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Ââåäåíèå

Çàäà÷à íàõîæäåíèÿ òî÷íûõ ðåøåíèé óðàâíåíèé íåëèíåéíîé ìàòåìàòè÷åñêîé ôè çèêè,
â ÷àñòíîñòè äèôôåðåíöèàëüíûõ è äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé, ïî- ïðåæíåìó
ÿâëÿåòñÿ âåñüìà àêòóàëüíîé. Õàðàêòåðèñòèêè òî÷íûõ ðåøåíèé ïîçâîëÿþò èññëåäîâàòü ô óí-
äàìåíòàëüíûå ñâîéñòâà óðàâíåíèé; òî÷íûå ðåøåíèÿ ÿâëÿþòñÿ îñíîâîé äëÿ îòëàäêè ïð èáëè-
æåííûõ ìåòîäîâ ðåøåíèÿ. Çà ïîñëåäíèå äåñÿòèëåòèÿ áûëî ïðåäëîæåíî í åìàëî ýôôåêòèâ-
íûõ ìåòîäîâ ïîñòðîåíèÿ òî÷íûõ ðåøåíèé íåëèíåéíûõ óðàâíåíèé, íàïðèìåð, ìåòîä ýêñ-
ïîíåíöèàëüíîé ôóíêöèè, ìåòîä ãèïåðáîëè÷åñêîãî òàíãåíñà, ìåòîä ïðîñòåéøè õ óðàâíåíèé
[1� 3], ìåòîä ãåîìåòðè÷åñêîãî ðÿäà [ 4] è äð. Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà ìîäèôèêàöèè ìå-
òîäà îáðàòíîãî ðÿäà [ 5], ïîçâîëÿþùåé ðàñøèðèòü êðóã ðåøàåìûõ ýòèì ìåòîäîì óðàâíåíèé.

1. Èäåÿ ìîäèôèêàöèè ìåòîäà

Ñîãëàñíî [ 5] íà ïåðâîì ýòàïå ìåòîäà îáðàòíîãî ðÿäà ñòðîèòñÿ ðÿä âîçìóùåíèé ïî ñòåïå-
íÿì ðåøåíèÿ ëèíåàðèçîâàííîãî óðàâíåíèÿ â ôîðìå ýêñïîíåíöèàëüíîé ôóíêöèè ez, çàâèñÿ-
ùåé îò ïåðåìåííîé áåãóùåé âîëíû z = kx � !t . Íà âòîðîì ýòàïå äëÿ ïîëó÷åííîãî ñòåïåííîãî
ðÿäà S1(y), ïîñòðîåííîãî ïî ñòåïåíÿì ïåðåìåííîé y, y = ez, ôîðìèðóåòñÿ îáðàòíûé ñòåïåí-
íîé ðÿä S2(y) ñîãëàñíî óñëîâèþ

S1S2 = 1 : (1)

Êàê îêàçûâàåòñÿ, îáðàòíûé ðÿä S2 îáðûâàåòñÿ áåçóñëîâíî äëÿ áîëüøèíñòâà èíòåãðèðóåìûõ
óðàâíåíèé è ïîñëå âûïîëíåíèÿ ñïåöèàëüíîãî óñëîâèÿ � äëÿ ìíîãèõ íåèíòåãðè ðóåìûõ óðàâ-
íåíèé, è âûðàæåíèå S� 1

2 äàåò òî÷íîå ðåøåíèå óðàâíåíèÿ â çàìêíóòîé ôîðìå. Îáðûâàíèå
ñòåïåííîãî ðÿäà, ò. å. îáðàùåíèå â íîëü âñåõ åãî êîýôôèöèåíòîâ, íà÷èíàÿ ñ íåêîòîðîãî íîìå-
ðà, îñíîâàíî íà òîì, ÷òî ðàöèîíàëüíàÿ äðîáü, ïðåäñòàâëÿþùàÿ òî÷íîå ðåøåíèå óðàâíåíèÿ,
âî ìíîãèõ ñëó÷àÿõ èìååò âèä

y
Pn (y)

; (2)

ãäåPn � ìíîãî÷ëåí ñòåïåíè n îò 1 äî 3. Îáðàòíîå ê ( 2) âûðàæåíèå ÿâëÿåòñÿ ìíîãî÷ëåíîì ïî
y, ñîîòâåòñòâóþùèì îáîðâàííîìó îáðàòíîìó ðÿäó. Îäíàêî â íåêîòîðûõ ñëó÷àÿõ ñòðóêòóðà
òî÷íîãî ðåøåíèÿ áîëåå ñëîæíàÿ è èìååò âèä

ym (y + C)
Pn (y)

; (3)

ãäå m 2 Z è C = const. Âòîðîé ìíîæèòåëü â ÷èñëèòåëå ( 3) ïðåïÿòñòâóåò îáðûâàíèþ îá-
ðàòíîãî ðÿäà è, ñëåäîâàòåëüíî, íàõîæäåíèþ ðåøåíèÿ â çàìêíóòîé ôîðìå. Äëÿ óñòð àíåíèÿ
ïðîáëåìû ïðåäëàãàåòñÿ çàìåíèòü óñëîâèå ( 1) ñëåäóþùèì:

S1S2S3 = 1 ; (4)
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ãäå

S3 =
1
C

�
y

C2 +
y2

C3 �
y3

C4 + ::: + ( � 1)n� 1 yn� 1

Cn + ::: (5)

åñòü ôîðìàëüíîå ðàçëîæåíèå âûðàæåíèÿ (y + C) � 1 â ñòåïåííîé ðÿä. Ïðè òàêîé çàìåíå êîì-
áèíàöèÿ S1S3 ëèøàåòñÿ ïðîáëåìíîãî ìíîæèòåëÿ (y+ C) è íè÷òî íå ïðåïÿòñòâóåò îáðûâàíèþ
ðÿäà S2. Òî÷íîå ðåøåíèå óðàâíåíèÿ ïðè ýòîì îïðåäåëÿåòñÿ âûðàæåíèåì

�
S2

y + C

� � 1

: (6)

2. Ðåøåíèå óðàâíåíèÿ Öèöåéêè

Èíòåãðèðóåìîìó óðàâíåíèþ Öèöåéêè

uxt = e2u � e� u (7)

ïðè ! = � 3=k ñîîòâåòñòâóåò ðÿä âîçìóùåíèé [ 4]

u = y +
1
6

y2 +
1
12

y3 +
1
27

y4 +
121
6480

y5 +
25

2592
y6 +

1681
326592

y7 + ::: (8)

Ñèíãóëÿðíûé àíàëèç âåäóùèõ ÷ëåíîâ ( 7) äàåò íóëåâîé ïîðÿäîê ïîëþñà åãî ðåøåíèÿ,
ïîýòîìó âìåñòî ( 8) ðàññìîòðèì ðÿä

S1 = y
du
dy

= y +
1
3

y2 +
1
4

y3 +
4
27

y4 +
121
1296

y5 +
25
432

y6 +
1681
46656

y7 + ::: (9)

Áóäåì èñêàòü îáðàòíûé ðÿä â ôîðìå

S2 =
1X

n= � 1

bnyn : (10)

Ïîäñòàâèâ ( 9), (10) è (5) â (4) è ïåðåíåñÿ âñå ñëàãàåìûå â ëåâóþ ÷àñòü, áóäåì ïîñëåäîâà-
òåëüíî ïðèðàâíèâàòü íóëþ ìíîæèòåëè ïðè âîçðàñòàþùèõ ñòåïåíÿõ y, íà÷èíàÿ ñ íóëåâîé:

y0 :
b� 1

C
� 1 = 0 ) b� 1 = C;

y1 :
b0 � 1

C
+

1
3

= 0 ) b0 = 1 �
C
3

; :::

Â ðåçóëüòàòå ïîëó÷èì

S2 =
C
y

+ 1 �
C
3

�
1
3

�
5C
12

+ 1
�

y �
1
18

�
C
3

+
5
2

�
y2 �

C + 6
324

y3 �
C + 6
1944

y4 � ::: (11)

Êàê âèäèì, íà÷èíàÿ ñî ñòåïåíè y3, âñå êîýôôèöèåíòû îáðàùàþòñÿ â íîëü ïðè C = � 6, è
ðÿä (11), îáðûâàÿñü, ïðåâðàùàåòñÿ â ìíîãî÷ëåí

�
6
z

+ 3 +
z
2

�
z2

36
;

à âûðàæåíèå (6), ãäå y = kx + 3
k t, äàåò ñóììó ðÿäà ( 9)

36y (6 � y)
(y + 6) ( y2 � 24y + 36)

; (12)

êîòîðàÿ îïðåäåëÿåò òî÷íîå ðåøåíèå óðàâíåíèÿ Öèöåéêè, ïðèâåäåííîå â [ 4].
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3. Ðåøåíèå óðàâíåíèÿ Ôèøåðà

Íåèíòåãðèðóåìîìó óðàâíåíèþ Ôèøåðà

ut � �u xx � u + �u 2 = 0

ïðè ! = � �k 2 + 1 ñîîòâåòñòâóåò ðÿä âîçìóùåíèé

S0 =
1
�

+ y +
�y 2

2�k 2 + 1
+

� 2y3

(2�k 2 + 1) (3 �k 2 + 1)
+

� 3
�
7�k 2 + 3

�
y4

3(2�k 2 + 1) 2 (3�k 2 + 1) (4 �k 2 + 1)
+ :::

Äëÿ óïðîùåíèÿ âûêëàäîê èçáàâèìñÿ â ðÿäó îò ïîñòîÿííîãî ñëàãàåìîãî, ò. å. ïðèìå ì S1 =
= S0� 1

� è âîñïîëüçóåìñÿ óñëîâèåì ( 4). Ïîëó÷èì ñëåäóþùèå âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ
îáðàòíîãî ðÿäà ( 10):

b� 1 = C;

b0 = 1 �
C�

2�k 2 + 1
;

b1 =
�

�
� 6� 2k4 + �k 2 (C� � 5) � 1

�

(2�k 2 + 1) 2 (3�k 2 + 1)
;

b2 = �
�� 2k2

�
� 24� 2k4 + 2 �k 2 (C� � 9) � 2C� � 3

�

3(2�k 2 + 1) 3 (3�k 2 + 1) (4 �k 2 + 1)
;

b3 =
�� 3k2

�
�k 2 � 1

� �
� 120� 3k6 + 4 � 2k4 (3C� � 31) � 2�k 2 (3C� + 20) � 3C� � 4

�

6(2�k 2 + 1) 4(3�k 2 + 1) 2 (4�k 2 + 1) (5 �k 2 + 1)
;

:::

Ïîäñòàíîâêà ðåøåíèÿ óðàâíåíèÿ b2 = 0 , ëèíåéíîãî îòíîñèòåëüíî íåèçâåñòíîé C, â ñëå-
äóþùèå êîýôôèöèåíòû b3, b4; : : : ôàêòîðèçóåò ÷èñëèòåëè èõ âûðàæåíèé, òàê ÷òî âåçäå â
íèõ ïîÿâëÿåòñÿ îáùèé ìíîæèòåëü (6�k 2 � 1). Ïðèðàâíèâàíèå ïîñëåäíåãî íóëþ âûÿâëÿåò
äâà óñëîâèÿ:

C = �
4
�

; � =
1

6k2 ;

ïðè êîòîðûõ îáðàòíûé ðÿä ( 10) îáðûâàåòñÿ è äàåò òî÷íîå ðåøåíèå óðàâíåíèÿ Ôèøåðà

u =
1
�

�
y(�y � 4)
(�y � 2)2 ;

ãäåy = ez, z = kx � 5
6 t.

Çàêëþ÷åíèå

Ìåòîä îáðàòíîãî ðÿäà [ 5] ÿâëÿåòñÿ ìîäèôèêàöèåé ìåòîäà ãåîìåòðè÷åñêîãî ðÿäà [ 4], ïîç-
âîëÿþùåãî íàõîäèòü òî÷íûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ñëó÷àÿ õ, êîãäà ðÿä
âîçìóùåíèÿ ÿâëÿåòñÿ ãåîìåòðè÷åñêèì ðÿäîì èëè ïðèâîäèòñÿ ê íåìó. Ïðåèì óùåñòâîì ìå-
òîäà îáðàòíîãî ðÿäà ÿâëÿåòñÿ áîëåå âûñîêàÿ âû÷èñëèòåëüíàÿ ýôôåêòèâíîñòü. Íî â ñâîåé
èñõîäíîé ôîðìóëèðîâêå ìåòîä îáðàòíîãî ðÿäà íå áûë ñïîñîáåí îáíàðóæèâàòü ðåøåíèÿ âè-
äà (3). Ïðåäëîæåííàÿ ìîäèôèêàöèÿ óñòðàíÿåò ýòîò íåäîñòàòîê ìåòîäà è ðàñøèðÿåò êðóã
îáíàðóæèâàåìûõ èì ðåøåíèé.
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Ââåäåíèå

Âåéâëåò-àíàëèç ñôîðìèðîâàëñÿ â ïîñëåäíèå äåñÿòèëåòèÿ XX â. Â íà÷àëå XXI â. çí à÷è-
òåëüíî âûðîñ èíòåðåñ ê âîïðîñàì ïîñòðîåíèÿ áàçèñîâ âåéâëåòîâ íà ëîêàëüíî êîìïàêòíûõ
íóëü-ìåðíûõ àáåëåâûõ ãðóïïàõ. Òàê, â [ 1, 2] áûëè ïîñòðîåíû êðàòíîìàñøòàáíûé àíàëèç
(ÊÌÀ) è íà åãî îñíîâå îðòîíîðìèðîâàííûå áàçèñû â L 2(G) êàê ñæàòèé è ñäâèãîâ íåñêîëü-
êèõ ôóíêöèé (â [ 1] íà ãðóïïå Âèëåíêèíà, â [ 2] íà ïîëå âñåõ p-àäè÷åñêèõ ÷èñåë).

Â [3] áûëà ïîñòðîåíà ñèñòåìà Õààðà íà êîìïàêòíîé íóëü-ìåðíîé àáåëåâîé ãðóïïå.
Â ðàáîòå [4] áûëà ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ îðòîãîíàëüíûõ âñïëåñêîâûõ áàçèñîâ

íà ïðîèçâîëüíûõ ëîêàëüíî êîìïàêòíûõ íóëü-ìåðíûõ ãðóïïàõ, äëÿ êîòîðûõ ïîðÿä êè ñìåæ-
íûõ êëàññîâ ñîâïàäàþò è ðàâíû íåêîòîðîìó ïðîñòîìó ÷èñëó. Â óêàçàííîì ñëó÷àå âîçìî æíî
îïðåäåëèòü îïåðàòîð ðàñòÿæåíèÿ.

Â [5] áûëî äàíî ñëåäóþùåå îïðåäåëåíèå íåñòàöèîíàðíîãî ÊÌÀ.

Îïðåäåëåíèå. Ñîâîêóïíîñòü çàìêíóòûõ ïðîñòðàíñòâ Vj � L 2(G), j 2 Z íàçûâàåò-
ñÿ íåñòàöèîíàðíûì êðàòíîìàñøòàáíûì àíàëèçîì (ÍÊÌÀ), åñëè âûïîëíåíû ñëåäóþùèå
óñëîâèÿ:

1) Vj � Vj +1 äëÿ âñåõj 2 Z;
2)

S

j 2 Z
Vj ïëîòíî â L 2(G);

3)
T

j 2 Z
Vj = 0;

4) äëÿ ëþáîãî j ñóùåñòâóåò ôóíêöèÿ ' j 2 Vj òàêàÿ, ÷òî ïîñëåäîâàòåëüíîñòü
f ' j (� + k 2� j )gk2 Z îáðàçóåò áàçèñ Ðèññà (îðòîíîðìèðîâàííûé áàçèñ) â Vj : Ïîñëåäîâàòåëü-
íîñòü f ' j gj 2 Z íàçûâàåòñÿ ìàñøòàáèðóþùåé äëÿ äàííîãî ÍÊÌÀ.

Â äàííîé ðàáîòå ïîñòðîåí íåñòàöèîíàðíûé êðàòíîìàñøòàáíûé àíàëèç (ÍÊÌÀ) è âñïëåñ-
êîâûé îðòîíîðìèðîâàííûé áàçèñ íà ïðîèçâîëüíîé ëîêàëüíî êîìïàêòíîé íóëü-ìåðíîé ãðóï-
ïå ñ ïðîèçâîëüíîé îáðàçóþùåé ïîñëåäîâàòåëüíîñòüþ, ò. å. â ñëó÷àå, êîãäà ïîðÿäêè ñìå æ-
íûõ êëàññîâ � ðàçëè÷íûå ïðîñòûå ÷èñëà. Ñîîòâåòñòâåííî, â ýòîé ñèòóàöèè ââåñòè îïåðàòîð
ðàñòÿæåíèÿ íå ïðåäñòàâëÿåòñÿ âîçìîæíûì. Â äàííîì ñëó÷àå ÍÊÌÀ ïîðîæäàå òñÿ ïîñëå-
äîâàòåëüíîñòüþ ôóíêöèé, à âñïëåñêîâûé áàçèñ � ïîñëåäîâàòåëüíîñòüþ âñïëåñê-ôóíêöèé .
Â [6] áûë ïîñòðîåí ïî òàêîìó ïðèíöèïó ÍÊÌÀ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ áîëåå
îáùàÿ ñèòóàöèÿ. Ïðè÷åì è ÊÌÀ, è îðòîíîðìèðîâàííûé áàçèñ óäàåòñÿ ïîñòðîèòü áåç èñ-
ïîëüçîâàíèÿ ïðåîáðàçîâàíèÿ Ôóðüå.

1. Ëîêàëüíî êîìïàêòíûå ãðóïïû, òîïîëîãèÿ, õàðàêòåðû

Ïóñòü (G; _+) � ëîêàëüíî êîìïàêòíàÿ àáåëåâà ãðóïïà, òîïîëîãèÿ â êîòîðîé çàäàíà ñ÷åò-
íîé ñèñòåìîé îòêðûòûõ ïîäãðóïï

� � � � G� n � � � � � G� 1 � G0 � G1 � � � � � Gn � : : :

òàêèõ, ÷òî
+ 1S

n= �1
Gn = G,

+ 1T

n= �1
= 0 (0 � íóëåâîé ýëåìåíò ãðóïïû G).

Ïðè êàæäîì ôèêñèðîâàííîì N 2 Z ïîäãðóïïà GN ÿâëÿåòñÿ êîìïàêòíîé àáåëåâîé ãðóï-
ïîé îòíîñèòåëüíî òîé æå îïåðàöèè _+ â òîïîëîãèè, ïîðîæäåííîé ñèñòåìîé ïîäãðóïï

GN � GN +1 � � � � � Gn � : : :
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Òàê êàê êàæäàÿ ãðóïïà Gn êîìïàêòíà, òî êàæäàÿ ôàêòîð-ãðóïïà Gn=Gn+1 êîíå÷íà, è
ïóñòü pn � åå ïîðÿäîê. Ìîæíî ñ÷èòàòü, ÷òî pn � ïðîñòûå ÷èñëà, òàê êàê, èñïîëüçóÿ òåîðå-
ìó Ñèëîâà, ìîæíî óïëîòíèòü öåïî÷êó ïîäãðóïï òàê, ÷òî ïîðÿäêè ôàêòîð-ãðóï ï Gn=Gn+1

ñòàíóò ïðîñòûìè. Â ýòîì ñëó÷àå áàçîé òîïîëîãèè ÿâëÿþòñÿ âñåâîçìîæíûå ñìåæíûå êë àññû
Gn _+ g (g 2 G).

×èñëà m n îïðåäåëèì ðàâåíñòâàìè

m 0 = 1 ; m n+1 = m n � pn :

Ïðè n > 1 èìåþò ìåñòî ðàâåíñòâà

m n = p0p1 : : : pn� 1; m � n =
1

p� 1p� 2 : : : p� n
:

Ñìåæíûå êëàññû Gn _+ g (n 2 Z) âìåñòå ñ ïóñòûì ìíîæåñòâîì îáðàçóþò ïîëóêîëüöî K.
Íà êàæäîì ñìåæíîì êëàññå Gn _+ g ìåðà � îïðåäåëåíà ðàâåíñòâîì � (Gn _+ g) = �G n = 1=m n .

Òàêèì îáðàçîì, åñëè n 2 N è pn = p, òî �G n � �G � n = 1 . Ìåðó � ìîæíî ïðîäîëæèòü ñ
ïîëóêîëüöà K íà � -àëãåáðó (íàïðèìåð, ïî ñõåìå Êàðàòåîäîðè). Ïîëó÷èì ìåðó � , ñîâïàäà-
þùóþ íà áîðåëåâñêèõ ìíîæåñòâàõ ñ ìåðîé Õààðà íà G, êîòîðàÿ èíâàðèàíòíà îòíîñèòåëüíî
ñäâèãà.

Ïóñòü äàëåå
R

G
f (x)d� (x) � àáñîëþòíî ñõîäÿùèéñÿ èíòåãðàë, ïîðîæäåííûé ìåðîé � . Ïðè

êàæäîì N 2 Z âûáåðåì ýëåìåíòû gn 2 GnnGn+1 è çàôèêñèðóåì èõ. Òîãäà ëþáîé ýëåìåíò
x 2 G åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå

x =
+ 1X

n= �1

angn (an = 0; pn � 1);

ïðè÷åì â ýòîé ñóììå ñëàãàåìûõ ñ îòðèöàòåëüíûìè íîìåðàìè êîíå÷íîå ÷èñëî, ò. å.

x =
+ 1X

n= � N

angn (an = 0; pn � 1; an 6= 0) :

Ñèñòåìó ýëåìåíòîâ (gn ) áóäåì íàçûâàòü áàçèñíîé .
Ïóñòü äàëåå X � ñîâîêóïíîñòü õàðàêòåðîâ ãðóïïû G, êîòîðàÿ ÿâëÿåòñÿ ãðóïïîé îòíî-

ñèòåëüíî óìíîæåíèÿ, G?
n � àííóëÿòîð ãðóïïû Gn , ò. å. G?

n = f � 2 X : 8 x 2 Gn ; � (x) = 1 g.
Êàæäûé àííóëÿòîð G?

n åñòü ãðóïïà îòíîñèòåëüíî óìíîæåíèÿ, G?
n îáðàçóþò âîçðàñòàþ-

ùóþ ïîñëåäîâàòåëüíîñòü

� � � � G?
� n � � � � � G?

0 � G?
1 � � � � � G?

n � : : :

òàêóþ, ÷òî
+ 1[

n= �1

G?
n = X;

+ 1\

n= �1

G?
n = 1 ;

ïðè÷åì ôàêòîð-ãðóïïà èìååò ïîðÿäîê pn .
Ïðè êàæäîì n 2 Z âûáåðåì ýëåìåíòû rn 2 G?

n+1 nG?
n è çàôèêñèðóåì èõ. Òîãäà ëþáîé

ýëåìåíò � 2 X åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå

� =
+ 1Y

n= �1

r � n
n (� n = 0; pn � 1);

ïðè÷åì â ïðîèçâåäåíèè ìíîæèòåëåé ñ ïîëîæèòåëüíûìè íîìåðàìè êîíå÷íîå ÷ èñëî. Õàðàê-
òåðû rn áóäåì íàçûâàòü ôóíêöèÿìè Ðàäåìàõåðà .
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Â ãðóïïå õàðàêòåðîâ X ìîæíî ââåñòè òîïîëîãèþ, èñïîëüçóÿ öåïî÷êó ïîäãðóïï è âûáè-
ðàÿ â êà÷åñòâå áàçû òîïîëîãèè ñîâîêóïíîñòü ñìåæíûõ êëàññîâ G?

n � � (� 2 X ). Ñîâîêóïíîñòü
òàêèõ ñìåæíûõ êëàññîâ âìåñòå ñ ïóñòûì ìíîæåñòâîì îáðàçóåò ïîëóêîëüöî � . Äëÿ êàæäîãî
ñìåæíîãî êëàññà îïðåäåëèì åãî ìåðó � ðàâåíñòâîì � (G?

n � ) = � (G?
n ) = m n . Òàêèì îáðà-

çîì, âñåãäà � (Gn )� (G?
n ) = 1 . Ìåðà � ïðîäîëæàåòñÿ ñòàíäàðòíûì ñïîñîáîì (íàïðèìåð, ïî

ñõåìå Êàðàòåîäîðè) íà � -àëãåáðó èçìåðèìûõ ìíîæåñòâ. Ïî ýòîé ìåðå ñòðîèòñÿ àáñîëþò-
íî ñõîäÿùèéñÿ èíòåãðàë

R

X
F (� )d� (� ). Ãðóïïà õàðàêòåðîâ X ñ òàêîé òîïîëîãèåé ÿâëÿåòñÿ

íóëü-ìåðíîé ëîêàëüíî êîìïàêòíîé ãðóïïîé, è èìååò ìåñòî äâîéñòâåííàÿ ñèòóàöèÿ: êàæäûé
ýëåìåíò x 2 G ÿâëÿåòñÿ õàðàêòåðîì ãðóïïû X è Gn åñòü àííóëÿòîð ãðóïïû G?

n .
Îáîçíà÷èì

Hn =

8
<

:
q 2 G : q =

n� 1X

j = N

aj gj ; N 2 Z; aj = 0; pn � 1

9
=

;
:

2. Íåñòàöèîíàðíûé êðàòíîìàñøòàáíûé àíàëèç íà ëîêàëüíî êîì ïàêòíîé
íóëü-ìåðíîé ãðóïïå

Îïðåäåëåíèå 1. Íåñòàöèîíàðíûì êðàòíîìàñøòàáíûì àíàëèçîì (ÍÊÌÀ) áóäåì íà-
çûâàòü ñîâîêóïíîñòü çàìêíóòûõ ïîäïðîñòðàíñòâ Vj � L 2(G), äëÿ êîòîðûõ ñïðàâåäëèâû
ñëåäóþùèå àêñèîìû:

A1) Vj � Vj +1 ;
A2)

S

j 2 Z
Vj = L 2(G);

A3)
T

j 2 Z
Vj = 0 ;

A4) äëÿ ëþáîãî n 2 Z íàéäóòñÿ ôóíêöèè ' (n)
j n ;j n +1

(x); j n = 0; pn � 1, j n+1 = 0; pn+1 � 1 è

ìíîæåñòâà Hn òàêèå, ÷òî ñèñòåìà
�

' (n)
j n ;j n +1

(x _� h); j n = 1; pn � 1; j n+1 = 1; pn+1 � 1; h 2 Hn

�

îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ â Vn :

Äëÿ ïîñòðîåíèÿ ÊÌÀ âûáåðåì ôóíêöèè ' (n)
j n ;j n +1

2 L 2(G) ñëåäóþùèì îáðàçîì.
Ïîëîæèì

' (0)
j 0 ;0(x) =

p
m1 1G1 _+ j 0g0

(x); j 0 = 0; p0 � 2;

' (0)
p0 � 1;j 1

(x) =
p

m2 1G2 _+ j 1g1 _+( p0 � 1)g0
(x); j 1 = 0; p1 � 1

(íîñèòåëè ýòèõ ôóíêöèé ñîäåðæàòñÿ â G0).
Ïîëîæèì

V0 = span
n

' (0)
j 0 ;0(x _� h0); ' (0)

p0 � 1;j 1
(x _� h0)

o
; j 0 = 0; p0 � 2; j 1 = 0; p1 � 1; h0 2 H0:

Çàòåì îïðåäåëèì

' (1)
j 1 ;0 =

p
m2 1G2 _+ j 1g1

(x); j 1 = 0; p1 � 2;

' (1)
p1 � 1;j 2

=
p

m3 1G3 _+ j 2g2 _+( p1 � 1)g1
(x); j 2 = 0; p2 � 1;

supp' (1)
j 1 ;0 � G1; supp' (1)

p1 � 1;j 2
� G1:

Ïîëîæèì

V1 = span
n

' (1)
j 1 ;0(x _� h1); ' (1)

p1 � 1;j 2
(x _� h1)

o
; j 1 = 0; p1 � 2; j 2 = 0; p2 � 1; h1 2 H1:

Ïðîäîëæèì ýòîò ïðîöåññ. Íà n-ì øàãå ïîëó÷èì

' (n)
j n ;0 =

p
mn+1 1Gn +1 _+ j n gn

(x); j n = 0; pn � 2;
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' (n)
pn � 1;j n +1

=
p

mn+2 1Gn +2 _+ j n +1 gn +1 _+( pn � 1)gn
(x); j n+1 = 0; pn+1 � 1;

supp' (n)
j n ;0 � Gn ; supp' (n)

pn � 1;j n +1
� Gn

è ïîëîæèì

Vn = span
n

' (n)
j n ;0(x _� hn ); ' (n)

pn � 1;j n +1
(x _� hn )

o
; j n = 0; pn � 2; j n+1 = 0; pn+1 � 1; hn 2 Hn :

Çàìåòèì, ÷òî

V� 1 = span
n

' (� 1)
j � 1 ;0(x _� h� 1); ' (� 1)

p� 1 � 1;j 0
(x _� h� 1)

o
;

j � 1 = 0; p� 1 � 2; j 0 = 0; p0 � 1; h� 1 2 H � 1;

ãäå

' (� 1)
j n ;0 =

p
m0 1G0 _+ j � 1g� 1

(x); j � 1 = 0; p� 1 � 2;

' (� 1)
p� 1 � 1;j 0

=
p

m1 1G1 _+ j 0g0 _+( p� 1 � 1)g� 1
(x); j 0 = 0; p0 � 1;

supp' (� 1)
j � 1 ;0 � G� 1; supp' (� 1)

p� 1 � 1;j 0
� G� 1:

Ïðîäîëæàåì ïðîöåññ äî áåñêîíå÷íîñòè â îáå ñòîðîíû.
Òàêèì îáðàçîì, ìû ïîñòðîèëè ïîñëåäîâàòåëüíîñòü ïîäïðîñòðàíñòâ (Vn )n2 Z .

Òåîðåìà 1. Ñîâîêóïíîñòü ïîäïðîñòðàíñòâ (Vn )n2 Z îáðàçóåò ÍÊÌÀ.

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî äëÿ ïîñòðîåííûõ ïîäïðîñòðàíñòâ âûïîëíåíû àêñèîìû
A1�A4 ÍÊÌÀ.

A1. Ïîêàæåì, ÷òî Vn � Vn+1 . Âîçüìåì f 2 Vn ()

() f =
X

hn 2 H n

0

@
pn � 2X

j n =0

Cj n ;0;hn ' (n)
j n ;0(x _� hn ) +

pn +1 � 1X

j n +1 =0

Cpn � 1;j n +1 ;hn ' (n)
pn � 1;j n +1

(x _� hn )

1

A :

Òàê êàê' (n)
j n ;0(x) ïîñòîÿííû íà ñìåæíûõ êëàññàõ ïî ïîäãðóïïå Gn+1 , ôóíêöèè ' (n)

pn � 1;j n +1
(x)

ïîñòîÿííû íà ñìåæíûõ êëàññàõ ïî ïîäãðóïïå Gn+2 , à ôóíêöèè ' (n+1)
j n +1 ;0(x) ïîñòîÿííû íà

ñìåæíûõ êëàññàõ ïî Gn+2 , ' (n+1)
pn +1 � 1;j n +2

(x) ïîñòîÿííû íà ñìåæíûõ êëàññàõ ïî Gn+3 , òî

' (n)
j n ;0(x) 2 Vn+1 , ' (n)

pn � 1;j n +1
(x) 2 Vn+1 , ò. å.

' (n)
j n ;0(x) =

X

hn +1 2 H n +1

 pn +1 � 2X

j n +1 =0

dj n +1 ;0;hn +1 ' (n+1)
j n +1 ;0(x _� hn+1 )+

+
pn +2 � 1X

j n +2 =0

dpn +1 � 1;j n +2 ;hn +1 ' (n+1)
pn +1 � 1;j n +2

(x _� hn+1 )

!

;

' (n)
pn � 1;j n +1

(x) =
X

hn +1 2 H n +1

 pn +1 � 2X

j n +1 =0

bj n +1 ;0;hn +1 ' (n+1)
j n +1 ;0(x _� hn+1 )+

+
pn +2 � 1X

j n +2 =0

bpn +1 � 1;j n +2 ;hn +1 ' (n+1)
pn +1 � 1;j n +2

(x _� hn+1 )

!

:
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Òîãäà

f =
X

hn 2 H n

 pn � 2X

j n =0

Cj n ;0;hn

 
X

hn +1 2 H n +1

 pn +1 � 2X

j n +1 =0

dj n +1 ;0;hn +1 ' (n+1)
j n +1

(x _� (hn _+ hn+1 ))+

+
pn +2 � 1X

j n +2 =0

dpn +1 � 1;j n +2 ;hn +1 ' (n+1)
pn +1 � 1;j n +2

(x _� (hn _+ hn+1 ))

!!

+

+
pn +1 � 1X

j n +1 =0

Cpn � 1;j n +1 ;hn

 
X

hn +1 2 H n +1

 pn +1 � 2X

j n +1 =0

bj n +1 ;0;hn +1 ' (n+1)
j n +1 ;0(x _� (hn _+ hn+1 ))+

+
pn +2 � 1X

j n +2 =0

bpn +1 � 1;j n +2 ;hn +1 ' (n+1)
pn +1 � 1;j n +2

(x _� (hn _+ hn+1 ))

!!!

=

=
X

hn 2 H n

X

hn +1 2 H n +1

 pn +1 � 2X

j n +1 =0

' (n+1)
j n +1 ;0(x _� (hn+1 _+ hn ))

 

dj n +1 ;0;hn +1

pn � 2X

j n =0

Cj n ;0;hn +

+ bj n +1 ;0

pn +1 � 1X

j n +1 =0

Cpn � 1;j n +1 ;hn

!

+

+
pn +2 � 1X

j n +2 =0

' (n+1)
pn +1 � 1;j n +2

(x _� (hn+1 _+ hn ))

 

dpn +1 � 1;jn +2 ;hn +1

pn � 2X

j n =0

Cj n ;0;hn +

+ bpn +1 � 1;j n +2

pn +1 � 1X

j n +1 =0

Cpn � 1;j n +1 ;hn

!!

=

=
X

h0
n +1 2 H n +1

 pn +1 � 2X

j n +1 =0

C0
j n +1 ;0;h0

n +1
' (n+1)

j n +1 ;0(x _� h0
n+1 )+

+
pn +2 � 1X

j n +2 =0

C0
pn +1 � 1;j n +2 ;h0

n +1
' (n+1)

pn +1 � 1;j n +2
(x _� h0

n+1 )

!

2 Vn+1 ;

òàê êàê

hn+1 _+ hn = ( a� N g� N _+ : : : _+ angn ) _+( b� M g� M _+ : : : _+ bn� 1gn� 1) =

= � � m g� m _+ : : : _+ � n� 1gn� 1 _+ � ngn ;

ãäåm = max( N; M ); è hn+1 _+ hn 2 Hn+1 :
A2. Âûïîëíåíèå àêñèîìû

S

j 2 Z
Vj = L 2(G) î÷åâèäíî, òàê êàê ìíîæåñòâî âñåõ ñòóïåí÷àòûõ

ôóíêöèé âñþäó ïëîòíî â L 2(G):
A3. Äîêàæåì ñïðàâåäëèâîñòü àêñèîìû

T

j 2 Z
Vj = 0 :

Ïóñòü
f 2

\

j 2 Z

Vj : (1)

Ïîêàæåì, ÷òî f = 0 . Âûðàæåíèå ( 1) îçíà÷àåò, ÷òî f 2 Vj äëÿ ëþáîãî j 2 Z. Ñëåäîâàòåëüíî,
f 2 V0. Çíà÷èò,

f (x) =

(
C(0)

i 0
; ïðè x 2 G1 _+ i 0g0; i 0 = 0; p0 � 2);

C(0)
i 1

; ïðè x 2 G2 _+( p0 � 1)g0 _+ i 1g1; i 1 = 0; p1 � 1;

ò.å. f (x) = C(0)
0 ïðè x 2 G1.
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Íî f 2 V� 1, çíà÷èò,

f (x) =

(
C(� 1)

i � 1
; ïðè x 2 G0 _+ i � 1g� 1; i � 1 = 0; p� 1 � 2;

C(� 1)
i 0

; ïðè x 2 G1 _+( p� 1 � 1)g� 1 _+ i 0g0; i 0 = 0; p0 � 1

è f (x) = C(� 1)
0 ïðè x 2 G0.

Òàê êàê G1 � G0, òî f (x) = C(� 1)
0 = C(0)

0 íà G0.
Íî è f 2 V� 2. Ñëåäîâàòåëüíî,

f (x) =

(
C(� 2)

i � 2
; ïðè x 2 G� 1 _+ i � 2g� 2; i � 2 = 0; p� 2 � 2;

C(� 2)
i � 1

; ïðè x 2 G0 _+( p� 2 � 1)g� 2 _+ i � 1g� 1; i � 1 = 0; p� 1 � 1

è f (x) = C(� 2)
0 ïðè x 2 G� 1.

Ñíîâà òàê êàê G0 � G� 1, òî f (x) = C(� 2)
0 = C(� 1)

0 = C(0)
0 íà G� 1.

Ïðîäîëæàÿ ýòè ðàññóæäåíèÿ, ïîëó÷èì f (x) = C íà G.
Íî f 2 L 2(G). Çíà÷èò,

kf k2
2 =

Z

G

f 2(x)d� (x) =
Z

G

C2d� (x) = C2� (G) < 1 :

Ñëåäîâàòåëüíî, C = 0 .
Òàêèì îáðàçîì, åñëè f 2

T

j 2 Z
Vj , òî f � 0.

A4. Ôóíêöèè
�

' (n)
j n ;0(x _� hn ); ' (n)

pn � 1;j n +1
(x _� hn )

�
hn 2 H n ;

j n = 0;pn � 2;
j n +1 = 0;pn +1 � 1

îáðàçóþò îðòîíîðìèðîâàííûé

áàçèñVn .
Äîñòàòî÷íî äîêàçàòü, ÷òî

�
' (n)

j n ;0(x _� hn ); ' (n)
pn � 1;j n +1

(x _� hn )
�

hn 2 H n ;
j n = 0;pn � 2;

j n +1 = 0;pn +1 � 1

îáðàçóþò îðòî-

íîðìèðîâàííóþ ñèñòåìó.
Çàìåòèì, ÷òî

�
' (n)

j n ;0(x); ' (n)
pn � 1;j n +1

(x)
�

j n = 0;pn � 2;
j n +1 = 0;pn +1 � 1

îáðàçóþò îðòîíîðìèðîâàííóþ ñèñòå-

ìó, òàê êàê èõ íîñèòåëè íå ïåðåñåêàþòñÿ è k' (n)
j n ;0k = 1 , k' (n)

pn � 1;j n +1
k = 1 .

Ñèñòåìà
�

' (n)
j n ;0(x _� hn ); ' (n)

pn � 1;j n +1
(x _� hn )

�
� åñòü îðòîíîðìèðîâàííàÿ ñèñòåìà â Vn . Äî-

êàçûâàåòñÿ àíàëîãè÷íî, òàê êàê ïðè hn 6= hm ñäâèã îñóùåñòâëÿåòñÿ íà ðàçëè÷íûå íåïåðå-
ñåêàþùèåñÿ ñìåæíûå êëàññû ïî ïîäãðóïïå Gn+1 .

Òàêèì îáðàçîì, âñå àêñèîìû äëÿ ïîäïðîñòðàíñòâ Vn âûïîëíåíû, ñëåäîâàòåëüíî, (Vn )n2 Z
îáðàçóþò ÍÊÌÀ. �

3. Âñïëåñêîâûå áàçèñû

Îñíîâíûì ñâîéñòâîì ÊÌÀ ÿâëÿåòñÿ âîçìîæíîñòü íà èõ îñíîâå ñòðîèòü áàçèñû âñïëåñ-
êîâ. Îïèøåì êîíñòðóêöèþ ïðîñòðàíñòâ âñïëåñêîâ.

Ïóñòü (Vn )n2 Z � ÍÊÌÀ ñ ìàñøòàáèðóþùåé ïîñëåäîâàòåëüíîñòüþ
�

' (n)
j n ;0; ' (n)

pn � 1;j n +1

�
:

Îáîçíà÷èì Wn � îðòîãîíàëüíîå äîïîëíåíèå ê Vn â ïðîñòðàíñòâå Vn+1 , ò. å.Vn+1 = Vn � Wn

è Vn ? Wn . Ïðè÷åì Wn ? Wm , n 6= m, è L 2(G) =
+ 1L

n= �1
Wn :

Îïðåäåëèì ïðîñòðàíñòâà Wn ñëåäóþùèì îáðàçîì. Ñíà÷àëà îïðåäåëèì ôóíêöèè

 (0)
j 0 ;0;h0 ;� 1

(x) =
p

m 1 � r � 1
1 (x _� j 0g0 _� h0) 1G1 _+ j 0g0 _+ h0

(x);

� 1 = 1; p1 � 1; j 0 = 0; p0 � 2; h0 2 H0;
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 (0)
j 0 ;p1 � 1;h0 ;� 2

(x) =
p

m 2 � r � 2
2 (x _� (p1 � 1)g1 _� j 0g0 _� h0) � 1G2 _+( p1 � 1)g1 _+ j 0g0 _+ h0

(x);

� 2 = 1; p2 � 1; j 0 = 0; p0 � 1; hn 2 Hn :

Çäåñür i (x), i = 1 ; 2 � ôóíêöèè Ðàäåìàõåðà [ 7].

Ïîëîæèì W0 = span
n

 (0)
j 0 ;0;h0 ;� 1

(x); j 0 = 0; p0 � 2;  (0)
j 0 ;p1 � 1;h0 ;� 2

(x); j 0 = 0; p0 � 1;
o

:
Çàòåì

 (1)
j 1 ;0;h1 ;� 2

(x) =
p

m 2 � r � 2
2 (x _� j 1g1 _� h1) 1G2 _+ j 1g1 _+ h1

(x);

� 2 = 1; p2 � 1; j 1 = 0; p1 � 2; h1 2 H1;

 (1)
j 1 ;p2 � 1;h1 ;� 3

(x) =
p

m 3 � r � 3
3 (x _� (p2 � 1)g2 _� j 1g1 _� h1) � 1G3 _+( p2 � 1)g2 _+ j 1g1 _+ h1

(x);

� 3 = 1; p3 � 1; j 1 = 0; p1 � 1; h1 2 H1:

Ïîëîæèì W1 = span
n

 (1)
j 1 ;0;h1 ;� 2

(x); j 1 = 0; p1 � 2;  (1)
j 1 ;p2 � 1;h1 ;� 3 (x)

o
.

Ïðîäîëæàÿ ýòîò ïðîöåññ, íà n-ì øàãå ïîëó÷èì

 (n)
j n ;0;hn ;� n +1

(x) =
p

m n+1 � r � n +1
n+1 (x _� j ngn _� hn ) 1Gn +1 _+ j n gn _+ hn

(x);

� n+1 = 1; pn+1 � 1; j n = 0; pn � 2; hn 2 Hn ;

 (n)
j n ;pn +1 � 1;hn ;� n +2

(x) =
p

m n+2 � r � n +2
n+2 (x _� (pn+1 � 1)gn+1 _� j ngn _� hn ) �

� 1Gn +2 _+( pn +1 � 1)gn +1 _+ j n gn _+ hn
(x);

� n+2 = 1; pn+2 � 1; j n = 0; pn � 1; hn 2 Hn

è ïîëîæèì

Wn = span
n

 (n)
j n ;0;hn ;� n +1

(x); j n = 0; pn � 2;  (n)
j n ;pn +1 � 1;hn ;� n +2

(x); j n = 0; pn � 1
o

è ò. ä. Ïîëó÷èì ïîñëåäîâàòåëüíîñòü ïîäïðîñòðàíñòâ (Wn )+ 1
n= �1 :

Òåîðåìà 2. Ôóíêöèè
�

 (n)
j n ;0;hn ;� n +1

(x); j n = 0; pn � 2;  (n)
j n ;pn +1 � 1;hn ;� n +2

(x); j n =

= 0; pn � 1
�

, hn 2 Hn , � n+1 = 1; pn+1 � 1, � n+2 = 1; pn+2 � 1 îáðàçóþò îðòîíîðìèðîâàííóþ
ïîñëåäîâàòåëüíîñòü.

Äîêàçàòåëüñòâî. Ïóñòü ñíà÷àëà n � ôèêñèðîâàííîå.
1. Åñëè j n1 6= j n2 , òî

R

G
 (n)

j n 1 ;0;hn ;� n +1
(x) (n)

j n 2 ;0;hn ;� n +1
(x)d� (x) = 0 ; òàê êàê íîñèòåëè ýòèõ

ôóíêöèé íå ïåðåñåêàþòñÿ.
2. Äàëåå ðàññìîòðèì

�
 (n)

j n ;0;hn ;� n 1+1
(x);  (n)

j n ;0;hn ;� n 2+1
(x)

�
=

= m n+1

Z

G

r
� n 1+1

n+1 (x _� j ngn _� hn ) 1Gn +1 _+ j n gn _+ hn
(x)r

� n 2+1

n+1 (x _� j ngn _� hn ) 1Gn +1 _+ j n gn _+ hn
(x) d� (x) =

= m n+1

Z

Gn +1 _+ j n gn _+ hn

r
� n 1+1

n+1 (x _� j ngn _� hn ) r
� n 1+1 + l
n+1 (x _� j ngn _� hn ) d� (x) =

= m n+1

Z

Gn +1 _+ j n gn _+ hn

r l
n+1 (x _� j ngn _� hn ) d� (x) = 0 ;

â ïðåäïîëîæåíèè äëÿ îïðåäåëåííîñòè � n1+1 < � n2+1 , ò. å. � n2+1 = � n1+1 + l.
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Ëåãêî ïðîâåðèòü, ÷òî k (n)
j n ;0;hn ;� n +1

(x)k2 = 1 ; à çíà÷èò, ïîñëåäîâàòåëüíîñòü îðòîíîðìè-
ðîâàííà.

Àíàëîãè÷íî
�

 (n)
j n 1 ;pn +1 � 1;hn ;� n +2

(x);  (n)
j n 2 ;pn +1 � 1;hn ;� n +2

(x)
�

= 0 ;
�

 (n)
j n ;pn +1 � 1;hn ;� n 1+2

(x);  (n)
j n ;pn +1 � 1;hn ;� n 2+2

(x)
�

= 0 :

3. Ðàññìîòðèì
�

 (n)
j n 1 ;0;hn ;� n +1

(x);  (n)
j n 2 ;pn +1 � 1;hn ;� n 2+2

(x)
�

= 0 , åñëè j n1 6= j n2 , òàê ñäâèã
ïðîèçâîäèòñÿ íà ðàçëè÷íûå ñìåæíûå êëàññû ïî ïîäðóïïå Gn+1 . Åñëè æå j n1 6= j n2 , òî
ïîëó÷èì

�
 (n)

j n ;0;hn ;� n +1
(x);  (n)

j n ;pn +1 � 1;hn ;� n +2
(x)

�
=

=
p

m n+1 m n+2

Z

G

r � n +1
n+1 (x _� j ngn _� hn ) 1Gn +1 _+ j n gn _+ hn

(x)�

� r � n +2
n+2 (x _� (pn+1 � 1)gn+1 _� j ngn _� hn ) 1Gn +2 _+( pn +1 � 1)gn +1 _+ j n gn _+ hn

(x) d� (x) =

=
p

m n+1 m n+2

Z

Gn +2 _+( pn +1 � 1)gn +1 _j n gn _+ hn

r � n +1
n+1 (x _� j ngn _� hn ) �

� r � n +2
n+2 (x _� (pn+1 � 1)gn+1 _� j ngn _� hn ) d� (x) =

=
p

m n+1 m n+2

Z

Gn +2

r � n +1
n+1 (y _+( pn+1 � 1)gn+1 ) � r � n +2

n+2 (y) d� (y) =

=
p

m n+1 m n+2 r � n +1
n+1 (Gn+2 _+( pn+1 � 1)gn+1 )

Z

Gn +2

r � n +2
n+2 (y) d� (y) = 0 :

4. Ïóñòü òåïåðü n 6= N (äëÿ îïðåäåëåííîñòè N > n ).

Óáåäèìñÿ, ÷òî
�

 (n)
j n ;0;hn ;� n +1

(x) (N )
j N ;0;hN ;� N +1

(x)
�

= 0 :

Åñëè íîñèòåëè ôóíêöèé  (n)
j n ;0;hn ;� n +1

(x) è  (N )
j N ;0;hN ;� N +1

(x) íå ïåðåñåêàþòñÿ, òî ðàâåíñòâî

î÷åâèäíî âûïîëíÿåòñÿ. Èíà÷å supp  (N )
j N ;0;hN ;� N +1

(x) � supp (n)
j n ;0;hn ;� n +1

(x). È òîãäà

�
 (n)

j n ;0;hn ;� n +1
(x);  (N )

j N ;0;hN ;� N +1
(x)

�
=

=
p

m n+1 m N +1

Z

G

r � n +1
n+1 (x _� j ngn _� hn ) 1Gn +1 _+ j n gn _+ hn

(x)�

� r � N +1
N +1 (x _� j N gN _� hN ) 1GN +1 _+ j N gN _+ hN

(x) d� (x) =

=
p

m n+1 m N +1

Z

GN +1 _+ j N gN _+ hN

r � n +1
n+1 (x _� j ngn _� hn ) r � N +1

N +1 (x _� j N gN _� hN ) d� (x) =

=
p

m n+1 m N +1

Z

GN +1

r � n +1
n+1 (y _+ j N gN _+ hN _� j ngn _� hn ) r � N +1

N +1 (y) d� (y) =

=
p

m n+1 m N +1 r � n +1
n+1 (GN +1 _+ j N gN _+ hN _� j ngn _� hn )

Z

GN +1

r � N +1
N +1 (y) d� (y) = 0 :

Àíàëîãè÷íî �
 (n)

j n ;pn +1 � 1;hn ;� n +2
(x);  (N )

j N ;pN +1 � 1;hN ;� N +2
(x)

�
= 0 :
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Â õîäå äîêàçàòåëüñòâà áûëè èñïîëüçîâàíû ñâîéñòâà ôóíêöèé Ðàäåìàõåðà, äîêàçàííûå
â [7]. �

Èòàê, ôóíêöèè
�

 (n)
j n ;0;hn ;� n +1

(x);  (n)
j n ;pn +1 � 1;hn ;� n +2

(x)
�

îáðàçóþò îðòîíîðìèðîâàííóþ ñè-

ñòåìó, à çíà÷èò, è îðòîíîðìèðîâàííûé áàçèñ â Wn . Â ñèëó L 2(G) =
+ 1L

n= �1
Wn ïîñëåäîâà-

òåëüíîñòü
�

 (n)
j n ;0;hn ;� n +1

(x);  (n)
j n ;pn +1 � 1;hn ;� n +2

(x)
�

n2 Z
� îðòîíîðìèðîâàííûé áàçèñ â L 2(G):
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Article

Merging of Euler's method with trigonometric functions
for accurate ray path in a two-gradient medium

T. A. Smaglichenko

Oil and Gas Institute Russian Academy of Sciences, 3 Gubkina St., Moscow 119333, Russia

Tatyana A. Smaglichenko , t.a.smaglichenko@gmail.com,https://orcid.org/0000-0001-9786-6959 , SPIN: 8626-

5251, AuthorID: 59811

Abstract. In this paper, an analytical solution is presented to provide an accurate trajectory of a ray

propagating from the known position of the source to the receiver in a two-gradient medium. A system

of two linear gradients connects two di�erent layered media when the transition from one to the other

occurs at some boundary. Within each medium, refractive indices determine the propagation of waves

and, accordingly, the curved trajectories of rays. Di�erent radii of curves make it di�cult to track the

ray as it propagates from the source to the receiver. Euler'smethod provides an exact solution for a

one-gradient model. However, in the case of two gradients, the accurate solution cannot be obtained

because of the underdetermined common system for ray curves andcomputational complexity. In this

paper, a technique is described that combines Euler's methodand trigonometric functions to derive direct

formulas for calculating key angles responsible for the raypath in both gradient media. An exact solution

overcomes the the drawbacks of iterative approaches, which are subject to computational errors. The

basic formula developed for two-gradient models was tested using a small set of real data by transforming

it into a particular case of a one-gradient model. The independence of the evaluations is con�rmed by

comparing the calculated parameters with those taken from an earlier publication. The derived formulas

are essential for solving problems in oil and gas exploration, geothermal exploration, and other challenges

related to energetics. The solution can be extended for acoustic, optical, and other tasks.

Keywords: ray tracing algorithm, two-gradient model, incidence angle,analytic solution
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Àííîòàöèÿ. Â äàííîé ðàáîòå ïðåäñòàâëåíî àíàëèòè÷åñêîå ðåøåíèå, ïîçâî ëÿþùåå ïîëó÷èòü òî÷-
íóþ òðàåêòîðèþ ëó÷à, ðàñïðîñòðàíÿþùåãîñÿ îò èçâåñòíîãî ïî ëîæåíèÿ èñòî÷íèêà ê ïðè¼ìíèêó â
äâóõãðàäèåíòíîé ñðåäå. Ñèñòåìà èç äâóõ ëèíåéíûõ ãðàäèåíòî â ñîåäèíÿåò äâå ðàçëè÷íûå ñëîèñòûå
ñðåäû, ïåðåõîä îò îäíîé â äðóãóþ ïðîèñõîäèò íà íåêîòîðîé ãðà íèöå. Â êàæäîé ñðåäå ïîêàçàòåëè
ïðåëîìëåíèÿ îïðåäåëÿþò ðàñïðîñòðàíåíèå âîëí è, ñîîòâåòñò âåííî, èñêðèâë¼ííûå ïóòè ëó÷åé. Ðàç-
ëè÷íûå ðàäèóñû êðèâûõ çàòðóäíÿþò îòñëåæèâàíèå ëó÷à ïðè åãî ð àñïðîñòðàíåíèè îò èñòî÷íèêà äî
ïðè¼ìíèêà. Ìåòîä Ýéëåðà äà¼ò òî÷íîå ðåøåíèå äëÿ ìîäåëè, õàð àêòåðèçóþùåéñÿ îäíèì ãðàäèåíòîì.
Îäíàêî â ñëó÷àå äâóõ ãðàäèåíòîâ òî÷íîå ðåøåíèå íåâîçìîæíî ïî ñòðîèòü èç-çà íåäîîïðåäåë¼ííîñòè
îáùåé ñèñòåìû êðèâûõ ëó÷åé è âû÷èñëèòåëüíîé ñëîæíîñòè. Â ñòà òüå îïèñûâàåòñÿ ìåòîä, îáúåäè-
íÿþùèé ìåòîä Ýéëåðà è òðèãîíîìåòðè÷åñêèå ôóíêöèè äëÿ âûâîä à ïðÿìûõ ôîðìóë ïðè ðàñ÷åòå
êëþ÷åâûõ óãëîâ, îòâå÷àþùèõ çà òðàåêòîðèþ ëó÷à â îáåèõ ãðàäè åíòíûõ ñðåäàõ. Òî÷íîå ðåøåíèå
ïîçâîëÿåò ïðåîäîëåòü íåäîñòàòîê èòåðàöèîííîãî ïîäõîäà, ñ âÿçàííûé ñ âû÷èñëèòåëüíîé ïîãðåøíî-
ñòüþ. Áàçîâàÿ ôîðìóëà, ðàçðàáîòàííàÿ äëÿ äâóõãðàäèåíòíûõ ìîäåëåé, áûëà ïðîòåñòèðîâàíà íà
íåáîëüøîì íàáîðå ðåàëüíûõ äàííûõ ïóò¼ì å¼ ïðåîáðàçîâàíèÿ â ÷àñòíûé ñëó÷àé îäíîãðàäèåíòíîé
ìîäåëè. Íåçàâèñèìîñòü îöåíîê ïîäòâåðæäåíà ñðàâíåíèåì ðàñ÷ ¼òíûõ ïàðàìåòðîâ ñ ïàðàìåòðàìè,
âçÿòûìè èç áîëåå ðàííåé ïóáëèêàöèè. Ïîëó÷åííûå ôîðìóëû èìå þò âàæíîå çíà÷åíèå äëÿ ðåøåíèÿ
ïðîáëåì ïðè ðàçâåäêå ìåñòîðîæäåíèé íåôòè è ãàçà, ãåîòåðìàëü íûõ ðåñóðñîâ è äðóãèõ, ñâÿçàííûõ
ñ ýíåðãåòèêîé. Ðåøåíèå ìîæåò áûòü îáîáùåíî íà àêóñòè÷åñêèå , îïòè÷åñêèå è äðóãèå çàäà÷è.
Êëþ÷åâûå ñëîâà: àëãîðèòì òðàññèðîâêè ëó÷åé, äâóõãðàäèåíòíàÿ ìîäåëü, óãîë ïàäåíèÿ, àíàëèòè-
÷åñêîå ðåøåíèå
Áëàãîäàðíîñòè: Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñ òâà íàóêè è âûñ-
øåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (ïðîåêò • 1250213020 95-2 ¾Ôóíäàìåíòàëüíûé áàçèñ èí-
íîâàöèîííûõ, öèôðîâûõ òåõíîëîãèé ïðîãíîçà, ïîèñêà, ðàçâå äêè è îñâîåíèÿ íåôòåãàçîâûõ ðåñóð-
ñîâ (ôóíäàìåíòàëüíûå, ïîèñêîâûå, ïðèêëàäíûå, ýêîíîìè÷åñ êèå è ìåæäèñöèïëèíàðíûå èññëåäîâà-
íèÿ äî 2030 ãîäà)¿). Àâòîðû áëàãîäàðÿò Êðèñòèí Ôîãôüîðä (Èñë àíäñêîå ìåòåîðîëîãè÷åñêîå áþðî,
Ðåéêüÿâèê) çà ïîëåçíîå îáñóæäåíèå ãðàäèåíòíûõ ìîäåëåé è Ìàð òèíà Õåíøà çà ïðåäîñòàâëåííûå
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Introduction

Gradient models are widely used in energy production areas. One example is the formalization
of the process of water injection into wells at large oil �elds. The process of water injection helps to
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extract oil from the depths to the surface. The amount of water injected is related to the amount
of oil produced through a linear relationship that includes a gradient, the numerical value of
which characterizes the reservoir pressure [1]. The gradient model considered in this paper is also
based on linear dependence. It is determined by seismic velocity growth with depth and changing
gradients. Thus, constructing optimal gradient models is part of production processes.

It is essential to recognize that the complexity of geological structures extends beyond one
gradient. Oil companies report di�culties in extracting oil and gas from deep-seated traps [2].
Moreover, the lack of knowledge of geological structures can lead to accidents and equipment
failure [3]. Such a case occurred during the drilling of geothermal wells in Iceland. At a certain
boundary, the velocity gradient was altered under the in�uence of hotmagma. The equipment
failed. This event slowed down the energy extraction process for several years.

The best minimal model for a one-gradient medium can be found by applying the method
developed by the authors of the article [4]. The technique is e�ective for detecting gas areas. Local
earthquake data from neighboring areas of the Icelandic region (Subarcticzone) were used. The
result revealed that the P-wave velocity gradient for an area whereup to 550 tons of carbon
dioxide are extracted has a greater numerical value than the values of other areas. The gradient
increase began at a depth of 2.5 km and increased to 6.0 km [5].The authors (participants of
the project RANNIS ID-152432-051) discussed the issue of the linear gradient distribution at a
meeting with representatives of the Icelandic Meteorological O�ce (IMO). According to their
information, in many areas of Iceland, the second velocity gradient represents a change in velocity
at a depth of 3.0 km. This has led to the need to consider the two-gradient model.

Another motivation for such a model is the existence of the boundary of velocity change
in the Arctic regions on Franz Josef Land [6]. The depth at which properties of geological
material changed was determined based on knowledge of the output angle of a seismic ray at
the surface. This angle was calculated using readings from seismographs and galvanometers
tuned to di�erent wavelengths. The instrumental data were stored at the expeditionary station
named �Arkticheskaya� (the Research Institute of Arctic Geology) and the station �Kheys�
(Krenkel Polar Station, Kheysa Island) located on Alexandra Land Island. The coordinates of the
epicenters were taken from the bulletins of the USSR seismic station network. Using these data,
the author of the work [7] constructed experimental curves and concluded that the wave changes
its direction at a depth of 2.5�3.0 km. Thus, it was assumed that the jump in velocity occurs
in this depth range. To determine the formula that establishes therelation between the output
angle and �apparent� velocity at di�erent depths, the author of [8] developed a di�erentiated
method based on two formulas of Benndorf and Wiechert � Chibisov.

Thus, the output angle, velocity, and depth are analytically connected parameters. From the
history of seismology [6� 8], we can note that instrumental observations of the output angles
permitted the construction of velocity models. Nowadays, knowledge about the velocity distribu-
tion with depth at di�erent areas is stable. Another task becomes relevant. Instead of expensive
equipment, mathematical modeling should be used to calculate the incidence angle of a seismic
ray at the surface in a complex velocity gradient medium. Note that in exploration methods,
the incidence angle is the central parameter determining the residual between theoretical and
experimental values. Creating models of geological structures helps to develop digital twins
that provide energy savings in the manufacturing process. According to oil and gas companies
operating in the Arctic, the main reserves are con�ned to the boundary depths (about 3.0 km) of
the Achimov and Jurassic deposits [2]. Other examples are described above. Thus, the properties
of rocks change sharply at a certain boundary. The di�erent structures of geological material
may correspond to two gradients of seismic velocity.

A medium with a velocity discontinuity between two linear gradients is referred to as a two-
gradient model. Di�erent parameters characterize each linear gradient. Curved ray trajectories
represent a system of two circles with centers at various points of the medium. Knowledge of the
incidence angle at the receiver determine the positions of ray paths under the condition of an
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accurate �t of the ray to the receiver when the coordinates of the source and receiver are known.
Therefore, the goal is to develop an analytical solution for determining aformula to calculate
the incidence angle on the Earth's surface and other key angles in a medium with two linear
gradients. Note that the boundary, at which a velocity discontinuity occurs, is assumed to be
given.

Other approaches to constructing ray paths are based on the �shooting�method. The ray is
emitted from the source, refracted at speci�ed boundary surfaces, and reaches the station. One
such procedure is the bending (pseudo-bending) method, in which curved rays are emitted from
the source to hit the receiver. However, the solution is unstable[9].

Therefore, the author of the work [10] developed a parameterized method of �shooting� for
the Cartesian coordinate system, which assumes that direct rayscome from the source. The
increase in the accuracy of the entrance at the receiver was achieved because the approximate
calculations of the method [9] were replaced in [10] by integral analytical solutions. In [11] and
[12], the convergence control was developed. Owing to this approach, the degree of convergence
was improved by 10%. The authors of [13] revised the method by using spherical coordinates.

The focus of this paper is on accurately determining the ray path, speci�cally the method that
determines the precise path of the ray from the given source to thereceiver. For a one-gradient
medium, the solution of the system of di�erential Euler equations provides the calculation of
coordinates for the ray's point if the incident angle is known [14]. The solution cannot be used
when rays pass through the given boundary of the gradient change.

The authors of [15] constructed the solution for a simple model consisting of two basiclayers.
The �rst is located from the surface to the upper bound of the known depth. A constant velocity
of wave propagation characterizes this layer. The linear gradient of velocity describes the second
layer. A variational algorithm that solves the Cauchy problem and applies the iterative Runge �
Kutta technique was used to determine the solution. However, there is no ray-tracing solution
for two-gradient media.

The issue is that the solution for the common ray path is not obtained by using Euler's formula
for both the medium in the upper layer and the medium below the boundary. The tangents to
the ray curve are distributed like a fan, and there are multiple refractions in the limits of each
gradient layer. To �nd the connection between two di�erent parts of the model, one can use
only the tangent to the ray that falls on the boundary at the point where the parameters of the
�rst-gradient are changed when the ray accurately passes from the source to the receiver.

In the given paper, analytical expressions for the tracing angles have been obtained based on
the proposed approach. Euler's method is combined with the algorithm for deriving trigonometric
functions that assign the angles' values for exact ray trajectories ina two-gradient medium.

1. Statement of the problem

Suppose it is known from a priori information about the area being studied that the velocity
undergoes a discontinuity at a certain depth. At the same time, there are assumptions about the
velocity parameters, which describe the media above and below the boundary depth zbd. Let a
linear relationship characterize the medium of the �rst-gradient of velocity as V (z) = V0 + V1z,
while the medium of the second gradient can be described asV(z) = ~V0 + ~V1z, wherez stands for
depth, V0 and V1 are the velocity value at the surface and the gradient value above the boundary
depth, ~V0 and ~V1 are parameters for the second part of the medium. Figure1, a demonstrates
an image of two velocity gradients. The �rst-gradient is presented byvarious gray bars, while
dark gray bars correspond to the second gradient. A bold line denotes theboundary between two
gradients. Figure1, b shows the velocity pro�le with a linear dependence of velocity ondepth. For
any depth, represented by a horizontal line in Fig.1, a, the velocity is calculated using formulas
in Fig. 1, b.
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Fig. 1. Two-gradient model: a shows images of the gradients;b shows linear velocity functions

Figure 2 shows a ray path in the ray plane (w; z), where w = x� x
cos' , x is the Cartesian

coordinate of the receiver, and' is the azimuth angle. A ray travels from the source (denoted
by the closed circle) in the medium above the boundary depth. Thenits trace continues in the
medium of the second gradient. Finally, it reaches the receiver (denoted by the triangle) in the
medium of the �rst-gradient.

Figure 3 illustrates an error if Snell's law is used for the ray tangents of the�rst-gradient
medium refracted at the boundary between two media. In that case, thesolution can be constructed;
however, the path from the source to the receiver will not be exact.

z

y

w

x0

j

Fig. 2. The ray plane (w; z) within a Cartesian
plane. Angle ' is the angle between the
plane and the direction 0Y , which is normally
the north direction. A bold line denotes the

gradient change

zbd

Fig. 3. The solution error occurs if Euler's method is
combined with Snell's law for the ray tangents of the

�rst-gradient medium

If the ray tangent refracts at the point, for which the ray path is accurate, then the number
of unknown angle parameters will be greater than the number of equations. Therefore, in this
paper, the algorithm has been developed to overcome this uncertainty.

Figure 4 shows the key angles that determine the ray trace from the source to the receiver.
Two coordinate systems were used. The �rst is for the ray points inthe medium above the
boundary depth. The origin of this system coincides with the receiver point. The second system
is in the medium below the boundary depth. The origin corresponds tothe transition point of
the gradient change for the exact ray path.

The problem is formulated as follows: Derive the formula to calculate� an incidence angle
on the receiver through the parametersV0 and V1, ~V0 and ~V1, and the boundary depth zbd.
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Fig. 4. A plane of the ray: � is the incidence angle of ray on
the receiver, � 1 is the angle of incidence on the depthzbd that
is a boundary between two gradients, � 1 is the refraction angle,
which determines the wave propagation in the medium of the second
gradient, (w1; zbd) and (w2; zbd) are points of intersection of the ray
with the boundary depth, when the coordinate system is used for the
medium of the �rst-gradient; ( ~w2; 0:0) is a point in the coordinate

system of the medium of the second gradient

2. Derivation of the key angles formulas for a two-gradient m odel

According to [14], the application of Euler's method to the system of di�erentiated equations
determines the trajectory of a seismic ray in a one-gradient medium:

y � y = ( x � x) tan '; (1)

(V0 + V1z)2 +
V1

2

cos2'

�
x � x �

(V0 + V1z) cos'
V1 tan �

� 2

=
(V0 + V1z)2

sin2�
: (2)

The ray travels from the point (x; y; z) to (x; y; z). In the following sections, we explain how
equations (1) and (2) are applied and de�ne the method to obtain the formula for the incidence
angle on the receiver in a two-gradient medium.

2.1. Relationship between the incidence angle on the receiver and the inc idence
angle to the boundary depth

The formula to derive the angle� in the medium of the �rst-gradient can be obtained using
equation (2) for a portion of the ray passing from point (x; z) = ( xrv ; zrv ) to (x; z) = ( x1; zbd),
where (xrv ; zrv ) is the receiver coordinates, andx1 is coordinate correspondingw1 on Fig. 2:

(V0 + V1zbd)2 +
V1

2

cos2'

�
x1 � xrv �

(V0 + V1zrv ) cos'
V1 tan �

� 2

=
(V0 + V1zrv )2

sin2�
:

Let us perform operations inside the square brackets �rst. Sincezrv = 0 , we have

(V0 + V1zbd)2 +
V1

2

cos2'

�
(x1 � xrv )2 � 2

(x1 � xrv )V0 cos'
V1 tan �

+
V 2

0 cos2'
V 2

1 tan2�

�
=

V 2
0

sin2�
:

After multiplying, simplifying, and using trigonometric identit ies, we get

(V0 + V1zbd)2 + V 2
1 w2

1 � 2V0V1w1
1

tan �
+

V 2
0

tan2�
=

V 2
0

sin2�
;

(V0 + V1zbd)2 + V 2
1 w2

1 �
2V0V1w1

tan �
=

V 2
0

sin2�
�

V 2
0

tan2�
= V 2

0 : (3)
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From equation (3), we obtain

tan � =
2V0V1w1

(V0 + V1zbd)2 + V 2
1 w2

1 � V 2
0

: (4)

The angle � 1 can be determined by applying equation (2) to the inverse trajectory of a ray
from point (x; z) = ( x1; zbd) to (x; z) = ( xrv ; zrv ):

(V0 + V1zrv )2 +
V1

2

cos2'

�
xrv � x1 �

(V0 + V1zbd) cos'
V1 tan � 1

� 2

=
(V0 + V1zbd)2

sin2� 1
;

V 2
0 +

V1
2

cos2'

�
(xrv � x1)2 � 2

(xrv � x1)(V0 + V1zbd) cos'
V1 tan � 1

+
(V0 + V1zbd)2cos2'

V 2
1 tan2� 1

�
=

=
(V0 + V1zbd)2

sin2� 1
: (5)

The equation (5) is transformed using steps similar to obtaining equation (4). Finally, we
have the following formula:

tan � 1 =
2(V0 + V1zbd)V1w1

(V0 + V1zbd)2 � V 2
1 w2

1 � V 2
0

: (6)

Next, we divide equation (4) by equation (6). After reductions and transformations, we get

tan �
tan � 1

=
V0

(V0 + V1zbd)

�
1 �

2V 2
1 w2

1

(V0 + V1zbd)2 + V 2
1 w2

1 � V 2
0

�
: (7)

From formula (7), we have a formula for determiningcot2� 1:

cot2� 1 =
V 2

0

(V0 + V1zbd)2

�
1 �

2V 2
1 w2

1

(V0 + V1zbd)2 + V 2
1 w2

1 � V 2
0

� 2 1
tan2�

: (8)

2.2. Relationship between the angle of incidence on the boundary depth
and the refraction angle

According to Snell's law for two media, the following equation links the incidence angle� 1

and refraction angle� 1 via the velocity parameters:

sin � 1

sin � 1
=

(V0 + V1zbd)

( ~V0 + ~V1zbd)
: (9)

From equation (9), we obtain

sin2� 1 = sin 2� 1
( ~V0 + ~V1zbd)2

(V0 + V1zbd)2 : (10)

2.3. Obtaining the formula for the refraction angle in the medium
of the second gradient

Let us set down a coordinate system with the origin at the point wherethe �rst-gradient is
changed by the second for the ray path. Let us consider the medium of the second gradient and
determine the formula for tan � 1 in the plane ( ~w; ~z).

Using equation (2) for the portion of a ray going from point (x; z) = ( x1; zbd) that has
coordinates (0:0; 0:0) in a new system into the point (x; z) = ( x2; zbd) that has coordinates
(~x; 0:0) we obtain

~V 2
0 +

~V1
2

cos2'

"

~x2 �
~V0 cos'
~V1 tan � 1

#2

=
~V 2

0

sin2� 1
: (11)
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Note that
~x2

2

cos2'
=

(~x2 � x)2

cos2 '
= ~w2

2:

Then equation (11) can be written as

~V 2
0 + ~V 2

1 ~w2
2 � 2 ~w2 ~V1 ~V0

1
tan � 1

+
~V 2

0

tan2 � 1
=

~V 2
0

sin2� 1
: (12)

After transforming equation (12), we obtain the formula for tan � 1:

tan � 1 =
2~V0

~V1 ~w2
: (13)

Let us apply the trigonometric equation

1 + cot 2� 1 =
1

sin2� 1
: (14)

Then from equations (13) and (14) we get

sin2� 1 =
4~V 2

0

4~V 2
0 + ~V 2

1 ~w2
2

: (15)

2.4. The formula for the angle of incidence on the boundary depth via the parame ters
of two gradients

Let us equate the right-hand sides of the expressions obtained forsin2� 1, which are represented
by equations (10) and (15). This technique will allow us to determine the angle� 1 through the
parameters describing two gradients:

sin2� 1 =
4(V0 + V1zbd)2 ~V 2

0

( ~V0 + ~V1zbd)2(4 ~V 2
0 + ~V 2

0 ~w2
2)

: (16)

2.5. The formula to calculate the angle of incidence on the receiver

Let us apply the trigonometric equation (14) for the angle � 1. We will use equations (8) and
(16). Substituting the obtained expressions forcot2� 1 and sin2� 1 we obtain

1 +
V 2

0

(V0 + V1zbd)2

�
1 �

2V 2
1 w2

1

(V0 + V1zbd)2 � V 2
0 + V 2

1 w2
1

� 2 1
tan2�

=

=

 

1 +
~V 2

1 ~w2
2

4~V 2
0

!
( ~V0 + ~V1zbd)2

(V0 + V1zbd)2 : (17)

After some transformation of equation (17), we determine the incidence angle at the receiver
� as its trigonometric function tan� :

tan� =
S1

S2
; (18)

where

S1 =
V0

(V0 + V1zbd)

�
1 �

2V 2
1 w2

1

(V0 + V1zbd)2 � V 2
0 + V 2

1 w2
1

�

and

S2 =

vu
u
t

" 

1 +
~V 2

1 ~w2
2

4~V 2
0

!
( ~V0 + ~V1zbd)2

(V0 + V1zbd)2 � 1

#

: (19)
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3. Testing of the basic equation by application to a small set of real data

The reliability of the basic constructed equation (18) is con�rmed by performing the following
expertise. Let us use the result of ray tracing for a one-gradient model that was published a few
years ago in [16]. The dataset contains local seismic events recorded in 2001 by the South Iceland
Lowland (SIL) seismic network. The Icelandic Meteorological O�ce provided the data within the
framework of a joint research project supported by the RANNIS fund ID-152432-051. Table1
presents the parameters of the �ve rays, which involve the permanent stations (receivers) names,
coordinates of the point of the ray maximal descent(wmax ; zmax ), the incidence angle to the
receiver � , the local earthquake depth, the epicentral distance is the distance from the epicenter
(projection of the earthquake source on the Earth's surface) to the station [16].

Table 1
Ray path parameters calculated for the seismic data sample (after [16])

Station name zmax , km wmax , km � (radians) Depth, km Epicentral distance, km

Hau 12.4865770 17.2813225 0.319398791 4.4 32.4136772

Hei 17.1106834 22.0989037 0.253079265 3.7 42.8926048

Hau 11.3059006 16.0329971 0.342429072 1.9 31.2556458

Kro 14.6913977 19.5900269 0.283867538 1.5 38.6784210

Kro 15.3930874 20.3199387 0.274182767 2.9 39.5899811

Figure 5 shows the ray traces in the one plane. The parameters were calculatedfor a one-
gradient model that is the SIL model, for which V0 = 4 :926, V1 = 0 :479 [4,16].

Let us check the formula (18) by transforming it to the formula for a one-gradient model. To
do this, we substitute the parameters of the �rst-gradient V0 and V1, instead of the parameters
of the second gradient~V0 and ~V1. Then, after the transformation of equation (19), we get the
following equation to calculate the incidence angle to the receiver� as its trigonometric function
tan � :

tan� =
t1

t2
; (20)

where t1 = S1, t2 =
V1 ~w2

2V0
.

Note that in Table 1, the incidence angle to the receiver, denoted by� after research [16],
while in the given paper the same angle is denoted as� .

Let us assume that the boundary depth is equal to the source depth:zbd = zsource (Fig. 6).
Then ~w2 = w2 � w1, where w2 is the epicentral distance, andw1 = 2wmax � w2. Using the data
from Table 1 and substituting them into equation (20), we calculate the incidence angle for each
testing ray.

w

z 0 5 10 15 20 30 35 40 4525
-18
-16
-14
-12
-10
-8
-6
-4
-2
0

Fig. 5. Ray trajectories in the plane (w; z) (after
[16]) (color online)

z
wmaxw w1 2

source

Fig. 6. Illustration of the testing data
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Table 2
Illustration of the modeling error for each ray

from Table 1

Station name Depth, km Error (radians)

Hau 4.4 0.005754648

Hei 3.7 0.004890067

Hau 1.9 0.061486027

Kro 1.5 0.063026168

Kro 2.9 0.023682692

Table 2 shows the di�erence between the
values of the incident angle for the one-
gradient model using only the formula of
Euler's method (after [16]) and the values
calculated for the same parameters of the
one-gradient model applying the technique
merging Euler's method with trigonometric
formulas by reducing the derived two-gradient
model to a one-gradient case. One can see
that the modeling error is within the limits of
accuracy. Thus, the correctness of the formula
(18) has been veri�ed for each ray.

4. Method for determining a formula to calculate the angle of incidence
at the receiver

The method to �nd the formula for the angle of incidence on the receiver in a two-gradient
medium includes the mathematical calculations (see Subsections2.1�2.5), considering the physics
of wave propagation. In the �rst-gradient medium, equation (7) is derived linking the angle of
incidence on the receiver and the angle of incidence on the boundary of two gradients. For
this, the property of ray reversibility is used. The tangent function is determined for each angle
through the parameters describing the velocity growth with depth in the �rst-gradient medium.
The relationship between the tangents of the angles is established bydividing one equation by
another.

According to Snell's law, we obtain a formula for the known trigonometric relationship
between the sine function of the angle of incidence at the boundary depth and the sine function
of the angle of refraction through the parameters of the �rst and second gradients. The tangent
of the angle of refraction is determined through the parameters of the medium of the second
gradient by an algorithm that is the same as for the angles in the medium of the�rst-gradient
(Subsection 2.3). Applying the known trigonometric equation relating the sine function and the
inverse tangent function, we can obtain a formula for calculating the square of the sine of the
refraction angle. Thus, the square sine of the refraction angle is de�ned twice through Snell's
law and by utilizing a trigonometric equation. Equating the corresponding parts, we determine
a formula for calculating the square sine of the angle of incidence on thedepth, which is the
boundary between two gradients. The parameters of both the �rst and second gradients are
involved in this formula.

Again, applying the trigonometric equation relating the sine function and the inverse tangent
function for the angle of incidence at the boundary depth, we derive aformula for determining
the square tangent of the angle of incidence on the receiver.

Thus, the strategy of the method is as follows. It is necessary to �ndthe �crossing� angle,
which will be determined twice. From one direction, it will be related to the angle of incidence
on the receiver for the ray path in the medium of the �rst-gradient, and from the other direction,
it will be expressed through the parameters describing the medium of the second gradient. A
simple substitution of the formula obtained for the �crossing� angle from the second direction
into the expression for the �rst direction will give the desired formula for the angle of incidence
on the receiver.

The equation of the basic angle of the ray path was tested through the transition from
parameters for the two-gradient model to the parameters for the one-gradient model. An indepen-
dent validation was performed by examining the di�erence between angle values known for a set
of experimental data (published a few years ago in [16]) and the basic angle values calculated by
applying the derived equation. The correctness of the result can beveri�ed by direct substitution
of the numerical data given in Table1 (after [16]) into the formula ( 20).
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Note that the basic formula (18) we derived for the incident angle on the receiver contains
arithmetic operations and the trigonometric square function. This can lead to insigni�cant
computing errors because numbers participate in calculations with rounding-o� errors. It is
known that for iterative approaches, including the Runge � Kutta method, this error can be
critical and a�ect the correctness of the solution.

5. Discussion of application �elds of the obtained solution

In this paper, we have obtained formulas for determining key angles through the parameters
of the �rst and second gradients in a two-gradient model: the angle of incidence on the depth
of the boundary between gradients (equation (16)), the angle of refraction (equation (15)), and
�nally the angle of incidence at the receiver (equation (18)). These important angles de�ne
the ray trace. The angle of incidence on the receiver is the main parameter for calculating the
theoretical travel time. In seismic tomography, the e�ciency of solutions to the direct and inverse
problems depends on the di�erence between the theoretical travel time values and experimental
observations.

Potential areas for the utilization of formulas constructed in the paper are beyond the scope
of seismic tomography. Possible applications are in acoustic, optics, meteorology, astronomy, etc.

Let us consider the ray acoustic tasks, in which the sound velocityis not constant, and the
rays are curved. For instance, the author [17] analyzed the sound propagation in the ocean.
The model was considered for the medium with the sound velocity varying with depth. The ray
angle was used to �nd a formula for the ray's radius of curvature at a de�ned depth. The main
parameter of ray tracing is the initial ray angle at the source. The important contribution of the
author [17] is the technique for underwater acoustic propagation over a layered bottom with a
thin �uid sedimentary layer under the condition of moderately range-varying bathymetry.

Another application can be performed for light propagation theory, when the curved rays arise
under the in�uence of gravity centers (lenses, galaxy) in the atmosphere. Coordinates of the ray
path can be found by solving the system of di�erential equations with Euler's and Runge � Kutta
iterative methods, not analytically [18]. The increase in the distance between the gravity center
and the light particles leads to a decrease in the attenuation functionand a change in the radii
of the curved rays.

The author [18] discussed the intersection of curved light rays with massive gravity objects
(black holes). The e�ects of shading can be calculated. However, shading models take into account
the angle of incidence. A problem arises with the determination of this angle. Note that our
research showed the incidence angle of the ray at any point can be calculated using the property
of a ray in reverse.

Conclusion

The paper presents the technology established for determining theprecise path of a ray
in a two-gradient medium, given the starting positions of the receivers and sources, under the
boundary condition of a gradient change at a certain depth. The equation derived for the basic
angle in the two-gradient model can be applied to a speci�c case of a one-gradient model. The
method involves a sequence of steps to solve the underdeterminacy problem in the ray tracing.
It was found that the number of unknown parameters can be decreased if the property of the ray
inverse trajectory is used. Numerous tests have shown that the modeling error is signi�cantly
reduced by using the coordinate systems, each of which is connected to the medium of one
separate gradient. Trigonometric manipulations of Euler's method solutions for the di�erent
systems provide the formulas to calculate an accurate ray path in a two-gradient medium.

References

1. Minkhanov I. F., Dolgikh S. A., Varfolomeev M. A. Razrabotka neftyanykh i gazovykh mestorozhdenij
[Development of oil and gas �elds]. Kazan, KFU Publ., 2019. 96 p. (in Russian).

Ìàòåìàòèêà 185



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2026. Ò. 26, âûï. 2

2. Arctic LNG 2 (lique�ed natural gas) projects of the NOVATEK compan y. Available at: https://
www.novatek.ru/en/about/lng-projects/arctic-lng/ (accessed September 30, 2025).

3. Smaglichenko T., Smaglichenko A., Sayankina M. Risk of deepdrilling: Seismic velocities estimate
for Skjalfandi Bay, Iceland based on selected coordinate descent. 17th International Conference on
Management of Large-Scale System Development (MLSD), Moscow, Russian Federation, September
24�26, 2024, pp. 1�5. DOI: https://doi.org/10.1109/MLSD61779.2024.10739448

4. Smaglichenko T., Bjarnason I., Smaglichenko A., Jacoby W. Method to �nd the minimum 1D
linear gradient model for seismic tomography.Fundamenta Informaticae, 2016, vol. 146, iss. 2,
pp. 211�217. DOI: https://doi.org/10.3233/FI-2016-1382

5. Smaglichenko T. A., Smaglichenko A. V., Zelinka I., Chigarev B. Seismic attractor can assist in
�nding of geothermal area? International Journal of Parallel, Emergent and Distributed Systems,
2018, vol. 33, iss. 5, pp. 503�512. DOI:https://doi.org/10.1080/17445760.2017.1419349

6. Avetisov G. P. Output angles of longitudinal seismic wavesaccording to observations at Franz Josef
Land stations. Geo�zicheskie metody issledovanij v Arktike[Geophysical Methods of Exploration
in the Arctic], 1974, vol. 9, pp. 96�101 (in Russian).

7. Malinovskaya L. N. On the issue of calculating theoreticalseismograms of interference oscillations.
Voprosy dinamicheskoj teorii rasprostraneniya sejsmicheskikh voln[Questions of the dynamic theory
of seismic wave propagation]. Leningrad, Leningrad State University Publ., 1959, vol. 3, pp. 356�378
(in Russian).

8. Savarensky E. F.Ob uglakh izlucheniya sejsmicheskoj radiatsii i nekotorykh svyazannykhs etim
voprosom [On the angles of seismic radiation emission and some related issues]. Proceedings of the
Geophysical Institute of the USSR Academy of Sciences, vol.15 (142). Moscow, USSR Academy
of Sciences Publ., 1952. 111 p. (in Russian).

9. Um J., Thurber C. A fast algorithm for two-point seismic ray tracing. Bulletin of the Seismological
Society of America, 1987, vol. 77, iss. 3, pp. 972�986. DOI:https://doi.org/10.1785/BSSA07700
30972

10. Sun Y. Ray tracing in 3-D media by parametrized shooting.Geophysical Journal International,
1993, vol. 114, iss. 1, pp. 145�155. DOI:https://doi.org/10.1111/j.1365-246X.1993.tb01474.x

11. Zhao D., Hasegawa A. P-wave tomographic imaging of the crust and upper mantle beneath the
Japan islands.Journal of Geophysical Research: Solid Earth, 1993, vol. 98, iss. B3, pp. 4333�4353.
DOI: https://doi.org/10.1029/92JB02295

12. Gudmundsson �O., Sambridge M. A regionalized upper mantle (RUM) seismic model. Journal of
Geophysical Research: Solid Earth, 1998, vol. 103, iss. B4, pp. 7121�7136. DOI:https://doi.org/10.
1029/97JB02488

13. Sekine S., Koketsu K. Parametrized shooting of seismic rays in a spherical earth with discontinuities.
Geophysical Journal International, 2001, vol. 146, iss. 2, pp. 497�503. DOI:https://doi.org/10.
1046/j.1365-246x.2001.01472.x

14. Antonova L. N., Matveeva N. N. Kinematics of waves in three-dimensional block-gradient media.
Voprosy dinamicheskoj teorii rasprostraneniya sejsmicheskikh voln[Questions of the dynamic theory
of seismic wave propagation]. Leningrad, Leningrad State University Publ., 1975, vol. 15, pp. 78�89
(in Russian).

15. Gomaniuk Y. A., Stepanov P. Y. Variational ray tracing alg orithms in solving kinematic seismic
problems in two-dimensional media.Journal of Geophysics, 2024, vol. 1, pp. 24�32 (in Russian).
DOI: https://doi.org/10.34926/geo.2024.79.16.003, EDN: QFTVIO

16. Smaglichenko T. A., Smaglichenko A. V., Genkin A. L., Sayankina M. K. Simulation of the ray path
in techniques for imaging of elastic medium.Journal of Information Technologies and Computing
Systems, 2018, vol. 3, pp. 52�58 (in Russian). DOI: https://doi.org/10.14357/20718632180305,
EDN: VCEEFO

17. Hovem J. M. Ray trace modeling of underwater sound propagation. In: Beghi M. G. (ed.) Modeling
and measurement methods for acoustic waves and for acoustic microdevices. InTech � Open Access
Publisher, Rijeka, Croatia, 2013, pp. 573�598. DOI: https://doi.org/10.5772/55935

18. Gr�oller E. Nonlinear ray tracing: Visualizing strange worlds. The Visual Computer, 1995, vol. 11,
pp. 263�274. DOI: https://doi.org/10.1007/BF01901044

Ïîñòóïèëà â ðåäàêöèþ / Received 30.09.2025
Ïðèíÿòà ê ïóáëèêàöèè / Accepted 06.03.2026
Îïóáëèêîâàíà / Published 01.06.2026

186 Íàó÷íûé îòäåë



È. Ñ. ×èñòîâ, Ë. Ì. Öûáóëÿ. Ïðèìåíåíèå ïîäõîäà ãðóïïîâûõ äåéñòâèé ê ðåøå íèþ ËÄÓ

Èçâåñòèÿ Ñàðàòîâñêîãî óíèâåðñèòåòà. Íîâàÿ ñåðèÿ. Ñåðèÿ: Ìàòåìàòèêà. Ìåõàíèêà. Èíô îð-
ìàòèêà. 2026. Ò. 26, âûï. 2. Ñ. 187�197
Izvestiya of Saratov University. Mathematics. Mechanics. Informati cs, 2026, vol. 26, iss. 2, pp. 187�
197
https://mmi.sgu.ru DOI: https://doi.org/10.18500/1816-9791-2026-26-2-187-197

EDN: https://elibrary.ru/FLTOEI

Íàó÷íàÿ ñòàòüÿ
ÓÄÊ 512.54

Ïðèìåíåíèå ïîäõîäà ãðóïïîâûõ äåéñòâèé ê ðåøåíèþ ëèíåéíûõ
äèîôàíòîâûõ óðàâíåíèé

È. Ñ. ×èñòîâ , Ë. Ì. Öûáóëÿ

Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ, 119435, ã. Ìîñ êâà, óë. Ìàëàÿ Ïèðîãîâ-

ñêàÿ, ä. 1, ñòð. 1

×èñòîâ Èâàí Ñåðãååâè÷ , ñòóäåíò Èíñòèòóòà ìàòåìàòèêè è èíôîðìàòèêè, i.chistow2014@yandex.ru,

https://orcid.org/0009-0008-0265-4346 , SPIN: 1546-4903, AuthorID: 1321103

Öûáóëÿ Ëèëèÿ Ìèõàéëîâíà , êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò êàôåäðû àëãåáðû, liliya-

kinder@mail.ru, https://orcid.org/0000-0001-7062-8782 , AuthorID: 505215

Àííîòàöèÿ. Â ñòàòüå îáîñíîâàí ñïîñîá ðåøåíèÿ ëèíåéíûõ äèîôàíòîâûõ óðà âíåíèé ñðåäñòâàìè
òåîðèè ãðóïïîâûõ äåéñòâèé. Öåëü ðàáîòû � ââåñòè äåéñòâèÿ îï ðåäåëåííûõ ãðóïï íà ìíîæåñòâå ëè-
íåéíûõ äèîôàíòîâûõ óðàâíåíèé è èçó÷èòü èõ ñâîéñòâà, ñâÿçàí íûå ñ ìíîæåñòâîì ðåøåíèé äàííûõ
óðàâíåíèé. Ìåòîäàìè òåîðèè ãðóïï óäàëîñü äîñòè÷ü öåëè è óñò àíîâèòü, ÷òî äåéñòâèÿ ãðóïï ñèì-
ìåòðèé ïðàâèëüíûõ n-ìåðíûõ ìíîãîãðàííèêîâ íà ìíîæåñòâå èññëåäóåìûõ óðàâíåíè é ñâîäÿòñÿ ê
êîìáèíàöèè äåéñòâèé ñèììåòðè÷åñêîé ãðóïïû Sn è ãðóïïû àâòîìîðôèçìîâ ãðóïïû öåëûõ ÷èñåë
Aut (Z) íà òîì æå ìíîæåñòâå. Èçó÷åíà òàêæå ñâÿçü ìåæäó äåéñòâèÿìè ãðó ïïû ïàðàëëåëüíûõ ïå-
ðåíîñîâ íà ìíîæåñòâå ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé è íà ìí îæåñòâå èõ ðåøåíèé: òàê, âåêòîð
îáùåãî ðåøåíèÿ óðàâíåíèÿ, ïîëó÷åííîãî â ðåçóëüòàòå äåéñòâ èÿ, ìîæíî íàéòè êàê ñóììó âåêòî-
ðà îáùåãî ðåøåíèÿ óðàâíåíèÿ, êîòîðîå ïîäâåðãëîñü äåéñòâèþ , è âåêòîðà ïàðàëëåëüíîãî ïåðåíîñà.
Â äàííîé ñòàòüå áûëî ïðîäîëæåíî ôîðìèðîâàíèå êëàññà ëèíåéí ûõ äèîôàíòîâûõ óðàâíåíèé. Òàê,
ñòàëî âîçìîæíûì ðåøàòü áîëüøå óðàâíåíèé, èñïîëüçóÿ ðåøåíèå âñåãî îäíîãî ïðåäñòàâèòåëÿ.
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Abstract. The article substantiates a method for solving linear Diophantine equations using the theory
of group actions. The purpose of this paper is to introduce actions of certain groups on the set of linear
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Ââåäåíèå

Çàêîíîìåðíîñòè, âûÿâëåííûå ïðè äåéñòâèè ãðóïïû íà êîíêðåòíîì ìíîæåñ òâå, ìîãóò
âûñòóïàòü ñðåäñòâîì ðàöèîíàëüíîãî ðåøåíèÿ íåêîòîðûõ çàäà÷.

Öåëü ðàáîòû � ââåñòè äåéñòâèÿ ãðóïïû äèýäðà D2n [1] è ãðóïïû ïàðàëëåëüíûõ ïåðåíî-
ñîâ Tn íà ìíîæåñòâå ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé, íà ìíîæåñòâå èõ ðåøåíèé Zn è
âûÿâèòü âçàèìîñâÿçè äàííûõ äåéñòâèé.

Òðåáóåòñÿ çàäàòü êîíêðåòíûå äåéñòâèÿ íà èññëåäóåìûõ ìíîæåñòâàõ, ñâÿçàòü ýòè äåé-
ñòâèÿ è çàëîæèòü îñíîâû ôîðìàëüíîé òåîðèè äåéñòâèé íàä óðàâíåíèÿìè.

Â ïåðâîì ðàçäåëå ââåäåíû è èññëåäîâàíû äåéñòâèÿ äèýäðàëüíîé ãðóïïû è äðóã èõ ãðóïï
ñèììåòðèé ïðàâèëüíûõ n-ìåðíûõ ìíîãîãðàííèêîâ íà ìíîæåñòâå ëèíåéíûõ äèîôàíòîâûõ
óðàâíåíèé è íà ìíîæåñòâå èõ ðåøåíèé; âî âòîðîì ïîêàçàíû äåéñòâèÿ ãðóïïû ïàðàëëå ëüíûõ
ïåðåíîñîâ; â ïîñëåäíåì ðàçäåëå ñîäåðæàòñÿ ïðàêòè÷åñêèå ðåêîìåíäàöèè ï î ïðèìåíåíèþ
îïèñûâàåìîãî ïîäõîäà ïðè ðåøåíèè ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé.

Íàó÷íàÿ íîâèçíà èññëåäîâàíèÿ ñîñòîèò â ïðèìåíåíèè òåîðèè ãðóïïîâûõ äåéñòâè é íà
íåñòàíäàðòíîì îáúåêòå � ìíîæåñòâå, ñîñòîÿùåì èç ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé ñ n
ïåðåìåííûìè.

Íàó÷íàÿ çíà÷èìîñòü ðåçóëüòàòîâ èññëåäîâàíèÿ çàêëþ÷àåòñÿ â âîçìîæíîñòè èñïî ëüçîâà-
íèÿ è äàëüíåéøåãî ðàñøèðåíèÿ ìåõàíèçìà ïîèñêà ðåøåíèé ðàçëè÷íûõ äèîôàí òîâûõ óðàâ-
íåíèé ñ ïîìîùüþ ìåòîäà ãðóïïîâûõ äåéñòâèé, à òàêæå â ôîðìàëèçàöèè òàêèõ äåéñ òâèé
íàä óðàâíåíèÿìè, êàê ïåðåñòàíîâêà åãî êîýôôèöèåíòîâ èëè çàìåíà çíàêà êîý ôôèöèåíòà.

1. Äåéñòâèÿ ãðóïï ñèììåòðèé ïðàâèëüíûõ n-ìåðíûõ ìíîãîãðàííèêîâ
íà ìíîæåñòâå ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé

Îïðåäåëåíèå 1 ([2]). Ëèíåéíûì äèîôàíòîâûì óðàâíåíèåì (ËÄÓ) ñ n íåèçâåñòíûìè
áóäåì íàçûâàòü óðàâíåíèå âèäà

a1x1 + a2x2 + : : : + anxn = b; (1)

ãäåa1; a2; : : : ; an ; b� öåëûå ÷èñëà, ïðè÷åì õîòÿ áû îäíî ai 6= 0 , è ïðè ýòîì ïîñòàâëåíà çàäà÷à,
÷òîáû íåèçâåñòíûå x1; x2; : : : ; xn ïðèíèìàëè òîëüêî öåëûå çíà÷åíèÿ. ×èñëà a1; a2; : : : ; an
íàçûâàþò êîýôôèöèåíòàìè ËÄÓ .
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Îïðåäåëåíèå 2. Íàçîâåì ëèíåéíîå äèîôàíòîâî óðàâíåíèå ñîâìåñòíûì , åñëè îíî èìååò
ðåøåíèÿ, è íåñîâìåñòíûì â ïðîòèâíîì ñëó÷àå.

Ìíîæåñòâî âñåõ ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé ñ n íåèçâåñòíûìè áóäåì îáîçíà÷àòü

LDE n = f D : a1x1 + a2x2 + : : : + anxn = b j ai ; b 2 Z; i = 1 ; 2; : : : ; ng:

Ïóñòü n = 2 . Â ýòîì ñëó÷àå ìû áóäåì èìåòü äåëî ñ ãðóïïàìè ñèììåòðèé ïðàâèëüíûõ
ìíîãîóãîëüíèêîâ, êîòîðûå íàçûâàþòñÿ äèýäðàëüíûìè ãðóïïàìè (ãðóïïàìè äèýäð à) [1].

Ðàññìîòðèì äåéñòâèå ãðóïïû äèýäðà D8 (ñ îïåðàöèåé � ïðàâîé êîìïîçèöèè îòîáðàæå-
íèé) íà ìíîæåñòâe, ñîäåðæàùèì âñå ËÄÓ ñ äâóìÿ ïåðåìåííûìè è òîëüêî èõ

LDE 2 = f D : a1x1 + a2x2 = b j a1; a2; b 2 Zg:

Óñòðîèì îòîáðàæåíèå
d8 : D8 � LDE 2 ! LDE 2;

ïðè êîòîðîì êàæäîé ïàðå (f; D ) ñòàâèòñÿ â ñîîòâåòñòâèå ýëåìåíò

f � D = f (D );

ãäå f (D ) åñòü óðàâíåíèå ïðÿìîé, ÿâëÿþùåéñÿ îáðàçîì ïðÿìîé, çàäàííîé óðàâíåíèåì D ,
ïðè äâèæåíèè f:

Ïî àíàëèòè÷åñêèì ñîîáðàæåíèÿì ïîä ïðÿìîé èíîãäà áóäåì ïîíèìàòü åå óðàâíåíè å è
íàîáîðîò.

Ïðåäëîæåíèå 1. Îòîáðàæåíèå d8 åñòü äåéñòâèå ãðóïïû D8 íà LDE 2.

Äîêàçàòåëüñòâî. Îòîáðàæåíèå d8 çàäàíî êîððåêòíî, òàê êàê äëÿ êàæäîé ïàðû ñó-
ùåñòâóåò è ïðèòîì åäèíñòâåí ðåçóëüòàò â ñèëó âûáîðà ïîäõîäÿùèõ ìíîæåñòâà LDE 2 è
ãðóïïû D8.

Â ñëó÷àån = 2 ËÄÓ ñ äâóìÿ íåèçâåñòíûìè âèçóàëüíî îòîæäåñòâëÿþòñÿ ñ ïðÿìûìè, êî-
òîðûå ìîæíî ïîâîðà÷èâàòü îòíîñèòåëüíî òî÷êè ïëîñêîñòè è îòðàæàòü îòíîñèòåëüíî äðóãèõ
ïðÿìûõ â ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìå êîîðäèíàò (ÏÄÑÊ). Ïðè ýòîì áóäåò âûáð àí
ñòàíäàðòíûé áàçèñ. Âñå ïîâîðîòû áóäåì îñóùåñòâëÿòü îòíîñèòåëüíî íà÷àëà ÏÄÑÊ, à ñèì-
ìåòðèè � îòíîñèòåëüíî îñåé èëè áèññåêòðèñ êîîðäèíàòíûõ óãëîâ ÏÄÑÊ.

1. Ðåçóëüòàò îòîáðàæåíèÿ d8 ëåæèò âLDE 2, òàê êàê êàæäîå èç ïðåîáðàçîâàíèé â D8

ñîõðàíèò öåëî÷èñëåííîñòü êîýôôèöèåíòîâ ËÄÓ, à ñâîáîäíûé ÷ëåí b â êîíå÷íîì ñ÷åòå íå
èçìåíèòñÿ (äàëåå â òàáë. 1 áóäåò ïîêàçàíî, êàê èìåííî óñòðîåíî äàííîå äåéñòâèå).

2. Îñòàëîñü ïðîâåðèòü äâå àêñèîìû äåéñòâèÿ [ 3]:

1) ïóñòü f = id :

(
x0 = x;

y0 = y;
D : a1x1 + a2x2 = b. Òîãäà id(D) = D;

2) ïóñòü f; g 2 D8. Òîãäà â ñèëó çàäàíèÿ äåéñòâèÿd8 ñïðàâåäëèâî òðåáóåìîå

f (g(D )) = ( f � g)(D ): �

Èçâåñòíî, ÷òî ëþáîå äâèæåíèå f íà ïëîñêîñòè â ÏÄÑÊ xOy çàäàåòñÿ ñëåäóþùèìè ôîð-
ìóëàìè

f :

(
x0 = x cos' � "y sin ' + x0;

y0 = x sin ' + "y cos' + y0;

ãäå" = 1 , åñëè äâèæåíèå ïåðâîãî ðîäà, è " = � 1, åñëè îíî âòîðîãî ðîäà [ 4].
Ïîëîæèì x = x1, y = x2, (x0; y0) = (0 ; 0). Âûÿñíèì ñíà÷àëà ðåçóëüòàò äåéñòâèÿ ãðóï-

ïû D8 ýëåìåíòîì R
�
2
O , ò. å. ïîâîðîòîì êâàäðàòà îòíîñèòåëüíî íà÷àëà êîîðäèíàò íà óãîë
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' = �
2 ïðîòèâ ÷àñîâîé ñòðåëêè. Ïîâîðîò ÿâëÿåòñÿ äâèæåíèåì ïåðâîãî ðîäà, ñëåäîâàòåëüíî,

" = 1 . Íàêîíåö, ïîäñòàâèâ ' = �
2 , ïîëó÷èì

R
�
2
O :

(
x0

1 = � x2;

x0
2 = x1:

Òîãäà

R
�
2
O :

(
x1 = x0

2;

x2 = � x0
1:

Âûõîäèò, ÷òî

D 0 = ( a0
1x0

1 + a0
2x0

2 = b) = f � D = f (D ) = R
�
2
O (a1x1 + a2x2 = b) =

= ( a1x0
2 + a2(� x0

1) = b) = ( � a2x0
1 + a1x0

2 = b):

Òåïåðü âûÿñíèì, ÷òî áóäåò â ñëó÷àå äåéñòâèÿ, íàïðèìåð, ýëåìåíòîì Sy=0 , ò. å. ñèììåò-
ðèåé êâàäðàòà îòíîñèòåëüíî êîîðäèíàòíîé îñè Ox:

Â äàííîì ñëó÷àå ïðåäñòàâèì ñèòóàöèþ ãåîìåòðè÷åñêè: äëÿ êàæäîé òî÷êè òîëüêî îðä è-
íàòà ìåíÿåòñÿ íà ïðîòèâîïîëîæíóþ, à àáñöèññà îñòàåòñÿ ïðåæíåé. Ïîëó÷àå ì

Sy=0 :

(
x0

1 = x1;

x0
2 = � x2;

çíà÷èò, Sy=0 :

(
x1 = x0

1;

x2 = � x0
2;

ò. å.

D 0 = ( a0
1x0

1 + a0
2x0

2 = b) = f � D = f (D ) = Sy=0 (a1x1 + a2x2 = b) =

= ( a1x0
1 + a2(� x0

2) = b) = ( a1x0
1 � a2x0

2 = b):

Ñîñòàâèì òàáë. 1, èëëþñòðèðóþùóþ âñå ðåçóëüòàòû äåéñòâèÿD8 y LDE 2 è èíòåðïðå-
òàöèþ ýòîãî äåéñòâèÿ íà ÿçûê äðóãèõ äåéñòâèé.

Òàáëèöà 1 / Table 1

Ñâÿçü äåéñòâèéa� è a( � ) ñ äåéñòâèåì ãðóïïû D8

The connection between the actionsa� and a( � ) with the action of the group D8

f f (D ) Èíòåðïðåòàöèÿ f (D )

R0
O = id D : a1x0

1 + a2x0
2 = b D

R
�
2
O � a2x0

1 + a1x0
2 = b a( � +)

�
a(12) (D )

�
èëè a(12)

�
a(+ � ) (D )

�

R�
O � a1x0

1 � a2x0
2 = b a( �� ) (D )

R
3 �
2

O a2x0
1 � a1x0

2 = b a(+ � )
�
a(12) (D )

�
èëè a(12)

�
a( � +) (D )

�

Sy=0 a1x0
1 � a2x0

2 = b a(+ � ) (D )

Sx =0 � a1x0
1 + a2x0

2 = b a( � +) (D )

Sy= x a2x0
1 + a1x0

2 = b a(12) (D )

Sy= � x � a2x0
1 � a1x0

2 = b a( �� )
�
a(12) (D )

�
èëè a(12)

�
a( �� ) (D )

�

Òàêèì îáðàçîì, ëþáîå äåéñòâèå äèýäðàëüíîé ãðóïïû D8 íà ìíîæåñòâå ËÄÓ ñ äâóìÿ
íåèçâåñòíûìè åñòü íå ÷òî èíîå, êàê ïîñëåäîâàòåëüíîå ïðèìåíåíèå ðàíåå èçó÷ åííûõ äåé-
ñòâèé a� , ãäå � 2 S2, è a(� ) . Äàííûå äåéñòâèÿ îïèñàíû â ðàáîòå [ 5] è ïðåäñòàâëÿþò ñî-
áîé ñîîòâåòñòâåííî ïåðåñòàíîâêó êîýôôèöèåíòîâ ËÄÓ â ïîðÿäêå ïîäñòàíîâêè � è çàìåíó
íåêîòîðûõ êîýôôèöèåíòîâ ËÄÓ íà èì ïðîòèâîïîëîæíûå, ïðè÷åì äëÿ ïîñëåäíåã î ñëó÷àÿ â

190 Íàó÷íûé îòäåë



È. Ñ. ×èñòîâ, Ë. Ì. Öûáóëÿ. Ïðèìåíåíèå ïîäõîäà ãðóïïîâûõ äåéñòâèé ê ðåøå íèþ ËÄÓ

òàáë. 1 ïðåäñòàâëåíû óòî÷íÿþùèå îáîçíà÷åíèÿ, à èìåííî çíàê ¾ � ¿ èñïîëüçîâàí äëÿ îáî-
çíà÷åíèÿ ôàêòà çàìåíû êîýôôèöèåíòà íà åìó ïðîòèâîïîëîæíûé, à çíàê ¾ + ¿ � äëÿ îáî-
çíà÷åíèÿ òîãî ôàêòà, ÷òî çíàê êîýôôèöèåíòà îñòàëñÿ ïðåæíèì. Ïîðÿäîê äàíí ûõ çíàêîâ â
îáîçíà÷åíèè îòðàæàåò ïîðÿäîê ñëåäîâàíèÿ êîýôôèöèåíòîâ ËÄÓ.

Ðåøèì ñëåäóþùóþ çàäà÷ó, ïîëüçóÿñü äàííûìè, ïðåäñòàâëåííûìè â òàáë. 1.

Çàäà÷à 1. Ïðÿìóþ, çàäàííóþ óðàâíåíèåì D : 2x1 + 5x2 = 7 , ïîâåðíóëè íà óãîë ' = �
2

îêîëî íà÷àëà êîîðäèíàò. Íàéäèòå êîîðäèíàòû âñåõ öåëî÷èñëåííûõ òî÷åê, ïðèíàäëåæàùèõ
îáðàçó ïðÿìîé D .

Ðåøåíèå. Çàäà÷à ñâîäèòñÿ ê ðåøåíèþ ËÄÓ D 0 = R
�
2
O (D ). Îäíàêî óðàâíåíèå ËÄÓ D 0

ìîæíî íå íàõîäèòü. Ñëåäóåò íàéòè âåêòîð îáùåãî ðåøåíèÿ ËÄÓ D.
Òàê êàê D 0 = a(� +)

�
a(12) (D )

�
, òî ïî [ 5] zD 0 = z(� +)

�
z(12) (zD )

�
:

Òàê êàê zD = (1 � 5t2; 1 + 2t2); t2 2 Z, òî zD 0 = ( � 1 � 2t2; 1 � 5t2); t2 2 Z:
Îòâåò : zD 0 = ( � 1 � 2t1; 1 � 5t2), t2 2 Z.
Îáîáùèì äåéñòâèå d8 íà ñëó÷àé n > 2 èëè n < 2. Â òàáë. 2 ïðåäñòàâëåíî, êàêàÿ ãðóïïà

ïîäõîäèò äëÿ äåéñòâèÿ íà ËÄÓ ñ êîíêðåòíûì ÷èñëîì ïåðåìåííûõ n. Âî âñåõ ýòèõ ñëó÷àÿõ
àíàëîãè÷íî äâóìåðíîìó âàðèàíòó áóäåò ïðîñëåæèâàòüñÿ ñâÿçü ñ äåéñòâèÿìè a� (ãäå� 2 Sn )
è a(� ) .

Òàáëèöà 2 / Table 2

Ãðóïïû, ïîäõîäÿùèå äëÿ äåéñòâèÿ íà LDE n

Groups suitable for action on LDE n

n Ãðóïïà, êîëè÷åñòâî ýëåìåíòîâ â íåé

1 Ãðóïïà ñèììåòðèé îòðåçêà (â îäíîìåðíîì ïðîñòðàíñòâå), 2

2 Ãðóïïà ñèììåòðèé êâàäðàòà (â äâóìåðíîì ïðîñòðàíñòâå), 8

3 Ãðóïïà ñèììåòðèé êóáà (â òðåõìåðíîì ïðîñòðàíñòâå), 48

4 Ãðóïïà ñèììåòðèé òåññåðàêòà (â ÷åòûðåõìåðíîì ïðîñòðàíñòâå ), 384

5 Ãðóïïà ñèììåòðèé ïåíòåðàêòà (â ïÿòèìåðíîì ïðîñòðàíñòâå), 3 840

6 Ãðóïïà ñèììåòðèé ãåêñåðàêòà (â øåñòèìåðíîì ïðîñòðàíñòâå), 46080

� � � � � �

k Ãðóïïà ñèììåòðèé k-ìåðíîãî êóáà (â k-ìåðíîì ïðîñòðàíñòâå),
2 � 4 � 6 � : : : � 2k = k! � 2k ýëåìåíòîâ

Ïîÿñíèì, êàê áûëî ïîëó÷åíî êîëè÷åñòâî ýëåìåíòîâ â äàííûõ ãðóïïàõ: ê àæäîå äâèæåíèå
â n-ìåðíîì ïðîñòðàíñòâå ñâÿçàíî ñ îðòîãîíàëüíîé êâàäðàòíîé ìàòðèöåé, êîòîðóþ ìîæíî,
âûáðàâ îïðåäåëåííûì îáðàçîì áàçèñ, ïðèâåñòè ê áëî÷íî-äèàãîíàëüíîìó âèäó. Îïðåäå ëè-
òåëü òàêîé ìàòðèöû ðàâåí � 1. Ïðè ýòîì â íàøåì ñëó÷àå (ïîâîðîòû íà óãëû, êðàòíûå �

2 ,
è îòðàæåíèÿ) â êàæäîé ñòðîêå è â êàæäîì ñòîëáöå ìàòðèöû ìîæåò ïðèñóòñòâîâàòü ëèøü
îäèí íåíóëåâîé ýëåìåíò � åäèíèöà èëè åäèíèöà ñî çíàêîì ìèíóñ, à îñ òàëüíûå ýëåìåíòû
ìàòðèöû ñóòü íóëè. Ìîæíî óòî÷íèòü, ÷òî íåíóëåâûå ýëåìåíòû ðàñïîëàãàþòñÿ í à ãëàâíîé
äèàãîíàëè è/èëè íà ñîñåäíèõ ñ íåé [ 6]. Ïîñ÷èòàåì êîëè÷åñòâî òàêèõ ìàòðèö, èñïîëüçóÿ
êîìáèíàòîðíûå ñîîáðàæåíèÿ.

1. Äëÿ n ñòðîê è n ñòîëáöîâ ìû ìîæåì âûáðàòü îäíó ïîçèöèþ äëÿ íåíóëåâîãî ýëåìåíòà
â êàæäîé ñòðîêå, ÷òî ñîîòâåòñòâóåò êîëè÷åñòâó ïåðåñòàíîâîê èç n ýëåìåíòîâ. Êîëè÷åñòâî
ïåðåñòàíîâîê èç n ýëåìåíòîâ ðàâíî n!.

2. Äëÿ êàæäîãî íåíóëåâîãî ýëåìåíòà èìååòñÿ äâà âûáîðà: 1 èëè � 1. Ïîñêîëüêó â êàæäîé
ñòðîêå è â êàæäîì ñòîëáöå áóäåò ðîâíî îäèí òàêîé ýëåìåíò, òî èõ âñåãî áóäåò n øòóê. Ýòî
äàåò íàì 2n ñïîñîáîâ âûáðàòü íåíóëåâîé ýëåìåíò.

Òàêèì îáðàçîì, îáùåå êîëè÷åñòâî îðòîãîíàëüíûõ ìàòðèö ðàçìåðíîñòè n � n, ñîñòàâëåí-
íûõ èç ýëåìåíòîâ 0; 1; � 1 ñ çàäàííûìè óñëîâèÿìè, áóäåò ðàâíî n! � 2n .
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Ðàññìîòðèì ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû D8 [7]. Äëÿ ýòîãî ãîìîìîðôíî èíúåêòèâíî
îòîáðàçèì D8 â ãðóïïó GL 2(Z) âñåõ öåëî÷èñëåííûõ ìàòðèö ñ îïðåäåëèòåëåì � 1 ñ îïåðàöèåé
óìíîæåíèÿ ìàòðèö, ò. å. èìååì

h : D8 ! GL 2(Z):

Ìíîæåñòâî âñåõ ìàòðèö, ñîîòâåòñòâóþùèõ äâèæåíèÿì èç D8, îáîçíà÷èì ÷åðåç Im (h). Ìàò-
ðè÷íîå ïðåäñòàâëåíèå ýëåìåíòîâ ãðóïïû D8 îïèøåì íèæå.

id 7!
�

1 0
0 1

�
; R

�
2
O 7!

�
0 � 1
1 0

�
; R�

O 7!
�

� 1 0
0 � 1

�
; R

3�
2

O 7!
�

0 1
� 1 0

�
;

Sy=0 7!
�

1 0
0 � 1

�
; Sx=0 7!

�
� 1 0
0 1

�
; Sy= x 7!

�
0 1
1 0

�
; Sy= � x 7!

�
0 � 1

� 1 0

�
:

Ïðè äåéñòâèè d8 ñîâìåñòíîñòü óðàâíåíèé ÿâëÿåòñÿ èíâàðèàíòîì, òàê êàê ÍÎÄ êîýôôè-
öèåíòîâ ñíîâà äåëèò ñâîáîäíûé ÷ëåí îáðàçà.

Áóäåì äëÿ óäîáñòâà âîñïðèíèìàòü ýëåìåíòû Z2 êàê âåêòîðû-ñòðîêè èëè êàê âåêòîðû-
ñòîëáöû â îïðåäåëåííûõ ñèòóàöèÿõ.

Òåîðåìà 1. Ïóñòü z1; z2 2 Z2 � âåêòîðû îáùåãî ðåøåíèÿ ñîâìåñòíûõ ËÄÓ D1; D2 2
2 LDE 2 ñîîòâåòñòâåííî. Ïóñòü èìååòñÿ ïðåîáðàçîâàíèå f 2 D8, è ïðè ýòîì A f 2 Im (h)
åñòü ìàòðèöà f . Òîãäà

8 D1; D2 2 LDE 2
�
D2 = f (D1) =) z2 = A f � z1

�
:

Äîêàçàòåëüñòâî. Èñïîëüçóåì ñîîáðàæåíèÿ òåîðèè ëèíåéíûõ îïåðàòîðîâ [ 8]. Äåéñòâè-
òåëüíî, òàê êàê f ïåðåâîäèò D1 â D2, òî êàæäàÿ òî÷êà ïðÿìîé, çàäàííîé D2, ïîëó÷àåòñÿ
èç òî÷êè ïðÿìîé, çàäàííîé D1, ñ ïîìîùüþ A f . Ðåøåíèÿ ËÄÓ D1 ïðåäñòàâëÿþò ñîáîé óçëû
öåëî÷èñëåííîé ðåøåòêè, íî òîæå ëåæàò íà ïðÿìîé, çàäàííîé D1, ïîýòîìó èìåííî ñ ïîìî-
ùüþ A f ìîæíî ïîëó÷èòü âñå ðåøåíèÿ D2. �

Çàäà÷à 2. Ïóñòü ËÄÓ D1 : x1 + 3x2 + 5x3 = 9 . Èçâåñòíî, ÷òî ËÄÓ D2 çàäàåò
ïëîñêîñòü, ïîëó÷åííóþ âðàùåíèåì ïëîñêîñòè, çàäàííîé D1, íà óãîë ' = �

2 îòíîñèòåëüíî
îñè Ox. Ðåøèòå D2:

Ðåøåíèå. Èìååòñÿ êàê ìèíèìóì äâà ñïîñîáà ðåøåíèÿ: ïåðâûé ñïîñîá ïðåäïîëàãàåò ïî-
èñê ÿâíîãî âèäà ËÄÓ D2 è åãî íåïîñðåäñòâåííîå ðåøåíèå (òåîðèÿ ãðóïïîâûõ äåéñòâèé íå
èñïîëüçóåòñÿ), à âòîðîé íå ïîäðàçóìåâàåò îáÿçàòåëüíûé ïîèñê D2, íî ïîäðàçóìåâàåò ïî-
èñê ìàòðèöû ïðåîáðàçîâàíèÿ (îïèðàåòñÿ íà òåîðèþ ãðóïïîâûõ äåéñòâèé). Ðåøèì âòîðûì
ñïîñîáîì.

Íåòðóäíî âèäåòü, ÷òî zD 1 = (9 � 3t2 � 5t3; t2; t3), t2; t3 2 Z. Ïîâîðîò â ïðîñòðàíñòâå îêîëî

îñè àáñöèññ íà óãîë ' = �
2 îáîçíà÷èì ÷åðåç f = R

�
2
Ox . Ìàòðèöà f èìååò âèä [9]

A f =

0

@
1 0 0
0 0 � 1
0 1 0

1

A :

Çíà÷èò,

zD 2 = A f � zD 1 =

0

@
1 0 0
0 0 � 1
0 1 0

1

A �

0

@
9 � 3t2 � 5t3

t2

t3

1

A =

0

@
9 � 3t2 � 5t3

� t3

t2

1

A ; t2; t3 2 Z:

Îòâåò : zD 2 = (9 � 3t2 � 5t3; � t3; t2), t2; t3 2 Z.
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Çàäà÷à 3. Èìååòñÿ äâà ËÄÓ:

D1 : x1 + 3x2 + 5x3 = 9 ; D2 : � x1 + 5x2 � 3x3 = � 9:

Íàéäèòå ÿâíî ðåøåíèå òîëüêî îäíîãî èç íèõ, à ðåøåíèå âòîðîãî ïîëó÷èòå ñ ïîìîùüþ
ñîîáðàæåíèé èç òåîðèè ãðóïïîâûõ äåéñòâèé.

Ðåøåíèå. Äëÿ íà÷àëà ïðåîáðàçóåì ËÄÓ D2 â ðàâíîñèëüíîå åìó, äîìíîæèâ îáå åãî ÷àñòè
íà � 1. Òîãäà èìååì

D1 : x1 + 3x2 + 5x3 = 9 ; D2 : x1 � 5x2 + 3x3 = 9 :

Ðåøèì ñíà÷àëà ËÄÓ D1 : zD 1 = (9 � 3t2 � 5t3; t2; t3), t2; t3 2 Z. Òàêèì îáðàçîì, òàê êàê

D2 = a(+ � +) �
a(23) (D1)

�
;

òî ïî òåîðåìàì ñâÿçè äåéñòâèé íà ìíîæåñòâå LDE 3 è äåéñòâèé íà ìíîæåñòâå èõ ðåøåíèé
Z3, îïèñàííûõ â [ 5], zD 2 = z(+ � +)

�
z(23) (zD 1 )

�
= (9 � 3t2 � 5t3; � t3; t2), t2; t3 2 Z.

Îòâåò : zD 1 = (9 � 3t2 � 5t3; t2; t3), zD 2 = (9 � 3t2 � 5t3; � t3; t2), t2; t3 2 Z.

2. Äåéñòâèÿ ãðóïïû ïàðàëëåëüíûõ ïåðåíîñîâ íà ìíîæåñòâå ëèí åéíûõ
äèîôàíòîâûõ óðàâíåíèé

Äëÿ êàæäîãî n 2 N ðàññìîòðèì Tn � ãðóïïó ïàðàëëåëüíûõ ïåðåíîñîâ tm íà âåêòîðû
m = ( m1; : : : ; mn ) 2 Zn ñ îïåðàöèåé � ïðàâîé êîìïîçèöèè îòîáðàæåíèé.

Äëÿ êàæäîãî n 2 N ââåäåì îòîáðàæåíèå

! n : Tn � LDE n ! LDE n ;

îïðåäåëåííîå ñëåäóþùèì îáðàçîì: êàæäîé ïàðå (tm ; D ), ãäå m = ( m1; m2; : : : ; mn ) åñòü
âåêòîð äëèíû n ïàðàëëåëüíîãî ïåðåíîñà tm , ïîñòàâèì â ñîîòâåòñòâèå ýëåìåíò

tm � D = tm (D );

ãäå tm (D ) åñòü óðàâíåíèå ïðÿìîé, ÿâëÿþùåéñÿ îáðàçîì ïðÿìîé, çàäàííîé óðàâíåíèåì D ,
ïðè äâèæåíèè tm .

Âûáåðåì ñòàíäàðòíûé áàçèñ â ïðîñòðàíñòâå Rn . Ïðè ýòîì çàìåòèì, ÷òî êîìïîíåíòû mi ,
i 2 N, âåêòîðà m = ( m1; : : : ; mn ) 2 Zn ìîãóò ðàññìàòðèâàòüñÿ òàê æå, êàê åãî êîîðäèíàòû.
Àíàëèòè÷åñêè ïàðàëëåëüíûé ïåðåíîñ çàäàåòñÿ ñëåäóþùèìè ôîðìóëàìè [ 4]:

tm :

8
><

>:

x0
1 = x1 + m1;

:::

x0
n = xn + mn ;

çíà÷èò,

tm :

8
><

>:

x1 = x0
1 � m1;

:::

xn = x0
n � mn :

Ïóñòü D : (a1x1 + a2x2 + � � � + anxn = b). Íàéäåì îáðàç D ïðè äåéñòâèè ïàðàëëåëüíûì
ïåðåíîñîì tm

D 0 = ( a0
1x0

1 + a0
2x0

2 + � � � + a0
nx0

n = b0) = tm (D ) = tm (a1x1 + a2x2 + � � � + anxn = b) =

= ( a1(x0
1 � m1) + a2(x0

2 � m2) + � � � + an (x0
n � mn ) = b) =

= ( a1x0
1 + a2x0

2 + � � � + anx0
n = b+ D(m)) ;

ãäåD(m) = a1m1 + a2m2 + � � � + anmn = b0 � b (ïðåäñòàâëÿåò ñîáîé ðåçóëüòàò ïîäñòàíîâêè
êîîðäèíàò âåêòîðà ïàðàëëåëüíîãî ïåðåíîñà m âìåñòî ïåðåìåííûõ â ëåâîé ÷àñòè ËÄÓ D).
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Ïðåäëîæåíèå 2. Îòîáðàæåíèå ! n åñòü äåéñòâèå ãðóïïû Tn íà LDE n .

Äîêàçàòåëüñòâî. Óòâåðæäåíèå äîêàçûâàåòñÿ àíàëîãè÷íî ïðåäëîæåíèþ 1 â ñèëó cõî-
æåñòè ïðàâèë çàäàíèÿ äåéñòâèé, î êîòîðûõ â äàííûõ ïðåäëîæåíèÿõ èäåò ðå÷ü. �

Ïðåäëîæåíèå 3. Äåéñòâèå ! n ñîõðàíÿåò ñîâìåñòíîñòü ËÄÓ.

Äîêàçàòåëüñòâî. Ìîæíî ïîêàçàòü ñïðàâåäëèâîñòü äàííîãî óòâåðæäåíèÿ, èñïîëüçóÿ
ÍÎÄ êîýôôèöèåíòîâ. �

Óòî÷íèì ñëåäóþùåé òåîðåìîé, êàê íàéòè âåêòîð îáùåãî ðåøåíèÿ îáðàçà, åñëè èçâåñòíû
âåêòîð ïàðàëëåëüíîãî ïåðåíîñà è âåêòîð îáùåãî ðåøåíèÿ ïðîîáðàçà.

Òåîðåìà 2. Ïóñòü z1; z2 2 Zn � âåêòîðû îáùåãî ðåøåíèÿ ñîâìåñòíûõ ËÄÓ D1; D2 2
2 LDE n ñîîòâåòñòâåííî. Ïóñòü m = ( m1; :::; mn ) 2 Zn åñòü âåêòîð ïàðàëëåëüíîãî ïåðå-
íîñà tm 2 Tn . Òîãäà

8 D1; D2 2 LDE n
�
D2 = tm (D1) =) z2 = z1 + m

�
:

Äîêàçàòåëüñòâî. Äàííîå óòâåðæäåíèå ñïðàâåäëèâî â ñèëó ãåîìåòðè÷åñêîé èíòåðïðå-
òàöèè ïàðàëëåëüíîãî ïåðåíîñà. Òàê, âñå òî÷êè, ïðèíàäëåæàùèå ïðÿìîé (ïëîñêîñ òè èëè
ãèïåðïëîñêîñòè), çàäàííîé óðàâíåíèåì D1, ïåðåíåñóòñÿ íà âåêòîð m â òî÷êè ïðÿìîé (ïëîñ-
êîñòè èëè ãèïåðïëîñêîñòè), çàäàííîé óðàâíåíèåì D2. Òî æå êàñàåòñÿ è ðåøåíèéD1: òàê êàê
âñå ðåøåíèÿ D1 ÿâëÿþòÿ óçëàìè Zn , òî â ñèëó öåëî÷èñëåííîñòè êîîðäèíàò âåêòîðà m îíè
òàêæå ïðåîáðàçóþòñÿ â óçëû Zn , íî óæå ïðèíàäëåæàùèå îáúåêòó, çàäàâàåìîìó óðàâíåíèåì
D2. Çíà÷èò, äàííûå óçëû è ÿâëÿþòñÿ ðåøåíèÿìè D2: �

Äëÿ êàæäîãî äåéñòâèÿ, â ÷àñòíîñòè, äëÿ âñåõ äåéñòâèé, ðàññìîòðåííûõ â äàííîé ðàáîòå,
ñïðàâåäëèâà ëåììà 1 îá îáðàòèìîñòè äåéñòâèÿ.

Ëåììà 1. Äëÿ ïðîèçâîëüíûõ � 2 S2, f 2 D8, tm 2 T2 ñïðàâåäëèâî:
1) åñëèD2 = a� (�; D 1), òî D1 = a� (� � 1; D2);
2) åñëèD2 = a(� ) (f; D 1), òî D1 = a(� ) (f � 1; D2);
3) åñëèD2 = d8(f; D 1), òî D1 = d8(f � 1; D2);
4) åñëèD2 = ! 2 (tm ; D1), òî D1 = ! 2 (t � 1

m ; D2).

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñïðàâåäëèâî â ñèëó îïðåäåëåíèé ãðóïïû è ãðóïïîâîãî
äåéñòâèÿ. �

3. Ïðàêòè÷åñêèå ðåêîìåíäàöèè ê ïðèìåíåíèþ òåîðèè ãðóïïîâû õ
äåéñòâèé ïðè ðåøåíèè ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé

Ïðè èñïîëüçîâàíèè äàííîé òåîðèè íà ïðàêòèêå äëÿ ðåøåíèÿ êîíêðåòíûõ ËÄÓ ñòîèò
îòìåòèòü, ÷òî äåéñòâèå ãðóïïû ÷àùå âûñòóïàåò íå öåëüþ, à ñðåäñòâîì.

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó.
Äàíî íåñêîëüêî ËÄÓ D1; D2; : : : ; Ds, s 2 N, ñ îäèíàêîâûì êîëè÷åñòâîì íåèçâåñòíûõ n.

Òðåáóåòñÿ ðåøèòü âñå äàííûå ËÄÓ.
Ïðîöåññ ðåøåíèÿ ñ ïðèìåíåíèåì òåîðèè ãðóïïîâûõ äåéñòâèé ìîæåò ïðîèñõ îäèòü ïî

ñëåäóþùåìó ïðåäïèñàíèþ.
1. Ïðèâåñòè âñå ËÄÓ ê ¾óäîáíîìó¿ âèäó ( 1): a1x1 + a2x2 + : : : + anxn = b, óïðîñòèòü âñå

ËÄÓ, íàïðèìåð, ðàçäåëèâ îáå ÷àñòè íà îòëè÷íûé îò åäèíèöû ÍÎÄ âñåõ êîýôô èöèåíòîâ
èëè äîìíîæèâ îáå ÷àñòè êàêèõ-ëèáî óðàâíåíèé íà � 1.

2. Âû÷ëåíèòü ìèíèìóì äâà ïîõîæèõ ËÄÓ (íàïðèìåð, îïðåäåëåííàÿ ñõîæå ñòü â êîýô-
ôèöèåíòàõ).

3. Îïðåäåëèòü, ìîæåò ëè êàêîå-ëèáî èç ýòèõ äâóõ ËÄÓ áûòü ïîëó÷åíî èç äðóãîã î ñ
ïîìîùüþ ãðóïïîâîãî äåéñòâèÿ, èñïîëüçóÿ ïðèçíàê äåéñòâèÿ (íèæå).
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4. Ñïðîãíîçèðîâàòü, áóäåò ëè ðàöèîíàëüíûì èñïîëüçîâàòü ãðóïïîâûå äåéñòâèÿ ïðè ðå-
øåíèè äàííîé çàäà÷è.

5. Â ñëó÷àå ïîëîæèòåëüíîãî îòâåòà íà âîïðîñ 3 ñëåäóåò ðåøèòü îäíî ËÄÓ èç äâóõ
âûáðàííûõ (òî, êîòîðîå ðåøàåòñÿ ïðîùå/áûñòðåå) è ïðèìåíèòü òåîðåìó î ñâÿçè ðåøåíèé
äëÿ äâóõ äàííûõ ËÄÓ, ïðè ýòîì âûáðàâ òåîðåìó ðàöèîíàëüíî, åñëè òåîðåì íåñêîëüê î. Äëÿ
ðàöèîíàëüíîãî âûáîðà òåîðåìû èñïîëüçîâàòü óñëîâèå çàäà÷è.

Íèæå ñôîðìóëèðîâàíû ïðèçíàêè äåéñòâèÿ ãðóïï íà ìíîæåñòâå ëèíåéíûõ äè îôàíòî-
âûõ óðàâíåíèé ñ ó÷åòîì ïðèìåíåíèÿ ê íèì øàãà 1 âûøå [ 10]. Äàëåå, ãîâîðÿ ¾ËÄÓ-îáðàç¿
èëè ¾ËÄÓ-ïðîîáðàç¿, áóäåì èìåòü â âèäó ñîîòâåòñòâåííî ËÄÓ, ïîëó÷èâøååñÿ â ðåçó ëüòàòå
íåêîòîðîãî äåéñòâèÿ, è ËÄÓ, ïîäâåðãøååñÿ ýòîìó äåéñòâèþ.

Ïðèçíàê 1 ( Sn y LDE n ). Åñëè ìíîæåñòâà êîýôôèöèåíòîâ ËÄÓ D1 è D2 ñîâïàäàþò,
îäíàêî, áûòü ìîæåò, ïîðÿäîê èõ ñëåäîâàíèÿ îòëè÷àåòñÿ, à ñâîáîäíûå ÷ëåíû îäèí àêîâû, òî
ËÄÓ D1 è D2 ìîãóò áûòü ïîëó÷åíû äðóã èç äðóãà îïèñàííûìè â [ 5] äåéñòâèÿìè Sn .

Ïðèçíàê 2 ( Aut (Z) y LDE n ). Åñëè ìíîæåñòâà àáñîëþòíûõ çíà÷åíèé êîýôôèöèåíòîâ
ËÄÓ D1 è D2 ñîâïàäàþò, ïîðÿäîê ñëåäîâàíèÿ àáñîëþòíûõ çíà÷åíèé êîýôôèöèåíòîâ íåèç-
ìåíåí, àáñîëþòíûå çíà÷åíèÿ ñâîáîäíûõ ÷ëåíîâ ËÄÓ ñîâïàäàþò, òî ËÄÓ D1 è D2 ìîãóò
áûòü ïîëó÷åíû äðóã èç äðóãà îïèñàííûìè â [ 5] äåéñòâèÿìè Aut (Z).

Ïðèçíàê 3 ( D8 y LDE 2). Åñëè ìíîæåñòâà àáñîëþòíûõ çíà÷åíèé êîýôôèöèåíòîâ ËÄÓ
D1 è D2 ñîâïàäàþò, îäíàêî, áûòü ìîæåò, ïîðÿäîê èõ ñëåäîâàíèÿ îòëè÷àåòñÿ, íî àáñîëþòíûå
çíà÷åíèÿ ñâîáîäíûõ ÷ëåíîâ òàêæå ñîâïàäàþò, òî ËÄÓ D1 è D2 ìîãóò áûòü ïîëó÷åíû äðóã
èç äðóãà îïèñàííûì âûøå äåéñòâèåì D8.

Äàííûé ïðèçíàê îáîáùàåòñÿ íà äåéñòâèÿ ãðóïï, ïðèâåäåííûõ â òàáë. 2.
Ïðèçíàê 4 ( Tn y LDE n ). Åñëè ËÄÓ D1 è D2 îáà ñîâìåñòíû è îòëè÷àþòñÿ òîëüêî

ñâîáîäíûì ÷ëåíîì, òî ËÄÓ D1 è D2 ìîãóò áûòü ïîëó÷åíû äðóã èç äðóãà îïèñàííûì âûøå
äåéñòâèåì Tn .

Ïðîöåññ íàõîæäåíèÿ êîîðäèíàò âåêòîðà ïàðàëëåëüíîãî ïåðåíîñà ñîñòîèò îïÿòü æå â
íàõîæäåíèè ðåøåíèÿ ËÄÓ, íî óæå äðóãîãî: a1m1 + ::: + anmn = b2 � b1, îòíîñèòåëüíî
ïåðåìåííûõ mi , ïðè ýòîì äîñòàòî÷íî íàéòè (âîçìîæíî, ïîäáîðîì) õîòÿ áû îäíî åãî ÷àñòíîå
ðåøåíèå, êîòîðîå è áóäåò ÿâëÿòüñÿ èñêîìûì âåêòîðîì m.

Ê ñëîâó, ëþáûå äâà ËÄÓ îò äâóõ ïåðåìåííûõ (íà ïëîñêîñòè), îòëè÷àþùèåñÿ òîëüêî
ñâîáîäíûì ÷ëåíîì, çàäàþò äâå ïàðàëëåëüíûå ïðÿìûå, çíà÷èò, âñåãäà ñóùåñòâó åò âåêòîð
ïàðàëëåëüíîãî ïåðåíîñà m òàêîé, ÷òî D2 = tm (D1). Îäíàêî åñëè êàêîå-ëèáî èç äàííûõ
óðàâíåíèé íå ñîâìåñòíî, òî ÿñíî, ÷òî m =2 Z2.

Ðàññìîòðèì ïðîèçâîëüíîå ñîâìåñòíîå ËÄÓ D : (a1x1 + a2x2 = b) 2 LDE 2. Ïóñòü
d = ÍÎÄ (a1; a2). Òîãäà óðàâíåíèå

D 0 :
�

a1

d
x1 +

a2

d
x2 =

b
d

�

ðàâíîñèëüíî D .
Ïóñòü (x10; x20) åñòü ÷àñòíîå ðåøåíèå óðàâíåíèÿ D 0. Òîãäà åãî îáùåå ðåøåíèå âûãëÿäèò

òàê:
zt =

�
x10 +

a2

d
t; x 20 �

a1

d
t
�

; t 2 Z:

Çàôèêñèðóåì ïðîèçâîëüíûé ïàðàìåòð t, ïîðîäèâ êàêîå-ëèáî îäíî ðåøåíèå ËÄÓ D (D 0).

Îïðåäåëåíèå 3. Íàçîâåì äâà ðåøåíèÿ ËÄÓ a1x1 + a2x2 = b 2 LDE 2 ñîñåäíèìè , åñëè
öåëûå ïàðàìåòðû, ïîðîæäàþùèå èõ, îòëè÷àþòñÿ íà åäèíèöó.

Â íàøåì ñëó÷àå ñîñåäíåå ðåøåíèå ïîðîäèòñÿ, íàïðèìåð, ïàðàìåòðîì t + 1 :

zt+1 =
�

x10 +
a2

d
(t + 1) ; x20 �

a1

d
(t + 1)

�
; t 2 Z:
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Îïðåäåëåíèå 4. Ðàññòîÿíèåì ìåæäó ñîñåäíèìè ðåøåíèÿìè zt ; zt+1 2 Z2 ËÄÓ
a1x1 + a2x2 = b 2 LDE 2 áóäåì íàçûâàòü äëèíó îòðåçêà, êîíöàìè êîòîðîãî ÿâëÿþòñÿ òî÷êè
zt è zt+1 .

Ëåììà 2. Ïóñòü D : (a1x1 + a2x2 = b) 2 LDE 2 ñîâìåñòíî. Òîãäà ðàññòîÿíèå ìåæäó
ëþáûìè äâóìÿ ñîñåäíèìè ðåøåíèÿìè ËÄÓ D íà ïëîñêîñòè ïîñòîÿííî è âû÷èñëÿåòñÿ ïî
ôîðìóëå

s =
1
d

q
a2

1 + a2
2; ãäåd = ÍÎÄ (a1; a2):

Äîêàçàòåëüñòâî. Íàéäåì ñîîòâåòñòâåííî ðàññòîÿíèÿ ìåæäó àáñöèññàìè äâóõ ñîñåäíèõ
ðåøåíèé ËÄÓ è èõ îðäèíàòàìè: sx è sy .

sx =

�
�
�
�
�
x10 +

a2

d
(t + 1) � (x10 +

a2

d
t)

�
�
�
�
�

=

�
�
�
�
�
a2

d

�
�
�
�
�
; sy =

�
�
�
�
�
x20 �

a1

d
(t + 1) � (x20 �

a1

d
t)

�
�
�
�
�

=

�
�
�
�
�
a1

d

�
�
�
�
�
:

Ïî òåîðåìå Ïèôàãîðà äëÿ ïðÿìîóãîëüíîãî òðåóãîëüíèêà ñ êàòåòàìè
�
�
� a2

d

�
�
� è

�
�
� a1

d

�
�
� ãèïîòå-

íóçà, à çíà÷èò, è èñêîìîå ðàññòîÿíèå âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

s =

r � a1

d

� 2
+

� a2

d

� 2
=

1
d

q
a2

1 + a2
2: �

Ãåîìåòðè÷åñêè, òàê êàê íà ïëîñêîñòè ðàññòîÿíèå ìåæäó ëþáûìè äâóìÿ ðåøåí èÿìè ËÄÓ
â ïðåäåëàõ îäíîé ïðÿìîé ïîñòîÿííî è îïðåäåëÿåòñÿ ïîñðåäñòâîì êîýôôèöèåí òîâ è èõ ÍÎÄ,
î ÷åì ãîâîðèò ëåììà 2, â ñèëó ïàðàëëåëüíîñòè ïðÿìûõ, íà êîòîðûõ ðàñïîëàãàþòñÿ ðåøåíèÿ,
ìîæíî âûáðàòü âåêòîð ïàðàëëåëüíîãî ïåðåíîñà íå åäèíñòâåííûì îáðàçîì. Àëãåáðàè÷ åñêè
äàííûé ôàêò ïîäêðåïëÿåòñÿ òåì, ÷òî ó ñîâìåñòíîãî ËÄÓ a1m1 + ::: + anmn = b2 � b1

áåñêîíå÷íî ìíîãî ÷àñòíûõ ðåøåíèé.

Çàäà÷à 4. Äàíû äâà ËÄÓ D1 : 3x1 + 5x2 + 7x3 = 1 , D2 : 3x1 + 5x2 + 7x3 = 16. Âåêòîð
z1 = (1 � t2 � 2t3; 1 + 2t2 � 3t3; � 1 � t2 + 3 t3) (ãäåt2; t3 2 Z) åñòü îáùåå ðåøåíèå D1. Ìîæíî
ëè ðåøèòü D2, çíàÿ ðåøåíèå D1? Åñëè äà, òî êàê?

Ðåøåíèå. Ñîãëàñíî ïðèçíàêó 4 äåéñòâèÿ ! 3, ñóùåñòâóåò (ïðè÷åì íå ÿâëÿåòñÿ åäèíñòâåí-
íûì) âåêòîð m = ( m1; m2; m3) òàêîé, ÷òî D2 = ! n (m; D 1) = tm (D1). Íàéäåì m. Òàê êàê
b2 = b1 + D1(m), òî D1(m) = b2 � b1, ò. å. 3m1 + 5m2 + 7m3 = 15. Ïîäáîðîì íàõîäèì, ÷òî
m = (1 ; 1; 1):

Çíà÷èò, ïî òåîðåìå 2 z2 = z1 + m = (1 � t2 � 2t3; 1 + 2t2 � 3t3; � 1 � t2 + 3 t3) + (1 ; 1; 1) =
= (2 � t2 � 2t3; 2 + 2t2 � 3t3; � t2 + 3 t3):

Îòâåò : äà, D2 ìîæíî ðåøèòü íå íàïðÿìóþ, à çíàÿ ëèøü ðåøåíèå D1, ïîëüçóÿñü ïðè
ýòîì äåéñòâèåì ! 3 :

Çàêëþ÷åíèå

Ïî õîäó ðàáîòû áûëè ïîëó÷åíû ñëåäóþùèå âàæíûå ðåçóëüòàòû è âûâîäû [ 10]:
1) äåéñòâèÿ ãðóïïû äèýäðà íà ìíîæåñòâå ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé ñ âîäÿòñÿ ê

êîìáèíàöèè äåéñòâèé, îïèñàííûõ â [ 5]: ê ïåðåñòàíîâêå êîýôôèöèåíòîâ è çàìåíå íåêîòîðûõ
êîýôôèöèåíòîâ íà ïðîòèâîïîëîæíûå èì;

2) äåéñòâèå, ïîðîæäåííîå ïàðàëëåëüíûì ïåðåíîñîì, èíäóöèðóåò ïåðåìåùå íèå âñåõ ðå-
øåíèé èñõîäíîãî óðàâíåíèÿ íà âåêòîð ïàðàëëåëüíîãî ïåðåíîñà;

3) áûëè äàíû ðåêîìåíäàöèè ê ïðèìåíåíèþ ïîäõîäà ãðóïïîâûõ äåéñòâèé, à òàêæå âûÿâ-
ëåíû ïðèçíàêè îïèñûâàåìûõ äåéñòâèé;

4) òàêèå äåéñòâèÿ íàä óðàâíåíèÿìè, êàê ïåðåñòàíîâêà êîýôôèöèåíòîâ èëè çàìåí à èõ
çíàêîâ, áûëè ôîðìàëèçîâàíû ñðåäñòâàìè òåîðèè ãðóïï â [ 5] è ïðîäîëæèëè ñâîå ôîðìàëüíîå
îïèñàíèå â äàííîé ðàáîòå.
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Òàêèì îáðàçîì, âñå çàäà÷è ðàáîòû ðåøåíû, è öåëü äîñòèãíóòà.
Èññëåäîâàíèå âîçìîæíî ðàñøèðèòü, íàïðèìåð, â ñëåäóþùèõ íàïðàâëåíèÿõ:
� ðàçðàáîòàòü ïîäõîä ãðóïïîâûõ äåéñòâèé äëÿ ðåøåíèÿ íåëèíåéíûõ äèîôàíòîâûõ ó ðàâ-

íåíèé;
� âûÿâèòü ñòðóêòóðó ìíîæåñòâà äåéñòâèé êîíêðåòíîé ãðóïïû íà ìíîæåñòâå Ë ÄÓ.
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Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ÷èñëåííîìó ìîäåëèðîâàíèþ êîëå-
áàíèé ãàçîâçâåñè â àêóñòè÷åñêîì ðåçîíàòîðå. Ìàòåìàòè÷åñê àÿ ìî-
äåëü ðåàëèçîâûâàëà êîíòèíóàëüíóþ ìåòîäèêó ìîäåëèðîâàíèÿ äè-
íàìèêè ìíîãîôàçíûõ ñðåä â ýéëåðîâûõ êîîðäèíàòàõ, ïîçâîëÿþ ùóþ
ó÷åñòü âçàèìîäåéñòâèå ãàçà è äèñïåðñíîé ôàçû. Äèíàìèêà íåñ óùåé
ñðåäû îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé Íàâüå � Ñòîêñà äëÿ ñæèì à-
åìîãî òåïëîïðîâîäíîãî ãàçà ñ ó÷åòîì ìåæôàçíîãî òåïëîîáìåíà è
îáìåíà èìïóëüñîì ìåæäó ôàçàìè ñìåñè. Â êà÷åñòâå ñèë ìåæôàç-
íîãî îáìåíà èìïóëüñîì ó÷èòûâàëèñü ñèëà àýðîäèíàìè÷åñêîãî ñî-
ïðîòèâëåíèÿ, ñèëà ïðèñîåäèíåííûõ ìàññ è äèíàìè÷åñêàÿ ñèëà Àð-
õèìåäà. Äèíàìèêà äèñïåðñíîé ôàçû îïèñûâàëàñü ñèñòåìîé óðà â-
íåíèé, âêëþ÷àþùåé â ñåáÿ óðàâíåíèå íåðàçðûâíîñòè äëÿ ñðåäí åé
ïëîòíîñòè, óðàâíåíèÿ ñîõðàíåíèÿ ïðîñòðàíñòâåííûõ ñîñòàâ ëÿþùèõ
èìïóëüñà äèñïåðñíîé ôàçû è óðàâíåíèå ñîõðàíåíèÿ òåïëîâîé ý íåð-
ãèè, çàïèñàííûå ñ ó÷åòîì ìåæôàçíîãî òåïëîâîãî âçàèìîäåéñòâ èÿ
è îáìåíà èìïóëüñîì ìåæäó ôàçàìè. Ñèñòåìà óðàâíåíèé äèíàìè-
êè ìíîãîñêîðîñòíîé ìíîãîòåìïåðàòóðíîé ìîíîäèñïåðñíîé ñè ñòåìû
èíòåãðèðîâàëàñü ÿâíûì êîíå÷íî-ðàçíîñòíûì ìåòîäîì âòîðîã î ïî-
ðÿäêà òî÷íîñòè. Ïðè ðåàëèçàöèè êîíå÷íî-ðàçíîñòíîãî ìåòîä à èñ-
ïîëüçîâàëàñü ñõåìà ðàñùåïëåíèÿ ïî ïðîñòðàíñòâåííûì íàïðà âëå-
íèÿì. Ìîíîòîííîñòü ðåøåíèÿ îáåñïå÷èâàëàñü ñõåìîé íåëèíåé íîé
êîððåêöèè. Ïðè ïîìîùè ÷èñëåííîé ìîäåëè èññëåäîâàí ïðîöåññ êî-
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ëåáàíèé ãàçîâçâåñè â çàêðûòîì àêóñòè÷åñêîì ðåçîíàòîðå äëÿ ðàçëè÷íûõ àìïëèòóä õîæäåíèÿ ïîðø-
íÿ íà ÷àñòîòå, áëèçêîé ê ÷àñòîòå ïåðâîãî ëèíåéíîãî ðåçîíàíñ à. Ïðîâåäåííîå ñîïîñòàâëåíèå ðåçóëü-
òàòîâ ÷èñëåííûõ ðàñ÷åòîâ ñ ôèçè÷åñêèì ýêñïåðèìåíòîì ïîêàç àëî ïðèåìëåìîå ñîîòâåòñòâèå ÷èñëåí-
íîãî ðåøåíèÿ è äàííûõ ôèçè÷åñêîãî ýêñïåðèìåíòà. Òàêæå â ðàì êàõ ìîíîäèñïåðñíîãî ïðèáëèæåíèÿ
ìàòåìàòè÷åñêîé ìîäåëè äèíàìèêè ãàçîâçâåñè áûëî èññëåäîâà íî âëèÿíèå äèñïåðñíîñòè ÷àñòèö íà
èíòåíñèâíîñòü èçìåíåíèÿ ïðîäîëüíîé ñîñòàâëÿþùåé ñêîðîñò è äâèæåíèÿ äèñïåðñíîé ôàçû è êîëå-
áàíèé êîíöåíòðàöèè äèñïåðñíîé ôàçû. Äèñïåðñíûå âêëþ÷åíèÿ áîëüøåãî ðàçìåðà èìåþò ìåíüøóþ
ñêîðîñòü äâèæåíèÿ, òàêæå âûÿâëåíî, ÷òî åñëè äèñïåðñíûå âêë þ÷åíèÿ èìåþò ìåíüøèé ðàçìåð, òî
àìïëèòóäà êîëåáàíèé äàâëåíèÿ íåñóùåé ñðåäû èìååò ìåíüøåå ç íà÷åíèå.
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Abstract. This work is devoted to the numerical simulation of gas suspension oscillations in an acoustic
resonator. The mathematical model utilizes a continuum technique for simulating the dynamics of multi-
phase media in Euler coordinates, accounting for the interaction between the gas and the dispersed
phase. The dynamics of the carrier medium are described by a system of Navier � Stokes equations for a
compressible, heat-conducting gas, taking into account interphase heat and momentum exchange between
the mixture phases. The interphase momentum exchange forces included the aerodynamic drag force, the
added mass force, and the dynamic Archimedes force. The dispersed phase dynamics are described by a
system of equations including the continuity equation for the mean density, the conservation equations for
the spatial components of the dispersed phase momentum, and the thermal energy conservation equation,
all written taking into account interphase thermal interact ion and momentum exchange between the
phases. The system of equations for the dynamics of a multi-velocity, multi-temperature, monodisperse
system was integrated using an explicit, second-order �nite-di�erence method. A spatial-direction splitting
scheme was used to implement the �nite-di�erence method. A nonlinear correction scheme ensured the
monotonicity of the solution. Using a numerical model, the oscillations of a gas suspension in a closed
acoustic resonator were studied for various piston stroke amplitudes at a frequency close to the �rst
linear resonance frequency. The numerical results were compared with the physical experiment. The
comparison showed acceptable agreement between the numericalsolution and the physical experiment
data. Furthermore, within the framework of the monodisperse approximation of the mathematical model
of gas suspension dynamics, the e�ect of particle dispersionon the intensity of change in the longitudinal
component of the dispersed phase velocity and �uctuations inthe dispersed phase concentration was
studied. Larger dispersed inclusions have a lower velocity,and it was also found that smaller dispersed
inclusions result in smaller amplitudes of carrier medium pressure �uctuations.
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Ââåäåíèå

Ãàçîâçâåñè, àýðîçîëè è òóìàíû ïðåäñòàâëÿþò ñîáîé äâóõôàçíûå ñðåäû, îäíà èç ô àç
êîòîðîé � æèäêèå êàïëè èëè òâåðäûå ÷àñòèöû.

Èññëåäîâàíèå âîëíîâûõ ïðîöåññîâ â òàêèõ ñðåäàõ ÿâëÿåòñÿ àêòóàëüíîé ïðîáëåìîé äè -
íàìèêè ìíîãîôàçíûõ ñðåä. Â äàííîé ðàáîòå èññëåäóþòñÿ êîëåáàíèÿ ãàçà ñ äèñïåð ñíûìè
÷àñòèöàìè â àêóñòè÷åñêîì ðåçîíàòîðå. Äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðèìå íÿåòñÿ
êîíòèíóàëüíàÿ ìåòîäèêà äèíàìèêè ìíîãîôàçíûõ ñðåä.

Â ìîíîãðàôèè [ 1] ðàçðàáîòàíû îñíîâû òåîðèè ìíîãîôàçíûõ è ìíîãîêîìïîíåíòíûõ, îñ-
íîâàííûå íà óðàâíåíèÿõ ìåõàíèêè ñïëîøíûõ ñðåä, ïðåäñòàâëåíû óðàâíåíèÿ ê îíòèíóàëüíîé
ìåòîäèêè ìîäåëèðîâàíèÿ òå÷åíèé ìíîãîôàçíûõ ñðåä. Â [ 2] èññëåäóþòñÿ ðàçëè÷íûå ïðîöåñ-
ñû ôèçèêè ìíîãîôàçíûõ ñðåä � ïóçûðüêîâûõ ñìåñåé, æèäêîñòåé è ãàçîâ, ñîäå ðæàùèõ â ñåáå
òâåðäûå ÷àñòèöû è æèäêèå êàïëè. Ðàññìîòðåíû íåñòàöèîíàðíûå ïðîöåññû â ðàç ëè÷íûõ òè-
ïàõ ãàçîäèñïåðñíûõ ñìåñåé. Â ðàáîòå [ 3] íà îñíîâå êîíòèíóàëüíîé ìåòîäèêè ìîäåëèðîâàíèÿ
ìíîãîôàçíûõ ñðåä ðàçðàáîòàíû ìàòåìàòè÷åñêèå ìîäåëè îäíîìåðíîé íåñòàöèîíàð íîé äèíà-
ìèêè ãàçîâçâåñåé áåç ó÷åòà âÿçêîñòè íåñóùåé ñðåäû. Â ñòàòüå [4] èññëåäîâàíû ïðîöåññû
ðàñïðîñòðàíåíèÿ âîëí â ïóçûðüêîâîé æèäêîñòè ñ ó÷åòîì äâóõìåðíîé ãåîìåòðèè ïðîö åññà.
Ìàòåìàòè÷åñêàÿ ìîäåëü ðåàëèçîâàíà ñ ïîìîùüþ ÷èñëåííîãî ìåòîäà êîíå÷íûõ ðàçíîñ òåé.

Îäíîé èç ïðîáëåì äèíàìèêè ìíîãîôàçíûõ ñðåä ÿâëÿåòñÿ èññëåäîâàíèå äèíàìèê è ãàçî-
äèñïåðñíûõ ñðåä â àêóñòè÷åñêèõ ïîëÿõ, â òîì ÷èñëå â àêóñòè÷åñêèõ ðåçîíàòîðàõ. Òàêèì
îáðàçîì, èññëåäîâàíèå òå÷åíèé àýðîçîëÿ â àêóñòè÷åñêèõ ïîëÿõ ñîïðÿæåíî ñ èñ ñëåäîâàíèåì
ðåçîíàíñíûõ êîëåáàíèé â ðàçëè÷íûõ åìêîñòÿõ. Â ïóáëèêàöèè [ 5] ýêñïåðèìåíòàëüíî è òåî-
ðåòè÷åñêè èññëåäîâàíû íåëèíåéíûå êîëåáàíèÿ ãàçà â àêóñòè÷åñêîì ðåçîíàòîðå , ïðåäñòàâ-
ëÿþùåì ñîáîé òðóáó, íà îäíîì êîíöå êîòîðîé íàõîäèòñÿ ïîðøåíü, à äðóãîé êîíåö òðóáû
ëèáî çàêðûò, ëèáî ÷àñòè÷íî îòêðûò. Â ñòàòüå [ 6] ðàññìàòðèâàþòñÿ âîïðîñû ïðèìåíåíèÿ îä-
íîìåðíîãî àêóñòè÷åñêîãî ïîëÿ äëÿ ôîðìèðîâàíèÿ ðàñïðåäåëåíèé äèñïåðñí ûõ âêëþ÷åíèé,
íàõîäÿùèõñÿ ïîä äåéñòâèåì àêóñòè÷åñêîãî ïîëÿ ïî çàäàííîìó çàêîíó. Â ïóáëè êàöèè [7]
ñäåëàí îáçîð òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ ðàáîò, ïîñâÿùåííûõ èññëåäîâàí èþ òå÷å-
íèé äèñïåðñíûõ âêëþ÷åíèé â ãàçîâûõ ïîòîêàõ ïðèìåíèòåëüíî ê ðàçëè÷íûì ï ðîöåññàì â
ïðèðîäå è òåõíèêå. Â ðàáîòå [ 8] ïðîâåäåí îáçîð òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ èñ-
ñëåäîâàíèé äèíàìèêè ãàçîâçâåñåé, à òàêæå îòäåëüíûõ ÷àñòèö â âîëíîâûõ ïîëÿõ. Ðàññ ìàò-
ðèâàëèñü ýôôåêòû êîàãóëÿöèè è îñàæäåíèÿ àýðîçîëåé ïîä âîçäåéñòâèåì àêóñòè÷å ñêèõ è
óäàðíî-âîëíîâûõ ïîëåé. Â ñòàòüå [ 9] èçó÷àåòñÿ âîçäåéñòâèå ñôîêóñèðîâàííîãî àêóñòè÷åñêî-
ãî ïîëÿ íà ãàçîêàïåëüíóþ ñðåäó, êàïåëüíàÿ ôàçà êîòîðîé èìååò ïîëèäèñïåðñíû é ñîñòàâ.
Ðàññìàòðèâàåòñÿ âëèÿíèå äèñïåðñíîñòè ôðàêöèé æèäêîñòè íà èíòåíñèâíîñòü èñï àðåíèÿ
ôðàêöèé ïîä äåéñòâèåì àêóñòè÷åñêîãî ïîëÿ. Â ïóáëèêàöèè [ 10] ýêñïåðèìåíòàëüíî èçó÷à-
þòñÿ ïðîöåññû óäàëåíèÿ äèñïåðñíîé ôàçû èç ãàçà ñ ïîìîùüþ âîçäåéñòâèÿ àêóñòè÷å ñêîãî
ïîëÿ. Èññëåäóþòñÿ âîïðîñû âëèÿíèå ÷àñòîòû è èíòåíñèâíîñòè àêóñòè÷åñêîãî ïîëÿ í à ýô-
ôåêòèâíîñòü óäàëåíèÿ äèñïåðñíûõ âêëþ÷åíèé èç ãàçà.

Â ñòàòüå [11] ñ öåëüþ ïðèìåíåíèÿ â ïðîìûøëåííûõ òåõíîëîãèÿõ ïðîâîäÿòñÿ ýêñïåðèì åí-
òàëüíûå èññëåäîâàíèÿ ïî óäàëåíèþ äèñïåðñíîé ôàçû èç ãàçà è ôîðìèðîâàíèþ çàä àííîãî
ãåîìåòðè÷åñêîãî ðàñïðåäåëåíèÿ êîíöåíòðàöèè äèñïåðñíûõ ÷àñòèö ñ ïîìîùüþ àêóñòè÷åñêî-
ãî ïîëÿ.

200 Íàó÷íûé îòäåë



Ä. À. Ãóáàéäóëëèí, Ä. À. Òóêìàêîâ. ×èñëåííîå ìîäåëèðîâàíèå êîëåáàíèé àýðîçîëÿ

Â ðàáîòå [12] ýêñïåðèìåíòàëüíî è òåîðåòè÷åñêè èññëåäîâàíû ïðîöåññû óäàëåíèÿ äèñ-
ïåðñíûõ âêëþ÷åíèé ñóáìèêðîííîãî ðàçìåðà èç ãàçà ñ ïîìîùüþ àêóñòè÷åñêîãî ï îëÿ, ðàñ-
ñìîòðåíû ïàðàìåòðû âîçäåéñòâèÿ àêóñòè÷åñêîãî ïîëÿ, íàèáîëåå ýôôåêòèâíûå äëÿ ó äàëåíèÿ
ìåëêîäèñïåðñíûõ ÷àñòèö â ãàçå. Â ïóáëèêàöèè [ 13] ýêñïåðèìåíòàëüíî è ÷èñëåííî èçó÷åíû
ñïîñîáû àêóñòè÷åñêîãî óäàëåíèÿ äèñïåðñíûõ âêëþ÷åíèé èç ãàçà, öåëüþ èññ ëåäîâàíèÿ áûëî
óâåëè÷åíèå ýôôåêòèâíîñòè è ñíèæåíèå ýíåðãåòè÷åñêèõ çàòðàò â ýòèõ òåõíîëîãèÿõ. Â [ 14] ñ
ïîìîùüþ ÷èñëåííîãî ìîäåëèðîâàíèÿ èññëåäóþòñÿ ïðîöåññû êîàãóëÿöèè äèñï åðñíûõ âêëþ-
÷åíèé ãàçîâçâåñè ïîä äåéñòâèåì àêóñòè÷åñêîãî ïîëÿ ñ öåëüþ óêðóïíåíèÿ äè ñïåðñíûõ âêëþ-
÷åíèé äëÿ èõ áîëåå ýôôåêòèâíîãî óäàëåíèÿ.

Â [15] ñ ïîìîùüþ âû÷èñëèòåëüíîé ãèäðîäèíàìèêè ìîäåëèðóþòñÿ ïðîöåññû ôîðìèðîâà-
íèÿ àãëîìåðàöèé äèñïåðñíûõ âêëþ÷åíèé ïîä äåéñòâèåì àêóñòè÷åñêîãî ï îëÿ â ãàçå ñ ó÷åòîì
âûñîêîãî äàâëåíèÿ è âûñîêîé òåìïåðàòóðû íåñóùåé ñðåäû.

Â ïóáëèêàöèè [ 16] ñ ïîìîùüþ ïàêåòà ïðîãðàìì âû÷èñëèòåëüíîé ãèäðîäèíàìèêè ïðè
ïîìîùè ðåøåíèÿ ëèíåàðèçîâàííîé ñèñòåìû óðàâíåíèé Íàâüå � Ñòîêñà ÷èñëåííî èññë åäîâà-
íî ôîðìèðîâàíèå àãëîìåðàöèé äèñïåðñíûõ âêëþ÷åíèé ïîä äåéñòâèåì àêóñòè÷ åñêîãî ïîëÿ
ñ ó÷åòîì âîçäåéñòâèÿ íåñóùåé ñðåäû íà äèíàìèêó äèñïåðñíûõ ÷àñòèö è âçàèì îäåéñòâèå
ìåæäó ñàìèìè äèñïåðñíûìè ÷àñòèöàìè, íî áåç ó÷åòà âîçäåéñòâèÿ äèñïåð ñíûõ âêëþ÷åíèé
íà äèíàìèêó íåñóùåé ñðåäû. Â ðàáîòå [ 17] òåîðåòè÷åñêè è ÷èñëåííî èññëåäîâàíû ïðîöåññû
ñåäèìåíòàöèè è êîàãóëÿöèè ìåëêîäèñïåðñíûõ ÷àñòèö ìèêðîííîãî ðàçì åðà â àêóñòè÷åñêîì
ïîëå, ðàññìîòðåíî óñêîðåíèå ïðîöåññîâ îñàæäåíèÿ äèñïåðñíûõ âêëþ÷åíè é ïîä äåéñòâèåì
àêóñòè÷åñêîãî ïîëÿ.

Â ñòàòüå [18] ýêñïåðèìåíòàëüíûìè ìåòîäàìè ðàññìàòðèâàåòñÿ îïòèìèçàöèÿ òåõíîëîãèé
àêóñòè÷åñêîé î÷èñòêè ãàçà îò äèñïåðñíûõ âêëþ÷åíèé, îòìå÷àåòñÿ âûñîêàÿ ýôôå êòèâíîñòü
ïðèìåíåíèÿ òàêèõ òåõíîëîãèé äëÿ ÷àñòèö ðàçìåðîì áîëåå 10 ìêì è íåîáõîäè ìîñòü îïòèìè-
çàöèè ýòèõ òåõíîëîãèé äëÿ î÷èñòêè ãàçà îò äèñïåðñíûõ âêëþ÷åíèé ðàçìåðîì ìåíåå 10 ìêì.
Â [19] ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü äèíàìèêè è âçàèìîäåéñòâèÿ äâóõ äèñïåðñ íûõ
âêëþ÷åíèé è èõ êîàãóëÿöèè ïîä äåéñòâèåì àêóñòè÷åñêîãî ïîëÿ ñ ó÷åòîì íåñ ôåðè÷åñêîé
ôîðìû äèñïåðñíûõ âêëþ÷åíèé. Â ðàáîòå [ 20] ðàññìàòðèâàþòñÿ òåõíè÷åñêèå è ìåäèöèíñêèå
ïðèëîæåíèÿ òåõíîëîãèé âîçäåéñòâèÿ àêóñòè÷åñêèõ ïîëåé ìàëîé ìîùíîñòè íà äèñï åðñíûå
âêëþ÷åíèÿ ñóáìèêðîííûõ ðàçìåðîâ â ìàëîì îáúåìå. Â ïóáëèêàöèè [ 21] ýêñïåðèìåíòàëüíî
è ÷èñëåííî èññëåäîâàíû ïðîáëåìû è óâåëè÷åíèå ýôôåêòèâíîñòè òåõíîëîãèé àêó ñòè÷åñêîé
ôîêóñèðîâêè äèñïåðñíûõ âêëþ÷åíèé ïîä äåéñòâèåì àêóñòè÷åñêîãî ïîëÿ â êàíàëå ìàëîãî
ðàçìåðà. Â ðàáîòå [22] ðàññìàòðèâàþòñÿ ðàçëè÷íûå òåîðåòè÷åñêèå ïðîáëåìû èññëåäîâàíèÿ
âîçäåéñòâèÿ àêóñòè÷åñêèõ ïîëåé íà äèñïåðñíûå ÷àñòèöû ñ öåëüþ ïðèëîæåí èÿ â ìåäèöèí-
ñêèõ òåõíîëîãèÿõ è òåõíîëîãèÿõ ïðîìûøëåííîé ýêîëîãèè.

Â ðàáîòå [23] ñ ïîìîùüþ ÷èñëåííîãî ðåøåíèÿ äâóõìåðíîãî óðàâíåíèÿ Ãåëüìãîëüöà èñ-
ñëåäîâàíû òå÷åíèÿ ãàçà ñ ìåëêîäèñïåðñíûìè ÷àñòèöàìè â êàíàëàõ ñ ïðÿìîóã îëüíûì ñå÷å-
íèåì ïîä äåéñòâèåì ðåçîíàíñíûõ àêóñòè÷åñêèõ ïîëåé.

Öåëüþ ïðåäñòàâëåííûõ ðàáîò ÿâëÿþòñÿ èññëåäîâàíèÿ äèíàìè÷åñêèõ ïðîöåññîâ â ãàçî-
äèñïåðñíûõ ñðåäàõ, êîòîðûå îñóùåñòâëÿþòñÿ êàê ñ ïîìîùüþ ìàòåìàòè÷åñêîãî ìîäåëè ðî-
âàíèÿ, òàê è ñ ïîìîùüþ ôèçè÷åñêèõ ýêñïåðèìåíòîâ. Âîçäåéñòâèå àêóñòè÷åñêèõ ïîë åé íà
àýðîçîëè èçó÷àåòñÿ â ñâÿçè ñ ðàçëè÷íûìè òåõíîëîãèÿìè î÷èñòêè ãàçîäèñïåð ñíûõ ñðåä îò
äèñïåðñíûõ âêëþ÷åíèé.

Â äàííîé ðàáîòå ïðîâîäèòñÿ ìîäåëèðîâàíèå òå÷åíèé ãàçîäèñïåðñíûõ ñðåä â ðàìê àõ
êîíòèíóàëüíîé ýéëåðîâîé ìàòåìàòè÷åñêîé ìîäåëè äëÿ èññëåäîâàíèÿ êîëåáàíèé àýðîç îëÿ
â àêóñòè÷åñêîì ðåçîíàòîðå, à òàêæå ñîïîñòàâëåíèå ÷èñëåííûõ ðàñ÷åòîâ ñ ôèçè÷ åñêèì ýêñ-
ïåðèìåíòîì. Áûëè ðàññìîòðåíû ïðîöåññû êîëåáàíèé àýðîçîëÿ â àêóñòè÷åñêèõ ïîë ÿõ äëÿ
ìîíîäèñïåðñíûõ ãàçîâçâåñåé ñ äâóìÿ ðàçëè÷íûìè ðàçìåðàìè äèñïåðñíûõ âêëþ÷åíèé.
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1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Äâèæåíèå íåñóùåé ñðåäû îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé Íàâüå � Ñòîêñà c ó÷åòîì
ìåæôàçíîãî îáìåíà èìïóëüñîì è òåïëîîáìåíà [ 24� 28]:

@�1
@t

+
@(�u 1)

@x
+

@(� 1v1)
@y

= 0 ; (1)

@(� 1u1)
@t

+
@

@x
(� 1u2

1 + p � � xx ) +
@
@y

(�u 1v1 � � xy ) = � Fx + � 2
@p
@x

; (2)

@(� 1v1)
@t

+
@

@x
(� 1u1v1 � � yx ) +

@
@y

(� 1v2
1 + p � � yy ) = � Fy + � 2

@p
@y

; (3)

@e1
@t

+
@

@x
([e1 + p � � xx ]u1 � � xy v1 � �

@T1
@x

) +
@
@y

([e1 + p � � yy ]v1 � � yx u1 � �
@T1
@y

) =

= � Q � (jFx j(u1 � u2) + jFy j(v1 � v2)) + � 2

�
@(pu1)

@x
+

@(pv1)
@y

�
: (4)

Çàìûêàþùèå ñîîòíîøåíèÿ äëÿ óðàâíåíèé ( 1)�( 4):

p = ( 
 � 1)(e1 � � 1(u2
1 + v2

1)=2); e1 = � 1(I + ( u2
1 + v2

1)=2); I = RT1=(
 � 1);

� xx = �
�

2
@u1
@x

�
2
3

D
�

; � yy = �
�

2
@v1
@y

�
2
3

D
�

;

� xy = � yx = �
�

@u1
@y

+
@v1
@x

�
; D = �

�
@u1
@x

+
@v1
@y

�
:

Äèíàìèêà äèñïåðñíîé ôàçû îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé [ 24� 28]:

@�2
@t

+
@(� 2u2)

@x
+

@(� 2v2)
@y

= 0 ; (5)

@(� 2u2)
@t

+
@

@x
(� 2u2

2) +
@
@y

(� 2u2v2) = Fx � � 2
@p
@x

; (6)

@(� 2v2)
@t

+
@

@x
(� i u2v2) +

@
@y

(� 2v2
2) = Fy � � 2

@p
@y

; (7)

@e2
@t

+
@

@x
(e2u2) +

@
@x

(e2v2) = Q: (8)

Ïåðåìåííûå ñ èíäåêñîì 1 îïèñûâàþò èçìåíåíèå ôèçè÷åñêèõ ïàðàìåòðîâ í åñóùåé ñðåäû,
à ñ èíäåêñîì 2 � äèñïåðñíîé ôàçû. Èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: � 1 � ïëîòíîñòü
ãàçà,u1, v1 � ñîñòàâëÿþùèå âåêòîðà ñêîðîñòè ãàçà V1 = ( u1; v1), e1 è T1 ïîëíàÿ ýíåðãèÿ è
òåìïåðàòóðà íåñóùåé ñðåäû, p � äàâëåíèå ãàçà, � , � , 
 � êîýôôèöèåíòû òåïëîïðîâîäíîñòè,
äèíàìè÷åñêîé âÿçêîñòè è ïîñòîÿííàÿ àäèàáàòû äëÿ íåñóùåé ñðåäû, I = RT1=(
 � 1) � òåï-
ëîâàÿ ýíåðãèÿ íåñóùåé ñðåäû ( R � ãàçîâàÿ ïîñòîÿííàÿ) [ 29], � xx , � xy , � yy � ñîñòàâëÿþùèå
òåíçîðà âÿçêèõ íàïðÿæåíèé íåñóùåé ñðåäû; � 2 � îáúåìíîå ñîäåðæàíèå äèñïåðñíîé ôàçû,
� 2 = � 2� 20 � ñðåäíÿÿ ïëîòíîñòü äèñïåðñíîé ôàçû, � 20 � ôèçè÷åñêàÿ ïëîòíîñòü ìàòåðèàëà
äèñïåðñíîé ôàçû, u2,v2 � ñîñòàâëÿþùèå âåêòîðà äèñïåðñíîé ôàçû V2 = ( u2; v2), e2 è T2 �
òåïëîâàÿ ýíåðãèÿ è òåìïåðàòóðà äèñïåðñíîé ôàçû, e2 = � 2Cp2T2, Cp2 � óäåëüíàÿ òåïëîåì-
êîñòü âåùåñòâà äèñïåðñíîé ôàçû.

Ìåæôàçíûé îáìåí èìïóëüñîì âêëþ÷àåò â ñåáÿ:
ñèëó àýðîäèíàìè÷åñêîãî ñîïðîòèâëåíèÿ

Fxd =
3� 2

4d
Cd� 1

q
(u1 � u2)2 + ( v1 � v2)2 (u1 � u2) ;

Fyd =
3� 2

4d
Cd�

q
(u1 � u2)2 + ( v1 � v2)2(v1 � v2);
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äèíàìè÷åñêóþ ñèëó Àðõèìåäà

FxA = � 2� 1

�
@u1
@t

+ u1
@u1
@x

+ v1
@u1
@y

�
;

FyA = � 2� 1

�
@v1
@t

+ v1
@v1
@x

+ v1
@v1
@y

�
;

ñèëó ïðèñîåäèíåííûõ ìàññ

Fxm = 0 :5� 2� 1

�
@u1
@t

+ u1
@u1
@x

+ v1
@u1
@y

�
@u2
@t

� u2
@u2
@x

� v2
@u2
@y

�
;

Fym = 0 :5� 2� 1

�
@v1
@t

+ u1
@v1
@x

+ v1
@v1
@y

�
@v2
@t

� u2
@v2
@x

� v2
@v2
@y

�
:

Òåïëîîáìåí ìåæäó íåñóùåé ñðåäîé è äèñïåðñíîé ôàçîé [ 3]

Q = 6 � 2�Nu 12(T1 � T2)=d2:

Âñå ÷àñòèöû ïðåäïîëàãàþòñÿ ñôåðè÷åñêîé ôîðìû: d � äèàìåòð ÷àñòèöû, Cd � êîýôôè-
öèåíò ñîïðîòèâëåíèÿ ÷àñòèöû [ 3]. Êîýôôèöèåíòû óðàâíåíèé äèñïåðñíîé ôàçû

Cd = C0
d � (M 12)' (� 2); C0

d =
24

Re12
+

4
Re0:5

12
+ 0 :4;

� (M 12) = 1 + exp( �
� 0:427
M 0:63

12
); ' (� 2) = (1 � � 2) � 2:5;

Re12 = d� 1jV1 � V2j=�; M 12 = jV1 � V2j;

P r = cp� (� ) � 1; Nu12 = 2 exp( � M 12) + 0 :459Re0:55
12 Pr 0:33;

cp � òåïëîåìêîñòü ãàçà. Ïðè îïðåäåëåíèè êîýôôèöèåíòà ñîïðîòèâëåíèÿ Cd ôóíêöèÿ ' (� 2)
ó÷èòûâàåò ìíîæåñòâåííîñòü ÷àñòèö [ 3].

Äëÿ èíòåãðèðîâàíèÿ ñèñòåìû óðàâíåíèé ( 1)�( 8) ïðèìåíÿëñÿ ÿâíûé êîíå÷íî-ðàçíîñòíûé
ìåòîä Ìàê-Êîðìàêà âòîðîãî ïîðÿäêà òî÷íîñòè ïðåäñòàâëåííûé íà ïðèìåðå íåëèí åéíîãî
óðàâíåíèÿ

@f
@t

+
@a(f )

@x
= c(f )

â âèäå äâóõ ýòàïîâ [29]:

f �
i = f n� 1

i �
� t
� x

(an� 1
i +1 � an� 1

i ) + � tcn� 1
i ; (9)

f n
i = 0 :5(f �

i + f n
i ) � 0:5

� t
� x

(a�
i � a�

i � 1) + 0 :5� tc�
i : (10)

Àëãîðèòì ÷èñëåííîãî ìåòîäà ( 9), (10) ìîæíî ïðåäñòàâèòü â âèäå îïåðàòîðà P(� t), ñòà-
âÿùåãî â ñîîòâåòñòâèå çíà÷åíèþ ôóíêöèè íà n-îì âðåìåííîì ñëîå � f in çíà÷åíèå ôóíêöèè
íà âðåìåííîì ñëîå n+ 1 � f in +1 : P(� t)f in = f in +1 . Ïðè ðåàëèçàöèè ÷èñëåííîãî ìåòîäà ïðè-
ìåíÿëàñü ñõåìà ðàñùåïëåíèÿ ïî ïðîñòðàíñòâåííûì íàïðàâëåíèÿì, ñâîäÿùàÿ ïð èìåíåíèå
äâóõìåðíîãî ìåòîäà ê ïîñëåäîâàòåëüíîñòè ïðèìåíåíèÿ îäíîìåðíûõ îïåðàòîðî â [30]:

f n+1
ij = Px

�
� t
2

�
Py

�
� t
2

�
Py

�
� t
2

�
Px

�
� t
2

�
f n

ij : (11)

Äëÿ ïîäàâëåíèÿ ÷èñëåííûõ îñöèëëÿöèé èñïîëüçîâàëàñü íåëèíåéíàÿ ñõåìà êîððåêöèè
ñåòî÷íîé ôóíêöèè [ 31,32].
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Íà ïîâåðõíîñòè ïîðøíÿ ñêîðîñòü íåñóùåé ñðåäû è äèñïåðñíîé ôàçû èçìåíÿëàñü ïî
ãàðìîíè÷åñêîìó çàêîíó. Íà áîêîâûõ ïîâåðõíîñòÿõ è íà òîðöåâîé ïîâåðõíîñòè êàíàëà ä ëÿ
x è y ñîñòàâëÿþùèõ ñêîðîñòè çàäàâàëèñü îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ Äèðèõëå. Äë ÿ
îñòàëüíûõ ôóíêöèé âåçäå çàäàâàëèñü îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ Íåéìàíà:

uk (n; 1; j ) = A! cos (!n � t) ; vk (n; 1; j ) = 0 ; uk (n; N x ; j ) = 0 ; vk (n; N x ; j ) = 0 ;

uk (n; i; 1) = 0 ; vk (n; i; 1) = 0 ; uk (n; i; N y) = 0 ; vk (n; i; N y) = 0 ;

� k (n; 1; j ) = � k (n; 2; j ); � k (n; N x ; j ) = � k (n; N x � 1; j );

� k (n; i; 1) = � k (n; i; 2); � k (n; i; N y) = � k (n; i; N y � 1);

ek (n; 1; j ) = ek (n; 2; j ); ek (n; N x ; j ) = ek (n; N x � 1; j );

ek (n; i; 1) = ek (n; i; 2); ek (n; i; N y) = ek (n; i; N y � 1):

ÇäåñüNx , Ny � êîëè÷åñòâî óçëîâ, i , j � íóìåðàöèÿ óçëîâ â x è y íàïðàâëåíèÿõ ñîîòâåòñòâåí-
íî. Ðàñ÷åòû ïðîâîäèëèñü íà ðàâíîìåðíîé ñåòêå � x i = i � L=(Nx � 1); � yj = j � h=(Ny � 1).

2. Ðåçóëüòàòû ðàñ÷åòîâ

Íà ðèñ. 1 ïðåäñòàâëåíà îáùàÿ ñõåìà ìîäåëèðóåìîãî ïðîöåññà êîëåáàíèé ãàçîâçâåñè â
êàíàëå, àíàëîãè÷íàÿ óñòàíîâêå, êîòîðàÿ ïðèìåíÿëàñü â ôèçè÷åñêîì ýêñïåðèìå íòå [33].

Ðàññìîòðèì äèíàìèêó ìîíîäèñïåðñíîé ãàçîâçâåñè ïðè ðåçîíàíñíûõ ðåæèì àõ êîëåáà-
íèé íåñóùåé ñðåäû â çàêðûòîì êàíàëå, ïðîäîëüíûå êîëåáàíèÿ â êîòîðîì âîçáóæäàþòñÿ
ïîðøíåì, ïåðåìåùàþùèìñÿ ïî ãàðìîíè÷åñêîìó çàêîíó.

Ðèñ. 1. Îáùàÿ ñõåìà àêóñòè÷åñêîãî ðåçîíàòîðà
Fig. 1. General scheme of the acoustic resonator

Â ÷èñëåííûõ ðàñ÷åòàõ äëèíà êàíàëà
ñîñòàâëÿëàL = 1 :06 ì, øèðèíà êàíàëà �
h = 0 :0365 ì (ñì. ðèñ. 1). Ãàçîâçâåñü â
íà÷àëüíûé ìîìåíò âðåìåíè ïðåäñòàâëÿ-
åò ñîáîé ñìåñü âîçäóõà ñ ðàâíîìåðíî ðàñ-
ïðåäåëåííûìè â îáúåìå ðåçîíàòîðà ÷à-
ñòèöàìè òâåðäîé ôàçû � ñôåðàìè îäèíà-
êîâîãî äèàìåòðà ñ ôèêñèðîâàííîé ïëîò-
íîñòüþ âåùåñòâà.
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Ðèñ. 2. Ñîïîñòàâëåíèå ôèçè÷åñêèõ ýêñïåðèìåíòîâ,
ïðîâåäåííûõ â ðàáîòå [ 33], è ÷èñëåííûõ ðàñ÷åòîâ
äëÿ ðàçëè÷íûõ ðàçìåðîâ äèñïåðñíûõ âêëþ÷åíèé
Fig. 2. Comparison of physical experiments conduc-
ted in the work [33], and numerical calculations for

di�erent sizes of dispersed inclusions

Â íà÷àëüíûé ìîìåíò âðåìåíè ãàçî-
âçâåñü íåïîäâèæíà, òåìïåðàòóðû ôàç
ðàâíû � T10 = T20 = 293:5 Ê, çàäà-
íû ïëîòíîñòü âîçäóõà, âåùåñòâà äèñ-
ïåðñíîé ôàçû è åå îáúåìíîå ñîäåðæà-
íèå � = 0 :000068, ìàññîâàÿ äîëÿ äèñ-
ïåðñíîé ôàçû ñîñòàâëÿëà m = 0 :034. Â
ìîìåíò âðåìåíè t = 0 ïîðøåíü íà÷è-
íàë äâèæåíèå ïî ãàðìîíè÷åñêîìó çàêî-
íó x(t) = A sin(!t ), ãäå ! = 2 �f , f �
ðåçîíàíñíàÿ ÷àñòîòà êîëåáàíèé ãàçîâî-
ãî ñòîëáà [33], A � àìïëèòóäà õîæäåíèÿ
ïîðøíÿ.

Çàâèñèìîñòü îòíîøåíèÿ ðàçìàõà ïå-
ðåïàäà äàâëåíèÿ âáëèçè ïîâåðõíîñòè
ïîðøíÿ � p = pmax � pmin ê ðàçìàõó ïåðå-
ïàäà äàâëåíèÿ ïðè àìïëèòóäå õîæäåíèÿ
ïîðøíÿ � A = 0 :1 ìì � � pA=0 :1 îò àì-
ïëèòóäû õîæäåíèÿ ïîðøíÿ A ïðåäñòàâ-
ëåíà íà ðèñ. 2.
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×èñëåííî ìîäåëèðîâàëèñü ìîíîäèñïåðñíûå ãàçîâçâåñè ñ ðàçìåðîì ÷àñòèö d = 2 ìêì è
d = 20 ìêì. Ðåçóëüòàòû ôèçè÷åñêîãî ýêñïåðèìåíòà, ïðîâåäåííîãî â ðàáîòå [ 33], è ÷èñëåííûå
ðàñ÷åòû àïïðîêñèìèðîâàíû ñïëàéíîì òðåòüåãî ïîðÿäêà [ 34].

Äëÿ àìïëèòóä ïåðåìåùåíèÿ ïîðøíÿ â èíòåðâàëå îò A = 0 :1 ìì äî A = 0 :25 ìì óâåëè-
÷åíèå ðàçìàõà ïåðåïàäà äàâëåíèÿ ïðîèñõîäèò ìåíåå èíòåíñèâíî äëÿ ìåë êîäèñïåðñíîé ãàçî-
âçâåñè. Çàêîíîìåðíîñòü âîçìîæíî îáúÿñíèòü òåì, ÷òî èíòåíñèâíîñòü âçàèìîäåéñòâèÿ ôàç
îïðåäåëÿåòñÿ ïëîùàäüþ âçàèìîäåéñòâèÿ íåñóùåé ñðåäû è äèñïåðñíîé ôàçû, è äëÿ äèñïåðñ-
íîé ôàçû, ñîñòîÿùåé èç ìåëêèõ ÷àñòèö, ïëîùàäü âçàèìîäåéñòâèÿ áîëüøå, òàêèì îáðàçîì,
äëÿ ìåëêîäèñïåðñíûõ ãàçîâçâåñåé ñèëüíåå âëèÿíèå ìåæôàçíîãî âçàèìîä åéñòâèÿ.

Äëÿ ìåëêîäèñïåðñíûõ ÷àñòèö � d = 2 ìêì äëÿ ðàçëè÷íûõ àìïëèòóä êîëåáàíèé ïîðøíÿ
çíà÷åíèå ïðîäîëüíîé âåëè÷èíû ñêîðîñòè äâèæåíèÿ äèñïåðñíîé âàçû âûøå, ÷å ì äëÿ áîëåå
êðóïíîäèñïåðñíûõ ÷àñòèö � d = 20 ìêì (ðèñ. 3).
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Ðèñ. 3. Âðåìåííàÿ çàâèñèìîñòü ïðîäîëüíîé ñîñòàâëÿþùåé ñêî ðîñòè äèñïåðñíîé ôàçû â òî÷-
êå x = L=2, y = h=2. Àìïëèòóäà õîæäåíèÿ ïîðøíÿ: à � A = 0 :1 ìì; á � A = 0 :15 ìì;

â � A = 0 :25 ìì; ã � A = 0 :3 ìì (öâåò îíëàéí)
Fig. 3. Time dependence of the longitudinal component of the dispersed phase velocity at point
x = L=2, y = h=2. Piston stroke amplitude: a is A = 0 :1 mm; b is A = 0 :15 mm; c is A = 0 :25 mm;

d is A = 0 :3 mm (color online)

Ïðè óâåëè÷åíèè àìïëèòóäû õîæäåíèÿ ïîðøíÿ â ãàçîâçâåñè àìïëèòóäà êîëåáàíèé êîí-
öåíòðàöèè ÷àñòèö äèñïåðñíîé ôàçû òàêæå âîçðàñòàåò (ðèñ.4).
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Ðèñ. 4. Âðåìåííàÿ çàâèñèìîñòü îòíîøåíèÿ êîíöåíòðàöèè ÷àñò èö ê íà÷àëüíîé êîíöåíòðàöèè äëÿ
äâóõ ðàçìåðîâ ÷àñòèö äèñïåðñíîé ôàçû â òî÷êå x = L=2; y = h=2. Àìïëèòóäà õîæäåíèÿ ïîðøíÿ:

à � A = 0 :1 ìì; á � A = 0 :15 ìì; â � A = 0 :25 ìì; ã � A = 0 :3 ìì (öâåò îíëàéí)
Fig. 4. Time dependence of the ratio of particle concentrationto the initial concentration for two sizes
of dispersed phase particles at pointx = L=2; y = h=2. Piston stroke amplitude: a is A = 0 :1 mm; b is

A = 0 :15 mm; c is A = 0 :25 mm; d is A = 0 :3 mm (color online)

Çàêëþ÷åíèå

Â äàííîé ðàáîòå ÷èñëåííî ìîäåëèðîâàëèñü êîëåáàíèÿ ãàçîâçâåñè â àêóñòè÷åñêîì ðå çîíà-
òîðå, ðàñ÷åòû ïðîâåäåíû íà îñíîâå êîíòèíóàëüíîé ìàòåìàòè÷åñêîé ìîäåëè äèíàìèêè ì íî-
ãîôàçíûõ ñðåä. Äèíàìèêà íåñóùåé ñðåäû îïèñûâàëàñü ñèñòåìîé óðàâíåíèé Íàâüå � Ñòîêñà,
ïðè ýòîì îíà ó÷èòûâàåò âîçäåéñòâèå, îêàçûâàåìîå ñî ñòîðîíû äèñïåðñíîé ôàçû.

Ïðîâåäåíû ðàñ÷åòû êîëåáàíèé ìîíîäèñïåðñíîãî àýðîçîëÿ ñ äâóìÿ ðàçëè÷íûì è ðàçìå-
ðàìè äèñïåðñíûõ âêëþ÷åíèé. Ðåçóëüòàòû ðàñ÷åòîâ áûëè ñîïîñòàâëåíû ñ ñåð èåé ôèçè÷å-
ñêèõ ýêñïåðèìåíòîâ ïî êîëåáàíèÿì ãàçîâçâåñè â àêóñòè÷åñêîì ðåçîíàòîðå ñ ðàçëè ÷íûìè
àìïëèòóäàìè õîæäåíèÿ ïîðøíÿ. Ñîïîñòàâëåíèå äàëî ïðèåìëåìîå ñîîòâåòñòâèå. Ðåç óëüòà-
òû ðàáîòû ìîãóò áûòü ïðèìåíåíû êàê ïðè òåîðåòè÷åñêîì èññëåäîâàíèè êîëåáàíèé ãàçà â
àêóñòè÷åñêèõ ïîëÿõ, òàê è ïðè ðàçðàáîòêå ïðîìûøëåííûõ òåõíîëîãèé, â êîòîð ûõ äèñïåðñ-
íûå âêëþ÷åíèÿ äâèæóòñÿ â àêóñòè÷åñêèõ ïîëÿõ.
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Ââåäåíèå

Ïîðèñòûå ìàòåðèàëû øèðîêî èñïîëüçóþòñÿ âî ìíîãèõ îòðàñëÿõ ïðîìûøëåííîñòè. Áëà-
ãîäàðÿ íàëè÷èþ â íèõ ïîëîñòåé è ïóñòîò, çàïîëíåííûõ ïëîõî ïðîâîäÿùèìè òåï ëî ãàçà-
ìè, âêëþ÷àÿ âîçäóõ, ïðèìåíåíèå ïîðèñòûõ ìàòåðèàëîâ âîçìîæíî ïðè ïðîèçâîäñ òâå òåï-
ëîâîé èçîëÿöèè [ 1]. Â ðàáîòå [2] èññëåäîâàíû ïîðèñòûå ìàòåðèàëû, èñïîëüçóåìûå â êà÷å-
ñòâå çâóêîèçîëÿöèè. Êðîìå òîãî, òàêèå ìàòåðèàëû îáëàäàþò ìåíüøåé ìàññîé â ñðàâíåíèè
ñ îäíîðîäíîé ñðåäîé. Òàêèì îáðàçîì, öåëåñîîáðàçíî ïðèìåíåíèå ïîðèñòûõ ìàòåð èàëîâ â
óñëîâèÿõ ìàññî-ãàáàðèòíûõ îãðàíè÷åíèé, íàïðèìåð, â àâèàöèîííîì è êîñìè÷åñêîì ìàøè-
íîñòðîåíèè [ 3]. Øèðîêîå ðàñïðîñòðàíåíèå ïîðèñòûå ìàòåðèàëû ïîëó÷èëè â íåôòåõèìèè,
ýíåðãåòèêå [4] è äðóãèõ îòðàñëÿõ ïðîìûøëåííîñòè.
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À. Â. Åðåìèí è äð. Îá îäíîì ìåòîäå èññëåäîâàíèÿ ïðîöåññîâ òåïëîïåðåíîñà

Îäíàêî ïîðèñòûå ìàòåðèàëû èìåþò ðÿä íåäîñòàòêîâ: ïðè ñòîõàñòè÷åñêîì ðàñïðåä åëå-
íèè ïîð [ 5] ìîãóò ñíèæàòüñÿ ïðî÷íîñòíûå ñâîéñòâà, àíèçîòðîïèÿ ñâîéñòâ ïðèâîäèò ê ñóùå-
ñòâåííîìó óñëîæíåíèþ ìåòîäîâ òåîðåòè÷åñêîãî àíàëèçà ïðîöåññîâ ïåðåíîñà (òåïëà, ìàññû,
èìïóëüñà), ïðîòåêàþùèõ â ïîðèñòûõ ñðåäàõ, è äð. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ï î-
ðèñòûé ìàòåðèàë, îáðàçîâàííûé îäíîòèïíûìè ýëåìåíòàðíûìè ÿ÷åéêàìè íà îñíîâå òðèæäû
ïåðèîäè÷åñêèõ ìèíèìàëüíûõ ïîâåðõíîñòåé (ÒÏÌÏ). Òàêèå ìàòåðèàëû îáëàäàþò ìàëîé
ìàññîé, âûñîêèìè ïðî÷íîñòíûìè õàðàêòåðèñòèêàìè è ïðîãíîçèðóåìûìè òåïëîôèç è÷åñêè-
ìè ñâîéñòâàìè [ 6]. Íàèáîëüøåå ðàñïðîñòðàíåíèå íà ïðàêòèêå ïîëó÷èëè ÒÏÌÏ, èìåþùèå
ñòðîãîå ìàòåìàòè÷åñêîå îïèñàíèå.

Îñîáåííîñòüþ ïîðèñòûõ ÒÏÌÏ-ìàòåðèàëîâ ÿâëÿåòñÿ âîçìîæíîñòü ïðîãíîçèðîâàíèÿ èõ
ñâîéñòâ â çàâèñèìîñòè îò îñíîâíûõ ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ýëåìåíòàðíûõ ÿ÷ååê
(òîëùèíû ñòåíêè, ðàçìåðà è ò.ä.) [ 6]. Òàê, íàïðèìåð, ïðè óâåëè÷åíèè ïîðèñòîñòè ÒÏÌÏ-
ìàòåðèàëà ïîâûøàåòñÿ òåðìè÷åñêîå ñîïðîòèâëåíèå, à ïðè óìåíüøåíèè � îáåñïå÷èâàå òñÿ ïî-
âûøåíèå ïðî÷íîñòíûõ ñâîéñòâ êîíñòðóêöèé [ 7].

Òðèæäû ïåðèîäè÷åñêèå ìèíèìàëüíûå ïîâåðõíîñòè Øâàðöà P è ìàòåðèàëû íà è õ îñíî-
âå ïîçâîëÿþò ðàçäåëèòü ïðîñòðàíñòâî íà äâà íåïåðåñåêàþùèõñÿ îáúåìà/ëàáèðèíòà. Äàí íîå
ñâîéñòâî ìîæåò áûòü èñïîëüçîâàíî ïðè ðàçðàáîòêå òåïëîîáìåííîãî îáîðóäîâàíèÿ, íàïðè-
ìåð, ïðè ïðîåêòèðîâàíèè ðåêóïåðàòèâíûõ òåïëîîáìåííèêîâ ñ áîëüøîé ïëîùàäüþ òåïëî-
îáìåíà [ 8]. Â ðàáîòå [9] ïîêàçàíî, ÷òî íàèáîëüøèì êîýôôèöèåíòîì òåïëîïåðåäà÷è ñðåäè
èññëåäóåìûõ ÒÏÌÏ-ñòðóêòóð îáëàäàåò ÒÏÌÏ ¾Diamond¿. Òåïëîâûå õàðàêòåðèñ òèêè òåï-
ëîîáìåííèêîâ íà îñíîâå ÒÏÌÏ ¾Diamond¿ çàâèñÿò îò òîëùèíû ñòåíîê ïîðèñòîé ñòðóêòó-
ðû, äèàìåòðà ïîð è äëèíû.

Ñòðóêòóðà íà îñíîâå ÒÏÌÏ ¾Gyroid¿ îáåñïå÷èâàåò îïòèìàëüíîå ñîîòíîøåíèå ìåæäó
ýôôåêòèâíîñòüþ òåïëîïåðåíîñà è ãèäðàâëè÷åñêèì ñîïðîòèâëåíèåì. Â ðàáîòå [ 10] ïîêàçàíî,
÷òî òåïëîîáìåííèê ñî ñòðóêòóðîé ¾Gyroid¿ îáëàäàåò íà 55% áîëüøåé òåïëîâîé ìîùíîñòüþ
â ñðàâíåíèè ñ ïðîòèâîòî÷íûì òåïëîîáìåííèêîì. Ïðè ýòîì êîýôôèöèåíò òåïëîïåðåäà ÷è
â ñòðóêòóðå ¾Gyroid¿ îêàçàëàñü áîëüøå, ÷åì â ¾Diamond¿ ïðè ÷èñëå Ðåéíîëüäñà âûøå
16 000 [11].

Ïîðèñòûå ñðåäû íà îñíîâå ÒÏÌÏ èñïîëüçóþòñÿ â òåïëîîáìåííûõ àïïàðàòàõ â êà÷åñòâå
òåïëîîáìåííûõ òðàêòîâ, ýëåìåíòîâ êîíñòðóêöèè, òåïëîâîé çàùèòû è äð. Òàêèå òåïëîîáì åí-
íûå àïïàðàòû îáëàäàþò ðÿäîì ïðåèìóùåñòâ. Íàïðèìåð, êîýôôèöèåíò òåïëîïðîâîä íîñòè
óïîðÿäî÷åííîãî ÒÏÌÏ-êàðêàñà èç àëþìèíèÿ íà 144% âûøå, ÷åì â ñëó÷àå ñî ñòîõ àñòè÷å-
ñêèì ðàñïðåäåëåíèåì [ 12]. Ïðè ýòîì ïðî÷íîñòü ÒÏÌÏ-êàðêàñà â ïÿòü ðàç âûøå [ 6].

Ýôôåêòèâíàÿ òåïëîïðîâîäíîñòü ïîðèñòûõ ìàòåðèàëîâ íà îñíîâå ÒÏÌÏ çàâèñèò îò îò-
íîñèòåëüíîé ïëîòíîñòè [ 13], ïîðèñòîñòè, ðàçìåðà ÿ÷ååê, ôîðìû ïîð [ 6], ìàòåðèàëà çàïîë-
íåíèÿ ìåæïîðîâîãî ïðîñòðàíñòâà è êîíñòðóêöèè [ 14], îðèåíòàöèè ïîð. Çàâèñèìîñòü êîýô-
ôèöèåíòà ýôôåêòèâíîé òåïëîïðîâîäíîñòè îò îòíîñèòåëüíîé ïëîòíîñòè ìîæåò èìåòü êàê
ëèíåéíûé [ 13], òàê è íåëèíåéíûé âèä [ 6]. Â îáùåì ñëó÷àå ñëåäóåò ó÷èòûâàòü òàêæå òåïëî-
îáìåí â ìåæïîðîâîì ïðîñòðàíñòâå. Ïðè èññëåäîâàíèè òåïëîôèçè÷åñêèõ ñâîéñòâ â ïîðè ñòûõ
ìàòåðèàëàõ, ñîñòîÿùèõ èç íàíî- è ìèêðî÷àñòèö, ìîãóò áûòü èñïîëüçîâàíû äèôôóçèîííû å
ìîäåëè òåïëîïåðåíîñà [ 15].

Îñíîâíûå ýòàïû ãåíåðàöèè ïîðèñòûõ ìàòåðèàëîâ íà îñíîâå ÒÏÌÏ ïðåäñòàâëåíû íà
ðèñ. 1. Ôîðìèðîâàíèå ïîâåðõíîñòè íà÷èíàåòñÿ ñ ñîçäàíèÿ ¾petals¿-ýëåìåíòîâ (àíãë . petal �
ëåïåñòîê) � áàçîâûõ ýëåìåíòîâ ñèììåòðèè. Äëÿ ýòîãî èñïîëüçóþòñÿ àâòîìàòèçèðîâàííûå
àëãîðèòìû Surface Evolver, Minisurf [ 16]. Ïóòåì îáúåäèíåíèÿ áàçîâûõ ýëåìåíòîâ ñîçäàåòñÿ
ÒÏÌÏ ñ ìèíèìàëüíî âîçìîæíîé ñðåäíåé êðèâèçíîé. Íà ýòîì øàãå òàêæå ïðèìåíÿ þòñÿ ìå-
òîäû ñãëàæèâàíèÿ ïîëèãîíàëüíîé ñåòêè. Ïðèäàíèå òîëùèíû âûïîëíÿåòñÿ ïóòåì ïåðå ìåùå-
íèÿ âñåõ òî÷åê ïîâåðõíîñòè òðèàíãóëèðîâàííîãî ìíîãîãðàííèêà âäîëü âåêòîðîâ íîðìàëè ê
ñîîòâåòñòâóþùèì ãðàíÿì íà çàäàííîå ðàññòîÿíèå ñ ïîñëåäóþùèì ñîçäàíèåì íåïðåðû âíîãî
(áåç ïóñòîò è ñàìîïåðåñå÷åíèé) îáúåìà ìåæäó íèìè [ 17]. Ïîëó÷èâøèéñÿ îáúåêò ñ òîïîëîãè-
åé ÒÏÌÏ íàçûâàþò ýëåìåíòàðíîé ÿ÷åéêîé. Íà çàêëþ÷èòåëüíîì ýòàïå ñîçäàåòñÿ ï îðèñòûé
ìàòåðèàë íà îñíîâå ÒÏÌÏ ïóòåì ¾ñøèâàíèÿ¿ ýëåìåíòàðíûõ ÿ÷ååê íà ãðàíèöàõ.
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Ðèñ. 1. Ïðîöåññ ôîðìèðîâàíèÿ ÒÏÌÏ-ìàòåðèàëà
Fig. 1. Process of TPMS-material formation

Èññëåäîâàíèþ òåïëîâûõ ñâîéñòâ ìàòåðèàëîâ íà îñíîâå ÒÏÌÏ ïîñâÿùåíî áîëüøîå êî-
ëè÷åñòâî íàó÷íûõ ðàáîò. Îäíàêî çàâèñèìîñòè òåïëîôèçè÷åñêèõ ñâîéñòâ îò ãåîì åòðè÷åñêèõ
õàðàêòåðèñòèê ïîðèñòûõ ñðåä ïîëó÷åíû ëèøü â ÷àñòíûõ ñëó÷àÿõ. Â ðàìêàõ íàñòîÿ ùåé
ðàáîòû ïîëó÷åíû ïðîñòûå ïî ôîðìå çàâèñèìîñòè äëÿ îïðåäåëåíèÿ êîýôôèöèåíòà ýôôåê-
òèâíîé òåïëîïðîâîäíîñòè ïîðèñòûõ ìàòåðèàëîâ íà îñíîâå ÒÏÌÏ-ÿ÷ååê òèïà Øâàðöà P.
Èñïîëüçóÿ íàéäåííûå çàâèñèìîñòè, ñôîðìóëèðîâàíà è ðåøåíà êðàåâàÿ çàäà÷à òåï ëîïðî-
âîäíîñòè â ïîðèñòîé ïëàñòèíå, âûïîëíåí àíàëèç ïîëó÷åííûõ ðåøåíèé. Ïðåäñòàâë åííûå â
ñòàòüå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû ïðè ïðîåêòèðîâàíèè òåïëîîáìåííûõ òðàêòîâ
ÒÌÎ-àïïàðàòîâ, ïðè ðàçðàáîòêå òåïëîâîé çàùèòû îáîðóäîâàíèÿ è äð.

1. Îïðåäåëåíèå òåïëîïðîâîäíîñòè ÒÏÌÏ-ìàòåðèàëà

Äëÿ îïðåäåëåíèÿ ýôôåêòèâíîé òåïëîïðîâîäíîñòè ïîðèñòûõ ñðåä íà îñíîâå ÒÏÌÏ -ÿ÷ååê
òèïà Øâàðöà P áóäåì èñïîëüçîâàòü ìåòîä âû÷èñëèòåëüíîé ãîìîãåíèçàöèè è ìåòîä ìèíè -
ìàëüíîãî ðåïðåçåíòàòèâíîãî îáúåìà (RVE-ìåòîä). Ñîãëàñíî RVE-ìåòîäó â è ññëåäóåìîé îá-
ëàñòè âûäåëÿåòñÿ ìèíèìàëüíî âîçìîæíûé îáúåì, ñâîéñòâà êîòîðîãî òîæäåñòâåííû (èëè
ïðèáëèæåíû ñ äîñòàòî÷íîé òî÷íîñòüþ) ñâîéñòâàì âñåé îáëàñòè. Äëÿ ÒÏÌÏ-ìàòåðèàëà ìè-
íèìàëüíûé îáúåì ïðåäñòàâëÿåò ñîáîé ýëåìåíòàðíóþ ÿ÷åéêó. Äàëåå âûïîëíÿåòñ ÿ âû÷èñëè-
òåëüíàÿ ãîìîãåíèçàöèÿ ñðåäû, ò.å. èñòèííûå ñâîéñòâà îñðåäíÿþòñÿ â ïðåäåë àõ ìèíèìàëü-
íîãî îáúåìà. Êîýôôèöèåíòû òåïëîïðîâîäíîñòè, òåìïåðàòóðîïðîâîäíîñòè, òåïëîåìêîñòü,
ïëîòíîñòü çàìåíÿþòñÿ ýôôåêòèâíûìè (îñðåäíåííûìè) èõ çíà÷åíèÿìè. Òàê èì îáðàçîì, çà-
äà÷à îïèñàíèÿ òåïëîâûõ ïðîöåññîâ â ïîðèñòîé ñðåäå ñóùåñòâåííî óïðîùàåòñÿ è ôàêòè ÷åñêè
ñâîäèòñÿ ê ðåøåíèþ êëàññè÷åñêèõ óðàâíåíèé ïåðåíîñà â èçîòðîïíûõ òåëàõ. Î ÷åâèäíî, ÷òî
òî÷íîñòü ïîëó÷àåìûõ ðåøåíèé â ýòîì ñëó÷àå ñíèæàåòñÿ, îäíàêî îñòàåòñÿ äîñòàòî÷í îé äëÿ
ðåøåíèÿ áîëüøèíñòâà èíæåíåðíûõ çàäà÷.

Òðèæäû ïåðèîäè÷åñêàÿ ìèíèìàëüíàÿ ïîâåðõíîñòü Øâàðöà P (ðèñ. 2) îáëàäàåò ÿðêî
âûðàæåííîé âðàùàòåëüíîé ñèììåòðèåé.

Oxz
z Oyz

Oxy

y
a

x

d
a

à / a á / b

Ðèñ. 2. ÒÏÌÏ Øâàðöà P: à � ýëåìåíòàðíàÿ ÿ÷åéêà; á � ñîåäèíåíèå
ÿ÷ååê â ñòðóêòóðó

Fig. 2. Schwarz P TPMS: a is elementary cell;b is assembly of cells into
a structure
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Ïîâîðîò îòíîñèòåëüíî îñåé ñèììåòðèè x, y, z íà óãîë �= 2 ïðèâîäèò ê ñîâìåùåíèþ âñåõ
òî÷åê èñõîäíîé ïîâåðõíîñòè ñ ïîâåðõíîñòüþ, îáðàçîâàííîé â ðåçóëüòàòå âðàùåíèÿ; x, y,
z � îñè ñèììåòðèè ÷åòâåðòîãî ïîðÿäêà. Êðîìå òîãî, ðàññìàòðèâàåìàÿ ïîâåðõíîñòü îáëàäà-
åò çåðêàëüíîé ñèììåòðèåé îòíîñèòåëüíî ïëîñêîé ñèììåòðèè Oxy, Oyz, Oxz. Î÷åâèäíî, ÷òî
ÒÏÌÏ Øâàðöà P îáëàäàåò è äðóãèìè âèäàìè ñèììåòðèè (çåðêàëüíî-ïîâîðîòíàÿ, êóáè ÷å-
ñêàÿ è äð.). Â òàêîì ñëó÷àå êîýôôèöèåíòû â ãëàâíîé äèàãîíàëè òåíçîðà òåïëîïðîâî äíîñòè
áóäóò ðàâíû ìåæäó ñîáîé. Ñîîòâåòñòâåííî, äëÿ îïðåäåëåíèÿ òåïëîïðîâîäÿùèõ ñâîéñòâ ìà-
òåðèàëà íà îñíîâå ÒÏÌÏ Øâàðöà P äîñòàòî÷íî îïðåäåëèòü òåïëîïðîâîäíîñòü â îäíîì è ç
íàïðàâëåíèé.

Äëÿ îïðåäåëåíèÿ ñâîéñòâ ìàòåðèàëà íà îñíîâå ÒÏÌÏ ðàññìîòðèì ìèíèìàëüíûé ðå-
ïðåçåíòàòèâíûé îáúåì � ýëåìåíòàðíóþ ÿ÷åéêó Øâàðöà P. Òåïëîïðîâîäíîñòü ý ëåìåíòàðíîé
ÿ÷åéêè (ñì. ðèñ. 2, à) â íàïðàâëåíèè îñè Oz îïðåäåëÿåòñÿ ñâîéñòâàìè ìàòåðèàëà êàðêàñà,
ðàçìåðîì ÿ÷åéêè a è âåëè÷èíîé òîëùèíû ñòåíêè � . Åùå îäíîé âàæíîé õàðàêòåðèñòèêîé,
âëèÿþùåé íà èíòåíñèâíîñòü òåïëîïåðåíîñà, ÿâëÿåòñÿ ïðîñâåòíîñòü � êîýôôèöèå íò, ðàâíûé
îòíîøåíèþ ïëîùàäè ïðîñâåòîâ â ðàññìàòðèâàåìîì ñå÷åíèè ê îáùåé ïëîùàäè ñå÷åíèÿ:


 =
a2 � Sr

a2 : (1)

Íà ðèñ. 3, à ïðèâåäåíû ãðàôèêè ôóíêöèè 
 (� ) äëÿ ðàçëè÷íûõ çíà÷åíèé îòíîñèòåëü-
íîé òîëùèíû ñòåíêè ÿ÷åéêè � . Çäåñü� � îáåçðàçìåðåííàÿ êîîðäèíàòà z, ðàâíàÿ � = z=a.
Îòíîñèòåëüíàÿ òîëùèíà � îïðåäåëÿåòñÿ îòíîøåíèåì � = �=a. Èç äàííûõ ðèñ. 3, à ñëåäó-
åò, ÷òî íåçàâèñèìî îò � ãðàôèê ôóíêöèè 
 (� ) èìååò ýêñòðåìóìû â òî÷êàõ � = 0 , 0.25,
0.5, 0.75, 1. Ìàêñèìóìû ôóíêöèè 
 (� ) ðàâíû è íàáëþäàþòñÿ â òî÷êàõ � = 0 , 0.5, 1.
Èç ýòîãî ñëåäóåò, ÷òî ïëîùàäü êàðêàñà â ýòèõ òî÷êàõ ïðèíèìàåò ìèíèìàëüíîå çíà÷ åíèå:
Sr (0) = Sr (0:5) = Sr (1) = min .

1

2

3

4

5

b

!"
#

$%
&

'(#
$'

)

d

à / a á / b
Ðèñ. 3. Îïðåäåëåíèå ïðîñâåòíîñòè â ýëåìåíòàðíîé ÿ÷åéêå: à � çàâèñèìîñòü ïðîñâåòíîñòè îò �
è îòíîñèòåëüíîé òîëùèíû � ; á � ãåîìåòðè÷åñêàÿ ìîäåëü ÿ÷åéêè Øâàðöà P; 1� 5 � ýêñòðåìóìû

ôóíêöèè 
 (� ) â òî÷êàõ � = 0 ; 0:25; 0:5; 0:75; 1 ñîîòâåòñâåííî (öâåò îíëàéí)
Fig. 3. Determination of transparency in the elementary cell: a is dependence of transparency on�
and relative thickness � ; b is geometric model of the Schwarz P cell;1� 5 are extrema of the function


 (� ) at the points � = 0 ; 0:25; 0:5; 0:75; 1, respectively (color online)

Â ñòàòüå ðàññìàòðèâàåòñÿ òåïëîïåðåíîñ âäîëü òâåðäîòåëüíîãî ÒÏÌÏ-êàðêàñà áåç ó÷åòà
òåïëîîáìåíà â ïîðîâîì ïðîñòðàíñòâå. Â ýòîì ñëó÷àå êîýôôèöèåíò òåïëîïðîâîäíîñòè ïî-
ðèñòîãî ìàòåðèàëà íå ìîæåò áûòü áîëüøå, ÷åì ó òâåðäîòåëüíîãî êàðêàñà, è èõ ðàâåíñòâî
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âîçìîæíî òîëüêî ïðè 
 = 0 . Òàêèì îáðàçîì, äëÿ ëþáîãî 
 > 0 ñïðàâåäëèâî ks > k ef f .
Òåïëîïðîâîäíîñòü ïîðèñòîãî ìàòåðèàëà kef f ìåíüøå òåïëîïðîâîäíîñòè êàðêàñà ks âñëåä-
ñòâèå ìåíüøåé ïëîùàäè ñå÷åíèÿ, ÷åðåç êîòîðîå ïðîèñõîäèò òåïëîïåðåíîñ. ×èñë åííîå ñîîò-
íîøåíèå ks è kef f îïðåäåëÿåòñÿ ïðîñâåòíîñòüþ â ìèíèìàëüíîì ñå÷åíèè. Ýòî óòâåðæäåíèå
ñïðàâåäëèâî â ñëó÷àå ðàâåíñòâà ãðàäèåíòîâ òåìïåðàòóðû â ñîîòâåòñòâóþùèõ òî÷êàõ ãî-
ìîãåíèçèðîâàííîé ñðåäû è ÒÏÌÏ-êàðêàñà. Èç äàííûõ ðèñ. 3, á âèäíî, ÷òî ìèíèìàëüíàÿ
ïëîùàäü êàðêàñà â íàïðàâëåíèè ïåðåíîñà òåïëà, íàïðèìåð â ïëîñêîñòè � = 0 , îïðåäåëÿåòñÿ
êàê ïëîùàäü êîëüöà òîëùèíû � :

Sr = � (R2 � r 2) = � ((a=4 + �=2)2 � (a=4 � �=2)2) = �a�= 2; (2)

ãäåSr � ìèíèìàëüíàÿ ïëîùàäü êîëüöà.
Ïðè îïðåäåëåíèè ýôôåêòèâíîãî êîýôôèöèåíòà òåïëîïðîâîäíîñòè ïîëîæèì, ÷ òî íà ïðî-

òèâîïîëîæíûõ ïîâåðõíîñòÿõ ýëåìåíòàðíîé ÿ÷åéêè ( � = 0 ; 1) çàäàíû ãðàíè÷íûå óñëîâèÿ
ïåðâîãî ðîäà T1 è T2 ñîîòâåòñòâåííî (ðèñ. 3, á), à ïðîöåññ ïåðåíîñà òåïëà � óñòàíîâèâøèé-
ñÿ. Ïðèìåì, ÷òî òåïëîâîé ïîòîê Qr , ïðîòåêàþùèé ÷åðåç ñå÷åíèå Sr , ðàâåí òåïëîâîìó ïîòîêó
Qz, ïðîòåêàþùåìó ÷åðåç ñå÷åíèå Sz = a2:

qz � Sz = qr � Sr $ kef f (grad T)zSz = ks(grad T)r Sr ; (3)

ãäå qr , (grad T)r � îñðåäíåííûå ïî ñå÷åíèþ ÿ÷åéêè ïðè z = 0 (èëè z = a) ñîîòâåòñòâåí-
íî óäåëüíàÿ ïëîòíîñòü òåïëîâîãî ïîòîêà è ãðàäèåíò òåìïåðàòóðû; Sz � ïëîùàäü ñå÷åíèÿ
êóáà â íàïðàâëåíèè îñè z; (grad T)z � âåëè÷èíà, îïèñûâàþùàÿ èçìåíåíèå òåìïåðàòóðû â
íàïðàâëåíèå îñè z.

Â óñòàíîâèâøåìñÿ ðåæèìå, ïðè çàäàííûõ ãðàíè÷íûõ óñëîâèÿõ ãðàäèåíò òåìï åðàòóðû
äëÿ ãîìîãåíèçèðîâàííîé ñðåäû ðàâåí (grad T)z = ( T1 � T2)=a. Â äåéñòâèòåëüíîñòè äëÿ
ýëåìåíòàðíîé ÿ÷åéêè Øâàðöà P ñïðàâåäëèâî ëèøü ïðèáëèæåííîå ðàâåíñòâî (grad T)r �
� (T1 � T2)=a. Ñ ó÷åòîì ( 2), (3) ìîæíî çàïèñàòü

kef f � ks
Sr

Sz
� ks

�a�
2a2 � ks�

�
2

: (4)

Ïîëó÷åííîå ñîîòíîøåíèå ( 4) ïîçâîëÿåò îïðåäåëÿòü ýôôåêòèâíóþ òåïëîïðîâîäíîñòü ïî-
ðèñòîé ñðåäû â çàâèñèìîñòè îò ñâîéñòâ ìàòåðèàëà êàðêàñà è õàðàêòåðíûõ ãåîìåòðè÷åñêèõ
õàðàêòåðèñòèê (òîëùèíû è ðàçìåðà) ýëåìåíòàðíîé ÿ÷åéêè.

Ïðèìåíåíèå ôîðìóëû ( 4) â íåñòàöèîíàðíûõ çàäà÷àõ âîçìîæíî, íî òðåáóåò äîïîëíèòåëü-
íûõ èññëåäîâàíèé, âûõîäÿùèõ çà ðàìêè äàííîé ðàáîòû. Òàê, ðåøåíèå çàäà÷ â íåñò àöèîíàð-
íîì ðåæèìå òðåáóåò íåêîòîðûõ óïðîùåíèé, òàêèõ êàê ãîìîãåíèçàöèÿ ïîðèñòîé ñðå äû. Íà-
ïðèìåð, â ðàáîòå [ 18] ïðåäñòàâëåíî ðåøåíèå çàäà÷è òåïëîïðîâîäíîñòè â ïîðèñòîé ïëàñòèíå,
ó÷èòûâàþùåå ãîìîãåíèçàöèþ ñðåäû. Îäíàêî ïîëó÷åííàÿ â íàñòîÿùåé ðàáîòå ôîðìóëà (4)
äëÿ îïðåäåëåíèÿ ýôôåêòèâíîé òåïëîïðîâîäíîñòè äåéñòâèòåëüíà ëèøü äëÿ ýëåì åíòàðíîé
ÿ÷åéêè Øâàðö P.

Â íàñòîÿùåé ðàáîòå èñïîëüçîâàëàñü ìåòîäè÷êà îïðåäåëåíèÿ ìèíèìàëüíîãî ñå÷åíèÿ èñ-
õîäÿ èç ïîâåðõíîñòè óðîâíÿ [ 19]. Äëÿ Øâàðö Ð óðàâíåíèÿ ïîâåðõíîñòè óðîâíÿ äàþò ¾êîëü-
öî¿. Îäíàêî ïîâåðõíîñòè óðîâíÿ äëÿ äðóãèõ ýëåìåíòàðíûõ ÿ÷ååê ìîãóò èìå òü èíóþ ôîðìó
ìèíèìàëüíîãî ñå÷åíèÿ. Ìèíèìàëüíàÿ ïëîùàäü ñå÷åíèÿ ýëåìåíòàðíîé ÿ÷åé êè ìîæåò áûòü
ïîëó÷åíà òàêæå ïóòåì èíòåãðèðîâàíèÿ èçâåñòíûõ óðàâíåíèé ïîâåðõíîñòåé ÒÏÌÏ .

Â íåäàâíî îïóáëèêîâàííîé ñòîðîííèìè àâòîðàìè ðàáîòå [ 20] ïðåäñòàâëåíû ðåçóëüòàòû,
îïèñûâàþùèå ñóùåñòâåííîå âëèÿíèå ìèíèìàëüíîãî ñå÷åíèÿ ýëåìåíòàðíîé ÿ÷åé êè íà òåï-
ëîïðîâîäÿùèå ñâîéñòâà ÒÌÏÌ-ñòðóêòóð. Èññëåäîâàíèå, ïðîâîäèìîå â íàñòîÿùåé ðàáîòå ,
íå ïðîòèâîðå÷èò ðåçóëüòàòàì, ïîëó÷åííûì C. Pan, H. Tang, X. Yue. Ñîãëàñîâàíí îñòü ñ ðå-
çóëüòàòàìè ñòîðîííèõ àâòîðîâ ïîäòâåðæäàåò àäåêâàòíîñòü ïîëó÷åííûõ ôîðìóë è ïîâûøàå ò
ïðàêòè÷åñêóþ çíà÷èìîñòü èññëåäîâàíèÿ.

Âûïîëíèì ñðàâíåíèå ðåçóëüòàòîâ âû÷èñëåíèé kef f ïî ôîðìóëå ( 4) ñ ðåçóëüòàòàìè äðó-
ãèõ àâòîðîâ (ðèñ. 4).
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!"#$%&%'& (4)
Molteni [29]
Fok (exp) [24]
Stallard [12]

Mirabolghasemi [28]
Abueidda [13]

Maxwell- Eucken
Ashby

c

Ðèñ. 4. Ýôôåêòèâíàÿ òåïëîïðîâîäíîñòü êàðêàñà
íà îñíîâå ÒÏÌÏ Øâàðöà P (AlSi10Mg) îò îòíîñè-
òåëüíîé òîëùèíû ïî ìîäåëÿì. Ìîäåëè Maxwell �
Eucken, Austin è Hashin � Shtrikman ïðè kg = 0
ïðèíèìàþò îäèíàêîâûå çíà÷åíèÿ, ïîýòîìó ïðåä-
ñòàâëåíà òîëüêî ìîäåëü Maxwell � Eucken (öâåò

îíëàéí)
Fig. 4. E�ective thermal conductivity of the Schwarz
TPMS framework (AlSi10Mg) as a function of
relative thickness according to the models. The
Maxwell � Eucken, Austin, and Hashin � Shtrikman
models take the same values atkg = 0 , so only the
Maxwell � Eucken model is presented (color online)

Òàê, ýôôåêòèâíóþ òåïëîïðîâîäíîñòü
ïîðèñòûõ ìàòåðèàëîâ íà îñíîâå ÒÏÌÏ
Øâàðöà P ìîæíî îöåíèòü ñ èñïîëüçîâà-
íèåì êëàññè÷åñêèõ ìîäåëåé:

Maxwell � Eucken

kef f = ks
2ks + kg � 2" (ks � kg)
2ks + kg + "(ks � kg)

; (5)

Ashby

kef f =
ks

3
((1 � " ) + 2(1 � " )1:5) + ks" ; (6)

Austin [21]

kef f =
ks(1 � " )
1 + 0:5"

; (7)

Hashin � Shtrikman model [22]

kef f = ks �
3"k s(ks � kg)

3ks � (1 � " )(ks � kg)
; (8)

ãäåks � òåïëîïðîâîäíîñòü ìàòåðèàëà, èç
êîòîðîãî ñîñòîèò êàðêàñ ïîðèñòîãî ìàòå-
ðèàëà, kg � òåïëîïðîâîäíîñòü æèäêîñòè
èëè ãàçà â ìåæïîðîâîì ïðîñòðàíñòâå, " �
ïîðèñòîñòü ìàòåðèàëà.

Óðàâíåíèÿ ( 5)�( 8) ìîãóò áûòü èñ-
ïîëüçîâàíû äëÿ îïðåäåëåíèÿ ýôôåêòèâ-
íîé òåïëîïðîâîäíîñòè ñôåðè÷åñêèõ ïîð.
Äëÿ îöåíêè ¾ïðèáëèæåíèÿ¿ ôîðìû ãåîìåòðè÷åñêîãî îáúåêòà ê ôîðìå ñôåðû èñïîëüçóþò
êîýôôèöèåíò ñôåðè÷íîñòè [ 23]. Äëÿ ïîâåðõíîñòè Øâàðöà P êîýôôèöèåíò ñôåðè÷íîñòè ñî-
ñòàâëÿåò 0.6�0.7 [23].

Äëÿ îïðåäåëåíèÿ òåïëîïðîâîäÿùèõ ñâîéñòâ êàðêàñà íà îñíîâå ÒÏÌÏ Øâàðöà P ïðî-
âåäåíû ìíîãî÷èñëåííûå ÷èñëåííûå è ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ [24]. Çàâèñèìîñòè
êîýôôèöèåíòîâ òåïëîïðîâîäíîñòè êàðêàñà îò ïîðèñòîñòè, ïîëó÷åííûå â ðàáîòàõ [ 12, 13],
ìîãóò áûòü îáîáùåíû è çàïèñàíû â âèäå

kef f =  k s(1 � " )m ; (9)

ãäå è m � ïîñòîÿííûå, îïðåäåëÿåìûå ñîãëàñíî òàáëèöå.
Íà ðèñ. 4 ïðåäñòàâëåíû çàâèñèìîñòè ýôôåêòèâíîé òåïëîïðîâîäíîñòè ÒÏÌÏ-êàðêàñà íà

îñíîâå ýëåìåíòàðíûõ ÿ÷ååê òèïà Øâàðöà P îò îòíîñèòåëüíîé òîëùèíû. Ðàññìîòðåí êàðêàñ
èç àëþìèíèåâîãî ñïëàâà AlSi10Mg [ 24]. Ïðèâåäåííûå ðåçóëüòàòû ðàñ÷åòîâ kef f ïîëó÷åíû

Êîýôôèöèåíòû ÷èñëåííûõ ìîäåëåé
Table. Coe�cients of numerical models

Ìîäåëü  m
Molteni 0.6760 1.000
Stallard [12] 0.6550 1.000
Mirabolghasemi 0.6941 1.015
Abueidda [13] 0.6500 0.988

ïî ôîðìóëàì ( 4)�( 9). Èç àíàëèçà ïðåäñòàâëåí-
íûõ ãðàôèêîâ ñëåäóåò, ÷òî ðåçóëüòàòû ðàñ÷å-
òîâ ïî ôîðìóëàì ( 5)�( 8) è (4), (9) ñîãëàñóþòñÿ
ëèøü â äèàïàçîíå çíà÷åíèé 0 < � 6 0:22 [25].
Ïðè áîëüøåé îòíîñèòåëüíîé òîëùèíå ðàñõîæ-
äåíèå ðåçóëüòàòîâ âû÷èñëåíèé kef f ïî ôîðìó-
ëàì ( 5)�( 8) è (4), (9) âîçðàñòàåò. Òàêèì îá-
ðàçîì, èñïîëüçîâàíèå êëàññè÷åñêèõ ìîäåëåé
Maxwell � Eucken, Ashby è äðóãèõ âîçìîæíî
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ëèøü â óçêîì äèàïàçîíå èçìåíåíèÿ îòíîñèòåëüíîé òîëùèíû. Âàæíî îòìåòèòü, ÷òî ðåçóëüò à-
òû, ïîëó÷åííûå ñîãëàñíî ìîäåëÿì Molteni, Stallard, Mirabolghasemi, A bueidda è ïî ôîðìóëå
(4), ñîãëàñóþòñÿ âî âñåì ðàññìàòðèâàåìîì äèàïàçîíå � , ðàñõîæäåíèå ðåçóëüòàòîâ íå ïðåâû-
øàåò 5%. Íåáîëüøîå ðàñõîæäåíèå ðåçóëüòàòîâ ìîæåò áûòü âûçâàíî îñîáåííîñòÿìè CAD-
è CAE-ìîäåëèðîâàíèÿ. Òàê, â ðàáîòàõ àâòîðîâ äëÿ ñîçäàíèÿ CAD-ìîäåëè ïîðèñòîé ñð åäû
èñïîëüçîâàëèñü ðàçíûå ïðîãðàììíûå êîìïëåêñû � Surface Evolver, MSLatti ce, Matlab. CAE-
ìîäåëèðîâàíèå îñóùåñòâëÿëîñü ñ èñïîëüçîâàíèåì Abaqus v6.12, Comsol Multiphy sics v6.3 è
äð. Â ñâîþ î÷åðåäü, óðàâíåíèå ( 4) ïîëó÷åíî íà îñíîâå àíàëèçà òîïîëîãèè ÒÏÌÏ-ÿ÷åéêè, à
íå â ðåçóëüòàòå îáîáùåíèÿ äàííûõ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ, è, ñîîòâåòñòâåííî, íå
èìååò ïîãðåøíîñòè, âûçâàííîé äèñêðåòèçàöèåé ìîäåëè. Îòìåòèì, ÷òî ðåçóëü òàòû, ïîëó÷åí-
íûå â íàñòîÿùåé ðàáîòå, ïðàêòè÷åñêè ñîâïàäàþò ñ äàííûìè [ 26] (ìîäåëü Mirabolghasemi).
Ýòî ñâÿçàíî ñ èñïîëüçîâàíèåì àíàëîãè÷íûõ ïîäõîäîâ ïî îñðåäíåíèþ ñâîéñòâ ïîðèñ òûõ
ñðåä � ìåòîäîâ ãîìîãåíèçàöèÿ è RVE.

Â ñëó÷àå, åñëè ïðè îïðåäåëåíèè êîýôôèöèåíòà ýôôåêòèâíîé òåïëîïðîâîä íîñòè ïî ôîð-
ìóëå ( 4) íåèçâåñòíî çíà÷åíèå îòíîñèòåëüíîé òîëùèíû � , íî çàäàíà ïîðèñòîñòü, óäîáíî èñ-
ïîëüçîâàòü ïðèáëèæåííóþ çàâèñèìîñòü:

" = 1 � 2:254�: (10)

Íà ðèñ. 4 äëÿ äàëüíåéøåãî ñðàâíåíèÿ ñ êëàññè÷åñêèìè ìîäåëÿìè ïðè ïîñòðîåíèè ãð à-
ôèêà ïî ôîðìóëå ( 4) èñïîëüçîâàëàñü ïðèáëèæåííàÿ çàâèñèìîñòü îòíîñèòåëüíîé òîëùèíû
îò ïîðèñòîñòè ( 10).

2. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è

Â äàííîé ðàáîòå ïðè ðàñ÷åòå òåìïåðàòóðíîãî ñîñòîÿíèÿ ïîðèñòîé ïëàñòèíû ïðåäëàãà-
åòñÿ èñïîëüçîâàòü ïðèáëèæåííî-àíàëèòè÷åñêèé ìåòîä, îñíîâàííûé íà ñîâìåñòíîì ïðè ìå-
íåíèè ìåòîäîâ ââåäåíèÿ äîïîëíèòåëüíîé èñêîìîé ôóíêöèè è äîïîëíèòåëüíûõ ãðàí è÷íûõ
õàðàêòåðèñòèê, èíòåãðàëüíîãî ìåòîäà òåïëîâîãî áàëàíñà. Ïðè ýòîì ó÷èòûâàåòñÿ ìåòîä ¾ ãî-
ìîãåíèçàöèè ñðåäû¿, ïðè êîòîðîì âûïîëíÿåòñÿ îñðåäíåíèå òåïëîôèçè÷åñê èõ ñâîéñòâ ìàòå-
ðèàëà â èññëåäóåìîé îáëàñòè è, ñîîòâåòñòâåííî, ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ òåìïå ðàòóðû
â ïîðèñòîé ñðåäå èìååò òàêîé æå õàðàêòåð ðàñïðåäåëåíèÿ, ÷òî è ó ñïëîøíîé ñð åäû ñ ýô-
ôåêòèâíîé òåïëîïðîâîäíîñòüþ. Ïðåäëîæåííûé ïðèáëèæåííî-àíàëèòè÷åñêèé ì åòîä ðåøå-
íèÿ çàäà÷ òåïëîïðîâîäíîñòè â ïîðèñòûõ òåëàõ ïîçâîëÿåò ïîëó÷èòü îáîáùåííîå âûðàæåíè å
äëÿ îïðåäåëåíèÿ òåìïåðàòóðû è ïëîòíîñòè òåïëîâîãî ïîòîêà â ïîðèñòîé ñòðóêòóðå.

Èñïîëüçóÿ ìåòîä, èçëîæåííûé â [ 28,29], íàéäåì ðàñïðåäåëåíèå òåìïåðàòóðû â ïëàñòèíå
èç ïîðèñòîãî ìàòåðèàëà íà îñíîâå ÒÏÌÏ Øâàðöà P. Ñõåìà òåïëîîáìåíà ïðåäñòàâëåíà

Ðèñ. 5. Ñõåìà òåïëîîáìåíà
Fig. 5. Heat exchange scheme

íà ðèñ. 5. Íà ïðîòèâîïîëîæíûõ ïîâåðõíîñòÿõ
ïëàñòèíû çàäàíû ãðàíè÷íûå óñëîâèÿ ïåðâîãî ðî-
äà � òåìïåðàòóðà Tñò. Òåïëîïðîâîäÿùèå ñâîéñòâà
ðàññìàòðèâàåìîãî ìàòåðèàëà îïðåäåëÿþòñÿ ñîîò-
íîøåíèåì ( 4). Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà-
÷è èìååò âèä

@T(x; � )
@�

=
kef f

cef f � ef f

@2T(x; � )
@x2

(0 < x < H; � > 0);

T(x; 0) = T0; T(0; � ) = T(H; � ) = Tñò;

ãäåcef f , � ef f , kef f � ýôôåêòèâíûå (îñðåäíåííûå)
êîýôôèöèåíòû òåïëîåìêîñòè, ïëîòíîñòè, òåïëî-
ïðîâîäíîñòè ãîìîãåíèçèðîâàííîé ñðåäû. Î÷åâèä-
íî, ÷òî cef f = cs, � ef f = � s(1 � " ).
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Ñ öåëüþ îáîáùåíèÿ ïîëó÷àåìûõ ðåçóëüòàòîâ ââåäåì áåçðàçìåðíûå ïåðåìåííûå � , � �
òåìïåðàòóðó è îòíîñèòåëüíûé ðàçìåð ñîîòâåòñòâåííî. Ó÷èòûâàÿ ñèììåòðèþ çàäà÷è, ðå øå-
íèå óðàâíåíèÿ òåïëîïðîâîäíîñòè îòûñêèâàåòñÿ â äèàïàçîíå èçìåíåíèÿ ïðîñòðàíñòâåí íîé
êîîðäèíàòû 0 < x < H

2 . Â öåíòðå ïëàñòèíû çàäàäèì óñëîâèå îòñóòñòâèÿ òåïëîîáìåíà. Ñ
ó÷åòîì ââåäåííûõ îáîçíà÷åíèé çàäà÷à ïðèíèìàåò âèä

@�( �; � )
@�

=
4�
2

ks�
cs� s (1 � " ) H 2

@2�( �; � )
@�2

; � > 0; 0 < � < 1; (11)

�( �; 0) = 0 ; (12)

�(0 ; � ) = 1 ;
@�(1 ; � )

@�
= 0 ; (13)

ãäå � = T � T0
Tñò � T0

� áåçðàçìåðíàÿ òåìïåðàòóðà; � = 2x
H � ïðîñòðàíñòâåííàÿ êîîðäèíàòà, oC;

x � ïðîñòðàíñòâåííàÿ êîîðäèíàòà, ì; � � âðåìÿ, c; ks � òåïëîïðîâîäíîñòü êàðêàñà,
Âò=(ì oC); c � óäåëüíàÿ òåïëîåìêîñòü, Äæ =(êãoC); � s � ïëîòíîñòü, êã =ì 3; a � ðàçìåð ÿ÷åé-
êè, ì; � � òîëùèíà ñòåíêè, ì; � � îòíîñèòåëüíàÿ òîëùèíà, � = �

a ; H � òîëùèíà ïëàñòèíû,
H = na; n � êîëè÷åñòâî ðÿäîâ ÿ÷ååê.

Äëÿ óïðîùåíèÿ äàëüíåéøèõ âûêëàäîê îáîçíà÷èì

A =
4�
2

ks�
cs� s (1 � " ) H 2 = as

�
4�
2

�
(1 � " ) H 2

�
; (14)

ãäåA � êîýôôèöèåíò, çàâèñÿùèé îò ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ïîðèñòîé ñðåäû ( ìíî-
æèòåëü â ñêîáêàõ) è îò òåïëîâûõ ñâîéñòâ ìàòåðèàëà êàðêàñàas. c� 1. Ðàçìåðíîñòü êîýôôè-
öèåíòà [A] = c� 1.

Ñ ó÷åòîì âûðàæåíèÿ ( 14) óðàâíåíèå ( 11) ïðèìåò âèä

@�( �; � )
@�

= A
@2�( �; � )

@�2
: (15)

3. Ïðèáëèæåííîå àíàëèòè÷åñêîå ðåøåíèå

Ñîãëàñíî ìåòîäó, èçëîæåííîìó â [ 28,29], â ðàññìîòðåíèå ââîäèòñÿ íîâàÿ ôóíêöèÿ

� (� ) =
@�(0 ; � )

@�
: (16)

Ðåøåíèå çàäà÷è (15), (12)�( 13) îòûñêèâàåòñÿ â âèäå àëãåáðàè÷åñêîãî ðÿäà

�( �; � ) =
nX

i =1

bi (� )� i � 1; (17)

ãäå n 2 N � íàòóðàëüíîå ÷èñëî, ñîîòâåòñòâóþùåå êîëè÷åñòâó ÷ëåíîâ ðÿäà ( 17), bi (� ) �
íåèçâåñòíûå êîýôôèöèåíòû, çàâèñÿùèå îò âðåìåíè.

Äëÿ ïîëó÷åíèÿ ðåøåíèÿ çàäà÷è â ïåðâîì ïðèáëèæåíèè îãðàíè÷èìñÿ òðåìÿ ñëàãàåìû-
ìè ( n = 3 ) â âûðàæåíèè ( 17). Äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ ïîäñòàâèì
ñîîòíîøåíèå ( 17) â (13), (16). Â ðåçóëüòàòå ïîäñòàíîâêè ïîëó÷àåì ñèñòåìó àëãåáðàè÷åñêèõ
óðàâíåíèé, èç ðåøåíèÿ êîòîðîé ïîëó÷àåì

b1(� ) = 1; b2(� ) = � (� ); b3(� ) = �
� (� )

2
:

Ñîîòíîøåíèå ( 17) ñ ó÷åòîì íàéäåííûõ êîýôôèöèåíòîâ çàïèøåòñÿ â âèäå

�( �; � ) = � (� )� �
� (� )� 2

2
+ 1 : (18)

Ìåõàíèêà 219



Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð.: Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2026. Ò. 26, âûï. 2

Ïîëó÷åííîå ñîîòíîøåíèå óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì ( 13) è óñëîâèþ ( 16), íî
íå óäîâëåòâîðÿåò óðàâíåíèþ ( 15) è íà÷àëüíîìó óñëîâèþ ( 12). Äëÿ ïðèáëèæåííîãî óäîâëå-
òâîðåíèÿ èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ( 15) ïðîèíòåãðèðóåì åãî â ïðåäåëàõ
èçìåíåíèÿ ïðîñòðàíñòâåííîé êîîðäèíàòû, ò. å. ñîñòàâèì èíòåãðàë òåïëîâîãî áàëàíñà

Z 1

0

@�( �; � )
@�

@�=
Z 1

0
A

@2�( �; � )
@�2

@�: (19)

Âû÷èñëÿÿ èíòåãðàë òåïëîâîãî áàëàíñà, ïîëó÷àåì îáûêíîâåííîå äèôôåðåíöèàëüíîå óð àâ-
íåíèå âèäà

1
3

@�(� )
@�

+ A� (� ) = 0 : (20)

Ðåøèâ (20), ïîëó÷àåì
� (� ) = C1e� 3A� ; (21)

ãäåC1 � êîíñòàíòà èíòåãðèðîâàíèÿ.
Ïîäñòàâëÿÿ ( 21) â (18), ïîëó÷àåì

�( �; � ) = C1e� 3A� � �
C1e� 3A�

2
� 2 + 1 : (22)

Äëÿ âûïîëíåíèÿ íà÷àëüíîãî óñëîâèÿ EQ:( 12) ñîñòàâèì åãî íåâÿçêó
Z 1

0
�( �; 0)

�
� �

� 2

2

�
@�= 0 : (23)

Èç ðåøåíèÿ óðàâíåíèÿ ( 23) îïðåäåëèì êîíñòàíòó èíòåãðèðîâàíèÿ. Äëÿ ïåðâîãî ïðèáëè-
æåíèÿ C1 = � 2:5. Âûðàæåíèå ( 22) ñ ó÷åòîì íàéäåííîãî C1 ïðåäñòàâëÿåò ðåøåíèå çàäà÷è
(15), (12)�( 13) â ïåðâîì ïðèáëèæåíèè è ìîæåò áûòü çàïèñàíî â âèäå

�( �; � ) = � 2:5e(� 3A� ) � + 1 :25e(� 3A� ) � 2 + 1 : (24)

Èñïîëüçóÿ ðàññìîòðåííûé â [ 28, 29] ìåòîä, ìîæíî ïîëó÷èòü ðåøåíèå çàäà÷è ( 15), (12),
(13) âî âòîðîì è ïîñëåäóþùèõ ïðèáëèæåíèÿõ. Ïðè ýòîì èñïîëüçóþòñÿ äîïîëíèòåëüíûå
ãðàíè÷íûå õàðàêòåðèñòèêè. Òàê, âî âòîðîì ïðèáëèæåíèè ðåøåíèå áóäåò

�( �; � ) = � 2:09f 1(� )e(� 2:46A� ) � 2:24f 2(� )e(� 36:5A� ) + 1 ; (25)

f 1(� ) =
�

K 1

15A
+

1
5

�
� 5 �

�
5K 1

24A
+

1
2

�
� 4 +

�
K 1

6A

�
� 3 + �;

f 2(� ) =
�

K 2

15A
+

1
5

�
� 5 �

�
5K 2

24A
+

1
2

�
� 4 +

�
K 2

6A

�
� 3 + �;

ãäåK 1 = � 2:46A, K 2 = � 36:5A.
Èñïîëüçóÿ ( 24), (25), ìîæíî íàéòè ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ ïëîòíîñòè òåïëîâîãî

ïîòîêà âíóòðè ïîðèñòîãî ìàòåðèàëà è íà åãî ïîâåðõíîñòè. Òàê, ñîãëàñíî çàêîíó Ôóðüå

q = � kef f gradT: (26)

Ïîäñòàâëÿÿ ( 24), (25) â (26), ïîëó÷èì ñîîòíîøåíèå äëÿ îïðåäåëåíèÿ ïëîòíîñòè òåïëîâîãî
ïîòîêà â ïåðâîì è âòîðîì ïðèáëèæåíèÿõ ñîîòâåòñòâåííî:

q = �
ks�
H

� (Tñò � T0) 2; 5e� 3A� (� � 1) ; (27)

q = �
�k s�

H
(Tñò � T0)

�
2:09F1(� )e� 2:46A� + 2 :24F2(� )e� 36:5A� �

; (28)

F1(� ) =
�

K 1

3A
+ 1

�
� 4 �

�
5K 1

6A
+ 2

�
� 3 +

�
K 1

2A

�
� 2 + 1;

F2(� ) =
�

K 2

3A
+ 1

�
� 4 �

�
5K 2

6A
+ 2

�
� 3 +

�
K 2

2A

�
� 2 + 1 :
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4. ×èñëåííîå ðåøåíèå

1

1
2

2

Ðèñ. 6. Ðàñïðåäåëåíèå òåìïåðàòóðíîãî ïðîôè-
ëÿ â ïîðèñòîé ïëàñòèíå ïî êîîðäèíàòå ïðè ïî-
ðèñòîñòè " = 0 :86. Ñïëîøíàÿ ëèíèÿ � ïðèáëè-
æåííîå ðåøåíèå ( 1, 2 � íîìåð ïðèáëèæåíèÿ);

òî÷êà � ÷èñëåííîå ðåøåíèå
Fig. 6. Temperature pro�le distribution in a
porous plate along the coordinate at a given
porosity " = 0 :86. Solid line is approximate
solution (1, 2 are approximation numbers); dot

is numerical solution

Ñ öåëüþ îöåíêè òî÷íîñòè ïîëó÷åííûõ
ïðèáëèæåííûõ àíàëèòè÷åñêèõ ðåøåíèé ïî-
ëó÷èì ÷èñëåííîå ðåøåíèå ðàññìàòðèâàåìîé
çàäà÷è ìåòîäîì êîíå÷íûõ ðàçíîñòåé. Èñ-
ïîëüçóÿ ÿâíóþ ñõåìó àïïðîêñèìàöèè äèô-
ôåðåíöèàëüíûõ îïåðàòîðîâ, íàéäåíî äèñ-
êðåòíîå ðåøåíèå çàäà÷è ( 11)�( 13) íà ïðî-
ñòðàíñòâåííî-âðåìåííîé ñåòêå

� j = j 4 �; j = 0; J;

� i = i4 �; i = 0; I;
(29)

ãäåJ; I � ÷èñëî øàãîâ ñîîòâåòñòâåííî ïî ïå-
ðåìåííûì � è � .

Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ çàäà÷è
(11)�( 13) â ñðàâíåíèè ñ ðåçóëüòàòàìè, ïîëó-
÷åííûìè â ïåðâîì è âòîðîì ïðèáëèæåíè-
ÿõ, ïðèâåäåíû íà ðèñ. 6. Èç àíàëèçà äàí-
íûõ ðèñ. 6 ìîæíî çàêëþ÷èòü, ÷òî óæå â ïåð-
âîì ïðèáëèæåíèè ïîãðåøíîñòü âû÷èñëåíèé
â äèàïàçîíå âðåìåíè � > 1000c ñîñòàâëÿåò
íå áîëåå 10%. Âî âòîðîì ïðèáëèæåíèè ïîãðåøíîñòü ñíèæàåòñÿ äî 3%. Ïîâûøåíèå òî÷íî-
ñòè ðåøåíèé, ïîëó÷åííûõ â ïåðâîì è âòîðîì ïðèáëèæåíèÿõ, êîñâåííî ñâèäåòåë üñòâóåò î
ñõîäèìîñòè ìåòîäà, ðàññìîòðåííîãî â äîêóìåíòàöèè ê Abaqus 1 è Comsol Multiphysics2.

Ðèñ. 7. Ðàñïðåäåëåíèå ïëîòíîñòè òåïëîâîãî ïî-
òîêà âî âòîðîì ïðèáëèæåíèè â ìîìåíò âðåìåíè
� = 3000 c ïðè èçìåíÿþùåéñÿ òîëùèíå ñòåíêè
ýëåìåíòàðíîé ÿ÷åéêè. Ñïëîøíàÿ ëèíèÿ �
ïðèáëèæåííîå ðåøåíèå; òî÷êà � ÷èñëåííîå

ðåøåíèå
Fig. 7. Heat �ux density distribution in the second
approximation at time � = 3000 with varying
wall thickness of the elementary cell. Solid line
is approximate solution; dot is numerical solution

5. Îáñóæäåíèå ðåçóëüòàòîâ

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñ-
ïîëüçîâàíû äëÿ îïðåäåëåíèÿ ýôôåêòèâíîé
òåïëîïðîâîäíîñòè ïîðèñòûõ ìàòåðèàëîâ íà
îñíîâå ÒÏÌÏ, òåìïåðàòóðíûõ ïîëåé è òåï-
ëîâûõ ïîòîêîâ âíóòðè ïîðèñòûõ ñðåä ïðè
îäíîìåðíîì ïåðåíîñå òåïëà (ðèñ. 7). Ñòîèò
îòìåòèòü, ÷òî ôîðìóëû ( 4), (10), à ñëåäî-
âàòåëüíî, è ( 24), (25), (27), (28) ñïðàâåäëè-
âû ëèøü â ñëó÷àå ñîõðàíåíèÿ òîïîëîãè÷å-
ñêîé ñòðóêòóðû ýëåìåíòàðíûõ ÿ÷ååê. Ïó-
òåì àíàëèçà âû÷èñëèòåëüíûõ ýêñïåðèìåí-
òîâ óñòàíîâëåíî, ÷òî ÒÏÌÏ-ÿ÷åéêà òèïà
Øâàðöà P ñîõðàíÿåò ñòðóêòóðó (íå ïðîèñ-
õîäèò âíóòðåííèõ ïåðåñå÷åíèé, ïîëíîãî çà-
ïîëíåíèÿ ïîð è äð.) â äèàïàçîíå òîëùèíû
ñòåíêè 0 < � 6 0:22. Ñ ó÷åòîì çàâèñèìîñòè
(10) îáëàñòü äîïóñòèìûõ çíà÷åíèé ïîðèñòî-
ñòè ñîñòàâëÿåò0:5 < " 6 1. Äëÿ óêàçàííûõ
çíà÷åíèé � , " ðàñïðåäåëåíèå òåìïåðàòóðû
ïî êîîðäèíàòå ïðàêòè÷åñêè íå çàâèñèò îò
ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ÿ÷åéêè.

1Abaqus 6.12 Analysis User's Manual. Documentations. URL: https://manualzz.com/doc/7288684/
using-abaqus-online-documentation?ysclid=mmvn49pk18117266660&p=2 (äàòà îáðàùåíèÿ: 20.03.2025).

2 Introduction to COMSOL Multiphysics. URL: https://cdn.comsol.com/doc/6.3.0.335/COMSOL_
MultiphysicsInstallationGuide.pdf (äàòà îáðàùåíèÿ: 20.03.2025).
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Òåìïåðàòóðíûå ïðîôèëè äëÿ ïîðèñòîé ïëàñòèíû êà÷åñòâåííî íå îòëè÷àþòñÿ îò êëàññè-
÷åñêèõ ïðîôèëåé òåìïåðàòóðû â íåîãðàíè÷åííîé ïëàñòèíå. Ðàçëè÷èå ìåæä ó íèìè îïðåäå-
ëÿåòñÿ âåëè÷èíîé îòíîøåíèÿ òåìïåðàòóðîïðîâîäíîñòè ìàòåðèàëà êàðêàñà ê ýôôåêòèâí îé
òåìïåðàòóðîïðîâîäíîñòè. Äëÿ ÿ÷ååê òèïà Øâàðöà P ýòî çíà÷åíèå ïîñòîÿííî. Çíà ÷åíèÿ
ïëîòíîñòè òåïëîâîãî ïîòîêà îòëè÷àþòñÿ ñóùåñòâåííî (ñì. ðèñ. 7). Íàïðèìåð, ïðè íåèçìåí-
íîì ðàçìåðå ( a = 0 :005 ì) óâåëè÷åíèå òîëùèíû ñòåíêè � îò 0.0001 äî 0.0007 ì ïðèâîäèò
ê âîçðàñòàíèþ ïëîòíîñòè òåïëîâîãî ïîòîêà q ñ 0.63 äî 4.4 Âò/ì 2. Òàêèì îáðàçîì, èçìå-
íÿÿ ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè ÒÏÌÏ-ÿ÷åéêè, ìîæíî ïîëó÷èòü ìàòåð èàë ñ çàäàí-
íûìè òåïëîïðîâîäÿùèìè ñâîéñòâàìè. Äàííûé ïîäõîä ïðèìåíèì ïðè ïðîåêòèðîâàíè è òåï-
ëîâîé çàùèòû îáîðóäîâàíèÿ, òåìïëîìàññîîáìåííûõ óñòðîéñòâ, òåïëîèçîëÿöèîííûõ ìàòå-
ðèàëîâ è äð.

Çàêëþ÷åíèå

1. Ïîëó÷åíà ïðèáëèæåííàÿ çàâèñèìîñòü êîýôôèöèåíòà ýôôåêòèâíîé òåïëîïðîâîä íîñòè
ïîðèñòîé ñðåäû, îñíîâàííîé íà ÒÏÌÏ òèïà Øâàðöà P, îò îòíîñèòåëüíîé òîëùèíû. Ñ öåëüþ
îöåíêè òî÷íîñòè ïîëó÷åííîé çàâèñèìîñòè ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ êîýôôèö èåíòà
ýôôåêòèâíîé òåïëîïðîâîäíîñòè ïî ôîðìóëàì ( 5)�( 9). Èç àíàëèçà ïðåäñòàâëåííûõ çàâèñè-
ìîñòåé ñëåäóåò, ÷òî èñïîëüçîâàíèå êëàññè÷åñêèõ ìîäåëåé Maxwell � Euc ken, Ashby è äðóãèõ
âîçìîæíî ëèøü â óçêîì äèàïàçîíå èçìåíåíèÿ îòíîñèòåëüíîé òîëùèíû. Ïðè ýòîì ðåçóë ü-
òàòû, ïîëó÷åííûå ïî ôîðìóëå ( 4), è ðåçóëüòàòû, ïîëó÷åííûå èç ìîäåëåé Molteni, Stallard,
Mirabolghasemi, Abueidda, ñîãëàñóþòñÿ âî âñåì ðàññìàòðèâàåìîì äèàïàçîíå � (ðàñõîæäåíèå
ðåçóëüòàòîâ íå ïðåâûøàåò 5%).

2. Ïîëó÷åíî ïðîñòîå ïî ôîðìå àíàëèòè÷åñêîå ðåøåíèå çàäà÷è ïåðåíîñà òåïëà ÷å ðåç ïëîñ-
êóþ ïîðèñòóþ ñòåíêó, ñòðóêòóðà êîòîðîé îñíîâàíà íà ÒÏÌÏ òèïà Øâàðöà P. Ïîëó÷åíí ûå
âûðàæåíèÿ äëÿ îïðåäåëåíèÿ òåìïåðàòóðíîé ôóíêöèè, à òàêæå äëÿ ïëîòíîñ òè òåïëîâîãî
ïîòîêà ïîçâîëÿþò áåç èñïîëüçîâàíèÿ ñïåöèàëèçèðîâàííîãî ÏÎ è âû÷èñëèòåëüíîé òåõíèê è
íàõîäèòü ðàñïðåäåëåíèå òåìïåðàòóð âíóòðè ïîðèñòûõ ìàòåðèàëîâ, îïðåäåëÿòü òåï ëîâûå
ïîòåðè è ò.ä.

3. Ñ öåëüþ âåðèôèêàöèè ðàçðàáîòàííîãî ïðèáëèæåííî-àíàëèòè÷åñêîãî ìåòîäà ðåøå íèÿ
çàäà÷è òåïëîïåðåíîñà â ïîðèñòîé ñðåäå, îñíîâàííîé íà ÒÏÌÏ òèïà Øâàðöà P, âûïîëí åíî
ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòîâ òåìïåðàòóðíîé ôóíêöèè â ïåðâîì è âòîðîì ïðèáëèæ åíèÿõ
ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ìåòîäîì êîíå÷íûõ ðàçíîñòåé. Ïîãðåøíîñòü âû÷è ñëåíèé âî
âòîðîì ïðèáëèæåíèè, ïî ñðàâíåíèþ ñ ÷èñëåííûì ìåòîäîì, íå ïðåâûøàåò 3% âî âðå ìåííîì
äèàïàçîíå � > 1000c.
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Àííîòàöèÿ. Â ñòàòüå èçó÷àåòñÿ âëèÿíèå ñòåïåíè ïîäîãðåâà ãàçîêàïåëüíî é ñòðóè c ôàçîâûìè ïåðå-
õîäàìè è ñîóäàðåíèÿìè êàïåëü íà ïàðàìåòðû ýòîé ñòðóè. Ïîä ñò åïåíüþ ïîäîãðåâà ñòðóè ïîíèìàåòñÿ
îòíîøåíèå òåìïåðàòóð ãàçà íà ñðåçå ñîïëà è â îêðóæàþùåé ñðåä å. Ìåòîäîì èññëåäîâàíèÿ ÿâëÿåò-
ñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå. Ðàñ÷åòû ïðîâîäÿòñÿ ñ ïîì îùüþ íàøåé ðàíåå îïóáëèêîâàííîé
ìàòåìàòè÷åñêîé ìîäåëè äâóõôàçíîé ñòðóè, ïîëó÷åííîé â ðàìê àõ RANS-ïîäõîäà. Â ýòîé ìîäåëè
îñðåäíåííûå óðàâíåíèÿ ãàçîâîé ôàçû è êàïåëü çàïèñûâàþòñÿ â ïåðåìåííûõ Ýéëåðà. Â ñâÿçè ñ òåì,
÷òî ñòðóéíûå òå÷åíèÿ ÿâëÿþòñÿ àâòîìîäåëüíûìè, äëÿ ðàñ÷åòà ìîìåíòîâ êîððåëÿöèè ïóëüñàöèîí-
íûõ ïàðàìåòðîâ ôàç èñïîëüçóþòñÿ àëãåáðàè÷åñêèå ôîðìóëû. Ï ðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè
ðàññìàòðèâàåòñÿ ãàçîêàïåëüíàÿ çàòîïëåííàÿ ñòðóÿ, èñòåêà þùàÿ â ãàçîâóþ ñðåäó ñ òåìïåðàòóðîé,
ñóùåñòâåííî îòëè÷àþùåéñÿ îò òåìïåðàòóðû ãàçà íà ñðåçå ñîïë à. Àíàëèç ðåçóëüòàòîâ ïðîâåäåííûõ
ðàñ÷åòîâ ïîêàçàë, ÷òî ïðè èñòå÷åíèè íàãðåòîé äâóõôàçíîé ñò ðóè â ãàçîâóþ ñðåäó ñ ìåíüøåé òåì-
ïåðàòóðîé ÷èñëåííîå çíà÷åíèå ñòåïåíè ïîäîãðåâà ñòðóè íå îê àçûâàåò çàìåòíîãî âëèÿíèÿ íà âñå
ïàðàìåòðû ñòðóè. Â ñëó÷àå èñòå÷åíèÿ äâóõôàçíîé ñòðóè â ãàçî âóþ ñðåäó ñ áîëüøåé òåìïåðàòóðîé
ïî ñðàâíåíèþ ñ òåìïåðàòóðîé ãàçà íà ñðåçå ñîïëà âåëè÷èíà ñòå ïåíè ïîäîãðåâà ñòðóè ñóùåñòâåí-
íûì îáðàçîì âëèÿåò íà òåìïåðàòóðû ôàç, îáúåìíûå êîíöåíòðàö èè è ðàçìåðû êàïåëü, à òàêæå íà
èíòåíñèâíîñòü ôàçîâûõ ïåðåõîäîâ. Â ýòîì ñëó÷àå óìåíüøåíèå ñòåïåíè ïîäîãðåâà ñòðóè ïðèâîäèò
ê ñóùåñòâåííîìó óâåëè÷åíèþ òåìïåðàòóðû ãàçà, èíòåíñèâíîñ òè ôàçîâûõ ïåðåõîäîâ, áîëåå ðåçêîìó
óìåíüøåíèþ âäîëü îñè ñòðóè ìàññîâîãî ðàñõîäà è äèàìåòðîâ êà ïåëü, à òàêæå ê óâåëè÷åíèþ èõ
îáúåìíûõ êîíöåíòðàöèé íà ó÷àñòêå ñòðóè âáëèçè ñðåçà ñîïëà.
Êëþ÷åâûå ñëîâà: äâóõôàçíàÿ ñòðóÿ, ãàç, êàïëè, ôàçîâûå ïåðåõîäû, êîàãóëÿöè ÿ è äðîáëåíèå êà-
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Abstract. The article is devoted to the study of the in�uence of the heating degree of the gas-droplet jet
with phase transitions and droplet collisions on the parameters of this jet. By the heating degree of the jet
is meant the ratio of gas temperatures at the nozzle edge and in the environment. The research method is
mathematical modeling. Calculations are carried out using our previously published mathematical model
of a two-phase jet obtained as part of the RANS approach. In this model, the averaged equations of gas
phase and droplets are written in Euler variables. Due to thefact that jet currents are self-similar, algebraic
formulas are used to calculate the moments of correlation of pulsation phase parameters. Mathematical
modeling considers a gas-droplet submerged jet �owing into a gas medium with a temperature signi�cantly
di�erent from the gas temperature in the outlet section of the nozzle. The analysis of the results of
the calculations showed that when the heated two-phase jet expires into a gas medium with a lower
temperature, the numerical value of the heating degree of the jet does not signi�cantly a�ect all the
parameters of the jet. If a two-phase jet �ows into a gas medium with a higher temperature than the
gas temperature in the outlet section of the nozzle, the heating degree of the jet signi�cantly a�ects the
phase temperatures, volume concentrations and droplet sizes, as well as the intensity of phase transitions.
In this case reduction of the heating degree of the jet leads to signi�cant increase in temperature of gas,
intensity of phase transitions, sharper reduction along anaxis of a jet of mass �ow and diameters of drops
and also to increase in their volume concentrations on the site of a jet near an outlet section of the nozzle.
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Ââåäåíèå

Äâóõôàçíûå òóðáóëåíòíûå ñòðóéíûå òå÷åíèÿ íàõîäÿò øèðîêîå ïðèìåíåíèå â ðàçëè÷-
íûõ îáëàñòÿõ òåõíèêè. Âî ìíîãèõ ñëó÷àÿõ íåïðåðûâíîé ôàçîé òàêèõ òå÷åíèé ÿâë ÿåòñÿ ãàç,
à äèñêðåòíîé ôàçîé � êàïëè æèäêîñòè. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ãàçîêàïå ëü-
íûõ ñòðóé, íàðÿäó ñ ðàçëè÷èåì â ñêîðîñòè è òåìïåðàòóðå ôàç, ïîëèäèñïåðñ íîñòüþ êàïåëü
è ìåæôàçíûì òåïëîîáìåíîì, íåîáõîäèìî ó÷èòûâàòü ôàçîâûå ïðåâðàùåíèÿ è ñòîëêí îâå-
íèÿ êàïåëü, êîòîðûå çàêàí÷èâàþòñÿ èõ êîàãóëÿöèåé èëè äðîáëåíèåì. Ïðåäëîæå ííûå çà
ïîñëåäíèå òðèäöàòü ëåò ìàòåìàòè÷åñêèå ìîäåëè ãàçîæèäêîñòíûõ ñòðóé èìå þò ñóùåñòâåí-
íûå îãðàíè÷åíèÿ ïî èõ èñïîëüçîâàíèþ, ñâÿçàííûå ñ äîïóùåíèÿìè ïðè âûâîäå óð àâíåíèé
ýòèõ ìîäåëåé. Ýòî ìîæíî ïðîèëëþñòðèðîâàòü íà ïðèìåðå ñòàòåé [ 1� 5], õàðàêòåðíûõ äëÿ
âðåìåíè èõ îïóáëèêîâàíèÿ.

Ìîäåëè [ 1,2] ðàçðàáîòàíû äëÿ ãàçîâûõ ñòðóé ñ êàïëÿìè ôðåîíà, â êîòîðûõ òåìïåðàòóðà
êàïåëü áëèçêà ê òåìïåðàòóðå ãàçîâîé ôàçû. Ïîýòîìó â íèõ îòñóòñòâóåò óðàâíåíèå ýíåð ãèè
êàïåëü, êîòîðîå çàìåíÿåòñÿ ðàâåíñòâîì òåìïåðàòóðû êàïåëü òåìïåðàòóðå ãàçà. Ðåçóë üòàòû
ðàñ÷åòîâ ïî ìîäåëÿì [ 4,5] ñðàâíèâàþòñÿ ñ äàííûìè ýêñïåðèìåíòàëüíîãî èññëåäîâàíèÿ ñòðóè
ñ êàïëÿìè àöåòîíà, òåìïåðàòóðà êîòîðûõ îòëè÷àåòñÿ âñåãî íà 20 Ê îò òåìïåðàòóðû ãàçîâîé
ôàçû. Ýòî íå ïîçâîëÿåò ïðåäñêàçàòü ïîâåäåíèå ýòèõ ìîäåëåé ïðè ñóùåñòâåíí î áîëüøåì
ðàçëè÷èè â òåìïåðàòóðàõ ôàç. Âî âñåõ îòìå÷åííûõ ìîäåëÿõ ó÷èòûâàåòñÿ òîëüêî èñï àðåíèå
æèäêîé ôàçû, íî â ñëó÷àå ïîëèäèñïåðñíîãî òå÷åíèÿ, íàðÿäó ñ èñïàðåíè åì ìåëêèõ êàïåëü,
íà êðóïíûõ êàïëÿõ âîçìîæíà êîíäåíñàöèÿ ïàðà â ðåçóëüòàòå ðàçëè÷èÿ òåìï åðàòóð ýòèõ
êàïåëü. Âñëåäñòâèå òîãî, ÷òî â ìàòåìàòè÷åñêèõ ìîäåëÿõ [ 1� 5] íå ó÷èòûâàþòñÿ ñòîëêíîâåíèÿ
êàïåëü, ïðèâîäÿùèå ê èõ êîàãóëÿöèè èëè äðîáëåíèþ, ýòè ìîäåëè, êàê îòìå÷àþ ò èõ àâòîðû,
ìîãóò áûòü èñïîëüçîâàíû òîëüêî ïðè îáúåìíîé êîíöåíòðàöèè êàïåëü, íå ïðåâûøàþùåé
10� 4. Íà ïðàêòèêå êîíöåíòðàöèÿ êàïåëü â ãàçîêàïåëüíûõ ñòðóÿõ ñóùåñòâåííî ïðåâîñõ îäèò
ýòó âåëè÷èíó.

Èíôîðìàöèÿ î ïðîâåäåíèè äðóãèìè àâòîðàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ãàç îêà-
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Þ. Â. Çóåâ. Âëèÿíèå ñòåïåíè ïîäîãðåâà ãàçîêàïåëüíîé òóðáóëåíòíîé ñòðóè íà åå ï àðàìåòðû

ïåëüíûõ ñòðóé ñ îäíîâðåìåííî ïðîòåêàþùèìè â íèõ ôàçîâûìè ïåðåõîäàìè, êîàãó ëÿöèåé è
äðîáëåíèåì êàïåëü â íàñòîÿùåå âðåìÿ â ëèòåðàòóðå îòñóòñòâóåò. Îá ýòîì ñâèäåòåëüñòâó þò
îáçîðíûå ñòàòüè [ 6,7].

Ìàòåìàòè÷åñêàÿ ìîäåëü ãàçîêàïåëüíîé ñòðóè ñ ôàçîâûìè ïåðåõîäàìè è ñîóäàðåíèÿ ìè
êàïåëü, ïðèâîäÿùèìè ê èõ êîàãóëÿöèè èëè äðîáëåíèþ, îïèñàíà â íàøåé ñòàòüå [ 8]. Â ýòîé
ðàáîòå ìîäåëèðîâàëàñü ãàçîêàïåëüíàÿ ñòðóÿ ñ êàïëÿìè âîäû, èñòåêàþùàÿ â íåïîäâèæíó þ
âîçäóøíóþ ñðåäó ñ òåìïåðàòóðîé, ñóùåñòâåííî ïðåâûøàþùåé òåìïåðàòóðó ãàçà íà ñ ðå-
çå ñîïëà (â íà÷àëüíîì ñå÷åíèè ñòðóè). Ðåçóëüòàòû ðàñ÷åòîâ ïîçâîëèëè âûÿâèòü ñòåïåíü
âëèÿíèÿ ôàçîâûõ ïåðåõîäîâ è ñîóäàðåíèé êàïåëü íà âñå îñðåäíåííûå ïàðàìåòð û ñòðóè â
çàâèñèìîñòè îò âåëè÷èíû îáúåìíîé êîíöåíòðàöèè êàïåëü íà ñðåçå ñîïëà. Â ñòàòüå ä åëàåòñÿ
ïðåäïîëîæåíèå î òîì, ÷òî ïðè èñòå÷åíèè äâóõôàçíîé ñòðóè â ãàçîâóþ ñðåäó ñ òå ìïåðàòó-
ðîé, ìåíüøåé òåìïåðàòóðû ãàçà íà ñðåçå ñîïëà, âëèÿíèå ôàçîâûõ ïåðåõîäîâ è ñ îóäàðåíèé
êàïåëü íà ïàðàìåòðû ñòðóè áóäåò ñóùåñòâåííî îòëè÷àòüñÿ îò îïèñàííîãî â [ 8].

Íèæå ïðèâîäèòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ãàçîêàïåëüíîé ñòðóè ñ ó÷åòîì ôàçîâûõ ïåð å-
õîäîâ è ñîóäàðåíèé êàïåëü, è ñðàâíèâàþòñÿ ðåçóëüòàòû ðàñ÷åòîâ ýòîé ñòðóè ñ ðàçëè÷íûìè
ãðàíè÷íûìè óñëîâèÿìè ïî òåìïåðàòóðå ãàçîâîé ôàçû íà ñðåçå ñîïëà è â îêðóæàþùå é ñðåäå.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü ãàçîêàïåëüíîé ñòðóè ñ ôàçîâûìè ïå ðåõîäàìè
è ñòîëêíîâåíèÿìè êàïåëü

Ïðè ïðîâåäåíèè ðàñ÷åòîâ ãàçîêàïåëüíîé òóðáóëåíòíîé ñòðóè èñïîëüçîâàëàñü ìàòåìàòè-
÷åñêàÿ ìîäåëü, ïðèâåäåííàÿ â íàøåé ñòàòüå [ 8]. Â ýòîé ìîäåëè óðàâíåíèÿ, îïèñûâàþùèå
äâèæåíèå ãàçà è êàïåëü, çàïèñàíû â ïåðåìåííûõ Ýéëåðà ñ èñïîëüçîâàíèåì RA NS-ïîäõîäà.
Ýòè óðàâíåíèÿ ïîëó÷åíû â ðåçóëüòàòå îñðåäíåíèÿ ïî ïðîñòðàíñòâó [ 9] è âðåìåíè [ 10] ìãíî-
âåííûõ óðàâíåíèé Íàâüå � Ñòîêñà ñ ïîñëåäóþùåé îöåíêîé ïîðÿäêà èõ ÷ëåíîâ [ 10].

Â îêîí÷àòåëüíîì âèäå îñðåäíåííûå óðàâíåíèÿ ôàç òóðáóëåíòíîé êðóãëîé ñòàöèîíàðí îé
íåèçîòåðìè÷åñêîé ãàçîêàïåëüíîé ñòðóè â ïðèáëèæåíèè ïîãðàíè÷íîãî ñëîÿ â ö èëèíäðè÷å-
ñêîé ñèñòåìå êîîðäèíàò çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì:
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K f j ef j � f j � j ; (10)

p = � kRkT; � f = const; (11)
KX

k=1

� k +
FX

f =1

� f = 1 : (12)

Â ýòîé ñèñòåìå óðàâíåíèé: ( 1) è (2) � óðàâíåíèÿ ìàññû ôàç; ( 3) è (4) � ïðîåêöèè óðàâíå-
íèÿ äâèæåíèÿ ãàçîâîé ôàçû íà îñè x è y; (5) è (6) � ïðîåêöèè óðàâíåíèÿ äâèæåíèÿ êàïåëü
ôðàêöèè f íà îñè x è y; (7) è (8) � óðàâíåíèÿ ýíåðãèè ôàç; ( 9) � óðàâíåíèå êîíöåíòðàöèè
êîìïîíåíòîâ ãàçîâîé ôàçû; ( 10) � óðàâíåíèå, îïèñûâàþùåå èçìåíåíèå äèàìåòðîâ êàïåëü çà
ñ÷åò ôàçîâûõ ïåðåõîäîâ, êîàãóëÿöèè è äðîáëåíèÿ êàïåëü; ( 11) � óðàâíåíèÿ ñîñòîÿíèÿ ãàçî-
âîé ôàçû è êàïåëü; ( 12) � óðàâíåíèå, ñâÿçûâàþùåå îáúåìíûå êîíöåíòðàöèè êîìïîíåíòîâ
ãàçîâîé ôàçû è ôðàêöèé êàïåëü.

Â äàííîé ðàáîòå äëÿ êàïåëü èñïîëüçóåòñÿ ìîäåëü äèñêðåòíûõ ÷àñòèö, â ñîîòâåòñòâèè
ñ êîòîðîé êàïëè îáúåäèíÿþòñÿ â F ôðàêöèé, ïàðàìåòðû êîòîðûõ îáîçíà÷àþòñÿ èíäåê-
ñîì f (f = 1 ; 2; : : : ; F ). Ïàðàìåòðû êîìïîíåíòîâ ãàçîâîé ôàçû îáîçíà÷àþòñÿ èíäåêñîì
k (k = 1 ; 2; : : : ; K ); ïàðàìåòðû ãàçîâîé ôàçû, îáùèå äëÿ âñåõ åå êîìïîíåíòîâ (ñêîðîñòü,
òåìïåðàòóðà, äàâëåíèå), èíäåêñîâ íå èìåþò; ïóëüñàöèîííûå ïàðàìåòðû ôàç îáîçíà ÷àþòñÿ
øòðèõàìè, à èõ ìîìåíòû êîððåëÿöèè çàêëþ÷åíû â ñêîáêè âèäà h�i.

Ïðè çàïèñè óðàâíåíèé ( 1)�( 12) ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ: x è y � îñè öèëèí-
äðè÷åñêîé ñèñòåìû êîîðäèíàò; u è v � ïðîåêöèè âåêòîðà ñêîðîñòè W íà îñè êîîðäèíàò x
è y; � � ôèçè÷åñêàÿ ïëîòíîñòü; � � îáúåìíàÿ êîíöåíòðàöèÿ; p � äàâëåíèå; T � òåìïåðàòóðà;
D f � äèàìåòð êàïåëü ôðàêöèè f ; R � óäåëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ; cp � óäåëüíàÿ òåïëîåì-
êîñòü ãàçîâîé ôàçû ïðè ïîñòîÿííîì äàâëåíèè; cf � óäåëüíàÿ òåïëîåìêîñòü âåùåñòâà êàïåëü;
Fcf;x è Fcf;y � ïðîåêöèè âåêòîðà ñèëû ñîïðîòèâëåíèÿ êàïåëü F cf íà îñè x è y [11]; Qf;conv �
óäåëüíûé (ïðèõîäÿùèéñÿ íà åäèíèöó îáúåìà ñðåäû) êîíâåêòèâíûé òåïëîâîé ï îòîê îò ãàçà ê
êàïëÿì ôðàêöèè f [11]; M f;pf � èíòåíñèâíîñòü ôàçîâûõ ïåðåõîäîâ (ìàññà âåùåñòâà êàïåëü
ôðàêöèè f , ïðåòåðïåâàþùàÿ ôàçîâûé ïåðåõîä â åäèíèöå îáúåìà ñðåäû çà åäèíèöó âðåìå -
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íè); M f;c � èçìåíåíèå ìàññû êàïåëü ôðàêöèè f çà ñ÷åò èõ ñòîëêíîâåíèé ñ êàïëÿìè äðóãèõ
ôðàêöèé â åäèíèöå îáúåìà ñðåäû çà åäèíèöó âðåìåíè; M f j;c � ìàññà êàïåëü, ïåðåøåäøàÿ
èç ôðàêöèè f âî ôðàêöèþ j çà ñ÷åò ñòîëêíîâåíèé êàïåëü ýòèõ ôðàêöèé â åäèíèöå îáúåìà
ñðåäû çà åäèíèöó âðåìåíè; i f (Tf ) è i j (Tj ) � óäåëüíûå ýíòàëüïèè âåùåñòâà êàïåëü ôðàêöèé
f è j ïðè òåìïåðàòóðàõ Tf è Tj ; i v(T) � óäåëüíàÿ ýíòàëüïèÿ ïàðà âåùåñòâà êàïåëü ïðè òåì-
ïåðàòóðå ãàçîâîé ôàçû T; uph è vph � ïðîåêöèè âåêòîðà ñêîðîñòè ôàçîâîãî ïåðåõîäà W ph íà
îñè x è y; i ph � óäåëüíàÿ ýíòàëüïèÿ âåùåñòâà êàïåëü, ïðåòåðïåâàþùåãî ôàçîâûé ïåðåõîä;
K f j , ef j , � f j � êîíñòàíòà êîàãóëÿöèè, êîýôôèöèåíò çàõâàòà è êîýôôèöèåíò ýôôåêòèâíî-
ñòè ñîóäàðåíèé êàïåëü ôðàêöèé f è j [12]. Ïðè èñïàðåíèè êàïåëü W ph = W f ; i ph = i v(Tf ),
à ïðè êîíäåíñàöèè ïàðà W ph = W ; i ph = i v [Tvs(pv)] [9] (i v(Tf ) � óäåëüíàÿ ýíòàëüïèÿ ïàðà
âåùåñòâà êàïåëü ïðè òåìïåðàòóðå Tf ; i v [Tvs(pv)] � óäåëüíàÿ ýíòàëüïèÿ âåùåñòâà êàïåëü íà
ëèíèè íàñûùåíèÿ ïðè ïàðöèàëüíîì äàâëåíèè ïàðà pv â ãàçîâîé ñìåñè.

Â ñâÿçè ñ òåì, ÷òî îáúåìíàÿ êîíöåíòðàöèÿ ïàðà â ãàçîâîé ôàçå ïðè ïðîâåäåíèè ðàñ÷ åòîâ,
ðåçóëüòàòû êîòîðûõ ïðèâîäÿòñÿ íèæå, áûëà ñóùåñòâåííî ìåíüøå 0.2, äëÿ èíòåíñè âíîñòè
ôàçîâûõ ïåðåõîäîâ èñïîëüçóåòñÿ ôîðìóëà [ 13]

M f;ph =
6� f D � Sh

D 2
f

(� vp � � vs);

â êîòîðîé � vp � ïëîòíîñòü ïàðà, îïðåäåëÿåìàÿ ïî åãî ïàðöèàëüíîìó äàâëåíèþ â ãàçîâîé
ôàçå; � vs � ïëîòíîñòü ïàðà, ñîîòâåòñòâóþùàÿ äàâëåíèþ íàñûùåíèÿ âåùåñòâà êàïåëü ïðè
òåìïåðàòóðå êàïëè Tf ; D � � êîýôôèöèåíò äèôôóçèè ïàðà â ãàçîâîé ñìåñè; Sh � êðèòåðèé
Øåðâóäà.

Îöåíêà ïîðÿäêà ÷ëåíîâ óðàâíåíèé ñèñòåìû ( 1)�( 12), ïðîâåäåííàÿ ïðè èõ âûâîäå, ïîêà-
çàëà, ÷òî ðàñ÷åò êîàãóëÿöèè è äðîáëåíèÿ êàïåëü â äâóõôàçíîé ñòðóå ìîæíî ïðîâî äèòü â
îäíîìåðíîé ïîñòàíîâêå, ïðåíåáðåãàÿ ïóëüñàöèîííûìè ñêîðîñòÿìè êàïåë ü ïî ñðàâíåíèþ ñ
èõ îñðåäíåííûìè ñêîðîñòÿìè, ÷òî ñîãëàñóåòñÿ ñ âûâîäàìè ìîíîãðàôèè [ 14]. Ïîýòîìó â äàí-
íîé ðàáîòå èñïîëüçóåòñÿ êâàçèîäíîìåðíàÿ ìîäåëü ñòîëêíîâåíèé ðàçäåëåííûõ íà ôðàêöèè
êàïåëü çà ñ÷åò ðàçëè÷èÿ â èõ îñðåäíåííûõ ïðîäîëüíûõ ñêîðîñòÿõ, îïèñàí íàÿ â [ 12]. Â ýòîé
ìîíîãðàôèè, â ÷àñòíîñòè, ïðèâåäåíû ôîðìóëû äëÿ ðàñ÷åòà ÷ëåíîâ óðàâíåíèé (2), (5), (6)
è (8), ó÷èòûâàþùèõ èçìåíåíèå ìàññû, êîëè÷åñòâà äâèæåíèÿ è ýíåðãèè êàïåëü ô ðàêöèè f
â ðåçóëüòàòå èõ âçàèìîäåéñòâèÿ ñ êàïëÿìè äðóãèõ ôðàêöèé.

Âñëåäñòâèå òîãî, ÷òî äâóõôàçíûå ñòðóéíûå òå÷åíèÿ ÿâëÿþòñÿ àâòîìîäåëüíûìè, ìîì åí-
òû êîððåëÿöèè ïóëüñàöèîííûõ ïàðàìåòðîâ ôàç, âõîäÿùèå â óðàâíåíèÿ ñèñòåìû ( 1)�( 12),
ðàññ÷èòûâàþòñÿ ñ èñïîëüçîâàíèåì àëãåáðàè÷åñêèõ âûðàæåíèé [8].

Ìåòîä ðàñ÷åòà äâóõôàçíîé ñòðóè, ìàòåìàòè÷åñêàÿ ìîäåëü êîòîðîé àíàëîãè÷íà ïðè âå-
äåííîé âûøå, èçëîæåí â ìîíîãðàôèè [ 15]. Âàëèäàöèÿ ìàòåìàòè÷åñêîé ìîäåëè ( 1)�( 12),
âûïîëíåííàÿ â [ 8] ñ èñïîëüçîâàíèåì äàííûõ ýêñïåðèìåíòàëüíîãî èññëåäîâàíèÿ âîçäóø-
íîé ñòðóè ñ êàïëÿìè êåðîñèíà, èñòåêàþùåé â ñïóòíûé âîçäóøíûé ïîòîê ñ òåìïåðàòóðîé
450 Ê [16], ïîêàçàëà õîðîøåå ñîâïàäåíèå ðåçóëüòàòîâ ðàñ÷åòîâ ñ äàííûìè ýêñïåðèìåíòà.

2. Ðåçóëüòàòû ðàñ÷åòîâ

Ðàñ÷åòû äâóõôàçíîé íåèçîòåðìè÷åñêîé òóðáóëåíòíîé ñòðóè, âûïîëíåííûå ñ èñï îëüçî-
âàíèåì ïðèâåäåííîé âûøå ìàòåìàòè÷åñêîé ìîäåëè, ïîçâîëèëè âûÿâèòü âëèÿíèå ãðàí è÷íûõ
óñëîâèé ïî òåìïåðàòóðå ãàçîâîé ôàçû íà ïàðàìåòðû ñòðóè. Â òåîðèè îäíîôàçíûõ ñòð óé
ââîäèòñÿ ïàðàìåòð, êîòîðûé íàçûâàåòñÿ ñòåïåíüþ ïîäîãðåâà ñòðóè. Îí ïðåäñòàâëÿå ò ñîáîé
îòíîøåíèå òåìïåðàòóðû ãàçà íà îñè íà÷àëüíîãî ñå÷åíèÿ ñòðóè è íà åå ãðàíèöå. Â äàííîé ðà-
áîòå ýòîò ïàðàìåòð èñïîëüçóåòñÿ äëÿ ãàçîâîé ôàçû ñòðóè: � = T0m =Te (T0m � òåìïåðàòóðà
ãàçîâîé ôàçû íà îñè íà÷àëüíîãî ñå÷åíèÿ ñòðóè; Te � òåìïåðàòóðà ãàçà íà ãðàíèöå ñòðóè).
Íèæå ñðàâíèâàþòñÿ ðåçóëüòàòû ðàñ÷åòîâ, â êîòîðûõ çíà÷åíèÿ ïàðàìåòðà � áûëè ìåíüøå
èëè áîëüøå 1: T0m = 300 Ê, Te = 400 Ê ( � = 0 :75); T0m = 300 Ê, Te = 500 Ê ( � = 0 :60);
T0m = 400 Ê, Te = 300 Ê ( � = 1 :33); T0m = 500 Ê, Te = 300 Ê ( � = 1 :67).
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Ïðåäïîëàãàëîñü, ÷òî äèñïåðñèîííîé ôàçîé ñòðóéíîãî äâóõôàçíîãî òå÷åíèÿ ÿâë ÿåòñÿ
ñìåñü âîäÿíîãî ïàðà (êîìïîíåíò k = 1 ) ñ âîçäóõîì (êîìïîíåíò k = 2 ), à äèñïåðñíîé ôàçîé �
êàïëè âîäû, îáúåäèíåííûå â ïÿòü ôðàêöèé [ 12] ñ õàðàêòåðíûìè äèàìåòðàìè 15, 45, 75, 105
è 135 ìêì. Ïðè ïðîâåäåíèè ðàñ÷åòîâ ïðèíèìàëîñü, ÷òî ñòðóÿ èñòåêàåò èç êðóãëîã î ñîïëà
ðàäèóñîì R0 = 25�10� 3 ì â íåïîäâèæíóþ âîçäóøíóþ ñðåäó ñ äàâëåíèåì p = 105 Ïà è îòíî-
ñèòåëüíîé âëàæíîñòüþ 65%, êîòîðîé ñîîòâåòñòâóåò îáúåìíàÿ êîíöåíòðàöèÿ âîäÿíîãî ïàðà
� k=1 = 0 :024. Ñ÷èòàëîñü, ÷òî â íà÷àëüíîì ñå÷åíèè ñòðóè ïîïåðå÷íûå ïîëÿ âñåõ ïàðàìåòðîâ
ðàâíîìåðíûå; ñêîðîñòü ãàçà u0 = 100 ì/ñ; ñêîðîñòü êàïåëü âñåõ ôðàêöèé uf 0 = 80 ì/ñ;
òåìïåðàòóðà êàïåëü âñåõ ôðàêöèé Tf 0 = 300 Ê; îáúåìíàÿ êîíöåíòðàöèÿ âîäÿíîãî ïàðà
� k=1 = 0 :033 (ñîîòâåòñòâóåò îòíîñèòåëüíîé âëàæíîñòè âîçäóõà 90%); ñóììàðíàÿ îáúåì-
íàÿ êîíöåíòðàöèÿ êàïåëü � f �0 =

P
� f 0 = 10 � 3 ñ ðàñïðåäåëåíèåì ýòîé êîíöåíòðàöèè ïî

ôðàêöèÿì â ïðîïîðöèè 1:2:4:2:1.
Âëèÿíèå ñòåïåíè ïîäîãðåâà äâóõôàçíîé ñòðóè, îïðåäåëåííîé ïî òåìïåðàòóðå ãàçîâîé

ôàçû, íà ïàðàìåòðû ôàç ýòîé ñòðóè ìîæíî ïðîñëåäèòü ïî ãðàôèêàì íà ðèñ. 1� 3. Íà ýòèõ
ðèñóíêàõ çàâèñèìîñòè ïàðàìåòðîâ ôàç íà îñè ñòðóè îò ïðîäîëüíîé êîîðäèíàòû x ïðåä-
ñòàâëåíû â áåçðàçìåðíîì âèäå. Ïðè ýòîì ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ: �x = x=R� ;
�um = um =u� ; �ufm = ufm =u� ; �uf � m = uf � m =u� ; �Tm = Tm =T� ; �Tfm = Tfm =T� ; �� fm = � fm =� � ;
�D fm = D fm =D�

f ; �M f;ph = M f;ph /( D �
� � � =D� 2

f ), â êîòîðûõ èíäåêñîì m îáîçíà÷åíû ïàðàìåòðû
ôàç íà îñè ñòðóè. Ìàñøòàáû ñîîòâåòñòâóþùèõ âåëè÷èí èìåþò çíà÷åíèÿ: R� = 25 � 10� 3 ì;
u� = 100 ì/ñ; T � = 288 Ê; D �

f = 100�10� 6 ì; � � = � f �0 = 10 � 3; � � è D �
� � ïëîòíîñòü âîäÿíîãî

ïàðà è åãî êîýôôèöèåíò äèôôóçèè â âîçäóõå ïðè íîðìàëüíûõ óñëîâèÿõ. Ñðåäíåìàññîâàÿ
ñêîðîñòü êàïåëü ðàññ÷èòûâàåòñÿ ïî ôîðìóëå: uf � =

P
� f u2

f =
P

� f uf .
Î âëèÿíèè ñòåïåíè ïîäîãðåâà ñòðóè íà ñêîðîñòè ôàç ìîæíî ñóäèòü ïî ðåçóë üòàòàì ðàñ-

÷åòîâ, ïðåäñòàâëåííûì íà ðèñ. 1.

à / a á / b â / c
Ðèñ. 1. Èçìåíåíèå ñêîðîñòè ãàçà è ñêîðîñòè êàïåëü âäîëü îñè ä âóõôàçíîé ñòðóè ïðè
ðàçëè÷íûõ çíà÷åíèÿõ ñòåïåíè ïîäîãðåâà ýòîé ñòðóè � : à � ñêîðîñòü ãàçà è êàïåëü
ïÿòè ôðàêöèé ïðè � = 0 :60; á � ñêîðîñòü ãàçà è ñðåäíåìàññîâàÿ ñêîðîñòü êàïåëü ïðè
� < 1; â � ñêîðîñòü ãàçà è ñðåäíåìàññîâàÿ ñêîðîñòü êàïåëü ïðè � > 1. Êðèâûå 1� 5 �
ñêîðîñòè êàïåëü ôðàêöèé f = 1�5; 6 � ñêîðîñòü ãàçà; 7 � ñðåäíåìàññîâàÿ ñêîðîñòü

êàïåëü
Fig. 1. Change in the gas velocity and droplet velocities along the axis of the two-phase
jet at di�erent values of the heating degree of this jet � : a is the velocities of gas and
droplets of �ve fractions at � = 0 :60; b is the gas velocity and average mass velocity of
drops at � < 1; c is the gas velocity and average mass velocity of drops at� > 1. Ñurves
1� 5 are droplet velocities of fractionsf = 1�5; 6 is the gas velocity;7 is the average mass

velocity of drops

Íà ðèñ. 1, à ïðèâåäåíû ãðàôèêè èçìåíåíèÿ âäîëü îñè ñòðóè ñêîðîñòè ãàçà è êàïåëü ïÿòè
âûäåëåííûõ ôðàêöèé äëÿ ñëó÷àÿ � = 0 :60, ïðè êîòîðîì ñòðóÿ èñòåêàåò â îêðóæàþùóþ
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ñðåäó ñ ñóùåñòâåííî á�oëüøåé òåìïåðàòóðîé ïî ñðàâíåíèþ ñ òåìïåðàòóðîé ôàç íà ñðåçå
ñîïëà. Ñêîðîñòü ãàçà ïðè óäàëåíèè îò ñîïëà óìåíüøàåòñÿ çà ñ÷åò ïîäìåøèâàíèÿ ê ñ òðóå
ãàçà èç îêðóæàþùåé ñðåäû. Ïðè ýòîì ñêîðîñòü êàïåëü âîçðàñòàåò, äîñòèãàåò ñêîðîñòè ãàçà, à
çàòåì óìåíüøàåòñÿ, îñòàâàÿñü áîëüøå ñêîðîñòè ãàçà. Ïðè÷åì ÷åì áîëüøå ðàçìåð êàïåëü, òåì
â áîëüøåé ñòåïåíü èõ ñêîðîñòè îòëè÷àåòñÿ îò ñêîðîñòè ãàçà. Ýòî îáúÿñíÿåòñÿ óâåëè÷åíè åì
èíåðöèîííîñòè êàïåëü ñ ðîñòîì èõ äèàìåòðà. Çàâèñèìîñòè �um = �um (�x) è �ufm = �ufm (�x) äëÿ
äðóãèõ çíà÷åíèé ïàðàìåòðà � àíàëîãè÷íû çàâèñèìîñòÿì, ïðåäñòàâëåííûì íà ðèñ. 1, à äëÿ
� = 0 :60.

Íà ðèñ. 1, á ïðèâåäåíû ãðàôèêè èçìåíåíèÿ âäîëü îñè ñòðóè ñêîðîñòè ãàçà �um è ñðåä-
íåìàññîâîé ñêîðîñòè êàïåëü �uf � m ïðè � < 1, à íà ðèñ. 1, â � ýòè æå ãðàôèêè ïðè � > 1.
Èç äàííûõ ðèñ. 1 ñëåäóåò, ÷òî èçìåíåíèå ñòåïåíè ïîäîãðåâà äâóõôàçíîé ñòðóè ñ ôàçîâûìè
ïåðåõîäàìè è ñîóäàðåíèÿìè êàïåëü â äèàïàçîíå 0:60 < � < 1:67 ïðàêòè÷åñêè íå âëèÿåò íà
åå êèíåìàòè÷åñêèå ïàðàìåòðû.

Íà ðèñ. 2 ïðåäñòàâëåíû çàâèñèìîñòè èçìåíåíèÿ âäîëü îñè ñòðóè äðóãèõ åå ïàðàìåòðîâ
äëÿ ñòåïåíè ïîäîãðåâà � < 1.

à / a á / b â / c

ã / d ä / e å / f
Ðèñ. 2. Ãðàôèêè èçìåíåíèé çíà÷åíèé ïàðàìåòðîâ âäîëü îñè äâóõ ôàçíîé ñòðóè
ïðè ñòåïåíè ïîäîãðåâà ñòðóè � < 1: à � òåìïåðàòóðà ôàç; á � îáúåìíàÿ êîíöåí-
òðàöèÿ êàïåëü; â � äèàìåòð êàïåëü; ã � îáúåìíàÿ êîíöåíòðàöèÿ ïàðà â ãàçîâîé
ñìåñè; ä � èíòåíñèâíîñòü ôàçîâûõ ïåðåõîäîâ; å � ìàññîâûé ðàñõîä êàïåëü. Íî-

ìåðà êðèâûõ ñîîòâåòñòâóþò íîìåðàì ôðàêöèé
Fig. 2. Graphs of parameter changes along the axis of the two-phase jet, when
the jet heating degree is � < 1: a are the phases temperatures;b are the
volume concentrations of droplets;c are the diameters of droplets;d is the volume
concentration of steam in the gas mixture;e is the intensity of phase transitions; f is
the mass �ow velocity of droplets. Curve numbers correspond to fraction numbers
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Â ýòîì ñëó÷àå ïðè óäàëåíèè îò ñîïëà òåìïåðàòóðà ãàçà íà îñè ñòðóè âîçðàñòàåò (ðè ñ.2, à),
ïðè÷åì ïðè ïîäîãðåâå � = 0 :60 âåëè÷èíà ýòîé òåìïåðàòóðû ïðèìåðíî â äâà ðàçà áîëüøå
ïî ñðàâíåíèþ ñ ïîäîãðåâîì � = 0 :75. Òåìïåðàòóðà êàïåëü çàìåòíî óâåëè÷èâàåòñÿ íà ó÷àñò-
êå ñòðóè �x < 100, ïðè ýòîì åå çíà÷åíèÿ îáðàòíî ïðîïîðöèîíàëüíû ðàçìåðó êàïåëü. Ïðè
á�oëüøèõ çíà÷åíèÿõ �x ðîñò òåìïåðàòóðû êàïåëü çàìåäëÿåòñÿ è òåìïåðàòóðà êàïåëü âñåõ
ôðàêöèé ïðèìåðíî îäèíàêîâà. Íà îïðåäåëåííûõ ðàññòîÿíèÿõ îò ñîïëà, çàâèñÿ ùèõ îò ðàç-
ìåðîâ êàïåëü, êàïëè èñ÷åçàþò, ïîëíîñòüþ èñïàðÿÿñü. Óâåëè÷åíèå çíà÷åíèÿ ïàðàìåòðà �
ïðèâîäèò ê óìåíüøåíèþ òåìïåðàòóðû ãàçà è êàïåëü âñëåäñòâèå ïîñòóïëåíèÿ â ñ òðóþ èç
îêðóæàþùåé ñðåäû ãàçà ñ ìåíüøåé òåìïåðàòóðîé.

Íà ðèñ. 2, á ïðåäñòàâëåíû ãðàôèêè èçìåíåíèÿ îáúåìíûõ êîíöåíòðàöèé êàïåëü ïÿòè
ôðàêöèé âäîëü îñè ñòðóè, ïîñòðîåííûå äëÿ äâóõ çíà÷åíèé ñòåïåíè ïîäîãðåâà ýòîé ñòðóè.
Çàâèñèìîñòè �� fm = �� fm ( �x) äëÿ êàïåëü ôðàêöèé f = 2�5, â îòëè÷èå îò îäíîôàçíûõ ñòðóé,
ÿâëÿþòñÿ íåìîíîòîííûìè: íà íåêîòîðûõ ðàññòîÿíèÿõ îò íà÷àëüíîãî ñå÷åíèÿ ñ òðóè, çàâèñÿ-
ùèõ îò ðàçìåðà êàïåëü, ïðîèñõîäèò óâåëè÷åíèå èõ êîíöåíòðàöèè. Ýòîò ýôôåê ò, êîòîðûé â
ëèòåðàòóðå íàçûâàåòñÿ ¾øíóðîâàíèåì¿, ïîäðîáíî ðàññìîòðåí â ñòàòüå [ 17]. Ïðè óìåíüøå-
íèè ïàðàìåòðà � (óâåëè÷åíèè òåìïåðàòóðû îêðóæàþùåé ñðåäû) ìàêñèìàëüíûå çíà÷åíèÿ
êîíöåíòðàöèé êàïåëü ôðàêöèé f = 3�5 ñóùåñòâåííî âîçðàñòàþò (äî 15%).

Ãðàôèêè íà ðèñ. 2, â ïîçâîëÿþò âûÿâèòü âëèÿíèå ñòåïåíè ïîäîãðåâà ñòðóè íà ðàçìåðû
êàïåëü. Ýòî âëèÿíèå ÿâëÿåòñÿ ñóùåñòâåííûì è âûðàæàåòñÿ â óìåíüøåíèè äèàìåòð à êàïåëü
ïðè óìåíüøåíèè çíà÷åíèÿ ïàðàìåòðà � (ìàêñèìóì íà 18% äëÿ êàïåëü ôðàêöèè f = 5 ).

Çàâèñèìîñòè îáúåìíîé êîíöåíòðàöèè ïàðà â ãàçîâîé ñìåñè îò êîîðäèíàòû �x ïðèâåäåíû
íà ðèñ. 2, ã. Ìàêñèìàëüíûå çíà÷åíèÿ ýòîé êîíöåíòðàöèè ñîîòâåòñòâóþò �x w 100, ïðè÷åì ïðè
� = 0 :60 ìàñèìàëüíîå çíà÷åíèå �� k=1 ;m íà 30% áîëüøå ïî ñðàâíåíèþ ñî ñëó÷àåì � = 0 :75.

Íà ðèñ. 2, ä ïðèâåäåíû ãðàôèêè çàâèñèìîñòåé èíòåíñèâíîñòè ôàçîâûõ ïåðåõîäîâ �M f;ph =
= �M f;ph ( �x) äëÿ êàïåëü ðàçëè÷íîãî ðàçìåðà îò ñòåïåíè ïîäîãðåâà ñòðóè. Àáñîëþòíûå çí à-
÷åíèÿ ýòèõ çàâèñèìîñòåé èìåþò ìàêñèìóìû, âåëè÷èíà è ðàñïîëîæåíèå ê îòîðûõ çàâèñÿò îò
ðàçìåðà êàïåëü. Ñîãëàñíî ðåçóëüòàòàì ðàñ÷åòîâ, ïðèâåäåííûì íà ýòîì ðèñóí êå, óìåíüøå-
íèå ñòåïåíè ïîäîãðåâà ñòðóè îò 0.75 äî 0.60 ïðèâîäèò ê óâåëè÷åíèþ èíòåíñèâí îñòè ôàçîâûõ
ïåðåõîäîâ â 1.5�2.0 ðàçà.

Íà ðèñ. 2, å èçîáðàæåíû ãðàôèêè èçìåíåíèÿ âäîëü îñè äâóõôàçíîé ñòðóè ìàññîâîãî
ðàñõîäà äèñïåðñíîé ôàçû â ïîïåðå÷íûõ ñå÷åíèÿõ ñòðóè ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåò-
ðà � . Óìåíüøåíèå ñòåïåíè ïîäîãðåâà ñòðóè ïðèâîäèò ê áîëåå ðåçêîìó óìåíüøåíè þ âäîëü
åå îñè ìàññîâîãî ðàñõîäà êàïåëü.

Íà ðèñ. 3 ïîêàçàíû çàâèñèìîñòè èçìåíåíèÿ ïî äëèíå ñòðóè åå ïàðàìåòðîâ ïðè ñòåïåíè
ïîäîãðåâà � > 1.

Ðåçóëüòàòû ðàñ÷åòîâ, ïðèâåäåííûå íà ðèñ. 3, ñâèäåòåëüñòâóþò î òîì, ÷òî ïðè ñòåïå-
íè ïîäîãðåâà äâóõôàçíîé ñòðóè � > 1 âåëè÷èíà ýòîãî ïîäîãðåâà ïðàêòè÷åñêè íå âëèÿåò
íà çíà÷åíèÿ òåìïåðàòóðû ôàç, îáúåìíîé êîíöåíòðàöèè è äèàìåòðà êàïåëü, èíòåí ñèâíîñòè
ôàçîâûõ ïåðåõîäîâ è ìàññîâîãî ðàñõîäà êàïåëü. È ïðè ýòîì â ñëó÷àå � > 1 ñóùåñòâóþò
çíà÷èòåëüíûå îòëè÷èÿ èçìåíåíèÿ ýòèõ ïàðàìåòðîâ ñòðóè îò ñëó÷àÿ � < 1. Ïðè èñòå÷åíèè
íàãðåòîé ñòðóè â ñðåäó ñ ìåíüøåé òåìïåðàòóðîé íà ó÷àñòêå �x < 50 (ðèñ. 3, à) ïðîèñõîäèò
ðåçêîå ïàäåíèå òåìïåðàòóðû ãàçà â ñòðóå âñëåäñòâèå ïîäìåøèâàíèÿ ê íåé áîëåå õ îëîäíî-
ãî ãàçà èç îêðóæàþùåãî ïðîñòðàíñòâà; ïðè �x > 50 òåìïåðàòóðà ãàçà íà îñè ñòðóè ïëàâ-
íî óìåíüøàåòñÿ. Èç-çà ýòîãî òåìïåðàòóðà êàïåëü âáëèçè ñîïëà íåçíà÷èòåëüíî âîç ðàñòàåò
(ìàêñèìóì íà 6%), à çàòåì óìåíüøàåòñÿ, ïðèáëèæàÿñü ê òåìïåðàòóðå îêðóæàþùåé ñ ðåäû.
Âñëåäñòâèå óìåíüøåíèÿ òåìïåðàòóðû ãàçà â ñòðóå óìåíüøàåòñÿ èíòåíñèâíîñòü ôàçîâûõ
ïåðåõîäîâ è ïàðàìåòðû ñòðóè â áîëüøåé ñòåïåíè çàâèñÿò îò ñòîëêíîâåíèé êàïåëü. Ýòî ï ðè-
âîäèò ê âîçðàñòàíèþ äèàìåòðà êàïåëü è çàìåäëåíèþ óáûâàíèÿ èõ ìàññîâîãî ðàñõîä à âäîëü
îñè ñòðóè.
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à / a á / b â / c

ã / d ä / e å / f
Ðèñ. 3. Ãðàôèêè èçìåíåíèé çíà÷åíèé ïàðàìåòðîâ âäîëü îñè äâóõ ôàçíîé ñòðóè
ïðè ñòåïåíè ïîäîãðåâà ñòðóè � > 1: à � òåìïåðàòóðà ôàç; á � îáúåìíàÿ êîíöåí-
òðàöèÿ êàïåëü; â � äèàìåòð êàïåëü; ã � îáúåìíàÿ êîíöåíòðàöèÿ ïàðà â ãàçîâîé
ñìåñè; ä � èíòåíñèâíîñòü ôàçîâûõ ïåðåõîäîâ; å � ìàññîâûé ðàñõîä êàïåëü. Íî-

ìåðà êðèâûõ ñîîòâåòñòâóþò íîìåðàì ôðàêöèé
Fig. 3. Graphs of parameter changes along the axis of the two-phase jet, when
the jet heating degree is � > 1: a are the phases temperatures;b are the
volume concentrations of droplets;c are the diameters of droplets;d is the volume
concentration of steam in the gas mixture;e is the intensity of phase transitions; f is
the mass �ow velocity of droplets. Curve numbers correspond to fraction numbers

Çàêëþ÷åíèå

Ïðîâåäåíû ðàñ÷åòû ãàçîêàïåëüíîé òóðáóëåíòíîé íåèçîòåðìè÷åñêîé ïîëèäèñïåðñ íîé
ñòðóè ñ ó÷åòîì ôàçîâûõ ïåðåõîäîâ, êîàãóëÿöèè è äðîáëåíèÿ êàïåëü, â êîòîðûõ èçìå íÿ-
ëàñü ñòåïåíü ïîäîãðåâà ñòðóè � . Ïðè ýòîì ïîä ñòåïåíüþ ïîäîãðåâà äâóõôàçíîé ñòðóè ïî-
íèìàåòñÿ îòíîøåíèå òåìïåðàòóðû ãàçà íà ñðåçå ñîïëà è â îêðóæàþùåé ñðåäå (íà ã ðàíèöå
ñòðóè). Ñòåïåíü ïîäîãðåâà ñòðóè âàðüèðîâàëàñü â äèàïàçîíå 0.60�1.67. Àíàëèç ðåçóëüòàòîâ
ðàñ÷åòîâ ïîêàçàë, ÷òî, íåçàâèñèìî îò âåëè÷èíû ñòåïåíè ïîäîãðåâà ñòðóè, ýòîò ïîä îãðåâ
íå îêàçûâàåò êàêîãî-ëèáî çàìåòíîãî âëèÿíèÿ íà ñêîðîñòü ãàçà è êàïåëü. Âëèÿíèå ñòåï åíè
ïîäîãðåâà ñòðóè íà äðóãèå åå ïàðàìåòðû ïðèíöèïèàëüíî îòëè÷àåòñÿ äëÿ ñë ó÷àåâ� > 1 è
� < 1. Ïðè � > 1 (èñòå÷åíèå íàãðåòîé ñòðóè â ãàçîâóþ ñðåäó ñ ìåíüøåé òåìïåðàòóðîé)
âåëè÷èíà ñòåïåíè ïîäîãðåâà ïðàêòè÷åñêè íå îêàçûâàåò âëèÿíèÿ íà òåìïåðàòóð ó ôàç, îáú-
åìíóþ êîíöåíòðàöèþ è ðàçìåð êàïåëü è íåçíà÷èòåëüíî âëèÿåò íà èíòåíñèâ íîñòü ôàçîâûõ
ïåðåõîäîâ, êîòîðûå ëîêàëèçîâàíû â íåáîëüøîé îáëàñòè, ðàñïîëîæåííîé çà ñðåçîì ñîïëà.
Ïðè � < 1 (èñòå÷åíèå ñòðóè â ãàçîâóþ ñðåäó ñ òåìïåðàòóðîé, ïðåâûøàþùåé òåìïåðàòóðó
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ãàçîâîé ôàçû íà ñðåçå ñîïëà) óìåíüøåíèå ñòåïåíè ïîäîãðåâà ñòðóè îò 0.75 äî 0.60 ï ðèâîäèò
ê èçìåíåíèþ âñåõ ïàðàìåòðîâ ñòðóè: íà îñè ñòðóè òåìïåðàòóðà ãàçà óâåëè÷è âàåòñÿ (ïðè-
ìåðíî â äâà ðàçà); ìàêñèìàëüíûå çíà÷åíèÿ îáúåìíîé êîíöåíòðàöèè êàïåëü ôð àêöèé f = 3�5
âîçðàñòàþò (äî 15%); äèàìåòð êàïåëü ýòèõ ôðàêöèé óìåíüøàåòñÿ (äî 18%); èíòåíñèâí îñòü
ôàçîâûõ ïåðåõîäîâ âîçðàñòàåò (â 1.5�2.0 ðàçà). Ïðè ýòîì òåìïåðàòóðà êàïåëü íà îñè ñòð óè
óâåëè÷èâàåòñÿ íåçíà÷èòåëüíî (äî 4%) âñëåäñòâèå èõ èñïàðåíèÿ.
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Àííîòàöèÿ. Íàðóøåíèÿ ãåìîäèíàìèêè è ãåîìåòðè÷åñêèå îñîáåííîñòè ñîñó äîâ èãðàþò âàæíóþ ðîëü
â âîçíèêíîâåíèè è ïðîãðåññèðîâàíèè ðàçëè÷íûõ ñîñóäèñòûõ ï àòîëîãèé, íàïðèìåð àíåâðèçì. Àíå-
âðèçìû ñîñóäîâ ãîëîâíîãî ìîçãà îñîáåííî îïàñíû èç-çà ñïåöè ôè÷åñêîé ëîêàëèçàöèè. Ýêñïåðèìåí-
òàëüíûå è êëèíè÷åñêèå ìåòîäû ÷àñòî íå ïîçâîëÿþò àäåêâàòíî î öåíèòü òåêóùåå ñîñòîÿíèå ãåìîäè-
íàìèêè ïàöèåíòà èëè ïðåäñêàçàòü ïðîãðåññèðîâàíèå çàáîëåâ àíèÿ in vivo. ×èñëåííîå ìîäåëèðîâàíèå
ãåìîäèíàìèêè ìîæåò ñòàòü êëþ÷åâûì èíñòðóìåíòîì äëÿ îöåíêè ðèñêà ðîñòà è ðàçðûâà öåðåáðàëü-
íûõ àíåâðèçì. Òî÷íîñòü òàêèõ ìîäåëåé çàâèñèò îò ìíîãèõ ôàêò îðîâ, âêëþ÷àÿ âûáîð ðåîëîãè÷åñêîé
ìîäåëè êðîâè. Íåñìîòðÿ íà ðàñïðîñòðàíåííîå èñïîëüçîâàíèå íüþòîíîâñêîé ìîäåëè, åå àäåêâàòíîñòü
äëÿ öåðåáðàëüíûõ àðòåðèé òðåáóåò âåðèôèêàöèè â ñðàâíåíèè ñáîëåå ñëîæíûìè íåíüþòîíîâñêèìè
ìîäåëÿìè, ó÷èòûâàþùèìè çàâèñèìîñòü âÿçêîñòè îò ñêîðîñòè ñ äâèãà. Öåëüþ äàííîãî èññëåäîâàíèÿ
áûëî ïðîâåñòè ñðàâíèòåëüíûé àíàëèç âëèÿíèÿ òðåõ ðåîëîãè÷å ñêèõ ìîäåëåé êðîâè (íüþòîíîâñêîé,
Carreau è Casson) íà ãåìîäèíàìè÷åñêèå õàðàêòåðèñòèêè â âîñüìè àíàòîìè÷åñêèõ âàðèàíòàõ Âèëëè-
çèåâà êðóãà ñ àíåâðèçìàìè. Â äàííîì èññëåäîâàíèè ãåîìåòðèÿ öåðåáðàëüíûõ ñîñóäîâ áûëà ïîëó÷åíà
ïóòåì ñåãìåíòàöèè ÊÒ-èçîáðàæåíèé. Ìåòîäàìè âû÷èñëèòåëüí îé ãèäðîäèíàìèêè (CFD) ïðîâåäåíî
ìîäåëèðîâàíèå êðîâîòîêà. Íà âõîäàõ çàäàâàëèñü ïðîôèëè ñêî ðîñòè, ïîëó÷åííûå íà îñíîâå äàííûõ
èíòðàêðàíèàëüíîé äîïïëåðîãðàôèè, íà âûõîäàõ � òðåõýëåìåí òíàÿ ìîäåëü Windkessel. Èññëåäîâà-
ëèñü ðàñïðåäåëåíèÿ ñêîðîñòè, äàâëåíèÿ, ïðèñòåíî÷íîãî êàñ àòåëüíîãî íàïðÿæåíèÿ (WSS) è èíäåêñà
åãî êîëåáàíèé (OSI). Ñòåíêè ñîñóäîâ ñ÷èòàëèñü æåñòêèìè. Áû ëî óñòàíîâëåíî, ÷òî â êðóïíûõ àðòå-
ðèÿõ ðàçëè÷èÿ ìåæäó ðåîëîãè÷åñêèìè ìîäåëÿìè â ðàñ÷åòàõ ñêîð îñòè, äàâëåíèÿ, WSS è OSI ÿâëÿ-
þòñÿ íåçíà÷èòåëüíûìè. Âñå ìîäåëè ïîêàçàëè ñõîäíîå ñèñòåìà òè÷åñêîå îòêëîíåíèå îò êëèíè÷åñêèõ
äàííûõ äîïïëåðîãðàôèè. Âíóòðè êóïîëîâ àíåâðèçì ñêîðîñòè ò îêà êðîâè íèçêè, à ïðîôèëè äëÿ
âñåõ òðåõ ðåîëîãè÷åñêèõ ìîäåëåé ïðàêòè÷åñêè èäåíòè÷íû ïî ô îðìå, íüþòîíîâñêàÿ ìîäåëü ñêëîí-
íà çàâûøàòü çíà÷åíèÿ. Ðåçóëüòàòû ïîêàçûâàþò, ÷òî äëÿ ìîäåë èðîâàíèÿ ãåìîäèíàìèêè â êðóïíûõ
ñîñóäàõ Âèëëèçèåâà êðóãà èñïîëüçîâàíèå íüþòîíîâñêîé ìîäå ëè ÿâëÿåòñÿ äîïóñòèìûì óïðîùåíèåì.
Êëþ÷åâûå ñëîâà: àíåâðèçìà, Âèëëèçèåâ êðóã, âû÷èñëèòåëüíàÿ ãèäðîäèíàìèêà , ãåìîäèíàìèêà,
ìîäåëèðîâàíèå, ðåîëîãè÷åñêèå ìîäåëè
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Article

The in�uence of the rheological models of blood on the hemody namic
characteristics of the �ow in the Circle of Willis

A. A. Lyubimova 1, A. G. Kuchumov 1;2

1Perm National Research Polytechnic University, 29 Komsomolsky Ave., Pe rm 614990, Russia
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Abstract. Hemodynamic disturbances and the geometric features of blood vessels play an important
role in the onset and progression of various vascular pathologies, such as aneurysms. Cerebral aneurysms
are particularly dangerous due to their speci�c location. Experimental and clinical methods often fail to
adequately assess a patient's current hemodynamic status or predict disease progressionin vivo. Numerical
modeling of hemodynamics can become a key tool for assessing the risk of growth and rupture of cerebral
aneurysms. The accuracy of such models depends on many factors, including the choice of a rheological
blood model. Despite the widespread use of the Newtonian model, its adequacy for cerebral arteries
requires veri�cation in comparison with more complex non-Newtonian models that account for shear-
dependent viscosity. The aim of this study was to conduct a comparative analysis of the in�uence of
three rheological blood models (Newtonian, Carreau, and Casson) on the hemodynamic characteristics in
eight anatomical variants of the Circle of Willis with aneury sms. In this study, the geometry of the cerebral
vasculature was obtained by segmenting CT images. Computational �uid dynamics (CFD) methods were
used to simulate blood �ow. Velocity pro�les based on intracranial Doppler ultrasound data were set
at the inlets, and a three-element Windkessel model was applied at the outlets. The distributions of
velocity, pressure, wall shear stress (WSS), and its oscillatory shear index (OSI) were investigated. The
vessel walls were considered rigid. It was found that in the large arteries, the di�erences between the
rheological models in the calculations of velocity, pressure, WSS, and OSI are insigni�cant. All models
showed a similar systematic deviation from clinical Doppler data. Inside the aneurysm domes, blood
�ow velocities are low, and the pro�les for all three rheological models are practically identical in shape,
with the Newtonian model tending to overestimate the values. The results indicate that for modeling
hemodynamics in the large vessels of the Circle of Willis, the use of a Newtonian model is a permissible
simpli�cation.
Keywords: aneurysm, Circle of Willis, CFD, hemodynamics, simulation, rheological models
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Ââåäåíèå

Àíåâðèçìà ñîñóäîâ ãîëîâíîãî ìîçãà � ýòî ëîêàëüíîå ðàñòÿæåíèå è âûïÿ÷èâàíèå ñòåí êè
àðòåðèè [1]. Ðàçðûâ àíåâðèçìû âûçûâàåò ñóáàðàõíîèäàëüíîå êðîâîèçëèÿíèå èëè ãåìîððà-
ãè÷åñêèé èíñóëüò [2, 3]. Íåñìîòðÿ íà äîñòèæåíèÿ â îáëàñòè õèðóðãèè è ïåðèîïåðàöèîííîì
ëå÷åíèè, ñìåðòíîñòü, ñâÿçàííàÿ ñ ðàçðûâîì àíåâðèçìû, îñòàåòñÿ âûñîêîé. Äîãîñïèò àëüíàÿ
ëåòàëüíîñòü äîñòèãàåò 10�15%.

Ïàöèåíòàì ñ âíóòðè÷åðåïíûìè àíåâðèçìàìè ïðåäëàãàþòñÿ ìèêðîõèðóðãè÷ åñêèå è ýíäî-
âàñêóëÿðíûå ìåòîäû ëå÷åíèÿ. Íàèáîëåå ýôôåêòèâíûì, à çà÷àñòóþ è åäèíñ òâåííûì ìåòîäîì
ëå÷åíèÿ àíåâðèçì ÿâëÿåòñÿ õèðóðãè÷åñêîå âìåøàòåëüñòâî [4]. Îäíàêî ðèñêè, ñâÿçàííûå ñ
ëå÷åíèåì àíåâðèçì, êðàéíå âûñîêè, è ïëàíèðîâàíèå ëå÷åíèÿ ñ ó÷åòîì îñîáåííîñ òåé ïàöè-
åíòà èìååò âàæíîå çíà÷åíèå [ 5].

Ïðèíÿòèå ðåøåíèÿ î íàáëþäåíèè èëè ëå÷åíèè (êëèïèðîâàíèå, ýíäîâàñêóëÿ ðíàÿ ýìáîëè-
çàöèÿ, ñòåíòèðîâàíèå) íåðàçîðâàâøåéñÿ àíåâðèçìû òðåáóåò èíäèâèäóàëüíîé îöåíêè ð èñêà
ðàçðûâà, ëîêàëèçàöèè, ìîðôîëîãèè àíåâðèçìû, âîçðàñòà è ñîñòîÿíèÿ çäîðîâüÿ ïàöèåí òà [5],
ñ ÷åì ìîæåò ïîìî÷ü ÷èñëåííîå ìîäåëèðîâàíèå, ïîçâîëÿþùåå íåèíâàçèâíî îöåíè òü èíäèâè-
äóàëüíûå ïàðàìåòðû êðîâîòîêà â àíåâðèçìå è ïðèëåãàþùèõ ñîñóäàõ, êîòîðûå íàïðÿìóþ
âëèÿþò íà ðèñê åå ðîñòà è ðàçðûâà [6� 9].

Òðàäèöèîííî äëÿ óïðîùåíèÿ ðàñ÷åòîâ êðîâü ðàññìàòðèâàþò êàê íüþòîíîâñêóþ æèä-
êîñòü ñ ïîñòîÿííîé âÿçêîñòüþ [ 10], îäíàêî åå ðåàëüíîå ïîâåäåíèå â ñîñóäèñòîì ðóñëå ÿâëÿ-
åòñÿ áîëåå ñëîæíûì, íåíüþòîíîâñêàÿ ïðèðîäà êðîâè îáóñëîâëåíà ïîâåäåíèåì ýðè òðîöèòîâ
ïðè ðàçíûõ ñêîðîñòÿõ ñäâèãà [ 11].

Âîïðîñ î òîì, íàñêîëüêî îïðàâäàííî èñïîëüçîâàíèå íüþòîíîâñêîé ìîäåëè â ðàçëè÷íûõ
îáëàñòÿõ ñåðäå÷íî-ñîñóäèñòîé ñèñòåìû, îñòàåòñÿ ïðåäìåòîì äèñêóññèé. Èñ ñëåäîâàíèÿ ïî-
êàçûâàþò, ÷òî â êðóïíûõ àðòåðèÿõ, òàêèõ êàê àîðòà, ãäå ïðåîáëàäàþò âûñîêèå ñêîð îñòè
ñäâèãà, íüþòîíîâñêàÿ ìîäåëü ÷àñòî îêàçûâàåòñÿ ïðèåìëåìûì ïðèáëèæåíèåì, ïîñê îëüêó
îòêëîíåíèÿ êëþ÷åâûõ ïàðàìåòðîâ, òàêèõ êàê ïðèñòåíî÷íûå êàñàòåëüíûå íàïðÿæåíè ÿ, ìî-
ãóò áûòü íåçíà÷èòåëüíûìè [ 12]. Ýòî ïîäòâåðæäàåòñÿ ðàáîòîé [ 13], ãäå íà ïðèìåðå ñîñóäîâ
Âèëëèçèåâà êðóãà áûëî ïîêàçàíî, ÷òî èñïîëüçîâàíèå íüþòîíîâñêîé ìîäåëè äàåò óäîâëå òâî-
ðèòåëüíûé ðåçóëüòàò çà èñêëþ÷åíèåì çîí ñî ñëîæíîé ãåîìåòðèåé. Îäíîâð åìåííî ñ ýòèì
äëÿ ïàòîëîãè÷åñêèõ îáëàñòåé (àíåâðèçìû, ñòåíîçû) èëè â ñîñóäàõ ìàëîãî äèàìåòðà, ãäå
ñêîðîñòè ñäâèãà íèçêèå, íåíüþòîíîâñêèå ìîäåëè, òàêèå êàê Carreau èëè Cass on, ñòàíîâÿòñÿ
íåîáõîäèìûìè äëÿ òî÷íîãî âîñïðîèçâåäåíèÿ ãåìîäèíàìèêè [ 13].

Ñòàòèñòè÷åñêèå øêàëû îöåíêè ðèñêà, òàêèå êàê PHASES, îñíîâàííûå ïðåèìóùåñ òâåí-
íî íà ïîïóëÿöèîííûõ äàííûõ, äåìîãðàôè÷åñêèõ è ìîðôîëîãè÷åñêèõ ôàêòîðàõ [5, 14], äå-
ìîíñòðèðóþò îãðàíè÷åííóþ èíäèâèäóàëüíóþ ïðîãíîñòè÷åñêóþ ñïîñîáíîñòü, ïîñê îëüêó íå
ó÷èòûâàþò ôóíäàìåíòàëüíûå ïàòîãåíåòè÷åñêèå ìåõàíèçìû, ñâÿçàííûå ñ âîçäåé ñòâèåì ãå-
ìîäèíàìè÷åñêèõ ñèë íà ñîñóäèñòóþ ñòåíêó. Â ýòîì êîíòåêñòå âû÷èñëèòåëüíàÿ ãèäðîäè-
íàìèêà (CFD) ïðåäîñòàâëÿåò ìîùíûé èíñòðóìåíò äëÿ àíàëèçà òàêèõ ãåìîä èíàìè÷åñêèõ
õàðàêòåðèñòèê, êàê ðàñïðåäåëåíèå ïðèñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíèé ( WSS), èíäåê-
ñà êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé (OSI), äàâëåíèå è ñêîðîñòè ïîòîêà [ 15], êîòîðûå
íàïðÿìóþ âëèÿþò íà ýíäîòåëèàëüíóþ ôóíêöèþ ñîñóäîâ, ïðîãðåññèðîâàíèå ñîñó äèñòûõ çà-
áîëåâàíèé. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âëèÿíèÿ ðåîëîãè÷åñêèõ ì îäåëåé
êðîâè (íüþòîíîâñêàÿ, Carreau, Casson) íà ãåìîäèíàìè÷åñêèå õàðàêòåðèñòèêè åå òå÷åíèÿ â
ñîñóäàõ Âèëëèçèåâà êðóãà ñ àíåâðèçìàìè äëÿ âûáîðà îïòèìàëüíûõ ïàðàìåòðîâ ìîäåë èðî-
âàíèÿ.

Ïðîâåäåííîå ñðàâíèòåëüíîå CFD-ìîäåëèðîâàíèå ïîçâîëèò îöåíèòü ÷óâñòâèòåëüíîñòü
êëþ÷åâûõ ãåìîäèíàìè÷åñêèõ ïîêàçàòåëåé ê âûáîðó ðåîëîãè÷åñêîé ìîäåëè â ñïåöèôè÷å-
ñêîé ãåîìåòðèè Âèëëèçèåâà êðóãà è îáåñïå÷èòü îñíîâó äëÿ ðàçâèòèÿ ïåðñîíàëèç èðîâàííûõ
ìîäåëåé îöåíêè ðèñêà ðàçâèòèÿ àíåâðèçìû.
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1. Ìàòåðèàëû è ìåòîäû

1.1. 3D-ãåîìåòðèè ñîñóäîâ

Â äàííîé ðàáîòå ðàññìàòðèâàëèñü âîñåìü ìîäåëåé ñîñóäîâ Âèëëèçèåâà êðóãà ñ àíåâðè ç-
ìàìè, ðàñïîëîæåííûìè íà ìåñòàõ èõ íàèáîëåå ÷àñòîãî ïîÿâëåíèÿ (â ìåñòàõ áèô óðêàöèé) [1].

Ðèñ. 1. Ñåãìåíòàöèÿ 3D-ìîäåëåé äëÿ ÷èñëåííîãî
ìîäåëèðîâàíèÿ (öâåò îíëàéí)

Fig. 1. Segmentation of 3D-models for numerical
simulation (color online)

Äëÿ ïîëó÷åíèÿ ìîäåëè 1 (ðèñ. 1)
ïàöèåíòó áûëà ïðîâåäåíà ìíîãîñëîéíàÿ
êîìïüþòåðíàÿ òîìîãðàôèÿ ñ âíóòðèâåí-
íûì êîíòðàñòíûì óñèëåíèåì. Ïîëó÷åí-
íûå ñíèìêè ïðåäñòàâëÿþò ñîáîé ìíîæå-
ñòâî ñðåçîâ â òðåõ ïëîñêîñòÿõ. Ñ ïîìî-
ùüþ ïðîãðàììû ITK-Snap áûëà ñîçäàíà
òðåõìåðíàÿ ãåîìåòðèÿ ñîñóäîâ Âèëëèçè-
åâà êðóãà, ïîñëå ÷åãî îíà äîïîëíèòåëüíî
îáðàáàòûâàëàñü â ïðîãðàììå MeshMixer.
Äàëåå ñ ïîìîùüþ ãðàôè÷åñêîãî ìîäó-
ëÿ SpaceClaim ïàêåòà ïðèêëàäíûõ ïðî-
ãðàìì ANSYS ìîäåëü áûëà ïîäãîòîâ-
ëåíà ê ÷èñëåííîìó ìîäåëèðîâàíèþ (ñì.
ðèñ. 1).

Â ñëó÷àå ïåðâîé ìîäåëè àíåâðèçìà
ðàñïîëàãàëàñü â îáëàñòè ïåðåäíåé ñîåäè-
íèòåëüíîé àðòåðèè (ÏÑÀ). Âñå îñòàëü-
íûå ìîäåëè ÿâëÿþòñÿ ìîäèôèêàöèÿìè
ïåðâîé, ò. å. áûëè ñîçäàíû íà îñíîâå êëè-
íè÷åñêèõ äàííûõ. Àíåâðèçìû ðàñïîëàãàëèñü â ìåñòàõ ñîåäèíåíèé ñðåäí èõ ìîçãîâûõ è çàä-
íèõ ñîåäèíèòåëüíûõ àðòåðèé, çàäíèõ ìîçãîâûõ è çàäíèõ ñîåäèíèòåëüíûõ àðòåð èé.

1.2. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà

×èñëåííîå ðåøåíèå îñóùåñòâëÿëîñü ïóòåì ðåøåíèÿ óðàâíåíèÿ äèíàìèêè æèäê îñòè

r � v = 0 ;

îïèñûâàþùåãî ñîõðàíåíèå èìïóëüñà, è óðàâíåíèÿ íåðàçðûâíîñòè

�
�

@v
@t

+ ( r � v)
�

= r � �;

îïèñûâàþùåãî ñîõðàíåíèå ìàññû, â êàæäîì óçëå ñåòêè [ 16]. Çäåñü� � ïîñòîÿííàÿ ïëîòíîñòü,
v � âåêòîð ñêîðîñòè, � � òåíçîð íàïðÿæåíèé.

Òåíçîð íàïðÿæåíèé ðàñêëàäûâàåòñÿ íà ãèäðîñòàòè÷åñêóþ (øàðîâóþ) è äåâèàòîðíóþ
÷àñòè:

� = � pI + �;

ãäå p � äàâëåíèå, I � åäèíè÷íûé òåíçîð, � � äåâèàòîð òåíçîðà íàïðÿæåíèé, ÿâëÿþùèéñÿ
ôóíêöèåé òåíçîðà ñäâèãà D (� = � ( _
 ) D ), mu � äèíàìè÷åñêàÿ âÿçêîñòü êðîâè, _
 =

=

r
1
2

P
i
P

j D i jD j i � ñêîðîñòü ñäâèãà, D = 1=2
�
r v + r vT

�
� òåíçîð ñêîðîñòè ñäâèãà.

Ñòåíêè ñîñóäîâ ñ÷èòàëèñü æåñòêèìè, è íà âñåõ ïîâåðõíîñòÿõ áûëî çàäàíî óñë îâèå ïðèëè-
ïàíèÿ, õàðàêòåðèçóþùååñÿ ðàâåíñòâîì íóëþ êîìïîíåíò ñêîðîñòè íà ãðàíèöå ðàçä åëà ìåæäó
ïîòîêîì æèäêîñòè è òâåðäîé ïîâåðõíîñòüþ:

v� = 0 :
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Äëÿ ó÷åòà âëèÿíèÿ òóðáóëåíòíîñòè áûëà èñïîëüçîâàíà ìîäåëü k � " [17]. Ìîäåëü îñíî-
âàíà íà ðåøåíèè äâóõ óðàâíåíèé ïåðåíîñà:

äëÿ êèíåòè÷åñêîé ýíåðãèè òóðáóëåíòíîñòè k

@�k
@t

+
@�vj k
@xj

=
@

�
� +

� t

� k

�
@k
@xj

@xj
+ Pk � �"

è ñêîðîñòè åå äèññèïàöèè "

@�"
@t

+
@�vj "
@xj

=
@(� + � t =� " )

@"
@xj

@xj
+ C"1Pk

"
k

� C"2�
"2

k
;

ãäåk � êèíåòè÷åñêàÿ ýíåðãèÿ òóðáóëåíòíîñòè
�

k =
1
2

~v0
i v

0
j

�
, " � ñêîðîñòü äèññèïàöèè, � t �

òóðáóëåíòíàÿ âÿçêîñòü
�

� t = C�
k2

"

�
, Pk � ãåíåðàöèÿ k ãðàäèåíòàìè ñðåäíåé ñêîðîñòè

�
Pk = �

�
@vi
@xj

+
@vj
@xi

�
@vi
@xj

�
, C� = 0 :09, C"1 = 1 :44, C"2 = 1 :92, � " = 1 :3, � k = 1 � êîí-

ñòàíòû [ 18].
Äëÿ êàæäîé ðàñ÷åòíîé ìîäåëè íà òîðöàõ âõîäíûõ àðòåðèé ( In ) (ðèñ. 2) çàäàâàëèñü

ïðîôèëè ñêîðîñòè, ïîëó÷åííûå ñ ïîìîùüþ äîïïëåðîãðàôèè íà èíòðàêðàíèàëüíîì óðîâí å
(ðèñ. 3). Äëÿ âûõîäîâ ( On ) (ñì. ðèñ. 2) èñïîëüçîâàëàñü çàâèñèìîñòü äàâëåíèÿ îò âðåìåíè,

!"
#$

#
%

&
',

(/
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)$*(+, %

1
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2
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Ðèñ. 2. Ãðàíè÷íûå óñëîâèÿ äëÿ âõîäíûõ àðòåðèé:
1 � áàçèëÿðíàÿ àðòåðèÿ; 2 � ïðàâàÿ ñîííàÿ àðòå-

ðèÿ; 3 � ëåâàÿ ñîííàÿ àðòåðèÿ
Fig. 2. Boundary conditions for entrance arteries:
1 � basilar artery; 2 � right carotid artery; 3 � left

carotid artery

ðàññ÷èòàííàÿ ñ ïîìîùüþ ìîäåëè Wind-
kessel [19,20] (ñì. ðèñ. 3).

Êðîâü ïðåäñòàâëÿåò ñîáîé ñëîæíóþ
íåíüþòîíîâñêóþ ñóñïåíçèþ, ñîñòîÿùóþ
èç ïëàçìû (âÿçêîé, ïî÷òè íüþòîíîâ-
ñêîé æèäêîñòè) è ôîðìåííûõ ýëåìåí-
òîâ, ïðåèìóùåñòâåííî ýðèòðîöèòîâ. Ðåî-
ëîãèÿ êðîâè èçó÷àåò åå äåôîðìàöèîí-
íûå è òåêó÷èå ñâîéñòâà ïîä äåéñòâèåì
ïðèëîæåííûõ íàãðóçîê [ 21]. Äëÿ îïèñà-
íèÿ ñëîæíîãî íåíüþòîíîâñêîãî ïîâåäå-
íèÿ êðîâè â óðàâíåíèÿõ ãèäðîäèíàìèêè
ïðè ÷èñëåííîì ìîäåëèðîâàíèè èñïîëüçó-
þòñÿ ðåîëîãè÷åñêèå ìîäåëè.

Íüþòîíîâñêàÿ ìîäåëü : � = const.
Ïðîñòàÿ ìîäåëü, ïðèìåíèìàÿ êàê ïåð-
âîå ïðèáëèæåíèå äëÿ òå÷åíèé ñ âûñîêè-
ìè ñêîðîñòÿìè ñäâèãà â êðóïíûõ àðòåðè-

ÿõ, ãäå âëèÿíèå àãðåãàöèè ýðèòðîöèòîâ íåçíà÷èòåëüíî.
Ìîäåëü Carreau [22]:

� ( _
 ) = � i nf + ( � 0 � � i nf )
�

1 + ( � _
 )2
� (n� 1)=2

;

ãäå � 0 � âÿçêîñòü ïðè ïðåäåëüíî ìàëîé ñêîðîñòè ñäâèãà; � i nf � âÿçêîñòü ïðè ïðåäåëüíî
áîëüøîé ñêîðîñòè ñäâèãà; � � ïàðàìåòð, îïðåäåëÿþùèé ñêîðîñòü ñäâèãà, ïðè êîòîðîé íüþ-
òîíîâñêîå ïëàòî ïåðåõîäèò â îáëàñòü ñíèæåíèÿ âÿçêîñòè; n � áåçðàçìåðíûé ïàðàìåòð, îïðå-
äåëÿþùèé óãîë íàêëîíà êðèâîé â çîíå óìåíüøåíèÿ âÿçêîñòè.

240 Íàó÷íûé îòäåë



À. À. Ëþáèìîâà, À. Ã. Êó÷óìîâ. Èññëåäîâàíèå ãåìîäèíàìè÷åñêèõ õàðàêòåðèñòèê òå÷åíèÿ

Ðèñ. 3. Ðàñïîëîæåíèå âõîäíûõ ( In ) è âûõîäíûõ ( On ) îòâåðñòèé è íàçâàíèÿ àðòåðèé
Âèëëèçèåâà êðóãà (öâåò îíëàéí)

Fig. 3. Location of the input ( In ) and output ( On ) holes and names of the arteries of the
Willis circle (color online)

Ðèñ. 4. Çàâèñèìîñòü äèíàìè÷åñêîé âÿçêîñòè îò
ñêîðîñòè ñäâèãà äëÿ òðåõ ðåîëîãè÷åñêèõ ìîäåëåé

(öâåò îíëàéí)
Fig. 4. Dependence of dynamic viscosity on shear

rate for three rheological models (color online)

Ìîäåëü Casson [23]:

( p
� =

p
� 0 +

p
� _
 äëÿ � > � 0;

_
 = 0 äëÿ � < � 0;

ãäå � � íàïðÿæåíèå ñäâèãà, � 0 � ïðåäåë
òåêó÷åñòè (ìèíèìàëüíîå çíà÷åíèå íà-
ïðÿæåíèÿ, íåîáõîäèìîå äëÿ íà÷àëà òå-
÷åíèÿ), � i nf � âÿçêîñòü ïðè ïðåäåëüíî
áîëüøîé ñêîðîñòè ñäâèãà.

Ìîäåëè Carreau è Casson ÿâëÿþò-
ñÿ äâóìÿ íàèáîëåå øèðîêî èñïîëüçóåìû-
ìè ìîäåëÿìè, äëÿ ñðàâíåíèÿ ðåçóëüòà-
òîâ òàêæå áûëà ïðîâåäåíà ñåðèÿ ðàñ÷å-
òîâ ñ èñïîëüçîâàíèåì íüþòîíîâñêîé ìî-
äåëè êðîâè (ðèñ. 4).

1.3. Èññëåäîâàíèå ñõîäèìîñòè
ñåòî÷íîé ìîäåëè

Äëÿ ñîçäàíèÿ ðàñ÷åòíîé ñåòêè îáëà-
ñòè æèäêîñòè èñïîëüçîâàëèñü èíñòðóìåíòû Body Sizing è In�ation. Ïåðâûé èç í èõ ïîçâîëÿåò
íàñòðàèâàòü òèï è ðàçìåð ýëåìåíòîâ ñåòêè è ó÷èòûâàòü ýôôåêòû òå÷åíèÿ âáëèçè ñòåíîê
ñîñóäîâ (ðèñ. 5).
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Äëÿ îöåíêè ÷óâñòâèòåëüíîñòè ê ïëîòíîñòè ñåòêè áûëè âûáðàíû ïÿòü ðàçëè÷íûõ ðàçìå-
ðîâ ýëåìåíòîâ. Àíàëèç ïðîâîäèëñÿ íà îñíîâå äîñòèæåíèÿ îòíîñèòåëüíîé ðàçíèöû "W SS =
= 1 :67%ìåæäó ìàêñèìàëüíûìè çíà÷åíèÿìè ïðèñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíè é (WSS),
"press = 0 :39%ìåæäó ìàêñèìàëüíûìè çíà÷åíèÿìè äàâëåíèÿ è ìåæäó ìàêñèìàëüíûìè çí à-
÷åíèÿìè ñêîðîñòåé " vel = 1 :98% (ñì. ðèñ. 5).

Ðèñ. 5. Êîíå÷íî-ýëåìåíòíàÿ ñåòêà è ñåòî÷íàÿ ñõîäèìîñòü
Fig. 5. Finite element mesh and mesh convergence

Ìîæíî âèäåòü, ÷òî çíà÷åíèÿ äàâëåíèÿ äëÿ ãðóáîé è ìåëêîé ñåòîê ñóùåñòâåííî îòë è÷à-
þòñÿ. Îäíàêî ïîñêîëüêó çíà÷åíèÿ îòíîñèòåëüíîé ðàçíèöû ìàëû, äëÿ äàëüíåéøè õ ðàñ÷åòîâ
áûëî ðåøåíî èñïîëüçîâàòü ãóñòóþ ñåòêó ñ ðàçìåðîì ñòîðîíû òðåóãîëüíîãî êîíå÷íîãî ýë å-
ìåíòà, ðàâíûì 0.2 ìì.

2. Ðåçóëüòàòû

Â äàííîì ðàçäåëå ïðåäñòàâëåíû êëþ÷åâûå ðåçóëüòàòû ÷èñëåííîãî ìîäåëè ðîâàíèÿ ãåìî-
äèíàìèêè äëÿ îäíîé èç âîñüìè èññëåäîâàííûõ ãåîìåòðèé Âèëëèçèåâà êðóãà ñ àí åâðèçìîé.
Âûáðàííàÿ êîíôèãóðàöèÿ íàãëÿäíî äåìîíñòðèðóåò îáùèå çàêîíîìåðíîñòè, õàðàêòåðí ûå
äëÿ âñåãî íàáîðà èññëåäóåìûõ ìîäåëåé. Âèçóàëèçàöèÿ ðàñïðåäåëåíèé ñ êîðîñòåé, äàâëåíèÿ,
ïðèñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíèé (WSS) è èíäåêñà êîëåáàíèé êàñàòåëüíû õ íàïðÿæå-
íèé (OSI), à òàêæå ñðàâíåíèå ïðîôèëåé ñêîðîñòè ñ êëèíè÷åñêèìè äàííûì è äîïïëåðîãðàôèè
ïðèâåäåíû íà ðèñ. 6 è â òàáëèöå.

à / a á / b
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â / c ã / d

ä / e å / f

æ / g

ç / h

Ðèñ. 6. Ïðîôèëè ñêîðîñòè â àíåâðèçìàõ ïðè ðàçëè÷íûõ ìîäåëÿõ êðîâè: à � ìîäåëü 1; á � ìîäåëü 2;
â � ìîäåëü 3; ã � ìîäåëü 4; ä � ìîäåëü 5; å � ìîäåëü 6; æ � ìîäåëü 7; ç � ìîäåëü 8 (öâåò îíëàéí)

Fig. 6. Velocity pro�les in aneurysms with di�erent blood model s: a is model 1;b is model 2;c is model 3;
d is model 4;e is model 5; f is model 6;g is model 7;h is model 8 (color online)

Âûâîäû, ñäåëàííûå íà îñíîâå àíàëèçà äàííîé ãåîìåòðèè, ñïðàâåäëèâû è äëÿ îñòàë üíûõ
ñëó÷àåâ, ÷òî ïîäòâåðæäàåòñÿ ïîëó÷åííûìè ÷èñëåííûìè äàííûìè.
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Âèçóàëèçàöèÿ îñíîâíûõ ãåìîäèíàìè÷åñêèõ õàðàêòåðèñòèê (ö âåò îíëàéí)
Table. Visualization of the main hemodynamic characteristics (color online)

Ïàðàìåòð
Ìîäåëè

Íüþòîíîâñêàÿ Casson Carreau

2.1. Îñíîâíûå ãåìîäèíàìè÷åñêèå õàðàêòåðèñòèêè

Ïðèñòåíî÷íûå êàñàòåëüíûå íàïðÿæåíèÿ ( � w , WSS)

WSS = �
�

@u
@n

�
jn=0

âîçíèêàþò ïðè òðåíèè êðîâè î ñòåíêè ñîñóäîâ. Îíè ìîãóò áûòü ñâÿçàíû ñ ýíäîòåëè àëüíîé
äèñôóíêöèåé è ïîâûøåííûì ðèñêîì òðîìáîçà àðòåðèé [ 24]. Çäåñü@u

@n� ãðàäèåíò ñêîðîñòè,
n � íîðìàëü ê ïîâåðõíîñòè ñòåíêè ñîñóäà, � � äèíàìè÷åñêàÿ âÿçêîñòü.

Êàðòû ðàñïðåäåëåíèÿ WSS äëÿ âñåõ ðåîëîãè÷åñêèõ ìîäåëåé ñîâïàäàþò. Íàèáîë üøèå
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íàïðÿæåíèÿ (äî 7.9) íàáëþäàþòñÿ íà ó÷àñòêàõ ñ âûñîêîé ñêîðîñòüþ ïîòîêà è ìàëûì äèà-
ìåòðîì ñîñóäà, ò. å. â îáëàñòè ëåâîé âíóòðåííåé ñîííîé è ëåâîé çàäíåé ñîåäèíèòåëüí îé
àðòåðèè. Ìèíèìàëüíûå çíà÷åíèÿ WSS çàôèêñèðîâàíû íà êóïîëå àíåâðèçìû è ç îíàõ çàñòîÿ
ïîòîêà. Èíäåêñ êîëåáàíèé êàñàòåëüíûõ íàïðÿæåíèé (OSI)

OSI =
1
2

0

@1 �

�
�
�
RT

0 WSSdt
�
�
�

RT
0 jWSSj dt

1

A

ïîçâîëÿåò îöåíèòü õàðàêòåðèñòèêè ïîòîêà êðîâè âíóòðè ñîñóäîâ è ïðåäñòàâëÿåò ñîáîé áåç -
ðàçìåðíóþ âåëè÷èíó, êîòîðàÿ èçìåíÿåòñÿ â äèàïàçîíå îò 0 äî 0.5 è îòðàæàåò ñòåïåí ü îñ-
öèëëÿöèè ïîòîêà êðîâè â òå÷åíèå ñåðäå÷íîãî öèêëà [ 25]. Çíà÷åíèå OSI = 0 ñîîòâåòñòâóåò
îäíîíàïðàâëåííîìó ïîòîêó êðîâè, òîãäà êàê OSI = 0:5 óêàçûâàåò íà ïîëíîñòüþ îñöèëëè-
ðóþùèé ïîòîê [ 26], ÷òî ìîæåò ãîâîðèòü îá ýíäîòåëèàëüíîé äèñôóíêöèè [ 27].

Çíà÷åíèÿ OSI áëèçêè ê íóëþ â ïðÿìûõ ó÷àñòêàõ ìàãèñòðàëüíûõ àðòåðèé. Ïîâû øåííûå
çíà÷åíèÿ OSI (æåëòî-êðàñíûé öâåò, äî 0.5) íàáëþäàþòñÿ â îáëàñòÿõ ñëîæíîé ãå îìåòðèè:
íà áèôóðêàöèÿõ, â ðàéîíå øåéêè è, ÷òî íàèáîëåå çàìåòíî, â äèñòàëüíîé ÷àñòè êóïî ëà àíå-
âðèçìû. Âèçóàëüíûå ïàòòåðíû OSI äëÿ òðåõ ìîäåëåé ïðàêòè÷åñêè íåðàçëè÷è ìû.

Ïî ëèíèÿì òîêà êðîâè âèäíî, ÷òî âî âñåõ òðåõ ìîäåëÿõ íàáëþäàåòñÿ êà÷åñòâåííî è ê îëè-
÷åñòâåííî ñõîäíàÿ êàðòèíà (ñì. òàáëèöó). Ìàêñèìàëüíûå çíà÷åíèÿ ñêîðîñòè (äî 1.04 ì/ñ)
ëîêàëèçîâàíû â ìàãèñòðàëüíûõ àðòåðèÿõ (ñðåäíèõ ìîçãîâûõ è â áàçèëÿðíîé). Â îáëàñ òè
áèôóðêàöèé è ó øåéêè àíåâðèçìû íàáëþäàþòñÿ çîíû ñ óìåðåííûìè ñêîðîñòÿìè. Âíóòðè
êóïîëà àíåâðèçìû è â çîíàõ ðåöèðêóëÿöèè ñêîðîñòè òîêà êðîâè ìèíèìàëüíû. Ïîëÿ ðàñïðå-
äåëåíèÿ äàâëåíèÿ äåìîíñòðèðóþò óìåðåííûå çíà÷åíèÿ ïî âñåé ìîäåë è Âèëëèçèåâà êðóãà.
Îáëàñòü ñ ïîâûøåííûì äàâëåíèåì íàáëþäàåòñÿ â ðàéîíå ñîåäèíåíèÿ ëåâîé âíóòðåííåé
ñîííîé è ëåâîé çàäíåé ñîåäèíèòåëüíîé àðòåðèé. Ðàñïðåäåëåíèå è äèàïàçîí çíà÷ åíèé äëÿ
íüþòîíîâñêîé è íåíüþòîíîâñêèõ ìîäåëåé âèçóàëüíî èäåíòè÷íû.

Ðåçóëüòàòû ìîäåëèðîâàíèÿ ñêîðîñòè òîêà êðîâè âíóòðè àíåâðèçì äëÿ ðàçëè÷íûõ ðåîëî-
ãè÷åñêèõ ìîäåëåé ïðåäñòàâëåíû íà ðèñ. 6. Ïðîôèëè ñêîðîñòè áûëè ïîëó÷åíû â êîíòðîëüíûõ
òî÷êàõ, ðàñïîëîæåííûõ ïðèáëèçèòåëüíî â öåíòðàõ êóïîëîâ àíåâðèçì äâóõ òèïîâ: â îáë à-
ñòè ïåðåäíåé ìîçãîâîé àðòåðèè (ACA, ðèñ. 6, à, å, æ, ç) è â îáëàñòè ñðåäíåé ìîçãîâîé
àðòåðèè (MCA, ðèñ. 6, á, â, ä, æ, ç). Âî âñåõ ñëó÷àÿõ êðèâûå, ñîîòâåòñòâóþùèå íüþòîíîâ-
ñêîé ìîäåëè, ìîäåëè Carreau è ìîäåëè Casson, íàëîæåíû äðóã íà äðóãà. Ôîðìû ïóëüñîâûõ
âîëí ñîâïàäàþò äëÿ òðåõ ìîäåëåé êðîâè â êàæäîì ðàññìîòðåííîì ñëó÷àå. Ðàñ÷åòíûå ñ êî-
ðîñòè âíóòðè àíåâðèçì íà ïîðÿäîê íèæå, ÷åì â ìàãèñòðàëüíûõ àðòåðèÿõ (ìàêñèìó ì 0.12�
0.14 ì/ñ äëÿ ACA è 0.08�0.17 ì/ñ äëÿ MCA íà ïðåäñòàâëåííûõ ãðàôèêàõ). Ïîòîê íîñèò
âûðàæåííûé ïóëüñèðóþùèé õàðàêòåð, ñ ÷åòêèì ñëåäñòâèåì çà ñåðäå÷íûì öè êëîì: ðåçêèì
ñèñòîëè÷åñêèì ïîäúåìîì è áîëåå ïëàâíûì äèàñòîëè÷åñêèì ñïàäîì. Ñëåäóåò îòì åòèòü, ÷òî
àìïëèòóäà ïóëüñàöèè ðàçëè÷àåòñÿ â çàâèñèìîñòè îò ëîêàëèçàöèé àíåâðèçì, ÷òî, âåð îÿòíî,
ñâÿçàíî ñ îñîáåííîñòÿìè ëîêàëüíîé ãåîìåòðèè è ãåìîäèíàìèêè.

2.2. Èçìåðåíèå ñêîðîñòåé â ñîñóäàõ Âèëëèçèåâà êðóãà
ñ ïîìîùüþ äîïïëåðîãðàôèè in vivo

Â õîäå ðàáîòû òàêæå áûëî ïðîâåäåíî ýêñïåðèìåíòàëüíîå èçìåðåíèå çíà÷åíè é ñêîðîñòåé
òîêà êðîâè íà ó÷àñòêàõ ïðàâîé è ëåâîé ñðåäíèõ ìîçãîâûõ àðòåðèé (MCA Right, MCA Lef t)
ñ ïîìîùüþ äîïïëåðîãðàôèè íà èíòðàêðàíèàëüíîì óðîâíå (ðèñ. 7).

Èíòðàêðàíèàëüíàÿ äîïïëåðîãðàôèÿ (ÈÊÄÃ) ïðåäñòàâëÿåò ñîáîé ñïåöèàëèçèðîâàíí îå
óëüòðàçâóêîâîå èññëåäîâàíèå, íàïðàâëåííîå íà îöåíêó ïàðàìåòðîâ êðîâîòîêà â àðòåðèÿõ,
ðàñïîëîæåííûõ íåïîñðåäñòâåííî âíóòðè ïîëîñòè ÷åðåïà (èíòðàêðàíèàëüíûé ó ðîâåíü). Â
îñíîâå ìåòîäà ëåæèò ýôôåêò Äîïïëåðà, ïðè êîòîðîì óëüòðàçâóêîâîé ëó÷, îòðàæàÿñü îò
äâèæóùèõñÿ ýðèòðîöèòîâ, èçìåíÿåò ñâîþ ÷àñòîòó ïðîïîðöèîíàëüíî ñêîðîñòè èõ äâèæå íèÿ.
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Ðåãèñòðèðóÿ ýòè ñäâèãè ÷àñòîòû, ÈÊÄÃ ïîçâîëÿåò íåèíâàçèâíî îïðåäåëÿòü ëèíå éíóþ ñêî-
ðîñòü êðîâîòîêà [ 28].

Íà ðèñ. 7 ïðåäñòàâëåíû ðåçóëüòàòû ñðàâíåíèÿ ÷èñëåííîé ìîäåëè ñ äàííûìè èíòðàêð à-
íèàëüíîé äîïïëåðîãðàôèè (òîíêèå ëèíèè) ïóòåì ñîïîñòàâëåíèÿ ðàñ÷åòíûõ ïðîôè ëåé ñêî-
ðîñòè êðîâîòîêà â ïðàâîé è ëåâîé ñðåäíèõ ìîçãîâûõ àðòåðèÿõ. Çàòåíåííûå îáëàñòè ñîîòâåò-
ñòâóþò äèàïàçîíàì ñêîðîñòåé, ïîëó÷åííûì â ðåçóëüòàòå ìîäåëèðîâàíèÿ ñ èñïîë üçîâàíèåì
òðåõ ìîäåëåé êðîâè âî âñåõ èññëåäóåìûõ ìîäåëÿõ Âèëëèçèåâà êðóãà. Âèçóàëüíûé àíàëèç
ïîêàçûâàåò, ÷òî ðàñ÷åòíûå êðèâûå äëÿ âñåõ òðåõ ðåîëîãè÷åñêèõ ìîäåëåé ïðàê òè÷åñêè èäåí-
òè÷íû è îáðàçóþò åäèíûé ïåðåêðûâàþùèéñÿ äèàïàçîí. Ïðè ýòîì íàáëþäàåòñÿ ñèñòå ìàòè-
÷åñêîå ïðåâûøåíèå ðàñ÷åòíûõ çíà÷åíèé ñêîðîñòè íàä ýêñïåðèìåíòàëüíû ìè äàííûìè íà
ïðîòÿæåíèè áîëüøåé ÷àñòè ñåðäå÷íîãî öèêëà, â òî âðåìÿ êàê ñîîòíîøåíèå ñèñòîëè÷ åñêèõ
ïèêîâ è äèàñòîëè÷åñêèõ ôàç âîñïðîèçâîäèòñÿ êîððåêòíî.
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Ðèñ. 7. Ñðàâíåíèå äèàïàçîíà ïîëó÷åííûõ ÷èñëåííî ïðîôèëåé ñ êîðîñòè êðîâè ñ ïîëó÷åííûìè ýêñ-
ïåðèìåíòàëüíî â òðåõ àðòåðèÿõ Âèëëèçèåâà êðóãà: à � ëåâîé ñðåäíåé ìîçãîâîé (MCA Left); á �

ïðàâîé ñðåäíåé ìîçãîâîé (MCA Right) (öâåò îíëàéí)
Fig. 7. Comparison of the range of numerically obtained blood velocity pro�les with those obtained
experimentally in three arteries of the Circle of Willis: a shows left middle cerebral artery (MCA Left);

b shows right middle cerebral artery (MCA Right) (color online )

3. Îáñóæäåíèå

Ïðîâåäåííîå ñðàâíåíèå ðàñ÷åòíûõ ïðîôèëåé ñêîðîñòè, ïîëó÷åííûõ ñ èñïîëüç îâàíèåì
òðåõ ðåîëîãè÷åñêèõ ìîäåëåé, ñ êëèíè÷åñêèìè äàííûìè èíòðàêðàíèàëüíîé äîïïëåðîãðàôèè
äëÿ ïðàâîé è ëåâîé ñðåäíèõ ìîçãîâûõ àðòåðèé äàåò âàæíîå ïðåäñòàâëåíèå î òî÷íîñòè ì î-
äåëèðîâàíèÿ. Êëþ÷åâûì íàáëþäåíèåì ÿâëÿåòñÿ ïðàêòè÷åñêè ïîëíîå ñîâïàäåíèå çàêðàøåí-
íûõ îáëàñòåé, ïðåäñòàâëÿþùèõ äèàïàçîíû ñêîðîñòåé ñðåäè èññëåäóåìûõ ìî äåëåé Âèëëè-
çèåâà êðóãà, ïîëó÷åííûõ ïðè òðåõ ìîäåëÿõ êðîâè (ñì. ðèñ. 6). Ýòî íàãëÿäíî ïîäòâåðæäàåò,
÷òî â êðóïíûõ ñîñóäàõ, òàêèõ êàê ñðåäíèå ìîçãîâûå àðòåðèè, ãäå ñêîðîñòè ñäâè ãà âûñî-
êè, âëèÿíèå âûáîðà êîíêðåòíîé ðåîëîãè÷åñêîé ìîäåëè íà ðàñïðåäåëåíèå ñ êîðîñòè ÿâëÿåòñÿ
ìèíèìàëüíûì [ 13].

Ðàçëè÷èÿ ìåæäó ìîäåëÿìè íàõîäÿòñÿ â ïðåäåëàõ ïîãðåøíîñòè ìåòîäà, ÷òî â ö åëîì îáîñ-
íîâûâàåò èñïîëüçîâàíèå áîëåå ïðîñòîé íüþòîíîâñêîé ìîäåëè äëÿ ïîäîáíîé ïîñòàíîâêè çà-
äà÷è. Ýòî ïîäòâåðæäàåòñÿ è äðóãèìè ñîâðåìåííûìè èññëåäîâàíèÿìè, êîòîðûå îòìå÷àþò,
÷òî âëèÿíèå ðåîëîãè÷åñêèõ ìîäåëåé íà ðåçóëüòàòû CFD â êðóïíûõ àðòåðè ÿõ ÿâëÿåòñÿ ìè-
íèìàëüíûì [ 9]. Íàëè÷èå æå ñèñòåìàòè÷åñêîãî ñìåùåíèÿ ðàñ÷åòíûõ êðèâûõ îòíîñèòåëüíî
äàííûõ äîïïëåðîãðàôèè, à òàêæå çàâûøåíèå ïèêîâûõ è ñðåäíèõ çíà÷åíèé ñ êîðîñòè íà ïðî-
òÿæåíèè áîëüøåé ÷àñòè ñåðäå÷íîãî öèêëà ìîæåò áûòü îáóñëîâëåíî îñíîâíûì îãðàíè ÷åíèåì
äàííîé ðàáîòû, à èìåííî ïðåäïîëîæåíèåì îá àáñîëþòíî æåñòêèõ ñîñóäèñòûõ ñòåíê àõ.
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Êàê ïîêàçûâàþò áîëåå ðàííèå èññëåäîâàíèÿ ñ èñïîëüçîâàíèåì Fluid-Structure I nteraction
(FSI) ìîäåëèðîâàíèÿ, ó÷åò óïðóãèõ ñâîéñòâ ñîñóäîâ ìîæåò ñóùåñòâåííî âëè ÿòü íà ãåìîäè-
íàìèêó, îñîáåííî â îáëàñòè àíåâðèçìû, ìåíÿÿ êàðòèíó ðàñïðåäåëåíèÿ íàïðÿæ åíèé [ 13,29].
Èãíîðèðîâàíèå ýòîãî âçàèìîäåéñòâèÿ æèäêîñòè è ñòðóêòóðû (FSI) â ìîäåëè çàê îíîìåðíî
ïðèâîäèò ê áîëåå âûñîêèì ðàñ÷åòíûì ñêîðîñòÿì. Íî íåñìîòðÿ íà êîëè÷åñòâåí íîå ðàñõîæ-
äåíèå, ôîðìà ïóëüñîâîé âîëíû, ñîîòíîøåíèå ñèñòîëè÷åñêîé è äèàñòîëè÷åñêîé ôàç ó ñïåøíî
âîñïðîèçâîäèòñÿ ïðè ìîäåëèðîâàíèè êðîâîòîêà. Ïðè èäåíòè÷íûõ ãðàíè÷íûõ óñëîâè ÿõ ðå-
çóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ âûøëè ñõîäíûìè äëÿ âñåõ òðåõ ðåîëîãè ÷åñêèõ ìîäåëåé
êðîâè.

Ïî ïîëó÷åííûì ïðîôèëÿì ñêîðîñòåé âíóòðè àíåâðèçì âèäíî, ÷òî íüþòîíîâñêàÿ ìîä åëü
ñèëüíåå çàâûøàåò çíà÷åíèÿ, à ìîäåëè Carreau è Casson îñòàþòñÿ êðàéíå áëèçêè (ñì. ðèñ. 7).
Ïðè ýòîì âàæíî îòìåòèòü, ÷òî âñå ìîäåëè îäèíàêîâî õîðîøî óëàâëèâàþò ïóëüñàöèþ ïîòîêà
ïðè ìàëûõ ñêîðîñòÿõ, ïåðåäàâàåìóþ îò îñíîâíîãî ðóñëà, äåìîíñòðèðóÿ ñîâïàäàþùè å ïî
ôàçå ñèñòîëè÷åñêèå ïèêè è äèàñòîëè÷åñêèå ñïàäû. Òàêæå ñòîèò ó÷èòûâàòü, ÷òî ìîäåëü
Casson ãîðàçäî áîëåå òðåáîâàòåëüíà ê íàñòðîéêàì êîíå÷íî-ýëåìåíòíîé ñåòêè è ïîäáîðó
ïàðàìåòðîâ ñàìîé ìîäåëè, ÷òî îùóòèìî óâåëè÷èâàåò âðåìÿ ìîäåëèðîâàíèÿ, íî ïðè ý òîì
îêàçûâàåò ìèíèìàëüíîå âëèÿíèå íà ðåçóëüòàò. Ïîýòîìó öåëåñîîáðàçíåå â óñëîâèÿõ äàííîé
çàäà÷è îòêàçàòüñÿ îò èñïîëüçîâàíèÿ ìîäåëè Casson â ïîëüçó, íàïðèìåð, ìîäåëè Carr eau.

Çàêëþ÷åíèå

Â äàííîì èññëåäîâàíèè ñ ïîìîùüþ âû÷èñëèòåëüíîé ãèäðîäèíàìèêè (CFD) áûë ïðî-
âåäåí ñðàâíèòåëüíûé àíàëèç âëèÿíèÿ òðåõ ðåîëîãè÷åñêèõ ìîäåëåé êðîâè (íüþ òîíîâñêîé,
Carreau è Casson) íà îñíîâíûå ãåìîäèíàìè÷åñêèå ïàðàìåòðû â âîñüìè ìîäåëÿõ Âè ëëèçèåâà
êðóãà ñ àíåâðèçìàìè. Ðåçóëüòàòû ìîäåëèðîâàíèÿ ïîêàçàëè îæèäàåìûå ãåìî äèíàìè÷åñêèå
ïàòòåðíû äëÿ âñåõ èññëåäóåìûõ ìîäåëåé. Â àðòåðèÿõ Âèëëèçèåâà êðóãà ðàçëè÷èÿ ìåæäó
íüþòîíîâñêîé ìîäåëüþ è ìîäåëÿìè Carreau è Casson â ðàñ÷åòàõ ñêîðîñòè, äàâëåíèÿ, ïðè-
ñòåíî÷íûõ êàñàòåëüíûõ íàïðÿæåíèé (WSS) è èíäåêñà êîëåáàíèé êàñàòåëüíûõ íàï ðÿæåíèé
(OSI) îêàçàëèñü íåçíà÷èòåëüíûìè. Ýòî ôèçèîëîãè÷åñêè îáîñíîâàííî, ïîñêîëüêó âû ñîêèå
ñêîðîñòè ñäâèãà â êðóïíûõ ñîñóäàõ, ê êîòîðûì îòíîñÿòñÿ ñîñóäû Âèëëèçèåâà êðóã à, íèâå-
ëèðóþò ýôôåêòû, ñâÿçàííûå ñ àãðåãàöèåé ýðèòðîöèòîâ. Òàêèì îáðàçîì, äëÿ àíàëèç à îáùåé
ãåìîäèíàìè÷åñêîé êàðòèíû â öåðåáðàëüíûõ àðòåðèÿõ èñïîëüçîâàíèå íüþòîíîâñêîé ì îäåëè
äîïóñòèìî. Îñíîâíûì îãðàíè÷åíèåì èññëåäîâàíèÿ ÿâëÿåòñÿ äîïóùåíèå î æåñòê îñòè ñîñóäè-
ñòîé ñòåíêè, ïîýòîìó êëþ÷åâûìè ïåðñïåêòèâàìè ÿâëÿþòñÿ ïåðåõîä ê ìîäåëèð îâàíèþ ñ ó÷å-
òîì âçàèìîäåéñòâèÿ æèäêîñòè è òâåðäîãî òåëà (FSI) è èñïîëüçîâàíèå ïàöèåíò-ñïåö èôè÷íûõ
äàííûõ î ìåõàíè÷åñêèõ ñâîéñòâàõ ñîñóäèñòîé ñòåíêè äëÿ ïîâûøåíèÿ ïðîãíîñòè÷åñ êîé òî÷-
íîñòè ìîäåëåé. Êðîìå òîãî, äëÿ áîëåå ïîëíîé îöåíêè ðèñêà ðàçðûâà àíåâðèçìû öå ëåñîîá-
ðàçíî ðàññìîòðåòü è äðóãèå ïàðàìåòðû, õàðàêòåðèçóþùèå êðîâîòîê.
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Àííîòàöèÿ. Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ íåêîòîðûå íåðåøåííûå â îïðîñû ìåõàíè÷åñêèõ
ñâîéñòâ îðãàíîâ ñðåäíåãî óõà � åãî ñóõîæèëèé, â ÷àñòíîñòè ñóõ îæèëèÿ ñòðåìåííîé ìûøöû (ñòðå-
ìåííîãî ñóõîæèëèÿ). Ìåõàíè÷åñêèå ñâîéñòâà áèîëîãè÷åñêèõ ò êàíåé ÿâëÿþòñÿ öåíòðàëüíîé òåìîé
áèîìåõàíèêè è áèîèíæåíåðèè. Ìåõàíè÷åñêèå õàðàêòåðèñòèêè âûñòóïàþò âàæíûìè ïàðàìåòðàìè
ïðè êîìïüþòåðíîì ìîäåëèðîâàíèè îðãàíîâ è òêàíåé â ïðîöåññå èõ ôóíêöèîíèðîâàíèÿ èëè ïðè
âíåøíåì âîçäåéñòâèè. Ìåõàíè÷åñêèå ñâîéñòâà ñòðåìåííîãî ñ óõîæèëèÿ ñðåäíåãî óõà ÷åëîâåêà ðàñ-
ñìîòðåíû â ðàìêàõ íàèáîëåå ÷àñòî âñòðå÷àþùèõñÿ â ëèòåðàòóð å ãèïåðóïðóãèõ, à òàêæå ôîðìàëü-
íî îïðåäåëåííûõ äåôîðìàöèîííûõ ìîäåëåé, ïîçâîëÿþùèõ îïèñ àòü ýêñïåðèìåíòàëüíóþ êðèâóþ ñ
íàèìåíüøåé ïîãðåøíîñòüþ. Ðàñ÷åòû âûïîëíåíû â ñèñòåìå êîìï üþòåðíîé àëãåáðû Mathcad 15.0 ñ
ïîìîùüþ ñïåöèàëüíî ðàçðàáîòàííîãî ôóíêöèîíàëà. Ñîîòâåòñ òâèå äàííûõ ìåõàíè÷åñêèõ èñïûòà-
íèé è ìîäåëüíûõ äàííûõ îöåíèâàëè ñ ïîìîùüþ ïîêàçàòåëåé îïèñ àòåëüíîé ñòàòèñòèêè. Ðåçóëüòàòû
ïîêàçàëè, ÷òî ìîäåëè ïîëèíîìèàëüíàÿ è Âåðîíäà � Âåñòìàíí, à òàêæå ýêñïîíåíöèàëüíàÿ ÿâëÿþòñÿ
íàèáîëåå òî÷íûìè â ïëàíå ïîäãîíêè ýêñïåðèìåíòàëüíûõ äàííû õ. Êðèòåðèþ Õèëëà � Äðóêåðà E > 0
è óñëîâèþ @E=@� >0 óäîâëåòâîðÿþò ìîäåëè Îãäåíà, Éåî, Âåðîíäà � Âåñòìàíí, Ôàíãà è Ãåíòà, à
òàêæå îäíà èç ôîðìàëüíî îïðåäåëåííûõ (ýêñïîíåíöèàëüíàÿ ìî äåëü). Íå ðåêîìåíäîâàíî ïðèìåíåíèå
2-ïàðàìåòðè÷åñêîé ìîäåëè Ìóíè � Ðèâëèíà â íåäåôîðìèðîâàíí îì ñîñòîÿíèè è ïðè íåáîëüøèõ äå-
ôîðìàöèÿõ èç-çà ïîòåðè ìîäåëüþ ìåõàíè÷åñêîé óñòîé÷èâîñòè â ýòîì äèàïàçîíå � . Ïîëó÷åííûå â ðà-
áîòå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû â ïðàêòè÷åñêèõ öåë ÿõ ïðè ñîçäàíèè ôèçè÷åñêîé ìîäåëè
è êîíå÷íî-ýëåìåíòíîì ìîäåëèðîâàíèè ñðåäíåãî óõà, à òàêæå â ðåêîíñòðóêòèâíî-âîññòàíîâèòåëüíîé
õèðóðãèè ïðè ïîäáîðå èñêóññòâåííûõ çàìåùàþùèõ ìàòåðèàëîâ äëÿ ïðîòåçèðîâàíèÿ è ïëàñòèêè
(ñòàïåäîïëàñòèêè).
Êëþ÷åâûå ñëîâà: ãèïåðóïðóãèå ìîäåëè, ñðåäíåå óõî, ñóõîæèëèå ñòðåìåííîé ìûø öû
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Abstract. This article examines some unresolved issues concerning the mechanical properties of the
middle ear organs � its tendons, in particular the stapedius t endon. The mechanical properties of biological
tissues are a central topic in biomechanics and bioengineering. Mechanical characteristics are important
parameters in computer modeling of organs and tissues during their functioning or under external
in�uences. Mechanical properties of the stapedius tendon of the human middle ear are examined within
the framework of the most commonly used hyperelastic models in the literature, as well as formally
de�ned deformation models that allow for the description of the experimental curve with minimal error.
The calculations were performed in the Mathcad 15.0 computer algebra system using specially developed
functionality. The agreement between mechanical test data and model data was assessed using descriptive
statistics. The results showed that the polynomial, Veronda-Westmann, and exponential models were the
most accurate in terms of �tting the experimental data. The Hill � Drucker criterion E > 0 and the
condition @E=@� >0 are satis�ed by the Ogden, Yeoh, Veronda � Westmann, Fung, and Gent models,
as well as one formally de�ned model (the exponential model). It is not recommended to use the 2-
parameter Mooney � Rivlin model in the undeformed state and under small deformations due to the loss
of mechanical stability of the model in this range � . The results obtained in the work can be used for
practical purposes in the creation of a physical model and �nite element modeling of the middle ear, as
well as in reconstructive surgery in the selection of arti�cial replacement materials for prosthetics and
plastic surgery (stapedoplasty).
Keywords: hyperelastic models, middle ear, stapedius tendon
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Ââåäåíèå

Óõî ñîñòîèò èç äâóõ ñèñòåì: ñëóõîâîé ñèñòåìû, êîòîðàÿ îòâå÷àåò çà ñëóõ, è âåñòèáóëÿð-
íîé ñèñòåìû, ñâÿçàííîé ñ ðàâíîâåñèåì òåëà, îðèåíòàöèåé è áàëàíñîì. Àíàòîìè÷åñêè åãî
ìîæíî ðàçäåëèòü íà òðè ÷àñòè: íàðóæíîå, ñðåäíåå è âíóòðåííåå óõî [ 1]. Âíóòðåííåå óõî
îòâå÷àåò çà âîñïðèÿòèå çâóêîâ è êîíòðîëü ðàâíîâåñèÿ. Ïîëóêðóæíûå êàíàëû è âîëîñêî-
âûå êëåòêè âåñòèáóëÿðíîé ñèñòåìû ïîçâîëÿþò êîíòðîëèðîâàòü ðàâíîâåñèå è êîîðäèíàöèþ
äâèæåíèé.

Ñðåäíåå óõî ñîäåðæèò òðè íåáîëüøèå êîñòî÷êè � ñëóõîâûå êîñòî÷êè (ìîëîòî÷åê, íàê î-
âàëüíÿ è ñòðåìÿ), êîòîðûå ïåðåäàþò çâóêîâûå êîëåáàíèÿ îò áàðàáàííîé ïåðåïîíêè ê âíóò-
ðåííåìó óõó. Ýòè ñëóõîâûå êîñòî÷êè ñîåäèíåíû ñ íàðóæíûì óõîì íåáîëüøèìè ñ âÿçêàìè è
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ïðèêðåïëåíû ê áàðàáàííîé ïåðåïîíêå ðóêîÿòêîé ìîëîòî÷êà, à îñíîâàíèå ñòðåìåíè ñîå äèíÿ-
åòñÿ ñ âíóòðåííèì óõîì ÷åðåç îâàëüíîå îêíî. Îäíàêî ñëóõîâûå êîñòî÷êè ìîãóò ïîä âåðãàòüñÿ
ðàçëè÷íûì ïîâðåæäåíèÿì, íàïðèìåð îòîñêëåðîçó, ÷òî òðåáóåò ïðèìåíåíè ÿ ìåõàíè÷åñêîãî
ïðîòåçà ïóòåì õèðóðãè÷åñêîãî âìåøàòåëüñòâà. Äëÿ èçó÷åíèÿ âîçìîæíîñòè ïðèì åíåíèÿ ïðî-
òåçà î÷åíü âàæíî äîñòè÷ü òî÷íîãî ìîäåëèðîâàíèÿ ìåõàíè÷åñêîãî ïîâåäåíèÿ ñðåä íåãî óõà è
çíàíèÿ åãî ìåõàíè÷åñêèõ ñâîéñòâ [ 2].

Ñóõîæèëèå ñòðåìåííîé ìûøöû ( tendo musculi stapedis) âûïîëíÿåò ñëåäóþùèå ôóíêöèè:
óäåðæèâàåò ñëóõîâûå êîñòî÷êè â ñîñòîÿíèè íàïðÿæåíèÿ, íàèáîëåå áëàãîïðèÿòíîãî äëÿ ïðî-
âåäåíèÿ çâóêà; îãðàíè÷èâàåò êîëåáàíèÿ ñòðåìåíè, óìåíüøàÿ àìïëèòóäó êîëåáàíèé ñ ëóõî-
âûõ êîñòî÷åê ïðè âûñîêèõ çíà÷åíèÿõ çâóêîâîãî äàâëåíèÿ; ïðåäîõðàíÿåò âíóòð åííåå óõî îò
÷ðåçìåðíûõ êîëåáàíèé; èãðàåò ðîëü äåìïôåðà, ãàñÿ èçáûòî÷íûå êîëåáàíèÿ ñè ñòåìû ¾íàêî-
âàëüíÿ � ïðîòåç ñòðåìåíè¿ [ 3].

Ñðåäíåå óõî, êîíå÷íî, ïðåäñòàâëÿåò ñîáîé íå÷òî áîëüøåå, ÷åì ïðîñòî ìåõàíè÷å ñêàÿ ñè-
ñòåìà: îíî èìååò ôèçèîëîãè÷åñêèå àñïåêòû, êîòîðûå íàïðÿìóþ âëèÿþò íà åãî ìåõàíè÷åñêîå
ïîâåäåíèå. Îäíàêî äàæå ïðè èçó÷åíèè òîëüêî ñ ìåõàíè÷åñêîé òî÷êè çðåíèÿ îí î ïðåäñòàâ-
ëÿåò çíà÷èòåëüíûå òðóäíîñòè. Âî-ïåðâûõ, óõî èìååò ñëîæíóþ è íåïðàâè ëüíóþ ãåîìåòðèþ,
âêëþ÷àþùóþ ðÿä ðàçëè÷íûõ ñòðóêòóð, îõâàòûâàþùèõ øèðîêèé äèàïàçîí ðàçìåðîâ. Åãî
îáùèå ðàçìåðû íàõîäÿòñÿ â äèàïàçîíå äåñÿòêîâ ìèëëèìåòðîâ, íî åñòü è ðàçìåðû, è çìåðÿå-
ìûå â ìèêðîìåòðàõ (íàïðèìåð, òîëùèíà áàðàáàííîé ïåðåïîíêè). Ìîæíî ïîéòè åùå ä àëüøå
è ðàññìîòðåòü ðàçìåðû êîëëàãåíîâûõ âîëîêîí, êîòîðûå èìåþò âàæíîå çíà÷åíèå äëÿ ì å-
õàíèêè áàðàáàííîé ïåðåïîíêè. Ñìåùåíèÿ, êîòîðûå íåîáõîäèìî èçìåðèòü äëÿ õ àðàêòåðè-
ñòèêè ìåõàíèêè ñðåäíåãî óõà, ìîãóò áûòü î÷åíü ìàëûìè, äîñòèãàÿ íàíîìåòðîâ â îòâå ò íà
çâóêîâîå äàâëåíèå, íî î÷åíü áîëüøèìè, äîñòèãàÿ ìèëëèìåòðîâ â îòâåò íà ñòàòè÷åñêîå äàâ-
ëåíèå. Âðåìåííûå ìàñøòàáû ìåõàíè÷åñêèõ ðåàêöèé ñðåäíåãî óõà âàðüèðóþ òñÿ îò äåñÿòêîâ
ìèêðîñåêóíä äëÿ âûñîêî÷àñòîòíûõ çâóêîâ äî äåñÿòêîâ ñåêóíä äëÿ èçìåíåíè é ñòàòè÷åñêî-
ãî äàâëåíèÿ. Êðîìå òîãî, ñ òî÷êè çðåíèÿ êëåòî÷íîé áèîëîãèè ñòðóêòóðû óõà ïðåîáðàç óþò
ìåõàíè÷åñêèé ñòèìóë â ýëåêòðîõèìè÷åñêóþ àêòèâíîñòü çà ñ÷åò ìåõàíîòðàíñ äóêöèè. Ýòà
ôîðìà ñåíñîðíîé òðàíñäóêöèè îòâå÷àåò çà ðÿä ÷óâñòâ è ôèçèîëîãè÷åñêèõ ïðîö åññîâ â îð-
ãàíèçìå, âêëþ÷àÿ ðàâíîâåñèå è ñëóõ. Îñíîâíîé ìåõàíèçì ìåõàíîòðàíñäóêöèè çàêëþ÷àåòñÿ
â ïðåîáðàçîâàíèè ìåõàíè÷åñêèõ ñèãíàëîâ â ýëåêòðè÷åñêèå èëè õèìè÷åñê èå ñèãíàëû [4].

Ñëîæíîñòü çàäà÷è äëÿ íàðóæíîãî è ñðåäíåãî óõà óñóãóáëÿåòñÿ íàëè÷èåì ìíîæåñòâà
ðàçëè÷íûõ òèïîâ òêàíåé, îáëàäàþùèõ î÷åíü ðàçíûìè ìåõàíè÷åñêèìè ñâîéñòâàìè: ê îñòü;
ôèáðîçíàÿ ñîåäèíèòåëüíàÿ òêàíü ñ êîëëàãåíîì, ýëàñòèíîì è îñíîâíûì âåùåñòâîì; ìûøöû,
êàê ïîïåðå÷íîïîëîñàòûå, òàê è ãëàäêèå; õðÿù, êàê êàëüöèôèöèðîâàííûé, òàê è íå êàëüöè-
ôèöèðîâàííûé, è ñèíîâèàëüíàÿ æèäêîñòü [ 5]. Â íåêîòîðûõ ñëó÷àÿõ ñóõîæèëèå ñòðåìåííîé
ìûøöû âîññòàíàâëèâàþò ñ ïîìîùüþ òåíäîïëàñòèêè. Îäíàêî îòêðûòûì îñòàåòñÿ âîïðîñ î
ñâîéñòâàõ çàìåùàþùåãî ìàòåðèàëà òðàíñïëàíòàòà.

Àâòîðû [ 6] óêàçûâàþò íà áîëüøóþ íåîïðåäåëåííîñòü â ñâîéñòâàõ æåñòêîñòè áàðàáàííîé
ïåðåïîíêè, ñâÿçîê è ñóõîæèëèé ñðåäíåãî óõà. Â [ 7] îòìå÷àþò, ÷òî ìåõàíè÷åñêèå ñâîéñòâà
òêàíåé óõà ïîçâîëÿþò ïîëó÷èòü öåííûå ñâåäåíèÿ î ðàçëè÷íûõ ïàòîëîãèÿõ óõà è ïîä÷åðêè-
âàþò åãî ïîòåíöèàë äëÿ âîçìîæíîãî êëèíè÷åñêîãî ïðèìåíåíèÿ è â äèàãíîñòè÷ åñêèõ öåëÿõ.

Êîíå÷íî-ýëåìåíòíîå ìîäåëèðîâàíèå ñðåäíåãî óõà áûëî âûïîëíåíî â ðàáîòå [ 8]. Äëÿ ýòèõ
öåëåé ïðåäñòàâëåíî äèíàìè÷åñêîå èññëåäîâàíèå ñ èñïîëüçîâàíèåì ïðîãðàììû ABAQUS. Ñî-
åäèíåíèå ìåæäó ñëóõîâûìè êîñòî÷êàìè áûëî âûïîëíåíî ñ èñïîëüçîâàíèåì ôîðìóë èðîâêè,
ó÷èòûâàþùåé êîíòàêòíîå âçàèìîäåéñòâèå òåë.

Ìîäåëü E.A.L.S. Martins et al. âêëþ÷àëà ðàçëè÷íûå ñâÿçêè îïîðíîé ñòðóê òóðû è ó÷èòû-
âàëà ãèïåðóïðóãîå ïîâåäåíèå êîìïîíåíòîâ [ 9]. Àâòîðû êîíñòàòèðîâàëè, ÷òî êîëè÷åñòâåííîå
ïîíèìàíèå ìåõàíè÷åñêîãî ïîâåäåíèÿ íàðóæíîãî è ñðåäíåãî óõà âàæíî íå òîëüê î äëÿ óëó÷-
øåíèÿ äèàãíîñòèêè è ëå÷åíèÿ êîíäóêòèâíîé òóãîóõîñòè, íî è â ñâÿçè ñ äðóãèì è àñïåêòàìè
ñëóõà, çàâèñÿùèìè îò ïðîâîäÿùèõ ïóòåé, à ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïîëåç íî äëÿ
äîñòèæåíèÿ ýòîãî ïîíèìàíèÿ.
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Â [10] áûëà ðàçðàáîòàíà êîíå÷íî-ýëåìåíòíàÿ ìîäåëü ÷åëîâå÷åñêîãî óõà, ó÷èòûâàþùàÿ
âÿçêîóïðóãîñòü è ãèïåðóïðóãîñòü ìÿãêèõ òêàíåé ñðåäíåãî óõà. Ó÷èòûâàÿ, ÷ òî â áîëüøèí-
ñòâå îïóáëèêîâàííûõ ìîäåëåé ðàññìàòðèâàåòñÿ òîëüêî îäèí òèï ñâîéñòâ ìàòåðèàëà (ãè-
ïåðóïðóãîñòü èëè âÿçêîóïðóãîñòü), ó÷åò êàê âÿçêîóïðóãîñòè, òàê è ãèïåðóï ðóãîñòè ïîìîã
ñîçäàòü òî÷íóþ ìîäåëü ÷åëîâå÷åñêîãî óõà.

Cheng Tao et al. óòâåðæäàëè, ÷òî â ëèòåðàòóðå îòñóòñòâóþò äàííûå îá èçìåðåíèè ì å-
õàíè÷åñêèõ ñâîéñòâ ñòðåìåííîãî ñóõîæèëèÿ ñðåäíåãî óõà ÷åëîâåêà [ 11]. Â ñâîåé ðàáîòå
îíè èñïîëüçîâàëè ñèñòåìó èñïûòàíèé ìàòåðèàëîâ äëÿ ïðîâåäåíèÿ îäíîîñíûõ èñï ûòàíèé
íà ðàñòÿæåíèå, ðåëàêñàöèþ íàïðÿæåíèé è ðàçðóøåíèå îáðàçöîâ ñóõîæèëèÿ . Àâòîðû äå-
êëàðèðîâàëè, ÷òî ïðåäñòàâëåííûå â ðàáîòå äàííûå âíîñÿò âêëàä â ìåõàíèêó óõà ÷åë îâåêà,
îñîáåííî â òåîðåòè÷åñêèé àíàëèç ôóíêöèé óõà. Çàâèñèìîñòü íàïðÿæåíèÿ îò äåôîð ìàöèè,
ïîëó÷åííàÿ â õîäå ýêñïåðèìåíòîâ, áûëà ïðîàíàëèçèðîâàíà ñ èñïîëüçîâàíèåì ãèïå ðóïðóãîé
ìîäåëè Îãäåíà. Ìàòåðèàëüíûå êîíñòàíòû ìîäåëè, âû÷èñëåííûå â MATLAB v .7.0, ñîñòà-
âèëè � 1 = 0 :05 ÌÏà, � 1 = 17:40, êîýôôèöèåíò êîððåëÿöèè 0:98 (SD = 0 :03). Â êà÷åñòâå
ðàñ÷åòíîãî óðàâíåíèÿ èñïîëüçîâàëè ñîîòíîøåíèå

� =
2� 1

� 1
[� (� 1 � 1) � � � (0:5� 1+1) ];

ãäå� 1 è � 1 � ìàòåðèàëüíûå ïîñòîÿííûå, � 1� 1 = � � ìîäóëü ñäâèãà â èñõîäíîì íåäåôîðìè-
ðîâàííîì ñîñòîÿíèè, � � êîýôôèöèåíò äåôîðìàöèè [ 12].

Â äàííîé ðàáîòå ìåõàíè÷åñêèå ñâîéñòâà ñòðåìåííîãî ñóõîæèëèÿ ðàññìîòðåíû â òîì
÷èñëå â ðàìêàõ äðóãèõ, íàèáîëåå ÷àñòî âñòðå÷àþùèõñÿ ãèïåðóïðóãèõ, à òàêæå ôîðìàëüíî
îïðåäåëåííûõ äåôîðìàöèîííûõ ìîäåëåé (òàáë. 1).

Òàáëèöà 1 / Table 1

Ðàññìîòðåííûå äåôîðìàöèîííûå ìîäåëè
The deformation models considered

• Ìîäåëü Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà Ññûëêà

1 Íåîãóêîâñêàÿ � = 2 � (� 2 � 1
� ) [13]

2 Ìóíè �
Ðèâëèíà

� = 2C10(� � 1
� 2 ) + 2 C01(� � 1

� 3 ) [14]

3 Îãäåíà � =
nP

p=1
� p(� � p � � � 1

2 � p ) [15]

4 Ãèïåð-
óïðóãèå
ìîäåëè

Ïîëèíîìè-
àëüíàÿ

� = 2( � � � � 2)[C10 + C01� � 1 +2C20(� 2 +2 � � 1 � 3)+
+2 � � 1C02(2� + � � 2 � 3) + 3C11(� � 1 � � � 1 + � � 2)]

[16]

5 Éåî � = 2( � � 1
� 2 )

nP

i =1
iC i (I 1 � 3)i � 1 [17]

6 Âåðîíäà �
Âåñòìàíí

� = 2C1C2eC2 ( � 2 +2 � � 1 � 3) (� � � � 2) + 2 C3(1 � � � 3) [18]

7 Ôàíãà � (� ) = C(� � 1
� 2 )e� ( I 1 � 3) [19]

8 Àððóäà �
Áîéñ

� = 2C1(� � 1
� 2 )[

5P

i =1
i� i � i � 1I i � 1

1 ] [20]

9 Ãåíòà � = ( � � 1
� 2 )( �J m

J m � I 1 +3 ) [21]

10 Ôîðìàëüíî
îïðåäå-
ëåííûå
ìîäåëè

Ýêñïîíåí-
öèàëüíàÿ

� (" ) = a � (exp(b� " ) � 1)

[22,23]11 Ëèíåéíàÿ � (" ) = E � "

12 Áèëèíåéíàÿ � (" ) = E1 � " + E2 � (" � " cr ) � � (" � " cr )

13 Òðèëèíåéíàÿ
� (" ) = E1 � " + E2 � (" � " cr 1) � � (" � " cr 1)+

+ E3 � (" � " cr 2) � � (" � " cr 2)
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ÇäåñüI 1 = tr (C) � ïåðâûé èíâàðèàíò òåíçîðà äåôîðìàöèé, ñâåðòêà ïðàâîãî òåíçîðà
äåôîðìàöèè Êîøè � Ãðèíà C, äëÿ îäíîîñíîãî ðàñòÿæåíèÿ è íåñæèìàåìûõ ìàòåðèàëîâ ðàâ-
íàÿ � 2 + 2 � � 1, � � åäèíè÷íàÿ ôóíêöèÿ Õýâèñàéäà. Èñïîëüçîâàíû îáîçíà÷åíèÿ ïàðàìåòðîâ,
îáùåïðèíÿòûå â ëèòåðàòóðå.

Ìàòåðèàëû è ìåòîäû

Îá èññëåäîâàíèè áèîìåõàíè÷åñêèõ ñâîéñòâ îáðàçöîâ ñòðåìåííîãî ñóõîæèëèÿ èç ñâåæå-
çàìîðîæåííûõ âèñî÷íûõ êîñòåé ÷åëîâåêà âïåðâûå áûëî ñîîáùåíî â ðàáîòàõ Cheng Tao e t
al. [11] è Wang X et al. [24]. Ñðåäíèé âîçðàñò äîíîðîâ (øåñòü ìóæ÷èí è øåñòü æåíùèí)
ñîñòàâëÿë 71 ãîä è âàðüèðîâàëñÿ îò 51 äî 92 ëåò. Ýêñïåðèìåíòû ïî îäíîîñíîìó ðàñòÿ æå-
íèþ îáðàçöîâ ïðîâîäèëèñü ñ ïîìîùüþ ïðåöèçèîííîé ñèñòåìû (MTS Systems Eden Prairie,
MN). Ñðåäíÿÿ äëèíà îáðàçöîâ ñîñòàâëÿëà 0:99� 0:09 (M � SD) ìì è èçìåðÿëàñü öèôðîâîé
êàìåðîé. Â ðåçóëüòàòå áûëè ïîëó÷åíû êðèâûå íàïðÿæåíèå-äåôîðìàöèÿ � � � .

Êðèâûå áûëè îöèôðîâàíû íàìè ñ ïîìîùüþ ñâîáîäíî ðàñïðîñòðàíÿåìîãî ïðèëîæåíèÿ
WebPlotDigitizer (Automeris LLC). Äàëüíåéøèå ðàñ÷åòû ïðîèçâîäèëèñü â ñèñòåìå êîìïüþ-
òåðíîé àëãåáðû Mathcad 15.0 (PTS Inc.) ñ ïîìîùüþ ñïåöèàëüíî ðàçðàáîòàííîãî ôóíêöè îíà-
ëà [25]. Äëÿ ðàñ÷åòà ïàðàìåòðîâ ìîäåëåé èñïîëüçîâàëè ôóíêöèþ ïîäãîíêè genfit , äëÿ îöåí-
êè ñîîòâåòñòâèÿ ìîäåëüíûõ äàííûõ ýêñïåðèìåíòàëüíûì ïðèìåíÿëè ôóíêöèþ êîððåëÿöèè
corr . Â êà÷åñòâå ìîäåëåé ðàññìàòðèâàëè ôåíîìåíîëîãè÷åñêèå: íåîãóêîâñêóþ,
2-ïàðàìåòðè÷åñêóþ Ìóíè � Ðèâëèíà, Îãäåíà, ïîëèíîìèàëüíóþ 2-ãî ïîðÿäêà, Éå î, Âåðîíäà �
Âåñòìàíí, Ôàíãà, à òàêæå ìèêðîìåõàíè÷åñêèå Àððóäà � Áîéñ è Ãåíòà, çàðåêîìå íäîâàâøèå
ñåáÿ êàê îäíè èç ñàìûõ ïîïóëÿðíûõ ãèïåðóïðóãèõ ìîäåëåé â ëèòåðàòó ðå [26,27].

Äëÿ ñðàâíåíèÿ ðàññìàòðèâàëè òàêæå ôîðìàëüíî îïðåäåëåííûå àëãåáðàè÷åñêèå ìîäå-
ëè � ýêñïîíåíöèàëüíóþ, ëèíåéíóþ, à òàêæå êóñî÷íî-ëèíåéíûå (áèëèí åéíóþ è òðèëèíåé-
íóþ) ìîäåëè. Êàê ïðèíÿòî, ïîä ôîðìàëüíî îïðåäåëåííûìè ïîíèìàëè ìîäå ëè, îñíîâàííûå
íà âíåøíåì ñõîäñòâå ýêñïåðèìåíòàëüíîé êðèâîé ñ ãðàôè÷åñêèì èçîáðàæåíèåì òîé èëè èíîé
àëãåáðàè÷åñêîé ôóíêöèè [28].

Ñîîòâåòñòâèå ìîäåëüíûõ äàííûõ è äàííûõ ìåõàíè÷åñêèõ èñïûòàíèé îöåíèâàëè ñ ï î-
ìîùüþ ïîêàçàòåëåé îïèñàòåëüíîé ñòàòèñòèêè, êîòîðûå ðàíæèðîâàëè ñ ïîìîùüþ ôóíêöèè
ÐÀÍÃMicrosoft Excel. Ðåéòèíã ìîäåëåé çàòåì îïðåäåëÿëè ïî ñðåäíåìó çíà ÷åíèþ âñåõ ïîêà-
çàòåëåé.

Ðåçóëüòàòû è èõ îáñóæäåíèå

Â êà÷åñòâå âûõîäíûõ äàííûõ áûëè ðàññ÷èòàíû:
� ìàòåðèàëüíûå ïàðàìåòðû ìîäåëåé (òàáë. 2);
� ïîêàçàòåëè îòêëîíåíèé ìîäåëüíûõ çíà÷åíèé íàïðÿæåíèé îò ýêñïåðèìåíò àëüíûõ äàí-

íûõ (òî÷íîñòü àïïðîêñèìàöèè) (òàáë. 3);
� óïðóãèå õàðàêòåðèñòèêè � íà÷àëüíûå, ìèíèìàëüíûå, ñðåäíèå è ìàêñèìàë üíûå çíà÷å-

íèÿ ìîäóëÿ Þíãà ìîäåëåé (òàáë. 4), åãî êîýôôèöèåíò âàðèàöèè.
Â ðàìêàõ ðàññìîòðåííûõ ìîäåëåé áûëè ïîëó÷åíû äåôîðìàöèîííûå êðèâûå � � � (ðèñ. 1,

à) è E � � (ðèñ. 1, á è ðèñ. 3).
Ïàðàìåòðû äåôîðìàöèîííûõ ìîäåëåé ïðåäñòàâëåíû â òàáë. 2.
Íà ðèñ. 1 ïðåäñòàâëåíû èñõîäíûå äàííûå è êðèâûå íàïðÿæåíèå-äåôîðìàöèÿ, ðàññ ÷èòàí-

íûå â ðàìêàõ ðàññìîòðåííûõ ìîäåëåé. Âèäíî, ÷òî áîëüøèíñòâî ìîäåëåé àäåêâàòí î îïèñûâà-
þò ìåõàíè÷åñêîå ïîâåäåíèå ñóõîæèëèÿ. Èñêëþ÷åíèå ñîñòàâëÿþò ìîäåë è 1-ïàðàìåòðè÷åñêàÿ
íåîãóêîâñêàÿ, ìèêðîìåõàíè÷åñêàÿ Àððóäà � Áîéñ è ëèíåéíàÿ ñ åäèíñòâåííûì ïàðàìåòðîì
E (ìîäóëü Þíãà). Òàêæå ñëåäóåò îòìåòèòü, ÷òî 2-ïàðàìåòðè÷åñêàÿ ìîäåëü Ìóíè � Ðèâëèíà
â íåäåôîðìèðîâàííîì ñîñòîÿíèè è ïðè ìàëûõ äåôîðìàöèÿõ ( � îò 1 äî 1:06) èñïûòûâàåò
ìåõàíè÷åñêóþ íåñòàáèëüíîñòü @�=@" <0, íå ñâîéñòâåííóþ áèîëîãè÷åñêèì òêàíÿì, à ïðè �
îò 1 äî � C01=C10 = 1 :13 � (� ) < 0.
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Îáñóäèì ñðàâíèòåëüíóþ òî÷íîñòü àïïðîêñèìàöèîííûõ ìîäåëåé. Ñîãëàñíî òàáë. 3 ïî ñî-
âîêóïíîñòè ïîêàçàòåëåé ìîäåëè ïîëèíîìèàëüíàÿ ( SD = 0 :00188ÌÏà, � = 0 :00899ÌÏà,
� = 0 :00993%, R = 0 :99998) è Îãäåíà ( SD = 0 :00343ÌÏà, � = 0 :00789ÌÏà, � = 0 :00871%,
R = 0 :99995) ñðåäè ãèïåðóïðóãèõ, à òàêæå ýêñïîíåíöèàëüíàÿ ( SD = 0 :00327 ÌÏà, � =
= 0 :00747ÌÏà, � = 0 :00824%, R = 0 :99994) ñðåäè ôîðìàëüíî îïðåäåëåííûõ ìîäåëåé ÿâëÿ-
þòñÿ íàèáîëåå òî÷íûìè â ïëàíå ïîäãîíêè ýêñïåðèìåíòàëüíûõ äàííûõ. Íàèõó äøèå ðåçóëü-
òàòû àïïðîêñèìàöèè îæèäàåìî ïîêàçàëà ïðîñòàÿ íåîãóêîâñêàÿ ìîäåëü ( SD = 0 :175 ÌÏà,
� = 0 :39571ÌÏà, � = 0 :43701%, R = 0 :86173). Óñëîâíûé ïîêàçàòåëü òî÷íîñòè ïîäãîíêè ó
ãèïåðóïðóãèõ ìîäåëåé îêàçàëñÿ ðàâíûì 6:44, ó ôîðìàëüíî îïðåäåëåííûõ � 7:50, ò.å. íèæå,
íî íåíàìíîãî (çà ñ÷åò õîðîøèõ ïîêàçàòåëåé ó ýêñïîíåíöèàëüíîé ìîäåëè).

Òàáëèöà 2 / Table 2

Ïàðàìåòðû äåôîðìàöèîííûõ ìîäåëåé
Parameters of deformation models

Ìîäåëü
Ïàðàìåòðû, ÌÏà

� , C1, C,
a, E , E1

� , � , á/ð
Jm , E2

C10, C1,
E3

C01,
C2

C20,
C3

C02 C11

Íåîãóêîâñêàÿ
�

0.31 � � � � � �

Ìóíè � Ðèâëèíà
C10, C01

� � 2.76 � 3:13 � � �

Îãäåí
à � , �

0.00527 16.82 � � � � �

Ïîëèíîìèàëüíàÿ
C10, C01, C20, C02, C11

� � � 2:47 2.59 53.63 79.64 � 128:4

Éåî
C1, C2, C3

� � 0.06 -0.04 1.72 � �

Âåðîíäà � Âåñòìàíí
C1, C2, C3

� � 0.01 6.14 � 0:06 � �

Ôàíãà
C, �

0.11 7.34 � � � � �

Àððóäà � Áîéñ
C1; �

0.11 � 3:08 � � � � �

Ãåíòà
� , Jm

0.24 0.39 � � � � �

Ýêñïîíåíöèàëüíàÿ
a, b

0.00987 12.67 � � � � �

Ëèíåéíàÿ
E

1.52 � � � � � �

Áèëèíåéíàÿ
E1, E2

3:948� 10� 7 11.688 � � � � �

Òðèëèíåéíàÿ
E1, E2, E3

3:948� 10� 7 3.279 11.688 � � � �

Ïðåäñòàâëÿåò èíòåðåñ ïîâåäåíèå óïðóãèõ ìîäóëåé, ïðåäñêàçûâàåìîå ìî äåëÿìè. Èç äàí-
íûõ ðèñ. 1, á ñëåäóåò, ÷òî îíî êðàéíå âàðèàáåëüíî. Íàèìåíüøèé êîýôôèöèåíò âàðèàöèè
CV (íå ñ÷èòàÿ, åñòåñòâåííî, ëèíåéíîé ìîäåëè, äëÿ êîòîðîé CV = 0) ó ìîäåëè íåîãóêîâñêîé
(0:53) è Àððóäà � Áîéñ ( 0:72), à íàèáîëüøèé ( 8:05) � ó ìèêðîìåõàíè÷åñêîé ìîäåëè Ãåíòà.
Ýòà ìîäåëü òàêæå äåìîíñòðèðóåò íàèáîëüøåå çíà÷åíèå Emax , ðàâíîå 23:07 ÌÏà (â èññëå-
äîâàííîì èíòåðâàëå äåôîðìàöèé).
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Â íîðìå óïðóãèå ìîäóëè ìÿãêèõ áèîëîãè÷åñêèõ òêàíåé ïîëîæèòåëüíû E > 0 (êðèòåðèé
Õèëëà � Äðóêåðà) è èíêðåìåíòàëüíû, ò. å. ìîíîòîííî âîçðàñòàþò ñ äåôîðìàöèå é @E=@� >0.
Ýòîò ôåíîìåí îáóñëîâëåí ýëàñòèí-êîëëàãåíîâûì ìåõàíèçìîì äåôîðìàöèé â òêàíÿõ , êîãäà
îòíîñèòåëüíî æåñòêèå è èçíà÷àëüíî âîëíèñòûå âîëîêíà êîëëàãåíà, ðàñòÿíóâøèñü, ïîñ òåïåí-
íî ¾âêëþ÷àþòñÿ¿ â ïðîöåññ äåôîðìèðîâàíèÿ (íà÷èíàÿ ñ íåêîòîðîãî êðèòè÷åñêîã î çíà÷åíèÿ
� cr ). Äî ýòîãî ìîìåíòà ¾ðàáîòàåò¿ òîëüêî ïîäàòëèâûé ýëàñòèíîâûé ìàòðèêñ [ 29]. Â ýòîì
ñëó÷àå ãðàôèê� (� ) èìååò õàðàêòåðíûé J -âèä.

Òàáëèöà 3 / Table 3

Ïàðàìåòðû äåôîðìàöèîííûõ ìîäåëåé
Parameters of deformation models

Ìîäåëü
Ïîêàçàòåëè Ìåñòî

Ñðåäíåå Ðåéòèíã
SD � � R SD � � R

Íåîãóêîâñêàÿ 0.175 0.39571 0.43701 0.86173 13 13 13 13 13 13

Ìóíè � Ðèâëèíà 0.07073 0.15792 0.1744 0.96953 9 9 9 8 8.75 9

Îãäåíà 0.00343 0.00789 0.00871 0.99995 3 2 2 2 2.25 3

Ïîëèíîìèàëüíàÿ 0.00188 0.00899 0.00993 0.99998 1 3 3 1 2 2

Éåî 0.00385 0.00937 0.01035 0.99991 5 4 4 5 4.5 4

Âåðîíäà � Âåñòìàíí 0.00371 0.01025 0.01132 0.99992 4 5 5 4 4.5 4

Ôàíãà 0.0094 0.02468 0.02726 0.99954 6 6 6 6 6 6

Àððóäà � Áîéñ 0.13826 0.30146 0.33292 0.92876 11 10 10 10 10.25 10

Ãåíòà 0.03996 0.08364 0.09236 0.92876 7 7 7 10 7.75 7

Ýêñïîíåíöèàëüíàÿ 0.00327 0.00747 0.00824 0.99994 2 1 1 3 1.75 1

Ëèíåéíàÿ 0.1597 0.35936 0.39686 0.89027 12 12 12 12 12 12

Òðèëèíåéíàÿ 0.04169 0.09751 0.10769 0.99556 8 8 8 7 7.75 7

Áèëèíåéíàÿ 0.12533 0.32876 0.36307 0.95256 10 11 11 9 10.25 10

à / a á / b

Ðèñ. 1. Äåôîðìàöèîííûå êðèâûå � � � (a) è E � � (á): � i � ýêñïåðèìåíòàëüíûå äàííûå; 1 � íåîãó-
êîâñêàÿ ìîäåëü; 2 � ìîäåëü Ìóíè � Ðèâëèíà; 3 � ìîäåëü Îãäåíà; 4 � ïîëèíîìèàëüíàÿ ìîäåëü; 5 �
ìîäåëü Éåî; 6 � ìîäåëü Âåðîíäà � Âåñòìàíí; 7 � ìîäåëü Ôàíãà; 8 � ìîäåëü Àððóäà � Áîéñ; 9 � ìî-
äåëü Ãåíòà; 10 � ýêñïîíåíöèàëüíàÿ ìîäåëü; 11 � ëèíåéíàÿ ìîäåëü; 12 � áèëèíåéíàÿ ìîäåëü; 13 �

òðèëèíåéíàÿ ìîäåëü
Fig. 1. Deformation curves � � � (a) and E � � (b): � i shows experimental data;1 shows neo-Hookean
model; 2 shows Mooney � Rivlin model; 3 shows Ogden model;4 shows polynomial model;5 shows
Yeoh model;6 shows Veronda � Westmann model;7 shows Fung model;8 shows Arruda � Boyce model; 9
shows Gent model;10 shows exponential model;11 shows linear model;12 shows bilinear model;13 shows

trilinear model
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Êàê âèäíî èç äàííûõ, ïðåäñòàâëåííûõ íà ðèñ. 1, á è ðèñ. 2, 3, íåðàâåíñòâàì E > 0 è
@E=@� >0 óäîâëåòâîðÿþò íå âñå ìîäåëè. Ëåæàò â âåðõíåé ïîëóïëîñêîñòè, ìîíîòîííî èäóò
ââåðõ êðèâûåE(� ), ñîîòâåòñòâóþùèå ãèïåðóïðóãèì ìîäåëÿì Îãäåíà, Âåðîíäà � Âåñòìàíí,
Ôàíãà è Ãåíòà, à òàêæå îäíîé èç ôîðìàëüíî îïðåäåëåííîé (ýêñïîíåíöèàëüíîé) ìîäåëè.
Äðóãèå ìîäåëüíûå êðèâûå ëèáî èäóò âíèç @E=@� <0 (íåîãóêîâñêàÿ), ëèáî âûõîäÿò èç
îòðèöàòåëüíîé îáëàñòè çíà÷åíèé E < 0 (Ìóíè � Ðèâëèíà), ëèáî ìåíÿþò íàïðàâëåíèå èç-
ìåíåíèÿ, èìåÿ ëîêàëüíûé ìèíèìóì @E=@�= 0 , @2E=@�2 > 0 (ìîäåëè ïîëèíîìèàëüíàÿ,
Éåî è Àððóäà � Áîéñ). Ìîäóëè óïðóãîñòè êóñî÷íî-ëèíåéíûõ ìîäåëåé (áè - è òðèëèíåéíîé)
âîçðàñòàþò ïðè äåôîðìàöèè, íî ñòóïåí÷àòî, èñïûòûâàÿ ðàçðûâû, ïîñêîëüêó ïðîèçâîä íàÿ
îò ôóíêöèè Õýâèñàéäà � îïèñûâàåòñÿ � -ôóíêöèåé. Ìîäóëü óïðóãîñòè ëèíåéíîé ìîäåëè ïî-
ñòîÿíåí ïî âåëè÷èíå E = const, íå óáûâàåò è íå âîçðàñòàåò.

l l l
à / a á / b â / c

l l l
ã / d ä / e å / f

l l l
æ / g ç / h è / i

Ðèñ. 2. Óïðóãèå ìîäóëè ãèïåðóïðóãèõ ìîäåëåé: à � íåîãóêîâñêàÿ ìîäåëü; á � ìîäåëü Ìóíè �
Ðèâëèíà; â � ìîäåëü Îãäåíà; ã � ïîëèíîìèàëüíàÿ ìîäåëü; ä � ìîäåëü Éåî; å � ìîäåëü Âåðîíäà �
Âåñòìàíí; æ � ìîäåëü Ôàíãà; ç � ìîäåëü Àððóäà � Áîéñ; è � ìîäåëü Ãåíòà. Çäåñü è íà ðèñ. 3

� � êîýôôèöèåíò ðàñòÿæåíèÿ
Fig. 2. Elastic moduli of the PL models: a shows neo-Hookean model;b shows Mooney � Rivlin model;
c shows Ogden model;d shows polynomial model;e shows Yeoh model;f shows Veronda � Westmann
model; g shows Fung model;h shows Arruda � Boyce model; i shows Gent model. Here and in Fig. 3� is

the stretching coe�cient

Íåíàäîëãî âåðíåìñÿ ê ìîäåëè Ìóíè � Ðèâëèíà. Äëÿ íåå íà÷àëüíûé ìîäóëü Þíãà E0 =
= 6( C01 + C10) = � 2:20 ÌÏà < 0 è êðèòåðèé óñòîé÷èâîñòè Õèëëà � ÄðóêåðàE = @�=@" >0
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[30,31], íàêëàäûâàþùèé îãðàíè÷åíèå íà ìàòåðèàëüíûå êîíñòàíòû ìîäåëåé, âî âñåì èíòå ð-
âàëå äåôîðìàöèé íå âûïîëíÿåòñÿ. Ýòî îãðàíè÷èâàåò ïðèìåíåíèå äàííîé ìîäåëè ñóõîæèëèÿ
ìàëûìè äåôîðìàöèÿìè.

l l
à / a á / b

l l
â / c ã / d

Ðèñ. 3. Óïðóãèå ìîäóëè ôîðìàëüíî îïðåäåëåííûõ ìîäåëåé: à � ýêñ-
ïîíåíöèàëüíàÿ ìîäåëü; á � ëèíåéíàÿ ìîäåëü; â � áèëèíåéíàÿ ìî-

äåëü; ã � òðèëèíåéíàÿ ìîäåëü
Fig. 3. Elastic modules of formally de�ned models:a shows exponential
model; b shows linear model;c shows bilinear model;d shows trilinear

model

Òàêæå áûëè âû÷èñëåíû è ñâåäåíû â îäíó òàáëèöó õàðàêòåðíûå çíà÷åíèÿ óïð óãèõ ìîäó-
ëåé ìîäåëåé: íà÷àëüíîå E0, ìèíèìàëüíîå Emin , ìàêñèìàëüíîå Emax , ñðåäíååEmean , à òàêæå
êîýôôèöèåíò âàðèàöèè CV (òàáë. 4).

Ðàññ÷èòàííûå íà îñíîâå äàííûõ òàáë. 4 çíà÷åíèÿ íà÷àëüíûõ ìîäóëåé ñäâèãà G0 = E0=3
íèæå îïðåäåëåííîãî T. Cheng et al. â [ 11] ñ ïîìîùüþ MATLAB çíà÷åíèÿ � = 0 :87 ÌÏà.
Íàèìåíüøèå îòëè÷èÿ îò äàííîãî çíà÷åíèÿ íàáëþäàþòñÿ ó ãèïåðóïðóãîé íåîãóê îâñêîé ìî-
äåëè (G0 = 0 :62 ÌÏà). Óñðåäíåííûé óïðóãèé ìîäóëü Emean ðàññìîòðåííûõ ìîäåëåé ìàëî
ìåíÿåòñÿ îò ìîäåëè ê ìîäåëè, à < E mean > = (2 :31� 0:46) ÌÏà (M � SD) ñ êîýôôèöèåíòîì
âàðèàöèèCV = 0 :20.

Â çàêëþ÷åíèå îñòàíîâèìñÿ íà âîïðîñå, êîòîðûé áûë ïîäíÿò X. Wang et al. â ñâîåé ðàáî-
òå [24]. Êðèâûå çàâèñèìîñòè íàïðÿæåíèÿ îò äåôîðìàöèè ïîêàçàëè, ÷òî ñâÿçêè/ñóõîæè ëèÿ
ñðåäíåãî óõà îáëàäàþò íåëèíåéíûìè è âÿçêîóïðóãèìè ñâîéñòâàìè. Äëÿ îïðåä åëåíèÿ ìî-
äóëÿ óïðóãîñòè òêàíè ïðè ñòàòè÷åñêîé äåôîðìàöèè ìîäóëü óïðóãîñòè @�=@�ìîæåò áûòü
âûðàæåí êàê

@�
@�

= � (� + � );

� è � � äâå êîíñòàíòû [ 22]. Èñïîëüçóÿ ýòîò ìåòîä, àâòîðû [ 11] ñîîáùèëè îá óñòàíîâëåííîé
èìè ýìïèðè÷åñêîé çàâèñèìîñòè ìîäóëÿ óïðóãîñòè îò íàïðÿæåíèÿ tendo musculi stapedisâ
äâóõ ñîñåäíèõ äèàïàçîíàõ íàïðÿæåíèé

@�
@�

=

�
�
�
�
�
E � (� )

E �� (� )
=

�
�
�
�
�
23:03� + 0 :33 (0 < � 6 0:1 ÌÏà )

10:52� + 1 :33 (0:1 < � 6 0:15 ÌÏà )
: (1)
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Òàáëèöà 4 / Table 4

Õàðàêòåðèñòè÷åñêèå çíà÷åíèÿ óïðóãèõ ìîäóëåé, ÌÏà
Characteristic values of elastic modules, MPa

Ìîäåëü E0 Emin Emax Emean CV

Íåîãóêîâñêàÿ 1.874 1.123 1.874 1.418 0.53

Ìóíè � Ðèâëèíà � 2:201 � 2:201 4.412 2.131 3.10

Îãäåíà 0.133 0.133 11.218 2.56 4.33

Ïîëèíîìèàëüíàÿ 0.735 0.137 11.043 2.553 4.27

Éåî 0.338 0.304 10.493 2.538 4.01

Âåðîíäà � Âåñòìàíí 0.144 0.144 11.961 2.581 4.58

Ôàíãà 0.333 0.328 13.148 2.62 4.89

Àððóäà � Áîéñ 1.458 1.358 2.572 1.689 0.72

Ãåíòà 0.705 0.677 23.077 2.782 8.05

Ýêñïîíåíöèàëüíàÿ 0.125 0.125 11.652 2.573 4.48

Ëèíåéíàÿ 1.524 1.524 1.524 1.524 0.00

Áèëèíåéíàÿ 3:948� 10� 7 1:974� 10� 7 11.688 2.575 4.54

Òðèëèíåéíàÿ 3:948� 10� 7 1:974� 10� 7 11.688 2.575 4.54

Ðèñ. 4. Ðàñ÷åòíûå çàâèñèìîñòè ìîäóëåé
óïðóãîñòè ñóõîæèëèÿ ñòðåìåííîé ìûøöû
Fig. 4. Calculated dependences of elastic

moduli of the stapedius tendon

Äëÿ ýêñïîíåíöèàëüíîé ìîäåëè

� = � � (exp � � (� � 1) � 1)

ìîæåì â ÿâíîé ôîðìå ïîëó÷èòü âûðàæåíèå äëÿ
ìîäóëÿ óïðóãîñòè E ÷åðåç íàïðÿæåíèå � â îáùåì
âèäå:

@�
@�

= E(� ) = � (� + � );

à òàêæå èñïîëüçóÿ ïîëó÷åííûå ÷èñëåííûå äàííûå
èç òàáë.2:

@�
@�

= 12:67� + 0 :12: (2)

Â èòîãå êóñî÷íî-ëèíåéíàÿ çàâèñèìîñòü ( 1) ìî-
æåò áûòü çàìåíåíà ãëàäêîé ëèíåéíîé ( 2) (ðèñ. 4).

Â ðåçóëüòàòå óðàâíåíèå (2) ïðåäñêàçûâàåò èç-
ìåíåíèå ìîäóëÿ óïðóãîñòè òêàíåé ñðåäíåãî óõà
â çàâèñèìîñòè îò óðîâíÿ ñòàòè÷åñêîãî íàïðÿæå-
íèÿ, ïîëó÷åííîå èç ýêñïåðèìåíòàëüíûõ êðèâûõ
âî âñåì äèàïàçîíå äåôîðìàöèé.

Âûâîäû

1. Ðàññ÷èòàíû ïàðàìåòðû ãèïåðóïðóãèõ ôåíîìåíîëîãè÷åñêèõ è ìèêðîìå õàíè÷åñêèõ,
à òàêæå ôîðìàëüíî îïðåäåëåííûõ ìîäåëåé ñóõîæèëèÿ ñòðåìåííîé ìûøöû ñ ðåäíåãî óõà
÷åëîâåêà.

2. Ñ òî÷êè çðåíèÿ ñïîñîáíîñòè àíàëèòè÷åñêè õàðàêòåðèçîâàòü ìåõàíè÷åñêîå ïîâåäåíèå
òêàíåé ñóõîæèëèÿ ñòðåìåííîé ìûøöû ðåêîìåíäîâàíû ãèïåðóïðóãàÿ ìîäåëü Îãäåíà, à òàê-
æå ôîðìàëüíî îïðåäåëåííàÿ ýêñïîíåíöèàëüíàÿ ìîäåëü.

3. Èç-çà ïîòåðè ìåõàíè÷åñêîé óñòîé÷èâîñòè íå ðåêîìåíäóåòñÿ ïðèìåíÿòü 2-ï àðàìåòðè-
÷åñêóþ ãèïåðóïðóãóþ ìîäåëü Ìóíè � Ðèâëèíà â íåäåôîðìèðîâàííîì ñîñòî ÿíèè è ïðè íåáîëü-
øèõ äåôîðìàöèÿõ.
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4. Òèïè÷íûé äëÿ áèîòêàíåé õàðàêòåð çàâèñèìîñòåé ìîäóëåé óïðóãîñòè áèîëîãè÷åñ êèõ
òêàíåé îò äåôîðìàöèè äåìîíñòðèðóþò ìîäåëè Îãäåíà, Âåðîíäà � Âåñòìàíí, Ôàí ãà è Ãåíòà,
à òàêæå ýêñïîíåíöèàëüíàÿ ìîäåëü.

5. Ïðåäëîæåíî ðàíæèðîâàíèå äåôîðìàöèîííûõ ìîäåëåé ïî òî÷íîñòè àïïðîêñèìàö èè íà
îñíîâàíèè ïîêàçàòåëåé îïèñàòåëüíîé ñòàòèñòèêè, ïðè ýòîì ó÷èòûâàòü ïîâåäåíèå E(� ).

6. Â ðàìêàõ ýêñïîíåíöèàëüíîé ìîäåëè óñòàíîâëåíà ñâÿçü ìîäóëÿ óïðóãîñòè tendo musculi
stapedisè ðàñòÿãèâàþùåãî íàïðÿæåíèÿ ñ ïàðàìåòðàìè, ïîëó÷åííûìè èç ýêñïåðèìåí òàëüíûõ
äàííûõ.

7. Îïèñàííûå â ðàáîòå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû â ïðàêòè÷åñêèõ öåëÿõ ïð è
ñîçäàíèè ôèçè÷åñêèõ ìîäåëåé è êîíå÷íî-ýëåìåíòíîì ìîäåëèðîâàíèè îðãàí îâ ñðåäíåãî óõà,
à òàêæå äëÿ ïîäáîðà çàìåùàþùèõ ìàòåðèàëîâ ïðè ïðîòåçèðîâàíèè è ïëàñòèêå (ñòàïåäî-
ïëàñòèêå).
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Àííîòàöèÿ. Íà îñíîâå ìåòîäà êîíå÷íûõ ýëåìåíòîâ ïðåäëîæåí ìåòîä ðåøåíè ÿ çàäà÷è ðåëàêñàöèè
îñòàòî÷íûõ íàïðÿæåíèé â ïîâåðõíîñòíî óïðî÷í¼ííûõ öèëèíäð àõ ñ íàäðåçàìè ðàçëè÷íîãî ïðîôè-
ëÿ: ïîëóêðóãëîãî, êâàäðàòíîãî, V-îáðàçíîãî, è â öèëèíäðàõ ñ ñåðèåé ïåðèîäè÷åñêè ðàñïîëîæåííûõ
ïîëóêðóãëûõ íàäðåçîâ. Â ñîîòâåòñòâèè ñ ìåòîäîì îïåðåæàþùå ãî ïîâåðõíîñòíîãî ïëàñòè÷åñêîãî äå-
ôîðìèðîâàíèÿ íàäðåçû íàíîñèëèñü íà ïðåäâàðèòåëüíî óïðî÷í ¼ííûé ãëàäêèé îáðàçåö. Ïðåäëîæåí-
íàÿ ìåòîäèêà çàêëþ÷àåòñÿ â ïîñëåäîâàòåëüíîì ïðèìåíåíèè àí àëèòè÷åñêîé ìàòåìàòè÷åñêîé ìîäåëè
äëÿ ðåêîíñòðóêöèè îñòàòî÷íîãî íàïðÿæ¼ííî-äåôîðìèðîâàíí îãî ñîñòîÿíèÿ â ãëàäêîì öèëèíäðå, ìå-
òîäà ðàñ÷¼òà ïî íà÷àëüíûì äåôîðìàöèÿì äëÿ öèëèíäðîâ ñ íàäðå çàìè, ìåòîäà øàãîâ âî âðåìåíè
äëÿ ðåøåíèÿ çàäà÷è ðåëàêñàöèè îñòàòî÷íûõ íàïðÿæåíèé â óñëî âèÿõ ïîëçó÷åñòè. Êîððåêòíîñòü ïðè-
ìåíåíèÿ ðàñ÷¼òà ïî ïåðâîíà÷àëüíûì äåôîðìàöèÿì ïðîèëëþñòð èðîâàíà â ÷àñòíîì ñëó÷àå ãëàäêîãî
îáðàçöà ñðàâíåíèåì ðåøåíèé ðåêîíñòðóêöèè íàïðÿæ¼ííî-äåô îðìèðîâàííîãî ñîñòîÿíèÿ ïî àíàëèòè-
÷åñêîé ìàòåìàòè÷åñêîé ìîäåëè è ïî ìåòîäó êîíå÷íûõ ýëåìåíòî â, êîòîðûå ïðàêòè÷åñêè ñîâïàäàþò.
Àíàëîãè÷íî ïðè ðåøåíèè çàäà÷è ðåëàêñàöèè îñòàòî÷íûõ íàïðÿ æåíèé â óñëîâèÿõ ïîëçó÷åñòè óñòà-
íîâëåíî ïîëíîå ñîîòâåòñòâèå äàííûõ ðàñ÷¼òà ïî ìåòîäó êîíå÷ íûõ ýëåìåíòîâ è ïî ìåòîäó ñåòîê èç
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ñîêîé êîíöåíòðàöèåé íàïðÿæåíèé (V-îáðàçíûé íàäðåç è íàäðå ç ñ êâàäðàòíûì ïðîôèëåì) çàäà÷ó
ðåêîíñòðóêöèè íà÷àëüíîãî íàïðÿæ¼ííî-äåôîðìèðîâàííîãî ñ îñòîÿíèÿ íåîáõîäèìî ðåøàòü â óïðóãî-
ïëàñòè÷åñêîé ïîñòàíîâêå. Íà îñíîâå ðàçðàáîòàííîãî ÷èñëåí íîãî ìåòîäà ðåø¼í ðÿä çàäà÷ ðåëàêñàöèè
îñòàòî÷íûõ íàïðÿæåíèé äëÿ öèëèíäðîâ ñ øèðîêèì ñïåêòðîì ãåî ìåòðè÷åñêèõ ïàðàìåòðîâ íàäðå-
çîâ. Âûïîëíåí àíàëèç âëèÿíèÿ êîíöåíòðàòîðîâ íà êèíåòèêó îñ òàòî÷íûõ íàïðÿæåíèé. Ïðèâåäåíû
ðåçóëüòàòû ìíîãî÷èñëåííûõ âàðèàòèâíûõ ðàñ÷¼òîâ.
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Article

A method for calculating the relaxation of residual stresse s
in surface-hardened cylinders with incisions under combin ed torque
and tensile force loading under conditions of high-tempera ture creep

V. P. Radchenko, V. E. Glebov

Samara State Technical University, 244 Molodogvardeyskaya St., Samara 443100, Russia
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1142418

Abstract. Based on the �nite element method, a method is proposed for solving the problem of residual
stress relaxation in surface-hardened cylinders with incisions of various pro�les: semicircular, square,
V-shaped, and in cylinders with a series of periodically arranged semicircular incisions. In accordance with
the method of advanced surface plastic deformation the incisions were applied to a pre-hardened smooth
sample. The proposed technique consists in the sequential application of an analytical mathematical
model for reconstructing the residual stress-strain state in a smooth cylinder, a method for calculating
initial deformations for cylinders with incisions, and a time step method for solving the problem of
relaxation of residual stresses under creep conditions. The correctness of applying the calculation based
on initial deformations is illustrated in the special case ofa smooth sample by comparing solutions for
reconstructing the stress-strain state using an analytical mathematical model and the �nite element
method, which practically coincide. Similarly, when solving the problem of relaxation of residual stresses
under creep conditions, a complete correspondence was established between the calculation data using
the �nite element method and the grid method from independent sources for a smooth hardened sample.
It is established that for incisions with a high stress concentration (V-shaped incision and incision with a
square pro�le), the task of reconstructing the initial stre ss-strain state must be solved in an elastoplastic
formulation. Based on the developed numerical method, a number of residual stress relaxation problems
have been solved for cylinders with a wide range of geometric parameters of the incisions. The e�ect of
concentrators on the kinetics of residual stresses is analyzed. The results of numerous variable calculations
are presented.
Keywords: cylinder, surface plastic hardening, incisions, residualstresses, creep, relaxation
Acknowledgements: This work was supported by the Russian Science Foundation (project No. 23-29-
00434, Samara State Technical University).
For citation: Radchenko V. P., Glebov V. E. A method for calculating the relaxation of residual
stresses in surface-hardened cylinders with incisions under combined torque and tensile force loading
under conditions of high-temperature creep.Izvestiya of Saratov University. Mathematics. Mechanics.
Informatics , 2026, vol. 26, iss. 2, pp. 265�279 (in Russian). DOI:https://doi.org/10.18500/1816-9791-
2026-26-2-265-279, EDN: QTCUOJ
This is an open access article distributed under the terms of Creati ve Commons Attribution 4.0 International

License (CC-BY 4.0)

266 Íàó÷íûé îòäåë



Â. Ï. Ðàä÷åíêî, Â. Å. Ãëåáîâ. Ìåòîä ðàñ÷¼òà ðåëàêñàöèè îñòàòî÷íûõ íàïðÿæåíèé

Ââåäåíèå

Â ïóáëèêàöèÿõ [ 1� 3] ðàçðàáîòàí ìåòîä ðàñ÷¼òà ïîëåé îñòàòî÷íûõ íàïðÿæåíèé (ÎÍ) âî
âðàùàþùèõñÿ óïðî÷í¼ííûõ öèëèíäðàõ ñ íàäðåçàìè ðàçëè÷íîãî ïðîôèëÿ ïîñëå î ïåðåæà-
þùåãî ïîâåðõíîñòíîãî ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ (ÎÏÏÄ) â óñëîâèÿõ âûñîêîòåì ïå-
ðàòóðíîé ïîëçó÷åñòè ïðè òåðìîýêñïîçèöèè. Â íàñòîÿùåé ðàáîòå óêàçàííûé ìåòîä îáîáùà-
åòñÿ íà àíàëîãè÷íûå öèëèíäðû íà ñëó÷àé ñëîæíîãî íàïðÿæ¼ííîãî ñîñòîÿí èÿ: ñîâìåñòíîãî
äåéñòâèÿ êðó÷åíèÿ è îñåâîãî ðàñòÿæåíèÿ. Îòìåòèì, ÷òî íàðÿäó ñ ÎÏÏÄ � îä íèì èç âè-
äîâ óïðî÷íÿþùåé îáðàáîòêè ïîâåðõíîñòè äåòàëåé ìàøèí è ýëåìåíòîâ êîíñòðóêöèé � ìîæ -
íî âûäåëèòü è äðóãèå òåõíîëîãèè óïðî÷íåíèÿ: õèìèêî-òåðìè÷åñêàÿ, ëàçå ðíàÿ îáðàáîòêà,
ïëàçìåííîå íàïûëåíèå, êàâèòàöèîííîå óïðî÷íåíèå. Âñåìè ýòèìè ìåòîäàìè äîñ òèãàåòñÿ ñó-
ùåñòâåííîå óëó÷øåíèå ìåõàíè÷åñêèõ, òðèáîëîãè÷åñêèõ, ïðî÷íîñòíûõ è êîððîç èîííûõ õà-
ðàêòåðèñòèê êîíñòðóêöèîííûõ ýëåìåíòîâ [ 4� 13], ÷òî ÿâëÿåòñÿ ñëåäñòâèåì ôîðìèðîâàíèÿ
ïîëåé ñæèìàþùèõ ÎÍ â òîíêîì ïîâåðõíîñòíîì ñëîå, ¾ðàçãðóæàþùèõ¿ ïîâåðõíîñòü äåòà -
ëè ïðè å¼ ýêñïëóàòàöèè è ïðåïÿòñòâóþùèõ ðàñêðûòèþ ðàçëè÷íîãî ðîäà ìè êðîòðåùèí è
äðóãèõ ìèêðîäåôåêòîâ [ 14� 18].

Íåîáõîäèìîñòü ðàçðàáîòêè ìåòîäà ðàñ÷¼òà ðåëàêñàöèè ÎÍ îáóñëîâëèâàåòñÿ òåì, ÷òî íà-
çíà÷åíèå áîëüøîãî êîëè÷åñòâà ïðîèçâîäèìûõ äåòàëåé ïðåäïîëàãàåò èõ ýêñïëó àòàöèþ ïðè
âûñîêîì óðîâíå òåìïåðàòóðû è ðàçëè÷íûõ âèäàõ êâàçèñòàòè÷åñêîãî íàãðóæåíèÿ. Ïîâûøå-
íèå òåìïåðàòóðû âëå÷åò çà ñîáîé ïðîÿâëåíèå ïîëçó÷åñòè ìàòåðèàëà, à çíà÷èò, ðåëàêñàöèþ
ñæèìàþùèõ ÎÍ, à ðàçëè÷íîãî ðîäà íàãðóçêè çà÷àñòóþ èíòåíñèôèöèðóþò ý òîò ïðîöåññ. Áî-
ëåå òîãî, ïîâåðõíîñòü äåòàëåé ìîæåò áûòü ¾îñëàáëåíà¿ ïðåäâàðèòåëüíî íàíåñ¼ííûì è èëè
ïðèîáðåò¼ííûìè â ïðîöåññå ýêñïëóàòàöèè äåôåêòàìè � íàäðåçàìè, êàíàâêàìè , ãàëòåëÿìè
è äð. È åñëè ìåòîäàì ðàñ÷¼òà ðåëàêñàöèè ÎÍ â äåòàëÿõ ñ ðåãóëÿðíîé (¾ãëàäêîé¿) ïîâåðõ-
íîñòüþ ïîñâÿùåíî ìíîæåñòâî èññëåäîâàíèé, â êîòîðûõ ðàññìîòðåíû ðàçëè÷íûå ïîäõ îäû ê
ìîäåëèðîâàíèþ ïðîöåññà ïîëçó÷åñòè [ 19� 23], òî ðàçðàáîòêå àíàëîãè÷íûõ ìåòîäîâ â äåòàëÿõ
ñ ïîâåðõíîñòíûìè äåôåêòàìè óäåëåíî âíèìàíèå ëèøü â åäèíè÷íûõ ïóáëèê àöèÿõ [1� 3,24].

Íàñòîÿùàÿ ðàáîòà, ÿâëÿÿñü ëîãè÷åñêèì ïðîäîëæåíèåì ðàáîò [ 1� 3], ðàçâèâàåò èçëîæåí-
íûé â íèõ ìåòîä ðàñ÷¼òà ðåëàêñàöèè ÎÍ ïðèìåíèòåëüíî ê óïðî÷í¼ííîìó öè ëèíäðó èç ñïëà-
âà ÆÑ6ÊÏ ñ êîíöåíòðàòîðàìè íàïðÿæåíèé äëÿ ñëó÷àÿ íàãðóæåíèÿ êðóòÿùèì ìîìå íòîì
è ðàñòÿãèâàþùåé ñèëîé.

1. Ïîñòàíîâêà çàäà÷è

Â ñòàíäàðòíîé öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò Or�z ðàññìàòðèâàåòñÿ öèëèíäð èç
ñïëàâà ÆÑ6ÊÏ ðàäèóñà a è äëèíîé L ïðè òåìïåðàòóðå T, îäèí òîðåö êîòîðîãî (z = 0)
çàêðåïë¼í êîíñîëüíî, à íà äðóãîì ïðèëîæåí êðóòÿùèé ìîìåíò M è ðàñòÿãèâàþùàÿ ñèëàF
â îñåâîì íàïðàâëåíèè (ðèñ. 1, à). Íà áîêîâóþ ïîâåðõíîñòü öèëèíäðà (r = a) ïîñëå ÎÏÏÄ
íàíåñ¼í íàäðåç îäíîé èç ôîðì, ïðåäñòàâëåííûõ íà ðèñ. 1, á� ä. Ìåõàíè÷åñêèå õàðàêòåðèñòè-
êè ñïëàâà ÆÑ6ÊÏ ñëåäóþùèå: ìîäóëü Þíãà E0 = 200 ÃÏà ïðè T0 = 20 � C , E1 = 149:2 ÃÏà
ïðè T1 = 800 � C, E2 = 136:4 ÃÏà ïðè T2 = 900 � C; êîýôôèöèåíò Ïóàññîíà � = 1=3 ïîëàãàåòñÿ
íå çàâèñÿùèì îò òåìïåðàòóðû. Ãåîìåòðè÷åñêèå ïàðàìåòðû öèëèíäðà è íàäðåçî â (ñì. ðèñ. 1)
ñëåäóþùèå: a = 3 :76 ìì; L = 20 ìì; ðàäèóñ ïîëóêðóãëîãî íàäðåçà � = f 0:1; 0:2g ìì; ñòîðîíà
íàäðåçà êâàäðàòíîãî ïðîôèëÿ d = f 0:1; 0:2g ìì; ãëóáèíà V-îáðàçíîãî íàäðåçà c = 0 :15 ìì,
óãîë ðàñêðûòèÿ ' = 10 � , ðàäèóñ ñêðóãëåíèÿ ¾óãëîâ¿ â êâàäðàòíîì è V-îáðàçíîì íàäðåçå
ñîñòàâèë ïîðÿäêà 5 ìêì. Êîëè÷åñòâî íàäðåçîâ â öèëèíäðå ñ ñåðèåé ïåðèîä è÷åñêè ðàñïîëî-
æåííûõ ïîëóêðóãëûõ íàäðåçîâ n = f 3; 5g, øàã ìåæäó ïîëóêðóãëûìè íàäðåçàìè � = 50 ìêì
(ðèñ. 1, ä). Âåëè÷èíà ïðèêëàäûâàåìîãî êðóòÿùåãî ìîìåíòà M = 12:525 Í �ì, îñåâîé ñèëû
F = 4441:5 Í. Ðàñ÷¼òíîå âðåìÿ ïîëçó÷åñòè îáðàçöîâ ïîëàãàåòñÿ ðàâíûì 100 ÷. Äàëüíåé-
øåé öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ äåòàëüíîå èññëåäîâàíèå ïðîöåññà ðåëàêñàöèè Î Í
â óïðî÷í¼ííûõ öèëèíäðàõ â óñëîâèÿõ âûñîêîòåìïåðàòóðíîé ïîëçó÷åñòè (ïðè òå ìïåðàòóðå
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Ââåäåíèå

Ðàññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñ ïóàññîíîâñêèì âõîäíûì ïîòîêîì
ïîñòîÿííîé èíòåíñèâíîñòè, äâóìÿ îáñëóæèâàþùèìè ïðèáîðàìè ñ îäèíàêîâûì ðàñïðåä åëå-
íèåì âðåìåíè îáñëóæèâàíèÿ è íàêîïèòåëåì íåîãðàíè÷åííîé åìêîñòè. Ïîñòóïàþùèå çàÿâêè
îáñëóæèâàþòñÿ â ïîðÿäêå ïîñòóïëåíèÿ. Ïåðåä íà÷àëîì îáñëóæèâàíèÿ êàæäàÿ çàÿâêà ðàç-
äåëÿåòñÿ íà äâå ïîäçàÿâêè, êîòîðûå îáñëóæèâàþòñÿ íà äâóõ ïðèáîðàõ ïàðàëëåëüíî. Êîã äà
îáñëóæèâàíèå îáåèõ ïîäçàÿâîê çàêàí÷èâàåòñÿ, çàÿâêà ñ÷èòàåòñÿ îáñëóæåííîé.

Çàìåòèì, ÷òî â ïîäîáíûõ ñèñòåìàõ (ñ ðàçäåëåíèåì çàÿâîê) âîçìîæíû ðàçëè÷íûå äèñöè-
ïëèíû îáðàùåíèÿ ñ ïîäçàÿâêàìè. Îñíîâíûìè èç íèõ ÿâëÿþòñÿ ñëåäóþùèå: ëèáî ï îäçàÿâêè
îò ðàçíûõ çàÿâîê îáñëóæèâàþòñÿ íåçàâèñèìî äðóã îò äðóãà è îáðàçóþòñÿ äâå ïàðàëëå ëü-
íûå î÷åðåäè, êàæäàÿ ê ñâîåìó ïðèáîðó (fork-join), ëèáî îáñëóæèâàíèå ïîäçàÿ âîê ñëåäóþ-
ùåé çàÿâêè íå íà÷èíàåòñÿ, ïîêà íå áóäóò îáñëóæåíû âñå ïîäçàÿâêè òåêóùåé (spl it-merge).
Âîçìîæíû è äðóãèå âàðèàíòû.

Òàê, íàïðèìåð, â [ 1] èññëåäóåòñÿ îòêðûòàÿ ñåòü ìàññîâîãî îáñëóæèâàíèÿ ñ ðàçäåëüíîé
îáðàáîòêîé ôðàãìåíòîâ çàÿâîê Ìû áóäåì ðàññìàòðèâàòü ñèñòåìû òèïà split-merge. Òàêèå
ñèñòåìû ôàêòè÷åñêè ñâîäÿòñÿ ê ñèñòåìàì M jGj1, â êîòîðûõ âðåìåíà îáñëóæèâàíèÿ çàÿâîê
ôîðìèðóþòñÿ êàê ìàêñèìóìû âðåìåí îáñëóæèâàíèÿ èõ ïîäçàÿâîê íà ñîîòâåòñòâóþùèõ ï ðè-
áîðàõ.

Ñèñòåìû òèïà split-merge è èõ îáîáùåíèÿ èññëåäóþòñÿ, â ÷àñòíîñòè, â ðàáîòàõ [ 2� 7].
Ñèñòåìû ñ ðàçäåëåíèåì çàÿâîê ìîãóò èìåòü ïðèëîæåíèÿ â ìåäèöèíå, äåë îïðîèçâîäñòâå,

òîðãîâëå, èíôîðìàòèêå è äð. Â îáùåì ñëó÷àå âîçìîæíî ðàçäåëåíèå çàÿâîê íà ïðîèçâîëüí îå
ôèêñèðîâàííîå ÷èñëî N > 2 èëè äàæå ñëó÷àéíîå ÷èñëî ïîäçàÿâîê, à âðåìåíà îáñëóæèâàíèÿ
íà ðàçëè÷íûõ ïðèáîðàõ ìîãóò èìåòü ðàçíîå ðàñïðåäåëåíèå, îäíàêî çäåñü ì û îãðàíè÷èìñÿ
ïðîñòåéøèì ñëó÷àåì N = 2 è îäíîðîäíûìè ïðèáîðàìè.
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ôàêòè÷åñêè îïðåäåëÿåòñÿ âûðàæåíèÿìè äëÿ ñðåäíåãî âðåìåíè îæèäàíèÿ íà÷àëà îáñëóæè-
âàíèÿ è ñðåäíåãî âðåìåíè ïðåáûâàíèÿ çàÿâêè â ñèñòåìå M jGj1, à èìåííî

E [W ] =
�E [X 2

2:2]
2(1 � �E [X 2:2])

; (1)

E [V ] = E[W ] + E[X 2:2]; (2)

ãäå (1) ïðåäñòàâëÿåò ñîáîé èçâåñòíóþ ôîðìóëó Ïîëëà÷åêà � Õèí÷èíà.
Ïðåäïîëîæèì, ÷òî âðåìåíà îáñëóæèâàíèÿ ïîäçàÿâîê èìåþò ýêñïîíåíöèàëüíóþ ôóíê-

öèþ ðàñïðåäåëåíèÿ:
FExp (x) = 1 � e� �x ; x > 0:

Ïðèáîðû, à ñîîòâåòñòâåííî, è âðåìåíà îáñëóæèâàíèÿ íà íèõ ÿâëÿþòñÿ çàâèñèìûìè.
Äàëåå ðàññìîòðèì íåñêîëüêî âàðèàíòîâ ìîäåëåé çàâèñèìîñòåé ìåæäó ïðèáîðàìè, ê îòîðûå
îïèøåì ñ ïîìîùüþ òðåõ òèïîâ êîïóëà-ôóíêöèé.

Ñîãëàñíî îïðåäåëåíèþ ñ ïîìîùüþ, íàïðèìåð, äâóìåðíîé êîïóëû ìîæíî ïðåäñ òàâèòü
ôóíêöèþ ðàñïðåäåëåíèÿ äâóìåðíîé ñëó÷àéíîé âåëè÷èíû

F (x1; x2) = P(X 1 < x 1; X 2 < x 2) = C(F1(x1); F2(x2)) ;

ãäåFi (x) � ýòî ÷àñòíûå ôóíêöèè ðàñïðåäåëåíèÿ îäíîìåðíûõ ñëó÷àéíûõ âåëè÷èí , ñîñòàâëÿ-
þùèõ èñõîäíóþ äâóìåðíóþ. Â òîì ñëó÷àå, êîãäà ÷àñòíûå ðàñïðåäåëåíèÿ ñ îâïàäàþò F1(x) =
= F2(x) = F (x), èìååì

F (x1; x2) = C(F (x1); F (x2)) = C(u1; u2); 0 6 u1; u2 6 1:

Îáîçíà÷èì ÷åðåç

F2:2(x) = FX 2:2 (x) = P(X 2:2 < x ) = P(maxf X 1; X 2g < x )

ôóíêöèþ ðàñïðåäåëåíèÿ äëÿ ñëó÷àéíîé âåëè÷èíû âðåìåíè îáñëóæèâàíèÿ ç àÿâêè íà ïðè-
áîðàõ, òîãäà, ó÷èòûâàÿ, ÷òî âðåìåíà îáñëóæèâàíèÿ ÿâëÿþòñÿ îäèíàêîâî ðàñïðåäåëåíí ûìè
ñëó÷àéíûìè âåëè÷èíàìè, ìîæåì çàïèñàòü

F2:2(x) = P(maxf X 1; X 2g < x ) = P(X 1 < x; X 2 < x ) = C(F (x); F (x)) = � (F (x)) ;

ãäå� (u) íàçûâàåòñÿ äèàãîíàëüíûì ñå÷åíèåì êîïóëû.
Äëÿ ìîäåëèðîâàíèÿ çàâèñèìîñòåé ìåæäó âðåìåíàìè îáñëóæèâàíèÿ íà ïðèáîðàõ èñ ïîëü-

çóþòñÿ ñëåäóþùèå âèäû êîïóë: êîïóëà Ãóìáåëÿ, êîïóëà Ôàðëè � Ãóìáåëÿ � Ì îðãåíøòåðíà
è êîïóëà Òàïà � ×æàî, ïðåäëîæåííàÿ â ðàáîòå [ 6].

2. Êîïóëû è ñðåäíåå âðåìÿ ïðåáûâàíèÿ â ÑÌÎ

Äëÿ ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ âðåìåíè îáñëóæèâàíèÿ íà ïðèáîðàõ ðà ññìîòðèì
òðè ìîäåëè çàâèñèìîñòåé ìåæäó ïðèáîðàìè è, ñîîòâåòñòâåííî, âðåìåíàìè îáñëóæèâàíèÿ
íà íèõ.

2.1. Êîïóëà Ãóìáåëÿ

Äâóìåðíàÿ êîïóëà Ãóìáåëÿ èìååò ñëåäóþùèé âèä:

C(u1; u2) = exp f� (( � ln u1) � + ( � ln u2) � )
1
� g; 0 6 u1; u2 6 1; � > 1:

Äàííàÿ êîïóëà, â ÷àñòíîñòè, èñïîëüçîâàëàñü àâòîðàìè â [ 9] äëÿ ïðèáëèæåíèÿ çàâèñèìîñòè
âðåìåí ïðåáûâàíèÿ â ñèñòåìå ñ ðàçäåëåíèåì çàÿâîê òèïà fork-join.
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Ñëó÷àé � = 1 ñîîòâåòñòâóåò íåçàâèñèìîñòè ñëó÷àéíûõ âåëè÷èí, à â ïðåäåëå ïðè � ! 1
ïîëó÷àåì ñîâåðøåííóþ ïîëîæèòåëüíóþ çàâèñèìîñòü (êîìîíîòîííîñòü).

Äëÿ êîïóëû Ãóìáåëÿ äèàãîíàëüíîå ñå÷åíèå ( u1 = u2 = u) îïðåäåëÿåòñÿ êàê

� (u) = C(u; u) = u21=�
; 0 6 u 6 1; � > 1:

Òîãäà ôóíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè îáñëóæèâàíèÿ çàÿâêè ïðèìåò âèä

F2:2(x) = � (FExp (x)) = (1 � e� �x )21=�
; x > 0;

à åå ïëîòíîñòü ðàñïðåäåëåíèÿ, ñîîòâåòñòâåííî,

f 2:2(x) = F 0
2:2(x) = 2 1=� �e � �x (1 � e� �x )21=� � 1; x > 0:

Äàëåå ìîæíî ðàññ÷èòàòü ïåðâûé è âòîðîé ìîìåíòû âðåìåíè îáñëóæèâàíèÿ:

E [X 2:2] =
Z 1

0
21=� �xe � �x (1 � e� �x )21=� � 1dx;

E [X 2
2:2] =

Z 1

0
21=� �x 2e� �x (1 � e� �x )21=� � 1dx;

âû÷èñëèâ ïðåäñòàâëåííûå èíòåãðàëû.
Äëÿ ïðîèçâîëüíîé ñëó÷àéíîé âåëè÷èíû � , èìåþùåé îáîáùåííîå ýêñïîíåíöèàëüíîå ðàñ-

ïðåäåëåíèå ñ ôóíêöèåé ðàñïðåäåëåíèÿ âèäà [ 10]

F (x) = (1 � e� x
� ) � ; x > 0;

ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ îïðåäåëÿþòñÿ ñ ïîìîùüþ äèãàììà-ôóíêö èè  (x):

E [� ] = � [ (� + 1) �  (1)];

V ar[� ] = � 2[ 0(1) �  0(� + 1)] ;

êîòîðàÿ, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ ïðîèçâîäíîé îò íàòóðàëüíîãî ëîãàðèôìà ãàììà-ôóíê öèè

 (x) =
d

dx
ln �( x);

�( x) =
Z 1

0
tx� 1e� t dt:

Òàêèì îáðàçîì, ñ ïîìîùüþ äèãàììà-ôóíêöèè ìîæåì âû÷èñëèòü ïîëó÷åííûå èíòåãð àëû,
à èìåííî äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ èìååì

E [X 2:2] =
1
�

[ (2
1
� + 1) �  (1)];

à äëÿ âòîðîãî ìîìåíòà áóäåò ñïðàâåäëèâî

E [X 2
2:2] =

1
� 2 [ 0(1) �  0(2

1
� + 1) + (  (2

1
� + 1) �  (1))2]:

Äàëåå ïî ( 1),(2) âû÷èñëÿåì E [V ] (ôîðìóëà íå ïðèâîäèòñÿ èç-çà åå ãðîìîçäêîñòè).
Íà ðèñ. 2 ïðèâåäåíû ãðàôèêè ñðåäíåãî âðåìåíè ïðåáûâàíèÿ çàÿâêè â ñèñòåìå ïðè � = 1

è ðàçíûõ � . Âèäíî, ÷òî ÷åì áîëüøå � , òåì íèæå ïðîõîäèò ãðàôèê (ìåíüøå ñðåäíåå).
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Òàê æå êàê è â ïðåäûäóùåì ñëó÷àå, èñõîäÿ èç àíàëèòè÷åñêèõ ôîðìóë è ïðåä ñòàâëåííûõ
íà ðèñ. 6 ãðàôèêîâ, íàèáîëåå øèðîêèé äèàïàçîí çíà÷åíèé êîýôôèöèåíòà êîððåëÿöèè Áë îì-
êâèñòà îò � 1 äî 1 ïîçâîëÿåò ïîëó÷èòü èìåííî ìîäåëü êîïóëû Òàïà � ×æàî, äàëåå ñëåäóåò
êîïóëà Ãóìáåëÿ ñ ïîëîæèòåëüíûìè çíà÷åíèÿìè îò 0 äî 1 è çàòåì êîïóëà Ôàðëè � Ãóìáåëÿ �
Ìîðãåíøòåðíà ñî çíà÷åíèÿìè êîýôôèöèåíòà êîððåëÿöèè â äèàïàçîíå îò � 3=4 äî 3/4 (÷òî
çíà÷èòåëüíî øèðå, ÷åì ó êîýôôèöèåíòà Êåíäàëëà).

Âèäíî, ÷òî âñå òðè ãðàôèêà ïåðåñåêàþòñÿ ïðè � = 0 (ñëó÷àé íåçàâèñèìîñòè), ïðè � < 0
êîïóëû Ôàðëè � Ãóìáåëÿ � Ìîðãåíøòåðíà è Òàïà � ×æàî äàþò áëèçêèå çíà÷åíèÿ ñðåäíèõ
âðåìåí ïðåáûâàíèÿ (íî áîëüøå òî÷åê ïåðåñå÷åíèÿ íåò), ïðè � > 0 êîïóëû Ãóìáåëÿ è Òàïà �
×æàî äàþò áëèçêèå çíà÷åíèÿ è ñõîäÿòñÿ â òî÷êå � = 1 (ñëó÷àé ñîâåðøåííîé ïîëîæèòåëü-
íîé çàâèñèìîñòè), à êîïóëà Ôàðëè � Ãóìáåëÿ � Ìîðãåíøòåðíà äàåò ñèëüíîå ðàñõîæ äåíèå ñ
îñòàëüíûìè.

4. Âåðõíÿÿ è íèæíÿÿ ãðàíèöû äëÿ ñðåäíåãî âðåìåíè îòêëèêà

Ìû ðàññìîòðåëè òðè êëàññà èçâåñòíûõ êîïóë, îäíàêî ýòîò âûáîð â çíà÷èòåëüíîé ñòåï åíè
ïðîèçâîëåí. Ìîæíî çàäàòüñÿ âîïðîñîì, êàêîâû âîîáùå âåðõíèå è íèæíèå ãðàíèöû äëÿ
ñðåäíåãî âðåìåíè îòëèêà äëÿ ëþáûõ êîïóë, íî ñ èçâåñòíûìè êîýôôèöèåí òàìè êîððåëÿöèè?

Â [8] ïðèâåäåíà òåîðåìà 5.1.16, äàþùàÿ âåðõíèå è íèæíèå (ïîòî÷å÷íûå) ãðàíèöû äëÿ
êîïóë ñ èçâåñòíûìè êîýôôèöèåíòàìè êîððåëÿöèè Ñïèðìåíà, Êåíäàëëà è Á ëîìêâèñòà. Ïðè
ýòîì ñàìè ãðàíèöû òàêæå ÿâëÿþòñÿ êîïóëàìè, ÷òî íàâîäèò íà ìûñëü ðàññ÷èòàòü ñîîòâå ò-
ñòâóþùèå ñðåäíèå âðåìåíà îòêëèêà. Ê ñîæàëåíèþ, â ÿâíîì âèäå ýòî ïîëó÷àåòñÿ òîëüê î â
ñëó÷àå êîýôôèöèåíòà Áëîìêâèñòà.

Äëÿ ýòîãî îáðàòèìñÿ ê âûðàæåíèÿì äëÿ âåðõíèõ è íèæíèõ ãðàíèö êîïóë ñ èçâåñòí ûì
çíà÷åíèåì êîýôôèöèåíòà êîððåëÿöèè Áëîìêâèñòà � , êîòîðûé, íàïîìíèì, ïðèíèìàåò çíà-
÷åíèÿ â äèàïàçîíå îò � 1 äî 1 âêëþ÷èòåëüíî:

B (u1; u2) = max
�

W (u1; u2);
� + 1

4
�

�
u1 �

1
2

� +

�
�

u2 �
1
2

� + �
;

B (u1; u2) = min
�

M (u1; u2);
� + 1

4
+

�
u1 �

1
2

� +

+
�

u2 �
1
2

� + �
;

ãäåW (u1; u2) = max( u1 + u2 � 1; 0), M (u1; u2) = min( u1; u2), x+ =

(
0; x < 0;
x; x > 0:

Òåïåðü âûðàçèì ãðàíèöû äëÿ äèàãîíàëüíîãî ñå÷åíèÿ � � (u) êîïóëû C(u1; u2) â çàâèñè-
ìîñòè îò çíà÷åíèÿ � , ò. å. êîãäà u1 = u2 = u, òîãäà íèæíÿÿ ãðàíèöà äëÿ äèàãîíàëüíîãî
ñå÷åíèÿ ïðèìåò âèä

� � (u) =

8
>>><

>>>:

0; 0 6 u 6 3� �
8 ;

2u � 1 + � +1
4 ; 3� �

8 6 u 6 1
2 ;

� +1
4 ; 1

2 6 u 6 5+ �
8 ;

2u � 1; 5+ �
8 6 u 6 1;

à âåðõíÿÿ, ñîîòâåòñòâåííî,

� � (u) =

8
>>><

>>>:

u; 0 6 u 6 � +1
4 ;

� +1
4 ; � +1

4 6 u 6 1
2 ;

2u � 1 + � +1
4 ; 1

2 6 u 6 3� �
4 ;

u; 3� �
4 6 u 6 1:

Äàëåå âîñïîëüçóåìñÿ ïîëó÷åííûìè âûðàæåíèÿìè äëÿ îïðåäåëåíèÿ âåðõí åé è íèæíåé
ãðàíèöû äëÿ ñðåäíåãî âðåìåíè ïðåáûâàíèÿ çàÿâêè â ñèñòåìå. Äëÿ ýòîãî âûð àçèì ñîîò-
âåòñòâóþùèå ôóíêöèè è ïëîòíîñòè ðàñïðåäåëåíèÿ âðåìåíè îáñëóæèâàíèÿ çàÿâêè (÷ àñòåé
çàÿâêè) íà îáîèõ ïðèáîðàõ.
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Ïðè ýòîì íåîáõîäèìî îòìåòèòü, ÷òî íèæíÿÿ ãðàíèöà êîïóë äàåò âåðõíþþ ãðàíèöó ñðåä-
íåãî âðåìåíè ïðåáûâàíèÿ, à âåðõíÿÿ ãðàíèöà êîïóë � íèæíþþ ãðàíèöó ñð åäíåãî âðåìåíè
ïðåáûâàíèÿ. Äåéñòâèòåëüíî, á�îëüøèå çíà÷åíèÿ êîïóëû âåäóò ê á�îëüøèì çíà÷åíèÿ ì ôóíê-
öèè ðàñïðåäåëåíèÿ (êàê á�îëüøåé âåðîÿòíîñòè, ÷òî ñëó÷àéíàÿ âåëè÷èíà ìåíüøå ç àäàííîãî
óðîâíÿ), ò. å. ê ñòîõàñòè÷åñêè ìåíüøèì âðåìåíàì îáñëóæèâàíèÿ, èìåþùèì ìåíüøè å ñðåä-
íèå è ñðåäíèå êâàäðàòû (â ñèëó íåîòðèöàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí), ÷òî ïð èâîäèò ê
ìåíüøèì ñðåäíèì âðåìåíàì îæèäàíèÿ è ïðåáûâàíèÿ ïî ôîðìóëàì ( 1) è (2).

×åðåç F è F îáîçíà÷èì ôóíêöèè ðàñïðåäåëåíèÿ äëÿ íàõîæäåíèÿ âåðõíåé è íèæíåé
ãðàíèö ñðåäíåãî âðåìåíè ïðåáûâàíèÿ, òîãäà

F �; 2:2(x) = � � (F (x)) ; F �; 2:2(x) = � � (F (x)) ; F (x) = 1 � e� �x ; x > 0;

â ðåçóëüòàòå ïîëó÷àåì ñëåäóþùèå ôîðìóëû äëÿ èñêîìûõ ôóíêöèé ðàñïðåä åëåíèÿ:

F �; 2:2(x) =

8
><

>:

1 � e� �x ; 0 6 x 6 � 1
� ln 3� �

4 ; x > � 1
� ln � +1

4 ; � 6= � 1;
� +1

4 ; � 1
� ln 3� �

4 6 x 6 � 1
� ln 1

2 ;

1 � 2e� �x + � +1
4 ; � 1

� ln 1
2 6 x 6 � 1

� ln � +1
4 ; � 6= � 1;

ïðè÷åì äëÿ ÷àñòíîãî ñëó÷àÿ � = � 1 èìååì

F � 1;2:2(x) =

(
0; 0 6 x 6 1

� ln 2;

1 � 2e� �x ; x > 1
� ln 2;

F �; 2:2(x) =

8
>>>><

>>>>:

0; 0 6 x 6 � 1
� ln 5+ �

8 ;

1 � 2e� �x + � +1
4 ; � 1

� ln 5+ �
8 6 x 6 � 1

� ln 1
2 ;

� +1
4 ; � 1

� ln 1
2 6 x 6 � 1

� ln 3� �
8 ;

1 � 2e� �x ; x > � 1
� ln 3� �

8 ;

è äëÿ ïëîòíîñòåé ðàñïðåäåëåíèÿ ñïðàâåäëèâî

f
�; 2:2

(x) =

8
><

>:

0; � 1
� ln 3� �

4 6 x 6 � 1
� ln 1

2 ;

2�e � �x ; � 1
� ln 1

2 6 x 6 � 1
� ln � +1

4 ;

�e � �x ; 0 6 x 6 � 1
� ln 3� �

4 , x > � 1
� ln � +1

4 ;

ïðè÷åì äëÿ � = � 1 ïîëó÷àåì f
� 1;2:2

(x) = 2 �e � �x , x > 1
� ln 2,

f �; 2:2(x) =

(
0; 0 6 x 6 � 1

� ln 5+ �
8 ; � 1

� ln 1
2 6 x 6 � 1

� ln 3� �
8 ;

2�e � �x ; � 1
� ln 5+ �

8 6 x 6 � 1
� ln 1

2 ; x > � 1
� ln 3� �

8 :

Äàëåå, èñïîëüçóÿ ôóíêöèè ïëîòíîñòåé, íàõîäèì íèæíèå è âåðõíèå ãðàíèö û äëÿ ïåðâîãî
è âòîðîãî ìîìåíòà âðåìåíè îáñëóæèâàíèÿ ñîîòâåòñòâåííî.

Â èòîãå äëÿ íèæíåé ãðàíèöû èìååì ñëåäóþùèå âûðàæåíèÿ:

E [X �; 2:2] =
1
�

�
3 � �

4

�
ln

3 � �
4

� 1
�

+
1 + �

4

�
ln

1 + �
4

� 1
�

+ ln 2 + 2
�
; � 6= � 1;

E [X � 1;2:2] =
1 + ln 2

�
;

E [X 2
�; 2:2] =

1
� 2

�
ln2 2 + 2 ln 2 + 4 �

3 � �
4

�
ln2 3 � �

4
� 2 ln

3 � �
4

+ 2
�

�

�
1 + �

4

�
ln2 1 + �

4
� 2 ln

1 + �
4

+ 2
��

; � 6= � 1;
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êîïóë ïðè èçâåñòíîì êîýôôèöèåíòå êîððåëÿöèè Áëîìêâèñòà. Ýòè ãðàíèöû îêàçû âàþòñÿ
î÷åíü øèðîêèìè. Äëÿ ïîëó÷åíèÿ áîëåå óçêèõ ãðàíèö íóæíî ëèáî îïèðàòüñÿ íà ä ðóãèå ìåðû
çàâèñèìîñòè, ëèáî íàêëàäûâàòü äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà âîçìîæíûå êîïóëû.

Ïðåäñòàâëåííûé ïîäõîä ìîæåò áûòü ðàñïðîñòðàíåí íà äðóãèå ðàñïðåäåëå íèÿ âðåìåí
îáñëóæèâàíèÿ ïîäçàÿâîê (â òîì ÷èñëå ñ òÿæåëûìè õâîñòàìè) è íà ñèñòåìû ñ ðàç äåëåíèåì
íà N > 2 ïîäçàÿâîê ñ èñïîëüçîâàíèåì ìíîãîìåðíûõ êîïóë.
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Àííîòàöèÿ. Â ñòàòüå ïðåäñòàâëåíà êîìïëåêñíàÿ ìåòîäîëîãèÿ ïðîãíîçèðî âàíèÿ ìàêðîýêîíîìè÷å-
ñêèõ ïîêàçàòåëåé äëÿ äîëãîñðî÷íîãî ïëàíèðîâàíèÿ â ïðîåêòí îì ôèíàíñèðîâàíèè. Öåëüþ èññëå-
äîâàíèÿ ÿâëÿåòñÿ ðàçðàáîòêà ñèñòåìû ñòîõàñòè÷åñêèõ ñèìóëÿöèé, ñïîñîáíîé ãåíåðèðîâàòü ïðàâ-
äîïîäîáíûå ñöåíàðèè ýêîíîìè÷åñêîãî ðàçâèòèÿ ñ ó÷åòîì âçàè ìîñâÿçåé ðàçëè÷íûõ ýêîíîìè÷åñêèõ
ïàðàìåòðîâ. Ìåòîäîëîãèÿ âêëþ÷àåò äâà êëþ÷åâûõ êîìïîíåíòà : àëãîðèòì âûáîðà çíà÷èìûõ ïðåäèê-
òîðîâ íà îñíîâå ðàçðåæåííûõ ãðàôîâ è ìèíèìàëüíîãî äåðåâà Øò åéíåðà, à òàêæå ñèñòåìó ñòîõàñòè-
÷åñêèõ ñèìóëÿöèé, èíòåãðèðóþùóþ ìîäåëü CIR++ ñ ìåòîäîì Ìîí òå-Êàðëî. Àâòîðîì ðàçðàáîòàí
ýôôåêòèâíûé àëãîðèòì ïîñòðîåíèÿ ðåãðåññèîííûõ ìîäåëåé, ó ÷èòûâàþùèé ñòðóêòóðíûå âçàèìî-
ñâÿçè ýêîíîìè÷åñêèõ ïîêàçàòåëåé. Ìàòåðèàëîì èññëåäîâàíè ÿ ïîñëóæèëè èñòîðè÷åñêèå äàííûå ïî
øèðîêîìó ñïåêòðó ìàêðîýêîíîìè÷åñêèõ ïîêàçàòåëåé Ðîññèè: ÂÂÏ, èíôëÿöèÿ, ïðîöåíòíûå ñòàâêè,
èíäåêñû öåí íà íåäâèæèìîñòü, ïîêàçàòåëè ïðîñðî÷åííîé çàäîë æåííîñòè ïî êðåäèòàì. Ðåçóëüòàòû
ïðèìåíåíèÿ ìåòîäîëîãèè äåìîíñòðèðóþò âûñîêóþ òî÷íîñòü ïð îãíîçèðîâàíèÿ íà èñòîðè÷åñêèõ äàí-
íûõ è èíòóèòèâíî ïîíÿòíîå ïîâåäåíèå â äîëãîñðî÷íîé ïåðñïåê òèâå. Âàëèäàöèÿ ìîäåëåé îñíîâàíà íà
êîíöåïòóàëüíîé îáîñíîâàííîñòè, ñèñòåìíîì àíàëèçå âûõîäí ûõ äàííûõ è ïðîâåðêå áèçíåñ-ñìûñëà,
÷òî ñîîòâåòñòâóåò ñïåöèôèêå ãåíåðàöèè äîëãîñðî÷íûõ ñöåíà ðèåâ. Ïðåäñòàâëåíà ìåòîäèêà êàëèá-
ðîâêè ãèïåðïàðàìåòðîâ àëãîðèòìà PCST è îïèñàíî ìîäåëèðîâà íèå ýêñòðåìàëüíûõ ñöåíàðèåâ äëÿ
îöåíêè õâîñòîâûõ ðèñêîâ. Ñèñòåìà ñïîñîáíà ãåíåðèðîâàòü âå ðîÿòíîñòíûå ñöåíàðèè ñ ãîðèçîíòîì äî
30 ëåò, ÷òî ïîçâîëÿåò îöåíèâàòü ðàçëè÷íûå àñïåêòû ðèñêîâ, â êëþ÷àÿ ýêñòðåìàëüíûå ñöåíàðèè. Ìî-
äóëüíàÿ àðõèòåêòóðà ñèñòåìû îáåñïå÷èâàåò ãèáêîñòü è àäàïòèâíîñòü ê ðàçëè÷íûì ýêîíîìè÷åñêèì
óñëîâèÿì. Ðåçóëüòàòû èññëåäîâàíèÿ èìåþò ïðàêòè÷åñêóþ çíà ÷èìîñòü äëÿ óïðàâëåíèÿ ðèñêàìè â
ôèíàíñîâûõ èíñòèòóòàõ è ñòðàòåãè÷åñêîãî ïëàíèðîâàíèÿ â ïð îåêòíîì ôèíàíñèðîâàíèè.
Êëþ÷åâûå ñëîâà: ðàçðåæåííîñòü ãðàôîâ, îòáîð ïðèçíàêîâ, äåðåâî Øòåéíåðà ñ ï ðèçàìè, ðåãðåñ-
ñèÿ, ìåòîä Ìîíòå-Êàðëî, ìîäåëü Êîêñà � Èíãåðñîëëà � Ðîññà, ï ðîåêòíîå ôèíàíñèðîâàíèå
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Introduction

Project �nance necessitates decision-making based on long-term macroeconomic forecasts.
Existing models frequently fail to account for the complex interdependencies between diverse
economic indicators, leading to signi�cant forecasting errors over extended horizons [1]. This
research aims to overcome these limitations by developing an integrated approach that synthesizes
machine learning techniques with economic modeling. Classical regression models and ARIMA
frameworks exhibit inherent constraints when applied to long-termforecasting, as they inadequa-
tely accommodate unexpected economic shifts and are insu�cient to model the uncertainty and
volatility characteristic of macroeconomic factors [2,3].

1. Research objective

The primary research objective is the development of a �exible and scalable forecasting system
for macroeconomic indicators capable of incorporating structural relationships between variables
and generating probabilistic scenarios for long-term risk analysis.
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The following speci�c tasks were de�ned to achieve this objective:
1) developing a methodology for selecting signi�cant predictors utilizing sparse graphs and

the Steiner tree algorithm;
2) integrating regression models into a stochastic simulation system employing the CIR++

(Cox � Ingersoll � Ross) model and Monte Carlo methods;
3) evaluating the e�cacy of the proposed approach using data from the Russian economy,

including simulations for GDP, in�ation, and interest rates.

1.1. Materials and research methods

This research presents an integrated approach to constructing a forecasting system. This
approach encompasses a methodology for selecting macroeconomic predictors via sparse graph
analysis, followed by their utilization within a stochastic simulation system designed to generate
probabilistic economic scenarios. Scenario generation is based on the CIR++ model [ 4� 6] and
Monte Carlo methods applied to macroeconomic indicators such as interest rates, housing price
indices, mortgage rates, and other variables, explicitly incorporatingtheir correlational depen-
dencies. The methodology combines model calibration to market data, stochastic simulation with
monthly discretization [7, 8], and regression relationships between variables. The coe�cients of
these regression relationships are optimally determined using theSteiner tree algorithm on sparse
graphs.

Utilizing an implementation of the minimum Steiner tree algorithm ( henceforth also referred
to as PCST � Prize-Collecting Steiner Tree) [ 9] for feature selection [10], we identify a subgraph
that maximizes the aggregate prize of selected vertices while minimizing the total cost of selected
edges. The algorithm identi�es a subgraph minimizing the cost function:

C(T) =
X

vi 2 V nVT

pi +
X

eij 2 ET

wij ; (1)

where VT denotes the set of selected vertices, andET denotes the set of selected edges.
As a practical implementation of the proposed method, regressions were employed for forecasting

macroeconomic indicators.

1.2. Research results and discussion

In all the aforementioned models, the PCST algorithm was successfully applied for feature
selection, ensuring the incorporation of both the individual signi�cance of variables and their
interdependencies. This enabled the creation of stable and accurate models with high explanatory
power, suitable for scenario modeling and forecasting macroeconomicindicators. The application
of the PCST algorithm enhanced model quality by integrating featureinterdependencies, thereby
improving the reliability and interpretability of the results.

Visualization of the regression of the key rate on the 1-month zero-coupon yield spread is
shown in Fig. 1.

Based on the pre-constructed regression models, a comprehensive system for stochastic macro-
economic simulation was developed (experimental code:https://github.com/andreypodgorny10/
macro_sims). The architecture of the system consists of four interconnected modules.

1. Interest rate modeling module (CIR++). Interest rates are simulated using the stochastic
CIR++ model, modi�ed to align with the observed market yield curv e. The latent short rate
x(t) follows the stochastic di�erential equation

dxt = a(� � x t ) dt + �
p

x t dWt ; (2)

and the observable short rate is computed as

r t = x t + ' (t); (3)
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Fig. 1. Example implementation of PCST for key rate to 1-month zero-coupon yield spread forecasting.
Compiled by the article author (color online)

where ' (t) is a deterministic shift function calibrated to match the market forward curve. The
model is discretized using the Euler � Maruyama scheme with a monthly step size � t = 1=12:

x t+1 = x t +
�
a � 0 � (a + BT � t � 2 1T-measure) x t

�
� t + �

p
x t " t : (4)

The functions BT � t and ' (t) are computed analytically during the calibration stage based on
the forward rate curve.

2. Module for generating correlated stochastic shocks[11]. A correlation matrix R between
macroeconomic variables is constructed from historical data. Cholesky decomposition is used to
simulate correlated shocks:L = chol( R). Independent standard normal vectorsZ � N (0; I ) are
transformed into correlated vectors" = LZ . The resulting shocks are simultaneously applied to
all variables within the regression models, ensuring internally consistent scenario paths.

3. Regression modeling module for macroeconomic variables.Each macroeconomic variable is
modeled using a stochastic regression that includes lag terms, di�erences, moving averages, and
interaction e�ects. The general structure of the regression model for a variable Yt is

Yt = � 0 +
kX

i =1

� i X i;t � ` i +
mX

j =1


 j (Z j;t � Z j;t � dj ) +
nX

p=1

� pYt � p + � " t ; (5)

whereX i;t � ` i are lagged explanatory variables;(Z j;t � Z j;t � dj ) are �rst- or higher-order di�erences;
Yt � p are autoregressive terms; and" t � N (0; 1) represents correlated shocks per Module 2.

4. Simulation orchestration. Summary statistics include Value-at-Risk (VaR), Expected Short-
fall (ES), median-based scenario aggregates, and con�dence intervals (e.g., 5th and 95th percen-
tiles). The Monte Carlo method [12] is employed to generate the distribution of possible future
states for each macroeconomic variable. Correlations are incorporated via Cholesky decomposition.
The �nal implementation element is the visualization module. Examples of the visualization
module output are presented in Fig.2.

1.3. Numerical validation and performance assessment

Model validation focuses on conceptual validity, systematic output analysis, and business
logic veri�cation rather than traditional point forecast metrics, whic h is appropriate for long-
term scenario generation. Conceptual validity con�rms economic interpretability (e.g., in�ation
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and monetary policy relationships) and the mean-reversion and non-negativity properties of
the CIR++ model. Output analysis checks preservation of correlation structure, absence of
implausible discontinuities or explosive behavior over 30-year horizons, and convergence of long-
term mean values to economically reasonable equilibria. Business logic veri�cation con�rms that
HPI, mortgage spreads, and GDP dynamics are consistent with market behavior and development
stages. A hyperparameter calibration strategy for PCST (threshold� = 0 :3, sparsity bounds,
cluster count, and adaptive step sizes) was validated via sensitivity tests; � 20%changes produced
< 5% variation in performance metrics. Extreme scenarios are captured viaCIR++ dynamics,
correlation propagation, and N = 10;000 Monte Carlo paths, enabling VaR/ES estimation and
coverage of historical stress events within the probabilistic envelope.

Fig. 2. Example implementation of the visualization module for the key rate. Compiled by the article
author (color online)

Conclusion

The results of this research demonstrate the e�ectiveness of the proposed approach in fore-
casting macroeconomic indicators while accounting for their interdependencies and stochastic
nature. The key advantages are �exibility, scalability, and adaptabili ty to diverse economic
conditions. The approach enables better risk assessment for long-termresidential real estate
projects and improves �nancial planning accuracy.
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ÓÄÊ 001.891.573

Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà ýâàêóàöèè ñîöèàëüíûõ ãðóï ï
èç ïîìåùåíèé ñ íåñêîëüêèìè âûõîäàìè
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çíàþò îáî âñåõ âûõîäàõ ñ ñàìîãî íà÷àëà ñèìóëÿöèè. Èíäèâèäóà ëüíûå àãåíòû óçíàþò î âûõîäàõ â
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ëèäåðîì ïðèâîäèë ê çàòîðàì, óâåëè÷åíèþ âðåìåíè ýâàêóàöèè è óðîâíþ ïàíèêè. Òàêèì îáðàçîì,
ïðåäëîæåííàÿ ìîäåëü äåìîíñòðèðóåò ïåðñïåêòèâíîñòü ïðèìå íåíèÿ ìåòîäîâ îáó÷åíèÿ ñ ïîäêðåïëå-
íèåì äëÿ àíàëèçà è îïòèìèçàöèè ýâàêóàöèè â ïîìåùåíèÿõ ñëîæíî é êîíôèãóðàöèè. Ðàçðàáîòàííàÿ
ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäíàçíà÷åíà äëÿ èñïîëüçîâàíèÿ ïð è ñîçäàíèè öèôðîâûõ äâîéíèêîâ ïðî-
öåññîâ èìèòàöèè è îïòèìèçàöèè ïîòîêîâ ëþäåé, à òàêæå âû÷èñë èòåëüíûõ ýêñïåðèìåíòîâ ïî ðàñ÷åòó
ýôôåêòèâíîãî âðåìåíè è ïóòåé âûõîäà.

© Ñèëèíñêàÿ À. À., Áîãîìîëîâ À. Ñ., Êóøíèêîâ Â. À., 2026



À. À. Ñèëèíñêàÿ è äð. Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà ýâàêóàöèè ãðóïï èç ïîìå ùåíèé

Êëþ÷åâûå ñëîâà: ìíîãîàãåíòíàÿ ìîäåëü, ýâàêóàöèÿ, îáó÷åíèå ñ ïîäêðåïëåíèå ì, MAPPO, ñîöè-
àëüíûå ãðóïïû, ãèáðèäíîå ïðîñòðàíñòâî äåéñòâèé, âîçðàñòí ûå êàòåãîðèè
Áëàãîäàðíîñòè: Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñ òâà íàóêè è âûñ-
øåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ ãîñóäàðñòâå ííîãî çàäàíèÿ (ïðîåêò • FREM-
2026-0006).
Äëÿ öèòèðîâàíèÿ: Ñèëèíñêàÿ À. À., Áîãîìîëîâ À. Ñ., Êóøíèêîâ Â. À. Ìàòåìàòè÷åñêàÿ ìîäåëü
ïðîöåññà ýâàêóàöèè ñîöèàëüíûõ ãðóïï èç ïîìåùåíèé ñ íåñêîëü êèìè âûõîäàìè // Èçâåñòèÿ Ñàðà-
òîâñêîãî óíèâåðñèòåòà. Íîâàÿ ñåðèÿ. Ñåðèÿ: Ìàòåìàòèêà. Ìå õàíèêà. Èíôîðìàòèêà. 2026. Ò. 26,
âûï. 2. Ñ. 302�311. DOI: https://doi.org/10.18500/1816-9791-2026-26-2-302-311, EDN: UEEHGG
Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 I nternational (CC-BY 4.0)

Article

A mathematical model of social group evacuation from buildi ngs
with multiple exits

A. A. Silinskaya 1 , A. S. Bogomolov 1;2;3, V. A. Kushnikov 1;2

1Saratov State University, 83 Astrakhanskaya St., Saratov 410012, Russia
2Federal Research Centre �Saratov Scienti�c Centre of the Russian Ac ademy of Sciences�, 24 Rabochaya St.,

Saratov 410028, Russia
3 Institute of Applied Mathematics and Mechanics, 74 Rosa Luxemburg St ., Donetsk 283048, Russia

Anna A. Silinskaya , asilinskaya@gmail.com, https://orcid.org/0009-0000-8624-6279 , SPIN: 6033-8317,

AuthorID: 1296737

Aleksey S. Bogomolov , alexbogomolov@ya.ru, https://orcid.org/0000-0002-6972-3181 , SPIN: 3689-2420,

AuthorID: 109940

Vadim A. Kushnikov , kushniko�@yandex.ru, https://orcid.org/0000-0002-9195-2546 , SPIN: 4755-5063,

AuthorID: 10353

Abstract. This paper introduces a computational model for simulating multi-agent evacuation dynamics
based on the Multi-Agent Proximal Policy Optimization (MAPPO ) algorithm. The proposed framework
incorporates multiple evacuation exits with varying opening times, heterogeneous agent types, panic-
induced behavioral modi�cations, and social interactions of the leader � follower type. A hybrid action
space is employed, combining discrete exit selection with continuous movement control. Training is
performed under a curriculum learning paradigm, gradually increasing the number of agents to enhance
generalization and adaptability to di�erent population si zes. Several methodological re�nements were
implemented to improve training stability and e�ciency: dropou t layers to mitigate over�tting, exponential
exploration decay to enable a smooth shift toward precise actions, and reward normalization to stabilize
policy updates. Simulations were conducted in a15 � 20 m environment with three exits (each 1.5 m
wide, opening sequentially every 6 seconds). The model also incorporates mechanisms of information
dissemination: leaders are aware of all exits from the start of the simulation, while individual agents
detect exits within a 5 m radius and propagate this knowledgeto neighbors within 2 m. Social groups
follow prede�ned behavioral rules, such as granting elderly agents a speed adjustment and assigning
leaders strategic decision-making roles. Computational experiments with scenarios involving 50 agents
demonstrated that the presence of social groups and leaders signi�cantly accelerates evacuation, particularly
bene�ting elderly agents. Optimal performance was observed in settings with two leaders, whereas
scenarios with a single leader led to bottlenecks, longer evacuation times, and higher levels of panic. These
�ndings highlight the potential of reinforcement learning� based approaches for analyzing and optimizing
evacuation processes in complex indoor environments. The developed mathematical model is intended
for use in the creation of digital twins for simulating and optimizing human �ow processes, as well as for
conducting computational experiments to calculate e�cient evacuation times and routes.
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Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ìíîæåñòâî ìåæäóíàðîäíûõ èññëåäîâàíèé ïîñâÿùåíî âîïðîñàì ðàç -
ðàáîòêè è èñïîëüçîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé äëÿ ïðåäñòàâëåíèÿ ïðîöåññîâ ýâàêóà-
öèè ëþäåé èç ïîìåùåíèé ïðè âîçíèêíîâåíèè îïàñíûõ ñèòóàöèé. Àãåíòíî-îðèå íòèðîâàííûé
ïîäõîä [ 1,2] ïîçâîëÿåò ó÷åñòü èíäèâèäóàëüíîå è ãðóïïîâîå ïîâåäåíèå, íî îãðàíè÷åí â àäàï-
òàöèè ê èçìåíÿþùèìñÿ óñëîâèÿì. Ãåîèíôîðìàöèîííûå ñèñòåìû [ 3] âèçóàëèçèðóþò ïóòè,
èãíîðèðóÿ ïîâåäåíèå â òîëïå.

Â [4� 6] ïðåäëîæåíû ìíîãîàãåíòíûå ìîäåëè ýâàêóàöèè ñ ó÷åòîì ñòîëêíîâåíèé è ñëîæí îé
ãåîìåòðèè ïîìåùåíèé. Â [ 5] èíòåãðèðóåòñÿ ìîäåëèðîâàíèå ïîæàðà è ýâàêóàöèè ñ èñïîëüçî-
âàíèåì ìîäåëè ÷àñòè÷íî óïðóãîãî óäàðà, â [ 6] � ñïîíòàííàÿ ýâàêóàöèÿ ñ ìåõàíèêîé îáãîíà.
Îäíàêî ýòè ðàáîòû íå ó÷èòûâàþò ôèçè÷åñêèå ðàçëè÷èÿ àãåíòîâ, ñîöèàëüíûå âçàèìî äåé-
ñòâèÿ è ïàíèêó. Â [ 7] íà îñíîâå ìåòîäèê Ì×Ñ Ðîññèè ìîäåëèðóþòñÿ âîçðàñòíûå ãðóïïû
ñ èõ õàðàêòåðèñòèêàìè è ìåõàíèçì îæèäàíèÿ ïðè çàòîðàõ, íî áåç ïàíèêè è ñîöèàëüí ûõ
ñâÿçåé.

Çíà÷èòåëüíûé ïðîãðåññ â ìîäåëèðîâàíèè äîñòèãíóò ñ ïðèìåíåíèåì ãë óáîêîãî îáó÷å-
íèÿ ñ ïîäêðåïëåíèåì (DRL). Ðàáîòû [ 8� 10] èñïîëüçóþò DRL äëÿ îïòèìèçàöèè ïóòåé â ðå-
àëüíîì âðåìåíè, íî íå ó÷èòûâàþò ñòîëêíîâåíèÿ, ïàíèêó èëè ñîöèàëüíûå ãðóïïû. Ëèäåð-
îðèåíòèðîâàííûå ìîäåëè [ 11] íà îñíîâå àëãîðèòìà PPO (Proximal Policy Optimization) óñêî-
ðÿþò ýâàêóàöèþ çà ñ÷åò êîîðäèíàöèè àãåíòîâ, íî óïðîùàþò èõ ïîâåäåíèå.

Ðàññìîòðåííûå ðàáîòû èìåþò îãðàíè÷åíèÿ: ñòàòè÷íîñòü ñðåäû, èãíîðèðîâàíèå è íäèâè-
äóàëüíûõ õàðàêòåðèñòèê, ñîöèàëüíîãî âçàèìîäåéñòâèÿ è àäàïòèâíîñòè ê ñëîæíûì ïîìå ùå-
íèÿì ñ ìíîæåñòâîì âûõîäîâ. Ýòî îáóñëîâëèâàåò àêòóàëüíîñòü íîâûõ ïîäõîäîâ.

Çàäà÷åé äàííîé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ìíîãîàãåíòíîé ìîäåëè ýâàêóàöèè, ó÷èòûâà-
þùåé: àãåíòîâ òðåõ âîçðàñòíûõ êàòåãîðèé ñ ðàçíûìè ôèçè÷åñêèìè õàðàêòåðèñòèêàì è; óðî-
âåíü ïàíèêè è åå âëèÿíèå íà äâèæåíèå; ñîöèàëüíûå âçàèìîäåéñòâèÿ òèïà ¾ëèä åð � ïîñëåäî-
âàòåëü¿; íàëè÷èå íåñêîëüêèõ âûõîäîâ, îòêðûâàþùèõñÿ â ðàçíîå âðåìÿ.

1. Ìàòåìàòè÷åñêèå ìîäåëè äëÿ ñèìóëÿöèè ïîâåäåíèÿ àãåíòîâ

Äëÿ ñèìóëÿöèè ïîâåäåíèÿ àãåíòîâ ïðè ýâàêóàöèè áûëà ðàçðàáîòàíà ìîäåëü íà îñí îâå
àëãîðèòìà MAPPO (Multi-Agent Proximal Policy Optimization) [ 12]. MAPPO ÿâëÿåòñÿ ðàñ-
øèðåíèåì àëãîðèòìà PPO äëÿ ìíîãîàãåíòíûõ ñèñòåì. Àëãîðèòì ïðåäïîëàãàåò èñ ïîëüçîâà-
íèå äâóõ íåéðîñåòåé � àêòîðà è êðèòèêà, ãäå àêòîð îïðåäåëÿåò ñòðàòåãèþ àãåíòà, à êðèòèê
îöåíèâàåò öåííîñòü åãî äåéñòâèé, èñïîëüçóÿ ãëîáàëüíóþ èíôîðìàöèþ. Ïðèìåíÿ åòñÿ ïîä-
õîä CTDE (Centralized Training, Decentralized Execution), ãäå îáó÷åíèå àãåíòîâ ïðîèñõîäèò
öåíòðàëèçîâàííî (íàïðèìåð, ñ èñïîëüçîâàíèåì îáùåé èíôîðìàöèè î ñîñòîÿíèè), í î ïîñëå
îáó÷åíèÿ êàæäûé àãåíò äåéñòâóåò íåçàâèñèìî, èñïîëüçóÿ ñîáñòâåííûå ëîêàëüíûå íàáëþäå-
íèÿ. Ýòî ïîçâîëÿåò ðåøàòü ïðîáëåìó íåñòàöèîíàðíîñòè ñðåäû è ðàñïðåäåëåíèÿ í àãðàäû.

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ìîäåëü áûëà ðàçâèòà ïóòåì âíåäðåíèÿ íå êîòîðûõ ìî-
äèôèêàöèé. Èñïîëüçóåòñÿ ãèáðèäíîå ïðîñòðàíñòâî äåéñòâèé, âêëþ÷àþùåå â ñåáÿ äèñêðåò-
íûé âûáîð äåéñòâèÿ è íåïðåðûâíîå äâèæåíèå. Ýòîò ïîäõîä ïîçâîëÿåò îòîáðàçèòü ðåàë èè

304 Íàó÷íûé îòäåë



À. À. Ñèëèíñêàÿ è äð. Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà ýâàêóàöèè ãðóïï èç ïîìå ùåíèé

ýâàêóàöèè, ãäå àãåíòû ïðèíèìàþò ñòðàòåãè÷åñêèå ðåøåíèÿ î öåëè (ïîäõîä ÿùåì âûõîäå) è
òàêòè÷åñêè ìàíåâðèðóþò â òîëïå. Ïîäîáíûå ãèáðèäíûå ïðîñòðàíñòâà äåéñòâèé ïîê àçàëè
ñâîþ ýôôåêòèâíîñòü â çàäà÷àõ ñ èåðàðõè÷åñêèì óïðàâëåíèåì [ 13]. Äëÿ ïîâûøåíèÿ îáîá-
ùàþùåé ñïîñîáíîñòè ìîäåëè èñïîëüçóþòñÿ dropout-ñëîè â àêòîðñêîé ñåòè. Ýòî ïîçâîëÿ åò
ïðåäîòâðàòèòü ïåðåîáó÷åíèå ìîäåëè ïðè áîëüøîé ðàçìåðíîñòè äàííûõ è âàðèàòèâíîñòè
ñöåíàðèåâ [14,15]. Ðåàëèçîâàí ìåõàíèçì çàòóõàíèÿ èññëåäîâàíèÿ çà ñ÷åò ýêñïîíåíöèàëüíî-
ãî óìåíüøåíèÿ ñòàíäàðòíîãî îòêëîíåíèÿ íåïðåðûâíûõ äåéñòâèé. Ýòîò ïîäõîä ïîçâîëÿåò
îáåñïå÷èòü ïåðåõîä îò àêòèâíîãî èññëåäîâàíèÿ ñðåäû ê òî÷íûì äâèæåíèÿì, ÷òî ï îääåð-
æèâàåòñÿ ïðàêòèêàìè óïðàâëåíèÿ èññëåäîâàíèåì â îáó÷åíèè ñ ïîäêðåïëåíèåì [16,17]. Íà-
ãðàäû àãåíòîâ íîðìàëèçóþòñÿ ïî ñòàíäàðòíîìó îòêëîíåíèþ. Ýòî ïîçâîëÿåò ñòàáèëèç èðî-
âàòü îáó÷åíèå, êîãäà íàãðàäû èìåþò âûñîêóþ âàðèàòèâíîñòü [ 18]. Òàêæå äëÿ óëó÷øåíèå
îáîáùàþùåé ñïîñîáíîñòè èñïîëüçóåòñÿ ïðèíöèï curriculum learning [ 16, 19] ñ ïîñòåïåííûì
ïîâûøåíèåì ÷èñëà àãåíòîâ â ñðåäå â ïðîöåññå îáó÷åíèÿ. Ýòîò ïîäõîä ïîçâîëÿåò àãåíòàì
ñíà÷àëà îáó÷èòüñÿ ïðîñòûì ñöåíàðèÿì, ãäå âçàèìîäåéñòâèÿ äðóã ñ äðóãîì ìèí èìàëüíû,
à îñíîâíàÿ öåëü � äâèæåíèå ê âûõîäó. Çàòåì, ïî ìåðå ðîñòà, àãåíòû ó÷àòñÿ áîëåå òîí êî
ìàíåâðèðîâàòü â òîëïå.

2. Îáó÷åíèå ìàòåìàòè÷åñêîé ìîäåëè

Îáó÷åíèå ìîäåëè ïðîâîäèëîñü â äâóìåðíîé ñðåäå 15 � 20 ì (ïëîùàäü 300 ì 2) ñ òðåìÿ
âûõîäàìè øèðèíîé 1.5 ì. Îäèí èç âûõîäîâ îòêðûò ñ ñàìîãî íà÷àëà ñèìóëÿöèè, ñ÷èòàåòñÿ
îñíîâíûì, ïîýòîìó èçâåñòåí âñåì àãåíòàì (ðàñïîëîæåí ñïðàâà íà ðèñ. 1). Äðóãèå âûõîäû

Ðèñ. 1. Ñðåäà ñ 50 àãåíòàìè è 2 ëèäåðàìè
Fig. 1. Environment with 50 agents and 2 leaders

îòêðûâàþòñÿ ñ èíòåðâàëîì 6 ñ. Àãåíòû
óçíàþò î íîâûõ âûõîäàõ â ðàäèóñå 5 ì è
ïåðåäàþò èíôîðìàöèþ äðóãèì ó÷àñòíè-
êàì â ðàäèóñå 2 ì. Ëèäåð óçíàåò îá îò-
êðûòèè âûõîäà âíå çàâèñèìîñòè îò ðàñ-
ñòîÿíèÿ. Òàêàÿ êîíôèãóðàöèÿ ïîìåùå-
íèÿ õàðàêòåðíà äëÿ òàêèõ îáùåñòâåííûõ
ïîìåùåíèé, êàê ó÷åáíûå àóäèòîðèè, òîð-
ãîâûå çàëû, ðåñòîðàíû èëè îôèñû. Ñî-
ãëàñíî ñâîäó ïðàâèë ñèñòåìû ïðîòèâîïî-
æàðíîé çàùèòû 1 äëÿ ïîìåùåíèé ñ îä-
íîâðåìåííûì ïðåáûâàíèåì áîëåå 50 ÷å-
ëîâåê òðåáóåòñÿ íå ìåíåå äâóõ âûõîäîâ,
à ìèíèìàëüíàÿ øèðèíà ýâàêóàöèîííîãî
âûõîäà ïðè ïðåáûâàíèè â ïîìåùåíèè áî-
ëåå 15 ÷åëîâåê äîëæíà áûòü íå ìåíü-
øå 1.2 ì.

Ïðåäóñìîòðåíî òðè òèïà àãåíòîâ ðàçíûõ âîçðàñòíûõ êàòåãîðèé, êîòîðûå èíèöèàëèç è-
ðóþòñÿ â ñðåäå â ôèêñèðîâàííîé ïðîïîðöèè: ¾ïîäðîñòîê¿ � 30%, ¾âçðîñëûé¿ � 50%, ¾ïî-
æèëîé¿ � 20%. Îíè ðàçëè÷àþòñÿ ñâîèìè ñêîðîñòüþ, ìàíåâðåííîñòüþ è ðàäèóñîì ïðîåêö èè.
Ëèäåðàìè ìîãóò áûòü òîëüêî âçðîñëûå àãåíòû. Äëÿ ïîâûøåíèÿ îáîáùàþùåé ñïîñîáíîñòè
ìîäåëè âî âðåìÿ îáó÷åíèÿ èõ ÷èñëî ñëó÷àéíûì îáðàçîì âàðüèðóåòñÿ îò äâóõ äî ïîëîâè íû
îáùåãî ÷èñëà àãåíòîâ. Ïðè èíèöèàëèçàöèè ñðåäû äëÿ ñöåíàðèåâ ñ ñîöèàëüíûìè ãðóïïàìè
ãðóïïû ñ÷èòàëèñü çàðàíåå îðãàíèçîâàííûìè, ïîýòîìó ðàçìåùàëèñü êëàñòåðîì (ñì . ðèñ. 1).
Êàê îäèíî÷íûå àãåíòû, òàê è ãðóïïû ðàçìåùàëèñü â ñðåäå ñëó÷àéíî.

Â ìîäåëè ïðåäóñìîòðåíî âëèÿíèå ïàíèêè íà ìàíåâðåííîñòü àãåíòîâ, ïðåäïîëàã àÿ, ÷òî
ïî ìåðå åå ðîñòà àãåíòû ñòàíîâÿòñÿ ìåíåå ìàíåâðåííûìè [ 20]. Åå ðîñò çàâèñèò îò áëèçîñòè
äðóãèõ àãåíòîâ è óäàëåííîñòè îò âûõîäà [ 21], ïðè ýòîì ó àãåíòîâ, îðãàíèçîâàííûõ â ãðóïïû,

1 Îá óòâåðæäåíèè ñâîäà ïðàâèë ÑÏ 1.13130 ¾Ñèñòåìû ïðîòèâîïîæàðíîé çàùèòû. Ýâàêóàöèîííû å ïóòè
è âûõîäû¿: Ïðèêàç Ì×Ñ Ðîññèè îò 19.03.2020 ã. • 194. Ìîñêâà : Ì×Ñ Ðîññèè, 2020. 47 ñ.
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óðîâåíü ïàíèêè ðàñòåò ìåäëåííåå [ 22]. Óðîâåíü ïàíèêè çàâèñèò îò ñêó÷åííîñòè àãåíòîâ,
âðåìåíè ñ íà÷àëà ýâàêóàöèè è óäàëåííîñòè îò âûõîäà. Óðîâåíü ïàíèêè ïðèíèì àåò çíà÷åíèÿ
íà îòðåçêå [0; 1]. Óâåëè÷åíèå ïàíèêè îïðåäåëÿåòñÿ êàê

panic_increase=
X

nearby_agents

wtype + dexit f type ;

ãäåwtype = 0 :1 äëÿ îäèíî÷íûõ àãåíòîâ, 0:03� äëÿ àãåíòîâ, ïðèíàäëåæàùèõ äàííîé ãðóïïå,
0:06� äëÿ àãåíòîâ, ïðèíàäëåæàùèõ äðóãîé ãðóïïå, dexit � íîðìàëèçîâàííîå ðàññòîÿíèå äî
áëèæàéøåãî îòêðûòîãî âûõîäà, f type = 0 :2 äëÿ îäèíî÷íûõ èëè 0:1 äëÿ ãðóïïîâûõ àãåíòîâ,
nearby_agents � ÷èñëî àãåíòîâ â ðàäèóñå 1:5 ì. Çàòåì óðîâåíü ïàíèêè íà êàæäîì øàãå
ñèìóëÿöèè îáíîâëÿåòñÿ ïî ôîðìóëå

panic_levelt+1 = max (0 ; min (1; panic_levelt + 0 :1 � panic_increase� decay_rate)) ;

ãäå decay_rate= 0 :01 äëÿ îäèíî÷íûõ àãåíòîâ, 0:02 äëÿ àãåíòîâ â ãðóïïå.
Ýêñïåðèìåíòû â [ 22] ïîêàçàëè, ÷òî ïðè ýâàêóàöèè ëèäåð ìîæåò óïðàâëÿòü ñêîðîñòüþ

àãåíòîâ, â òîì ÷èñëå îêàçûâàòü ïîìîùü â ïåðåäâèæåíèè. Â ñâÿçè ñ ýòèì ïðè ýâàêóàöèè â
ñîöèàëüíûõ ãðóïïàõ ïîæèëûå àãåíòû, áóäó÷è óÿçâèìûìè ó÷àñòíèêàìè äâèæåí èÿ, ïîëó÷à-
þò áîíóñ ê ñêîðîñòè ïðè ñëåäîâàíèè çà ëèäåðîì.

Â ñöåíàðèÿõ ñ ãðóïïàìè ëèäåð âûáèðàåò âûõîä, âû÷èñëÿÿ ñðåäíåå ðàññòîÿ íèå âñåõ ñâîèõ
ïîñëåäîâàòåëåé äî íåãî. Ïîñëåäîâàòåëè, íàõîäÿùèåñÿ ê äðóãîìó âûõîäó çíà÷ èòåëüíî áëèæå,
÷åì ê ëèäåðó, ìîãóò îòäåëÿòüñÿ îò ãðóïïû. Òàêîå ðåøåíèå ïðèíèìàåòñÿ, êîãäà ðàññòîÿíèå
äî àëüòåðíàòèâíîãî âûõîäà îêàçûâàåòñÿ ìåíüøå, ÷åì ðàññòîÿíèå äî âûõîäà, âûáðàííîãî
ëèäåðîì, è ïðè ýòîì ðàçíèöà ìåæäó ýòèìè ðàññòîÿíèÿìè ïðåâûøàåò ïîëîâèíó ðàñ ñòîÿíèÿ
äî ëèäåðà. Îäíàêî ýòî ïðàâèëî íå ðàñïðîñòðàíÿåòñÿ íà ïîæèëûõ àãåíòîâ: îíè îñòàþ òñÿ ñ
ëèäåðîì, ÷òîáû îòðàçèòü èõ áîëüøóþ çàâèñèìîñòü îò ëèäåðîâ â ñòðåññîâûõ ñèòóàöèÿõ.

Îáó÷åíèå äëÿ ñöåíàðèåâ ñ ñîöèàëüíûìè ãðóïïàìè è áåç íèõ ïðîâîäèëîñü ðàçä åëüíî.
Ìîäåëü îáó÷àëàñü è òåñòèðîâàëàñü íà ïîìåùåíèè ôèêñèðîâàííîé êîíôèãóðàöèè. Òåê ó-

ùàÿ ïðîãðàììíàÿ ðåàëèçàöèÿ ïîòðåáóåò ïåðåîáó÷åíèÿ äëÿ ïîìåùåíèé ñ äðóãîé ãå îìåòðèåé,
ñ èíûì êîëè÷åñòâîì èëè ðàñïîëîæåíèåì âûõîäîâ. Èíòåðâàë îòêðûòèÿ âûõîäîâ ìîæ íî èç-
ìåíÿòü ïåðåä ïðîâåäåíèåì ñèìóëÿöèè, îäíàêî ìåõàíèçìà äëÿ óñòàíîâêè âðåìåíè îòêðûòèÿ
â ïðîöåññå ñèìóëÿöèè â òåêóùåé ðåàëèçàöèè íå ïðåäóñìîòðåíî.

Àñèìïòîòè÷åñêàÿ ñëîæíîñòü îáó÷åíèÿ ìîäåëè îöåíèâàåòñÿ êàê

O
�
E îáó÷ Tøàã N 2 + E îáó÷ Tøàã NH 2

ñêð + UEîáó÷ E îáíîâ Bêîë Bðàçì H 2
ñêð

�
;

ãäå N � êîëè÷åñòâî àãåíòîâ, E îáó÷ � êîëè÷åñòâî ýïèçîäîâ îáó÷åíèÿ, Tøàã � ìàêñèìàëü-
íîå ÷èñëî øàãîâ íà ýïèçîä, Bðàçì � ðàçìåð áàò÷à, E îáíîâ � êîëè÷åñòâî ýïîõ îáíîâëåíèÿ
PPO, Hñêð � ðàçìåð ñêðûòîãî ñëîÿ íåéðîñåòè, Bêîë � êîëè÷åñòâî áàò÷åé â áóôåðå, U �
êîëè÷åñòâî îáíîâëåíèé çà ýïèçîä. Â òåêóùåé ðåàëèçàöèè êëþ÷åâûì îãðàíè÷å íèåì ïðîèçâî-
äèòåëüíîñòè ÿâëÿåòñÿ êâàäðàòè÷íàÿ çàâèñèìîñòü îò êîëè÷åñòâà àãåíòîâ, ÷òî îãðàíè÷èâàåò
ìàñøòàáèðóåìîñòü íà ñöåíàðèè ñ ÷èñëîì àãåíòîâ áîëåå 100. Ýòî ñâÿçàíî ñ òåì, ÷òî ìîäåë ü
âû÷èñëÿåò âçàèìîäåéñòâèÿ äëÿ êàæäîãî îòäåëüíîãî àãåíòà. Äàëåå äëÿ àäàïòàöèè ñèñòåìû
ê áîëüøèì ìàñøòàáàì ìû áóäåì èñïîëüçîâàòü ðàçáèåíèå ïðîñòðàíñòâà íà ÿ÷åéêè.

3. Èòîãè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ è âûâîäû

Ñèìóëÿöèÿ ñ èñïîëüçîâàíèåì îáó÷åííîé ìîäåëè ïðîâîäèëàñü äëÿ 50 àãåíòîâ äëÿ ñöåíà-
ðèåâ ñ ãðóïïàìè è áåç íèõ. ×èñëî ëèäåðîâ ñîöèàëüíûõ ãðóïï èçìåíÿëîñü îò 1 äî 6. Äëÿ
êàæäîãî ñöåíàðèÿ ïðîâîäèëîñü 50 ýïèçîäîâ, ïîëíîå è ñðåäíåå âðåìÿ ýâàêóàöè è âñåõ àãåíòîâ
ïðåäñòàâëåíî íà ðèñ. 2.
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à / a á / b

Ðèñ. 2. Ñðàâíåíèå îáùåãî âðåìåíè ýâàêóàöèè 50 àãåíòîâ: à � ñî ñðåäíèì âðåìåíåì ýâàêóàöèè;
á � ïî òèïàì àãåíòîâ (öâåò îíëàéí)

Fig. 2. Comparison of total evacuation time for 50 agents:a is with average evacuation time;b by agent
type (color online)

Ðåçóëüòàòû ýêñïåðèìåíòîâ äàþò îñíîâàíèå ïðåäïîëàãàòü, ÷òî ýâàêóàöèÿ â ñîöèàëüí ûõ
ãðóïïàõ ïðîèñõîäèò áûñòðåå, îñîáåííî â ñëó÷àå íàëè÷èÿ ïîæèëûõ àãåíòîâ. Ïð è ýòîì ýâàêó-
àöèÿ ñ îäíèì ëèäåðîì çàíèìàåò íàèáîëüøåå âðåìÿ è èìååò íàèáîëüøåå ñòàíäàðòíîå îòêëî-
íåíèå. Ïîëàãàåì, ÷òî òàêîé ðåçóëüòàò ñâÿçàí ñ òåì, ÷òî ëèäåð âåäåò ñâîèõ ïîñëå äîâàòåëåé ê
îäíîìó âûõîäó, èç-çà ÷åãî îáðàçóþòñÿ çàòîðû. Òàêæå èç-çà ñëó÷àéíîãî ðàçìå ùåíèÿ àãåíòîâ
â ñðåäå ãðóïïû ìîãëè ðàñïîëîæèòüñÿ èçíà÷àëüíî êàê íà áîëüøîì, òàê è íà ìàëîì ðàññ òîÿ-
íèè îò âûõîäîâ. Ýòà îñîáåííîñòü ñïîñîáñòâîâàëà ïîâûøåíèþ ñòàíäàðòíîãî îòêëîíåíèÿ äëÿ
ñöåíàðèåâ ñ ìàëûì ÷èñëîì ëèäåðîâ. Â ñâîþ î÷åðåäü, ïðè îäèíî÷íîé ýâàêóàöèè âûñ îêîå
ñòàíäàðòíîå îòêëîíåíèå îáúÿñíÿåòñÿ îáùåé íåñêîîðäèíèðîâàííîñòüþ àãåíòîâ. Ïîæèëûå
àãåíòû âíîñÿò íàèáîëüøèé âêëàä â ïðîäîëæèòåëüíîñòü ýâàêóàöèè, ïîýòîìó èõ ñëó÷àéíîå
ðàçìåùåíèå â ñðåäå îòíîñèòåëüíî âûõîäîâ òàêæå ìîæåò îêàçûâàòü çíà÷èòåëüíîå âëè ÿíèå
íà îáùåå âðåìÿ. Â ðàññìàòðèâàåìûõ óñëîâèÿõ äëÿ áîëåå îïåðàòèâíîé ýâàêóàöèè ðåêîìå í-
äóåòñÿ íàëè÷èå äâóõ ëèäåðîâ.

×èñëî ñòîëêíîâåíèé áûëî íàèáîëüøèì â ñöåíàðèè ñ îäíèì ëèäåðîì, â îñòàëüíûõ ñëó÷à-
ÿõ ðàçíèöó ìîæíî ñ÷èòàòü íåçíà÷èòåëüíîé. Ïîëàãàåì, ÷òî óðîâåíü ïàíèêè òàêæ å ñíèæàåòñÿ
ïî ìåðå ðîñòà ÷èñëà ëèäåðîâ.

Ñîãëàñíî Ïðèëîæåíèþ • 6 Ïðèêàçà Ì×Ñ •1140 2 âðåìÿ ýâàêóàöèè îïðåäåëÿåòñÿ êàê

tý = t íý + max
i

�
L i

vi

�
;

ãäå t íý � âðåìÿ íà÷àëà ýâàêóàöèè (â íàøåì ñëó÷àå 0, òàê êàê àãåíòû íà÷èíàþò äâèæåíèå
ê âûõîäó ñ íà÷àëà ñèìóëÿöèè), L i � ðàññòîÿíèå äî áëèæàéøåãî âûõîäà äëÿ i -ãî ÷åëîâå-
êà, vi � ñêîðîñòü äâèæåíèÿ i -ãî ÷åëîâåêà, L max = 27:5 ì � ýòî ìàêñèìàëüíî âîçìîæíîå
ìàíõýòòåíñêîå ðàññòîÿíèå àãåíòà äî ïðàâîãî âûõîäà, îòêðûòîãî èçíà÷àëüíî, vmin = 0 :8 ì/ñ
äëÿ ïîæèëûõ àãåíòîâ â ñöåíàðèÿõ áåç ãðóïï, vmin = 1 :2 ì/ñ äëÿ âçðîñëûõ èëè ïîæèëûõ
â ñöåíàðèÿõ ñ ãðóïïàìè. Òàêèì îáðàçîì, âðåìÿ ýâàêóàöèè áåç ãðóïï tý = 34:4 c, ñ ãðóï-
ïàìè � tý = 22:9 ñ. Ðàñõîæäåíèå ðåçóëüòàòîâ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ñ ðàñ÷åòàìè
ïî ýòîé ìåòîäèêå â ìåíüøóþ ñòîðîíó ìîæåò áûòü îáúÿñíåíî òåì, ÷òî ìåòîäèêà Ì×Ñ í å

2 Îá óòâåðæäåíèè ìåòîäèêè îïðåäåëåíèÿ ðàñ÷åòíûõ âåëè÷èí ïîæàðíîãî ðèñêà â çäàíèÿõ, ñîîðóæåíèÿõ
è ïîæàðíûõ îòñåêàõ ðàçëè÷íûõ êëàññîâ ôóíêöèîíàëüíîé ïîæàðíîé îïàñíîñòè: Ï ðèêàç Ì×Ñ Ðîññèè îò
14.11.2022 ã. • 1140. Ìîñêâà : Ì×Ñ Ðîññèè, 2022. 65 ñ.
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ïðåäïîëàãàåò äèíàìè÷åñêóþ ñìåíó ïðåäïî÷òèòåëüíîãî âûõîäà àãåíòàìè, ð àñïðîñòðàíåíèå
èíôîðìàöèè è êîîðäèíàöèþ ëèäåðîâ.

Çàêëþ÷åíèå

Â ðàáîòå ïðåäëîæåíî èñïîëüçîâàíèå îáó÷åíèÿ ñ ïîäêðåïëåíèåì äëÿ ìîäåëèð îâàíèÿ ïðî-
öåññà ýâàêóàöèè íà îñíîâå àëãîðèòìà MAPPO. Îñîáåííîñòüþ ðàçðàáîòàííîé ìîäåëè ÿâëÿ -
åòñÿ ñïîñîáíîñòü ó÷èòûâàòü íàëè÷èå íåñêîëüêèõ âûõîäîâ ñ îòêðûòèåì â ðàçíîå âðåìÿ , àãåí-
òîâ íåñêîëüêèõ ðàçíûõ òèïîâ, ñîöèàëüíûõ âçàèìîäåéñòâèé òèïà ¾ëèäåð � ïîñëåäîâàòåë ü¿,
âëèÿíèÿ ïàíèêè íà äâèæåíèå. Ïàíèêà èçìåðÿåòñÿ ïîêàçàòåëåì ñî çíà÷åí èÿìè íà îòðåçêå
[0; 1], ïî ìåðå ðîñòà êîòîðîãî ñíèæàåòñÿ ìàíåâðåííîñòü àãåíòîâ. Ðîñò ïîêàçàòåëÿ ïàíèêè
àãåíòà çàâèñèò îò áëèçîñòè äðóãèõ àãåíòîâ, âûõîäà è âðåìåíè ñ íà÷àëà ýâàêóàöèè.Âû÷èñ-
ëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî íàëè÷èå ëèäåðîâ ñïîñîáñòâóåò áîëåå áûñ òðîé è ýô-
ôåêòèâíîé ýâàêóàöèè, ïðè ýòîì â ðàññìàòðèâàåìûõ óñëîâèÿõ íàèáîëüøàÿ ýôôåêòèâíîñòü
íàáëþäàëàñü ïðè äâóõ ëèäåðàõ.

Òàêèì îáðàçîì, ïðåäëîæåííàÿ â ñòàòüå ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëÿåò êîíñòðóê òèâ-
íî âîñïðîèçâåñòè ïîâåäåíèå ëþäåé â óñëîâèÿõ ÷ðåçâû÷àéíûõ ñèòóàöèé, ó÷èòûâàÿ èõ âçàè-
ìîäåéñòâèå è îãðàíè÷åííûå ïàðàìåòðû ïðîñòðàíñòâà. Ñðåäè öåëåé èññëåäîâàíèÿ � îïòèìè-
çàöèÿ ìàðøðóòîâ è ðàñïðåäåëåíèÿ ïîòîêîâ, ñîêðàùåíèå âðåìåíè ýâàêóàöèè è ìèíèìè çàöèÿ
çàòîðîâ ïðè ýâàêóàöèè â ñëîæíûõ àðõèòåêòóðíûõ óñëîâèÿõ.
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