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Introduction
In this note, we review basic facts about the metrics for probability measures and

provide specific formulae and simplified proofs that could not be easily found in the
literature. Alongside the classical results such as the evaluation of the Lévy –Prokhorov
distance in terms of the Wasserstein distance presented in Section 1, we discuss some
novel approaches. In Section 2, we review a recent development related to the distances
between the distributions of different dimensions. Finally, in Section 3, we present the
context-sensitive (or weighted) total variance distance and establish a number of new
inequalities mimicking some classical results from the information theory. Sections 1
and 2 of the paper are basically a review but contain several improvements. Section 3 is
purely original and was never published before.
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1. Lévy–Prokhorov and Wasserstein distances
Let P𝑖, 𝑖 = 1, 2, be probability distributions on a metric space 𝒲 with metric 𝑟.

Define the Lévy –Prokhorov distance 𝜌𝐿−𝑃 (P1,P2) between P1,P2 as the infimum of
numbers 𝜀 > 0 such that for any closed set 𝐶 ⊂ 𝒲,

P1(𝐶) −P2(𝐶𝜀) < 𝜀, P2(𝐶) −P1(𝐶𝜀) < 𝜀 (1)

where 𝐶𝜀 stands for the 𝜀-neighborhood of 𝐶 in metric 𝑟. It could be easily checked that
𝜌𝐿−𝑃 (P1,P2) 6 𝜏(P1,P2), i. e. the total variance distance. Next, define the Wasserstein
distance 𝑊 𝑟

𝑝 (P1,P2) between P1,P2 by

𝑊 𝑟
𝑝 (P1,P2) = inf

P̄
(EP̄ [𝑟(𝑋1, 𝑋2)

𝑝])1/𝑝

where the infimum is taken over all joint P̄ on 𝒲 ×𝒲 with marginals P𝑖. In the case
of Euclidean space with 𝑟(𝑥1, 𝑥2) = ‖𝑥1 − 𝑥2‖, the index 𝑟 is omitted.

Theorem 1 (Dobrushin’s bound).

𝜌𝐿−𝑃 (P1,P2) 6 [𝑊 𝑟
1 (P1,P2)]

1/2. (2)

Proof. Suppose that there exists a closed set 𝐶 for which at least one of the
inequalities (1) fails, say P1(𝐶) > 𝜀+ P2(𝐶𝜀). Then, for any joint P̄ with marginals P1

and P2,

EP̄ [𝑟(𝑋1, 𝑋2)] > EP̄ [1(𝑟(𝑋1, 𝑋2) > 𝜀)𝑟(𝑋1, 𝑋2)] > 𝜀P̄(𝑟(𝑋1, 𝑋2) > 𝜀) >

> 𝜀P̄(𝑋1 ∈ 𝐶,𝑋2 ∈ 𝑊 ∖ 𝐶𝜀) > 𝜀
[︀
P̄(𝑋1 ∈ 𝐶) − P̄(𝑋1 ∈ 𝐶,𝑋2 ∈ 𝐶𝜀)

]︀
>

> 𝜀
[︀
P̄(𝑋1 ∈ 𝐶) − P̄(𝑋2 ∈ 𝐶𝜀)

]︀
= 𝜀 [P1(𝑋1 ∈ 𝐶) −P2(𝑋2 ∈ 𝐶𝜀)] > 𝜀2.

This leads to (2), as claimed. �
The Lévy –Prokhorov distance is quite tricky to compute, whereas the Wasserstein

distance can be found explicitly in a number of cases. Say, in 1D case 𝒲 = R1 we have
(cf. [1]).

Theorem 2.

𝑊1(P1,P2) =

∫︁
R

|𝐹1(𝑥) − 𝐹2(𝑥)| 𝑑𝑥. (3)

Proof. First, check the upper bound 𝑊1(P1,P2) 6
∫︀
R
|𝐹1(𝑥) − 𝐹2(𝑥)| 𝑑𝑥. Consider

𝜉 ∼U[0, 1], 𝑋𝑖 = 𝐹−1
𝑖 (𝜉), 𝑖 = 1, 2. Then, in view of Fubini theorem,

E[|𝑋1 −𝑋2|] =

∫︁ 1

0

|𝐹−1
1 (𝑦) − 𝐹−1

2 (𝑦)| 𝑑𝑦 =

∫︁
R

|𝐹1(𝑥) − 𝐹2(𝑥)| 𝑑𝑥.

Let us now prove the inverse inequality. Set 𝑌 = 𝑋2 −𝑋1 ∨ 0, 𝑍 = 𝑋1 −𝑋2 ∨ 0 then
E[|𝑋1 −𝑋2|] = E[𝑌 ] + E[𝑍]. It could be easily checked that

E[𝑍] =

∫︁
R

P̄(𝑋1 6 𝑦,𝑋2 > 𝑦)| 𝑑𝑦.

A similar argument can be done for 𝑌 , by swapping 𝑋1 and 𝑋2. This yields

E[|𝑋1 −𝑋2|] =

∫︁
R

[︀
P̄(𝑋1 6 𝑦,𝑋2 > 𝑦) + P̄(𝑋2 6 𝑦,𝑋1 > 𝑦)

]︀
𝑑𝑦 =
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=

∫︁
R

[︀
P1(𝑋1 6 𝑦) + P2(𝑋2 6 𝑦) − 2P̄(𝑋1 6 𝑦,𝑋2 6 𝑦)

]︀
𝑑𝑦 >

>
∫︁
R

[𝐹1(𝑥) + 𝐹2(𝑥) − 2 min[𝐹1(𝑥), 𝐹2(𝑥)]] 𝑑𝑥 =

∫︁
R

|𝐹1(𝑥) − 𝐹2(𝑥)| 𝑑𝑥. �

Proposition 1. For 𝑑 = 1 and 𝑝 > 1

𝑊𝑝(P1,P2)
𝑝 = 𝑝(𝑝− 1)

∫︁ ∞

−∞
𝑑𝑦

∫︁ ∞

𝑦

max[𝐹2(𝑦) − 𝐹1(𝑥), 0](𝑥− 𝑦)𝑝−2 𝑑𝑥+

+𝑝(𝑝− 1)

∫︁ ∞

−∞
𝑑𝑥

∫︁ ∞

𝑥

max[𝐹1(𝑥) − 𝐹2(𝑦), 0](𝑦 − 𝑥)𝑝−2 𝑑𝑦.

Proof. Follows from the identity

E[|𝑋 − 𝑌 |𝑝] = 𝑝(𝑝− 1)

∫︁ ∞

−∞
𝑑𝑦

∫︁ ∞

𝑦

[𝐹2(𝑦) − 𝐹 (𝑥, 𝑦)](𝑥− 𝑦)𝑝−2 𝑑𝑥+

+𝑝(𝑝− 1)

∫︁ ∞

−∞
𝑑𝑥

∫︁ ∞

𝑥

[𝐹1(𝑥) − 𝐹 (𝑥, 𝑦)](𝑦 − 𝑥)𝑝−2 𝑑𝑦.

The minimum is achieved for 𝐹 (𝑥, 𝑦) = min[𝐹1(𝑥), 𝐹2(𝑦)]. Alternative expression (see
[2]):

𝑊𝑝(P1,P2)
𝑝 =

∫︁ 1

0

|𝐹−1
1 (𝑡) − 𝐹−1

2 (𝑡)|𝑝 𝑑𝑡. �

Proposition 2. Let (X,Y) ∈ R2𝑑 be jointly Gaussian random variables (RVs) with
E[X] = 𝜇𝑋 ,E[Y] = 𝜇𝑌 . Then the Frechet-1 distance

𝜌𝐹1(X,Y) := E

[︃
𝑑∑︁

𝑗=1

|𝑋𝑗 − 𝑌𝑗|

]︃
=

=
𝑑∑︁

𝑗=1

[︃
(𝜇𝑋

𝑗 − 𝜇𝑌
𝑗 )

(︃
1 − 2Φ(−

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

�̂�𝑗
)

)︃
+ 2�̂�𝑗𝜙(−

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

�̂�𝑗
)

]︃
, (4)

where �̂�𝑗 =
(︀
(𝜎𝑋

𝑗 )2 + (𝜎𝑌
𝑗 )2 − 2Cov(𝑋𝑗, 𝑌𝑗)

)︀1/2, 𝜙 and Φ are PDF and CDF of the
standard Gaussian RV. Note that in the case 𝜇𝑋 = 𝜇𝑌 the first term in (4) vanishes,
and the second term gives

𝜌𝐹1(X,Y) =

√︂
2

𝜋

𝑑∑︁
𝑗=1

�̂�𝑗.

We present also expressions for the Frechet-3 and Frechet-4 distances

𝜌𝐹3(X,Y) =

(︃
𝑑∑︁

𝑗=1

E|𝑋𝑗 − 𝑌𝑗|3
)︃1/3

=

(︃
𝑑∑︁

𝑗=1

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )3

(︃
1 − 2Φ

(︃
−

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

�̂�𝑗

)︃)︃
+

+6(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )2�̂�𝑗𝜙

(︃
−

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

�̂�𝑗

)︃
+ 3(�̂�𝑗)

2(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

[︃
1 − 2Φ

(︃
−

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

�̂�𝑗

)︃
−
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−2
(𝜇𝑋

𝑗 − 𝜇𝑌
𝑗 )

�̂�𝑗
𝜙

(︃
−

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

�̂�𝑗

)︃]︃
+ 2(�̂�𝑗)

3𝜙

(︃
−

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

�̂�𝑗

)︃⎡⎣(︃(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )

�̂�𝑗

)︃2

+ 2

⎤⎦)︃1/3

,

𝜌𝐹4(X,Y) =

(︃
𝑑∑︁

𝑗=1

E|𝑋𝑗 − 𝑌𝑗|4
)︃1/4

=

(︃
𝑑∑︁

𝑗=1

(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )4 + 6(𝜇𝑋
𝑗 − 𝜇𝑌

𝑗 )2(�̂�𝑗)
2 + 3(�̂�𝑗)

4

)︃1/4

.

Let 𝜇𝑋
𝑗 = 𝜇𝑌

𝑗 . The expressions for 𝜌𝐹1 −𝜌𝐹4 are minimized when Cov(𝑋𝑗, 𝑌𝑗), 𝑗 = 1, . . . , 𝑑
are maximal. However, this fact does not lead immediately to the explicit expressions
for Wasserstein’s metrics. The problem here is that the joint covariance matrix ΣX,Y

should be positive-definite. So, the straightforward choice Corr(𝑋𝑗, 𝑌𝑗) = 1 is not always
possible, see Theorem 3 below.

Maurice René Fréchet (1878–1973), a French mathematician, worked in topology,
functional analysis, probability theory, and statistics. He was the first to introduce the
concept of a metric space (1906) and prove the representation theorem in 𝐿2 (1907).
However, in both cases the credit was given to other people: Hausdorff and Riesz. Some
sources claim that he discovered the Cramér –Rao inequality before anybody else, but
such a claim was impossible to verify since the lecture notes of his class appeared to
be lost. Fréchet worked in several places in France before moving to Paris in 1928. In
1941 he succeeded Borel as the Chair of Calculus of Probabilities and Mathematical
Physics in Sorbonne. In 1956 he was elected to the French Academy of Sciences, at the
age of 78, which was rather unusual. He influenced and mentored a number of young
mathematicians, notably Fortet and Loève. He was an enthusiast of Esperanto; some of
his papers were published in this language.

In the Gaussian case, it is convenient to use the following extension of Dobrushin’s
bound for 𝑝 = 2:

𝜌𝐿−𝑃 (P1,P2) 6 [𝑊𝑝(P1,P2)]
𝑝/2, 𝑝 > 1.

Theorem 3. Let X𝑖 ∼N(𝜇𝑖,Σ
2
𝑖 ), 𝑖 = 1, 2, be 𝑑−dimensional Gaussian RVs. For

simplicity, assume that both matrices Σ2
1 and Σ2

2 are non-singular1. The 𝐿2 — Wasserstein
distance 𝑊2(X1,X2) = 𝑊2(N(𝜇1,Σ

2
1),N(𝜇2,Σ

2
2)) equals

𝑊2(X1,X2) =
[︀
‖𝜇1 − 𝜇2‖2 + tr(Σ2

1) + tr(Σ2
2) − 2tr[(Σ1Σ

2
2Σ1)

1/2]
]︀1/2

(5)

where (Σ1Σ
2
2Σ1)

1/2 stands for the positive-definite matrix square-root. The value (5) is
achieved when X2 = 𝜇2 + 𝐴(X1 − 𝜇1) where 𝐴 = Σ−1

1 (Σ1Σ
2
2Σ1)

1/2Σ−1
1 .

Corollary. Let 𝜇1 = 𝜇2 = 0. Then for 𝑑 = 1: 𝑊2(𝑋1, 𝑋2) = |𝜎1 − 𝜎2|. For 𝑑 = 2

𝑊2(X1,X2) =
[︁
tr(Σ2

1) + tr(Σ2
2) − 2[tr(Σ2

1Σ
2
2) + 2

√︀
det(Σ1Σ2)]

1/2
]︁1/2

. (6)

Note that the expression in (6) vanishes when Σ2
1 = Σ2

2.

Example 1. (a) Let X ∼N(0,Σ2
𝑋), Y ∼ N(0,Σ2

𝑌 ) where Σ2
𝑋 = 𝜎2

𝑋I𝑑 and Σ2
𝑌 = 𝜎2

𝑌 I𝑑.
Then 𝑊2(X,Y) =

√
𝑑|𝜎𝑋 − 𝜎𝑌 |.

(b) Let 𝑑 = 2, X ∼N(0,Σ2
𝑋), Y ∼N(0,Σ2

𝑌 ) where Σ2
𝑋 = 𝜎2

𝑋I2, Σ2
𝑌 = 𝜎2

𝑌

(︂
1 𝜌
𝜌 1

)︂
and

𝜌 ∈ (−1, 1). Then

𝑊2(X,Y) = 21/2
(︁
𝜎2
𝑋 + 𝜎2

𝑌 − 𝜎𝑋𝜎𝑌
[︀
2 + 2(1 − 𝜌2)1/2

]︀1/2)︁1/2
.

1In general case the statement holds with Σ−1
1 understood as Moore –Penrose inversion.
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(c) Let 𝑑 = 2, X ∼N(0,Σ2
𝑋), Y ∼N(0,Σ2

𝑌 ) where Σ2
𝑋 = 𝜎2

𝑋

(︂
1 𝜌1
𝜌1 1

)︂
, Σ2

𝑌 =

= 𝜎2
𝑌

(︂
1 𝜌2
𝜌2 1

)︂
and 𝜌1, 𝜌2 ∈ (−1, 1). Then

𝑊2(X,Y) = 21/2
(︁
𝜎2
𝑋 + 𝜎2

𝑌 − 𝜎𝑋𝜎𝑌
[︀
2 + 2𝜌1𝜌2 + 2(1 − 𝜌21)

1/2(1 − 𝜌22)
1/2
]︀1/2)︁1/2

.

Note, that in the case 𝜌1 = 𝜌2, 𝑊2(X,Y) =
√

2|𝜎𝑋 − 𝜎𝑌 | as in (a).

Proof. First, reduce to the case 𝜇1 = 𝜇2 = 0 by using the identity 𝑊 2
2 (X1,X2) =

= ‖𝜇1 − 𝜇2‖2 + 𝑊 2
2 (𝜉1, 𝜉2) with 𝜉𝑖 = 𝑋𝑖 − 𝜇𝑖. Note that the infimum in (5) is always

attained on Gaussian measures as 𝑊2(X1,X2) is expressed in terms of the covariance
matrix Σ2 = Σ2

𝑋,𝑌 only (cf. (8) below). Let us write the covarianve matrix in the block
form

Σ2 =

(︂
Σ2

1 𝐾
𝐾𝑇 Σ2

2

)︂
=

(︂
Σ1 0

𝐾𝑇Σ−1
1 𝐼

)︂(︂
𝐼 0
0 𝑆

)︂(︂
Σ1 Σ−1

1 𝐾
0 𝐼

)︂
(7)

where the so-called Shur’s complement 𝑆 = Σ2
2 −𝐾𝑇Σ−2

1 𝐾. The problem is reduced to
finding the matrix 𝐾 in (7) that minimizes the expression∫︁

R𝑑×R𝑑

‖x− y‖2 𝑑PX,Y(x,y) = tr(Σ2
1) + tr(Σ2

2) − 2tr(𝐾) (8)

subject to constraining that the matrix Σ2 in (7) is positively definite. The goal is to check
that the minimum (5) is achieved when Shur’s complement 𝑆 in (7) equals 0. Consider
the fiber 𝜎−1(𝑆), i.e. the set of all matrix 𝐾 such that 𝜎(𝐾) := Σ2

𝑌 −𝐾𝑇 (Σ2
𝑋)−1𝐾 = 𝑆.

It is enough to check the maximum value of tr(𝐾) on this fiber equals

max
𝐹∈𝜎−1(𝑆)

tr(𝐾) = tr
[︀
(Σ𝑌 (Σ2

𝑋 − 𝑆)Σ𝑌 )1/2
]︀
. (9)

Since the matrix 𝑆 is positively defined, it is easy to check that the fiber 𝑆 = 0 should
be selected. In order to establish (9), represent the positively definite matrix Σ2

𝑌 − 𝑆
in the form Σ2

𝑌 − 𝑆 = 𝑈𝐷2
𝑟𝑈

𝑇 where the diagonal matrix 𝐷2
𝑟 = diag(𝜆21, . . . , 𝜆

2
𝑟, 0, . . . , 0)

and 𝜆𝑖 > 0. Next, 𝑈 = (𝑈𝑟|𝑈𝑑−𝑟) is the orthogonal matrix of the corresponding eigen
vectors. We obtain the following 𝑟 × 𝑟 identity:

(Σ−1
𝑋 𝐾𝑈𝑟𝐷

−1
𝑟 )𝑇 (Σ−1

𝑋 𝐾𝑈𝑟𝐷
−1
𝑟 ) = I𝑟.

It means that Σ−1
𝑋 𝐾𝑈𝑟𝐷

−1
𝑟 = 𝑂𝑟, an ’orthogonal’ 𝑑 × 𝑟 matrix, with 𝑂𝑇

𝑟 𝑂𝑟 = I𝑟, and
𝐾 = Σ𝑋𝑂𝑟𝐷𝑟𝑈

𝑇
𝑟 . The matrix 𝑂𝑟 parametrises the fiber 𝜎−1(𝑆). As a result, we have an

optimization problem
tr(𝑂𝑇𝑀) → max,𝑀 = Σ𝑋𝑈𝑟𝐷𝑟,

in a matrix-valued argument 𝑂𝑟, subject to the constraint 𝑂𝑇
𝑟 𝑂𝑟 = I𝑟. A straightforward

computation gives the answer tr[(𝑀𝑇𝑀)1/2] which is equivalent to (9). The technical
details can be found in [3] and [4]. �

For general zero means RVs X,Y ∈ R𝑑 with the covariance matrices Σ2
𝑖 , 𝑖 = 1, 2 the

following inequality holds [5]

tr(Σ2
1) + tr(Σ2

2) − 2tr[(Σ1Σ
2
2Σ1)

1/2] 6 E[‖X−Y‖2] 6 tr(Σ2
1) + tr(Σ2

2) + 2tr[(Σ1Σ
2
2Σ1)

1/2].
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2. The distances between distributions of different dimensions
For 𝑚 6 𝑑 define a set of matrices with orthonormal rows:

𝑂(𝑚, 𝑑) = {𝑉 ∈ R𝑚×𝑑 : 𝑉 𝑉 𝑇 = I𝑚}

and a set of affine maps 𝜙 : R𝑑 → R𝑚 such that 𝜙𝑉,𝑏(𝑥) = 𝑉 𝑥+ 𝑏.

Definition 1. For any measures 𝜇 ∈ M(R𝑚) and 𝜈 ∈ M(R𝑑), the embeddings of 𝜇
into R𝑑 are the set of 𝑑-dimensional measures Φ+(𝜇, 𝑑) := {𝛼 ∈ M(R𝑑) : 𝜙𝑉,𝛽(𝛼) = 𝜇} for
some 𝑉 ∈ 𝑂(𝑚, 𝑑), 𝑏 ∈ R𝑚, and the projections of 𝜈 onto R𝑚 are the set of 𝑚-dimensional
measures Φ−(𝜈,𝑚) := {𝛽 ∈ M(R𝑚) : 𝜙𝑉,𝛽(𝜈) = 𝛽} for some 𝑉 ∈ 𝑂(𝑚, 𝑑), 𝑏 ∈ R𝑚.

Given a metric 𝛾 between measures of the same dimension, define the projection
distance 𝛾−(𝜇, 𝜈) := inf𝛽∈Φ−(𝜈,𝑚) 𝛾(𝜇, 𝛽) and the embedding distance 𝛾+(𝜇, 𝜈) :=
= inf𝛼∈Φ+(𝜇,𝑑) 𝛾(𝛼, 𝜈). It may be proved [6] that 𝛾+(𝜇, 𝜈) = 𝛾−(𝜇, 𝜈), denote the common
value by 𝛾(𝜇, 𝜈).

Example 2. Let us compute the Wasserstein distance between one-dimensional
𝑋 ∼N(𝜇1, 𝜎

2) and 𝑑−dimensional 𝑌 ∼N(𝜇2,Σ). Denote by 𝜆1 > 𝜆2 > . . . > 𝜆𝑑 the
eigenvalues of Σ. Then

�̂�2(𝑋, 𝑌 ) =

⎧⎪⎨⎪⎩
𝜎 −

√
𝜆1 𝑖𝑓 𝜎 >

√
𝜆1,

0 𝑖𝑓
√
𝜆𝑑 6 𝜎 6

√
𝜆1,√

𝜆𝑑 − 𝜎 𝑖𝑓 𝜎 <
√
𝜆𝑑.

(10)

Indeed, in view of Theorem 3, write

(𝑊−
2 (𝑋, 𝑌 ))2 = min

‖x‖2=1,𝑏∈R

[︁
‖𝜇1 − x𝑇𝜇2 − 𝑏‖22+

+tr(𝜎2 + x𝑇Σx− 2𝜎
√
x𝑇Σx)

]︁
= min

‖x‖2=1
(𝜎 −

√
x𝑇Σx)2,

and (10) follows.

Example 3 (Wasserstein-2 distance between Dirac measure on R𝑚 and a discrete
measure on R𝑑). Let y ∈ R𝑚 and 𝜇1 ∈ M(R𝑚) be the Dirac measure with 𝜇1(y) = 1,
i.e., all mass centered at y. Let x1, . . . ,x𝑘 ∈ R𝑑 be distinct points, 𝑝1, . . . , 𝑝𝑘 > 0,
𝑝1 + . . . + 𝑝𝑘 = 0, and let𝜇2 ∈ M(R𝑑) be the discrete measure of point masses with
𝜇2(x𝑖) = 𝑝𝑖, 𝑖 = 1, . . . , 𝑘. We seek the Wasserstein distance �̂�2(𝜇1, 𝜇2) in a closed-form
solution. Suppose 𝑚 6 𝑑, then

(𝑊−
2 (𝜇1, 𝜇2))

2 = inf
𝑉 ∈𝑂(𝑚,𝑑),𝑏∈R𝑚

𝑘∑︁
𝑖=1

𝑝𝑖‖𝑉 x𝑖 + 𝑏− y‖22 =

= inf
𝑉 ∈𝑂(𝑚,𝑑)

𝑘∑︁
𝑖=1

𝑝𝑖‖𝑉 x𝑖 −
𝑘∑︁

𝑖=1

𝑝𝑖𝑉 x𝑖‖22 = inf
𝑉 ∈𝑂(𝑚,𝑑)

tr(𝑉 𝐶𝑉 𝑇 )

noting that the second infimum is attained by 𝑏 = y −
𝑘∑︀

𝑖=1

𝑝𝑖𝑉 x𝑖 and defining 𝐶 in the

last infimum to be

𝐶 :=
𝑘∑︁

𝑖=1

𝑝𝑖

(︃
x𝑖 −

𝑘∑︁
𝑖=1

𝑝𝑖x𝑖

)︃(︃
x𝑖 −

𝑘∑︁
𝑖=1

𝑝𝑖x𝑖

)︃𝑇

∈ R𝑑×𝑑.
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Let the eigenvalue decomposition of the symmetric positive semi-definite matrix 𝐶 be
𝐶 = 𝑄Λ𝑄𝑇 with Λ = diag(𝜆1, . . . , 𝜆𝑑), 𝜆1 > . . . > 𝜆𝑑 > 0. Then

inf
𝑉 ∈𝑂(𝑚,𝑑)

tr(𝑉 𝐶𝑉 𝑇 ) =
𝑚−1∑︁
𝑖=0

𝜆𝑑−𝑖

and is attained when 𝑉 ∈ O(𝑚, 𝑑) has row vectors given by the last 𝑚 columns of
𝑄 ∈ 𝑂(𝑑). �

A closely related question is to find a projection of zero-mean Gaussian models to
the space of a low dimension 𝑟 such distance between the projections of X and Y is
maximal. We start the discussion with the TV distance. Suppose 𝑟 ≪ 𝑑, and we want
to find a low-dimensional projection 𝐴 ∈ R𝑟×𝑑, 𝐴𝐴𝑇 = I𝑟 of the multidimensional data
X ∼ 𝑁(𝜇1,Σ1) and Y ∼ 𝑁(𝜇2,Σ2) such that TV(𝐴X, 𝐴Y) → max. The problem may
be reduced to the case 𝜇1 = 𝜇2 = 0, Σ1 = I𝑑, Σ2 = Σ, cf. [7]. Based on the results
from [7,8] it is natural to maximize

min[1,
𝑟∑︁

𝑖=1

𝑔(𝛾𝑖)]

where 𝑔(𝑥) =
(︀
1
𝑥
− 1
)︀2

and 𝛾𝑖 are the eigenvalues of 𝐴Σ𝐴𝑇 . Consider all permutations 𝜋
of these eigenvalues. Let

𝜋* = argmax𝜋

𝑟∑︁
𝑖=1

𝑔(𝜆𝜋(𝑖)), 𝛾𝑖 = 𝜆𝜋*(𝑖), 𝑖 = 1, . . . , 𝑟.

Then rows of matrix 𝐴 should be selected as the normalized eigenvectors of Σ associated
with the eigenvalues 𝛾𝑖.

Remark. For zero-mean Gaussian models, this procedure may be repeated mutatis
mutandis for any of the so-called 𝑓 -divergences 𝐷𝑓 (P‖Q) := EP

[︀
𝑓
(︀

𝑑Q
𝑑P

)︀]︀
where 𝑓 is a

convex function such that 𝑓(1) = 0, cf. [7]. The most interesting examples are:
1) KL-divergence: 𝑓(𝑡) = 𝑡 log 𝑡 and 𝑔(𝑥) = 1

2
(𝑥− log 𝑥− 1);

2) symmetric KL-divergence: 𝑓(𝑡) = (𝑡− 1) log 𝑡 and 𝑔(𝑥) = 1
2
(𝑥+ 1

𝑥
− 2);

3) the total variance distance: 𝑓(𝑡) = 1
2
|𝑡− 1| and 𝑔(𝑥) =

(︀
1
𝑥
− 1
)︀2

;

4) the square of Hellinger distance: 𝑓(𝑡) = (
√
𝑡− 1)2 and 𝑔(𝑥) =

(︀
𝑥+1
𝑥

)︀2
;

5) 𝜒2−divergence: 𝑓(𝑡) = (𝑡− 1)2 and 𝑔(𝑥) = 1√
𝑥(2−𝑥)

.

For estimations, the following result is utterly useful.

Theorem 4 (Poincaré Separation Theorem). Let Σ be a real symmetric 𝑑 × 𝑑
matrix, and 𝐴 be a semi-orthogonal 𝑟 × 𝑑 matrix. The eigenvalues of Σ (sorted in the
descending order) and the eigenvalues of 𝐴Σ𝐴𝑇 denoted by {𝛾𝑖, 𝑖 = 1, . . . , 𝑟} (sorted in
the descending order) satisfy

𝜆𝑑−(𝑟−𝑖) 6 𝛾𝑖 6 𝜆𝑖, 𝑖 = 1, . . . , 𝑟.
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Let 𝑋1, 𝑋2 be random variables with the probability density functions 𝑝, 𝑞, respectively.
Define the Kullback –Leibler (KL) divergence

KL(P𝑋1‖P𝑋2) =

∫︁
𝑝 log

𝑝

𝑞
.

The KL-divergence is not symmetric and does not satisfy the triangle inequality. However,
it gives rise to the so-called Jensen –Shannon metric [9]

JS(P,Q) =
√︀
𝐷(P‖R) +𝐷(Q‖R)

with R = 1
2
(P + Q). It is a low bound for the total variance distance

0 6 JS(P,Q) 6 TV(P,Q).

Jensen–Shannon metric is not easy to compute in terms of covariance matrices in a
multi-dimensional Gaussian case.

A natural way to develop a computationally effective distance in the Gaussian case
is to define first a metric between the positive-definite matrices. Let 𝜆1, . . . , 𝜆𝑑 be the
generalized eigenvalues, i.e. the solutions of det(Σ1 − 𝜆Σ2) = 0. Define the distance

between the positively definite matrices by 𝑑(Σ1,Σ2) =

√︃
𝑑∑︀

𝑗=1

(ln𝜆𝑗)2, and a geodesic

metric between Gaussian PDs 𝑋1 ∼N(𝜇1,Σ1) and 𝑋2 ∼N(𝜇2,Σ2):

𝑑(𝑋1, 𝑋2) =
(︀
𝛿𝑇𝑆−1𝛿

)︀1/2
+

(︃
𝑑∑︁

𝑗=1

(ln𝜆𝑗)
2

)︃1/2

(11)

where 𝛿 = 𝜇1 − 𝜇2 and 𝑆 = 1
2
Σ1 + 1

2
Σ2. Equivalently,

𝑑2(Σ1,Σ2) = tr
[︁
(ln(Σ

−1/2
1 Σ2Σ

−1/2
1 ))2

]︁
. (12)

Remark. It may be proved that the set of symmetric positively-definite matrices
𝑀+(𝑑,R) is a Riemannian manifold, and (12) is a geodesic distance corresponding to the
bilinear form 𝐵(X,Y) = 4tr(XY) on the tangent space of symmetric matrices 𝑀(𝑑,R).

Note that the geodesic distance (11) and (12) between Gaussian PDs (or corresponding
covariance matrices) is equivalent to the formula for the Fisher information metric for the
multivariate normal model [5]. Indeed, the multivariate normal model is a differentiable
manifold, equipped with the Fisher information as the Riemannian metric, which may be
used in statistical inference.

Example 4. Consider i.i.d. random variables 𝑍𝑙, . . . , 𝑍𝑛 being bi-variately normally
distributed with diagonal covariance matrices, i.e. we focus on the manifold 𝑀𝑑𝑖𝑎𝑔 =
= {N(𝜇,Λ) : 𝜇 ∈ R2,Λ diagonal}. In this manifold, consider the submodel 𝑀*

𝑑𝑖𝑎𝑔 =

= {N(𝜇, 𝜎2I) : 𝜇 ∈ R2, 𝜎2 ∈ R+} corresponding to the hypothesis 𝐻0 : 𝜎2
1 = 𝜎2

2. First,
consider the standard statistical estimates 𝑍 for the mean and 𝑠21, 𝑠

2
2 for the variances. If

�̄�2 denotes the geodesic estimate of the common variance, the squared distance between
the initial estimate and the geodesic estimate under the hypothesis 𝐻0 is given by

𝑛

2

[︃(︂
ln
�̄�2

𝑠21

)︂2

+

(︂
ln
�̄�2

𝑠22

)︂2
]︃

which is minimized by �̄�2 = 𝑠1𝑠2. Hence, instead of the arithmetic mean of the initial
variance estimates, we use an estimate of the geometric mean of these quantities. �
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Finally, we present the distance between the symmetric positively definite matrices

of different dimensions. Let 𝑚 6 𝑑, 𝐴 is 𝑚×𝑚 and 𝐵 =

(︂
𝐵11 𝐵12

𝐵21 𝐵22

)︂
is 𝑑× 𝑑; here 𝐵11

is 𝑚×𝑚 block. Then the distance is defined as follows

𝑑2(𝐴,𝐵) :=

(︃
𝑚∑︁
𝑗=1

(︀
max[0, ln𝜆𝑗(𝐴

−1𝐵11)]
)︀2)︃1/2

. (13)

In order to estimate the distance (13), after the simultaneous diagonalization of matrices
𝐴 and 𝐵, the following classical result is useful.

Theorem 5 (Cauchy interlacing inequalities). Let 𝐵 =

(︂
𝐵11 𝐵12

𝐵21 𝐵22

)︂
be a 𝑑 × 𝑑

symmetric positively definite matrix with eigenvalues 𝜆1(𝐵) 6 . . . 6 𝜆𝑑(𝐵) and 𝑚×𝑚
block 𝐵11. Then

𝜆𝑗(𝐵) 6 𝜆𝑗(𝐵11) 6 𝜆𝑗+𝑑−𝑚(𝐵), 𝑗 = 1, . . . ,𝑚.

3. Context sensitive probability metrics
Let the weight function or graduation 𝜙 > 0 of the phase space 𝒳 is given (cf. [10,11]).

Define the total weighted variation (TWV) distance

𝜏𝜙(P1,P2) =
1

2

(︂
sup
𝐴

[︂∫︁
𝐴

𝜙𝑑P1 −
∫︁
𝐴

𝜙𝑑P2

]︂
+ sup

𝐴

[︂∫︁
𝐴

𝜙𝑑P2 −
∫︁
𝐴

𝜙𝑑P1

]︂)︂
.

Similarly, define the weighted Hellinger distance. Let 𝑝1, 𝑝2 be the densities of P1,P2

wrt to a measure 𝜈. Then

𝜂𝜙(P1,P2) −
1√
2

(︂∫︁
𝜙(

√
𝑝1 −

√
𝑝2)

2 𝑑𝜈

)︂1/2

.

Lemma 1. Let 𝑝1, 𝑝2 be the densities of P1,P2 wrt to a measure 𝜈. Then 𝜏𝜙(P1,P2)
is a distance and

𝜏𝜙(P1,P2) =
1

2

∫︁
𝜙|𝑝1 − 𝑝2| 𝑑𝜈. (14)

Proof. The triangular inequality and other properties of the distance follow
immediately. Next,∫︁

𝑝1>𝑝2

𝜙(𝑝1 − 𝑝2) =
1

2
(

∫︁
𝜙𝑝1 −

∫︁
𝜙𝑝2) +

1

2

∫︁
𝜙|𝑝1 − 𝑝2| 𝑑𝜈,∫︁

𝑝2>𝑝1

𝜙(𝑝2 − 𝑝1) =
1

2
(

∫︁
𝜙𝑝2 −

∫︁
𝜙𝑝1) +

1

2

∫︁
𝜙|𝑝1 − 𝑝2| 𝑑𝜈.

Summing these equalities, one gets (14). �
Let

∫︀
𝜙𝑝1 𝑑𝜈 >

∫︀
𝜙𝑝2 𝑑𝜈. Then, by the weighted Gibbs inequality [10], KL𝜙(P1‖P2) > 0.

Theorem 6 (Weighted Pinsker’s inequality).

1

2

∫︁
𝜙|𝑝1 − 𝑝2| 6

√︁
KL𝜙(P1||P2)/2

√︃∫︁
𝜙𝑝1.
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Proof. Define the function 𝐺(𝑥) = 𝑥 log 𝑥− 𝑥+ 1. The following bound holds

𝐺(𝑥) = 𝑥 log 𝑥− 𝑥+ 1 >
3

2

(𝑥− 1)2

𝑥+ 2
, 𝑥 > 0. (15)

Indeed, since both terms of the inequality (15) coincide at 𝑥 = 1, and their first derivatives
coincide at 𝑥 = 1, the following inequality 𝑓 ′′(𝑥) = 1

𝑥
> 27

(𝑥+2)3
proves the result. Now, by

the Cauchy –Schwarz inequality(︂∫︁
𝜙𝑝2|

𝑝1
𝑝2

− 1|
)︂2

6
∫︁
𝜙

(𝑝1
𝑝2

− 1)2

𝑝1
𝑝2

+ 2
𝑝2

∫︁
𝜙

(︂
𝑝1
𝑝2

+ 2

)︂
𝑝2 6

6 3

∫︁
𝜙

(𝑝1
𝑝2

− 1)2

𝑝1
𝑝2

+ 2
𝑝2

∫︁
𝜙𝑝1 6

∫︁
𝜙𝑔(

𝑝1
𝑝2

)𝑝2

∫︁
𝜙𝑝1 6 KL𝜙(P1||P2)

∫︁
𝜙𝑝1. �

Theorem 7 (Weighted Le Cam’s inequality).

𝜏𝜙(P1,P2) > 𝜂𝜙(P1,P2)
2.

Proof. In view of inequality

1

2
|𝑝1 − 𝑝2| =

1

2
𝑝1 +

1

2
𝑝2 − min[𝑝1, 𝑝2] >

1

2
𝑝1 +

1

2
𝑝2 −

√
𝑝1𝑝2,

one gets

𝜏𝜙(P1,P2) >
1

2

∫︁
𝜙𝑝1+

1

2

∫︁
𝜙𝑝2−

∫︁
𝜙
√
𝑝1𝑝2 = 𝜂𝜙(P1,P2)

2. �

Next, we relate TWV distance to the sum of sensitive errors of both types in
statistical estimates. Let 𝐶 be the critical domain for checking the hypothesis 𝐻1 : P1

versus the alternative 𝐻2 : P2. Define by 𝛼𝜙 =
∫︀
𝐶
𝜙𝑝1 and 𝛽𝜙 =

∫︀
𝒳∖𝐶 𝜙𝑝2 the weighted

error probabilities of the I and II types.

Lemma 2. Let 𝑑 = 𝑑𝐶 be the decision rule with the critical domain 𝐶. Then

inf
𝑑

[𝛼𝜙 + 𝛽𝜙] =
1

2

[︂∫︁
𝜙𝑑P1 +

∫︁
𝜙𝑑P2

]︂
− 𝜏𝜙(P1,P2).

Proof. Denote 𝐶* = {𝑥 : 𝑝2(𝑥) > 𝑝1(𝑥)}. Then, the result follows from the equality
for all 𝐶 ∫︁

𝐶

𝜙𝑑P1 +

∫︁
𝒳∖𝐶

𝜙𝑑P2 =
1

2

[︂∫︁
𝜙𝑑P1 +

∫︁
𝜙𝑑P2

]︂
+

+

∫︁
𝜙|𝑝1 − 𝑝2| [1(𝑥 ∈ 𝐶 ∩ 𝒳 ∖ 𝐶*) − 1(𝑥 ∈ 𝐶 ∩ 𝐶*)] . �

Theorem 8 (Weighted Fano’s inequality). Let P1, . . . ,P𝑀 , 𝑀 > 2 be probability
distributions such that P𝑗 ≪ P𝑘, ∀𝑗, 𝑘. Then

inf
𝑑

max
16𝑗6𝑀

∫︁
𝜙(𝑥)1(𝑑(𝑥) ̸= 𝑗) 𝑑P𝑗(𝑥) >

1

𝑀

𝑀∑︁
𝑗=1

∫︁
𝜙𝑑P𝑗−

− 1

log(𝑀 − 1)

[︃
1

𝑀2

𝑀∑︁
𝑗,𝑘

KL𝜙(P𝑗,P𝑘) + log 2
1

𝑀

𝑀∑︁
𝑗=1

∫︁
𝜙𝑑P𝑗

]︃
(16)

where the infimum is taken over all tests with values in {1, . . . ,𝑀}.
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Proof. Let 𝑍 ∈ {1, . . . ,𝑀} be a random variable such that P(𝑍 = 𝑖) = 1
𝑀

and let
𝑋 ∼ P𝑍 . Note that P𝑍 is a mixture distribution so that for any measure 𝜈 such that

P𝑍 ≪ 𝜈, we have 𝑑P𝑍

𝑑𝜈
= 1

𝑀

𝑀∑︀
𝑘=1

𝑑P𝑗

𝑑𝜈
and so

P(𝑍 = 𝑗|𝑋) = 𝑑P𝑗(𝑥)

(︃
𝑀∑︁
𝑘=1

𝑑P𝑘(𝑥)

)︃−1

.

It implies by Jensen’s inequality applied to the convex function − log 𝑥∫︁
𝜙(𝑥)

𝑀∑︁
𝑗=1

P(𝑍 = 𝑗|𝑋 = 𝑥) logP(𝑍 = 𝑗|𝑋 = 𝑥) 𝑑P𝑋(𝑥) 6

6
1

𝑀2

𝑀∑︁
𝑗,𝑘

∫︁
𝜙 log

(︂
𝑑P𝑗

𝑑P𝑘

)︂
𝑑𝑃𝑗 − log(𝑀)

1

𝑀

𝑀∑︁
𝑗=1

∫︁
𝜙𝑝𝑗 =

=
1

𝑀2

𝑀∑︁
𝑗,𝑘

KL𝜙(P𝑗,P𝑘) − log(𝑀)
1

𝑀

𝑀∑︁
𝑗=1

∫︁
𝜙𝑝𝑗. (17)

On the other hand, denote by 𝑞𝑗 = P(𝑍=𝑗|𝑋)
P(𝑍 ̸=𝑑(𝑋)|𝑋)

and ℎ(𝑥) = 𝑥 log 𝑥 + (1 − 𝑥) log(1 − 𝑥).
Note that ℎ(𝑥) > − log 2 and by Jensen’s inequality

∑︀
𝑗 ̸=𝑑(𝑋) 𝑞𝑗 log 𝑞𝑗 > − log(𝑀 − 1).

The following inequality holds

𝑀∑︁
𝑗=1

P(𝑍 = 𝑗|𝑋) logP(𝑍 = 𝑗|𝑋) =

= ℎ(P(𝑍 ̸= 𝑑(𝑋)|𝑋)) + P(𝑍 ̸= 𝑑(𝑋)|𝑋)
∑︁

𝑗 ̸=𝑑(𝑋)

𝑞𝑗 log 𝑞𝑗 >

> − log 2 − log(𝑀 − 1)P(𝑑(𝑋) ̸= 𝑍|𝑋) log(𝑀 − 1). (18)

Integration of (18) yields∫︁
𝜙(𝑥)

𝑀∑︁
𝑗=1

P(𝑍 = 𝑗|𝑋 = 𝑥) logP(𝑍 = 𝑗|𝑋 = 𝑥) 𝑑P𝑋(𝑥) >

> − log 2
1

𝑀

𝑀∑︁
𝑗=1

∫︁
𝜙𝑑P𝑗 − log(𝑀 − 1) max

16𝑗6𝑀

∫︁
𝜙(𝑥)1(𝑑(𝑥) ̸= 𝑗) 𝑑P𝑗. (19)

Combining (17) and (19) proves (16). �
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