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The present study concerns the coupled vector differential equa-

tions of the linear theory of micropolar elasticity formulated in terms

of displacements and micro-rotations in the case of a harmonic de-

pendence of the physical fields on time. The system is known from

many previous discussions on the micropolar elasticity. A new anal-

ysis aimed at uncoupling the coupled vector differential equation of

the linear theory of micropolar elasticity is carried out. A notion of

proportionality of the vortex parts of the displacements and micro-

rotations to a single vector, which satisfies the screw equation, is

employed. Finally the problem of finding the vortex parts of the dis-

placements and micro-rotations fields is reduced to solution of four

uncoupled screw differential equations. Corresponding representa-

tion formulae are given. Obtained results can be applied to prob-

lems of the linear micropolar elasticity concerning harmonic waves

propagation along cylindrical waveguides.
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1. INTRODUCTORY REMARKS

The micropolar theory of elasticity, for the first time pro-
posed in the classical work [1], is nowdays considered as a
natural generalisation of the theory of elasticity, well known
as both engineering and physical science [2,3]. The microp-
olar theory of elasticity offers its own recipe for overcoming
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the difficulties encountered by the theory of elasticity in attempts, for example, to ex-
plain the mechanical behaviour of granular media or patterns of high-frequency acoustic
waves propagation through polycrystalline structures. The equations of the linear micro-
polar elasticity theory are well established and discussed (see [4, 5]). Their derivation,
based on the principle of virtual displacements, is considered in the paper [6].

The aim of the present work is to study the coupled system of vector differential
equations of the linear micropolar theory of an isotropic elastic body in the case of
the harmonic dependence of displacement and micro-rotation fields on time. The sy-
stem is coupled with respect to displacement and micro-rotation fields. Their study and
transformation by the aid of dynamic potentials (vortex-free and vortex) lead to various
interesting systems of vector differential equations (both coupled and uncoupled). From
both the theoretical and applied point of views, the most interesting ones are those that
provide a transition from coupled equations to uncoupled ones. Related problems and
problem formulations also arise in applied problems of the coupled thermoelasticity [7],
especially in the case of propagation of harmonic waves in hyperbolic thermoelastic
media (see [8] for further details).

In this paper an alternative scheme for splitting the main coupled system of vector
differential equations of the harmonic micropolar elasticity into uncoupled equations is
developed. The latter will take the form of screw equations. The minimum background
information concerning such equations is given below (see also, for example, [9]).

Vector field Υ in three-dimensional space is called a screw field if it satisfies the
following equation:

Υ× (∇×Υ) = 0,

i.e. the vortex of the vector field Υ is to be colinear to the direction of the field itself

∇×Υ = AΥ, (1)

wherein the scalar multiplier A is discriminated by the term abnormality of the field.

If the multiplier A in (1) has a constant value then:

1) all multiples of the vortex vector field Υ are defined according to

∇×Υ, ∇× (∇×Υ), ∇× (∇× (∇×Υ)), . . .

are also screw fields with the same abnormality A;

2) screw vector field Υ satisfies the vector Helmholtz differential equation

∆Υ+ A2
Υ = 0;

3) screw vector field Υ with the constant abnormality A can be represented in the
following form

Υ = A(∇h)× d+ A2hd+ (d ·∇)∇h,

where d — a constant unit director in three-dimensional space, h — a scalar field which
satisfies the scalar Helmholtz differential equation

∆h+ A2h = 0.
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2. DIFFERENTIAL EQUATIONS OF THE LINEAR THEORY OF MICROPOLAR

ELASTICITY IN TERMS OF DISPLACEMENTS AND MICRO-ROTATIONS

The system of coupled vector differential equations of linear micropolar elasticity
theory has the following form [5]:

{

G[(1 + c1)∇ ·∇u+ (1− c1 + 2ν(1− 2ν)−1)∇∇ · u+ 2c1∇× φ] = ρ∂·∂·u,

GL2[(1 + c2)∇ ·∇φ+ (1− c2 + 2c3)∇∇ · φ]− 2Gc1(2φ−∇× u) = I∂·∂·φ,
(2)

wherein ρ — mass density; I — microinertia coefficient; u — displacement vector;
φ — micro-rotation vector; G — shear modulus of elasticity; ν — Poisson ratio; L —
characteristic length of the micropolar elasticity theory; c1, c2, c3 — dimensionless con-
stitutive constants of the micropolar elasticity; ∇ — three-dimensional nabla-operator;
∂· — partial time differentiation when the spatial variables are fixed.

The above system of vector partial differential equations (2) seems to be the most
acceptable from a physical point of view. However, it is not widely used in modern
discussions on the micropolar elasticity, since a different set of constitutive constants is
usually considered as optimal. For this reason, we introduce new constitutive constants
α, β, γ, λ, µ, ε according to

G = µ,
2ν

1− 2ν
=

λ

µ
, GL2 = γ,

c1 =
α

µ
, c2 =

ε

γ
, c3 =

β

2γ
.

Note that they are systematically used in the monographs by W. Nowacki [4,5] and
his many other publications devoted to the linear micropolar theory of elasticity of an
isotropic body. As a result, the given system of coupled equations of linear micropolar
elasticity theory (2) is represented in the following form:

{

(µ+ α)∇ ·∇u+ (µ− α + λ)∇∇ · u+ 2α∇× φ = ρ∂·∂·u,

(γ + ε)∇ ·∇φ+ (γ − ε+ β)∇∇ · φ− 2α(2φ−∇× u) = I∂·∂·φ;
(3)

or
{

(λ+ 2µ)∇∇ · u− (µ+ α)∇× (∇× u) + 2α∇× φ = ρ∂·∂·u,

(β + 2γ)∇∇ · φ− (γ + ε)∇× (∇× φ)− 2α(2φ−∇× u) = I∂·∂·φ.
(4)

The coupled vector differential equations (4) have been the subject of numerous
discussions. Among them the following early papers [10–13] and the monograph [14]
should be mentioned.

In the following discussion the vector differential equations (4) will be considered
in domains of three-dimensional space that have the property of surface simply con-
nected, i.e. any closed surface situated entirely within the domain can be drawn to a
point without going beyond the boundary of the domain. This requirement is absolutely
necessary in order for any vortex-free vector field to be a potential, and any vector field
with zero divergence to be a vortex, i.e., to have a vector potential.

The time dependence is assumed to be harmonic, i.e. physical fields are represented
as products of complex amplitudes (for which we keep the same notation as for the fields
themselves) by the complex harmonic exponent eiωt, where ω is the cyclic frequency.
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3. DISPLACEMENT AND MICRO-ROTATION POTENTIALS.

COUPLED EQUATIONS FOR THE POTENTIALS

We employ the Helmholtz decomposition for the displacement and micro-rotation
vectors

u = ∇Φ +∇×Ψ,

φ = ∇Σ +∇×H,
(5)

which represent these vector fields by using the pairs: scalar potentials Φ, Σ, and vector
potentials Ψ, H. Such a decomposition is discussed, for instance, in [7].

One may complement (or may not complement) various calibration conditions to (5).
In particular, condition stating zero divergence of vector potentials is usually considered
as standard

∇ ·Ψ = 0, ∇ ·H = 0. (6)

Substitution of (5) decompositions into the system of differential equations (4) allows
us to get equations for the scalar and vector potentials.

The differential equations for scalar potentials Φ, Σ are not coupled and therefore
can be considered as the two independent equations

∆Φ−
1

c2‖
(∂·)

2Φ = 0,

∆Σ−
1

µ
c2‖
(∂·)

2Σ−
Ω2

µ
c2‖
Σ = 0.

Here the constants c2‖, µ
c2‖ and Ω2 are expressed in terms of the constitutive constants

according to

c2‖ =
λ+ 2µ

ρ
,

µ
c2‖ =

β + 2γ

I
, Ω2 =

4α

I
.

For vector potentials Φ, H the two coupled vector differential equations are obtained











A⊥Ψ+ 2d2⊥∇×H = 0,

B⊥H+
Ω2

2 88
µ
c2⊥

∇×Ψ = 0,
(7)

where the following constants have been introduced

d2⊥ =
8c2⊥
88c2⊥

, 8c2⊥ =
α

ρ
, 88c2⊥ =

µ+ α

ρ
, 88

µ
c2⊥ =

γ + ǫ

I
; (8)

and the two second order differential operators

A⊥ = ∆−
1

88c2⊥
(∂·)

2, B⊥ = ∆−
1

88
µ
c2⊥

(∂·)
2 −

Ω2

88
µ
c2⊥

. (9)

The system (7) keeps its form regardless of the use of a particular calibration
condition. This means that the calibration conditions (6) may be abandoned altogether.

A study of the coupled equations for vector potentials of displacements and micro-
rotations causes considerable difficulties and therefore we will focus on these equations.
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Let us start with the fact that the differential operators A⊥ and B⊥ in the case of
harmonic dependence on time are

A⊥ = ∆+
ω2

88c2⊥
, B⊥ = ∆+

ω2

88
µ
c2⊥
−

Ω2

88
µ
c2⊥

. (10)

In this study it is convenient to introduce the following two constants

α2

⊥ =
ω2

88c2⊥
, β2

⊥ = Abs
ω2 − Ω2

88
µ
c2⊥

and then reduce the differential operators A⊥ and B⊥ to

A⊥ = ∆+ α2

⊥, B⊥ = ∆± β2

⊥, (11)

where the choice of a sign in the expression for B⊥ depends on the magnitude of the
cyclic frequency

ω2 − Ω2 ≷ 0. (12)

As a result, in the harmonic case, the coupled system of equations for potentials
takes the form











(∆ + α2

⊥)Ψ+ 2d2⊥∇×H = 0,

(∆± β2

⊥)H+
Ω2

2 88
µ
c2⊥

∇×Ψ = 0.
(13)

The following discussion will be restricted to the study of high-frequency harmonic
waves when the cyclic frequency ω is higher than the threshold value determined by the
constantΩ (see (12)). Then the latter system of equations is reduced to











(∆ + α2

⊥)Ψ+ 2d2⊥∇×H = 0,

(∆ + β2

⊥)H+
Ω2

2 88
µ
c2⊥

∇×Ψ = 0.
(14)

By introducing the notation

g2⊥ =
Ω2

88
µ
c2⊥

d2⊥,

we finally come to the following system of equations:







(∆ + α2

⊥)Ψ+ 2d2⊥∇×H = 0,

(∆ + β2

⊥)H+
g2⊥
2d2⊥

∇×Ψ = 0.
(15)

A careful analysis of the reasonings shows that the coupled system of equations for
potentials (15) is also obtained in a slightly different form (and again without taking
account of the calibration of potentials):







−∇× (∇×Ψ) + α2

⊥Ψ+ 2d2⊥∇×H = 0,

−∇× (∇×H) + β2

⊥H+
g2⊥
2d2⊥

∇×Ψ = 0.
(16)
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4. REPRESENTATION OF VORTEX PARTS OF DISPLACEMENTS
AND MICRO-ROTATIONS BY SCREW VECTOR FIELDS

The representation of vortex parts of displacements and micro-rotations by using
screw vector fields solves the principal problem of our study: the transition from the
coupled system of differential equations (16) to uncoupled equations, which should even-
tually allow us to find out analytical approaches to investigation of applied problems in
the mechanics of micropolar continua.

Achieving this goal begins with considering the vortex parts of displacements and
micro-rotations as a vortex vector field Υ with different scale factors:

{

∇×Ψ = aΥ,

∇×H = bΥ.
(17)

This will meet the natural calibration condition discussed earlier:

∇ ·Υ = 0.

Upon substituting (17) into the system of vector differential equations (16) the
following system of equations with respect to the field Υ is obtained:







−a∇× (∇×Υ) + α2

⊥aΥ+ 2d2⊥b∇×Υ = 0,

−b∇× (∇×Υ) + β2

⊥bΥ+
g2⊥
2d2⊥

a∇×Υ = 0.

In the left side of the first equations of the above system we add and subtract the
same summand (c is a constant)

c∇×Υ;

we do the same with the second equation and the summand (d is a constant)

d∇×Υ.

After a series of transformations, we make sure that if we put

a

c
=

c+ 2d2⊥b

aα2
⊥

,
b

d
=

d+ (2d2⊥)
−1g2⊥a

bβ2
⊥

,

then the coupled equations for potentials are satisfied when

{

−c∇×Υ+ aα2

⊥Υ = 0,

−d∇×Υ+ bβ2

⊥Υ = 0.

One can obtain single independent equation for determining the vortex vector field
Υ if

c

d
=

α2
⊥

β2
⊥

a

b
.

After that it is sufficient the following screw equation to be satisfied

−∇×Υ+ pα2

⊥Υ = 0, (18)
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where p is defined as the ratio

p =
a

c
.

We proceed to finding constants, involved in our reasoning. There are four constants
in total: a, b, c, d. Three independent ratios can be formed from them:

p =
a

c
, q =

b

c
, s =

d

c
.

For these ratios exactly three independent equations are obtained from the previous
arguments



























p2α2

⊥ = 1 + 2qd2⊥,

q2β2

⊥ = s2 + ps
g2⊥
2d2⊥

,

ps
α2
⊥

β2
⊥

= q.

From the above system of equations one can determine the constant q by the qua-
dratic equation

2d2⊥α
2

⊥q
2 + (α2

⊥ − β2

⊥ − g2⊥)q −
g2⊥
2d2⊥

= 0,

where the two different real values for q can be found:

4d2⊥α
2

⊥q = β2

⊥ + g2⊥ − α2

⊥ ±

√

(β2
⊥ + g2⊥ − α2

⊥)
2 + 4g2⊥α

2
⊥.

For the constant p there are two different real values as well

2α4

⊥p
2 = β2

⊥ + g2⊥ + α2

⊥ ±

√

(β2
⊥ + g2⊥ + α2

⊥)
2 − 4α2

⊥β
2
⊥.

Starting from this point we introduce the two real values p1, p2, which correspond
to the positive and negative signs in the formula given above, and the two values
(wavenumbers) K1, K2 according to

α4

⊥p
2

1, 2 = K2

2, 1, α2

⊥p1 = ∓K2, α2

⊥p2 = ∓K1.

Note that the wavenumbers K1, K2 are ordered on the ground of their definition as
follows

K2 > K1 > 0.

Thus there are the four different real values for the parameter p:

∓K1, ∓K2.

Consequently, the vector field Υ must satisfy one of the four screw equations

−∇×Υ∓K2, 1Υ = 0, (19)

where the signs ∓ and indices 1, 2 are in no way co-ordinated with each other.
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It means that there are exactly four independent fields1

Υ
2
−, Υ

2
+, Υ

1
−, Υ

1
+,

which must be integrals of the uncoupled vector equations (19) and whose linear com-
binations are to be the vortex parts of the displacement and micro-rotation vectors in
accordance with (17). It should be noted that only the ratio b/a is uniquely defined and
since

b

a
=

q

p
,

the ratio b/a has four different real values, which are easily determined from the above
formulae.

By denoting the four mentioned values of the ratio b/a as

b

a
= ∓g2, 1,

finally we come to the following representation formula for the vortex parts of the
displacement and micro-rotation vectors:

∇×

(

Ψ

H

)

=

(

1

−g2

)

Υ
2
− +

(

1

g2

)

Υ
2
+ +

(

1

−g1

)

Υ
1
− +

(

1

g1

)

Υ
1
+.

The completeness of the representations of harmonic fields of displacements and
micro-rotations by using four screw vector fields considered in this paper can be esta-
blished by the known (and comparatively simple) methods.

The results obtained in this paper are aimed at their use in applied problems on
propagation of harmonic (monochromatic) waves of displacements and micro-rotations
along cylindrical waveguides and in this sense are to be treated as a further development
of the methods and results given in the book [8].

CONCLUSIONS

1. The system of coupled vector differential equations of the linear theory of micro-
polar elasticity formulated in terms of displacements and micro-rotations in the
case of the harmonic dependence of physical fields on time (monochromatic waves
of displacements and micro-rotations) has been studied.

2. Uncoupled equations for scalar and vector potentials, which determine displace-
ment and micro-rotation fields in accordance with the Lame representation, have
been obtained. It has been demonstrated that vector solutions of the uncoupled
equations provide solutions of the coupled vector differential equations of the line-
ar theory of micropolar elasticity.

3. An alternative scheme of uncoupling vector differential equations of the micropolar
elasticity theory for potentials has been developed. It is based on the proportio-
nality of the vortex parts of displacements and micro-rotations to a single vortex
screw field.

4. The problem of finding the vortex parts of displacements and micro-rotations has
been reduced to the solution of four uncoupled screw vector partial differential
equations of the first order.

1The following notations for the four different variants of the vector field Υ is consistent to the four
equations, written in the compact form (19).

❒<=>?@A> ✹✼✺



➮!"✳ $%&%'✳ ()✲'%✳ ❮,"✳ -.&✳ $.&✳ ❒%'.0%'12%✳ ❒.3%)12%✳ ➮)4,&0%'12%✳ ✷✵✷✵✳ 7✳ ✷✵✱ "9:✳ ✹

5. A representation of displacement and micro-rotation vectors has been obtained by
using four screw vectors thus providing the coupled vector differential equations
of the linear theory of micropolar elasticity to be satisfied.

6. Completeness of the considered in this paper representations of the harmonic fields
of displacements and micro-rotations has been discussed involving the known and
rather simple methods by employing four screw vector fields.

7. The results of the present paper can be used in applied problems related to the pro-
pagation of harmonic (monochromatic) waves of displacement and micro-rotation
along long cylindrical waveguides.
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Представление волн перемещений и микровращений
системами винтовых векторов

Ю. Н. Радаев

Радаев Юрий Николаевич, доктор физико-математических наук, профессор, ведущий

научный сотрудник, Институт проблем механики имени А. Ю. Ишлинского РАН (ИПМех

РАН), Россия, 119526, г. Москва, просп. Вернадского, д. 101, корп. 1, y.radayev@gmail.com

Рассматриваются дифференциальные уравнения линейной микрополярной теории упру-

гости в случае гармонической зависимости поля перемещений и микровращений от

времени, из которой выводятся связанные уравнения для потенциалов. Предложена

новая схема расщепления связанных векторных дифференциальных уравнений мик-

рополярной теории упругости для потенциалов на несвязанные дифференциальные

уравнения первого порядка. Получено представление векторов перемещений и мик-

ровращений с помощью системы четырех винтовых векторов, обеспечивающее вы-

полнимость связанных векторных дифференциальных уравнений, после чего проб-

лема определения вихревых составляющих перемещений и микровращений сводится к

решению четырех не связанных между собой векторных винтовых дифференциальных

уравнений первого порядка с частными производными. Указанное представление пригод-

но для использования в прикладных задачах механики, связанных с распространением

пространственных гармонических волн перемещений и микровращений вдоль длинных

волноводов.

Ключевые слова: микрополярная теория упругости, вектор перемещения, вектор мик-

ровращения, связанный, векторный потенциал, вихревая часть, винтовое уравнение,

винтовое поле, уравнение Гельмгольца, волновод.
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