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Аннотация. Множество бинарных отношений, замкнутое относительно некоторой совокупности
операций над ними, образует алгебру, называемую алгеброй отношений. Алгебры отношений мож-
но рассматривать как частично упорядоченные с помощью теоретико-множественного включения.
Теория алгебр отношений является важной составной частью современной алгебраической логики
и имеет многочисленные приложения в теории полугрупп. Как правило, операции над отношени-
ями задаются с помощью логических формул. Операция над отношениями называется конъюнк-
тивной, если она может быть определена формулой первого порядка, содержащей только конъ-
юнкции. Данная работа посвящена изучению ассоциативных бинарных конъюнктивных операций
над отношениями, т. е. классов полугрупп отношений с конъюнктивными операциями. Проводится
классификация конъюнктивных операций, идентифицируются все ассоциативные операции и для
большинства из них решаются задачи нахождения их аксиоматических характеристик.
Ключевые слова: алгебра отношений, конъюнктивная операция, многообразие, квазимногообра-
зие, группоид, полугруппа, частично упорядоченная полугруппа
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Introduction

An arbitrary set of binary relations closed with respect to some collection of operations on
relations forms an algebra called an algebra of relations. Algebras of relations can be viewed as
partially ordered by the set-theoretic inclusion.

The study of operations on relations goes back to the work of A. De Morgan, C. S. Peirce,
G. Frege, and E. Schroder. A. Tarski proposed an axiomatic approach to their study and posed a
number of problems that determined the further development of this theory [1,2]. An important
contribution to the theory of relation algebras was made by the founder of the Department
of Geometry at Saratov State University and the creator of the theory of inverse semigroups,
V. V. Wagner [3]. Later in 1970, B. M. Shein formulated the general concept of relation algebras
and found conditions for their axiomatizability [4]. Currently, the theory of algebras of relations
is an essential part of algebraic logic [5] and modern algebra. The following problems naturally
arise and are solved when a certain class of algebras of relations is considered.

1. Find a system of axioms for this class.

2. Find a basis of quasi-identities for the quasi-variety generated by this class.

3. Find a basis of identities for the variety generated by this class.

4. Does this class form a quasi-variety?

5. Does this class form a variety?

Numerous researchers have devoted their papers to solving these problems for various classes
of relation algebras (see, for example, [6–10]). We will focus on studying binary operations on
relations, that is, on studying classes of groupoids of relations. The detailed motivation for these
studies can be found in [11]. An additional incentive for such research is the possibility of using
groupoids in cryptography [12].

As a rule, operations on relations are specified using logical formulas. These operations are
called logical. Let 𝑅𝑒𝑙(𝑈) denote the set of all binary relations on a set 𝑈 . For any formula
𝜙(𝑧0, 𝑧1, 𝑟1, 𝑟2) of the first-order predicate calculus (without equality and constants) containing
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two free variables 𝑧0, 𝑧1 and two binary predicate symbols 𝑟1, 𝑟2, we can define a binary operation
𝐹𝜙 on 𝑅𝑒𝑙(𝑈) in the following way:

𝐹𝜙(𝜌1, 𝜌2) = {(𝑢, 𝑣) ∈ 𝑈 × 𝑈 : 𝜙(𝑢, 𝑣, 𝜌1, 𝜌2)},

where 𝜙(𝑢, 𝑣, 𝜌1, 𝜌2) means that the formula 𝜙 is satisfied whenever 𝑧0, 𝑧1 are interpreted as 𝑢,
𝑣, and 𝑟1, 𝑟2 are interpreted as the relations 𝜌1, 𝜌2 from 𝑅𝑒𝑙(𝑈).

Logical operations can be classified according to the formulas that define them. An operation
on relations is called primitive positive [13] (in other terminology —Diophantine operations
[14, 15]) if it can be defined by a first-order formula containing in its prenex normal form
only existential quantifiers and conjunctions. A special case of primitive positive operations
are operations defined by quantifier-free formulas, that is, formulas representing a conjunction
of atoms. These operations are naturally called conjunctive [16].

Conjunctive operations were studied in [16–20]. This paper is devoted to solving the problems
formulated above for classes of groupoids of relations with associative conjunctive operations,
that is, for classes of semigroups of relations with conjunctive operations.

1. Preliminary

Any conjunctive operation 𝐹𝜙 can be defined using two Boolean matrices {𝑎𝑖𝑗}2×2 and
{𝑏𝑖𝑗}2×2, where 𝑎𝑖𝑗 = 1 (respectively, 𝑏𝑖𝑗 = 1) if and only if the atomic formula 𝑟1(𝑧𝑖, 𝑧𝑗)
(respectively, 𝑟2(𝑧𝑖, 𝑧𝑗)) appears in the formula 𝜙, and also as the binary code 𝛼 = 𝑎00𝑎01𝑎10𝑎11×
×𝑏00𝑏01𝑏10𝑏11. The binary code uniquely defines the original operation, which will also be denoted
by 𝐹𝛼 or simple 𝛼. The result 𝐹𝛼(𝜌1, 𝜌2) of applying the operation 𝐹𝛼 to relations 𝜌1, 𝜌2 ∈ 𝑅𝑒𝑙(𝑈)
will be denoted by 𝜌1 𝛼𝜌2. Note that since the formula must contain both predicate symbols
and both individual variables, codes of the form 0000𝑏01𝑏10𝑏11, 𝑎00𝑎01𝑎10𝑎110000, and 10001000,
00010001 should be excluded from consideration. It follows that the number of distinct binary
conjunctive operations is 223.

The rank 𝑟(𝛼) = 𝑟(𝐹𝛼) of the operation 𝐹𝛼 is equal to the sum of all nonzero elements in
its code. Graphically, the operation 𝐹𝜙 is defined by two directed graphs on a two-element set,
corresponding to the matrices {𝑎𝑖𝑗}2×2 and {𝑏𝑖𝑗}2×2. By assigning labels 1 and 2 to the edges
of these graphs and taking their union, we obtain the so-called input-output-pointed labeled
graph [13]. This graph also uniquely determines the original operation 𝐹𝜙.

The operation 𝐹 *(𝜌1, 𝜌2) = 𝐹 (𝜌2, 𝜌1) is called dual to the operation 𝐹 . The operation
𝐹 ⋆(𝜌1, 𝜌2) = (𝐹 (𝜌−11 , 𝜌−12 ))−1, where −1 is the operation of relational inverse, is called inverted to
the operation 𝐹 . The operation 𝐹 *⋆(𝜌1, 𝜌2) = 𝐹 ⋆*(𝜌1, 𝜌2) = (𝐹 (𝜌−12 , 𝜌−11 ))−1 is called conjugate to
the operation 𝐹 . It is easy to see that if the operation 𝐹 has a code 𝛼 = 𝑎00𝑎01𝑎10𝑎11𝑏00𝑏01𝑏10𝑏11,
then the operations 𝐹 *, 𝐹 ⋆, and 𝐹 *⋆ = 𝐹 ⋆* have codes 𝛼* = 𝑏00𝑏01𝑏10𝑏11𝑎00𝑎01𝑎10𝑎11, 𝛼

⋆ =
= 𝑎11𝑎01𝑎10𝑎00𝑏11𝑏01𝑏10𝑏00, and 𝛼

*⋆ = 𝛼⋆* = 𝑏11𝑏01𝑏10𝑏00𝑎11𝑎01𝑎10𝑎00.
We will combine these operations into a single cluster {𝐹, 𝐹 *, 𝐹 ⋆, 𝐹 ⋆*}. Any cluster is uniquely

defined by each of its elements and we will identify it with the code 𝛼 of the selected operation 𝐹 .
Any cluster may contain: one element {𝐹 = 𝐹 * = 𝐹 ⋆ = 𝐹 *⋆} (type 𝐴); two elements

{𝐹 = 𝐹 *⋆, 𝐹 ⋆ = 𝐹 *} (type 𝐵) or {𝐹 = 𝐹 *, 𝐹 ⋆ = 𝐹 *⋆} (type 𝐶) or {𝐹 = 𝐹 ⋆, 𝐹 * = 𝐹 *⋆}
(type 𝐷); four elements {𝐹, 𝐹 *, 𝐹 ⋆, 𝐹 *⋆} (type 𝐸).

As an example, let us consider the formula

𝜙 = 𝑟1(𝑧0, 𝑧0) ∧ 𝑟1(𝑧0, 𝑧1) ∧ 𝑟1(𝑧0, 𝑧1) ∧ 𝑟1(𝑧1, 𝑧1).

This formula defines the operation

𝐹𝜙(𝜌1, 𝜌2) = {(𝑢, 𝑣) : (𝑢, 𝑣) ∈ 𝜌1 ∧ (𝑢, 𝑢) ∈ 𝜌1 ∧ (𝑢, 𝑣) ∈ 𝜌2 ∧ (𝑣, 𝑣) ∈ 𝜌2}.

The code of this operation is 𝛼 = 11000101, the corresponding cluster contains two elements and
has type 𝐵. The Figure shows its input-output-pointed labeled graph.
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Figure. Input-output-
pointed labeled graph of

𝛼 = 11000101

A partially ordered groupoid is an algebraic system (𝐴, ·,⩽),
where (𝐴, ·) is a groupoid, that is, an algebra with one binary
operation, and ⩽ is a partial order relation on 𝐴 that is compatible
with multiplication, that is, 𝑥 ⩽ 𝑦 implies 𝑥𝑧 ⩽ 𝑦𝑧 and
𝑧𝑥 ⩽ 𝑧𝑦. Any conjunctive operation 𝐹 is compatible with the
set-theoretic inclusion, and therefore the corresponding algebraic
system (𝑅𝑒𝑙(𝑉 ), 𝐹,⊆) is a partially ordered groupoid.

For given code 𝛼, let 𝑅{𝛼} (respectively, 𝑅⩽{𝛼}) denote the
class of all groupoids (partially ordered groupoids) isomorphic

to groupoids (partially ordered groupoids) of relations with the operation 𝛼. Let 𝑉 𝑎𝑟{𝛼}
(respectively, 𝑉 𝑎𝑟⩽{𝛼}) be the variety generated by 𝑅{𝛼} (generated by 𝑅⩽{𝛼} in the class
of all partially ordered groupoids).

Note that the mapping 𝑓(𝜌) = 𝜌−1 is an isomorphism of (𝑅𝑒𝑙(𝑉 ), 𝛼,⊆) and (𝑅𝑒𝑙(𝑉 ), 𝛼⋆,⊆)
and the mapping 𝑓(𝜌) = 𝜌 is an antiisomorphism of (𝑅𝑒𝑙(𝑉 ), 𝛼,⊆) and (𝑅𝑒𝑙(𝑉 ), 𝛼*,⊆). It
follows that all operations from clusters of type 𝐴, 𝐵 and 𝐶 generate the same class 𝑅⩽{𝛼}, and
operations from clusters of type 𝐷 and 𝐸 generate two classes 𝑅⩽{𝛼} and 𝑅⩽{𝛼*} with dual
properties. Taking this into account we will formulate the results for both classes and carry out
proofs only for the class 𝑅⩽{𝛼}.

2. Main results

Our goal was to find all clusters of associative conjunctive operations and solve the problems
formulated above for the corresponding classes of groupoids. For this purpose, a computer
program was created which combines conjunctive operations into clusters and checks identities
and quasi-identities on classes of partially ordered groupoids with these operations. The idea of
the program algorithm is based on the results from [9]. As a result of the research, 23 clusters of
associative conjunctive operations were identified. The following identities and quasi-identities
were used as test subjects:

𝑥2 = 𝑥, (1)

𝑥𝑦 = 𝑦𝑥, (2)

𝑥2𝑦2 = 𝑦2𝑥2, (3)

𝑥2𝑦 = 𝑥𝑦, (4) 𝑥𝑦 = 𝑥𝑦2, (4*)

𝑥𝑦𝑧 = 𝑦𝑥𝑧, (5) 𝑥𝑦𝑧 = 𝑥𝑧𝑦, (5*)

𝑥𝑦 ⩽ 𝑦, (6) 𝑥𝑦 ⩽ 𝑥, (6*)

𝑥𝑦 ⩽ 𝑦2, (7) 𝑥𝑦 ⩽ 𝑥2, (7*)

𝑥 ⩽ 𝑦𝑧 ⇒ 𝑥 ⩽ 𝑦𝑥, (8) 𝑥 ⩽ 𝑦𝑧 ⇒ 𝑥 ⩽ 𝑥𝑧, (8*)

(𝑥 ⩽ 𝑦2 ∧ 𝑥 ⩽ 𝑧2) ⇒ 𝑥 ⩽ 𝑦𝑧, (9)

(𝑥 ⩽ 𝑦 ∧ 𝑥 ⩽ 𝑦𝑧) ⇒ 𝑥 ⩽ 𝑦2, (10) (𝑥 ⩽ 𝑦 ∧ 𝑥 ⩽ 𝑧𝑦) ⇒ 𝑥 ⩽ 𝑦2, (10*)

(𝑥 ⩽ 𝑦𝑧 ∧ 𝑥 ⩽ 𝑤𝑣) ⇒ 𝑥 ⩽ 𝑦𝑣. (11)

The label (𝑛*) refers to an identity or quasi-identity dual to an identity or quasi-identity with
the label (𝑛). Identities and quasi-identities with labels (1)–(3), (9) and (11) are self-dual. It is
easy to see that (11) implies (9).

The data presented in the Table allow us to put forward a hypothesis about the possible
coincidence of the properties of operations from different clusters that will be be proven later.

The Theorem formulated below provides a solution to Problems 1–5 for all clusters of
associative conjunctive operations except clusters 19–23, for which these problems remain open.

326 Научный отдел



D. A. Bredikhin et al. On associative conjunctive operations on binary relations

Table. Results for identities and quasi-identities

N Code 𝛼 Type Rank Class
Identities and quasi-identities

1 2 3 4 4* 5 6 6* 7 8 9 10 11

1 01000100 A 2 𝑅⩽{𝛼} + + + + + + + + + + + + +

2 01100110 A 4 𝑅⩽{𝛼} + + + + + + + + + + +

3 11001100 C 4 𝑅⩽{𝛼} + + + + + + + + + + +

4 11011101 A 5 𝑅⩽{𝛼} + + + + + + + + + + +

5 11111111 A 8 𝑅⩽{𝛼} + + + + + + + + + + +

6 10011001 A 4 𝑅⩽{𝛼} + + + + + + + + +

7 01100100 D 3 𝑅⩽{𝛼} + + + + + + + + +

8 11000100 E 3 𝑅⩽{𝛼} + + + + + + + + +

9 11010100 D 4 𝑅⩽{𝛼} + + + + + + + + +

10 11110100 D 5 𝑅⩽{𝛼} + + + + + + + + +

11 11110110 D 6 𝑅⩽{𝛼} + + + + + + + +

12 10000100 E 2 𝑅⩽{𝛼} + + + + + + +

13 10010100 D 3 𝑅⩽{𝛼} + + + + + + +

14 10010110 E 4 𝑅⩽{𝛼} + + + + +

15 10011100 E 4 𝑅⩽{𝛼} + + + + + +

16 10011111 D 6 𝑅⩽{𝛼} + + + + + + +

17 10011101 D 5 𝑅⩽{𝛼} + + + + + + + +

18 10001100 E 3 𝑅⩽{𝛼} + + + + + + + +

19 11011100 E 5 𝑅⩽{𝛼} + + + + + + + +

20 11111100 E 6 𝑅⩽{𝛼} + + + + + + + +

21 11111101 D 7 𝑅⩽{𝛼} + + + + + + + +

22 11000101 D 4 𝑅⩽{𝛼} + + + + +

23 01101101 B 5 𝑅⩽{𝛼} + + + + +

Let us denote by 𝐶𝑙{𝑄1, 𝑄2, . . . , 𝑄𝑛} (respectively, by 𝐶𝑙⩽{𝑄1, 𝑄2, . . . , 𝑄𝑛}) the class of all
semigroups (respectively, partially ordered semigroups) satisfying the conditions 𝑄1, 𝑄2, . . . 𝑄𝑛

expressed in the form of identities or quasi-identities. Let us fix the following varieties of partially
ordered semigroups:

K1 = 𝐶𝑙{𝑥2 = 𝑥(1), 𝑥𝑦 = 𝑦𝑥 (2)};
K2 = 𝐶𝑙{𝑥𝑦 = 𝑦𝑥(2), 𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦 ⩽ 𝑦(6)};
K3 = 𝐶𝑙{𝑥𝑦 = 𝑦𝑥(2), 𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦 ⩽ 𝑦2(7)};
K4 = 𝐶𝑙{𝑥2𝑦2 = 𝑦2𝑥2(3), 𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦 ⩽ 𝑦(6), 𝑥𝑦 ⩽ 𝑥(6*)};
K*4 = 𝐶𝑙{𝑥2𝑦2 = 𝑦2𝑥2(3), 𝑥𝑦2 = 𝑥𝑦(4*), 𝑥𝑦 ⩽ 𝑦(6), 𝑥𝑦 ⩽ 𝑥(6*)};
K5 = 𝐶𝑙{𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦𝑧 = 𝑦𝑥𝑧(5), 𝑥𝑦 ⩽ 𝑦(6)};
K*5 = 𝐶𝑙{𝑥𝑦2 = 𝑥𝑦(4*), 𝑥𝑦𝑧 = 𝑥𝑧𝑦(5*), 𝑥𝑦 ⩽ 𝑥(6*)};
K6 = 𝐶𝑙{𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦2 = 𝑥𝑦(4*), 𝑥𝑦𝑧 = 𝑦𝑥𝑧(5), 𝑥𝑦 ⩽ 𝑦(6)};
K*6 = 𝐶𝑙{𝑥𝑦2 = 𝑥𝑦(4*), 𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦𝑧 = 𝑥𝑧𝑦(5*), 𝑥𝑦 ⩽ 𝑥(6*)}.
Let us denote by 𝑁(𝑛1, . . . , 𝑛𝑘) the set of all codes identifying clusters from the table with

numbers 𝑛1, . . . , 𝑛𝑘.

Theorem. The following statements are true.
1. For any 𝛼 ∈ 𝑁{1} we have

𝑅⩽{𝛼} = K1.

2. For any 𝛼 ∈ 𝑁{2− 5} we have

𝑅⩽{𝛼} = K2 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦2 ∧ 𝑥 ⩽ 𝑧2) ⇒ 𝑥 ⩽ 𝑦𝑧(9)}.

3. For any 𝛼 ∈ 𝑁{6} we have

𝑅⩽{𝛼} = K3 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦2 ∧ 𝑥 ⩽ 𝑧2) ⇒ 𝑥 ⩽ 𝑦𝑧(9)}.
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4. For any 𝛼 ∈ 𝑁{7− 10} we have

𝑅⩽{𝛼} = K4 ∩ 𝐶𝑙⩽{𝑥 ⩽ 𝑦𝑧 ⇒ 𝑥 ⩽ 𝑦𝑥(8)},
𝑅⩽{𝛼*} = K*4 ∩ 𝐶𝑙⩽{𝑥 ⩽ 𝑦𝑧 ⇒ 𝑥 ⩽ 𝑥𝑧(8*)}.

5. For any 𝛼 ∈ 𝑁{11} we have

𝑅⩽{𝛼} = K4 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦𝑧 ∧ 𝑥 ⩽ 𝑢𝑣) ⇒ 𝑥 ⩽ 𝑦𝑣(11)},
𝑅⩽{𝛼*} = K*4 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦𝑧 ∧ 𝑥 ⩽ 𝑢𝑣) ⇒ 𝑥 ⩽ 𝑦𝑣(11)}.

6. For any 𝛼 ∈ 𝑁{12, 13} we have

𝑅⩽{𝛼} = K5 ∩ 𝐶𝑙⩽{𝑥 ⩽ 𝑦𝑧 ⇒ 𝑥 ⩽ 𝑦𝑥(8)},
𝑅⩽{𝛼*} = K*5 ∩ 𝐶𝑙⩽{𝑥 ⩽ 𝑦𝑧 ⇒ 𝑥 ⩽ 𝑥𝑧(8*)}.

7. For any 𝛼 ∈ 𝑁{14, 15} we have

𝑅⩽{𝛼} = K5 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦𝑧 ∧ 𝑥 ⩽ 𝑢𝑣) ⇒ 𝑥 ⩽ 𝑦𝑣(11)},
𝑅⩽{𝛼*} = K*5 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦𝑧 ∧ 𝑥 ⩽ 𝑢𝑣) ⇒ 𝑥 ⩽ 𝑦𝑣(11)}.

8. For any 𝛼 ∈ 𝑁{16} we have

𝑅⩽{𝛼} = K6 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦2 ∧ 𝑥 ⩽ 𝑧2) ⇒ 𝑥 ⩽ 𝑦𝑧(9)},
𝑅⩽{𝛼*} = K*6 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦2 ∧ 𝑥 ⩽ 𝑧2) ⇒ 𝑥 ⩽ 𝑦𝑧(9)}.

9. For any 𝛼 ∈ 𝑁{17, 18} we have

𝑅⩽{𝛼} = K6 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦2 ∧ 𝑥 ⩽ 𝑧2) ⇒ 𝑥 ⩽ 𝑦𝑧(9), (𝑥 ⩽ 𝑦 ∧ 𝑥 ⩽ 𝑦𝑧) ⇒ 𝑥 ⩽ 𝑦2 (10)},
𝑅⩽{𝛼*} = K*6 ∩ 𝐶𝑙⩽{(𝑥 ⩽ 𝑦2 ∧ 𝑥 ⩽ 𝑧2) ⇒ 𝑥 ⩽ 𝑦𝑧(9), (𝑥 ⩽ 𝑦 ∧ 𝑥 ⩽ 𝑧𝑦) ⇒ 𝑥 ⩽ 𝑦2 (10*)}.

Corollary 1. The following statements are true.
1. For any 𝛼 ∈ 𝑁{1} we have 𝑉 𝑎𝑟⩽{𝛼} = K1.
2. For any 𝛼 ∈ 𝑁{2− 5} we have 𝑉 𝑎𝑟⩽{𝛼} = K2.
3. For any 𝛼 ∈ 𝑁{6} we have 𝑉 𝑎𝑟⩽{𝛼} = K3.
4. For any 𝛼 ∈ 𝑁{7− 11} we have 𝑉 𝑎𝑟⩽{𝛼} = K4 and 𝑉 𝑎𝑟

⩽{𝛼*} = K*4.
5. For any 𝛼 ∈ 𝑁{12− 15} we have 𝑉 𝑎𝑟⩽{𝛼} = K5 and 𝑉 𝑎𝑟

⩽{𝛼*} = K*5.
6. For any 𝛼 ∈ 𝑁{16− 18} we have 𝑉 𝑎𝑟⩽{𝛼} = K6 and 𝑉 𝑎𝑟

⩽{𝛼*} = K*6.

Corollary 2. For any 𝛼 ∈ 𝑁{2− 18} we have that classes 𝑅⩽{𝛼} and 𝑅⩽{𝛼*} do not form
varieties in the class of all partially ordered groupoids.

Let us fix the following varieties of semigroups:
M1 = 𝐶𝑙{𝑥2 = 𝑥(1), 𝑥𝑦 = 𝑦𝑥 (2)};
M2 = 𝐶𝑙{𝑥𝑦 = 𝑦𝑥(2), 𝑥2𝑦 = 𝑥𝑦(4)};
M3 = 𝐶𝑙{𝑥2𝑦2 = 𝑦2𝑥2(4), 𝑥2𝑦 = 𝑥𝑦(4)};
M*3 = 𝐶𝑙{𝑥2𝑦2 = 𝑦2𝑥2(3), 𝑥𝑦2 = 𝑥𝑦(4*)};
M4 = 𝐶𝑙{𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦𝑧 = 𝑦𝑥𝑧(5)};
M*4 = 𝐶𝑙{𝑥𝑦2 = 𝑥𝑦(4*), 𝑥𝑦𝑧 = 𝑥𝑧𝑦(5*)};
M5 = 𝐶𝑙{𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦2 = 𝑥𝑦(4*), 𝑥𝑦𝑧 = 𝑦𝑥𝑧(5)};
M*5 = 𝐶𝑙{𝑥𝑦2 = 𝑥𝑦(4*), 𝑥2𝑦 = 𝑥𝑦(4), 𝑥𝑦𝑧 = 𝑥𝑧𝑦(5*)}.

Corollary 3. The following statements are true.
1. For any 𝛼 ∈ 𝑁{1} we have 𝑅{𝛼} = M1.
2. For any 𝛼 ∈ 𝑁{2− 6} we have 𝑅{𝛼} = M2.
3. For any 𝛼 ∈ 𝑁{7− 11} we have 𝑅{𝛼} = M3 and 𝑅{𝛼*} = M*3.
4. For any 𝛼 ∈ 𝑁{12− 15} we have 𝑅{𝛼} = M4 and 𝑅{𝛼*} = M*4.
5. For any 𝛼 ∈ 𝑁{16− 18} we have 𝑅{𝛼} = M5 and 𝑅{𝛼*} = M*5.
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3. The proof

The necessity of conditions of the Theorem is carried out by direct verification. We also tested
them using the computer program mentioned above.

The proof of the sufficiency of the conditions of the Theorem is reduced to the construction
of an isomorphic embedding 𝑃𝛼 : 𝐴 → 𝑅𝑒𝑙(𝑈) of a partially ordered semigroup (𝐴, ·,⩽) into a
partially ordered semigroup of relations (𝑅𝑒𝑙(𝑈), 𝛼,⊆) with the operation 𝛼. The corresponding
embedding will be constructed as follows:

𝑈 =
⋃︁

{𝑈𝑥 : 𝑥 ∈ 𝐴}, 𝑈𝑥 = {𝑥} × {0, 1},

𝑃𝛼
𝑥 (𝑎) = 𝑄𝑥 ∪ 𝑇𝛼

𝑥 (𝑎), 𝑃𝛼(𝑎) =
⋃︁

{𝑃𝛼
𝑥 (𝑎) : 𝑥 ∈ 𝐴},

where 𝑄𝑥(𝑎) = {((𝑥, 0), (𝑥, 1)) : 𝑥 ⩽ 𝑎} and the mapping 𝑇𝛼
𝑥 : 𝐴→ 𝑅𝑒𝑙(𝑈𝑥) is defined specifically

for each operation 𝛼. We will also require that the mapping 𝑃𝛼
𝑥 satisfy the following conditions:

𝑎 ⩽ 𝑏 implies 𝑃𝛼
𝑥 (𝑎) ⊆ 𝑃𝛼

𝑥 (𝑏), (12)

((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎) implies 𝑥 ⩽ 𝑎. (13)

It is clear that from conditions (12) it follows that 𝑃𝛼(𝑎) ⊆ 𝑃𝛼(𝑏). If 𝑃𝛼(𝑎) ⊆ 𝑃𝛼(𝑏), then
𝑃𝛼
𝑎 (𝑎) ⊆ 𝑃𝛼

𝑎 (𝑏). Since ((𝑎, 0), (𝑎, 1)) ∈ 𝑃𝛼
𝑎 (𝑎), we have ((𝑎, 0), (𝑎, 1)) ∈ 𝑃𝛼

𝑎 (𝑏), and hence by (13)
we have 𝑎 ⩽ 𝑏. Thus, 𝑎 ⩽ 𝑏 if and only if 𝑃𝛼(𝑎) ⊆ 𝑃𝛼(𝑏), and the mapping 𝑃𝛼(𝑎) is one-to-one.
Therefore, to prove that the constructed mapping is an isomorphic embedding, it is sufficient to
check the condition

𝑃𝛼
𝑥 (𝑎𝑏) = 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏). (14)

Let us divide the proof into steps in accordance with the points in the formulation of the
Theorem. In cases where proofs for the considered operations have been previously published,
we will limit ourselves to the relevant references.

Step 1. Suppose that 𝛼 = 01000100 ∈ 𝑁{1}, that is, 𝜌1𝛼𝜌2 = 𝜌1 ∩ 𝜌2. It is trivial that in
this case the class 𝑅⩽{𝛼} coincides with the class of all semilattices with their canonical partial
order relation. It is enough to put 𝑃𝛼

𝑥 (𝑎) = {((𝑥, 0), (𝑥, 1)) : 𝑥 ⩽ 𝑎}. The proof that 𝑃𝛼
𝑥 satisfies

the condition (12)–(14) is trivial.
Step 2. Suppose that 𝛼 = 01100110 ∈ 𝑁{2}. Then put

𝑃𝛼
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 1), (𝑥, 0)) : 𝑥 ⩽ 𝑎2}.

It is obvious that 𝑃𝛼
𝑥 satisfies the conditions (12) and (13). Let us prove that it satisfies the

condition (14). Suppose that ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏), that is, 𝑥 ⩽ 𝑎𝑏

(4)
= 𝑎2𝑏

(2)
= 𝑏𝑎2

(6)

⩽ 𝑎2
(6)

⩽ 𝑎 and

𝑥 ⩽ 𝑎𝑏
(2)
= 𝑏𝑎

(4)
= 𝑏2𝑎

(2)
= 𝑎𝑏2

(6)

⩽ 𝑏2
(6)

⩽ 𝑏. Hence, by definition we have ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈
∈ 𝑃𝛼

𝑥 (𝑎) ∩ 𝑃𝛼
𝑥 (𝑏). It follows that ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎) * 𝑃𝛼
𝑥 (𝑏). If ((𝑥, 1), (𝑥, 0)) ∈ 𝑃 (𝑎𝑏), then

𝑥 ⩽ (𝑎𝑏)2 = 𝑎𝑏𝑎𝑏
(2)
= 𝑎2𝑏2

(6)

⩽ 𝑏2
(6)

⩽ 𝑏 and 𝑥 ⩽ (𝑎𝑏)2 = 𝑎𝑏𝑎𝑏
(2)
= 𝑏2𝑎2

(6)

⩽ 𝑎2
(6)

⩽ 𝑎. Hence, by definition
we have ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃 (𝑎) ∩ 𝑃𝑥(𝑏), that is, ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑎) * 𝑃𝛼
𝑥 (𝑏).

Therefore, we obtain that 𝑃𝛼
𝑥 (𝑎𝑏) ⊆ 𝑃𝛼

𝑥 (𝑎) * 𝑃𝛼
𝑥 (𝑏).

Conversely, suppose that ((𝑥, 0), (𝑥, 1)) or ((𝑥, 1), (𝑥, 0)) belongs to 𝑃𝛼
𝑥 (𝑎) * 𝑃𝛼

𝑥 (𝑏), then in
both cases we have ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑎) ∩ 𝑃𝛼
𝑥 (𝑏). Hence, by definition we have

𝑥 ⩽ 𝑎, 𝑥 ⩽ 𝑎2 and 𝑥 ⩽ 𝑏, 𝑥 ⩽ 𝑏2. Using quasi-identity (9) we obtain 𝑥 ⩽ 𝑎𝑏
(2),(4)
= (𝑎𝑏)2, that is,

((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏). Therefore, we obtain that 𝑃𝛼

𝑥 (𝑎) * 𝑃𝛼
𝑥 (𝑏) ⊆ 𝑃𝛼

𝑥 (𝑎𝑏). It is
proved that this mapping 𝑃𝛼

𝑥 satisfies the condition (14).
The proof for operations 𝐹𝛽 (𝛽 ∈ 𝑁{3−5} is carried out similarly. You only need to make

the following changes to the definition of the mapping 𝑃 𝛽
𝑥 : 𝐴→ 𝑅𝑒𝑙(𝑈𝑥) by putting:

𝑃 𝛽
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)) : 𝑥 ⩽ 𝑎2} for 𝛽 = 11001100;
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𝑃 𝛽
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) : 𝑥 ⩽ 𝑎2} for 𝛽 = 11011101;

𝑃 𝛽
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 1), (𝑥, 0)), ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) : 𝑥 ⩽ 𝑎2} for 𝛽 = 11111111.

Step 3. Suppose that 𝛼 = 10011001 ∈ 𝑁{6}. For this case, we will have to slightly change the
construction of the embedding 𝑃𝛼 of 𝐴 into 𝑅𝑒𝑙(𝑈). Let us define a mapping 𝑃𝛼 : 𝐴→ 𝑅𝑒𝑙(𝑈)
in the following way:

1) ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼(𝑎) if and only if 𝑥 ⩽ 𝑎;
2) ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼(𝑎) if 𝑥 ⩽ 𝑎2;
3) ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼(𝑎) if and only if 𝑥 ⩽ 𝑐2 ⩽ 𝑎 for some 𝑐 ∈ 𝐴;
4) ((𝑥, 𝑘), (𝑦, 𝑙)) ∈ 𝑃𝛼(𝑎), where 𝑥 ̸= 𝑦, if and only if 𝑥 ⩽ 𝑐2 ⩽ 𝑎, 𝑦 ⩽ 𝑐2 ⩽ 𝑎.
It is clear that 𝑎 ⩽ 𝑏 implies 𝑃𝛼(𝑎) ⊆ 𝑃𝛼(𝑏). Suppose that 𝑃𝛼(𝑎) ⊆ 𝑃𝛼(𝑏).
Since ((𝑎, 0), (𝑎, 1)) ∈ 𝑃𝛼(𝑎), we have ((𝑎, 0), (𝑎, 1)) ∈ 𝑃𝛼(𝑏), hence by definition we have

𝑎 ⩽ 𝑏. Thus, 𝑎 ⩽ 𝑏 if and only if 𝑃𝛼(𝑎) ⊆ 𝑃𝛼(𝑏) and the mapping 𝑃𝛼 is one-to-one. Let us

show that 𝑃𝛼(𝑎𝑏) ⊆ 𝑃𝛼(𝑎)𝑃𝛼(𝑏). If ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼(𝑎𝑏), then 𝑥 ⩽ 𝑎𝑏. Hence, 𝑥 ⩽ 𝑎𝑏
(7)

⩽ 𝑏2

and 𝑥 ⩽ 𝑎𝑏
(2)
= 𝑏𝑎

(6)

⩽ 𝑎2, that is, ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼(𝑎) ∩ 𝑃𝛼(𝑏). It follows that
((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏).

If ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼(𝑎𝑏), then 𝑥 ⩽ (𝑎𝑏)2 = 𝑎𝑏𝑎𝑏
(2)
= 𝑎2𝑏2

(2)
= 𝑏2𝑎2, hence by (7)

we have 𝑥 ⩽ (𝑎2)2
(4)
= 𝑎2 and 𝑥 ⩽ (𝑏2)2

(4)
= 𝑏2, that is, ((𝑥, 0), (𝑥, 0)) and ((𝑥, 1), (𝑥, 1)) belongs to

𝑃𝛼(𝑎) ∩ 𝑃𝛼(𝑏). It follows that ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏).

If ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼(𝑎𝑏), that is, 𝑥 ⩽ 𝑐2 ⩽ 𝑎𝑏 for some 𝑐 ∈ 𝐴, then 𝑐2
(4)
= 𝑐2𝑐2 ⩽ (𝑎𝑏)2

(2),(4)
=

= 𝑎𝑏
(2)
= 𝑏𝑎. Using (7), we have 𝑥 ⩽ 𝑎2 and 𝑥 ⩽ 𝑏2, that is, ((𝑥, 0), (𝑥, 0)) and ((𝑥, 1), (𝑥, 1))

belong to 𝑃𝛼(𝑎) ∩ 𝑃𝛼(𝑏). It follows that ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏).
If 𝑥 ̸= 𝑦 and ((𝑥, 𝑘), (𝑦, 𝑙)) ∈ 𝑃𝛼(𝑎𝑏), that is, 𝑥 ⩽ 𝑐2 ⩽ 𝑎𝑏 for some 𝑐 ∈ 𝐴, then by (2) and

(7) we have 𝑥 ⩽ 𝑎2 and 𝑥 ⩽ 𝑏2, that is, ((𝑥, 𝑘), (𝑥, 𝑘)) ∈ 𝑃𝛼(𝑎) ∩ 𝑃𝛼(𝑏) and ((𝑥, 𝑙), (𝑥, 𝑙)) ∈
∈ 𝑃𝛼(𝑎) ∩ 𝑃𝛼(𝑏). It follows that ((𝑥, 𝑘), (𝑦, 𝑙)) ∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏).

Conversely, let us show that 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏) ⊆ 𝑃𝛼(𝑎𝑏). Suppose that 𝑥 ̸= 𝑦 and ((𝑥, 𝑘), (𝑦, 𝑙)) ∈
∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏), then ((𝑥, 𝑘), (𝑥, 𝑘)), ((𝑦, 𝑙), (𝑦, 𝑙)) ∈ 𝑃𝛼(𝑎) ∩ 𝑃𝛼(𝑏), hence 𝑥 ⩽ 𝑎2, 𝑥 ⩽ 𝑏2, and

𝑦 ⩽ 𝑎2, 𝑦 ⩽ 𝑏2. Thus, using (9) we obtain 𝑥 ⩽ 𝑎𝑏
(2),(4)
= (𝑎𝑏)2 and 𝑦 ⩽ 𝑎𝑏

(2),(4)
= (𝑎𝑏)2. It follows

that ((𝑥, 𝑘), (𝑦, 𝑙)) ∈ 𝑃𝛼(𝑎𝑏).
If ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏), then ((𝑥, 0), (𝑥, 0)) and ((𝑥, 1), (𝑥, 1)) belong to 𝑃𝛼(𝑎)∩𝑃𝛼(𝑏),

that is, 𝑥 ⩽ 𝑎2 and 𝑦 ⩽ 𝑏2, hence by (7) we have 𝑥 ⩽ 𝑎𝑏, that is, ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼(𝑎𝑏).
If ((𝑥, 0), (𝑥, 0)) ∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏), then ((𝑥, 0), (𝑥, 0)) ∈ 𝑃𝛼(𝑎) ∩ 𝑃𝛼(𝑏), that is, 𝑥 ⩽ 𝑎2 and

𝑥 ⩽ 𝑏2, hence by (9) we have 𝑥 ⩽ 𝑎𝑏 = (𝑎𝑏)2, that is, ((𝑥, 0), (𝑥, 0)) ∈ 𝑃𝛼(𝑎𝑏). The case
((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏) is considered similarly.

If ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏), then ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼(𝑎) and ((𝑥, 0), (𝑥, 0)) ∈ 𝑃𝛼(𝑏),
that is, 𝑥 ⩽ 𝑎2 and 𝑥 ⩽ 𝑏2, hence by (9) we have 𝑥 ⩽ 𝑎𝑏 = (𝑎𝑏)2, that is, ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼(𝑎𝑏).

Thus, we have 𝑃𝛼(𝑎𝑏) = 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏), that is, 𝑃𝛼 is the required isomorphic embedding.
Step 4. For 𝛼 = 01100100 ∈ 𝑁{7} put 𝑃𝛼

𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 1), (𝑥, 0)) : 𝑥 ⩽ 𝑎2}, and for
𝛼 = 11000100 ∈ 𝑁{8} put 𝑃𝛼

𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)) : 𝑥 ⩽ 𝑎𝑥}.
The proof that this mapping satisfies the conditions (12)–(14) is contained in [19]. The proof

for operations 𝐹𝛽 , where 𝛽 = 11010100 ∈ 𝑁{9}, and 𝐹𝛾 , where 𝛾 = 11110100 ∈ 𝑁{10}, is carried
out similarly. You only need to make the following changes to the definition of the mapping 𝑃 𝛽

𝑥 ,
𝑃 𝛾
𝑥 by putting:

𝑃 𝛽
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) : 𝑥 ⩽ 𝑎2};

𝑃 𝛾
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1), ((𝑥, 1), (𝑥, 0))) : 𝑥 ⩽ 𝑎2}.

Step 5. For 𝛼 = 11110110 ∈ 𝑁{11} we put

𝑃𝛼
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) : 𝑥 ⩽ 𝑎2} ∪ {((𝑥, 1), (𝑥, 0)) : (∃ 𝑤)𝑥 ⩽ 𝑤𝑎}.
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It is obvious that 𝑃𝛼
𝑥 satisfies the conditions (12) and (13). Let us prove that it satisfies the

condition (14).
Let us show that 𝑃𝛼(𝑎𝑏) ⊆ 𝑃𝛼(𝑎)𝛼𝑃𝛼(𝑏). Suppose that ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎𝑏), that is,

𝑥 ⩽ 𝑎𝑏
(4)
= 𝑎2𝑏

(6*)
⩽ 𝑎2

(6)

⩽ 𝑎 and 𝑥 ⩽ 𝑎𝑏
6
⩽ 𝑏. Hence, by definition we have

((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎)

and
((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑎) ∩ 𝑃𝛼
𝑥 (𝑏).

It follows that
((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏).

If ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏), then 𝑥 ⩽ 𝑤𝑎𝑏 for some 𝑤 ∈ 𝐴, hence

𝑥 ⩽ 𝑤𝑎𝑏
(4)
= 𝑤𝑎2𝑏

(4*)
⩽ 𝑤𝑎2

(6)

⩽ 𝑎2
(6)

⩽ 𝑎, 𝑥 ⩽ 𝑤𝑎𝑏
(6)

⩽ 𝑤𝑏
(6)

⩽ 𝑏.

Thus, by definition we have ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏), ((𝑥, 0), (𝑥, 0)),
((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎). It follows that ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏).

If ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏), then 𝑥 ⩽ (𝑎𝑏)2 = 𝑎𝑏𝑎𝑏

(4)
= 𝑎2𝑏2𝑎𝑏

(6*)
⩽ 𝑎2𝑏2

(6*)
⩽ 𝑎2

and 𝑥 ⩽ 𝑎2𝑏2
(6)

⩽ 𝑏2. Thus, by definition we have ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏),
hence ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏). Therefore, we obtain that

𝑃𝛼
𝑥 (𝑎𝑏) ⊆ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏).

Conversely, if ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏) or ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏), then

((𝑥, 0), (𝑥, 1)), (𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏) and ((𝑥, 0), (𝑥, 0)), (𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎). Hence,

𝑥 ⩽ 𝑎, 𝑥 ⩽ 𝑏, 𝑥 ⩽ 𝑎2, and 𝑥 ⩽ 𝑤𝑏 for some 𝑤 ∈ 𝐴. Using quasi-identity (9) we obtain

𝑥 ⩽ 𝑎𝑏
(4)
= 𝑎2𝑏 = 𝑎𝑎𝑏, hence ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑎𝑏).
If ((𝑥, 0), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏) or ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏), then ((𝑥, 0), (𝑥, 0)) ∈

∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏) or (𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏). In both cases we have 𝑥 ⩽ 𝑎2, 𝑥 ⩽ 𝑏2. Using

quasi-identity (9) we obtain 𝑥 ⩽ 𝑎𝑏
(4)
= 𝑎2𝑏 = 𝑎𝑎𝑏, hence ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎𝑏).
Therefore, we obtain that 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏) ⊆ 𝑃𝛼

𝑥 (𝑎𝑏). It is proved that this mapping 𝑃𝛼
𝑥 satisfies

the condition (14).
Step 6. For 𝛼 = 1000100 ∈ 𝑁{12, 13} we put

𝑃𝛼
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)) : (∃ 𝑤)𝑥 ⩽ 𝑎𝑤}.

The proof that this mapping satisfies the conditions (12)–(14) is contained in [18]. The proof
for operations 𝐹𝛽 , where 𝛽 = 10010110 ∈ 𝑁{13}, is carried out similarly. You only need to make
the following changes to the definition of the mapping by putting:

𝑃 𝛽
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) : (∃ 𝑤)𝑥 ⩽ 𝑎𝑤}.

Step 7. For 𝛼 = 10010110 ∈ 𝑁{14, 15}, we put

𝑃𝛼
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) : (∃ 𝑡)𝑥 ⩽ 𝑎𝑡} ∪ {((𝑥, 1), (𝑥, 0)) : (∃ 𝑤)𝑥 ⩽ 𝑤𝑎}.

The proof that this mapping satisfies the conditions (12)–(14) is contained in [20]. The proof
for operations 𝐹𝛽 (for 𝛽 = 10011100 ∈ 𝑁{15}) is carried out similarly. You only need to make
the following changes to the definition of the mapping by putting:

𝑃 𝛽
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 1), (𝑥, 1)) : 𝑥 ⩽ 𝑎2} ∪ {((𝑥, 0), (𝑥, 0)) : (∃ 𝑤)𝑥 ⩽ 𝑤𝑎}.
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Step 8. For 𝛼 = 10011111 ∈ 𝑁{16} we put

𝑃𝛼
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 1), (𝑥, 0)) : 𝑥 ⩽ 𝑎2} ∪ {((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) : (∃ 𝑤)𝑥 ⩽ 𝑎𝑤}.

It is obvious that 𝑃𝛼
𝑥 satisfies the conditions (12) and (13). Let us prove that it satisfies the

condition (14).

Suppose that ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏), then 𝑥 ⩽ 𝑎𝑏

(4*)
= 𝑎𝑏2

(6)

⩽ 𝑏2
(6)

⩽ 𝑏. Hence, ((𝑥, 0), (𝑥, 0)),
((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎) ∩ 𝑃𝛼
𝑥 (𝑎) and ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑏). From this it follows
that ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏).

If ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏), then 𝑥 ⩽ (𝑎𝑏)2 = 𝑎𝑏𝑎𝑏

(5)
= 𝑎2𝑏2

(6)

⩽ 𝑏2
(6)

⩽ 𝑏. Hence, ((𝑥, 0), (𝑥, 0)),
((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎) ∩ 𝑃𝛼
𝑥 (𝑏), and ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑏). It follows that

((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏).

If ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏), then 𝑥 ⩽ 𝑎𝑏𝑤

(5)
= 𝑏𝑎𝑤 for some 𝑤 ∈ 𝐴. Hence, we

have ((𝑥, 0), (𝑥, 0)), (𝑥, 1)), ((𝑥, 1) ∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏). From this it follows that

((𝑥, 0), (𝑥, 0)), ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏).

Thus, 𝑃𝛼
𝑥 (𝑎𝑏) ⊆ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏).

Conversely, if ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏) or ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏), then

((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏) and ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑏). Hence,

𝑥 ⩽ 𝑎𝑤 and 𝑥 ⩽ 𝑏2 for some 𝑤 ∈ 𝐴. Using (11) we obtain 𝑥 ⩽ 𝑎𝑏
(4)
= 𝑎2𝑏

(4*)
= 𝑎2𝑏2

(5)
= (𝑎𝑏)2. It

follows that ((𝑥, 0), (𝑥, 1)), ((𝑥, 1), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏).

If ((𝑥, 0), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏) or ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏), then ((𝑥, 0), (𝑥, 0)) ∈

∈ 𝑃𝛼
𝑥 (𝑎)∩𝑃𝛼

𝑥 (𝑏) or ((𝑥, ), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎)∩𝑃𝛼

𝑥 (𝑏). In both cases we have 𝑥 ⩽ 𝑎𝑤 and 𝑥 ⩽ 𝑏𝑣
(4)
= 𝑏2𝑣

for some 𝑤, 𝑣 ∈ 𝐴. Using (11) we obtain 𝑥 ⩽ 𝑎𝑏𝑣, that is ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏).

Thus, 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏) ⊆ 𝑃𝛼

𝑥 (𝑎𝑏). It is proved that mapping 𝑃
𝛼
𝑥 satisfies the condition (14).

Step 9. For 𝛼 = 10011101 ∈ 𝑁{17}, we put

𝑃𝛼
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) : (∃ 𝑤)𝑥 ⩽ 𝑎𝑤}.

It is obvious that 𝑃𝛼
𝑥 satisfies the conditions (12) and (13). Let us prove that it satisfies the

condition (14).

Suppose that ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏), then 𝑥 ⩽ 𝑎𝑏

(4*)
= 𝑎𝑏2

(6)

⩽ 𝑏2
(6)

⩽ 𝑏. Hence, ((𝑥, 0), (𝑥, 0)),
((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎) ∩ 𝑃𝛼
𝑥 (𝑏) and ((𝑥, 0), (𝑥, 1))) ∈ 𝑃𝛼

𝑥 (𝑏). It follows that

((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏).

If ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏), then 𝑥 ⩽ 𝑎𝑏𝑤

5
= 𝑏𝑎𝑤 for some 𝑤 ∈ 𝐴. Hence,

((𝑥, 0), (𝑥, 0)), (𝑥, 1)), ((𝑥, 1) ∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏). From this it follows that ((𝑥, 0), (𝑥, 0)),
((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏). Thus, 𝑃

𝛼
𝑥 (𝑎𝑏) ⊆ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏).

Conversely, if ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏), then ((𝑥, 0), (𝑥, 0)), ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎) ∩
∩ 𝑃𝛼

𝑥 (𝑏) and ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑏). Hence, 𝑥 ⩽ 𝑎𝑤, 𝑥 ⩽ 𝑏𝑣 for some 𝑤, 𝑣 ∈ 𝐴, and 𝑥 ⩽ 𝑏.

Using (10) we obtain 𝑥 ⩽ 𝑏2, and by (11) we have 𝑥 ⩽ 𝑎𝑏, that is, ((𝑥, 0), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏).

If ((𝑥, 0), (𝑥, 0)) ∈ 𝑃𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏) or ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼

𝑥 (𝑎)𝛼𝑃
𝛼
𝑥 (𝑏), then ((𝑥, 0), (𝑥, 0)) ∈

∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏) or ((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎) ∩ 𝑃𝛼

𝑥 (𝑏). In both cases we have 𝑥 ⩽ 𝑎𝑤 and

𝑥 ⩽ 𝑏𝑣
(4)
= 𝑏2𝑣 for some 𝑤, 𝑣 ∈ 𝐴. Using (11) we obtain 𝑥 ⩽ 𝑎𝑏𝑣, that is ((𝑥, 0), (𝑥, 0)),

((𝑥, 1), (𝑥, 1)) ∈ 𝑃𝛼
𝑥 (𝑎𝑏). Thus, 𝑃

𝛼
𝑥 (𝑎)𝛼𝑃

𝛼
𝑥 (𝑏) ⊆ 𝑃𝛼

𝑥 (𝑎𝑏). It is proved that this mapping 𝑃𝛼
𝑥

satisfies the condition (14).
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The proof for operations 𝐹𝛽 (for 𝛽 = 10001100 ∈ 𝑁{18}) is carried out similarly. You only
need to make the following changes to the definition of the mapping by putting:

𝑃 𝛽
𝑥 (𝑎) = 𝑄𝑥(𝑎) ∪ {((𝑥, 0), (𝑥, 0)) : (∃ 𝑤)𝑥 ⩽ 𝑎𝑤}.

This completes the proof of the Theorem.

The proof of Corollary 1 is reduced to a simple checking that the corresponding quasi-
identities hold on free partially ordered semigroups in varieties K1–K7 (see, for example, [20]).

To prove Corollary 2, let us consider the partially ordered groupoid (𝐴, ·,⩽) defined on the
set 𝐴 = {0, 1, 2, . . . , 7} for which Kelly matrix of its operation and Boolean matrix of its partial
order relation are specified by the rows 𝛼𝑖 (respectively, 𝛽𝑖): 𝛼0 = 04554577, 𝛼1 = 41664767,
𝛼2 = 56337567, 𝛼3 = 56337567, 𝛼4 = 44774777, 𝛼5 = 57557577, 𝛼6 = 76667767, 𝛼7 = 77777777;
𝛽0 = 10000000, 𝛽1 = 01000000, 𝛽2 = 11100000, 𝛽3 = 11111000, 𝛽4 = 11001000, 𝛽5 = 11111100,
𝛽6 = 11111010, 𝛽7 = 11111111. By direct verification we are convinced that the constructed
groupoid satisfies identities (2)–(7), but does not satisfy quasi-identities (8), (9). This proves
Corollary 2.

The proof of Corollary 3 is reduced to constructing on set 𝐴 a partial order relation ⩽
compatible with the operation of the semigroup (𝐴, ·) and satisfying the corresponding system
of conditions from the Theorem. For point 1 it is enough to put ⩽ equal to the canonical relation
of the semilattice (𝐴, ·).

Suppose that (𝐴, ·) satisfies (4), (5). Put 𝑎 ⩽ 𝑏 if and only if 𝑎 = 𝑏 or 𝑎 = 𝑐𝑏 for some 𝑐 ∈ 𝐴.
Then ⩽ is a partial order relation compatible with the operation of (𝐴, ·) and satisfies (6), and
(11) (see [20]). Note also that (3), (4) implies (5); (11) implies (9), and (7) holds if (𝐴, ·) satisfies
(2). Taking everything into account we get proof of points 2–6, 13–18 of Corollary 3.

Suppose that (𝐴, ·) satisfies (3), (4). Put 𝑎 ⩽ 𝑏 if and only if 𝑎 = 𝑏 or 𝑎 = 𝑐𝑑 for some 𝑐, 𝑑 ∈ 𝐴
and 𝑏 ∈ {𝑐, 𝑑}. Then ⩽ is a partial order relation compatible with the operation of (𝐴, ·) and
satisfies (6), (6*) and (8) (see [19]). Since (6) and (8) implies (11), (𝐴, ·,⩽) also satisfies (11).
Taking everything into account we get proof of points 7–11 of Corollary 3.

Conclusion

This paper identifies all associative conjunctive operations on binary relations. Operations
with similar properties are grouped into 23 clusters. Axiomatic characteristics of the corresponding
classes of semigroups and partially ordered semigroups of relations with operations from 18
clusters have been found. For the remaining 5 classes, the problem of axiomatic description
remains open.
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