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Abstract. The article proposes a stochastic mathematical model of the diffusion of consumer

innovations, which takes into account changes over time in the total number of potential buyers

of an innovative product. A stochastic differential equation is constructed for a random value of

the number of consumers of an innovative product. The interaction of random changes in the

number of consumers with changes in the total market volume of the product under consideration

is investigated. Following the Euler –Maruyama method, an algorithm for the numerical solution

of the stochastic differential equation for the diffusion of innovations is constructed. For each

implementation of this algorithm, the corresponding stochastic trajectories are constructed for a

random function of the number of consumers of an innovative product. A variant of the method

for calculating the mathematical expectation of a random function of the number of consumers of

an innovative product is developed and the corresponding differential equation is obtained. It is

shown that the numerical solution of this equation and the average value of the function of the

number of consumers calculated for all the implemented implementations of stochastic trajectories

give practically the same results. Numerical analysis of the developed model showed that taking

into account an external random disturbing factor in the stochastic model leads to significant

deviations from the classical deterministic model of smooth market development with innovative

goods.
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Аннотация. В статье предложена стохастическая математическая модель диффузии потре-
бительских инноваций, учитывающая изменения во времени общего числа потенциальных
покупателей инновационного товара. Построено стохастическое дифференциальное уравнение
для случайной величины числа потребителей инновационного товара. Исследовано влияние
случайных изменений числа потребителей на изменение общего объема рынка рассматрива-
емого товара. В соответствии с методом Эйлера –Маруямы построен алгоритм численного
решения стохастического дифференциального уравнения диффузии инноваций. Для каж-
дой реализации этого алгоритма строятся соответствующие стохастические траектории для
случайной функции числа потребителей инновационного товара. Разработан вариант метода
расчета математического ожидания случайной функции числа потребителей инновационного
товара и получено соответствующее для него дифференциальное уравнение. Показано, что
численное решение этого уравнения и среднее значение функции числа потребителей, вы-
численное по всем реализациям стохастических траекторий, дают практически одинаковые
результаты. Численный анализ разработанной модели показал, что учет в стохастической
модели внешнего случайного возмущающего фактора приводит к существенным отклонениям
от классической детерминированной модели плавного наполнения рынка инновационными
товарами.
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коэффициент инновации, коэффициент имитации
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Introduction

One of the important and relevant areas of modern economic theory is the development
of economic and mathematical methods for predicting the features and patterns of
stochastic processes of distribution in the markets of goods with new properties.
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New stochastic models developed using these methods to assess the parameters of the
diffusion of consumer innovations help to assess the growth rate of sales of goods with
new properties, adequately predict the indicators of market capture by them, calculate
the time intervals of stagnation or decline in their sales, etc.

A significant contribution to the development of theoretical principles of the diffusion
of consumer innovations is presented in the works [1–4].

On the basis of these provisions, researchers have developed a number of models for
assessing the parameters of the diffusion of innovations, in which the total market size
of the considered innovative product was considered constant [5–8].

The nature of the dynamic development of the process of diffusion of consumer
innovations is determined by the ratio of consumers-innovators and consumers-imitators,
the volatility of the volume of sales and changes in the total volume of the market,
consisting of the total number of potential buyers of the innovative product.

Many well-known statistics on sales of various innovative products show the stochastic
nature of their distribution among consumers. Therefore, while constructing mathematical
models of the dynamics of diffusion of innovations we should rely on the theory of random
functions. Stochastic modeling makes it possible to fully take into account the unstable
nature of the market and make significant additions to the existing similar deterministic
models.

An effective tool for constructing non-deterministic models of diffusion of innovations
is the theory of stochastic differential equations, which takes into account the influence
of random external influences. The construction of the defining equations for the diffusion
of innovations based on this theory significantly enriches the corresponding well-known
deterministic models, in which external random disturbing factors cannot be taken into
account. Methods of studying applications of the stochastic differential equations theory
for modeling random processes are described in detail in [9–13].

This work aims to develop a new economic and mathematical model of innovation
diffusion, taking into account the random nature of consumer behavior and possible
variations in the total market volume.

The peculiarity of the proposed model and its scientific novelty lies in the fact that, in
contrast to the classical models of innovation diffusion, it takes into account the change
in the total volume of the market of potential buyers over time.

1. Stochastic differential equation of innovation diffusion in an
unstable market

Let some fundamentally new innovative product appear and spread on the market.
Let us denote 𝑈(𝑡) as the volume of that part of the market, which is formed by all
purchasers of this product at the moment of time 𝑡, 𝑉 (𝑡) as the maximum volume of
that part of the market, which is formed by all potential purchasers of this product at
the moment time 𝑡. The units of measurement for the values of 𝑈(𝑡) and 𝑉 (𝑡) can be
percent — the number of buyers of the product and the relative number of buyers of the
product. In the latter case, the maximum market volume for the entire period under
consideration is taken as a unit. The function 𝑈(𝑡) is assumed to be continuous and
continuously differentiable on the interval (0 6 𝑡 <∞).

The increment in the number of buyers of the innovative product Δ𝑈 over a certain
period of time Δ𝑡 can be represented in the form of three terms

Δ𝑈 = Δ𝑈𝑁 +Δ𝑈 𝐼 +Δ𝑈𝑊 , (1)
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where Δ𝑈𝑁 is a partial increment over the time interval Δ𝑡 of the number of innovative
buyers oriented towards advertising and the media, Δ𝑈 𝐼 is a partial increment over the
interval time Δ𝑡 of the number of imitator buyers relying on reviews of people who have
already made a purchase, Δ𝑈𝑊 stands for random fluctuations in the number of imitator
buyers due to market volatility.

The quantities Δ𝑈𝑁 , Δ𝑈 𝐼 , Δ𝑈𝑊 can be represented as [14]⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Δ𝑈𝑁(𝑡) = 𝑎 · 𝑉 (𝑡) ·
(︂
1− 𝑈(𝑡)

𝑉 (𝑡)

)︂
·Δ𝑡,

Δ𝑈 𝐼(𝑡) = 𝑏 · 𝑈(𝑡) ·
(︂
1− 𝑈(𝑡)

𝑉 (𝑡)

)︂
·Δ𝑡,

Δ𝑈𝑊 (𝑡) = 𝜌 · 𝑏 · 𝑈(𝑡) ·
(︂
1− 𝑈(𝑡)

𝑉 (𝑡)

)︂
·Δ𝑤,

(2)

where 𝑎 is the coefficient of innovation, which determines the share of buyers-innovators
from the total number of potential buyers 𝑉 (𝑡), 𝑏 is the coefficient of imitation, which
determines the share of buyers-imitators from the number of buyers who have already
made a purchase 𝑈(𝑡), 𝑤 is standard Wiener process, Δ𝑤 = 𝜖 ·

√
Δ𝑡, 𝜌 is market volatility,

𝜀 is a random variable with normal distribution, zero mean ⟨𝜀⟩ = 0, and unit variance
⟨𝜀2⟩ = 1.

The multiplier
(︂
1− 𝑈(𝑡)

𝑉 (𝑡)

)︂
describes the process of market saturation up to a certain

limit value 𝑉 (𝑡).
It should be noted that in the considered model, in contrast to the classical model by

F. Bass, the total number of potential buyers 𝑉 (𝑡) is not a constant but is assumed to be
a variable [14].

Substitution of the quantities (2) into the equation (1) leads to the relation

Δ𝑈(𝑡) =

(︂
1− 𝑈(𝑡)

𝑉 (𝑡)

)︂
·
(︂(︂

𝑎 · 𝑉 (𝑡) + 𝑏 · 𝑈(𝑡)
)︂
·Δ𝑡+ 𝜌 · 𝑏 · 𝑈(𝑡) ·Δ𝑤

)︂
. (3)

Passing to the limit in the formula (3) for Δ𝑡→ 0, Δ𝑤 → 0 allows one to obtain the
nonlinear stochastic Ito differential equation [12]

𝑑𝑈(𝑡) = 𝑆
(︀
𝑈(𝑡), 𝑡

)︀
·Δ𝑡+ 𝑍

(︀
𝑈(𝑡), 𝑡

)︀
·Δ𝑤, (4)

where

𝑆
(︀
𝑈(𝑡), 𝑡

)︀
=

(︂
𝑎 · 𝑉 (𝑡) + 𝑏 · 𝑈(𝑡)

)︂
·
(︂
1− 𝑈(𝑡)

𝑉 (𝑡)

)︂
(5)

is a drift coefficient,

𝑍
(︀
𝑈(𝑡), 𝑡

)︀
= 𝜌 · 𝑏 · 𝑈(𝑡) ·

(︂
1− 𝑈(𝑡)

𝑉 (𝑡)

)︂
(6)

is a volatility coefficient.
The initial condition for the equation (4) has the form

𝑈(0) = 𝑈0. (7)

It is obvious that if the process of diffusion of innovations is observed from the very
beginning, then 𝑈0 = 0. Otherwise, the value of 𝑈0 may differ from zero.
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2. Diffusion model of innovation for a market with the variable
total volume

Let us consider a variant of the development of promoting an innovative product
to the market, in which at the initial moment of time 𝑡 the maximum number of its
potential buyers is 𝑉0, and then this number gradually decreases to its limiting value 𝑉∞.
In this case, the function of the total market volume 𝑉 (𝑡) can be represented as [14]

𝑉 (𝑡) = 𝑉∞ + (𝑉0 − 𝑉∞) · exp(−𝜆 · 𝑡), (8)

where 𝜆 is a parameter characterizing the rate of change in the total number of potential
buyers of an innovative product.

The numerical solution of the equation (4) with the coefficients (5), (6) and the
initial condition (7) is performed on the divided system of points 𝑡0 < 𝑡1 < 𝑡2 < ... < 𝑡𝑛
time interval [𝑡0, 𝑡𝑛] by the method of successive approximations of Euler –Maruyama in
accordance with the algorithm [3]

𝑈𝑠+1 = 𝑈𝑠 + 𝑆(𝑈𝑠, 𝑡𝑠) ·Δ𝑡𝑠 + 𝜀𝑠 · 𝑍(𝑈𝑠, 𝑡𝑠) ·
√︀
Δ𝑡𝑠 , (𝑠 = 0, 1, 2, ..., 𝑛− 1), (9)

where 𝑛 is the number of time partitions.
At each small time step Δ𝑡𝑠 = 𝑡𝑠+1 − 𝑡𝑠, starting from the initial value 𝑈0, a random

number 𝜀𝑠 is generated and the following is calculated the value of 𝑈𝑠+1.
Thus, random sequences {𝑡𝑠} and {𝑈𝑠} are formed. On the coordinate plane, these

sequences form a system of points {𝑡𝑠, 𝑈𝑠} and the corresponding stochastic trajectory.
When repeating the implementation of the algorithm (9) 𝑚 times, each time a new

stochastic trajectory is formed, since each time the random variable 𝜀 generates new
random values.

To find the mathematical expectation of the function ⟨𝑈(𝑡)⟩, it is necessary to
statistically average the equation (4) with the coefficients (5) and (6)⟨

𝑑𝑈(𝑡)

⟩
=

⟨(︂
𝑎 · 𝑉 (𝑡) + 𝑏 · 𝑈(𝑡)

)︂
·
(︂
1− 𝑈(𝑡)

𝑉 (𝑡)

)︂⟩
·Δ𝑡. (10)

The result is a differential equation containing the statistical moment of the required
second-order function ⟨𝑈(𝑡)2⟩

𝑑⟨𝑈(𝑡)⟩
𝑑𝑡

= 𝑉 (𝑡) ·
(︂
𝑎+ (𝑏− 𝑎) · ⟨𝑈(𝑡)⟩

𝑉 (𝑡)
− 𝑏 · ⟨𝑈(𝑡)

2⟩
𝑉 (𝑡)2

)︂
. (11)

Sequential calculation of the moment ⟨𝑈(𝑡)2⟩ leads to the appearance of moments of
the third, fourth and higher orders. An endless chain of statistical equations is formed,
which must be cut off by making certain assumptions.

In the case under consideration, it is natural to assume that fluctuations in the value
of 𝑈(𝑡) are determined by random fluctuations in the number of buyers-imitators, and it
can be represented as [15]

𝑈(𝑡) = ⟨𝑈(𝑡)⟩+ 𝜌 · ⟨𝑈(𝑡)⟩ ·
(︂
1− ⟨𝑈(𝑡)⟩

𝑉 (𝑡)

)︂
· 𝜀. (12)

Then

𝑈(𝑡)2 = ⟨𝑈(𝑡)⟩2 ·
(︂
1 + 2 · 𝜌 ·

(︂
1− ⟨𝑈(𝑡)⟩

𝑉 (𝑡)

)︂
· 𝜀+ 𝜌2 ·

(︂
1− ⟨𝑈(𝑡)⟩

𝑉 (𝑡)

)︂2

· 𝜀2
)︂
. (13)
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Averaging the equality (13) gives

⟨𝑈2⟩ = ⟨𝑈⟩2 ·
(︂
1 + 𝜌2 ·

(︂
1− ⟨𝑈⟩

𝑉

)︂2)︂
. (14)

Substituting the formula (14) into the ratio (11), we find the differential equation for
the mathematical expectation of the value 𝑈(𝑡)

𝑑⟨𝑈⟩
𝑑𝑡

= 𝑉 ·
(︂
𝑎+ (𝑏− 𝑎) · ⟨𝑈⟩

𝑉
− 𝑏 · ⟨𝑈⟩

2

𝑉 2
·
(︂
1 + 𝜌2 ·

(︂
1− ⟨𝑈⟩

𝑉

)︂2)︂)︂
. (15)

The initial condition for equation (15) has the form

⟨𝑈(0)⟩ = 𝑈0. (16)

The Figure shows five from a hundred stochastic trajectories obtained as a result
of numerical implementations of the Euler –Maruyama algorithm (9), (7), numerical
solution of the Cauchy problem (15), (16), as well as graphs of the function of the total
market volume 𝑉 (𝑡) and its limit value 𝑉∞.

When comparing the numerical solution of the Cauchy problem (15), (16) for the
mathematical expectation of the function 𝑈(𝑡) and the mean value of this function
calculated for all 𝑚 = 100 implementations of the algorithm (9) it turned out that they
practically coincide.

For a deterministic process of diffusion of innovations at 𝜌 = 0, the results obtained
coincide with those of [14].

Figure. Stochastic trajectories constructed from
the results of numerical implementations of
the Euler –Maruyama algorithm (9), (7) and
the expectation curve for the function 𝑈(𝑡),
constructed in accordance with the numerical
solution of the Cauchy problem (15), (16) (solid
lines). Graph of the total market volume function
𝑉 (𝑡) and its asymptote 𝑉 = 𝑉∞ (dashed lines).
Calculated values: 𝑡0 = 0; 𝑡𝑛 = 30; 𝑛 = 100;
𝑚 = 100; 𝑉0 = 1; 𝑉∞ = 0, 6; 𝑎 = 0, 01; 𝑏 = 0, 5;

𝜌 = 0, 35.
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3. Conclusion
A new model of innovation diffusion has been developed in the form of a stochastic

differential equation that takes into account the change in the total number of potential
buyers over time.

An algorithm for the numerical solution of the obtained stochastic differential equation
for constructing stochastic trajectories of a random function of the number of consumers
of an innovative product is presented.

A variant of the method of statistical averaging of the stochastic differential equation
for the diffusion of innovations has been developed and a differential equation has been
obtained to determine the mathematical expectation of a random function of the number
of consumers of an innovative product.
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It was found that the numerical solution of this equation and the statistical average
value of the function of the number of consumers of an innovative product, calculated for
all realizations of stochastic trajectories, give almost the same results.
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