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iyl dagaiey eéidadeciaaiiial odaaiaiey a o6idia yéniliaioeaguiié 66iéoee , caderny-
uaé 10 1adaiaiilé aaaouaé aieid z = kx It .[aa01a0 yoaia a6y iie6+aiinal nodiaiiial
ayaa Sy(y), IAOBIAINAT 1T AOAIAII 1A5AIAITE y,y = eZ, 5iBied6A0RY 14020106 AOAIAI-
ii6 8ya Sy(y) Maeanit 6neiaep

515 =1 (1)
Eaé 1eac0aadony, 14daocité aya S, 1ad0aaaony 44conéiail 46y alelugeinoaa eiodasedodind
6daaiaieé e 1iiea adieidiey fiaceaeliial onetaey aey iiiaed iaeiodase 96400 6daa-
jaieé, e aldasedied S, 1 4380 oi+i14 0ApAaied 6daaidiey A caiéiooié 6idia. 1adtaaied
RoAidiiial yaa, o. . 1adavaiea a ifell anao aat ély60e6eaioia, ia~éiay i iagroiaian ina-
da, Tiitaait ia ofi, 01 dadetiaeliay asial, iddancaaéypuay oi+iia dagaied 6daaiaiey,
a7 1i1aed ned+ayd eidao aea

LA ®)
Pn(Y)

aaaP, iifai+eai nodiaie n10 1 &1 3.148a0i& é ( 2) aldasedied yasyaony iinal+eain it
y, fili0a&onoasdpuei 1aidaaiiiio 1adaocilio oyao. 1aiaél a iaéioions fed+ays nodoeodda
oi+i1al dagaiey aieda fnelaeiay & eiado aéa

y"(y+ C) 3)

Pn(y)

d84m 2 Z & C = const. Adidié iileeeodel 4 +eneeoded ( 3) idaiyonoacas 1adiaaiep ia-
daoilal dyaa e, neaaiaaodedii, iadieeddiep dagaiey a caiéivoié 6idid. Aéy 6nod aiaiey
id1aedin i6daeadadony caiaieou 6neiaead (1) nedasopuer:
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aac f i

04élil ioédaaieaaou i6ep iifeeeoaee ide aicdanoapued noaiaiyd y, laéiay i ioeaaié:
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g 11 _, C.
: =0 =1 =
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36y (6 ) (12)

(y+6)(y2 24/+36)

gloiday 11684aeyao oi+ila dagaied odaaidiey Oeoaéée, iveadadiiia a| 4.

162 ja6+iné joade



i. A. Asoaiiiia. ilacoesasey 1801aa 1452013l dyaa iA0SIAIeY oi+106 Sasaieé 65aaid S

i8¢ | =k 2+1 if0adonoacdo aya aicioudieé
2 2,3 3 2 4
So +y+ y + Y + 27k *3y +
2k2+1  (2k?2+1)(3k?2+1) 32k2+1)°Bk2+1)(4 k2+1)

A&y 6idindiey a0eeaaié ecaadeing a ayao 1o Miolyiital neasaadiia, o. &. ideid i S =
= Sp 1 eaifileicodiny onetaedi (- 4). leo+ei iedaopued aldasediey a&y elyooesediola
14da0iial ayaa ( 10):

bi=C;
C
w=1 Sz
by = 6 %k*+ k2(C 5 1
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32k 2+1)3Bk 2+1)(4 k 2+1)
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i5e 6101806 Tadaoité dya (- 10) 14802340y & 4340 0i+i1a dapaied 6daaidiey Oepdda
= oYy 4
(y 2%

14074 146201141 8yaa [ 5] yaeyaony iiaeoeeasedé 1aoiaa aaiaode+anéiai syaa [ 4, ilc-
aleypuaai iadiaeou oi+i0a dagaiey ae6dadaiveaclito ddaaidieé a ned+ay 0, éiaaa oya
aicioudiey yaeyaony aanaode+anéel ayaii eee ideaiaeony é iaio. 16aei 6uanoai 1a-
olaa 1adaoiial ayaa yaeyaony aieaa adniéay ad+efiéecaeuiay yooaeoeaiiiou. It & najaé
efdiaiié oidiceesiaga 1aoia 1adaoiiar ayaa ia a0e AiliTaal 1aiadoeseedacl dagaiey ae-
aa (3). Iodaeieediiay ifacoeéacey 6nodaiyao yoio idaiioaoié idoiaa & dangedyao €daoa
Taiacdaeeaadilo ei dagaieé
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Aadaaied

Adéagdo-aiagec n6IGIESIAAERY & TNEadied aafyoeedoey XX a. A ja+agd XXl a. ¢i  a+e-
0&6UIT a0 ei0AdAN & Alidinal TTRodIaIey dacefia adéaecdoia ia éieéasuil éiiiaeoind
i0EUI-140i00 24464400 a601ad. Oaé, a [ 1,2] adée iinodiail ésdaociliafeoaailé aiaéec
(EIA) & ia 44 iifaa 1aoliioiestaaiina dacend a Lo(G) éaé faeadeé & faaeaia ianéiei-
€e0 60ieveé (a [ 1] ia a00iia Aeediéeia, a[ 2] ia léd anad p-aae+anéed +enae).

A [3] a0éa iinodidia fnenocaia Oaada ia éliiaoiié ivel-iadité aadedalé asoiia.

A 524104 [4] a0éa danfiiiosdia casa+a iMiodiaiey 100iATIaenind anieanéians aacenia
ia iglecaleuing eleaedii niacoils ioei-iadins asoiias, 48y &1oi60o 1oya ée fidee-
i00 éeannia iaiaaapo e 8aail aelolano iaifoNo +ened. A 6éacaiill Aeo+aa aigil ail
Tidd&aeeol 1iadaoid danoyaediey.

A [5] 40&T 4aiT ne&dadpudd Tivdadedied ianocaseiiadital EIA

Tisdadeaied NTalesiiiol caieioond idinodaifoa V, Lo(G), j 2 Z iaghaado-
fiy iafioaceliadiil édaoiliangoaaill aiagech (IE1A), anee anieiaio nedaopued
oiéTaey:

1)\ Vi« &éy anasj 2 Z;

2) Vv igoita Lp(G);

%z
3) V=0
j2z

4) &gy epaial | fouanoacdo ooievey '; 2V, oaéay, +of iifiéaaiaaodeuiiiou
f'i( + k2 ))geoz 1402¢040 dacen Defifia (1801118ied1aaiité dacen) a Vj: lneaaiaacae-
igfel¥ : a4edopudé  aey aaiinal IEIA

fifiou f' g2z fachaddony iafigo

l6fiou (G;+) €iéaedil éiiiaéoiay addedaa asdiia, ofiiéiaey a &ioidié cadaia fi+ao-
iié nenoaité 108800006 Taador
G n G 1 GO G1 Gn
iasx Laa 1S T g Ans o igigcy xx g
0aééon, +0i Gh = G, =0 (0 i6éaaié yeaiaio aoora G)
n=1 n=1

aaiin N 2 Z 1iaaddiia Gy yaéya
Tadavee +_ & ofieiaee, idiseadiiié

Gn  Gn+ Gn
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i. A. Efiennasiaa. Taianaiioé idnoaseiiasioé esaoiiiangoaainé aiasecg @

Oaé 826 azady ad0iia G, éiaeoia, Of aaeady 63a8018-48061a  Gn=Gnsp 61ia+ia, &
16f0U p, 44 Tidyaie. iisell fi+eoaod, +oi pn iBIA004 +efiea, 0aé éae, enilélcoy 0aida-
i6 Neeiaa, ilaeii 6ieioieon 64i+806 Maad0ii 038, +0f idyase 0a80i8-3806i i Gn=Gn+1
AOAi6o idTfoGIe. A yoii ie6+ad aacié ofileiaee yasypony andaiciiseitd fidseils éé anfa
Gntg (92 G)

x@figa m, Tidaa8Ee1 6aadifoaaie

Mn=PoP1:::Pn 15 M pn=

148ac6po iteoeieist K.
6312 52A4IA0ATN  (Gntg)= G n=1=m,.

G ,=1.1806 =il ididiéaeeou i

Oacel 148ac o = ;
ffeseienta K ia -aeaaasé (iaideias, it Acaia Eadaoaiaioe). fies+ei 1456 | fifaiaaa-
budp ia Al5AeaANEED ifieeanioadd fi 14616 Oaada A G, aloiday efaaseaioia fofifieodsnit
Faacas R

X) aafiiepoii fidiayueéry eiodasas, iidleeadiité iadié . 1ae

m/
[}
Qo
Qo
j—
—~
X
~—
o
~
>
R
>

X 2 G aaeéinoaaiiti 1adacii i6aanoadei a aea
X1
X = anonh (anh = O;pn 1),
n=1
ide+ai & yoié foiia neadadilo i fTodevacaelitie ifiadaie élid+iia ~enél, o a.
X1
X = angh (an=0;pn 1,8, 60):
n= N
Nefioaio yedidiola (g,) acadi iaciaaol aaceniié.
[6f00 43888 X filalédiiinol dadaéoadia adaiil G, éioiday yaeyaony asaéiiié 1oii-
fiecaelit diifeediey, G;,’ aiiveyoio aoora Gp, 0. & Gﬁ =f 2X:8x2G,; X)=1¢g
Eaaeadlié aiiéeyoio Gﬁ anoul addiia 10itieoaelit diiieeaiey, Gﬁ TAdacopo aicoanoap-
Uop 1Miedaiaaodeniimou
G, Gy Gj G;
0aéop, +oi
i1 {1
G} = X; G} =1;
n=1 n=1
id&+al 0aéois-addiia eiado ioyaié Pn.
[6& éasedil n 2 Z anaasai yeaiaioa r, 2 G;,’ﬂ nG;,’ & cabeéneddai 6. Oiaaa epaié
yeaiaio 2 X aaeifioaaiiti 1adacii iddanocaael a aeaa
1
= rl‘ln ( n = O! pn 1)!
n=1
ide+al a idieécadaaiee iileee0dedé i ieleeeodelitie iliadaie élia+iia + efiel. Oasdae-
0300 r, 46aai faciaaolu 06iéseyie baaadiadada

laodiaoeea 167



e
day a éa+anoad aaca ofileiaee Ataleadiiinol fideeind eeaniia G? (2 X). Niaiégiiifiod
0aéed fidaeitd ééaniia aianoa f 16nodi iifeednoali 1Adac6ao e6eieust . Aéy éasedial
fideeilal éeanna Tivaaaeel aai 1aso daaddinoan (G2 ) = (G?) = m,. Oaéei 1ada-
i, afdaaa (Gn) (G7) =1.14%a  idiaiceeadony fioaiaadoili fAilATan (iaideias, i
ficaia Eadaoaiaioe) ia Fge'éé’lééé ©¢iddeils iffeednod. I yoié iada nodieony aafniepo-
iT nolayueény eioaadaé F()d (). Adoiia 6adaeoddia X f 0aeié olilelaedé yasyaony
i6el-14dité eiéaedit éfiia éc‘>)(|’Té aa0iié, & eiado 1anot aaiénoaaiiay neosacey éasedalé
yeaiaio x 2 G yaeyaony Gadaéoadii a06iit X e Gn anou aiiéeyoio asona G/
laigia+ei 8 9
< X 1 =
Hh= q2G:q= ag:N2Zg=0py 1
j=N '
2. lanoaceliasiné esaoinangoaailé aiagec ia éeasgiil e laéoiie
i6el-1adité asaoiia
Tisdadeaied 1 [Anoaseiiadini esaoinangoaaiil aiagech (IEIA) 46aai ia-
¢0&aaol n1atéoiiinou ¢aiéioons iaioinodaifioa Vi Lo(G), aey éioioto fidadaaeead
fiedadpued aéneiia:
Al) Vi1,
A2) ~ Vi = L2(G);
itz
A3)  Vj=0;
j2z

A4) 48y EpaiaT n 2 Z jaéadony 6oiesee f:?im (X):jn=0pn ILjns = O pnss 16
(

inines XN)dn=1pn 1 jner = Lpnss L h2Hy
adacoao 18011BiesTaaiité aacen a  Vi:

Jnin+

A&y iifoaiaiey EIA 20430481 66ie6ee C(M 2| ,(G) fiedadpuel 1AdAG.

' p_— R — _
j(g);o(x): M1lg1jog(X); Jo=0ipo 2

1 0 — p o . H -— .
E)o) 1;j1(x) = m2 letjlglt( Po 1)90(X)’ J1=0p 1

addeeaony a Goy).

li€laeel
A o
Vo = span j(?;o(x —ho); E,? 15, (X-ho) 5 jo=0po 2 ji=0p1 1 ho2Ho:
Caoai Tisdaaeei
') _P— B T
j(l);O = M2l j,6(X); J1=0p1 2
531) 1, = M3 1G3+_J'292t( p1 1)91(X)’ j12=0p2 1
C (@ : C (@ .
supp’ g Gy supp' ) 1, Gu:
lieTeeei

R o
Vi = span ‘j(?;o(x_hl);' éll) 1;j2(X_h1) v J1=0pr 2 j2=0;p2 1, hyp2Hgj:

Itaieaeel yoio idioand. ia n-i gaaa ieo+ei

jn;o_ pmn+1 1Gn+1+_jngn(x); jn= O!pn 21
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Mn+2 1Gn+2 tjn+1 On+1 H(Pn 1)gn (X)’ J n+l = O’ Pn+1 L

supp’ (M Gn; supp' §V 45 G

N e

R o
Vo= span ' Mox chn)it O (xChn) 5 fn=0Pn 2 net = Oipner L hn 2 Hi:

al

n o
' 1 o 1 .
Span J( 1;)0(X —h 1); é 1) 1§jo(x -h 1)

=0p1 2 jo=0po 1, hi12H g

<
-
I

—
=
|

EEE
(Y P [ —
j(n;O) =" Molgyyy g, J 1=0p1 2
(1 _p — _
Ig 1) Ljo ~ mllGltjogot(p 1 g LX) jo=0/pp 1,

1 1 - 1 1 .
supp J( 1:)0 G 1; supp él) Ljo G 1

I8taieseadi 1616ann ai aan
0 .

0 1
X X 2 ( Py 1 |
f— ) 1 n 0
0 f= @ Cin:0hn j o(x —hn) + Con Lijnes ihn Pn Lijn+ (x —hn)A :
hn2Hn jn=0 jn+1 =0
Oae eae’ (Mo(x) Mhoiyiia ia fideeino eeannao i Maassiia Gne1, 0618088 (V1 (x)
vAN NAssA 7N AN O AN AN AN A A swasr A X Zems O N Az A NN ' +1 A N A s A I
iTRoii0 ia fideeild eeanfiad 1M 1adadsiia Gh+2, & 06iédee J(:ﬂ ?0( ) iIROWIiO i
SN0 AN iAo e v (n+1) GRS A A rEA rN O i A A s e A
flaeeild éeannad im Gp+o, Prst . Lijns2 (X) 1INOlylu 1a niaseluo eeannao Il Gnh+3, Ol
' (n) [ (n) bY o
jn;o(x) 2 Vh+1, Pn Lin+ (X) 2 Vh+1, 0. a.
X Py 2
e () — ] v (n+1)
jni0(X) = Oinss :0hnar " sy i0(X s )+
hn+1 2Hn4  jn+ =0 |
pn)@ 1 )
. v (n+1) .
+ dpn+1 Lin+25hn+1  prer Ljn+e (X _hn+1)
jn+2=0
X Piya 2
v (n) — v (n+1)
Pn Lin+ (X) - Qnﬂ Ohn+1 jper ;O(X —hn+1 )+
hn+1 2Hn+1  jn+1 =0 |
Py 1 :
) v (n+1)
* bp“ﬂ Lins2zihn+1 pnar Ljnse (X _hn+1)
jn+2 =0
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Olgaa
X X ? X P ? (n+1)
f= Cjn§0§hn djn+1 Ohn+1 o4 (X —(hnthn+l ))+
hnZHn jn=0 hn+12Hn+1 jn+1=0 "
Pn 1 I
+ X d i + (n+) (X _(hnthns1))  +
Pn+1 Lijn+25hn+1  prer Ljn+e —\nT™ln+1
jn+2 =0
Prixt 1 X Prixt 2 (o)
1 n+
+ Con Ljnsa shn tqn+1 Ohnsr o ;o(X —(hnthni1))+
jn+1=0 hn+1 2Hp+1  jn+1 =0 "
pnﬁ 1 )
. v (n+1) _
+ bpn+1 Ljn+2 hns P+ Lijn+2 (X —(hn +—hn+1 )) =
jn+2 =0
X X Pyt 2 X 2
= (M (X _(hnss+hn)) G Ci o+
= i1 'o(X (hn+1+£hn))  dj . 0hnas ini0hn
hn2Hn hn+12Hn+1 jn+1:0 | jn:0
Prixe 1 '
+ tqn+1 ;0 Cpn Ljn+1:hn +
jn+1 =0
Prye 1 P 2
+ v (n+1) h +h d _ C +
Pn+1 Ljn+2 (X —(hn+1+hn)) Pn+1 Ljn+25hn+ in;0hn
jn+2 =0 I jn=0
Prixe 1 .
+ an +1 Ljn+2 Cpn Ljn+1;hn =
jn+1 =0
X (n+1)
— 0 v (n+
- Cjn+1 ;0§h2+1 jn+1 ;O(X h n+1 )+
hn+12Hn+1 jn+1 =0 |
Py 1
0 v (n+1) 0 .
+ Cpn+1 Ljn+2 ;hgﬂ Pn+1 Ljn+2 (X —hn+1) 2 Vn"'l )
jn+2 =0
0aé éaé

hnsrthp =(a NG Nt EaOn)H(b Mg Mty 100 1) =
= md mtiit n 10nh 1t nOn,

aaam =max(N;M); é hp+1 thg 2 Hpsr:

A2. Alriéiaiea aénefia Vi = Lo(G) i+aaeail, oaé éaé iileednioal anas fnodiai+aoio

j2z

06i6686é Afpad 161011 & Lo(G): T

A3. Aiéazedi fiidaddaeeainiol aénefia V; =0

j2z
670U \
f2 v 1)
j2z

fieazedl, o1 f = 0. A0dazeaied (1) icia+ado, +of f 2 V, 46y epaial | 2 Z. Neaataaodsi,

C-(O); 09e x 2 Gl+|OgO1 Io =0 Po 2)
ide X2 Gat(po 1)gotii; i1=0;p1 L

0.a.f (x) = C(()O) e x 2 Gj.

C>
[N
=
Q,)o
D:
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ef(x)= c§ Pise x 2 Go.
6Gy  Go, 0 f(x)= C{ P =c{? ia Go.
2V ,. Neaaiaaoasur,

( (2. , .
Ciz’ 106 X2G 1+i 29 2,1 2=0,p 2 2

f(X): (2. wxa ; Ci - 0O0n - 1
Ci 7y 16 x2GoH(p 2 1)g 2ti 19 11 1=0p 1 1

ef(x)=c§ ?ise x26G 4.
Nitaa 0aé éaé G, G 01 f(x)=cl{ ?=c{PV=cPiac ..
iotaieseay yoe danfncaeadiey, eo+ei  f(x)= Cia G.
[T f 2 Ly(G). Giareo,
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Abstract. In this paper, an analytical solution is presented to provide an accurate trajectory of a ray
propagating from the known position of the source to the recéver in a two-gradient medium. A system
of two linear gradients connects two di erent layered media when the transition from one to the other
occurs at some boundary. Within each medium, refractive indice determine the propagation of waves
and, accordingly, the curved trajectories of rays. Di erent radii of curves make it di cult to track the
ray as it propagates from the source to the receiver. Euler'snethod provides an exact solution for a
one-gradient model. However, in the case of two gradients, # accurate solution cannot be obtained
because of the underdetermined common system for ray curves antbmputational complexity. In this
paper, a technique is described that combines Euler's methodnd trigonometric functions to derive direct
formulas for calculating key angles responsible for the rayath in both gradient media. An exact solution
overcomes the the drawbacks of iterative approaches, whichra subject to computational errors. The
basic formula developed for two-gradient models was testedsing a small set of real data by transforming
it into a particular case of a one-gradient model. The indepedence of the evaluations is con rmed by
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Introduction

Gradient models are widely used in energy production areas. One exahe is the formalization
of the process of water injection into wells at large oil elds. The praess of water injection helps to
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extract oil from the depths to the surface. The amount of water injectel is related to the amount
of oil produced through a linear relationship that includes a gradiety the numerical value of
which characterizes the reservoir pressurd]. The gradient model considered in this paper is also
based on linear dependence. It is determined by seismic velogigrowth with depth and changing
gradients. Thus, constructing optimal gradient models is part of prodiction processes.

It is essential to recognize that the complexity of geological structure extends beyond one
gradient. Oil companies report di culties in extracting oil and gas from deep-seated traps2].
Moreover, the lack of knowledge of geological structures can lead to aceidts and equipment
failure [3]. Such a case occurred during the drilling of geothermal wells inckland. At a certain
boundary, the velocity gradient was altered under the in uence of hotmagma. The equipment
failed. This event slowed down the energy extraction process foeseral years.

The best minimal model for a one-gradient medium can be found by applyig the method
developed by the authors of the article 4]. The technique is e ective for detecting gas areas. Local
earthquake data from neighboring areas of the Icelandic region (Subarctizone) were used. The
result revealed that the P-wave velocity gradient for an area wheraup to 550 tons of carbon
dioxide are extracted has a greater numerical value than the values of bér areas. The gradient
increase began at a depth of 2.5 km and increased to 6.0 krB][The authors (participants of
the project RANNIS ID-152432-051) discussed the issue of the linear grafht distribution at a
meeting with representatives of the Icelandic Meteorological O ce (IMO). According to their
information, in many areas of Iceland, the second velocity gradient re@sents a change in velocity
at a depth of 3.0 km. This has led to the need to consider the two-gradigrmodel.

Another motivation for such a model is the existence of the boundary of &locity change
in the Arctic regions on Franz Josef Land §]. The depth at which properties of geological
material changed was determined based on knowledge of the output angle of aigmic ray at
the surface. This angle was calculated using readings from seismograplnd galvanometers
tuned to di erent wavelengths. The instrumental data were stored at the expeditionary station
named Arkticheskaya (the Research Institute of Arctic Geology) and the station Kheys
(Krenkel Polar Station, Kheysa Island) located on Alexandra Land Islard. The coordinates of the
epicenters were taken from the bulletins of the USSR seismic stain network. Using these data,
the author of the work [7] constructed experimental curves and concluded that the wave chayes
its direction at a depth of 2.5 3.0 km. Thus, it was assumed that the jump in velocity occurs
in this depth range. To determine the formula that establishes therelation between the output
angle and apparent velocity at di erent depths, the author of [8] developed a di erentiated
method based on two formulas of Benndorf and Wiechert Chibisov.

Thus, the output angle, velocity, and depth are analytically connecte parameters. From the
history of seismology ¢ 8], we can note that instrumental observations of the output angles
permitted the construction of velocity models. Nowadays, knowédge about the velocity distribu-
tion with depth at di erent areas is stable. Another task becomes rel@ant. Instead of expensive
equipment, mathematical modeling should be used to calculate thentidence angle of a seismic
ray at the surface in a complex velocity gradient medium. Note that inexploration methods,
the incidence angle is the central parameter determining the rédual between theoretical and
experimental values. Creating models of geological structures hed to develop digital twins
that provide energy savings in the manufacturing process. Accordg to oil and gas companies
operating in the Arctic, the main reserves are con ned to the boundry depths (about 3.0 km) of
the Achimov and Jurassic depositsg]. Other examples are described above. Thus, the properties
of rocks change sharply at a certain boundary. The di erent structures of geological material
may correspond to two gradients of seismic velocity.

A medium with a velocity discontinuity between two linear gradients is referred to as a two-
gradient model. Di erent parameters characterize each linear gradiet Curved ray trajectories
represent a system of two circles with centers at various points ofie medium. Knowledge of the
incidence angle at the receiver determine the positions of ray pathunder the condition of an
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accurate t of the ray to the receiver when the coordinates of the soure and receiver are known.
Therefore, the goal is to develop an analytical solution for determining &ormula to calculate
the incidence angle on the Earth's surface and other key angles in a miem with two linear
gradients. Note that the boundary, at which a velocity discontinuity occurs, is assumed to be
given.

Other approaches to constructing ray paths are based on the shootingmethod. The ray is
emitted from the source, refracted at speci ed boundary surfaces, ahreaches the station. One
such procedure is the bending (pseudo-bending) method, in wth curved rays are emitted from
the source to hit the receiver. However, the solution is unstabl¢9].

Therefore, the author of the work [LO] developed a parameterized method of shooting for
the Cartesian coordinate system, which assumes that direct raysome from the source. The
increase in the accuracy of the entrance at the receiver was achieve@&dause the approximate
calculations of the method P] were replaced in 10] by integral analytical solutions. In [11] and
[12], the convergence control was developed. Owing to this approach, theedree of convergence
was improved by 10%. The authors of13] revised the method by using spherical coordinates.

The focus of this paper is on accurately determining the ray path, seci cally the method that
determines the precise path of the ray from the given source to thesceiver. For a one-gradient
medium, the solution of the system of di erential Euler equations povides the calculation of
coordinates for the ray's point if the incident angle is known [L4]. The solution cannot be used
when rays pass through the given boundary of the gradient change.

The authors of [L5] constructed the solution for a simple model consisting of two basi@yers.
The rstis located from the surface to the upper bound of the known @pth. A constant velocity
of wave propagation characterizes this layer. The linear gradient of velity describes the second
layer. A variational algorithm that solves the Cauchy problem and applies he iterative Runge
Kutta technique was used to determine the solution. However, liere is no ray-tracing solution
for two-gradient media.

The issue is that the solution for the common ray path is not obtained by sing Euler's formula
for both the medium in the upper layer and the medium below the boudlary. The tangents to
the ray curve are distributed like a fan, and there are multiple rdractions in the limits of each
gradient layer. To nd the connection between two di erent parts of the model, one can use
only the tangent to the ray that falls on the boundary at the point where the parameters of the
rst-gradient are changed when the ray accurately passes from the souecto the receiver.

In the given paper, analytical expressions for the tracing angles haveden obtained based on
the proposed approach. Euler's method is combined with the algorithmdr deriving trigonometric
functions that assign the angles' values for exact ray trajectories ira two-gradient medium.

1. Statement of the problem

Suppose it is known from a priori information about the area being stdied that the velocity
undergoes a discontinuity at a certain depth. At the same time, thee are assumptions about the
velocity parameters, which describe the media above and below ¢hboundary depth z,q. Let a
linear relationship characterize the medium of the rst-gradient of velocity asV(z) = Vo + V12,
while the medium of the second gradient can be described &5(z) = Vp+ V12, wherez stands for
depth, Vo and V; are the velocity value at the surface and the gradient value above the baulary
depth, Vo and V; are parameters for the second part of the medium. Figurd, a demonstrates
an image of two velocity gradients. The rst-gradient is presented byvarious gray bars, while
dark gray bars correspond to the second gradient. A bold line denotes theoundary between two
gradients. Figure 1, b shows the velocity pro le with a linear dependence of velocity ordepth. For
any depth, represented by a horizontal line in Fig.1, a, the velocity is calculated using formulas
in Fig. 1, b.
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Velocity V (km/sec’

V(9=\ +V, z
Zpg Zpg
£ V=V +V.z
_ N
ey
< |
(]
D i

a b

Fig. 1. Two-gradient model: a shows images of the gradientsh shows linear velocity functions

Figure 2 shows a ray path in the ray plane(w;z), wherew = % X is the Cartesian
coordinate of the receiver, and is the azimuth angle. A ray travels from the source (denoted
by the closed circle) in the medium above the boundary depth. Therits trace continues in the
medium of the second gradient. Finally, it reaches the receiver (deted by the triangle) in the

medium of the rst-gradient.

Figure 3 illustrates an error if Snell's law is used for the ray tangents of therst-gradient
medium refracted at the boundary between two media. In that case, theolution can be constructed;
however, the path from the source to the receiver will not be exact.

A
X
Zpg
z
Fig. 2. The ray plane (w; z) within a Cartesian Fig. 3. The solution error occurs if Euler's method is
plane. Angle ' is the angle between the combined with Snell's law for the ray tangents of the
plane and the direction 0Y, which is normally rst-gradient medium

the north direction. A bold line denotes the
gradient change

If the ray tangent refracts at the point, for which the ray path is accurate, then the number
of unknown angle parameters will be greater than the number of equationsTherefore, in this
paper, the algorithm has been developed to overcome this uncertainty

Figure 4 shows the key angles that determine the ray trace from the source tche receiver.
Two coordinate systems were used. The rst is for the ray points inthe medium above the
boundary depth. The origin of this system coincides with the receigr point. The second system
is in the medium below the boundary depth. The origin corresponds tdhe transition point of
the gradient change for the exact ray path.

The problem is formulated as follows: Derive the formula to calculate an incidence angle
on the receiver through the parametersvy and Vi, Vo and Vi, and the boundary depth zyg.
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Xy
Wy W, W
o oy
¢ _
Zia W3 va=
B
z ~I
Fig. 4. A plane of the ray: is the incidence angle of ray on

the receiver, ; is the angle of incidence on the depthz,y that

is a boundary between two gradients, ; is the refraction angle,

which determines the wave propagation in the medium of the seauwd

gradient, (w1;zpq) and (wo; zpq) are points of intersection of the ray

with the boundary depth, when the coordinate system is useddr the

medium of the rst-gradient; (w-;0:0) is a point in the coordinate
system of the medium of the second gradient

2. Derivation of the key angles formulas for a two-gradient m odel

According to [14], the application of Euler's method to the system of di erentiated equations
determines the trajectory of a seismic ray in a one-gradient mediu:

y y=(x X)tan} 1)

V12 _ (Mo+ V12)cos’ 2 (Mo + Vlf)2
Vo + V12)2 + = : 2
(Vo+ V12) cog' Vj tan sin? @

The ray travels from the point (X;y;Zz) to (X;y;z). In the following sections, we explain how
equations (1) and (2) are applied and de ne the method to obtain the formula for the incidence
angle on the receiver in a two-gradient medium.

2.1. Relationship between the incidence angle on the receiver and the inc idence
angle to the boundary depth

The formula to derive the angle in the medium of the rst-gradient can be obtained using
equation (2) for a portion of the ray passing from point (X; 2) = ( Xy ;Zwv) t0 (X;2) = ( X1; Zbg),
where (Xv; Zrv) is the receiver coordinates, andk is coordinate correspondingwvy on Fig. 2:

V12 X X (Mo + 12y ) cos' 2 _ (Vo Vlzrv)z.
cog 't "W Vj tan sin? '

Let us perform operations inside the square brackets rst. Since,, =0, we have

(Vo + Vazpg)? +

(X1 Xw)Vocos' | Vgcog' V@
Vi tan Vtan? sin?

V2
(Vo+ Vazed® + "o (X1 ¥n)® 2

After multiplying, simplifying, and using trigonometric identit ies, we get

(Vo+ Vazog)® + VEW]  2VoVawy Ly Vo o Vo ;
tan  tan®  sin?
2VoViwy _ V¢ VA _ e “
tan sin? tan2 0-

(Vo + Vizpg)? + Vw3
TWi
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From equation (3), we obtain

_ 2V0V1W1 .
(VO + V;|_Zbd)2 + V12W% V02 '

tan

(4)

The angle ; can be determined by applying equation 2) to the inverse trajectory of a ray
from point (X; Z) = ( X1;Zpg) t0 (X;2) = ( Xpv; Zrv):

e (Vo + Vizng)cos' 2 _ (Vo + ViZpg)?

Vo + Vizy )2 + X X = :
( 0 1 rv) COSZ' v 1 Vltan L sin2 L

Vv, 2 (Xv  X1)(VMo+ Vazpg)cos' (Vo + Vizyg)?cos”

Vé+ —— (X x1)? 2 + =
0" cog (v xa) Vitan ; VAtan? 4
_ (Mo + Vizpg)?,
SIin® 4

The equation (5) is transformed using steps similar to obtaining equation 4§). Finally, we
have the following formula:

2(Vo + V1Zpg)Vaiwg
(Vo + Vizog)2 VW2 V§'

tan 1=

(6)

Next, we divide equation @) by equation (6). After reductions and transformations, we get

tan  _ Vo 1 2V2w2 @)
tan 1 (Mo+ Vizp) (Vo + Vizpg)? + V2WZ V@
From formula (7), we have a formula for determiningcot® 1:
2
cof? | = V¢ 2V2w?2 1 ®)
(Mo + Vlzbd)2 (Mo + Vlzbd)2 + V12W% V02 tan?

2.2. Relationship between the angle of incidence on the boundary depth
and the refraction angle

According to Snell's law for two media, the following equation links the incidence angle 1
and refraction angle 1 via the velocity parameters:

sin 1 _ (Mo+ Vizyg) .
sin 1 (Vo + Vizpg)

9)

From equation (9), we obtain

» (Vo + Vizpg)?,

. 2 — .
sin? {=sin? 2 1Y .
(Vo + Vizpg)?

(10)
2.3. Obtaining the formula for the refraction angle in the medium
of the second gradient

Let us set down a coordinate system with the origin at the point wherethe rst-gradient is
changed by the second for the ray path. Let us consider the medium of thsecond gradient and
determine the formula fortan 1 in the plane (w;2).

Using equation @) for the portion of a ray going from point (X;z) = ( X1;2zpq) that has
coordinates (0:0;0:0) in a new system into the point (X;z) = ( X2;2znq) that has coordinates
(% 0:0) we obtain " #,

i Yocos W

VE+ — X%y = — :
cog Vitan 1 sin® 1

(11)
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Note that )
*3 _ (k2 X)° _ w2:
cos' co?’ 2
Then equation (11) can be written as
1 A A
Ve + Vw3 VAV + —2 = _0 . 12
0 12ZWZlOtanltanzl sin? 4 (12)
After transforming equation (12), we obtain the formula for tan 1:
2V
tan = 0. (13)
\71W2
Let us apply the trigonometric equation
l+cot? 1= — = . (14)
17 6in? |
Then from equations (13) and (14) we get
. AvA
S|n2 1 = ﬁ (15)
45 + Viws
2.4. The formula for the angle of incidence on the boundary depth via the parame ters

of two gradients

Let us equate the right-hand sides of the expressions obtained fein® 1, which are represented
by equations (L0) and (15). This technique will allow us to determine the angle i through the
parameters describing two gradients:

. 4(Vp + V12Zpq)2 V2
sin? ; = (Mo + V1Zpa) V5

= : (16)
(Vo + vlzbd)2(4\702 + \702W§)

2.5. The formula to calculate the angle of incidence on the receiver

Let us apply the trigonometric equation (14) for the angle ;. We will use equations g8) and
(16). Substituting the obtained expressions forcot? 1 and sin? 1 we obtain

2

e W VAW 1
(Vo + Vizpg)? (Vo + V12pq)? V¢ + VAwZ  tan?
2002 2
_ o ViW (Vo + Vizpg)“ (17)

478 (Vo+ Vizpg)?’

After some transformation of equation (L7), we determine the incidence angle at the receiver
as its trigonometric function tan :

S
tan = S—;; (18)
where
Vo 2V2w2
S1 = 1 2 2 507
(Mo + Vizpg) (Mo + Vizpg)? Vg + Viwg
and u \

t #
Vw2 (Vo + Vizpg)?
478 (Vo + Vizog)?

<

Sz = (19)
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3. Testing of the basic equation by application to a small set of real data

The reliability of the basic constructed equation (18) is con rmed by performing the following
expertise. Let us use the result of ray tracing for a one-gradient mdel that was published a few
years ago in L6]. The dataset contains local seismic events recorded in 2001 by the Sauteland
Lowland (SIL) seismic network. The Icelandic Meteorological O ce provided the data within the
framework of a joint research project supported by the RANNIS fund D-152432-051. Tablel
presents the parameters of the ve rays, which involve the permana stations (receivers) names,
coordinates of the point of the ray maximal descent(Wmax; Zmax), the incidence angle to the
receiver , the local earthquake depth, the epicentral distance is the distace from the epicenter
(projection of the earthquake source on the Earth's surface) to the sttion [16].

Table 1
Ray path parameters calculated for the seismic data sample (aér [16])

Station name | Zmax, Km Wmax » KM (radians) | Depth, km | Epicentral distance, km
Hau 12.4865770| 17.2813225| 0.319398791 4.4 32.4136772
Hei 17.1106834| 22.0989037| 0.253079265 3.7 42.8926048
Hau 11.3059006| 16.0329971| 0.342429072 1.9 31.2556458
Kro 14.6913977| 19.5900269| 0.283867538 15 38.6784210
Kro 15.3930874| 20.3199387| 0.274182767 2.9 39.5899811

Figure 5 shows the ray traces in the one plane. The parameters were calculatédr a one-
gradient model that is the SIL model, for which Vo = 4:926, V. = 0:4791[4,16).

Let us check the formula (L8) by transforming it to the formula for a one-gradient model. To
do this, we substitute the parameters of the rst-gradient Vp and V1, instead of the parameters
of the second gradientVy and Vi. Then, after the transformation of equation (19), we get the
following equation to calculate the incidence angle to the receiver as its trigonometric function
tan :

tan = t—1; (20)
t2

Viw,

Vo

Note that in Table 1, the incidence angle to the receiver, denoted by after research 16|,
while in the given paper the same angle is denoted as.

Let us assume that the boundary depth is equal to the source depttepg = Zsource (Fig. 6).
Then w, = w,  wq, wherews is the epicentral distance, andw; = 2wnax  Wo. Using the data
from Table 1 and substituting them into equation (20), we calculate the incidence angle for each
testing ray.

0
-2
'g § / / [ W, Wmax W,
i Zsource

wheret; = S, tp =

0O 5 10 15

20 25 30 35 40 45

Fig. 5. Ray trajectories in the plane (w; z) (after

[16]) (color online) Fig. 6. lllustration of the testing data
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Table 2 Table 2 shows the di erence between the
lllustration of the modeling error for each ray values of the incident angle for the one-
from Table 1 gradient model using only the formula of
Station name | Depth, km | Error (radians) Euler's method (after [16]) and the values
calculated for the same parameters of the
Ha_“ 4.4 0.005754648 one-gradient model applying the technique
Hei 3.7 0.004890067 merging Euler's method with trigonometric
Hau 1.9 0.061486027 formulas by reducing the derived two-gradient
Kro 15 0.063026168 model to a one-gradient case. One can see
Kro 29 0.023682692 that the modeling error is within the limits of
accuracy. Thus, the correctness of the formula
(18) has been veri ed for each ray.
4. Method for determining a formula to calculate the angle of incidence

at the receiver

The method to nd the formula for the angle of incidence on the receter in a two-gradient
medium includes the mathematical calculations (see Subsectio®sl 2.5), considering the physics
of wave propagation. In the rst-gradient medium, equation (7) is derived linking the angle of
incidence on the receiver and the angle of incidence on the boundary oivdé gradients. For
this, the property of ray reversibility is used. The tangent fundion is determined for each angle
through the parameters describing the velocity growth with depthin the rst-gradient medium.
The relationship between the tangents of the angles is established kgividing one equation by
another.

According to Snell's law, we obtain a formula for the known trigonometic relationship
between the sine function of the angle of incidence at the boundary g¢h and the sine function
of the angle of refraction through the parameters of the rst and second gradiats. The tangent
of the angle of refraction is determined through the parameters of the edium of the second
gradient by an algorithm that is the same as for the angles in the medium of therst-gradient
(Subsection 2.3). Applying the known trigonometric equation relating the sine function and the
inverse tangent function, we can obtain a formula for calculating the sgare of the sine of the
refraction angle. Thus, the square sine of the refraction angle is de retwice through Snell's
law and by utilizing a trigopnometric equation. Equating the corresponding parts, we determine
a formula for calculating the square sine of the angle of incidence on théepth, which is the
boundary between two gradients. The parameters of both the rst and seond gradients are
involved in this formula.

Again, applying the trigonometric equation relating the sine function and the inverse tangent
function for the angle of incidence at the boundary depth, we derive drmula for determining
the square tangent of the angle of incidence on the receiver.

Thus, the strategy of the method is as follows. It is necessary to ndthe crossing angle,
which will be determined twice. From one direction, it will be related to the angle of incidence
on the receiver for the ray path in the medium of the rst-gradient, and from the other direction,
it will be expressed through the parameters describing the medim of the second gradient. A
simple substitution of the formula obtained for the crossing angle fom the second direction
into the expression for the rst direction will give the desired formula for the angle of incidence
on the receiver.

The equation of the basic angle of the ray path was tested through the trarison from
parameters for the two-gradient model to the parameters for the one-gradnt model. An indepen-
dent validation was performed by examining the di erence between agle values known for a set
of experimental data (published a few years ago inlfg]) and the basic angle values calculated by
applying the derived equation. The correctness of the result can beeri ed by direct substitution
of the numerical data given in Table 1 (after [16]) into the formula ( 20).
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Note that the basic formula (18) we derived for the incident angle on the receiver contains
arithmetic operations and the trigonometric square function. This can ead to insigni cant
computing errors because numbers participate in calculations with gunding-o errors. It is
known that for iterative approaches, including the Runge Kutta method, this error can be
critical and a ect the correctness of the solution.

5. Discussion of application elds of the obtained solution

In this paper, we have obtained formulas for determining key angles tlough the parameters
of the rst and second gradients in a two-gradient model: the angle of indence on the depth
of the boundary between gradients (equation 16)), the angle of refraction (equation (15)), and
nally the angle of incidence at the receiver (equation (L8)). These important angles de ne
the ray trace. The angle of incidence on the receiver is the main paragter for calculating the
theoretical travel time. In seismic tomography, the e ciency of solutions to the direct and inverse
problems depends on the di erence between the theoretical travdime values and experimental
observations.

Potential areas for the utilization of formulas constructed in the paper ae beyond the scope
of seismic tomography. Possible applications are in acoustic, optics, ne@rology, astronomy, etc.

Let us consider the ray acoustic tasks, in which the sound velocitys not constant, and the
rays are curved. For instance, the author 17] analyzed the sound propagation in the ocean.
The model was considered for the medium with the sound velocityarying with depth. The ray
angle was used to nd a formula for the ray's radius of curvature at a de red depth. The main
parameter of ray tracing is the initial ray angle at the source. The inportant contribution of the
author [17] is the technique for underwater acoustic propagation over a layeredditom with a
thin uid sedimentary layer under the condition of moderately range-varying bathymetry.

Another application can be performed for light propagation theory, when the curved rays arise
under the in uence of gravity centers (lenses, galaxy) in the atmoghere. Coordinates of the ray
path can be found by solving the system of di erential equations with Hiler's and Runge Kutta
iterative methods, not analytically [18]. The increase in the distance between the gravity center
and the light particles leads to a decrease in the attenuation functiorand a change in the radii
of the curved rays.

The author [18] discussed the intersection of curved light rays with massive @wity objects
(black holes). The e ects of shading can be calculated. However, shad) models take into account
the angle of incidence. A problem arises with the determination of tis angle. Note that our
research showed the incidence angle of the ray at any point can be calatéd using the property
of a ray in reverse.

Conclusion

The paper presents the technology established for determining therecise path of a ray
in a two-gradient medium, given the starting positions of the receiers and sources, under the
boundary condition of a gradient change at a certain depth. The equation deved for the basic
angle in the two-gradient model can be applied to a speci ¢ case of a oneagtient model. The
method involves a sequence of steps to solve the underdetermiyaproblem in the ray tracing.
It was found that the number of unknown parameters can be decreased ihe property of the ray
inverse trajectory is used. Numerous tests have shown that the adeling error is signi cantly
reduced by using the coordinate systems, each of which is connedtto the medium of one
separate gradient. Trigonometric manipulations of Euler's method solubns for the di erent
systems provide the formulas to calculate an accurate ray path in a ta-gradient medium.
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da 14044l dagdiey 60aaidiey, éioidia 11aa80asiil adéfioaep , & 4&éo0ida jadasedsiilal iadaiina

A &aiiié foaoud alel idiateaedil 6idiediadied eeanfia eeidél 06 aélvaioiand 6daaidies. Oae,
foagél aicileeili dawaodl aiélipd 6daaidieé, efitélcoy daoaied an&ar 1ainal i94anoaacoaey.
Eep+8a0a fielaa:  4&éfoaed ad6ii0, fielidode+aneay ad6iia, ad0iia aéyada, é& [4éila 16aanoaa-
8aied 88610, eeidéila aelvaiolal 60aaiaied

Asy 6eoesiaaiey:  xefoia E. N., Ooadey E. I.  [5eididiéd iiasiaa 4861i1ais adéfioadé é da-
pdiep eei&éing aeivaioians 6daadieé // Ecadnoey Nadaoian &1al oieadoneodoa. iiaay nadey
Nadey: laodiadceéa. 1463 2026. O. 26, adi . 2. N. 187 197. DOI: https://doi.org/

jeéa. Eiblaiaoeéa. .
10.18500/1816-9791-2026-26-2-187-1%DN: FLTOEI
Noaoly Tivaeééiaaia ia 6feiagys eesdicée Creative Commons Attribution 4.0 Inte rnational (CC-BY 4.0)

Article

Application of the group action approach to solving linear D lophantine
equations

l. S. Chistov ™, L. M. Tsybulya

Moscow Pedagogical State University, 1/1 Malaya Pirogovskaya St., Mosc ow 119435, Russia

Ivan S. Chistov , i.chistow2014@yandex.ru,https://orcid.org/0009-0008-0265-4346 , SPIN: 1546-4903 AuthorID:
1321103
Liliya M. Tsybulya , liliya-kinder@mail.ru, https://orcid.org/0000-0001-7062-8782 , AuthorID: 505215

© xefofa E. N., O0adey E. 1., 2026



T Sn Eca. Nadao. 6i-oa iia. 83, NA3.: lad&iaceea. acaieea. Eidiaiaoesa. 2026. O. 26, Ali. 2

Abstract. The article substantiates a method for solving linear Diophaitine equations using the theory
of group actions. The purpose of this paper is to introduce ations of certain groups on the set of linear
Diophantine equations and to study their properties related to the set of solutions of these equations.
Using group-theoretic methods, we achieve the goal and estéibh that the actions of symmetry groups
of regular n-dimensional polyhedra on the set of equations under study a reduced to a combination of
the actions of the symmetric group S, and the automorphism group of the group of integersAut (Z) on
the same set. The relationship between the actions of a groupf@arallel transfers on the set of linear
Diophantine equations and on the set of their solutions is ao studied: for example, the vector of the
general solution of an equation obtained as a result of an a@n can be found as the sum of the vector of
the general solution of the equation that was subjected to tle action and the vector of parallel transfer.
In this article, we continued the formation of a class of linea Diophantine equations. Thus, it became
possible to solve more equations using the solution of just arepresentative.
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Tiodadeaied 2 lagiadi eeidéina aeidaioiai 6daaidied fifaiafoidi  , anee 1if eiddo
dagaiéy, & ianfaianoiti & ioioeaili ned+aa.
Iilee&M0AT ANA0 6eiaéits 4816aioials 6daaidieé n idécaanoitie a6aai faicia+aou

i6A00 N = 2. A yoii fiB6+a4 10 AGAAI SIA0U A3&T fi ABGTTAIE AEIA0BeE 13AASEUING
inatoateuiesta, 6101004 fac0aapony acyasasiitie Adsiiaie (A30iiaie eyad a) [1].
Pafifiiosel 44éfoaes A86iI0 aeyada Dg (A T1A0a08&E 334l éliiigesee 10tadased-
aue i

ANN ANAZ

o éi01aT éazedié 1ada  (f; D) fioadéony a ffioaaonoaea yeaiaio
f D=f(D);

aaaf (D) anou 6daaiadiea iayiié, yaeypuaény fadacii idyiié, caaaiiié 6daaiaiedi D,
ioe ddeeecdiee f:

IT aiagéoe+anéel niadaseadieyi iia idyiié eiiaaa adaal iMieiaou ad 6daaiaie ae
jataiono

[daaeiaedied 1 Toladazedied dg &fol 43éMfoaed 40610 Dg ia LDE ,

Ajéacaoaeunoal Totadasedied dg caaail 6100aé0il, 0aé éaé aéy éameaié iadl fo-
Uanoasdao e ideoll aaeinoaal dacoéelioao a feed adaida iiadiayued iifeeanioda LDE , &
aoonad Dg

01804 ifaeil iTalda+eaaou 10iifieodedlit oi+eée 1eifiéinoe é Todaseaol 10iifieodelit 4864ed
Y106 & idyiioaTalie 436a801a16 RAeNO&IA &ildaeiad (IANE). iae yoii 46430 A04d ai
ficaiaadoité adacen. Ana 1faisiod adaai fiduanoaeyol 1oiiieodelii ia+aea IANE, a fiei-
iaodee Toiiineoaeuil Thaé eee aennaéoden éiidaeiacito 6aeia IANE.

1. Dacoeuoao ioladasediey dg eazeed ALDE ,, 0aé éaé éazxidia ec iddiadaciaaieé a Dg
fiiodaied caei+enéaiiinou élyooeseaiota EAO, a fajaiaité +eai b a éfia+ii fi~aoa ia
éciaiéony (Aaeaa a oaaé. 1 46aao iéacaii, éaé eiaiil 6nodiaii aaiiia aaénoaea).

2. Inoaéind I6Téé?éc‘)u 4aa aénetio aaénoaey [ 3]

0=
s~ s X _X1 P
1) i6nrou f = id 0 D :aijx; + axxp = h. Oidda id(D) = D;
y =Y,

2) i6fol ;g 2 Dg. Old4a & e casaiey adénoaeyds fidaadacear 06aaaiia

f(g(D))=(f 9g)(D):

Ecadnoil, +01 épala aaeeedied f iaieifiéifioe A TANE  xOy caidadony nedascpueie 61a-
i6éaie (

‘. x%= xcos' "ysin' + Xq;
"~ y9= xsin' + "ycos' + yo;
dad" = 1, anéé aaéeeadiéad iadaial diaa, € " = 1, anée 1il aoiaial alaa [ 4]
flsieedl X = X1,y = X2, (Xo0;Yo) = (0:0). AGyfiiel ffa+a6a dAcoei0ad 436MdALY A86I-

laodiaoeea 189
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"= 1. 1aéiido, ilancadea ' = 5, Méo+el
( 0— .
R? Xi= X2;
0 0 —
Oiaaa (
— 0.
o] _ 0.
A0diaeo, ~of
D%=(adx{+ adx3=h =1 D =1f(D)= R3(arx1+ axxp = b) =
_ 0 Oy — ) — 0 0_ p-
—(alX2+ az( Xl)_ b)—( a2X1+ a1X2— b)
OA&1adi adyniel, +of 46440 a Neo+ad 4aénoady, iaidveidd, yedidion Sy=0, 0.&. fieiido-
deaé éaaadaoca 1oilfieodelii éiidaeiaociié e Oox:
A aaiili neéd+aa 1daanoaael neovadep aaliaode-anée: aey éasedié oi-éeé oieléi isa  e-
faoa iaiyaony ia idioeaiiiéieeiop, a aadfoenna Hoadony 1ddaeidé. lied+aa i
€\ «C
Xl - X]_, . < A X]_ - Xl’
Sy=0 0_ ~ Giareo, Sy o

DO%=(aix9+ adx3=b)=f D =1f(D)= Sy—o(arx1+ apxp = b) =

=(ax¥+ ay( x)=b=(axy axd=b:
EEPAOBREOPUGH Af& BACOBINAON 446M0AGYDg Y LDE ,» & 2i0&5IdA-
1

ai adénoaey ia yché ad6aed adénoaeé

Oadsesal/ Table 1
Naycu aaéfioaeéa e al ) fi 44éfoaeadl adoii
The connection between the actionsa and al ) with the action of the group Dg

f f (D) Ei040i540a68y f (D)
RY = id D:apx{+ax3=Db D
RE ax{+axd=b al M ayy (D) eée ayy at (D)
Ro ax? axd=b al (D)
3 N e
RZ axy axi=b a™ ) agy (D) eéeéayy al Y (D)
=0 arx? ax9=b a* (D)
Sx=0 ax?+ ax§=b al (D)
. ax{+ axy="Db a2) (D)
Sy-= «x axy ax§=b al ) ayy (D) eéeé ayy a (D)

Oaéei 1adacii, epaia aaénoaed aeyadaedilé adoiid Dg ia iileeanioad EAO i 4a6iy
jdecaanoidie anou ia +oi eiia, éaé iineaaiaacacliia ideiaidied daidd eco+ aii0o aaé-
foacéa , 838 2 Sy & al ). AAiita a36R0AeY TIeRAIt A 0A&I0& [ 5] & iDRANOAAEYPO il-
Alé nifoadonoaaiil iadanoaitaés élydoeseadioia EAO a iidyaéa ianoaiiaée & caiaié
aéi01800 élydoesedioia EAO ia el i6ioealniiéleeitd, 1de+ai aéy iineaaiaa 7 fiéé+ay a
190 [a6+iné 10aae
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0adé. 1 1daanoaaéadin ool+iypuea Taicia+aiey, a eiaiil ciaé % ¢ efélciaai aey 1ai-
cia-aiey 6aéoa caiaill élydooecedioa ia aid igioeaiieieilé, a ciaé ¥ +¢ aeéy 1ai-
cia+aiey olal 6aéoa, +0i ¢iaé éiydooeoeadioa fnoaeny iddaeiel. liayaié aaii 00 ciaéia a
Taicia-aiee 100asado oyale Reaaiaaiey elyoseseaiota EAO

Dagel fieaadpudp caaa=o, fieucoyiu aaiitie, idaanoaaéaiitie a oaae 1

Cadara 1. [ayiop, caaaiiop 65aaidiedi D : 2x1+5xp =7, 1iaddioee ia 6aie ' = 5
1éel la+aea éiidaeiac. laéaeoa éiidaeiacl anaod vaei+eneaiitsd oi+ae, ideiadeaseaued

14546 idyiié D.

bagaied. Caaa+a faiaeory é dagaiep EAO D%= RZ(D). laiaél 6daaidied EAO  D°
Tieeil i& iadiaeou. Nedaodo iaéoe a&éoid taudal daeaiey EAO D.

Oaé 63éD%= al " a(lz)(D) , Of M[ 5] zpo= ASY) Z(12)(ZD) .

0aé 8aézp = (1 5ty 1+2ty):tp2Z, 01 zpo=( 1 2t;1 5ty):tr 2 Z:

10880 :zpo=( 1 2t;;1 5ty), 122 Z.

Tatanel a3énoaed dg ia ned+aé n> 2 @éé n< 2. A 0aaé. 2 idaanoaacsail, eagay asdiia
iTadtaeo aéy adénoaey ia EAO f éliédaoini ~enén iadaiaiind n. AT anad yoes fie6+ays
aiagiae+it 4a6iadilio aadeaiod 46aao idineaseedaouny faycu i adénoaeyie a (daa 2 Sy)
e a( )

Oaagésa2/ Table2
Ad6ii0, MadTayued a6y adénoaey ia LDE ,
Groups suitable for action onLDE ,

Aadiia fielidodeé 0annasaéoa (a 40054061481 i8iNodaifioad ), 384
(& 1yoeiaaiii 1difiodaifioad), 3 840
(& ganoeiadiii 18iiodaifioad), 46080

o|lu|lbh|wW|IN|FL]|>S
p=2
ox
9\
[
=
@
Do
o
ox
D
(o
D
O
[oN

o | .
~~
»
o
o
Qo
=
Qo
o
=
o
=1}
o
o
&
=1}
o
>
o
> ~
N
o]

liyiiiel, 8aé anel ieo+aii é1ee+anoal yeaiaioia a 4aiiis asoiiad: & aoedla adeeedied
a n-1adiii 16iiodaifioada faycail i 1doiadiiaglilé éaaadaoiié 1acdevaé, éioiadp iieeil,
a0adaa 1i6444e4iiti Tadachi aacen, ideadnoe é asi+ii-agadiiasuino aead. 1ivdad ée-
0ael oagié 1aodedl dadai 1. Ioe yoii a fagai fed+aa (ifaisiod ia 6aed, esaoita 7
e Todaaeaiey) a asedié fooIéa e & éaaedll f0TEAGA 1a00€00 iTeedd idefivofioaiaacl éegl
iaei idioedaié yedidio daeieca eeée daeieva fil ciaéli ieion, a i 0aéuita yeaiaioa
12088060 NOOU i6ee. Tieeil 6OT+ieouU, +07 14i6eaald yedidion daniieaaapony i a aeaaiie
aeadiiaee e/éée fa fifiaaied n idé [ 6]. lif~eoadi &iée+anoal oaéed iaodeo, efilelcsy
&liaéiaoioita fifadasediey.

1. A&y n fodié & n Noiéasia id ileedl a0adaol 14id ficeoep agy iaidedaial yeaiaioa
a Gamealé NodIea, +01 f0a&oN0acas éiée+anoad iadanoaiialé eg n yedidioia. Eiée+anoai
iadanoaiiaié ec n yeaiadioia daaii nl.

2. Aéy éazedial jaioeaaidl yeaiaioa eiadofy ada adaica: 1eee 1. [ieieués a éazeaié
AOBIGA & & éasedll fOTeava 46440 Biail 1aei 0aéié yeaidio, of €6 andai 464d0  n gooe. Yol
4aao iai 2" AiATaTa atadaou iaieadaré yeaiaio.

Oaéeil 148acii, Taudad élee+anoar 1501aiiaeuins 1aodes daciasiinoe n n, ifficaaéai-
06 e¢ yeaiaioia 0;1; 11 caaaiitié onefaeyie, 46aao daaii  n! 2",

laodiaoeea 191
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banfiiodel eeidéiia idaaroaaeaied aaoiia Dg [7]. Aéy yoiai aiifiiooil eitaéoeait
fofadacei Dga dodiio GLo(Z) afidd daei~eneaiitd iaodeo fi liodaaeeoasdai 1 fiadaoeaé
ifiediey 12000, 0. 4. eiaai

h:Dg! GLz(Z)Z

lilee&fioal anad 1a0deo, AM0AdoN0aoples dadeedieyi 8¢ Dg, Taicia+ei +4dac Im(h). 1a0-
de+iia 18aanoaacaiea yediaiola asoia  Dg Tiegdi ieaed
. 10 > 0 1 1 0 E 0 1
id 71 , RZ7! ;. Ro 7! . RZ 7! :
01 0 0 1 10
0 10 0 1 0 1
Sy=o 7! L ST o o1 ST s g ST g
i5e adénoaee dg fTaIanoinOL 6daaidieé yasyaony eiaadeaion, oaé éaeé IiA éydoe-
geaiola nitaa aaéeo naraiainé ~eai 1adaca
Adadi aey oaianoaa ainioeieiaou yeaiaiod Z? 6aé a3eo0id0-fodiee eee éaé adeoldi-
f0Teadl a 1iddaaeaiitd neodaveyo.

Aléacaodeinoal.  Efilelcodl Affadasediey 08idee eeidéind niadaoisia[ 8] Adéfoae-
0&&uil, 0aé eae f 14d4alaed Di & D,, o1 éaseddy oi+éa idyiié, casaiilé  D,, ie6+adony
éc O1+8¢ 1oyité, caaaiilé D, fiMiluip  A¢. Dagdiey EAO D; i1684M0aa&ypo iitaié oced
oaei-eneaiiné ddedoée, i oleed €dzead ia 18yiié, caaaiiié D, yoii6 &idiil A 1ii-

Uip Af iieeil ie6+eou ana odgdiey D,

Caaa+a 2. lonot EAO D1 : x1 + 3% +5x3 = 9. Ecaafoil, +0f EAO D, ¢aaado

TR0, Me6+aii6 i ieinéinoe, caaaiiié D,, ia 6aié ' = 5 Toiifieodeit

bagaiea E‘l"é(‘)ﬁy gaé iéieidi aaa niiifaa dagaiey: 1adaté nitiia 18aaiéadaao ii-
éné yaiial aeaa EAO D, e aai iditndaanoaaiiia dagaiead (0aidey adoiiiatd adénoaeé ia
efifelucoaony), a aoigié ia Madacoiddado 1aycaoaeuité iené D,, if ifadacdiadaao ii-
ené 1a0desl 1datadaciaaiey (liedadony ia oaidep ad6iTald aaénoaeé). bagel aoiadi
nE
[a0806aiT aeaaou, +oi zp, = (9 3ty 5ts;ty;tz), otz 2 Z. 141670 & i61i0daifioad 16iel
e aanoenn ia 6aie ' = 5 faicia+el +adac f = Rgx. lacdeva f 2iddo aéa [9]
0 1
1 0 O
A; =@ 0 1A:
01 O
Cia+eo,
0 0 1
1 0 O 9 3t, bt3 9 3t, b5t3
Zp, = Ag ZDlz@O 0 1A @ to A=-@ i3 A; to;t3 2 Z:
01 O 13 to
f0ad0 zp, =(9 3ty 5tz ts;ty), trt32 Z.
192 [a6+iné 10aae
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[aeaeo0d yaii ddgdied oleuél 1aiial ec ied, a dagdied a0is1al ifeo+eod fi iitudp
filfadacedieé e¢ oaidee ad6iTand aaénoaeé
Dagaied. Aéy ja+aea iddiadacoal EAO D, a daaiifieéuiia aio, aliileeéad 144 4ai +afoe

D1:X1+3X2+5%x3=9; Ds:X1 5Xxo2+3x3=9:

Ay A AxA

Pagei fiia+aéa EAO Di:zp, =(9 3ty 5tsjty;ts), tr;t3 2 Z. Oaéei 14dachi, 0aé éaé
Do=a" " aypg(Dy) ;

0didaial nayce aaénoaeé ia iileeanoad LDE ; & 4aénoae

78, fienaiiod a[ 5], zp, = 2 D zps(zp,) =(9 3Btz St t

é
3; 2
f0ado zp, =(9 3ty 5ts;tyts), zp, =(9 3ty 5tz tsty), ta;tz3 2 Z.

2. Aadénoaey asoiil iadaeceaeuind rasaiiiia fa iileeanoaa eei aéito
aefbaiotand 6daaiaieé

Agy éasedidl n 2 N dannitodel T, Ad0i6 iadacedenins iaddaiinia tm A 4aéoidd
m=(mg;:::;myp) 2 Z" fi Tiadaceaé 1daaié éiiliceéoee 10iadazadieé.

Agy @azedidl n 2 N aadaal 10ladaaedied

! v+ Ts LDE,! LDE;
Tiddadeadiiia nedasdpuel 1adacii: éaseadié 1ada (tm;D), 88 m = (mg;my;:::;my) anod
aaéoio aeeill n iadaéeadeuiial iadadiiia ty, 1MMioadeéi a flioadonoaed yeaiaio
tm D = tm(D)1

884ty (D) AROU 6BAATAIRA TBYITE, YABYUAEGRY TA0ACT T8yITé, caaaiiié 6Baaiaiedl D,
i6& aaéeediee tn

A04adal fioaiaadoité aacen a idifiodaifnoda R". e yoli caidoel, +oi éfiiliaiod mi,
i 2 N, adéoidam = (myq;:::;mp) 2 Z" 11460 dafnniaodeaaouny 0aé aed, éaé aal éiidaeiaod
Ajageoe+anée iadaeedéuiné iadaiiin caaadony neaaopueié oidicgaie | 4]:

tm - S : :
XP = Xp + Mp;
cia+eo, 3 .
2 X1 = X7 my,
tm

Xn = x2  my:
16A00 D : (agxy + aXo + + anXp = b). [aéadi 1adac D ide adénoaee iadaeedei
Tadaitin  ty

ai
D= (adx%+ ax8+ + alx% =)= t(D) = tm(aix1+ @agxa+  + agxp = b) =
=(a(x] my)+ ax(x3 mp)+  +an(xh mpy)=b=
=(ax{ + ax3+  + anxp = b+ D(m));

éaéD(m) = aimj; + apmy +

+
éiioaeiao adéoida 1adaeeasuiiar i

o
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|6aaéisedied 2 loladasedied ! , 4ol adémnoaed asdiid T, ia LDE ,.

Aiéacacdeunoal. Ooaadeeddied aiéacliaadony aiaeiae+it idaagiediep 14 fieed coi-
aafoe i0adeé cadaiey aaénoaeé, 1 &101000 a aaiilo 1daaeieedieyd €ado da+u

|0a&éisedied 3 A&énoaed! , niddaiyao naianoiinou EAO

auaai saediey faianoias EAO Di;D2 2
5 7n .

.....

1. Agy idiecaléiiod 2 Sy, f 2 Dg, tm 2 T iGAARAGRAT:
s=a(;D1),00 Di=a( 1;Dy);

,=al )(f;D ), 01 Dy=al)({f ;Dy);

2 1
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ideciaé 1 ( S,y LDE,). Anée iiieed
Taiaél, atoul ileedo, Moyaie eo neaana
EAO D, e

I6eciaé

NAN 2N Q s A

a
D, i1a6o atou iéo+aia ao
2( Aut(Z)y LDE,). A
D

o
m/
B
©
c
o)
c

U 1Teedo, 1ieyaié e
[

Z AN AN

YA adéoida Tadageaeuiial 1ddaitna nifoieo Tiyol eed a
iadieeadiee oagaiey EAO, il 6sed 4d0A1AN: aimq + =+ aaympy = bp by, T0ii€oaenit
Tadaldiine  m;j, 16é yoil ainoaoi+ii iaéoé (aiciieeil, 1Maaidn) 6ioy ad aif aar ~anoiia
dagaiea, &ioidia & 46aao yaeyouny enénidi adéoidn m

E fejao, 8padd daa EAO 10 4360 1404iaii00 (ia iéinéinoe), foée+apueany oiéuél
Aatalaiil ~eaill, cadapo aaa iadaéeaeuita 1oyita, cia+eo, anadaa fnouanoad a0 aaéoid
ia0aeeaeninal 1adaiiia m 0aélé, <01 Do = ty(D1). 14iaé7 dnee eadla-eeal ec 4aiind
odaaiaieé ia nfaianoii, ot yiii, +of m 2 Z2

paffitodel idiecaienita fraianoiia EAO D : (aiX1 + axxa = b) 2 LDE ,. 16fioii

ap o b
DO —X1 —Xo2 = —
d d d
daaiineeuii D.
16A0U (X10; X20) Af0U +afoila ddwdied 6daaiaiey DO O1Faa 44l 1audd daodied anasyaeo
0aé: a a
Zt = X0t —zt;Xzo —1t ; 127
d d
Caoeénedoal idiecaienité 1adaiaod t, 107464 6aéT4-6840 1ait ddwdied EAO D (D9
liodadeaied 3. laciadi a4a oagdiey EAO  ajxi + axxo = b2 LDE , ilfdaieie , anee
6aéla 1adaidodd, iidleedapuied ed, 10ee+apony ia aaeieso.
A jagdl fieo+aad finaaiad oasaied 1MoTaeony, iaioeiad, 1adaidoan t+1
2 1
Zi+y1 = X0t d(t+l),X20 d(t+l) 127
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liddaaedied 4 pannoiyieal 1deedd ninaaieie dagaieyie zi:zim 2 22 EAO
aix1 + axXp = b2 LDE , 46aai iactiaaol aeeié 10dacéa, éiivaie &ioiaial yaeypory oi+ée
Zt e Zi+1 -

E&iia 2. 16AdU D : (a1x1+ axX» = b) 2 LDE , fitaianoil. Oidaa dannoiyied ideead
épadié 4301y Aindaieie dagaieyie EAO D ia iéifnéinoe 1noiyiit & at+eneyaony i
o18ioea

19 24 A2- 253 A
S= g ag+ as;aaad = lIA (a;ap):

ap a az ap a ai
S X0+ —(t+1 X0+ —1t) = — ;'S X2 —(t+1 X2 —t) = —:
IT 0aidaia ledadioa aéy idyitoaieuiial odadaietieéa i éacaoaie %2 e %1 aé110a-
i6ca, a cia+eo, & eféiila dannoiyied ad+-enéyaony neaaodpuei 1adacii:
r
a; 2 a 2 1q
S = 71 + 72 = - a% + a%
d d d
Adnidooe-anée, oaé eaé ifa isifnéifnoe danf O1yied 1aaead epadié aaoly dagai eyié EAO
a104aaead 1aiié iayiié 1inoiyiit e Midaaaeyaony 1indaanoain élyodeseai ofa e eo A,
1+4i d1aiseo édiia 2, a neeod 1adaeeaeliinoe 18yias, ia 101800 dafiieadapony dagaiey,
ileeil a0ddaol adéoid Tadaéedéuiial 1adaiifia ia aaeinoaadiitl 1adacil. Aedaadae+ anee
aaiiié 6aéo 1aédaieyaony oai, ~oi 6 ffaianoiial EAO ami + i+ amp = b b
AAanéNia+in ifal +anoino dagaieé

z1=(1 ty 2t3;1+2t, 3tz 1 ty+3t3) (éaétz;t3 227) anou 1avaa dagaied Di. Neefi

é& dageol D,, ciay dagdied D.? Anee aa, of éae?

Dagéaied. Niagafil ideciado 4 4dénoaey | 3, AOUAM0AGA0 (ide+4al & yasyaony aadifioaai-
i0l) 436010 m = (mq;my; m3) 04éié, +01 D, =! , (M;D1) = tyn(D1). (2441 m. Oaé éaé
bp = by + D1(m), 0f D1(M) = b by, 0.4 3m1 +5m, + 7m3 = 15. [124id0i iadiaei, +of
m=(1;1;1):

Ciazeo, Modiddia 2z,=z;+m=(1 tp, 2t3;1+2t, 3tz; 1 tr+3t3)+(1;1,1)=
to 2t3;2+ 2ty 3ts; t2+3t3)Z
0430 : aa, D, iieeil dagéol ia iaidyiodp, a ciay eegll dagaiea D1, iiélcéyhl 10é
2 O 7 A~ AN o~ I .
3.

i1 6146 daaiot adee 1Me6+ail iedaopued aameita 8acoetioact e ataiad [ 10]:

1) aaénoaey ad0iit aeyada ia iileedfioaa eeiaéind aeidaiolats 6daaiaieé i alayony é
glidéiacee adénoaeé, fienaiitd a[ 5]: é 1adafnocaiiaéa &lyddescedioia e caiaia iaéioiand
elyodeoeaioia ia idioeaiiieiaeila ei;

2) aaénoaea, iidieeadiiia 1adaeeaeuiti iadaiinil, eia6oesdao iadaiaua ied anaoc oa-
gaiéé endiailal 6daaidiey ia adéoid 1adacedeuiial 1adaiina;

3) alée aail oaeiiaiaacee é ideidiaiep iMasiaa aooitand aaénoaeé, a oaésed adya-
8ai0 i0eciaée Tientaaailsd adénoaes;

4) 0aéed aaénoaey iaa 6daaiaieyie, éaé 1adafnoaiiaéa éiyddoevedioia eée caidi a ed
ciaéia, atiee oioiaceciaail fivdanoaaie oaioee aodiia[ 5] e idiaieaeeée fidia 6idiagiita
fiefaied a aaiiié oaaioa.
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(;; o
fifedaiaaiea aiciieeil dafigedeod, iaideias, a idaaeaieyo:
dacdaaioaou ifadia adoiitatd aaénoaeé aey dagaiey iaceiaéitd aei6aioiats o6 daa-
iaieé;
aiyaeol nod6e0ddos lifeediioda adénoaeé &lieédaoniié adoiia ia lifeediioad E AO
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3. Eifiodeéei A. E. Aadadied a 4638400 : a 3 +. x. 3. 1fiifai08 nOd0RO6d0. 3-& éca. | 1fiéaa :
Oeglaoeeo 2004. 272 . EDN: UGLDTF

4. Aoaianyi E. N., Aagtieda A. O. Aanaoéey a2 +. x. 1. 1ineaa : iainadnaied, 1986. 336 fi.

5. xefiola E. N., Ouaoey E.l. Nay(;u ilaaeao 6araa|ey|e €eiaéind aeioaiotansd odaaiaieé ide
43énoaeyo ééé’ﬂ'ﬂ ifanoaiiaié & asoiit aaoiiisoeciia 6aeio +efae // xaalpdacéeé nais-
jéé. 2025. O. 26, alii. 5. C. 259 279. DOI: https://doi.org/10.22405/2226-8383-2025-26-5-259-29,
EDN: JYVEIN

6. Aleloaia E. 1. Edeéoee il eeidéilé agadaca. lineaa : iacéa, 1971. 271 f.

7. Aeiaddoa Y. A. Eeidéind "6ééﬁ‘a‘eé|'éy A00ii. 1ifiéaa : [adéa, 1985. 144 f.

8. Eifiooeéei A. E. Aaddadied a 4638400 : a 3 +. x. 2. E¢idéiay aeadadca. lineaa : Oeci aoeeo,
2000. 368 .

9. @aocasdae+ E. b., baiegia A Eeidéiay asadada e adndosey. lineaa : Oeciaoees, 2009.
512 .

10. xefola E. N., Q04oey E. 1.  10dacaiee e2idéind 4816ai01a00 6daaidieé a 5aiead iiadiaa
a80111a0o aaéﬁéééé /1 1ad8iaoe+anéia itadeedsiaaied e noia defiitipoasita oadiieiaee :
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Aaiéé daciacaane a aéonoe+anéi & . ace+ané ay ii-
4460 ddaceciadiaaga éiioeivaeniop 1aoiagéd iaaeesiaaiey ae-
faieée 111a16acits NBaa a yéeasiand éiisaeiaoad, ficaiéyp uop
0+anol acaeiiadénoaed daca e aeniasnité oacl. Aéiaieéa ian o6uaé
fidaad Tiefdaadony fnenoaiié odaaiaieé iaaud Noiena aey feeeél  a-
aital oaietistaianal aaca i 6+-a00i 1daedaciial odigiaiaia e
Tai&ia eiicelunn 1dsedad dacaié fiane. A éa+anoad feé idaedac-
187 Taiaia énioéunt e aie+anéial fii-

@843 idefitaaeiaiits ianf é aéiaie+anés A

0eidaa. Aeiaieéa aeniadniié oach Tiefitaagani nenoaiié oda a-
jaieé, aéep+apluaé a naay 6oaaidied iddaconaiinoe aey ndaai  aé
iéfoiifioe, 6daaiaiey niddaiaiey 161R0daIR0aaia6 Alfoaa &ypued
glideuna aeniasniié dach e 6daaiaied niodaiaiey oadieiaié y iao-
Aee, caienaiind n 6+aon 1asedaciial 0Aié1alal acaeiiadénoa ey
& Taidia eiioeunil 1daead dacaie. Nefiodia 6daaidieé aeéiaie-
éé ifainéiainoié iifaioaiiasaoosiié iitaeniadniié fie fic&id
eiodasesiaacani yaiai élia+i-oaciinoiti 1aofan aoisia 11
ayaéa oi+iiioe. [6é daacecacee éiia+il-daciifioiial 14014 a ef-
ifelciaagani noaia dantaieaiey 1M i8TNodaifioadiitl faidsa aea-
ieyi. Iioniiifnou dagaiey 14afia+eaasant ndailé iaeeidé ie
aiodaéoee. 1oe imiue +eneaiilé itadée enneaaiaai i016anm éi-
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Abstract. This work is devoted to the numerical simulation of gas suspesion oscillations in an acoustic
resonator. The mathematical model utilizes a continuum techngue for simulating the dynamics of multi-
phase media in Euler coordinates, accounting for the interation between the gas and the dispersed
phase. The dynamics of the carrier medium are described by a sjem of Navier Stokes equations for a
compressible, heat-conducting gas, taking into account irerphase heat and momentum exchange between
the mixture phases. The interphase momentum exchange forcesdluded the aerodynamic drag force, the
added mass force, and the dynamic Archimedes force. The disped phase dynamics are described by a
system of equations including the continuity equation for the mean density, the conservation equations for
the spatial components of the dispersed phase momentum, and thénérmal energy conservation equation,
all written taking into account interphase thermal interact ion and momentum exchange between the
phases. The system of equations for the dynamics of a multi-Vecity, multi-temperature, monodisperse
system was integrated using an explicit, second-order nie-di erence method. A spatial-direction splitting
scheme was used to implement the nite-di erence method. A nonlnear correction scheme ensured the
monotonicity of the solution. Using a numerical model, the osdiations of a gas suspension in a closed
acoustic resonator were studied for various piston stroke mplitudes at a frequency close to the rst
linear resonance frequency. The numerical results were comaped with the physical experiment. The
comparison showed acceptable agreement between the numericsblution and the physical experiment
data. Furthermore, within the framework of the monodisperse agproximation of the mathematical model
of gas suspension dynamics, the e ect of particle dispersionn the intensity of change in the longitudinal
component of the dispersed phase velocity and uctuations inthe dispersed phase concentration was
studied. Larger dispersed inclusions have a lower velocityand it was also found that smaller dispersed
inclusions result in smaller amplitudes of carrier medium presure uctuations.
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1. laodiaoe+anéay iiadel
Aageedied ianouaé nadad Tientaadony nenoadiié 6daaidieé jaaud Noiéfa c 6+aoi
iaaedaciial Taidia eiiéeuni e odiéiaiaia [ 24 28]:
u Vv
@, Q@ 1)+@11):0; (1)
@t @x @y
@ 1u1) @ 2 @ @p
+ —( us+ + —(uqv = F+ 2— 2
@t @ 1Y1 p xx) @ 1Vl xy) X 2@X ( )
@ 1v1), @ @, @p
——=+ —( 1uv1 )+ *§ Vit p )= Fy+ o—,; (3)
@t @ yXx @ 1 yy y @y
@e @ @T + @ @T

@"‘ @)S[el"' P xxJur  xyV1 @x @ [er+p  ylvi Uz @)) =
@pu1) . @pw1)

= Q (JFxj(ur u)+ jFyj(vi o))+ 4)
Y @x @y
Cailéapuea ifoilgaiey aey 6daaiaieé ( 1 ( 4):
= 1 i+vD=2); e = 1(l +(ui+Vv))=2); | =RTix( 1)
p=( yer  1(ui+vp)=2); er= (I +(up+ vy)=2); | = RTy<( );
XX @X 3 ] yy @y 3 ]
_ @u_ @y . D @u, @y
X - X T T~ ] - T .
o @y @x @x @y
Agiaieéa aeniasniié oacl Tientaaaony fnenoaiié ddaaiaieé [ 24 28
@, @ 2u2) @ 2v2) 0 (5)
@t @x @y ’
@) @ L @ @p
——=——+ =(auj)+ *)S 2UV2) = Fx  2—; (6)
ot o @ @
Vv @ @ @
@ 2v2) , @y 1u2va)* *)S 2V5) = Fy e 7)
ot @ @ @y
@ @ @
—— 1t —(eoUp) + —(exvp) = Q! 8
ot @>$ ) @>$ )=Q (8)
ladaiaiina i efaaént 1 fientaapo ecidiaiéd 6ecé+anéed radaiaodia i anouaé noadaa,
a i efaaeénti 2 aeniasnité oacl. Eniélcopory neaadpuea faicia+aiey 1 1éfoitnou
daca,uy, vy fNoaaeypued adéoida néeidinoe daca Vi = (ug;vi), e & Ty Tiéfay yiddaey e
0ailadacoda ianouaé ndaan, p aaaeaied aaca, , , Elydoeoeadiol odielidiaiaiinoe,
aeiaie+anéié aycéinoe e iinoiyiiay aaeadaol aéy ianouaé ndaad, | = RT1( 1) o&i-
éfaay yiddaey ianoudé noaan (R aaciaay nnoiyiiay) [ 29, xx, Xy Yy ﬁTﬁbéééYbUéé
0dicida aycéed iaidyaedieé ianouaé noaad; > TAudiita fladdeeaied aeniadniié oacdy,
2= 2 oo NBAAIYY T€10ITNOU aeniadnité daca, o0 Oece+anéay 1&ioiiiol iacadeaea
aeniaoniié oach, uz,va fitnoaaeypued adéoida aeniadniié oaci Vo =(ug;vo), e €Ty
OaieTaay yiadaey e odiiadaodda aeniasiiié dacl, e, = 2Cp2T2, Cp2 badediay oaielai-
éINOU aavuanoaa aeniadniié daca.
lacedacité 1aiai eiioeunii aéep+ado a naay
fieéd aydiaeiaié~anéial ffigioeasaiey
32 d 2 2
Fxd = Tdcd 1 (U u)) 4 (vi v2)(ur up);
32 a 2 2
Fyd = TdCd (U1 U+ (v v2)i(vi Vo)
202 [26+i06 10436



Fa= o, B84,,Qu,, @
@t @x @y

Foo = @y @y @y

yA — Zl@t Vl@x 1@y,

Fom =05 , , &9,,@4,,@¢ Q@4  Qu  Qu

Fym =05 2 1 @y 1@1; Gy @y ey Oy

AR& +anoesi iddaileasaapony noaoe+anéié 616i0:  d &eaiaod +anoesd, Cq eélydoe-
0eaio ftisloeagadiey ~anoeon [ 3]. Elydooesediol 6daaiaieé aéniasniié 6ach
24 4
Ca4=CJ M12)' ( 2); Cl= — + —-+0:4
Rei, Red?
0:427, | -
(MlZ):1+eXp( M 0:63 ): ( 2):(1 2) s
12
Reiz=d 1jVi Voj=; M 12=jV1i Vaj;
Pr=c, ()% Nupz=2exp( Mgp)+0:45Re)>°Pro33
c, OAIETAIEIION Aaca. (8¢ TiBdadEaIee Blyooeseaiva fiiBToeasIey Cq 661868y ' ( »)
6+€00aaa0 iifeednoaaiiinou +anoeos [ 3].

Agy eiodadediaaiey nenoaia 6daaidieé (1) ( 8) ideidiyény yaité éfia+ii-daciinoité
iaofa laé-Eidiaéa aoiaial nayaéa oi-iiioe iddancaacaiiné ia i6eiada iaeei aéiiai
6daaiaiey

@t @
4 AGAA 4466 yoaiia 29
f—f”l 1:nl nl+ tnl. 9
i =T 7X(ai+1 a ) G ©)
t
n — . n . . .
fh=05(f + ) 05— (a a& )+05 to: (10)

Aéaiseol ~eneaiiial 1aotaa ( 9), (10) Tieell 1534024800 & 4844 TiAdA0I6a P( t), Ada-
ayuaai a fiioadonoaea cia+aiep 66iéoee ia n-ii adaidiil ReTs fin ciaraied 6oievee
fa adaiaiiii netfa  n+1 fin+1: P( t)fin = fin+1. 106 ddaéécadee ~eneaiitar idoiaa ide-
iaiyeanu fdaia danuaieaiey 1T 16170daiN0Aaaii0l iaidaagaieyi, najayuay i giaidied
4a0601adi1al 1a0iaa é iiiedalaacaeliinoe igeiaidiey iainasians madaoist a [30]

frl=p P, - P P bon 11

i = Px y 5 Py oo P T (11)

Agy Tlaaaeaiey +eneaiitid noeeeyoceé enileluciaagani iaeeidéiay noaia éi0daéoee
6 o6faoes [
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uk(n;1;j) = Al cosfn t); wi(n1;j)=0; uk(nNx;j)=0; wi(nNx;j)=0;
uk(n;i; 1) =0;  w(mi; 1) =05 uk(n;i;Ny)=0; w(n;i;Ny)=0;
k(MLj)= «(n2j);  k(MNxj)= k(nNx  1j);
k(M) = k(mi;2);  «k(MiENy) = k(n;iENy 1)
e(nLj) = e(mZj); e(nNyj)= e(nNyx Lj);
ex(n;i; 1) = e(n;i; 2);  e(n;i;Ny) = ex(n;i;Ny 1)

Xi=1 L=(Nx 1); yj =] h=(N
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xefediil iladeediaaéenu iiiaeniadniia daciacaane i daciadii ~anoeo d=21éi e
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dafi+ao0 aiidiéneiesiaait fieaéili 06aouaal iidyaéa [ 34
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aey 1aeéiaeniadniis aaciacadnaé neelidd aéeyied 1daeoaciial acaéiia  aénoaey
Agy 146614eNiddnins +~anoeo d =2 iéi aey dacee+itd aiieeoda éieadaieé iioaiy
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Fig. 3. Time dependence of the longitudinal component of the digersed phase velocity at point
X = L=2, y = h=2. Piston stroke amplitude: aisA =0:1 mm; bisA =0:15mm; cisA =0:25mm,;

d is A =0:3 mm (color online)
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Fig. 4. Time dependence of the ratio of particle concentrationto the initial concentration for two sizes
of dispersed phase particles at pointx = L=2;y = h=2. Piston stroke amplitude: a is A =0:1 mm; b is
A=0:15mm; cisA=0:25mm; d is A =0:3 mm (color online)

A Aaiité 6aaiod ~eneaiil itadeesiaaceni éiedaaiey aaciacaane a aéonoe+aneél 8a  clia-
0184, dafn+aol i61adaait ia hitaad élioeicacuilé iaodiaoe+anéié iiadee aéfjaieée i il-
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Abstract. This paper proposes a mathematical modeling method for the heatanduction process in a
porous medium with an ordered macrostructure. Based on the colrined use of the minimal representative
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of the porous medium on the geometric characteristics (thickess, height) of the elementary cell the
unit structural element of the studied medium is obtained. Th e elementary cell is considered as a triply
periodic minimal surface (TPMS) of the Schwarz P type. The derved dependence for determining the
values of the e ective thermal conductivity coe cient was use d in formulating the boundary value problem
of heat conduction in a thin porous plate under rst-kind bou ndary conditions. Using an approximate
analytical method based on the introduction of additional boundary characteristics and a new unknown
function, a simple analytical solution to the formulated problem was obtained. The analysis of the obtained
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li8eno0a iaoddeacn gediél enieicopony
i

diaady iaée+eép a ied iieifioadé e i6folo, cailéfaiind sl islaiayueie oai é1 aaca-
ie, aéeép-ray aicadd, ideiaiaiea 1Moefiotd iaocddeasia aicileell i0e idiécaian 0aa oai-
€aié egieyoee [ 1. A 6aaiod [2] enneaaiaait iMoenond iacddeasd, efiteicodind a éa+a-
foad cacéiecieyoee. EaNA 0141, 0aéed 1a0adeasl 1aéaaapo iailigdé ianfnié a fnoaaidiee

f Taiaiaiié neaaié. Oaéei 1adacii, 6aeaniiadacii ideididied 1Mdenoas 1aoad caeia a
6féTaeyd 1affi-da4adeoind jadaie+aieé, iaideiad, a adeaseliil & éifie+anéi iage-
iinoaiaiee [ 3]. Jediéia danidiiodaiaiea iMoefioda iaoadeadl iieo+eee a iadoadeiee,
yiaddaoeéd fi] e adoaed odaneys idiitgeaiiinoe
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Odeaeal iddoeiae+anéed ieieiaduind i1adodiifioe @aadoa P é 1a0adeasl ia 6 TAii-
aa iicaieypo dacaaéeol 18inodaifioal ia ada iaiadanaéapuedny faudia/éadedeioa. Aai i3
faténoar iieedo adou efiélciaaii ide dacdaaioéa oaieiaiaiiial 1aigoaiaaiey, iaide-
a0, 16 i8faéoediaaieé d8aédiadaceaitd odieiaidiieéia n aielugié iéitiaaup 0aiéi-
1a4ia [ 8. A 334104 [9] iTeacail, +of jacalélsel lyo0eseaion 0Aisliadaaa+e fodae
efne&acaind Olli-noaoeoos 1aeaaadd Olll ¥Diamond¢,. OAigtatd 6adaéoaden 0eéé 0ai-
éllaiaiieéia ia initad OIlll %Diamond¢, cadenyo 10 oiéueit fioailé iTdenoié R0BOENs-

80, aéaiaoda 116 e aéeil

Nodoeooda ia ifitad Olll ¥%Gyroide, 14afia+eaado Tioeiaduia Aloilgaied idaead
yo0aéoeaiifiolp 0aieliadaina & aéadaace+aneei fioideasaiedi. A 0aaioa [ 10] iéacaif,
+01 odiéliaiaiieé it N0d6e06d1é ¥Gyroid¢, Taéadaad ia 55% aieligdé odigiaié ituitioup
a noaaidiee i i610ealol+i0i odigliaidiieén. ide yoii élydoeoedio oaieliaddaa +@
a Nod6eooda ¥Gyroide, 1éacaeant alelgd, +ai a %Diamond¢ 16 +éfiéa Daéiléuana ada
16 000 1.

Naenota Ad&an ia 1nitad Olll efifelicoporny a 0dieiaiaiiis ailadacad a éa+anoad
0&igTaiaiiie 0daéoia, yéaiaioia elinodoeoee, 0aieiaié cateol & 40. Oaéed odiénai ai-
08 aiTadaon Taéaaapo dyal idaeionanoa. aideiad, elyooeseaio odiénioiaia iinoe
oiloyai+aiiiai Olll-eadéana ec aépieiey ia 144% aled, +ai a feo+ad i [oid anoé+a-
Feel dafisaaasaiedl [ 12). ise yoii isi+iifou Oili-eadeana a iyou dac A0ea | 6]

Y006&80eaiay 0aieNidiaiaihion 1Moefols iacadeaena ia iitad Olll caaeneo 10 10-
fifieodanié iefofinoe [ 13, 1MoeRoIR0e, aciada y+a4e, 61di0 iid [ 6], 1a04deasa caifs-
jaiey iaseiidiaial idifodaifnoda é éiinodoéoee | 14), 18eaioacee 118. Caaeneiiiolu éiyo-
oeoeadioa yodbaéoeaiié odieniaiaiaiinoe o Toiifiecaeuiié eloiifioe ifaedd eidou éaé
eeidéingé [ 13, 0aé e ideeidéiné aea [ 6]. A 1a0dl fied+ad Nedaodo 6+eo0aaol 0aéeed 0A8iéT-
Tailai 4 1dzeiidian 161fo0daifioad. 16 enneaaiaaiee odigioece+anées naiénoa a ioe foao
iacadeaead, ninoiyues ec iail- & ieédi+anoes, 11a0o atou efielciaait 4e060¢efiil a
ila36e 0AIENABANMAA [ 15].

fifai0d yoaid aaiadasee i1oenons iaoadeasia ja ifitad Olll idaanoaasain ia
3ef. 1. Oi5iesiaaied 1aadsiinioe fa+eiadony i ficadiey Yipetals, -yeaiaion (aiae petal
BRIAROTE) AACTAND YEA&IAIDNA Aeliaddee. Ay yoial efiifelicopofy aaotiadecesiaaiiod
aéaideoin Surface Evolver, Minisurf [ 16]. 160ai 1audaeidiey aaciado yeaidioia ficaadony
Oilii A iefeiasit alciieeiié i0A4Iaé ed8aCHé. Ta yoii pada dacaea iG8IAly bORY 1&-
otal nacasedaaiey ifeeaiiagiité naoée. Ideaaied ofenein adieiyaony ivoai i1dda jaua-
ey anad oi+aé 11adddiinoe odeaiadeediaaiiial iitaiadaiieéa aaieu adéoisia iidiage é
filfoaaonoadpuel adaiyi ia caaaiiia danfoiyiea i iineaadpuel ffcaaiedi iaidadd ainan
(Aac 6010 e Raifiadana+aiéé) 1avdia ideead ieie [ 17). lie6+-eageény 1atdéo i oiiiéiae-

' ié y+aééié. ia caéep+eodelii yo T ioénoné
¢
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Fig. 1. Process of TPMS-material formation
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Fig. 2. Schwarz P TPMS: a is elementary cell;b is assembly of cells into
a structure
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A. A. Addiei & 48. 14 1aili 140134 ennedaraaiey i5i6annia odieliadaiifia

[Tai870 Toiiieoaédii inaé neiiaodee X, Y, z [a 6dié =2 ideaiaeo é ftaiaudiep anaod
0i+aé endiaité Maadcdiiioe i 1adddiinolp, 1adaciaaiiié a dacéeuoaca adauvaiey; X, Y,
z 1he féiiacdee +a0aadoiai ioyaéa EoNid oiaf, dafnniaodeaaaiay 11adddiinol 1aeaaa-

40 cadeéaeliié neiidodeaé ioiiiecaelii ieinéié nenaosee Oxy, Oyz, Oxz T+4aeaii, ~oi
Olll Paadva P 14844340 & 480a8ie adaaié neéiidodee (cadéaedii-itaiaioiay, eovae +a-
féay é ad.) A 0380l fe6+ad ély00e0eaiol a aeaaiié aeaaiiaée oaicida oadieliaian aiinoe
406400 daail 18aeas ftaié. Niioadonoaaiil, aey Tiddadeaiey odieliaiaiayued naiénoa ia-
080&aéa ia nifad Olll @aasva P aifioaci+il 1164ad&éol 04iéTiotaiaiinol a 1ai é o
jaidaaeaieé.

Agy Tiddadediey nalénoa iacddeaea ia nitaa Olll danfitodel 1eieiagiiné oa-
idacaioaoeaité 1anai yeaidioadiop y+aééo @aadoa P. Odisfidiaaiifiou % gaidioasiié
y-aéée (Mi. 8én. 2, a) a iaidaaeadiee e Oz Tidaaaeyaony naiénoaaie iacadeaéa éadéana,
daciadii y-aéée a é aaee+eiié oléueil noaiée AUd 1aiié aaaiié 6adacoddenoeéié,
aeeypuaé ia eioaineaiinol odieliadaiina, yaeyaony idiiadoiiion élyodesea io, 6aaiteé
foifgaiep ieitiaae i8inaacia a danniaodeaadiii na+aiee é 1auaé iethaae na-aiey

a S
= S0 M

[a 0en. 3, a 10éadadin aoaoeée ooidvee () aey dacée=itd cia+aieé Toiineoaeu-
iié oféuein noaiée y+aéée Caanu 1aacdoaciadaiiay éiidaeiaoa Z, 6adiay = z=a
T(‘)I’Tﬁ‘(‘)éé[]l’é.y oiéueia Tidadaaeyaony ioilgaieal = =a E(; 4aii06 éen. 3, a neaao-
ao, o1 iacaaeneir 1o Adabdeé 0o6ievee () €iddo yéenodaioit a oi+ead = 0, 0.25,
0.5, 0.75, 1. 1aéneioid ooiévee () 6aail é iaaepaapony a oi+-éad = 0, 05, 1.
E(; yoial nedasdao, +of iéiuaal éadéana a yoed oi+éad ideieiado ieieiaeliia cia+ aied:
S (0) = S(0:5) = S (1) =min .

g 1 3 5

3 d

2

H*

- 2 4

b
al a alb

peén. 3. Tiddadeaied 1dinadoiifioe a yeaiaioadsité y+aééa: a caaéneiiiou i8inaaoiinoe 1o
e Toiifieoaelilé ofeueil -1 e -aéé i

00iéoeé () aoi+éad =
Fig. 3. Determination of transparency in the elementary cell: a is dependence of transparency on
and relative thickness ; b is geometric model of the Schwarz P celll 5 are extrema of the function

() at the points =0;0:25;0:5;0:75; 1, respectively (color online)

A fioaoua sanfiacdeaadony odieniadaiin aaiei 0adsaiodeniial Olli-eadéana adg 6+40a
odiéfiaiaia a ifofail i6ifiodaifnoaa. A yoii fied+aa élyddeveadio odigtidiaiaiifnoe ii-
denofal iaoddeaéa ia ifeedd aliou aléliga, +ai 6 0addaioaslilal éadéana, e ed daaaifoal
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Molteni [29]
Fok (exp) [24]
Stallard [12]

Mirabolghasemi [28]
Abueidda [13]

Maxwell- Eucken
Ashby

oeafay oaigfisiaiaiino

63 P (AISI1OMg) 1

éaoéana
aadova i
Q1M TTA8EY

i
10iThE

Hashin Shtrikman ide kg = 0
fa0a cia+aiey, iyofid idaa-

187 11adetl Maxwell Eucken (64a0

fieaén)

Fig. 4. E ective thermal conductivity of the Schwarz
TPMS framework (AISilOMg) as a function of
relative thickness according to the models. The
Maxwell Eucken, Austin, and Hashin Shtrikman
models take the same values akg = 0, so only the
Maxwell Eucken model is presented (color online)

Elydoesedion
Table. Coe cient

7]

lfaaen
Molteni
Stallard [12]
Mirabolghasemi
Abueidda [13]

m
1.000
1.000
1.015
0.988

0.6760
0.6550
0.6941
0.6500
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éewai & 6céll aeaiaciia eciaiaiey 1oiifieodeiié otenein. Adeseil 10i140e0ou, +07 dAcO810 a-
00, 1ed+aiita Afaeanit itadéyi Molteni, Stallard, Mirabolghasemi, A bueidda ¢ 17 618i6éa
(4), ifaeanopory ai anai danniaodeaadiil aéaiaciia , 0andiaeadied dacoeuoacia ia 10aad-
2ad0d 5%. [daleliola dandieeadied dacoelioadia iieedd adol adcaail itaaiiinoyie CAD-
& CAE-iladéeataaiey. Oaé, a 0aaioad aaoidia aéy nicaaiey CAD-iiadée imdenoié Ao aaa
enileuciaaeeni dacita 181adaiiita éliieaéna Surface Evolver, MSLatti ce, Matlab. CAE-
iladeédiaaied inouanoaeyeinu i enielciaaiedl Abaqus v6.12, Comsol Multiphy  sics v6.3
4d. A naip 1+40440, 6daaidied ( 4) iMeo+ail ia nitad aiageca ofiteiaee Olll-y+aéée, a
ia & dacoeuoana Tafauaiey aaiitdo at-eneeodeuins yéniadeiaiota, e, niMoaaonoaaiii, ia
21440 1140agilfioe, alcaaiiié aefeddoecaseaé itadée. 10i&oei, +of dacoéi 0200, 1ie6+ai-
04 a fanolyuaé dadiod, idacoe+anée iiaiaaapo n aaiitie [ 26] (iladet Mirabolghasemi).
Yoi faycail i efilelciaaiedl aiagiae+ind 1asiaia il iodaidiep nalénoa iioen 0006
fidda idoiaia aiiadiecacey e RVE
A fne6+aa, dnee e Tiddadeaiee elyddesedioa yooaeoeaiié odisniataia iiAoe 17 616-
1684 ( 4) idecaanoii cia+aied Toiifieoadediié oféueil , IT cadaia 1oenaoinon, éaiait en-
ifélciaaou idedeeaediiop cadeneiifiou
"=1 2:254: (10)
ia oen. 4 aey aaelidéodal daaidiey n esanne+aneeie iaaeyie ioe iMfiodidiee a3  a-
0eéa il 618168a (  4) edilélciaacani ideaeeseaiiay cadeneiinou foiiieodeniié oieueid
70 1igenoifioe ( 10).
2. lacdiaoce+anéay ilfioainaéa casate
A &aiilé 0aai0a ide dan+aoa 0aiiadaoodital Afolyiey 1denoié isanoeil iddasaaa-
aofy efielciaaol ideaeeardiil-aiaceoe+anéeé 1aoia, inifaaiité ia rlaianoin ise ia-
iaiée 1ao0iaia addaaiey aiiieiecaeliié enénié ooiecee é aniéiecaenind adai e+i06
0adacoadenoee, eiodadaciinal iaotaa 0dielalal aagaina. ioe yoli 6+e00aadony iaota 3  ai-
ifaaieécacee ndaale, 16 éioial adieiyaony iddaidied odieidoece+ané &0 faiénoa iaoa-
deaea a enneadacaiié 1aeanoe e, lioadonoaaiil, idaaieasdaaony, +of 66iéoey oaiia  daoddd
a iivenoié nodaad eiddo caéié =a 6adacodd danidaaacaiey, ~of e 6 fiéigiié Nd aad i yo-
0aéoeailé odieniataiaiinoup. 184aéiaediiné ideaceaediil-aiaceoe+anéeé i aoia daea-
ey caaa+ odienidiaiaiinoe a 1denons 0aéad iicaieyao iied+eou 1alaudiiia aldaseaie a
aey Tivaaaeaiey 0aiiadaooda e ieioiifioe 0adiélaial iioléa a 1Méenoié Noddeooda
ERelcoy 14014, eéceieediiié a[ 28,29, iaéaal danidaaaeaiea 0aiiadacodsl a ieanoeia
ec Moenoial 1acdoeaea ia iad Olll @aasva P. Nodia odieiaidia iddanoadedia
ia &en. 5. [a idioealiieiaeins 11aaddiinoyo
ieanoeil caaail adaie+i0a onetaey 1asaial oi-
4a 04iiadanoda Tre. Odielidiatayued naléroaa
danfniaodeaadiial iaoddeaéa idaaaeypony ino-
ilpaiedi ( 4). ladcdiaoe+aneéay ifioainaéa casa-
+@ €14ao aea
@Tx ) _ ket @T(x; )
@ Ceff eff @X
O<x<H; > 0)
T(x;0)=To; T(0; )=T(H; )= The,
"aéceff , eff , Keff §/66éé(‘)ééiﬂé (Tﬁéé.&ié.ﬁﬂé.)
ély60e0eaiol oaietaiéinoe, igioiinoe, oadiél-
Pef. 5. NBia odisiaiaia idataifioe aiiadiecesiaaiiné nodaa. T+aaea-
Fig. 5. Heat exchange scheme i, =01 Ceff = Cs, eff = s(1 7).
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A. A. Asaiei & 20. Ta 1aiii 120158 enfeasiaaiey i816anfia o&ieTiasaiina

N 6&éup 1aiavaiey iMe6+adiis dacoeucacia aadadl 4acoaciadind 1adaidiina ,
0ai1ada00a0 e 10iTfeoaelité daciad flioaacnoaaiil. O+eolaay feiiacdep cada+e, da aa-
fed odaaiaiey oaiefidiaiaiiioe 100néeaadony a aeaiaciia eciaiaiey igiiodainoaai imé
éldaeiaodl 0 < x < H7 A 6aioda eanoeill casaael 6neiaed Tonoonoaey odiéaiaia. N
6+aoii 444aaii0o aicia-aieé cada+a ideieiado aéa

; 4 K ;
@ ):7 S" 2@(2 ), >0, 0< < 1, (11)
@ 2¢cs( "H @
( ,0=0; (12)
1 1
©0;)=1. @ )_y (13)
@
3338 = TEO T{)g aacdaciadiay 0aiiadandda; = ,Z_TX idifiodainoaaiiay élidaeiaoa, °C;
X Toifiodaindadaiiay éloaeiaoca, i; asaiy, c. ks Odiefidiaiaiinou eéaseéana,
Ao=(i °C); c sadéuiay odieiaiéinou, Aee =(é&°C);  i&loiifiol, éa =i 3; a daciad y+aé-
ée, i; oleueia noaiée, i; foiifieodéuiay oieueia, = g H oiéueia iéafioeid,
H = na; n éfée+afnoal ayaia y~aae
Agy oiditiaiey aaéliaéeped atéeaaié 1aicia+el
4 k 4
A = = S n 2 as A n 2 1 (14)
2C s(1 JH 2 (1 )H
adA 6ly0oeoedio, cadenyueé 1o aaliaode+anéed Gadaéoadenoeé denoié ndaaa (- iii-
a2€0460 4 NéTaéad) e 10 04ieTals failénoa iacadeasa éadéanaas. ¢ 1. Paciadiinou élydoe-
oedica [A]=c !
N 6+&00 atdazeaiey ( 14) 65aaiaiea (11) 15eiao aéa
@(’)zA@(’) (15)
@ @2
3. ldeadeesidiiia aiaceoe+anéia sagaiea
Nizganii 1801406, ecéieediilio a [ 28,29, a dannitodaiea aaiaeony ifaay oséiecey
0;
()= 801 ). (16)
@
Dagaiea cada+e (15), (12) ( 13) 1oliéeaadony a aeaad aéaaadae+anéiar ayaa
X i1
()= b))k (17)
i=1
daan 2 N iaoddaeuita ~enel, ffioaaonoacpuad éiee+anoad +eaiia oyaa ( 17), b()
iaécaanoita élyodesediod, cadenyuea 1o adaiaie.

Agy Tfed+aiey dagdiey cada+-e a iadall idedeesediee 1adaie+eify 0daiy fneadaaid-
ie (n = 3) a alcazdiee (17). Aey Tiddaacaiey iaecaanoild élyodeseaioia iancaael
ftiofigdied ( 17) a (13), (16). A dacéelioaod iianoaitaée ed+adi nenoaié aédaadae+anéed
6daaiaieé, ec dagaiey éioiaié iMed+aai

bh()=1 ()= () ()= R
Nifoiigaied ( 17) fi 6+a00 iaéaaiins élyooesedioia caiesdony a aead
()2
()= () —f—+1 (18)
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[f66+4ii1a filfoilodied 641a820418740 Adaie+i0 6fEiaeyi ( 13) & 6R&aep ( 16), i
18 6&1A620AT3YA0 053AT&IED ( 15) & ia+asuilio 6fetaeh ( 12). Asy ideaceaeaiiial 641a84-
oaidaiey endiaiial aeodadaioeaguiial odaaiaiey ( 15) idfeicaadedadal aal a ivdaaead
éciaiaiey i8inodainoaadiiié éidaeiaod, o.a. Aifioadel eicdddaé oaieiaial aaeaifa
Z Z
ta ;) L@(;)
—@= A @ (19)
o @ 0 @2
Al+engyy eivaadae oaieiaal aagaina, Meo+aai 1a0éinadiina 426640aiveasiita 6o aa-
jaied aeaa
1@()
= + A =0: 20
v e A0 (20)
PAgea (20), iTe6+aa
()= Cie 3 (21)
43aC; élifoaioa eivaasediaaiey
ifaf0aasyy ( 21) a (18), ile6+ad
Cqe 3A
( ;)= Cie 3 L 2+1 (22)
2
Aey agiteidiey fa~asuial oneiaey EQ:( 12 Aifoaaei 44T i3ayced
z 1 2
( ;0 - @=0: (23)
0 2
Ec 5agdiey 6daaiaiey ( 23) Tidaadeel ifoaios eiodasesiaaiey. Asy 1adaiat idease-
aedieéy C; = 2:5. Aldazediéad (22) i 6+aoil iaéaaiiial  C; 18aanocaadeyao dagadied cadare
(15), (12) ( 13) & 4541 ideaseaaice & lieedd 400U caiefiail & 4648
()= 250 3A) +1:25¢0 ) 247 (24)
ERifalcGy Banfiiodaiine a[ 28 29 1a0M, iiell e6+e00 6avaied caaase ( 15), (12),
(13) ai aoioii e iineaadpued ideaéeaedieyd. 10e yoii efilielcopony afiéieodenita
adaie+i0a cadaéoadenoeée. Oagé, al ao0idil idedcexdiee dagaied 46aao
(5 )= 2:091( )el A ) 2:24f ,( el 3654 ) +1: (25)
K 1 5K 1 K
fl():7175 DLy 4y D13y
15A 5 24A 2 6A
fz()ziES&}%r&%r
15A 5 2 2 6A '
éaéK]_: 2:46A, K, = 36:5A.
EfATielcoy ( 24), (25), iieeil iaéoe fifioitgdiey aey Tidaaagaiey ieioiifioe odieialar
ifoféa aivode 1idenoial iaoadeaca é ia aai Maasdiinoe. Oaé, ftaeanit caélio 06aua
g= Keff gradT: (26)
Taf0aasyy ( 24), (25) & (26), ile6+ei fioilgaied 46y idaadsaiey isloifioe oaislaa:
ifoféa & 1adaii e aoidil idedeeacdieyd ffioaaonoaaiir:
Ks
— . 3A .
9=+ (Tie To)2i5e ™ (1) (27)
Ks : .
. 2:46A . 36:5A .
9= —5—(Tie To) 2:0%F( )e +2:24F5( )e , (28)
K 5K K
Fi()= oo+1 % —2+2 %+ 20 241
3A 6A 2A
K 5K K
Fo( )= —2+1 4 2242 34 22 249
3A 6A 2A
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A. A Addiei e 40. Ta 7aill 140144 efifiéaaiaaiey idi6anma odisiiaddina
4. xeféaiila odeadiea
N o&éup odiée ol+inoe Meo+aiind
ideaeecediilo aiaceoe+anéed dagaieé ii- 1
go+ei +eneaiila ddwaied danniaodeaaaiié
caza+eé i4olan éiia+ind daciinodé. Ef- 1
ifélcdy yaidp fdaio aiidiéfieiadcee aeod- 2
0adaivceaéuins 1iadacisna, iaéadil aen-
€840i1a dawgdied cada+e (11) ( 13) ia i&i- 5
fiodaifioadii-adaiaiiié naoéa
i=i4 ., ] =03,
. (29)
i=14 ;1 =0;l;
543J;1 +efél gaata fAoAdonoaaiil il ia- béf. 6. bafidaaaeaied 0aiiadaosdiial idioe-
REYENT & ey fi\ ITNL’S\é\ﬁ(‘)Té 'I'ééﬁ(\)ezl'é ;'“ é”Téael bé_'l'Qé, .I.Ti
PACOEI0A0N ~eREAINAT dagdiey casase  OoHOINOS” = 0:86. Nigigiay eciey ideace-

N A AT IA S A X & - £ A A AN eeaiiia oagaiea ( 1, 2 iliad i0éaééaeaiey);
(11 ( 13) 4 noaaiaiee A dacoelioaodaie, MMeo- Ol-8a —ARGAINA Sagaiea
+daiidie & 1adail e aoidii ideaéeseaie- Fig. 6. Temperature prole distribution in a
yo, ideaaadin ia oefi. 6. E¢ aiaéeca aai-  porous plate along the coordinate at a given
i0 def. 6iizeil caéep+edul, +0f 6aed 4 148- porosity " = 0:86. Solid line is approximate
3l idedceaxiice Mad3giiiol Al+efeldieé solution (1, 2 are approximation numbers); dot
a 482iaclia ad&i&ieé > 1000c fifidaaeyao is numerical solution
i& aledd 10%. Al 401611 ideaceaedice 11404eiifol Ridaeadony &1 3%. atgaied oi+ii-
foe dagadieé, 1Med+aiino a 1adall & aoidii ideaeeaeadieyd, éinaaiil naeadoaé unoasao 1
fidlaeiifioe 1aofaa, oanfitodaiilal a aiésdiaioacee é Abaqus 1 & Comsol Multiphysics?.
5. Tlafideeddied dacoeiivaia

iféuciaait aey fivdaaeaiey yooaéoeaiié

odiefidiaiaiiioe 116efons 1a0adeasia ia

ifiifad Ofll, 041148206806 1iedé & oai-

612006 11oiéia ai6ode 18efiots ndaa ide

EECRELEERE - R G 7). Noieo

101&0eou, +of 6idi6ed ( 4), (10), a Aed&i-

aa0aéuit, & (24), (25), (27), (28) fidaadase-

a0 éépll 4 fe6+ad ABdaidiey ofileiae+a-

fAgié 08680680 y&aidioasins y+adeé. io-

0di alaceca al-eneeoatuitd yemiadeial-  paq 7 parisasssaied ietoifioe oAiATAT -
ofa onoaitaéair, +ol Olll-y~aeea oeia ofea a7 a018T ideacesAiee a iaid adaiaie
@aadoda P fibdaiyao Nod6eoodo (ia isie- = 3000 c i8¢ SGiAiybUAEHy oleues fodiee
51aed aivodaiies 1adana+aies, Meial ca- jegigicasie y-acee. Nigigiay eeiey

iefaiey 1o & 40.) & aeaiaciia oleueid ide46eaAiila  O3p&ied; Oi+6a +efisaiia
fodiéé 0< 6 0:22 N 6+300i caaéneéiifioe dagdied

(10) 14&aR0U ATIORORING cia+aidé Tdemo- Fig. 7. I_-leat. ux den_sity distribution in t.he secqnd
Foe ATOAAEYA0:5 < " 6 1. Aey deacaijs  approximation at ime = 3000 with varying
x L oea 2 " X 00 O rx 0 A8 AN 2 XA wall thickness of the elementary cell. Solid line

_9' Ta'?e T 6an|6a?aeale? 0aliadaoodd is approximate solution; dot is numerical solution
il 6li6aeiand idasoe+anée ia caaeneo o

a8N14008+4M6e0 6a0a80a0eM08E V+adae.

1Abaqus 6.12 Analysis User's Manual. Documentations. URL: https:/manualzz.com/doc/7288684/
using-abaqus-online-documentation?ysclid=mmvn49pk18117266660&p=2 (4ada iadauaiey: 20.03.2025).

ZIntroduction to COMSOL  Multiphysics. URL: https://cdn.comsol.com/doc/6.3.0.335/COMSOL _
MultiphysicsinstallationGuide.pdf (dada 1adavaiéy: 20.03.2025).
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+anéeo idi6eeaé 0ailadaoodl a idladaie<aiité ieanoeid. bacee+ead iaea 0 ieié Tiddaa-
gyaony aaee-eiié ioilgaiey oaiiadacodiidiaiaiinoe iacddeaéa éadéana é yooaéoeai 1é
0aiiadaoddiidiaiaiinoe. Aey y+adé oeia Paadoa P yoi cia+aied 1inoiyiil. Cia +aiey
i&10IA0e 0&IETATAT ioTea Tose+apofy AOUAROAAIT (1. def 7). 12i52149, i5e i&eciai-
iii daciadd ( a = 0:0051) dadee+aiead oleueil noaiée 10 0.0001 af 0.0007 i iveaiaeo
@ aicdanoaiep ieloiiioe oaielanal ioiéa q A 0.63 &1 4.4 Ao/ 2. Qaéel 1adacli, ecia-
iyy aaliaooe+anéed Gadaéoasenoeée Olli-y+aéee, iieeil iMeo+eou 1a0dd eaé f caaai-
itie odienaiaiayueié naiénoaaié. Aaiité iadia ideiaiei 1de idiaéoediaaie & OAi-
é1aié caueol 1aiddaiaaiey, odiielianfiiaiaiins onodiénoa, oaieieciéyoeliind iaoa-
0eaéia e ao
Caéep+aied

1. lieo+aia ioeaéeaediiay caaeneiiiol élyooeoeaioa yooaéoeaiié odieiiaiaia itfioé
iTdenoté Ad&aa, iitaaiiné ia Olli oeia @aasva P, 10 Toiifieodéiité oienein. N 6aéip
i6diée oi+iifioe eo+aiiié caaeneiinoe 16eadadil dacéelioaol dan+aoia éiydoeo gaioa
y00aéoeaiié odieliaiaiaiinoe it 6idideai ( 5) ( 9). Ec aiaéeéca idaanoaaeaiind caaene-
iTnoaé neaaodao, +of énilelciaaieéd éeanne+anéed iiadeaé Maxwell Euc ken, Ashby & 48636
aicileeil ééall & G¢Ell Aéaiaciia écidiaiey Toilieoaeniié oiéueil. 18e yol dacoe a-
0200, ffeé+aiita i 61di6ea ( 4), & dacoeltoaod, iMeo+aiita éc iiadeaé Molteni, Stallard,
Mirabolghasemi, Abueidda, fitaéanopony ai anai danfiacdeaadiil aéaiaciia (dandieaaiea

2. [1e6+ait 181101 11 6101a aiaéeoe+anéia dagdied cada+e iadaiina odiea +a dac iéin-
&0p 110efioop foaies, noaoeodda éioidié iiitaaia ia Olll ogia @aasoa P. lieo+aii 0a
aldazeaiey aey Tiddadeaiey oaiiadaoddiié doiéoee, a oaéaed aey ieioiin 0e oaieiaial
fioTéa ficaleypo aac efileiciaaiey Alaceasecesiaaiiial il & at-efeeodsuilé oasied &
fadiaeol darnidaadedied 0aiiadaodd aivooe 1oefold iacddeaéia, fiddaaeyou odi  éiada
ifoade e o.a.

3. N 6&éip adoedeeasee dacaaaioaiilal iveasesediii-aiaceoe+anéial 1aotaa oaesa iey
caaa+eé 04ieliacaiina a imaenoié nodaa, nitaaiiné ia Olll oeia @aadsa P, adiei ai
fidaaidiéa dacoelioaoia dan+aoia 0aiiadacodiié o6ieoee a iadail & aoidil ideacese aieyo
i dacoeuoacaie, iied+aiitie iaoiai élia+itd daciinoaé. liasaeiifion ad+é feaieé ai
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Abstract. The article is devoted to the study of the in uence of the heating degree of the gas-droplet jet
with phase transitions and droplet collisions on the parameers of this jet. By the heating degree of the jet
is meant the ratio of gas temperatures at the nozzle edge and irhe environment. The research method is
mathematical modeling. Calculations are carried out using ou previously published mathematical model
of a two-phase jet obtained as part of the RANS approach. In ths model, the averaged equations of gas
phase and droplets are written in Euler variables. Due to thefact that jet currents are self-similar, algebraic
formulas are used to calculate the moments of correlation of plgation phase parameters. Mathematical
modeling considers a gas-droplet submerged jet owing into ags medium with a temperature signi cantly
di erent from the gas temperature in the outlet section of the nozzle. The analysis of the results of
the calculations showed that when the heated two-phase jet xpires into a gas medium with a lower
temperature, the numerical value of the heating degree of thegt does not signi cantly a ect all the
parameters of the jet. If a two-phase jet ows into a gas medium wth a higher temperature than the
gas temperature in the outlet section of the nozzle, the heatig degree of the jet signi cantly a ects the
phase temperatures, volume concentrations and droplet sizeas well as the intensity of phase transitions.
In this case reduction of the heating degree of the jet leadsd signi cant increase in temperature of gas,
intensity of phase transitions, sharper reduction along anaxis of a jet of mass ow and diameters of drops
and also to increase in their volume concentrations on the sé of a jet near an outlet section of the nozzle.
Keywords: two-phase jet, gas, drops, phase transitions, droplet coagation and fragmentation, mathema-
tical modeling, calculation results

For citation: Zuev Yu. V. In uence of gas-droplet turbulent jet heating degree on its parameters.|z-
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Fig. 1. Change in the gas velocity and droplet velocities alog the axis of the two-phase

jet at di erent values of the heating degree of this jet : a is the velocities of gas and

droplets of ve fractions at = 0:60; b is the gas velocity and average mass velocity of

drops at < 1; ¢ is the gas velocity and average mass velocity of drops at> 1. Nurves

1 5 are droplet velocities of fractionsf =15; 6 is the gas velocity;7 is the average mass
velocity of drops



jiié 068406E4i0iTé 086 ia 447 adaiaodd

U
p>)
O
o
Do
Q»
)
:
D
=
[}
Do
=
o
&)o
g_)o
(0]
I
an
ox
Do
Q»
Q.
an
Q-
1O

ox
Qo

Q Q:
& o
=14
=13

s\

=?

’

D DO DT D

\\\\\\\

X N AN N

al a alb alc
ald ale alf
pen. 2. Adadeee ecididieé ciardieé iadaiaosia aaled e 4400  6aciié fiodoe
ioe fodidié iMajaddaa foddeé < 1. a 0aiiddaodda dag; & Tavdiiay &fidai-
0da0ey eaideu; & aeaidod éaideél; a favdiiay éfivaiodacey iada a aaciaié
fiafie; a eioaifieaiiiol daciatd iadadiaia; & ianniané sandia eaideu. Ii-
idda eaeans ffioaaonoascho ifiadai 66aéoeé

Fig. 2. Graphs of parameter changes along the axis of the two-pse jet, when
the jet heating degree is < 1. a are the phases temperatures;b are the
volume concentrations of droplets;c are the diameters of droplets;d is the volume
concentration of steam in the gas mixture;e is the intensity of phase transitions;f is
the mass ow velocity of droplets. Curve numbers correspond ¢ fraction numbers
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Fig. 3. Graphs of parameter changes along the axis of the two-mse jet, when
the jet heating degree is > 1. a are the phases temperatures;b are the
volume concentrations of droplets;c are the diameters of droplets;d is the volume
concentration of steam in the gas mixture;e is the intensity of phase transitions;f is
the mass ow velocity of droplets. Curve numbers correspond ¢ fraction numbers
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Aiiloacey.  iadogaiey daitaeiaieee e 4aNa0de+anéead niaaiinoe iino aia eaoapo aaaeiop oiéu
a aicieéiiadiee e islasannesiaaiee dacee+ind AMGAGNON0 I adielaeé, jaideidd aidaseci. Aia-
aoecid fAffoaia aietaifal iicaa 1itaaiii Miafit ec-ca fidce 0e-anéié eleasecacee. Yeniadeiai-
0aéuita e eeeié+anéea 1aofal +anof ia iicaieypo aaaéaaoii 1 oaiéou oaeduaa ninolyiea aaiiae-
jaieée iagedioa eee idaanéacaou idiasannesiaaied cadieda aiey in vivo. xengaiiia iladeédsiaaied
daifaefaieée iieedo fioaou éep+aadi eifoddiaioli agy foaiée defiéa difioa & dacdlaa vadaadasu-
i00 aidadeci. Oi+ilfol 0a8ed 11adeaé cadeneo 10 1i1aed 6aéc 074, aéeép+ay a04id oaieiae-anéié
ifadéee éai afioinc fupoiitaniéié ifadee, aa aaaéaaoiinou
aey 6a0dadaelind acoadeé 00aaddo aadedeéadee a fdaaidiee raieda nefeeiie iaiupotitanéeie
ifadéeyie, 6+eolaapueie caaeneiifiol aycéifioe 10 féidifoe f aaeaa. Oaeup aaiiial enneadaiaaiey
a0é7 1871aanoe noaaieodeliné aiagéc aceyiey 00ad daieiae+a féed i1aaedé éaiae (iupoiitanéie,
Carreau & Casson) ia ailaeiaie+anéed dadaéodsenoeée a andie aiaoiie+aneed 4adeaioad Aeeee-
ce&aa 8506aa fi aidadeciaie. A aaiill effedaiaaiee aaiia00ey  6ABAABAEUINE MIRGATA a06a Te6+aia
i6041 fddidioacee EO-eciadacedieé. 1aoiaaie ad+-enseodsli  1é aeadiaeiaieée (CFD) idiadaail
iiadeesiaaied eaiaioiea. ia a614ad casaaaaeeni isioese el aifnoe, ieéo+aiita fa itaa aaiitd
eiodaédaieaguiié aiieasiasadee, ia atdiaad odadyeaiai oiay itadeu Windkessel. EARea&iaa-
éenu daniodadeaiey néisinoe, aaaeaiey, ivenoaii+iial éan  aodeliial iaidysediey (WSS) e efadéna
aai eiedaaieé (OSI). Noaiée nifidala n+-eocaseniu s.ednodeie. Al &1 6noailasai, ~of a éao6iiid adoa-
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Abstract. Hemodynamic disturbances and the geometric features of bloodessels play an important
role in the onset and progression of various vascular pathobies, such as aneurysms. Cerebral aneurysms
are particularly dangerous due to their speci ¢ location. Experimental and clinical methods often fail to
adequately assess a patient's current hemodynamic status orpdict disease progressiom vivo. Numerical
modeling of hemodynamics can become a key tool for assessing thskrof growth and rupture of cerebral
aneurysms. The accuracy of such models depends on many factpracluding the choice of a rheological
blood model. Despite the widespread use of the Newtonian modelts adequacy for cerebral arteries
requires veri cation in comparison with more complex non-Newonian models that account for shear-
dependent viscosity. The aim of this study was to conduct a cmparative analysis of the in uence of
three rheological blood models (Newtonian, Carreau, and Ca®n) on the hemodynamic characteristics in
eight anatomical variants of the Circle of Willis with aneury sms. In this study, the geometry of the cerebral
vasculature was obtained by segmenting CT images. Computatioal uid dynamics (CFD) methods were
used to simulate blood ow. Velocity proles based on intracranial Doppler ultrasound data were set
at the inlets, and a three-element Windkessel model was applé at the outlets. The distributions of
velocity, pressure, wall shear stress (WSS), and its oscétory shear index (OSI) were investigated. The
vessel walls were considered rigid. It was found that in thedrge arteries, the di erences between the
rheological models in the calculations of velocity, pressig, WSS, and OSI are insigni cant. All models
showed a similar systematic deviation from clinical Doppler dita. Inside the aneurysm domes, blood
ow velocities are low, and the pro les for all three rheological models are practically identical in shape,
with the Newtonian model tending to overestimate the values. The results indicate that for modeling
hemodynamics in the large vessels of the Circle of Willis, the se of a Newtonian model is a permissible
simpli cation.

Keywords: aneurysm, Circle of Willis, CFD, hemodynamics, simulation, rheological models
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I,??ailflu?\aée..(?e?~(.IN‘é.)\ AAQ?..IPEE}eu' Fig. 1. Segmentation of 3D-models for numerical
iGa Tliaaée yaeypony Iiaedeéadeyie simulation (color online)
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A&y 6+80a aseyiey 008a683i01R0E a0éa efelciadia 1adéu k" [17). liadéu 1ii-
aaia ia ddwaiéé 4460 60aaiaiéé iasaiina:;
aey éeidoeé-anéié yiadaee oodaseaioiinoe k
@ _t Qk
@k, @vyk _ k @}<+Pk "
@t @x @x
é Néidinoe aa aenneéraoee”
@ _ @ll
n n t_ n mn
@" @y @x 2
— = + CqPyy G2 —;
@t @ @x k

~a O ANZO N N O~ AN 770 XM Nae N £ Z s O £\ A N N 1 n AOAANAN N anosn N A AT N aeX s XN
daak ééiaoé+anéay yiaoaey oooadeaioiinoe k= Evi"vjO , " Aéloinol aenneiacee, ¢

2
0684084i01ay aycéifiol (= C k , P 33180308y k A03a0&idale fd3aidé felsinoe
Pz OV, Q@V OV 09 Cy=144Cp=192 «=13 =1 &i-
@x X X
AoAion [18].

Agy eazesié dan+aoiié 11adée fa 018040 AGIAIN6 a80388é ( 1,) (8eR. 2) cazaaaeeni
516868 NEISIR0S, ME6+Ai0& A Mlp ATieasia8a08e 1A eiodasdaieasnin 6aial 3
(8efi. 3). Agy a0diaia (| On) (fl. def. 2) efilelciadeant caaeneiinou aaasaiey io adaiaie,

danfi+eoaifay i imioup itadee Wind-
o1l kessel 19,20 (fi. 6éA. 3)
=1.0 3 E&ial i534M0a36Ya0 faié Aéleiop
ggg / iaiupofitafesp AoRidicep, MfONIGH
%0_7 /1 ec ieacit (aycéié, i+oe iupoiiia-
=06 féié eeeaéinoe) & 018iaiind yeaiai-

0.5 2 014, 183&160AM0AAIT yB8e0810e01a. DAl-

0.4 6158y 68138 ec6+ad0 43 A20181a0eT-

0.3 08 & 0886+eA faléndaa M4 4aénoadai

%20 oo 04 06 0g 108614106 iaad6¢Te [ 21]. Asy Tiefia-

)B4+, % [8y feteeiial faitpoiitanéisl i1adas-
Pefi. 2. Adaie+i0a 6ReTARY A8y AGAIS adodses: oY ©01A€ A odaaiaieys deadiaciaieee
1 aacesyoiay adoddey; 2 idaaay fiiiay ados-  |0c renediill ildadediaaiee efileico-
dey; 3 e&aay fiilay adoasey bony daléiae+anéea iiaaée
Fig. 2. Boundary conditions for entrance arteries: lupotitanéay ilaaed = const
1 basilar artery; 2 right carotid artery; 3 left I8ifoay iiadeu, ideidieiay éaé iaos-
carotid artery a8 1deaceeaied 46y 0a+aieé fi alfiee-
ie Reisifoyie faaesa a edoiiis asoase-

y0, aaa aeeyied addadadee yoeodioeoia iacia+eodéuil.

iadél Carreau [22):
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Fig. 3. Location of the input (1,) and output ( O,) holes and names of the arteries of the

Willis circle (color online)

l1a&éi Casson [23:

0l 0aéaed alea i6iadaaia nasey dan+a-

ofa i enrenciaaiéal iupoiitanéié if- ben. 4. Caaéneiiiou aeiaie+anéié aycéifoe 1o

aaee éoiae (oéen. 4). fiéfoinoe naaeda aey 0dad daiside+anéed ifadeaé

(6440 Tieaéi)

1.3. Effeaaiaaied ndiaditfioe Fig. 4. Dependence of dynamic viscosity on shear

AROI=iié Tia6e rate for three rheological models (color online)
Agy fiicaaiey dan+aoilé naoée aea-

fioe seeaéinoe eniielciaaceni einoddidiolt Body Sizing € In ation. [adaté eci o iicaiéyao

fafodagaaol 0ei e daciad yeaiaioia naoée & 6+eolaaol yo6aéol oa+aiey aaeece foaiié

fitnoaia (oen. 5)
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Agy 1vdiée +6anoaeoaeiiinoe é iéioiinoe naoée atee a0adail 1you dacee+itd dacia-
dfa yeaiaioia. Aiaeec iofaiaeeny ia fiifaa aifioesediey 1oiifieodédiié daciedl "wSS =
= 1:67%iaaeal 1aéneiagiitie cia+aieyie idenoaii+ito éafnaodeuind iaidyeedie é (WSS)
"oress = 0:39%1dseds iaéfieiaguidie cia+aieyie aaaeaiey e idseas iaéfeiaguidie ci a-
+aieyie néiainodé ",el = 1:98% (fii. den. 5)

peéf. 5. Efia+ii-yedidioiay naoéa & fdol+iay noiaeiinou
Fig. 5. Finite element mesh and mesh convergence

lieeil 484800, +0f cia+aiey aaacaiey aey asoaié & 1acéié naoié nouanoaaiit 1oe e+a-
pofiy. 1aiaél 1Miéleués cia+aiey Toiifieoadéuiié dacieol iael, agy aaéuiaéee 0 dan+aoia
A0eT dagail efilélciaaot a6noop facéd i daciddii Aot odadaieuiial eiia+ilar ye a-
iaioa, daaiti 0.2 i
2. DAcoRUdAdN

A aaiili dacaded i5aan0aacain eep+aata dacoeuoand +eneaiilal itadee diaaiey aaii-
aefaieée aey failé ég aifitie ennéaaiaaiins aaliaodeé Aeceeecedaa ésdaa i ai aaoegiié.

Gadaiiay éliceasdacey iadéyail aailinodeddao Tauea caéliliadiifioe, 6adaéoadi 03
aey anaai iaadida ennedacails iiadedé. Aécoaéecaoey dafnidaadeadieé i éiainoaé, aaaeadiey,
idenoaii+ito éanacdenits iaidyaedieéé (WSS) e eiadéna éieddaieé éanaocdeuioc o iaidyeea-
ieé (OSI), a vaéaed fdaaidied i610e&aé néidinoe i éeeie+anéeie aaiidi e aiiieddiadacee
i08aaaait ia 6én. 6 e a cadeesda
al a alb
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Fig. 6. Velocity pro les in aneurysms with di erent blood model s:a is model 1;b is model 2;c is model 3;
d is model 4;e is model 5;f is model 6;g is model 7;h is model 8 (color online)
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Aecoacecasey nifains aaitaeiaie+anees 6acacoadenoee (6 aao fieaé)
Table. Visualization of the main hemodynamic characteristics (col@ online)
aaee
ladaiaod e
lupoiitanéay Casson Carreau

N~ AN

Q@
WSS = — =
@n Jn=0
aicieéapo ide odaiee éaiae 1 noaiée Aifncala. lie 11400 adol faycait i yidioaee aéuiié
aenooieoedé e antgaiiti denéli odiidica adoadeé | 24] aéﬁ[l%n 403448410 fiéidinoe,
n fidiaél é 11aaddiifioe noaiée fifoaa, aeiaie+anéay aycéinod.
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[aidyaediey (af 7.9) iadepaapofiy ia 6+-afoéas fi atfiéié Aeldinoup iMofea & 1asni aéa-
180811 Aifidaa, 0.4. & Taganoe edalé ai6odadiiaé fliilé & eaalé caaidé mdagieodeni  1é
adoadee. iéfeiasnitd cia+aiey WSS cadeénesiaail ia oiled aidadsecia é ¢ 1iad cafioly
ifoléa. Eiadéfi eiedaaieé eanandsnins faidyaedieé (OSI)
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ool éaiaioiéa [ 28
la 8ef. 7 idaanoaaédit dacoeuoaol noaaidiey +eneaiiié itadée i aaiitie eiodaéd a-
jeaeuiié aiieasiadaoee (0iieed éeiee) ivoail ifinoaacaiey dan+aoitd idide gaé néei-
difoé éaiaioiéa a idaaié e eaaié noaaied iicaiatnsd adoadeys. Caocaiaiita 1aéanoe fifioado-
fi0aopo aeaiaciial fnéidiNoaé, iMed+aiiti & dacéelivaod iiaaeediaaiey i enie uclaaiéai
0840 11adeaé édiae ai andd ennedacaits 11adeyd Aéeeecedda éddda. Aecoaeuité aiacec
iféaciaado, +0of dan+aoilia édeana aey anad 0dad daieiae+anéed iiaaeaé idaé oe+anée eaai-
0e+i0 e TAdacopo aaeité 1addédtaapueény aeaiacii. Ide yoii iadépaadony fenod iaoe-
+anéia 10aalgdied dan+aoild cia+aiéé néidinoe faa yéniddéiaioaguin  ié aaiitié ia
idloyaediee aleligdé +anoe fadaa+ital oeéea, a of acaly éaé ffoilgaied fenoiée+  anéeod
ieéla & aéanoiee+anéed oac aiiidiecaiaeony i06aéoil.
S X
bl'4 Newtonian model ; Newtonian model
55— Carreau model 52; 1.4 Carreau model
© Casson model ° Casson model
1.2 MCA Right % MCA Left
&+ &+
o F12
1.0
1.0
0.8
0.8
0.6
0.6
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
)$*(+, % )$*(+, %
al a alb
pen. 7. Ndaaidied aeaiagiia 1Meo+aiins ~eféaiil i6i6eedé i gidifioe édiae fi Mesd+aiitie yén-
ia88iai0aeUI a4 0840 a8038ey0 Adesecedaa 8803a: A 6aalé fdAaiaé iiciiaié (MCA Left);,  a
idaaié daaiaé iicaiaié (MCA Right) (6440 fieaéi)

Fig. 7. Comparison of the range of numerically obtained blood vicity pro les with those obtained
experimentally in three arteries of the Circle of Willis: a shows left middle cerebral artery (MCA Left);
b shows right middle cerebral artery (MCA Right) (color online)

O Aernn

102 éliedaoiié saieiae~anéié

ieieiaéaigi [ 13].

bacée-ey 1asead ifadéyie iadiayony a idaaaead iiaddeiinoe iaoiaa, ~ofa o aefi 1ain-
ifadaaado eniéuciaaied aieda isinoié iupoiitanéié iladee aey iiaiaié ifoaiiaée ca-
aa+e. Yol 11404482242400y & addaeie fiasaidiitie ennedaiaaieyie, éioidaa foia+apo,
+07 aéeyiead daieiae+anéed ifaaeaé ia 0acoeuoaol CFD a éadiiio adoade Yo yaeyaony ie-
ieiagniai [ 9). aee+ed eea nenodiace+anéial fidvaiey dan+aoind édeans foiineodeui
aaiing arieaoiacadee, a oaéaea cadlgaiea ieélatd e noadaied cia+aieé fi éiginoe ia 1oi-
Oyeediée 4lélgaé +afioe fnadaa+iiarl veéea iieedo 4ol T1aonéeiaeaii ifitaidl 1adaie +aieai
aaiiié daaiod, a eiaiil 16aailéleediedi 14 adniépoil sedfoéed flfioaenond foaié aod



aia ileedo fiduanoaaiit aée  you ia aaiiae-
EL: jaioyee

A aaiili ennedaiaaiee i Miuup ad+efeeodeniné aeasiaeéiaieée (CFD) ané idi-
adaai noaaieoaeuité aiagec aeeyiey 00ad daiciae+anéed iaaeaé éaiae (iup ofifanéie,
Carreau & Casson) ia 1iifai0a dailaeiaie+anéed iadaidoda a ainuie 11adeyo A ééeceadaa
éd6aa i aidddeciaie. bacéeuoaol iladéediaaiey iméacace feeedadita dail  aeiaie-anéea
120080610 46y AN&d ennedacains i1adedé. A a8040ey0 Aecéecedda ed6aa Mcee+ey 18edo
fupotitanéié ifadéup e ifadéyie Carreau € Casson a dafi+aoad féidinoe, aaaeaiey, ioe-
fioail+i06 éanacaeuind iaidyseadieé (WSS) e eiadéna éicddaieé éanacaeuind iai  oysedieé
(OSI) Téacageni idcia+eodsiitie. Yol 6eceleiae+anée iaiiiaaiil, iinéleués ad filéea
néiginoe fadéda a eaoiiid ninoaad, é éioidai 10iiAYony ATNcAl Aeééecedda 850a 4, ieaa-
8e30p0 y066aeod, naycaiita i addaaacedé ydeodioeoia. Oaéei 1adachi, a&y aiagéc  aiauaé
dditaeiaie+anéié éadoeil a 6adaadaeuind acoaceyd efilélgiaaied iupoiitanéié i iaaee
afionoeil. Tnifaini 1asaie+aiedi enfnedaiaaiey yaeyaony aiiotdied T eednosé ifioé Anoae-
fiolé foaiee, iyoiio éep+aadie iadfiaéoeaaie yaeypony iacadia é iladéed faaiep fi 6+a-
Ofl acaeiladénoaey eeeaéifioe & 0aadaiai oaea (FSI) é efiféuciaaied 1aceadio-iiad  e6e+iid
aaiind 11ao6aie+~anéed najénoaad nindaenoié noaiée aey atgaiey idiaiiioe+an éié of+-
finoe iadedeé. EaNa o1al, a6y aiedd ieiié Todiee denea 6acdiaa aidasecia 6a eafiia-
dacit danfitodaou e adoaea iadaiaodl, dadacoadecopued eaiaioie.
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Abstract. This article examines some unresolved issues concerning the ofanical properties of the
middle ear organs its tendons, in particular the stapedius t endon. The mechanical properties of biological
tissues are a central topic in biomechanics and bioengineery. Mechanical characteristics are important
parameters in computer modeling of organs and tissues during #ir functioning or under external
in uences. Mechanical properties of the stapedius tendon bthe human middle ear are examined within
the framework of the most commonly used hyperelastic models in ta literature, as well as formally
de ned deformation models that allow for the description of the experimental curve with minimal error.
The calculations were performed in the Mathcad 15.0 computer |ebra system using specially developed
functionality. The agreement between mechanical test data ad model data was assessed using descriptive
statistics. The results showed that the polynomial, VerondaWestmann, and exponential models were the
most accurate in terms of tting the experimental data. The Hill Drucker criterion E > 0 and the
condition @E=@ >0 are satis ed by the Ogden, Yeoh, Veronda Westmann, Fung, and Gent models,
as well as one formally de ned model (the exponential model). Itis not recommended to use the 2-
parameter Mooney Rivlin model in the undeformed state and unde small deformations due to the loss
of mechanical stability of the model in this range . The results obtained in the work can be used for
practical purposes in the creation of a physical model and nte element modeling of the middle ear, as
well as in reconstructive surgery in the selection of arti cial replacement materials for prosthetics and
plastic surgery (stapedoplasty).

Keywords: hyperelastic models, middle ear, stapedius tendon
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Tanoaei fivaaieodeuiop oi+iifol aiidiéneiaceliins itadeaé. Niaeadii oaas. 31t if-
aiediiiiioe iéacaoaeaé iiaaee ieeilieaguiay SD = 0:00188lia, =0 :008991i3a,
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(
0:00343li3a, =0 :00789I13, =0:00871%
& yéfiliaiveasuiay ( SD = 0:00327113, =
A 8011 1i044484IT00 11a864é yasy-
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4€1a001004e0 11aaeaé 1éacaény daaill  6:44, 6 6idiaeuil 116aaaeaiind 7:50, 0.4. iéae],
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Parameters of deformation models
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Oaaeeva 3/ Table 3
128218000 4406181a6&1ii00 11aaeaé
Parameters of deformation models
Ia8éi liacaoaee lanof Ro&aiaa | Dacoeia
SD R SD R
i&taceranéay 0.175 | 0.39571 | 0.43701| 0.86173| 13 | 13 | 13 | 13 13 13
i6ie beageia 0.07073 | 0.15792 | 0.1744 | 0.96953| 9 | 9 | 9 | 8 8.75 9
1aaaia 0.00343 | 0.00789 | 0.00871| 0.99995| 3 | 2 | 2 | 2 2.25 3
ifeeifieaguiay 0.00188 | 0.00899 | 0.00993 | 0.99998| 1 | 3 | 3 | 1 2 2
E&7 0.00385 | 0.00937 | 0.01035| 0.99991| 5 | 4 | 4 | 5 45 4
Addiiaa Adnoaii 0.00371 | 0.01025 | 0.01132 | 0.99992 | 4 5| 5| 4 45 4
Oaiaa 0.0094 | 0.02468 | 0.02726| 099954 6 | 6 | 6 | 6 6 6
Addoaa Aléf 0.13826 | 0.30146 | 0.33292| 0.92876 | 11 | 10 | 10 | 10 | 10.25 10
Adioa 0.03996 | 0.08364 | 0.09236 | 0.92876| 7 | 7 | 7 | 10 7.75
Véfiiifaiveaguiay 0.00327 | 0.00747 | 0.00824 | 0.99994 | 2 1113 1.75 1
Eeidéiay 0.1597 | 0.35936 | 0.39686 | 0.89027 | 12 | 12 | 12 | 12 12 12
Obéeeéfaéiay 0.04169 | 0.09751 | 0.10769 | 0.99556| 8 | 8 | 8 | 7 7.75 7
Aeseidéiay 0.12533 | 0.32876 | 0.36307 | 0.95256 | 10 | 11 | 11| 9 10.25 10

o, MPa

0.5

Fig. 1. Deformation curves (a) and E (b): i shows experimental data;1 shows neo-Hookean

model; 2 shows Mooney Rivlin model; 3 shows Ogden model;4 shows polynomial model;5 shows

Yeoh model; 6 shows Veronda Westmann model;7 shows Fung model;8 shows Arruda Boyce model; 9

shows Gent model;10 shows exponential modell1 shows linear model;12 shows bilinear model;13 shows
trilinear model
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Fig. 2. Elastic moduli of the PL models: a shows neo-Hookean model shows Mooney Rivlin model;

¢ shows Ogden modeld shows polynomial model;e shows Yeoh model;f shows Veronda Westmann

model; g shows Fung model;h shows Arruda Boyce model;i shows Gent model. Here and in Fig. 3 is
the stretching coe cient
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Fig. 3. Elastic modules of formally de ned models:a shows exponential
model; b shows linear model;c shows bilinear model;d shows trilinear
model
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Pafnn+eoaiifa ia hifad aaiiio 0ade. 4 cia+aiéy ia+aelilo ilacedé naaeda Go= Eq=3
feaed 1i04aadeaiital T. Cheng et al. a [ 11] i ififutp MATLAB cia+aiey = 0:87 Iia
[aeidiuged 108e+ey 10 aaiilal cia+aiey jaaépaapony 6 48idd6idoaié iajace 1anéié ii-
adee (Go = 0:62 I1a). Ondaaiaiiné 6idoaeé iiacei Emean 0aNfii0daiitd iiaaeaé iaél
JAIVAOMY 10 114368 & 114868, &4 < E mean >=(2:31 046)ila (M SD) f &ly66e6eaidi
aaoeadeeCV =0:20.

A caééep+aied oaitaginy ia alioiia, é1o1d0é ané iaiyo X. Wang et al. & faiaé daal-

04 P4]. Edealna caaeneiifioe iaidysediey 10 aaoidiasee iléacage, +oi naycée/fodiaee eey
fdaaiaal 6da 1aéaaapo iaeeiaéitie e aycéioigoaeie naiénoaaie. Agy 1idda aeaiey ii-

@ (4
@
¢  4aa éfinoaion [ 22). Edilélcoy yoio 1aoia, aaoiod [ 11] Affateee ia onoaitagaiiné
gie yiiedé+anéié caaeneéiinoe iiadey 6idoainioe 10 iaidyeeaiey tendo musculi stapedisa
4400 nnaaied aéaiaciiad iaidyseaieé
@ E () 2303 +0:33(0< 6 0llla ) )

@ E () 1052 +1:33(01< 6 0:15iia )’
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Oaaéedas/ Table 4
Oasaéoasenioe+aneed cia+aiey 6idoaes iiacesé, iia
Characteristic values of elastic modules, MPa

[IEEE Eo E min Emax | Emean | CV
i&taoétaneay 1.874 1.123 1.874 | 1.418 | 0.53
i6ie Peaseia 2:201 2:201 4.412 | 2.131 | 3.10
[EEETEY 0.133 0.133 11.218| 2.56 | 4.33
lieeineaguiay 0.735 0.137 11.043| 2.553 | 4.27
E&7 0.338 0.304 10.493| 2.538 | 4.01
Addaiiaa Aanoiaii 0.144 0.144 11.961| 2.581 | 4.58
Oaiga 0.333 0.328 13.148| 2.62 | 4.89
Addoaa Aiéf 1.458 1.358 2.572 | 1.689 | 0.72
Aaiva 0.705 0.677 23.077| 2.782 | 8.05
Yéfifiaioeasiiay 0.125 0.125 11.652| 2.573 | 4.48
Eéfdéiay 1.524 1.524 1.524 | 1.524 | 0.00
Agseidéiay 3948 10 7 | 1:974 10 7 | 11.688| 2.575 | 4.54
Odeeeidéiay 3948 10 7 | 1:.974 10 7 | 11.688| 2.575 | 4.54

Aey yéniliaioeaguiié iiadee

s T T T T
p= = (exp (1) 1)
20 -
ileedl a yaiié 6iaia iiéé+eol alidasedied agy
E(0) |jaoey 6id6ainoe E +adac iaidyeedied afaudi
aeaa:
10} - @-e()= (+
E'(0) - S Aaa o\~m.@ Qg L amgring Lixcrng
E"(0) a 0aéaea efitélcoy Meo+aiida ~enéaiita aaiita
ec 0aaé.2:
0 | | | | g =12:67 +0:12 (2)
0 02 04 06 08 1.0 e _
o, MPa A eoida éoni+ii-eeiaéiay cadefeiinod (1) ii-
2ea0 alol caidiaia acaaéié eeiaéiié (- 2) (0éfi. 4).
ben. 4. Dai+a0i0a caaeneiinoe iiaceaé A 8acoel0add 65aaiaied ©) idaaneaciadds ec-
Gidoalnoe fiodieeeéey NOGAIAINE 10800 jg78784 11466y GiB6ATHOE 0GAI&é ABAAIAAT 66A
Fig. 4. Calculated dependences of elastic 5 asanaiiioe 10 651aly AdAOR-AREIAT jAid)eeA-
moduli of the stapedius tendon Cxen mse 2 0 4Im® A AR X AN O AN N iR AXAA A
iey, TMéo+aiila ec¢ yéfniaoeiaioaéuild éoeand
ail anai aeaiaciia aaoidiaceé
Aoatad

1. Pafif+eoaill iadaiaodl aeiaddiodaed oaiiaiieiae+anées e ieédiia daie+anéed,
a 0aéaed OidIaéull 116243641106 1Tadedé nodieecey fodaiaiiié i0gol daaiaal 6oa
+4éiadeéa.

2. N oi+ée codiey filiaiinoe aiageoe+anée 6adagoadeciaaci iadaie+anéia nadadied
0éaidé nodieeeey nodaiaiilé i0gol daélidiaiaait a4eiasoidoaay ifadel 1aaaia, a oaé-
aed Oidiaedil Tioaadeaiiay yéniiaioéaeuiay iiadea.

3. E¢-ca io&de iadaie+anéié onoié+eainoe id aaénaiacaony ideiaiyou 2-i adaiaode-
+afeop 4€1ad0id0a0p i1adei I6ie Deaceia a idadoisiesiaaiiii Ao yiee e ide iaaiel-
&0 aaoidiaceyo
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Abstract. Based on the nite element method, a method is proposed for solvig the problem of residual
stress relaxation in surface-hardened cylinders with in@ions of various pro les: semicircular, square,
V-shaped, and in cylinders with a series of periodically aranged semicircular incisions. In accordance with
the method of advanced surface plastic deformation the incisins were applied to a pre-hardened smooth
sample. The proposed technique consists in the sequential pfication of an analytical mathematical
model for reconstructing the residual stress-strain statem a smooth cylinder, a method for calculating
initial deformations for cylinders with incisions, and a time step method for solving the problem of
relaxation of residual stresses under creep conditions. Téhcorrectness of applying the calculation based
on initial deformations is illustrated in the special case ofa smooth sample by comparing solutions for
reconstructing the stress-strain state using an analytich mathematical model and the nite element
method, which practically coincide. Similarly, when solving the problem of relaxation of residual stresses
under creep conditions, a complete correspondence was eslished between the calculation data using
the nite element method and the grid method from independent sairces for a smooth hardened sample.
It is established that for incisions with a high stress concatration (V-shaped incision and incision with a
square pro le), the task of reconstructing the initial stre ss-strain state must be solved in an elastoplastic
formulation. Based on the developed numerical method, a numbreof residual stress relaxation problems
have been solved for cylinders with a wide range of geometricgpameters of the incisions. The e ect of
concentrators on the kinetics of residual stresses is anatgd. The results of numerous variable calculations
are presented.
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Aadaadied
Paffiiodel nenoaio iannialal iafnédeeeaaiey (Ni“) fi Téanntitanéei adciaidi moiéln
iRolyiité eicaifieaiinoe, aaodly 1anédeeecaapueié ideaidaie i 1aeiaéiatl danidaa aéa-
iedi adaiaie 1anédeeceaaiey e iaélieodédi idtadaie+aiiié aiéinoe. linodiapued cayaée
fanedeeeaapony a iidyaéa iinooicdiey. 1adaa ia+aéll 1anedsecaaiey éaeaay cayaéa oac-
aaéyaony ia aaa iacayaée, éioid0a 1anedaeeaapony ia 4400 18eaidad iadaéeaeuil Eia aa
fafedeecaaied 14aed iacayaié caéai+-eaadony, cayaéa f+eoaaony ianeodzeaiiié.
: al fi 5 4 /aié) aiciteeil dacee+ita aefioe-

aied ilacay  aié neaaop-
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a [ 1] efifie&acaony 06300ay AAOU TanfATal Tafeoaeeaal
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E [X3,]
E[W] 22" . )
2(1  E [X22])
E[V]= E[W]+ E[X22]; )
344 (1) 164an0aaeyao maié ecaanoiop 61816e6 lieca+aéa Oei-eia.
[ddaiieizeel, ~01 adaidia 1anedseeaaiey iiacayaié eiapo yéniiiaioeaeuiop o606ié-
oep dafnidaaaeaiey:
— X
[6e4iaa, a Alioadonoaaiil, € addiaia 1aneoseeaaiey ia iéd yaeypony caaeéneéidie
Aaeaa dannitodel ianéietél aadeaioia ifaaeaé caaeneiifiodé idaead idseaidaie, é o] [s]0F:!
Tiegdi i MMitup 0830 oeiia éfidéa-66ieoeé.
Niaganii Tidaadeaiep i iMitulp, aideiad, aaoiadiié éloen iiseill idaan oaaeol

aaaF;(x) yot+anoita 66iecee daniddadeaiey iailasins ned+aéind adee-ei
buéd éndiaiop aadiadiop. A ofi ied+aa, éidaa +anoita danidaadéaie
= Fy(x) = F(x), eidai

F(x1;x2) = C(F(X1);F(x2)) = C(u;u2); 06 ug;u6 L

F2:2(x) = P(maxfX1; X2g<x)= P(X1<xX 2<x)= C(F(x);F(x))

a :
yfA  Jaiadapo Fi(x) =

= (F(X);

a :

Agy iiadeediaaiey caaeneiinoaé idsead asaidiaie 1aneoseeaaiey ia i6e4idacd e iead-
copory fieaadpued aeal énioe: &liveéa Adiaaey, éiicea Oadee AoIdaey | i6adigoadia
e éfivea Oaia xeceal, idaaéieediiay a 6adiocd [ 6]

2. EN6e0 e nodaiad asaiy ivdanaaiey a Nil

Agy yéiiiiaioeaelilal danidaadeaiey asaidie 1aneoseeaaiey ia ideaidad da fifitodei
0de iiaaee caaefeiifiodé iasedd ideaidaie e, AM0AdON0AAIIT, adaidiaie Tafiédeeedaiey
iaied
2.1. Efi6ea Adiadey

Aaocidoiay énicea Aciadey eidao nedacpueé aea

1
C(ug;up) =expf (( Inuy) +( Inup) ) g; 06 ui;ux6 1; > 1
Aaiiay éfiéea, a +anoiinoe, efilélciaaganu aaoidaie a[ 9] aey ideaeesediey caaeneiifnoe
adaiai 16dataaiey a nenodia i dacaaeéaieadl cayaié oéia fork-join.

283



m
1O
Q»
pral
(Y
ox
-
o
o
Y
o
=
a»
1
Do
ox
2
Do
x
5;
o
Do
Q.
(@]
9]
[
il
Q_)z;
(@]
2
o
()]
I
m
o
=
=
-
o
@
[
@
N
o
N
@
Q;
N
I
Q»
(=4
N

Neo+aé =1 fiNoadonoascdo idcadeneiinoe neo+aéins adee+ei, a a ivdaded ive 1
ie6+adi faddeaiiop eleeeodeliop caaeneiifion (EniioliiRow).
Agy éiioen Adiddey agaiiiaciina na+aied ( uy = u, = u) Tiddadéyaony éaé

Faa(x)= (Fexp(X)=(1 e *)27; x>0
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E[]l= [ ( +1) @)
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gioiday, a fatp i~asadau, yaeyaony idiecaiaiié

EXza= o[ @5 +1) ()

EXZ0= o[ 1)  FR'+D+( @ +1) @)
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+al 4leligd  , 0di i off:

Raga&a it ( 1),(2) a0=efeyal E[V] (6idicsa
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Oaé sed éaé ¢ a16aa0aouai Ned+ad, endiay ec aiaéeoe+anéed 6idioe ¢ idda f0aaeaiitd
ia den. 6 40a0eéia, iagaieda gediéeé aéaiacii cia+aieé éiyddeseaioa éiodaeyoee Aé 1i-
gaefioa 1o 1 af 1 1icaleyao iled+eol eiaiil ifadel énioen Oaia xeedl, 42648 Nedascao
aTi6ea AGiaddey f iélee@ddéiitieé cia+aieyie 10 0 &1 1 & caodi élivea Oadee Abiaadsy
11684ip0adia il cia+aieyie élyooesedioa éidddéyoee a aéaiaciia 1o 3=4 ai 3/4 (+of
ciareodeuil peda, +ai 6 élyooesedioa Ediaasead)

Ae&il, +01 ana 0de adadeéa 1adanaeapony id¢é =0 (fe6+aé jacaaeneiifioe), is¢ < 0
élicen Qadee Adiadey 110adigoddia & Oaia xaedl 4apo aéécéed cia+aiey fidaaied
adaiai ivaadaaiey (it aleuga oi+aé iadana-aiey iao), ive > 0 éficen Adiaasy e Oaia
xzeal aapo aéecéed ciardiey e notayony a oi+éa =1 (fiéd+aé niaddeaiiié Méieeeodéi-
ié caaeneiinoe), a élivea Oasee Adiadéy 1dadipoddia 4340 fieélitd dandiee aaiea n
ihoaeuidie
4. AJodiyy e ieaeiyy adaieod 4éy NO&AIAAT addidie Toéeeéa

10 danfitodaée ode eeanfia €cadnoing efice, 1aiaél yoid a04aid a cia+eoaéliné fodi aie
iotecaiedi. lieeil caaaouny anolfil, éaéial anavad adodied e jésied adaiedod aéy
fdaaidar asaiaie ioeeéa aéy epand éiioe, it i eécaanoidie élyooeoeai oaie éiadaeyoee?

A [8] ideadadia 0&iddia 5.1.16, aaplay aaddied & ieeeied (1101+4+i04) adaiedd aey
&1ioe i ecadnoitie elyddesedioaie eiadaeyoee Niediaia, Ediaacea e A glieaenoa. loe
yoil faie ddaiedl caéaed yaeypony éfideaie, +oi iaalaeod ia i0fél dann+eoaou iffoaa o-
fidadpued fddaied adaiaia 10éeeeéa. E fileeaddiep, a yai aead yol iled+adofny oéié 1a
fieo+ad &lyooeoedioa Aéfiéaenoa

Agy yoiai 1adaoeiny é alidasedieyi aéy aad6ie0 e ieaxied adaied &fide i écaanoi ai
cia+aiedl élyooesedioa eiadaeyoee Aélieaenoa , élo1a0é, iaifiiel, 16eiéiado cia-
+aiey a aeéaiaciia ic 1 471 1 aéep+eoaeuir:

+1 17 17
B(uj;uz) =max W(ug;uz); —— U1 5 u 5 ;
4 2 2
— . 1" 17
B(ui;u2) =min M (ug; uy); 1 + U > + U > ;
~n o ] N ( 0, x< 0
daaWw (uq;uz) = max(ui+ ux 1;0), M (ug;uz) = min( ug;uy), x* =
X; X>0:

OA&1adl a0dacel adaievn a4éy aeaaiiaduiial nd+aiey (u) éli6et C(uq;up) a caaene-
iifioé 10 cia+aiéy , 0. &. 8lada uy = up = u, 013aa ieaeiyy adaieoa aey aeaaliaeuiial
fida+aiey ideiao aea 8

30 06 U6 35;
_C2u 1+ Zl; 376 ué 3;
— (U) - +1 . 1 5+ .
27 36 U6 =
T 1 6 U6 1
a 4asodiyy, niioadonoaaiir,
g u; 06 U6 —F;
+1 +1 1.
W=_ &' L AousE
Z20 1+ 5= 36 U6 >4
u; 3-6u6b1l

Aagada aifiedcoainy meo+aiidie atdasedieyie agy Tidaadcdiey aasoi aé e iexiaé
Adaieol aéy NAAaidal asaiadie iddanaaiey cayaée a nenoaid. Agy yoiai aid acei ffo-
aaonoaspuea 6o6iéoee e ieioiiioe daniddaacaiey acaidie 1anedaeeaaiey cayaée (+  anoaé
cayaée) ia 1aied ioeaidad
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|8 yoii iafadiaeii 10idoeou, +0oi ieaeiyy ddaieda &lioé 4ado aaddipp 46aiedo fidaa-
iaal aoaiadie i0dataaiey, a adodiyy acaieda éiicé ieseipp ddaiedo fio aaiaar aoaiaie
iddataaiey. Adénoaeodelin, deiged cia+aiey 1osl adaoo é deugel gia+aiey i 60ié-
oee dafiidaadcaiey (éaé delgaé aasdiyoiinoe, ~of ned+aéiay aaeé+éia iailgd ¢ aaaiifal
6o1aiy), o. a. é foidanioe-anée iailigel adaiaial Tanedeeadaiey, eiapuel iaitge a noaa-
ied & noaaied eaaasaol (a neeod iaiodesaocasdiiiioe Neo+aéilo aaee+ei), +01 id ealaéo é
iaitgei Nddaiel adaiadial feeédaiey & idaataaiey ii 6idi6gal ( 1 e (2.

x3dac F e F faicia+éi 06ieoee daniddadediey aey jadieadiey adddiaé é iexeiaé
ddaied noadaiaar acaiaie i0dataaiey, otdaa

8
21 e X; 06x6 2Iin%—; x> lin3, 6 1
+1 1 3 1 1.
E . oo(X)= _ —7 In=4-6x6 =In3;
1 2%+ 35 linlex6 Lin3t 6 1
i6e+4l 46y +afoiial feo+ay = 1 &iad
( 1
F (%) 0; 06 x6 =In2;
9.9(X) =
- 1;'2 1 2 *; x> 312
%O; 06 x6 Lin2;
a0 1 2%+ 35 lin®%-6x6 lini
2:2(X) = +1 . 11 1.3 .
ET’ *In§6X6 *InT,
1 2 X; x> lind;
& aey ieloiinoaé danidaaaeaiey nidaaaaeeal
8
20 1nd,-6x6 tini;
— X . 1 1 1 +1 .
f 2:2(X)— >2e : —In§6 X 6 —InT,
e X; 06x6 Lin% x> linZL,
ioe+& agy = 1lieoadl f . (x)=2e X, x> lin2,
) 0; 06x6 1IN Iinl6x6 Lin3g;
H(X) =
$ 212 2e *; lin®-6x6 lini; x> Lind-
Aagadd, enielcoy 06ieésee ieloilioae, iadiael ieéaeied & 4466ied adaieo 0 aey iaoaiar
& 4018141 1fidioa adaiaie Tanedseeaaiey nifoadonoaaiil
A 20158 48y feceiaé 40aie60 S1A41 BAAGPUSE AldAAIeY
13 3 1+ 1+
E[X . = — In 1 + In 1 +In2+2 ; 6 1
L,Z.Z] 4 4 4 4
1+In2
E[X 120]= ;
1 3 3 3
2 — 2 2
E[XZ,50= = In®2+2In2+4 - nPe 2in= 2
1+ 1+ 1+
In? 21n +2 6 1
4 4
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i6e 6 ecadnioill &lyo0eoediod &iddaeyoee A&iieaenca. Yoe adaiesl Téacd aapony
+ait pédieeie. Agy iieo+aiey aiedd 6¢ceed asaied idaeil eeal Tiedaouny fa & d6aed iasd
caaefieiifioe, eeal iaéeaalaaou aiiieiecaeuina 1asaie+aiey ia aiciiaeila é1ioed.

[84anoaaeaiiné iacia iteedd atou dafisifiodaidi ia 4903ea daniddaded  iey asaiai
faneédsecdaiey iacayaié (a ofi +efiéd i oysedélie daifoaie) e ia fefodid i dac  adéaiedi
fa N > 2ifacayaié fi efiifeticiaaieai iiiafasiad &fioe.
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Introduction

Project nance necessitates decision-making based on long-term mamconomic forecasts.
Existing models frequently fail to account for the complex intercependencies between diverse
economic indicators, leading to signi cant forecasting errors over erended horizons []. This
research aims to overcome these limitations by developing an integradl approach that synthesizes
machine learning techniques with economic modeling. Classical reggsion models and ARIMA
frameworks exhibit inherent constraints when applied to long-termforecasting, as they inadequa-
tely accommodate unexpected economic shifts and are insu cient to radel the uncertainty and
volatility characteristic of macroeconomic factors P, 3].

1. Research objective

The primary research objective is the development of a exible andalable forecasting system
for macroeconomic indicators capable of incorporating structural relatnships between variables
and generating probabilistic scenarios for long-term risk analysis.
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The following speci c tasks were de ned to achieve this objectie:

1) developing a methodology for selecting signi cant predictors utiizing sparse graphs and
the Steiner tree algorithm;

2) integrating regression models into a stochastic simulation systa employing the CIR++
(Cox Ingersoll Ross) model and Monte Carlo methods;

3) evaluating the e cacy of the proposed approach using data from the Russin economy,
including simulations for GDP, in ation, and interest rates.

1.1. Materials and research methods

This research presents an integrated approach to constructing a forasting system. This
approach encompasses a methodology for selecting macroeconomic preafistvia sparse graph
analysis, followed by their utilization within a stochastic simulation system designed to generate
probabilistic economic scenarios. Scenario generation is based on theR3+ model [4 6] and
Monte Carlo methods applied to macroeconomic indicators such as intest rates, housing price
indices, mortgage rates, and other variables, explicitly incorporatingtheir correlational depen-
dencies. The methodology combines model calibration to market data, esthastic simulation with
monthly discretization [7, 8], and regression relationships between variables. The coe ciest of
these regression relationships are optimally determined using th®teiner tree algorithm on sparse
graphs.

Utilizing an implementation of the minimum Steiner tree algorithm (henceforth also referred
to as PCST Prize-Collecting Steiner Tree) [ 9] for feature selection L0], we identify a subgraph
that maximizes the aggregate prize of selected vertices while mmizing the total cost of selected
edges. The algorithm identi es a subgraph minimizing the cost funcion:

X X
C(T) = pi + Wij ; 1)
Vi 2V nVr ej 2E7

where V1 denotes the set of selected vertices, anflt denotes the set of selected edges.
As a practical implementation of the proposed method, regressions weemployed for forecasting
macroeconomic indicators.

1.2. Research results and discussion

In all the aforementioned models, the PCST algorithm was successfylapplied for feature
selection, ensuring the incorporation of both the individual signi cance of variables and their
interdependencies. This enabled the creation of stable and accuetnodels with high explanatory
power, suitable for scenario modeling and forecasting macroeconomniilicators. The application
of the PCST algorithm enhanced model quality by integrating featureinterdependencies, thereby
improving the reliability and interpretability of the results.

Visualization of the regression of the key rate on the 1-month zero-coupon gid spread is
shown in Fig. 1.

Based on the pre-constructed regression models, a comprehensivetsyn for stochastic macro-
economic simulation was developed (experimental codgttps://github.com/andreypodgorny10/
macro_sims). The architecture of the system consists of four interconnected wdules.

1. Interest rate modeling module (CIR++). Interest rates are simulated using the stochastic
CIR++ model, modi ed to align with the observed market yield curv e. The latent short rate
x(t) follows the stochastic di erential equation

de=a( x)dt+ P xidw )
and the observable short rate is computed as
re= xe+ ' (t); (3)
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Fig. 1. Example implementation of PCST for key rate to 1-month zero-coupon yield spread forecasting.
Compiled by the article author (color online)

where' (t) is a deterministic shift function calibrated to match the market forward curve. The
model is discretized using the Euler Maruyama scheme with a maihly step size t=1=12

p7|| .
Xt+1 = Xt+ a o (a+ Bt ¢ 2:I-T-measure) Xy t+ Xt 't 4)

The functions Bt  and ' (t) are computed analytically during the calibration stage based on
the forward rate curve.

2. Module for generating correlated stochastic shockfl1]. A correlation matrix R between
macroeconomic variables is constructed from historical data. Cholegkdecomposition is used to
simulate correlated shocksL = chol(R). Independent standard normal vectorsZ N (0;1) are
transformed into correlated vectors" = LZ . The resulting shocks are simultaneously applied to
all variables within the regression models, ensuring internally ansistent scenario paths.

3. Regression modeling module for macroeconomic variableBach macroeconomic variable is
modeled using a stochastic regression that includes lag termsj erences, moving averages, and
interaction e ects. The general structure of the regression modeldr a variable Y; is

Xk xXn X
Ye= ot iXit o+ i(Zie Zjp g)t pYt pt "t (5)
i=1 j=1 p=1
whereX;. -, are lagged explanatory variables(Zj:  Zj: g ) are rst- or higher-order di erences;
Y: p are autoregressive terms; andy N (O; 1) represents correlated shocks per Module 2.

4. Simulation orchestration. Summary statistics include Value-at-Risk (VaR), Expected Short-
fall (ES), median-based scenario aggregates, and con dence intervals.ge 5th and 95th percen-
tiles). The Monte Carlo method [12] is employed to generate the distribution of possible future
states for each macroeconomic variable. Correlations are incorporated viehGlesky decomposition.
The nal implementation element is the visualization module. Examples of the visualization
module output are presented in Fig.2.

1.3. Numerical validation and performance assessment

Model validation focuses on conceptual validity, systematic output aalysis, and business
logic veri cation rather than traditional point forecast metrics, whic h is appropriate for long-
term scenario generation. Conceptual validity con rms economic intepretability (e.g., in ation
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and monetary policy relationships) and the mean-reversion and non-negafity properties of
the CIR++ model. Output analysis checks preservation of correlation structure, absence of
implausible discontinuities or explosive behavior over 30-year harbns, and convergence of long-
term mean values to economically reasonable equilibria. Business logiernvcation con rms that
HPI, mortgage spreads, and GDP dynamics are consistent with market belér and development
stages. A hyperparameter calibration strategy for PCST (threshold = 0:3, sparsity bounds,
cluster count, and adaptive step sizes) was validated via sensitity tests; 20%changes produced
< 5% variation in performance metrics. Extreme scenarios are captured vi€IR++ dynamics,
correlation propagation, and N = 10;000 Monte Carlo paths, enabling VaR/ES estimation and
coverage of historical stress events within the probabilistic envepe.

Fig. 2. Example implementation of the visualization module for the key rate. Compiled by the article
author (color online)

Conclusion

The results of this research demonstrate the e ectiveness of therpposed approach in fore-
casting macroeconomic indicators while accounting for their interdgeendencies and stochastic
nature. The key advantages are exibility, scalability, and adaptability to diverse economic
conditions. The approach enables better risk assessment for long-termesidential real estate
projects and improves nancial planning accuracy.
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[aeaielgay yooaeoeainol ainoedacany ide jace+ee 4200 ééa Aao1a, 01aaa eaé nodiadeé i faiel
Geaadil 16eaiaeé é caoidal, 6adee+aiep adaiaie yaaéoaovee e 6ofaip iaieée. Oaéei 1adach,
iddaéiaediiay 1laael aailifiodesoas 1adniaéoeaiinou ideid faiey 1a0iaia 1aé+aiey i 1iaédaiea-
el aéy aiaeeca e Tiogiecavee yaaéoaoee a imandieyd neieell é élibeadoasee. bacoaaicaiiay
iaocdiaoe+aneéay iiadéu idaaiacia+-aia agy eniéuciaaiey s & fiicaaiee 6e6d1a0d aaiéieéia iai-
0aninia eiecacee é fiogiecacee 1Moiéia epadé, a vaéeed al+efé  e0aelind yéniddeiaioia if dan+aoo
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Abstract. This paper introduces a computational model for simulating muti-agent evacuation dynamics
based on the Multi-Agent Proximal Policy Optimization (MAPPO ) algorithm. The proposed framework
incorporates multiple evacuation exits with varying opening times, heterogeneous agent types, panic-
induced behavioral modi cations, and social interactions d the leader follower type. A hybrid action
space is employed, combining discrete exit selection with ewinuous movement control. Training is
performed under a curriculum learning paradigm, gradually increasing the number of agents to enhance
generalization and adaptability to di erent population si zes. Several methodological re nements were
implemented to improve training stability and e ciency: dropou t layers to mitigate over tting, exponential
exploration decay to enable a smooth shift toward precise a@bns, and reward normalization to stabilize
policy updates. Simulations were conducted in al5 20 m environment with three exits (each 1.5 m
wide, opening sequentially every 6 seconds). The model alsmdorporates mechanisms of information
dissemination: leaders are aware of all exits from the start bthe simulation, while individual agents
detect exits within a 5 m radius and propagate this knowledgeto neighbors within 2 m. Social groups
follow prede ned behavioral rules, such as granting eldegl agents a speed adjustment and assigning
leaders strategic decision-making roles. Computational exgriments with scenarios involving 50 agents
demonstrated that the presence of social groups and leaderggi cantly accelerates evacuation, particularly
bene ting elderly agents. Optimal performance was observedri settings with two leaders, whereas
scenarios with a single leader led to bottlenecks, longer acuation times, and higher levels of panic. These
ndings highlight the potential of reinforcement learning based approaches for analyzing and optimizing
evacuation processes in complex indoor environments. The deloped mathematical model is intended
for use in the creation of digital twins for simulating and optimizing human ow processes, as well as for
conducting computational experiments to calculate e cient evacuation times and routes.

Eidigiaceéa 303



Eca. Nasao. 6i-0a. 1a. ~ds. N&a.: 1acdiaoeea. 146aieéa. Eioidiaceéa. 2026. O. 26, adi. 2

Keywords: multi-agent model, evacuation, reinforcement learning, MAPPO, social groups, hybrid action
space, age categories

Acknowledgements:  This work was supported by the Ministry of Science and HigherEducation of the
Russian Federation within the framework of the state assignmat (project No. FREM-2026-0006).

For citation:  Silinskaya A. A., Bogomolov A. S., Kushnikov V. A. A mathematical model of social group
evacuation from buildings with multiple exits. lzvestiya of Saratov University. Mathematics. Mechanics.
Informatics, 2026, vol. 26, iss. 2, pp. 302 311 (in Russian). DOIl:https://doi.org/10.18500/1816-9791-
2026-26-2-302-31L1EDN: UEEHGG

This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
License (CC-BY 4.0)

s AN A LN

A

2y g
o =
oD
S5
o B
ox D
Q- (04
4
o = 1}
O/
N ('ID/

Zams

o0 Ot N
(04
O
o

. Q_)/
ox _.
Y
D
o
Qo D>
Qx
D

yaaéoaoee, 6+eolaa-

oddeénoééai é:; 6oi-

baveeé altea dacdaaioaia itaaeu a1 1
a olicy Optimization) [ 12]. MAPPO yaéya
aéaioeoia PPO aéy 1i1a1adaioins fnenodi. Aeaideol 10a4dileadads en [[=1
aé aéoida e é8e0eeéa, 4aa aéoid 116aaaeyao Nodaoda

iiffiou &al adénoaeé, enilelcoy aetaaeiiop eioidiacep. 16

7

Qr — (-

o

— an
Qo
i
o
-

+ajey éasealé aaaio aaénoascao iacaaeneil, efiied
. YO Ticaiéyao dagaol i61aeaid ianoaseiiadiiiioe foada

y 1iioaaéaiiié caga+e iiadel atéa dacaeoa ié
: SiROAT

ANAZL



Ar0xxaar . O Lome

A. A Neeeingay & 48. 1acdiace+aneay iiaded idioanna yaaeoasee a86ii é¢ ia  vdieé

yaaédaoee, a3a adaiol iseieiapo nodacade+anéed dagaiey 1 6aée (iiadia yuai aiciad) e
Oaéoe+anée iaidadeddpo a oiéra. liataiia aeadeaita 1difodaifioda aaénoaeé ié acaée
fiaip yo6aéoeaiinol a caza+ad i eadadde+aneei didaacaiedi [ 13). Ay iladgaiey 1aia-
uapudé fiiitaiiioe iiadee eniielcdpony dropout-fiéie a aéoidnéié naoe. Yoi nicaiey ao
idaaioadaoeol 1adalad+aiead iiadée 1de aiélgié daciddiiioe aaiild e aadeaoeaiinoe
fioaiadeaa [L4, 15). baaééciaai iddaiéci caoodaiey enneaaiaaiey ca f+ao yénitiaioeaéuii-
a1 Oldilgdiey noaiaadoiial 10eéliaiey aiddd0aind adénoaeé. Yoio 1iadla iicaiéyao
faafia+eol 1a0adia 10 aéoeaiial ennedalaaiey fnoaal é oi+ili aaeaediéyi, ~oi 1 [EEEGE
20482401y 1daéoedaie didaacdiey ennedalaaieadl a 1ao+aiee i Maédaieaieai [16,17]. ia-
a6aal adaioia iisiaeecopoiy il fioaiaadoiiio Toééniaiep. Yol ficaiéyao noadeeec eol-
aaol 1a0+aied, &1aaa iadoaan eiapo adfiéop aadseaoceaiinol [ 18). Oaésed 48y 686+waied
fafauapuaé nititaiiioe enitéicoaony ideider curriculum learning [ 16,19 i 1iRoaraiiai
ifadgaiédl ~énea adaiola a ndaaa a 1816anna 1ao+aiey. ICRIEGIE! iicaiéyao aaaioai
fila-aéa 1a6+eoufy i8I0l noaiadeyi, dad acaeiiadénoaey asoa i asoaii iei eiaéuia,
a hifaiay 0aéu aaeaedied é anodiad. Caoai, 1T iada difioa, adaiol 6+aofy aleaa ofi ér
jaidadedsiaaol a oiera
2. la6+aied 1acdiaoe+anéié inadee

1a6+aied iadee iataiaeéini a 4a6iadité fodaa 15 201 (iéluaad 3001  2) i 0d&ly
a(otaaie geoeiié 1.5 1. 1aei ec aioiaia 10éo000 n naifal ia+aéa fneiogyoee, fi-e0adony
iitaiai, 1yofié ecaanoadi anai adaioal (dafiieéleedi fidada ia den 1). Ad6aea andsiaa
10880aapofy i eidadaa&l 6 f. AZaiod
6ciapo Ti1atd atoiaad a daaeéonasi e
iadaaapo eididiadep asoael o+anoie-
gal a4 daaeodna 2 i. Eeaad ociado 14 io-
éad00ee aldiaa aia caaeneiinoe 7o dan-
fiolyiey. Oaeay eélioeaosacey ilavua-
ey 6adaéoadia aey caéed Tauanocaaiiad
imavaieé, eaé 6+4aita acaeoisee, oio-
afala caél, danoidait eee 16end Ni-
64T AATA0 idaaéé nenoaid 1810eadil-

\\\\\

a
gladé 00aadaoiy ia iaida aaéd andiaia,
a ieiéiaeliay gedeia yaaéoaoeiiiial
aloiaa ive idaataaiee a Mavaiee &i-- peri. 1. Naaa i 50 aaioaie & 2 seaasaie
€aa 15 +aéfaae aleeeia adou ia iaiu- Fig. 1. Environment with 50 agents and 2 leaders
24 1.21.

[64406MiT08aIT 08e 0ela addiola dacilid aicdarioild éaoddideé, éioidla eiéoeaeec e-
dopoiy a Ndaaa a 6eénediaaiiié idiiigoee: ¥4iiadinoié;, 30%, Y.acdinetés 50%, Yail-
®eEIE;, 20%. Tie dagee+apony faleie neldinoup, 1aidadaiiiiiolp & daaeonl 181886 ée
Eeaddaie i1ado atou oieuél acdinend aaaion. Aey ilatediey Tatatapuaé finiaiiioe
iladee ai adaly 1ao+aiey &6 +~eneél ned+aéili 1adacii aadueddaony 10 4a6o ai ieiae iG
Taudal ~efiea aaaioia. 10e eieoeagecacee nodal aéy noaiadceada i fniveaéuitie  addiiaie
400110 fi-éoaéenl cadaidad iddaieciaaiitie, 1yolié daciduaeeniu éeanoadsii (i aef. 1)
Eaé 1aeii+i0a aaaion, 0aé & a80iil daciavageni a nddad neo+aén

A 1ia86e 10840MiI1004i1 ageyied jaieée ja 1aidddaiiinol addiona, idaaineaa ay, +of
i 1404 aa difoa adaiol fioaitayony iaida iaidadaiidie [ 20]. A& 8ifo cadefieo 10 aéecifoe
40063e0 adaiota e 6aagaiiinioe 70 atdiaa [ 21, ide yoii 6 addioia, 1daaieciaaiits a asaria,

14 60addeeadiee falaa ivadee Ni 1.13130 v%Nefodil isioeaiieeadiié cateon. Yaacoaselii & iooe
& a0otane: 1deéac 1xN Pififiee 70 19.03.2020 & « 194. lifeaa : IxN bififiee, 2020. 47 .
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081adiu Taieée danodo 1aaeaiidd [ 22. Odiadiu 1aieée caaeneo 1o néeo+aiiiioe adaioia,
adaiaie i fa+aea yaaéoaoee e 6aaéaiiinoe 1o andiaa. Odiadiu iaieée igeiel ado cia+aiey
ia 1083¢éa [0; 1] Oadee+aied iaieée Tiddadeyaony eaé
X
panic_increase= Wiype * Oexit f type ;

nearby_agents

0:06 aéy aaai 0 aso6aié asora, deyit  i1012€€cTAAITTA danfiolyied ai
aéezeaépadi 10é0007al aldiaa, fype = 0:2 A&y 1aeii+i0d eee  0:1 4éy 496ii1atd aaaioia,
nearby agents =+efél aeond 1.5 1. Caodi 6a1adil 1aiéée fa éamedll gada

fieioeyoee 1aitagyaony it 6ioi

panic_level,,; = max(0;min(1;panic_level, + 0:1 panic_increase decay_rate)) ;

=)
= ©
an
Qx
9\ o
o
(@]

’

>
=1
o
[}
- D

A e

\\\\\

o

eeaaatl,
ar eeaao

ifa ~efél gadia ia yiecia, i eée+anoai yiio 1aiiaeaiey
PPO, Hpes 0Oaciad nédnoial nely iaéoinaoe, Bee Eélée+anocal 4ao+aé a a6o6ada, U
élee+afnoal 1ailagdieé ca yiecia. A 08é00aé ddasecasee éep+aali 1adaie+a  iedi idiecai-
aeoaéuiinoe yaeyaony éaaadace+iay caaeneiinol 10 éieé+anoaa aaaiofa, +of 1adaie+eaaao
iaf@0aaedoaiinol ia nvaiadee i +efiéll azdiola aledd 100. Yoi Aaycail fi 0ai, +0f i1ade u
al+eneyao acaeiiadénoaey aey éaseaial 10adelilal adadioa. Aagda aey adaiocacee nenoaid
é alélgel langoadai i 46aai efifélciaaol dacaeaied idifiodaifioda ia y~aéée
3. EO01aé an+eneeodelnilo yeniadeiaioia e atataa

Neioceyoey fi enitéliciaaiedl 1a6+aiilé itadée istataeeanu aéy 50 aaaioia aey foaia-
deda i aodiiaié e 4ac i€0. xefiel eeaadia flveaclins asoii eciaiyeinu 10 1 &1 6. Agy
gacedial noaiadey 1d1aiaeéiniu 50 yieciaia, Méiia e daaidad adaiy yaaédaoe e anao adaiola
iddanoaaeait ia sen. 2.
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