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JAnHaMnKa MHKANCYJIUPOBAHHOTO MYy3bIPbKa ra3a OKOJIO yIPYTOil CTEHKH
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Awnnoranuga. Pabora mocssamena M3ydeHWIO BAUSHUSA aAHA30TPOIHU ODOJOYKK My3bIPhbKa HA €r0 Pain-
aJIbHBbIE KOJIe0AHWS OKOJIO YIIPYTOil CTEHKY KOHEYHON TOJIIIUHBI IO/ I€HCTBHEM BHEITHETO aKyCTUIECKOTO
Bo3MyIenusd. [yt 3TOro mosydena CUCTEMA U3 JABYX YPABHEHUIl, OLPEIEIAIONINX [IYJIbCALUN 11y3bIPHKA
ra3a, MOKPhITOrO0 AHM3OTPOITHON 000JI0YKOM KOHEYHO ToMmuHbL. B ciaydae, Korma Toamnmaa 000JI09KH ITy-
3BIPHKA JIOCTATOYHA MAaJia, YTO COOTBETCTBYET OOJIBITUHCTBY M3BECTHBIX YJIBTPA3BYKOBBIX KOHTPACTHBIX
areHToOB, CHCTEMa yPaBHEHUIl CBejeHA K OAHOMY MojudunupoBanHoMmy ypasHenuio Peses —Ilieccera.
IIpeacrasieno oboOIeHNE JAHHOTO YPaBHEHHUsT Ha CAydail KojaebaHuit WHKAICYTHPOBAHHOIO MTy3bIPHKA
OKOJIO yTpyroii creHku. IIpoBeIeHO YmCIEHHOE pEeIleHne TOJyIeHHOro ypaBHenus. [Ipoananm3upoBamo
BJIMSIHHE aHU30TPOIUU ODOJIOYKY U HAJIMYUS yUPYTOil CTEHKU HA PA/MAaJIbHbIE KOJIeOAHUs TOKPBITOrO IIy-
3BIPHKA ra3a BO BHEITHEM aKyCTUYeCKOM moJie. B qacTHOM cirydyae 1aHO CpaBHEHUE TEOPUN C MMEIOIIIMICS
B JINTEPATYPE IKCIEPUMEHTATbHBIMY TAHHBIMHE.
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crenku // N3sectuss Caparosckoro yuusepcutera. HoBast cepust. Cepusi: Maremarnka. Mexannka. WH-
dbopmarnka. 2026. T. 26, sem. 1. C. 101-105. DOI: https://doi.org/10.18500/1816-9791-2026-26-1-101-
105, EDN: QWNQLX
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Short communication
Dynamics of an encapsulated gas bubble near an elastic wall

Yu. V. Fedorov
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of Sciences”, 2/31 Lobachevsky St., Kazan 420111, Russia

Yuri V. Fedorov, kopperfildd@ya.ru, https://orcid.org/0000-0001-7186-5173, SPIN: 9325-8051, AuthorID:
850228

Abstract. The work is devoted to studying the influence of the bubble shell anisotropy on its radial
oscillations near an elastic wall of finite thickness under the action of an external acoustic disturbance.
For this purpose, a system of two equations that determine the pulsations of a gas bubble covered with
an anisotropic shell of finite thickness is obtained. In the case when the thickness of the bubble shell is
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sufficiently small, which corresponds to most known ultrasound contrast agents, the system of equations
is reduced to a single modified Rayleigh — Plesset equation. A generalization of this equation for the case
of oscillations of an encapsulated bubble near an elastic wall is presented. A numerical solution of the
obtained equation is carried out. The influence of the shell anisotropy and the presence of an elastic wall
on the radial oscillations of a covered gas bubble in an external acoustic field is analyzed. In a particular
case, a comparison of the theory with experimental data available in literature is given.
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BBegenne

M3BecTtHO, 9TO MUKPOTY3bIPbKH ra3a MPUMEHSIOTCA B YILTPA3BYKOBOM IMATrHOCTUKE JIIs 110~
CTPOEHWUsI U JIyUIero pa3pelienns n3obpazxkenuit Tkaneit gesoseka 1. g Gosee mmuressHOTO
HAXOXKJEHUsT B JKUJIKOCTH U JIyUIIeil cTabUIBLHOCTH MY3BIPBKU TOKPBIBAIOT TOHKOMH 000JIOYKOIA.
B HpOCTeﬁ]ﬂHX CIy4dadX BBIBEJCHBI YPDABHEHUA PAANATBHBIX KOHe6aHI/Iﬁ BKJIIOYCHUA 110 MOACJIN
Kempeuna— ®oitrra [2] u Makcsera [3]. C apyrumu MojeigsMu OKPBITHI TY3BIPHKOB MOYKHO
03HAKOMUTBCA B 0030pe [4]. B pabore [5] monyueno ypaBHeHue pajuaJbHBIX KOJTeOaHMUiT TOKPHI-
TOTO ITYy3bIPbKa C YI€TOM CKUMACMOCTHU O6O.HOLIKI/I. yKa3aHO BJINAHUEC CKUMACMOCTH ITOKPBITHUA
Ha PE30HAHCHYIO JacTOTY Iy3bIPbKOB. B Hacrosmeir pabore Ha ocuose uneit [5| u [6] BBIBEAEHO
ypaBHeHHE paJIualbHBbIX KOJeOaHui My3bIpbKa ra3a, HOKPBITOr0 aHU30TPOMHON 000I0UKOMN, Kak
B 0E3rpaHWYHON KUIAKOCTH, TAK W HA HEKOTOPOM PACCTOSHUN OT YIPYTOi CTEHKMU.

1. IlocranoBka 3amaun

IlycTb mMeeTcs B JKUAKOCTH MOKPBITHIN aHW30TPOITHON 000J0YUKON My3bIPEK ra3a. Y paBHEHHUE
COXPaHEHUST MACCHI s XKUAKOCTH (MHIEKC f) B cheprudeckoii cucreme KOOPAMHAT W €10 PEIeHne
UMEIOT BHU/L

R2( )

72%(7“2%“)207 vp(rt) = Uz, vy(Ra,t) = Uy, (1)

rje r — paJuaibHad KOOpAUHATA, Vf — PajuaibHasd CKOPOCTb, [l — paauyc my3bIpbKa BMECTe ¢

0007I049KOlt. YpaBHEHNe COXPAHEHHs UMITYIbCA B CHePHIECKNX KOOPANHATAX HHTEIPHPYETCS OT
Ry 10 00 ¢ yaerom (1):

avf ov f 8]) f . 3 2

v - = RoUy + =U5 | = Ry, t) — 2

Pf(at‘i’far 5 pr | ReU2+ JU3 | = py(Re,t) = peo, (2)

rae p— HHOTHOCTI), P — JdaBJieHHue. BaHI/ICbIBaIOTCH yCHOBI/IH Ha rpaHHuax BKJIIOYEHU A pun yque
CHUJI HOBerHOCTHOFO HATAXKECHIA:

oy (B t) 4 = T (Rut), py(Rat) + 0 = ol (Rat) = 7 (Fact), (3)

TJIe MHIEKCHhI § U S OTHOCATCS K Ta3y U 000JI0UKE My3bhIPhKa COOTBETCTBEHHO, 0 — KO3(d durment
TTOBEPXHOCTHOTO HATKEHUs, K] — Paanyc my3bIpbKa 1a3a, T, — HOPMaJIbHOE Hampsikerue. JI s
KUIKOCTH Ty ONPEHEIIeTC CISIYIOMIM 00pas3soM:

Ovy

R2U,
=gt = Ay

r3

(4)
3nech phf — BA3BKOCTD KUJAKOCTH. g 060/I0UKY My3bIpbKa Ty IIPUMEM B Buje |3

s (1 — V”)Er QVQTE”

= Erp + (5)
" -y 2B /B " 1=y — 2B /B,
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rne E —wvoxyaes KOura, v — kosddurment Ilyaccona, namexc r OTHOCUTCA K PATUATBLHOMY Ha-

[PABJIEHNIO, WHJIEKC || —K OpTOpajnajbHOMY HAIPAB/IEHHIO, £ — KOMIIOHEHThI TeH30pa Jedop-
MalIliii, KOTOpbIE OMPEIeIIIOTCS CJIEAYIONIM 00pa3oM:
ou U
Err = [ Epp = € = -
or’ ¢ =

rjie U — pajaibHas CKopocTb 060s10uky Buja [5)

—1++v1+ 8k k_EH(l_VGr)

u(r) = ar® +borf-, By = 5 B v

(6)
Baeck a u b— HemsBecTHBIE KO3GbDMUITMEHTHI, KOTOpBIe HaxoaaTces u3 yeaosuil u(Ry) = Ry — R
u u(R2) = Ro — Rop (mumexc 0 0THOCHTCS K HAYATBHOMY COCTOsTHUIO). Bripaskernne (6) mozgcras-
ngercs B (5), 3aTeM MoIy4eHHOe BBIPAKEHUE MOJCTAB/IAETCS B TPAHUIHBIE YCI0BHS (3) € yaeTom
(2) u (4). Takum 06pazoM, ONMPEIEIAIOTCS JBa yPABHEHUST:

207 Ry R} 'z, —RI'R] 'a_

—pg(Ra,t) + —— = (R2 — Rao)+
’ i R{"Ry" — R{" Ry
Ry Ry ‘e — Ry R} 'a, (1 — v BB + 2v5, B
+ 58 T (R1— Ri), z+= 3 , (7)
Ri"Ry" — R{" R, L=y = 2Ev,/E;
T 82 _ Uz _ 207 Bi—1 B-—1
pr | RoUs+ U5 | = —4pf— — —= —Poo —aRy" x4 —bRy™ "x_. (8)
2 Ry Ry

Bripasus n3 ypasuenns (7) ciaaraemoe Ro — Rog m mogcraBus B (8), HAXOIUTCS CJIETYIONIEE
ypaBHeHue:

vay (R RS - RyRSY)
Ro(z- —xy)

. 3 Us 209
RoUs+ U2 | = —dpup— — == —p + (R — R
pf<22+2 2) MfRQ R P +( 1 10)

+ (p - 201) RVCR oy —RVRY
Ry ) RU-RMTlp — RMRI-TI

+

(9)

Takum obpasom, ypasaerust (7) u (9) onuchBarOT pajuanbHYI0 JUHAMEUKY Iy3bIPbKa Ia3a,
MOKPBITOTO AHM30TPOITHOW 000/I0YKOM KOHETHOW TOJIIUHBI. B HabHeNeM /I TPOCTOTH T0JIa-
raeTcs, 4To TOJIIINHA 000JIOUYKHU ITy3bIpbKa Oin3ka K Hy/I0, T.e. R1 = Ry — d, d — 0. B sTom
ciydae ypasHenue (7) BBIIOJHAETCS TOXKIECTBEHHO, a ypasHerue (9), OIyCTUB y paauyca HHIEKC
2, mpuMeT BU/I

. 3. 20 x1d R 20 Yad R
pf(RR+2R2>=(pg—R_ld>(1—é)—‘le—;—pf—;(1—];), (10)

_ gy —a—+ P — fray (B = By)zs
X1 = ) X2 = .
Ty — T— Ty — T—

PaCCMOTpI/IM PagraJIbHBIC KO.He6aHI/IH WHKAICYJINPOBAHHOTO ITY3bIPHKA, HAXOAAIIETOCA Ha HEe-
KOTOPOM PaCCTOSHUY [ OT yOPYTOii CTeHKH KOHeUHO# Tostuubl h. Cemys mporeaype paborsr [6],
ypasuenue (10) yserko obobmaercst 1o ypapuenusi Kestepa—Mukcnca paceMaTpuBaeMoii cpejibl
1 3allUCBIBACTCA B BUAC

) RY 3., o R 1 R Rd
1 — v — — Z 1-———|=—|14—+——|P 11
RR( « Cf>+2R< 3 3Cf> pf< +Cf+Cfdt> ’ (11)

201 d R 209 d Ry

P= — l—-xvi= ) —4pr=———-pr—x2=|1——

MexaHuka 103




@ WU3zs. Capar. yu-ta. Hos. cep. Cep.: Matematuka. Mexanuka. Hcpopmatuka. 2026. T. 26, Bbin. 1

a:<Pf_ﬁ>£+<5—ﬂ3> R (py —B)(B—p3) R 3K — 21

pr+ B B4ps) 2040 (pr+B)BEpm)2h P EK vy

31echb po — MJIOTHOCTE CTeHKU, K — MOJTY/Ib BCECTOPOHHETO CXKATHSI, 1] — MOJIYJIb CIBUTA, YIIPYTOi
CTEHKH, p3 — IJIOTHOCTb KUJKOCTH 3a cTeHKoil, C'y — CKOPOCTb 3BYKa.

2. Pe3yabTaThl pacyeToB

Pacemorpum pannanbHbie KOJTebaHNs My3bIPhKA ra3a, TOKPHITOrO aHU30TPOMHON 000I09KOif,
OKOJT0 yupyroi crenku. [ly3pipek 3amosaen pTopyryiepoaubiv ra3oM. JIad cpeabl nCriomb3yoTes
mapamerps! |7]. Hagampmert pagmyc myssippka Ro cocrapasger 1.73 - 107% m, Baskoers KuaKo-
cru puyp = 0.025 Ila-c, miornocTs xkuakocru pr = 1000 Kr/M>, CKOpPOCTH 3BYKa Cy = 1470 m/c,
napjenne po, = 10° Tla, noxasarens agmabarel v = 1.07. g 060J0YKH ITy3bIPbKa, HCIIOJIb-
3yloTcs coefyronme jganuawe: v, = v = 0.35, B, = 88.8 - 10% Ma, o1 = 0.03, oo = 0.005.
Tonmmua o6onoukn d = 4 - 107 M. Buemmee aKyCTHIECKOE BO3MYVIIIEHUE CO3/IaeTCsI B BUJE
Pf = Poo — PasSin(2mfot) exp[—((2fst — 2N)/N)?], rae ammmryna napienus p, = 40000 Ila,
vacrora f, = 2-10% T'u, N = 8. B xauecrBe ympyroif CTEHKH PAcCMATPUBAETCS ILIACTHKOBAS

crerka (OptiCell, BioCryctall, Inc.) co cie-

R, Mxm AYIOIAMU rmapaMeTpamu: pg = 1060 KF/M3,
[ K = 3.75-10° Ha, n = 1.34 - 10° Tla,

5 = ps = 1000 xr/m3, I = 50 - 1076 u,
h = 75-107% M. IIposeseno uncieHHOE pe-

2.0

menue ypasrenus (11).
1.8 Ha pucynke mnpencTaBieHo BINAHUE
yUpyroit creHku u pasauaus Mo ysisi FOH-
ra EH Ha 3aBUCUMOCTH PASRYCA NHKAIICYIN-
1.6

POBAHHOTO MY3BIpbKa OT BpeMenu. MoKHO
HAOJII0JATh, YTO HAJUIHUE YIPYrOil CTEHKH

HECKOJIBKO CACP2KHUBACT PaJHNaAJIbHBIE KOJIe-

1.4 , I . ¥ . L . 0aHNUd BKJIIOUCHUA.

0 1 2 3 t, MKC

3aBUCHMOCTH PAAMyCa Ty3bIpbKAa OT BPEMEHHU:

3aMETHO YMEHBIEHUE AMIIUTYIbI OC-
OUJTANAN Ty3BIPbKA, YTO, B YaCTHOCTH,

1 — UOKpBITBHIN Iy3bIPEK B OE3rPAHUTHON KU KO-
N HEe TPOTHBOPEYUT BLIBOJAM paboThl |§],
cru (B = 0.5E;), 2 — NOKPBITBIH My3bIPEK OKO- 6
10 ynpyroii crenxu (B = 05E,), 3 — (B = E,), rIe SKCIepUMEHTAJIbLHO ObLIO MOKA3aHo,
4 — (E) = 2E,); vapkepsl — 3KcrepnMenTanpaple  1TO HEHOCPECACTBEHHAL Om30CTH yHIpyToft
naduble [7] CTEHKW CHUXKAET AaMILUIUTYAY KoJiebanumit

Figure. Dependencies of the bubble radius on  Bxumouenus B cpemmem ma 10%. Yseamdge-

time: 1 — covered bubble in an infinite liquid  gpe moxymsa FOmra E| 060JI0UKH IIY3BIPbKA,

(Ey = 0.5E;), 2 — covered bubble near an elastic

wall (EH = 0.5ET), 3 — (EH = Er), 4 — (EH = 2ET);
markers — experimental data [7]

B CBOIO OU€Pelb, TAKKE IPUBOIUT K 3aMeT-
HOMY YMEHBIIEHUIO aMIJINTYIBI €r0o KoJjie-
b6auuit. Yem Gosiee yupyras obosouka, Tem
MEHbIIIE BDeMsl C2KaTusl Iy3bIpbKa. Buano, aro npu E) = 0.5E, neppoe cxkaTne 1my3bpbKa NPOKC-
xomuT ipu t = 0.45 MKc, a Tipn E” = 2F, mepBoe cxxaTtue HACTyHaeT paubime, npu t = 0.34 MKC.
g w3oTponHoit 06om0ukn (KpuBast 3) MOKA3aHO YAOBJIETBOPUTEIBLHOE COOTBETCTBHE TEOPETH-
YEeCKOH KPHUBO# pajinyca My3bIpbKa ¢ SKCIEPUMEHTATBHBIME JaHHBIMHA [7].

3ameduanue. [lo pe3ynbraraM TpOBEIEHHBIX PACIETOB IIOKA3AHO, UTO YBEINYICHHE MOIYJIS
FOnra E)| npuBoAUT K 3aMEJJIEHUIO POCTa A30BOIO 11y3bIPbKA, & TAKXKe K YMEHbIIEHUIO aMILIu-
TYIbl ero Kojebanuit Kak B OE3rpaHWYHON KUIKOCTH, TAK W OKOJIO MPEemaTcTBud. dem Hosee
yupyrag 000/1049Ka, TeM MEHbBIe BPEMS C:KATHUs Iy3bIPhKa.
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