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Abstract. In the conditions of а mass disease, governing bodies of an economic system face a

number of tasks related to the need to minimize its negative effects. This requires a tool that

allows timely predicting the dynamics of the situation and determining what measures need to

be taken. In this paper, a specialized mathematical model is proposed as such a tool, taking

into account socio-biological and economic factors. The model is a dynamic optimal control

problem with a delay in phase variables. The values of the model parameters were estimated using

statistical data on the COVID-19 pandemic in the Russian Federation and the Ulyanovsk region.

As target functionals, the following are considered: “social criterion” — a decrease in the number

of cases; “economic criterion” — an increase in the relative profit of an economic system. To solve

the problem, the authors apply a modification of the numerical parameterization method developed

in their early studies. The article presents and analyzes the results of the numerical experiment

aimed at studying the obtained optimal solutions. It is shown that: the optimal solution for social

and economic criteria when changing budgets is stable; most of the parameters of the optimal

solution are weakly elastic relative to the values of variables considered; the parameters of the

optimal solution when using the economic criterion are more susceptible to change than when

using the social criterion; the nature of the change in the parameters of the optimal solution for

the Ulyanovsk region and for the Russian Federation is similar. Thus, the paper offers a tool for

analyzing an economic problem in conditions of mass disease and confirms the applicability of

the tool for finding optimal management strategies in various economic systems.
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Аннотация. В условиях массового заболевания перед органами управления экономической
системы возникает ряд задач, связанных с необходимостью минимизировать его негативные
эффекты. Для этого требуется инструмент, позволяющий оперативно прогнозировать дина-
мику ситуации и определять, какие меры требуется принять. В данной работе в качестве
такого инструмента предлагается специализированная математическая модель, учитывающая
социально-биологические и экономические факторы. Модель представляет собой динамиче-
скую задачу оптимального управления с запаздыванием по фазовым переменным. Значения
параметров модели оценены с использованием статистических данных о пандемии COVID-19
в Российской Федерации и Ульяновской области. В качестве целевого функционала рассмат-
риваются: «социальный критерий» — уменьшение количества заболевших; «экономический
критерий» — увеличение относительной прибыли экономической системы. Для решения за-
дачи авторами применяется модификация численного метода параметризации, развиваемого
ими в ранних исследованиях. В статье представлены и проанализированы результаты чис-
ленного эксперимента, направленного на исследование полученных оптимальных решений.
Показано, что оптимальное решение для социального и экономического критериев при из-
менении бюджетов является устойчивым; большинство параметров оптимального решения
слабо эластичны относительно рассмотренных значений переменных; параметры оптимального
решения при использовании экономического критерия более подвержены изменению, чем
при использовании социального критерия; характер изменения параметров оптимального
решения для Ульяновской области и для РФ является схожим. Таким образом, в работе
предлагается инструмент анализа экономической проблемы в условиях массового заболевания,
подтверждается применимость инструмента для поиска оптимальных стратегий управления в
различных экономических системах.
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Introduction

The globalization of economy and growth of the world population lead to the fact
that mass diseases have an impact on all aspects of society. In particular, they affect the
social sphere, since morbidity increases negative processes in society and in some cases
can lead to a reduction in the population [1]. In addition, changes are taking place in the
economic sphere: with the introduction of restrictive measures to prevent the growth
of morbidity, the business activity of economic entities decreases, labor productivity
decreases [2]. Under the current conditions, a governing body of an economic system
faces a number of tasks related to the need to minimize negative effects of a mass disease.
Such tasks include: determining the amount of expenses for hospitalization of patients
and providing them with medical care, informing citizens about the disease and ways to
combat it, making a decision on the introduction of restrictive measures [3]. For their
effective solution, a tool is needed to quantify the impact of the disease on socio-economic
factors and determine a management strategy in conditions mentioned above. An example
of a mass disease affecting the economy of the whole world is the COVID-19 pandemic.
Due to the speed of the spread of the disease, it became necessary to promptly make
decisions on the allocation of resources for health and social support, and on the need to
introduce restrictive measures. As an effective tool for implementing these actions, a
mathematical model describing this situation can act. In current publications devoted
to modeling the dynamics of mass diseases [4–12], the socio-biological aspect of the
epidemic is taken into account (SIR or SEIR-type compartmentalization models are used).
But it is also important to hold the accompanying analysis of economic indicators which
are closely interconnected with socio-biological factors. In particular, [6] emphasizes the
need for quantitative assessments of the interconnection of a pandemic with economy
and healthcare in order to build strategies for managing them. Therefore, a model
should describe the intersection of biosocial environment, economy and healthcare, allow
predicting the dynamics of mass diseases and determining optimal strategies for their
containment.

1. Mathematical model

This paper presents the development of the model proposed in [13,14].
Considering the biological aspect of the impact of a mass disease, the population (𝑁 ,

people) of a region is divided into the following groups:
𝑃 — persons who comply with restrictive measures (for example, self-isolation) and

thereby minimize the risk of infection for themselves;
𝑆 — persons who do not comply with restrictive measures and, therefore, are

potentially susceptible to infection;
𝐸 — infected persons who have the disease in the incubation stage;
𝐼 — ill persons (persons with both an asymptomatic and symptomatic forms of a

disease are taken into account);
𝑄— ill persons, who are hospitalized;
𝑅— recovered;
𝐷— deceased.
The socio-economic aspect is described by the following indicators:
𝑌 — gross output (RUB);
𝜋— profit of an economic entity (RUB);
𝐾 — cost of fixed assets of an economic entity (RUB);
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𝐿— amount of productive labour (persons);
𝑍 — a number of beds in hospitals to accommodate the ill (units).
In addition, investments in the implementation of the control actions of the authorities

are considered:
𝑢1 — investments in the re-equipment of existing beds for the accommodation of the

ill (RUB);
𝑢2 — investments in increasing the number of beds due to the construction of new

hospitals (RUB);
𝑢3 — investments in an information campaign to combat the disease (RUB),

as well as moments of managerial decision-making:
𝜏1 — a moment when governing bodies introduce restrictive measures;
𝜏2 — a moment when the restrictions are lifted.
The effect of management decisions can be described as follows:
if 𝑡 = 𝜏1, then 𝑆(𝑡) = (1 − 𝑎)𝑆(𝑡), 𝑃 (𝑡) = 𝑃 (𝑡) + 𝑎𝑆(𝑡);
if 𝑡 = 𝜏2, then 𝑆(𝑡) = 𝑆(𝑡) + 𝑏𝑃 (𝑡), 𝑃 (𝑡) = (1 − 𝑏)𝑃 (𝑡);

where 𝑎 is the share of the group “persons potentially susceptible to infection”, which
passes into the group “persons who comply with restrictive measures” at 𝜏1; 𝑏 is the
share of the group “persons who comply with restrictive measures”, which passes into
the group “persons potentially susceptible to infection” at 𝜏2.

The mathematical model of control over an economic entity in conditions of mass
diseases is formulated below as a system of differential and algebraic relations.

Dynamics of the number of persons potentially susceptible to infection:

𝑑𝑆

𝑑𝑡
= 𝑘𝑃𝑆𝑃 (𝑡) + 𝑘𝑅𝑆𝑅(𝑡− 𝜏) −

(︂
𝑘𝑆𝐸

(︂
𝐼(𝑡)

𝑁(𝑡)

)︂
+ 𝑘𝑆𝑃 (𝑈3(𝑡)) − 𝜌

)︂
𝑆(𝑡), (1)

where 𝜌 is natural population growth as a percentage of the total population; 𝜏 is
the time during which the immunity of the recovered remains; 𝑘𝑆𝑃 is the intensity of
the transition of persons at risk of infection to the group of those, who comply with
restrictive measures; 𝑘𝑆𝐸 is the intensity of the transition of persons at risk of infection
to the group of the infected in the incubation period; 𝑘𝑅𝑆 is the intensity of repeated
morbidity; 𝑘𝑃𝑆 is the intensity with which persons drop out of the number of those who
comply with restrictive measures.

In general, 𝑘𝑆𝐸 is a function of the ratio of the number of cases to the total population,
and 𝑘𝑆𝑃 is a function of the amount of investment in the information campaign. Then
the dynamics of the number of persons complying with restrictive measures can be
represented as:

𝑑𝑃

𝑑𝑡
= 𝑘𝑆𝑃 (𝑈3(𝑡))𝑆(𝑡) − 𝑘𝑃𝑆𝑃 (𝑡). (2)

Increase in the number of infected persons with the incubation stage of the disease:

𝑑𝐸

𝑑𝑡
= 𝑘𝑆𝐸

(︂
𝐼(𝑡)

𝑁(𝑡)

)︂
𝑆(𝑡) − 𝑘𝐸𝐼𝐸(𝑡), (3)

where 𝑘𝐸𝐼 is the intensity of the transition of infected persons with the incubation stage
of the disease into the group of the ill.

Change in the number of cases:

𝑑𝐼

𝑑𝑡
= 𝑘𝐸𝐼𝐸(𝑡) − (𝑘𝐼𝑄 + 𝑘𝐼𝑅 + 𝑘𝐼𝐷)𝐼(𝑡), (4)
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where 𝑘𝐼𝑄 is the intensity of hospitalization of the ill; 𝑘𝐼𝑅 is the intensity of recovery of
non-hospitalized patients; 𝑘𝐼𝐷 is the mortality rate of non-hospitalized patients.

Dynamics of hospitalization:

𝑑𝑄

𝑑𝑡
= 𝑘𝐼𝑄𝐼(𝑡) − (𝑘𝑄𝐷 + 𝑘𝑄𝑅)𝑄(𝑡), (5)

where 𝑘𝑄𝐷 is the mortality rate of the hospitalized ill persons; 𝑘𝑄𝑅 is the recovery rate
of the hospitalized ill persons.

Increase in the number of the recovered:

𝑑𝑅

𝑑𝑡
= 𝑘𝐼𝑅𝐼(𝑡) + 𝑘𝑄𝑅𝑄(𝑡) − 𝑘𝑅𝑆𝑅(𝑡). (6)

Change in the number of the deceased:

𝑑𝐷

𝑑𝑡
= 𝑘𝑄𝐷𝑄(𝑡) + 𝑘𝐼𝐷𝐼(𝑡). (7)

Change in the number of beds to accommodate the ill:

𝑑𝑍

𝑑𝑡
= 𝑔(𝑢2(𝑡− 𝜏)) − 𝜇𝑍(𝑡) + 𝑘𝑢1(𝑡), (8)

where 𝑔(𝑢2) is a function that matches investments in the construction of new hospitals
with an increase in the number of beds; 𝜏 is the time of implementation of investments;
𝜇 is the depreciation of hospital funds; 𝑘 is the parameter that determines the ratio of the
number of beds converted to accommodate patients and investments in the conversion.

Population of a region:

𝑁(𝑡) = 𝑃 (𝑡) + 𝑆(𝑡) + 𝐸(𝑡) + 𝐼(𝑡) +𝑄(𝑡) +𝑅(𝑡). (9)

General amount of effective labour:

𝐿(𝑡) = 𝑠1𝑃 (𝑡) + 𝑠2𝑆(𝑡) + 𝑠3𝐸(𝑡) + 𝑠4𝑅(𝑡). (10)

where 𝑠𝑘 = 𝑒𝑘 ·𝑚, 𝑘 = 1, 4; 𝑚 is the share of the working-age population of the total
population; 𝑒1 is the labor efficiency coefficient of a healthy person who complies with
restrictive measures and works remotely; 𝑒2 is the labor efficiency coefficient of a healthy
person working full-time; 𝑒3 is the labor efficiency coefficient of a person whose disease
is in the incubation stage; 𝑒4 is the labor efficiency coefficient of a recovered person
working full-time. Thus, 𝑠𝑘, 𝑘 = 1, 4, is the share of investments of the productive labour
of persons from the corresponding groups.

The value of the gross output of an economic entity:

𝑌 (𝑡) = 𝐹 (𝐾(𝑡), 𝐿(𝑡)), (11)

where 𝐾 is the cost of fixed assets of an economic entity; 𝐿 is the volume of productive
labour. Note that the value of 𝐿(𝑡), according to (10), takes into account the influence of
a mass disease. Thus, it is indirectly contained in the value of gross output (𝑌 ).

Profit of a region:

𝜋(𝑡) = 𝑌 (𝑡) − 𝑢1(𝑡) − 𝑢2(𝑡) − 𝑢3(𝑡). (12)
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Gross output depends on the biosocial effect of a mass disease, therefore, profit also
indirectly takes this effect into account.

The volume of investments is assumed to be limited:

𝑢𝑖(𝑡) > 0,

∫︁ 𝑇

𝑡0

𝑢𝑖(𝑡)𝑑𝑡 6 𝐵𝑖, 𝑖 = 1, 3, (13)

where 𝐵1 is the amount of the budget the conversion of existing beds; 𝐵2 is the amount
of the budget for construction of new hospitals; 𝐵3 is the amount of the budget for an
information campaign to combat mass disease.

It is assumed that the number of hospitalized does not exceed the number of beds:

𝑄(𝑡) 6 𝑍(𝑡). (14)

To select a control strategy, it is necessary to introduce a criterion that allows
determining the best item from a set of control strategies [15–19]. We introduce a
functional that contains a combination of criteria: economic (maximizing cumulative
relative profit) and social (minimizing the number of cases):∫︁ 𝑇

𝑡0

(𝛼1𝜋(𝑡) − 𝛼2𝐸(𝑡))𝑑𝑡→ max
𝑢1,𝑢2,𝑢3,𝜏1,𝜏2

, (15)

where 𝛼1 and 𝛼2 are share parameters whose values should be determined by experts. The
system (1)–(14) in combination with the quality criterion (15) is a problem of optimal
control with a delay. Its solution requires the use of specialized numerical methods, for
example, considered in [20,21].

2. Numerical experiment
To find the optimal solution, estimates of the parameters of the model (1)–(15) are

required. The graduate work by M. S. Rybina “Mathematical modeling of optimal control
over an economic entity in conditions of a mass disease” (Ulyanovsk State University,
2022) provides estimates of parameters for the Russian Federation and the Ulyanovsk
region based on data on the COVID-19 pandemic in 2020 (Table 1). There were also
estimates of functional dependencies between the model parameters (Table 2) and based
on the proposed model, the optimal control parameters for the economies of the Russian
Federation and the Ulyanovsk region.

To find optimal solutions, the authors’ software package and algorithms considered
in [20] were used. Parameterization method was used to find the solution of the problem
(1)–(15) in the class of piecewise constant controls 𝑢𝑖(𝑡) = 𝑐𝑖, 1 6 𝑖 6 3, 𝑡 ∈ [𝑡0;𝑇 ]. Here
𝑐𝑖 are constant values, 1 6 𝑖 6 3.

Numerical experiment was held using the data obtained in the condition of absence of
vaccination. The beginning of the pandemic in Russia in the middle of March 2020 was
the initial point, while the final point was December 2020. Thus, the planning period
considered in the problem is 𝑡0 = 0, 𝑇 = 9.5.

Tables 3 and 4 present the optimal values of the control parameters corresponding to
allocated budgets. Each budget was varied by ±1% and ±10%, other things being equal.
The parameters of optimal solutions were compared with the corresponding parameters
calculated in the absence of budget variation.
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Table 1

Estimates of the parameters for the Russian Federation and the Ulyanovsk region

Parameter Region Parameter Region
Russia Ulyanovsk Russia Ulyanovsk

region region
𝑎 0.415 0.416 𝑏 0.271 0.377

𝑐1 0.174 0.122 𝑐2 1.845 · 10−11 2.0975 · 10−11

𝑘𝑃𝑆 0.64 0.5 𝑘𝑄𝐷 0.1 0.13

𝑘𝑅𝑆 0.0002 0.0002 𝑘𝐼𝑅 2.8 2.36

𝑘𝑄𝑅 2.0 2.8 𝑘𝐼𝐷 0 0

𝑘 3.415 · 10−6 2.719 · 10−6 𝑚 0.482 0.467

𝑒1 0.879 0.879 𝑒2 1 1

𝑒3 0.43 0.43 𝑒4 1 1

𝜇 8.33 · 10−3 8.33 · 10−3 𝜌 −9.516 · 10−5 −3.636 · 10−3

Table 2

Estimates of parameter functions for the Russian Federation
and the Ulyanovsk region

Parameter Region
function Russia Ulyanovsk region

𝑘𝑆𝐸(𝐼) 1.11 · 10−7𝐼 7.7 · 10−6𝐼

𝑘𝑆𝑃 (𝑢3) 0.174 + 1.845 · 10−11𝑢3 0.122 + 2.097 · 10−3𝑢3
𝑔(𝑢2) 1.381 · 10−7𝑢2 0

𝐹 (𝐾,𝐿) 7.47 · 10−5𝐾0.4387𝐿1.3667 28.228𝐾0.3815𝐿0.5728

𝐾(𝑡) 3.4973 · 1014𝑒0.0102𝑡 1.256128 · 1012𝑒0.01178𝑡

Table 3

Optimal control parameters for the Russian Federation

Functional Budget value 𝑢1, 𝑢2, 𝑢3, 𝜏1, 𝜏2,
coefficients change RUB RUB RUB months months
𝛼1 = 1, – 7153989000 2521637000 43737850 0.896 2.029
𝛼2 = 0 0.9𝐵1 6919106000 2712544000 47096230 0.834 2.180

(economic 0.9𝐵2 7153989000 2280855000 43957200 0.893 2.034
criterion) 0.9𝐵3 7161150000 2526688000 39482390 0.894 2.034

1.1𝐵1 7381289000 2367600000 41148330 0.953 1.908
1.1𝐵2 7146835000 2776578000 43781630 0.897 2.027
1.1𝐵3 7139688000 2524162000 48183900 0.896 2.028
0.99𝐵1 7125093000 2544446000 44177640 0.889 2.047
0.99𝐵2 7153989000 2498920000 43781630 0.896 2.030
0.99𝐵3 7153989000 2526688000 43430630 0.896 2.030
1.01𝐵1 7175102000 2506545000 43497840 0.901 2.017
1.01𝐵2 7146835000 2549403000 43825460 0.894 2.032
1.01𝐵3 7146835000 2529218000 44308020 0.894 2.032

𝛼1 = 0, – 8463473000 3031374000 52842080 0.000 9.500
𝛼2 = 1 0.9𝐵1 7617126000 3031374000 52842080 0.000 9.500
(social 0.9𝐵2 8463473000 2728237000 52842080 0.000 9.500

criterion) 0.9𝐵3 8463473000 3031374000 47557870 0.000 9.500
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Continuation of Table 3
Functional Budget value 𝑢1, 𝑢2, 𝑢3, 𝜏1, 𝜏2,
coefficients change RUB RUB RUB months months
𝛼1 = 0, 1.1𝐵1 9309820000 3031374000 52842080 0.000 9.500
𝛼2 = 1 1.1𝐵2 8463473000 3334511000 52842080 0.000 9.500
(social 1.1𝐵3 8463473000 3031374000 58126290 0.000 9.500

criterion) 0.99𝐵1 8378838000 3031374000 52842080 0.000 9.500
0.99𝐵2 8463473000 3001060000 52842080 0.000 9.500
0.99𝐵3 8463473000 3031374000 52313660 0.000 9.500
1.01𝐵1 8548108000 3031374000 52842080 0.000 9.500
1.01𝐵2 8463473000 3061688000 52842080 0.000 9.500
1.01𝐵3 8463473000 3031374000 53370500 0.000 9.500

Table 4

Optimal control parameters for the Ulyanovsk region

Functional Budget value 𝑢1, 𝑢3, 𝜏1, 𝜏2,
coefficients change RUB RUB months months
𝛼1 = 1, – 1302991 43215870 1.068 1.691
𝛼2 = 0 0.9𝐵1 1246425 45979050 1.003 1.795

(economic 0.9𝐵3 1304295 38933220 1.065 1.693
criterion) 1.1𝐵1 1357908 41066070 1.126 1.604

1.1𝐵3 1300386 47632680 1.068 1.690
0.99𝐵1 1296430 43606770 1.060 1.702
0.99𝐵3 1302991 42869410 1.067 1.691
1.01𝐵1 1308145 43000220 1.073 1.682
1.01𝐵3 1302991 43735460 1.068 1.690

𝛼1 = 0, – 1578947 52842106 0.000 9.500
𝛼2 = 1 0.9𝐵1 1421052 52842060 0.000 9.500
(social 0.9𝐵3 1578947 47557850 0.000 9.500

criterion) 1.1𝐵1 1736842 52842060 0.000 9.500
1.1𝐵3 1578947 58126260 0.000 9.500
0.99𝐵1 1563158 52842060 0.000 9.500
0.99𝐵3 1578947 52313640 0.000 9.500
1.01𝐵1 1594736 52842060 0.000 9.500
1.01𝐵3 1578947 53370480 0.000 9.500

The analysis of the values in Tables 3 and 4 shows that:
1. The optimal solution for social and economic criteria when changing budgets is

sustainable. If the budget changes by 1% (10%), the optimal parameter values change by
less than 1% (10%). This means that the vast majority of the parameters of the optimal
solution are weakly elastic.

2. The parameters of the optimal solution when using the economic criterion are
more susceptible to change than when using the social criterion.

3. The change in the parameters of the optimal solution for both the Ulyanovsk region
and the Russian Federation is common. In other words, there is a similar effect of the
variables’ values on the optimal strategies for economic entities of a different scale and
complexity. Consequently, the applicability of the model for such subjects is confirmed.
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Conclusion

The paper proposes a mathematical model as a tool for determining optimal control
strategies over an economic entity in conditions of mass diseases. The model includes
socio-biological and economic factors, as well as control measures.

Based on the modification of the parametrization method developed by the authors,
optimal control strategies over an economy in conditions of mass disease were determined
for the Russian Federation and the Ulyanovsk region. A numerical experiment aimed
at studying the stability of the parameters of the optimal solution with variation in the
values of budgets was held. As a result, it was shown that the parameters of the optimal
solution are stable and change in a similar way for the considered economic entities.
This confirms the possibility of using the model for economic entities of various scales
and complexity.

Further development of the study includes supplementing the model with a vaccination
factor, as well as finding and analyzing optimal solutions for non-zero values of both
coefficients of the target functional.
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