íî K �
F-ìàêñèìàëüíàÿ ïîäãðóïïà â G è ï. 1 ëåììû 1 ïîäãðóïïà Kg òàêæå ÿâëÿåòñÿ F-ìàêñèìàëü-
íîé â G. Òîãäà â ñèëó ï. 2 ëåììû 1 H è Kg ñîïðÿæåíû â G, ò.å. H = (Kg)x äëÿ íåêîòîðîãî
ýëåìåíòà x ∈ G. Òàê êàê K � Fω-èíúåêòîð â G, òî ñ ó÷åòîì ëåììû 3 ïîäãðóïïà H òàêæå
ÿâëÿåòñÿ Fω-èíúåêòîðîì ãðóïïû G.

Необходимость. Ïóñòü H � Fω-èíúåêòîð ãðóïïû G. Òîãäà ïî îïðåäåëåíèþ 1 H �
F-ìàêñèìàëüíàÿ ïîäãðóïïà â G. Òàê êàê G′ � ñóáíîðìàëüíàÿ ω-ïîäãðóïïà â G, òî ïî ëåì-
ìå 2 ïåðåñå÷åíèå H ∩G′ ÿâëÿåòñÿ Fω-èíúåêòîðîì â G′. □

Следствие 2 ([17, òåîðåìà 5.46]). Пусть F—непустой класс Фиттинга, G— разреши-
мая группа. Подгруппа H группы G является F-инъектором в G тогда и только тогда,
когда H — F-максимальная подгруппа группы G и H ∩G′ — F-инъектор в G′.

Теорема 3. Пусть F—непустой класс Фиттинга, ω—непустое множество простых
чисел, 1 = Gn ◁ Gn−1 ◁ . . . ◁ G1 ◁ G0 = G— ряд группы G с абелевыми факторами и
π(G1) ⊆ ω. Подгруппа H группы G является Fω-инъектором в G тогда и только тогда,
когда H ∩Gi — F-максимальная подгруппа в Gi для всех i ∈ {0, 1, . . . , n}.
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Доказательство. Достаточность. Ïóñòü H ∩ Gi � F-ìàêñèìàëüíàÿ ïîäãðóïïà â Gi

äëÿ ëþáîãî i ∈ {0, 1, . . . , n}. ÒîãäàH∩G0 = H � F-ìàêñèìàëüíàÿ ïîäãðóïïà â G. Èíäóêöèåé
ïî ïîðÿäêó ãðóïïû G äîêàæåì, ÷òî H ÿâëÿåòñÿ Fω-èíúåêòîðîì ãðóïïû G. Åñëè G = 1, òî
H = G� Fω-èíúåêòîð ãðóïïû G. Ïóñòü G 6= 1. Ìîæåì ñ÷èòàòü, ÷òî Gi 6= Gi−1 äëÿ ëþáîãî
i ∈ {1, . . . , n}.

Ïîêàæåì, ÷òî ïîäãðóïïà G1 óäîâëåòâîðÿåò óñëîâèþ òåîðåìû. Äåéñòâèòåëüíî, 1 = Gn ◁

◁ Gn−1 ◁ . . . ◁ G2 ◁ G1 �ðÿä ãðóïïû G1 ñ àáåëåâûìè ôàêòîðàìè. Èç π(G1) ⊆ ω ñëåäóåò,
÷òî π(G2) ⊆ ω. Ïóñòü H1 := H ∩ G1. Ïîêàæåì, ÷òî H1 ∩ Gi � F-ìàêñèìàëüíàÿ ïîäãðóïïà
â Gi äëÿ ëþáîãî i ∈ {1, . . . , n}. Ïóñòü 1 ⩽ i ⩽ n. Òîãäà H1 ∩ Gi = H ∩ G1 ∩ Gi = H ∩ Gi

� F-ìàêñèìàëüíàÿ ïîäãðóïïà â Gi ïî óñëîâèþ. Òàêèì îáðàçîì, ãðóïïà G1 óäîâëåòâîðÿåò
óñëîâèþ òåîðåìû. Ñëåäîâàòåëüíî, ïî èíäóêöèè H1 ÿâëÿåòñÿ Fω-èíúåêòîðîì â G1.

Òàê êàê G/G1 � àáåëåâà ãðóïïà, òî G′ ⊆ G1. Òîãäà G
′ � ñóáíîðìàëüíàÿ ω-ïîäãðóïïà â

G1 è ïî ëåììå 2 H1 ∩G′ � Fω-èíúåêòîð â G′. Îòñþäà ñ ó÷åòîì ðàâåíñòâà H1 ∩G′ = H ∩G′

ïî òåîðåìå 2 ïîëó÷àåì, ÷òî H ÿâëÿåòñÿ Fω-èíúåêòîðîì ãðóïïû G.
Необходимость. Ïóñòü H � Fω-èíúåêòîð ãðóïïû G. Òîãäà ñîãëàñíî îïðåäåëåíèþ 1

H = H ∩ G0 � F-ìàêñèìàëüíàÿ ïîäãðóïïà â G0. Ïóñòü 1 ⩽ i ⩽ n. Òàê êàê Gi � ñóáíîð-
ìàëüíàÿ ω-ïîäãðóïïà ãðóïïû G, òî ïî îïðåäåëåíèþ 1 H ∩ Gi ÿâëÿåòñÿ F-ìàêñèìàëüíîé
ïîäãðóïïîé â Gi. □

Следствие 3 ([17, ñëåäñòâèå 1 òåîðåìû 5.46]). Пусть F— класс Фиттинга и 1 = Gn ◁

◁ Gn−1 ◁ . . . ◁ G1 ◁ G0 = G— ряд группы G с абелевыми факторами Gi/Gi+1. Подгруппа
H является F-инъектором группы G тогда и только тогда, когда H∩Gi — F-максимальная
подгруппа в Gi для всех i.

Следствие 4. Пусть F—непустой класс Фиттинга, ω—непустое множество про-
стых чисел, G— разрешимая группа, удовлетворяющая условию π(G′) ⊆ ω. Если H —
Fω-инъектор группы G и H ⩽ K ⩽ G, то H является Fω-инъектором в подгруппе K.

Доказательство. Ïóñòü H � Fω-èíúåêòîð ãðóïïû G è H ⩽ K ⩽ G. Óñòàíîâèì, ÷òî
H ÿâëÿåòñÿ Fω-èíúåêòîðîì â K. Ïóñòü d(G) = n, G0 = G è Gi := G(i), i = 1, n. Òîãäà
1 = Gn ◁ Gn−1 ◁ . . . ◁ G1 ◁ G0 = G�ðÿä ãðóïïû G ñ àáåëåâûìè ôàêòîðàìè. Ïóñòü
Ki := K ∩Gi, i = 0, n. Òîãäà Ki ◁ Ki−1 è

Ki−1/Ki = (K ∩Gi−1)/(K ∩Gi) ∼= (K ∩Gi−1)Gi/Gi ⩽ Gi−1/Gi

äëÿ ëþáîãî i ∈ {1, . . . , n}. Ïîýòîìó 1 = Kn ◁ Kn−1 ◁ . . . ◁ K1 ◁ K0 = K �ðÿä ãðóïïû K ñ
àáåëåâûìè ôàêòîðàìè. Òàê êàê K1 ⩽ G1 = G′, òî π(K1) ⊆ ω.

Ïîêàæåì, ÷òî H ∩Ki � F-ìàêñèìàëüíàÿ ïîäãðóïïà â Ki äëÿ âñåõ i ∈ {0, 1, . . . , n}. Ïî-
ñêîëüêó H � Fω-èíúåêòîð ãðóïïû G, òî H ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â G. Îò-
ñþäà ñ ó÷åòîì óñëîâèÿ H ⩽ K ⩽ G ñëåäóåò, ÷òî H = H ∩K0 � F-ìàêñèìàëüíàÿ ïîäãðóïïà
â K = K0.

Ïóñòü i ∈ {1, . . . , n} è H∩Ki ⩽Mi ⩽ Ki, ãäåMi ∈ F. Òàê êàê Gi � ñóáíîðìàëüíàÿ ω-ïîä-
ãðóïïà ãðóïïû G, òî ïî îïðåäåëåíèþ 1 H ∩Ki = H ∩K ∩ Gi = H ∩ Gi � F-ìàêñèìàëüíàÿ
ïîäãðóïïà ãðóïïû Gi. Èç H ∩ Ki ⩽ Mi ⩽ Gi ïîëó÷àåì, ÷òî H ∩ Ki = Mi. Ñëåäîâàòåëü-
íî, H ∩ Ki ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â Ki. Òîãäà ïî òåîðåìå 3 H ÿâëÿåòñÿ
Fω-èíúåêòîðîì ãðóïïû K. □

Следствие 5 ([17, ñëåäñòâèå 3 òåîðåìû 5.46]). Пусть F—непустой класс Фиттинга,
G— разрешимая группа. Если H — F-инъектор группы G и H ⩽ K ⩽ G, то H является
F-инъектором в подгруппе K.

Теорема 4. Пусть F—непустой класс Фиттинга, ω—непустое множество про-
стых чисел, G— группа с нильпотентным коммутантом G′, удовлетворяющая условию
π(G′) ⊆ ω. Подгруппа H группы G является Fω-инъектором в G тогда и только тогда, ко-
гда H — F-максимальная подгруппа группы G, которая содержит χ(F)-холлову подгруппу
из G′.
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Доказательство. Необходимость. Ïóñòü H � Fω-èíúåêòîð ãðóïïû G. Òîãäà ñîãëàñíî
îïðåäåëåíèþ 1 H � F-ìàêñèìàëüíàÿ ïîäãðóïïà â G.

Ïîêàæåì, ÷òî H ñîäåðæèò χ(F)-õîëëîâó ïîäãðóïïó èç G′. Òàê êàê π(G′) ⊆ ω, òî ïî ëåì-
ìå 2 ïîäãðóïïà H1 := H ∩G′ ÿâëÿåòñÿ Fω-èíúåêòîðîì â G′ è, çíà÷èò, H1 � F-ìàêñèìàëüíàÿ
ïîäãðóïïà â G′. Ïîñêîëüêó G′ ∈ N, òî ñîãëàñíî ï. 3 ëåììû 1 H1 � χ(F)-õîëëîâà ïîäãðóïïà
â G′. Òàêèì îáðàçîì, H ñîäåðæèò χ(F)-õîëëîâó ïîäãðóïïó èç G′.

Достаточность. Ïóñòü H � F-ìàêñèìàëüíàÿ ïîäãðóïïà ãðóïïû G, êîòîðàÿ ñîäåðæèò
χ(F)-õîëëîâó ïîäãðóïïó ãðóïïû G′. Ïîêàæåì, ÷òî H ÿâëÿåòñÿ Fω-èíúåêòîðîì â G.

Òàê êàê G�ðàçðåøèìàÿ ãðóïïà è π(G′) ⊆ ω, òî ïî òåîðåìå 1 G îáëàäàåò Fω-èíúåêòîðîì
K. Ñîãëàñíî ëåììå 2 K1 := K ∩ G′ ÿâëÿåòñÿ Fω-èíúåêòîðîì â G′ è, çíà÷èò, K1 �
F-ìàêñèìàëüíàÿ ïîäãðóïïà â G′. Òîãäà â ñèëó ï. 3 ëåììû 1 K1 � χ(F)-õîëëîâà ïîäãðóï-
ïà ãðóïïû G′. Òàê êàê G′ ∈ N, òî K1 � åäèíñòâåííàÿ χ(F)-õîëëîâà ïîäãðóïïà â G′ è ïî
óñëîâèþ K1 ⊆ H.

Òàê êàê H è K � F-ìàêñèìàëüíûå ïîäãðóïïû â G, ñîäåðæàùèå K1, òî ñîãëàñíî ï. 2
ëåììû 1 ïîäãðóïïû H è K ñîïðÿæåíû â G, ò.å. H = Kg äëÿ íåêîòîðîãî ýëåìåíòà g ∈ G.
Ïî ëåììå 3 ïîäãðóïïà Kg ÿâëÿåòñÿ Fω-èíúåêòîðîì â G è, çíà÷èò, H � Fω-èíúåêòîð â G. □

Следствие 6 ([17, òåîðåìà 5.48]). Пусть F—непустой класс Фиттинга, G— группа с
нильпотентным коммутантом G′. Подгруппа H группы G является F-инъектором в G
тогда и только тогда, когда H — F-максимальная подгруппа группы G, которая содержит
χ(F)-холлову подгруппу из G′.

Èç òåîðåìû 4 è ñëåäñòâèÿ 6 íåïîñðåäñòâåííî âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Следствие 7. Пусть F—непустой класс Фиттинга, ω—непустое множество про-
стых чисел, G— разрешимая группа, удовлетворяющая условию π(G′) ⊆ ω. Если G′ ∈ N,
то всякий Fω-инъектор группы G является ее F-инъектором.

Óñëîâèå π(G′) ⊆ ω â ñëåäñòâèè 7 ÿâëÿåòñÿ ñóùåñòâåííûì, åãî íåëüçÿ îïóñòèòü. Äåé-
ñòâèòåëüíî, â ïðèìåðàõ 2 è 3 êëàññ ãðóïï F = N åñòü êëàññ Ôèòòèíãà, ðàññìàòðèâàåìûå
ãðóïïû ÿâëÿþòñÿ ðàçðåøèìûìè è êîììóòàíò êàæäîé èç íèõ íèëüïîòåíòåí, íî íå ÿâëÿåòñÿ
ω-ãðóïïîé (â ïðèìåðå 2 G′ ∼= C3; â ïðèìåðå 3 G

′ ∼= C21). Ïðè ýòîì â êàæäîé èç ðàññìàòðè-
âàåìûõ ãðóïï èìååòñÿ Nω-èíúåêòîð, íå ÿâëÿþùèéñÿ N-èíúåêòîðîì.

Çàêëþ÷åíèå

Â ðàáîòå ðåøåíû ñëåäóþùèå çàäà÷è:
1) äëÿ ïðîèçâîëüíîãî íåïóñòîãî êëàññà Ôèòòèíãà F è ïðîèçâîëüíîãî íåïóñòîãî ìíî-

æåñòâà ω ïðîñòûõ ÷èñåë äîêàçàíî, ÷òî â ëþáîé êîíå÷íîé ðàçðåøèìîé ãðóïïå, êîììóòàíò
êîòîðîé ÿâëÿåòñÿ ω-ãðóïïîé, ñóùåñòâóþò Fω-èíúåêòîðû è ëþáûå äâà èç íèõ ÿâëÿþòñÿ ñî-
ïðÿæåííûìè â ãðóïïå (òåîðåìà 1);

2) äëÿ ïðîèçâîëüíîãî íåïóñòîãî êëàññà Ôèòòèíãà F è ïðîèçâîëüíîãî íåïóñòîãî ìíî-
æåñòâà ω ïðîñòûõ ÷èñåë óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ
ïîäãðóïïà ðàçðåøèìîé ãðóïïû ÿâëÿåòñÿ åå Fω-èíúåêòîðîì (òåîðåìû 2�4).

Òåîðåìà 1 ðàçâèâàåò îñíîâíîé ðåçóëüòàò ðàáîòû [1]. Ïðèâåäåííûå ñëåäñòâèÿ òåîðåì 2�4
ïðåäñòàâëÿþò èçâåñòíûå ðåçóëüòàòû î F-èíúåêòîðàõ ãðóïï (ñì., íàïðèìåð, [17, ãë. 5]). Ïî-
ëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïîëåçíûìè â äàëüíåéøèõ èññëåäîâàíèÿõ ïîäãðóïïîâîãî
ñòðîåíèÿ êîíå÷íûõ ãðóïï ìåòîäàìè òåîðèè êëàññîâ ãðóïï.
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Аннотация. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ êðàòíûå ðÿäû ïî ñèñòåìå õàðàêòåðîâ íà ïðîèç-

âîëüíîé íóëü-ìåðíîé ãðóïïå. Îáñóæäàåòñÿ ïðîáëåìà åäèíñòâåííîñòè êðàòíîãî ðÿäà â ñìûñëå ñõî-

äèìîñòè ïî êóáàì. Èçâåñòíî, ÷òî ñóùåñòâóþò íåïóñòûå ìíîæåñòâà åäèíñòâåííîñòè äëÿ êðàòíûõ

ðÿäîâ ïî ñèñòåìå Óîëøà íà äâîè÷íîé ãðóïïå â ñìûñëå ñõîäèìîñòè ïî êóáàì. Â ðàáîòå ñòðîèòñÿ

ïðèìåð íåïóñòîãî ñîâåðøåííîãî ìíîæåñòâà åäèíñòâåííîñòè äëÿ êðàòíûõ ðÿäîâ ïî ñèñòåìå õàðàê-

òåðîâ íóëü-ìåðíîé ãðóïïû â ñìûñëå ñõîäèìîñòè ïî êóáàì.
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Введение

Â ðàáîòàõ [1,2] áûëî äîêàçàíî, ÷òî ñ÷åòíîå ìíîæåñòâî ÿâëÿåòñÿ ìíîæåñòâîì åäèíñòâåí-
íîñòè äëÿ êðàòíîãî ðÿäà Óîëøà â ñëó÷àå ñõîäèìîñòè ïî ïðÿìîóãîëüíèêàì. Áîëåå îáùèé
êëàññ ìíîæåñòâ åäèíñòâåííîñòè äëÿ ôóíêöèé Óîëøà äëÿ ñëó÷àÿ ñõîäèìîñòè ïî ïðÿìî-
óãîëüíèêàì íàéäåí â ðàáîòàõ [3, 4]. Â ðàáîòå [5] ïîëó÷åí êëàññ ìíîæåñòâ åäèíñòâåííîñòè
äëÿ êðàòíûõ ðÿäîâ ïî ñìåøàííîé ñèñòåìå ôóíêöèé, ðàñøèðÿþùèé èçâåñòíûå êëàññû ìíî-
æåñòâ åäèíñòâåííîñòè.

Ïðèìåð ìíîæåñòâà åäèíñòâåííîñòè äëÿ ñõîäèìîñòè ïî ïðÿìîóãîëüíèêàì, íî êîòîðîå íå
ÿâëÿåòñÿ ìíîæåñòâîì åäèíñòâåííîñòè äëÿ ñõîäèìîñòè ïî êóáàì, îïèñàí â [6].

Â ðàáîòå [7] äîêàçàíî, ÷òî ïóñòîå ìíîæåñòâî åñòü ìíîæåñòâî åäèíñòâåííîñòè äëÿ ñèñòå-
ìû Óîëøà â ñëó÷àå ñõîäèìîñòè ïî êóáàì. Â [8] äîêàçàíî, ÷òî ëþáîå êîíå÷íîå ìíîæåñòâî
ÿâëÿåòñÿ ìíîæåñòâîì åäèíñòâåííîñòè, è ïîñòðîåíû ïðèìåðû ñ÷åòíûõ ìíîæåñòâ åäèíñòâåí-
íîñòè äëÿ ñèñòåìû Óîëøà â ñëó÷àå ñõîäèìîñòè ïî êóáàì.

Ì. Ã. Ïëîòíèêîâ [8], ðàññìàòðèâàÿ ôóíêöèè Óîëøà íà äâîè÷íîé ãðóïïå, ïîêàçàë, ÷òî
ñóùåñòâóåò ñîâåðøåííîå ìíîæåñòâî åäèíñòâåííîñòè äëÿ êðàòíûõ ðÿäîâ Óîëøà, ñõîäÿùèõñÿ
ïî êóáàì. Ìû ïîêàæåì, ÷òî äàííûé ðåçóëüòàò ñïðàâåäëèâ äëÿ êðàòíûõ ðÿäîâ ïî ñèñòåìå
õàðàêòåðîâ íà ïðîèçâîëüíîé íóëü-ìåðíîé ãðóïïå.

1. Основные понятия и обозначения

Ïóñòü (G,⊕)�êîìïàêòíàÿ íóëü-ìåðíàÿ ãðóïïà. Òîïîëîãèÿ íà ãðóïïå G îïðåäåëÿåòñÿ ñ

ïîìîùüþ öåïî÷êè âëîæåííûõ ïîäãðóïï G = G0 ⊃ G1 ⊃ ...,
∞⋂
n=0

Gn = {0} (ãäå 0 � íóëåâîé

ýëåìåíò ãðóïïû G).

Îáîçíà÷èì pk = (Gk/Gk+1)
]. Áóäåì ñ÷èòàòü, ÷òî {pk}�ïîñëåäîâàòåëüíîñòü ïðîñòûõ

÷èñåë. Â ñëó÷àå, åñëè ýòî íå òàê, òî ïî òåîðåìå Ñèëîâà [9] ìû ìîæåì óïëîòíèòü ñèñòåìó
ïîäãðóïï {Gn} òàêèì îáðàçîì, ÷òîáû ïîñëåäîâàòåëüíîñòü {pk} ñîäåðæàëà òîëüêî ïðîñòûå
÷èñëà.

Ïî ïîñëåäîâàòåëüíîñòè {pk}∞k=0 ïîñòðîèì ïîñëåäîâàòåëüíîñòü {mk}∞k=0 ñëåäóþùèì îá-
ðàçîì: m0 = 1, mk+1 = pkmk.

Ýëåìåíòû gn = Gn \Gn+1 äëÿ ëþáîãî n ∈ N0 = Nt{0} îáðàçóþò áàçèñíóþ ñèñòåìó â G,

ò.å. ëþáîé ýëåìåíò x ∈ G îäíîçíà÷íî ïðåäñòàâèì â âèäå ðÿäà x =
∞∑
n=0

angn, an = 0, pn − 1.

Àííóëÿòîðû ãðóïïû G îáðàçóþò âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü G⊥
0 ⊂ G⊥

1 ⊂ ....
Õàðàêòåðû rk(z) ∈ G⊥

k+1 \G⊥
k íàçîâåì ôóíêöèÿìè Ðàäåìàõåðà. Ïóñòü

n =

∞∑

k=0

εkmk+1 ∈ N0, εk = 0, pk − 1,

z =

∞∑

k=0

zkgk ∈ G, zk = 0, pk − 1.

Ïîëîæèì ïî îïðåäåëåíèþ χn(z) =
∞∏
k=0

(rk(z))
εk [10].

Î÷åâèäíî, ÷òî äàííîå ïðîèçâåäåíèå ñîäåðæèò êîíå÷íîå ÷èñëî ñîìíîæèòåëåé. Òàêóþ
íóìåðàöèþ õàðàêòåðîâ íàçûâàþò íóìåðàöèåé Ïýëè.

Ôóíêöèè Ðàäåìàõåðà îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè [11]:
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1) rn(z) = const íà ñìåæíîì êëàññå Gn+1 ⊕ g = Gn+1 ⊕ angn ⊕ an−1gn−1 ⊕ . . .⊕ a0g0;
2) rn(Gn+1) = 1, n ∈ N;
3) χmn(z) = rn(z) = const íà ñìåæíîì êëàññå Gn+1 ⊕ g;
4) rn(Gn+1 ⊕ angn), an = 0, pn − 1 ïðèíèìàåò çíà÷åíèå êîðíåé èç 1 ñòåïåíè pn;

5) 1 + rn(z) + r2n(z) + . . . rpn−1
n (z) =

{
pn, z ∈ Gn+1,

0, z ∈ Gn \Gn+1.

Åñëè pngn = 0, ãðóïïà G ÿâëÿåòñÿ ãðóïïîé Âèëåíêèíà, åñëè pngn = gn+1, òî â ýòîì
ñëó÷àå G íàçûâàåòñÿ ãðóïïîé p-àäè÷åñêèõ ÷èñåë [12].

Îáîçíà÷èì ÷åðåç G = GN N -ìåðíóþ ãðóïïó ñ òîïîëîãèåé ïðîèçâåäåíèÿ ãðóïï. Â ýòîì
ñëó÷àå áàçà òîïîëîãèè ñîñòîèò èç ïðîèçâåäåíèé ñäâèãîâ

Gj ⊕ h = (Gj1 ⊕ h(1))× ...× (GjN ⊕ h(N)),

ãäå h(l) = a
(l)
jl−1gjl−1 ⊕ a

(l)
jl−2gjl−2 ⊕ ... ⊕ a

(l)
0 g0, l = 1, N . Òàê êàê Gj ⊕ h åñòü îáúåäèíåíèå

äèçúþíêòíûõ êóáîâ âèäà

(Gj ⊕ h(1))× ...× (Gj ⊕ h(N)), j = max(j1, ..., jN ), (1)

òî ñîâîêóïíîñòü òàêèõ êóáîâ òàêæå îáðàçóåò áàçó òîïîëîãèè â GN .
Îáîçíà÷àÿ äëÿ óäîáñòâà Gj := GN

j , êóá (1) ìîæíî çàïèñàòü â âèäå

Gj ⊕ gA,

ãäå g1×j =
(
gj−1 . . . g0

)
, Aj×N =



a
(1)
j−1 ... a

(N)
j−1

. . . ... . . .

a
(1)
0 ... a

(N)
0


, a(ν)l = 0, pl − 1, l = 0, j − 1.

Ðàçìåðíîñòü ìàòðèö çàâèñèò îò ðàíãà êóáà Gj . Îáîçíà÷èì ν-é ñòîëáåö ìàòðèöû A ÷åðåç

A(ν), à ν-þ ñòðîêó� ÷åðåç Â(ν).
Ïîëîæèì ïî îïðåäåëåíèþ

χn(z) = χn1(z1)...χnN
(zN ), z ∈ G, n = (n1, ..., nN ).

Åñëè mj = (mj , ...,mj)� âåêòîð äëèíû N ñ îäèíàêîâûìè êîìïîíåíòàìè, òî χmj
(z) =

= rj(z) = const íà Gj+1 ⊕ gA.
Ðàññìîòðèì êðàòíûé ðÿä

∞∑

n=0

cnχn(z) =
∞∑

n1=0

...

∞∑

nN=0

cn1...nN
χn1(z1)...χnN

(zN ). (2)

Êóáè÷åñêèå ÷àñòè÷íûå ñóììû ðÿäà (2) áóäåì îáîçíà÷àòü êàê

SM(z) =
M−1∑

n=0

cnχn(z) =
M−1∑

n1=0

...

M−1∑

nN=0

cn1...n2χn1(z1)...χnN
(zN ),

à ÿäðî Äèðèõëå �

Dk(z) =
k−1∑

n=0

χn(z) =
k−1∑

n1=0

...
k−1∑

nN=0

χn1(z1)...χnN
(zN ).

Ïóñòü µ = µG îïðåäåëÿåò ìåðó Õààðà è µG = 1, òîãäà µ(Gn ⊕ g) = 1/mn. Ïî ìåðå µ
ñòðîèòñÿ àáñîëþòíî ñõîäÿùèéñÿ èíòåãðàë

∫
G

fdµ, èíâàðèàíòíûé îòíîñèòåëüíî ñäâèãà.
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Äëÿ ðÿäà (2) îïðåäåëèì ôóíêöèþ ìíîæåñòâà

Ψ(Gj ⊕ gA) =
∞∑

n=0

∫

Gj⊕gA

cnχn(z)dµ(z). (3)

Â [13] áûëî ïîêàçàíî, ÷òî åå ìîæíî ïðåäñòàâèòü â âèäå

Ψ(Gj ⊕ gA) = µ(Gj ⊕ gA)Smj
(z) ∀ z ∈ Gj ⊕ gA,

à äëÿ êîýôôèöèåíòîâ cn ðÿäà (2) ñïðàâåäëèâî ñëåäóþùåå âûðàæåíèå ÷åðåç ôóíêöèþ Ψ:

cn =
∑

A

χn(tk)Ψ(Gk ⊕ gA), (4)

ïðè÷åì cn íå çàâèñèò îò k, ëèøü áû n ⩽mk − 1.
Â [13] áûëè äîêàçàíû ñëåäóþùèå óòâåðæäåíèÿ.

Лемма 1. Пусть A—M -множество ряда (2) в смысле сходимости по кубам, т. е.
ряд (2) не равен нулю тождественно и сходится к нулю вне A. Тогда Ψ(Gj ⊕ gA) = 0 для
всех Gj ⊕ gA : Gj ⊕ gA ∩A = ∅.

Определение 1. Åñëè òî÷êà z ïðèíàäëåæèò ïîäãðóïïå Gl0 , íî íå ïðèíàäëåæèò ïîä-
ãðóïïå Gl0+1, òî áóäåì ãîâîðèòü, ÷òî порядок точки z ðàâåí l0.

Лемма 2. При l > l0 значение выражения Dml+ml0
(t) = ml0rl(t), t ∈ G, если порядок

точки t равен l0, и Dml+ml0
(t) = 0, если порядок точки t меньше l0.

2. Основные результаты

Теорема 1. Существуют непустые совершенные множества единственности в G =
= GN в смысле сходимости по кубам.

Доказательство. Çàôèêñèðóåì îáðàçóþùóþ ïîñëåäîâàòåëüíîñòü {pn}, ãäå pn �ïðî-
ñòûå íå÷åòíûå ÷èñëà. Èíäóêöèåé ïî k ïîñòðîèì ïîñëåäîâàòåëüíîñòü íåïóñòûõ çàìêíóòûõ
ìíîæåñòâ {Bk}∞k=0.

Ïîëîæèì B0 = G. Çàòåì ìíîæåñòâî B0 ðàçîáüåì íà ñìåæíûå êëàññû ðàíãà p0 è âîçüìåì

èõ ÷åðåç îäíîãî. Ïîëó÷åííîå ìíîæåñòâî îáîçíà÷èì B1. Îíî ñîñòîèò èç
(
p0+1
2

)N
ñìåæíûõ

êëàññîâ ðàíãà p0 = m1:

B1 =
⋃

as0≡0(mod2)

s=1,N

(G1 ⊕ a10g0)× ...× (G1 ⊕ aN0 g0).

Íà ñëåäóþùåì øàãå êàæäûé ñìåæíûé êëàññ ìíîæåñòâàB1 ðàçîáüåì íà ñìåæíûå êëàññû
ðàíãà p1 è âîçüìåì èõ ÷åðåç îäíîãî. Ïîëó÷åííîå ìíîæåñòâî îáîçíà÷èì B2. Îíî ñîñòîèò èç(
p0+1
2

p1+1
2

)N
ñìåæíûõ êëàññîâ ðàíãà p0p1 = m2:

B2 =
⋃

as0≡0(mod2)

as1≡0(mod2)

s=1,N

(G2 ⊕ a11g1 ⊕ a10g0)× ...× (G2 ⊕ aN1 g1 ⊕ aN0 g0).

Íà l øàãå êàæäûé ñìåæíûé êëàññ ìíîæåñòâà Bl−1 ðàçîáüåì íà ñìåæíûå êëàññû ðàí-
ãà pl−1 è âîçüìåì èõ ÷åðåç îäíîãî. Ïîëó÷åííîå ìíîæåñòâî îáîçíà÷èì Bl. Îíî ñîñòîèò èç(
p0+1
2 ...

pl−1+1
2

)N
ñìåæíûõ êëàññîâ ðàíãà p0...pl−1 = ml:

Bl =
⋃

as
k
≡0(mod2)

s=1,N,k=0,l−1

(Gl ⊕ a1l−1gl−1 ⊕ ...⊕ a10g0)× ...× (Gl ⊕ aNl−1gl−1 ⊕ ...⊕ aN0 g0)

è ò. ä.
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Ïóñòü B =
∞⋂
l=0

Bl. Ìíîæåñòâî B íå ïóñòî, ñîñòîèò èç ïðåäåëüíûõ òî÷åê, ñëåäîâàòåëüíî,

íå ñîäåðæèò èçîëèðîâàííûõ òî÷åê. Êðîìå ýòîãî, îíî çàìêíóòî êàê ïåðåñå÷åíèå êîìïàêòíûõ
ìíîæåñòâ. Òàêèì îáðàçîì, ìíîæåñòâî B ÿâëÿåòñÿ ñîâåðøåííûì ìíîæåñòâîì. Ïîêàæåì, ÷òî
îíî ÿâëÿåòñÿ ìíîæåñòâîì åäèíñòâåííîñòè.

Äîïóñòèì ïðîòèâíîå, ïóñòü ñóùåñòâóåò ðÿä (2)

∞∑

n=0

cnχn(z) =
∞∑

n1=0

...

∞∑

nN=0

cn1...nN
χn1(z1)...χnN

(zN ),

íå âñå êîýôôèöèåíòû êîòîðîãî ðàâíû íóëþ, ñõîäÿùèéñÿ ê íóëþ âíå B.
Ïóñòü Ψ(Gj ⊕ gA)� àääèòèâíàÿ ôóíêöèÿ, ïîñòðîåííàÿ äëÿ äàííîãî ðÿäà (2) ïî ôîð-

ìóëå (3). Ïî ëåììå 1 ôóíêöèÿ ìíîæåñòâà Ψ(Gj ⊕ gA) = 0 äëÿ ëþáîãî ñìåæíîãî êëàññà
Gj ⊕ gA, íå ñîäåðæàùåãî òî÷åê ìíîæåñòâà B. Ïðè ýòîì Ψ(Gj ⊕ gA) 6≡ 0, òàê êàê â ýòîì
ñëó÷àå â ñèëó ôîðìóëû (4) âñå êîýôôèöèåíòû cn áóäóò ðàâíû íóëþ. Çíà÷èò, ñóùåñòâóåò
òàêîé ñìåæíûé êëàññ Gj ⊕ gA, ÷òî Ψ(Gj ⊕ gA) 6= 0.

Âûáåðåì äîñòàòî÷íî áîëüøîé íîìåð j0, òàêîé, ÷òîáû Gj0 ⊕ gA0 ∩ Bj0+1 6= ∅, Ψ(Gj0 ⊕
⊕ gA0) = b 6= 0, è òî÷êó z ∈ Gj0+1 ⊕ gA1 ⊂ Gj0 ⊕ gA0. Òî÷êó y âûáåðåì èç ñìåæíîãî
êëàññà Gj0+1 ⊕ gA2 (íå ñîäåðæàùåãî òî÷êó z). Çíà÷åíèå A(2) ïîäáèðàåòñÿ òàê, ÷òîáû òî÷êà
y ëåæàëà â òîì æå ñìåæíîì êëàññå ðàíãà j0, ÷òî è z.

Ïîêàæåì ÷òî ïîñëåäîâàòåëüíîñòü êóáè÷åñêèõ ÷àñòè÷íûõ ñóìì Smns+mj0
(y) 6→ 0 ïðè

ns → ∞, ns = (ns, ..., ns) èìååò âèä

Smns+mj0
(y) =

mns+mj0
−1∑

v=0

cvχv(y)
(4)
=

mns+mj0
−1∑

v=0

[∑

A

χv(tk)Ψ(Gk ⊕ gA)

]
χv(y).

Ñóììèðîâàíèå âî âíóòðåííåé ñóììå èäåò ïî âñåì ñìåæíûì êëàññàì ðàíãà k tk ∈ Gk⊕gA,
íîìåð k âûáèðàåòñÿ òàê, ÷òîáû v ⩽mk − 1:

Smns+mj0
(y) =

∑

A

Ψ(Gk ⊕ gA)

mns+mj0
−1∑

v=0

χv(y	 tk) =
∑

A

Ψ(Gk ⊕ gA)Dmns+mj0
(y	 tk).

Òàê êàê mk − 1 ⩾ mns +mj0 − 1 > mj0 , òî ñìåæíûé êëàññ Gk ⊕ gA ìåíüøå Gj0 ⊕ gA0.
Ïîýòîìó âîçìîæíû ñëåäóþùèå òðè ñëó÷àÿ.

1. Òî÷êà tk 6∈ B, ò. å. Gk ⊕ gA ∩B = ∅, òîãäà ïî ëåììå 1 ôóíêöèÿ Ψ(Gk ⊕ gA) = 0.
2. Åñëè Gk ⊕ gA ∩B 6= ∅ è ïîðÿäîê òî÷êè y	 tk ìåíüøå j0, òî ïî ëåììå 2

Dmns+mj0
(y	 tk) = 0.

3. Îñòàåòñÿ ñëó÷àé, êîãäà ïîðÿäîê òî÷êè y	tk íå ìåíüøå j0, òîãäà Ψ(Gj0⊕gA0) = b 6= 0,
à Dmns+mj0

(y	 tk) = mN
j0
rns(y	 tk) ïî ëåììå 2.

Ñëåäîâàòåëüíî,

Smns+mj0
(y) = Ψ(Gj0 ⊕ gA0)Dmns+mj0

(y	 z) = b ·mN
j0 · rns(y	 z).

Òàê êàê |rns(y
(ν) 	 z(ν))| = 1, òî Smns+mj0

(y) 6→ 0 ïðè ns → ∞. □

Заключение

Â ñòàòüå äîêàçàíî ñóùåñòâîâàíèå íåïóñòûõ ñîâåðøåííûõ ìíîæåñòâ åäèíñòâåííîñòè äëÿ
êðàòíûõ ðÿäîâ ïî ñèñòåìå õàðàêòåðîâ íóëü-ìåðíîé ãðóïïû â ñìûñëå ñõîäèìîñòè ïî êóáàì.
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Аннотация. Â ðàáîòå ïðåäëàãàåòñÿ ìåòîä îïðåäåëåíèÿ ìåõàíè÷å-

ñêèõ ñâîéñòâ âûñîêîýëàñòè÷íîãî ìàòåðèàëà ìåòîäîì èíäåíòèðîâà-

íèÿ òîíêîé êðóãëîé ïëàñòèíêè. Íîâèçíîé ïðåäëàãàåìîãî ìåòîäà ÿâ-

ëÿåòñÿ ó÷¼ò âëèÿíèÿ òðåíèÿ â îáëàñòè êîíòàêòà èíäåíòîðà è îáðàç-

öà. Ìàòåìàòè÷åñêàÿ ìîäåëü îñíîâàíà íà òåîðèè íåëèíåéíî-óïðóãèõ

ìåìáðàí è ìîäåëè òðåíèÿ Êóëîíà. Ìåìáðàíà èçãîòîâëåíà èç èçî-

òðîïíîãî íåñæèìàåìîãî ìàòåðèàëà. Ïðîöåññ èíäåíòèðîâàíèÿ ñ÷è-

òàåòñÿ êâàçèñòàòè÷åñêèì, à äåôîðìàöèÿ ìåìáðàíû îñåñèììåòðè÷-

íîé. Çàäà÷à ñâîäèòñÿ ê êðàåâîé çàäà÷å äëÿ äâóõ ñèñòåì îáûêíî-

âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðîì (íåèçâåñòíîé

ãðàíèöåé êîíòàêòà øòàìïà è ìåìáðàíû). Êðàåâàÿ çàäà÷à ðåøàåò-

ñÿ ìåòîäîì ïðèñòðåëêè. ×èñëåííûé àíàëèç ïðîâåä¼í äëÿ íåîãó-

êîâñêîé ìîäåëè ìàòåðèàëà. Íà îñíîâå ÷èñëåííûõ äàííûõ êðèâàÿ

¾ñèëà âäàâëèâàíèÿ� ïåðåìåùåíèå èíäåíòîðà¿ àïïðîêñèìèðîâàíà

ïîëèíîìèàëüíûì âûðàæåíèåì. Îïðåäåëåíèå ïîñòîÿííîé ìàòåðèà-

ëà îñíîâàíî íà ìèíèìèçàöèè ðàçíèöû ìåæäó ýêñïåðèìåíòàëüíîé

êðèâîé ¾ñèëà � ïåðåìåùåíèå¿ è àïïðîêñèìèðóþùèì âûðàæåíèåì.

Ìåòîä àïðîáèðîâàí íà ýêñïåðèìåíòàëüíûõ äàííûõ èíäåíòèðîâà-

íèÿ òîíêîé ðåçèíîâîé ëåíòû ïðè ðàçëè÷íûõ óñëîâèÿõ êîíòàêòà (áåç

ñìàçêè è ñî ñìàçêîé). Äëÿ ýòîãî ïðîâåäåíû ýêñïåðèìåíòû: ïî îïðå-

äåëåíèþ êîýôôèöèåíòà òðåíèÿ, ïî èíäåíòèðîâàíèþ, îäíîîñíîìó è

ðàâíîìåðíîìó äâóõîñíîìó ðàñòÿæåíèþ. Çíà÷åíèå âîññòàíîâëåííîé

ïîñòîÿííîé ìàòåðèàëà, îïðåäåë¼ííîé èç îïûòà ïî èíäåíòèðîâàíèþ,
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áëèçêî ê ðåçóëüòàòàì êëàññè÷åñêèõ ìåòîäîâ. Â ñëó÷àå, åñëè ïðè ìîäåëèðîâàíèè òðåíèå íå ó÷èòû-

âàòü, òî çíà÷åíèå ïîñòîÿííîé ìàòåðèàëà áóäåò ñóùåñòâåííî çàâûøåííûì.
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Determination of a material constant in indentation of a circular hyperelastic
membrane accounting for friction
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Abstract. The paper proposes a method for determining the mechanical properties of a highly elastic

material by indenting a thin round plate. The novelty of the proposed method is to take into account

the in�uence of friction in the contact area of the indenter and the specimen. The mathematical model is

based on the theory of nonlinear-elastic membranes and the Coulomb friction model. The membrane is

made of an isotropic incompressible material. The indentation process is considered quasi-static and the

membrane deformation is axisymmetric. The problem is reduced to a boundary value problem for two

systems of ordinary di�erential equations with a parameter (unknown contact boundary of the indenter

and membrane). The boundary value problem is solved by the shooting method. Numerical analyses are

carried out for the neo-Hookean model of the material. Based on the numerical results, the �indentation

force � indenter displacement� curve is approximated by a polynomial expression. The determining of the

material constant is based on minimising the di�erence between the experimental �force � displacement�

curve and the approximating expression. The method is validated on experimental data of indentation

of a thin rubber band under di�erent contact conditions (without lubrication and with lubrication). For

this purpose, experiments were carried out: on determination of the friction coe�cient, on indentation,

uniaxial and uniform biaxial stretching. The value of the restored material constant determined from the

indentation experiment is close to the results of classical methods. In the case when friction is not taken

into account during modeling, the value of the material constant will be signi�cantly overestimated.
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Введение

Âûñîêîýëàñòè÷íûå ìåìáðàíû àêòèâíî èññëåäóþòñÿ ñî âòîðîé ïîëîâèíû XX â. Èõ îòëè-
÷èòåëüíûìè îñîáåííîñòÿìè ÿâëÿþòñÿ ãèáêîñòü, ðàñòÿæèìîñòü è ïðåíåáðåæèìî ìàëîå ñî-
ïðîòèâëåíèå èçãèáó. Îíè âîñòðåáîâàíû â îáëàñòè èíæåíåðèè, â ìåäèöèíå, ÿâëÿþòñÿ ÷àñòüþ
èñêóññòâåííûõ è ïðèðîäíûõ êîíñòðóêöèé. Äëÿ òîãî ÷òîáû ýôôåêòèâíî èñïîëüçîâàòü âû-
ñîêîýëàñòè÷íûå ìåìáðàíû, íåîáõîäèìî çíàòü èõ ìåõàíè÷åñêèå ñâîéñòâà. Äëÿ îïðåäåëåíèÿ
ìåõàíè÷åñêèõ ñâîéñòâ ìåìáðàí ñóùåñòâóþò ðàçëè÷íûå âèäû èñïûòàíèé. Îäíèì èç ìåòîäîâ
èññëåäîâàíèÿ ÿâëÿåòñÿ âäàâëèâàíèå (èíäåíòèðîâàíèå).

Ïåðâîé ðàáîòîé ïî èññëåäîâàíèþ âäàâëèâàíèÿ ñôåðè÷åñêîãî øòàìïà â íåëèíåéíî-óïðó-
ãóþ ìåìáðàíó ïðè áîëüøèõ äåôîðìàöèÿõ ÿâëÿåòñÿ ðàáîòà [1]. Â íåé c èñïîëüçîâàíèåì
íåëèíåéíîé òåîðèè áåçìîìåíòíûõ îáîëî÷åê ðàññìàòðèâàåòñÿ îñåñèììåòðè÷íàÿ äåôîðìàöèÿ
ìåìáðàíû. Êîíòàêò ìîäåëèðóåòñÿ êàê èäåàëüíûé áåç ó÷¼òà òðåíèÿ.

Â áîëüøèíñòâå èññëåäîâàíèé äëÿ îïðåäåëåíèÿ ìåõàíè÷åñêèõ ñâîéñòâ âûñîêîýëàñòè÷-
íûõ ìåìáðàí èç îïûòà ïî èíäåíòèðîâàíèþ îñíîâíûìè ýêñïåðèìåíòàëüíûìè äàííûìè ÿâ-
ëÿþòñÿ ñèëà âäàâëèâàíèÿ è ïåðåìåùåíèå èíäåíòîðà [2�5]. Â ðàáîòå [6] ïðåäëîæåí ìåòîä
äëÿ îïðåäåëåíèÿ ìåõàíè÷åñêèõ ñâîéñòâ òîíêèõ âûñîêîýëàñòè÷íûõ ïë¼íîê ïî ôîðìå äåôîð-
ìèðîâàííîé ìåìáðàíû ïîä äåéñòâèåì ïîñòîÿííîé íàãðóçêè. Â ðàáîòå [7] äëÿ îïðåäåëåíèÿ
ìåõàíè÷åñêèõ õàðàêòåðèñòèê ìàòåðèàëà ìåìáðàíû ïðåäëàãàþòñÿ äâà ïîäõîäà, îñíîâàííûå
íà äàííûõ êðèâîé ¾ñèëà � ïðîãèá¿ è äàííûõ ìåòîäà òð¼õìåðíîé êîððåëÿöèè öèôðîâûõ
èçîáðàæåíèé (3D-DIC).

Ïðè ìîäåëèðîâàíèè ïðîöåññà èíäåíòèðîâàíèÿ âàæíûì âîïðîñîì ÿâëÿåòñÿ îïèñàíèå êîí-
òàêòíîãî âçàèìîäåéñòâèÿ ìàññèâíîãî òâ¼ðäîãî øòàìïà ñ óïðóãîé ìåìáðàíîé. Â áîëüøèíñòâå
èññëåäîâàíèé ýòî âîçäåéñòâèå øòàìïà îïèñûâàþò êàê ðàñïðåäåë¼ííîå íîðìàëüíîå äàâëåíèå,
ò.å. ïðåíåáðåãàþò âëèÿíèåì òðåíèÿ [3�7]. Â ðàáîòàõ [8�10] ïðîâåäåíû ýêñïåðèìåíòàëüíûå
è òåîðåòè÷åñêèå èññëåäîâàíèÿ èíäåíòèðîâàíèÿ êðóãîâîé ìåìáðàíû ñ ó÷¼òîì òðåíèÿ â îá-
ëàñòè êîíòàêòà. Ïîêàçàíî, ÷òî òðåíèå èãðàåò ñóùåñòâåííóþ ðîëü ïðè èíäåíòèðîâàíèè, çà
èñêëþ÷åíèåì ìàëûõ ïðîãèáîâ è äåôîðìàöèé ìåìáðàíû â íà÷àëå ïðîöåññà èíäåíòèðîâàíèÿ.

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ìåòîä îïðåäåëåíèÿ ìåõàíè÷åñêèõ ñâîéñòâ òîíêèõ âûñî-
êîýëàñòè÷íûõ ìåìáðàí íà îñíîâå ýêñïåðèìåíòà ïî èíäåíòèðîâàíèþ ñôåðè÷åñêèì øòàìïîì
ñ ó÷¼òîì òðåíèÿ.

1. Математическая постановка

Ðàññìàòðèâàåòñÿ êðóãîâàÿ ìåìáðàíà òîëùèíû h � rB, ãäå rB �ðàäèóñ ìåìáðàíû. Â
íåäåôîðìèðîâàííîì ñîñòîÿíèè ïîëîæåíèå òî÷åê ìåìáðàíû ìîæíî çàäàòü ñ ïîìîùüþ öè-
ëèíäðè÷åñêîé ñèñòåìû êîîðäèíàò {r ∈ [0, rB], ϕ ∈ [0, 2π], z = 0}.

Äëÿ îñåñèììåòðè÷íîé äåôîðìàöèè ïîëîæåíèå òî÷åê ñðåäèííîé ïîâåðõíîñòè äåôîðìè-
ðîâàííîé ìåìáðàíû ìîæíî çàïèñàòü â òîé æå öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò {R(r), ψ,
Z(r)}. Ãëàâíûå êðàòíîñòè óäëèíåíèé λi è êðèâèçíû κi ïîâåðõíîñòè äåôîðìèðîâàííîé ìåì-
áðàíû âûðàæàþòñÿ ñëåäóþùèì îáðàçîì:

λ1 =

√√√√
(
dR

dr

)2

+

(
dZ

dr

)2

, λ2 =
R

r
,

κ1 =
1

λ1

dψ

dr
, κ2 =

sinψ

rλ2
, tanψ =

dZ

dr

(
dR

dr

)−1

.

Çäåñü ψ(r)�óãîë íàêëîíà êàñàòåëüíîé ê ïîâåðõíîñòè äåôîðìèðîâàííîé ìåìáðàíû â ïëîñ-
êîñòè RZ.

Óðàâíåíèÿ ðàâíîâåñèÿ ïðè îñåñèììåòðè÷íîé äåôîðìàöèè èìåþò âèä [10,11]

dσ1
dr

+
σ1 − σ2
R

dR

dr
+ λ1q1 = 0, σ1κ1 + σ2κ2 + q = 0. (1)
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Çäåñü q1 = q1(r) è q = q(r)�êàñàòåëüíàÿ è íîðìàëüíàÿ ñîñòàâëÿþùèå ïîâåðõíîñòíîé íà-
ãðóçêè, σ1 è σ2 � ãëàâíûå óñèëèÿ â ìåìáðàíå, îïðåäåëÿåìûå äëÿ âûñîêîýëàñòè÷íîãî íåñæè-
ìàåìîãî ìàòåðèàëà ñ ïîìîùüþ ôóíêöèè óäåëüíîé ïîòåíöèàëüíîé ýíåðãèè W (λ1, λ2) ñëåäó-
þùèì îáðàçîì:

σ1 =
hW1

λ2
, σ2 =

hW2

λ1
, Wi =

∂W

∂λi
, Wij =

∂2W

∂λi∂λj
.

Îòìåòèì, ÷òî íåñæèìàåìîñòü ìàòåðèàëà ó÷èòûâàåòñÿ ÷åðåç èçìåíåíèå òîëùèíû ìåì-
áðàíû.

1.1. Область контакта

Â îáëàñòè êîíòàêòà ìåìáðàíà ïëîòíî ïðèëåãàåò ê èíäåíòîðó ðàäèóñà R0 è ïîâòîðÿåò
åãî ôîðìó (ðèñ. 1). Òîãäà å¼ ïîâåðõíîñòü ìîæíî îïèñàòü ñëåäóþùèì îáðàçîì:

R(ψ) = R0 sin(ψ), Z(ψ) = R0(1− cos(ψ)), ψ ∈ [0, ψC ]. (2)

A

C

B

Q
Z

R

ψC

ψC

R0

q

q1

Ðèñ. 1. Ñå÷åíèå ìåìáðàíû ïðè èíäåíòèðîâàíèè
Fig. 1. Membrane cross-section under indentation

Çäåñü ψC � çíà÷åíèå ïàðàìåòðà ψ â çàðà-
íåå íåèçâåñòíîé òî÷êå C, â êîòîðîé ïðå-
êðàùàåòñÿ êîíòàêò ìåìáðàíû è èíäåí-
òîðà.

Â îáëàñòè êîíòàêòà ïðèíèìàåì, ÷òî
äëÿ êàñàòåëüíîé êîìïîíåíòû ïîâåðõ-
íîñòíîé íàãðóçêè âûïîëíÿåòñÿ çàêîí Êó-
ëîíà â ïðåäåëüíîì ñëó÷àå ñðàçó âî âñåé
îáëàñòè, ò. å. |q1| = f |q|. Ó÷èòûâàÿ íà-
ïðàâëåíèå âîçìîæíîãî äâèæåíèÿ è âû-
ðàæåíèÿ (2), óðàâíåíèÿ ðàâíîâåñèÿ (1)
ñâîäÿòñÿ ê äèôôåðåíöèàëüíîìó óðàâíå-
íèþ âòîðîãî ïîðÿäêà äëÿ ψ(r) è âûðàæå-
íèþ äëÿ íîðìàëüíîé ñîñòàâëÿþùåé äàâ-
ëåíèÿ q(r):

d2ψ

dr2
W11R0r +

dψ

dr

(
W12R0 cosψ −W1rf

)
−W12

R0

r
sinψ +W1 −W2

(
cosψ + f sinψ

)
= 0,

q = − h

R2
0

(
r

sinψ
W1 +W2

(
dψ

dr

)−1
)
.

1.2. Область вне контакта

Óðàâíåíèÿ ðàâíîâåñèÿ (1) äëÿ îáëàñòè ìåìáðàíû âíå êîíòàêòà ñ èíäåíòîðîì ñâîäÿòñÿ
ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé [11]:

dλ1
dr

= − 1

rW11

[
(λ1 cosψ − λ2)W12 −W2 cosψ +W1

]
,

dψ

dr
= −W2 sinψ

rW1
,

dλ2
dr

=
1

r
(λ1 cosψ − λ2) ,

dR

dr
= λ1 cosψ,

dZ

dr
= λ1 sinψ.

1.3. Краевая задача

Â öåíòðå ïëàñòèíû (òî÷êà A) íà ôóíêöèþ ψ(r) íàêëàäûâàþòñÿ ñëåäóþùèå ãðàíè÷íûå
óñëîâèÿ:

ψ(0) = 0,
dψ

dr

∣∣∣∣
r=0

= γ.
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Çäåñü γ �íåèçâåñòíàÿ çàðàíåå âåëè÷èíà, êîòîðàÿ õàðàêòåðèçóåò äåôîðìàöèþ â òî÷êå A.
Â íóëåâîé òî÷êå ñóùåñòâóåò îñîáåííîñòü, ïîýòîìó â êà÷åñòâå íà÷àëüíîé òî÷êè áåð¼òñÿ ìàëîå
îòñòóïëåíèå îò íóëÿ ε:

ψ(ε) =
γ · ε
R0

,
dψ

dr

∣∣∣∣
r=ε

=
γ

R0
.

Äàííîå ïðèáëèæåíèå ñîîòâåòñòâóåò ñîñòîÿíèþ ðàâíîìåðíîãî äâóõîñíîãî ðàñòÿæåíèÿ, âîç-
íèêàþùåìó â öåíòðå ìåìáðàíû.

Â òî÷êå B ìåìáðàíà çàêðåïëåíà:

R(rB) = αrB, λ2(rB) = α.

Çäåñü α ⩾ 1�êðàòíîñòü ïðåäâàðèòåëüíîãî íàòÿæåíèÿ ìåìáðàíû.
Ðåøåíèÿ íà êîíöå ó÷àñòêà AC ÿâëÿþòñÿ íà÷àëüíûìè óñëîâèÿìè äëÿ ó÷àñòêà CB:

RCB(rC) = RAC(rC), ZCB(rC) = ZAC(rC),

ψCB(rC) = ψAC(rC), λCB
1 (rC) = λAC

1 (rC), λCB
2 (rC) = λAC

2 (rC).

Ïðè ýòîì ãðàíèöà rC çàðàíåå íå èçâåñòíà.
Äëÿ ñèñòåìû, ñîñòîÿùåé èç øàðîâîãî èíäåíòîðà è ó÷àñòêà ìåìáðàíû AC, óðàâíåíèå

ðàâíîâåñèÿ ìîæåò áûòü çàïèñàíî â âèäå

Q = 2πR0(sinψ(rC))
2σ1(rC). (3)

Çäåñü Q� ñèëà âäàâëèâàíèÿ. Äàííîå óñëîâèå ìîæíî èñïîëüçîâàòü êàê äëÿ îïðåäåëåíèÿ
ãðàíèöû rC ïî çàäàííîé ñèëå Q, òàê è äëÿ îïðåäåëåíèÿ ñèëû Q ïî çàäàííîé êîîðäè-
íàòå rC .

Òàêèì îáðàçîì, ïîñòàâëåíà êðàåâàÿ çàäà÷à î íàõîæäåíèè òàêîãî çíà÷åíèÿ ïàðàìåòðà γ,
ïðè êîòîðîì λ2(rB) = α.

Äëÿ ÷èñëåííîãî ðåøåíèÿ êðàåâîé çàäà÷è óäîáíåå çàäàâàòü ãðàíèöó êîíòàêòà rC , çàòåì
îïðåäåëÿòü íà÷àëüíîå çíà÷åíèå γ ìåòîäîì ïðèñòðåëêè. Ïîñëå ðåøåíèÿ çàäà÷è ñèëà âäàâëè-
âàíèÿ Q âû÷èñëÿåòñÿ èç óðàâíåíèÿ (3). ×èñëåííûé ìåòîä ïðèñòðåëêè ðåàëèçîâàí àâòîðàìè
íà ÿçûêå ïðîãðàììèðîâàíèÿ Python.

2. Результаты моделирования

Òåîðåòè÷åñêèå ðàñ÷¼òû ïðîâîäèëèñü äëÿ íåîãóêîâñêîé ìîäåëè ìàòåðèàëà. Ôóíêöèÿ ïî-
òåíöèàëüíîé ýíåðãèè â ýòîì ñëó÷àå èìååò âèä

W (λ1, λ2) =
µ

2

(
λ21 + λ22 +

1

λ21λ
2
2

− 3

)
. (4)

Çäåñü µ�ïîñòîÿííàÿ ìàòåðèàëà.
Äëÿ äåìîíñòðàöèè ïîëó÷åííûõ ðåçóëüòàòîâ ââåä¼ì áåçðàçìåðíûå ïàðàìåòðû

Q∗ =
Q

µhRB
, Δ =

Z(B)

RB
, R∗

0 =
R0

RB
.

Îãðàíè÷èìñÿ ðàññìîòðåíèåì ïðîãèáîâ äî âåëè÷èíû ðàäèóñà ìåìáðàíû. Ýòî ñîîòâåòñòâóåò
ìàêñèìàëüíîé îòíîñèòåëüíîé äåôîðìàöèè ïðèìåðíî 100�150%.

Íà ðèñ. 2 ïðèâåäåíû ãðàôèêè çàâèñèìîñòè ñèëû Q∗ îò ïåðåìåùåíèÿ èíäåíòîðà Δ ïðè
R∗

0 = 0.4 äëÿ ïðåäâàðèòåëüíî íå ðàñòÿíóòîé ìåìáðàíû (ñïëîøíûå ëèíèè� α = 1) è ïðåä-
âàðèòåëüíî ðàñòÿíóòîé ìåìáðàíû (øòðèõîâûå ëèíèè� α = 1.1). Äëÿ íà÷àëüíîé ñòàäèè èí-
äåíòèðîâàíèÿ òðåíèå îêàçûâàåò ìàëîå âëèÿíèå íà çàâèñèìîñòü ¾ñèëà � ïðîãèá¿. Ñ ðîñòîì
ïðîãèáà âëèÿíèå òðåíèÿ óâåëè÷èâàåòñÿ. Ïðè ïðîãèáå, ðàâíîì ðàäèóñó ìåìáðàíû, âäàâëè-
âàþùàÿ ñèëà ïðè êîýôôèöèåíòå òðåíèÿ f = 1.1 áîëüøå ñèëû ïðè f = 0 ïðèìåðíî â 1.5
ðàçà.
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Ðèñ. 5. Çàâèñèìîñòü ïîïåðå÷íîé êðàòíî-
ñòè óäëèíåíèÿ îò ïðîäîëüíîé ïðè îäíî-
îñíîì ðàñòÿæåíèè. ×¼ðíûå òî÷êè� ýêñ-
ïåðèìåíòàëüíûå äàííûå, ñåðàÿ øòðèõî-
âàÿ ëèíèÿ� íåîãóêîâñêàÿ íåñæèìàåìàÿ
ìîäåëü ìàòåðèàëà, äëÿ êîòîðîé ñïðàâåä-

ëèâî λ⊥ = λ−
1

2

Fig. 5. Dependence of transverse stretch
ratio on longitudinal stretch ratio
for uniaxial tension. Black dots �
experimental data, grey lines � neo-
Hookean incompressible material model

for which λ⊥ = λ−
1

2

Íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ ïî îä-

íîîñíîìó è ðàâíîìåðíîìó äâóõîñíîìó ðàñòÿæå-

íèþ îïðåäåëåíà ïîñòîÿííàÿ ìàòåðèàëà µ â òð¼õ

âàðèàíòàõ. Îáîçíà÷èì ÷åðåç µA çíà÷åíèå, ïîëó-

÷åííîå íà îñíîâå äàííûõ òîëüêî îäíîîñíîãî ðàñ-

òÿæåíèÿ, µB �íà îñíîâå òîëüêî ðàâíîìåðíîãî

äâóõîñíîãî ðàñòÿæåíèÿ, µ0 �íà îñíîâå äâóõ ýêñ-

ïåðèìåíòîâ. Ìèíèìèçèðóÿ ðàçíèöó ìåæäó òåî-

ðåòè÷åñêèìè è ýêñïåðèìåíòàëüíûìè çíà÷åíèÿìè,

ìåòîäîì íàèìåíüøèõ êâàäðàòîâ ïîëó÷åíû ñëåäó-

þùèå âåëè÷èíû:

µA = 0.457, µB = 0.635, µ0 = 0.533 (ÌÏà).

Òåîðåòè÷åñêàÿ çàâèñèìîñòü íàïðÿæåíèé îò

êðàòíîñòè óäëèíåíèÿ ïîêàçàíà íà ðèñ. 6 ñåðûìè

ëèíèÿìè. Ñïëîøíûå ëèíèè ïîñòðîåíû äëÿ çíà-

÷åíèÿ µ0, øòðèõîâûå � µA, òî÷å÷íûå� µB. Êàê

âèäíî èç ãðàôèêîâ, íåîãóêîâñêàÿ ìîäåëü íåñæè-

ìàåìîãî ìàòåðèàëà äîñòàòî÷íî õîðîøî îïèñûâàåò

êà÷åñòâåííûå è êîëè÷åñòâåííûå ðåçóëüòàòû ýêñ-

ïåðèìåíòîâ ïî îòäåëüíîñòè. Ðåçóëüòàòû äëÿ äâóõ

ýêñïåðèìåíòîâ âìåñòå ìîäåëüþ íåïëîõî îïèñûâà-

þòñÿ êà÷åñòâåííî, íî êîëè÷åñòâåííàÿ îöåíêà íà-

ïðÿæåíèé äà¼ò ïîãðåøíîñòü äî 20%.

1 1.5 2

0.5

1

λ

σ (МПа)

1.2 1.4 1.6 1.8

0.5

1

λ

σ (МПа)

а / a á / b

Ðèñ. 6. Äèàãðàììà ¾íàïðÿæåíèå � êðàòíîñòü óäëèíåíèÿ¿: а�äëÿ îäíîîñíîãî ðàñ-
òÿæåíèÿ; á �äëÿ äâóõîñíîãî ðàñòÿæåíèÿ. ×¼ðíûå òî÷êè� ýêñïåðèìåíòàëüíûå
äàííûå, ñåðûå ëèíèè� íåîãóêîâñêàÿ ìîäåëü (ñïëîøíàÿ ëèíèÿ� µ0, øòðèõîâàÿ

ëèíèÿ� µA, òî÷å÷íàÿ ëèíèÿ� µB)
Fig. 6. Diagram �stress � stretch ratio�: a is for uniaxial tension; b is for uniform biaxial
tension. Black dots � experimental data, grey lines � neo-Hookean model (solid line �

µ0, dashed line � µA, dotted line � µB)

3.3. Индентирование

Îáðàçöû äëÿ èíäåíòèðîâàíèÿ áûëè èçãîòîâëåíû èç ðåçèíîâîé ëåíòû. Òîëùèíà îáðàçöà

h = 0.6 ìì, ðàäèóñ ôèêñàöèè RB = 25 ìì (ðàäèóñ îáðàçöà 60 ìì). Èíäåíòîð èìååò øàðî-

îáðàçíóþ ôîðìó ðàäèóñîì R0 = 10 ìì, èçãîòîâëåí ìåòîäîì 3D-ïå÷àòè èç ôîòîïîëèìåðíîé
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Ïîëó÷àåì ôîðìóëó äëÿ îïðåäåëåíèÿ µ:

µ =

N∑
i=1

Qe
iQ

∗
a(Δ

e
i , f)

hRB

N∑
i=1

(Q∗
a(Δ

e
i , f))

2

(
Δe

i =
δei
RB

)
.

Â òàáëèöå ïðåäñòàâëåíû çíà÷åíèÿ ïîñòîÿííîé ìàòåðèàëà µ, âîññòàíîâëåííûå ïî ðåçóëü-
òàòàì ýêñïåðèìåíòà íà èíäåíòèðîâàíèå èç ïðåäûäóùåãî ðàçäåëà, è èõ îöåíêà.

Çíà÷åíèÿ ïîñòîÿííîé ìàòåðèàëà µ (ÌÏà) èç îïûòà ïî èíäåíòèðîâàíèþ
Table. Reconstructed values of the material constant µ (MPa) from the indentation

experiment

Òèï êîíòàêòà Ñóõîé êîíòàêò Ñèëèêîíîâîå ìàñëî
µ, ÌÏà 0.533, 0.568, 0.544, 0.580, 0.576 0.536, 0.536, 0.532, 0.564, 0.526

Ñ ó÷åòîì òðåíèÿ
Ñðåäíåå 0.560 0.539
[min,max] [0.527; 0.598] [0.513; 0.566]

Áåç ó÷åòà òðåíèÿ (f = 0)
Ñðåäíåå 0.758 0.656
[min,max] [0.733; 0.782] [0.640; 0.671]

Íà ðèñ. 8 ìàðêåðàìè ïîêàçàíû êðèâûå ¾ñèëà âäàâëèâàíèÿ� ïåðåìåùåíèå èíäåíòîðà¿
äëÿ ñðåäíèõ çíà÷åíèé µ (ñì. òàáëèöó). Ñåðûå êðóæêè ñîîòâåòñòâóþò êîýôôèöèåíòó òðåíèÿ
f = 1, ò¼ìíî-ñåðûå êâàäðàòû� f = 0.5. Ñâåòëî-ñåðûå îáëàñòè îòìå÷àþò âîçìîæíîå ïîëî-
æåíèå êðèâûõ Q− δ, ñîîòâåòñòâóþùåå çíà÷åíèÿì ïîñòîÿííîé ìàòåðèàëà èç äîâåðèòåëüíîãî
èíòåðâàëà.

Заключение

Ïðåäëîæåí ìåòîä îïðåäåëåíèÿ ïîñòîÿííîé íåîãóêîâñêîãî ìàòåðèàëà íà îñíîâå ýêñïå-
ðèìåíòà ïî èíäåíòèðîâàíèþ ñ ó÷¼òîì òðåíèÿ. Ýêñïåðèìåíòàëüíî è òåîðåòè÷åñêè ïîêàçàíî
ñóùåñòâåííîå âëèÿíèå òðåíèÿ íà ïðîöåññ èíäåíòèðîâàíèÿ. Ïðè÷¼ì èñïîëüçîâàíèå ñìàçêè
ñíèæàåò òðåíèå, íî íå óáèðàåò åãî ïîëíîñòüþ.

Ìåòîä îïðîáîâàí íà ýêñïåðèìåòàëüíûõ äàííûõ ñ ðåçèíîâîé ëåíòîé. Ýêñïåðèìåíòàëüíî
îïðåäåë¼í êîýôôèöèåíò òðåíèÿ è ïðîâåäåíî èíäåíòèðîâàíèå êðóãîâîãî îáðàçöà áåç ñìàçêè
è ñî ñìàçêîé ñèëèêîíîâûì ìàñëîì. Íà îñíîâå ïîëó÷åííûõ äàííûõ îïðåäåëåíà ïîñòîÿííàÿ
íåîãóêîâñêîãî ìàòåðèàëà. Çíà÷åíèÿ, ïîëó÷åííûå ïðè ðàçíûõ óñëîâèÿõ êîíòàêòà, áëèçêè.

Ïîñòîÿííàÿ ìàòåðèàëà, ïîëó÷åííàÿ èç îïûòà ïî èíäåíòèðîâàíèþ ïðè ðàçëè÷íûõ óñëî-
âèÿõ êîíòàêòà, áëèçêà ê ïîñòîÿííîé, îïðåäåë¼ííîé èç äâóõ êëàññè÷åñêèõ îïûòîâ. Îòìåòèì,
÷òî åñëè íå ó÷èòûâàòü òðåíèå, òî âû÷èñëåííûå ìàòåðèàëüíûå ïîñòîÿííûå áóäóò ñóùåñòâåí-
íî îòëè÷àòüñÿ äëÿ ðàçíûõ óñëîâèé êîíòàêòà äðóã îòíîñèòåëüíî äðóãà è îò çíà÷åíèÿ, ïîëó-
÷åííîãî êëàññè÷åñêèìè ìåòîäàìè.
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Аннотация. Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î ñæàòèè óïðóãèõ öèëèíäðè÷åñêèõ îáðàçöîâ ïîä

äåéñòâèåì òîðöåâûõ íàãðóçîê. Ïðåäñòàâëåíû ñïîñîáû ïîñòðîåíèÿ ïðèáëèæåííûõ ìîäåëåé äåôîð-

ìèðîâàíèÿ ðàçëè÷íîãî ïîðÿäêà äëÿ âûòÿíóòûõ îáðàçöîâ ïóò¼ì ââåäåíèÿ ãèïîòåç î ïðåäñòàâëåíèè

ïîëÿ ïåðåìåùåíèé â âèäå ðàçëîæåíèÿ ïî ðàäèàëüíûì ïîëèíîìàì ðàçëè÷íîãî ïîðÿäêà ñ íåèçâåñò-

íûìè êîýôôèöèåíòàìè-ôóíêöèÿìè. Ïðèáëèæ¼ííûå ìîäåëè ïîñòðîåíû ñ ïîìîùüþ èñïîëüçîâàíèÿ

âàðèàöèîííîãî ïðèíöèïà Ëàãðàíæà. Ñôîðìèðîâàí óïðîù¼ííûé ôóíêöèîíàë ýíåðãèè ïóò¼ì èíòå-

ãðèðîâàíèÿ ïî ðàäèàëüíîé êîîðäèíàòå. Ñ ïîìîùüþ âàðèàöèîííîãî ïðèíöèïà íà áàçå ìåòîäà Êàíòî-

ðîâè÷à çàäà÷à ñâåäåíà ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ñîîòâåòñòâóþùè-

ìè êðàåâûìè óñëîâèÿìè, ïðè÷¼ì äëÿ îäíîðîäíûõ òåë ýòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

èìåþò ïîñòîÿííûå êîýôôèöèåíòû, çàâèñÿùèå îò êîýôôèöèåíòà Ïóàññîíà. Ïîñòðîåíû ðåøåíèÿ äëÿ

óïðîù¼ííûõ ìîäåëåé, ïîêàçàíî íàëè÷èå ñòåðæíåâûõ è ïîãðàíñëîéíûõ ðåøåíèé. Ïðîâåäåíà âåðè-

ôèêàöèÿ ïîëó÷åííûõ ìîäåëåé íà îñíîâå ÌÊÝ ïðè ïîñòîÿííûõ è ïåðåìåííûõ çíà÷åíèÿõ ïàðàìåòðîâ

Ëÿìå, à òàêæå îñóùåñòâëåíà ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ, êîòîðàÿ ïîêàçàëà âîçìîæíîñòü

èñïîëüçîâàíèÿ ïðåäëàãàåìûõ ìîäåëåé â ñëó÷àå âûòÿíóòûõ îáðàçöîâ, ÷òî ïîçâîëÿåò îöåíèòü èõ òî÷-

íîñòü è èñïîëüçîâàòü ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷ ðàçëè÷íîãî òèïà.

Ключевые слова: âàðèàöèîííûé ïðèíöèï Ëàãðàíæà, ìåòîä Êàíòîðîâè÷à, ïîãðàíñëîéíûå ðåøå-

íèÿ, íåîäíîðîäíûé öèëèíäð, ñæàòèå öèëèíäðà
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Abstract. The paper addresses the problem of the compression of elastic cylindrical specimens under

axial end loads. Approximate deformation models of various orders are developed for slender specimens

by postulating that the displacement �eld admits an expansion in radial polynomials of di�erent orders

whose coe�cients are unknown functions of the axial coordinate. The approximate models are derived

from Lagrange's variational principle. A reduced energy functional is obtained by integrating the three-

dimensional elastic energy over the radial coordinate. Applying the Kantorovich variational method,

the problem is then reduced to systems of ordinary di�erential equations with corresponding boundary

conditions; for homogeneous bodies these systems exhibit constant coe�cients that depend on Poisson's

ratio. Closed-form solutions are constructed for the simpli�ed models, and both rod-like (axial) and

boundary-layer solution modes are identi�ed. The proposed models are veri�ed against �nite-element

simulations for both constant and spatially heterogeneous Lame parameters, and a series of computational

experiments demonstrates that the models may be used for slender specimens to estimate their accuracy

and to support the solution of diverse applied problems.

Keywords: variational principle of Lagrange, Kantorovich method, boundary-layer solutions, heteroge-

neous cylinder, compression of a cylinder
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Введение

Çàäà÷àì î ðàâíîâåñèè èçîòðîïíîãî óïðóãîãî öèëèíäðà ïîñâÿùåíî ìíîæåñòâî ðàáîò. Èñ-
ñëåäîâàíèå çàäà÷ äëÿ îäíîðîäíîãî êîíå÷íîãî óïðóãîãî öèëèíäðà áåð¼ò ñâî¼ íà÷àëî îò ðàáî-
òû Ôàéëîíà [1] è çà áîëåå ÷åì 100-ëåòíþþ èñòîðèþ ïðîäîëæàåò èíòåðåñîâàòü ñïåöèàëèñòîâ.
Ïðè ýòîì îòìåòèì, ÷òî â ïîñëåäíèå ãîäû èíòåðåñ ê ýòèì çàäà÷àì çàìåòíî âûðîñ, ÷òî ñâÿçàíî
ñ ðîñòîì ÷èñëà ïðèëîæåíèé ê çàäà÷àì äëÿ ïðèçìàòè÷åñêèõ îáðàçöîâ, ÷àñòî èñïîëüçóåìûõ
äëÿ îöåíêè óïðóãèõ ñâîéñòâ (ìîäóëÿ Þíãà è êîýôôèöèåíòà Ïóàññîíà), çàäà÷àì áèîìåõà-
íèêè, çàäà÷àì èäåíòèôèêàöèè ñâîéñòâ íîâûõ ìàòåðèàëîâ.

Îòìåòèì, ÷òî íàèáîëåå âàæíûìè ÿâëÿþòñÿ çàäà÷è î íàãðóæåíèè òîðöîâ öèëèíäðà. Ñðå-
äè íèõ âûäåëèì çàäà÷ó î äåéñòâèè íîðìàëüíîé íàãðóçêè íà òîðöå, êîãäà îñíîâàíèå æ¼ñòêî
çàùåìëåíî. Äëÿ çàäà÷ òàêîãî âèäà ñî ñâîáîäíîé áîêîâîé ïîâåðõíîñòüþ îñîáóþ ðîëü ïðè-
îáðåòàþò ðåøåíèÿ äëÿ áåñêîíå÷íîãî öèëèíäðà èëè îäíîðîäíûå ðåøåíèÿ [2]. Ýòè ðåøåíèÿ
çàâèñÿò îò êîðíåé íåêîòîðîãî òðàíñöåíäåíòíîãî óðàâíåíèÿ, ïðè óäîâëåòâîðåíèè ãðàíè÷íûõ
óñëîâèé íà òîðöàõ èõ ëèíåéíûå êîìáèíàöèè ïðèâîäÿò ê áåñêîíå÷íûì àëãåáðàè÷åñêèì ñè-
ñòåìàì îòíîñèòåëüíî êîýôôèöèåíòîâ ðàçëîæåíèé. Â ðÿäå èññëåäîâàíèé ïîêàçàíî, ÷òî îíè
ÿâëÿþòñÿ êâàçè-ðåãóëÿðíûìè èëè êâàçè-âïîëíå ðåãóëÿðíûìè, è èõ ðåøåíèå ìîæíî ñòðîèòü
ìåòîäîì ðåäóêöèè.

Àëüòåðíàòèâîé òàêîìó ïîäõîäó ÿâëÿåòñÿ èñïîëüçîâàíèå ÊÝ-òåõíîëîãèé. Îòìåòèì, ÷òî
ïðè èíòåðïðåòàöèè äàííûõ ýêñïåðèìåíòîâ è îöåíêå ìîäóëÿÞíãà âåñüìà ÷àñòî èñïîëüçóåòñÿ
ñòåðæíåâàÿ ìîäåëü [3], êîòîðóþ ðåêîìåíäóåòñÿ èñïîëüçîâàòü, êîãäà ε = a

h � 1 (a�ðàäèóñ
öèëèíäðà, h� åãî âûñîòà).

Âìåñòå ñ òåì äëÿ ðÿäà ìàòåðèàëîâ (íàïðèìåð, êîñòíàÿ òêàíü) âåñüìà ñëîæíî èçãîòîâèòü
äëèííûå îáðàçöû è ïîäâåðãàòü èõ ñæàòèþ. Ïîýòîìó âàæíîé ïðîáëåìîé ÿâëÿåòñÿ ïîñòðî-
åíèå ïðîìåæóòî÷íûõ ìîäåëåé, ýôôåêòèâíûõ äëÿ çíà÷åíèé (ε = 0.1 ÷ 0.5), äëÿ êîòîðûõ
ìîæíî íàéòè àíàëèòè÷åñêèå èëè ïîëóàíàëèòè÷åñêèå ðåøåíèÿ. Èìåííî ýòîé ïðîáëåìå è ïî-
ñâÿùåíà íàñòîÿùàÿ ðàáîòà, ãäå ïðèáëèæåííàÿ ìîäåëü ñòðîèòñÿ íà îñíîâå èñïîëüçîâàíèÿ
âàðèàöèîííîãî ïðèíöèïà Ëàãðàíæà [4] â ðàìêàõ ìåòîäà Êàíòîðîâè÷à [5].
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1. Постановка задачи

Ïóñòü îäíîðîäíûé èçîòðîïíûé öèëèíäð ñî ñâîáîäíîé áîêîâîé ïîâåðõíîñòüþ ðàäèóñà a è
âûñîòû h ïîäâåðãàåòñÿ ñæàòèþ ñ ïîìîùüþ ïðèëîæåíèÿ ê òîðöó z = h íîðìàëüíîé íàãðóçêè
p(r), êàñàòåëüíûå íàïðÿæåíèÿ íà ýòîì òîðöå ðàâíû 0 (ðèñ. 1). Áóäåì ñ÷èòàòü, ÷òî òîðåö
z = 0 æ¼ñòêî çàùåìë¼í. Çàäà÷ó áóäåì ðàññìàòðèâàòü â îñåñèììåòðè÷íîé ïîñòàíîâêå.

z

h

a

а / a á / b

Ðèñ. 1. Îäíîðîäíûé èçîòðîïíûé öèëèíäð
ñî ñâîáîäíîé áîêîâîé ïîâåðõíîñòüþ: а� ãåî-
ìåòðè÷åñêèå ïàðàìåòðû îáðàçöà; á � cõåìà

íàãðóæåíèÿ

Fig. 1. Homogeneous isotropic cylinder with
a free lateral surface: a is the geometric
parameters of the sample; b is the loading

scheme

Óðàâíåíèÿ ðàâíîâåñèÿ â öèëèíäðè÷åñêîé
ñèñòåìå êîîðäèíàò èìåþò âèä [6]





∂σrr

∂r
+
σrr − σϕϕ

r
+
∂σrz

∂z
= 0,

∂σrz

∂r
+
σrz

r
+
∂σzz

∂z
= 0.

Ðàññìîòðèì çàäà÷ó î ñæàòèè öèëèíäðà ïðè
çàùåìëåíèè íèæíåãî òîðöà:




uz = 0, ur = 0, r ∈ [0, a], z = 0,

σzz = −p(r), σzr = 0, r ∈ [0, a], z = h,

σrr = 0, σrz = 0, r = a, z ∈ [0, h].

Ïîñòðîåíèå ïðèêëàäíîé òåîðèè îñóùå-
ñòâèì, áàçèðóÿñü íà âàðèàöèîííîì ïðèíöèïå
Ëàãðàíæà. Â ðàìêàõ îáùåé ïîñòàíîâêè çàäà÷è
ââåä¼ì ñëåäóþùèé ôóíêöèîíàë ïîëíîé ïîòåí-
öèàëüíîé ýíåðãèè:

Π =

∫

V
W dV −A,

ãäå W �óäåëüíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìàöèè, A�ðàáîòà ïîâåðõíîñòíûõ ñèë íà
òîðöå:

W =
1

2
(σrrεrr + σϕϕεϕϕ + σzzεzz + 2σrzεrz) , (1)

A =

∫

S
p(r)uz(r, h) dS, S = [0, a]× [0, 2π],

A = 2π
(
P0u0

∣∣
z=h

+ P2u2

∣∣∣
z=h

)
,

P0 =

∫ a

0
p(r)r dr P2 =

∫ a

0
p(r)r2 dr.

Ðàññìîòðèì íåñêîëüêî óïðîù¼ííûõ ìîäåëåé, â ÷àñòíîñòè âòîðîãî ïîðÿäêà, â êîòîðîé
íåèçâåñòíûìè ÿâëÿþòñÿ òðè ôóíêöèè îñåâîé êîîðäèíàòû z:

{
ur(r, z) = ru1(z),

uz(r, z) = u0(z) + ru2(z).
(2)

Ïåðåõîä ê ìîäåëè ïåðâîãî ïîðÿäêà îñóùåñòâëÿåòñÿ çà ñ÷¼ò ðàâåíñòâà íóëþ ôóíêöèè u2:
{
ur(r, z) = ru1(z),

uz(r, z) = u0(z).
(3)

Â ðàìêàõ (2) íàéäåì êîìïîíåíòû òåíçîðîâ äåôîðìàöèé è íàïðÿæåíèé:

εrr =
∂ur
∂r

= u1, εϕϕ =
ur
r

= u1, εzz =
∂uz
∂z

= u′0 + ru′2,
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εrz = εzr =
1

2
·
(
∂ur
∂z

+
∂uz
∂r

)
=

1

2
· (ru′1 + u2),

σrr = Θλ+ 2µu1, σϕϕ = Θλ+ 2µu1, σzz = Θλ+ 2µ(u′0 + ru′2), σrz = σzr = µ(ru′1 + u2),

ãäå Θ = εrr + εϕϕ + εzz = 2u1 + u′0 + ru′2, λ, µ�ïàðàìåòðû Ëàìå, êîòîðûå ìîãóò çàâèñåòü
îò îñåâîé êîîðäèíàòû.

Òîãäà óäåëüíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ (1) ïðèìåò âèä

W =
1

2
·
[
Θ2λ+ 4µu21 + 2µ(u′0 + ru′2)

2 + µ(ru′1 + u2)
2
]
.

Ðàññìîòðèì ôóíêöèîíàë ïîëíîé ïîòåíöèàëüíîé ýíåðãèè:

Π =

∫ 2π

0

∫ h

0

∫ a

0
Wr dr dz dϕ−A = Π0 −A.

Ïðîèíòåãðèðîâàâ â ïðåäñòàâëåíèè Π0 ïî ðàäèàëüíîé è óãëîâîé êîîðäèíàòàì, ïîëó÷èì
å¼ óïðîù¼ííîå ïðåäñòàâëåíèå:

Π0 = π

∫ h

0

[
a4

4

(
(λ+ 2µ)(u′2)

2 + µ(u′1)
2
)
+
a3

3

(
(2λ+ 4µ)u′0u

′
2 + 4λu1u

′
2 + 2µu′1u2

)
+

+
a2

2

(
(4λ+ 4µ)u21 + (λ+ 2µ)(u′0)

2 + 4λu1u
′
0 + µu22

)]
dz.

Èñïîëüçóÿ âàðèàöèîííûé ïðèíöèï Ëàãðàíæà, âàðüèðóÿ ôóíêöèîíàë Π0, ïðèðàâíèâàÿ
ê íóëþ êîýôôèöèåíòû ïðè íåçàâèñèìûõ âàðèàöèÿõ δu0, δu1, δu2 è ñ÷èòàÿ ìàòåðèàëüíûå
õàðàêòåðèñòèêè ïîñòîÿííûìè âåëè÷èíàìè, ïîëó÷èì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé





a

3
(2κ + 4)u′′2 + (κ + 2)u′′0 + 2κu′1 = 0,

2κu′0 + (4κ + 4)u1 +
a

3
(4κ − 2)u′2 −

a2

2
u′′1 = 0,

a2

2
(κ + 2)u′′2 +

a

3
(4κ − 2)u′1 +

a

3
(2κ + 4)u′′0 − u2 = 0

(4)

ñî ñëåäóþùèìè ãðàíè÷íûìè óñëîâèÿìè:





2a

3
(κ + 2)u′2

∣∣
z=h

+ (κ + 2)u′0
∣∣
z=h

+ 2κu1
∣∣
z=h

=
2P0

a2µ
,

3a

4
u′1
∣∣
h
+ u2

∣∣
h
= 0,

3a

4
(κ + 2)u′2

∣∣
z=h

+ (κ + 2)u′0
∣∣
z=h

+ 2κu1
∣∣
z=h

=
3P2

a3µ
,

ui
∣∣
z=0

= 0, i = 0, 2.

(5)

Çäåñü κ =
λ

µ
=

2ν

1− 2ν
, ν �êîýôôèöèåíò Ïóàññîíà.

Ïðè ïîñòîÿííûõ õàðàêòåðèñòèêàõ âîçìîæíî ïîñòðîèòü îáùåå ðåøåíèå êðàåâîé çà-
äà÷è (4), (5).

2. Общий вид решения краевой задачи

Ðåøåíèå ñèñòåìû (4) áóäåì èñêàòü â âèäå

ui = Aie
qz, i = 0, 2,
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÷òî ïðèâîäèò ê ëèíåéíîé ñèñòåìå îòíîñèòåëüíî Ai:




(κ + 2)q2A0 + 2κqA1 +
a

3
(2κ + 4)q2A2 = 0,

2κqA0 +

(
(4κ + 4)−

a2

2
q2

)
A1 +

a

3
(4κ − 2)qA2 = 0,

a

3
(2κ + 4)q2A0 +

a

3
(4κ − 2)qA1 +

(
a2

2
(κ + 2)q2 − 1

)
= 0.

Îòìåòèì, ÷òî íåòðèâèàëüíîå å¼ ðåøåíèå ñóùåñòâóåò, êîãäà îïðåäåëèòåëü ñèñòåìû ðàâåí
íóëþ, îòêóäà ïîëó÷èì áèêóáè÷åñêîå óðàâíåíèå ñëåäóþùåãî âèäà:

q2
(
(κ2 + 4κ + 4)a4q4 − (24κ2 + 66κ + 36)a2q2 + 432κ + 288

)
= 0. (6)

Íåòðóäíî âèäåòü, ÷òî (6) èìååò êðàòíûé íóëåâîé êîðåíü q1,2 = 0 è äâå ïàðû êîðíåé
q3,4 = ±τ1, q5,6 = ±τ2, ãäå

τ1 =
(3d3

(
d2 + d

1/2
1

)1/2

d3a
, τ2 =

(3d3
(
d2 − d

1/2
1

)1/2

d3a
,

d1 = 16κ2 − 24κ − 23, d2 = 4κ + 3, d3 = κ + 2.

Îòìåòèì, ÷òî ýòè êîðíè ìîãóò áûòü êàê âåùåñòâåííûìè ïðè d1 > 0, òàê è êîìïëåêñíûìè
ïðè d1 < 0, ÷òî îïðåäåëÿåòñÿ ïàðàìåòðîì κ.

Òàêèì îáðàçîì, îáùåå ðåøåíèå èìååò âèä




u0 = C1 + α0C2z + α1(C3e
−τ1z − C4e

τ1z) + α2(C5e
−τ2z − C6e

τ2z),

u1 = C2 + C3e
−τ1z + C4e

τ1z + C5e
−τ2z + C6e

τ2z,

u2 = β1(C3e
−τ1z − C4e

τ1z) + β2(C5e
−τ2z − C6e

τ2z),

ãäå èñïîëüçóþòñÿ îáîçíà÷åíèÿ

α0 = −2(κ + 1)

κ
, (7)

αi = −(a2τ2i (κ + 2)− 28κ − 16)

2τi(κ + 2)
, βi =

3(a2τ2i (κ + 2)− 24κ − 16)

4aτi(κ + 2)
, i = 1, 2.

Ïîñòîÿííûå Cj îïðåäåëÿþòñÿ èç óäîâëåòâîðåíèÿ ãðàíè÷íûì óñëîâèÿì (5), çäåñü íå ïðè-
âîäÿòñÿ â ñèëó ãðîìîçäêîñòè.

3. Аналитическое решение для модели первого порядка

Îòìåòèì, ÷òî äàëüíåéøåå èññëåäîâàíèå ïîëó÷åííûõ àíàëèòè÷åñêèõ çàâèñèìîñòåé ìîæåò
áûòü îñóùåñòâëåííî ëèøü ÷èñëåííî, ïîýòîìó îáðàòèìñÿ ê áîëåå ïðîñòîé ìîäåëè ïåðâîãî
ïîðÿäêà (3). Ïåðåéä¼ì ê áåçðàçìåðíûì êîîðäèíàòàì ξ = z

h : ξ ∈ [0, 1] è η = r
h : η ∈ [0, ε].

Îáåçðàçìåðèì íàãðóçêó, ââåäÿ p(r) = p0p̃(η).
Ââåä¼ì îáîçíà÷åíèå ïîãðàíñëîéíîé ôóíêöèè

ζ(z) = exp (−γξ) , γ =
2
√
2
√

(κ + 2)(3κ + 2)

ε(κ + 2)
.

Òîãäà ðåøåíèå ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è ìîæíî ïðåäñòàâèòü â âèäå
{
ũ0 = C1 + α0C2ξ + α1(C3ζ(ξ)− C4ζ(−ξ)),
ũ1 = C2 + C3ζ(ξ) + C4ζ(−ξ).
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Îòìåòèì, ÷òî α0 îïðåäåëÿåòñÿ ôîðìóëîé (7), à α1 =
2κ

γ(κ+2) .

Âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ Cj èìåþò âèä

C1 = − 4kν2P̃0

(
ζ(1)− ζ(−1)

)

ε2γ(ν − 1)
(
ζ(1) + ζ(−1)

) , C2 = −2kP̃0ν

ε2
, C3 =

2kζ(−1)P̃0ν

ε2
(
ζ(1) + ζ(−1)

) ,

C4 =
2kζ(1)P̃0ν

ε2
(
ζ(1) + ζ(−1)

) , k =
p0
E
.

4. Переменные параметры Ламе

Ðàññìîòðèì èñõîäíóþ çàäà÷ó, ïðåäâàðèòåëüíî îáåçðàçìåðèâ å¼, ñ÷èòàÿ ïàðàìåòðû Ëàìå
ôóíêöèÿìè îñåâîé êîîðäèíàòû: λ(z) = E0λ̃(ξ), µ(z) = E0µ̃(ξ).

Îñóùåñòâèâ îïåðàöèþ âàðüèðîâàíèÿ è ïðèðàâíÿâ ê íóëþ êîýôôèöèåíòû ïðè íåçàâèñè-
ìûõ âàðèàöèÿõ δũ0, δũ1, δũ2, óðàâíåíèÿ, àíàëîãè÷íûå (4), (5), èìåþò ñëåäóþùèé âèä:





2ε

3

(
(λ̃+ 2µ̃)ũ′2

)′
+
(
(λ̃+ 2µ̃)ũ′0

)′
+ 2(λ̃ũ1)

′ = 0,

−
ε2

2
(µ̃ũ′1)

′ +
2ε

3

(
2λ̃ũ′2 − (µ̃ũ2)

′
)
+ 4(λ̃+ µ̃)ũ1 + 2λ̃ũ′0 = 0,

ε2

2

(
(λ̃+ 2µ̃)ũ′2

)′
+

2ε

3

(
2(λ̃ũ1)

′ − µ̃ũ′1 + ((λ̃+ 2µ̃)ũ′0)
′
)
− µ̃ũ2 = 0,

(8)





2ε

3
(λ̃+ 2µ̃)ũ′2

∣∣
ξ=1

+ (λ̃+ 2µ̃)ũ′0
∣∣
ξ=1

+ 2λ̃ũ1
∣∣
ξ=1

=
2P̃0k

ε2
,

3ε

4
µ̃ũ′1

∣∣
ξ=1

+ µ̃ũ2
∣∣
ξ=1

= 0,

3ε

4
(λ̃+ 2µ̃)ũ′2

∣∣
ξ=1

+ (λ̃+ 2µ̃)ũ′0
∣∣
ξ=1

+ 2λ̃ũ1
∣∣
ξ=1

=
3P̃2k

ε3
,

ũi(0) = 0, i = 0, 2.

(9)

5. Анализ

Äëÿ ñðàâíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ïðèâåä¼ì ãðàôè÷åñêóþ èëëþñòðàöèþ ðåøåíèé
êðàåâûõ çàäà÷ (4), (5) è (8), (9), à òàêæå ñðàâíèì èõ ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ïîñðåä-
ñòâîì ÊÝ ïàêåòà FlexPDE.

Îñîáîå âíèìàíèå óäåëåíî ïåðåìåùåíèþ ur = ηh · ũ1 íà áîêîâîé ãðàíèöå îáðàçöà η = ε
ñ öåëüþ èçó÷åíèÿ ïîãðàíñëîÿ âáëèçè òîðöåâîé çàäåëêè. Ïðîâåäåíà ñåðèÿ âû÷èñëèòåëüíûõ
ýêñïåðèìåíòîâ ïî ðàñ÷¼òó ïîëåé ñìåùåíèé íà áîêîâîé ïîâåðõíîñòè öèëèíäðà äëÿ ðàçëè÷-
íûõ çàêîíîâ èçìåíåíèÿ λ = E0λ̃(ξ) è µ = E0µ̃(ξ).

Â êà÷åñòâå ïðèìåðà íà ðèñ. 2 ïðåäñòàâëåíû ñìåùåíèÿ äëÿ ðàçëè÷íûõ ìîäåëåé.
Èç íèõ âèäíî, ÷òî ìîäåëü âòîðîãî ïîðÿäêà äà¼ò ëó÷øåå ïðèáëèæåíèå ïî îòíîøåíèþ ê

êîíå÷íîýëåìåíòíîé ìîäåëè, ÷åì ìîäåëü ïåðâîãî ïîðÿäêà.
Òàêæå íåòðóäíî çàìåòèòü, ÷òî äëÿ îïèñàíèÿ ïåðåìåùåíèé ïðè ïîñòîÿííûõ çíà÷åíèÿõ

ïàðàìåòðîâ Ëàìå íà ó÷àñòêå ξ ∈ [0.4, 1] ìîæíî èñïîëüçîâàòü èçâåñòíóþ ñòåðæíåâóþ ìîäåëü.
Äëÿ èñïîëüçîâàíèÿ ñòåðæíåâîé ìîäåëè íîðìàòèâíàÿ äîêóìåíòàöèÿ ðåêîìåíäóåò âûäåð-

æèâàòü ñîîòíîøåíèå ε ⩽ 1
5
1. Ñ öåëüþ îöåíêè îáëàñòè ïðèìåíåíèÿ ïðåäëîæåííûõ ìîäåëåé

áûëè ïðîâåäåíû ðàñ÷¼òû äëÿ ñëó÷àÿ ε = 1
2 . Ðåçóëüòàòû ïîêàçàëè, ÷òî ñ ðîñòîì ïàðàìåòðà

ε çîíà âëèÿíèÿ ïîãðàíñëîÿ óâåëè÷èâàåòñÿ, íî íåñìîòðÿ íà ýòî, ìîäåëè ïåðâîãî è âòîðîãî
ïîðÿäêîâ äîñòàòî÷íî òî÷íî îòðàæàþò ñòðóêòóðó ïåðåìåùåíèé è ìîãóò áûòü èñïîëüçîâàíû
ïðè àíàëèçå îáðàòíîé çàäà÷è, ðåêîíñòðóêöèè ôèçè÷åñêèõ õàðàêòåðèñòèê ìàòåðèàëà öèëèí-
äðà.

1ГОСТ 1497-84. Металлы. Методы испытания на растяжение. Введен 1986-01-01. Москва : Стандартин-
форм, 2005. 35 с.
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а / a á / b

â / c ã / d

Ðèñ. 2. Ïåðåìåùåíèÿ ur
∣∣
η=ε

ïðè ε = 1
5 : а� Ẽ(ξ) = 1, ν̃(ξ) = 0.3; á � Ẽ(ξ) = 1+ξ2, ν̃(ξ) = 0.2+0.15ξ2;

â � Ẽ(ξ) =
1

1 + ξ2
, ν̃(ξ) = 0.4− 0.2ξ2; ã � Ẽ(ξ) = 1 + 0.2 sin(2πξ), ν̃(ξ) = 0.3 + 0.04 cos(2πξ)

Fig. 2. Displacements ur
∣∣
η=ε

for ε = 1
5 : a� Ẽ(ξ) = 1, ν̃(ξ) = 0.3; b � Ẽ(ξ) = 1 + ξ2, ν̃(ξ) = 0.2 + 0.15ξ2;

c � Ẽ(ξ) =
1

1 + ξ2
, ν̃(ξ) = 0.4− 0.2ξ2; d � Ẽ(ξ) = 1 + 0.2 sin(2πξ), ν̃(ξ) = 0.3 + 0.04 cos(2πξ)

6. Обратная задача

Ïóñòü èçâåñòíû çíà÷åíèÿ ïåðåìåùåíèé ur(ξ), uz(ξ) äëÿ íàáîðà òî÷åê íà áîêîâîé ïî-
âåðõíîñòè îáðàçöà. Äëÿ âîññòàíîâëåíèÿ óïðóãèõ ñâîéñòâ ìàòåðèàëà îáðàòèìñÿ ê ìîäåëè
ïåðâîãî ïîðÿäêà, äëÿ êîòîðîé ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ãðàíè÷íûìè óñëî-
âèÿìè ïðèìåò ñëåäóþùèé âèä:





(
(λ̃+ 2µ̃)ũ′0

)′
+ 2(λ̃ũ1)

′ = 0,

−
ε2

2
(µ̃ũ′1)

′ + 4(λ̃+ µ̃)ũ1 + 2λ̃ũ′0 = 0,
(10)





(λ̃+ 2µ̃)ũ′0
∣∣
ξ=1

+ 2λ̃ũ1
∣∣
ξ=1

=
2P̃0k

ε2
,

µ̃ũ′1
∣∣
ξ=1

= 0,

ũi(0) = 0, i = 0, 1.

(11)

Àíàëèç çàäà÷è (10), (11) ñâèäåòåëüñòâóåò î òîì, ÷òî ïåðåìåùåíèÿ ïðîïîðöèîíàëüíû P̃0,
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ïîýòîìó ïîëîæèì â äàëüíåéøèõ ðàñ÷¼òàõ P̃0 = 1. Èç êðàåâîé çàäà÷è (10), (11) ïîëó÷èì
ñëåäóþùèå ñîîòíîøåíèÿ, ñâÿçûâàþùèå èñêîìûå ïàðàìåòðû Ëàìå:

λ̃(ξ) = α1(ξ)µ̃(ξ) + β1(ξ),

µ̃′(ξ) = α2(ξ)µ̃(ξ) + β2(ξ), (12)

ãäå

α1 = − 2ũ′0
ũ′0 + 2ũ1

, β1 =
2k

ε2(ũ′0 + 2ũ1)
,

α2 =
−ε2ũ′′1 + 8ũ1(α1 + 1) + 4α1ũ

′
0

ε2ũ′1
, β2 =

4β1(2ũ1 + ũ′0)

ε2ũ′1
.

Ââèäó îòñóòñòâèÿ ãðàíè÷íîãî óñëîâèÿ äëÿ µ èñõîäíàÿ çàäà÷à âîññòàíîâëåíèÿ ÿâëÿåò-
ñÿ íåêîððåêòíî ïîñòàâëåííîé [7]. Äëÿ ïðåîäîëåíèÿ íåêîððåêòíîñòè áóäåì îòûñêèâàòü µ â
ïàðàìåòðè÷åñêîé ôîðìå [8, 9]:

µ̃(ξ) = exp(Φ(ξ)c), (13)

Φ(ξ) = (ϕ1(ξ), ..., ϕN (ξ))T � âåêòîð ëèíåéíî íåçàâèñèìûõ ôóíêöèé, c = (c1, ..., cN )T � âåê-
òîð íåèçâåñòíûõ êîýôôèöèåíòîâ.

Ââåä¼ì ðàâíîìåðíóþ ñåòêó {ξj}Mj=1 è ïîòðåáóåì âûïîëíåíèÿ (13) â óçëàõ ξj , ÷òî ïðè-
âîäèò ê íåëèíåéíîé ñèñòåìå îòíîñèòåëüíî c (M > N). Ïðè ÷èñëåííîé ðåàëèçàöèè ñèñòåìà
ñîñòàâëÿåòñÿ â äèñêðåòíûõ óçëàõ ξj , âûðàæåíèÿ íåâÿçêè rj(c) äëÿ êîòîðûõ ïðèìóò ñëåäó-
þùèé âèä:

rj(c) = exp(Φ(ξj)c)(Φ
′(ξj)c− α2(ξj))− β2(ξj), j = 1,M, (14)

Φ
′(ξ) = (ϕ′

1(ξ), ..., ϕ
′
N (ξ))T � âåêòîð ïðîèçâîäíûõ áàçèñíûõ ôóíêöèé. Äëÿ ïðåäîòâðàùåíèÿ

÷èñëåííîãî ïåðåïîëíåíèÿ ïðè ýêñïîíåíöèàëüíîé àïïðîêñèìàöèè áàçèñíûå ôóíêöèè è èõ
ïðîèçâîäíûå íîðìèðóþòñÿ.

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ (12) âîñïîëüçóåìñÿ ìåòîäîì ðåãóëÿðèçàöèè À. Í. Òèõîíî-
âà [10], êîòîðûé áàçèðóåòñÿ íà ìèíèìèçàöèè ôóíêöèîíàëà, ñ äîáàâëåíèåì êîððåêòèðóþùèõ
ñëàãàåìûõ [11]:

min
c
J(c), J(c) = ‖r(c)‖22 + γreg‖Lc‖22 + γdiag‖c‖22, (15)

r(c) = (r1(c), ..., rM (c))T � âåêòîð íåâÿçîê, γreg �ïàðàìåòð ðåãóëÿðèçàöèè, îïðåäåëÿåìûé
ñ ïîìîùüþ ìåòîäà L-êðèâîé [12�14], γdiag �êîýôôèöèåíò ñòàáèëèçàöèè, îòâå÷àþùèé çà
ïðåäîòâðàùåíèå âûðîæäåíèÿ ñèñòåìû è ïîäàâëåíèå ñëèøêîì áîëüøèõ çíà÷åíèé ci, L�
ðåãóëÿðèçàòîð âòîðîãî ïîðÿäêà. Íîðìàëüíûå óðàâíåíèÿ äëÿ (15) áûëè ïîëó÷åíû ñ èñïîëü-
çîâàíèåì èòåðàòèâíîãî ìåòîäà Ãàóññà �Íüþòîíà:

(JT
r Jr + γregL

TL+ γdiagI)Δc = −JT
r r(c)− γregL

TLc− γdiagIc,

ãäå

(Jr)jk = µ̃(ξj)ϕ
′
k(ξj) + µ̃(ξj)

(
Φ

′(ξj)c− α2(ξj)
)
ϕk(ξj) ,

I � åäèíè÷íàÿ ìàòðèöà. Äîáàâëåíèå äèàãîíàëüíîãî ÷ëåíà γdiagI ýêâèâàëåíòíî ðåãóëÿðèçà-
öèè íóëåâîãî ïîðÿäêà è îáåñïå÷èâàåò ÷èñëåííóþ óñòîé÷èâîñòü ðåøåíèÿ.

Äëÿ îöåíêè êà÷åñòâà ðåêîíñòðóêöèè áûë ïðîâåä¼í ðÿä ÷èñëåííûõ èñïûòàíèé äëÿ ôóíê-
öèîíàëüíî-ãðàäèåíòíûõ ìàòåðèàëîâ ïðè ðàçëè÷íîìM . Â êà÷åñòâå áàçèñíûõ ôóíêöèé áûëè
âûáðàíû øëÿïíûå ôóíêöèè, B-ñïëàéíû è ïîëèíîìû Ëåæàíäðà. Èç àíàëèçà äàííûõ ðèñ. 3
ñëåäóåò, ÷òî ïðè ïðèáëèæåíèè ê çàùåìë¼ííîé ãðàíèöå íàáëþäàåòñÿ ðîñò ïîãðåøíîñòè âîñ-
ñòàíîâëåííûõ ïàðàìåòðîâ. Îòìåòèì, ÷òî B-ñïëàéíû ñ P -ñïëàéí øòðàôîì âòîðîãî ïîðÿäêà
ïîçâîëÿþò ïîëó÷èòü õîðîøèå ðåçóëüòàòû ðåêîíñòðóêöèè.
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а / a á / b

Ðèñ. 3. Ðåêîíñòðóêöèÿ îáåçðàçìåðåííûõ ïàðàìåòðîâ Ëàìå äëÿ ñëó÷àÿ Ẽ = 1 + 0.2 sin(2πξ),

ν̃(ξ) = 0.3 + 0.04 cos(2πξ) ïðè M = 10: а�ïàðàìåòð µ̃; á �ïàðàìåòð λ̃
Fig. 3. Reconstruction of the dimensionless Lame parameters for the case Ẽ = 1 + 0.2 sin(2πξ),

ν̃(ξ) = 0.3 + 0.04 cos(2πξ) at M = 10: a is parameter µ̃; b is parameter λ̃

Заключение

Ðàññìîòðåíà çàäà÷à î ñæàòèè öèëèíäðà ñ òîðöåâûì çàùåìëåíèåì, ãäå ïàðàìåòðû Ëà-
ìå ëèáî ïîñòîÿííûå, ëèáî ÿâëÿþòñÿ ãëàäêèìè ôóíêöèÿìè îñåâîé êîîðäèíàòû. Íà îñíîâå
ãèïîòåç îòíîñèòåëüíî ïîëåé ïåðåìåùåíèé ïîñòðîåíû äâå ïðèáëèæ¼ííûå ìîäåëè: ïåðâîãî è
âòîðîãî ïîðÿäêà. Îöåíåíà èõ ýôôåêòèâíîñòü íà îñíîâå ñðàâíåíèÿ ñ ÊÝ-ðàñ÷¼òàìè. Ïðåä-
ñòàâëåíà ñõåìà ðåøåíèÿ îáðàòíîé çàäà÷è. Ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû.
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Аннотация. Ðàññìîòðåíû îñîáåííîñòè ïåðñîíèôèêàöèè êîíå÷íî-ýëåìåíòíîé ìîäåëè ðîãîâèöû äëÿ

äèàãíîñòèêè åå áèîìåõàíè÷åñêèõ ñâîéñòâ ïðè êåðàòîêîíóñå è ïðîãíîçèðîâàíèÿ ðåçóëüòàòîâ ëå÷åíèÿ.

Êëþ÷åâàÿ ïðîáëåìà ñóùåñòâóþùèõ ìîäåëåé � èñïîëüçîâàíèå óñðåäíåííûõ ïàðàìåòðîâ, íå ó÷èòû-

âàþùèõ èíäèâèäóàëüíûå îñîáåííîñòè ïàöèåíòà è ñëîæíóþ ñòðóêòóðó çîí ñíèæåííîé æåñòêîñòè

ïðè êåðàòîêîíóñå. Íà îñíîâå êëèíè÷åñêèõ äàííûõ 256 ãëàç, ïîëó÷åííûõ ñ ïîìîùüþ òîïîãðàôà

Pentacam AXL è òîíîìåòðà Corvis ST, ðàçðàáîòàíà ìåòîäèêà ïîñòðîåíèÿ ïåðñîíàëèçèðîâàííûõ

3D-ìîäåëåé â COMSOL Multiphysics. Äëÿ îïèñàíèÿ ïîâåäåíèÿ ðîãîâèöû èñïîëüçîâàíà ãèïåðóïðóãàÿ

ìîäåëü ìàòåðèàëà Yeoh, ïîêàçàâøàÿ íàèìåíüøóþ ïîãðåøíîñòü ïðè ìîäåëèðîâàíèè. Ïðè ðåøåíèè

ðàçëè÷íûõ çàäà÷ ïðèìåíåíû ñïåöèàëèçèðîâàííûå àëãîðèòìû îïòèìèçàöèè: ìåòîä âíóòðåííåé òî÷-

êè (IPOPT)� äëÿ îïðåäåëåíèÿ êîððåêòíîé íåäåôîðìèðîâàííîé êîíôèãóðàöèè ðîãîâèöû ïîä âíóò-

ðèãëàçíûì äàâëåíèåì; àëãîðèòì Ëåâåíáåðãà �Ìàðêâàðäòà � äëÿ èäåíòèôèêàöèè ïàðàìåòðîâ ìàòå-

ðèàëà çäîðîâîé òêàíè ïî äàííûì äèíàìè÷åñêîé ïíåâìîòîíîìåòðèè; àëãîðèòì Íåëäåðà �Ìèäà�

äëÿ îïðåäåëåíèÿ õàðàêòåðèñòèê ëîêàëüíûõ îáëàñòåé ñíèæåííîé æåñòêîñòè, ìîäåëèðóþùèõ êåðà-

òîêîíóñ, ïî äàííûì êåðàòîòîïîãðàôèè. Ðàçðàáîòàííàÿ ìîäåëü îáåñïå÷èâàåò âûñîêóþ òî÷íîñòü ïåð-

ñîíàëèçàöèè áèîìåõàíè÷åñêèõ ñâîéñòâ è ïåðñïåêòèâíà äëÿ ïëàíèðîâàíèÿ èíäèâèäóàëèçèðîâàííîãî

ëå÷åíèÿ êåðàòîêîíóñà: ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ãåîìåòðè÷åñêèõ ïàðàìåòðîâ ìåíåå 0.1%, êî-

ýôôèöèåíò êîððåëÿöèè ðàñ÷åòíûõ è ýêñïåðèìåíòàëüíûõ ïàðàìåòðîâ äåôîðìàöèè 0.94.
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Abstract. This study explores the personalization of a 3D �nite element model of the cornea for

diagnosing its biomechanical properties in keratoconus and predicting treatment outcomes. A key limita-

tion of existing models is their reliance on averaged parameters, which fail to account for individual patient

variations and the presence/distribution of areas of reduced sti�ness in keratoconus. Using clinical data

from 256 eyes obtained with Pentacam AXL and Corvis ST, a methodology for building personalized 3D

models in COMSOL Multiphysics was developed. The hyperelastic Yeoh material model, demonstrating

the lowest error, was used. Specialized optimization algorithms were applied for di�erent tasks. The

Interior Point Optimizer (IPOPT) determined the undeformed con�guration under intraocular pressure.

The Levenberg-Marquardt algorithm identi�ed the material parameters of healthy tissue based on Corvis

ST dynamic tonometry data. Finally, the Nelder-Mead algorithm characterized local areas of reduced

sti�ness using corneal topography data. The model provides high accuracy, with root mean square

deviation between modeled and measured geometric parameters below 0.1% and a correlation coe�cient

of 0.94 between modeled and measured deformation parameters.
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Введение

Êåðàòîêîíóñ � ïðîãðåññèðóþùåå íåâîñïàëèòåëüíîå çàáîëåâàíèå ðîãîâèöû, õàðàêòåðèçó-
þùååñÿ íàðóøåíèåì ñòðóêòóðû êîëëàãåíîâûõ ôèáðèëë, ëîêàëüíûì èñòîí÷åíèåì è êîíè÷å-
ñêèì âûïÿ÷èâàíèåì ðîãîâèöû. Îíî ïðåèìóùåñòâåííî ïîðàæàåò ìîëîäûõ è ëþäåé ñðåäíåãî
âîçðàñòà, âûçûâàÿ óõóäøåíèå çðåíèÿ èç-çà íåïðàâèëüíîãî àñòèãìàòèçìà è âûñîêîé áëèçî-
ðóêîñòè [1�3].

Òî÷íàÿ äèàãíîñòèêà áèîìåõàíè÷åñêèõ ñâîéñòâ ðîãîâèöû ïðè êåðàòîêîíóñå ÿâëÿåòñÿ êðè-
òè÷åñêè âàæíîé çàäà÷åé äëÿ ïîíèìàíèÿ ïàòîãåíåçà çàáîëåâàíèÿ è îöåíêè åãî ïðîãðåññèðî-
âàíèÿ. Ñîâðåìåííûå ìåòîäû äèàãíîñòèêè, âêëþ÷àþùèå òîïîãðàôèþ ðîãîâèöû ñ ïîìîùüþ
Øàéìïôëþã-àíàëèçàòîðîâ è áåñêîíòàêòíóþ òîíîìåòðèþ, îáåñïå÷èâàþò âûñîêîòî÷íûå äàí-
íûå î ãåîìåòðèè ðîãîâèöû è åå äåôîðìàöèîííûõ õàðàêòåðèñòèêàõ [4, 5].

Ïðèìåíåíèå êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïîçâîëÿåò êîëè÷åñòâåííî îöåíèâàòü áèîìå-
õàíè÷åñêèå ïàðàìåòðû ðîãîâèöû íà îñíîâå êëèíè÷åñêèõ äàííûõ. Èññëåäîâàíèÿ â îáëàñòè
áèîìåõàíè÷åñêîãî ìîäåëèðîâàíèÿ ðîãîâèöû äåëÿòñÿ íà íåñêîëüêî íàïðàâëåíèé, ãäå ðîãîâè-
öà ïðåäñòàâëÿåòñÿ êàê ãèïåðóïðóãàÿ èçîòðîïíàÿ èëè àíèçîòðîïíàÿ îáîëî÷êà ñ çîíàìè ðàç-
ëè÷íîé æåñòêîñòè [6�9]. Íàïðèìåð, â ðàáîòàõ À. Ïàíäîëüôè [9] àíèçîòðîïíûå ñâîéñòâà ðî-
ãîâèöû îïèñàíû ñ èñïîëüçîâàíèåì ìîäèôèöèðîâàííîé ìîäåëè Õîëüöàïôåëÿ, a Áàî è äð. [7]
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èñïîëüçîâàëè ìîäåëü Îãäåíà äëÿ îïèñàíèÿ ìåõàíè÷åñêîãî ïîâåäåíèÿ ñòðîìû ðîãîâèöû è
ñêëåðû, ðàññìàòðèâàÿ èõ êàê ãèïåðýëàñòè÷íûé, èçîòðîïíûé è ïðàêòè÷åñêè íåñæèìàåìûé
ìàòåðèàë ñ ðàçëè÷íûìè õàðàêòåðèñòèêàìè.

Îäíàêî ñóùåñòâóþùèå ìîäåëè [1�9] èìåþò ðÿä îãðàíè÷åíèé äëÿ êëèíè÷åñêîãî ïðèìå-
íåíèÿ. Äëÿ ïîâûøåíèÿ äèàãíîñòè÷åñêîé öåííîñòè ìîäåëåé âàæíî áîëåå òî÷íî ó÷èòûâàòü
èíäèâèäóàëüíûå âàðèàöèè áèîìåõàíè÷åñêèõ ñâîéñòâ ðîãîâèöû, îñîáåííî ëîêàëüíîå ñíèæå-
íèå æåñòêîñòè òêàíè íà ðàçëè÷íûõ ñòàäèÿõ êåðàòîêîíóñà. Ýòî ïîçâîëèò óëó÷øèòü òî÷íîñòü
ðàñ÷åòíîé äèàãíîñòèêè è ïðîãíîçèðîâàíèÿ ïîñëåîïåðàöèîííûõ ðåçóëüòàòîâ.

Öåëü ðàáîòû çàêëþ÷àåòñÿ â ðàçðàáîòêå àëãîðèòìîâ ïåðñîíàëèçàöèè 3D-êîíå÷íî-ýëå-
ìåíòíîé ìîäåëè ðîãîâèöû äëÿ öèôðîâîé äèàãíîñòèêè èíäèâèäóàëüíûõ áèîìåõàíè÷åñêèõ
ñâîéñòâ ïðè êåðàòîêîíóñå è ïðîãíîçèðîâàíèÿ ýôôåêòèâíîñòè ëå÷åíèÿ íà îñíîâå äàííûõ
êëèíè÷åñêîãî îáñëåäîâàíèÿ ïàöèåíòà.

1. Экспериментальные данные и задачи исследования

Ýêñïåðèìåíòàëüíûå äàííûå èññëåäîâàíèÿ âêëþ÷àëè ðåçóëüòàòû êîìïëåêñíîãî êëèíè-
÷åñêîãî îáñëåäîâàíèÿ 256 ãëàç, ðàçäåëåííûõ íà ÷åòûðå ãðóïïû â çàâèñèìîñòè îò ñòàäèè
çàáîëåâàíèÿ. Êîíòðîëüíóþ ãðóïïó ñîñòàâèëè 174 ãëàçà çäîðîâûõ ïàöèåíòîâ ñ íîðìàëüíîé
ðîãîâèöåé ðàçëè÷íîé ðåôðàêöèè, ãðóïïû ñ êåðàòîêîíóñîì âêëþ÷àëè: I ñòàäèÿ� 16 ãëàç,
II ñòàäèÿ� 20 ãëàç, III ñòàäèÿ� 46 ãëàç.

Äëÿ ïîëó÷åíèÿ òîïîãðàôè÷åñêèõ è òîìîãðàôè÷åñêèõ äàííûõ èñïîëüçîâàëñÿ Øàéìï-
ôëþã-àíàëèçàòîð Pentacam AXL (OCULUS Optikgerate GmbH, Ãåðìàíèÿ), ñêàíèðóþùèé
ðîãîâèöó ñ ðàçðåøåíèåì ñâûøå 19 000 òî÷åê, ñ ðåãèñòðàöèåé êàðò âûñîò, ïàõèìåòðèè, êðè-
âèçíû è ýëåâàöèè çàäíåé ïîâåðõíîñòè. Áèîìåõàíè÷åñêèå ïàðàìåòðû îïðåäåëÿëèñü òîíîìåò-
ðîì Corvis ST, èçìåðÿþùèì äåôîðìàöèþ ðîãîâèöû ïîä âîçäóøíûì èìïóëüñîì. Âåðèôè-
êàöèÿ ìîäåëåé îñóùåñòâëÿëàñü ñ ïîìîùüþ îïòè÷åñêîé êîãåðåíòíîé òîìîãðàôèè ðîãîâèöû
âûñîêîãî ðàçðåøåíèÿ. Äëÿ îöåíêè òî÷íîñòè ìîäåëè áûëî ïðîâåäåíî èññëåäîâàíèå ëîêàëü-
íîé àäàïòàöèè ñåòêè, âêëþ÷àþùåå ïîñòåïåííîå óòî÷íåíèå ñåòêè â ìåñòàõ ñ íàèáîëüøèìè
îøèáêàìè. Êðèòåðèåì äîñòèæåíèÿ ñåòî÷íîé ñõîäèìîñòè ñëóæèëà àìïëèòóäà ïåðåìåùåíèÿ
ðîãîâèöû ìåíåå ÷åì íà 1% ïðè äàëüíåéøåì óâåëè÷åíèè ïëîòíîñòè ñåòêè.

Äëÿ îïðåäåëåíèÿ áèîìåõàíè÷åñêèõ è ãåîìåòðè÷åñêèõ ïàðàìåòðîâ ðîãîâèöû ïðè êåðàòî-
êîíóñå èññëåäîâàíèå ðàçäåëåíî íà äâà ýòàïà: 1) ñîçäàíèå ïåðñîíàëèçèðîâàííîé 3D-ìîäåëè
ðîãîâèöû ñ ó÷åòîì âíóòðèãëàçíîãî äàâëåíèÿ è âîçäóøíîãî èìïóëüñà íà áåñêîíòàêòíîì òî-
íîìåòðå äëÿ îïðåäåëåíèÿ íåäåôîðìèðîâàííîé êîíôèãóðàöèè è ãðàíè÷íûõ óñëîâèé; 2) èäåí-
òèôèêàöèÿ ñâîéñòâ ìàòåðèàëà ðîãîâèöû, âêëþ÷àÿ ïàðàìåòðû ãèïåðóïðóãîé ìîäåëè äëÿ
èíòàêòíûõ ó÷àñòêîâ è çîí ïîíèæåííîé æåñòêîñòè ïðè êåðàòîêîíóñå. Íà êàæäîì ýòàïå ðàç-
ðàáîòàíû àëãîðèòìû ìíîãîïàðàìåòðè÷åñêîé îïòèìèçàöèè äëÿ ìèíèìèçàöèè îòêëîíåíèé
ìåæäó ðàñ÷åòíûìè è ýêñïåðèìåíòàëüíûìè êåðàòîòîïîãðàôè÷åñêèìè è áèîìåõàíè÷åñêèìè
äàííûìè.

2. Основные уравнения и граничные условия

Ãåîìåòðè÷åñêàÿ ìîäåëü ðîãîâèöû ôîðìèðóåòñÿ íà îñíîâå òîïîãðàôè÷åñêèõ è òîìîãðà-
ôè÷åñêèõ äàííûõ êåðàòîòîïîãðàôà Pentacam AXL. Èñõîäíûå äàííûå âêëþ÷àþò êîîðäè-
íàòû òî÷åê ïåðåäíåé è çàäíåé ïîâåðõíîñòåé ðîãîâèöû â âèäå äâóìåðíûõ ìàññèâîâ (ïðè-
ìåðíî 9300 è 7300 òî÷åê ñîîòâåòñòâåííî) [10,11]. Òðåõìåðíàÿ ìîäåëü ñîçäàåòñÿ â COMSOL
Multiphysics ñ èñïîëüçîâàíèåì ëèíåéíîé èíòåðïîëÿöèè ýêñïåðèìåíòàëüíûõ äàííûõ, ãäå ãðà-
íè÷íûå ïîâåðõíîñòè àïïðîêñèìèðóþòñÿ ïî çàäàííûì âûñîòíûì êîîðäèíàòàì. Äëÿ ðåøåíèÿ
çàäà÷ çàäàþòñÿ óðàâíåíèÿ êâàçèñòàòè÷åñêîãî ðàâíîâåñèÿ

∇ · (FS)T + fV = 0,

ãäå∇� îïåðàòîð íàáëà; T � ñèìâîë òðàíñïîíèðîâàíèÿ; fV � âåêòîð îáúåìíûõ ñèë; S � âòî-
ðîé òåíçîð íàïðÿæåíèé Ïèîëû�Êèðõãîôà; F � ãðàäèåíò äåôîðìàöèè.
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Ìàòåðèàë ðîãîâèöû ñ÷èòàåòñÿ ãèïåðóïðóãèì, åãî çàêîí äåôîðìèðîâàíèÿ çàäàåòñÿ ñîîò-
íîøåíèåì ôóíêöèè ïëîòíîñòè ýíåðãèè óïðóãîé äåôîðìàöèè Ws è âòîðîãî òåíçîðà íàïðÿ-
æåíèé Ïèîëû�Êèðõãîôà S [12]:

S = Sext +
∂Ws

∂E
, (1)

ãäå Sext � òåíçîð âíåøíèõ (äîïîëíèòåëüíûõ) íàïðÿæåíèé; E � òåíçîð äåôîðìàöèè Ãðèíà �
Ëàãðàíæà.

Ôóíêöèÿ Ws ìîæåò ó÷èòûâàòü ñîîòíîøåíèÿ, ñîîòâåòñòâóþùèå ðàçëè÷íûì ìåõàíèçìàì
äåôîðìèðîâàíèÿ ìàòåðèàëà, [13]:

Ws =Wiso +Wvol, (2)

ãäå Ws �ïëîòíîñòü ýíåðãèè óïðóãîé äåôîðìàöèè; Wiso �èçîòðîïíàÿ ÷àñòü óäåëüíîé ýíåð-
ãèè óïðóãîé äåôîðìàöèè; Wvol � ýíåðãèÿ îáúåìíîé óïðóãîé äåôîðìàöèè.

Îáùàÿ ïîñòàíîâêà ðàññìàòðèâàåìûõ çàäà÷ çàäàåòñÿ ñèñòåìîé óðàâíåíèé ðàâíîâåñèÿ è
óðàâíåíèé ñîâìåñòíîñòè äåôîðìàöèé â âèäå, ïðèâåäåííîì â [10, 11], ôèçè÷åñêèìè ñîîòíî-
øåíèÿìè (1), (2), à òàêæå ãðàíè÷íûìè óñëîâèÿìè, çàäàííûìè íà ñîîòâåòñòâóþùèõ ïîâåðõ-
íîñòÿõ Γ ðîãîâèöû (ðèñ. 1).

Ðèñ. 1. Îáùèé âèä ñå÷åíèÿ ãåîìåòðè÷åñêîé ìîäåëè ðîãîâèöû, ñõåìà íàãðóæåíèÿ
è çàêðåïëåíèÿ ãðàíè÷íûõ ïîâåðõíîñòåé ïðè îáñëåäîâàíèè íà ïðèáîðå CORVIS

(öâåò îíëàéí)
Fig. 1. General view of the cross-section of the corneal geometric model, loading and
boundary surface �xation scheme during examination with the CORVIS (color online)

1. Îòñóòñòâèå ïåðåìåùåíèé íà ïîâåðõíîñòÿõ ΓS , ïðèìûêàþùåé ê ñêëåðå:

u = 0, Γ ∈ ΓS . (3)

2. Äåéñòâèå íà çàäíåé ïîâåðõíîñòè ðîãîâèöû ïîâåðõíîñòíî ðàñïðåäåëåííîé íàãðóçêè
èíòåíñèâíîñòüþ qb (âäîëü ñîñòàâëÿþùèõ âåêòîðà íîðìàëè n):

S · n = qb, Γ ∈ Γb. (4)

3. Äåéñòâèå íà ïåðåäíåé ïîâåðõíîñòè ðîãîâèöû ïîâåðõíîñòíî ðàñïðåäåëåííîé íàãðóçêè
èíòåíñèâíîñòüþ qf

S · n = qf , Γ ∈ Γf . (5)

3. Алгоритмы и методы решения задачи

3.1. Алгоритм построения начальной конфигурации модели роговицы

Ýêñïåðèìåíòàëüíàÿ ãåîìåòðèÿ ðîãîâèöû, ïîëó÷åííàÿ íà òîïîãðàôå Pentacam in vivo, îò-
ðàæàåò åå äåôîðìèðîâàííîå ñîñòîÿíèå ïîä âîçäåéñòâèåì âíóòðèãëàçíîãî äàâëåíèÿ (ÂÃÄ).
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Ïðÿìîå èñïîëüçîâàíèå òàêîé êîíôèãóðàöèè íåêîððåêòíî, ïîñêîëüêó ïðèëîæåíèå ÂÃÄ âû-
çîâåò ñìåùåíèå òî÷åê îò ýêñïåðèìåíòàëüíûõ ïîçèöèé. Èñêëþ÷åíèå ÂÃÄ äëÿ ñîõðàíåíèÿ
ýêñïåðèìåíòàëüíîé ãåîìåòðèè óñòðàíÿåò ñîîòâåòñòâóþùèå íàïðÿæåíèÿ, ñíèæàÿ òî÷íîñòü
àíàëèçà.

Â ïðîãðàììíîì êîìïëåêñå COMSOL Multiphysics äëÿ ðåøåíèÿ çàäà÷è èñïîëüçóåòñÿ ìî-
äóëü îïòèìèçàöèè ãåîìåòðèè ïåðåäíåé è çàäíåé ïîâåðõíîñòåé ðîãîâèöû. Êðèòåðèé îïòè-
ìèçàöèè çàêëþ÷àåòñÿ â ñîîòâåòñòâèè ïîâåðõíîñòåé ðîãîâèöû ïðè âîçäåéñòâèè ÂÃÄ ýêñ-
ïåðèìåíòàëüíûì äàííûì êîîðäèíàò ñ ïðèáîðà òîïîãðàôèè Pentacam. Òåñòîâûå ðàñ÷åòû
ïîêàçàëè, ÷òî íàèìåíüøàÿ ïîãðåøíîñòü äëÿ ðàçëè÷íûõ àëãîðèòìîâ îïòèìèçàöèè òðåõìåð-
íîé ìîäåëè [14] äîñòèãàåòñÿ ïðè èñïîëüçîâàíèè ìåòîäà âíóòðåííåé òî÷êè (IPOPT� Interior
Point Optimizer).

Ñîãëàñíî àëãîðèòìó èñõîäíàÿ ãåîìåòðèÿ, ïîëó÷åííàÿ èç äàííûõ êåðàòîòîïîãðàôèè ïà-
öèåíòà, èòåðàöèîííî êîððåêòèðóåòñÿ â íåäåôîðìèðîâàííîì ñîñòîÿíèè, ÷òîáû ïðè âîçäåé-
ñòâèè ÂÃÄ äåôîðìèðîâàííàÿ êîíôèãóðàöèÿ ðîãîâèöû ñîîòâåòñòâîâàëà ýêñïåðèìåíòàëüíûì
äàííûì ñ çàäàííîé òî÷íîñòüþ ε. Öåëåâàÿ ôóíêöèÿ ïðè ýòîì îïðåäåëÿåòñÿ ñëåäóþùèì îá-
ðàçîì:

Fx(y, z) =

∫

Γb

|Xэ(y, z)−Xр(y, z)| dS +

∫

Γf

|Xэ(y, z)−Xр(y, z)| dS → min, (6)

ãäåXэ(y, z)� ýêñïåðèìåíòàëüíûå âûñîòû ïîâåðõíîñòè ðîãîâèöû ïðè òîïîãðàôèè Pentacam;
Xр(y, z)� ñîîòâåòñòâóþùèå ðàñ÷åòíûå âûñîòû ïîâåðõíîñòè ðîãîâèöû.

Ïðîöåäóðà èäåíòèôèêàöèè íà÷àëüíîãî ñîñòîÿíèÿ ðîãîâèöû ïðåäñòàâëåíà íà ðèñ. 2.

а / a

á / b

â / c ã / d

Ðèñ. 2. Íàõîæäåíèå èñõîäíîé ôîðìû ðîãîâèöû: а�ìîäåëü ðîãîâèöû áåç äàâëåíèÿ; á �ìîäåëü
ðîãîâèöû ïîä äåéñòâèåì ÂÃÄ ñ ïîãðåøíîñòüþ δ > 0.1%; â �ìîäåëü ðîãîâèöû ïîä äåéñòâè-
åì ÂÃÄ ñ ïîãðåøíîñòüþ δ < 0.1%; ã � ñõåìà îïðåäåëåíèÿ íà÷àëüíîãî ñîñòîÿíèÿ ðîãîâèöû

(öâåò îíëàéí)
Fig. 2. Determination of the initial corneal shape: a is the cornea model without pressure; b is the
cornea model under the in�uence of IOP with an error δ > 0.1%; c is the cornea model under the
in�uence of IOP with an error δ < 0.1%; d is the scheme for determining the initial state of the

cornea (color online)
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Îíà âêëþ÷àåò ñëåäóþùèå øàãè:
1) íà îñíîâå äàííûõ êåðàòîòîïîãðàôèè (Pentacam AXL) ñîçäàåòñÿ èíäèâèäóàëüíàÿ 3D-

ìîäåëü ðîãîâèöû (ðèñ. 2, а) ñ çàäàíèåì ãåîìåòðè÷åñêèõ ïàðàìåòðîâ (øàã 1, ðèñ. 2, г):
ci = ciср , ψj = Rj = 0;

2) çàäàåòñÿ âîçäåéñòâèå ÂÃÄ íà çàäíþþ ïîâåðõíîñòü Γb ðîãîâèöû ïî (4), îïðåäåëÿÿ
ôîðìó ïîä ÂÃÄ (øàã 2, ðèñ. 2, д), êîòîðàÿ ìîæåò íå ñîâïàäàòü ñ ýêñïåðèìåíòàëüíûìè
äàííûìè (ðèñ. 2, б );

3) ïðîâîäèòñÿ îïòèìèçàöèÿ ôîðìû (øàã 3, ðèñ. 2, г) ìåòîäîì âíóòðåííåé òî÷êè ïî (7)
ñ îãðàíè÷åíèÿìè Dmax = 0.2 ìì, Rmin = 0.02 ìì.

Íà÷àëüíàÿ ãåîìåòðèÿ ñ÷èòàåòñÿ íàéäåííîé, êîãäà ñóììàðíîå îòêëîíåíèå (6) ðàñ÷åòíûõ
è ýêñïåðèìåíòàëüíûõ êîîðäèíàò äîñòèãàåò δx < ε = 0.1% (ðèñ. 2, в). Íàïðÿæåíèÿ îáíó-
ëÿþòñÿ, ìîäåëü íàãðóæàåòñÿ ÂÃÄ äëÿ ðàñ÷åòà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ
(ÍÄÑ) è îáíîâëåíèÿ êîíôèãóðàöèè ïîâåðõíîñòåé ðîãîâèöû.

3.2. Алгоритм определения биомеханических свойств материала роговицы

Âûáîð ìîäåëè ãèïåðóïðóãîñòè (2) ïðîèçâîäèòñÿ ïî ðåçóëüòàòàì ñîïîñòàâëåíèÿ ðàñ÷åò-
íîé àìïëèòóäû ïåðåìåùåíèÿ ðîãîâèöû ïîä äåéñòâèåì ïíåâìàòè÷åñêîãî èìïóëüñà è ýêñïå-
ðèìåíòàëüíûõ äàííûõ îáñëåäîâàíèÿ ïàöèåíòîâ íà ïíåâìîòîíîìåòðå.

Ïî ðåçóëüòàòàì èññëåäîâàíèÿ â êà÷åñòâå áàçîâîé ïðèíÿòà ìîäåëü Yeoh, â ðàìêàõ êîòîðîé
ñîñòàâëÿþùèå ôóíêöèè Ws â (2) ìîãóò áûòü çàïèñàíû â âèäå

Ws = (1− ψkc) ·
[
c1(Ī1 − 3) + c2(Ī1 − 3)2 + c3(Ī1 − 3)3

]
+

1

2
κ(Jel − 1)2, (7)

ãäå c1, c2, c3 � ýìïèðè÷åñêèå ïàðàìåòðû ìîäåëè; Ī1 �ïåðâûé èíâàðèàíò (ñëåä) òåíçîðà C̄;
C̄ �èçîõîðíûé óïðóãèé ïðàâûé òåíçîð äåôîðìàöèè Êîøè�Ãðèíà; Jel �óïðóãàÿ îáúåìíàÿ
äåôîðìàöèÿ; κ�ìîäóëü îáúåìíîé óïðóãîñòè; ψkc � ñóììàðíîå ñíèæåíèå æåñòêîñòè â çîíå
êåðàòîêîíóñà.

Ïåðñîíàëèçàöèÿ ïàðàìåòðîâ (ci) ìîäåëè ìàòåðèàëà (7) ïðîâîäèòñÿ íà îñíîâå ñîãëàñî-
âàíèÿ ðàñ÷åòíûõ äàííûõ î äåôîðìàöèÿõ ðîãîâèöû è êëèíè÷åñêèõ äàííûõ îáñëåäîâàíèÿ
ïàöèåíòà íà ïíåâìîòîíîìåòðå òèïà Corvis ST. Ðåøàåòñÿ çàäà÷à ìèíèìèçàöèè ìåòîäîì íàè-
ìåíüøèõ êâàäðàòîâ öåëåâîé ôóíêöèè, ïðåäñòàâëÿþùåé ñîáîé ñóììó êâàäðàòîâ îòêëîíåíèé
ðàñ÷åòíûõ çíà÷åíèé îò ýêñïåðèìåíòàëüíûõ äëÿ àìïëèòóäû è ñêîðîñòè ñìåùåíèÿ â àïåêñå:

FxA
(ci) =

∑
[DAэ(t)−DAр(t, ci)]

2 → min, (8)

ãäå DA�ïåðåìåùåíèÿ òî÷åê ðîãîâèöû ïðè áåñêîíòàêòíîé òîíîìåòðèè âî âðåìåíè.
Ìèíèìèçàöèÿ âûïîëíÿåòñÿ ïðè ïîìîùè àëãîðèòìà Ëåâåíáåðãà �Ìàðêâàðäòà äëÿ âñåõ

âðåìåííûõ øàãîâ ïóòåì ïîèñêà êîýôôèöèåíòîâ, îáåñïå÷èâàþùèõ íàèëó÷øåå ñîîòâåòñòâèå
ðàñ÷åòíûõ êðèâûõ ýêñïåðèìåíòàëüíûì äàííûì.

Äëÿ ìîäåëèðîâàíèÿ êåðàòîêîíóñà èñïîëüçóåòñÿ ñèñòåìà ëîêàëüíûõ îáëàñòåé, äëÿ êîòî-
ðûõ â âûðàæåíèè (7) çàäàþòñÿ êîýôôèöèåíòû ñíèæåíèÿ æåñòêîñòè ìàòåðèàëà (ðèñ. 3) [11]:

ψkc =
∑

ψj · exp
[
θjxx

2/a2jx + θjyy
2/a2jy + θjzz

2/a2jz

]
, (9)

ãäå xj , yj , zj �ëîêàëüíàÿ ñèñòåìà êîîðäèíàò, ñâÿçàííàÿ ñ öåíòðîì j-é çîíû ïîíèæåííîé
æåñòêîñòè � òî÷êîé Sj ; ψj �ìàêñèìàëüíîå îòíîñèòåëüíîå ñíèæåíèå æåñòêîñòè â òî÷êå Sj ;
aj , bj , cj �ïàðàìåòðû, óñòàíàâëèâàþùèå ãðàäèåíò èçìåíåíèÿ ñâîéñòâ ïî ðàññìàòðèâàåìîé
îáëàñòè âäîëü ñîîòâåòñòâóþùåé îñè.

Ïðèíÿòû ñëåäóþùèå çíà÷åíèÿ êîýôôèöèåíòîâ â (9): θjx = θjy = θjz = −0.693; ajx = ajy =
= ajz = Rj , ÷òî ñîîòâåòñòâóåò 50%-ìó ñíèæåíèþ çíà÷åíèé ôóíêöèè ψj íà ðàññòîÿíèè Rj

îò òî÷êè Sj .
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Öåíòðû îáëàñòåé ïîíèæåííîé æåñòêîñòè ðàñïîëàãàþòñÿ â ïÿòè îïîðíûõ òî÷êàõ: àïåê-
ñå (Apex), ìèíèìàëüíîé ïàõèìåòðèè (Pmin), íàèáîëüøåé çàäíåé ýëåâàöèè (emax), ìàêñè-
ìàëüíîé èíòåíñèâíîñòè äåôîðìàöèé (εmax), ìàêñèìàëüíîé êðèâèçíû ïåðåäíåé ïîâåðõíîñòè
(Kmax), à òàêæå â 14 ïðîìåæóòî÷íûõ� ðàâíîóäàëåííûõ îò îïîðíûõ (âñåãî 19 òî÷åê Sj). Çà
ñ÷åò ýòîãî ñîçäàåòñÿ ðåàëèñòè÷íîå ðàñïðåäåëåíèå ñâîéñòâ â ïàòîëîãè÷åñêè èçìåíåííîé ðî-
ãîâèöå (ðèñ. 3, в).

а / a

á / b â / c

Ðèñ. 3. Ìíîãîî÷àãîâàÿ ìîäåëü çîíû ïîíèæåííîé æåñòêîñòè â îáëàñòè êåðàòîêîíóñà â îáú-
åìå ðîãîâèöû ïî åå ïåðåäíåé (а), çàäíåé (â) ïîâåðõíîñòÿì è â ñå÷åíèÿõ ïî òîëùèíå (á )

(öâåò îíëàéí)
Fig. 3. The multifocal model of the zone of reduced sti�ness in the area of keratoconus in the
volume of the cornea along its anterior (a), posterior (c) surfaces and in the sections along the

thickness (b) (color online)

Äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ çîíû êåðàòîêîíóñà (ìàêñèìàëüíîå ñíèæåíèå æåñòêîñòè è
ýôôåêòèâíûé ðàäèóñ Rj) íà îñíîâå äàííûõ òàíãåíöèàëüíîé êðèâèçíû ïåðåäíåé ïîâåðõíî-
ñòè ðîãîâèöû áûë âûáðàí àëãîðèòì Íåëäåðà �Ìèäà. Ýòî ðåøåíèå îñíîâàíî íà ñðàâíèòåëü-
íîì àíàëèçå (òàáëèöà), ïîêàçàâøåì, ÷òî äàííûé ìåòîä îáåñïå÷èâàåò íàèìåíüøóþ ïîãðåø-
íîñòü â îïðåäåëåíèè äëÿ óñëîâíî çäîðîâûõ ðîãîâèö (0.021±0.026) è ðîãîâèö ñ êåðàòîêîíóñîì
(I ñòàäèÿ� 0.077 ± 0.028; II ñòàäèÿ� 0.186 ± 0.047; III ñòàäèÿ� 0.394 ± 0.01) ïî ñðàâíåíèþ
ñ àëüòåðíàòèâíûìè àëãîðèòìàìè îïòèìèçàöèè (COBYLA, BOBYQA, MMA è IPOPT).

Ïîãðåøíîñòü àëãîðèòìîâ îïòèìèçàöèè ïàðàìåòðîâ çîíû ïîíèæåííîé æåñòêîñòè
Table. The error of the algorithms for optimizing the parameters of the reduced sti�ness zone

Ïðè ðåøåíèè çàäà÷è âûäåëÿþòñÿ êëþ÷åâûå ýòàïû: îïðåäåëåíèå îáëàñòè ìàêñèìàëüíîé
êðèâèçíû íà òîïîãðàôè÷åñêîé êàðòå ðîãîâèöû; çàäàíèå íà÷àëüíûõ ïàðàìåòðîâ çîíû êåðà-
òîêîíóñà äëÿ ìîäåëèðîâàíèÿ åãî âëèÿíèÿ íà äåôîðìàöèè ðîãîâèöû; îïðåäåëåíèå çíà÷åíèé

62 Научный отдел



Лэ Ван Хоанг. Особенности использования алгоритмов оптимизации

ψj è Rj ìåòîäîì Íåëäåðà �Ìèäà ïóòåì ìèíèìèçàöèè öåëåâîé ôóíêöèè, îòðàæàþùåé îò-
êëîíåíèå ðàñ÷åòíîé òàíãåíöèàëüíîé êðèâèçíû ïåðåäíåé ïîâåðõíîñòè ðîãîâèöû îò äàííûõ
êåðàòîòîïîãðàôà Pentacam AXL:

FK(ψj , Rj) =
∑

[Ktэ(y, z)−Ktр(y, z, ψj , Rj)]
2 → min, (10)

ãäå Kt �êðèâèçíà ïåðåäíåé ïîâåðõíîñòè ðîãîâèöû â çàâèñèìîñòè îò ìàêñèìàëüíîãî îòíî-
ñèòåëüíîãî ñíèæåíèÿ æåñòêîñòè ψj è ðàäèóñà Rj .

Ïîëó÷åííûé ðåçóëüòàò âàëèäèðóåòñÿ èç ñîïîñòàâëåíèÿ ñ îáúåêòèâíûìè êëèíè÷åñêèìè
ïîêàçàòåëÿìè�ìàêñèìàëüíîå ñíèæåíèå óïðóãèõ êîýôôèöèåíòîâ ψmax, ìàêñèìàëüíûé ýô-
ôåêòèâíûé ðàäèóñ Rk.

Íà îñíîâå ìåòîäîâ îïòèìèçàöèè, ðåàëèçîâàííûõ â COMSOL Multiphysics, ðàçðàáîòàí
àëãîðèòì ðàñ÷åòà áèîìåõàíè÷åñêèõ ïàðàìåòðîâ ðîãîâèöû ïî ôîðìóëå (7). Àëãîðèòì ñî-
ñòîèò èç äâóõ ìîäóëåé: îïðåäåëåíèå ïàðàìåòðîâ èíòàêòíîé òêàíè (ðèñ. 4, áëîê À) è èäåí-
òèôèêàöèÿ õàðàêòåðèñòèê çîí ïîíèæåííîé æåñòêîñòè ïðè êåðàòîêîíóñå (ðèñ. 4, áëîê Á).
Ýòà ñõåìà (ðèñ. 4) ó÷èòûâàåò íåëèíåéíóþ ãèïåðóïðóãîñòü ìàòåðèàëà è èíäèâèäóàëüíóþ
ãåîìåòðèþ ðîãîâèöû.

Ðèñ. 4. Ïðîöåäóðà îïðåäåëåíèÿ áèîìåõàíè÷åñêèõ ïàðàìåòðîâ ðîãîâèöû
Fig. 4. Procedure for determining the biomechanical parameters of the cornea

Â ïåðâîì ïðèáëèæåíèè ìåõàíè÷åñêèå õàðàêòåðèñòèêè ìàòåðèàëà íàçíà÷àþòñÿ ïî ðå-
çóëüòàòàì ñåðèè ïðåäâàðèòåëüíûõ ðàñ÷åòîâ êàê ñðåäíèå äëÿ çäîðîâûõ ðîãîâèö (c1 = 0.225
ÌÏà; c2 = −28.3 ÌÏà; c3 = 2460 ÌÏà, ψkc = 0). Óñòàíàâëèâàåòñÿ íà÷àëüíîå íåäåôîðìèðî-
âàííîå ñîñòîÿíèå ðîãîâèöû (ñì. ðèñ. 3), ïðîèçâîäèòñÿ åå íàãðóæåíèå BÃÄ è îïðåäåëÿåòñÿ
íà÷àëüíîå ÍÄÑ ìàòåðèàëà.

3.3. Определение биомеханических параметров роговицы в здоровой части

Íà îñíîâå óñòàíîâëåííîé êîíôèãóðàöèè è íà÷àëüíîãî íàïðÿæåííî-äåôîðìèðîâàííîãî
ñîñòîÿíèÿ ðîãîâèöû ðåøàåòñÿ îáðàòíàÿ çàäà÷à (3)�(5) î äåôîðìàöèÿõ ïîä âîçäåéñòâèåì âîç-
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äóøíîãî èìïóëüñà ïðè òîíîìåòðèè íà ïðèáîðå Corvis ST. Äëÿ ìèíèìèçàöèè öåëåâîé ôóíê-
öèè (8) ñ èñïîëüçîâàíèåì ïàðàìåòðîâ ci ïðèìåíÿåòñÿ àëãîðèòì Ëåâåíáåðãà �Ìàðêâàðäòà,
ïðè ýòîì äëÿ çäîðîâîé ðîãîâèöû ïàðàìåòðû ψj , Rj ïðèíèìàþòñÿ ðàâíûìè íóëþ. Íà ñëåäó-
þùåì ýòàïå ïàðàìåòðû çäîðîâîé òêàíè (ci) è ïðåäâàðèòåëüíûå õàðàêòåðèñòèêè çîí êåðàòî-
êîíóñà (ψj , Rj), ïîëó÷åííûå â áëîêå À (ñì. ðèñ. 4), èñïîëüçóþòñÿ â áëîêå Á äëÿ îáåñïå÷åíèÿ
ñîãëàñîâàííîñòè ðàñ÷åòîâ. Çíà÷åíèÿ ψj , Rj çàäàþòñÿ íà îñíîâå êëèíè÷åñêèõ äàííûõ, ó÷è-
òûâàþùèõ èíòåíñèâíîñòü äåôîðìàöèé, ñòàäèþ êåðàòîêîíóñà è ðàçìåð çîíû ìèíèìàëüíîé
òîëùèíû ðîãîâèöû [13].

3.4. Поиск параметров в зоне пониженной жесткости кератоконуса

Â áëîêå Á àëãîðèòìà (ñì. ðèñ. 4) óòî÷íÿþòñÿ ïàðàìåòðû ψj è Rj â ôîðìóëå (7) ñ èñïîëü-
çîâàíèåì ìíîãîî÷àãîâîé ìîäåëè êåðàòîêîíóñà (ñì. ðèñ. 3), ãäå ðàäèóñ è ñòåïåíü ñíèæåíèÿ
æåñòêîñòè îïðåäåëÿþòñÿ äëÿ 19 ëîêàëüíûõ îáëàñòåé âîêðóã 5 êëþ÷åâûõ òî÷åê ðîãîâèöû
(38 ïàðàìåòðîâ). Îáðàòíàÿ çàäà÷à ðåøàåòñÿ ìåòîäîì Íåëäåðà �Ìèäà ïóòåì ìèíèìèçàöèè
öåëåâîé ôóíêöèè (10), îòðàæàþùåé îòêëîíåíèå ðàñ÷åòíîé òàíãåíöèàëüíîé êðèâèçíû îò
êëèíè÷åñêèõ äàííûõ. Çàòåì êîýôôèöèåíòû ìîäåëè Yeoh (c1, c2, c3) ðåêàëèáðóþòñÿ â áëî-
êå À ñ ïîìîùüþ àëãîðèòìà Ëåâåíáåðãà �Ìàðêâàðäòà. Îêîí÷àòåëüíàÿ âåðèôèêàöèÿ ìîäåëè
ïðîâîäèòñÿ ïóòåì ñðàâíåíèÿ ðàñ÷åòíûõ è ýêñïåðèìåíòàëüíûõ äàííûõ òîíîìåòðà Corvis
ST: ìàêñèìàëüíîé àìïëèòóäû äåôîðìàöèè, âðåìåíè åå äîñòèæåíèÿ, ñêîðîñòè äåôîðìàöèè
è ðàñïðåäåëåíèÿ äåôîðìàöèé ïî ðîãîâèöå. Ðàçðàáîòàííûé èòåðàöèîííûé ïðîöåññ (Áëîê À
→ Áëîê Á → Ðåêàëèáðîâêà → Âåðèôèêàöèÿ) îáåñïå÷èâàåò òî÷íîå îïðåäåëåíèå áèîìåõàíè-
÷åñêèõ ïàðàìåòðîâ ðîãîâèöû, ó÷èòûâàÿ èíäèâèäóàëüíûå îñîáåííîñòè, è ïîçâîëÿåò ïðîãíî-
çèðîâàòü ýôôåêòèâíîñòü ëå÷åíèÿ êåðàòîêîíóñà.

4. Ïîëó÷åííûå ðåçóëüòàòû è èõ îáñóæäåíèå

а / a á / b â / c

ã / d ä / e å / f

Ðèñ. 5. Ñîïîñòàâëåíèå ýêñïåðèìåíòàëüíûõ (âåðõíèé ðÿä)
è ðàñ÷åòíûõ (íèæíèé ðÿä) êàðò äëÿ ïåðåäíåé ïîâåðõíî-
ñòè ðîãîâèöû: à, ã �êàðòû òîëùèíû; á, ä �êàðòû òàíãåí-
öèàëüíîé êðèâèçíû; â, å �êàðòû ñàãèòòàëüíîé êðèâèçíû

(öâåò îíëàéí)

Fig. 5. Comparison of experimental maps with calculated maps
for the anterior corneal surface: a, d are the maps of thickness;
b, e are maps tangential curvature; c, f are the sagittal

curvature maps (color online)

Ðàçðàáîòàííàÿ ìåòîäèêà ïî-
ñòðîåíèÿ ïàöèåíò-ñïåöèôè÷åñ-
êîé òðåõìåðíîé ÌÊÝ-ìîäåëè
ðîãîâèöû áûëà âåðèôèöèðîâà-
íà ïóòåì ñðàâíåíèÿ ðàñ÷åòíûõ
äàííûõ ñ êëèíè÷åñêèìè èçìå-
ðåíèÿìè äëÿ ãðóïïû ïàöèåí-
òîâ (ðàçëè÷íûå ñòàäèè êåðà-
òîêîíóñà è çäîðîâûå ðîãîâè-
öû). Àíàëèç ïîêàçàë âûñîêóþ
òî÷íîñòü ñîîòâåòñòâèÿ ãåîìåò-
ðè÷åñêèõ ïàðàìåòðîâ. Îïòèìè-
çàöèÿ íåäåôîðìèðîâàííîé êîí-
ôèãóðàöèè àëãîðèòìîì IPOPT
(ðàäèóñ ôèëüòðà 0.02 ìì, îãðà-
íè÷åíèå íà ìàêñèìàëüíîå ïåðå-
ìåùåíèå 0.2 ìì) òðåáîâàëà 48�
56 èòåðàöèé.

Íà ðèñ. 5 ïðèâîäÿòñÿ ýêñïå-
ðèìåíòàëüíûå è ðàñ÷åòíûå êàð-
òû òîëùèíû, òàíãåíöèàëüíîé è
ñàãèòòàëüíîé êðèâèçíû ïåðåä-
íåé ïîâåðõíîñòè ðîãîâèöû ëåâî-
ãî ãëàçà ïàöèåíòà Ä. ñ êåðàòîêî-
íóñîì II ñòàäèè.
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Ïðè ñðàâíåíèè ñìîäåëèðîâàííîé ãåîìåòðèè ïåðåäíåé ïîâåðõíîñòè ðîãîâèöû ñ äàííûìè
òîïîãðàôèè Pentacam AXL (ðèñ. 6) ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ñîñòàâèëî ìåíåå 0.1%,
ñ ìàêñèìàëüíûìè îòêëîíåíèÿìè äî 2 ìêì â ïåðèôåðè÷åñêèõ çîíàõ, ÷òî ñîîòâåòñòâóåò òî÷-
íîñòè îáîðóäîâàíèÿ.

а / a á / b

â / c ã / d

Ðèñ. 6. Êàðòèíû äåôîðìàöèé â ñå÷åíèè ðîãîâèöû ïðè: а� 0 ìñ; á � 7.62 ìñ; â � 11.3 ìñ;
ã � 18.7 ìñ (öâåò îíëàéí)

Fig. 6. Deformation patterns in the section of the cornea at: a is for 0 ms; b is for 7.62 ms;
c is for 11.3 ms; d is for 18.7 ms (color online)

Äëÿ çàäíåé ïîâåðõíîñòè îòêëîíåíèå ñîñòàâèëî ìåíåå 0.15%. Ìîäåëü òî÷íî âîñïðîèçâî-
äèò âðåìåííûå õàðàêòåðèñòèêè äåôîðìàöèè ðîãîâèöû, âêëþ÷àÿ âðåìÿ, àìïëèòóäó è ñêî-
ðîñòü âîññòàíîâëåíèÿ ôîðìû, ñ êîýôôèöèåíòàìè êîððåëÿöèè 0.94 äëÿ çäîðîâûõ ðîãîâèö è
0.91 äëÿ ðîãîâèö ñ êåðàòîêîíóñîì, à ìàêñèìàëüíûå îòêëîíåíèÿ íå ïðåâûøàëè 8.0%. Ñðàâ-
íåíèå ïðîôèëåé ðîãîâèöû ñ äàííûìè òîíîìåòðà Corvis ST ïîêàçàëî, ÷òî êâàçèñòàòè÷åñêàÿ
ìîäåëü, èãíîðèðóþùàÿ êîëåáàíèÿ, îáåñïå÷èâàåò òî÷íîñòü àìïëèòóäû äåôîðìàöèè â àïåêñå
äî 1.0% áëàãîäàðÿ îïòèìèçàöèîííûì àëãîðèòìàì, ÷òî äåëàåò åå ýôôåêòèâíîé äëÿ îïðåäå-
ëåíèÿ áèîìåõàíè÷åñêèõ ñâîéñòâ ðîãîâèöû. Ïðåäëîæåííàÿ ìîäåëü ðîãîâèöû ñ èñïîëüçîâà-
íèåì àëãîðèòìîâ îïòèìèçàöèè åå ïàðàìåòðîâ ïî îáùåé òî÷íîñòè ñîîòâåòñòâóåò èçâåñòíûì
ðåøåíèÿì [1�9, 13], à ïî ðÿäó ïàðàìåòðîâ, òàêèõ êàê òî÷íîñòü ðåêîíñòðóêöèè êîîðäèíàò
ïîâåðõíîñòè è òîëùèíû ðîãîâèöû (äî 2 ìêì), à òàêæå àìïëèòóäû åå ïåðåìåùåíèÿ ïðè
íàãðóæåíèè (ñ ïîãðåøíîñòüþ äî 3.0%), ïîêàçûâàåò ñòàòèñòè÷åñêè çíà÷èìîå óëó÷øåíèå.

Âûâîäû

Ðàçðàáîòàííàÿ ìåòîäèêà ïåðñîíàëèçàöèè êîíå÷íî-ýëåìåíòíîé 3D-ìîäåëè ðîãîâèöû ïðè
êåðàòîêîíóñå áàçèðóåòñÿ íà êîìïëåêñíîì àëãîðèòìå ÷èñëåííîãî àíàëèçà êëèíè÷åñêèõ äàí-
íûõ (òîïîãðàôèè Pentacam AXL è òîíîìåòðà Corvis ST) ïàöèåíòà ñ ïîìîùüþ ïîýòàïíîé
èòåðàöèîííîé ïðîöåäóðû. Ïîñëåäîâàòåëüíîå îïðåäåëåíèå ïàðàìåòðîâ, íà÷èíàÿ ñ íåäåôîð-
ìèðîâàííîé ãåîìåòðèè ðîãîâèöû, çàòåì ñâîéñòâ çäîðîâîé òêàíè è íàêîíåö ïàðàìåòðîâ ïà-
òîëîãè÷åñêîé îáëàñòè, ïîçâîëÿåò êîððåêòíî ðàçäåëèòü âëèÿíèå êàæäîãî ôàêòîðà, èçáåæàòü
íåîïðåäåëåííîñòè â ðåçóëüòàòàõ è èñïîëüçîâàòü äëÿ êàæäîãî èç ýòàïîâ íàèáîëåå ýôôåêòèâ-
íûå ìåòîäû îïòèìèçàöèè.

Âûáîð àëãîðèòìà îïòèìèçàöèè äëÿ ïåðñîíàëèçàöèè ìîäåëè ðîãîâèöû íàïðÿìóþ çàâèñèò
îò ñïåöèôèêè ðåøàåìîé ïîäçàäà÷è. Äëÿ ïîñòðîåíèÿ ïåðñîíàëèçèðîâàííîé ìîäåëè ðîãîâè-
öû íà ýòàïå îïðåäåëåíèÿ íåäåôîðìèðîâàííîé êîíôèãóðàöèè, êîãäà òðåáóåòñÿ îïòèìèçàöèÿ
òûñÿ÷ ïàðàìåòðîâ ïðè æåñòêèõ îãðàíè÷åíèÿõ, íàèáîëüøóþ ýôôåêòèâíîñòü ïîêàçàë àëãî-
ðèòì âíóòðåííåé òî÷êè IPOPT. Àëãîðèòì Ëåâåíáåðãà �Ìàðêâàðäòà îïòèìàëüíî ïîäõîäèò
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äëÿ èäåíòèôèêàöèè ïàðàìåòðîâ çäîðîâîé òêàíè íà îñíîâå äàííûõ äèíàìè÷åñêîãî îòêëèêà,
÷åìó ñîîòâåòñòâóåò íåáîëüøîå êîëè÷åñòâî èñêîìûõ êîýôôèöèåíòîâ è ìèíèìèçàöèÿ ãëàä-
êîé ôóíêöèè. Â òî æå âðåìÿ àëãîðèòì Íåëäåðà �Ìèäà ïðîäåìîíñòðèðîâàë íàèáîëüøóþ
òî÷íîñòü äëÿ ïàðàìåòðèçàöèè çîí êåðàòîêîíóñà (38 ïàðàìåòðîâ ïî ψj è Rj), ãäå òðåáóåòñÿ
ðàáîòà ñ çàøóìëåííûìè òîïîãðàôè÷åñêèìè äàííûìè. Ôèíàëüíàÿ ðåêàëèáðîâêà âûïîëíÿ-
åòñÿ ïîâòîðíî ìåòîäîì Ëåâåíáåðãà �Ìàðêâàðäòà äëÿ ñîãëàñîâàíèÿ ãëîáàëüíûõ ïàðàìåòðîâ
ìîäåëè.
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Аннотация. Ðàññìàòðèâàåòñÿ çàäà÷à î íà÷àëüíîì ýòàïå âåðòèêàëüíîãî è êàâèòàöèîííîãî äâèæå-

íèÿ êðóãîâîãî öèëèíäðà ïîä ñâîáîäíîé ïîâåðõíîñòüþ èäåàëüíîé, íåñæèìàåìîé, òÿæåëîé æèäêîñòè.

Èçó÷àåòñÿ äèíàìèêà îáðàçóþùåéñÿ ïðèñîåäèíåííîé êàâåðíû íà ìàëûõ âðåìåíàõ ñ ó÷åòîì ïîãðàí-

ñëîéíûõ ðåøåíèé â òî÷êàõ îòðûâà. Äàííàÿ çàäà÷à ñ÷èòàåòñÿ êîððåêòíî ïîñòàâëåííîé, åñëè â òî÷êàõ

îòðûâà âûïîëíÿåòñÿ óñëîâèå Êóòòû�Æóêîâñêîãî, à äàâëåíèå â æèäêîñòè ÿâëÿåòñÿ ïîëîæèòåëü-

íîé âåëè÷èíîé. Â îáùåì ñëó÷àå çàäà÷à ðàññìàòðèâàåòñÿ ñ ó÷åòîì èñêóññòâåííîé êàâèòàöèè. Ïðè

ýòîì âàæíóþ ðîëü èãðàåò äèíàìèêà òî÷åê îòðûâà, äëÿ ó÷åòà êîòîðîé äåëàåòñÿ ñïåöèàëüíàÿ çà-

ìåíà ïåðåìåííûõ, ôèêñèðóþùàÿ èõ ïîëîæåíèå. Èññëåäóåòñÿ âîïðîñ î âîçìîæíîñòè ïðåäñòàâëåíèÿ

ðåøåíèÿ ïðåîáðàçîâàííîé çàäà÷è â âèäå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ïî öåëûì ñòåïåíÿì ìàëî-

ãî âðåìåíè. Ïîêàçûâàåòñÿ, ÷òî èñêîìîå ðàçëîæåíèå, ñîäåðæàùåå ïåðâûå äâà ÷ëåíà àñèìïòîòèêè,

ñóùåñòâóåò òîëüêî äëÿ îïðåäåëåííûõ ôèçè÷åñêèõ ñèòóàöèé. Â ñëó÷àå ñàìîãî ïðîñòîãî çàêîíà èñ-

êóññòâåííîé êàâèòàöèè, êîãäà äàâëåíèå â êàâåðíå ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé, ýòè ñèòóàöèè

õàðàêòåðèçóþòñÿ âïîëíå îïðåäåëåííûì ÷èñëîì Ôðóäà, êîòîðîå ðàâíî åäèíèöå. Â îáùåì ñëó÷àå ñòå-

ïåííóþ ñòðóêòóðó ðåøåíèÿ ïðåîáðàçîâàííîé çàäà÷è íà ìàëûõ âðåìåíàõ ìîæíî ñîõðàíèòü, åñëè âî

âòîðîì àñèìïòîòè÷åñêîì ïðèáëèæåíèè ïðîâåñòè ñãëàæèâàíèå ñîîòâåòñòâóþùåé ãðàíè÷íîé ôóíê-

öèè. Â ðàáîòå óäåëÿåòñÿ áîëüøîå âíèìàíèå ïîâåäåíèþ âíóòðåííåé ñâîáîäíîé ãðàíèöû æèäêîñòè

(ãðàíèöû êàâåðíû) âáëèçè òî÷êè îòðûâà. Ïîêàçûâàåòñÿ, ÷òî â ãëàâíîì ïðèáëèæåíèè ïî âðåìåíè

ýòà ãðàíèöà ïîäõîäèò ê òî÷êå îòðûâà ïîä ïðÿìûì óãëîì (âîçíèêàåò êîðåíü êâàäðàòíûé èç ðàçíîñòè

ñîîòâåòñòâóþùèõ óãëîâûõ êîîðäèíàò). Óòî÷íåíèå ýòîãî ãëàâíîãî ïðèáëèæåíèÿ äëÿ áîëåå óìåðåí-

íûõ âðåìåí ïðèâîäèò ê ðàçëè÷íûì êàðòèíàì òå÷åíèÿ æèäêîñòè âáëèçè òî÷êè îòðûâà. Â îäíèõ

ñëó÷àÿõ ñãëàæèâàþùàÿ êâàäðàòíûé êîðåíü êðèâàÿ âûõîäèò èç òî÷êè îòðûâà è ðàñïîëàãàåòñÿ îò

íåå òîëüêî ïî îäíó ñòîðîíó. Â äðóãèõ ñëó÷àÿõ êðèâàÿ âáëèçè òî÷êè îòðûâà ðàñïîëîæåíà ïî ðàçíûå

ñòîðîíû îò íåå.
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Abstract. The problem of the initial stage of vertical and cavitational motion of a circular cylinder

under the free surface of an ideal, incompressible, heavy �uid is considered. The dynamics of the attached

cavity at short times is studied taking into account the boundary layer solutions at the separation points.

The problem is considered to be correctly stated if the Kutta � Zhukovsky condition is satis�ed at the

separation points and the pressure in the liquid is a positive value. In the general case, the problem

is considered taking into account arti�cial cavitation. In this case, an important role is played by the

dynamics of the separation points, for which a special change of variables is made, �xing their position.

The question of the possibility of representing the solution of the transformed problem as an asymptotic

expansion in integer powers of short time is investigated. It is shown that the desired expansion containing

the �rst two terms of the asymptotics exists only for certain physical situations. In the case of the simplest

law of arti�cial cavitation, when the pressure in the cavity is a constant, these situations are characterized

by a well-de�ned Froude number, which is equal to unity. In the general case, the power structure of the

solution of the transformed problem at small times can be preserved if the corresponding boundary

function is smoothed in the second asymptotic approximation. In this paper, much attention is paid to

the behavior of the internal free boundary of the �uid (the boundary of the cavity) near the separation

point. It is shown that in the leading approximation in time, this boundary approaches the separation

point at a right angle (the square root of the di�erence of the corresponding angular coordinates arises).

Re�nement of this leading approximation for more moderate times leads to di�erent patterns of �uid �ow

near the separation point. In some cases, the curve smoothing the square root comes out of the separation

point and is located only on one side of it. In other cases, the curve near the separation point is located

on di�erent sides of it.

Keywords: ideal incompressible �uid, attached cavity, separation points, small times, asymptotics,

boundary layer solutions, Froude number, cavity pressure
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Ââåäåíèå

Èññëåäîâàíèå íà÷àëüíîé ñòàäèè äâèæåíèÿ òâåðäîãî òåëà â æèäêîñòè, èìåþùåé ñâîáîä-

íûå ãðàíèöû, ïðîâîäèòñÿ â îñíîâíîì àíàëèòè÷åñêèìè ìåòîäàìè, ñðåäè êîòîðûõ âàæíóþ

ðîëü èãðàåò àñèìïòîòè÷åñêèé àíàëèç íà ìàëûõ âðåìåíàõ. Áîëüøèíñòâî ðàáîò â ýòîì íà-

ïðàâëåíèè ïîñâÿùåíî ïðîáëåìå ãåíåðàöèè âîëí äâèæóùèìñÿ â æèäêîñòè òåëîì (ïîäðîáíàÿ

áèáëèîãðàôèÿ ïðèâîäèòñÿ â [1, 2]). Ïðè ýòîì ñ÷èòàåòñÿ, ÷òî ÿâëåíèå êàâèòàöèè ïðåäñòàâ-

ëÿåò ñîáîé îòäåëüíóþ çàäà÷ó è ïîýòîìó ïðè àíàëèçå âîëíîâîé êàðòèíû íå ó÷èòûâàåòñÿ.

Ïåðâûå èññëåäîâàíèÿ ïî äèíàìèêå êàâèòàöèîííîãî îòðûâà æèäêîñòè îò òåëà íà ìàëûõ

âðåìåíàõ áûëè ïðîâåäåíû â ñòàòüå [3], ãäå ðàññìàòðèâàëàñü çàäà÷à î ãîðèçîíòàëüíîì óäàðå

êðóãîâîãî öèëèíäðà, ïîëóïîãðóæåííîãî â æèäêîñòü. Â íåé ïîëîæåíèå òî÷êè îòðûâà ïîñëå
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óäàðà îïðåäåëÿëîñü èç óñëîâèÿ Êóòòû�Æóêîâñêîãî, à äàâëåíèå â æèäêîñòè íå äîëæíî áû-

ëî îïóñêàòüñÿ íèæå íåêîòîðîé ìàëåíüêîé ïîëîæèòåëüíîé âåëè÷èíû pd, ãäå pd �äàâëåíèå

íàñûùåííûõ ïàðîâ æèäêîñòè èëè ãàçà. Â äàëüíåéøåì ýòîò ðåçóëüòàò áûë ïåðåíåñåí íà çà-

äà÷ó î ãîðèçîíòàëüíîì ðàçãîíå êðóãîâîãî öèëèíäðà ïîä ñâîáîäíîé ïîâåðõíîñòüþ òÿæåëîé

æèäêîñòè [4]. Â ãëàâíîì àñèìïòîòè÷åñêîì ïðèáëèæåíèè ïðè ìàëûõ âðåìåíàõ áûëà ñôîð-

ìóëèðîâàíà çàäà÷à ñ îäíîñòîðîííèìè îãðàíè÷åíèÿìè, îáîáùàþùàÿ êëàññè÷åñêóþ ìîäåëü

óäàðà ñ îòðûâîì, ïîñòàâëåííóþ â [5], íà ñëó÷àé áîëüøèõ óñêîðåíèé öèëèíäðà (óäàðó ñîîò-

âåòñòâóþò áåñêîíå÷íî áîëüøèå óñêîðåíèÿ). Ó÷åò âòîðîãî àñèìïòîòè÷åñêîãî ïðèáëèæåíèÿ

ïîçâîëèë îïðåäåëèòü ôîðìû ïðèñîåäèíåííûõ êàâåðí â øèðîêîì âðåìåííîì äèàïàçîíå.

Â íàñòîÿùåé ðàáîòå ðåçóëüòàòû ñòàòüè [4] îáîáùàþòñÿ íà ñëó÷àé âåðòèêàëüíîãî äâèæå-

íèÿ êðóãîâîãî öèëèíäðà â æèäêîñòè. Â îòëè÷èå îò ïðåäûäóùèõ ðàáîò àâòîðà, ïðè ðàññìîò-

ðåíèè êîíêðåòíûõ ïðèìåðîâ óñëîâèå Êóòòû�Æóêîâñêîãî â òî÷êàõ îòðûâà îáåñïå÷èâàåòñÿ

íå çà ñ÷åò âûáîðà èõ ïîëîæåíèÿ â êàæäûé ìîìåíò âðåìåíè, à çà ñ÷åò ñïåöèàëüíîãî çà-

êîíà äâèæåíèÿ öèëèíäðà. Ïðè ýòîì äèíàìèêà òî÷åê îòðûâà íà ìàëûõ âðåìåíàõ çàäàåòñÿ

ïðîèçâîëüíûì îáðàçîì. Îñóùåñòâëÿåòñÿ ïåðåõîä ê ïðåîáðàçîâàííîé çàäà÷å, â êîòîðîé ïî-

ëîæåíèÿ òî÷åê îòðûâà ÿâëÿþòñÿ ôèêñèðîâàííûìè. Äëÿ ýòîé çàäà÷è èçó÷àåòñÿ âîïðîñ î

âîçìîæíîñòè ïðåäñòàâëåíèÿ åå ðåøåíèÿ â âèäå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ïî öåëûì

ñòåïåíÿì ìàëîãî âðåìåíè. Ïîñêîëüêó ðåøåíèå ýòîãî âîïðîñà ñóùåñòâåííî çàâèñèò îò âû-

ïîëíåíèÿ óñëîâèÿ Êóòòû�Æóêîâñêîãî â òî÷êàõ îòðûâà, òî ìîæíî ãîâîðèòü î ïîèñêå òàêèõ

ôèçè÷åñêèõ ñèòóàöèé, ïðè êîòîðûõ ñòðîãî âûïîëíÿåòñÿ äàííîå óñëîâèå.

Òàêîé âîïðîñ èçó÷àëñÿ â ñòàòüå [6] ïðè äîïîëíèòåëüíîì óïðîùàþùåì ïðåäïîëîæåíèè

î íåïîäâèæíîñòè òî÷åê îòðûâà (â ýòîì ñëó÷àå òåõíè÷åñêàÿ ðàáîòà ñèëüíî óïðîùàåòñÿ).

Èíòåðåñíî îòìåòèòü, ÷òî ñôîðìóëèðîâàííîå ñ ó÷åòîì äèíàìèêè òî÷åê îòðûâà óñëîâèå ðå-

ãóëÿðíîñòè, îáåñïå÷èâàþùåå âûïîëíåíèå óñëîâèÿ Êóòòû�Æóêîâñêîãî, ñîâïàäàåò ñ àíàëî-

ãè÷íûì óñëîâèåì ðàáîòû [6]. Ïðè íàðóøåíèè óñëîâèÿ ðåãóëÿðíîñòè ñòðóêòóðó ðåøåíèÿ

çàäà÷è òàêæå ìîæíî ñîõðàíèòü, åñëè âî âòîðîì àñèìïòîòè÷åñêîì ïðèáëèæåíèè ïðîâåñòè

ñãëàæèâàíèå ñîîòâåòñòâóþùåé ãðàíè÷íîé ôóíêöèè â ìàëåíüêèõ îêðåñòíîñòÿõ òî÷åê îòðû-

âà. Êðîìå ýòîãî, èçó÷àåòñÿ ïîâåäåíèå âíóòðåííåé ñâîáîäíîé ãðàíèöû æèäêîñòè (ãðàíèöû

êàâåðíû) âáëèçè òî÷êè îòðûâà. Îáüÿñíÿåòñÿ ñëó÷àé, êîãäà ñâîáîäíàÿ ãðàíèöà âáëèçè òî÷-

êè îòðûâà íàõîäèòñÿ îò íåå ïî ðàçíûå ñòîðîíû. Â çàäà÷àõ óäàðà è ðàçãîíà ýòîò ñëó÷àé íå

ðàññìàòðèâàëñÿ.

Ñðåäè áëèçêèõ ðàáîò, â êîòîðûõ âàæíóþ ðîëü èãðàåò ÿâëåíèå êàâèòàöèè, îòìåòèì ñëå-

äóþùèå çàäà÷è: ïðîíèêàíèÿ òåë â æèäêîñòü ñ ó÷åòîì îòðûâà ÷àñòèö æèäêîñòè îò èõ ïî-

âåðõíîñòåé [7]; ïîäâîäíîãî ñòàðòà ðàêåò êàâèòàöèîííûì ñïîñîáîì [8]; ýêñïåðèìåíòàëüíîå

èçó÷åíèå êàâèòàöèè ïðè óäàðíîì âçàèìîäåéñòâèè òâåðäûõ òåë ñ æèäêîñòüþ [9, 10]. Îáùèå

ïðèíöèïû êàâèòàöèîííûõ òå÷åíèé ïðè âçàèìîäåéñòâèè òâåðäûõ òåë ñ æèäêîñòüþ èçëîæåíû

â [11,12].

1. Ïîñòàíîâêà çàäà÷è

Èññëåäóåòñÿ ïëîñêàÿ çàäà÷à î íà÷àëüíîì ýòàïå äâèæåíèÿ êðóãîâîãî öèëèíäðà ïîä ñâî-

áîäíîé ïîâåðõíîñòüþ èäåàëüíîé, íåñæèìàåìîé, òÿæåëîé æèäêîñòè. Ïðåäïîëàãàåòñÿ, ÷òî

äâèæåíèå öèëèíäðà ïðîèñõîäèò èç ñîñòîÿíèÿ ïîêîÿ âäîëü âåêòîðà ñèëû òÿæåñòè ïî ïîëè-

íîìèàëüíîìó çàêîíó. Ïðè îïðåäåëåííûõ óñëîâèÿõ ñðàçó ïîñëå íà÷àëà äâèæåíèÿ íàáëþäà-

åòñÿ îòðûâ ÷àñòèö æèäêîñòè îò ïîâåðõíîñòè òåëà è îáðàçóåòñÿ ïðèñîåäèíåííàÿ êàâåðíà.

Ñóùåñòâåííîå âëèÿíèå íà îòðûâ îêàçûâàþò äâà ôàêòîðà � íà÷àëüíîå óñêîðåíèå öèëèíäðà

è èñêóññòâåííàÿ êàâèòàöèÿ. Ïðåäïîëàãàåòñÿ, ÷òî íåïîñðåäñòâåííî ïåðåä íà÷àëîì äâèæåíèÿ

íà ãðàíèöå öèëèíäðà (â ïðåäïîëàãàåìîé çîíå îòðûâà) ñîçäàåòñÿ îïðåäåëåííîå äàâëåíèå ãà-

çà, ïîñòóïàþùåãî ñî ñòîðîíû òåëà. Â ñëó÷àå áîëüøèõ çíà÷åíèé äàâëåíèÿ ãàçà êàâèòàöèÿ

ìîæåò íà÷èíàòüñÿ äàæå ïðè íåáîëüøîì íà÷àëüíîì óñêîðåíèè öèëèíäðà. Òðåáóåòñÿ èçó÷èòü
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äèíàìèêó êàâåðíû íà ìàëûõ âðåìåíàõ ñ ó÷åòîì ïîãðàíñëîéíûõ ðåøåíèé â òî÷êàõ îòðûâà.

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è, çàïèñàííàÿ â áåçðàçìåðíûõ ïåðåìåííûõ â ïîäâèæíîé

ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ öèëèíäðîì, èìååò âèä (ðèñ. 1, 2):

4Φ = 0, R ∈ Ω(t), (1)

∂Φ

∂n
= ḣ(t)ny, R ∈ S11(t), (2)

∂Φ

∂t
− ḣ(t)

∂Φ

∂y
+ 0.5 (∇Φ)2 + Fr−2 (y + h(t)−H)− 0.5χ = 0, R ∈ S12(t), (3)

∂Φ

∂r
− ḣ(t) sin θ =

∂η

∂θ
θ̇(t) +

∂η

∂t
, R ∈ S12(t), (4)

θ̇(t) = r−2∂Φ

∂θ
− r−1ḣ(t) cos θ,

∂Φ

∂t
− ḣ(t)

∂Φ

∂y
+ 0.5 (∇Φ)2 + Fr−2ξ(x, t) = 0, R ∈ S2(t), (5)

∂Φ

∂y
=
∂ξ

∂x

∂Φ

∂x
+
∂ξ

∂t
, R ∈ S2(t), (6)

∇Φ → 0, R→ ∞, (7)

Φ(x, y, 0) = 0, η(θ, 0) = 0, ξ(x, 0) = 0, (8)

h(t) = −0.5t2 − 0.25pt4. (9)

Çàäà÷à (1)�(9) ñîäåðæèò ñëåäóþùèå õàðàêòåðíûå ôèçè÷åñêèå âåëè÷èíû:

S
12

(t)

S
2
(t)

S
11

(t)

Ðèñ. 1. Ñîãëàñîâàíèå ïîãðàíñëîé-
íûõ ðåøåíèé (ïóíêòèðíûå ëè-
íèè) ñ âíåøíèì ðàçëîæåíèåì ïðè
t = 0.4. Ñëó÷àé, êîãäà êðèâàÿ ðàñ-
ïîëîæåíà òîëüêî ïî îäíó ñòîðî-
íó îò òî÷êè îòðûâà. Óñëîâèå ðå-

ãóëÿðíîñòè âûïîëíåíî
Fig. 1. Agreement of boundary layer
solutions (dashed lines) with the
outer expansion at t = 0.4. The case
when the curve is located only on
one side of the separation point. The
regularity condition is satis�ed

Fr =

√
w

g
, χ = 2

pa − pc
ρwa

.

ãäå Fr�÷èñëî Ôðóäà, ñâÿçàííîå ñ íà÷àëüíûì óñêîðå-
íèåì öèëèíäðà w; g�óñêîðåíèå ñèëû òÿæåñòè; χ� áåç-
ðàçìåðíàÿ ðàçíîñòü äàâëåíèé íà âíåøíåé ñâîáîäíîé ïî-
âåðõíîñòè è â êàâåðíå; ρ�ïëîòíîñòü æèäêîñòè; pa �
àòìîñôåðíîå äàâëåíèå; pc �äàâëåíèå â êàâåðíå (äîïóñ-
êàåòñÿ çàâèñèìîñòü pc îò âðåìåíè è óãëîâîé êîîðäèíà-
òû); a�ðàäèóñ öèëèíäðà.

Áåçðàçìåðíûå ïåðåìåííûå ââîäÿòñÿ ñ ïîìîùüþ ðà-
âåíñòâ (øòðèõàìè ïîìå÷àþòñÿ ðàçìåðíûå âåëè÷èíû):

t′ =

√
a

w
t, x′ = ax, y′ = ay,

Φ′ = a
√
waΦ, p′ = ρwap.

Ñâÿçü íåïîäâèæíûõ êîîðäèíàò X, Y ñ ïîäâèæíûìè
x, y óñòàíàâëèâàåòñÿ ïðè ïîìîùè ñîîòíîøåíèé: X = x,
Y = y+h(t), ãäå h(t)� çàêîí äâèæåíèÿ öèëèíäðà. Êàð-
òèíà òå÷åíèÿ æèäêîñòè ÿâëÿåòñÿ ñèììåòðè÷íîé îòíî-
ñèòåëüíî îñè y, êîòîðàÿ íàïðàâëåíà ïðîòèâ âåêòîðà ñè-
ëû òÿæåñòè. Íà÷àëî ïîäâèæíîé ñèñòåìû êîîðäèíàò íà-
õîäèòñÿ â öåíòðå öèëèíäðà.

Â ðàáîòå òàêæå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: Ω(t)� îáëàñòü, çàíÿòàÿ æèäêî-
ñòüþ; S11(t)�÷àñòü ïîâåðõíîñòè öèëèíäðà, íà êîòîðîé ïðîèñõîäèò áåçîòðûâíîå îáòåêàíèå;
S12(t)� âíóòðåííÿÿ ñâîáîäíàÿ ãðàíèöà æèäêîñòè; S2(t)� âíåøíÿÿ ñâîáîäíàÿ ïîâåðõíîñòü

Механика 71



Изв. Сарат. ун-та. Нов. сер. Сер.: Математика. Механика. Информатика. 2026. Т. 26, вып. 1

а / a á / b

Ðèñ. 2. Ñîãëàñîâàíèå ïîãðàíñëîéíûõ ðåøåíèé ñ âíåøíèì ðàçëîæåíè-
åì: а�ïðè t = 0.4; á �ïðè t = 0.6. Ñëó÷àé, êîãäà êðèâàÿ ðàñïîëîæå-
íà òîëüêî ïî îäíó ñòîðîíó îò òî÷êè îòðûâà. Óñëîâèå ðåãóëÿðíîñòè

íàðóøåíî
Fig. 2. Agreement of boundary layer solutions with the outer expansion:
a is at t = 0.4; b is at t = 0.6. The case when the curve is located only
on one side of the separation point. The regularity condition is violated

(y = H � åå íåâîçìóùåííûé óðîâåíü); θs(t), π− θs(t)�óãëîâûå êîîðäèíàòû ñèììåòðè÷íûõ
òî÷åê îòðûâà; r, θ�ïîëÿðíûå êîîðäèíàòû (x = r cos θ, y = r sin θ); R = (x, y).

Ôîðìû âíóòðåííåé è âíåøíåé ñâîáîäíûõ ãðàíèö æèäêîñòè îïðåäåëÿþòñÿ ñ ïîìîùüþ
ðàâåíñòâ:

r = 1 + η(θ, t), y = H + ξ(x, t)− h(t).

Îáüÿñíèì ñìûñë ïàðàìåòðà p â çàêîíå äâèæåíèÿ öèëèíäðà. Ïðè p > 0 öèëèíäð äâè-
æåòñÿ áûñòðåå, ÷åì ïðè ÷èñòîì ðàçãîíå (p = 0). Áëàãîäàðÿ ýòîìó ñòàíîâÿòñÿ èíòåðåñíûìè
è ôèçè÷åñêè îïðàâäàííûìè ñëó÷àè, êîãäà òî÷êè îòðûâà äâèæóòñÿ â ðàçíûå ñòîðîíû (äëÿ
äâèæåíèÿ òî÷åê îòðûâà â ðàçíûå ñòîðîíû ïðè p = 0 íåîáõîäèìî èñêóññòâåííî ñîçäàòü áîëü-
øîå äàâëåíèå â êàâåðíå, êîòîðîå óìåíüøàåòñÿ ñ óâåëè÷åíèåì p). Îäíàêî ïðè çàäàííîì p
è ôèêñèðîâàííûõ îñòàëüíûõ ïàðàìåòðàõ çàäà÷è çàêîí äâèæåíèÿ òî÷åê îòðûâà íà ìàëûõ
âðåìåíàõ íå ÿâëÿåòñÿ ïðîèçâîëüíûì. Ïîëîæåíèå òî÷åê îòðûâà â êàæäûé ìîìåíò âðåìåíè
âûáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû â íèõ âûïîëíÿëîñü óñëîâèå Êóòòû�Æóêîâñêîãî. Ïî-
ñëåäíåå ðàâíîñèëüíî ñïåöèàëüíîìó âûáîðó íà÷àëüíîãî óñêîðåíèÿ òî÷êè îòðûâà 2c1. Òàêèì
îáðàçîì, ïî çàäàííîìó p îïðåäåëÿåòñÿ âåëè÷èíà c1. Ìîæíî ïîñòàâèòü è îáðàòíóþ çàäà÷ó, â
êîòîðîé ïî èçâåñòíîìó c1 íàõîäèòñÿ p. Êàê áóäåò ïîêàçàíî íèæå, âåëè÷èíû p è c1 ñâÿçàíû
ïðîñòûì ëèíåéíûì ñîîòíîøåíèåì, è, ñëåäîâàòåëüíî, ïåðåéòè îò îäíîé ïîñòàíîâêè çàäà÷è
ê äðóãîé âåñüìà ïðîñòî. Îòìåòèì, ÷òî ïðè ðàññìîòðåíèè êîíêðåòíûõ ïðèìåðîâ çàäàííîé
ñ÷èòàåòñÿ âåëè÷èíà c1. Ïî íåé îäíîçíà÷íî îïðåäåëÿåòñÿ p èç óñëîâèÿ Êóòòû�Æóêîâñêîãî.
Äëÿ îñòàëüíûõ p êîððåêòíîãî ñ ôèçè÷åñêîé òî÷êè çðåíèÿ ðåøåíèÿ çàäà÷è íå ñóùåñòâóåò,
òàê êàê íàðóøàåòñÿ óñëîâèå Êóòòû�Æóêîâñêîãî. Òàêèì îáðàçîì, ïðè ïðîèçâîëüíîì çàêîíå
äâèæåíèÿ öèëèíäðà (â ñëó÷àå çàäàííîé äèíàìèêè òî÷åê îòðûâà) ðåøåíèÿ íå ñóùåñòâóåò.

2. Àñèìïòîòè÷åñêèé àíàëèç íà ìàëûõ âðåìåíàõ

Ïîñêîëüêó îòðûâ æèäêîñòè ïðîèñõîäèò ñðàçó ïî êîíå÷íîìó ó÷àñòêó ïîâåðõíîñòè òåëà,
òî ìîæíî ñ÷èòàòü, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè óæå èìåþòñÿ äâå ñèììåòðè÷íûå òî÷êè
îòðûâà ñ óãëîâûìè êîîðäèíàòàìè θs = θs(0), π − θs. ×òîáû ó÷åñòü äèíàìèêó òî÷åê îòðûâà
ïðè t > 0, ïðåäëàãàåòñÿ ñäåëàòü çàìåíó ïåðåìåííîé ïî óãëîâîé êîîðäèíàòå, ôèêñèðóþùóþ
èõ ïîëîæåíèå:

α =
π − 2θs
π − 2θs(t)

[θ − θs(t)] + θs.

Ïðè òàêîé çàìåíå òî÷êè îòðûâà ñ óãëîâûìè êîîðäèíàòàìè θs(t), π − θs(t) ïåðåéäóò â
òî÷êè ñ óãëîâûìè êîîðäèíàòàìè θs, π − θs, ñîîòâåòñòâóþùèå èõ íà÷àëüíîìó ïîëîæåíèþ.

72 Научный отдел



М. В. Норкин. Некоторые особенности начального этапа кавитационного движения цилиндра

Ðåøåíèå ïðåîáðàçîâàííîé çàäà÷è áóäåì èñêàòü â âèäå ñëåäóþùèõ àñèìïòîòè÷åñêèõ ðàç-
ëîæåíèé:

ϕ(α, r, t) = tϕ0(α, r) + t3ϕ1(α, r) + ... , (10)

ζ(α, t) = t2ζ0(α) + t4ζ1(α) + ... , (11)

ξ(x, t) = t2ξ0(x) + t4ξ1(x) + ... , (12)

θs(t) = θs + c1t
2 + ... , (13)

ãäå ââåäåíû íîâûå îáîçíà÷åíèÿ:

ϕ(α, r, t) = Φ(r cos θ(α, t), r sin θ(α, t), t), ζ(α, t) = η(θ(α, t), t).

Â äàëüíåéøåì ñ÷èòàåì, ÷òî âåëè÷èíà χ èìååò ñëåäóþùåå ïðåäñòàâëåíèå:

χ = χ0 + t2χ1 + t2χ2f(θ).

Ïîñêîëüêó íà ìàëûõ âðåìåíàõ θ ∼ α, òî â ðàññìàòðèâàåìîì àñèìïòîòè÷åñêîì ïðèáëèæå-
íèè f(θ) ìîæíî çàìåíèòü íà f(α). Â êà÷åñòâå f(α) ìîæíî âçÿòü ëþáóþ ÷åòíóþ îòíîñèòåëü-
íî α = 0.5π ôóíêöèþ, ïðîèçâîäíàÿ êîòîðîé èìååò êîðíåâûå îñîáåííîñòè â òî÷êàõ îòðûâà.
Äàëüíåéøèå ðàññóæäåíèÿ óäîáíî ïðîâåñòè äëÿ êîíêðåòíîé ôóíêöèè f(α)=ζ0(α) sinα.

Ïîäñòàâëÿÿ (10)�(13) â ïðåîáðàçîâàííóþ çàäà÷ó, îñóùåñòâëÿÿ ñòàíäàðòíóþ ïðîöåäóðó
ïåðåíîñà êðàåâûõ óñëîâèé ñ âîçìóùåííûõ ó÷àñòêîâ ãðàíèöû îáëàñòè íà èõ ïåðâîíà÷àëüíî
íåâîçìóùåííûé óðîâåíü è ïðèðàâíèâàÿ âåëè÷èíû ïðè îäèíàêîâûõ ñòåïåíÿõ t, ïðèäåì äëÿ
îïðåäåëåíèÿ ôóíêöèé ϕ0 è ϕ1 ê ñìåøàííûì êðàåâûì çàäà÷àì â îáëàñòè Ω(0) (âî âñåõ
ìàòåìàòè÷åñêèõ ïîñòàíîâêàõ íà áåñêîíå÷íîñòè ñòàâèòñÿ óñëîâèå çàòóõàíèÿ). Çàäà÷à äëÿ
ϕ0 äîïîëíÿåòñÿ ãðàíè÷íûìè óñëîâèÿìè òèïà íåðàâåíñòâ, êîòîðûå íå ÿâëÿþòñÿ ïðÿìûì
ñëåäñòâèåì ïðîâåäåííûõ ðàññóæäåíèé:

4ϕ0 = 0, R ∈ Ω(0); ϕ0 = 0, y = H, (14)

∂ϕ0

∂r
= − sinα, 0.5χ0 + Fr−2 (H − sinα)− ϕ0 ⩾ 0, R ∈ S11(0), (15)

∂ϕ0

∂r
⩾ − sinα, 0.5χ0 + Fr−2 (H − sinα)− ϕ0 = 0, R ∈ S12(0). (16)

Íåðàâåíñòâî â (15) îçíà÷àåò, ÷òî â ãëàâíîì ïðèáëèæåíèè ïî âðåìåíè äàâëåíèå â çîíå
êîíòàêòà íå ìîæåò îïóñêàòüñÿ íèæå äàâëåíèÿ â êàâåðíå (ïîëó÷àåòñÿ íà îñíîâàíèè èíòåãðà-
ëà Êîøè�Ëàãðàíæà). Íåðàâåíñòâî â (16) ÿâëÿåòñÿ ñëåäñòâèåì òîãî ôàêòà, ÷òî âíóòðåí-
íÿÿ ñâîáîäíàÿ ãðàíèöà æèäêîñòè íå ìîæåò âõîäèòü âíóòðü òâåðäîãî òåëà. Äëÿ ïîëó÷åíèÿ
ïîñëåäíåãî íåðàâåíñòâà íóæíî â ñîîòíîøåíèå ζ(α, t) ⩾ 0 ïîäñòàâèòü ðàçëîæåíèå (11), çà-
òåì ðàçäåëèòü îáå ÷àñòè íà t2 è óñòðåìèòü t ê íóëþ. Â ðåçóëüòàòå ïðèäåì ê ñîîòíîøåíèþ
ζ0(α) ⩾ 0, êîòîðîå ðàâíîñèëüíî íåðàâåíñòâó â (16). ßâíîå âûðàæåíèå äëÿ ôóíêöèè ζ0(α) ïî-
ëó÷àåòñÿ íà îñíîâàíèè àñèìïòîòè÷åñêîãî àíàëèçà êèíåìàòè÷åñêîãî óðàâíåíèÿ âíóòðåííåé
ñâîáîäíîé ãðàíèöû æèäêîñòè. Íà îñíîâå ðåøåíèÿ çàäà÷è (14)�(16) îïðåäåëÿþòñÿ ïåðâîíà-
÷àëüíàÿ çîíà îòðûâà ÷àñòèö æèäêîñòè S12(0) è óãëîâûå êîîðäèíàòû ñèììåòðè÷íûõ òî÷åê
îòðûâà: θs è π − θs. Âàæíîé îñîáåííîñòüþ çàäà÷è ñ îäíîñòîðîííìè îãðàíè÷åíèÿìè ÿâëÿ-
åòñÿ ðåãóëÿðíîñòü åå ðåøåíèÿ â òî÷êàõ îòðûâà. Îòñþäà ñëåäóåò âûïîëíåíèå óñëîâèÿ Êóò-
òû �Æóêîâñêîãî â ãëàâíîì àñèìïòîòè÷åñêîì ïðèáëèæåíèè ïî âðåìåíè. Çàìåòèì, ÷òî íà
îñíîâàíèè íåðàâåíñòâà â (15) óñëîâèå ïîëîæèòåëüíîñòè äàâëåíèÿ òàêæå áóäåò âûïîëíåíî.
Òàêèì îáðàçîì, â ãëàâíîì ïðèáëèæåíèè âàæíûå ôèçè÷åñêèå óñëîâèÿ âûïîëíÿþòñÿ.

Äëÿ ôóíêöèè ϕ1 âîçíèêàåò óðàâíåíèå Ïóàññîíà, êîòîðîå ñâîäèòñÿ ê óðàâíåíèþ Ëàïëàñà
ïðè ïîìîùè çàìåíû, ïðåäëîæåííîé ïðè èññëåäîâàíèè çàäà÷è î âåðòèêàëüíîì óäàðå ïëàâà-
þùåãî êðóãîâîãî öèëèíäðà [13]:

ϕ1 = c
∂ϕ0

∂α
(α− 0.5π) + u, c = − 2c1

π − 2θs
,
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ãäå ôóíêöèÿ u îïðåäåëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è:

4u = 0, R ∈ Ω(0), (17)

∂u

∂r
= −p sinα, R ∈ S11(0), (18)

3u = k1ζ0(α) sinα− 4ζ20 (α)− 0.5(1− Fr−2)2 cos2 α+ k2, R ∈ S12(0), (19)

k1 = 1− Fr−2 + 0.5χ2, k2 = 0.5(1 + Fr−2) + 0.5χ1,

3u = −c∂ϕ0

∂y
x (α− 0.5π)− 0.5

(
∂ϕ0

∂y

)2

− ∂ϕ0

∂y
(ξ0(x) + 1.5)− Fr−2ξ0(x), y = H. (20)

Äëÿ êîýôôèöèåíòîâ àñèìïòîòè÷åñêèõ ðàçëîæåíèé (11)�(12) ñïðàâåäëèâû ðàâåíñòâà, êî-
òîðûå âûïîëíÿþòñÿ ïðè r = 1 è y = H ñîîòâåòñòâåííî:

2ζ0(α) =
∂ϕ0

∂r
+ sinα,

4ζ1(α) =
∂u

∂r
+ p sinα+ 4c(α− 0.5π)ζ ′0(α)− 2ζ20 (α)− (1− Fr−2) (ζ0(α) cosα)

′ ,

2ξ0(x) =
∂ϕ0

∂y
, 4ξ1(x) =

∂u

∂y
+
∂2ϕ0

∂x∂y
c(α− 0.5π)H.

Äàëüíåéøèå ðàññóæäåíèÿ îñíîâàíû íà ïðåäïîëîæåíèè î òîì, ÷òî ïðîèçâîäíàÿ ôóíêöèÿ
ϕ1 ïî α ñî ñòîðîíû çîíû êîíòàêòà (òàê æå, êàê è íîðìàëüíàÿ ïðîèçâîäíàÿ ýòîé ôóíêöèè
ñî ñòîðîíû çîíû îòðûâà) èìååò êîðíåâûå îñîáåííîñòè â òî÷êå îòðûâà. Èñïîëüçóÿ ïðåäñòàâ-
ëåíèå ôóíêöèè u â âèäå

u = pv + w + cq,

âûáåðåì ïàðàìåòð p = p(c1) â çàêîíå äâèæåíèÿ öèëèíäðà òàê, ÷òîáû êîýôôèöèåíò ïðè
óêàçàííîì ðàñòóùåì ÷ëåíå îáðàòèëñÿ â íîëü. Â ðåçóëüòàòå äåëî ñâîäèòñÿ ê âû÷èñëåíèþ
ïðåäåëîâ:

p = −a−1
2 (c[(θs − 0.5π)a1 + a4] + a3) ,

a1 = lim
α→θs−0

∂2ϕ0

∂α2

√
θs − α, a2 = lim

α→θs−0

∂v

∂α

√
θs − α,

a3 = lim
α→θs−0

∂w

∂α

√
θs − α, a4 = lim

α→θs−0

∂q

∂α

√
θs − α.

Îòìåòèì, ÷òî äëÿ ñïðàâåäëèâîñòè ïðîâåäåííûõ ðàññóæäåíèé íåîáõîäèìî ïîòðåáîâàòü,
÷òîáû ãðàíè÷íàÿ ôóíêöèÿ â (19) áûëà íåïðåðûâíî äèôôåðåíöèðóåìîé â òî÷êàõ îòðûâà.
Àíàëèç ýòîé ôóíêöèè ïîêàçûâàåò, ÷òî ñàìà îíà ÿâëÿåòñÿ íåïðåðûâíîé â ýòèõ òî÷êàõ, à åå
ïåðâàÿ ïðîèçâîäíàÿ èìååò â íèõ êîðíåâûå îñîáåííîñòè. Ýòè îñîáåííîñòè ñîäåðæàòñÿ òîëüêî
â ïåðâîì ñëàãàåìîì ýòîé ôóíêöèè. Òàêèì îáðàçîì, åñëè ïîòðåáîâàòü, ÷òîáû êîýôôöèåíò
k1 îáðàòèëñÿ â íîëü, òî ðàññìàòðèâàåìàÿ ãðàíè÷íàÿ ôóíêöèÿ áóäåò íåïðåðûâíî äèôôåðåí-
öèðóåìîé â òî÷êàõ îòðûâà. Â ðåçóëüòàòå ïðèõîäèì ê óñëîâèþ ðåãóëÿðíîñòè

1− Fr−2 + 0.5χ2 = 0.

Ýòî óñëîâèå îïðàâäûâàåò ñòåïåííîé õàðàêòåð âòîðûõ ÷ëåíîâ àñèìïòîòè÷åñêèõ ðàçëî-
æåíèé (10)�(13). Â ñëó÷àå ñàìîãî ïðîñòîãî çàêîíà èñêóññòâåííîé êàâèòàöèè, êîãäà χ1 = 0 è
χ2=0, óñëîâèå ðåãóëÿðíîñòè ïðèíèìàåò âèä Fr = 1. Îòìåòèì, ÷òî â ýòîì ñëó÷àå äàâëåíèå â
êàâåðíå ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé è χ ìîæíî èíòåðïðåòèðîâàòü êàê ÷èñëî êàâèòàöèè.

Çäåñü èíòåðåñíî ïðîâåñòè ñðàâíåíèå ñ ãîðèçîíòàëüíûì ðàçãîíîì öèëèíäðà. Èñïîëüçóÿ
ðåçóëüòàòû ñòàòüè [4], ìîæíî óáåäèòüñÿ â òîì, ÷òî ïðè ãîðèçîíòàëüíîì ðàçãîíå öèëèíäðà
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íå óäàåòñÿ ïîëó÷èòü óñëîâèå ðåãóëÿðíîñòè â ïðîñòîé ôèçè÷åñêîé ôîðìå, ïîòîìó ÷òî îä-
íîãî ÷èñëà Ôðóäà íå õâàòàåò, ÷òîáû îáåñïå÷èòü ðåãóëÿðíîñòü ñîîòâåòñòâóþùåé ãðàíè÷íîé
ôóíêöèè ñðàçó â äâóõ íåñèììåòðè÷íûõ òî÷êàõ îòðûâà. Ýòî ìîæíî ñäåëàòü òîëüêî ïðè
î÷åíü ñïåöèàëüíîì çàêîíå èñêóññòâåííîé êàâèòàöèè.

Ïðè íàðóøåíèè óñëîâèÿ ðåãóëÿðíîñòè ñòåïåííîé õàðàêòåð âòîðûõ ÷ëåíîâ ðàçëîæåíèé
(10)�(13) òàêæå ìîæíî ñîõðàíèòü, åñëè ñãëàäèòü ãðàíè÷íóþ ôóíêöèþ (19) â ìàëåíüêèõ
îêðåñòíîñòÿõ òî÷åê îòðûâà. Íàêîíåö çàìåòèì, ÷òî ïðè ÷èñëåííîé ðåàëèçàöèè èñïîëüçóåòñÿ
ñëàáàÿ âàðèàöèîííàÿ ïîñòàíîâêà çàäà÷è â èíòåãðàëüíîé ôîðìå, êîòîðàÿ ñàìà ïî ñåáå îñó-
ùåñòâëÿåò ñãëàæèâàíèå. Òàêèì îáðàçîì, ïðè ÷èñëåííîé ðåàëèçàöèè ìîæíî äàæå íå ìåíÿòü
âèä ôóíêöèè (19). Ïîñëåäíåå ïîäòâåðæäàåòñÿ õîðîøåé ðàáîòîé ÷èñëåííûõ àëãîðèòìîâ äëÿ
ðàçëè÷íûõ ïðèìåðîâ. Îáðàòèì âíèìàíèå íà òî, ÷òî àíàëîãè÷íûå ðàññóæäåíèÿ ñïðàâåäëèâû
è ïðè ãîðèçîíòàëüíîì ðàçãîíå öèëèíäðà [4].

3. Ðåøåíèÿ òèïà ïîãðàíè÷íîãî ñëîÿ

Â ýòîì ïàðàãðàôå áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû (α →
→ θs + 0):

ζ0(α) ∼ β
√
α− θs, ζ ′0(α) ∼

β

2
√
α− θs

, 4ζ1(α) ∼
β · β1√
α− θs

, (21)

∂ϕ

∂r
+ t sinα ∼ t

(
∂ϕ0

∂r
+ sinα

)
∼ 2βt

√
α− θs,

∂ϕ0

∂α
∼ −Fr−2 cos θs,

∂θ

∂t
∼ 2c1t, (22)

ãäå ïðîèçâîäíûå ôóíêöèé ϕ è ϕ0 áåðóòñÿ ïðè r = 1, êîýôôèöèåíò β íàõîäèòñÿ ÷èñëåííî
íà îñíîâå ïåðâîé ôîðìóëû (21), à êîýôôèöèåíò β1 èìååò âèä

β1 = c1 − 0.5
(
1− Fr−2

)
cos θs.

Ðàññìîòðèì ïðåîáðàçîâàííîå êèíåìàòè÷åñêîå óðàâíåíèå âíóòðåííåé ñâîáîäíîé ãðàíèöû
æèäêîñòè:

∂ϕ

∂r
− ḣ(t) sin θ(α, t) =

∂ζ

∂α

(
∂θ

∂α

)−1

θ̇(t) +
∂ζ

∂t
− ∂ζ

∂α

(
∂θ

∂α

)−1 ∂θ

∂t
,

θ̇(t) = [1 + ζ(α, t)]−2

[
∂ϕ

∂α

(
∂θ

∂α

)−1

− ḣ(t) (1 + ζ(α, t)) cos θ(α, t)

]
.

Ó÷èòûâàÿ (21)�(22), ïðèâåäåì ïîñëåäíåå óðàâíåíèå ê âèäó

2βt
√
α− θs = −2tβ1

∂ζ

∂α
+
∂ζ

∂t
. (23)

Ðåøåíèå óðàâíåíèÿ (23), ñîäåðæàùåãî òîëüêî îäíó íåèçâåñòíóþ ôóíêöèþ ζ(α, t), áóäåì
èñêàòü â ôîðìå

ζ(α, t) = βt3H(τ) + ..., τ =
α− θs
t2

. (24)

Ïîäñòàâëÿÿ ýòîò ïðîåêò ðåøåíèÿ â (23), ïåðåõîäÿ âñþäó ê ïîãðàíñëîéíîé ïåðåìåííîé τ
è ïðèðàâíèâàÿ âåëè÷èíû ïðè îäèíàêîâûõ ñòåïåíÿõ t (ïðè t2), ïðèäåì â ãëàâíîì àñèìïòî-
òè÷åñêîì ïðèáëèæåíèè ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà
ñ íóëåâûì íà÷àëüíûì óñëîâèåì è óñëîâèåì ñðàùèâàíèÿ ñ âíåøíèì ðàçëîæåíèåì íà áåñêî-
íå÷íîñòè:

(τ + β1)H
′(τ)− 1.5H(τ) = −

√
τ , H(0) = 0, H(τ) ∼

√
τ +

β1
4
√
τ
+ ..., τ → ∞.
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Â äàëüíåéøåì âàæíóþ ðîëü èãðàåò çíàê ïàðàìåòðà β1. Ïðè β1 < 0 ðåøåíèå ïîñëåäíåé
çàäà÷è èìååò âèä

H(τ) =
2

3|β1|
τ1.5, 0 < τ < |β1|; H(τ) =

2

3|β1|
[
τ1.5 − (τ − |β1|)1.5

]
, |β1| < τ <∞. (25)

Ðåøåíèÿ òèïà ïîãðàíè÷íîãî ñëîÿ (24)�(25) âñòðå÷àþòñÿ âî ìíîãèõ ðàáîòàõ àâòîðà [3,4,
6,13]. Îíè î÷åíü õîðîøî ñîãëàñóþòñÿ ñ âíåøíèì ðàçëîæåíèåì â øèðîêîì äèàïàçîíå èçìåíå-
íèÿ óãëîâîé êîîðäèíàòû, à òàêæå â øèðîêîì âðåìåííîì äèàïàçîíå. Òàêèì îáðàçîì, ñëó÷àé
β1 < 0 íèêàêèõ ñîìíåíèé íå âûçûâàåò, ïîýòîìó îñíîâíîå âíèìàíèå íóæíî ñîñðåäîòî÷èòü
íà ñëó÷àå β1 > 0. Ñðàçó îòìåòèì, ÷òî çäåñü ðåøåíèå îáûêíîâåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ äëÿ ôóíêöèè H(τ), óäîâëåòâîðÿþùåå íóëåâîìó íà÷àëüíîìó óñëîâèþ, íå ìîæåò
ðàññìàòðèâàòüñÿ â êà÷åñòâå ïîãðàíñëîéíîãî, òàê êàê ñîîòâåòñòâóþùàÿ êðèâàÿ îêàçûâàåò-
ñÿ âíóòðè êðóãà. Ïðè ýòîì äðóãîå ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå óñëîâèþ
ñðàùèâàíèÿ, ñóùåñòâóåò è î÷åíü õîðîøî ñîãëàñóåòñÿ ñ âíåøíèì ðàçëîæåíèåì (11):

H(τ) =
2

3β1

[
(τ + β1)

1.5 − τ1.5
]
. (26)

Ïðè α = θs ìåæäó ïîñëåäíèì ðåøåíèåì è ãðàíèöåé òåëà âîçíèêàåò çàçîð, êîòîðûé îçíà-
÷àåò, ÷òî âíóòðåííÿÿ ñâîáîäíàÿ ãðàíèöà æèäêîñòè ïðîäîëæàåòñÿ çà òî÷êó îòðûâà. Ðåøåíèå
òèïà ïîãðàíè÷íîãî ñëîÿ ïðè α < θs ìîæåò áûòü ïîëó÷åíî ñ ïîìîùüþ ðàññóæäåíèé, àíàëî-
ãè÷íûõ òåì, êîòîðûå ïðîâîäèëèñü ïðè α > θs (β1 < 0). Îòëè÷èå ñîñòîèò â òîì, ÷òî âìåñòî
ïåðâîé àñèìïòîòè÷åñêîé ôîðìóëû â (22) íóæíî èñïîëüçîâàòü ãðàíè÷íîå óñëîâèå â çîíå
êîíòàêòà (15) (â ãëàâíîì ïðèáëèæåíèè òî÷êè, ïðèíàäëåæàùèå ñâîáîäíîé ãðàíèöå, ñíîñÿò-
ñÿ âäîëü ðàäèóñà â çîíó êîíòàêòà íà ãðàíèöå òåëà). Â ðåçóëüòàòå âîçíèêàåò óðàâíåíèå (23),
ëåâàÿ ÷àñòü êîòîðîãî ðàâíà íóëþ. Åãî ðåøåíèå áóäåì èñêàòü â ôîðìå (24), ãäå â âûðàæåíèè
äëÿ ïîãðàíñëîéíîé ïåðåìåííîé τ íóæíî ïîñòàâèòü çíàê ìèíóñ. Â êà÷åñòâå äîïîëíèòåëüíîãî
óñëîâèÿ ôîðìóëèðóåòñÿ óñëîâèå ãëàäêîé ñòûêîâêè (êëàññà C1) ñ ðåøåíèåì (24), (26) ïðè
α = θs. Èñêîìîå ðåøåíèå èìååò âèä

ζ(α, t) =
2β

3β1
t3 (β1 − τ1)

1.5 , τ1 =
θs − α

t2
. (27)

Çàìåòèì, ÷òî êðèâàÿ, îïðåäåëÿåìàÿ ðåøåíèåì (27), êàñàåòñÿ ãðàíèöû òåëà â òî÷êå ñ
óãëîâîé êîîðäèíàòîé α = θs − β1t

2 (çäåñü òàêæå èìååò ìåñòî ñòûêîâêà êëàññà C1). Òàêèì
îáðàçîì, ôóíêöèÿ (27) ÿâëÿåòñÿ åñòåñòâåííûì ïðîäîëæåíèåì ðåøåíèÿ (24), (26) â îáëàñòü
α < θs. Îáðàòèì âíèìàíèå íà òî, ÷òî â ýòîì ñëó÷àå òî÷êà îòðûâà îêàçûâàåòñÿ âíóòðè êàâåð-
íû. Îäíàêî ðàññóæäåíèÿ, îñíîâàííûå íà âûïîëíåíèè óñëîâèÿ Êóòòû�Æóêîâñêîãî, çäåñü
ñîõðàíÿþòñÿ, òàê êàê â ãëàâíîì ïðèáëèæåíèè êðèâàÿ ïîäõîäèò ê òî÷êå îòðûâà ïîä ïðÿìûì
óãëîì, áåç ïîâîðîòà ñâîáîäíîé ãðàíèöû (âîçíèêàåò êîðåíü êâàäðàòíûé èç ðàçíîñòè ñîîòâåò-
ñòâóþùèõ óãëîâûõ êîîðäèíàò). Ïîñòðîåííûå âûøå ïîãðàíñëîéíûå ðåøåíèÿ ïîäïðàâëÿþò
ýòî ãëàâíîå ïðèáëèæåíèå äëÿ áîëåå óìåðåííûõ âðåìåí. Îñòàíîâèìñÿ íà ýòîì âîïðîñå áî-
ëåå ïîäðîáíî. Ïåðåõîäÿ â ðåøåíèè (24), (26) îò ïåðåìåííîé τ ê ïåðåìåííîé t è èñïîëüçóÿ
ôîðìóëó Òåéëîðà ïðè ìàëûõ t, ïðèäåì ê ðàçëîæåíèþ

ζ(α, t) = βt2
√
α− θs +

ββ1
4
t4 (α− θs)

−0.5 + ...

Âèäíî, ÷òî ôóíêöèÿ ζ(α, t) õîðîøî ñîãëàñóåòñÿ (ñðàùèâàåòñÿ) ñ ïåðâûì ÷ëåíîì ýòîãî
ðàçëîæåíèÿ ïðè äîñòàòî÷íî ìàëûõ t âî âíåøíîñòè íåêîòîðîé îêðåñòíîñòè òî÷êè îòðûâà.
Ïðè ýòîì óêàçàííàÿ îêðåñòíîñòü ìîæåò áûòü ñäåëàíà ñêîëü óãîäíî ìàëîé çà ñ÷åò ìàëî-
ñòè t. Àíàëîãè÷íûì îáðàçîì âåäåò ñåáÿ ðåøåíèå (24), (25) ïðè äîñòàòî÷íî ìàëûõ t. Ìîæ-
íî ïðîâåñòè äðóãèå ðàññóæäåíèÿ, ïîêàçûâàþùèå, ÷òî èíòåðåñóþùàÿ íàñ ôóíêöèÿ (êîðåíü
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êâàäðàòíûé) ìîæåò áûòü ïîëó÷åíà êàê ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ âíóòðåí-
íåé ñâîáîäíîé ãðàíèöû æèäêîñòè, íî ïðè ðàññìîòðåíèè áîëåå íèçêèõ ïîðÿäêîâ ïî âðåìåíè
(÷òî íåóäèâèòåëüíî, òàê êàê ðå÷ü èäåò î ñàìîì ãëàâíîì ïðèáëèæåíèè). Ôóíêöèþ ζ(α, t)
áóäåì èñêàòü â âèäå

ζ(α, t) = βtγH(τ) + ..., τ =
α− θs
tδ

. (28)

Ïîäñòàâëÿÿ (28) â (23), ïåðåõîäÿ ê ïîãðàíñëîéíîé ïåðåìåííîé τ è îãðàíè÷èâàÿñü òîëüêî
ãëàâíûì ïðèáëèæåíèåì, ïîëó÷èì ðàâåíñòâî, â êîòîðîå âõîäÿò ñëàãàåìûå, èìåþùèå ñëåäó-
þùèå ïîðÿäêè ìàëîñòè ïî t: t0.5δ+1, tγ+1−δ, tγ−1. Â ñàìîé õîðîøåé ñèòóàöèè, êîãäà âñå ïî-
êàçàòåëè ðàâíû, ïðèäåì ê ñëó÷àÿì, ðàññìîòðåííûì âûøå. Äàëåå ðàññìîòðèì ñëó÷àè, êîãäà
ñðåäè óêàçàííûõ ïîêàçàòåëåé ñîâïàäàþò òîëüêî äâà èç íèõ, à ñëàãàåìîå, îòâå÷àþùåå òðå-
òüåìó ïîêàçàòåëþ, èìååò áîëåå âûñîêèé ïîðÿäîê ìàëîñòè ïî t. Èç òðåõ âîçìîæíûõ ñëó÷àåâ
ïîäõîäÿùèì îêàçûâàåòñÿ òîëüêî îäèí, êîòîðûé ñ ó÷åòîì óñëîâèÿ ñðàùèâàíèÿ ïðèâîäèò ê
ðåøåíèþ âèäà (0.5δ + 1 = γ − 1, γ + 1− δ > γ − 1):

ζ(α, t) = βt2
√
α− θs. (29)

Òàêèì îáðàçîì, åñòü âñå îñíîâàíèÿ ñ÷èòàòü, ÷òî ôóíêöèÿ (29) ÿâëÿåòñÿ ãëàâíûì àñèìï-
òîòè÷åñêèì ïðèáëèæåíèåì äëÿ ôîðìû âíóòðåííåé ñâîáîäíîé ãðàíèöû æèäêîñòè ïðè ëþáîì
β1. Â ñëåäóþùåì ïðèáëèæåíèè ïî âðåìåíè êàðòèíà òå÷åíèÿ æèäêîñòè âáëèçè òî÷êè îòðûâà
ñóùåñòâåííî çàâèñèò îò ïàðàìåòðà β1. Ïðè β1 < 0 êðèâàÿ ïîäõîäèò ê òî÷êå îòðûâà ïî êà-
ñàòåëüíîé, íàõîäÿñü îò íåå òîëüêî ïî îäíó ñòîðîíó. Â ñëó÷àå β1 > 0 êðèâàÿ ïðîäîëæàåòñÿ
çà òî÷êó îòðûâà è ïîäõîäèò ê ãðàíèöå òåëà òàêæå ïî êàñàòåëüíîé (â ýòîì ñëó÷àå òî÷êà
îòðûâà îêàçûâàåòñÿ âíóòðè êàâåðíû).

Âêðàòöå îñòàíîâèìñÿ íà ÷èñëåííîé ðåàëèçàöèè. Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ñ îä-
íîñòîðîííèìè îãðàíè÷åíèÿìè (14)�(16) ïðèìåíÿåòñÿ ñïåöèàëüíûé èòåðàöèîííûé ìåòîä ïî-
ñëåäîâàòåëüíîãî óòî÷íåíèÿ íåèçâåñòíûõ çàðàíåå çîí îòðûâà è êîíòàêòà ÷àñòèö æèäêîñòè.
Ðàíåå òàêîé ïîäõîä áûë ïðèìåíåí äëÿ ðåøåíèÿ êëàññè÷åñêèõ çàäà÷ îá îòðûâíîì óäàðå òâåð-
äûõ òåë, ïëàâàþùèõ íà ïîâåðõíîñòè æèäêîñòè [14]. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ
â ýòîì èòåðàöèîííîì ïðîöåññå âûáèðàåòñÿ ðåøåíèå ñìåøàííîé çàäà÷è (14)�(16), áåç ó÷åòà
íåðàâåíñòâ, ñ òàêîé ìàëåíüêîé çîíîé S12(0), â îêðåñòíîñòè êîòîðîé íàðóøàåòñÿ äèíàìè÷å-
ñêîå óñëîâèå â âèäå íåðàâåíñòâà (14). Êàê ïîêàçûâàþò ÷èñëåííûå ðàñ÷åòû, ïðè ïëàâíîì
óäàëåíèè îò òî÷êè ðàçäåëà êðàåâûõ óñëîâèé ëåâàÿ ÷àñòü ýòîãî íåðàâåíñòâà óáûâàåò, äî-
ñòèãàåò îòðèöàòåëüíîãî ìèíèìóìà, à çàòåì âîçðàñòàåò äî ïîëîæèòåëüíûõ çíà÷åíèé. Òî÷êè,
â êîòîðûõ ðàññìàòðèâàåìàÿ ôóíêöèÿ ïðèíèìàåò îòðèöàòåëüíûå ìèíèìóìû, âûáèðàþòñÿ
çà ñëåäóþùèå ïðèáëèæåíèÿ ê òî÷êàì îòðûâà. Äàëåå ýòîò ïðîöåññ ïîâòîðÿåòñÿ. Ïðè ýòîì
êàæäûé ñëåäóþùèé øàã èòåðàöèîííîãî ïðîöåññà ïðèâîäèò ê óìåíüøåíèþ çîíû îòðèöàòåëü-
íûõ çíà÷åíèé äàííîé ôóíêöèè. Ïðîöåññ çàêàí÷èâàåòñÿ, êîãäà ýòà çîíà ïîëíîñòüþ èñ÷åçàåò.
Ïîñëå ýòîãî ïðîâåðÿåòñÿ ñïðàâåäëèâîñòü êèíåìàòè÷åñêîãî óñëîâèÿ â âèäå íåðàâåíñòâà â
(15). Îïèñàííûé èòåðàöèîííûé ìåòîä ñõîäèòñÿ î÷åíü áûñòðî. Äëÿ îïðåäåëåíèÿ óãëîâûõ
êîîðäèíàò òî÷åê îòðûâà ñ äâóìÿ âåðíûìè çíàêàìè ïîñëå çàïÿòîé òðåáóåòñÿ íå áîëåå 15-20
èòåðàöèé. Îòìåòèì, ÷òî ïîëó÷åííûå íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà ëèíåéíûå
çàäà÷è (ñ ôèêñèðîâàííûìè òî÷êàìè ðàçäåëà êðàåâûõ óñëîâèé) ðåøàþòñÿ ÷èñëåííî ìåòî-
äîì êîíå÷íûõ ýëåìåíòîâ ñ ïðèìåíåíèåì ïàêåòà FreeFem++ [15]. Ëèíåéíàÿ çàäà÷à (17)�(20)
òàêæå ðåøàåòñÿ ìåòîäîì êîíå÷íûõ ýëåìåíòîâ. Áîëåå ïîäðîáíî ýòîò ïîäõîä èçëîæåí â ñòà-
òüÿõ [3, 4].

Ïðè ÷èñëåííîé ðåàëèçàöèè ââîäÿòñÿ â ðàññìîòðåíèå äíî è áîêîâûå ñòåíêè, óäàëåííûå
îò òåëà íà áîëüøèå ðàññòîÿíèÿ (â ïÿòü ðàç áîëüøå ðàäèóñà öèëèíäðà).

Íà ðèñ. 1 ïîêàçàíî õîðîøåå ñîãëàñîâàíèå ïîãðàíñëîéíûõ ðåøåíèé (24), (25) ñ âíåøèì
ðàçëîæåíèåì â ñëó÷àå, êîãäà âûïîëíåíî óñëîâèå ðåãóëÿðíîñòè: Fr = 1, χ0 = −1, χ1 = 0,
χ2 = 0, H = 1.2, t = 0.4, c1 = −0.5 (òî÷êè îòðûâà äâèæóòñÿ â ðàçíûå ñòîðîíû, β1 = c1).
Çäåñü θs = 0.766, β = 1.596, p = 9.202.
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Íà ðèñ. 2 ïðåäñòàâëåíû ñëó÷àè, êîãäà óñëîâèå ðåãóëÿðíîñòè íàðóøåíî: Fr = 3, χ0 = 0.2,
t = 0.4, t = 0.6 (îñòàëüíûå ïàðàìåòðû íå ìåíÿþòñÿ). Äëÿ ýòèõ ñëó÷àåâ θs = 0.813, β = 0.700,
β1 = −0.805, p = 1.953.

Ðåãóëÿðíûé ñëó÷àé ïðåäñòàâëåí íà ðèñ. 3, 4: Fr = 1, χ0 = −1, t = 0.4, c1 = 0.5 (òî÷êè
îòðûâà ñáëèæàþòñÿ, îñòàëüíûå ïàðàìåòðû íå ìåíÿþòñÿ). Çäåñü β1 = c1 > 0.

Íà ðèñ. 3 ïîêàçàíî ñîãëàñîâàíèå âíåøíåãî ðàçëîæåíèÿ (11) è äâóõ ïîãðàíñëîéíûõ ðåøå-
íèé (24), (26) è (27). Ïåðâîå ïîãðàíñëîéíîå ðåøåíèå ïðàêòè÷åñêè íå îòëè÷àåòñÿ îò âíåøíåãî
ðàçëîæåíèÿ.

Íà ðèñ. 4 ïîêàçàíî ñîãëàñîâàíèå âñåõ òðåõ ïîãðàíñëîéíûõ ðåøåíèé: (24), (26); (27);
(29). Îòìåòèì, ÷òî ïðè t = 0.4 êðèâàÿ, îïðåäåëÿåìàÿ ôóíêöèåé (27), âåñüìà íåçíà÷èòåëüíî
îòêëîíÿåòñÿ îò ãëàâíîãî ïðèáëèæåíèÿ, èìåþùåãî âèä êâàäðàòíîãî êîðíÿ. Ýòî ãîâîðèò î
òîì, ÷òî âî ìíîãèõ ñëó÷àÿõ (äëÿ β1 > 0) ïðè îïðåäåëåíèè ôîðìû êàâåðíû âáëèçè òî÷åê
îòðûâà ìîæíî îãðàíè÷èòüñÿ òîëüêî ãëàâíûì ïðèáëèæåíèåì. Ïðè ýòîì ôîðìà êàâåðíû â
öåëîì ïðàêòè÷åñêè íå èçìåíèòñÿ.

Ðèñ. 3. Ñîãëàñîâàíèå äâóõ ïîãðàí-
ñëîéíûõ ðåøåíèé è âíåøíåãî ðàçëî-
æåíèÿ ïðè t = 0.4. Ñëó÷àé, êîãäà
êðèâàÿ ðàñïîëîæåíà ïî ðàçíûå ñòî-
ðîíû îò òî÷êè îòðûâà. Óñëîâèå ðåãó-

ëÿðíîñòè âûïîëíåíî
Fig. 3. Agreement of two boundary
layer solutions and the outer expansion
at t = 0.4. The case when the
curve is located on di�erent sides of
the separation point. The regularity

condition is satis�ed

Ðèñ. 4. Ñîãëàñîâàíèå ãëàâíîãî
ïðèáëèæåíèÿ òèïà êâàäðàòíî-
ãî êîðíÿ (ïóíêòèðíàÿ ëèíèÿ)
è äâóõ ïîãðàíñëîéíûõ ðåøåíèé

ïðè t = 0.4

Fig. 4. Agreement between the
leading approximation of the
square root type (dashed line)
and two boundary layer solutions

at t = 0.4

Çàêëþ÷åíèå

Èçó÷åíà çàäà÷à î íà÷àëüíîì ýòàïå êàâèòàöèîííîãî äâèæåíèÿ êðóãîâîãî öèëèíäðà ïîä
ñâîáîäíîé ïîâåðõîñòüþ òÿæåëîé æèäêîñòè. Ïîêàçàíî, ÷òî äëÿ îïðåäåëåííûõ ôèçè÷åñêèõ
ñèòóàöèé, êîòîðûå õàðàêòåðèçóþòñÿ óñëîâèåì ðåãóëÿðíîñòè, ðåøåíèå ïðåîáðàçîâàííîé çà-
äà÷è ïðåäñòàâèìî â âèäå ñòåïåííîãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ïî ìàëîìó âðåìåíè. Ïðè
íàðóøåíèè óñëîâèÿ ðåãóëÿðíîñòè ñòåïåííîé õàðàêòåð àñèìïòîòèêè òàêæå ìîæíî ñîõðàíèòü,
åñëè âî âòîðîì àñèìïòîòè÷åñêîì ïðèáëèæåíèè ïðîâåñòè ñãëàæèâàíèå ñîîòâåòñòâóþùåé ãðà-
íè÷íîé ôóíêöèè. Èçó÷åíî ïîâåäåíèå âíóòðåííåé ñâîáîäíîé ãðàíèöû æèäêîñòè âáëèçè òî÷-
êè îòðûâà. Óñòàíîâëåíî, ÷òî â ãëàâíîì ïðèáëèæåíèè êðèâàÿ ïîäõîäèò ê òî÷êå îòðûâà ïîä
ïðÿìûì óãëîì. Áîëåå ýôôåêòèâíûå ïîãðàíñëîéíûå ðåøåíèÿ ñãëàæèâàþò ýòîò óãîë. Ïðè
ýòîì â îäíèõ ñëó÷àÿõ êðèâàÿ âûõîäèò èç òî÷êè îòðûâà è ðàñïîëàãàåòñÿ îò íåå òîëüêî ïî
îäíó ñòîðîíó. Â äðóãèõ ñëó÷àÿõ êðèâàÿ ïðîäîëæàåòñÿ çà òî÷êó îòðûâà è ðàñïîëàãàåòñÿ îò
íåå ïî ðàçíûå ñòîðîíû.
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Abstract. Today, dental materials face a number of requirements related to the need to withstand to

withstand high masticatory loads, while forming, while forming a strong interface with the surrounding

biological tissues. The study of the microgeometrical properties of modern materials used to treat caries

allows us to draw a conclusion about their e�cacy in imitating the tooth tissues and and forming an

interface devoid of various microdefects. In the present work, for this purpose, an ex vivo study of the

surfaces of composite and glass ionomer cement �lling sections, as well as enamel after polymer in�ltration

and tissues in their vicinity, was carried out using atomic force and scanning electron microscopy. The

obtained roughness parameter values for areas after dental treatment were compared with those of sound

tissues; one-way analysis of variance was used to assess statistically signi�cant di�erences between the

mean values of the studied characteristics. The results of the measurements allow us to conclude that the

polymer in�ltration into the tooth tissue was successful, and in the case of clinical need for �lling, the

composite material is preferable to glass ionomer cement.
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Аннотация. Íà ñåãîäíÿøíèé äåíü ê ñòîìàòîëîãè÷åñêèì ìàòåðèàëàì âûäâèãàåòñÿ ðÿä òðåáîâàíèé,

ñâÿçàííûõ ñ íåîáõîäèìîñòüþ âûäåðæèâàòü âûñîêóþ íàãðóçêó ïðè ïåðåæåâûâàíèè ïèùè, ïðè ýòîì

ôîðìèðóÿ ïðî÷íóþ ãðàíèöó ðàçäåëà ñ îêðóæàþùåé áèîëîãè÷åñêîé òêàíüþ. Èññëåäîâàíèå ìèêðî-

ãåîìåòðè÷åñêèõ ñâîéñòâ ñîâðåìåííûõ ìàòåðèàëîâ, èñïîëüçóåìûõ äëÿ ëå÷åíèÿ êàðèåñà, ïîçâîëÿåò

ñäåëàòü âûâîä î òîì, íàñêîëüêî îíè ñïîñîáíû ýôôåêòèâíî èìèòèðîâàòü òêàíü çóáà è ôîðìèðîâàòü

èíòåðôåéñ, ëèø¼ííûé ðàçíîãî ðîäà ìèêðîäåôåêòîâ. Â íàñòîÿùåé ðàáîòå äëÿ äàííîé öåëè ïðîâåäåíî

ex vivo èññëåäîâàíèå ïîâåðõíîñòåé øëèôîâ ïëîìá èç êîìïîçèòíîãî ìàòåðèàëà è ñòåêëîèîíîìåðíîãî

öåìåíòà, à òàêæå ýìàëè ïîñëå ïîëèìåðíîé èíôèëüòðàöèè è òêàíåé â èõ îêðåñòíîñòè ñ èñïîëüçîâà-

íèåì àòîìíî-ñèëîâîé è ñêàíèðóþùåé ýëåêòðîííîé ìèêðîñêîïèè. Ïîëó÷åííûå çíà÷åíèÿ ïàðàìåòðîâ

øåðîõîâàòîñòè äëÿ îáëàñòåé ïîñëå ñòîìàòîëîãè÷åñêîãî âìåøàòåëüñòâà ñðàâíèâàëèñü ñî çíà÷åíèÿìè

äëÿ çäîðîâûõ òêàíåé, äëÿ îöåíêè ñòàòèñòè÷åñêè çíà÷èìûõ ðàçëè÷èé ìåæäó ñðåäíèìè çíà÷åíèÿìè

èçó÷àåìûõ õàðàêòåðèñòèê èñïîëüçîâàëñÿ îäíîôàêòîðíûé äèñïåðñèîííûé àíàëèç. Ðåçóëüòàòû èçìå-

ðåíèé ïîçâîëèëè ñäåëàòü âûâîä îá óñïåøíîñòè ïðîíèêíîâåíèÿ ïîëèìåðíîãî èíôèëüòðàíòà â òêàíè

çóáà, ïðè ýòîì â ñëó÷àå êëèíè÷åñêîé íåîáõîäèìîñòè ïëîìáèðîâàíèÿ êîìïîçèòíûé ìàòåðèàë îêà-

çàëñÿ ïðåäïî÷òèòåëüíåå, ÷åì ñòåêëîèîíîìåðíûé öåìåíò.
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Introduction

The total annual national expenditure on outpatient dental care (public and private) in Russia
is estimated at 892 million US dollars (as of 2019, according to [1]). The most common disease of
the oral cavity is caries, the mechanisms of which are associated with the progressive loss of the
mineral component of hard tissues under the in�uence of acidogenic bacteria in the dental bio�lm.
This is expressed in a decrease in mineral density, mechanical properties, and other alterations [2].
Teeth are usually in a dynamic equilibrium of alternating demineralization and remineralization,
where the former is a partial dissolution of hydroxyapatite crystallites in the presence of acid, and
the latter is a reprecipitation and crystallization of minerals in the tissues [3,4]. Caries occurs in
the case of prolonged demineralization, while its early manifestations (white spot stage, WSP),
as a rule, occur without the formation of signi�cant enamel defects.

Long-term demineralization of dental tissues is re�ected in changes in their microstructure
and microgeometrical parameters. A number of researchers [5] used optical coherence tomography
to describe changes in the microstructure of biological dental tissues a�ected by WSLs for early
diagnosis of the patient. Kiesow et al. [6] visualized changes in the microstructure and chemical
composition of human enamel during treatment and remineralization of arti�cially created carious
lesions. Besnard et al. [7] performed nano/macro-histological characterization of the hierarchical
structure of human carious enamel using various techniques, including light microscopy, scanning
electron microscopy (SEM), focused ion beam, and X-ray tomography. In [8], the structure and
mechanical properties of pathologically altered enamel and dentine were studied using both
optical microscopy and nanoindentation, and in [9], a correlation was studied between the
mechanical properties and mineral density of dentine damaged by caries at the stage of brown
spot lesion. Zuluaga �Morales et al. [10] assessed the e�ect of the pH cycling procedure on the
mineral composition and microstructure of dentine using SEM and backscattering spectroscopy.
Atomic force microscopy (AFM) is a common tool for assessing microgeometrical parameters
and local microstructural features of areas susceptible to caries [11].

AFM and SEM techniques allow for the qualitative and quantitative characterization of
microgeometrical parameters not only of pathologically altered tissues but also of biocompatible
materials that are intended to replace or modify these tissues. Kakaboura et al. [12] conducted
an in vitro study aimed at comparing di�erent methods for measuring surface roughness and
topography in several types of dental composite materials. Guler and Unal [13] evaluated the
surface roughness parameters and color changes of �ve dental restorative materials after aging in
liquids at di�erent pH values. In [14], the morphological and structural changes in enamel after
processing with an Er:YAG laser using AFM, SEM, and energy-dispersive X-ray spectroscopy
were evaluated.

In the present work, an ex vivo study of the microgeometrical properties of composite and
GIC �llings, the enamel surrounding these �llings, the dentine in their vicinity (i.e., located as
close as possible to the dentine-enamel junction close to the �lling, DEJ), and sound dentine
and enamel on the opposite side of the tooth was performed using AFM. A similar scheme
was used to study the mechanical and microgeometrical properties of enamel modi�ed with an
in�ltrant and the dentine in its vicinity, as well as sound tissues. This approach ensured not
only a quantitative assessment of the values of microgeometrical characteristics in areas that are
key for a dental clinician, but also a visual comparison of the results of dental intervention. For
a more detailed interpretation of the obtained experimental data, SEM images of the areas of
interest were obtained.

1. Materials and methods

The study included four human molars extracted for orthodontic reasons in the Dental
Department of the Rostov State Medical University Clinic, Rostov-on-Don, Russia. The local
independent ethics committee of the university approved the study protocol (extract 14/21
dated September 23, 2021), and the patients provided informed consent. The dental materials
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used in the samples included Vitremer glass ionomer cement (GIC) (3M ESPE, St. Paul, USA),
Estelite Flow Quick composite (Tokuyama Dental, Tokyo, Japan), and Icon in�ltrant (DMG
Chemisch-Pharmazeutische, Berlin, Germany). To form thin sections of the surface of the samples
containing the areas under study, their sample preparation was performed in longitudinal section
using an Isomet 4000 precision saw (Buehler, Lake Blu�, USA), then grinding (with SiC-based
sandpaper of P800, P1200, P2000, P2500 grain size) and polishing the surface (diamond particles
with a diameter of 6 and 1 µm, �nal polishing was performed using a sol-gel suspension containing
aluminum oxide particles with a diameter of 0.05 µm) on a glass substrate.

The study of the microgeometrical characteristics of the sample surface was carried out on an
AFM Nanoeducator (NT-MDT, Zelenograd, Russia) equipped with a tungsten probe. Scanning
was performed in a semi-contact mode at a speed of 10.05 µm/s at a resolution of 256 x 256 pixels.
The probe was positioned using an optical USB microscope installed above the force interaction
sensor of the device. Gwyddion software (Czech Metrology Institute, Brno, Czech Republic) was
used for image processing. The microgeometrical characteristics (average surface roughness Ra

and average maximum pro�le height Rz) were measured in three directions: horizontal, vertical,
and diagonal ones. Five pro�les were constructed for each of these directions, and each pro�le
was considered as an average of 10 adjacent pro�les. Thus, the average value of 150 pro�les with
a standard deviation was then obtained. The maximum roughness height Rt was measured for
the entire image.

Visualization of the �lling surfaces and the interfaces between the �lling and the surrounding
enamel was performed using a Crossbeam 340 SEM (Carl Zeiss Microcracy Gmbh, Oberkochen,
Germany). Before the examination, the tooth samples were successively kept in baths with
acetone solutions (pure for analysis) of 25, 50 and 70% (by volume) for 5 min each, then 80,
90, 95 and 100% (by volume) for 15 min each and, �nally, were successively immersed twice in
100% (by volume) acetone for 30 min, and �nally in 100% (by volume) acetone for 48 hours
at 4 oC. The samples were then kept in a vacuum chamber for 1 hour at a pressure of 6× 10−2

mbar, then 1 hour at a pressure of 5 × 10−2 mbar, then 24 hours at a pressure of 2 × 10−2

mbar until the pressure reached 6×10−1 mbar. SEM studies were performed using an Everhart �
Thornley secondary electron detector with an accelerating voltage of 1 kV. The aperture size was
30 µm.

The Shapiro �Wilk test was used to test whether the sets of microgeometrical characteristics
were normally distributed. The test statistic (D) provided a measure of how much the data
set distribution deviated from the normal distribution. The p value quanti�ed this probability.
One-way analysis of variance (ANOVA) was used to identify statistically signi�cant di�erences
between the means of the two study groups of Ra (before and after dental treatment) for each
sample. In particular, the null hypothesis was tested: H0 : µ1 = µ2 = · · · = µk, where µ is the
group mean, and k is the number of groups. The F -coe�cient at a signi�cance level of α = 0.05
was used in the calculations.

2. Results and discussion

Figures 1, 2 show AFM images demonstrating characteristic micro- and nanoscale structural
features for each region of interest of the sample over a scanning �eld of 8 × 8µm. The micro-
geometrical roughness parameters calculated from these images are given in the Table.

Figure 3 shows the surface pro�les of the pores of the composite material from Fig. 1, a
(averaging over 20 adjacent pro�les) and the GIC particle (averaging over 40 adjacent pro�les)
from Fig. 1c, indicated by the dotted line. The roughness parameter values according to the
pro�lograms for the pores of the composite material were 23.6, 106.8, 130.2 nm; for a typical
glass particle � 103.7, 323.3, 396.0 nm for Ra, Rz, Rt, respectively.

To assess statistically signi�cant di�erences in the results of microgeometrical measurements,
two sets of Ra values were selected (sample size � 15 measurements for each): composite �lling
and sound enamel; GIC �lling and sound enamel; in�ltrated enamel and sound enamel (for two
cases). In all cases, we obtained from the sample information that the test statistic F is not in
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the 95% acceptance region, based on which a conclusion was made to reject the null hypothesis
(at a p value < 0.05), thus, at least two group mean values for each material were statistically
signi�cantly di�erent from each other.

a b

c d

Fig. 1. Typical AFM determined topography of the surface areas: a, b shows composite
�lling and sound enamel; c, d shows GIC �lling and sound enamel; ep stands for
enamel prism, p stands for pore, sl stands for smear layer, gp stands for glass particle,
ds stands for debonding surface; the symbol ∗ denotes relief elements for which

separate surface pro�lograms were constructed (color online)

Table. Microgeometrical properties of the samples studied

Treatment type Goup Ra, nm ± Rz, nm ± Rt, nm

Composite �lling
Filling 18.0 3.2 72.1 18.1 223

Sound enamel 92.8 33.6 345.5 117.9 912

GIC �lling
Filling 68.2 24.9 242.6 90.0 907

Sound enamel 39.5 10.4 132.4 45.2 383

In�ltrant (�rst case)
In�ltrated enamel 51.0 14.6 178.7 56.6 486

Sound enamel 19.0 11.8 65.6 36.7 796

In�ltrant (second case)
In�ltrated enamel 53.2 20.4 203.3 82.5 619

Sound enamel 31.8 7.6 109.5 26.5 355

Figures 4, a, c show the SEM images of the surfaces of composite and glass ionomer cement
�llings, respectively, and Fig. 4, b, d show the interfaces of the above-mentioned �llings with the
surrounding enamel.

The results of microgeometrical measurements of �lling materials showed a fundamental
di�erence in the nature of the roughness parameters in the pairs ��lling � sound enamel� for the
composite material and GIC. Thus, in the case of GIC, each value of the roughness parameter was
higher than that recorded for the sound enamel: Ra by 72.7%, Rz by 83.2%, Rt by 2.1 times. This
is explained by the presence of large ellipsoidal glass particles on the �lling surface [15] (designated
as gp in Fig. 1, c and Fig. 3), which alternate with delamination surfaces [16] (designated as ds
in Fig. 1, c), forming a loose surface structure. The characteristic dimensions of the microscale
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glass particles in the AFM image were: length 3.23±0.85µm, width 1.17±0.27µm. In the case of
the composite material, on the contrary, the values of all the studied mechanical properties were
lower for the �lling compared to the sound enamel: Ra by 80.6%, Rz by 79.1%, Rt by 75.6%.
This �lling on the section showed the least developed relief among all the studied areas within
the framework of this AFM study.

a b

c d

Fig. 2. Typical AFM determined topography of the surface areas: a, b shows in�ltrated
enamel (�rst case) � sound enamel; c, d shows in�ltrated enamel (second case) �
sound enamel; ep stands for enamel prism, sl stands for smear layer, gp stands
for glass particle, ds stands for debonding surface, esh stands for enamel sheath

(color online)

Fig. 3. Surface pro�les of pores of composite material and glass particle of GIC

However, the microstructure of the composite �lling has one important feature �micropores
(marked as p in Fig. 1, a), typical diameters of which are 0.86 ± 0.25µm. At the same time,
SEM observations reveal the smallest cracks between the enamel prisms (Fig. 4, b), as well as
in the vicinity of the GIC pores (Fig. 4, c). We note large-scale damage to the GIC-biological
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tissue interface, clearly visible in SEM images (Fig. 4, d) with a width of more than 50 µm,
presumably caused by increased stress concentration due to the excessive di�erence in the
mechanical characteristics of the �lling and the surrounding tissue (which can be further studied
using the approaches [17�19]).

a b

c d

Fig. 4. Microstructure of surfaces obtained using SEM: a shows composite �lling; b shows
interface of the composite �lling with surrounding enamel; c shows GIC �lling; d shows tissue
on the interface with the GIC �lling; e stands for enamel, ed stands for damaged enamel, ci
stands for inner layer of the �lling, gi stands for interface between GIC and tissue, cei stands
for interface between the �lling and enamel, esh stands for enamel sheath, p stands for pore,

symbol ∗ marks the cracks in the vicinity of the pores in GIC (color online)

The results of microgeometrical measurements of the in�ltrant showed a generally similar

picture for both samples: in both cases, an increase in the parameters Ra and Rz was recorded.

For the �rst sample treated with the in�ltrant, these roughness parameters were 2.7 times higher

than in sound enamel. For the second sample, these parameters were 67.3% and 85.7% higher than

in the sound enamel for Ra and Rz, respectively. Note the closeness of the absolute values of Ra

and Rz for both samples after in�ltration. Note also that the analysis of the parameter Rt taken

over the scanning �eld as a whole, although providing useful information about the microrelief of

the material, requires a signi�cantly larger number of AFM images in di�erent areas of interest

to collect statistical information and form reliable conclusions about peak heights and other

features of the elevated surface of the sample surface.

Changes in the microgeometrical characteristics of the samples after in�ltration indicate

successful penetration of the polymer in�ltrant into the tissue, which is consistent with the

results of Sadyrin et al. [20], while a visual similarity of the microrelief of the tissue surface

before and after treatment was noted. This observation indicates that, by modifying the enamel,

the in�ltrant generally preserves the enamel structure relatively intact and close to natural tissue,

although the mechanical properties of the tissue cannot be fully restored due to the di�erence in

the properties of the polymer and natural hydroxyapatite.
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Conclusion

In the present work, an ex vivo study of the microgeometrical properties of composite and
GIC �llings, as well as of in�ltrated enamel and tissues in their vicinity, was performed, followed
by a comparison of the results with the corresponding properties of the sound tissues. In the
case of GIC, an increase in each roughness parameter value was recorded compared to the
sound enamel, which is explained by the presence of large ellipsoid glass particles on the �lling
surface, alternating with exfoliation surfaces. In the case of the composite material, on the
contrary, the values of all the studied microgeometrical properties were signi�cantly lower for
the �lling compared to sound enamel, while micropores were found on its surface. The obtained
experimental data allow us to conclude that in case of clinical need for �lling, it is preferable to
use a composite material due to a smaller number of internal structure artifacts and a smaller size
of such artifacts (in addition to the proximity of the mechanical parameters of this biocompatible
material to the surrounding biological tissue).

Calculations of the roughness parameters demonstrated that, although none of the materials
examined restored the microgeometric characteristics to natural values, the in�ltrant generally
preserves the enamel microstructure. The results of the study, together with the previously made
conclusions about the mineral density of enamel modi�ed by the in�ltrant [21], are encouraging
in terms of the clinical use of minimally invasive dental materials; some features of the interaction
of such materials and tooth tissues are still not fully understood. In particular, how does the
thickness of the enamel (and proximity to the DEJ) a�ect the process of in�ltrant penetration
(e.g., which areas of the tooth are preferable for this type of treatment, and which areas should
be avoided).

Despite the statistically signi�cant di�erence in the mean Ra roughness values across the set
of measurements in the single sample studies, in future studies, we plan to collect statistical data
on the depth of in�ltrate penetration into di�erent areas of the tooth, including the DEJ, using a
larger number of samples. Such further studies will provide an opportunity to develop guidelines
for practicing dental clinicians on the treatment of early caries with maximum bene�t for the
patient, thereby expanding on existing recommendations [22�25].
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Ðàçðàáîòêà è âàëèäàöèÿ ïðîãðàììíî-àïïàðàòíîãî êîìïëåêñà

äëÿ êîëè÷åñòâåííîé îöåíêè îñàíêè

ñ èñïîëüçîâàíèåì öèôðîâûõ âèäåîäàííûõ

В. В. Смирнова

Казанский (Приволжский) федеральный университет, Россия, 420008, г. Казань, ул. Кремлевская, д. 18

Смирнова Виктория Владимировна, научный сотрудник НИИ математики и механики имени Н. Г. Че-

ботарева, yaikovavic toriya@mail.ru, https://orcid.org/0000-0002-1107-2152, SPIN: 8101-3211, AuthorID: 1175356

Аннотация. Â ñòàòüå ïðåäñòàâëåíî èññëåäîâàíèå, íàïðàâëåííîå íà âåðèôèêàöèþ òî÷íîñòè ðàç-

ðàáîòàííîãî ïðîãðàììíî-àïïàðàòíîãî êîìïëåêñà äëÿ àíàëèçà îñàíêè ÷åëîâåêà ñ èñïîëüçîâàíèåì

öèôðîâîé âèäåîêàìåðû. Öåëü ðàáîòû çàêëþ÷àëàñü â ñðàâíåíèè ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìî-

ùüþ ðàçðàáîòàííîãî êîìïëåêñà, ñ äàííûìè ñèñòåìû çàõâàòà äâèæåíèÿ Vicon Nexus. Èññëåäîâàíèå

âêëþ÷àëî ðàçðàáîòêó ìåòîäèêè îáðàáîòêè âèäåîèçîáðàæåíèé äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ îñàíêè,

ñîçäàíèå ïðîãðàììíîãî îáåñïå÷åíèÿ äëÿ àâòîìàòè÷åñêîãî àíàëèçà âèäåî è ðàñ÷åòà ìåòðèê, à òàêæå

ïðîâåäåíèå ýêñïåðèìåíòàëüíîãî èññëåäîâàíèÿ ñ ó÷àñòèåì 14 èñïûòóåìûõ (7 ìóæ÷èí è 7 æåíùèí).

Ñúåìêà îñóùåñòâëÿëàñü îäíîâðåìåííî ñ èñïîëüçîâàíèåì öèôðîâîé âèäåîêàìåðû (ðàçðåøåíèå 4K,

÷àñòîòà 30 fps) è ñèñòåìû Vicon Nexus ñ èíôðàêðàñíûìè êàìåðàìè è ñâåòîîòðàæàþùèìè ìàð-

êåðàìè. Äëÿ àíàëèçà äàííûõ ïðèìåíÿëèñü ìåòîäû êîìïüþòåðíîãî çðåíèÿ, âêëþ÷àÿ èñïîëüçîâàíèå

ïðåäîáó÷åííîé íåéðîííîé ìîäåëè SAM äëÿ ñåãìåíòàöèè èçîáðàæåíèé è âû÷èñëåíèå óãëîâûõ õàðàê-

òåðèñòèê îñàíêè. Ñòàòèñòè÷åñêèé àíàëèç ïîêàçàë âûñîêóþ ñòåïåíü ñîãëàñîâàííîñòè ìåæäó äâóìÿ

ñèñòåìàìè (êîýôôèöèåíò êðîññ-êîððåëÿöèè r = 0.81), ïðè ýòîì ïðîöåíò ðàñõîæäåíèÿ ðåçóëüòàòîâ

ñîñòàâèë 4�5%. Îñíîâíûå ôàêòîðû, âëèÿþùèå íà òî÷íîñòü, âêëþ÷àþò òåõíè÷åñêèå îãðàíè÷åíèÿ âè-

äåîêàìåðû, ïîãðåøíîñòè ìàòåìàòè÷åñêèõ ìîäåëåé è äèñòîðñèþ îïòè÷åñêîé ñèñòåìû. Ïîëó÷åííûå

ðåçóëüòàòû ïîäòâåðæäàþò âîçìîæíîñòü ïðèìåíåíèÿ ðàçðàáîòàííîãî êîìïëåêñà äëÿ îöåíêè îñàíêè â

êëèíè÷åñêèõ óñëîâèÿõ, ÷òî îòêðûâàåò ïåðñïåêòèâû äëÿ åãî èñïîëüçîâàíèÿ â ñïîðòèâíîé ìåäèöèíå,

ðåàáèëèòàöèè è áèîìåõàíèêå.
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Abstract. The study aims to verify the accuracy of a developed hardware-software system for analyzing

human posture using a digital video camera. The objective of the work was to compare the results

obtained with the developed system to the data from the Vicon Nexus motion capture system. The

research included the development of a methodology for processing video images to determine posture

parameters, the creation of software for automatic video analysis and metric calculation, and the conduct

of an experimental study involving 14 participants (7 men and 7 women). Simultaneous recording was

performed using a digital video camera (4K resolution, 30 fps) and the Vicon Nexus system with

infrared cameras and re�ective markers. Data analysis employed computer vision techniques, including

the use of the pre-trained neural model SAM for image segmentation and the computation of angular

posture characteristics. Statistical analysis demonstrated a high degree of agreement between the two

systems (cross-correlation coe�cient r = 0.81), with a result discrepancy of 4�5%. Key factors a�ecting

accuracy include technical limitations of the video camera, errors in mathematical models, and optical

system distortion. The obtained results con�rm the potential of using the developed system for posture

assessment in clinical settings, opening up prospects for its application in sports medicine, rehabilitation,

and biomechanics.

Keywords: video analysis, biomechanics, posture, Vicon Nexus system, computer vision, neural networks,

image segmentation, angular characteristics, clinical applicability
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Ââåäåíèå

Îïðåäåëåíèå è àíàëèç ïîçû ÷åëîâåêà ïðåäñòàâëÿåò ñîáîé îäíó èç çíà÷èìûõ çàäà÷ â
îáëàñòè êîìïüþòåðíîãî çðåíèÿ, êîòîðàÿ àêòèâíî ðàçâèâàåòñÿ íà ñòûêå òåõíîëîãèé èñêóñ-
ñòâåííîãî èíòåëëåêòà, áèîìåõàíèêè è ìåäèöèíû. Îñíîâíàÿ öåëü ýòîé çàäà÷è çàêëþ÷àåòñÿ
â òî÷íîì îïðåäåëåíèè êëþ÷åâûõ òî÷åê òåëà ÷åëîâåêà, òàêèõ êàê ãîëîâà, ïëå÷è, ðóêè, êî-
ëåíè, çàïÿñòüÿ, ëîêòè, à òàêæå â ñîåäèíåíèè ýòèõ òî÷åê äëÿ ñîçäàíèÿ ñêåëåòíîé ìîäåëè,
îòðàæàþùåé òåêóùóþ ïîçó [1].

Â ñîâðåìåííîì ìèðå àíàëèç ÷åëîâå÷åñêîé ïîçû èãðàåò âàæíóþ ðîëü â ðåøåíèè àêòó-
àëüíûõ ïðîáëåì. Â ìåäèöèíå, íàïðèìåð, îöåíêà ïîëîæåíèÿ ïàöèåíòà ìîæåò ñïîñîáñòâîâàòü
äèàãíîñòèêå çàáîëåâàíèé îïîðíî-äâèãàòåëüíîãî àïïàðàòà, ìîíèòîðèíãó ïðîöåññà âîññòàíîâ-
ëåíèÿ ïîñëå òðàâì èëè îïåðàöèé, à òàêæå ðàçðàáîòêå ïåðñîíàëèçèðîâàííûõ ïðîãðàìì ðåà-
áèëèòàöèè [2]. Â ñïîðòå àíàëèç òåõíèêè âûïîëíåíèÿ óïðàæíåíèé ñ ïîìîùüþ ñèñòåì îöåíêè
ïîçû ñïîñîáñòâóåò îïòèìèçàöèè òðåíèðîâî÷íîãî ïðîöåññà, ñíèæåíèþ ðèñêà òðàâì è óëó÷-
øåíèþ ðåçóëüòàòîâ ñïîðòñìåíîâ [3].
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Â äàííîì èññëåäîâàíèè îñîáûé èíòåðåñ ïðåäñòàâëÿåò ïðàêòè÷åñêîå ïðèìåíåíèå ñèñòåì
âèäåîçàõâàòà â áèîìåõàíèêå è ìåäèöèíñêèõ èññëåäîâàíèÿõ. Îíè ïîìîãàþò âðà÷àì, ôèçèîòå-
ðàïåâòàì è èññëåäîâàòåëÿì ïîíèìàòü ìåõàíèêó äâèæåíèé, äèàãíîñòèðîâàòü çàáîëåâàíèÿ,
ðàçðàáàòûâàòü ýôôåêòèâíûå ìåòîäû ëå÷åíèÿ è ðåàáèëèòàöèè. Ñèñòåìû, ðàáîòàþùèå íà
îñíîâå îïòîýëåêòðîííîãî çàõâàòà äâèæåíèÿ, èìåþò íåñîìíåííûå ïðåèìóùåñòâà. Îíè îáåñ-
ïå÷èâàþò âûñîêóþ òî÷íîñòü â èçìåðåíèè äâèæåíèé, ÷òî ïîçâîëÿåò äåëàòü áîëåå íàäåæ-
íûå âûâîäû. Ñîãëàñíî äàííûì ïðîèçâîäèòåëÿ (Vicon), ñèñòåìà îáåñïå÷èâàåò òî÷íîñòü äî
±0.25 ìì ïðè èñïîëüçîâàíèè êàìåð (íàïðèìåð, Vicon Vero èëè Vicon Vantage). Â íåêîòîðûõ
èññëåäîâàíèÿõ áûëà ïðîäåìîíñòðèðîâàíà òî÷íîñòü ïîðÿäêà 0.3�0.5 ìì ïðè îïòèìàëüíûõ
óñëîâèÿõ ðàáîòû [4�6].

Â ñòàòüÿõ [7, 8] âåäåòñÿ ðàññóæäåíèå îá îøèáêàõ, ñâÿçàííûõ ñ ðàçìåùåíèåì ñâåòîîòðà-
æàþùèõ ìàðêåðîâ è/èëè àðòåôàêòîâ äâèæåíèÿ, êîòîðûå ìîãóò ïðèâåñòè ê íåïðàâèëüíîìó
èçìåðåíèþ óãëîâ è ïîñëåäóþùèì íåòî÷íîñòÿì. Àâòîðû ïîä÷åðêèâàþò âàæíîñòü ó÷åòà ïî-
ãðåøíîñòåé èçìåðåíèé è âëèÿíèÿ âíåøíèõ ôàêòîðîâ, òàêèõ êàê îñâåùåíèå è ðàçìåùåíèå
êàìåð.

Öèôðîâûå âèäåîêàìåðû øèðîêî äîñòóïíû è îòíîñèòåëüíî íåäîðîãè ïî ñðàâíåíèþ ñ ñè-
ñòåìàìè çàõâàòà äâèæåíèÿ. Ìíîãèå ñîâðåìåííûå ñìàðòôîíû òàêæå èìåþò êàìåðû âûñî-
êîãî êà÷åñòâà, êîòîðûå ìîæíî èñïîëüçîâàòü äëÿ àíàëèçà äâèæåíèÿ. Íàïðèìåð, â [9] öåëüþ
ðàáîòû ÿâëÿåòñÿ äåìîíñòðàöèÿ ýôôåêòèâíîñòè è âîçìîæíîñòåé ìîáèëüíîé ñèñòåìû çàõâà-
òà äâèæåíèÿ MO2CA, îñíîâàííîé íà ñìàðòôîíå è öâåòíûõ ìàðêåðàõ, äëÿ êîëè÷åñòâåííîãî
àíàëèçà êàê êðóïíûõ, òàê è ìåëêèõ äâèæåíèé ÷åëîâåêà (îò äâèæåíèé ïàëüöåâ äî äâèæåíèé
âñåãî òåëà). Àâòîðû îïðåäåëèëè ðàáî÷èå ïàðàìåòðû ñèñòåìû (îïåðàöèîííûé äèàïàçîí): äè-
ñòàíöèÿ îáíàðóæåíèÿ öåëè, ðàçðåøåíèå è çíà÷èìîñòü öåëåé, ñêîðîñòü äâèæåíèÿ îáúåêòîâ,
èíòåíñèâíîñòü îñâåùåíèÿ, è ïîêàçàëè åå ïîòåíöèàë äëÿ êëèíè÷åñêîãî ïðèìåíåíèÿ.

Â ðàáîòå [10] àâòîðû îñóùåñòâèëè îïðåäåëåíèå òî÷íîñòè è íàäåæíîñòè 2D-ñèñòåìû çà-
õâàòà äâèæåíèÿ â îöåíêå àäàïòèâíîé êèíåìàòèêè ïîõîäêè ó ñóáúåêòîâ ñ ïîòåðåé öåíòðàëü-
íîãî çðåíèÿ, ïîæèëûõ çäîðîâûõ ó÷àñòíèêîâ è ìîëîäûõ çäîðîâûõ ó÷àñòíèêîâ. Àâòîðû ïîêà-
çûâàþò, ìîæåò ëè òàêàÿ ñèñòåìà áûòü äîñòîéíîé àëüòåðíàòèâîé ñòàíäàðòíûì äîðîãîñòîÿ-
ùèì 3D-ñèñòåìàì (Vicon), ñîõðàíÿÿ âûñîêóþ òî÷íîñòü è íàäåæíîñòü èçìåðåíèé. Îïðåäåëÿ-
ëèñü ñëåäóþùèå êèíåìàòè÷åñêèå ïàðàìåòðû: âåðòèêàëüíàÿ âûñîòà ïîäúåìà áîëüøîãî ïàëü-
öà íîãè è ïÿòêè ïðè ïðåîäîëåíèè ïðåïÿòñòâèÿ, ãîðèçîíòàëüíàÿ ñêîðîñòü áîëüøîãî ïàëüöà
íîãè ïðè ïðåîäîëåíèè ïðåïÿòñòâèÿ, ãîðèçîíòàëüíîå ðàññòîÿíèå ìåæäó áîëüøèì ïàëüöåì
íîãè è ïðåïÿòñòâèåì, âðåìÿ îäíîñòîðîííåé îïîðû äëÿ êàæäîé íîãè.

Íà ïðîòÿæåíèè ìíîãèõ ëåò äëÿ ðåøåíèÿ çàäà÷è îïðåäåëåíèÿ ïîçû ÷åëîâåêà èñïîëüçîâà-
ëèñü äâà îñíîâíûõ ïîäõîäà: òðàäèöèîííûå ìåòîäû êîìïüþòåðíîãî çðåíèÿ è ìåòîäû ãëóáî-
êîãî îáó÷åíèÿ. Òðàäèöèîííûå ìåòîäû îñíîâàíû íà ðó÷íîé ðàçðàáîòêå ïðèçíàêîâ è ìîäåëåé,
êîòîðûå èñïîëüçóþò àïðèîðíûå çíàíèÿ î ñòðîåíèè ÷åëîâå÷åñêîãî òåëà è ïðîñòðàíñòâåííûõ
îòíîøåíèÿõ ìåæäó åãî ÷àñòÿìè [11]. Íàïðèìåð, ìåòîä ñòðóêòóðíûõ èçîáðàæåíèé (pictorial
structures) ïîçâîëÿåò ýôôåêòèâíî îöåíèâàòü ïîçû ñ îòíîñèòåëüíî íèçêèìè âû÷èñëèòåëü-
íûìè çàòðàòàìè [12].

C ðàçâèòèåì òåõíîëîãèé ãëóáîêîãî îáó÷åíèÿ íà÷àëñÿ íîâûé ýòàï â ðåøåíèè çàäà÷ îïðå-
äåëåíèÿ ïîçû ÷åëîâåêà. Ñîâðåìåííûå ìåòîäû, îñíîâàííûå íà ñâåðòî÷íûõ íåéðîííûõ ñåòÿõ
(CNN), àâòîìàòè÷åñêè èçâëåêàþò õàðàêòåðèñòèêè ÷åëîâå÷åñêîãî òåëà èç äàííûõ è äîñòèãà-
þò çíà÷èòåëüíî áîëåå âûñîêîé òî÷íîñòè ïî ñðàâíåíèþ ñ òðàäèöèîííûìè ïîäõîäàìè [13]. Ýòè
ìåòîäû èñïîëüçóþò ðàçëè÷íûå òåõíèêè, òàêèå êàê ìíîãîñòóïåí÷àòûå àðõèòåêòóðû è ìíî-
ãîóðîâíåâûå ïðåäñòàâëåíèÿ (ãëîáàëüíûå è ëîêàëüíûå ïðèçíàêè), ÷òî ïîçâîëÿåò óëó÷øèòü
êà÷åñòâî ïðîãíîçèðîâàíèÿ êîîðäèíàò êëþ÷åâûõ òî÷åê. Òåì íå ìåíåå, óâåëè÷åíèå òî÷íîñòè
÷àñòî ñîïðîâîæäàåòñÿ ðîñòîì ðàçìåðà ìîäåëè è åå âû÷èñëèòåëüíîé ñëîæíîñòè.

Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ âåðèôèêàöèÿ òî÷íîñòè ðàçðàáîòàííîãî êîìïëåê-
ñà ñ äàííûìè, ïîëó÷åííûìè îò ñèñòåìû çàõâàòà äâèæåíèÿ Vicon Nexus.
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1. Ìàòåðèàëû è ìåòîäû

Äëÿ îöåíêè òî÷íîñòè ðàçðàáîòàííîãî êîìïëåêñà â ðàìêàõ èññëåäîâàíèÿ ïðîâîäèëèñü
èçìåðåíèÿ ñ ïîìîùüþ ðàçðàáîòàííîãî êîìïëåêñà è ñèñòåìû çàõâàòà äâèæåíèÿ Vicon Nexus.

1.1. Проведение съемки на разработанной системе

Äëÿ ïðîâåäåíèÿ èññëåäîâàíèÿ èñïûòóåìûé äîëæåí áûòü îäåò òàê, ÷òîáû íè÷òî íå îãðà-
íè÷èâàëî åãî äâèæåíèÿ è îáåñïå÷èâàëîñü ÷åòêîå âèçóàëüíîå îïðåäåëåíèå êîíòóðîâ òåëà.
Èñïûòóåìûé ðàçìåùàåòñÿ ñïèíîé ê êàìåðå, ïðè ýòîì íîãè äîëæíû íàõîäèòüñÿ â óäîáíîì
ïîëîæåíèè, ïÿòêè âûñòðîåíû ïî ëèíèè. Âçãëÿä èñïûòóåìîãî ôîêóñèðóåòñÿ íà îäíîé òî÷-
êå äëÿ îáåñïå÷åíèÿ ñòàáèëüíîñòè ïîçû. Ðàññòîÿíèå ìåæäó èñïûòóåìûì è ôîíîì äîëæíî

Ðèñ. 1. Ñõåìàòè÷åñêîå ïðåäñòàâëåíèå ïðîöåññà
ñúåìêè

Fig. 1. Schematic representation of the survey
process

ñîñòàâëÿòü íå ìåíåå 1.5 ì.

Êàìåðà óñòàíàâëèâàåòñÿ íà øòàòèâ
äëÿ ïðåäîòâðàùåíèÿ êîëåáàíèé âî âðå-
ìÿ çàïèñè. Âûñîòà óñòàíîâêè êàìåðû çà-
âèñèò îò ðîñòà èñïûòóåìîãî: äëÿ ëèö ñ
ðîñòîì îò 150 äî 170 ñì ðåêîìåíäóåòñÿ
âûñîòà îò 90 äî 100 ñì, à äëÿ òåõ, ÷åé
ðîñò ñîñòàâëÿåò îò 170 äî 190 ñì, � îò
100 äî 110 ñì. Ðàññòîÿíèå ìåæäó êàìåðîé
è èñïûòóåìûì äîëæíî ñîñòàâëÿòü îêîëî
180 ñì, ÷òî îáåñïå÷èâàåò îïòèìàëüíûé
óãîë îáçîðà è ìàñøòàáèðîâàíèå èçîáðà-
æåíèÿ. Èñïûòóåìûé äîëæåí áûòü ðàñïî-
ëîæåí òî÷íî ïîñåðåäèíå êàäðà, êàê ïîêà-
çàíî íà ðèñ. 1. Õàðàêòåðèñòèêè öèôðî-
âîé êàìåðû: 200/8/2/AF ÌÏèêñ, ðàçðå-
øåíèå âèäåîñúåìêè 3840×2160 ïèêñåëåé
(4K), ðàçðåøåíèå ñúåìêè 30 fps.

1.2. Детекция испытуемого на видеоданных

а / a á / b â / c

Ðèñ. 2. Ïðîöåññ ñåãìåíòàöèè èçîáðàæåíèÿ: а�èñ-
õîäíîå èçîáðàæåíèå; á � ñåãìåíòèðîâàííîå èçîá-
ðàæåíèå; â � áèíàðèçèðîâàííîå èçîáðàæåíèå (öâåò

îíëàéí)
Fig. 2. Image segmentation process: a is original image;
b is segmented image; c is binarized image (color

online)

Îáíàðóæåíèå îáúåêòîâ íà èçîáðà-
æåíèÿõ îñóùåñòâëÿåòñÿ ñ èñïîëüçî-
âàíèåì ïðåäîáó÷åííîé íåéðîííîé ìî-
äåëè SAM [14], ïðåäíàçíà÷åííîé äëÿ
ñåãìåíòàöèè èçîáðàæåíèé. Ýòà ìî-
äåëü îáåñïå÷èâàåò ãèáêóþ èíòåðàê-
òèâíîñòü è âûâîäèò ìàñêè ñåãìåíòà-
öèè â ðåàëüíîì âðåìåíè ïðè çàïðî-
ñå ïîëüçîâàòåëÿ. Ìîäåëü áûëà ðàçðà-
áîòàíà äëÿ àâòîìàòè÷åñêîãî âûäåëå-
íèÿ îáúåêòîâ è ôîíà, ÷òî çíà÷èòåëüíî
ïîâûøàåò ýôôåêòèâíîñòü îáðàáîòêè
èçîáðàæåíèé. Îíà ìîæåò áûòü àäàï-
òèðîâàíà äëÿ ðàçëè÷íûõ çàäà÷, òà-
êèõ êàê îáðàáîòêà ìåäèöèíñêèõ èçîá-
ðàæåíèé è êîìïüþòåðíîå çðåíèå [15].
Ïðèìåð èçíà÷àëüíîãî èçîáðàæåíèÿ è
ïîëó÷åííîé ñ ïîìîùüþ SAM ìàñêè
ïðèâåäåí íà ðèñ. 2.
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1.3. Обработка бинаризированных данных

Îïðåäåëèì íåêîòîðûå îïîðíûå ëèíèè è òî÷êè, êîòîðûå íåîáõîäèìû äëÿ ðàñ÷åòà âûøå-
ïåðå÷èñëåííûõ ïàðàìåòðîâ.

Â ðåçóëüòàòå ñåãìåíòèðîâàíèÿ íåéðîñåòüþ ïîëó÷àåì ìàñêó, ïðåäñòàâëÿþùóþ ñîáîé áè-
íàðíûé ìàññèâ:

L = {Lij}, Lij ∈ {0, 1},

çäåñü 1 ñîîòâåòñòâóåò ïèêñåëþ îáëàñòè èíòåðåñà, 0 � ïèêñåëþ âíå ýòîé îáëàñòè.
Îïðåäåëèì îäíó èç îïîðíûõ ëèíèé� ãîðèçîíòàëüíóþ ëèíèþ íà øåå, êîòîðàÿ óñëîâíî

îòäåëÿåò ãîëîâó è òåëî. Äàííàÿ ëèíèÿ ïðåäñòàâëÿåò ñîáîé ëèíèþ ìèíèìàëüíîé øèðèíû. Ñ
ýòîé öåëüþ íåîáõîäèìî îïðåäåëèòü ñîîòâåòñòâóþùóþ êîîðäèíàòó (íîìåð ñòðîêè), êîòîðàÿ
âû÷èñëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå:

ineck = min
i

( n∑

j=1

Lij

)∣∣∣
i=1,m

.

Ðàññìîòðèì îáëàñòü ìàññèâà, êîòîðàÿ íàõîäèòñÿ âûøå ýòîé ëèíèè, ò. å. ãîëîâó, ïîèñê
öåíòðà ìàññ ãîëîâû îñóùåñòâëÿåòñÿ ïî ôîðìóëàì

xc =

∑ineck
i=1

∑n
j=1 jLij

∑ineck
i=1

∑n
j=1 Lij

, (1)

yc =

∑ineck
i=1

∑n
j=1 iLij

∑ineck
i=1

∑n
j=1 Lij

. (2)

а / a á / b

Ðèñ. 3. Ïðîöåññ ñåãìåíòàöèè èçîáðàæåíèÿ:
а� áèíàðèçèðîâàííîå èçîáðàæåíèå ñ öåí-
òðîì ìàññ ãîëîâû F è öåíòðîì ìàññ òóëî-
âèùà M1; á � áèíàðèçèðîâàííîå èçîáðàæå-
íèå, ñîäåðæàùåå óãëû α (óãîë ìåæäó ëèíè-
åé ïëå÷ BD è ãîðèçîíòàëüþ) è β (óãîë ìåæ-
äó ëèíèåé ïëå÷ AC è ãîðèçîíòàëüþ) (öâåò

îíëàéí)
Fig. 3. Image segmentation process: a shows
a binarized image with head center of mass
F and torso center of mass M1; b shows
a binarized image containing the angles α
(the angle between the shoulder line BD and
the horizontal) and β (the angle between the
shoulder line AC and the horizontal) (color

online)

Íà ðèñ. 3, а òî÷êîé F îáîçíà÷åí öåíòð ìàññ

ãîëîâû, à çåëåíûì ïóíêòèðîì� ëèíèÿ, îòäå-

ëÿþùàÿ òåëî è ãîëîâó. Öåíòð ìàññ òåëà M1

íàõîäèòñÿ àíàëîãè÷íûì îáðàçîì ïî ôîðìóëàì

(1), (2).

Îïðåäåëèì âåêòîðû, çàäàþùèå ëèíèè ïëå÷

(ðèñ. 3, б ). Òî÷êè A è B íàõîäÿòñÿ êàê òî÷-

êè, â êîòîðûõ àêðîìèàëüíî-øåéíûå ëèíèè, âû-

äåëåííûå ãîëóáûì è çåëåíûì öâåòîì, èìåþò

íàèáîëüøóþ êðèâèçíó. Òî÷êè C è D îïðåäå-

ëÿþòñÿ êàê òî÷êè, â êîòîðûõ àêðîìèàëüíûå

ëèíèè èìåþò íàèáîëüøóþ êðèâèçíó. Ïóñòü

f3(x) è f4(x)�ôóíêöèè êîíòóðà àêðîìèàëüíî-

øåéíûõ ëèíèé. Òîãäà íàèáîëüøàÿ êðèâèçíà

âû÷èñëÿåòñÿ ïî ôîðìóëå

k = max
i

(
|f ′′3 (xi)|(

1 + f23 (xi)
)2

)∣∣∣∣∣
i=1,R

,

ãäå R�êîëè÷åñòâî òî÷åê, ñîñòàâëÿþùèõ ïëîñ-

êóþ êðèâóþ f3(x). Òàêèì îáðàçîì, òî÷êà A

èìååò êîîðäèíàòû (xk, f3(xk)), ãäå xk � òî÷êà,

â êîòîðîé äîñòèãàåòñÿ íàèáîëüøàÿ êðèâèçíà.

Êîîðäèíàòû òî÷êè B, C, D îïðåäåëÿþòñÿ àíà-

ëîãè÷íî.
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Òîãäà âåêòîðû, çàäàþùèå ëèíèè ïëå÷, âû÷èñëÿþòñÿ êàê
−−→
BD = ~D − ~B,

−→
AC = ~C − ~A.

Óãëû ìåæäó ëèíèÿìè ïëå÷ è ãîðèçîíòîì ðàññ÷èòûâàþòñÿ ïî ôîðìóëàì

α = arccos

(−−→
BD · ~x
|−−→BD|

)
, (3)

β = arccos

(−→
AC · ~x
|−→AC|

)
. (4)

Îïðåäåëèì âåðòèêàëüíûé âåêòîð êàê ~y = (0, 1), ãîðèçîíòàëüíûé âåêòîð êàê ~x = (1, 0),
à òî÷êè R è Q êàê ìàêñèìàëüíûå òî÷êè àêðîìèàëüíî-øåéíûõ ëèíèé. Òîãäà óãëû íàêëîíà
ãîëîâû âî ôðîíòàëüíîé ïëîñêîñòè âû÷èñëÿþòñÿ êàê

ω = arccos

( −−→
BR · −−→BD

|−−→BR| · |−−→BD|

)
, (5)

ρ = arccos

( −→
AQ · −→AC

|−→AQ| · |−→AC|

)
, (6)

ãäå
−−→
BR = ~R− ~B,

−→
AQ = ~Q− ~A.

Âåêòîð, ñîåäèíÿþùèé öåíòð ìàññ ãîëîâû è öåíòð ìàññ òåëà, ðàññ÷èòûâàåòñÿ ïî ôîðìóëå
−−−→
M1F =

−→
F −−→

M1,

ñëåäîâàòåëüíî, óãîë îòêëîíåíèÿ òåëà îò âåðòèêàëè ðàññ÷èòûâàåòñÿ ïî ôîðìóëå

µ = arccos

(−−−→
M1F · ~y
|−−−→M1F |

)
. (7)

Óãîë ìåæäó ëèíèåé, ñîåäèíÿþùåé àêðîìèàëüíî-êëþ÷è÷íûå ñóñòàâû, è ãîðèçîíòàëüþ
ðàññ÷èòûâàåòñÿ ïî ôîðìóëå

ϑ = arccos

(−−→
DC · ~x
|−−→DC|

)
, (8)

ãäå
−−→
DC = ~C − ~D.

1.4. Проведение съемки на системы видеозахвата Vicon Nexus

Ñèñòåìà Vicon ñîñòîèò èç íåñêîëüêèõ öèôðîâûõ èíôðàêðàñíûõ êàìåð Vicon Vero 2.2
(Vicon Motion Systems, Oxford, UK) ñ ðåãóëèðóåìûìè îáúåêòèâàìè è ôîêóñîì, à òàêæå ðàç-
ðàáîòàííîãî ïðîãðàììíîãî îáåñïå÷åíèÿ äëÿ ïåðâè÷íîé îáðàáîòêè è âèçóàëèçàöèè äàííûõ
Vicon Nexus 2.9.3. Ñõåìà óñòàíîâêè êàìåð, èñïîëüçîâàííàÿ â èññëåäîâàíèè, ïðåäñòàâëåíà â
ñòàòüå [16]. Êàëèáðîâêà è ñèíõðîíèçàöèÿ îñóùåñòâëÿëèñü ñ ïîìîùüþ êàëèáðîâî÷íîãî ìàð-
êåðà Active Wand (Vicon Motion Systems, Oxford, UK). Êèíåìàòè÷åñêèå äàííûå ñîáèðàëèñü
ñ ÷àñòîòîé äèñêðåòèçàöèè 100 Ãö è ïåðåäàâàëèñü íà ïåðñîíàëüíûé êîìïüþòåð ñ ïîìîùüþ
ïðîãðàììíîãî îáåñïå÷åíèÿ Vicon Nexus 2.9.3.

Â îáùåé ñëîæíîñòè 19 ñâåòîîòðàæàþùèõ ìàðêåðîâ (ñôåðà äèàìåòðîì 14 ìì) áûëè ðàç-
ìåùåíû íà ñëåäóþùèõ àíàòîìè÷åñêèõ îáëàñòÿõ: âåðõíÿÿ ÷àñòü óøíîé ðàêîâèíû� ëàäüå-
âèäíàÿ ÿìêà (K1, K2), òðàïåöèåâèäíàÿ ìûøöà (K3, K4), àêðîìèîí(K5, K6), òðåòèé øåéíûé
ïîçâîíîê (K11), ïÿòûé ãðóäíîé ïîçâîíîê (K12), òðåòèé ïîÿñíè÷íûé ïîçâîíîê (K13), ëîêòå-
âîé ñóñòàâ (K7,K8), îñíîâàíèå ïÿñòíîé êîñòè (K9,K10). Òàêæå äëÿ ïîëíîòû êàðòèíû ìàðêå-
ðû
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Ðèñ. 4. Ñõåìà ðàñïîëîæåíèÿ
ìàðêåðîâ íà òåëå èñïûòóåìîãî

(öâåò îíëàéí)
Fig. 4. Schematic of marker
placement on the subject's body

(color online)

êðåïèëèñü íà áåäðåííûé ñóñòàâ, êîëåííûé ñóñòàâ, ïÿòî÷-
íóþ êîñòü, áîëüøîé ïàëåö. Äëÿ îöåíêè îñàíêè â ðàññìîò-
ðåíèå áåðóòñÿ òîëüêî ìàðêåðû, ïðåäñòàâëåííûå íà ðèñ. 4.

Èñõîäíûå äàííûå ïðåäñòàâëåíû â ñëåäóþùåé ñòðóê-
òóðå:

{ti,mi1(xi1, yi1, zi1), . . . ,min(xin, yin, zin)} , i = 1,m,

ãäå ti �êàäðû, mi �ìàðêåðû, xi, yi, zi �êîîðäèíàòû ìàð-
êåðîâ, m�êîëè÷åñòâî êàäðîâ, n�êîëè÷åñòâî ìàðêåðîâ.

Ïîëó÷åííûé ìàññèâ òðåõìåðíûõ êîîðäèíàò áûë ñïðî-
åöèðîâàí íà ïëîñêîñòü, ïðîõîäÿùóþ ÷åðåç òî÷êè àêðîìèî-
íîâ è âåêòîð ïåðïåíäèêóëÿðíûé ïëîñêîñòè îïîðû (ðèñ. 5)

Ïîëó÷åííûé ìàññèâ òðåõìåðíûõ êîîðäèíàò áûë ñïðî-
åöèðîâàí íà ïëîñêîñòü, ïðîõîäÿùóþ ÷åðåç òî÷êè àêðîìè-
îíîâ è ~z (ñì. ðèñ. 5).

Ïóñòü òî÷êè C(x1, y1, z1) è D(x2, y2, z2)� òî÷êè ëåâîãî
è ïðàâîãî àêðîìèîíà (àíàëîãè÷íî ðèñ. 3, б ), òîãäà âåêòîð,
ñîåäèíÿþùèé ýòè òî÷êè, âû÷èñëÿåòñÿ êàê−−→

CD = (x2 − x1, y2 − y1, z2 − z1).

Ðèñ. 5. Èçîáðàæåíèå ïëîñêîñòè
äëÿ ïðîåöèðîâàíèÿ ìàðêåðîâ
Fig. 5. Image of the plane for

marker projection

Â êà÷åñòâå âåêòîðà, ëåæàùåãî â èñêîìîé ïëîñêîñòè,
âûñòóïàåò âåêòîð ~z = (0, 0, 1). Íîðìàëüíûé âåêòîð ~n ê

ïëîñêîñòè ìîæíî íàéòè êàê âåêòîðíîå ïðîèçâåäåíèå
−−→
CD

è ~z:

~n =
−−→
CD × ~z.

Îáîçíà÷èì êîìïîíåíòû íîðìàëüíîãî âåêòîðà êàê ~n =
= (A∗, B∗, C∗).

Óðàâíåíèå ïëîñêîñòè èìååò âèä

A∗(x− x1) +B∗(y − y1) + C∗(z − z1) = 0,

ãäå (x1, y1, z1)�êîîðäèíàòû îäíîé èç òî÷åê, ÷åðåç êîòî-
ðûå ïðîõîäèò ïëîñêîñòü (íàïðèìåð, C).

Ïðèâåäåì óðàâíåíèå ê âèäó

A∗x+B∗y + C∗z +D∗ = 0,

D∗ = − (A∗x1 +B∗y1 + C∗z1) .

Äàëåå íåîáõîäèìî ñïðîåöèðîâàòü âñå òî÷êè íà äàííóþ
ïëîñêîñòü. Äëÿ êàæäîé òî÷êè P (x0, y0, z0) åå ïðîåêöèÿ íà
ïëîñêîñòü âû÷èñëÿåòñÿ êàê

Pproj = P − d · ~n0,

ãäå d�ðàññòîÿíèå îò òî÷êè äî ïëîñêîñòè: d =
A∗x0 +B∗y0 + C∗z0 +D∗

√
A∗2 +B∗2 + C∗2

, ~n0 �íîðìèðîâàí-

íûé âåêòîð íîðìàëè: ~n0 =
~n

|~n| .
Ïîñëå ïîëó÷åíèÿ íîâûõ êîîðäèíàò ïðîèçâîäèòñÿ ïîäñ÷åò óãëîâ ìåæäó ëèíèÿìè ïëå÷ è

ãîðèçîíòîì, óãëà îòêëîíåíèÿ òåëà îò âåðòèêàëè, óãëà ìåæäó ëèíèåé ïëå÷ è ãîðèçîíòîì è
óãëîâ íàêëîíà ãîëîâû âî ôðîíòàëüíîé ïëîñêîñòè ïî ôîðìóëàì (3)�(8).

2. Ðåçóëüòàòû

Íà áàçå Èíñòèòóòà ôóíäàìåíòàëüíîé ìåäèöèíû è áèîëîãèè Êàçàíñêîãî (Ïðèâîëæñêî-
ãî) ôåäåðàëüíîãî óíèâåðñèòåòà áûëî ïðîâåäåíî äàííîå èññëåäîâàíèå. Ãðóïïà èñïûòóåìûõ
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а / a á / b â / c

Ðèñ. 6. Ãðàôè÷åñêîå ïðåäñòàâëåíèå
ðåçóëüòàòîâ îáðàáîòêè âèäåîçàïèñè:
а�ëèíèè ïëå÷; á �ëèíèÿ, ñîåäèíÿþ-
ùàÿ àêðîìèîíû; â �ëèíèè, îòðàæàþ-
ùèå íàêëîíû ãîëîâû âî ôðîíòàëüíîé

ïëîñêîñòè (öâåò îíëàéí)
Fig. 6. Graphical representation of the
results of video recording processing: a
is shoulder lines; b is line connecting
acromions; c is lines re�ecting head
inclinations in the frontal plane (color

online)

Ðèñ. 7. Âèçóàëèçàöèÿ ñêåëåòà â ñèñòåìå
Vicon Nexus

Fig. 7. Skeletal visualization in the Vicon
Nexus system

âêëþ÷àëà 7 ìóæ÷èí â âîçðàñòå îò 23 äî 30 ëåò è

7 æåíùèí â âîçðàñòå îò 19 äî 27 ëåò. Âñå ó÷àñòíè-

êè ïîäïèñàëè èíôîðìèðîâàííîå ñîãëàñèå. Çàïóñê

ñúåìêè íà ñèñòåìó âèäåîçàõâàòà Vicon Nexus è

íà öèôðîâóþ âèäåîêàìåðó ïðîâîäèëñÿ ñèíõðîí-

íî. Êàæäàÿ ñúåìêà äëèëàñü 40 ñåêóíä.

Ïîëó÷åííûå âèäåîäàííûå ñ öèôðîâîé âèäåî-

êàìåðû áûëè îáðàáîòàíû ìåòîäîì, óêàçàííûì

âûøå. Âûõîäíûìè äàííûìè ÿâëÿþòñÿ ðåçóëüòà-

òû èçìåðåíèÿ ïàðàìåòðîâ â êàæäûé ìîìåíò âðå-

ìåíè, âûãðóæàåìûå â òåêñòîâûé ôàéë, è íàáîð

ãðàôè÷åñêèõ èçîáðàæåíèé ñ îïîðíûìè òî÷êàìè è

ëèíÿìè (ðèñ. 6). Ïî ïîëó÷åííûì ïàðàìåòðàì ïðî-

èçâîäèòñÿ ïîäñ÷åò ñòàòèñòèêè (ñðåäíèå çíà÷åíèÿ,

ñòàíäàðòíîå îòêëîíåíèå è ò.ä.).

Ïîëó÷åííûå öèôðîâûå äàííûå ñ ñèñòåìû âè-

äåîçàõâàòà Vicon Nexus âèçóàëèçèðîâàëèñü â ðà-

áî÷åì ïîëå (ðèñ. 7), ðàçìå÷àëèñü è âûãðóæàëèñü

äëÿ äàëüíåéøåãî ïîäñ÷åòà óãëîâ ìåòîäîì, óêàçàí-

íûì âûøå, è ñáîðà ñòàòèñòèêè.

Ïðèìåðû ñðåäíèõ çíà÷åíèé óãëîâ, ïîäñ÷èòàí-

íûõ íà îñíîâå âèäåîäàííûõ, ïîëó÷åííûõ ñ äâóõ

ïðåäñòàâëåííûõ ñèñòåì�ÏÀÊ (ïðîãðàììíî-àï-

ïàðàòíûé êîìïëåêñ) è Vicon Nexus, îòðàæåíû â

òàáëèöå.

Ïðîöåíò ðàñõîæäåíèÿ ðåçóëüòàòîâ äëÿ óãëîâ

ñîñòàâëÿåò 4�5%. Ïðîâåäåíèå àíàëîãè÷íîãî àíà-

ëèçà äëÿ âñåõ èñïûòóåìûõ ïîêàçàëî ðåçóëüòàòû,

ïðåäñòàâëåííûå íà ðèñ. 8.

Êîýôôèöèåíò êðîññ-êîððåëÿöèè ìåæäó ðå-

çóëüòàòàìè äâóõ ñèñòåì ñîñòàâèë r = 0.81, ÷òî

óêàçûâàåò íà âûñîêóþ ñòåïåíü ñîãëàñîâàííîñòè.
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Ðèñ. 8. Ðàçíîñòü çíà÷åíèé óãëîâ, ïîëó÷åííûõ ñ ñèñòåìû Vicon Nexus

è ïðîãðàììíî-àïïàðàòíîãî êîìïëåêñà: а�äëÿ ìóæ÷èí; á �äëÿ æåíùèí

(öâåò îíëàéí)

Fig. 8. Di�erence of angle values obtained from the Vicon Nexus system and

the hardware-software complex: a for men; b for women (color online)
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Ðåçóëüòàòû ñõîäèìîñòè ðàñ÷åòíîé ñåòêè
Table. Convergence results of the calculated grid

Èñïûòóåìûé Ìåòîä α,∘ β,∘ ρ,∘ ω,∘ µ,∘ ϑ,∘

M1
Vicon 29.44 26.12 94.720 101.28 0.43 −2.68
ÏÀÊ 28.01 26.29 95.914 96.17 0.52 −0.40

M2
Vicon 29.46 30.69 98.260 104.12 0.15 0.93
ÏÀÊ 31.17 31.25 99.990 103.92 0.27 0.05

3. Îáñóæäåíèå

Ðàñõîæäåíèå â ÷èñëåííûõ õàðàêòåðèñòèêàõ ìåæäó ðàçðàáîòàííûì ïðîãðàììíî-àïïà-
ðàòíûì êîìïëåêñîì è ñèñòåìîé Vicon Nexus (â ïðåäåëàõ 4�5%) ìîæåò áûòü îáóñëîâëåíî
ðÿäîì ôàêòîðîâ, êîòîðûå ñâÿçàíû ñ ðàçëè÷èÿìè â ìåòîäàõ ðàáîòû ñèñòåì, òî÷íîñòüþ îáî-
ðóäîâàíèÿ è îñîáåííîñòÿìè îáðàáîòêè äàííûõ. Âî-ïåðâûõ, ýòî òåõíè÷åñêèå îãðàíè÷åíèÿ
öèôðîâîé âèäåîêàìåðû. Öèôðîâàÿ âèäåîêàìåðà ìîæåò èìåòü áîëåå íèçêîå ðàçðåøåíèå ïî
ñðàâíåíèþ ñ êàìåðàìè ñèñòåìû Vicon Nexus, ÷òî ïðèâîäèò ê ìåíåå òî÷íîìó çàõâàòó ïîëî-
æåíèÿ òî÷åê íà òåëå. Íåñìîòðÿ íà òî, ÷òî íà áîëüøèíñòâå ñìàðòôîíîâ ìîæíî óñòàíîâèòü
âûñîêîå êà÷åñòâî ñúåìêè, ýòî óâåëè÷èâàåò ðàçìåð âèäåîçàïèñè, ÷òî âåäåò ê áîëåå äëèòåëü-
íîé îáðàáîòêå.

Â ñèñòåìå Vicon Nexus èñïîëüçóþòñÿ àêòèâíûå èëè ïàññèâíûå ìàðêåðû, êîòîðûå òî÷-
íî ôèêñèðóþòñÿ êàìåðàìè, íî ìíîãîå çàâèñèò îò ïðàâèëüíîãî ðàçìåùåíèÿ ìàðêåðîâ. Ê
ñîæàëåíèþ, âî âðåìÿ èññëåäîâàíèÿ áûëî óñòàíîâëåíî, ÷òî, âî-ïåðâûõ, êðåïëåíèå ìàðêå-
ðîâ ê êîæå äîñòàòî÷íî íåóñòîé÷èâîå, è îíè îòñîåäèíÿþòñÿ îò êîæè ñ òå÷åíèåì âðåìåíè. Â
ñëó÷àå ðàçðàáîòàííîãî êîìïëåêñà êëþ÷åâûå òî÷êè îïðåäåëÿþòñÿ àâòîìàòè÷åñêè íà îñíîâå
àíàëèçà èçîáðàæåíèÿ, ÷òî ìîæåò áûòü ïîäâåðæåíî îøèáêàì èç-çà øóìà, îñâåùåíèÿ. Âî-
âòîðûõ, ýòî âîçìîæíûå ïîãðåøíîñòè â ìàòåìàòè÷åñêèõ ìîäåëÿõ, â ðåçóëüòàòå ÷åãî ìîãóò
âîçíèêàòü îøèáêè, ñâÿçàííûå ñ ïðîåêöèîííûìè èñêàæåíèÿìè. Â-òðåòüèõ, ýòî äèñòîðñèÿ �
ÿâëåíèå, ïðè êîòîðîì èçîáðàæåíèå, çàõâà÷åííîå êàìåðîé, èñêàæàåòñÿ èç-çà íåñîâåðøåíñòâà
îïòè÷åñêîé ñèñòåìû èëè îñîáåííîñòåé ïðîåêöèè. Äèñòîðñèÿ ìîæåò ñóùåñòâåííî âëèÿòü íà
òî÷íîñòü àíàëèçà äàííûõ, îñîáåííî â çàäà÷àõ, ñâÿçàííûõ ñ êîëè÷åñòâåííîé îöåíêîé îñàíêè
÷åëîâåêà, ãäå âàæíû òî÷íûå êîîðäèíàòû êëþ÷åâûõ òî÷åê òåëà [17,18].

Àâòîðû ïëàíèðóþò ïðîäîëæèòü èññëåäîâàíèÿ ïî êîððåêòèðîâêå êîýôôèöèåíòîâ äèñ-
òîðñèè.

Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïðåäëîæåí ïðîãðàììíî-àïïàðàòíûé êîìïëåêñ äëÿ êîëè÷åñòâåííîé îöåí-
êè îñàíêè ÷åëîâåêà ñ èñïîëüçîâàíèåì öèôðîâîé âèäåîêàìåðû, ÷òî ÿâëÿåòñÿ áîëåå äîñòóï-
íîé àëüòåðíàòèâîé âûñîêîòî÷íûì ñèñòåìàì. Ðàçðàáîòàííàÿ ìåòîäèêà îáðàáîòêè âèäåîèçîá-
ðàæåíèé è ïðîãðàììíîå îáåñïå÷åíèå ïîçâîëÿþò àâòîìàòè÷åñêè àíàëèçèðîâàòü ïàðàìåòðû
îñàíêè è ðàññ÷èòûâàòü ìåòðèêè ñ ïðèåìëåìîé òî÷íîñòüþ. Ýêñïåðèìåíòàëüíîå èññëåäîâà-
íèå ïîêàçàëî, ÷òî ðåçóëüòàòû ðàçðàáîòàííîãî êîìïëåêñà ñîãëàñóþòñÿ ñ äàííûìè ñèñòåìû
Vicon Nexus ñ ðàñõîæäåíèåì â ïðåäåëàõ 4�5%, ÷òî ïîäòâåðæäàåò åãî ïîòåíöèàëüíóþ ïðè-
ìåíèìîñòü â êëèíè÷åñêèõ óñëîâèÿõ. Òåì íå ìåíåå, äëÿ äàëüíåéøåãî ïîâûøåíèÿ òî÷íîñòè
íåîáõîäèìî ó÷èòûâàòü ôàêòîðû, òàêèå êàê äèñòîðñèÿ êàìåðû, îñâåùåíèå è îñîáåííîñòè
ðàçìåùåíèÿ èñïûòóåìûõ. Òàêèì îáðàçîì, ïðåäëîæåííûé êîìïëåêñ ìîæåò ñòàòü ýôôåê-
òèâíûì èíñòðóìåíòîì äëÿ ìàññîâîãî èñïîëüçîâàíèÿ â ìåäèöèíñêîé ïðàêòèêå è íàó÷íûõ
èññëåäîâàíèÿõ, ïðåäîñòàâëÿÿ íàäåæíûå è äîñòóïíûå ðåøåíèÿ äëÿ àíàëèçà îñàíêè.
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Аннотация. Ðàáîòà ïîñâÿùåíà èçó÷åíèþ âëèÿíèÿ àíèçîòðîïèè îáîëî÷êè ïóçûðüêà íà åãî ðàäè-

àëüíûå êîëåáàíèÿ îêîëî óïðóãîé ñòåíêè êîíå÷íîé òîëùèíû ïîä äåéñòâèåì âíåøíåãî àêóñòè÷åñêîãî

âîçìóùåíèÿ. Äëÿ ýòîãî ïîëó÷åíà ñèñòåìà èç äâóõ óðàâíåíèé, îïðåäåëÿþùèõ ïóëüñàöèè ïóçûðüêà

ãàçà, ïîêðûòîãî àíèçîòðîïíîé îáîëî÷êîé êîíå÷íîé òîëùèíû. Â ñëó÷àå, êîãäà òîëùèíà îáîëî÷êè ïó-

çûðüêà äîñòàòî÷íà ìàëà, ÷òî ñîîòâåòñòâóåò áîëüøèíñòâó èçâåñòíûõ óëüòðàçâóêîâûõ êîíòðàñòíûõ

àãåíòîâ, ñèñòåìà óðàâíåíèé ñâåäåíà ê îäíîìó ìîäèôèöèðîâàííîìó óðàâíåíèþ Ðåëåÿ �Ïëåññåòà.

Ïðåäñòàâëåíî îáîáùåíèå äàííîãî óðàâíåíèÿ íà ñëó÷àé êîëåáàíèé èíêàïñóëèðîâàííîãî ïóçûðüêà

îêîëî óïðóãîé ñòåíêè. Ïðîâåäåíî ÷èñëåííîå ðåøåíèå ïîëó÷åííîãî óðàâíåíèÿ. Ïðîàíàëèçèðîâàíî

âëèÿíèå àíèçîòðîïèè îáîëî÷êè è íàëè÷èÿ óïðóãîé ñòåíêè íà ðàäèàëüíûå êîëåáàíèÿ ïîêðûòîãî ïó-

çûðüêà ãàçà âî âíåøíåì àêóñòè÷åñêîì ïîëå. Â ÷àñòíîì ñëó÷àå äàíî ñðàâíåíèå òåîðèè ñ èìåþùèìèñÿ

â ëèòåðàòóðå ýêñïåðèìåíòàëüíûìè äàííûìè.
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Dynamics of an encapsulated gas bubble near an elastic wall
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Abstract. The work is devoted to studying the in�uence of the bubble shell anisotropy on its radial

oscillations near an elastic wall of �nite thickness under the action of an external acoustic disturbance.

For this purpose, a system of two equations that determine the pulsations of a gas bubble covered with

an anisotropic shell of �nite thickness is obtained. In the case when the thickness of the bubble shell is
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su�ciently small, which corresponds to most known ultrasound contrast agents, the system of equations

is reduced to a single modi�ed Rayleigh �Plesset equation. A generalization of this equation for the case

of oscillations of an encapsulated bubble near an elastic wall is presented. A numerical solution of the

obtained equation is carried out. The in�uence of the shell anisotropy and the presence of an elastic wall

on the radial oscillations of a covered gas bubble in an external acoustic �eld is analyzed. In a particular

case, a comparison of the theory with experimental data available in literature is given.
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Ââåäåíèå

Èçâåñòíî, ÷òî ìèêðîïóçûðüêè ãàçà ïðèìåíÿþòñÿ â óëüòðàçâóêîâîé äèàãíîñòèêå äëÿ ïî-
ñòðîåíèÿ è ëó÷øåãî ðàçðåøåíèÿ èçîáðàæåíèé òêàíåé ÷åëîâåêà [1]. Äëÿ áîëåå äëèòåëüíîãî
íàõîæäåíèÿ â æèäêîñòè è ëó÷øåé ñòàáèëüíîñòè ïóçûðüêè ïîêðûâàþò òîíêîé îáîëî÷êîé.
Â ïðîñòåéøèõ ñëó÷àÿõ âûâåäåíû óðàâíåíèÿ ðàäèàëüíûõ êîëåáàíèé âêëþ÷åíèÿ ïî ìîäåëè
Êåëüâèíà �Ôîéãòà [2] è Ìàêñâåëëà [3]. Ñ äðóãèìè ìîäåëÿìè ïîêðûòèé ïóçûðüêîâ ìîæíî
îçíàêîìèòüñÿ â îáçîðå [4]. Â ðàáîòå [5] ïîëó÷åíî óðàâíåíèå ðàäèàëüíûõ êîëåáàíèé ïîêðû-
òîãî ïóçûðüêà ñ ó÷åòîì ñæèìàåìîñòè îáîëî÷êè. Óêàçàíî âëèÿíèå ñæèìàåìîñòè ïîêðûòèÿ
íà ðåçîíàíñíóþ ÷àñòîòó ïóçûðüêîâ. Â íàñòîÿùåé ðàáîòå íà îñíîâå èäåé [5] è [6] âûâåäåíî
óðàâíåíèå ðàäèàëüíûõ êîëåáàíèé ïóçûðüêà ãàçà, ïîêðûòîãî àíèçîòðîïíîé îáîëî÷êîé, êàê
â áåçãðàíè÷íîé æèäêîñòè, òàê è íà íåêîòîðîì ðàññòîÿíèè îò óïðóãîé ñòåíêè.

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü èìååòñÿ â æèäêîñòè ïîêðûòûé àíèçîòðîïíîé îáîëî÷êîé ïóçûðåê ãàçà. Óðàâíåíèå
ñîõðàíåíèÿ ìàññû äëÿ æèäêîñòè (èíäåêñ f) â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò è åãî ðåøåíèå
èìåþò âèä

1

r2
d

dr

(
r2vf

)
= 0, vf (r, t) =

R2
2(t)

r2
U2, vf (R2, t) ≡ U2, (1)

ãäå r�ðàäèàëüíàÿ êîîðäèíàòà, vf �ðàäèàëüíàÿ ñêîðîñòü, R2 �ðàäèóñ ïóçûðüêà âìåñòå ñ
îáîëî÷êîé. Óðàâíåíèå ñîõðàíåíèÿ èìïóëüñà â ñôåðè÷åñêèõ êîîðäèíàòàõ èíòåãðèðóåòñÿ îò
R2 äî ∞ ñ ó÷åòîì (1):

ρf

(
∂vf
∂t

+ vf
∂vf
∂r

)
= −∂pf

∂r
⇒ ρf

(
R2U̇2 +

3

2
U2
2

)
= pf (R2, t)− p∞, (2)

ãäå ρ�ïëîòíîñòü, p�äàâëåíèå. Çàïèñûâàþòñÿ óñëîâèÿ íà ãðàíèöàõ âêëþ÷åíèÿ ïðè ó÷åòå
ñèë ïîâåðõíîñòíîãî íàòÿæåíèÿ:

−pg(R1, t) +
2σ1
R1

= τ srr(R1, t), pf (R2, t) +
2σ2
R2

= τ frr(R2, t)− τ srr(R2, t), (3)

ãäå èíäåêñû g è s îòíîñÿòñÿ ê ãàçó è îáîëî÷êå ïóçûðüêà ñîîòâåòñòâåííî, σ�êîýôôèöèåíò
ïîâåðõíîñòíîãî íàòÿæåíèÿ, R1 �ðàäèóñ ïóçûðüêà ãàçà, τrr �íîðìàëüíîå íàïðÿæåíèå. Äëÿ
æèäêîñòè τrr îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

τ frr = 2µf
∂vf
∂r

= −4µf
R2

2U2

r3
. (4)

Çäåñü µf � âÿçêîñòü æèäêîñòè. Äëÿ îáîëî÷êè ïóçûðüêà τrr ïðèìåì â âèäå [5]

τ srr =
(1− ν‖)Er

1− ν‖ − 2E‖ν
2
θr/Er

εrr +
2νθrE‖

1− ν‖ − 2E‖ν
2
θr/Er

εθθ, (5)
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ãäå E �ìîäóëü Þíãà, ν �êîýôôèöèåíò Ïóàññîíà, èíäåêñ r îòíîñèòñÿ ê ðàäèàëüíîìó íà-
ïðàâëåíèþ, èíäåêñ ‖�ê îðòîðàäèàëüíîìó íàïðàâëåíèþ, ε�êîìïîíåíòû òåíçîðà äåôîð-
ìàöèé, êîòîðûå îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

εrr =
∂u

∂r
, εθθ = εφφ =

u

r
,

ãäå u�ðàäèàëüíàÿ ñêîðîñòü îáîëî÷êè âèäà [5]

u(r) = arβ+ + brβ− , β± =
−1±

√
1 + 8k

2
, k =

E‖(1− νθr)

Er(1− ν‖)
. (6)

Çäåñü a è b�íåèçâåñòíûå êîýôôèöèåíòû, êîòîðûå íàõîäÿòñÿ èç óñëîâèé u(R1) = R1 −R10

è u(R2) = R2 −R20 (èíäåêñ 0 îòíîñèòñÿ ê íà÷àëüíîìó ñîñòîÿíèþ). Âûðàæåíèå (6) ïîäñòàâ-
ëÿåòñÿ â (5), çàòåì ïîëó÷åííîå âûðàæåíèå ïîäñòàâëÿåòñÿ â ãðàíè÷íûå óñëîâèÿ (3) ñ ó÷åòîì
(2) è (4). Òàêèì îáðàçîì, îïðåäåëÿþòñÿ äâà óðàâíåíèÿ:

−pg(R1, t) +
2σ1
R1

=
R

β−

1 R
β+−1
1 x+ −R

β+

1 R
β−−1
1 x−

R
β−

1 R
β+

2 −R
β+

1 R
β−

2

(R2 −R20)+

+
R

β+

2 R
β−−1
1 x− −R

β−

2 R
β+−1
1 x+

R
β−

1 R
β+

2 −R
β+

1 R
β−

2

(R1 −R10), x± =
(1− ν‖)Erβ± + 2νθrE‖

1− ν‖ − 2E‖ν
2
θr/Er

, (7)

ρf

(
R2U̇2 +

3

2
U2
2

)
= −4µf

U2

R2
− 2σ2
R2

− p∞ − aR
β+−1
2 x+ − bR

β−−1
2 x−. (8)

Âûðàçèâ èç óðàâíåíèÿ (7) ñëàãàåìîå R2 − R20 è ïîäñòàâèâ â (8), íàõîäèòñÿ ñëåäóþùåå
óðàâíåíèå:

ρf

(
R2U̇2 +

3

2
U2
2

)
= −4µf

U2

R2
− 2σ2
R2

− p∞ + (R1 −R10)
x−x+

(
R

−β−

1 R
β−

2 −R
−β+

1 R
β+

2

)

R2(x− − x+)
+

+

(
pg −

2σ1
R1

)
R

β−

1 R
β+−1
2 x+ −R

β+

1 R
β−

2 x−

R
β−

1 R
β+−1
1 x+ −R

β+

1 R
β−−1
1 x−

. (9)

Òàêèì îáðàçîì, óðàâíåíèÿ (7) è (9) îïèñûâàþò ðàäèàëüíóþ äèíàìèêó ïóçûðüêà ãàçà,
ïîêðûòîãî àíèçîòðîïíîé îáîëî÷êîé êîíå÷íîé òîëùèíû. Â äàëüíåéøåì äëÿ ïðîñòîòû ïîëà-
ãàåòñÿ, ÷òî òîëùèíà îáîëî÷êè ïóçûðüêà áëèçêà ê íóëþ, ò.å. R1 = R2 − d, d → 0. Â ýòîì
ñëó÷àå óðàâíåíèå (7) âûïîëíÿåòñÿ òîæäåñòâåííî, à óðàâíåíèå (9), îïóñòèâ ó ðàäèóñà èíäåêñ
2, ïðèìåò âèä

ρf

(
RR̈+

3

2
Ṙ2

)
=

(
pg −

2σ1
R− d

)(
1− χ1d

R

)
− 4µf

Ṙ

R
− 2σ2

R
− pf − χ2d

R

(
1− R0

R

)
, (10)

χ1 =
x+ − x− + β−x− − β+x+

x+ − x−
, χ2 =

x−(β− − β+)x+
x+ − x−

.

Ðàññìîòðèì ðàäèàëüíûå êîëåáàíèÿ èíêàïñóëèðîâàííîãî ïóçûðüêà, íàõîäÿùåãîñÿ íà íå-
êîòîðîì ðàññòîÿíèè l îò óïðóãîé ñòåíêè êîíå÷íîé òîëùèíû h. Ñëåäóÿ ïðîöåäóðå ðàáîòû [6],
óðàâíåíèå (10) ëåãêî îáîáùàåòñÿ äî óðàâíåíèÿ Êåëëåðà �Ìèêñèñà ðàññìàòðèâàåìîé ñðåäû
è çàïèñûâàåòñÿ â âèäå

RR̈

(
1− α− Ṙ

Cf

)
+

3

2
Ṙ2

(
1− 4α

3
− Ṙ

3Cf

)
=

1

ρf

(
1 +

Ṙ

Cf
+

R

Cf

d

dt

)
P, (11)

P =

(
pg −

2σ1
R− d

)(
1− χ1

d

R

)
− 4µf

Ṙ

R
− 2σ2

R
− pf − χ2

d

R

(
1− R0

R

)
,
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α =

(
ρf − β

ρf + β

)
R

2l
+

(
β − ρ3
β + ρ3

)
R

2(l + h)
− (ρf − β)(β − ρ3)

(ρf + β)(β + ρ3)

R

2h
, β = ρ2

3K − 2η

3K + 4η
.

Çäåñü ρ2 �ïëîòíîñòü ñòåíêè, K �ìîäóëü âñåñòîðîííåãî ñæàòèÿ, η�ìîäóëü ñäâèãà óïðóãîé
ñòåíêè, ρ3 �ïëîòíîñòü æèäêîñòè çà ñòåíêîé, Cf � ñêîðîñòü çâóêà.

2. Ðåçóëüòàòû ðàñ÷åòîâ

Ðàññìîòðèì ðàäèàëüíûå êîëåáàíèÿ ïóçûðüêà ãàçà, ïîêðûòîãî àíèçîòðîïíîé îáîëî÷êîé,

îêîëî óïðóãîé ñòåíêè. Ïóçûðåê çàïîëíåí ôòîðóãëåðîäíûì ãàçîì. Äëÿ ñðåäû èñïîëüçóþòñÿ

ïàðàìåòðû [7]. Íà÷àëüíûé ðàäèóñ ïóçûðüêà R0 ñîñòàâëÿåò 1.73 · 10−6 ì, âÿçêîñòü æèäêî-

ñòè µf = 0.025 Ïà·ñ, ïëîòíîñòü æèäêîñòè ρf = 1000 êã/ì3, ñêîðîñòü çâóêà Cf = 1470 ì/ñ,

äàâëåíèå p∞ = 105 Ïà, ïîêàçàòåëü àäèàáàòû γ = 1.07. Äëÿ îáîëî÷êè ïóçûðüêà èñïîëü-

çóþòñÿ ñëåäóþùèå äàííûå: νθr = ν‖ = 0.35, Er = 88.8 · 106 Ïà, σ1 = 0.03, σ2 = 0.005.

Òîëùèíà îáîëî÷êè d = 4 · 10−9 ì. Âíåøíåå àêóñòè÷åñêîå âîçìóùåíèå ñîçäàåòñÿ â âèäå

pf = p∞ − pa sin(2πfat) exp[−((2fat − 2N)/N)2], ãäå àìïëèòóäà äàâëåíèÿ pa = 40000 Ïà,

÷àñòîòà fa = 2 · 106 Ãö, N = 8. Â êà÷åñòâå óïðóãîé ñòåíêè ðàññìàòðèâàåòñÿ ïëàñòèêîâàÿ

0 1 2 3
1.4

1.6

1.8

2.0

4

32

R, 

t, 

1

Çàâèñèìîñòè ðàäèóñà ïóçûðüêà îò âðåìåíè:

1 � ïîêðûòûé ïóçûðåê â áåçãðàíè÷íîé æèäêî-

ñòè (E‖ = 0.5Er), 2 � ïîêðûòûé ïóçûðåê îêî-

ëî óïðóãîé ñòåíêè (E‖ = 0.5Er), 3 � (E‖ = Er),

4 � (E‖ = 2Er); ìàðêåðû � ýêñïåðèìåíòàëüíûå

äàííûå [7]

Figure. Dependencies of the bubble radius on

time: 1 � covered bubble in an in�nite liquid

(E‖ = 0.5Er), 2 � covered bubble near an elastic

wall (E‖ = 0.5Er), 3 � (E‖ = Er), 4 � (E‖ = 2Er);

markers � experimental data [7]

ñòåíêà (OptiCell, BioCryctall, Inc.) ñî ñëå-

äóþùèìè ïàðàìåòðàìè: ρ2 = 1060 êã/ì3,

K = 3.75 · 109 Ïà, η = 1.34 · 109 Ïà,

ρ3 = ρf = 1000 êã/ì3, l = 50 · 10−6 ì,

h = 75 · 10−6 ì. Ïðîâåäåíî ÷èñëåííîå ðå-

øåíèå óðàâíåíèÿ (11).

Íà ðèñóíêå ïðåäñòàâëåíî âëèÿíèå

óïðóãîé ñòåíêè è ðàçëè÷èÿ ìîäóëÿ Þí-

ãà E‖ íà çàâèñèìîñòè ðàäèóñà èíêàïñóëè-

ðîâàííîãî ïóçûðüêà îò âðåìåíè. Ìîæíî

íàáëþäàòü, ÷òî íàëè÷èå óïðóãîé ñòåíêè

íåñêîëüêî ñäåðæèâàåò ðàäèàëüíûå êîëå-

áàíèÿ âêëþ÷åíèÿ.

Çàìåòíî óìåíüøåíèå àìïëèòóäû îñ-

öèëëÿöèé ïóçûðüêà, ÷òî, â ÷àñòíîñòè,

íå ïðîòèâîðå÷èò âûâîäàì ðàáîòû [8],

ãäå ýêñïåðèìåíòàëüíî áûëî ïîêàçàíî,

÷òî íåïîñðåäñòâåííàÿ áëèçîñòü óïðóãîé

ñòåíêè ñíèæàåò àìïëèòóäó êîëåáàíèé

âêëþ÷åíèÿ â ñðåäíåì íà 10%. Óâåëè÷å-

íèå ìîäóëÿÞíãà E‖ îáîëî÷êè ïóçûðüêà,

â ñâîþ î÷åðåäü, òàêæå ïðèâîäèò ê çàìåò-

íîìó óìåíüøåíèþ àìïëèòóäû åãî êîëå-

áàíèé. ×åì áîëåå óïðóãàÿ îáîëî÷êà, òåì

ìåíüøå âðåìÿ ñæàòèÿ ïóçûðüêà. Âèäíî, ÷òî ïðè E‖ = 0.5Er ïåðâîå ñæàòèå ïóçûðüêà ïðîèñ-

õîäèò ïðè t = 0.45 ìêñ, à ïðè E‖ = 2Er ïåðâîå ñæàòèå íàñòóïàåò ðàíüøå, ïðè t = 0.34 ìêñ.

Äëÿ èçîòðîïíîé îáîëî÷êè (êðèâàÿ 3) ïîêàçàíî óäîâëåòâîðèòåëüíîå ñîîòâåòñòâèå òåîðåòè-

÷åñêîé êðèâîé ðàäèóñà ïóçûðüêà ñ ýêñïåðèìåíòàëüíûìè äàííûìè [7].

Замечание. Ïî ðåçóëüòàòàì ïðîâåäåííûõ ðàñ÷åòîâ ïîêàçàíî, ÷òî óâåëè÷åíèå ìîäóëÿ

Þíãà E‖ ïðèâîäèò ê çàìåäëåíèþ ðîñòà ãàçîâîãî ïóçûðüêà, à òàêæå ê óìåíüøåíèþ àìïëè-

òóäû åãî êîëåáàíèé êàê â áåçãðàíè÷íîé æèäêîñòè, òàê è îêîëî ïðåïÿòñòâèÿ. ×åì áîëåå

óïðóãàÿ îáîëî÷êà, òåì ìåíüøå âðåìÿ ñæàòèÿ ïóçûðüêà.
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Аннотация. Äëÿ îáðàáîòêè çàðåãèñòðèðîâàííûõ èñõîäíûõ ñåéñ-

ìè÷åñêèõ ñèãíàëîâ òðåáóåòñÿ ïðåäâàðèòåëüíî îïðåäåëèòü â íèõ ìî-

ìåíòû âðåìåíè ïåðâûõ âñòóïëåíèé ïîëåçíîé èíôîðìàöèè. Â ñòà-

òüå ïðèâîäÿòñÿ ñâåäåíèÿ îáçîðíîãî âèäà î ñóùåñòâóþùèõ ïîäõîäàõ

ê àâòîìàòèçàöèè îïðåäåëåíèÿ ïåðâûõ âñòóïëåíèé âîëí â ñåéñìè-

÷åñêèõ ñèãíàëàõ, ðàçäåëÿåìûõ äàííûìè âñòóïëåíèÿìè íà îáëàñòü

øóìîâ-ìèêðîñåéñìîâ è íà îáëàñòü ïîëåçíûõ äàííûõ. Âñå îïèñû-

âàåìûå ïîäõîäû ê ïèêèðîâàíèþ âñòóïëåíèé â ñòàòüå ðàçäåëåíû íà

äâà âèäà: ñ èñïîëüçîâàíèåì íåéðîííûõ ñåòåé è êëàññè÷åñêèå ïîäõî-

äû áåç íåéðîííûõ ñåòåé, ïðè ýòîì íåéðîííûå ñåòè ìîãóò âêëþ÷àòü

â ñåáÿ êëàññè÷åñêèå ïîäõîäû. Òàêæå ñ òå÷åíèåì âðåìåíè ïî ìåðå

ðàçâèòèÿ èíôîðìàöèîííûõ òåõíîëîãèé è âû÷èñëèòåëüíîé òåõíè-

êè óñòàíîâëåí ðîñò êîëè÷åñòâà ïóáëèêàöèé ïî òåìå àâòîìàòè÷å-

ñêîãî îáíàðóæåíèÿ ïåðâûõ âñòóïëåíèé, â êîòîðûõ èñïîëüçóþòñÿ

ìàøèííîå îáó÷åíèå è íåéðîííûå ñåòè. Ê êëàññè÷åñêèì ïîäõîäàì ê

ïèêèðîâàíèþ îòíåñåíû ïîðîãîâûé àëãîðèòì, STA/LTA-àëãîðèòì

îöåíêè ôðàêòàëüíîé ðàçìåðíîñòè, ðàñ÷åò ñòàòèñòèêè áîëåå âûñî-

êîãî ïîðÿäêà, àâòîðåãðåññèîííûé ïîäõîä, ïèêèðîâàíèå ñ íàêîïè-

òåëüíûì ôèëüòðîì, êîððåëÿöèîííûé ïîäõîä, àëãîðèòì äèíàìè-
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Г. Е. Бурцев, М. М. Немирович-Данченко. Описание существующих подходов к автоматизации

÷åñêîãî èñêðèâëåíèÿ âðåìåíè, íå÷åòêàÿ êëàñòåðèçàöèÿ. Ê íåéðîñåòåâûì ïîäõîäàì îòíåñåíû ïîëíî-

ñâÿçíûå íåéðîííûå ñåòè, íåéðîííûå ñåòè Êîõîíåíà, ñâåðòî÷íûå íåéðîííûå ñåòè. Êðàòêîå îïèñàíèå
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ïîäðîáíîé èíôîðìàöèè î ïîäõîäå ïðè íåîáõîäèìîñòè. Â çàêëþ÷åíèè ñòàòüè ïðèâîäèòñÿ îáîáùàþ-

ùàÿ ñõåìà ñóùåñòâóþùèõ ïîäõîäîâ ê àâòîìàòè÷åñêîìó ïèêèðîâàíèþ ïåðâûõ âñòóïëåíèé ñ òàáëèöåé

ïîëó÷åííûõ çíà÷åíèé òî÷íîñòè ïèêèðîâîê àâòîðàìè èññëåäîâàíèé.
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Abstract. It is necessary to determine seismic wave �rst breaks before the following processing of initial

�eld seismic data is done. These �rst breaks separate seismic signals into two parts: microseismic noise and

a useful information part. In the paper the authors present the overview information about the existing

approaches aimed at automatic �rst breaks detection. All the described �rst break picking approaches are

separated into two types: the one that uses neural networks and the other one that composes the classic

approaches without using neural networks. Meanwhile, neural network-based approaches could include

the classic ones in themselves. It was found out that nowadays the neural network-based approaches

prevail with the dominating quantity of scienti�c publications on the topic. The authors classify the

classic approaches into the threshold algorithm, the STA/LTA fractal dimension estimation algorithm,

the higher-order statistics calculation algorithm, the autoregressive algorithm, the �lter picker algorithm,

the correlative approach, the dynamic time warping algorithm and the fuzzy clusterisation algorithm. The

neural network approaches include fully connected dense networks, Kohonen networks and convolutional

networks. The brief description of each approach is given in the paper, providing references for a reader to

be able to get more information if needed. In conclusion, the authors provide a general scheme summarising

considered automatic �rst break picking approaches. The accuracy table achieved by those methods is

also provided.

Keywords: seismic wave �rst breaks, automatic �rst break picking, microseisms, machine learning, neural

networks
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Ââåäåíèå

Îáðàáîòêà èñõîäíûõ äàííûõ íàçåìíîé ñåéñìîðàçâåäêè ìåòîäîì îáùåé ãëóáèííîé òî÷êè
òðåáóåò ââåäåíèÿ ñòàòè÷åñêèõ ïîïðàâîê äëÿ ó÷åòà íåðîâíîñòåé ðåëüåôà è âëèÿíèÿ íèçêîñêî-
ðîñòíîé âåðõíåé ÷àñòè ðàçðåçà (Â×Ð) ïóòåì âðåìåííîãî ñäâèãà çàïèñàííûõ ñåéñìè÷åñêèõ
òðàññ ê îáùåìó óðîâíþ ïðèâåäåíèÿ. Êà÷åñòâî ââåäåíèÿ äàííîé ïîïðàâêè çàâèñèò îò òî÷-
íîñòè îïðåäåëåíèÿ âðåìåí ïåðâûõ âñòóïëåíèé ñåéñìè÷åñêèõ âîëí [1]. Îòäåëåíèå îáëàñòè
øóìîâ íà ðåãèñòðèðóåìûõ ñèãíàëàõ îò îáëàñòè ïîëåçíîé ÷àñòè ñèãíàëà ïðåäñòàâëÿåò ñî-
áîé íåïðîñòóþ çàäà÷ó, äëÿ ðåøåíèÿ êîòîðîé èññëåäîâàòåëÿìè ðàçðàáîòàíû è ïðèìåíÿþòñÿ
ðàçëè÷íûå ìåòîäû.

Ïèêèðîâàíèå ïåðâûõ âñòóïëåíèé âðó÷íóþ ãåîôèçèêîì ÿâëÿåòñÿ ÷ðåçâû÷àéíî òðóäîåì-
êîé çàäà÷åé, îñîáåííî â ñëó÷àå îáðàáîòêè äàííûõ 3D ñåéñìîðàçâåäêè [2]. Ïðåäïðèÿòèÿ
íåôòåãàçîäîáûâàþùåé îòðàñëè ñòðåìÿòñÿ ñíèçèòü êîëè÷åñòâî ÷àñîâ òðóäîçàòðàò, òðåáóå-
ìûõ äëÿ îáðàáîòêè ñåéñìè÷åñêèõ äàííûõ, ïî ýòîé ïðè÷èíå àâòîìàòèçàöèÿ ïèêèðîâàíèÿ
ïåðâûõ âñòóïëåíèé ñåéñìè÷åñêèõ âîëí ÿâëÿåòñÿ êðàéíå àêòóàëüíîé ïðîáëåìîé â ýòîé ñôå-
ðå.

Öåëü äàííîé ñòàòüè � îçíàêîìèòü ÷èòàòåëÿ ñ ðàçðàáîòàííûìè èññëåäîâàòåëÿìè ñïîñî-
áàìè àâòîìàòè÷åñêîãî îïðåäåëåíèÿ ïåðâûõ âñòóïëåíèé íà èñõîäíûõ ñåéñìè÷åñêèõ äàííûõ.

Ìíîãèå ðàññìàòðèâàåìûå çäåñü ìåòîäû ìîãóò áûòü ïðèìåíåíû íå òîëüêî ê ñåéñìè÷å-
ñêèì äàííûì, àêöåíò äåëàåòñÿ èìåííî íà ïðèìåíåíèè ýòèõ ìåòîäîâ ê ñåéñìè÷åñêèì ñèã-
íàëàì. Îïèñûâàåìûå ñïîñîáû àâòîìàòè÷åñêîãî ïèêèðîâàíèÿ èìåþò ðàçëè÷íóþ ïðèðîäó.
Íåêîòîðûå îñíîâàíû èñêëþ÷èòåëüíî íà àïðèîðíîé èíôîðìàöèè î ôîðìå ðåãèñòðèðóåìîãî
ñèãíàëà, èíûå òðåáóþò ïðèìåíåíèÿ ìàøèííîãî îáó÷åíèÿ, â òîì ÷èñëå ïîñòðîåíèÿ íåéðîí-
íûõ ñåòåé.

Àëãîðèòìû, íå ïðèìåíÿþùèå íåéðîííûå ñåòè, â ñòàòüå íàçâàíû êëàññè÷åñêèìè è ðàñ-
ñìàòðèâàþòñÿ îòäåëüíî â ïåðâîé åå ÷àñòè. Âòîðàÿ ÷àñòü ïîñâÿùåíà ïîäõîäàì ê ïèêèðî-
âàíèþ âñòóïëåíèé ñ ïðèìåíåíèåì íåéðîííûõ ñåòåé. Ïðè ýòîì è â ñëó÷àå íåéðîñåòåâîãî
ïîäõîäà êëàññè÷åñêèå àëãîðèòìû íå òåðÿþò ñâîåé çíà÷èìîñòè, òàê êàê ìîãóò áûòü âêëþ÷å-
íû â ñîñòàâ êîìïëåêñíûõ ñèñòåì ïèêèðîâàíèÿ, ñîâìåùàþùèõ èõ ñ ïðèìåíåíèåì íåéðîííûõ
ñåòåé. Àíàëèç ðàáîò ïî àâòîìàòè÷åñêîìó ïèêèðîâàíèþ ïåðâûõ âñòóïëåíèé ïîçâîëÿåò âû-
äåëèòü ñëåäóþùèå àëãîðèòìû, ìåòîäû è ïîäõîäû, îòíåñåííûå ê êëàññè÷åñêèì: ïîðîãîâûé
(ï. 1.1), STA/LTA-àëãîðèòì îöåíêè ôðàêòàëüíîé ðàçìåðíîñòè (ï. 1.2), ðàñ÷åò ñòàòèñòè-
êè áîëåå âûñîêîãî ïîðÿäêà (ï. 1.3), àâòîðåãðåññèîííûé ïîäõîä (ï. 1.4), àëãîðèòì ïèêèðî-
âàíèÿ ñ íàêîïèòåëüíûì ôèëüòðîì (FilterPicker)(ï. 1.5), êîððåëÿöèîííûé ïîäõîä (ï. 1.6),
àëãîðèòì äèíàìè÷åñêîãî èñêðèâëåíèÿ âðåìåíè (DTW ) (ï. 1.7), àëãîðèòì íå÷åòêîé êëàñòå-
ðèçàöèè ìåòîäîì k-ñðåäíèõ (FCM ) (ï. 1.8). Ïîäõîäû ñ ïðèìåíåíèåì íåéðîííûõ ñåòåé äëÿ
ðåøåíèÿ çàäà÷è îòäåëåíèÿ øóìîâ-ìèêðîñåéñìîâ îò ïîëåçíîãî ñèãíàëà â íàñòîÿùåì îáçîðå
êëàññèôèöèðîâàíû ïî ôóíäàìåíòàëüíîìó ïðèíöèïó èõ ðàáîòû. Ñðåäè íåéðîñåòåâûõ ïîä-
õîäîâ âûäåëåíû ñëåäóþùèå: ïîäõîä ñ ïðèìåíåíèåì ïîëíîñâÿçíûõ íåéðîííûõ ñåòåé (ï. 2.1),
ïðèìåíåíèå íåéðîííûõ ñåòåé Êîõîíåíà (ï. 2.2), ñâåðòî÷íûå íåéðîííûå ñåòè (CNN ) (ï. 2.3).

1. Êëàññè÷åñêèå àëãîðèòìû áåç ïðèìåíåíèÿ íåéðîííûõ ñåòåé

1.1. Пороговый алгоритм

Àëãîðèòì, èìåíóåìûé ïîðîãîâûì, ÿâëÿåòñÿ íàèïðîñòåéøèì [3]. Îí îòäåëÿåò ïîëåçíóþ
÷àñòü ñèãíàëà îò øóìîâîé ÷àñòè ïî ïðîñòîìó ïðèíöèïó ïðåâûøåíèÿ ñèãíàëîì íåêîòîðîãî
çàðàíåå çàäàííîãî ïîðîãîâîãî çíà÷åíèÿ è õîðîøî ñåáÿ ïîêàçûâàåò â ñëó÷àå íèçêîçàøóìëåí-
íûõ äàííûõ [4]. Ñõåìà ðàáîòû àëãîðèòìà ïðèâåäåíà íà ðèñ. 1.

Âìåñòî ïðîñòîãî ïîðîãà â àëãîðèòìå ìîæåò ïðèìåíÿòüñÿ ñðåäíåêâàäðàòè÷íîå çíà÷åíèå,
âû÷èñëåííîå â íåêîòîðîì êîðîòêîì âðåìåííîì îêíå. Òàêîé âàðèàíò àëãîðèòìà ìåíåå ÷óâ-
ñòâèòåëåí ê ïèêîâèäíûì ïîìåõàì â èñõîäíîì ñèãíàëå [3].
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1.2. STA/LTA-алгоритм оценки фрактальной размерности

0.0 5.0 10.0 15.0

-5.0

0.0

5.0

Шум

Порог

t, мс

x
Полезный сигнал

Порог

Ðèñ. 1. Ñõåìà ñðàáàòûâàíèÿ ïîðîãîâîãî àëãîðèò-
ìà ïðè äîñòèæåíèè àáñîëþòíîé àìïëèòóäîé x
ñèãíàëà çàðàíåå çàäàííîãî ïîðîãîâîãî çíà÷åíèÿ
(+5.0 è −5.0) â ìîìåíò âðåìåíè ïåðâûõ âñòóïëå-

íèé t0 = 5 ìñ (öâåò îíëàéí)
Fig. 1. The scheme of the threshold algorithm
triggering with a signal amplitude x reaching the
given threshold value (+5.0 and −5.0) when the �rst
breaks are registered at time t0 = 5 ms (color online)

Äàííûé àëãîðèòì âïåðâûå áûë ïðåä-
ñòàâëåí Àëëåíîì â 1978 ã. (ñì. [5]). Â íåì
âìåñòî ïîðîãîâîãî çíà÷åíèÿ âû÷èñëÿåò-
ñÿ îòíîøåíèå ñðåäíåãî êîðîòêîïåðèîäíî-
ãî õàðàêòåðèñòè÷åñêîãî çíà÷åíèÿ àìïëè-
òóä ñèãíàëà ê äëèííîïåðèîäíîìó ñðåäíå-
ìó çíà÷åíèþ (STA/LTA) [1]. Àëãîðèòì
íåïðåðûâíî âû÷èñëÿåò ñðåäíèå õàðàêòå-
ðèçóþùèå ñåéñìè÷åñêèé ñèãíàë çíà÷å-
íèÿ â äâóõ ñêîëüçÿùèõ âðåìåííûõ îêíàõ.
Êîðîòêîå îêíî ïðèçâàíî ðåàãèðîâàòü íà
ïðèõîä ïîëåçíîé ñåéñìè÷åñêîé èíôîðìà-
öèè â ñèãíàëå, à äëèííîå îêíî ïðåèìóùå-
ñòâåííî ñîäåðæèò â ñåáå èíôîðìàöèþ î
ðåãèñòðèðóåìûõ ïðèåìíèêîì ìèêðîñåéñ-
ìàõ [3].

Ñîãëàñíî àëãîðèòìó òðåáóåòñÿ ðàñ-
ñ÷èòàòü õàðàêòåðèñòè÷åñêóþ ôóíêöèþ
CF , çàäàâàåìóþ âûðàæåíèåì [6]:

CFi = x2i + Ci × ẋ2i , (1)

ãäå ẋi �ïåðâàÿ ïðîèçâîäíàÿ ñèãíàëà ïî
âðåìåíè, Ci � âçâåøèâàþùàÿ êîíñòàíòà,
îïðåäåëÿåìàÿ óðàâíåíèåì

Ci =

∑i
j=i−WTA+1 |xj |∑i
j=i−WTA+1 |ẋj |

,

ãäå WTA �äëèíà âðåìåííîãî îêíà, ïðè ýòîì 1 ⩽ WTA ⩽ i, |ẋj |� àáñîëþòíîå çíà÷åíèå
ïåðâîé äèñêðåòíîé ïðîèçâîäíîé ñèãíàëà ïî âðåìåíè, îïðåäåëÿåìîå âûðàæåíèåì

|ẋj | = |xj − xj−1|.

Âûðàæåíèÿ äëÿ STA è LTA çàïèñûâàþòñÿ ñîîòâåòñòâåííî êàê [7, 8]

LTA

STA

0.0 5.0 10.0 15.0

-5.0

0.0

5.0

t, мс

x

Ðèñ. 2. Èçîáðàæåíèå êîðîòêîãî (STA) è äëèííîãî
(LTA) âðåìåííûõ îêîí ñ âðåìåíåì ïðèõîäà ïåð-

âûõ âñòóïëåíèé t0 = 10 ìñ (öâåò îíëàéí)
Fig. 2. The scheme of the short (STA) and
long (LTA) time windows with �rst breaks time

t0 = 10 ms (color online)

STAi =
1

WSTA
×

i∑

j=i−WSTA+1

CFj ,

LTAi =
1

WLTA
×

i∑

j=i−WLTA+1

CFj ,

ãäå WSTA �äëèíà êîðîòêîãî âðåìåííîãî
îêíà è WLTA �äëèíà äëèííîãî âðåìåí-
íîãî îêíà, ïðè ýòîì âûïîëíÿþòñÿ óñëî-
âèÿ 1 ⩽ WSTA ⩽ i è 1 ⩽ WLTA ⩽ i.
Äàííûå îêíà ñõåìàòè÷íî èçîáðàæåíû íà
ðèñ. 2.

Ïî ðîñòó çíà÷åíèé îòíîøåíèÿ λi,

îïðåäåëÿåìîãî âûðàæåíèåì λi =
STAi

LTAi
,

ìîæíî îòäåëèòü îáëàñòü øóìà îò îáëà-
ñòè ïîëåçíîãî ñèãíàëà [7, 9].
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Äëÿ ïîâûøåíèÿ ÷óâñòâèòåëüíîñòè àëãîðèòìà ê èçìåíåíèÿì âûñîêî÷àñòîòíûõ êîìïî-
íåíòîâ ñèãíàëà âìåñòî èñõîäíîãî ñèãíàëà x(t) ìîæíî èñïîëüçîâàòü åãî ïåðâóþ è âòîðóþ
ïðîèçâîäíûå ïî âðåìåíè ẋ(t) è ẍ(t) [10]. Òàêæå âìåñòî âûðàæåíèÿ (1) äëÿ îïðåäåëåíèÿ
õàðàêòåðèñòè÷åñêîé ôóíêöèè CF ðàçíûìè àâòîðàìè â ðàáîòàõ [11, 12] áûëè ïðåäëîæåíû
èíûå âàðèàíòû, çàäàâàåìûå îäíèì èç óðàâíåíèíèé:

CFi = |xi|,
CFi = |x2i |,

CFi =
√
x2i + h2(xi),

ãäå h(xi)� çíà÷åíèå ïðåîáðàçîâàíèÿ Ãèëüáåðòà ñèãíàëà â ìîìåíò âðåìåíè i-ãî ñåìïëà.
Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, îñíîâàííàÿ íà ðàñ÷åòå ñðåäíåãî ïî k áëèæàéøèì ñåìïëàì-

ñîñåäÿì, ïðåäñòàâëåíà â ðàáîòå [8]. Äëÿ êàæäîãî ñåìïëà íàõîäÿòñÿ k åãî áëèæàéøèõ ñåìïëîâ-
ñîñåäåé ïî ôîðìóëå

di,j = |xi − xj |, i, j = 1, . . . , n,

ãäå di,j � åâêëèäîâî ðàññòîÿíèå ìåæäó äâóìÿ ñåìïëàìè i è j ñèãíàëà x(t), n� îáùåå ÷èñëî
ñåìïëîâ äàííûõ â ñèãíàëå.

Çàòåì âû÷èñëÿåòñÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ CF ïî ôîðìóëå

CFi =
1

k

k∑

q=1

d
(q)
i,j ,

ãäå d
(q)
i,j � q-å ðàññòîÿíèå îò i-ãî ñåìïëà äî î÷åðåäíîãî áëèæàéøåãî ñîñåäà, k� îáùåå êîëè-

÷åñòâî íàéäåííûõ äëÿ i-ãî ñåìïëà áëèæàéøèõ ñîñåäåé.
Áýð è Êðàäîëüôåð ìîäèôèöèðîâàëè àëãîðèòì Àëëåíà â 1987 ã. (ñì. [6]). Èìè áûëî

ïðåäëîæåíî îõàðàêòåðèçîâàòü ñèãíàë ïðè ïîìîùè îãèáàþùåé ôóíêöèè E(i), êîòîðàÿ âû-
÷èñëÿåòñÿ ïî ôîðìóëå

Ei = x2i + ẋ2i

∑i
j=iw

(x2j )∑i
j=iw

(ẋ2j )
, (2)

ãäå iw = i−WTA+1, ïðè ýòîì 1 ⩽WTA ⩽ i. Òîãäà õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ CF ìîæåò
áûòü íàéäåíà êàê

CFi =
E2

i − E2
i

σ2(E2
i )

, (3)

ãäå E2
i � ñðåäíåå çíà÷åíèå êâàäðàòà îãèáàþùåé ôóíêöèè íà âðåìåííîì îêíå çàäàííîé äëè-

íû WTA, σ(E
2
i )� ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå êâàäðàòà îãèáàþùåé ôóíêöèè íà òîì

æå âðåìåííîì îêíå [6].

1.3. Расчет статистики более высокого порядка

Äàííûé ïîäõîä ïîõîæ íà ìîäèôèöèðîâàííûé Áýðîì è Êðàäîëüôåðîì àëãîðèòì STA/
LTA, íî âìåñòî ðàñ÷åòà õàðàêòåðèñòè÷åñêîé ôóíêöèè CF ïî ôîðìóëàì (2) è (3) è îòíîøå-
íèÿ STA/LTA â íåì âî âðåìåííîì îêíå ïðèìåíÿåòñÿ ðàñ÷åò äèñïåðñèè è êîýôôèöèåíòîâ
àñèììåòðèè è ýêñöåññà [13,14]. Â ýòîì àëãîðèòìå ïðåäïîëàãàåòñÿ, ÷òî â îáëàñòè ìèêðîñåéñ-
ìîâ ðåãèñòðèðóåìûé ñèãíàë ïðåäñòàâëÿåò ñîáîé ãàóññîâûé øóì è ïîä÷èíÿåòñÿ íîðìàëüíîìó
çàêîíó ðàñïðåäåëåíèÿ [14]. Ïðè ïîïàäàíèè ìîìåíòà âðåìåíè ðåãèñòðàöèè ïåðâûõ âñòóïëå-
íèé t0 â ñêîëüçÿùåå âðåìåííîå îêíî ñåéñìè÷åñêèé ñèãíàë â íåì òåðÿåò âèä íîðìàëüíî
ðàñïðåäåëåííîãî.

Öåíòðàëüíûé ñòàòèñòè÷åñêèé ìîìåíò mk ïîðÿäêà k îïðåäåëÿåòñÿ âûðàæåíèåì [6]

mk = E[(X − E[X])k], k > 1,
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ãäå E[X]�ìàòåìàòè÷åñêîå îæèäàíèå âåêòîðà X, ñîñòîÿùåãî èç ñåìïëîâ xi ñåéñìè÷åñêîãî
ñèãíàëà x(t), êîòîðûå ïîïàäàþò âî âðåìåííîå îêíî çàäàííîé äëèíû WTA.

Êîýôôèöèåíò àñèììåòðèè S âû÷èñëÿåòñÿ ïî ôîðìóëå [6]

S =
E[(X − E[X])3]

(E[(X − E[X])2])3/2
=

m3

m
3/2
2

, (4)

à êîýôôèöèåíò ýêñöåññà K �ïî ôîðìóëå [6]

K =
E[(X − E[X])4]

(E[(X − E[X])2])2
=
m4

m2
2

. (5)

Êîýôôèöèåíò S ðàâåí íóëþ â ñëó÷àå ñèììåòðè÷íîé ôóíêöèè ïëîòíîñòè ðàñïðåäåëåíèÿ,
íàïðèìåð â ñëó÷àå íîðìàëüíîãî ðàñïðåäåëåíèÿ. Äàííûé êîýôôèöèåíò ñòàíîâèòñÿ îòðèöà-
òåëüíûì, åñëè ôóíêöèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ áîëåå ïîëîãà ñëåâà, è ïîëîæèòåëüíûì

Эксцесс

Асимметрия

5.0 10.0 15.0

-5.0

0.0

5.0

t, мс

x

Ðèñ. 3. Îáùèé âèä ðàññ÷èòàííûõ íà îïðåäåëåí-
íîì âðåìåííîì îêíåWTA ôóíêöèé, õàðàêòåðè-
çóþùèõ êîýôôèöèåíòû ýêñöåññà K è àñèììåò-
ðèè S íåêîòîðîãî ñåéñìè÷åñêîãî ñèãíàëà x(t).
Âðåìÿ t0 = 10 ìñ�ìîìåíò ïðèõîäà ïåðâûõ

âñòóïëåíèé (öâåò îíëàéí)
Fig. 3. The general view of excess K and
asymmetry S coe�cients graphs within a time
window WTA of a seismic signal x(t). t0 = 10 ms
is the time of a seismic signal �rst breaks

(color online)

â ïðîòèâíîì ñëó÷àå [6]. Êîýôôèöèåíò ýêñ-
öåññà K ðàâåí íóëþ äëÿ ñëó÷àÿ íîðìàëü-
íîãî ðàñïðåäåëåíèÿ. Ñèãíàë èìåíóåòñÿ íàä-
ãàóññîâûì, åñëè åãî çíà÷åíèÿ c áîëüøåé âå-
ðîÿòíîñòüþ ðàñïîëàãàþòñÿ â îêðåñòíîñòè
ìàòåìàòè÷åñêîãî îæèäàíèÿ ïî ñðàâíåíèþ
ñ íîðìàëüíûì çàêîíîì ðàñïðåäåëåíèÿ ïðè
îäíèõ è òåõ æå çíà÷åíèÿõ ìàòåìàòè÷åñêîãî
îæèäàíèÿ è äèñïåðñèè. Â ïðîòèâíîì ñëó-
÷àå, åñëè çíà÷åíèÿ, ïðèíèìàåìûå ñèãíàëîì,
ñ áîëüøåé âåðîÿòíîñòüþ áóäóò íàõîäèòüñÿ
íà áîëüøåì óäàëåíèè îò ìàòåìàòè÷åñêîãî
îæèäàíèÿ ñèãíàëà ïî ñðàâíåíèþ ñ íîðìàëü-
íûì çàêîíîì ðàñïðåäåëåíèÿ, ñèãíàë èìåíó-
åòñÿ ïîäãàóññîâûì [15]. Êîýôôèöèåíò ýêñ-
öåññà õàðàêòåðèçóåò äëèíó õâîñòîâ ôóíê-
öèè ïëîòíîñòè ðàñïðåäåëåíèÿ âïðàâî è âëå-
âî îò åå ìàòåìàòè÷åñêîãî îæèäàíèÿ. Íà
ðèñ. 3 ïðåäñòàâëåí îáùèé âèä ôóíêöèé,
õàðàêòåðèçóþùèõ êîýôôèöèåíòû àñèììåò-
ðèè (4) è ýêñöåññà (5) íåêîòîðîãî ñèíòåòè-
÷åñêîãî ñåéñìè÷åñêîãî ñèãíàëà, êîòîðûå áûëè ïîñ÷èòàíû âî âðåìåííîì îêíå îïðåäåëåííîé
äëèíû WTA. Äàëåå ê ýòèì çíà÷åíèÿì ìîæåò áûòü ïðèìåíåí ïðîñòîé ïîðîãîâûé àëãîðèòì,
îïèñàííûé â ï. 1.1 ýòîé ñòàòüè. Äëèíó âðåìåííîãî îêíà è ïîðîãîâîå çíà÷åíèå íåîáõîäèìî
ïîäáèðàòü ýêñïåðèìåíòàëüíî.

1.4. Авторегрессионный подход

Â äàííîì ïîäõîäå ïðè ïîìîùè àâòîðåãðåññèîííîé ìîäåëè, ðàññ÷èòàííîé âî âðåìåííîì
îêíå WTA, îöåíèâàåòñÿ ïðåäïîëàãàåìîå çíà÷åíèå ñèãíàëà â áóäóùèé ìîìåíò âðåìåíè [16].
Çíà÷åíèÿ ñèãíàëà x(t) âûðàæàþòñÿ â âèäå àâòîðåãðåññèîííîé ôóíêöèè AR [6,16]:

Xt =

p∑

m=1

bmXt−m + εt, (6)

ãäå Xt � âåêòîð, ñîñòîÿùèé èç ñåìïëîâ ñèãíàëà x(t); bm �êîýôôèöèåíòû àâòîðåãðåññèè,
îïðåäåëÿåìûå ìåòîäîì íàèìåíüøèõ êâàäðàòîâ; εt � îøèáêà ïðåäñêàçàíèÿ èñòèííîãî çíà-
÷åíèÿ ñèãíàëà ìîäåëüþ, êîòîðàÿ õàðàêòåðèçóåò â äàííîì ïîäõîäå áåëûé øóì â îáëàñòè
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ìèêðîñåéñìîâ [6]. Äëÿ àäåêâàòíîé ðàáîòû ôóíêöèè àâòîðåãðåññèè AR òðåáóåòñÿ âûïîë-
íèòü ïîäáîð ïîäõîäÿùåãî çíà÷åíèÿ ïîðÿäêà àâòîðåãðåññèè p [16]. Â ðàáîòå [16] ïðèìåíÿåòñÿ
ïîðÿäîê p = 4. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ CF â òàêîì ñëó÷àå òðàêòóåòñÿ êàê îøèáêà εt
ïðåäñêàçàíèÿ èñòèííîé âîëíîâîé ôîðìû èç âûðàæåíèÿ (6) [16]. Ïî âíåçàïíîìó ðîñòó îøèá-
êè ïðåäñêàçàíèÿ εt ìîæíî çàêëþ÷èòü, ÷òî ñåéñìè÷åñêèé ñèãíàë âûøåë èç îáëàñòè áåëîãî
øóìà è ïðèåìíèêîì áûë çàðåãèñòðèðîâàí ïîëåçíûé ñåéñìè÷åñêèé ñèãíàë.

Äàëüíåéøåå ðàçâèòèå èäåè ïðåäñêàçàíèÿ âñòóïëåíèé ïðè ïîìîùè àâòîðåãðåññèîííîé
ìîäåëè AR ïðèâåëî ê ïîÿâëåíèþ ìîäåðíèçèðîâàííîé ìîäåëè àâòîðåãðåññèè AR-AIC. Ïóñòü

ñèãíàë äî ðåãèñòðàöèè âñòóïëåíèé x
(1)
n (t) îïèñûâàåòñÿ àâòîðåãðåññèîííîé ìîäåëüþ AR

x(1)n =
M∑

m=1

b
(1)
i xn−m + ε(1)n ,

à ïîñëå ïåðâûõ âñòóïëåíèé ñèãíàë x
(2)
n (t) îïèñûâàåòñÿ ìîäåëüþ AR, çàäàâàåìîé óðàâíåíèåì

[6,17�19]

x(2)n =

L∑

m=1

b
(2)
i xn−m + ε(2)n ,

ãäå b
(1)
i è b

(2)
i �êîýôôèöèåíòû AR äëÿ äâóõ îáëàñòåé ñèãíàëà äî è ïîñëå ïåðâûõ âñòóï-

ëåíèé â ìîìåíò t0, ε
(1)
n è ε

(2)
n � ñîîòâåòñòâóþùèå îøèáêè ïðåäñêàçàíèÿ ñèãíàëîâ x

(1)
n è

x
(2)
n ìîäåëÿìè AR. Çíà÷åíèÿ M è L çàäàþò øèðèíó îêîí ðàñ÷åòà AR äëÿ ñèãíàëîâ x

(1)
n

è x
(2)
n ñîîòâåòñòâåííî. Â ìîäåëè AR-AIC ïðèìåíÿåòñÿ èíôîðìàöèîííûé êðèòåðèé Àêàèêå

(AIC) [14, 20,21]
AIC(k) = AIC1 +AIC2, (7)

ãäå AIC1 è AIC2 �äâà èíôîðìàöèîííûõ êðèòåðèÿ, êàæäûé èç êîòîðûõ ñîîòâåòñòâóåò ñâî-
åìó ñåãìåíòó ñèãíàëà. AIC1 ñîîòâåòñòâóåò îáëàñòè äî ðåãèñòðàöèè ïåðâûõ âñòóïëåíèé, ò.å.
áåëîìó øóìó, à AIC2 ñîîòâåòñòâóåò îáëàñòè ñèãíàëà ïîñëå ïåðâûõ âñòóïëåíèé. Êàæäûé èç
ñåãìåíòîâ îïèñûâàåòñÿ ïðè ïîìîùè àâòîðåãðåññèîííîé ìîäåëè. Ìèíèìóì ôóíêöèè AIC(k)
ñîîòâåòñòâóåò âðåìåíè ðåãèñòðàöèè ïåðâûõ âñòóïëåíèé t0. Åñëè òî÷êà k ðàçäåëÿåò èñõîäíûé

900

400

100
0

x AIC

Шум
Полезный

сигнал

5.0 10.0 t, мс

Ðèñ. 4. Îáùèé âèä ôóíêöèè, ïðåäñòàâëÿþùåé
èíôîðìàöèîííûé êðèòåðèé Àêàèêå AIC äëÿ
íåêîòîðîãî ñåéñìè÷åñêîãî ñèãíàëà x(t). Âðåìÿ
t0 = 10 ìñ�ìîìåíò ïðèõîäà ïåðâûõ âñòóï-
ëåíèé, îïðåäåëÿåìûé ìèíèìàëüíûì çíà÷åíè-

åì ôóíêöèè AIC (öâåò îíëàéí)

Fig. 4. Akaike information criterion function AIC
general view for some seismic signal x(t). Time
t0 = 10 ms is the �rst break time moment
determined by the minimum value of function

AIC (color online)

ñèãíàë íà äâà ñåãìåíòà, òî âûðàæåíèå (7)
çàïèñûâàåòñÿ â âèäå [6, 19]

AIC(k) = (k −M) lg(σ21(xM+1,...,k))+

+(n− k −M) lg(σ22(xk+1,...,n−M )) + C1, (8)

ãäå M �ïàðàìåòð, îïðåäåëÿþùèé äëèíó
äâóõ îêîí, õàðàêòåðèçóþùèõ äâå îáëàñòè
ñèãíàëà AIC1 è AIC2, êîòîðûé òðåáóåò-
ñÿ ïîäîáðàòü ïåðåä íà÷àëîì âû÷èñëåíèé
[22]. Â âûðàæåíèè (8) äëèíà ýòèõ äâóõ
îêîí ïðèíèìàåòñÿ îäèíàêîâîé. σ1(xM+1,...,k)
è σ2(xk+1,...,n−M )� ñðåäíåêâàäðàòè÷íûå îò-
êëîíåíèÿ ñèãíàëà x(t) â äâóõ îáëàñòÿõ �
AIC1 è AIC2 ñîîòâåòñòâåííî, C1 �êîíñòàí-
òà. Â îáùåì âèäå ôóíêöèÿ AIC(k) èç âû-
ðàæåíèÿ (7) äëÿ íåêîòîðîãî ñèíòåòè÷åñêîãî
ñèãíàëà ïðåäñòàâëåíà íà ðèñ. 4.

Â ðàáîòå [23] àâòîðàìè ñ öåëüþ óñòðà-
íåíèÿ ëîæíîãî ñðàáàòûâàíèÿ äàííîãî àëãî-
ðèòìà íà ïèêîâèäíûå îøèáêè â çàïèñàííîì
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èñõîäíîì ñèãíàëå ïðåäëàãàåòñÿ ñèãíàë x(t) ïðåäâàðèòåëüíî ïðîïóñêàòü ÷åðåç ìåäèàííûé
ôèëüòð äëÿ óñòðàíåíèÿ øóìîâ â íåì, çàòåì âûïîëíÿòü ïîèñê ìèíèìóìà ôóíêöèè AIC(k)
ñ äîïîëíèòåëüíîé ïðîâåðêîé îòíîøåíèÿ ìàêñèìàëüíîé àìïëèòóäû âñåãî ñèãíàëà x(t) ê àì-
ïëèòóäå ïåðâîãî ýêñòðåìóìà ñèãíàëà ïîñëå íàéäåííîãî âñòóïëåíèÿ. Åñëè ýòî çíà÷åíèå íå
ìåíüøå, ÷åì ïðåäâàðèòåëüíî çàäàííîå ÷èñëî β, íàéäåííîå âñòóïëåíèå ïðèíèìàåòñÿ çà èñ-
òèííîå. Â ïðîòèâíîì ñëó÷àå ñðàáàòûâàíèå àëãîðèòìà ïðèíèìàåòñÿ ëîæíûì.

1.5. Пикирование с накопительным фильтром (FilterPicker)

Äàííûé àëãîðèòì áûë ñïåöèàëüíî ðàçðàáîòàí äëÿ ðàáîòû â ñèñòåìàõ ðåàëüíîãî âðåìå-
íè [5]. Ñèãíàë x(t), ïîäàâàåìûé íà âõîä àëãîðèòìà, ìîæåò áûòü ïðåäñòàâëåí êàê â èñõîäíîì
âèäå, òàê è áûòü ïîäâåðãíóò íåêîòîðîé ïðåäîáðàáîòêå. Â îñíîâå ðàáîòû àëãîðèòìà ëåæàò
ïðîñòûå ëîãè÷åñêèå è àðèôìåòè÷åñêèå îïåðàöèè, áåç ýêñïîíåíò è ëîãàðèôìîâ, ÷òî îïðåäå-
ëÿåò åãî âû÷èñëèòåëüíóþ ýôôåêòèâíîñòü [10].

Èñõîäíûé äèñêðåòíûé ñèãíàë x(t) ïðåîáðàçóåòñÿ â íåêîòîðûé óñðåäíÿþùèé âåêòîð çíà-
÷åíèé xlong [10]:

xlongi = Clongxlongi−1
+ (1− Clong)xi,

ãäå xi �íåïîñðåäñòâåííîå çíà÷åíèå i-ãî ñåìïëà ñèãíàëà; Clong �êîíñòàíòà çàòóõàíèÿ, âû-
÷èñëÿåìàÿ ïî ôîðìóëå

Clong = 1− ΔT

Tlong
,

ãäå ΔT � âðåìåííîé èíòåðâàë, îïðåäåëÿþùèé çàòóõàíèå ñèãíàëà; Tlong � âðåìåííîé èíòåð-
âàë, îïðåäåëÿþùèé ó÷àñòîê îñðåäíåíèÿ ñèãíàëà.

Â àëãîðèòìå âû÷èñëÿåòñÿ ïåðâàÿ äèñêðåòíàÿ ïðîèçâîäíàÿ ñèãíàëà x(t), îïðåäåëÿåìàÿ
ïî ôîðìóëå

ẋi =
xi − xi−1

Δtxi

,

ãäå x0 èíèöèàëèçèðóåòñÿ ñðåäíèì çíà÷åíèåì x(t) â ïåðâîì îñðåäíÿþùåì èíòåðâàëå Tlong;
Δtxi

�ðàçíèöà âî âðåìåíè ìåæäó âðåìåíåì ñåìïëà xi è âðåìåíåì ñåìïëà xi−1. Çàòåì â

àëãîðèòìå ãåíåðèðóåòñÿ íàáîð îòôèëüòðîâàííûõ ñèãíàëîâ Xni
= X

(LP )
ni , ãäå LP îçíà÷à-

åò ôèëüòð íèçêèõ ÷àñòîò. Äëÿ ýòîãî ñïåðâà ôîðìèðóþòñÿ äâà ñèãíàëà, ïðîõîäÿùèå ÷åðåç
ôèëüòðû âûñîêèõ ÷àñòîò HP1 è HP2:

X(HP1)
ni

= C(HP )
n × [X(HP1)

ni−1
+ ẋi − ẋi−1],

X(HP2)
ni

= C(HP )
n × [X(HP2)

ni−1
+X(HP1)

ni
−X(HP1)

ni−1
],

è ïîñëå ôîðìèðóåòñÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ CF = X
(LP )
n , îïðåäåëÿåìàÿ ôèëüòðîì

íèçêèõ ÷àñòîò:
X(LP )

ni
= X(LP )

ni−1
+ C(LP )

n × [X(HP2)
ni

−X(HP2)
ni−1

],

ãäå êîíñòàíòà ôèëüòðà C
(HP )
n = wn/(wn + ΔT ) è êîíñòàíòà C

(LP )
n = ΔT/(wn + ΔT ). Âðå-

ìåííàÿ êîíñòàíòà wn = Tn/2π. Ïåðèîä Tn = 2nΔT . Êîëè÷åñòâî òðåáóåìûõ íèçêî÷àñòîòíûõ
ôèëüòðîâ Nband âûáèðàåòñÿ òàê, ÷òîáû ïåðèîä TNband−1 = 2Nband−1ΔT áûë áîëüøå, ÷åì
ïðåîáëàäàþùèé ïåðèîä â ñèãíàëå, ôàçà êîòîðîãî äîëæíà áûòü ïðîïèêèðîâàíà. Íîìåðà
ôîðìèðóåìûõ õàðàêòåðèñòè÷åñêèõ ôóíêöèé CF ìåíÿþòñÿ êàê n = 0, . . . , Nband − 1 [10].

Íà ðèñ. 5 ïîêàçàí ïðèìåð ðàáîòû àëãîðèòìà ïèêèðîâàíèÿ ïåðâûõ âñòóïëåíèé ñèãíàëà
äëÿ íåêîòîðîãî ñèíòåòè÷åñêîãî ñåéñìè÷åñêîãî ñèãíàëà ïðè èñêóññòâåííî âûáðàííîì ÷èñëå
íèçêî÷àñòîòíûõ ôèëüòðîâ Nband = 2 ïðè çíà÷åíèÿõ ΔT = 4.0 ìñ (ðèñ. 5, а) è ΔT = 20.0 ìñ
(ðèñ. 5, б ) ñ ôîðìèðîâàíèåì õàðàêòåðèñòè÷åñêîé ôóíêöèè CF äëÿ êàæäîãî èç çíà÷åíèé
ýòèõ ΔT . Àíàëèçèðîâàòü àëãîðèòìîì ïðåäïîëàãàåòñÿ èòîãîâóþ ñóììàðíóþ õàðàêòåðèñòè-
÷åñêóþ ôóíêöèþ CF (ðèñ. 5, в), íà êîòîðîé âñòóïëåíèÿ âûðàæåíû ÿð÷å âñåãî â âèäå ðåçêîãî
ïèêîâèäíîãî ñêà÷êà åå çíà÷åíèé.
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CF при мсDT=4.01

-30.0

0.0

30.0

x

5.0 10.0 t, мс

а / a

CF при мсDT=20.02

-30.0

0.0

30.0

x

5.0 10.0 t, мс

б / b

CF=CF +CF2

-30.0

0.0

30.0

x

5.0 10.0 t, мс

1

в / c

Ðèñ. 5. Ïðèìåð ðàáîòû àëãîðèòìà ñ íàêîïè-
òåëüíûì ôèëüòðîì íà èñêóññòâåííîì ñåéñìè÷å-
ñêîì ñèãíàëå, èçîáðàæåííîì ïóíêòèðîì. Ïåðâûå
âñòóïëåíèÿ ïðèøëè â ìîìåíò âðåìåíè t0 = 10 ìñ.
Ôóíêöèè CF ïîñòðîåíû: а�äëÿ ΔT = 4.0 ìñ;

б �äëÿ ΔT = 20.0 ìñ; в � ñóììàðíàÿ CF

Fig. 5. An example of the Filter Picker algorithm
work. The arti�cial seismic signal is pictured as
the dotted line. The �rst breaks are registered at
time t0 = 10 ms. Characteristic functions CF are
represented: a is for ΔT = 4.0 ms; b is for ΔT = 20.0

ms; c shows cumulative CF

Äëÿ èëëþñòðàöèè íà ðèñ. 5 ïðåä-
ñòàâëåíû òîëüêî äâå ïîñòðîåííûå íèç-
êî÷àñòîòíûìè ôèëüòðàìè õàðàêòåðèñòè-
÷åñêèå ôóíêöèè CF ñ èòîãîâîé ñóììàð-
íîé CF . Â ðàáîòå [10] äåìîíñòðèðóþòñÿ
ïðèìåðû ñ ïÿòüþ ðàçíûìè ïîñòðîåííû-
ìè CF äëÿ ðàçíûõ ΔT , íå ñ÷èòàÿ ñóì-
ìàðíîé CF .

1.6. Корреляционный подход

Ðàññìîòðåííûå â ïï. 1.1�1.5 ìåòîäû
àâòîìàòè÷åñêîãî è ïîëóàâòîìàòè÷åñêîãî
ïèêèðîâàíèÿ ðàáîòàþò ñ êàæäîé çàïè-
ñüþ ñèãíàëà îòäåëüíî áåç ó÷åòà âçàèì-
íîãî ðàñïîëîæåíèÿ ðåãèñòðèðóåìûõ ñåé-
ñìè÷åñêèõ òðàññ. Êîððåëÿöèîííûé ïîä-
õîä ìîæåò ïðèìåíÿòüñÿ ñîâìåñòíî ñ îä-
íèì èëè íåñêîëüêèìè èç ïðåäûäóùèõ
ìåòîäîâ è ïðèçâàí ó÷èòûâàòü âçàèì-
íóþ ïðîñòðàíñòâåííóþ çàâèñèìîñòü ðå-
ãèñòðèðóåìûõ âðåìåí ïåðâûõ âñòóïëå-
íèé ïîëåçíîãî ñåéñìè÷åñêîãî ñèãíàëà
äëÿ óëó÷øåíèÿ êà÷åñòâà ïèêèðîâàíèÿ è
ïîâûøåíèÿ òî÷íîñòè ââåäåíèÿ ñòàòè÷å-
ñêèõ ïîïðàâîê [24]. Êîððåëÿöèÿ ìîæåò
áûòü âûïîëíåíà íåâåðíî â ñëó÷àå çàøóì-
ëåííûõ äàííûõ, ïîýòîìó íåîáõîäèìî âû-
ïîëíèòü èõ ïðåäâàðèòåëüíóþ îáðàáîòêó
äëÿ îñëàáëåíèÿ øóìîâ [25].

Â îñíîâå äàííîãî ïîäõîäà ëåæèò
ðàñ÷åò ëèíåéíîãî êîýôôèöèåíòà ïàðíîé

êîððåëÿöèè Ïèðñîíà ìåæäó äâóìÿ áëèçêî ðàñïîëîæåííûìè ñåéñìè÷åñêèìè òðàññàìè. Äâå
òðàññû, îäíà èç êîòîðûõ íàõîäèòñÿ ÷óòü áëèæå ê ïóíêòó âîçáóæäåíèÿ, à äðóãàÿ � ÷óòü
äàëüøå, äîëæíû ïî ñâîåé ôîðìå ïîâòîðÿòü äðóã äðóãà, íî áîëåå äàëüíÿÿ òðàññà Y ñìåùå-
íà ïî îñè âðåìåíè íà êîëè÷åñòâî îòñ÷åòîâ âðåìåíè τ îòíîñèòåëüíî òðàññû X. Êîýôôèöèåíò
êîððåëÿöèè r ëåæèò â ïðåäåëàõ îò −1 äî +1, ãäå r = +1 îçíà÷àåò ïîëíóþ ïðÿìî ïðîïîðöèî-
íàëüíóþ çàâèñèìîñòü ìåæäó äâóìÿ âåëè÷èíàìè, r = −1 îçíà÷àåò ïîëíóþ îáðàòíî ïðîïîð-
öèîíàëüíóþ çàâèñèìîñòü, r = 0 îçíà÷àåò îòñóòñòâèå âçàèìîçàâèñèìîñòè [26]. Êîýôôèöèåíò
ïàðíîé êîððåëÿöèè r(τ) âû÷èñëÿåòñÿ ïî ôîðìóëå [27]

r(τ) =
n
∑i=n

i=0 xiyi+τ −
∑i=n

i=0 xi
∑i=1

i=0 yi+τ√
n
∑i=n

i=0 x
2
i − (

∑i=n
i=0 xi)

2 ×
√
n
∑i=n

i=0 y
2
i+τ − (

∑i=n
i=0 yi+τ )

2
, (9)

ãäå τ �êîëè÷åñòâî ñåìïëîâ ïî îñè âðåìåíè, íà êîòîðîå ñäâèíóòà òðàññà Y îòíîñèòåëüíî
òðàññû X; xi � ñåìïëû òðàññû X; yi � ñåìïëû òðàññû Y ; n�êîëè÷åñòâî ñåìïëîâ âî âðå-
ìåííîì îêíå, îïðåäåëÿþùåì ó÷àñòîê íà äâóõ òðàññàõ, â êîòîðîì âû÷èñëÿåòñÿ êîýôôèöèåíò
ïàðíîé êîððåëÿöèè. Çíà÷åíèå ñäâèãà τ ïîäáèðàåòñÿ ýêñïåðèìåíòàëüíî òàê, ÷òîáû îáåñïå-
÷èòü ìàêñèìóì êîýôôèöèåíòà êîððåëÿöèè r(τ) [27]. Ïðè ýòîì ïåðâîå âñòóïëåíèå íà îäíîé
èç èìåþùèõñÿ â (9) äâóõ òðàññ,X è Y , äîëæíî áûòü çàðàíåå îïðåäåëåíî âðó÷íóþ èëè îäíèì
èç ìåòîäîâ, ðàññìîòðåííûõ â ïï. 1.1�1.5. Òîãäà, âûáðàâ îïòèìàëüíîå ñìåùåíèå τ , ìîæíî
óçíàòü âðåìÿ âñòóïëåíèÿ íà äðóãîé áëèçêî ðàñïîëîæåííîé òðàññå [28].
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Â ñëó÷àå íåñêîëüêèõ òðàññ èòîãîâûå ñäâèãè τ∗i , i = 1, ...,m, ãäå m�êîëè÷åñòâî òðàññ,
â ðàáîòå Þ, Õý, Õîó è Òàíà [29] ïðåäëàãàåòñÿ óñðåäíÿòü ìåòîäîì íàèìåíüøèõ êâàäðàòîâ.
Äëÿ ýòîãî ðåøàåòñÿ ñèñòåìà óðàâíåíèé

Rτ∗ = Δτ, (10)

ãäå R�ìàòðèöà ïàðíûõ êîýôôèöèåíòîâ êîððåëÿöèè, ñîñòîÿùàÿ èç ýëåìåíòîâ ri,j , i, j �
íîìåðà òðàññ, ìåæäó êîòîðûìè ðàññ÷èòûâàåòñÿ êîýôôèöèåíò ïàðíîé êîððåëÿöèè; Δτ �
âåêòîð ðàíåå îïðåäåëåííûõ íåóñðåäíåííûõ ñäâèãîâ ìåæäó òðàññàìè, ñîñòîÿùèé èç ýëåìåí-
òîâ Δτi,j [30]. Òîãäà èñêîìûé âåêòîð ðåøåíèé τ∗ ìîæåò áûòü íàéäåí ÷åðåç âûðàæåíèå

τ∗ = (RTR)−1RTΔτ. (11)

Ïîñêîëüêó â ñëó÷àå áîëüøîãî êîëè÷åñòâà òðàññ ðåøåíèå (11) ìîæåò áûòü âû÷èñëèòåëüíî
ñëîæíûì, íà ïðàêòèêå ïðèìåíÿåòñÿ íåáîëüøîå ÷èñëî ñîñåäíèõ òðàññ [30]. Ïðèìåð ñèñòåìû
(10) äëÿ ñëó÷àÿ ïÿòè òðàññ, ãäå èç ìàòðèöû ïàðíûõ êîððåëÿöèé R óáðàíû ñèììåòðè÷íûå
ýëåìåíòû, ïðèâåäåí â âûðàæåíèè [30]




1 −1 0 0 0
1 0 −1 0 0
1 0 0 −1 0
1 0 0 0 −1
0 1 −1 0 0
0 1 0 −1 0
0 1 0 0 −1
0 0 1 −1 0
0 0 1 0 −1
0 0 0 1 −1
1 1 1 1 1







τ∗1
τ∗2
τ∗3
τ∗4
τ∗5




=




Δτ1,2
Δτ1,3
Δτ1,4
Δτ1,5
Δτ2,3
Δτ2,4
Δτ2,5
Δτ3,4
Δτ3,5
Δτ4,5
0




,

ãäå, ñîãëàñíî ðàáîòå Êóììåðîâà, èñõîäíûå êîýôôèöèåíòû êîððåëÿöèè ri,j îêðóãëåíû äî
öåëûõ çíà÷åíèé +1, 0 è −1 äëÿ ó÷åòà òîëüêî îáùåé ïðÿìîé çàâèñèìîñòè, èëè îáðàòíîé
çàâèñèìîñòè, èëè îòñóòñòâèÿ çàâèñèìîñòè ðåãèñòðèðóåìûõ ôàç íà áëèæàéøèõ òðàññàõ â
ñîîòâåòñòâèè ñ ïîäîáðàííûìè ïîðîãîâûìè çíà÷åíèÿìè äëÿ ri,j [31]. Ñîãëàñíî Êóììåðîâó,
òàêîãî îêðóãëåíèÿ äîñòàòî÷íî íà ïðàêòèêå, è çíà÷åíèå êîððåëÿöèè ri,j > 0.7 ãîâîðèò î
ïîõîæåñòè âîëíîâûõ ôîðì òðàññ i è j [31].

1.7. Алгоритм динамического искривления времени (DTW )

Â ðàáîòå Ñåíèíà [32] ïðèìåíÿåòñÿ ïîõîæèé íà ðàññìîòðåííûé â ï. 1.6 êîððåëÿöèîí-
íûé ïîäõîä, êîòîðûé èìåíóåòñÿ àëãîðèòìîì äèíàìè÷åñêîãî èñêðèâëåíèÿ âðåìåíè (DTW ),
íî âìåñòî ìàòðèöû ïàðíûõ êîððåëÿöèé â íåì ïðåäëàãàåòñÿ èñïîëüçîâàòü ðàññ÷èòàííóþ
ñòîèìîñòíóþ ìàòðèöó, îöåíèâàþùóþ ðàññòîÿíèå ìåæäó äâóìÿ âðåìåííûìè ïîñëåäîâàòåëü-
íîñòÿìè, ïðåäñòàâëåííûìè ñåéñìè÷åñêèìè òðàññàìè X è Y . Êàæäîìó ñåìïëó òðàññû X
ñòàâèòñÿ â ñîîòâåòñòâèå ìàêñèìàëüíî ïîõîæèé ñåìïë èç òðàññû Y [1]. Çíàÿ ïðåäâàðèòåëü-
íî ïðîïèêèðîâàííûé âðó÷íóþ èëè àâòîìàòè÷åñêè ñåìïë âñòóïëåíèÿ íà òðàññå X, ìîæíî
íàéòè ñîîòâåòñòâóþùèé åìó ñåìïë íà òðàññå Y . Ìàòðèöà ðàññòîÿíèé C, òàêæå èìåíóåìàÿ
ëîêàëüíîé ñòîèìîñòíîé ìàòðèöåé, ñîñòîÿùàÿ èç ýëåìåíòîâ ci,j , çàäàåòñÿ âûðàæåíèåì

C = ‖ci,j‖ = ‖xi − yj‖ ,

ãäå xi � ñåìïëû òðàññû X, yj � ñåìïëû òðàññû Y , i = 0, . . . , N − 1 è j = 0, . . . ,M − 1,
N �÷èñëî ñåìïëîâ â òðàññå X, M �÷èñëî ñåìïëîâ â òðàññå Y . Ïîñëå ðàñ÷åòà ìàòðèöû C
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âûïîëíÿåòñÿ ðàñ÷åò íàêîïëåííîé ñòîèìîñòíîé ìàòðèöû D, ýëåìåíòû di,j êîòîðîé çàäàþòñÿ
ñîãëàñíî âûðàæåíèþ [1]

D =





d0,j =
∑M−1

j=0 c0,j äëÿ ïåðâîé ñòðîêè,

di,0 =
∑N−1

i=0 ci,0 äëÿ ïåðâîãî ñòîëáöà,

di,j = min (di−1,j−1, di−1,j , di,j−1) + ci,j äëÿ îñòàëüíûõ ýëåìåíòîâ.

Â ñëó÷àå, åñëè òðàññû X è Y ïîëíîñòüþ èäåíòè÷íû, îïòèìàëüíîå ñìåùåíèå äëÿ âñåõ èõ
ñåìïëîâ ìåæäó íèìè áóäåò íóëåâûì, ò.å. ìèíèìàëüíûå çíà÷åíèÿ ýëåìåíòîâ di,j ìàòðèöû D
áóäóò ðàñïîëàãàòüñÿ ñòðîãî ïî åå ãëàâíîé äèàãîíàëè. Â ïðîòèâíîì ñëó÷àå âûïîëíÿåòñÿ ïî-
èñê ìèíèìàëüíûõ çíà÷åíèé di,j ìàòðèöû D, íåñêîëüêî ñìåùåííûõ îòíîñèòåëüíî äèàãîíàëè.
Ïðèìåð òàêîé ìàòðèöû, âçÿòîé èç ðàáîòû [1], ïðèâåäåí â âûðàæåíèè

D =

4.7
〈
1̂.9
〉

5.5 11 17 21 21 27

11 5
〈
2̂.3
〉

5.2 7.9 8 12 20

18 9.7 3.5
〈
3̂.6
〉 〈

4̂.7
〉

6.1 12 22

25 13 3.6 5.9 5.9
〈
4̂.9
〉

9.3 18

29 14 6.3 8.7 11 7.4
〈
6̂.6
〉

13

30 15 11 14 16 12
〈
7̂.1
〉

11

30 18 18 20 22 18
〈
9̂.2
〉

9.5

32 23 26 29 31 26 13
〈
9̂.6
〉

,

ãäå ýëåìåíòû
〈
d̂i,j

〉
îòîáðàíû ñðåäè âñåõ ýëåìåíòîâ di,j ìàòðèöû D àëãîðèòìîì òàê, ÷òîáû

ñóììà ýòèõ ñìåùåííûõ îò ãëàâíîé äèàãîíàëè çíà÷åíèé ñòðåìèëàñü ê ìèíèìóìó è ôîðìèðó-
åìàÿ èìè ëîìàíàÿ ëèíèÿ, ïðîõîäÿùàÿ ÷åðåç ìàòðèöó ïî ýòèì ýëåìåíòàì, áûëà íåïðåðûâíà.
Íîìåðà ñòðîê ìàòðèöû ïðåäñòàâëÿþò ñîáîé íîìåðà ñåìïëîâ i òðàññû X, íîìåðà ñòîëáöîâ �
ñåìïëû j òðàññû Y . Ïî ïåðåñå÷åíèþ íîìåðîâ ñòðîê i è ñòîëáöîâ j ìîæíî óçíàòü, êàêîìó
ñåìïëó òðàññû X ïîñòàâëåí â ñîîòâåòñòâèå ñåìïë òðàññû Y . Òàêèì îáðàçîì, èìåÿ ïðîïè-
êèðîâàííîå ïåðâîå âñòóïëåíèå íà òðàññå X, ìîæíî óçíàòü òàêîâîå è íà ñîïîñòàâëÿåìîé
åé òðàññå Y . Ïðè ýòîì îäíîìó ñåìïëó òðàññû X ìîãóò ñîîòâåòñòâîâàòü íåñêîëüêî ñåìïëîâ
òðàññû Y , ÷òî ìîæåò ïðèâåñòè ê íåîäíîçíà÷íîñòè îïðåäåëåíèÿ âñòóïëåíèÿ. Àëãîðèòìîì
â òàêîì ñëó÷àå âûáèðàåòñÿ ñðåäíåðàñïîëîæåííûé ñåìïë èç òàêîãî ìíîæåñòâà íåîäíîçíà÷-
íîñòè ñ îêðóãëåíèåì èòîãîâîãî âûáîðà ââåðõ äî öåëîãî ÷èñëà. Îñîáåííî ñèëüíî ïðîáëåìà
ñîïîñòàâëåíèÿ ñåìïëà ïåðâîãî âñòóïëåíèÿ âñòàåò â ñëó÷àå ñèëüíî çàøóìëåííûõ äàííûõ [1].

1.8. Нечеткая кластеризация методом k-средних (FCM )

Â ðàáîòå [33] ïðåäëàãàåòñÿ èñïîëüçîâàòü íå÷åòêóþ êëàñòåðèçàöèþ ìåòîäîì k-ñðåäíèõ
äëÿ îïðåäåëåíèÿ ìîìåíòîâ âðåìåíè ïåðâûõ âñòóïëåíèé ñåéñìè÷åñêèõ ñèãíàëîâ. Òàêàÿ êëà-
ñòåðèçàöèÿ ðàñøèðÿåò òðàäèöèîííóþ êëàñòåðèçàöèþ ìåòîäîì k-ñðåäíèõ ââåäåíèåì äîïîë-
íèòåëüíûõ ïàðàìåòðîâ íå÷åòêîñòè, â ðåçóëüòàòå ÷åãî êàæäûé ýëåìåíò, âìåñòî òîãî ÷òîáû
ïðèíàäëåæàòü ñòðîãî çàäàííîìó êëàñòåðó ñ îïðåäåëåííûì öåíòðîì, ìîæåò îäíîâðåìåííî
ïðèíàäëåæàòü ìíîæåñòâó êëàñòåðîâ ñ ðàçíûìè öåíòðàìè. Âêëþ÷åíèå ïàðàìåòðîâ íå÷åòêî-
ñòè ïîçâîëÿåò ëó÷øå ñïðàâëÿòüñÿ ñ íåîäíîçíà÷íîñòÿìè ïðè êëàñòåðèçàöèè çàøóìëåííûõ
äàííûõ [34].

Â îòëè÷èå îò òðàäèöèîííîé êëàñòåðèçàöèè ìåòîäîì k-ñðåäíèõ, êîòîðàÿ ïðèïèñûâàåò
êàæäîìó ýëåìåíòó êëàñòåðèçóåìîãî ìíîæåñòâà X çíà÷åíèå ïðèíàäëåæíîñòè µi,j = 1, åñëè
i-é ýëåìåíò ïðèíàäëåæèò êëàñòåðó j, è çíà÷åíèå µi,j = 0 â ïðîòèâíîì ñëó÷àå, íå÷åòêàÿ
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êëàñòåðèçàöèÿ êàæäîìó êëàñòåðèçóåìîìó ýëåìåíòó çàäàåò çíà÷åíèå ïðèíàäëåæíîñòè, ëå-
æàùåå â ïðåäåëàõ èíòåðâàëà îò 0 äî 1 [35]. Ïóñòü K � çàðàíåå îïðåäåëåííîå êîëè÷åñòâî
êëàñòåðîâ, íà êîòîðîå òðåáóåòñÿ ðàçäåëèòü èñõîäíîå ìíîæåñòâî X, èìåþùåå n ýëåìåíòîâ
xi, òîãäà ìîæíî çàäàòü ñëåäóþùèå îãðàíè÷èâàþùèå óñëîâèÿ íà çíà÷åíèÿ ïðèíàäëåæíîñòè
µi,j [35]:

K∑

j=1

µi,j = 1, ∀ i ∈ [1, 2, ..., n], (12)

n∑

i=1

µi,j > 0, ∀ j ∈ [1, 2, ...,K]. (13)

Âûðàæåíèå (12) îçíà÷àåò, ÷òî ñóììà çíà÷åíèé ïðèíàäëåæíîñòè µi,j ýëåìåíòîâ xi â ñëó÷àå
êàæäîãî êëàñòåðà j ðàâíà 1. Êðîìå òîãî, ñîãëàñíî (13) êàæäîìó êëàñòåðó ïðèíàäëåæèò ïî
êðàéíåé ìåðå îäèí èç ýëåìåíòîâ xi [35]. Çäåñü µi,j ∈ [0, 1].

Ñîãëàñíî àâòîðàì ðàáîòû [33], äëÿ êàæäîé èñõîäíîé ñåéñìè÷åñêîé òðàññû ñïåðâà îïðå-
äåëÿåòñÿ èíòåðâàë îïðåäåëåííîé äëèíû, â ïðåäåëàõ êîòîðîãî çàòåì óæå âûïîëíÿåòñÿ ïîèñê
ïåðâûõ âñòóïëåíèé, ñ öåëüþ óìåíüøåíèÿ ðàçìåðà âõîäíûõ äàííûõ äëÿ äàëüíåéøåé êëàñòå-
ðèçàöèè. Îïðåäåëåíèå òàêîãî èíòåðâàëà àâòîðàìè âûïîëíÿåòñÿ â ïðåäåëàõ ïëàâàþùåãî âåð-
òèêàëüíîãî îêíà, èìåþùåãî çàäàííóþ äëèíó. Íà îñíîâå èçìåðåíèÿ ýíåðãèè òðàññû è ïîèñêà
çíà÷èòåëüíîãî åå ðåçêîãî óâåëè÷åíèÿ îïðåäåëÿåòñÿ ïðåäâàðèòåëüíîå âðåìÿ ïåðâîãî âñòóï-
ëåíèÿ, îò êîòîðîãî âïåðåä è íàçàä ïî îñè âðåìåíè îòñòðàèâàåòñÿ èíòåðâàë çàäàííîé îáùåé
äëèíû l. Ïîñëå ýòîãî ýòàïà ïðèìåíÿåòñÿ âòîðîå îêíî, íî óæå ãîðèçîíòàëüíîå. Ïðåäïîëàãàåò-
ñÿ, ÷òî âðåìåíà âñòóïëåíèé ìåæäó äâóìÿ ñîñåäíèìè òðàññàìè íå ìîãóò îòëè÷àòüñÿ ñëèøêîì
ñèëüíî, ïîýòîìó äëÿ óñòðàíåíèÿ íåæåëàòåëüíûõ îòñêîêîâ âðåìåí âñòóïëåíèé àâòîðàìè â
ãîðèçîíòàëüíîì îêíå ïðèìåíÿåòñÿ ìåäèàííûé ôèëüòð, óñðåäíÿþùèé ïåðâûå âñòóïëåíèÿ.
Ïîñëå òîãî, êàê ïðåäâàðèòåëüíûå âðåìåíà ïåðâûõ âñòóïëåíèé âû÷èñëåíû, ïðèìåíÿåòñÿ ме-
тод роя частиц (PSO) [33].

Öåëåâàÿ ôóíêöèÿ Jα, îïðåäåëåííàÿ äëÿ ñëó÷àÿ ðàçáèåíèÿ ìíîæåñòâà X íà K êëàñòåðîâ
è ïîäëåæàùàÿ ìèíèìèçàöèè, çàäàåòñÿ âûðàæåíèåì

Jα =
K∑

j=1

n∑

i=1

µαi,jd
β
j,i,

ãäå çíà÷åíèå ïðèíàäëåæíîñòè µi,j ∈ [0, 1], α� ãèïåðïàðàìåòð êîíòðîëÿ òîãî, íàñêîëüêî
íå÷åòêèìè áóäóò ïîëó÷àåìûå êëàñòåðû. Áîëüøèå çíà÷åíèÿ α îçíà÷àþò áîëüøóþ íå÷åò-
êîñòü. Ðàññòîÿíèå ìåæäó öåíòðîì j-ãî êëàñòåðà cj è i-ì ýëåìåíòîì xi îïðåäåëÿåòñÿ ìåòðè-
êîé di,j = ‖xi − cj‖. Îáû÷íî ïðèìåíÿåòñÿ åâêëèäîâî ðàññòîÿíèå, ò. å. ïàðàìåòð β = 2.

Àëãîðèòì PSO ïðèìåíÿåòñÿ äëÿ ïîèñêà íà÷àëüíûõ öåíòðîâ êëàñòåðîâ ïåðåä ïðèìåíå-
íèåì FCM èç-çà ñïîñîáíîñòè PSO ê ãëîáàëüíîé îïòèìèçàöèè [33], ïðè ýòîì îí ñõîäèòñÿ
áûñòðî è ìîæåò áûòü ëåãêî ðàñïàðàëëåëåí [36]. Ïóñòü åñòü M ÷àñòèö ñî ñëó÷àéíî çàäàí-
íûìè íà÷àëüíûìè ñêîðîñòÿìè è ïîçèöèÿìè, êîòîðûå òðåáóåòñÿ îïòèìàëüíûì îáðàçîì ðàñ-
ïðåäåëèòü [36]. Ïóñòü x̂i(t)�ëó÷øåå ðåøåíèå, êîòîðîå áûëî íàéäåíî äëÿ i-é ÷àñòèöû ïåðåä
èòåðàöèåé t, x∗(t)�ëó÷øåå ðåøåíèå ñðåäè âñåõ ÷àñòèö äî èòåðàöèè t. Äëÿ ïîèñêà îïòè-
ìàëüíîãî ðàñïðåäåëåíèÿ êàæäàÿ ÷àñòèöà îáíîâëÿåò ñâîþ ñêîðîñòü νi(t) è ïîëîæåíèå xi(t)
ñîãëàñíî ñîîòâåòñòâåííî óðàâíåíèÿì [33,36]

νi(t+ 1) = wνi(t) + δ1rand1 × (x̂i(t)− xi(t)) + δ2rand2 × (x∗(t)− xi(t)), (14)

xi(t+ 1) = xi(t) + νi(t)×Δtt+1,t(t), (15)

ãäå t�íîìåð òåêóùåé èòåðàöèè, rand1 è rand2 � ñëó÷àéíûå ÷èñëà èç èíòåðâàëà [0, 1], δ1
è δ2 �äâå ïîëîæèòåëüíûå êîíñòàíòû óñêîðåíèÿ [1/(èòåðàöèÿ t)], íóæíûå äëÿ êîððåêòè-
ðîâêè ïîëîæåíèÿ ÷àñòèöû ñ ó÷åòîì ëó÷øåãî ãëîáàëüíîãî è ëó÷øåãî ëîêàëüíîãî ðåøåíèé,
Δtt+1,t(t) = ((t+ 1)− t) = 1, âåñ w ïðèìåíÿåòñÿ äëÿ áàëàíñèðîâêè ãëîáàëüíîãî ïîèñêà.
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Öåëåâàÿ ôóíêöèÿ àëãîðèòìà PSO çàäàåòñÿ óðàâíåíèåì

f(xi) =
θ

π + JFCM
,

ãäå θ�ïàðàìåòð öåëåâîé ôóíêöèè, θ ⩽ π, è îáû÷íî ïðèíèìàåòñÿ θ = 2. Ñêîðîñòü ÷àñòèöû
ïî àëãîðèòìó PSO èòåðàòèâíî îáíîâëÿåòñÿ ïî ôîðìóëå (14), à ïîëîæåíèå ÷àñòèöû� ïî
ôîðìóëå (15) [33]. JFCM �öåëåâàÿ ôóíêöèÿ àëãîðèòìà ïðèìåíÿåìîé íå÷åòêîé êëàñòåðèçà-
öèè ìåòîäîì k-ñðåäíèõ:

JFCM =
∑

i,j

K∑

k=1

µαi,j,k(dk)
2
i,j ,

ãäå α� ãèïåðïàðàìåòð êîíòðîëÿ íå÷åòêîñòè, i�íîìåð ñåìïëà íà j-é òðàññå â ðàíåå îïðåäå-
ëåííîì îêíå, (dk)i,j = ‖xi,j − ck‖�ðàññòîÿíèå ìåæäó ýëåìåíòîì xi,j è öåíòðîì k-ãî êëàñòå-
ðà ck, K �êîëè÷åñòâî öåíòðîâ êëàñòåðèçàöèè, µi,j,k � çíà÷åíèå ïðèíàäëåæíîñòè ýëåìåíòà
xi,j ê êëàñòåðó ñ íîìåðîì k [33].

Ïîñëå ïåðâè÷íîãî ðàñ÷åòà îïòèìàëüíûõ ïîëîæåíèé ïåðâûõ âñòóïëåíèé â îïðåäåëåííîì
èíòåðâàëå ïðèìåíÿåòñÿ íå÷åòêàÿ êëàñòåðèçàöèÿ ìåòîäîì k-ñðåäíèõ. Çíà÷åíèå ïðèíàäëåæ-
íîñòè µi,j,k èòåðàòèâíî îáíîâëÿåòñÿ â ñîîòâåòñòâèè ñ âûðàæåíèåì [33]

µi,j,k =
1

∑P
p=1 (

(dk)i,j
(dp)i,j

)
2/(α−1)

,

ãäå (dp)i,j �ðàññòîÿíèå ìåæäó ýëåìåíòîì xi,j è ïîëîæåíèåì p-é ÷àñòèöû èç ìåòîäà ðîÿ
÷àñòèö, P �êîëè÷åñòâî ÷àñòèö.

Öåíòð êëàñòåðèçàöèè ck îáíîâëÿåòñÿ â ñîîòâåòñòâèè ñ âûðàæåíèåì [33]

ck =

∑
i,j µ

α
i,j,kxi,j∑

i,j µ
α
i,j,k

.

Ôîðìèðóåìûé èç çíà÷åíèé ïðèíàäëåæíîñòè µi,j,k ê K êëàñòåðàì òðåõìåðíûé òåíçîð M
èìååò âèä 


[µ1,1,1 · · ·µ1,1,K ] · · · [µ1,N,1 · · ·µ1,N,K ]

...
. . .

...
[µl,1,1 · · ·µl,1,K ] · · · [µl,N,1 · · ·µl,N,K ]


 ,

ãäå l� âåðòèêàëüíàÿ äëèíà îêíà, îïðåäåëÿþùàÿ êîëè÷åñòâî êëàñòåðèçóåìûõ ñåìïëîâ äàí-
íûõ ïî îäíîé òðàññå, N �êîëè÷åñòâî òðàññ, çàäàâàåìîå ãîðèçîíòàëüíûì îêíîì, K �êîëè-
÷åñòâî êëàñòåðîâ.

Ïîñëå âûïîëíåíèÿ FCM çàâåðøàåòñÿ îïðåäåëåíèå K öåíòðîâ êëàñòåðîâ. Âñåãî â ðà-
áîòå [33] ðåøåíî ðàçáèòü âõîäíûå äàííûå ïîñëå îãðàíè÷åíèÿ èõ ãîðèçîíòàëüíûì è âåðòè-
êàëüíûì îêíàìè íà 10 êëàñòåðîâ. Îäèí èç ýòèõ êëàñòåðîâ ñîîòâåòñòâóåò íàéäåííûì ïåðâûì
âñòóïëåíèÿì ñåéñìè÷åñêèõ âîëí.

2. Алгоритмы, основанные на применении нейронных сетей

2.1. Полносвязные нейронные сети

Ïîëíîñâÿçíàÿ íåéðîííàÿ ñåòü ñîñòîèò èç âõîäíîãî, îäíîãî èëè íåñêîëüêèõ ñêðûòûõ ñëî-
åâ è îäíîãî èëè íåñêîëüêèõ âûõîäíûõ ñëîåâ, êàæäûé èç êîòîðûõ õàðàêòåðèçóåòñÿ ñâîèì
íàáîðîì âåñîâ [37]. Â îáùåì âèäå ìíîãîóðîâíåâàÿ íåéðîííàÿ ñåòü, ñîñòîÿùàÿ èç ìíîæåñòâà
óçëîâ, ïðåäñòàâëåííûõ ïåðñåïòðîíàìè, èçîáðàæåíà íà ðèñ. 6.

Êàæäûé ïåðñåïòðîí îáó÷àåòñÿ ñîãëàñíî îïðåäåëåííîìó ïðàâèëó, èçìåíÿÿ âåñà ìîäåëè
â ñîîòâåòñòâèè ñ îïðåäåëåííîé âåëè÷èíîé îøèáêè, õàðàêòåðèçóåìîé ðàçíèöåé ìåæäó ðàñ-
ñ÷èòàííûì íåéðîííîé ñåòüþ çíà÷åíèåì è àïðèîðíî çàäàííûì ýòàëîíîì [38].
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Вход

i

Скрытый слой H

k

Скрытый слой H

r

Выход

l

y = (z )k kφk

z = w xk i,k i∑

y = (z )r rφr

z = w yr k,r k∑

y = (z )l lφl

z = w yl r,l r∑

wi k,

wk r,

wr l,

i k r

1 2

Ðèñ. 6. Ñõåìà ìíîãîóðîâíåâîé íåéðîííîé ñåòè ñ íåñêîëüêèìè
ñêðûòûìè ñëîÿìè. Òðè óçëà (ïåðñåïòðîíà) k, r, l, ïðèíàäëå-

æàùèå ðàçíûì ñëîÿì ñåòè, çàêðàøåíû öâåòîì
Fig. 6. The multilayer neural network scheme with several hidden
layers. Three colored nodes (perceptrons) k, r, l belong to di�erent

layers

Íà âõîä íåéðîííîé ñåòè ïîäàåòñÿ ñèãíàë x, íà âûõîäå ïîëó÷àåòñÿ ïðåîáðàçîâàííûé ñèã-
íàë yp; zp � âíóòðåííèå ñîñòîÿíèÿ ñåòè, çàâèñÿùèå îò âûõîäíûõ çíà÷åíèé ïðåäûäóùåãî ñëîÿ
yp−1 è îò âåñîâ wp−1,p. Ïðè íàëè÷èè äîñòàòî÷íîãî êîëè÷åñòâà ïðîìåæóòî÷íûõ ñêðûòûõ
ñëîåâ â òàêîé íåéðîííîé ñåòè îíà ñòàíîâèòñÿ ñïîñîáíîé óëàâëèâàòü è îïðåäåëÿòü ïðèñóò-
ñòâèå äàæå ñëîæíûõ íåëèíåéíûõ âçàèìîñâÿçåé âõîäíûõ ñèãíàëîâ ñ ýòàëîíîì. Íàõîæäåíèå
âåñîâ ñîñòàâíîé ìíîãîóðîâíåâîé íåéðîííîé ñåòè íàçûâàåòñÿ ãëóáîêèì îáó÷åíèåì [39]. Âû-
õîä êàæäîãî ñëîÿ âû÷èñëÿåòñÿ ïî ðàññ÷èòàííûì âåñàì ñ ïîìîùüþ ôóíêöèè àêòèâàöèè
φ(zi). Îáû÷íî ïðèìåíÿþòñÿ íåëèíåéíûå ôóíêöèè àêòèâàöèè, òàê êàê ïîðîé íåâîçìîæíî
ïîñòðîèòü êà÷åñòâåííóþ ëèíåéíóþ çàâèñèìîñòü ìåæäó âõîäîì è âûõîäîì. Åñëè âñå ñëîè
íåéðîííîé ñåòè èìåþò ëèíåéíûå ôóíêöèè àêòèâàöèè, òî âñÿ öåïî÷êà ïðîìåæóòî÷íûõ ñëî-
åâ ìîæåò áûòü ïðåäñòàâëåíà â âèäå ëèíåéíîé çàâèñèìîñòè âûõîäà íåéðîííîé ñåòè yp îò åå
âõîäà x [40, 41]. Íèæå â îáùåì âèäå ïðåäñòàâëåíû äâå èçâåñòíûå è øèðîêî ïðèìåíÿåìûå
ôóíêöèè àêòèâàöèè: ñèãìîâèäíàÿ (ðèñ. 7, а)

φ(zi) =
1

(1 + e−zi)m
,

ãäå m� ãèïåðïàðàìåòð, îïðåäåëÿþùèé ãðàäèåíò ôóíêöèè φ(zi);
è ðåêòèôèöèðîâàííàÿ (ðèñ. 7, б ) [40]

φ(zi) =

{
zi ïðèzi ⩾ 0,

αizi ïðèzi < 0,

ãäå α�ìàëûé ïî çíà÷åíèþ ÿâëÿþùèéñÿ ãèïåðïàðàìåòðîì êîýôôèöèåíò, ïðèíèìàåìûé
îáû÷íî ≈ 0.01.
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j( )z
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j( )z

а / a б / b

Ðèñ. 7. Ôóíêöèè àêòèâàöèè íåéðîííûõ ñåòåé: а� ñèã-
ìîâèäíàÿ, m = 1.0; б �ðåêòèôèöèðîâàííàÿ, α = 0.01
Fig. 7. The neural network activation functions: a is

sigmoid, m = 1.0; b is recti�ed, α = 0.01

Ïîëíîñâÿçíàÿ íåéðîííàÿ ñåòü ìî-

æåò áûòü ïðèìåíåíà è äëÿ îïðåäåëå-

íèÿ ïåðâûõ âñòóïëåíèé íà ðåãèñòðè-

ðóåìûõ ñåéñìè÷åñêèõ ñèãíàëàõ. Âû-

ïîëíèâ îáó÷åíèå íà îòîáðàííîé ïîä-

õîäÿùåé îáó÷àþùåé âûáîðêå, ñåòü

ñòàíîâèòñÿ ñïîñîáíîé îáîáùèòü íà-

êîïëåííóþ â õîäå åå îáó÷åíèÿ èíôîð-

ìàöèþ è íà ñëó÷àè, íå âêëþ÷åííûå â

ñîñòàâ îáó÷àþùåé âûáîðêè [42]. Îáó-

÷àþùàÿ âûáîðêà äîëæíà ñîäåðæàòü

êà÷åñòâåííûå ïðîïèêèðîâàííûå ïåð-

âûå âñòóïëåíèÿ, îòäåëÿþùèå îáëàñòü

øóìîâ îò ïîëåçíîãî ñèãíàëà, è êàæäîé òî÷êå èç ýòèõ îáëàñòåé ïðèñâîåíà ñâîÿ ìåòêà: øóì

èëè ïîëåçíûé ñèãíàë, äëÿ ÷åãî òðåáóåòñÿ êîíòðîëü ñî ñòîðîíû ñïåöèàëèñòà, êîòîðûé äîë-

æåí âûáðàòü ïîäõîäÿùèé íàáîð ñåéñìè÷åñêèõ äàííûõ è îáåñïå÷èòü ïðàâèëüíîñòü ïèêèðî-

âîê [43]. Ïîñëå îáó÷åíèÿ òàêîé íåéðîííîé ñåòè îíà ìîæåò îòäåëÿòü ïîëåçíûé ñèãíàë îò

øóìîâ è íà íîâûõ äëÿ íåå äàííûõ.

Ïîñêîëüêó èñõîäíûå äàííûå ìîãóò èìåòü øóìû, ìåøàþùèå îáó÷åíèþ è ðàáîòå íåéðîí-

íîé ñåòè, èìååò ñìûñë âûïîëíÿòü ïðåäîáðàáîòêó âõîäíûõ ñåéñìè÷åñêèõ äàííûõ äëÿ ïîäàâ-

ëåíèÿ øóìîâ [44]. Ðàçóìååòñÿ, íå îáÿçàòåëüíî ïîäàâàòü íà âõîä íåéðîííîé ñåòè ñèãíàë â

åãî èñõîäíîì âèäå íåïîñðåäñòâåííî, îí ìîæåò áûòü ïðåîáðàçîâàí â äðóãîé âèä, äëÿ ÷åãî

îò âõîäíîãî ñèãíàëà ðàññ÷èòûâàåòñÿ íåêîòîðàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ CF . Íåéðîí-

íûå ñåòè ìîãóò âêëþ÷àòü â ñåáÿ ðàññìîòðåííûå ðàíåå êëàññè÷åñêèå àëãîðèòìû, ÷òî äåìîí-

ñòðèðóåòñÿ, íàïðèìåð, â ðàáîòå Äæåíòèëè è Áðàãàòî, ãäå ñ ïîëíîñâÿçíîé íåéðîííîé ñåòüþ

èñïîëüçóåòñÿ àëãîðèòì STA/LTA, ðàññìîòðåííûé â ï. 1.2 [44].

2.2. Нейронные сети Кохонена

Äàííûé âèä íåéðîííûõ ñåòåé øèðîêî ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ çàäà÷ êëàñòåðèçàöèè

äàííûõ. Âõîäíîé ñëîé çäåñü èìååò m âõîäíûõ íàáîðîâ äàííûõ, à âûõîäíîé ñëîé� n íà-

áîðîâ äàííûõ. Íåéðîíû â âûõîäíîì ñëîå îðãàíèçîâàíû â âèäå ìàòðèöû, è âñå âûõîäíûå

íåéðîíû ñâÿçàíû äðóã ñ äðóãîì, â îòëè÷èå îò âõîäíûõ íåéðîíîâ, êîòîðûå íå èìåþò íèêàêèõ

ñâÿçåé äðóã ñ äðóãîì, íî âñå íåéðîíû âõîäíîãî ñëîÿ èìåþò ïîëíóþ ñâÿçü ñî âñåìè íåéðî-

íàìè âûõîäíîãî ñëîÿ, è êàæäàÿ òàêàÿ ñâÿçü èìååò ñâîé âåñ wi,j [45]. Ñâÿçè ìåæäó âõîäíûì

è âûõîäíûì ñëîåì ÿâëÿþòñÿ âîçáóæäàþùèìè, à âíóòðåííèå ñâÿçè âûõîäíîãî ñëîÿ � ïî-

äàâëÿþùèìè. Êîëè÷åñòâåííàÿ õàðàêòåðèñòèêà ñâÿçè j-ãî âîçáóæäàþùåãî âåêòîðà vj ñ i-ì

íåéðîíîì âûõîäíîãî ñëîÿ ìîæåò áûòü çàäàíà âûðàæåíèåì [45]

I
vj
i = wivj =

m∑

k=1

wi,kvk,j ,

ãäå wi = (wi,1, wi,2, . . . , wi,m) õàðàêòåðèçóåò ñèëó âîçäåéñòâèÿ íà i-é âûõîäíîé íåéðîí îò

âåêòîðà âîçäåéñòâèÿ vj .

Íåéðîíû âûõîäíîãî ñëîÿ ñîðåâíóþòñÿ äðóã ñ äðóãîì� â ðåçóëüòàòå îáó÷åíèÿ íåéðîí-

ïîáåäèòåëü è åãî îêðóæåíèå îáúåäèíÿþòñÿ [45]. Âåêòîð âåñîâ íåéðîíà-ïîáåäèòåëÿ ëó÷-

øå âñåãî ñîîòâåòñòâóåò âõîäíîìó øàáëîíó, äëÿ ýòîãî íåéðîíà è åãî îêðóæåíèÿ ïðîèñõî-

äèò ïåðåðàñ÷åò èõ îáúåäèíåííûõ ïàðàìåòðîâ [46]. Ïóñòü ui,j �õàðàêòåðèñòèêà ñèëû ãîðè-

çîíòàëüíîé ñâÿçè ìåæäó i-ì è k-ì íåéðîíàìè âûõîäíîãî ñëîÿ, íàõîäÿùèìèñÿ â ïîçèöè-

ÿõ ri è rk ñîîòâåòñòâåííî. Òîãäà êîëè÷åñòâåííàÿ õàðàêòåðèñòèêà ãîðèçîíòàëüíîãî âîçäåé-
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Ðèñ. 8. Îáùèé âèä âåéâëåò-ôóíêöèè
¾Ìåêñèêàíñêàÿ øëÿïà¿ h(t)

Fig. 8. �Mexican Hat� wavelet function
general view h(t)

ñòâèÿ íà i-é íåéðîí âûõîäíîãî ñëîÿ ñðåäè ãîðè-
çîíòàëüíîãî íàáîðà íåéðîíîâ l çàïèñûâàåòñÿ â âè-
äå [45]

I
(l)
i =

∑

k∈N,k 6=i

ui,jh(rk − ri)φk,

ãäå φk � âûõîä ôóíêöèè àêòèâàöèè k-ãî íåéðîíà,
h� âåéâëåò-ôóíêöèÿ ¾Ìåêñèêàíñêàÿ øëÿïà¿ [45]

hc,i(t) = α(t) exp(−‖rc − ri‖2
2σ2(t)

),

ãäå t õàðàêòåðèçóåò ïðîøåäøåå âðåìÿ îáó÷åíèÿ
ìîäåëè, σ(t)� ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ãàóññîâîé ôóíêöèè, õàðàêòåðèçóåò ðàäè-
óñ îêðóæåíèÿ íåéðîíà-ïîáåäèòåëÿ, i�íåéðîí-ñîñåä íåéðîíà-ïîáåäèòåëÿ âûõîäíîãî ñëîÿ c,
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Ðèñ. 9. Îáùèé âèä íåéðîííûõ ñåòåé Êîõîíåíà
Fig. 9. Kohonen neural network general view

α(t) õàðàêòåðèçóåò ñêîðîñòü îáó÷åíèÿ,

‖rc − ri‖�ðàññòîÿíèå ìåæäó ïîçèöèÿìè

rc è rk íåéðîíîâ c è k ñîîòâåòñòâåííî.

Â îáùåì âèäå ôóíêöèÿ ¾Ìåêñèêàíñêàÿ

øëÿïà¿ èçîáðàæåíà íà ðèñ. 8, à ñõåìà

íåéðîííîé ñåòè Êîõîíåíà � íà ðèñ. 9.

Îïðåäåëåíèå ìîìåíòîâ âðåìåíè ïåð-

âûõ âñòóïëåíèé íà 3D äàííûõ ñåéñìîðàç-

âåäêè ñ èñïîëüçîâàíèåì íåéðîííîé ñåòè

Êîõîíåíà îïèñàíî â ðàáîòå [47]. Â íåé

àâòîðû ïîëó÷àþò ñïåðâà ïðèáëèçèòåëü-

íóþ îöåíêó ïîëîæåíèé ïåðâûõ âñòóïëå-

íèé, àíàëèçèðóÿ òðàññû â ñêîëüçÿùèõ

îêíàõ, ðàçäåëÿÿ òðàññû íà òðè ÷àñòè: çî-

íó ìèêðîñåéñìîâ, çîíó ïåðâîãî ñðûâà è

çîíó ìàêñèìàëüíîé àìïëèòóäû, ñëåäóþ-

ùóþ çà ïåðâûì ñðûâîì (ðèñ. 10).
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Ðèñ. 10. Ñõåìàòè÷íîå ðàçäåëåíèå ñåéñìè÷åñêîé
òðàññû íà òðè ó÷àñòêà: ìèêðîñåéñìû, ó÷àñòîê
ïåðâîãî ñðûâà è ó÷àñòîê ñëåäóþùåãî çà ñðûâîì

ìàêñèìóìà (öâåò îíëàéí)
Fig. 10. The seismic trace schematic separation into
three parts: The microseismic part, the �rst breaks
part and the part of the maximum following the �rst

break (color online)

Çàòåì, ïîñëå ïîëó÷åíèÿ ïðèáëèçè-

òåëüíûõ âñòóïëåíèé, àâòîðû èõ ôèëü-

òðóþò ïî êðèòåðèþ íåïðåâûøåíèÿ êà-

æóùåéñÿ ñêîðîñòüþ ñåéñìè÷åñêèõ âîëí â

òåñòèðóåìîé òî÷êå çàäàííîãî ïîðîãà [48]:
∣∣∣∣V2 −

V1 + V3
2

∣∣∣∣ > Vthr,

ãäå Vthr � çàäàííûé ïîðîã, V2 �êàæó-

ùàÿñÿ ñêîðîñòü â òåñòèðóåìîé òî÷êå,

V1 è V3 �êàæóùèåñÿ ñêîðîñòè â ñîñåä-

íèõ òî÷êàõ. Ïîñëå ôèëüòðàöèè ñëåäó-

åò êîððåêòèðîâêà ïåðâûõ âñòóïëåíèé ñ

ïîìîùüþ íåéðîííîé ñåòè Êîõîíåíà [47].

Íà îñíîâå äàííîãî ïîäõîäà ñîçäàí ïðî-

ãðàììíûé êîìïëåêñ àâòîìàòè÷åñêîé ïè-

êèðîâêè ¾MPick¿ [49].
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2.3. Сверточные нейронные сети (CNN )

Íåéðîííûå ñåòè, íàçûâàåìûå ñâåðòî÷íûìè, ÿâëÿþòñÿ ÷ðåçâû÷àéíî ïîïóëÿðíûì âèäîì

íåéðîííûõ ñåòåé, èñïîëüçóåìûõ â ãëóáîêîì îáó÷åíèè. Äàííûå ñåòè øèðîêî èñïîëüçóþòñÿ

â ðàñïîçíàâàíèè îáúåêòîâ íà èçîáðàæåíèÿõ [50].

Ãëóáîêîå îáó÷åíèå äëÿ àâòîìàòè÷åñêîé ïèêèðîâêè âñòóïëåíèé� áûñòðî ðàçâèâàþùå-

åñÿ íàïðàâëåíèå èññëåäîâàíèé â ïîñëåäíåå âðåìÿ. Â ðàáîòå [51] ïðîâåäåí ÷èñëåííûé àíà-

ëèç øåñòè êîíêðåòíûõ ðåàëèçàöèé íåéðîííûõ ñåòåé ãëóáîêîãî îáó÷åíèÿ äëÿ ïèêèðîâàíèÿ

âñòóïëåíèé íà ñåéñìè÷åñêèõ ñèãíàëàõ, è âî âñåõ íèõ â òîì èëè èíîì âèäå èõ ÷àñòüþ ÿâ-

ëÿþòñÿ ñâåðòî÷íûå íåéðîííûå ñåòè. Ñåðüåçíûì ïðåèìóùåñòâîì CNN ÿâëÿåòñÿ òî, ÷òî îíè

ïðåäîñòàâëÿþò íåêîòîðóþ ñòåïåíü óñòîé÷èâîñòè ñâîåé ðàáîòû ê âîçìîæíûì ñäâèãàì è èñ-

êàæåíèÿì âî âõîäíûõ äàííûõ [52]. Ìàëåíüêèå ïðîñòûå CNN -îñíîâàííûå ñåòè ïîêàçûâàþò

áоëüøóþ óñòîé÷èâîñòü, ÷åì äðóãèå ïðîñòûå íåéðîííûå ñåòè [53], ïðè ýòîì îíè òðåáóþò

ìåíüøå ïàðàìåòðîâ äëÿ îáó÷åíèÿ [2].

Ñâåðòî÷íûå ñåòè èìåþò â ñâîåì ñîñòàâå ìíîæåñòâî ôèëüòðîâ, ïðèìåíÿþùèõ îïåðàöèþ

ñâåðòêè ê âõîäíûì äàííûì. Â îáùåì âèäå îïåðàöèÿ ñâåðòêè çàäàåòñÿ âûðàæåíèåì [54]

xj = φ(o ∗wj), j = 1, 2, ..., J,

ãäå xj � j-é âåêòîð âûõîäíûõ çíà÷åíèé, o� âõîäíîé âåêòîð, wj �ïðèìåíÿåìûé ôèëüòð,

ïðåäñòàâëÿþùèé ñîáîé âåêòîð âåñîâ, ñîåäèíÿþùèõ âõîä o ñ âûõîäîì xj , J � îáùåå êîëè÷å-

ñòâî ôèëüòðîâ, ∗� îïåðàòîð ñâåðòêè, φ�ôóíêöèÿ àêòèâàöèè.

Â îáùåì âèäå ñâåðòî÷íàÿ íåéðîííàÿ ñåòü äëÿ îïðåäåëåíèÿ ïåðâûõ âñòóïëåíèé, ñîäåð-

æàùàÿ ñâåðòî÷íûé, âûáîðî÷íûé è ïîëíîñâÿçíûé ñëîè, ïðåäñòàâëåíà íà ðèñ. 11 [54]. Ýòè

ñëîè ëåæàò â îñíîâå ñâåðòî÷íûõ íåéðîííûõ ñåòåé [2].
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Ðèñ. 11. Ñõåìà ñâåðòî÷íîé íåéðîííîé ñåòè äëÿ êëàññèôèêàöèè ñåéñìè÷åñêîãî ñèãíàëà

ïî äâóì ïðèçíàêàì: ïî îáëàñòè ïîëåçíîé ÷àñòè ñèãíàëà è ïî îáëàñòè ìèêðîñåéñìîâ

Fig. 11. The scheme of a convolutional neural network for the seismic signal classi�cation

using two �ags, marking whether a data sample belongs to microseismic noise or to the

useful informational part
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Ñâåðòî÷íûé ñëîé ÿâëÿåòñÿ êëþ÷åâûì â CNN. Îí èìååò äâà çàäàâàåìûõ ïàðàìåòðà �

ðàçìåð è ãëóáèíó, âåñà æå çàäàþòñÿ ñëó÷àéíî è îïòèìèçèðóþòñÿ àâòîìàòè÷åñêè. Â îáùåì

âèäå ñâåðòî÷íûé ñëîé çàäàåòñÿ ôîðìóëîé [2]

x
(l)
j = φ(x

(l−1)
i ∗ w(l)

i,j + b
(l)
j ),

ãäå x
(l−1)
i � âûõîä i-ãî íåéðîíà íà ñëîå (l − 1), x

(l)
j � âûõîä j-ãî íåéðîíà ñëîÿ l, w

(l)
i,j � ñâåð-

òî÷íîå ÿäðî, b
(l)
j � ñìåùåíèå.

Âûáîðî÷íûé ñëîé ïðèìåíÿåòñÿ äëÿ óìåíüøåíèÿ ðàçìåðà íåéðîííîé ñåòè ñ öåëüþ ïîâû-

øåíèÿ âû÷èñëèòåëüíîé ýôôåêòèâíîñòè. Ñàìûå ðàñïðîñòðàíåííûå âèäû âûáîðî÷íîãî ñëîÿ:

óñðåäíÿþùèé ñëîé, âûáèðàþùèé ñðåäíåå çíà÷åíèå, è ìàêñèìèçèðóþùèé ñëîé, âûáèðàþùèé

ìàêñèìàëüíîå çíà÷åíèå èç ëîêàëüíûõ õàðàêòåðèñòèê [2].

Ïîëíîñâÿçíûé ñëîé îòâå÷àåò çà ðàñïðåäåëåíèå íàéäåííûõ êëþ÷åâûõ õàðàêòåðèñòèê,

ïðåäñòàâëÿþùèõ ñîáîé îäíîìåðíûé âåêòîð, ïîäàâàåìûé íà åãî âõîä. Ýòîò âåêòîð ôîðìèðó-

åòñÿ ïîñëå ïðîõîæäåíèÿ ïåðâûõ äâóõ ñëîåâ � ñâåðòî÷íîãî è âûáîðî÷íîãî. Â ïîëíîñâÿçíîì

ñëîå êàæäûé íåéðîí íà âõîäå ñâÿçàí ñî âñåìè íåéðîíàìè íà âûõîäå. Íåîáõîäèìîå êîëè-

÷åñòâî ïîëíîñâÿçíûõ ñëîåâ è íåéðîíîâ â âûõîäíîì ñëîå âûáèðàåòñÿ èñõîäÿ èç ðåøàåìîé

çàäà÷è. Äàííûé ñëîé çàäàåòñÿ âûðàæåíèåì [2]

x
(l)
j = φ(w

(l)
i,jx

(l−1)
i + b

(l)
j ),

ãäå x(l−1) � âûõîä i-ãî íåéðîíà íà ñëîå (l− 1), x
(l)
j � âûõîä j-ãî íåéðîíà ñëîÿ l ïîñëå ïîëíî-

ñâÿçíîãî ñëîÿ, w
(l)
i,j �ìàòðèöà âåñîâ, b

(l)
j � ñìåùåíèå.

Äëÿ öåëåé ïèêèðîâàíèÿ èìååò ñìûñë ñïåðâà ïðèìåðíî îïðåäåëèòü ïåðâûå âñòóïëåíèÿ,

íàïðèìåð, ïðîêîððåëèðîâàâ èõ ïðÿìîé ëèíèåé, è çàäàòü îïðåäåëåííîé øèðèíû èíòåðâàë

äëÿ äàëüíåéøåãî óòî÷íåíèÿ âñòóïëåíèé. Îáó÷àþùèå âõîäíûå äàííûå íåîáõîäèìî ïðîìàð-

êèðîâàòü, ïðèñâîèâ −1 ìèêðîñåéñìàì è +1 îáëàñòè ïîëåçíîãî ñèãíàëà [2]. Ïîñëå îáó÷åíèÿ

CNN ñïîñîáíà íàõîäèòü â íîâûõ ïîäàâàåìûõ íà âõîä äèñêðåòíûõ ñèãíàëàõ ïîõîæèå øàáëî-

íû èç îáó÷àþùåé âûáîðêè è ïðèñâàèâàòü íîâûì äàííûì ñîîòâåòñòâóþùóþ ìåòêó, îòíîñÿ

èõ ê ìèêðîñåéñìàì èëè ê ïîëåçíîé ÷àñòè ñèãíàëà.

Заключение

Ðàññìîòðåííûå ïîäõîäû ê àâòîìàòèçàöèè ïèêèðîâàíèÿ ïåðâûõ âñòóïëåíèé ïîëåçíîãî

ñåéñìè÷åñêîãî ñèãíàëà ïðèìåíÿþòñÿ â ñïåöèàëüíûõ ïðîãðàììíûõ êîìïëåêñàõ, ïðè ýòîì

êàæäàÿ êîíêðåòíàÿ ðåàëèçàöèÿ òàêèõ ïðîãðàìì èìååò ñâîé íàáîð àëãîðèòìîâ, ñîñòàâ êîòî-

ðîãî îïðåäåëÿåòñÿ ñîçäàòåëÿìè ïðîãðàììû. Äëÿ ðåøåíèÿ çàäà÷è îïðåäåëåíèÿ âñòóïëåíèé

ìîãóò áûòü ïðèìåíåíû êàê êëàññè÷åñêèå àëãîðèòìû, íå èñïîëüçóþùèå íåéðîííûå ñåòè, òàê

è ñîâðåìåííûå íåéðîñåòåâûå ïîäõîäû, ïðè ýòîì ïîñëåäíèå ìîãóò âêëþ÷àòü â ñåáÿ íåêîòî-

ðóþ íåîáõîäèìóþ êîìáèíàöèþ êëàññè÷åñêèõ àëãîðèòìîâ. Îäíè ïîäõîäû ðàáîòàþò ñ êàæ-

äûì ñèãíàëîì ïî îòäåëüíîñòè, äðóãèå æå ó÷èòûâàþò ïðîñòðàíñòâåííîå âçàèìîðàñïîëîæå-

íèå ðåãèñòðèðóåìûõ ñåéñìè÷åñêèõ òðàññ è îñíîâàíû íà ïðåäïîëîæåíèè î òîì, ÷òî ñèãíàëû

îò îäíîãî è òîãî æå èñòî÷íèêà, çàðåãèñòðèðîâàííûå ðàçíûìè ïðèåìíèêàìè, äîëæíû áûòü

ñõîæèìè, ñ íåêîòîðûì ñìåùåíèåì ïî îñè âðåìåíè. Â îáùåì âèäå ñõåìà ðàññìîòðåííûõ

ïîäõîäîâ ê ïèêèðîâàíèþ ïåðâûõ âñòóïëåíèé ïðåäñòàâëåíà íà ðèñ. 12.

Òàáëèöà ñ ïîëó÷åííûìè çíà÷åíèÿìè îöåíêè òî÷íîñòè ïèêèðîâîê àâòîðàìè ñîîòâåòñòâó-

þùèõ èññëåäîâàíèé ïðèâåäåíà íèæå. Îäíàêî íåîáõîäèìî çàìåòèòü, ÷òî ïðÿìî ñðàâíèâàòü

ìåæäó ñîáîé ïîëó÷åííûå îöåíêè â òàáëèöå íåêîððåêòíî, ïîñêîëüêó èññëåäîâàíèÿ ïðîâåäå-

íû íà ðàçíûõ èñõîäíûõ äàííûõ.
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Ðèñ. 12. Ñõåìà ðàññìîòðåííûõ ïîäõîäîâ ê àâòîìàòè÷åñêîìó ïèêèðîâàíèþ ïåðâûõ
âñòóïëåíèé ñåéñìè÷åñêèõ âîëí (öâåò îíëàéí)

Fig. 12. The scheme of the considered seismic �rst break picking approaches (color
online)

Оценки точности подходов к пикированию первых вступлений
Table. Firt breaks picking approaches accuracy estimation

Подход Источник Тип данных Метрика Оценка
STA/LTA [5] Сейсмо-

логические
Precision В окне 0.473 с найдены 74% вступ-

лений в широкополосных трассах и
87% вступлений на короткопериод-
ных трассах, тест на специально ото-
бранных трассах с заведомо ложными
вступлениями дал 63% ложных сраба-
тываний

FilterPicker [5] Сейсмо-
логические

Precision В окне 0.473 с найдены 90% вступле-
ний в широкополосных и короткопери-
одных трассах, ложных срабатываний
20%, тест на специальных трассах с
заведомо ложными вступлениями дал
20% ложных срабатываний

Статистика вы-
сокого порядка

[13] Сейсмо-
логические

Accuracy В окне 1 с оценка 98.5%, ложных сра-
батываний 0.064%

Авторегрессион-
ный подход

[16] Сейсмо-
логические

Ср. ошибка
времени

пикировки

0.55 с

Корреляционный
подход

[27] Сейсмо-
разведоч-

ные

Ошибка
оценки
скорости
сейсми-
ческой
волны

1.2%

Динамическое
искривление вре-
мени (DTW )

– Сейсмо-
разведоч-

ные

Нет данных –

124 Научный отдел



Г. Е. Бурцев, М. М. Немирович-Данченко. Описание существующих подходов к автоматизации

Îêîí÷àíèå òàáëèöû / Continuation of the Table

Подход Источник Тип данных Метрика Оценка
Нечеткая класте-
ризация (FCM )

[33] Сейсмо-
разведоч-

ные

Accuracy При окне валидации 2 мс оценка 96.5%
для данных с Синьцзянского нефтяно-
го месторождения и 81.25% для дан-
ных с Сычуаньского нефтегазоносного
бассейна

Полносвязные
нейронные сети

[37] Сейсмо-
разведоч-

ные

Средне-
квадротич-

ное
отклонение
ошибок

пикировок

8.1897 мс без доп. шума;
7.2740 мс с добавленным шумом при
SNR (отношение сигнал / шум) = 4;
8.2929 мс при SNR = 8;
8.2757 мс при SNR = 13

Нейронные сети
Кохонена

– Сейсмо-
разведоч-

ные

Нет данных –

Сверточные
нейронные сети
(CNN )

[51] Сейсмо-
логические

Площадь
под кривой
(AUC )

Для нескольких протестированных
моделей оценки следующие:
BasicPhaseAE— 0.768;
CRED— 0.952;
DPP— 0.942;
EQTransformer — 0.965;
GPD-Org — 0.928;
GPD— 0.952;
PhaseNet — 0.955

Â òàáëèöå ìåòðèêà Precision îïðåäåëÿåòñÿ êàê Precision = TP/(TP + FP ), à ìåò-
ðèêà Accuracy îïðåäåëÿåòñÿ êàê Accuracy = (TP + TN)/(TP + TN + FP + FN), ãäå
TP �êîëè÷åñòâî âåðíîïîëîæèòåëüíûõ, TN �êîëè÷åñòâî âåðíîîòðèöàòåëüíûõ, FP �êî-
ëè÷åñòâî ëîæíîïîëîæèòåëüíûõ è FN �êîëè÷åñòâî ëîæíîîòðèöàòåëüíûõ ïèêèðîâîê [55].
Åñëè ÷óâñòâèòåëüíîñòü SE îïðåäåëèòü êàê SE = TP/(TP + FN), à ñïåöèôè÷íîñòü SP �
êàê SP = TN/(FP + TN), òî õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ROC åñòü çàâèñèìîñòü SE îò

1−SP , òîãäà ïëîùàäü ïîä êðèâîé AUC =
∫ 1
0 ROC(thr)dthr [56], ãäå thr � âðåìÿ ðåãèñòðàöèè

î÷åðåäíîãî ïîðîãà â ñåéñìè÷åñêîé òðàññå, êîòîðûé ìîæåò áûòü ïåðâûì âñòóïëåíèåì èëè
ëîæíûì ïåðâûì âñòóïëåíèåì. AUC = 1 îçíà÷àåò ïðåâîñõîäíûé ðåçóëüòàò, à AUC = 0.5
îçíà÷àåò íåñïîñîáíîñòü ìîäåëè àíàëèçèðîâàòü äàííûå è êîððåêòíî îïðåäåëÿòü âñòóïëå-
íèÿ [51].

Äàííûå â òàáëèöå ïðèâåäåíû òîëüêî äëÿ ïðîäîëüíûõ âîëí.
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Аннотация. Â ñòàòüå ïîäðîáíî îïèñàíà ñòîõàñòè÷åñêàÿ ìíîãîøàãîâàÿ èãðîâàÿ ïîñòàíîâêà çàäà-

÷è ðàñ÷åòà åâðîïåéñêîãî îïöèîíà íà íåïîëíîì ðûíêå ñ äèñêðåòíûì âðåìåíåì è êîíå÷íûì ÷èñëîì

àêòèâîâ, áåç òðàíçàêöèîííûõ èçäåðæåê è òîðãîâûõ îãðàíè÷åíèé. Ïðèâåäåíû ðåêóððåíòíûå ñîîòíî-

øåíèÿ áåëëìàíîâñêîãî òèïà äëÿ âåðõíåãî è íèæíåãî ãàðàíòèðîâàííûõ çíà÷åíèé èãðû. Óñòàíîâëåíà
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îïöèîíà, äîñòàâëÿþùèå ýêñòðåìóì â óðàâíåíèÿõ áåëëìàíîâñêîãî òèïà; íàéäåòñÿ ñóïåðõåäæèðóþ-

ùèé ïîðòôåëü åâðîïåéñêîãî îïöèîíà. Ïîêàçàíî, ÷òî íà áåçàðáèòðàæíîì ðûíêå âñåãäà èìååò ìåñòî

èãðîâîå ðàâíîâåñèå. Ïðåäëîæåí ñïîñîá ïîñòðîåíèÿ ñóïåðõåäæèðóþùåãî ïîðòôåëÿ êàê ñòðàòåãèè
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Introduction

Superhedging is one of the most well-known methods to hedge obligations resulting from the
sale of a contingent claim on an incomplete market. The idea of superhedging is to �nd a self-
�nancing trading portfolio with minimal initial investment which a.s. covers any possible future
obligations of the option seller [1, p. 394]. The existence conditions for such a portfolio in the case
of discrete-time market models were �rst established with the use of the optional decomposition
technique by H. F�ollmer and Y. Kabanov [2]. Similar results for continuous-time market models
are obtained in [3] (for the case of risky asset price dynamics de�ned by a di�usion process)
and in [4] (for the general semimartingale setting). However, there remains an issue with the
superhedging portfolios' construction.

In search of a construction method, S. N. Smirnov and V. M. Khametov independently
proposed a game setting for the option pricing problem on an incomplete market ([5, 6], re-
spectively). S.N. Smirnov calculates an option within the guaranteed deterministic framework
developed by him. The main results are collected in [7].

Here, we develop the approach proposed by V.M. Khametov. The formulation and solution
methods for the game were proposed by him. Implementation is ours. The essence is as follows.
In a discrete-time incomplete market model with a �nite number of assets, the European option
pricing problem is formulated as a multi-step stochastic antagonistic game. The players are
the option seller and the market. The market opts for a probability distribution of risky asset
prices equivalent to the basic one. The option seller manages a self-�nancing portfolio formed
initially due to the sale of the contract. By assumption, there are no transaction costs and no
trade restrictions. The game implies two stochastic optimization problems: the minimax and the
maximin ones. The minimax problem is a well-studied one [8,9]. At the same time, the maximin
problem has not yet been studied enough; one does not know if there is an equilibrium and a
saddle point in the game. The article presents the existence conditions for the seller's minimax
and maximin strategies and for a game equilibrium, and explains the relationship between the
game and the superhedging problem. At the end of the article, examples of analytical calculation
for an option with a convex payo� function on a market with a �nite support and corresponding
numerical results for a vanilla call for gold are given.

1. The game

Suppose there are:

1) a probability space (Ω,F ,P), where N is a positive integer (horizon), Ω = (R+)d(N+1),
F := FN := B (Ω), N0 := {0, 1, 2, ..., N} and N1 = N0 \ {0};

2) d-dimensional random variables {St}t∈N0 on it.
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Let us de�ne F0 := {∅,Ω}, Ft = σ(Ss, s ⩽ t), t ∈ N1. To simplify the recording, we assume
that F−1 := F0. Without loss of generality, let us consider �ltration (Ft)t∈N0

as a complete one.
The introduced objects de�ne a multistep stochastic model of a �nancial market with discrete
time and �nite horizon N , consisting of d risky assets with price evolution described by random
variables {St}t∈N0 and one risk-free asset with constant price equal to 1 [1, Section 5.1]. Moments
t ∈ N1 are the moments of bidding. For brevity, we write Su,v := (Su, ..., Sv), 0 ⩽ u < v ⩽ N .

Suppose there is also a European contingent claim fN [1, De�nition 5.20]. The latter means
that fN is an integrable a.s. nonnegative FN -measurable random variable. Throughout, we will
assume fN to be a.s. bounded from above with some constant c1 > 0.

Let us de�ne the strategies set for the market as the set R, consisting of P and all probability
measures Q de�ned on (Ω,F) and equivalent to P. The option seller manages a self-�nancing
portfolio [1, De�nition 5.3] formed initially due to the sale of the contract. By assumption, there
are no transaction costs and no trade restrictions. The number of asset units in a portfolio at
the moment t ∈ N0 is modeled by Ft−1-measurable random variables: a one-dimensional βt for
the risk-free asset and a d-dimensional γt for the risky assets. We denote βu,v := {βt}u⩽t⩽v

and γu,v := {γt}u⩽t⩽v, 0 ⩽ u < v ⩽ N . Portfolio is a pair π0,N = {βt, γt}t∈N0 . It is well
known [1, Remark 5.8], that a self-�nancing portfolio is fully speci�ed by the number of units
for all assets in it at the time moment t = 0 and the number of risky assets units in it at any
t ∈ N1. The total initial value of assets in the portfolio is determined by the value of the option
premium. Due to the absence of transaction costs, one may distribute this value between assets
in any possible way. Thus, it is su�cient to consider γ1,N as an option seller's strategy. By U
we denote the set of all γ1,N , consisting of d-dimensional a.s. �nite Ft−1-measurable random
variables γt, t ∈ N1. Uu,s denotes narrowing of U for {u, ..., v}, 1 ⩽ u < v ⩽ N , γu,v := {γt}u⩽t⩽v

are elements of Uu,s. If u = s, we write γs and Us. The value of a self-�nancing portfolio π
at the moment t is denoted by Xπ

t , t ∈ N1. One has Xπ
t = Xπ

0 + Gγ
1,t [1, Proposition 5.7],

where Gγ
u,t :=

t∑
s=u

d∑
i=1

γ
(i)
s 4S(i)

s , 1 ⩽ u ⩽ t ⩽ N , and 4S(i)
t := S

(i)
t − S

(i)
t−1. The random variable

Gγ
u,t is called the gains process for the investment period from u to t associated with a strategy

γNu,t [1, De�nition 5.6].
By the portfolio with consumption, we mean the pair (π,C) with a self-�nancing portfolio

π and an adapted set of a.s. non-negative random variables {Ct}t∈N0 called consumption. The

value of a portfolio with consumption (π,C) is de�ned by the formula X
(π,C)
t := Xπ

t − Ct.
We will also assume that:
1) all information Ft is available to both players at any given time moment t ∈ N0;
2) players act independently of each other;
3) if the players have chosen strategies Q ∈ R and γ1,N ∈ U , then the option seller's risk is

determined by the formula

IQ,γ
0 := I

Q,γ1,N
0 (S0) := EQ

[
exp

{
fN −Gγ

1,N

}]
,

and the gain of the market is equal to −IQ,γ
0 .

Thus, we consider the dynamic stochastic antagonistic game Γ :=
(
R, U, IQ,γ

0

)
. They say,

there is an equilibrium in the game Γ if inf
γ∈U

sup
Q∈R

IQ,γ
0 = sup

Q∈R
inf
γ∈U

IQ,γ
0 . So, we have to consider

two problems: 1) the minimax one, i.e., to �nd inf
γ∈U

sup
Q∈R

IQ,γ
0 and 2) the maximin one, i.e., to

�nd sup
Q∈R

inf
γ∈U

IQ,γ
0 . The problems are stated correctly. Indeed, by assumption, fN is a.s. bounded,

there is no restriction on the "do not invest in risky assets" strategy. So, one has the inequalities:

0 < sup
Q∈R

inf
γ∈U

IQ,γ
0 ⩽ inf

γ∈U
sup
Q∈R

IQ,γ
0 ⩽ sup

Q∈R
EQ [exp{fN}] ⩽ ec1 . (1)
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2. Key results

We will try a stochastic variant of the dynamic programming method to solve the problems. To
justify our choice of method, let us obtain recurrent relations for the upper and lower guaranteed
values of the game �rst. We will need the following designations, t ∈ N1:

1) IQ,γ
t−1 = I

Q,γt,N
t−1 (S0,t−1) := EQ

[
exp

{
fN −Gγ

t,N

}
|Ft−1

]
, Q ∈ R, γt,N ∈ Ut,N ;

2) upper (lower) guaranteed value

V̂t−1 := ess inf
γ∈Ut,N

ess sup
Q∈R

IQ,γ
t−1 ,

(
V̌t−1 := ess sup

Q∈R
ess inf
γ∈Ut,N

IQ,γ
t−1

)
.

Random variables V̂t and V̌t are a.s. bounded. One may prove it in the same way as it was done
for inequality (1).

Theorem 1. The upper and lower guaranteed values {V̂t}t∈N0 and {V̌t}t∈N0 satisfy a.s. the
recurrent relations, t ∈ N0,




V̂t = ess inf

γ∈Ut+1

ess sup
Q∈R

EQ
[
V̂t+1e

−γ4St+1 |Ft

]
,

V̂N = efN ,
(2)

({
V̌t = ess sup

Q∈R
ess inf
γ∈Ut+1

EQ
[
V̌t+1e

−γ4St+1 |Ft

]
,

V̌N = efN

)
. (3)

To prove Theorem 1, we justi�ed non-strict inequalities in both directions for the left and
right parts of (2) and (3). The issue is to rearrange the essential extremum and conditional
mathematical expectation. One can verify that the sets for which optimization is carried out are
all of them directed upwards [1]. So, the monotone convergence theorem allows for rearranging.

Now, let us establish existence conditions for a seller's strategies γ̂ (γ̌) ∈ U such that for any
t ∈ N1, one has a.s.

V̂t−1 =

(
ess sup
Q∈R

EQ
[
V̂te

−γt4St |Ft−1

]) ∣∣∣
γt=γ̂t

(4)

(
V̌t−1 = ess sup

Q∈R
EQ
[
V̌te

−γ̌t4St |Ft−1

])
. (5)

Let us denote ϒ̂ := {γ ∈ U satis�es (4) for any t ∈ N1} and ϒ̌ := {γ ∈ U satis�es (5) for
any t ∈ N1}. By M we denote the set of all (Ft)t∈N0

-martingale probability measures de�ned on
(Ω,F) [1, De�nition 5.14].

Theorem 2. The following statements are equivalent:

1) R ∩M 6= ∅;
2) ϒ̂

(
ϒ̌
)
6= ∅;

3) there are γ̂ (γ̌) ∈ U and (Ft)t∈N0-adapted a.s. non-decreasing non-negative stochastic
sequens Ĉ := {Ĉt}t∈N0

(
Č := {Čt}t∈N0

)
with Ĉ0 = 0

(
Č0 = 0

)
such that self-�nancing

portfolio with consumption (π̂, Ĉ)
(
(π̌, Č)

)
, where the number of risky assets is determined

by a strategy γ̂ (γ̌) and X̂t := X
(π̂,Ĉ)
t = ln V̂t

(
X̌t := X

(π̌,Č)
t = ln V̌t

)
, t ∈ N0, has the

following properties:
� fN ⩽ X̂N

(
fN ⩽ X̌N

)
a.s. and

� for any other portfolio with consumption (π,C): fN ⩽ X
(π,C)
N a.s. it follows that

X̂t ⩽ X
(π,C)
t

(
X̌t ⩽ X

(π,C)
t

)
a.s., t ∈ N0.
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The essence of the proof is as follows. Implication from 1 to 2 follows from the fact that for any

t ∈ N0, random variables Φ̂γ
t := ess sup

Q∈R
EQ
[
V̂te

−γ4St |Ft−1

]
and Φ̌Q,γ

t := EQ
[
V̌te

−γ4St |Ft−1

]
are

a.s. �nite, convex, continuous functions of γ, and for any {γk}k⩾1 such that lim
k→∞

||γk||Rd = ∞

a.s. the limit lim
k→∞

Φ̂γ
t = ∞

(
lim
k→∞

Φ̌Q,γ
t = ∞, Q ∈ R

)
a.s. One can prove implication from 2

to 3 directly by writing the corresponding inequalities for the portfolio with number of risky

assets de�ned by γ̂ ∈ ϒ̂
(
γ̌ ∈ ϒ̌

)
and 4Ĉ γ̂

t := −4 ln V̂t + γ̂t4St
(
4Č γ̌

t := −4 ln V̌t + γ̌t4St
)
,

Ĉ0 = Č0 = 0, t ∈ N1. Implication from 3 to 1 follows from the contradiction between item 3 of
the theorem and the existence of t ∈ N1 and non-zero γ′ ∈ Ut such that P(γ′4St < 0|Ft−1) = 0
and P(γ′4St > 0|Ft−1) > 0 a.s. It immediately proves that R ∩M 6= ∅ [10, Lemma 3, p. 422].

Remark 1. The proof of Theorem 2 implies that γ ∈ U in items 2 and 3 is the same object.
Thus, items 2 and 3 of the theorem suggest the way to construct a super-hedging portfolio with
minimal initial value, which also allows us to calculate the value of such a portfolio at any time
moment t ∈ N0.

Remark 2. The values X̂t è X̌t, t ∈ N0, are a.s. minimal, and Ĉ0 = Č0 = 0. So, item 3)
of Theorem 2 implies that there is always an equilibrium in the game Γ with an arbitrage-free
market model (i.e., model with R ∩M 6= ∅).

3. Examples

Suppose one-dimensional random variables {St}t∈N0 are de�ned by recurrent relations

St = St−1 (1 + ρt) , St|t=0 = x0 > 0,

where {ρt}t∈N1
are i.i.d. with support {a1, ..., al}, −1 < a1 < ...ai < 0 < ai+1... < al < ∞,

1 ⩽ i < l, and respective probabilities pj > 0, j = 1, l,
l∑

j=1
pj = 1. Then (Ω,F ,P) is the

corresponding probability space. Let Ft := σ(Ss, s ⩽ t), t ∈ N0. Here St is used for the discounted
value of a risky asset unit, and ρt is its yield, t ∈ N0. It is known that this market model with
l > 2 is incomplete.

For a European contingent claim fN = f(SN ), where P(fN ⩾ 0) = 1 and f is convex, solution
for the minimax problem is well known [9], t ∈ N1:

1) Q∗(ρt = a1) = q∗, Q∗(ρt = al) = 1 − q∗ and Q∗(ρt = aj) = 0, j 6∈ {a1, al}, where
q∗ = al/(|a1|+ al);

2) lnVt(x) =
N−t∑
s=1

Cs
N−tf(x(1 + a1)

s(1 + al)
N−t−s)(q∗)s(1− q∗)N−t−s;

3) γ∗t = 1
St−1(|a1|+al)

ln Vt(St−1(1+al))
Vt(St−1(1+a1))

;

4) the number of risk-free asset units might be calculated via self-�nancing condition, and
one may chose β0 = lnV0.

There in Theorem 2, it was proved that such a portfolio is a super-hedging one with minimal
initial value.

Let us apply game theory to calculate a vanilla European call for gold. We use the opening
quotes for a troy ounce of gold for the period from 03 September 2007 to 25 November 2023,
published at https://www.�nam.ru/pro�le/tovary/gold/export/. From the data, it follows that
prices for gold varied in the range from 674.90 to 2066.30 dollars for one troy ounce, and its
yield varied from −0.100781 to 0.079597. So, we are able to price the European call option for
gold with fN (x) = max{0, SN − K}, where K is a constant. Suppose we will price it for a
monthly contract, speci�cally for August 2023. We �nd: S0 = 1986.2, N = 26, a1 = −0.100781,
al = 0.079597, q∗ = 0.441279, 1 − q∗ = 0.558721. If K = 1900, than X̂0 = 398.12 dollars. A
superhedging portfolio, its value, consumption, and its value minus consumption are in the Table.
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Table. Pricing results for month European call option for troy ounce of gold

Date Price for
troy ounce
of gold

Number
of risky

assets units

Number
of risk-free
assets units

Value
of portfolio

Portfolio
value minus
consumption

Consumption

01.08.23 1 986.20 0.000000 398.12 398.12 398.12 0.00
02.08.23 1 972.60 0.619681 −832.69 389.69 385.76 3.93
03.08.23 1 970.30 0.613819 −821.13 388.28 376.65 11.64
04.08.23 1 977.10 0.610657 −814.89 392.43 372.19 20.25
06.08.23 1 974.00 0.613040 −819.61 390.53 366.59 23.95
07.08.23 1 967.80 0.610268 −814.13 386.75 348.44 38.31
08.08.23 1 963.90 0.605305 −804.37 384.39 345.80 38.59
09.08.23 1 951.20 0.603263 −800.36 376.73 325.52 51.21
10.08.23 1 946.60 0.594048 −782.38 374.00 319.03 54.96
11.08.23 1 945.50 0.591792 −777.99 373.35 309.19 64.16
13.08.23 1 944.60 0.588073 −770.75 372.82 298.83 73.98
14.08.23 1 939.40 0.587151 −768.96 369.76 290.57 79.19
15.08.23 1 934.90 0.581689 −758.37 367.15 271.55 95.60
16.08.23 1 922.30 0.576632 −748.58 359.88 263.09 96.79
17.08.23 1 924.10 0.567866 −731.73 360.90 248.12 112.79
18.08.23 1 917.70 0.564413 −725.08 357.29 240.22 117.07
20.08.23 1 920.40 0.560673 −717.91 358.80 229.68 129.12
21.08.23 1 924.70 0.556741 −710.36 361.20 218.99 142.20
22.08.23 1 929.90 0.560426 −717.45 364.11 215.83 148.28
23.08.23 1 948.90 0.559876 −716.39 374.75 205.40 169.35
24.08.23 1 941.00 0.572266 −740.54 370.23 196.86 173.37
25.08.23 1 941.40 0.567633 −731.55 370.46 178.53 191.93
27.08.23 1 944.10 0.559143 −715.06 371.96 164.48 207.48
28.08.23 1 953.30 0.572692 −741.40 377.23 158.12 219.11
29.08.23 1 964.70 0.569838 −735.83 383.73 125.33 258.40
30.08.23 1 970.40 0.612307 −819.27 387.22 126.96 260.26
31.08.23 1 965.50 0.639355 −872.57 384.09 65.50 318.59

Conclusion

We reformulated the problem of European option pricing on an incomplete market with
discrete time and a �nite number of assets, without transaction costs and trading restrictions as
the dynamic stochastic antagonistic game Γ of the market and the option seller. It was shown
that the upper and lower guaranteed values satisfy a.s. the Bellman-type recurrent relations.
So, the implementation of the stochastic dynamic programming method is justi�ed. As it turns
out, the game equilibrium and self-�nancing portfolios, at which the minimum in the recurrent
relations is reached, exist if and only if the market model is an arbitrage-free one. These portfolios
are superhedging, and their value is minimal for a superhedging portfolio. So, the game suggests
how to construct a superhedging portfolio with minimal value for a European option. Analytical
and numerical examples are given.
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Аннотация. Â ðàáîòå ïðåäëîæåí îñíîâàííûé íà áåçãðàäèåíòíîé ñòîõàñòè÷åñêîé âûïóêëîé îïòè-

ìèçàöèè ñ íåòî÷íûì îðàêóëîì íóëåâîãî ïîðÿäêà àëãîðèòì ðåøåíèÿ îäíîãî èç âàðèàíòîâ çàäà÷è

äèíàìè÷åñêîãî öåíîîáðàçîâàíèÿ â ñëó÷àå, êîãäà ïðè ïåðåìåííîì ïîòîêå ïîêóïàòåëåé îáó÷àþùàÿ

âûáîðêà ñîäåðæèò èíôîðìàöèþ òîëüêî î ñîâåðøåííûõ ïîêóïêàõ, à ÷èñëî îòêàçîâ îò ïîêóïêè ïðè

äàííîé öåíå íåèçâåñòíî. Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü ñ îäíèì ñåãìåíòîì êëèåíòîâ è îäíèì âè-

äîì òîâàðîâ êàê ýëåìåíò áîëåå ñëîæíûõ, èåðàðõè÷åñêèõ ìîäåëåé äèíàìè÷åñêîãî öåíîîáðàçîâàíèÿ.

Ïðè îòñóòñòâèè äàííûõ îá îòêàçàõ äëÿ ñâåäåíèÿ ê çàäà÷å âûïóêëîé áåçãðàäèåíòíîé îïòèìèçàöèè

èñïîëüçóåòñÿ ïðèåì ëîãàðèôìèðîâàíèÿ öåëåâîé ôóíêöèè è ðàçáèåíèÿ ñåãìåíòà êëèåíòîâ ñëó÷àé-

íûì îáðàçîì íà äâà ïîäñåãìåíòà ïðè êàæäîé èòåðàöèè.

Ключевые слова: äèíàìè÷åñêîå öåíîîáðàçîâàíèå, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, áåçãðàäèåíò-

íàÿ âûïóêëàÿ îïòèìèçàöèÿ, ìàøèííîå îáó÷åíèå
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Введение

Çàäà÷à äèíàìè÷åñêîãî öåíîîáðàçîâàíèÿ ïîÿâëÿåòñÿ â ðàçíîîáðàçíûõ ïîñòàíîâêàõ, îò-
ðàæàþùèõ ñëîæíîñòü ñîäåðæàíèÿ è ðàçíîñòîðîííîñòü ýêîíîìè÷åñêîé æèçíè. Íåïðåðûâíîå
ðàçâèòèå è óñëîæíåíèå ýêîíîìè÷åñêîé æèçíè ñîõðàíÿåò àêòóàëüíîñòü çàäà÷è äèíàìè÷å-
ñêîãî öåíîîáðàçîâàíèÿ âìåñòå ñ ïîèñêîì íîâûõ ïîäõîäîâ è ìåòîäîâ å¼ ðåøåíèÿ íà îñíîâå
ðàçâèòèÿ ìàòåìàòè÷åñêèõ èíñòðóìåíòîâ. Ãðàäèåíòíûå è îòòàëêèâàþùèåñÿ îò íèõ ñòîõàñòè-
÷åñêèå è áåçãðàäèåíòíûå ìåòîäû îïòèìèçàöèè ïðåäñòàâëÿþò ñîáîé òàêèå ðàçâèâàþùèåñÿ
èíñòðóìåíòû. Ïðèìåðû ðàáîò â äàííîì íàïðàâëåíèè ïðåäñòàâëåíû â [1�3]. Òàê, â [1] àâòîðû
íåïàðàìåòðè÷åñêè âîññòàíàâëèâàþò ñïðîñ è ìèíèìèçèðóþò ïîòåðè ïðè ïîëíîì äîñòóïå ê
äàííûì è îãðàíè÷åíèÿõ íà äèíàìèêó öåí. Áàëàíñ ñïðîñà è ïðåäëîæåíèÿ â [2] ðàññìàòðè-
âàåòñÿ â äèñêðåòíîé ìîäåëè âûáîðà, îïèðàÿñü íà äàííûå î ïîòðåáèòåëÿõ è ïîñòàâùèêàõ.
Àâòîðû æå [3] èçó÷àþò áåçãðàäèåíòíûå ìåòîäû äëÿ íåãëàäêèõ íåâûïóêëûõ çàäà÷ èç îáëà-
ñòè ïðèíÿòèÿ ðåøåíèé â ýêîíîìèêå.

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ îñíîâàííûé íà áåçãðàäèåíòíîé ñòîõàñòè÷åñêîé âûïóê-
ëîé îïòèìèçàöèè ñ íåòî÷íûì îðàêóëîì íóëåâîãî ïîðÿäêà [4�8] ìåòîä ðåøåíèÿ çàäà÷è äè-
íàìè÷åñêîãî öåíîîáðàçîâàíèÿ â ñëåäóþùåé íèæå ïîñòàíîâêå. Îòìåòèì, ÷òî îòëè÷èòåëüíîé
îñîáåííîñòüþ ðàññìàòðèâàåìîé çàäà÷è ÿâëÿåòñÿ íåèçâåñòíûé ïåðåìåííûé ïîòîê ïîêóïàòå-
ëåé è îòñóòñòâèå äàííûõ îá îòêàçàõ ñîâåðøèòü ïîêóïêó ïî äàííîé öåíå. Ïðè íåêîòîðûõ
ïðåäïîëîæåíèÿõ å¼ óäà¼òñÿ ñâåñòè ê çàäà÷å âûïóêëîé îïòèìèçàöèè ñ íåòî÷íûì îðàêóëîì,
÷òî ïîçâîëÿåò ïðèìåíÿòü ñîîòâåòñòâóþùèå èçâåñòíûå ñîâðåìåííûå ìåòîäû ðåøåíèÿ. Â ðà-
áîòå ðàññìàòðèâàåòñÿ óïðîù¼ííàÿ ìîäåëü ñ îäíèì ñåãìåíòîì êëèåíòîâ è îäíèì âèäîì òîâà-
ðîâ êàê ýëåìåíò áîëåå ñëîæíûõ, èåðàðõè÷åñêèõ ìîäåëåé äèíàìè÷åñêîãî öåíîîáðàçîâàíèÿ.

1. Постановка задачи

Ïóñòü êîìïàíèÿ ïðîäà¼ò òîâàðû. Êëèåíò îäèí ðàç â ïåðèîä óçíà¼ò öåíó, ïîñëå ÷åãî ïîêó-
ïàåò òîâàð èëè îòêàçûâàåòñÿ. Òðåáóåòñÿ ðàçðàáîòàòü àëãîðèòì, îïòèìèçèðóþùèé âûðó÷êó
ïðîäàâöà.
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Óòî÷íèì óñëîâèå çàäà÷è. Êëèåíòû ñî ñõîæèìè ïðèçíàêàìè îáðàçóþò ïîòðåáèòåëüñêèé
ñåãìåíò. Öåíà òîâàðà êàê ôóíêöèÿ ïðèçíàêîâ êëèåíòà îäíà äëÿ âñåãî ñåãìåíòà. Îäíàêî
ïðèçíàêè íå ïîëíîñòüþ îòðàæàþò ñîñòîÿíèå êëèåíòîâ. Íåëüçÿ èñêëþ÷èòü, ÷òî ðàçíûå êëè-
åíòû îäíîãî ñåãìåíòà ãîòîâû êóïèòü ïðîäóêò ïî ðàçíûì öåíàì. Ýòî ðàçëè÷èå â ïîòðå-
áèòåëÿõ îäíîãî ñåãìåíòà ïðåäñòàâëÿåòñÿ òàê íàçûâàåìîé ÷óâñòâèòåëüíîñòüþ ê öåíå. Ïîä
÷óâñòâèòåëüíîñòüþ p(x) ñåãìåíòà ìû ïîíèìàåì ôóíêöèþ îò öåíû x, êîòîðóþ âîçìîæíî èí-
òåðïðåòèðîâàòü êàê âåðîÿòíîñòü p(x) òîãî, ÷òî ñëó÷àéíî âûáðàííûé êëèåíò ñåãìåíòà êóïèò
ïðîäóêò ïî öåíå x. Ïóñòü äàëåå ñåãìåíòó C ïðåäëîæåíà öåíà x è òîëüêî íåêîòîðàÿ ÷àñòü
Ck ⊆ C ñåãìåíòà çàèíòåðåñîâàíà â ðàññìàòðèâàåìûé ïåðèîä k âðåìåíè â ïðîäóêòå. Òîãäà
âûðó÷êà çà ïåðèîä k âûðàæàåòñÿ âåëè÷èíîé Uk(x) = |Ck|xp(x). Çàäà÷åé äèíàìè÷åñêîãî öå-
íîîáðàçîâàíèÿ ÿâëÿåòñÿ íàõîæäåíèå îïòèìàëüíîé öåíû xopt, äîñòàâëÿþùåé ìàêñèìàëüíîå
çíà÷åíèå âûðó÷êè Uk(x) èëè, ÷òî ýêâèâàëåíòíî, íîðìàëèçîâàííîé âûðó÷êè E(x) = xp(x).

Ðàñ÷¼ò ÷óâñòâèòåëüíîñòè ê öåíå óïðîñòèëñÿ áû ïðè íàëè÷èè äàííûõ êàê î ïðèíÿòûõ, òàê
è îá îòêëîí¼ííûõ öåíàõ. Îäíàêî îáó÷àþùèå äàííûå çà÷àñòóþ ñîäåðæàò ëèøü èíôîðìàöèþ
î ïîêóïêàõ (ïîçèòèâíûå ïðèìåðû) è íå ñîäåðæàò îòêàçîâ îò ïîêóïêè òîâàðà ïî ïðåäëàãà-
åìîé öåíå (íåãàòèâíûå ïðèìåðû). Îãðàíè÷åíèå â âèäå îòñóòñòâèÿ íåãàòèâíûõ ïðèìåðîâ
ñòàâèò ïðîáëåìó è ÿâëÿåòñÿ îñíîâîïîëàãàþùåé îñîáåííîñòüþ â ôîðìóëèðîâàíèè çàäà÷è. Â
ðàìêàõ äàííîé ðàáîòû ìû îòòàëêèâàåìñÿ îò ñëåäóþùèõ äîïóùåíèé, îãðàíè÷åíèé è óïðî-
ùåíèé: 1) äàíû îäèí ñåãìåíò ïîêóïàòåëåé è îäèí âèä òîâàðà; 2) â íà÷àëå êàæäîãî ïåðèîäà
ïðîäàâåö óñòàíàâëèâàåò öåíó íà òîâàð; 3) êëèåíò ïîêóïàåò íå áîëüøå îäíîé åäèíèöû òîâàðà
çà ïåðèîä; 4) ïðîäàâöó èçâåñòíî òîëüêî êîëè÷åñòâî ïðîäàííîãî òîâàðà, à êîëè÷åñòâî ïîêóïà-
òåëåé, îçíàêîìèâøèõñÿ ñ öåíîé çà ïåðèîä, íåèçâåñòíî, ò.å. íåèçâåñòíî, ñêîëüêî ïîêóïàòåëåé
îòêëîíèëè öåíó êàê ñëèøêîì âûñîêóþ; 5) ÷óâñòâèòåëüíîñòü ê öåíå ñåãìåíòà íåèçâåñòíà,
îäíàêî ìû ïðåäïîëàãàåì â êà÷åñòâå å¼ ìîäåëè íåêîòîðîå ïàðàìåòðè÷åñêîå ñåìåéñòâî ìîíî-
òîííî óáûâàþùèõ ôóíêöèé p(x) ñî çíà÷åíèÿìè â [0, 1] è íåóáûâàþùåé ïîëóýëàñòè÷íîñòüþ
d log p(x)

dx = p′(x)
p(x) ; ïàðàìåòðèçîâàííàÿ ôóíêöèÿ p(x;µ, σ) = 1

(

1+e
x−µ
σ

) ÿâëÿåòñÿ ïðèìåðîì òà-

êîãî ñåìåéñòâà, èñïîëüçóåìîãî íèæå äëÿ èëëþñòðàöèé; 6) ÷óâñòâèòåëüíîñòü íå ìåíÿåòñÿ
îò ïåðèîäà ê ïåðèîäó; 7) òîëüêî ïðîäàâåö ïðåäëàãàåò öåíó ïîêóïàòåëÿì, ìåæäó ïðîäàâ-
öîì è ïîêóïàòåëåì íåò ïåðåãîâîðíîãî âçàèìîäåéñòâèÿ. Òðåáóåòñÿ íàéòè îïòèìàëüíóþ öåíó
ìèíèìàëüíûìè ñðåäñòâàìè.

2. Модель решения задачи

Îáîçíà÷èì ÷åðåç M ÷èñëî êëèåíòîâ â ñåãìåíòå, à ÷åðåç N ÷èñëî ïåðèîäîâ, ïðîíóìåðî-
âàííûõ ìíîæåñòâîì {0, 1, 2, . . . , N − 1}. Äëÿ ïðîñòîòû ïîä ïåðèîäîì äàëüøå ïîíèìàåì îäèí
äåíü. Äëÿ èíâàðèàíòíîñòè ìîäåëè îòíîñèòåëüíî âñåîáùèõ ñêà÷êîâ öåí ìû ðàññìàòðèâàåì
îòíîñèòåëüíûå öåíû. Íàïðèìåð, åñëè èçâåñòíà ìàêñèìàëüíàÿ Pmax öåíà íà òîâàð íà ðûíêå,
òî öåíà Pown òîâàðà â îòíîñèòåëüíîì èçìåðåíèè åñòü âåëè÷èíà P = Pown

Pmax
. Èëè, äîïóñòèì,

èçâåñòíà ìèíèìàëüíàÿ, íàïðèìåð, çàêóïî÷íàÿ, öåíà Pmin, òî îòíîñèòåëüíîé öåíîé áóäåò
âåëè÷èíà P = Pown

Pmin
.

Äëÿ ïðîäàâöà ïîòðåáèòåëüñêèé ñåãìåíò ïðåäñòàâëÿåò ñîáîé ÷¼ðíûé ÿùèê. Ìîäåëüþ ÷¼ð-
íîãî ÿùèêà ÿâëÿåòñÿ ôóíêöèÿ ÷óâñòâèòåëüíîñòè p(x) = p(x;µ, σ) ê öåíå ñ íåèçâåñòíûìè ïà-
ðàìåòðàìè µ, σ. Âõîäîì ÷¼ðíîãî ÿùèêà ÿâëÿåòñÿ öåíà x íà íà÷àëî òåêóùåãî ïåðèîäà (èòå-
ðàöèè, äíÿ), à âûõîäîì� nx, ãäå n�êîëè÷åñòâî ïðîäóêòîâ, ïðèîáðåò¼ííûõ ïî x çà äåíü.
Òðåáóåòñÿ íàéòè îïòèìàëüíóþ öåíó ìèíèìàëüíûìè ñðåäñòâàìè íà îñíîâå äàííûõ, ïîëó÷à-
åìûõ èç ÷¼ðíîãî ÿùèêà â ôîðìå ïàðû çíà÷åíèé (öåíà, âûðó÷êà). Îïòèìàëüíàÿ öåíà äîñòàâ-
ëÿåò ìàêñèìóì ôóíêöèè E(x) = xp(x). Îäíàêî ìû íå ìîæåì íàïðÿìóþ íàéòè îïòèìóì äëÿ
E(x), ïîñêîëüêó îðàêóë (÷¼ðíûé ÿùèê) â ñðåäíåì äîñòàâëÿåò çíà÷åíèå Ek(x) = MkE(x),
íî íå E(x), ãäå Mk ⩽ M � íåèçâåñòíîå ÷èñëî êëèåíòîâ, ïîñìîòðåâøèõ öåíó â òå÷åíèå äíÿ
k. Òðóäíîñòü çàêëþ÷àåòñÿ íå òîëüêî â òîì, ÷òî íåèçâåñòíî ÷èñëî Mk, íî è â òîì, ÷òî îíî
âàðüèðóåòñÿ îò ïåðèîäà ê ïåðèîäó. Íèæå ìû ïðåäëàãàåì îáõîäíîé ïóòü ýòèõ òðóäíîñòåé,
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ïðèâîäÿùèé ê èçâåñòíûì ìåòîäàì ñòîõàñòè÷åñêîé áåçãðàäèåíòíîé âûïóêëîé îïòèìèçàöèè
ñ èñïîëüçîâàíèåì íåòî÷íîãî äâóõòî÷å÷íîãî îðàêóëà íóëåâîãî ïîðÿäêà.

Ïî óñëîâèþ çàäà÷è íåò ÿâíî çàäàííîãî ãðàäèåíòà ∇E(x) ôóíêöèè E(x), îäíàêî ìîæ-

íî âû÷èñëèòü åãî ïðèáëèæåíèå E(x+Δx)−E(x)
Δx . Äëÿ ýòîãî òðåáóþòñÿ çíà÷åíèÿ ôóíêöèè â

äâóõ òî÷êàõ äëÿ êàæäîé àïïðîêñèìàöèè ãðàäèåíòà. Ýòî âûíóæäàåò íà êàæäîé èòåðàöèè k
ñëó÷àéíî äåëèòü ïîòðåáèòåëüñêèé ñåãìåíò íà äâà íåïåðåñåêàþùèõñÿ ïîäñåãìåíòà Sk è S′

k
è ïðåäëàãàòü êàæäîìó ïîäñåãìåíòó ðàçíûå, íî áëèçêèå öåíû xk è x′k = xk + Δx ñîîòâåò-
ñòâåííî. Çàòåì îðàêóë âîçâðàùàåò äâà çíà÷åíèÿ�MkE (xk) è M

′
kE (x′k). Êîëè÷åñòâî Mk è

M ′
k êëèåíòîâ, óâèäåâøèõ öåíû xk è x′k ñîîòâåòñòâåííî, íàì íåèçâåñòíû è, âîîáùå ãîâîðÿ,

îòëè÷àþòñÿ äðóã îò äðóãà. Îäíàêî, åñëè â äàííûé ïåðèîä ìû íàçíà÷èì êàæäîãî êëèåíòà
ïåðâîìó èëè âòîðîìó ïîäñåãìåíòó ñ âåðîÿòíîñòÿìè 1

2 , òî, èñõîäÿ èç âåðîÿòíîñòíûõ ñîîá-
ðàæåíèé, ïðè äîñòàòî÷íî áîëüøèõ Mk è M ′

k áóäåò äîñòèãíóòî ïðèáëèçèòåëüíîå ðàâåíñòâî
Mk ≈M ′

k. Òàêèì îáðàçîì, ìîæíî ñêàçàòü, ÷òî îðàêóë âîçâðàùàåò â òî÷êàõ xk è x
′
k íåòî÷íûå

çíà÷åíèÿ MkE (xk) è MkE (x′k), âîçìóù¼ííûå ñëó÷àéíûì øóìîì.

Ñôîðìóëèðóåì ñêàçàííîå áîëåå ôîðìàëüíî. Îáîçíà÷èì ÷åðåç
(
ζk1 , ..., ζ

k
c , ...ζ

k
M

)
∈ {0, 1}M

ñëó÷àéíûé âåêòîð ñ íåèçâåñòíûì ðàñïðåäåëåíèåì, íî òàêîé, ÷òî Ck =
∑

c ζ
k
c � 1, ãäå ζkc = 1

òîãäà è òîëüêî òîãäà, êîãäà êëèåíò c â äåíü k ïîñìîòðåë öåíó íà òîâàð.

Îáîçíà÷èì ÷åðåç Ik,xc ñëó÷àéíóþ âåëè÷èíó ñî çíà÷åíèÿìè â {0, 1} òàêóþ, ÷òî Ik,xc = 1
òîãäà è òîëüêî òîãäà, êîãäà êëèåíò c â äåíü k óâèäåë öåíó x. Òàêèì îáðàçîì, âåëè÷èíà
Mx

k =
∑

c ζ
k
c I

k,x
c ïîêàçûâàåò ÷èñëî âñåõ êëèåíòîâ, óâèäåâøèõ â äåíü k öåíó x. Â äåíü k

ïðåäëàãàþòñÿ äâå öåíû xk è x′k òàê, ÷òî Ik,xk
c + I

k,x′

k
c = 1, ïðè ýòîì Ik,xk

c = 1 ñ âåðîÿòíî-

ñòüþ 1
2 . Èç îïðåäåëåíèé ñëåäóåò ðàâåíñòâî ìàòåìàòè÷åñêèõ îæèäàíèé E

(
Mxk

k

)
= E

(
M

x′

k

k

)
.

Îáîçíà÷èì Mk = E
(
Mxk

k

)
.

Ïóñòü ñëó÷àéíàÿ âåëè÷èíà ξk,xc ñî çíà÷åíèÿìè â {0, 1} ðàâíà 1 òîãäà è òîëüêî òîãäà,
êîãäà êëèåíò c â äåíü k êóïèë ïðîäóêò ïî öåíå x. Èç îïðåäåëåíèé ñëåäóåò, ÷òî

P
(
ξk,xc = 1

∣∣∣ζkc = 1, Ik,xc = 1
)
= p(x).

Îáîçíà÷èì Uk(x) = x
∑M

c=1 ξ
k,x
c ζkc I

k,x
c . Çíà÷åíèå ôóíêöèè Uk(x) äîñòàâëÿåò îðàêóë ÷¼ð-

íîãî ÿùèêà â ïåðèîä k. Î÷åâèäíî, ÷òî E (Uk (xk)) = MkE (xk) è E (Uk (x
′
k)) = MkE (x′k).

Áîëåå òîãî, ïðè áîëüøèõ Mk èìååì

Uk (xk) = xkMk

∑
ζkc =1,I

k,xk
c =1

ξk,xk
c

Mk
→ xkMkp (xk) = E (Uk (xk)) .

Îòñþäà ñëåäóåò, ÷òî, ñ îäíîé ñòîðîíû,

E

(
logUk (x

′
k)− logUk (xk)

x′k − xk

)
=

logE (x′k)− logE (xk)

x′k − xk
≈ ∇ logE (xk) ,

ñ äðóãîé�

E

(
logUk (x

′
k)− logUk (xk)

x′k − xk

)
≈ logUk (x

′
k)− logUk (xk)

x′k − xk
.

Ñëåäîâàòåëüíî, ∇ logE (xk) ≈
logUk (x

′
k)− logUk (xk)

x′k − xk
.

Лемма 1. Если полуэластичность d log p(x)
dx = p′(x)

p(x) чувствительности к цене p(x) не

возрастает, т.е.
(
p′(x)
p(x)

)
⩽ 0, то функция logE(x) выпуклая.
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Доказательство. Íàéä¼ì âòîðóþ ïðîèçâîäíóþ ôóíêöèè logE(x):

(logE(x))′ = (log x+ log p(x))′ =
1

x
+
p′(x)

p(x)
,

(logE(x))′′ = − 1

x2
+

(
p′(x)

p(x)

)′

< 0.

×òî è òðåáîâàëîñü äîêàçàòü □

Ëåãêî ïðîâåðèòü, ÷òî ôóíêöèè ñåìåéñòâà p(x;µ, σ) =
1(

1 + e
x−µ
σ

) óäîâëåòâîðÿþò óñëî-

âèþ ëåììû.
Äàëåå ðàññìàòðèâàåì òîëüêî ìîäåëè ñåãìåíòà êëèåíòîâ ñ íåâîçðàñòàþùåé ïîëóýëàñòè÷-

íîñòüþ ÷óâñòâèòåëüíîñòè ê öåíå. Ïîñêîëüêó òî÷êè ìàêñèìóìîâ ôóíêöèé E(x) è logE(x)
ñîâïàäàþò, òî çàäà÷à argmaxE(x) ýêâèâàëåíòíà çàäà÷å argmax logE(x), äëÿ ðåøåíèÿ êîòî-
ðîé óæå, â ñèëó âûøåñêàçàííîãî, âîçìîæíî ïðèìåíèòü ìåòîäû áåçãðàäèåíòíîé ñòîõàñòè÷å-
ñêîé âûïóêëîé îïòèìèçàöèè ñ èñïîëüçîâàíèåì íåòî÷íîãî äâóõòî÷å÷íîãî îðàêóëà íóëåâîãî
ïîðÿäêà, îñíîâûâàÿñü íà çíà÷åíèÿõ Uk (xk) è Uk (x

′
k) âûõîäà ÷¼ðíîãî ÿùèêà â ìîäåëè. Â

äàííîé ìàòåìàòè÷åñêîé ïîñòàíîâêå çàäà÷à îïòèìèçàöèè èçâåñòíà [4�8].
Ñêîðîñòü ñõîäèìîñòè ìåòîäà, îò êîòîðîé çàâèñèò è âûðó÷êà, îïðåäåëÿåòñÿ âûáîðîì ïà-

ðàìåòðîâ ìåòîäà: èíèöèàëüíûõ öåí, äëèíû îáó÷àþùåãî øàãà è ðàññòîÿíèÿ ìåæäó xk è x
′
k

íà êàæäîé èòåðàöèè k. Îöåíêà è âûáîð íàèëó÷øèõ ïàðàìåòðîâ â ïðåäëàãàåìîé ìîäåëè
îñíîâûâàåòñÿ íà ñðàâíåíèè ïîòåðü â ôîðìå ðàçíîñòè ìåæäó âîçìîæíî íàèëó÷øåé è ôàê-
òè÷åñêîé âûðó÷êàìè:

Regret
({(

xk, x
′
k

)}N−1

k=0

)
= xoptp (xopt)−

1

N

N−1∑

k=0

xkp (xk) + x′kp (x
′
k)

2
.

Òåîðåòè÷åñêèå îöåíêè ïàðàìåòðîâ ìîäåëè ÿâëÿþòñÿ ïðåäìåòîì äàëüíåéøèõ èññëåäî-
âàíèé àâòîðîâ. Èìåÿ àïðèîðíûå ïðåäïîëîæåíèÿ î âîçìîæíûõ çíà÷åíèÿõ ïàðàìåòðîâ µ è
σ ôóíêöèè ÷óâñòâèòåëüíîñòè ê öåíå, ìîæíî ýêñïåðèìåíòàëüíî, îñíîâûâàÿñü íà Regret è
âûáîðå ÷èñëà èòåðàöèé, íàéòè íàèëó÷øèå çíà÷åíèÿ ïàðàìåòðîâ ìîäåëè ðåøåíèÿ çàäà÷è.

3. Симуляция работы модели на синтетическом примере
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Cèìóëÿöèè ïîèñêà îïòèìàëüíîé öåíû. Êðèâûå ïîêàçûâàþò

âåëè÷èíó
xk+x′

k

2
Figure. Simulations of optimal price calculation. Curves show the

value of
xk+x′

k

2

Ïðîäåìîíñòðèðóåì ñõîäè-
ìîñòü ïðåäëàãàåìîé ìîäåëè
ðåøåíèÿ çàäà÷è íà ñèíòå-
òè÷åñêîì ïðèìåðå (ðèñóíîê).
Ïðåäïîëàãàþòñÿ èñòèííûìè,
íî íåèçâåñòíûìè äëÿ ìîäåëè,
çíà÷åíèÿ xopt = 0.67, µ = 0.8 è
σ = 0.05. Âîçüì¼ì èíèöèàëü-
íûå öåíû òîâàðîâ èç èíòåðâà-
ëà [0.4, 0.9]. Ïóñòü êîëè÷åñòâî
ïîñìîòðåâøèõ öåíó êëèåíòîâ
ðàâíî |Ck| = 150, à ðàçáðîñ
öåí ïðè ýòîì x

′

k − xk = 0.1.
Øàã îáó÷åíèÿ îïðåäåëÿåòñÿ
èç ïðåäïîëîæåíèÿ î êîíñòàí-
òå Ëèïøèöà L = 50. Âîçü-
ì¼ì ÷èñëî èòåðàöèé ðàâíûì
50. Â ðåçóëüòàòå âûïîëíåííûõ
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ìîäåëüíûõ âû÷èñëåíèé ïîëó÷åíû ñëåäóþùèå çíà÷åíèÿ: îïòèìàëüíàÿ âûðó÷êà çà ïåðèîä
ðàâíà 0.624; ñðåäíÿÿ âûðó÷êà çà ïåðèîä â òå÷åíèå âñåõ 50 èòåðàöèé îïòèìèçàöèè ðàâíà
0.596; ïðè ýòîì Regret = 0.045xoptp (xopt). Ñðåäíåå çíà÷åíèå âñåõ öåí, ïîëó÷åííûõ íà ïî-
ñëåäíåì øàãå ñèìóëÿöèåé îïòèìèçàöèè, ñ òî÷íîñòüþ äî âòîðîãî çíàêà ðàâíî 0.67.

Íà ðèñóíêå ïðåäñòàâëåíû ãðàôèêè èçìåíåíèÿ öåíû äëÿ 100 ðàçëè÷íûõ ñèìóëÿöèé ïî-
èñêà îïòèìàëüíîé öåíû. Ïðèìåð äåìîíñòðèðóåò ñõîäèìîñòü ìîäåëè.

Заключение

Ïðåäëîæåííàÿ â ðàáîòå ìîäåëü òðåáóåò äàëüíåéøåãî èññëåäîâàíèÿ ñõîäèìîñòè, âûáîðà
å¼ íàèëó÷øèõ ïàðàìåòðîâ äëÿ ñõîäèìîñòè ïðè ïðåäïîëîæåíèÿõ îá àïðèîðíîì ðàñïðåäåëå-
íèè ïàðàìåòðîâ ìîäåëè êëèåíòîâ, à òàêæå îáîáùåíèÿ íà ñëó÷àé ìíîãèõ ñåãìåíòîâ êëèåíòîâ
è òîâàðîâ â ôîðìå áàéåñîâñêîé èåðàðõè÷åñêîé ìîäåëè.
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Аннотация. Ðàññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ îäíèì ïðèáîðîì è áóôåðîì áåñ-

êîíå÷íîé åìêîñòè. Èç èñòî÷íèêà â ñèñòåìó â íåêîòîðûé ìîìåíò âðåìåíè ìîæåò ïîñòóïèòü îäíî

èëè ñðàçó äâà òðåáîâàíèÿ ñ çàäàííûìè âåðîÿòíîñòÿìè. Äëèòåëüíîñòè èíòåðâàëîâ âðåìåíè ìåæäó

ïîñòóïëåíèÿìè òðåáîâàíèé ÿâëÿþòñÿ ýêñïîíåíöèàëüíî ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè÷èíàìè.

Òðåáîâàíèÿ âûáèðàþòñÿ èç áóôåðà ñëó÷àéíûì îáðàçîì è îáñëóæèâàþòñÿ ãðóïïàìè ôèêñèðîâàí-

íîãî ðàçìåðà. Äëèòåëüíîñòü îáñëóæèâàíèÿ ãðóïïû èìååò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå. Ïîñëå

çàâåðøåíèÿ îáñëóæèâàíèÿ âñÿ ãðóïïà ìãíîâåííî ïîêèäàåò ñèñòåìó. Åñëè â ýòîò ìîìåíò â î÷åðåäè

ñèñòåìû ãðóïïà òðåáîâàíèé íå ñôîðìèðîâàíà, òî ïðèáîð îæèäàåò, ïîêà â ñèñòåìó íå ïîñòóïèò íåîá-

õîäèìîå ÷èñëî òðåáîâàíèé. Èñïîëüçóÿ ìåòîä ïðîèçâîäÿùèõ ôóíêöèé, â ðàáîòå ïîëó÷åíû ôîðìóëû

äëÿ âû÷èñëåíèÿ ñòàöèîíàðíûõ âåðîÿòíîñòåé ñîñòîÿíèé ðàññìàòðèâàåìîé ñèñòåìû, ìàòåìàòè÷åñêî-

ãî îæèäàíèÿ ÷èñëà òðåáîâàíèé â ñèñòåìå è ìàòåìàòè÷åñêîãî îæèäàíèÿ äëèòåëüíîñòè ïðåáûâàíèÿ

òðåáîâàíèé â ñèñòåìå. Ïðåäëîæåí ïðèáëèæåííûé ìåòîä àíàëèçà ñèñòåìû ñ ãðóïïîâûì âõîäÿùèì ïî-

òîêîì è ãðóïïîâûì îáñëóæèâàíèåì, â îñíîâå êîòîðîãî ëåæèò ìåòîä àíàëèçà ñèñòåìû îáñëóæèâàíèÿ

ñ îðäèíàðíûì âõîäÿùèì ïîòîêîì è ãðóïïîâûì îáñëóæèâàíèåì. Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç

ðåçóëüòàòîâ âû÷èñëåíèé õàðàêòåðèñòèê, ïîëó÷åííûõ ñ èñïîëüçîâàíèåì òî÷íîãî è ïðèáëèæåííîãî

ìåòîäîâ àíàëèçà ðàññìàòðèâàåìîé ñèñòåìû îáñëóæèâàíèÿ.

Ключевые слова: ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, ãðóïïîâîé âõîäÿùèé ïîòîê, ãðóïïîâîå îáñëó-

æèâàíèå
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Введение

Ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ ãðóïïîâûì ïîñòóïëåíèåì è/èëè ãðóïïîâûì îáñëó-
æèâàíèåì íàõîäÿò øèðîêîå ïðèìåíåíèå ïðè ðåøåíèè íàó÷íî-ïðèêëàäíûõ çàäà÷. Íàïðèìåð,
äëÿ ðåøåíèÿ çàäà÷è ïëàíèðîâàíèÿ ðàáîòû àìáóëàòîðíûõ îòäåëåíèé áîëüíèö âïåðâûå áûëà
èññëåäîâàíà ñèñòåìà îáñëóæèâàíèÿ ñ ïóàññîíîâñêèì ïîòîêîì è ãðóïïîâûì îáñëóæèâàíèåì
òðåáîâàíèé îäíèì ïðèáîðîì [1]. Â ðàáîòå [2] ðàññìîòðåíà ñèñòåìà ìàññîâîãî îáñëóæèâà-
íèÿ ñ îáùåé ôóíêöèåé ðàñïðåäåëåíèÿ äëèòåëüíîñòè îáñëóæèâàíèÿ îäíèì ïðèáîðîì è ïî-
ñòóïëåíèåì ãðóïï òðåáîâàíèé ÷åðåç ýêñïîíåíöèàëüíî ðàñïðåäåëåííûå èíòåðâàëû âðåìåíè.
Èññëåäîâàíû ñâîéñòâà äëèòåëüíîñòè ïåðèîäà çàíÿòîñòè ñèñòåìû, ïðîöåññû ïîñòóïëåíèÿ è
âûõîäà òðåáîâàíèé èç ñèñòåìû îáñëóæèâàíèÿ, ïîëó÷åíî ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà
òðåáîâàíèé â ñèñòåìå.

Äðóãèå ðåçóëüòàòû àíàëèçà ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ, â êîòîðûå òðåáîâàíèÿ ëèáî
ïîñòóïàþò ãðóïïàìè, ëèáî îáñëóæèâàþòñÿ ãðóïïàìè, ìîæíî íàéòè â [3�7]. Èññëåäîâàíèå
ñèñòåì îáñëóæèâàíèÿ, â êîòîðûå ïîñòóïàåò íåîðäèíàðíûé ïîòîê, à òðåáîâàíèÿ ïðèáîðîì îá-
ñëóæèâàþòñÿ ãðóïïàìè, ïðèâåäåíî â [8,9]. Äëÿ ïîëó÷åíèÿ ñòàöèîíàðíûõ õàðàêòåðèñòèê ñè-
ñòåì ìàññîâîãî îáñëóæèâàíèÿ èñïîëüçóþò ðàçëè÷íûå ìåòîäû. Íàïðèìåð, â ðàáîòàõ [10�12]
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ïðèìåíÿëñÿ ìåòîä ïðîèçâîäÿùèõ ôóíêöèé. Òàê, àâòîðû ðàáîò [10, 11] èñïîëüçîâàëè ýòîò
ìåòîä ïðè âû÷èñëåíèè ñòàöèîíàðíûõ õàðàêòåðèñòèê ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ ñ îð-
äèíàðíûì ïîòîêîì, ìíîãèìè ïðèáîðàìè è ãðóïïîâûì îáñëóæèâàíèåì. Êðîìå àïïàðàòà ïðî-
èçâîäÿùèõ ôóíêöèé, äëÿ ïîëó÷åíèÿ ñòàöèîíàðíûõ õàðàêòåðèñòèê ñèñòåì ÷àñòî ïðèìåíÿþò
ïðåîáðàçîâàíèå Ëàïëàñà [13�15]. Íàïðèìåð, â ðàáîòå [15] äëÿ ñèñòåìû MX/M/1 ïðèìåíÿ-
åòñÿ ïðåîáðàçîâàíèå Ëàïëàñà äëÿ ïîëó÷åíèÿ âåðîÿòíîñòåé ïåðåõîäîâ ïðîöåññà Ìàðêîâà,
îïèñûâàþùåãî ýâîëþöèþ ñèñòåìû, è çàòåì ìàêñèìàëüíîãî ÷èñëà òðåáîâàíèé â ñèñòåìå.
Òàêæå äëÿ ðåøåíèÿ çàäà÷ àíàëèçà ñèñòåì ÷àñòî ïðèìåíÿþòñÿ ìàòðè÷íî-ãåîìåòðè÷åñêèé
ìåòîä [16] è ìåòîä âëîæåííûõ öåïåé Ìàðêîâà [17, 18]. Äëÿ âû÷èñëåíèÿ ñîâìåñòíûõ ñòà-
öèîíàðíûõ âåðîÿòíîñòåé ÷èñëà òðåáîâàíèé â ñèñòåìå è ðàçìåðà ãðóïïû îáñëóæèâàíèÿ â
ïðîèçâîëüíûå ìîìåíòû âðåìåíè, ìîìåíòû âûõîäà òðåáîâàíèé èç ñèñòåìû, ìîìåíòû ïåðåä
ïîñòóïëåíèåì òðåáîâàíèé ïîìèìî ìåòîäà âëîæåííûõ öåïåé Ìàðêîâà â ðàáîòå [17] òàêæå
ïðèìåíÿëñÿ ìåòîä äîïîëíèòåëüíûõ ïåðåìåííûõ.

Ê íàñòîÿùåìó âðåìåíè õîðîøî ðàçâèò ìàòåìàòè÷åñêèé àïïàðàò, ïîçâîëÿþùèé àíàëèçè-
ðîâàòü ñåòè ìàññîâîãî îáñëóæèâàíèÿ, êîòîðûå ñîñòîÿò èç ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ
ñ ïóàññîíîâñêèì âõîäÿùèì ïîòîêîì òðåáîâàíèé è ýêñïîíåíöèàëüíîé äëèòåëüíîñòüþ îáñëó-
æèâàíèÿ.

Îäíà èç ïåðâûõ ïîïûòîê îáúåäèíèòü ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ îðäèíàðíûì
ïîòîêîì è ãðóïïîâûì îáñëóæèâàíèåì â ñåòü ïðåäïðèíÿòà â ðàáîòå [19], â êîòîðîé ïðåäïîëà-
ãàåòñÿ, ÷òî ðàçìåð âûõîäÿùåé ïîñëå îáñëóæèâàíèÿ ãðóïïû ìíîãî ìåíüøå, ÷åì êîëè÷åñòâî
ñèñòåì, â êîòîðûå ýòè îáñëóæåííûå òðåáîâàíèÿ ìîãóò ïåðåéòè, à òàêæå, ÷òî âåðîÿòíîñòè
ïåðåõîäà îáñëóæåííûõ òðåáîâàíèé â ñèñòåìû ñðàâíèìû. Òîãäà âåðîÿòíîñòü ïîñòóïëåíèÿ
äâóõ è áîëåå òðåáîâàíèé â îäíó ñèñòåìó ìàëà è åþ ïðåíåáðåãàþò. Ýòî ïîçâîëÿåò ñîõðàíèòü
ïðåäïîëîæåíèå î ïóàññîíîâñêîì âõîäÿùåì ïîòîêå â êàæäóþ ñèñòåìó ñåòè îáñëóæèâàíèÿ.
Íî åñëè ëþáîå èç ýòèõ ïðåäïîëîæåíèé íå âûïîëíÿåòñÿ, òî ïðåíåáðåãàòü âåðîÿòíîñòüþ ïî-
ñòóïëåíèÿ äâóõ è áîëåå òðåáîâàíèé, âîîáùå ãîâîðÿ, íåëüçÿ. Â ñâÿçè ñ ýòèì âîçíèêàåò âîïðîñ:
íàñêîëüêî áóäóò îòëè÷àòüñÿ õàðàêòåðèñòèêè â ñèñòåìàõ îáñëóæèâàíèÿ, êîãäà ïðåäïîëàãà-
åòñÿ, ÷òî â ñèñòåìû îáñëóæèâàíèÿ òðåáîâàíèÿ ìîãóò ïîñòóïàòü òîëüêî ïî îäíîìó, è êîãäà
äîïóñêàåòñÿ, ÷òî â ñèñòåìó ìîæåò ïîñòóïàòü íå òîëüêî îäíî òðåáîâàíèå, à, íàïðèìåð, äâà
òðåáîâàíèÿ, íî ñ íåáîëüøîé âåðîÿòíîñòüþ.

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ ñ ïóàññîíîâñêèì âõîäÿ-
ùèì ïîòîêîì è ãðóïïîâûì îáñëóæèâàíèåì ìîæíî èñïîëüçîâàòü â êà÷åñòâå ïðèáëèæåííîé
ìîäåëè ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ ãðóïïîâûì âõîäÿùèì ïîòîêîì è ãðóïïîâûì îá-
ñëóæèâàíèåì, íî ñ èçìåíåííîé ñîîòâåòñòâóþùèì îáðàçîì èíòåíñèâíîñòüþ âõîäíîãî ïîòîêà.

Ðàáîòà ñîäåðæèò òðè ðàçäåëà. Â ïåðâîì ðàçäåëå ðàññìàòðèâàåòñÿ îäíîïðèáîðíàÿ ñè-
ñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ ãðóïïîâûì îáñëóæèâàíèåì, â êîòîðóþ â êàæäûé ìîìåíò
âðåìåíè ìîæåò ïîñòóïàòü ëèáî îäíî òðåáîâàíèå, ëèáî òîëüêî äâà òðåáîâàíèÿ. Ñ ïîìîùüþ
àïïàðàòà ïðîèçâîäÿùèõ ôóíêöèé ïîëó÷åíû âûðàæåíèÿ äëÿ ñòàöèîíàðíûõ âåðîÿòíîñòåé
ñîñòîÿíèé ñèñòåìû. Âî âòîðîì ðàçäåëå îïèñûâàåòñÿ îäíîïðèáîðíàÿ ñèñòåìà îáñëóæèâàíèÿ
ñ ãðóïïîâûì îáñëóæèâàíèåì è îðäèíàðíûì ïîòîêîì. Äëÿ ýòîé ñèñòåìû ïðåäëàãàåòñÿ âû-
ðàæåíèå äëÿ ïåðåñ÷åòà èíòåíñèâíîñòè ïîòîêà òðåáîâàíèé. Â òðåòüåì ðàçäåëå ïðèâîäÿòñÿ è
ñðàâíèâàþòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ äëÿ îáåèõ ñèñòåì îáñëóæèâàíèÿ.

1. Описание системы массового обслуживания с групповым входящим

потоком и групповым обслуживанием

Ðàññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ SX ñ ãðóïïîâûì âõîäÿùèì ïîòîêîì
è ãðóïïîâûì îáñëóæèâàíèåì. Â ñèñòåìó ìîæåò ïîñòóïàòü îäíî èëè äâà òðåáîâàíèÿ. Âå-
ðîÿòíîñòü òîãî, ÷òî â ñèñòåìó ïîñòóïèò îäíî òðåáîâàíèå, ðàâíà q, äâà òðåáîâàíèÿ� 1 − q.
Äëèòåëüíîñòè èíòåðâàëîâ âðåìåíè ìåæäó ïîñëåäîâàòåëüíûìè ïîñòóïëåíèÿìè òðåáîâàíèé
ÿâëÿþòñÿ ñëó÷àéíûìè âåëè÷èíàìè, èìåþùèìè ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåò-
ðîì λ. Â ñèñòåìå èìååòñÿ îäèí îáñëóæèâàþùèé ïðèáîð è áóôåð áåñêîíå÷íîé åìêîñòè. Èç
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ôóíêöèé |f(z)| = |− (bψ+1)zb| è |g(z)| = |bψ(1− q)zb+2+ bψqzb+1+1| íà íåêîòîðîì êîíòóðå
∂G âûïîëíÿåòñÿ íåðàâåíñòâî |f(z)| − |g(z)| > 0, òî â îáëàñòè G ôóíêöèè f è f + g èìåþò
îäèíàêîâîå êîëè÷åñòâî íóëåé.

Ðàññìîòðèì êîíòóð ∂G: |z| < 1 + δ. Ïðè óñëîâèè

ψ <
1

2− q
(4)

âûáåðåì âåùåñòâåííîå δ òàêîå, ÷òî

0 < δ < − 1

2b

(
b(2− q)

1− q
+ 1

)
+

1

2b

√(
b(2− q)

1− q
− 1

)2

+
4b

ψ(1− q)
.

Òîãäà

|f(z)| − |g(z)| ⩾ (bψ + 1)(1 + δ)b − bψ(1− q)(1 + δ)b+2 − bψq(1 + δ)b+1 − 1 =

= (1 + δ)b
(
bψ + 1− bψ(1− q)(1 + δ)2 − bψq(1 + δ)

)
− 1 ⩾

⩾ (1 + bδ)
(
bψ + 1− bψ(1− q)(1 + δ)2 − bψq(1 + δ)

)
− 1 =

= bδ(1− ψ(2− q)− ψ(b(2− q) + 1− q)δ − bψ(1− q)δ2).

Ïðè ñîîòâåòñòâåííîì âûáîðå ïàðàìåòðîâ ψ è δ

1− ψ(2− q)− ψ(b(2− q) + 1− q)δ − bψ(1− q)δ2 > 0.

Óñòðåìëÿÿ δ → 0, ïîëó÷èì, ÷òî çíàìåíàòåëü (3) èìååò òî÷íî b íóëåé â îáëàñòè |z| ⩽ 1,
íî îäèí êîðåíü |z| = 1. Òàêèì îáðàçîì, çíàìåíàòåëü (3) èìååò òî÷íî b− 1 íóëåé â îáëàñòè
|z| < 1 è äâà êîðíÿ z1, z2 � â îáëàñòè |z| > 1.

×èñëèòåëü äðîáè òàêæå ïðåäñòàâëÿåò ñîáîé ìíîãî÷ëåí îòíîñèòåëüíî z. Îäíèì êîðíåì
ÿâëÿåòñÿ |z| = 1. Òàê êàê ôóíêöèÿ P (z) äîëæíà îñòàâàòüñÿ îãðàíè÷åííîé â îáëàñòè |z| < 1,
òî îñòàëüíûå b−1 êîðíåé ÷èñëèòåëÿ äîëæíû òî÷íî ñîâïàäàòü ñ òåìè êîðíÿìè çíàìåíàòåëÿ,
äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå |z| < 1. Îòñþäà ñëåäóåò, ÷òî ýòè äâà ìíîãî÷ëåíà ñòåïåíè
b− 1 äîëæíû áûòü ïðîïîðöèîíàëüíû ñ êîýôôèöèåíòîì K:

K

b−1∑

n=0

πX(n)zn =
bψ(1− q)zb+2 + bψqzb+1 − (bψ + 1)zb + 1

(1− z)(z − z1)(z − z2)
.

Èñïîëüçóÿ ýòî ðàâåíñòâî äëÿ ñîêðàùåíèÿ îáùèõ ìíîæèòåëåé ÷èñëèòåëÿ è çíàìåíàòåëÿ
äðîáè â ïðàâîé ÷àñòè ðàâåíñòâà (3), ïîëó÷èì

P (z) =
1− zb

K(1− z)(z − z1)(z − z2)
.

Ó÷èòûâàÿ, ÷òî P (1) = 1, íàéäåì êîíñòàíòó K â âèäå

K =
b

(1− z1)(1− z2)
.

Îêîí÷àòåëüíî ïðîèçâîäÿùàÿ ôóíêöèÿ ïðèìåò âèä

P (z) =

(
1− zb

)(
1− 1

z1

)(
1− 1

z2

)

b(1− z)

(
1− z

z1

)(
1− z

z2

) . (5)
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ãäå

π(0) =

(
1 +

∞∑

k=1

k∏

n=1

λ

µ̃(n)

)−1

, (11)

à èíòåíñèâíîñòè µ̃(n) èìåþò âèä [20]




µ̃(n) = λ− µ
λb

µ̃(n+ 1) · ... · µ̃(n+ b)
, 1 ⩽ n ⩽ b− 1,

µ̃(n) = λ+ µ− µ
λb

µ̃(n+ 1) · ... · µ̃(n+ b)
, n ⩾ b.

(12)

Èñïîëüçóÿ ñòàöèîíàðíûå âåðîÿòíîñòè (10), (11), â ðàáîòå [20] áûëà ïîëó÷åíà ôîðìóëà
äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèÿ â ñèñòåìå â âèäå

u(λ) =
b− 1

2λ
+

1

M − λ
, (13)

ãäå M = lim
n→∞

µ̃(n)�êîðåíü óðàâíåíèÿ

M b+1 − (λ+ µ)M b + λbµ = 0,

ïðèíàäëåæàùèé èíòåðâàëó
(
b(λ+ µ)

b+ 1
,
(λ+ µ)b+1 − λbµ

(λ+ µ)b

)
.

3. Численный пример

Ðàññìîòðèì ñèñòåìó SX , â êîòîðóþ ìîæåò ïîñòóïèòü îäíî òðåáîâàíèå ñ âåðîÿòíîñòüþ
q = 0.9 è äâà òðåáîâàíèÿ ñ âåðîÿòíîñòüþ 1 − q = 0.1. Èíòåíñèâíîñòü âõîäÿùåãî ïîòîêà
λ = 5. Äëèòåëüíîñòü îáñëóæèâàíèÿ èìååò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì
µ = 2. Òàêæå ðàññìîòðèì ñèñòåìó S, â êîòîðóþ ïîñòóïàåò ïóàññîíîâñêèé ïîòîê òðåáîâàíèé
ñ èíòåíñèâíîñòüþ λ̄ = λ(2 − q) = 5.5. Äëèòåëüíîñòü îáñëóæèâàíèÿ â ñèñòåìå S èìååò
ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì µ = 2.

Íà ðèñ. 3 ïðåäñòàâëåíû ïåðâûå ïÿòíàäöàòü ñòàöèîíàðíûõ âåðîÿòíîñòåé ñîñòîÿíèé ðàñ-
ñìîòðåííûõ ñèñòåì îáñëóæèâàíèÿ ïðè b = 3, 4, 5, 6. Ñïëîøíàÿ ëèíèÿ ñîîòâåòñòâóåò ñòàöè-
îíàðíûì âåðîÿòíîñòÿì πX(n) äëÿ ñèñòåìû SX , êîòîðûå âû÷èñëÿëèñü ïî ôîðìóëàì (10).
Ïóíêòèðíàÿ ëèíÿÿ ñîîòâåòñòâóåò ñòàöèîíàðíûì âåðîÿòíîñòÿì π(n) äëÿ ñèñòåìû S è âû-

Òàáëèöà 1 / Table 1

Ðàññòîÿíèå Êîëìîãîðîâà äëÿ ñòàöèîíàð-
íûõ âåðîÿòíîñòåé

Kolmogorov distance for stationary
probabilities

b 3 4 5 6

Dn 0.0155 0.0105 0.0078 0.0061

÷èñëÿëèñü ïî ôîðìóëàì (10), (11), (12).
Äëÿ ñðàâíåíèÿ ïîëó÷åííûõ âåðîÿòíîñòåé èñ-

ïîëüçîâàëàñü ìåòðèêà � ðàññòîÿíèå Êîëìîãîðîâà

Dn = max
i⩾0

∣∣∣∣∣
i∑

k=0

πX(k)−
i∑

k=0

π(k)

∣∣∣∣∣ , i = 0, 1, 2, ...,

çíà÷åíèÿ êîòîðîé ïðèâåäåíû â òàáë. 1. Èç ïðåä-
ñòàâëåííûõ äàííûõ âèäíî, ÷òî îòêëîíåíèå íàêîï-
ëåííûõ ñòàöèîíàðíûõ âåðîÿòíîñòåé ðàññìàòðèâà-
åìûõ ñèñòåì íå ïðåâîñõîäèò 0.016.

Â òàáë. 2 ïðèâåäåíû çíà÷åíèÿ ìàòåìàòè÷åñêèõ îæèäàíèé ÷èñëà òðåáîâàíèé è äëèòåëü-
íîñòåé ïðåáûâàíèÿ òðåáîâàíèÿ â ñèñòåìàõ SX è S ïðè ðàçëè÷íûõ çíà÷åíèÿõ b. Äëÿ ñèñòåìû
SX çíà÷åíèÿ n̄X è ūX âû÷èñëÿëèñü ïî ôîðìóëàì (7) è (8) ñîîòâåòñòâåííî. Äëÿ ñèñòåìû S
çíà÷åíèÿ ū(λ̄) âû÷èñëÿëèñü ïî ôîðìóëå (13). Â ÷åòâåðòîì è ñåäüìîì ñòîëáöàõ òàáë. 2 ïðèâå-
äåíû îöåíêè ðàçíîñòè â ïîëó÷åííûõ çíà÷åíèÿõ õàðàêòåðèñòèê, âû÷èñëåííûå ïî ôîðìóëàì

δn̄ =
|n̄X − n̄(λ̄)|

n̄X
· 100% è δū =

|ūX − ū(λ̄)|
ūX

· 100% ñîîòâåòñòâåííî.
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Òàáëèöà 3 / Table 3

Õàðàêòåðèñòèêè äëÿ ñèñòåì SX è S ïðè λ = 5, µ = 2, b = 4

Characteristics of systems SX and S for λ = 5, µ = 2, b = 4

q n̄X n̄(λ̄) δū,% ūX ū(λ̄) δū,% Dn

0.41 458.4135 399.4987 12.85 57.6621 50.2514 12.85 0.0478

0.50 44.4124 39.4871 11.09 5.9217 5.2649 11.09 0.0442

0.60 21.4109 19.4734 9.05 3.0587 2.7819 9.05 0.0366

0.70 13.7428 12.7920 6.92 2.1143 1.9680 6.92 0.0286

0.80 9.9082 9.4429 4.70 1.6514 1.5738 4.70 0.0200

0.90 7.6075 7.4259 2.39 1.3832 1.3502 2.39 0.0105

0.99 6.2040 6.1890 0.24 1.2285 1.2255 0.24 0.0011

Èç äàíûõ, ïðåäñòàâëåííûõ â òàáë. 3, âèäíî, ÷òî ïðè óâåëè÷åíèè âåðîÿòíîñòè ïîñòóïëå-
íèÿ îäíîãî òðåáîâàíèÿ îòíîñèòåëüíàÿ ïîãðåøíîñòü â çíà÷åíèÿõ ìàòåìàòè÷åñêîãî îæèäàíèÿ
äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé â ñèñòåìàõ SX è S è ðàññòîÿíèå Êîëìîãîðîâà óìåíü-
øàþòñÿ. Ïðè q > 0.6 îòíîñèòåëüíàÿ ïîãðåøíîñòü ìàòåìàòè÷åñêîãî îæèäàíèÿ äëèòåëüíîñòè
ïðåáûâàíèÿ òðåáîâàíèÿ â ñèñòåìû íå ïðåâîñõîäèò 10%, à ðàññòîÿíèå Êîëìîãîðîâà ìåíüøå
Dn < 0.04. Òàêèì îáðàçîì, ïðè ñîîòâåòñòâóþùåì âûáîðå ïàðàìåòðîâ ñèñòåìó ñ ãðóïïîâûì
âõîäÿùèì ïîòîêîì è ãðóïïîâûì îáñëóæèâàíèåì ìîæíî ñ õîðîøåé òî÷íîñòüþ àïïðîêñèìè-
ðîâàòü áîëåå ïðîñòîé ñèñòåìîé ñ îðäèíàðíûì âõîäÿùèì ïîòîêîì è ãðóïïîâûì îáñëóæèâà-
íèåì.

Заключение

Ïðåäëàãàåìûé ïðèáëèæåííûé ìåòîä àíàëèçà ñèñòåìû ñ íåîðäèíàðíûì ïîòîêîì è ãðóï-
ïîâûì îáñëóæèâàíèåì òðåáîâàíèé ìîæåò áûòü èñïîëüçîâàí äëÿ ðåøåíèÿ çàäà÷ óïðàâëåíèÿ
ïðîöåññàìè ôóíêöèîíèðîâàíèÿ ñèñòåì ïîòîêîâîé ïåðåäà÷è èíôîðìàöèè, ñèñòåì ãðóçîâûõ
è ïàññàæèðñêèõ ïåðåâîçîê, ñèñòåì ñáîðî÷íîãî ïðîèçâîäñòâà.

Ïðîäîëæåíèå èññëåäîâàíèÿ ìîæåò áûòü ñâÿçàíî ñ ðàçðàáîòêîé ïðèáëèæåííîãî ìåòîäà
àíàëèçà ñèñòåìû ñ ãðóïïîâûì îáñëóæèâàíèåì, â êîòîðóþ ìîãóò ïîñòóïàòü ãðóïïû òðåáîâà-
íèé ïðîèçâîëüíîãî ðàçìåðà, à òàêæå îïðåäåëåíèÿ îöåíêè âû÷èñëèòåëüíîé ýôôåêòèâíîñòè
ìåòîäà àíàëèçà.
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