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Annorammns. MHOXeCTBO OMHAPHBIX OTHOIIEHHUH, 3aMKHYTOE OTHOCHTEIHLHO HEKOTOPOH COBOKYITHOCTH
onepauuii HaJ HUME, OOpa3yer ajaredpy, Ha3blBaeMylo ajarebpoil orHomeHui. Aredpbl OTHOLIEHUI MOXK-
HO PAaCCMATPUWBATH KAK YACTUIHO YIOPSAIOYCHHBIE C MIOMOIIBI0 TEOPETUKO-MHOXKECTBEHHOTO BKJIIOYEHUS.
Teopust anredbp OTHOIEHUI SBISETCS BAYKHOW COCTABHOM YaCTbI0 COBPEMEHHOW aIredpanviecKoil JOruKu
¥ WMeeT MHOIOYHCJ/IEHHbIE MPUJIOKeHUs B Teopuu noayrpynn. Kak mpasuso, oneparnuu Has OTHOIIEHU-
MU 33AI0TCA C MOMOIIBI0 Jorudeckux gopmysa. Onepaiusi HAJ OTHOIIEHUSIMUA HA3BIBACTCH KOHbBIOHK-
TUBHOM, €C/IH OHA MOXKET OBITH OmpenesneHa (opMysol MepBOrO MOPSIKA, COAEPIKAIIEH TOJHKO KOHb-
rouknuu. Jlanaas pabora IOCBAIIEHA M3YyYEHUIO ACCONMATUBHLIX OMHAPHBIX KOHBIOHKTHBHBIX OHEPAanii
HaJ[ OTHOIIEHUSIMU, T. €. KJIACCOB MOJIYTPYIII OTHOIIEHNN C KOHBIOHKTUBHBIMEU onepanusavu. [IpoBogurcs
kJtaccupUKAIUsg KOHbIOHKTUBHBIX OMEPAInil, uIeHTHMOUIINPYIOTCS BCE ACCONMATHUBHBIE OMEPAIUN U JIJIs
OOJIBIIMHCTBA U3 HUX PEIIaioTCd 332491 HAXOXK/IEHUS X AKCHOMATUYECKUX XAPAKTEPHUCTUK.
KurtoueBsbie cuoBa: ajirebpa OTHOIEHUH, KOHBIOHKTUBHAS ONEpaIs, MHOr000pa3ne, KBa3NMHOr000pa-
3ue, IPYIION L, MOJIYTIPYIIA, YACTUIHO YIIOPSAI0YEHHA IOIyIPYIIIa

Buaarogapuoctu: PaGora Boinosnena npu GpuHancoBoii noguepxkke Poccuiickoro nay4unoro dgouga (mpo-
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Introduction

An arbitrary set of binary relations closed with respect to some collection of operations on
relations forms an algebra called an algebra of relations. Algebras of relations can be viewed as
partially ordered by the set-theoretic inclusion.

The study of operations on relations goes back to the work of A. De Morgan, C. S. Peirce,
G. Frege, and E. Schroder. A. Tarski proposed an axiomatic approach to their study and posed a
number of problems that determined the further development of this theory [1,2]. An important
contribution to the theory of relation algebras was made by the founder of the Department
of Geometry at Saratov State University and the creator of the theory of inverse semigroups,
V. V. Wagner [3]. Later in 1970, B. M. Shein formulated the general concept of relation algebras
and found conditions for their axiomatizability [4]. Currently, the theory of algebras of relations
is an essential part of algebraic logic [5] and modern algebra. The following problems naturally
arise and are solved when a certain class of algebras of relations is considered.

1. Find a system of axioms for this class.

2. Find a basis of quasi-identities for the quasi-variety generated by this class.

3. Find a basis of identities for the variety generated by this class.

4. Does this class form a quasi-variety?

5. Does this class form a variety?

Numerous researchers have devoted their papers to solving these problems for various classes
of relation algebras (see, for example, [6-10]). We will focus on studying binary operations on
relations, that is, on studying classes of groupoids of relations. The detailed motivation for these
studies can be found in [11]. An additional incentive for such research is the possibility of using
groupoids in cryptography [12].

As a rule, operations on relations are specified using logical formulas. These operations are
called logical. Let Rel(U) denote the set of all binary relations on a set U. For any formula
(20, 21,71, 72) of the first-order predicate calculus (without equality and constants) containing
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two free variables zg, z1 and two binary predicate symbols r1, ro, we can define a binary operation
F, on Rel(U) in the following way:

Fo(pr,p2) = {(u,v) € U X U : p(u,v, p1, p2)},

where ¢(u,v, p1, p2) means that the formula ¢ is satisfied whenever zg, z; are interpreted as u,
v, and 71, 79 are interpreted as the relations p1, p2 from Rel(U).

Logical operations can be classified according to the formulas that define them. An operation
on relations is called primitive positive [13] (in other terminology — Diophantine operations
[14, 15]) if it can be defined by a first-order formula containing in its prenex normal form
only existential quantifiers and conjunctions. A special case of primitive positive operations
are operations defined by quantifier-free formulas, that is, formulas representing a conjunction
of atoms. These operations are naturally called conjunctive [16].

Conjunctive operations were studied in [16-20]. This paper is devoted to solving the problems
formulated above for classes of groupoids of relations with associative conjunctive operations,
that is, for classes of semigroups of relations with conjunctive operations.

1. Preliminary

Any conjunctive operation F, can be defined using two Boolean matrices {a;j}ax2 and
{bij}2x2, where a;; = 1 (respectively, b;; = 1) if and only if the atomic formula r(z;, z;)
(respectively, r2(2;, 2j)) appears in the formula ¢, and also as the binary code a = agpagiaipair X
X boobp1b10b11. The binary code uniquely defines the original operation, which will also be denoted
by F, or simple a.. The result Fy,(p1, p2) of applying the operation Fy, to relations p1, p2 € Rel(U)
will be denoted by p; o p2. Note that since the formula must contain both predicate symbols
and both individual variables, codes of the form 0000b¢y1b10b11, aooao1a10a110000, and 10001000,
00010001 should be excluded from consideration. It follows that the number of distinct binary
conjunctive operations is 223.

The rank r(a) = r(F,) of the operation F,, is equal to the sum of all nonzero elements in
its code. Graphically, the operation F, is defined by two directed graphs on a two-element set,
corresponding to the matrices {aj;}ax2 and {b;j}2x2. By assigning labels 1 and 2 to the edges
of these graphs and taking their union, we obtain the so-called input-output-pointed labeled
graph [13]. This graph also uniquely determines the original operation Fi,.

The operation F*(p1,p2) = F(p2,p1) is called dual to the operation F. The operation
F*(p1,p2) = (F(p;*,p3 1)) ~L, where ~! is the operation of relational inverse, is called inverted to
the operation F. The operation F**(py, p2) = F**(p1, p2) = (F(py *, p1 ')~ is called conjugate to
the operation F. It is easy to see that if the operation F has a code a = aggag1aipa11boobo1b10b11,
then the operations F*, F*, and F** = F** have codes a* = boobglblobllaooa()laloall, o =
= a11a01a10000b11b01b10b00, and o™ = o™ = by1bg1b10booai1ao1 a10aoo-

We will combine these operations into a single cluster {F, F™*, F*, F**}. Any cluster is uniquely
defined by each of its elements and we will identify it with the code « of the selected operation F'.

Any cluster may contain: one element {F = F* = F* = F*} (type A); two elements
{F = F**, F* = F*} (type B) or {F = F*, F* = F**} (type C) or {F = F*, F* = ["**}
(type D); four elements {F, F*, F* F**} (type E).

As an example, let us consider the formula

© = 11(20, 20) A r1(20,21) A71(20, 21) AT1(21, 21)-
This formula defines the operation
Fy(p1,p2) = {(w,v) : (u,v) € p1 A (u,u) € p1 A (u,v) € p2 A (v,v) € p2}.

The code of this operation is a = 11000101, the corresponding cluster contains two elements and
has type B. The Figure shows its input-output-pointed labeled graph.
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where (A,-) is a groupoid, that is, an algebra with one binary

operation, and < is a partial order relation on A that is compatible

@ 6 with multiplication, that is, ¢ < gy implies zz < yz and

zr < zy. Any conjunctive operation F' is compatible with the

Figure. Input-output-  set-theoretic inclusion, and therefore the corresponding algebraic
pointed labeled graph of  gygtem (Rel(V), F,C) is a partially ordered groupoid.

o = 11000101 For given code «, let R{a} (respectively, RS{a}) denote the

class of all groupoids (partially ordered groupoids) isomorphic

to groupoids (partially ordered groupoids) of relations with the operation a. Let Var{a}

(respectively, Var<{a}) be the variety generated by R{a} (generated by R<{a} in the class

of all partially ordered groupoids).

Note that the mapping f(p) = p~! is an isomorphism of (Rel(V),a, C) and (Rel(V),a*, C)
and the mapping f(p) = p is an antiisomorphism of (Rel(V),«,C) and (Rel(V),a*, C). It
follows that all operations from clusters of type A, B and C generate the same class RS{a}, and
operations from clusters of type D and E generate two classes RS{a} and RS{a*} with dual
properties. Taking this into account we will formulate the results for both classes and carry out
proofs only for the class RS{a}.

” A partially ordered groupoid is an algebraic system (A4, -, <),
L (2)

2. Main results

Our goal was to find all clusters of associative conjunctive operations and solve the problems
formulated above for the corresponding classes of groupoids. For this purpose, a computer
program was created which combines conjunctive operations into clusters and checks identities
and quasi-identities on classes of partially ordered groupoids with these operations. The idea of
the program algorithm is based on the results from [9]. As a result of the research, 23 clusters of
associative conjunctive operations were identified. The following identities and quasi-identities
were used as test subjects:

2? =z, (1)
Ty = ya, (2)
a?y? = yPa?, (3)
z?y = xy, 4) zy = 2y, (47)
TYyz = Yz, (5) Tyz = w2y, (5%)
Ty <, (6) Ty < T, (6%)
ry <y, (7) vy < 2°, (7)
r<yz=x < yz, (8) TS Y =TS T2 (8%)
(r <y’ Nz <2?) =2 <yz, (9)
(@<yrz<yz) =z <y? (10) (z<yrz<zy) = o<y (10%)
(x <yzAzx <wv) = x < Y. (11)

The label (n*) refers to an identity or quasi-identity dual to an identity or quasi-identity with
the label (n). Identities and quasi-identities with labels (1)—(3), (9) and (11) are self-dual. It is
easy to see that (11) implies (9).

The data presented in the Table allow us to put forward a hypothesis about the possible
coincidence of the properties of operations from different clusters that will be be proven later.

The Theorem formulated below provides a solution to Problems 1-5 for all clusters of
associative conjunctive operations except clusters 19-23, for which these problems remain open.
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Table. Results for identities and quasi-identities

N | Codea | Type | Rank | Class T idenil;mes;nd(iquagi 1de;1t1t1§s o T
1 | 01000100 | A 2 |R{a} |+ |+ [+ [+ ][+ ][+ |+ ] F][H][H+]H+
2 [ 01100110 [ A 4 | RN} + ]+ [+ +]+[+]+ ]+ T+ 1+
3 | 11001100 | C 4 | R<{a} [+ ]+ [+ + 1+ N EE R
4 [ 11011101 | A 5 | RS{o} A+ + ]+ [+ T+ [+ T+ [+
5 | 11111111 | A 8 | RS {o} [ R IE R N R R N EVE R
[6 J10011001 ] A [ 4 [R{o}[ [+[+]+T1+1+1 T T+T T+T7+T1+]
7 | 01100100 | D 3 | RS {o} + [+ + [+ + T+ + ]+
8 | 11000100 | E 3 | RS {o} + |+ T+ |+ T+ [+ [+
9 | 11010100 | D 4 | RS{a} + |+ + 1+ + T+ + [+
10 | 11110100 | D 5 | R{a} + | + + 1+ + T+ [+ [+
(111110110 ] D [ 6 [R{ey ] [ [+[+] [+T+1+1 T J+[+]+]
12 [ 10000100 | E 2 | RS {a} + + ]+ T+ + ]+
13 ] 10010100 | D 3 | R~ {a} + + |+ T+ |+
14 [ 10010110 | E 4 | R<{a} + T+ T T
15 [ 10011100 | E 4 | RS{a} + + |+ + |+ |+
(1610011111 ] D [ 6 [R{o}[ | [ [+[+T+T+] T+T17 T+1 T[+]1
17 [ 10011101 | D 5 | RS{o} T+ [+]+ T N R
18 | 10001100 | E 3 | R~ {a} + ]+ [+ ]+ T T+ |+
19 | 11011100 | E 5 | RS{o} + [+ 1+ ]+ N R R
20 | 11111100 | E 6 | R~{a} + | + + 1+ ]+ + [+ [+
21 [ 11111101 | D 7 | RS {o} + |+ T+ |+ N BV R
22 [ 11000101 | D 4 | RN} + + 1+ T T
23 [ 01101101 | B 5 | R{a} + + |+ T T

Let us denote by Cl{Q1,Q2, ...,Q,} (respectively, by CIS{Q1,Q2,...,Qn}) the class of all
semigroups (respectively, partially ordered semigroups) satisfying the conditions @1, Q2,...Qy
expressed in the form of identities or quasi-identities. Let us fix the following varieties of partially
ordered semigroups:

K, = Cl{a? = 2(1), 2y = yer (2));

Ky = Cll{oy = yo(2), a%y = ay(), oy < y(©)}:

Kj = Cl{zy = yz(2), 2%y = ay(4), y < v (1)}

K, = Cl{z*y* = y*2°(3), 2%y = xy(4), wy < y(ﬁ), y < :z:( )b

K; = Cl{z*y? = y?2*(3), 2y = zy(4"), 2y < y(6), zy < x(6*)};

K; = Cl{z?y = xy(4), zyz = yx2(5), 2y < y(G)}

K: = Cl{zy® = zy(4*), wyz = wzy(57), vy < 2(67)};

K¢ = Cl{z*y = zy(4), :vy = xy(4%), zyz = yrz(5), vy < y(6)};

K§ = Cl{zy® = xy(4%), 2%y = xy(4), xyz = x2y(5*), zy < z(6%)}.

Let us denote by N(ny,...,ng) the set of all codes identifying clusters from the table with
numbers ny,...,ng.

8

Theorem. The following statements are true.
1. For any o € N{1} we have
Rg{a} = Kl.

2. For any o € N{2 — 5} we have

RS{a} =KoNCOIS{(x < y* A < 2%) = 2 < yz(9)}.
3. For any o € N{6} we have

RS{a} =K3NOIS{(x <y* A < 2%) = 2 < yz(9)}.
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4. For any o € N{7 — 10} we have

RS{a} =KyNCOIS{z < yz = = < yz(8)},
RS {a*} = KN OISz < yz = 2 < 22(8%)}
5. For any o € N{11} we have
Rs{a} =KyNCOIS{(z < yz Ax < w) = x < yo(11)},
RS{a*} =KiNCIS{(z < yz Az <w) = x < yo(11)}
6. For any o € N{12,13} we have
RS{a} = KsNCIS{z < yz = = < yz(8)},
RS} = KiNClS{z < yz = x < 22(8%)}

7. For any o € N{14,15} we have

RS{a} =KsNOIS{(x < yz Ax < ww) = o < yo(11)},
RS {a*} =KiNCIS{(x < yz Ao <w) = o < yo(11)}
8. For any o € N{16} we have
RS{a} =KgNCIS{(z < y* A < 2%) = 2 < yz(9)},
RS {a*} =K;NCIS{(z <y’ ANz < 2%) = 2 < yz(9)).
9. For any v € N{17,18} we have
RS{a} =KeNOIS{(z <y’ AN < 2% = 2 <y2(9), ( <yAz <yz) =z <y? (10)},
RS} =K;nNClS{(z <y’ Ax <2 = 2 <y2(9), (@ <yAz < zy) =z <y? (10%))

Corollary 1. The following statements are true.

For any a € N{1} we have Var<{a} = K;.

For any a € N{2 — 5} we have Vars{a} = K.

For any a € N{6} we have Vars{a} = Ks.

For any a € N{7 — 11} we have Var<{a} = K4 and Var<{a*} = Kj.
For any a € N{12 — 15} we have Var<{a} = K5 and Var<{a*} = K;.
For any a € N{16 — 18} we have Var<{a} = K¢ and Vars{a*} = K’é.

Corollary 2. For any o € N{2 — 18} we have that classes RS{a} and RS{a*} do not form
varieties in the class of all partially ordered groupoids.

A

Let us fix the following varieties of semigroups:
= Cl{a? = (1), zy = yz (2)};
= Cl{zy = ya(2), 2%y = zy(4) };
Ms Cl{z? y = y°z*(4), 2%y = xy(4)};
= Cl{z*y* = y*2*(3), zy® = zy(4*)};
M4 = Cl{z*y = xy(4), zyz = yr2(5)};
M = Cl{zy? = zy(4), zyz = 2y (5%)};
= Cl{z?y = zy(4), zy? = zy(4%), zyz = yz2(5) };
= Cl{zy? = zy(4), 2%y = zy(4), zyz = z2y(5%)}.

Corollary 3. The following statements are true.

For any a € N{1} we have R{a} = M.

For any o € N{2 — 6} we have R{a} = M.

For any a € N{7 — 11} we have R{a} = M3 and R{a*} = M3.
For any a € N{12 — 15} we have R{a} = My and R{a*} = Mj.
For any o € N{16 — 18} we have R{a} = M5 and R{a*} = M.

Ot o=
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3. The proof

The necessity of conditions of the Theorem is carried out by direct verification. We also tested
them using the computer program mentioned above.

The proof of the sufficiency of the conditions of the Theorem is reduced to the construction
of an isomorphic embedding P : A — Rel(U) of a partially ordered semigroup (A4, -, <) into a
partially ordered semigroup of relations (Rel(U), a, C) with the operation . The corresponding
embedding will be constructed as follows:

U= Uz €A}, Us={z}x{0,1},
Pf(a) = Q. UTg(a), P*(a) =|J{Ps(a): 2 € A},

where Qz(a) = {((z,0),(x,1)) : < a} and the mapping T : A — Rel(U,) is defined specifically
for each operation ov. We will also require that the mapping Py satisfy the following conditions:

a<b implies Pg(a)C P(b), (12)
((z,0),(z,1)) € P(a) implies z < a. (13)

It is clear that from conditions (12) it follows that P%*(a) C P*(b). If P*(a) C P%(b), then
P%(a) C P%(b). Since ((a,0), (a,1)) € P¥(a), we have ((a,0), (a,1)) € P¥(b), and hence by (13)
we have a < b. Thus, a < b if and only if P*(a) C P*(b), and the mapping P%(a) is one-to-one.
Therefore, to prove that the constructed mapping is an isomorphic embedding, it is sufficient to
check the condition

P2 (ab) = P2 (a)aP2(b). (14)

Let us divide the proof into steps in accordance with the points in the formulation of the
Theorem. In cases where proofs for the considered operations have been previously published,
we will limit ourselves to the relevant references.

Step 1. Suppose that a = 01000100 € N{1}, that is, p1aps = p1 N p2. It is trivial that in
this case the class RS{a} coincides with the class of all semilattices with their canonical partial
order relation. It is enough to put P%¥(a) = {((z,0), (z,1)) : # < a}. The proof that P satisfies
the condition (12)—(14) is trivial.

Step 2. Suppose that « = 01100110 € N{2}. Then put

P2(a) = Qula) U{((,1), (,0)) : # < a?}.
It is obvious that P satisfies the conditions (12) and (13). Let us prove that it satisfies the

() (6
condition (14). Suppose that ((x,0), (z,1)) € P3(ab), that is, z < <ab® a2 @ pe? < a? < aand
@ @, @ 2Dy O

x < ab = ba ab? < b? < b. Hence, by definition we have ((x,0), (z, 1)), ((x, 1), (z,0)) €
€ P%(a) N P(b). It follows that ((ac,()),( z,1)) € P¥(a) * P&(b). If ((x,1),(z,0)) € P(ab), then

(,
©) () © . ©
r < (ab)? = abab ® a?b? < b? < band x < (ab)? = abab D p2q2 ¢ < a? < a. Hence, by definition
1),

we have ((x,O),(:c,l)),((a:, 1),(1:,0)) P(a) N Py(b), that is, ((x,1),(z,0)) € PX(a) * PX(b).
Therefore, we obtain that P (ab) C P%(a) * P& (b).

Conversely, suppose that ((x,0), (z,1)) or ((z,1),(z,0)) belongs to P%¥(a) * P¥(b), then in
both cases we have ((z,0), (z,1)), ((z,1), (z,0)) € P(a) N PS(b). Hence, by definition we have
r<a, r<a?and x < b, x <b? Using quasi-identity (9) we obtain z < ab @) (ab)?, that is,
((z,0), (z,1)), ((x,1), (:E,O)) € P%(ab). Therefore, we obtain that P (a ) « P&(b) C P& (ab). It is
proved that this mapping P2 satisfies the condition (14).

The proof for operations Fg (5 € N{3—5} is carried out similarly. You only need to make

the following changes to the definition of the mapping PP A~ Rel (Uz) by putting:
PP (a) = Qu(a) U{((%,0), (x,0)) : z < a®} for B = 11001100;
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Pf(a) = Qu(a) U{((z,0), (,0)), ((z,1), (z,1)) : x < GQ} for = 11011101;
Pf(a) = Qz(a) U{((z,1),(z,0)), ((x,0), (z,0)), ((x,1), (x,1)) : * < a?} for B = 11111111.
Step 3. Suppose that o = 10011001 € N{6}. For this case, we will have to slightly change the
construction of the embedding P of A into Rel(U). Let us define a mapping P* : A — Rel(U)
in the following way:
1) ((=,0),(x,1)) € P*(a) if and only if z <
2) ((2,0), (2,0)), (&, 1), (z, »eP%)ﬂw<a
3) (z,1), (=, ))EPa(a)lfandonlylfx<c < a for some ¢ € A;
4) ((z, k), (y,1)) € P%(a), where x # 5, if and only if # < ¢* < a, y < ® < a.
It is clear that a < b implies P*(a) C P%*(b). Suppose that P*(a) C P*(b).
Since ((a,0),(a,1)) € P*(a), we have ((a,0),(a,1)) € P%(b), hence by definition we have
< b. Thus, a < b if and only if P*(a) C P%(b) and the mapping P® is one-to-one. Let us

0)
( (1)
show that P®(ab) C P%(a)P*(b). If ((x,0), (x,1)) € P*(ab), then x < ab. Hence, x < ab < b?
2
= (

and x < ab = ba (2 a?, that is, ((x,0), (z,0)),

((x,0), (z,1)) € P*(a)aP*(b).

If ((z,0), (x, )) (( 1), (z,1)) € PY(ab), then = < (ab)? — abab 2 o252 & b2a?, hence by (7)
(

we have 2 < (62)2 2 a2 and = < (82)2 2 82, that is, ((,0), (x,0)) and ((z, 1), (,1)) belongs to
PO‘( ) N P(b). It follows that ((x,0), (z,0)),((x,1),(z,1)) € P*(a)aP*(b).

If ((z,1), (2,0)) € P*(ab), that is, < ¢ < ab for some ¢ € A, then ¢? W 22 < (ab)? 2L

— ab 2 . Using (7), we have z < a? and = < b?, that is, ((z,0), (2,0)) and ((x, 1), (z,1))
belong to P*(a) N P*(b). It follows that ((x,1), (x,0)) € P*(a)aP*(b).

If z # y and ((z,k), (y,1)) € P*(ab), that is, < ¢* < ab for some ¢ € A, then by (2) and
(7) we have < a? and = < b2, that is, ((z,k), (z,k)) € P*(a) N PY(b) and ((z,1),(z,1)) €
€ P%(a) N PY(b). It follows that ((x,k), (y,1)) € P*(a)aP*(b).

Conversely, let us show that P*(a)aP*(b) C P*(ab). Suppose that  # y and ((z, k), (y,1)) €
€ P*(a)aP?(b), then ((z,k), (z,k)), ((y,1), (y,1)) € P*(a) N P*(b), hence x < a®, & < b?, and

y < a?, y < b2 Thus, using (9) we obtain x < ab (L0 (ab)? and y < ab (L (ab)?. Tt follows

that ((z, k), (y,1)) € P*(ab).

If ((z,0), (z,1)) € P*(a)aP*(b), then ((x,0), (x,0)) and ((z,1), (z, 1)) belong to P*(a)NP*(b),
that is, z < a? and y < b2, hence by (7) we have x < ab, that is, ((x,0), (z,1)) € P*(ab).

If ((z,0),(x,0)) € P*(a)aP*(b), then ((z,0),(z,0)) € P*(a) N Po‘(b) that is, z < a? and
x < b2, hence by (9) we have z < ab = (ab)?, that is, ((z,0),(x,0)) € P%(ab). The case
((x,1),(z,1)) € P*(a)aP*(b) is considered similarly.

It ((2,1),(2,0) € P*(@)aP*(b), then ((z,1), (z,1)) € P*(a) and ((z,0), (z,0)) € P*(b),
that is, z < a? and = < b%, hence by (9) we have < ab = (ab)?, that is, ((z,1), (x,0)) € P%(ab).
Thus, we have P%(ab) = P*(a)aP%(b), that is, P* is the required isomorphic embedding.

Step 4. For a = 01100100 € N{7} put P%(a) = Q.(a) U {((x,1),(z,0)) : z < a?}, and for
a = 11000100 € N{8} put P%(a) = Qz(a) U{((x,0),(z,0)) : z < az}.

The proof that this mapping satisfies the conditions (12)-(14) is contained in [19]. The proof
for operations Fj, where § = 11010100 € N{9}, and F,, where v = 11110100 € N {10}, is carried
out similarly. You only need to make the following changes to the definition of the mapping Pf ,
P} by putting:

)
(x,1),(x,1)) € P*(a) N P*(b). It follows that

P (a) = Qu(a) U{((x,0), (,0)), ((z,1), (,1)) : = < a’};
PY(a) = Qz(a) U{((z,0), (x,0)), ((z,1), (z,1), ((z,1), (,0))) : & < a*}.

Step 5. For a« = 11110110 € N{11} we put
P2(a) = Qula) U{((2,0), (2,0)), ((z, 1), (2, 1)) : 2 < a®} U{((2, 1), (2,0)) : (3 w)a < wa}.

330 Hayuyhbiii otaen



D. A. Bredikhin et al. On associative conjunctive operations on binary relations @

It is obvious that P¢ satisfies the conditions (12) and (13). Let us prove that it satisfies the
condition (14).
Let us show that P%(ab) C P%(a)aP(b). Suppose that ((z,0),(z,1)) € P (ab), that is,

4) o ©) 2 © 6 iy
r<ab=a’b < a®° < a and z < ab < b. Hence, by definition we have

((z,0), (,0)), ((2,1), (z,1)) € P;(a)

and
((z,0),(z,1)), (z,1), (2,0)) € P (a) NP (b).

It follows that
((x,0), (z,1)) € PY(a)aPX(b).

If ((z,1),(z,0)) € P3(ab), then x < wab for some w € A, hence

4 5, @) 06 (6 (6) (6)
r < wab = wa‘b < wa® < a” <a, < waeb < wh<b

Thus, by definition we have ((z,0),(x,1)),((z,1),(z,0)) € P%¥(a) N P3(b), ((x,0),(z,0)),
((x,1),(x,1)) € P¥(a). It follows that ((z,1), (x,O)) P2 (a)aP2(b).
©)

(6*) (6*)
If ((z,0),(x,0)), ((z,1),(x,1)) € P(ab), then x < (ab)? = abab = a’b?*ab < a?b® < a?

(6)
and x < a?b? < b?. Thus, by definition we have ((z,0), (x,0)), ((z,1),(z,1)) € P¥(a) N PX(b),
hence ((z,0), (z,0)), ((z,1),(x,1)) € P& (a)aPg(b). Therefore, we obtain that

*

P (ab) C P (a)aPy(b).

Conversely, if ((z,0),(z,1)) € P&(a)aPg(b) or ((z,1),(z,0)) € P(a)aPg(b), then

((z,0), (z,1)), (z,1),(2,0)) € P(a) N P(b) and ((x,0), (x,0)), (z,1),(z,1)) € P7(a). Hence,
r < b,z < a? and x < wb for some w € A. Usmg quasi-identity (9) we obtain
S

b @ g2 aab, hence ((z,0), (z, 1)), (z, 1), (z,0)) € P*(ab).
If ((2,0), (2,0) € Po(a)aP(b) or ((z,1),(x,1)) € P(a)aP(b), then ((z,0), (z,0)) €
€ P%(a) N P2(b) or (z,1),(z,1)) € P¥(a) N P2(b). In both cases we have z < a?, z < b?. Using

quasi-identity (9) we obtain z < ab @ a2 = aab, hence ((z,0), (x,0)), ((z,1),(x,1)) € P(ab).

Therefore, we obtain that P (a)aP2(b) C P (ab). It is proved that this mapping PS satisfies
the condition (14).
Step 6. For a = 1000100 € N{12,13} we put

Py(a) = Qz(a) U{((2,0), (2,0)) : (3 w)z < aw}.

The proof that this mapping satisfies the conditions (12)-(14) is contained in [18]. The proof
for operations Fjg, where § = 10010110 € N{13}, is carried out similarly. You only need to make
the following changes to the definition of the mapping by putting:

PJ(a) = Quz(a) U{((x,0), (z,0)), ((z,1), (x,1)) : (3 w)x < aw}.
Step 7. For a = 10010110 € N{14,15}, we put
Pp(a) = Qz(a) U{((z,0),(,0)), (z,1), (x,1)) : 3 )z < at} U{((z,1),(,0)) : (3 w)z < wa}.

The proof that this mapping satisfies the conditions (12)—(14) is contained in [20]. The proof
for operations F (for B = 10011100 € N{15}) is carried out similarly. You only need to make
the following changes to the definition of the mapping by putting:

PP(a) = Qo) U{((z,1), (2, 1)) : & < ®} U {((,0), (2,0)) : (3 w)ar < wa}.

T <
T <
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Step 8. For a = 10011111 € N{16} we put

P2(a) = Qula) U{((2,1), (2,0)) : ¢ < a®} U {((2,0), (2,0)), (2, 1), (2, 1)) : (3 w)ar < aw}.

It is obvious that PY satisfies the conditions (12) and (13). Let us prove that it satisfies the
condition (14).
. 6) (6
Suppose that ((x,0), (z,1)) € P$(ab), then < ab @) g2 < b° < b. Hence, ((x,0), (z,0)),
((x,1),(x,1)) € P¥(a)N Pa( ) and ((z,0), (z,1)), ((z,1),(z,0)) € P¥(b). From this it follows

that ((z,0), (z,1)) € P (a)aPg (D).

If ((z,1),(x,0)) € P¥(ab), then z < (ab)? = abab © a’bh? < ¢ v’ < ¢ < b. Hence, ((x,0), (z,0)),
((x,1),(z,1)) € P¥(a) N P3(b), and ((x,0), (z,1)), ((x, 1), (x,O)) € Pl?“(b). It follows that

[
—
Nt

((z,1), (2,0)) € P (a)aP; (D).

If ((z,0),(x,0)), ((z,1),(x,1)) € P&(ab), then z < abw 9 phaw for some w € A. Hence, we

have ((z,0), (z,0)), (z,1)), ((z,1) € P¥(a) N PZ(b). From this it follows that

((z,0), (,0)), ((2,0), (z,1)) € Py (a)aP; (b).

Thus, PS¢ (ab) C P%¥(a)aPX(b).

Conversely, if ((z,0),(z,1)) € P(a)aP(b) or ((x,1),(z,0)) € Pg(a)aP(b), then
((2,0), (x,0)), ((z,1), (z,1)) € P(a) N P(b) and ((x,0), (z,1)), ((x, 1), (x,0)) € P7(b). Hence,
r < aw and z < b? for some w € A. Using (11) we obtain = < ab = W g2y @D 22 @ (ab)?. Tt
follows that ((z,0), (z,1)), ((z,1), (z,0)) € P%(ab).

If ((z,0),(x,0)) € P¥a)aPX(b) or ((z,1),(z,1)) € P¥a)aPX(b), then ((x,0),(x,0)) €

€ P (a)NPg(b)or ((x,),(z,1)) € P¥(a)NPX(b). In both cases we have z < aw and z < bv W p2y

for some w,v € A. Using (11) we obtain z < abv, that is ((z,0), (z,0)), ((x,1), (z,1)) € P%(ab).
Thus, P (a)aPY(b) € P%(ab). It is proved that mapping P¢ satisfies the condition (14).
Step 9. For a = 10011101 € N{17}, we put

Pp(a) = Quz(a) U{((,0), (x,0)), ((z,1), (,1)) : G w)z < aw}.

It is obvious that P¢ satisfies the conditions (12) and (13). Let us prove that it satisfies the
condition (14).

© . ©
Suppose that ((z,0), (x,1)) € P(ab), then = < ab ‘=) ab? < b2 < b. Hence, ((z,0), (z,0)),

(z,1), (z,1)) € P%(a) N P(b) an ?()(J»ammummmm

((#,0), (z,1)) € P (a)aP(b).

If ((z,0),(x,0)),((z,1),(x,1)) € P%(ab), then z < abw 2 baw for some w € A. Hence,
((x,0), (z,0)),(z,1)), ((z,1) € PXa) N PX(b). From this it follows that ((z,0),(z,0)),
((2,0), (z,1)) € Py (a)aby (b). Thus, Py(ab) C P (a)aP; (b).

Conversely, ((z 0),?30, 1)) € PO‘( JaPg(b), then ((z,0),(x,0)), ((z,1),(z,1)) € P¥a) N
N P%(b) and ((z,0),(x,1)) € P2(b). Hence, z < aw, x < bv for some w,v € A, and = < b.
Using (10) we obtain = < b2, and by (11) we have x < ab, that is, ((x,0), (z,1)) € P$(ab).

It ((#,0), (x,0)) € P(a)aly(b) or ((x,1),(x,1)) € P}(a)al;(b), then ((x,0),(x,0)) €
€ P%¥a)Nn Po‘(b) ((x, 1),(z,1)) € P;‘(a) N P& (b). In both cases we have x < aw and

x < b W 12y for some w,v € A. Using (11) we obtain =z < abv, that is ((x,0), (z,0)),
((x,1),(z,1)) € P%¥(ab). Thus, P3(a)aP(b) C P%(ab). It is proved that this mapping P¢
satisfies the condition (14).
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The proof for operations Fp (for § = 10001100 € N{18}) is carried out similarly. You only
need to make the following changes to the definition of the mapping by putting:

PP (a) = Qu(a) U {((2,0), (2,0)) : (3 w) < aw}.

This completes the proof of the Theorem.

The proof of Corollary 1 is reduced to a simple checking that the corresponding quasi-
identities hold on free partially ordered semigroups in varieties K1-K7 (see, for example, [20]).

To prove Corollary 2, let us consider the partially ordered groupoid (A, -, <) defined on the
set A=1{0,1,2,...,7} for which Kelly matrix of its operation and Boolean matrix of its partial
order relation are specified by the rows «a; (respectively, f;): ap = 04554577, a1 = 41664767,
ag = 56337567, auz = 56337567, cvg = 44T7ATTT, a5 = 57557577, ag = 76667767, avp = TTTTTTTT;
8o = 10000000, B = 01000000, B> = 11100000, B3 = 11111000, 84 = 11001000, B5 = 11111100,
Bs = 11111010, B7 = 11111111. By direct verification we are convinced that the constructed
groupoid satisfies identities (2)-(7), but does not satisfy quasi-identities (8), (9). This proves
Corollary 2.

The proof of Corollary 3 is reduced to constructing on set A a partial order relation <
compatible with the operation of the semigroup (A,-) and satisfying the corresponding system
of conditions from the Theorem. For point 1 it is enough to put < equal to the canonical relation
of the semilattice (A4, -).

Suppose that (A4, -) satisfies (4), (5). Put a < b if and only if @ = b or a = ¢b for some ¢ € A.
Then < is a partial order relation compatible with the operation of (A,-) and satisfies (6), and
(11) (see |20]). Note also that (3), (4) implies (5); (11) implies (9), and (7) holds if (A4, -) satisfies
(2). Taking everything into account we get proof of points 2—6, 13-18 of Corollary 3.

Suppose that (A, -) satisfies (3), (4). Put a < bif and only if a = b or a = ¢d for some ¢,d € A
and b € {c,d}. Then < is a partial order relation compatible with the operation of (4,-) and
satisfies (6), (6*) and (8) (see [19]). Since (6) and (8) implies (11), (A, -, <) also satisfies (11).
Taking everything into account we get proof of points 7-11 of Corollary 3.

Conclusion

This paper identifies all associative conjunctive operations on binary relations. Operations
with similar properties are grouped into 23 clusters. Axiomatic characteristics of the corresponding
classes of semigroups and partially ordered semigroups of relations with operations from 18
clusters have been found. For the remaining 5 classes, the problem of axiomatic description
remains open.
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