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Introduction

We study the inverse spectral problem for the following system of differential equations on a
finite interval

ℓ𝑌 (𝑥) := 𝑄0𝑌
′(𝑥) +𝑄(𝑥)𝑌 (𝑥) = 𝜌𝑌 (𝑥), 0 6 𝑥 6 𝑇. (1)

Here 𝑌 = [𝑦𝑘]
𝑡
𝑘=1,𝑛

is a column-vector (𝑡 denotes the transposition), 𝜌 is the spectral parameter,
𝑄0 = diag[𝑞𝑘]𝑘=1,𝑛, where 𝑞𝑘 ̸= 0 are different complex numbers, and 𝑄(𝑥) = [𝑞𝑘𝑗(𝑥)]𝑘,𝑗=1,𝑛,
where 𝑞𝑘𝑗(𝑥) ∈ 𝐿(0, 𝑇 ) are complex-valued functions, and 𝑞𝑘𝑘(𝑥) ≡ 0. The matrix 𝑄(𝑥) is called
the potential.

Inverse problems for systems of the form (1) in different formulations were studied by many
authors. Most of the works are devoted to inverse problems for Dirac and AKNS systems, i.e.
to the case of 𝑛 = 2 (see, for example, [1]). The main tool for these investigations was the
transformation operator method, and the obtained results are similar to the results for the
Sturm-Liouville operator (see [1, 2] and the references therein). These results can be easily
generalized by the same method for 𝑛 > 2 but only in the exceptional case when all 𝑞𝑘 are real
(see, for example, [3–5]). However, for system (1) of general form with arbitrary complex 𝑞𝑘
and arbitrary integrable potentials the inverse problem is essentially more difficult to study. The
method of spectral mappings [6] was created for solving the inverse problem in this general case.
In particular, by this method the inverse problem for system (1) on the half-line has been solved
in [7]. The inverse problem for system (1) on a finite interval in the general case has been solved
in [8], where the uniqueness theorem was proved and a constructive procedure for the solution of
the inverse problem was suggested.

In this paper, we study the inverse spectral problem for system (1) with arbitrary complex 𝑞𝑘
on a finite interval. As the main spectral characteristic we introduce and investigate the so-called
Weyl matrix which is an analog of the classical Weyl function for the Sturm–Liouville operator
and the Weyl matrix introduced in [9,10] for higher-order differential operators. The main method
of the investigation is the method of spectral mappings. Developing the ideas of this method in
connection with systems of the form (1) and using discovered properties of the Weyl matrix, we
provide necessary and sufficient conditions for the solvability of the inverse problem considered.
We will use some notations and facts from [8].

1. Properties of the spectral characteristics

Let the matrices ℎ = [ℎ𝜉𝜈 ]𝜉,𝜈=1,𝑛 and 𝐻 = [𝐻𝜉𝜈 ]𝜉,𝜈=1,𝑛 be given, where ℎ𝜉𝜈 , 𝐻𝜉𝜈 are complex
numbers, and detℎ ̸= 0, det𝐻 ̸= 0. We introduce the linear forms 𝑈(𝑌 ) = [𝑈𝜉(𝑌 )]𝑡

𝜉=1,𝑛
,

𝑉 (𝑌 ) = [𝑉𝜉(𝑌 )]𝑡
𝜉=1,𝑛

by the formulae 𝑈(𝑌 ) = ℎ𝑌 (0), 𝑉 (𝑌 ) = 𝐻𝑌 (𝑇 ), i.e.

𝑈𝜉(𝑌 ) = [ℎ𝜉1, . . . , ℎ𝜉𝑛]𝑌 (0), 𝑉𝜉(𝑌 ) = [𝐻𝜉1, . . . ,𝐻𝜉𝑛]𝑌 (𝑇 ).

Let the vector-functions Φ𝑚(𝑥, 𝜌) = [Φ𝜈𝑚(𝑥, 𝜌)]𝑡
𝜈=1,𝑛

, 𝑚 = 1, 𝑛 be solutions of system (1)

under the conditions 𝑈𝜉(Φ𝑚) = 𝛿𝜉𝑚, 𝜉 = 1,𝑚, 𝑉𝜂(Φ𝑚) = 0, 𝜂 = 1, 𝑛−𝑚. Here and in the
sequel, 𝛿𝜉𝑚 is the Kronecker delta. Let 𝑀𝑚𝜉(𝜌) = 𝑈𝜉(Φ𝑚), 𝑀(𝜌) = [𝑀𝑚𝜉(𝜌)]𝑚,𝜉=1,𝑛, Φ(𝑥, 𝜌) =
= [Φ1(𝑥, 𝜌), . . . ,Φ𝑛(𝑥, 𝜌)] = [Φ𝜈𝑚(𝑥, 𝜌)]𝜈,𝑚=1,𝑛. The functions 𝑀𝜉𝑚(𝜌) are called the Weyl
functions. The matrix 𝑀(𝜌) is called the Weyl matrix for system (1).

Inverse problem 1. Fix 𝑄0, ℎ,𝐻, i.e. the numbers 𝑞𝑘, ℎ𝜉𝜈 , 𝐻𝜉𝜈 , 𝑘, 𝜉, 𝜈 = 1, 𝑛 are known and
fixed. Given the Weyl matrix 𝑀(𝜌), construct the potential 𝑄(𝑥), 0 < 𝑥 < 𝑇.
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It is easy to see that in the general case, the specification of the Weyl matrix does not
determine uniquely the matrices of the linear forms ℎ and 𝐻. It is possible to point out particular
cases (when the matrices ℎ and 𝐻 are normalized and have a special structure) for which the
specification of the Weyl matrix uniquely determines not only the potential but also the matrices
of the linear forms. For simplicity, we confine ourselves here to the most principal and difficult
problem of recovering the potential 𝑄(𝑥).

Let 𝐶(𝑥, 𝜌) = [𝐶𝑘𝑚(𝑥, 𝜌)]𝑘,𝑚=1,𝑛 be a matrix-solution of system (1) under the initial condition
𝑈(𝐶) = ℎ𝐶(0, 𝜌) = 𝐼 (here and below 𝐼 denotes the identity matrix of the corresponding
dimension or the identity operator in the corresponding Banach space). In other words, the
column-vectors 𝐶𝑚(𝑥, 𝜌) = [𝐶𝑘𝑚(𝑥, 𝜌)]𝑡

𝑘=1,𝑛
, 𝑚 = 1, 𝑛, are solutions of (1) under the initial

conditions 𝑈𝜉(𝐶𝑚) = 𝛿𝜉𝑚, 𝜉,𝑚 = 1, 𝑛. The functions 𝐶𝑘𝑚(𝑥, 𝜌) are entire in 𝜌 for each fixed 𝑥.
Clearly, Φ(𝑥, 𝜌) = 𝐶(𝑥, 𝜌)𝒩 (𝜌), where 𝒩 (𝜌) :=𝑀 𝑡(𝜌). One has

𝑀𝑚𝑘(𝜌) = (Δ𝑚𝑚(𝜌))−1Δ𝑚𝑘(𝜌), 1 6 𝑚 < 𝑘 6 𝑛, (2)

where

Δ𝑚𝑘(𝜌) := (−1)𝑚+𝑘 det[𝑉𝜉(𝐶𝜈)]𝜉=1,𝑛−𝑚;𝜈=𝑚,𝑛∖𝑘, 1 6 𝑚 6 𝑘 6 𝑛, Δ𝑛𝑛(𝜌) := 1.

It is known that the 𝜌-plane can be partitioned into sectors 𝑆𝑗 = {𝜌 : arg 𝜌 ∈ (𝜃𝑗 , 𝜃𝑗+1)},
𝑗 = 0, 2𝑟 − 1, 0 6 𝜃0 < 𝜃1 < . . . < 𝜃2𝑟−1 6 2𝜋 in which there exist permutations 𝑖𝑘 = 𝑖𝑘(𝑆𝑗) of
the numbers 1, . . . , 𝑛, such that for the numbers 𝑅𝑘 = 𝑅𝑘(𝑆𝑗) of the form 𝑅𝑘 = 𝛽𝑖𝑘 one has

Re(𝜌𝑅1) < . . . < Re(𝜌𝑅𝑛), 𝜌 ∈ 𝑆𝑗 . (3)

We put 𝜃𝑗+2𝑘𝑟 := 𝜃𝑗 , 𝑆𝑗+2𝑘𝑟 := 𝑆𝑗 , 𝑘 ∈ Z, and denote Γ𝑗 = {𝜌 : arg 𝜌 = 𝜃𝑗}. Clearly,
Γ𝑗+2𝑘𝑟 := Γ𝑗 , 𝑘 ∈ Z. We note that the number 2𝑟 of the sectors 𝑆𝑗 depends on the location of
the numbers {𝛽𝑘}𝑘=1,𝑛 on the complex-plane, and 1 6 𝑟 6 𝑛(𝑛− 1)/2. For example, if all 𝛽𝑘 lie
on a line containing the origin, then 𝑟 = 1. Denote

Ω0
𝑚𝑘(𝑗1, . . . , 𝑗𝑚) := det[ℎ𝜉,𝑗𝜈 ]𝜉=1,𝑚−1,𝑘; 𝜈=1,𝑚, 1 6 𝑚 6 𝑘 6 𝑛,

Ω0
𝑚(𝑗1, . . . , 𝑗𝑚) := Ω0

𝑚𝑚(𝑗1, . . . , 𝑗𝑚), Ω0
0 := 1,

Ω1
𝑚(𝑗𝑚+1, . . . , 𝑗𝑛) := det[𝐻𝜉,𝑗𝜈 ]𝜉=1,𝑛−𝑚, 𝜈=𝑚+1,𝑛.

Let
Ω0
𝑚(𝑖1, . . . , 𝑖𝑚) ̸= 0, Ω1

𝑚(𝑖𝑚+1, . . . , 𝑖𝑛) ̸= 0, 𝑚 = 1, 𝑛− 1, 𝑗 = 0, 2𝑟 − 1, (4)

where 𝑖𝑘 = 𝑖𝑘(𝑆𝑗) is the above-mentioned perturbation for the sector 𝑆𝑗 . Condition (4) is called the
regularity condition. Systems, that do not satisfy the regularity condition, possess qualitatively
different properties for investigating inverse problems and are not considered in this paper.

Fix 𝑗 = 0, 2𝑟 − 1. For 𝜌 ∈ Γ𝑗 , strict inequalities from (3) in some places become equalities.
Let 𝑚𝑖 = 𝑚𝑖(𝑗), 𝑝𝑖 = 𝑝𝑖(𝑗), 𝑖 = 1, 𝑠, be such that for 𝜌 ∈ Γ𝑗 ,

Re(𝜌𝑅𝑚𝑖−1) < Re(𝜌𝑅𝑚𝑖) = . . . = Re(𝜌𝑅𝑚𝑖+𝑝𝑖) < Re(𝜌𝑅𝑚𝑖+𝑝𝑖+1), 𝑖 = 1, 𝑠,

where 𝑅𝑘 = 𝑅𝑘(𝑆𝑗).
Denote 𝑁𝑗 := {𝑚 : 𝑚 = 𝑚1,𝑚1 + 𝑝1 − 1, . . . ,𝑚𝑠,𝑚𝑠 + 𝑝𝑠 − 1}, 𝐽𝑚 := {𝑗 : 𝑚 ∈ 𝑁𝑗},

𝛾𝑚 =
⋃︀

𝑗∈𝐽𝑚
Γ𝑗 , Σ𝑚 = C ∖ 𝛾𝑚 is the 𝜌- plane without the cuts along the rays from 𝛾𝑚. Clearly, the

domain Σ𝑚 =
⋃︀
𝜈
𝑆𝑚𝜈 consists of sectors 𝑆𝑚𝜈 , each of which is a union of several sectors 𝑆𝑗 with

the same collection {𝑅𝜉}𝜉=1,𝑚. Let Γ𝑗,𝜎 := {𝜌 : dist (𝜌,Γ𝑗) 6 𝜎}, 𝜎 > 0, be a strip along the ray

Γ𝑗 , and let 𝛾𝑚,𝜎 :=
⋃︀

𝑗∈𝐽𝑚
Γ𝑗,𝜎 = {𝜌 : dist (𝜌, 𝛾𝑚) 6 𝜎}. Denote Γ1

𝜎 :=
2𝑟−1⋃︀
𝑗=0

Γ𝑗,𝜎, Γ1 :=
2𝑟−1⋃︀
𝑗=0

Γ𝑗 .
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Denote by Λ𝑚 = {𝜌𝑙𝑚}𝑙>1, 𝑚 = 1, 𝑛− 1, the set of zeros (with multiplicities) of the entire

function Δ𝑚𝑚(𝜌), and put Λ :=
𝑛−1⋃︀
𝑚=1

Λ𝑚. The numbers {𝜌𝑙𝑚}𝑙>1 coincide with the eigenvalues of

the boundary value problem 𝐿𝑚 for system (1) under the conditions 𝑈𝜉(𝑌 ) = 𝑉𝜂(𝑦) = 0, 𝜉 = 1,𝑚,

𝜂 = 1, 𝑛−𝑚. Denote 𝐺𝛿,𝑚 = {𝜌 : |𝜌 − 𝜌𝑙𝑚| > 𝛿, 𝑙 > 1}, 𝐺𝛿 =
𝑛−1⋂︀
𝑚=1

𝐺𝛿,𝑚. Let Λ0
𝑚 = {𝜌0𝑙𝑚}𝑙>1,

𝑚 = 1, 𝑛− 1, be the eigenvalues of the “simplest” boundary value problems 𝐿0
𝑚 for system (1)

with 𝑄(𝑥) ≡ 0. The following properties of the Weyl matrix were established in [8].

Theorem 1. 1. The Weyl functions 𝑀𝑚𝑘(𝜌), 𝑘 > 𝑚 are meromorphic in 𝜌 with the set
Λ𝑚 = {𝜌𝑙𝑚}𝑙>1 of poles. For |𝜌| → ∞, arg 𝜌 = 𝜃 ∈ (𝜃𝑗 , 𝜃𝑗+1),

𝑀𝑚𝑘(𝜌) =𝑀0
𝑚𝑘 +𝑂(𝜌−1),

where 𝑀0
𝑚𝑘 = (Ω0

𝑚(𝑖1, . . . , 𝑖𝑚))−1Ω0
𝑚𝑘(𝑖1, . . . , 𝑖𝑚). Moreover,

|𝑀𝑚𝑘(𝜌)| 6 𝐶𝛿, 𝜌 ∈ 𝐺𝛿,𝑚 . (5)

2. There exists 𝜎 > 0 such that Λ𝑚 ⊂ 𝛾𝑚,𝜎. Moreover, Λ𝑚 =
⋃︀

𝑗∈𝐽𝑚
Λ𝑚𝑗, where Λ𝑚𝑗 ∈ Γ𝑗,𝜎 is

the subsequence of Λ𝑚 located in the strip Γ𝑗,𝜎, 𝑗 ∈ 𝐽𝑚.
3. The number 𝑛𝑚𝑎 of zeros of Δ𝑚𝑚(𝜌) in the domain 𝛾𝑎𝑚,𝜎 := {𝜌 : 𝜌 ∈ 𝛾𝑚,𝜎, |𝜌| ∈ [𝑎, 𝑎+ 1]}

is bounded with respect to 𝑎.
4. There exist positive numbers 𝑟𝑁 → ∞ such that for sufficiently small 𝛿 > 0, the circles

|𝜌| = 𝑟𝑁 lie in 𝐺𝛿 for all 𝑁.
5. For 𝑚 = 1, 𝑛− 1, one has 𝜌𝑙𝑚 = 𝜌0𝑙𝑚 +𝑂(𝑙−1) as 𝑙 → ∞.

We consider the differential system

ℓ*𝑍(𝑥) := −𝑍 ′(𝑥)𝑄0 + 𝑍(𝑥)𝑄(𝑥) = 𝜌𝑍(𝑥),

where 𝑍 = [𝑧𝑘]𝑘=1,𝑛 is a row-vector. Clearly,

𝑍(𝑥)ℓ𝑌 (𝑥)− ℓ*𝑍(𝑥)𝑌 (𝑥) =
𝑑

𝑑𝑥

(︁
𝑍(𝑥)𝑄0𝑌 (𝑥)

)︁
. (6)

It follows from (6) that if ℓ𝑌 (𝑥, 𝜌) = 𝜌𝑌 (𝑥, 𝜌) and ℓ*𝑍(𝑥, 𝜇) = 𝜇𝑍(𝑥, 𝜇), then

(𝜌− 𝜇)𝑍(𝑥, 𝜇)𝑌 (𝑥, 𝜌) =
𝑑

𝑑𝑥

(︁
𝑍(𝑥, 𝜇)𝑄0𝑌 (𝑥, 𝜌)

)︁
. (7)

Put 𝑈*(𝑍) = 𝑍(0)ℎ*, 𝑉 *(𝑍) = 𝑍(𝑇 )𝐻*, where ℎ* = [ℎ*𝑘𝜉]𝑘,𝜉=1,𝑛 := 𝑄0ℎ
−1, 𝐻* =

= [𝐻*
𝑘𝜉]𝑘,𝜉=1,𝑛 := 𝑄0𝐻

−1. Then 𝑈*(𝑍) = [𝑈*
𝑛(𝑍), . . . , 𝑈

*
1 (𝑍)], 𝑉

*(𝑍) = [𝑉 *
𝑛 (𝑍), . . . , 𝑉

*
1 (𝑍)],

where 𝑈*
𝑛−𝜉+1(𝑍) = 𝑍(0)[ℎ*𝑘𝜉]

𝑡
𝑘=1,𝑛

, 𝑉 *
𝑛−𝜉+1(𝑍) = 𝑍(𝑇 )[𝐻*

𝑘𝜉]
𝑡
𝑘=1,𝑛

Denote 𝑅*
𝑚 := −𝑅𝑛−𝑚+1. Let vector-functions Φ*

𝑚(𝑥, 𝜌) = [Φ*
𝑘𝑚(𝑥, 𝜌)]𝑘=1,𝑛, 𝑚 = 1, 𝑛

be solutions of the equation ℓ*𝑍 = 𝜌𝑍, satisfying the conditions 𝑈*
𝜉 (Φ

*
𝑚) = 𝛿𝜉𝑚, 𝜉 = 1,𝑚,

𝑉 *
𝜂 (Φ

*
𝑚) = 0, 𝜂 = 1, 𝑛−𝑚. We put Φ*(𝑥, 𝜌)=[Φ*

𝑛−𝑚+1(𝑥, 𝜌)]
𝑡
𝑚=1,𝑛

=[Φ*
𝑛−𝑚+1,𝑘(𝑥, 𝜌)]𝑚,𝑘=1,𝑛.

2. Solution of the inverse problem

It was proved in [8] that the specification of the Weyl matrix 𝑀(𝜌) uniquely determines
the potential matrix 𝑄(𝑥). In this section, we provide a constructive solution to the inverse
problem of recovering the potential matrix 𝑄(𝑥) from the given Weyl matrix 𝑀(𝜌). For this
purpose, we reduce our nonlinear inverse problem to the solution of the so-called main equation,
which is a linear equation in a corresponding Banach space of sequences. We give a derivation of
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the main equation and prove its unique solvability. Using the solution of the main equation we
provide an algorithm for the solution of the inverse problem along with necessary and sufficient
conditions for its solvability. For simplicity, in the sequel we confine ourselves to the case when
the functions Δ𝑚𝑚(𝜌), 𝑚 = 1, 𝑛− 1, have only simple zeros (the general case requires minor
technical modifications).

For 𝜌0 ∈ Λ we define the matrix 𝐹 (𝜌0) = [𝐹𝑗𝑘(𝜌0)]𝑗,𝑘=1,𝑛 via

𝐹 (𝜌0) = −(𝑁⟨0⟩(𝜌0))
−1𝑁⟨−1⟩(𝜌0).

Here and below 𝑓⟨𝑘⟩(𝜌0) = (𝑓(𝜌))
⟨𝑘⟩
|𝜌=𝜌0

denotes the 𝑘-th Laurent’s coefficient for the function 𝑓(𝜌)
at the point 𝜌 = 𝜌0. In particular, 𝑓⟨−1⟩(𝜌0) = Res

𝜌=𝜌0
𝑓(𝜌).

Denote 𝐴𝑠(𝜌0) = [𝐹𝜈𝑗(𝜌0)]𝑗=1,𝑛−𝑠, 𝜈=𝑛−𝑠,𝑛, 𝑠 = 1, 𝑛− 1, Λ0 = Λ𝑛 = ∅.
Property 𝑆1. If 𝜌0 /∈ Λ𝑚, then 𝐹𝑚+1,𝑗(𝜌0) = . . . = 𝐹𝑛𝑗(𝜌0) = 0, 𝑗 = 1,𝑚. If, moreover,

𝜈 < 𝑚− 1, 𝜌0 /∈ Λ𝜈 , 𝜌0 ∈ Λ𝜈+1
⋂︀
. . .
⋂︀

Λ𝑚−1, 𝜌0 /∈ Λ𝑚, 1 6 𝜈+1 < 𝑚 6 𝑛, then 𝐹𝑚,𝜈+1(𝜌0) ̸= 0.
Property 𝑆2. The following relation holds rank𝐴𝑠(𝜌0) 6 1, 𝑠 = 1, 𝑛− 1.
Fix 𝑁 > 1. Denote by 𝑊𝑁 the set of functions 𝑓(𝑥) such that 𝑓 (𝜈)(𝑥), 𝜈 = 0, 𝑁 − 1, are

absolutely continuous on [0, 𝑇 ]. We will write ℓ ∈ 𝑉𝑁 if 𝑄(𝑥) ∈𝑊𝑁 . We will solve the inverse
problem in the classes 𝑉𝑁 .

Let ℓ ∈ 𝑉𝑁 and let the Weyl matrix 𝑀(𝜌) for system (1) be given. We take an arbitrary
off-diagonal potential �̃�(𝑥) ∈ 𝑊𝑁 . We agree that everywhere below if a symbol 𝛼 denotes an
object related to 𝑄, then �̃� will denote the analogous object related to �̃�, and �̂� := 𝛼− �̃�.

Choose 𝜎 > 0 such that Λ1 := Λ ∪ Λ̃ ⊂ Γ1
𝜎. Let 𝜔 be the contour (with a counterclockwise

circuit) which is the boundary of Γ1
𝜎, i.e. 𝜔 := {𝜌 : dist(𝜌,Γ1) = 𝜎}.

Denote 𝐽 := {𝜌 : dist(𝜌,Γ1) > 𝜎}. Then the following relations hold

Φ̃(𝑥, 𝜌) = Φ(𝑥, 𝜌) +
1

2𝜋𝑖

∫︁
𝜔
Φ(𝑥, 𝜇)Φ̃*(𝑥, 𝜇)𝑄0Φ̃(𝑥, 𝜌)

𝑑𝜇

𝜇− 𝜌
, 𝜌 ∈ 𝐽, (8)

Φ*(𝑥, 𝜃)𝑄0Φ(𝑥, 𝜌)

𝜌− 𝜃
− Φ̃*(𝑥, 𝜃)𝑄0Φ̃(𝑥, 𝜌)

𝜌− 𝜃
=

=
1

2𝜋𝑖

∫︁
𝜔
Φ*(𝑥, 𝜃)𝑄0Φ(𝑥, 𝜇)Φ̃

*(𝑥, 𝜇)𝑄0Φ̃(𝑥, 𝜌)
𝑑𝜇

(𝜇− 𝜃)(𝜌− 𝜇)
, 𝜌, 𝜃 ∈ 𝐽. (9)

Denote

𝜉𝑙 :=
𝑛∑︁

𝑘=2

(︁
|𝜌𝑙,𝑘−1 − 𝜌𝑙,𝑘−1|+

𝑘−1∑︁
𝑠=1

|𝛾𝑠𝑘𝑙 − 𝛾𝑠𝑘𝑙|
)︁
, 𝑙 > 1,

where 𝛾𝑠𝑘𝑙 := 𝐹𝑘𝑠(𝜌𝑙,𝑘−1), 𝛾𝑠𝑘𝑙 := 𝐹𝑘𝑠(𝜌𝑙,𝑘−1), 𝑠 = 1, 𝑘 − 1, 𝑘 = 2, 𝑛, 𝑙 > 1. It is possible to
choose �̃�(𝑥) such that 𝜉𝑙 = 𝑂(𝑙−𝑁−1) for 𝑙 → ∞.

For 𝜌0 ∈ Λ1 we introduce the matrix �̃�(𝑥, 𝜌0, 𝜌) = [�̃�𝑠𝑚(𝑥, 𝜌0, 𝜌)]𝑠,𝑚=1,𝑛 by the formula

�̃�(𝑥, 𝜌0, 𝜌) :=
(︁ Φ̃*(𝑥, 𝜇)𝑄0Φ̃(𝑥, 𝜌)

𝜌− 𝜇

)︁⟨0⟩
|𝜇=𝜌0

=
(︁ Φ̃*

⟨−1⟩(𝑥, 𝜌0)

(𝜌− 𝜌0)2
+

Φ̃*
⟨0⟩(𝑥, 𝜌0)

𝜌− 𝜌0

)︁
𝑄0Φ̃(𝑥, 𝜌).

Denote 𝜌𝑙𝑘0 = 𝜌𝑙𝑘, 𝜌𝑙𝑘1 = 𝜌𝑙𝑘, 𝛾
𝑠𝑘
𝑙0 = 𝛾𝑠𝑘𝑙, 𝛾

𝑠𝑘
𝑙1 = 𝛾𝑠𝑘𝑙. We introduce the matrices

𝜙𝑙𝜀(𝑥) = [𝜙𝑖𝑘
𝑙𝜀 (𝑥)]𝑖=1,𝑛, 𝑘=2,𝑛, 𝜙𝑙𝜀(𝑥) = [𝜙𝑖𝑘

𝑙𝜀 (𝑥)]𝑖=1,𝑛, 𝑘=2,𝑛,

𝑃𝑙𝜀(𝑥, 𝜌) = [𝑃 𝑘𝑚
𝑙𝜀 (𝑥, 𝜌)]𝑘=2,𝑛,𝑚=1,𝑛, 𝑃𝑙𝜀(𝑥, 𝜌) = [𝑃 𝑘𝑚

𝑙𝜀 (𝑥, 𝜌)]𝑘=2,𝑛, 𝑚=1,𝑛,

𝐺(𝑙𝜀)(𝑙0𝜀0)(𝑥) = [𝐺𝑘𝑚
(𝑙𝜀)(𝑙0𝜀0)

(𝑥)]𝑘,𝑚=2,𝑛, �̃�(𝑙𝜀)(𝑙0𝜀0)(𝑥) = [�̃�𝑘𝑚
(𝑙𝜀)(𝑙0𝜀0)

(𝑥)]𝑘,𝑚=2,𝑛,

𝑙, 𝑙0 > 1, 𝜀, 𝜀0 = 0, 1,
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by the formulae

𝜙𝑖𝑘
𝑙𝜀 (𝑥) = Φ𝑖𝑘,⟨0⟩(𝑥, 𝜌𝑙,𝑘−1,𝜀), 𝜙𝑖𝑘

𝑙𝜀 (𝑥) = Φ̃𝑖𝑘,⟨0⟩(𝑥, 𝜌𝑙,𝑘−1,𝜀),

𝑃 𝑘𝑚
𝑙𝜀 (𝑥, 𝜌) =

𝑘−1∑︁
𝑠=1

𝛾𝑠𝑘𝑙𝜀 𝐷𝑠𝑚(𝑥, 𝜌𝑙,𝑘−1,𝜀, 𝜌), 𝑃
𝑘𝑚
𝑙𝜀 (𝑥, 𝜌) =

𝑘−1∑︁
𝑠=1

𝛾𝑠𝑘𝑙𝜀 �̃�𝑠𝑚(𝑥, 𝜌𝑙,𝑘−1,𝜀, 𝜌),

𝐺𝑘𝑚
(𝑙𝜀)(𝑙0𝜀0)

(𝑥) = 𝑃 𝑘𝑚
𝑙𝜀,⟨0⟩(𝑥, 𝜌𝑙0,𝑚−1,𝜀0), �̃�

𝑘𝑚
(𝑙𝜀)(𝑙0𝜀0)

(𝑥) = 𝑃 𝑘𝑚
𝑙𝜀,⟨0⟩(𝑥, 𝜌𝑙0,𝑚−1,𝜀0).

Denote 𝑢𝑙𝑚(𝑥) := | exp(𝜌𝑙,𝑚−1𝑅𝑚𝑥)|, 𝑙 ∈ Λ̃𝑚−1,𝑗 , 𝑗 ∈ 𝐽𝑚−1, 𝑅𝑚 = 𝑅𝑚(𝑆𝑗). Using (8) and taking
our notations into account we obtain

Φ̃(𝑥, 𝜌) = Φ(𝑥, 𝜌) +
∑︁
𝑙>1

(︁
𝜙𝑙0(𝑥)𝑃𝑙0(𝑥, 𝜌)− 𝜙𝑙1(𝑥)𝑃𝑙1(𝑥, 𝜌)

)︁
. (10)

It follows from (10) that

𝜙𝑙0𝜀0(𝑥) = 𝜙𝑙0𝜀0(𝑥) +
∑︁
𝑙>1

(︁
𝜙𝑙0(𝑥)�̃�(𝑙0)(𝑙0𝜀0)(𝑥)− 𝜙𝑙1(𝑥)�̃�(𝑙1)(𝑙0𝜀0)(𝑥)

)︁
, (11)

𝑙0 > 1, 𝜀0 = 0, 1.

For each fixed 𝑥 ∈ [0, 𝑇 ], relation (11) can be considered as a system of linear equations with
respect to 𝜙𝑙𝜀(𝑥), 𝑙 > 1, 𝜀 = 0, 1. But the series in (11) converges only “with brackets”. Therefore,
it is not convenient to use (11) as a main equation of the inverse problem. Below we will
transfer (11) to a linear equation in a corresponding Banach space of sequences (see (15)).

For this purpose we introduce the matrices

𝜓𝑙𝜀(𝑥) = [𝜓𝑖𝑘
𝑙𝜀 (𝑥)]𝑖=1,𝑛, 𝑘=2,𝑛, 𝐻(𝑙𝜀)(𝑙0𝜀0)(𝑥) = [𝐻𝑘𝑚

(𝑙𝜀)(𝑙0𝜀0)
(𝑥)]𝑘,𝑚=2,𝑛, 𝑙, 𝑙0 > 1, 𝜀, 𝜀0 = 0, 1,

by the formulae

𝜓𝑖𝑘
𝑙0 (𝑥) = (𝜉𝑙𝑢𝑙𝑘(𝑥))

−1(𝜙𝑖𝑘
𝑙0(𝑥)− 𝜙𝑖𝑘

𝑙1(𝑥)), 𝜓
𝑖𝑘
𝑙1 (𝑥) = (𝑢𝑙𝑘(𝑥))

−1𝜙𝑖𝑘
𝑙1(𝑥), (12)

𝐻𝑘𝑚
(𝑙0)(𝑙00)

(𝑥) = 𝜉𝑙𝑢𝑙𝑘(𝑥)(𝜉𝑙0𝑢𝑙0𝑚(𝑥))−1
(︁
𝐺𝑘𝑚

(𝑙0)(𝑙00)
(𝑥)−𝐺𝑘𝑚

(𝑙0)(𝑙01)
(𝑥)
)︁
,

𝐻𝑘𝑚
(𝑙0)(𝑙01)

(𝑥) = 𝜉𝑙𝑢𝑙𝑘(𝑥)(𝑢𝑙0𝑚(𝑥))−1𝐺𝑘𝑚
(𝑙0)(𝑙01)

(𝑥),

𝐻𝑘𝑚
(𝑙1)(𝑙00)

(𝑥) = 𝑢𝑙𝑘(𝑥)(𝜉𝑙0𝑢𝑙0𝑚(𝑥))−1
(︁
𝐺𝑘𝑚

(𝑙0)(𝑙00)
(𝑥)−𝐺𝑘𝑚

(𝑙0)(𝑙01)
(𝑥)−𝐺𝑘𝑚

(𝑙1)(𝑙00)
(𝑥) +𝐺𝑘𝑚

(𝑙1)(𝑙01)
(𝑥)
)︁
,

𝐻𝑘𝑚
(𝑙1)(𝑙01)

(𝑥) = 𝑢𝑙𝑘(𝑥)(𝑢𝑙0𝑚(𝑥))−1
(︁
𝐺𝑘𝑚

(𝑙0)(𝑙01)
(𝑥)−𝐺𝑘𝑚

(𝑙1)(𝑙01)
(𝑥)
)︁
.

Similarly, we define the matrices 𝜓𝑙𝜀(𝑥) and �̃�(𝑙𝜀)(𝑙0𝜀0)(𝑥). Then

|𝜓𝑖𝑘
𝑙𝜀 (𝑥)| 6 𝐶, |𝜓𝑖𝑘

𝑙𝜀 (𝑥)| 6 𝐶, (13)

|𝐻𝑘𝑚
(𝑙𝜀)(𝑙0𝜀0)

(𝑥)|, |�̃�𝑘𝑚
(𝑙𝜀)(𝑙0𝜀0)

(𝑥)| 6 𝐶𝜉𝑙
|𝑙 − 𝑙0|+ 1

. (14)

Let 𝑉 be a set of indices 𝑢 = (𝑙, 𝜀), 𝑙 > 1, 𝜀 = 0, 1. For each fixed 𝑥 ∈ [0, 𝑇 ], we define the vector

𝜓(𝑥) = [𝜓𝑢(𝑥)]𝑢∈𝑉 = [𝜓𝑙0(𝑥), 𝜓𝑙1(𝑥)]𝑙>1 = [𝜓10, 𝜓11, 𝜓20, 𝜓21, . . .],

and the block matrix

𝐻(𝑥) = [𝐻𝑢𝑣(𝑥)]𝑢,𝑣∈𝑉 =

[︃
𝐻(𝑙0)(𝑙00)(𝑥) 𝐻(𝑙0)(𝑙01)(𝑥)

𝐻(𝑙1)(𝑙00)(𝑥) 𝐻(𝑙1)(𝑙01)(𝑥)

]︃
𝑙,𝑙0>1

,
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𝑢 = (𝑙, 𝜀), 𝑣 = (𝑙0, 𝜀0), 𝜀, 𝜀0 = 0, 1.

Analogously, we define the matrices 𝜓(𝑥) and �̃�(𝑥). In view of our notations, relation (11)
transforms to the form

𝜓𝑙0𝜀0(𝑥) = 𝜓𝑙0𝜀0(𝑥) +
∑︁
𝑙,𝜀

𝜓𝑙𝜀(𝑥)�̃�(𝑙𝜀)(𝑙0𝜀0)(𝑥), 𝑙, 𝑙0 > 1, 𝜀, 𝜀0 = 0, 1,

or, which is the same,
𝜓(𝑥) = 𝜓(𝑥)(𝐼 + �̃�(𝑥)). (15)

According to (13) and (14), the series in (15) converges absolutely and uniformly in 𝑥 ∈ [0, 𝑇 ].
Starting from (8), we arrived at (15). By similar arguments, starting from (9) one can get

the relation
(𝐼 + �̃�(𝑥))(𝐼 −𝐻(𝑥)) = 𝐼.

Interchanging places for 𝑄 and �̃�, we obtain

(𝐼 −𝐻(𝑥))(𝐼 + �̃�(𝑥)) = 𝐼.

Let us consider the Banach space 𝑚 of bounded sequences 𝛼 = [𝛼𝑢]𝑢∈𝑉 with the norm
‖𝛼‖ = sup𝑢∈𝑉 |𝛼𝑢|. It follows from (14) that for each fixed 𝑥 ∈ [0, 𝑇 ], the operators 𝐼 + �̃�(𝑥) and
𝐼 −𝐻(𝑥), acting from 𝑚 to 𝑚, are linear bounded operators, and

‖𝐻(𝑥)‖, ‖�̃�(𝑥)‖ 6 𝐶 sup
𝑙>1

∑︁
𝑙0>1

𝜉𝑙
|𝑙 − 𝑙0|+ 1

<∞.

Thus, we have proved the following theorem

Theorem 2. For each fixed 𝑥 ∈ [0, 𝑇 ], the vector 𝜓(𝑥) ∈ 𝑚 satisfies the equation (15) in
the Banach space 𝑚. Moreover, the operator 𝐼 + �̃�(𝑥) has a bounded inverse operator, i.e.
equation (15) is uniquely solvable.

Equation (15) is called the main equation of the inverse problem. Solving (15) we find the
vector 𝜓(𝑥), and consequently, the functions 𝜙𝑙𝜀(𝑥). Then, by (10) we calculate Φ(𝑥, 𝜌). Denote

𝜀(𝑥) =
1

2𝜋𝑖

∫︁
𝜔

(︁
Φ(𝑥, 𝜇)Φ̃*(𝑥, 𝜇)𝑄0 −𝑄0Φ(𝑥, 𝜇)Φ̃

*(𝑥, 𝜇)
)︁
. (16)

Theorem 3. The following relation holds

𝑄(𝑥) = �̃�(𝑥) + 𝜀(𝑥). (17)

Proof. Differentiating (8) and using (7), we calculate

Φ̃′(𝑥, 𝜌) = Φ′(𝑥, 𝜌) +
1

2𝜋𝑖

∫︁
𝜔
Φ′(𝑥, 𝜇)Φ̃*(𝑥, 𝜇)𝑄0Φ̃(𝑥, 𝜌)

𝑑𝜇

𝜇− 𝜌
−

− 1

2𝜋𝑖

∫︁
𝜔
Φ(𝑥, 𝜇)Φ̃*(𝑥, 𝜇)Φ̃(𝑥, 𝜌)𝑑𝜇.

Since Φ(𝑥, 𝜌) is a solution of system (1) it follows that Φ′(𝑥, 𝜌) = (𝜌𝐵0 − 𝐵(𝑥))Φ(𝑥, 𝜌), where
𝐵0 = 𝑄−1

0 , 𝐵(𝑥) = 𝐵0𝑄(𝑥). Similarly, Φ̃′(𝑥, 𝜌) = (𝜌𝐵0 − �̃�(𝑥))Φ̃(𝑥, 𝜌). This yields

(𝜌𝐵0 − �̃�(𝑥))Φ̃(𝑥, 𝜌) = (𝜌𝐵0 −𝐵(𝑥))Φ(𝑥, 𝜌)+

+
1

2𝜋𝑖

∫︁
𝜔
(𝜇𝐵0 −𝐵(𝑥))Φ(𝑥, 𝜇)Φ̃*(𝑥, 𝜇)𝑄0Φ̃(𝑥, 𝜌)

𝑑𝜇

𝜇− 𝜌
− 1

2𝜋𝑖

∫︁
𝜔
Φ(𝑥, 𝜇)Φ̃*(𝑥, 𝜇)Φ̃(𝑥, 𝜌)𝑑𝜇.
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Replacing here Φ(𝑥, 𝜌) from (8), we calculate

�̂�(𝑥)Φ̃(𝑥, 𝜌) =
1

2𝜋𝑖

∫︁
𝜔
𝐵0Φ(𝑥, 𝜇)Φ̃

*(𝑥, 𝜇)𝑄0Φ̃(𝑥, 𝜌)𝑑𝜇− 1

2𝜋𝑖

∫︁
𝜔
Φ(𝑥, 𝜇)Φ̃*(𝑥, 𝜇)Φ̃(𝑥, 𝜌)𝑑𝜇.

Multiplying this relation from the left on 𝑄0, we obtain �̂�(𝑥)Φ̃(𝑥, 𝜌) = 𝜀(𝑥)Φ̃(𝑥, 𝜌), and
consequently, (17) holds. �

The solution of the inverse problem can be found by the following algorithm.
Algorithm. Given the Weyl matrix 𝑀(𝜌).
1. Choose �̃�(𝑥), and construct 𝜓(𝑥) and �̃�(𝑥).
2. Find 𝜓(𝑥) by solving equation (15).
3. Calculate Φ(𝑥, 𝜌) via (10), where 𝜙𝑙𝜀(𝑥) is constructed from (12).
4. Construct 𝑄(𝑥) by (17).
Let us now formulate the necessary and sufficient conditions for the solvability of the inverse

problem. Denote by W the set of meromorphic matrices 𝑀(𝜌) = [𝑀𝑚𝑘(𝜌)]𝑚,𝑘=1,𝑛, 𝑀𝑚𝑘(𝜌) ≡ 𝛿𝑚𝑘

for 𝑚 > 𝑘, having only simple poles Λ =
⋃︀

𝑚Λ𝑚 (in general, the set Λ is different for each
matrix 𝑀(𝜌)) and such that (5) is valid and for each 𝜌0 ∈ Λ the properties 𝑆1 and 𝑆2 hold.

Clearly, if ℓ ∈ 𝑉𝑁 and 𝑀(𝜌) is the Weyl matrix for ℓ, then 𝑀(𝜌) ∈ W.

Theorem 4. A matrix 𝑀(𝜌) ∈ W is the Weyl matrix for some ℓ ∈ 𝑉𝑁 if and only if the
following conditions hold:

1) (asymptotics) there exists ℓ̃ ∈ 𝑉𝑁 such that
∑︀

𝑙 𝜉𝑙 <∞;
2) (condition S) for each fixed 𝑥 ∈ [0, 𝑇 ] the linear bounded operator 𝐼 + �̃�(𝑥), acting from

𝑚 to 𝑚, has a bounded inverse operator;
3) 𝜀(𝑥) ∈𝑊𝑁 , where 𝜀(𝑥) is defined by (16).
Under these conditions, the potential 𝑄(𝑥) is constructed by Algorithm.

The necessity part is proved above. In the sufficiency part, we have a matrix 𝑀(𝜌) ∈ W
satisfying the conditions of Theorem 4. Using the Algorithm we construct the potential 𝑄(𝑥), i.e.
we construct ℓ ∈ 𝑉𝑁 . By similar arguments as in [8], one can check that the matrix 𝑀(𝜌) is the
Weyl matrix for ℓ.

Remark. The inverse problem from a system of spectra.

The zeros Λ𝑚𝑘 := {𝜌𝑙𝑚𝑘} of the entire functions Δ𝑚𝑘(𝜌) coincide with the eigenvalues of the
boundary value problems 𝐿𝑚𝑘 for system (1) with the boundary conditions

𝑈1(𝑌 ) = . . . = 𝑈𝑚−1(𝑌 ) = 𝑈𝑘(𝑌 ) = 𝑉1(𝑌 ) = . . . = 𝑉𝑛−𝑚(𝑌 ) = 0.

The inverse problem of recovering the potential from the system of spectra is formulated
as follows: given the spectra Λ𝑚 and Λ𝑚𝑘 of the boundary value problems 𝐿𝑚 and 𝐿𝑚𝑘

(𝑚 = 1, 𝑛− 1, 𝑘 > 𝑚), construct the potential 𝑄(𝑥). Since the functions Δ𝑚𝑘(𝜌) are uniquely
determined by their zeros, it follows from (2) that this inverse problem can be reduced to the
inverse problem from the Weyl matrix.
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