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Second-order functional differential operators with a constant delay are considered. Properties of their
spectral characteristics are obtained, and a nonlinear inverse spectral problem is studied, which consists in
constructing operators from their spectra. We establish the uniqueness and develop a constructive procedure
for solution of the inverse problem.
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INTRODUCTION

We study the inverse spectral problem for Sturm - Liouville differential operators
with a constant delay. Such problems often appear in natural sciences and engineering
(see, for example, monograph [1] and the references therein). Inverse spectral problems
consist in constructing operators with given spectral characteristics. For the classical
Sturm - Liouville operators the inverse problems have been studied fairly completely;
the main results can be found in [2,3]. However, differential operators with delay are
essentially more difficult for investigating, since the main methods in the inverse problem
theory (the transformation operator method and the method of spectral mappings [2,3])
do not work for operators with delay. Note that some particular results on the inverse
problems for operators with delay were obtained in [4-7].

Consider the boundary value problems L;(¢), j = 1,2:

—y"(z) +q(x)y(x —a) = Ay(z), x € (0,7), (1)
y(0) =y/(m) + Hjy(m) = 0, (2)

where ) is the spectral parameter, a € (0,7), ¢(z) € L(a,7) is a complex-valued function,
and ¢(z) = 0 for = € [0,a]. We study the inverse problem of constructing the potential
¢(x) and the coefficients H; from the given two spectra of the boundary value problems
L;(q). More precisely, let {f,;}n>0, 7 = 1,2 be the eigenvalues of the problems L;(q).

Inverse problem 1. Given {t,;}n>0, j = 1,2, construct ¢(z) and H,.

We note that in the case of large delay when a > 7/2, the characteristic functions
of the problems L;(q) depend on the potential ¢(x) linearly, i.e. the inverse problem
becomes linear. This linear case was studied in [5,7]. For a < /2 the characteristic
functions depend on the potential nonlinearly, i.e. the inverse problem becomes nonlinear.
This nonlinear case is seriously more difficult for investigating and for constructing the
global solution of the inverse problem. In this paper we study namely nonlinear case. For
definiteness, let a € [27/5,7/2). The case a < 27 /5 requires separate consideration. The
main results of the paper are Theorem 1 and Algorithm 1, where a global constructive
procedure for solving the inverse problem is provided, and the uniqueness of the solution
is proved.
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1. PROPERTIES OF SPECTRAL CHARACTERISTICS

Let S(z,\) be the solution of Eq. (1) under the initial conditions S(0,\) = 0,
S’(0,A) = 1. Eigenvalues of the boundary value problem (1)-(2) coincide with the
zeros of its characteristic function

pi(A) == S"(m, \) + H;S(m, \), j=1,2. (3)
Lemma 1. Boundary value problem L; has a countable set of eigenvalues {(i,;}n>0,

1 A 1/2 H; 1
Man(n+§)+ o cos(n + /)a+_]+0(ﬁ)’ (4)

2mn ™

and for n — oo:

where A :/ q(t) dt.

Lemma 2. The specification of the spectrum {ji,;}n>0 uniquely determines p;(\)
via

fing — A
pi(A) = TI[O e+ 1/22 (5)

Let us study the connections between the characteristic functions p;(\) and the
potential ¢(x). Let A = p?. The function S(x, \) satisfies the integral equation

Sz, \) = Sinp”“” + / ) w a()S(t — a, \) dt. (6)

Solving (6) we get for x > 2a:

Sz, A) = So(x, ) + S1(x, A) + Sa(z, M),

where
Sol, \) = Smp”, (7)
Si(x,\) = /: Wq(t)&)(t —a,\)dt, (8)
So(x, \) = /2: Wg(t)& (t —a,\)dt, 9)

Using (7) and (8), we calculate

_ x 1 T
Si(x,\) = _%ZQG) / q(t) dt + 2,7 q(t) cos p(x — 2t + a) dt. (10)

Denote Ag()\) := S® (7, )\), k=0,1. In view of (3), one has

p](>\) = Al()‘) + HjAO()‘)a ] = 1727 (11)
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and consequently,

1

A =
W,

(PlO\) _pz()\))- (12)

Taking (7), (9) and (10) into account, we obtain

sin pr cos p(m — a) 1 [
Ag(N) = P Ao 2 37 /a q(t) cos p(2t — m — a) dt + Sy(m, A),
A1 (N) = cos pm + AOSIHPEL&) + QL / q(t)sinp(2t — m — a) dt + Sy(m, ).
p P Ja
Denote
8i(p) =2 (D) — ST 4 g, AT, 13)
p 2p
Al(p):==2p (Al()\) — COS pT — AO%Z_G)) : (14)
Then
:/ q(t) cos p(2t — ™ — a) dt + do(p), (15)
/ q(t)sinp(2t — m —a) dt + 61(p), (16)
where 8o(p) = 2p%Ss(m, \), 01(p) = 2pSh(m, N). Using (9) and (10), we infer
. 1 (m—2a) '
2p50(p) = —Asinp(r —20)+ 5 [ Q(e)simpt e (17)
—(m—2a)
1 (m—2a)
201 (p) = ~Acosplr —20) — 3 [ Qe eospes (18)
—(m—2a

where

= [T [ as)as

Q) = Qu(§/2+ /2 + a) — Q2(§/2 + 7/2) — Qs(§/2 + 7/2),

™

Qo) =ale) [ als)ds Qo) =als) [ als)ds. Qule) = [ als)als —a)as.
a z+a r+a
For simplicity we assume that ¢(x) € AC(a,n]. The general case requires small
technical modifications. Denote ¢;(x) := ¢'(x). Taking (15)-(18) into account, we get
4pAj(p) = Bysinp(m — a) — 2Asin p(m — 2a)—

(r—a) (r—2a)
- / 0o(E) sin pe d + / Q(€) sin pt e, (19)

—(7m—a) —(m—2a)

4pA7(p) = By cos p(m —a) — 2A cos p(m — 2a)+
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(m—a) (m—2a)
n / (€ cos e — / Q@ cos e e (20)

(r—a (m—2a
where By = 2(q(a) + q(7)), B2 = 2(q(a) — q(7)), q(§) = ¢1(§/2 + 7/2 + a/2). Denote

do(p) = 4pAy(p) — Bysinp(m — a) + 2Asin p(7m — 2a), (21)
di(p) = 4pAi(p) — Bycosp(m — a) + 2A cos p(m — 2a). (22)

[t follows from (19)-(20) and (21)—(22) that

(r—a) (m—a)
dip) =~ [ R©sinpgds, dilp)= [ R@eospcds. @9
—(m—a) —(m—a)

where R(&) = qo(§) — Q(€), and Q(&) = 0 outside the interval (—(7 — 2a), (7 — 2a)). In
particular, this yields

@1(x) = R2x—7m—a)+Q1(x+a/2)—Qs(r—a/2)—Qs(x—a/2), = € (3a/2,71—a/2). (24)

Denote by {\,},>1 the zeros of the entire function Ay(A). Then

Vian=n+ —AO;OS”“ +0 (3> . (25)

™n n

2. SOLUTION OF THE INVERSE PROBLEM

In this section we present our main results: a constructive procedure for solving
the inverse problem and the corresponding uniqueness theorem. The solution of Inverse
problem 1 can be found by the following algorithm.

Algorithm 1. Let the spectra {y,;}n>0, j = 1,2 be given.
1. Construct p;(A), j = 0,1, via (5).
2. Find H, — H,, using (4):

H, — Hy = WJHE(}(VMM - \/,unQ)'

Construct Ag(A), using (12), and calculate A,.

Find Ag from (25).

Calculate H; and Hs, using (4).

. Find A;(X) from (11).

Construct A%()), j = 0,1, according to (13) and (14).
Calculate A, B, and Bs, using (19) and (12), and find

O NSOk W

q(a) = (B1+ Ba)/4, q(m) = (B1 — Ba)/4.

9. Construct dy(p) and dy(p) by (21) and (22).

10. Calculate R(&), using (23).

11. Find (&) for £ € (—(m —a), —(m — 2a)) U (7 — 2a, 7™ — a): qo(&) = R(§).
12. Calculate ¢;(z) = qo(22x — ™ — a) for x € (a,3a/2) U (7 —a/2, 7).
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13. Find

™

q(z) = q(a) +/I q(t)dt, z € (a,3a/2), q(x)=q(n) —/ q(t)dt, x€(mr—a/2,7).
14. Using (24) and knowledge of ¢(z) for x € (a,3a/2) U (7 —a/2,7), construct ¢;(x)
for z € (3a/2,7m —a/2):

™

z—a/2
q1(x) = R(2x — 7 — a) +q(x+a/2)/ q(s) ds—q(a:—a/Q)/ q(s) ds—

+a/2

—/ q(s)q(s —x +a/2)ds.
z+a/2

15. Calculate ¢(z) for z € (3a/2, 7 — a/2).

Thus, the following theorem is proved.

Theorem 1. The specification of two spectra {ji,j}n>0, j = 1,2 uniquely determines
the potential q(x) and the coefficients Hy, Ho. The solution of Inverse problem 1 can
be found by Algorithm 1.
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YK 517.984

OB OBPATHOW 3AIAYE AN9 ANDDEPEHLWAJIbHBIX ONEPATOPOB
C OTK/TOHAOWMMCSA APTYMEHTOM

B. A. lOpko

IOpko BsiqecnaB AHaToMbeBMY, OOKTOP (OM3NKO-MATEMATYECKMX HayK, 3aBedylounii Kageapoin mare-
MaT4eCcKON COU3NKUA 1 BbIYMCAMTENBHOI MaTeMaTukil, CapaToBCKUA HALMOHANBHBINA CCNEA0BaTENbCKIIA
roCyAapcTBeHHbIin yHuBepcuteT umenn H. . YepHolwesckoro, Poccusi, 410012, Capatos, AcTpaxaHckas,
83, YurkoVA@info.sgu.ru

PaccmatpuBatotcs yHKLMOHaNBHO-ANMEepeHLnanbHble Oneparopsl BTOPOr0 Mopsaka C MOCTOSHHbIM
3anasfablBaHneM. YCTaHOBNEHbI CBOICTBA WX CMIEKTPaNbHbIX XapaKTepuUCTK U UCCNeLyeTcst HennHenHas
obpaTHas cnekTpanbHas 3aaaya, Kotopast COCTOUT B MOCTPOEHM OnepaTopoB Mo ux cnektpam. [okasaHa
e[IMHCTBEHHOCTb pelleHst 06paTHOM 3ajaun 1 ykasaHa KOHCTPYKTIBHAS MpoLielypa ee peleHus.

KnroyeBebie cnosa: AngpgpepeHLUmanbHble oneparops!, OTKNIOHSIOLLMIACS APryMeHT, o6paTHa9| CcnekTpanbHas
3ajava.
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