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Abstract. In this paper, we consider a boundary control problem for a heat conduction equation with
involution in a bounded one-dimensional domain. The solution with the control function on the border
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VIIK 517.977

O 3azaye onTUMAJIBLHOTO IO BPEMEHM yNpPaBJIEHUS NJis YPABHEHUS
TEeNJIONPOBOAHOCTU C MHBOJIIOIIAEN

®. H. /dlexxkoHOB

Hawmanranckuit rocyiapcTBeHHbIil yHUBEpCUTET, ¥Y36ekucran, 160136, r. Hamanran, yiu. Yituu, 1. 316

Hexkonos @appyx Hypuaaun yriaum, KanaugaT (pU3TKO-MaTeMaTHIECKHX HayK, TpernojaBaTesb Kademapbl
maremaTuky, f.n.dehqonov@mail.ru, https://orcid.org/0000-0003-4747-8557

Annoramusa. B gannoit pabore paccMarpuBaercs 3a7a4a I'PAHUYHOIO yIPABJIEHUS JJIs YPABHEHUS Tell-
JIOIPOBOJHOCTHY C WHBOJIIOIEN B OrPAHUYIEHHON oiHOMepHOIT obactu. [IpuBoaurces pemenne ¢ byHKITHEH
yIpaBjieHus Ha TpaHulle crep:kHsi. OIpejiesieHbl OrpaHUYeHUs] Ha YIIpaBJIeHNne, 00eCIeYnBaIOIIe JTOCTHU-
JKEHHe CPeIHIM 3HAYEeHUEM DelleHus B PAcCMaTpPUBAEMOil 00JIacTH 33JAaHHOIO 3HadYeHnsd. Paccmarpusae-
Mas 3a/1a9a yIPABJICHUsS CBOJIUTCS K MHTErPAJbHOMY ypaBHeHUIO Bosibreppa, KOTOpOe SBJISIETCS TEPBBIM
THUIIOM, C ITOMOIIBI0 MeTosia Pyphe. /loKazaTebeTBO CYIIECTBOBAHUS JIOMYCTUMOTO YIIPABJICHUS CBI3aHO
C CYIIECTBOBAHUEM pPeEIeHUsI WHTErPAJIbHOIO ypaBHeHus. Meronom rpeobpasoBanus Jlamraca gokaszaHo
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cytecTBoBaHue (bYHKIMN YIIPABICHUS U HAMIEHA ONEHKA MUHUMAJIBLHONO BPEMEHU JTOCTUKEHUsT 33 IaHHON
cpeJiHeil TeMIepaTypbl B CTEpIKHE.

KitoueBbie cjioBa: HadaJbHO-KpaeBas 3aJiada, yPABHEHUE TEILIONPOBOIHOCTHA, MUHUMAJIbHOE BPEMs,
MHTErpajbHOE ypaBHEHHE, JOIYCTUMOE YIIpaBjeHue, npeobpasosanue Jlammaca, HHBOIIONNs
Baarogapuocru: Asrop 6narogapen akajgemuky I11. A. AjuMoBy 3a €ro 1eHHBIE 3aMEYAHUS .

Jnsa mutuposanusi: Dekhkonov F. N. On a time-optimal control problem for a heat conduction equation
with involution [Jexkonos @. H. O 3anade ONTHMAJIBHOIO NO BPEMEHU YIIPABJIEHUsI JJIsl YDABHEHUsI
TeIIONpOBOHOCTH ¢ nHBOONHeit| // Mssectust Caparosckoro yausepcurera. Hosast cepusi. Cepust: Ma-
remaruka. Mexanuka. Uudopmaruka. 2025. T. 25, seur. 4. C. 467-478. DOIL: https://doi.org/10.18500/
1816-9791-2025-25-4-467-478, EDN: GQNYBX

Crarbs onybimkoBana Ha yciaopusax aunensun Creative Commons Attribution 4.0 International (CC-BY 4.0)

Introduction

It is known that due to the widespread use of partial differential equations in physics and
engineering, there is always a great interest in the study of boundary control problems. Therefore,
in recent years, the control problems for heat conduction equations have been widely studied by
many researchers.

The optimal control problem for the parabolic type equations was studied by Fattorini and
Friedman [1,2]. Control problems for the infinite-dimensional case were studied by Egorov [3],
who generalized Pontryagin’s maximum principle to a class of equations in Banach space, and
the proof of a bang-bang principle was shown under the particular conditions. The time-varying
bang—bang property of time optimal controls for the heat equation and its applications is studied
in [4].

The boundary control problem for a heat equation with a piecewise smooth boundary in an
n-dimensional domain was studied in [5], and an estimate for the minimum time required to
reach a given average temperature was found. In [6], the control problem for the heat conduction
equation with the Robin boundary condition is studied, and a mathematical model of the heating
process of a cylindrical domain is developed. Control problems for the heat transfer equation in
the three-dimensional domain are studied in [7].

The control problem related to the inhomogeneous heat transfer equation was studied in [8],
and the existence of the admissible control with the additional condition of the weight function
was proved by an integral constraint. Control problems for heat equations in bounded one and
two-dimensional domains are studied in works [9-11|. In these articles, an estimated was found
for the minimum time required to heat a bounded domain to an estimated average temperature.
The existence of a control function is proved by the Laplace transform method.

Basic information on optimal control problems is given in detail in monographs by Lions and
Fursikov [12,13]. General numerical optimization and optimal control for second-order parabolic
equations have been studied in many publications, such as [14]. In [15], some practical problems
for control problems related to heat equations are studied.

It is known that in recent years, due to the increasing interest in physics and mathematics,
the boundary problems related to heat diffusion equations involving involution have been widely
studied. In [16], a boundary value problem for the heat equation associated with involution in a
one-dimensional domain is studied. Many boundary value problems for parabolic-type equations
with involution were studied in works [17,18].

In [19], the control problem associated with a pseudo-parabolic type equation in a one-
dimensional domain was studied, and the existence of an admissible control was proved using
the Laplace transform method. The boundary control problem in a bounded two-dimensional
domain for a pseudo-parabolic type equation was studied in [20].

In this work, the boundary control problem for the heat equation with involution is considered.
The main control problem in this work is presented in Section 1. The boundary control problem
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studied in this work is reduced to the Volterra integral equation of the first kind by the Fourier
method (Section 2). In Section 3, the existence of a solution to the integral equation is proved
using the Laplace transform method. Section 4 gives an estimate of the minimum time required
to reach a given average temperature of the rod.

1. Statement of problem

In this paper, we consider the heat equation with involution in the domain Q7 := (0, 7) x (0, 00)
ut(x,t) — Ugz (2, t) + Quge(m —2,t) =0, (x,t) € Qr, (1)

with Dirichlet boundary conditions
u(0,t) =v(t), wu(mt)=0, t=>0, (2)

and initial condition
u(z,0) =0, 0<z<m, (3)

where « is a nonzero real number such that |a| < 1 and v(¢) is the control function, which gives
the flow amplitude.

Let M > 0 be some given constant. We say that the control function v(t) is admissible if it
is continuously differentiable on the half-line ¢ > 0 and satisfies the conditions

Differential equations with modified arguments are equations in which the unknown function
and its derivatives are evaluated with modifications of time or space variables; such equations
are called, in general, functional differential equations. Among such equations, one can single out
equations with involutions [21]. It is known that a function g(z) # = maps bijectively a set of real
numbers D, such that g(g(z)) =z or g~!(x) = g(x) is called an involution on D (see [22,23]).

Assume that the weight function p(z) € W3 ([0, 7]) satisfies the conditions

pa) 20, f@) <0, [p)ds=1, 0<a<m (4)

Time-optimal problem. Let 8 > 0 be a given constant. Problem consists looking for the
minimal value of T > 0 so that for t > 0 the solution u(x,t) of the problem (1)—(3) with control
function v(t) exists and for some Ty > T satisfies the equation

™

/p(:v)u(x,t) dr =0, T<t<T. (5)
0

The physical meaning of equation (5) is the average temperature in the rod. Our main goal
in this work is to find the minimum time estimate for the average temperature in the rod to be
equal to 6.

Remark 1. It is known that boundary control problems for the non-homogeneous heat
equation in the case o = 0 are studied in detail in works [24].

We consider the spectral problem

X"x) —aX"(mr —2) + XX (x
X(0)=X(m) =0,

o ~—
N
&
VAN
A
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where |a| < 1, @ € R\ {0}. It is proved in [17,18] that expressing the solution of spectral problem
in terms of the sum of even and odd functions, one finds the following eigenvalues:

Aok = 4(1 + @)k?, k€N, (6)
Aokt = (1 —a)(2k+1)2, keNy=NuUJ{0}, (7)

and eigenfunctions

Xop =sin2kx, keN, Xopp = sin(2k + 1)26, k € Np.

Let -
= Zpk sinkzx, x € (0,m), (8)
k=1
where i
2 .
pk:/p(x)smkmdx, k=1,2,---. 9)
T
0
Denote
Bok+1 = (1 — 04)(216‘ + 1),02k+1, keNg, Porp= (1 + Oé)Qk}ka, k € N. (10)
Theorem 1. Let o
0<b< b )
A1

Then a solution T, of the Time-Optimal Problem exists and the estimate Tym < T is

valid.
We will consider the proof of Theorem 1 step by step in the next sections.

2. Integral equation for control function

In this section, we consider how the given control problem can be reduced to a Volterra
integral equation of the first kind.
By the solution of the problem (1)—(3) we mean function u(x,t), expressed the form

T™T—X

u(z,t) = v(t) —w(x,t), (11)

s
where the function w(x,t) € C2 1(QT) N C(Qr) is the solution to the problem

Wi (2, 1) — Weg(z, 1) + Qg (m — 2, 1) = 7rT_J;V'(t),

with initial-boundary conditions
w(0,t) = w(m,t) =0, w(x,0)=0.

Thus, we have (see [25])

\)

:]

- t
</6—>‘2k+1(t_s)y’(s) ds) sin(2k + 1)x+
0
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4= Z </ —Aak(t=s) /(g )ds> sin 2k . (12)

It follows from (11) and (12), we get the solution of the problem (1)-(3):

t

— ° 1
u(z,t) = T m1/(15) - %Z 1 (/e)‘z’““(ts)l/(s) d3> sin(2k + 1)x—
0

_;; <O/ e P2k(t=9) /(5 )d5> sin 2k. (13)

From (13) and the condition (5), we can write

™

10 = [ payutet)ydo=vi) [ o)™ do-
0
2 3 te_’\%“(t_s)u'(s)ds p(x)sin(2k + 1)z dx—
o

p(x) sin 2kx dzx.

St~y O~y O —,

- t
—% Z % /e)‘%(ts)l/(s) ds
0

where f(t) =0 for T <t <Tj.
Then from (8), we have

- ¢
P21 —A2k41(t—s) _
/p 2k+1/e V'(s)ds
0 k=0 0
- t
— Z % /e_)‘%(t_s)l/(s) ds. (14)

By the condition v(0) = 0 and (14) we may write

t
- > o
£ =v(0) [ o) do—v0) Y5 (1= ) Y@kt Vg [ (o) st
k=1 k=0 0

S — _

- ¢
+(1+ ) Z 2kpay; / e 2k (=5) () ds.
0

k=1

According to Parseval equality, we get

] pla)”
0

oo
-y
i
k=1
As a result we can write

t
oo
(1-« Z (2k 4+ 1) pog+1 / A1 (t=9)  (6) ds % +
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t
oo
+(1+a) Z 2k poy; / e 2k () ds. (15)
Let us introduce the function
o o0
K(t) =Y Bopsre #1043 " Bye™ 2 >0, (16)
k=0 k=1

where 11 and foy are defined by (10).
Then equality (15) takes the form

¢
/Kt—s )ds = f(t), t>0, (17)
0

where f(t) =60 = const > 0 for T' < t < T3.
The resulting Volterra integral equation (17) is the main equation for admissible control v(t).
For any My > 0, we denote W (M) the set of function f € W(—o0, +00), f(t) =0 for t <0
which satisfying the condition

1 lwzr,) < Mo.

Theorem 2. There exists My > 0 such that for any function f € W(My) the solution v(t)
of the equation (17) exists and satisfies the condition |v(t)| < M.

Lemma 1 (|26]). Let ¢(z) > 0 and ¢'(z) < 0 on z € [0,00). Then the following inequality

1s valid:
nm

/w(x)sinxd:B}O, n=12....

0

Lemma 2. For the coefficients {px}ren defined by (9), the following estimate is valid:

where C' = const > 0.

Proof. According to Lemma 1, we have

From (9), we write

2 [ 2 1
PE = /p(a:) sin kx dx = — p(a:)E cos k‘x
0

=TT 2
k— / ) cos kx dx =
0
2

S -1COR <—1>kp<w>) + 4,

It is clear that
p(0) — (—1)fp(m) >0, k=12,
where function p(x) is satisfying conditions (4).

Then we obtain 0 < pg < Q g
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Lemma 3. Let |a| < 1. Then the following estimate is valid:
Ca
\/%7

where function K(t) is defined by (16) and Cy, is a constant only depending on c.

0< K(t) < 0<t<1,

Proof. For any p > 0, consider the following relations:

0o 0o Nl 0o oo
Z e~ — Z / e Pl ds = /e_p[s]2 ds = /e_p526p(52_[s]2) ds,
n=1 n=1 o, 1 1

where [s] is the integer part of s.
Note that eP(s*~[51*) = ep(s—[s])(s+s]) < e2P5. Then we obtain

o0 o0 o0
/e—pszep(SZ—[S}z) ds < /e—p82+2ps ds — ep/e—P(S—1)2 ds.
1 1 1

Hence, for 0 < p < const we get

Slermt g /6_”526”(52‘[5}2) ds < ep/e_psgds << (18)
n=1 1 0 \/ﬁ

From (6), (7) and (18), we have

1
A2t

E e k41’
k=0

and

o0
S emtg L C
‘ 1+a+t

b
Il

From (10) and Lemma 2, we may write
0< B <C(l+a), keN,

and
0< Bary1 <C(1—a), keNy.

Consequently, we get the following estimate for the function K (t):

V11—« n < Ga
Vi Vi
where C, = max{C1v/1 — «a, Cov/1 + a}. a

Ca

0<K(t)<01 CQ

—_
|+
Q

o~
~

3. Proof of Theorem 2

We use the Laplace transform method to solve equation (17). We introduce the notation
o0
v(p) = /e_pty(t) dt.
0
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Then we use the Laplace transform to obtain the following equation

:/Ooe t/th—S )ds = K(p)U(p).
0 0

Consequently, we obtain

v(p) = M, where p=o+ir, o>0, T€ER,
K(p)
and
o+i00 ~
/ o HO ) forini gy, (19)
(p 277 K (o +1iT)
o—100

Lemma 4. The following estimate

Cy
Vit

is valid, where C, > 0 is a constant only depending on o.

K (0 +i7)| > o>0, T€eR,

Proof. Using the Laplace transform, we can write

= / K(t)e™P dt = Zﬁ%ﬂ / e~ WAkt gy 4 ZB% / e~ (PHren)t gy —
_ - _ Bkt Z Bk
D Agktn “p+ Aok’
where K (t) is defined by (16) and
~ . - Bak41 - Bk
K(o4ir)=Y — 2L N~ 2k
(o +i7) k200'+)\2k+1+l7' ;U+)\2k+27'

o0

N Boki1(0+ Aakr1) = Bor(0 + Aak) . Bok+1
_|_ — —
(U+)\2k+1)2+7'2 ;(0—1—)\%)24—72 ZT§(U+)\2’€+1)2+72

k=0
o0 /8 . "
—iT Z ot )\232 i ReK (o +i1) +ilmK (o +iT),
k=1
where
oo oo
Bok+1(0 + Aakt1) Bak(o + Aa)
ReK (o +iT) = + ,
( z% (0 + Aggr1)? + 72 ; (0 + Agp)? + 72
o o
~ . 52k+1 /82k
ImK(oc+i1) = —7 -7
( ) —o (U + )\2k+1 ; J + /\Qk T2

We know that

(0 + M)+ 77 < [(0+ M) + 1] (1+7%),

and we get
1 1 1

>
(c+M)2+72 7 1+72(c+ )2+ 1

(20)
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Thus, according to (20) we can obtain the estimates

[o¢] o0
Bor+1(0 + Aakt1) Bak (o + Aag)
ReK (o +1iT) + >
| Z;) (0 + Aogpy1)? + 72 ; (0 + Aop)? + 72
Z Bok+1(0 + )\2k+1) _ Cio
1+72 (04 Xopg1)?2+1 1472
and
~ Bok+1 Tl Bok+1 Co.0|T]

ImK (o +i7) T > _ 2 ,
| ( > | ’Z (0 4+ Aop1)? +72 7 1472 L (0 + Agpy1)? +1 1+ 77

where (' ,, C2, as follows

Z Bok+1(0 + A2ky1) Cypo — i Bok+1
(0 + Aapg1)2 + 17 ‘7 (0 + Aapg1)2+ 17

k=0
From (21) and (22), we have the estimate

% ~ ~ min(C3 ., C3
|K (0 +i7)[> = [ReK (0 + i)|* + |ImK (o + i7)|* > min(Cio, C0)

1472 ’
and
~ C, .
’K(J + 7/7-)| > \/ﬁ, where CO' == mll’l(CLg, 02’0-).
T

Then proceed to the limit as o — 0 from (19), we obtain

27T / f ZTt

(21)

(23)

Lemma 5 ([24]). Let f(t) € W(My). Then, for the imaginary part of the Laplace transform

of function f(t), the inequality
+o00o
[ 1TV < Culflwzea

is valid, where C1 > 0 is a constant.

Proof of Theorem 2. From (23) and Lemmas 4 and 5, we can write

+oo  ~ +oo
1 |f(l7')| 1 / . Cl ClMO
< — - < — 2dr < — |1 fllw <Ko~ =
v(t) < dr < g [ @IV T2dr < ol lwgn) < grgs

27 ) | K(ir)]

21Cy
M
Ch

Mo =
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4. Proof of Theorem 1

We consider the integral equation
t
/K(t—s)y(s)ds: 0, T<t<T,
0

where K (t) is defined by (16).
Lemma 6. The following estimate is valid:
K(t) > Bre ™,
where the function K(t) is defined by Eq. (16).

The proof of his proposition is based on the fact that the functional series defined by (16) is
non-negative.
We introduce a specific heating as

H(t):/tK(t—s) ds:/K(s) ds.
0

0

The physical meaning of this function is the average temperature in the rod (see [5]). It is
known H(0) =0 and H'(t) = K(t) > 0.
We set

o0
H —tgngoH(t) = /K(S)ds.
0
Certainly, the average temperature of the rod in the case where the heater is acting with unit
load cannot exceed H*.
It is clear that H* is finite. Indeed, from (10) and (16) we have

[e.o]

— B — 3 — P p P
H*:Z 2k+1+zik: 2l NPk N PR
o C T SS U wr  A L

Lemma 7 ([24]). Let 0 < 6 < MH*. Then there exist T > 0 and a real-valued measurable
function v(t), and the following equality

/K(T —s)v(s)ds =0,
0

1s valid.

It is clear that the value T', which was found in Proposition 6, gives a solution to the problem.
Namely, T is the root of the equation

0
H(T) = —. 24
(1) =+ (24)
Lemma 8. Let M
0<g< M
A1

Then there exists T > 0 so that

and Eq. (24) is fulfilled.
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Proof. For obtaining the required estimate, we use Lemma 6. We may write

t

= /tK(S) ﬁ1/e_hsd ﬂi( e’“) (25)
0

0

Consider the following equation for defining T™:

Then

In accordance with (25) and (26), we have

4 .
0< o7 <H(T™).
Then obviously there exists T' (0 < T' < T™), which is a solution to the equation (24). O

The proof of Theorem 1 follows from Lemma 8.

Conclusion

Note that in the case where the temperature 6 is small enough, the value of T* can be replaced

by the following one:
0

LM
Hence, in this case, the estimate of optimal time given by Theorem 1 is proportional to

required temperature € and inversely proportional to the size of the rod I and to the maximum
output of the heat source M.

12

T*
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