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Abstract.We define and consider in-depth the so-called “𝐶Δ rings” as those rings 𝑅 whose elements are
a sum of an element in 𝐶(𝑅) and of an element in Δ(𝑅). Our results somewhat strengthen those recently
obtained by Ma–Wang –Leroy in 2024 as well as those due to Kurtulmaz –Halicioglu –Harmanci –Chen
in 2019. Specifically, we succeeded to establish that exchange 𝐶Δ rings are always clean as well as that
exchange CN rings are strongly clean. Likewise, we prove that, for any ring 𝑅, the ring of formal power
series 𝑅[[𝑥]] over 𝑅 is if and only if 𝑅 is also 𝐶Δ. And, furthermore, we show that, for any ring 𝑅, if
the polynomial ring 𝑅[𝑥] is a 𝐶Δ ring, then 𝑅 satisfies the Köthe conjecture. Some other closely related
phenomena concerning certain extensions of 𝐶Δ rings are also presented.
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Аннотация. В статье определяются и подробно рассматриваются так называемые «𝐶Δ кольца»
как кольца 𝑅, элементы которых являются суммой элемента в 𝐶(𝑅) и элемента в Δ(𝑅). Достигну-
тые нами результаты несколько усиливают результаты, недавно полученные Ма–Вангом –Лероем в
2024 г., а также результаты Куртулмаза –Халисиоглу –Харманчи –Чена в 2019 г. В частности, уда-
лось установить, что объединенные кольца 𝐶Δ всегда чистые, а также что объединенные кольца
𝐶𝑁 очень чистые. Аналогично доказано, что для любого кольца 𝑅 кольцо формальных степенных
рядов 𝑅[[𝑥]] над 𝑅 равно 𝐶Δ тогда и только тогда, когда равно 𝑅. Показано, что для любого кольца
𝑅, если кольцо многочленов 𝑅[𝑥] является кольцом 𝐶Δ, то 𝑅 удовлетворяет гипотезе Köthe. Так-
же представлены некоторые другие тесно связанные вещи, касающиеся определенных расширений
колец 𝐶Δ.
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1. Introduction and basic concepts

Throughout this paper, let 𝑅 denote an associative ring with identity element, not necessarily
commutative. Typically, for such a ring 𝑅, the sets 𝑈(𝑅), 𝑁𝑖𝑙(𝑅), 𝐼𝑑(𝑅) and 𝐶(𝑅) represent
the set of invertible elements (i.e., the unit group of 𝑅), the set of nilpotent elements, the set
of idempotent elements and the set of central elements in 𝑅, respectively. Additionally, 𝐽(𝑅)
denotes the Jacobson radical of 𝑅. Likewise, the full ring of 𝑛× 𝑛 matrices over 𝑅 and the ring
of 𝑛× 𝑛 upper triangular matrices over 𝑅 are, respectively, designated by 𝑀𝑛(𝑅) and 𝑇𝑛(𝑅).

The set Δ(𝑅) plays a key role in the present article; it was introduced by Lam in [1,
Exercise 4.24] and recently examined by Leroy and Matczuk in [2]. As pointed out by the authors
in [2, Theorems 3 and 6], Δ(𝑅) is the largest subring of the Jacobson radical of 𝑅 that is closed
with respect to multiplication by all units (as well as by quasi-invertible elements) of 𝑅. Also, the
containment 𝐽(𝑅) ⊆ Δ(𝑅) is fulfilled always. Moreover, Δ(𝑅) = 𝐽(𝑇 ), where 𝑇 is the subring
of 𝑅 generated by all units of 𝑅, and the equality Δ(𝑅) = 𝐽(𝑅) holds if and only if Δ(𝑅) is an
ideal of 𝑅. Explicitly, an element 𝑎 in a ring 𝑅 is from Δ(𝑅) if 1− 𝑢𝑎 is a unit for all 𝑢 ∈ 𝑈(𝑅).

Furthermore, a ring 𝑅 is said to be 𝐶𝑈 if each element 𝑎 ∈ 𝑅 has a decomposition 𝑎 = 𝑐+𝑢,
where 𝑐 is a central element and 𝑢 is a unit — to be exact, this notion was introduced by Kurtulmaz
et al. in [3]. They showed that, if F is a field which is not isomorphic to Z2, then 𝑀2(F) is a 𝐶𝑈
ring.

In the other vein, a ring 𝑅 is called 𝐶𝑁 if each element 𝑎 of 𝑅 has a decomposition 𝑎 = 𝑐+𝑛,
where 𝑐 is a central element and 𝑛 is a nilpotent element. This concept was introduced in [4]
(for a more general setting, we refer to [5]). They showed that every 𝐶𝑁 ring is 𝐶𝑈 , but the
converse is definitely not true in general. They also characterized all elements in 𝑀𝑛(𝑅) having
a 𝐶𝑁 decomposition.
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Similarly, an element 𝑎 ∈ 𝑅 has a 𝐶𝐽 decomposition if 𝑎 = 𝑐 + 𝑗 for some 𝑐 ∈ 𝐶(𝑅) and
𝑗 ∈ 𝐽(𝑅) and a ring 𝑅 is called 𝐶𝐽 if every element of 𝑅 has a 𝐶𝐽 decomposition. This notion
was introduced by Ma et al. in [6]. They studied the behavior of this class of rings under various
ring extensions. In particular, they proved that, for any ring 𝑅, the subring 𝐶(𝑅) + 𝐽(𝑅) is
always a 𝐶𝐽 ring, and that if 𝑅[𝑥] is a 𝐶𝐽 ring, then 𝑅 satisfies the Köthe conjecture.

So, as a non-trivial extension of 𝐶𝐽 rings, we are motivated to introduce and investigate the
new and more expanded concept of a 𝐶Δ ring, which will be the leitmotif of our study, defined
as follows: a ring 𝑅 is called 𝐶Δ if each element 𝑎 ∈ 𝑅 has a decomposition 𝑎 = 𝑐 + 𝑟, where
𝑐 ∈ 𝐶(𝑅) and 𝑟 ∈ Δ(𝑅). Apparently, all 𝐶𝐽 rings are 𝐶Δ.

Our principal work in what follows is planned thus: In the next section, we are concerned
with the exploration of some crucial structural properties of 𝐶Δ rings arising under various
constructions, as well as we will discuss certain connections between the aforementioned classes
of rings (see, e.g., Corollaries 3 and 9). In the subsequent third section, we are focussed on the
possible extensions of 𝐶Δ rings and connections between existing classes of rings are established
(see Theorems 1–2). In the final fourth section, we pose two queries of some interest and
importance which, hopefully, could stimulate a further research on this subject (see Problems 1
and 2).

2. Basic properties of 𝐶Δ rings

In this section, we introduce the concept of a 𝐶Δ ring and investigate its elementary properties.
We also give relations between 𝐶Δ rings and some other related rings. For this purpose, we need
a series of preliminary technicalities.

Lemma 1. For any ring 𝑅 the following equality holds

𝑈(𝑅) + Δ(𝑅) = 𝑈(𝑅).

Proof. We know that 𝑈(𝑅) ⊆ 𝑈(𝑅) + 𝐽(𝑅) ⊆ 𝑈(𝑅) + Δ(𝑅). To prove the converse, let
𝑥 ∈ 𝑈(𝑅) + Δ(𝑅). We may write 𝑥 = 𝑢 + 𝑟, where 𝑢 ∈ 𝑈(𝑅) and 𝑟 ∈ Δ(𝑅). One easily checks
that 𝑥 = 𝑢+ 𝑟 = 𝑢(1 + 𝑢−1𝑟) ∈ 𝑈(𝑅), as required. □

Lemma 2. Let 𝑅 be a ring. For 𝑛 ⩾ 2,

Δ(𝑀𝑛(𝑅)) = 𝐽(𝑀𝑛(𝑅)) =𝑀𝑛(𝐽(𝑅)).

Proof. Knowing that, for all 𝑛 ⩾ 2, 𝑀𝑛(𝑅) is generated by its units, we apply [2, Corollary
4] to get that Δ(𝑀𝑛(𝑅)) = 𝐽(𝑀𝑛(𝑅)), as stated. □

Lemma 3. Let 𝑅 be a ring. If 𝐼 ⊆ 𝐽(𝑅) and Δ(𝑅/𝐼) = 0, then Δ(𝑅) = 𝐼 = 𝐽(𝑅).

Proof. Since 𝐽(𝑅) ⊆ Δ(𝑅), it suffices to show that Δ(𝑅) ⊆ 𝐼. Let us consider 𝑥 ∈ Δ(𝑅)
and 𝑥 /∈ 𝐼. Thus, 𝑥 + 𝐼 is a non-zero element of 𝑅/𝐼 and hence 𝑥 + 𝐼 /∈ Δ(𝑅/𝐼). Therefore, by
definition of Δ, there exists 𝑦 ∈ 𝑅 such that (1 + 𝑥𝑦) + 𝐼 is not a unit in 𝑅/𝐼, but this is a
contradiction. Then, Δ(𝑅) ⊆ 𝐼 whence Δ(𝑅) = 𝐼 = 𝐽(𝑅), as asserted. □

The following two consequences are immediate.

Corollary 1. For any ring 𝑅, Δ(𝑅) = 𝐽(𝑅) if and only if Δ(𝑅/𝐽(𝑅)) = (0).

Corollary 2. Let 𝑅 be a ring and 𝐼 ⊆ 𝐽(𝑅). Then,
𝐼 +Δ(𝑅)

𝐼
= Δ(𝑅/𝐼).

Let us recollect once again our key machinery explicitly in a more expanded form.

Definition. Let 𝑅 be a ring. An element 𝑎 ∈ 𝑅 is called 𝐶Δ or just it has
a 𝐶Δ-decomposition if 𝑎 = 𝑐 + 𝑟, where 𝑐 ∈ 𝐶(𝑅) and 𝑟 ∈ Δ(𝑅). If every element of 𝑅 has
such a 𝐶Δ-decomposition, then 𝑅 is called a 𝐶Δ ring.

Математика 337



Изв. Сарат. ун-та. Нов. сер. Сер.: Математика. Механика. Информатика. 2026. Т. 26, вып. 3

The following statements hold trivially:

Example 1. The following are fulfilled:
1) every commutative ring is 𝐶Δ;
2) every CJ ring is 𝐶Δ.

Proposition 1. Let 𝑅 =
∏︀

𝑖∈𝐼 𝑅𝑖 be a direct product of rings. Then, 𝑅 is 𝐶Δ if and only if
𝑅𝑖 is 𝐶Δ for each index 𝑖.

Proof. We know that 𝐶(𝑅) =
∏︀

𝑖∈𝐼 𝐶(𝑅𝑖) and, thanks to [2], that Δ(𝑅) =
∏︀

𝑖∈𝐼 Δ(𝑅𝑖). So,
our further arguments are routine and thus omitted. □

Recall that a ring 𝑅 is said to be Dedekind-finite if 𝑎𝑏 = 1 implies 𝑏𝑎 = 1 for any 𝑎, 𝑏 ∈ 𝑅.
In other words, all one-sided inverses in the ring are two-sided. Also, a ring 𝑅 is called reduced
if it contains no non-zero nilpotent elements.

We now proceed by proving the following statement.

Proposition 2. Let 𝑅 be a 𝐶Δ ring. Then, the following are valid:
1) for any ideal 𝐼 ⊆ 𝐽(𝑅), 𝑅/𝐼 is 𝐶Δ (in particular, 𝑅/𝐽(𝑅) is 𝐶Δ);
2) for any 𝑎, 𝑏 ∈ 𝑅, 𝑎𝑏− 𝑏𝑎 ∈ Δ(𝑅);
3) 𝑅 is Dedekind-finite;
4) if 𝑎2 ∈ Δ(𝑅), then 𝑎 ∈ Δ(𝑅);
5) 𝑅 is a 𝐶𝑈 ring;
6) always 𝑁𝑖𝑙(𝑅) ⊆ 𝐽(𝑅) and 𝑁𝑖𝑙(𝑅) ⊆ Δ(𝑅);
7) if 𝑎2 ∈ 𝐽(𝑅), then 𝑎 ∈ 𝐽(𝑅) (in particular, 𝑅/𝐽(𝑅) is reduced);
8) for any 𝑒 ∈ 𝐼𝑑(𝑅), the corner subring 𝑒𝑅𝑒 is a 𝐶Δ ring.

Proof. 1. It is straightforward and, therefore, we omit the details.
2. Suppose 𝑎 = 𝑐 + 𝑑 and 𝑏 = 𝑐′ + 𝑑′, where 𝑐, 𝑐′ ∈ 𝐶(𝑅) and 𝑑, 𝑑′ ∈ Δ(𝑅). Thus, we have

𝑎𝑏− 𝑏𝑎 = 𝑑𝑑′ − 𝑑′𝑑 ∈ Δ(𝑅).
3. Let 𝑎, 𝑏 ∈ 𝑅. So, 𝑎𝑏 − 𝑏𝑎 ∈ Δ(𝑅) by 2). If 𝑎𝑏 = 1, then 1 − 𝑏𝑎 ∈ Δ(𝑅). Hence,

𝑏𝑎 ∈ 1−Δ(𝑅) ⊆ 𝑈(𝑅).
4. Suppose 𝑎 = 𝑐+ 𝑑, where 𝑐 ∈ 𝐶(𝑅) and 𝑑 ∈ Δ(𝑅). Thus, 𝑎2 = 𝑐2 +2𝑐𝑑+ 𝑑2. On the other

hand, since 𝑎2 ∈ Δ(𝑅), it must be that (1− 𝑎)(1+ 𝑎) = 1− 𝑎2 ∈ 𝑈(𝑅) and hence 1+ 𝑎 ∈ 𝑈(𝑅).
So,

(1 + 𝑎)− 𝑑 = 𝑐+ 1 ∈ 𝑈(𝑅) + Δ(𝑅) ⊆ 𝑈(𝑅).

Therefore, (𝑐+ 1)𝑑 ∈ Δ(𝑅) whence 𝑐𝑑+ 𝑑 ∈ Δ(𝑅). But, since Δ(𝑅) is a subring of 𝑅, we derive
𝑐𝑑 ∈ Δ(𝑅) and so 𝑐2 = 𝑎2 − 2𝑐𝑑 − 𝑑2 ∈ Δ(𝑅). Now, we show that 𝑐 ∈ Δ(𝑅). Given 𝑢 ∈ 𝑈(𝑅),
we may write (1 − 𝑢𝑐)(1 + 𝑢𝑐) = 1 − 𝑢2𝑐2 ∈ 𝑈(𝑅) yielding 1 − 𝑢𝑐 ∈ 𝑈(𝑅) and 𝑐 ∈ Δ(𝑅).
Consequently, 𝑎 = 𝑐+ 𝑑 ∈ Δ(𝑅).

5. Let us consider 𝑎 ∈ 𝑅. Then, 𝑎−1 = 𝑐+𝑑, where 𝑐 ∈ 𝐶(𝑅) and 𝑑 ∈ Δ(𝑅). So, 𝑎 = 𝑐+(1+𝑑),
where 1 + 𝑑 ∈ 1 + Δ(𝑅) ⊆ 𝑈(𝑅). Hence, 𝑅 is 𝐶𝑈 .

6. The proof is straightforward and is therefore omitted.
7. Using 6), we have 𝑎 ∈ Δ(𝑅). Take 𝑟 ∈ 𝑅 and write 𝑟 = 𝑐 + 𝑑, where 𝑐 ∈ 𝐶(𝑅) and

𝑑 ∈ Δ(𝑅). So, we obtain (1−𝑟𝑎) = 1− (𝑐+𝑑)𝑎 = 1− 𝑐𝑎−𝑑𝑎. Now, we show that 1− 𝑐𝑎 ∈ 𝑈(𝑅).
In fact, (1 − 𝑐𝑎)(1 + 𝑐𝑎) = 1 − 𝑐2𝑎2 ∈ 𝑈(𝑅) (note that 𝑎2 ∈ 𝐽(𝑅)) and hence 1 − 𝑐𝑎 ∈ 𝑈(𝑅).
Therefore,

1− 𝑟𝑎 = (1− 𝑐𝑎)− 𝑑𝑎 ∈ 𝑈(𝑅) + Δ(𝑅) ⊆ 𝑈(𝑅).

This shows that 𝑎 ∈ 𝐽(𝑅).
8. Choosing 𝑎 ∈ 𝑒𝑅𝑒, we write 𝑎 = 𝑐 + 𝑑, where 𝑐 ∈ 𝐶(𝑅) and 𝑑 ∈ Δ(𝑅). Since 𝑎 ∈ 𝑒𝑅𝑒,

we deduce 𝑎 = 𝑒𝑐 + 𝑒𝑑 = 𝑐𝑒 + 𝑑𝑒 forcing that 𝑒𝑑 = 𝑑𝑒. Evidently, 𝑒𝑐 ∈ 𝐶(𝑒𝑅𝑒). Now, we prove
that 𝑒𝑑 = 𝑑𝑒 ∈ Δ(𝑒𝑅𝑒). For this purpose, assume that 𝑢 ∈ 𝑈(𝑒𝑅𝑒), so 𝑢′ = 𝑢+ (1− 𝑒) ∈ 𝑈(𝑅)
and, moreover, 𝑣 = 1− 𝑢′𝑑 ∈ 𝑈(𝑅). But, 𝑒𝑣𝑒 = 𝑒𝑣 = 𝑣𝑒 = 𝑒− 𝑢𝑒𝑑 and, also, (𝑒𝑣𝑒)(𝑒𝑣−1𝑒) = 𝑒.
Therefore, 𝑒𝑣 = 𝑒− 𝑢𝑒𝑑 ∈ 𝑈(𝑅) and hence 𝑒𝑑 = 𝑑𝑒 ∈ Δ(𝑒𝑅𝑒). □

338 Научный отдел



P. Danchev et al. Rings 𝑅 in which all elements are the sum of a central element...

Recall that a ring 𝑅 is exchange if, for each 𝑎 ∈ 𝑅, there exists 𝑒2 = 𝑒 ∈ 𝑎𝑅 such that
(1− 𝑒) ∈ (1− 𝑎)𝑅 (see [7]).

Corollary 3. Let 𝑅 be an exchange 𝐶Δ ring. Then, 𝑅 is clean.

Proof. Since 𝑅 is exchange, 𝑅/𝐽(𝑅) is exchange and all idempotents lift modulo 𝐽(𝑅) in
view of [7, Proposition 1.5]. Likewise, 𝑅/𝐽(𝑅) is reduced utilizing Proposition 2, 7), whence it
is abelian. Therefore, 𝑅/𝐽(𝑅) is abelian exchange, and hence it is clean. Finally, taking into
account [7], one concludes that 𝑅 is clean, as required. □

Proposition 3. Let 𝑅 be a ring. Then, a 𝐶Δ ring 𝑅 is uniquely 𝐶Δ (that is, each element
has a unique 𝐶Δ-decomposition) if and only if Δ(𝑅) ∩ 𝐶(𝑅) = {0}.

Proof. Suppose that 𝑅 is uniquely 𝐶Δ and that 𝑐 ∈ 𝐶 ∩Δ. Let 0 ̸= 𝑟 ∈ Δ(𝑅). We have
1 + 𝑟 = (1 − 𝑐) + (𝑐 + 𝑟), where 1 − 𝑐 ∈ 𝐶(𝑅) and 𝑐 + 𝑟 ∈ Δ(𝑅), because Δ(𝑅) is a subring of
𝑅. The uniqueness of the 𝐶Δ-decomposition gives that 𝑐 = 0.

Conversely, if 𝐶∩Δ = 0 and 𝑐+𝑟 = 𝑐′+𝑟′ are two 𝐶Δ decompositions, we infer 𝑐−𝑐′ = 𝑟′−𝑟 ∈
∈ 𝐶 ∩Δ = 0 and hence 𝑐 = 𝑐′, 𝑟 = 𝑟′, as required. □

Proposition 4. Let 𝑅 be a ring. Then, the following statements hold:
1) 𝑈(𝑅) ∩ (𝐶 +Δ) ⊆ 𝑈(𝐶 +Δ);
2) Δ(𝑅) ⊆ Δ(𝐶 +Δ);
3) 𝐶(𝑅) ⊆ 𝐶(𝐶 +Δ).

Proof. 1. Let us consider 𝑎 ∈ 𝑈(𝑅)∩ (𝐶+Δ). Then, 𝑎 = 𝑐+ 𝑟 for 𝑐 ∈ 𝐶(𝑅), 𝑟 ∈ Δ(𝑅), and
there exists 𝑏 ∈ 𝑈(𝑅) such that 𝑎𝑏 = 𝑏𝑎 = 1. We deduce that 𝑐 = 𝑎− 𝑟 ∈ 𝑈(𝑅) +Δ(𝑅) ⊆ 𝑈(𝑅)
whence 𝑐 ∈ 𝐶(𝑅) ∩ 𝑈(𝑅) ⊆ 𝑈(𝐶(𝑅)). Therefore, 𝑎𝑏 = (𝑐+ 𝑟)𝑏 = 𝑐𝑏+ 𝑟𝑏 = 1. Thus,

𝑏 = 𝑐−1(1− 𝑟𝑏) = 𝑐−1 − 𝑐−1𝑟𝑏 ∈ 𝐶 +Δ,

because Δ(𝑅) is a subring of 𝑅. This manifestly shows that the inverse of 𝑎 is, indeed, in 𝐶+Δ.
2. Let us consider 𝑥 ∈ Δ(𝑅). So, 𝑥 ∈ 𝐶 +Δ and 1 + 𝑥𝑦 ∈ 𝑈(𝑅) for every 𝑦 ∈ 𝑈(𝑅). Thus,

1+𝑥𝑦 ∈ 𝑈(𝑅) for every 𝑦 ∈ 𝑈(𝐶+Δ), and there exists 𝑣 ∈ 𝑈(𝑅) such that (1+𝑥𝑦)𝑣 = 𝑣(1+𝑥𝑦) = 1.
Therefore, we have 𝑣 = 1−𝑥𝑦𝑣 ∈ 𝐶+Δ, and hence 1+𝑥𝑦 ∈ 𝑈(𝐶+Δ) for every 𝑦 ∈ 𝑈(𝐶+Δ).
This demonstrates that 𝑥 ∈ Δ(𝐶 +Δ).

3. Let us consider 𝑥 ∈ 𝐶(𝑅). Then, 𝑥 ∈ 𝐶 +Δ and 𝑥𝑦 = 𝑦𝑥 for every 𝑦 ∈ 𝑅. Thus, 𝑥𝑦 = 𝑦𝑥
for every 𝑦 ∈ 𝐶 +Δ. This gives that 𝑥 ∈ 𝐶(𝐶 +Δ). □

The following corollary is immediate.

Corollary 4. Let 𝑅 be a ring. Then, 𝐶(𝑅) + Δ(𝑅) is a 𝐶Δ ring.

Recall that a ring 𝑅 is called division if every non-zero element of 𝑅 is invertible. Also, a
ring 𝑅 is called local if 𝑅/𝐽(𝑅) is a division ring.

Example 2. 1. It is well known that any division ring is a local ring, and hence it is a 𝐶𝑈
ring in virtue of [3, Example 2.2]. But, one plainly verifies that division rings are not 𝐶Δ.

2. Let 𝑅 be the ring consisting of all quaternion elements. Then, 𝑅[𝑥]/⟨𝑥2⟩ is a local ring.
Therefore, 𝑅[𝑥]/⟨𝑥2⟩ is a CU ring. However, it can easily be shown that it is not a 𝐶Δ ring.

A ring 𝑅 is called Δ𝑈 , provided 1 + Δ(𝑅) = 𝑈(𝑅) (see [8]).

Remark 1. One readily verifies that, if 𝑅 is a Δ𝑈 ring, then 𝑅 is 𝐶Δ precisely when it is
𝐶𝑈 .

Proposition 5. Let 𝑅 be a ring and 𝑎 ∈ 𝑅. Then, 𝑎 has a 𝐶Δ-decomposition if and only if
for each 𝑝 ∈ 𝑈(𝑅), 𝑝𝑎𝑝−1 has a 𝐶Δ-decomposition.
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Proof. Assume that 𝑎 has a 𝐶Δ-decomposition. So, 𝑎 = 𝑐 + 𝑟, where 𝑐 ∈ 𝐶(𝑅) and
𝑟 ∈ Δ(𝑅) such that, for an invertible 𝑝 ∈ 𝑅, 𝑝𝑎𝑝−1 = 𝑝𝑐𝑝−1 + 𝑝𝑟𝑝−1, where 𝑝𝑐𝑝−1 = 𝑐 is central
and 𝑝𝑟𝑝−1 ∈ Δ(𝑅).

Conversely, supposing that 𝑝𝑎𝑝−1 ∈ 𝑅 has a 𝐶Δ-decomposition, we receive 𝑝𝑎𝑝−1 = 𝑡 + 𝑥,
where 𝑡 ∈ 𝐶(𝑅) and 𝑥 ∈ Δ(𝑅). Hence, 𝑎 = 𝑝−1𝑡𝑝+ 𝑝−1𝑥𝑝 is a 𝐶Δ-decomposition of 𝑎. □

A ring 𝑅 is said to be 𝑈𝐽 , provided 𝑈(𝑅) = 1 + 𝐽(𝑅) (for more details, see [9]). Recall that
a ring 𝑅 is called 𝑈𝑈 , provided 𝑈(𝑅) = 1 +𝑁𝑖𝑙(𝑅) (see, for a more detailed account [10]).

Lemma 4. The following items hold:
1) if 𝑅 is a 𝑈𝐽 ring, then 𝑁𝑖𝑙(𝑅) ⊆ 𝐽(𝑅);
2) if 𝑅 is a 𝑈𝑈 ring, then 𝐽(𝑅),Δ(𝑅) ⊆ 𝑁𝑖𝑙(𝑅);
3) if 𝑅 is a ΔU ring, then 𝑁𝑖𝑙(𝑅) ⊆ Δ(𝑅).

Proof. 1. Choosing 𝑎 ∈ 𝑁𝑖𝑙(𝑅), we get 1 + 𝑎 ∈ 1 + 𝑁𝑖𝑙(𝑅) ⊆ 𝑈(𝑅) = 1 + 𝐽(𝑅). Hence,
𝑎 ∈ 𝐽(𝑅).

2. Choosing 𝑎 ∈ 𝐽(𝑅), we get 1 + 𝑎 ∈ 1 + 𝐽(𝑅) ⊆ 𝑈(𝑅) = 1 +𝑁𝑖𝑙(𝑅). Hence, 𝑎 ∈ 𝑁𝑖𝑙(𝑅).
Since, 1 + Δ(𝑅) ⊆ 𝑈(𝑅), we are done.

3. It can be argued in the same way as above, thus the details are omitted.
This establishes the proof. □

Corollary 5. Let 𝑅 be a ring. The following points hold:
1) if 𝑅 is 𝑈𝑈 and 𝐶Δ, then it is 𝐶𝑁 ;
2) if 𝑅 is Δ𝑈 and 𝐶𝑁 , then it is 𝐶Δ;
3) if 𝑅 is 𝑈𝐽 and 𝐶𝑁 , then it is 𝐶𝐽 ;
4) if 𝑅 is 𝑈𝑈 and 𝐶𝐽 , then it is 𝐶𝑁 .

Remark 2. Since Δ(𝑀𝑛(𝑅)) = 𝐽(𝑀𝑛(𝑅)) for all 𝑛 ⩾ 2 and the isomorphism

𝑀𝑛(𝑅)/𝐽(𝑀𝑛(𝑅)) ∼=𝑀𝑛(𝑅/𝐽(𝑅))

always holds, we notice that 𝑀𝑛(𝑅) is never a 𝐶Δ ring for any 𝑛 ⩾ 2.

A ring 𝑅 is said to be semi-local if 𝑅/𝐽(𝑅) is a left Artinian ring or, equivalently, 𝑅/𝐽(𝑅) is
a semi-simple ring.

Lemma 5. Let 𝑅 be an Artinian ring. Then, the following are equivalent:
1) 𝑅 is a 𝐶𝑁 ring;
2) 𝑅 is a 𝐶𝐽 ring;
3) 𝑅 is a 𝐶Δ ring.

Proof. Since every Artinian ring is known to be semi-local, we have 𝐽(𝑅) = Δ(𝑅) by virtue
of [2, Theorem 11], whence 2) and 3) are equivalent.

1) ⇒ 2). It suffices to show that 𝑁𝑖𝑙(𝑅) ⊆ 𝐽(𝑅). Since 𝑅 is Artinian, one readily writes that
𝑅/𝐽(𝑅) ∼=

∏︀
𝑖𝑀𝑛𝑖(𝐷𝑖) for some matrix rings 𝑀𝑛𝑖(𝐷𝑖) over division rings 𝐷𝑖. Also, 𝑅/𝐽(𝑅) is

𝐶𝑁 invoking [4, Lemma 2.15], and hence each 𝑀𝑛𝑖(𝐷𝑖) is 𝐶𝑁 consulting with [4, Proposition
2.16]. Since we know that the matrix rings are not 𝐶𝑁 , we arrive at 𝑛𝑖 = 1 for every 𝑖. Finally,
𝑅/𝐽(𝑅) ∼=

∏︀
𝑖𝐷𝑖 holds, and this insures that 𝑅/𝐽(𝑅) is reduced. Thus, 𝑁𝑖𝑙(𝑅) ⊆ 𝐽(𝑅).

2) ⇒ 1). This is straightforward, because in Artinian rings we have always 𝐽(𝑅) ⊆ 𝑁𝑖𝑙(𝑅).
□

As finite rings are always Artinian, we directly obtain the following consequence.

Corollary 6. Let 𝑅 be a finite ring. Then, the following are equivalent:
1) 𝑅 is a 𝐶𝑁 ring;
2) 𝑅 is a 𝐶𝐽 ring;
3) 𝑅 is a 𝐶Δ ring.
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Lemma 6. Let 𝑅 be a 𝐶𝑁 ring. Then, for every 𝑒 ∈ 𝐼𝑑(𝑅), 𝑒𝑅𝑒 is also a 𝐶𝑁 ring.

Proof. Letting 𝑎 ∈ 𝑒𝑅𝑒, we then write 𝑎 = 𝑐 + 𝑛, where 𝑐 ∈ 𝐶(𝑅) and 𝑛 ∈ 𝑁𝑖𝑙(𝑅). Since
𝑎 ∈ 𝑒𝑅𝑒, we have 𝑎 = 𝑒𝑐+ 𝑒𝑛 = 𝑐𝑒+𝑛𝑒 and this, in turn, forces that 𝑒𝑛 = 𝑛𝑒. But, 𝑒𝑐 ∈ 𝐶(𝑒𝑅𝑒)
and we easily conclude that 𝑒𝑛 = 𝑛𝑒 ∈ 𝑁𝑖𝑙(𝑒𝑅𝑒). Finally, 𝑒𝑅𝑒 is a 𝐶𝑁 ring, as claimed. □

A ring 𝑅 is called semi-potent if every one-sided ideal not contained in 𝐽(𝑅) contains a
non-zero idempotent.

Lemma 7. Let 𝑅 be a semi-potent ring. Then, every 𝐶𝑁 ring is 𝐶𝐽 .

Proof. It suffices to show that 𝑁𝑖𝑙(𝑅) ⊆ 𝐽(𝑅). To achieve this goal, we establish that
𝑅 = 𝑅/𝐽(𝑅) is reduced. Since 𝑅 is a semi-potent ring, we know that 𝑅 is also a semi-potent
(and even a potent) ring.

Assume now that 0 ̸= 𝑥 ∈ 𝑅 with 𝑥2 = 0. Thus, [11, Theorem 2.1] applies to get that there
exists 𝑒 ∈ 𝑅 such that 𝑒𝑅𝑒 ∼=𝑀2(𝑆), where 𝑆 is a non-zero ring. However, since 𝑅 is a 𝐶𝑁 ring
according to Lemma 6, 𝑒𝑅𝑒 is also 𝐶𝑁 . However, on the other hand, it is known that 𝑀2(𝑆) is
not a 𝐶𝑁 ring, which leads to a contradiction. Therefore, 𝑅 is a reduced ring, as promised. □

Corollary 7. Let 𝑅 be a semi-potent 𝐶𝑁 ring. Then, 𝑅/𝐽(𝑅) is commutative.

Proof. By Lemma 7, we conclude that 𝑅 = 𝑅/𝐽(𝑅) is reduced and hence 𝑁𝑖𝑙(𝑅) = (0).
Since 𝑅 is 𝐶𝑁 , it follows that 𝑅 is 𝐶𝑁 as well, and hence it is commutative. □

Corollary 8. If 𝑅 is a regular CN ring, then 𝑅 is commutative.

Lemma 8. Let 𝑅 be a 𝐶𝑁 ring. Then, 𝑅 is abelian.

Proof. Suppose 𝑒 ∈ 𝐼𝑑(𝑅). So, 𝑒 = 𝑐 + 𝑛, where 𝑐 ∈ 𝐶(𝑅) and 𝑛 ∈ 𝑁𝑖𝑙(𝑅). Therefore,
we write 𝑐 − 𝑐2 = 𝑛 − 𝑛2 − 2𝑐𝑛 ∈ 𝑁𝑖𝑙(𝑅). Thus, owing to [12, Lemma 3.5], there exists a
monic polynomial 𝑓(𝑡) ∈ Z[𝑡], where 𝑓(𝑐)2 = 𝑓(𝑐) and 𝑚 = 𝑐 − 𝑓 ∈ 𝑁𝑖𝑙(𝑅). Since 𝑐 ∈ 𝐶(𝑅),
we have 𝑒𝑚 = 𝑚𝑒, therefore 𝑐 = 𝑒 + 𝑚 is a strongly nil-clean decomposition. Hence by [13,
Proposition 2.4.], we conclude that 𝑓,𝑚 ∈ 𝐶(𝑅). So, 𝑒 − 𝑓 = 𝑚 + 𝑛 ∈ 𝑁𝑖𝑙(𝑅). On the other
hand, (𝑒− 𝑓)3 = 𝑒− 𝑓 . This means that 𝑒 = 𝑓 ∈ 𝐶(𝑅), whence 𝑅 is abelian, as stated. □

Remark 3. According to Lemma 8, both the rings 𝑀𝑛(𝑅) and 𝑇𝑛(𝑅), as well as the Morita
context rings, cannot be CN rings.

As a direct consequence, we obtain:

Corollary 9. Let 𝑅 be an exchange 𝐶𝑁 ring. Then, 𝑅 is strongly clean.

Proposition 6. Let 𝑅 be a regular 𝐶Δ ring. Then, 𝑅 is commutative.

Proof. Since 𝑅 is regular, we have 𝐽(𝑅) = 0. By Proposition 2, 7), it follows that 𝑅/𝐽(𝑅)
is reduced, and thus 𝑅 itself is reduced. Consequently, 𝑅 is an abelian regular ring, and hence
unit-regular. Therefore, by [2, Corollary 16], we obtain Δ(𝑅) = 0. Thus, 𝑅 is commutative. □

3. Some extensions of 𝐶Δ rings

Let 𝑅 be a ring and suppose 𝛼 : 𝑅 → 𝑅 is a ring endomorphism. By convention, 𝑅[[𝑥;𝛼]]
denotes the ring of skew formal power series over 𝑅; that is, all formal power series in 𝑥 with
coefficients from 𝑅 and with multiplication defined by 𝑥𝑟 = 𝛼(𝑟)𝑥 for all 𝑟 ∈ 𝑅. In particular,
𝑅[[𝑥]] = 𝑅[[𝑥; 1𝑅]] is the ring of formal power series over 𝑅.

We now come to the following criterion.

Lemma 9. Let 𝑅 be a ring. Then, Δ(𝑅[[𝑥, 𝛼]]) = Δ(𝑅) +𝑅[[𝑥, 𝛼]]𝑥.
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Proof. First, note that we always have the identity 𝑈(𝑅[[𝑥, 𝛼]]) = 𝑈(𝑅) +𝑅[[𝑥, 𝛼]]𝑥.
Let 𝑓 =

∑︀∞
𝑖=0 𝑑𝑖𝑥

𝑖 ∈ Δ(𝑅[[𝑥, 𝛼]]). Thus, for every 𝑢 ∈ 𝑈(𝑅) ⊆ 𝑈(𝑅[[𝑥, 𝛼]]), we have
1− 𝑢𝑓 ∈ 𝑈(𝑅[[𝑥, 𝛼]]), and consequently 1− 𝑢𝑑0 ∈ 𝑈(𝑅). This shows that 𝑑0 ∈ Δ(𝑅).

Now, suppose 𝑓 =
∑︀∞

𝑖=0 𝑑𝑖𝑥
𝑖 ∈ Δ(𝑅) +𝑅[[𝑥, 𝛼]]𝑥. Let 𝑢 =

∑︀∞
𝑖=0 𝑢𝑖𝑥

𝑖 ∈ 𝑈(𝑅[[𝑥, 𝛼]]). Clearly,
𝑢0 ∈ 𝑈(𝑅), we obtain

1− 𝑢𝑓 ∈ (1− 𝑢0𝑑0) +𝑅[[𝑥, 𝛼]]𝑥 ⊆ 𝑈(𝑅) +𝑅[[𝑥, 𝛼]]𝑥 = 𝑈(𝑅[[𝑥, 𝛼]]),

as expected. This completes the proof. □

The next necessary and sufficient condition also appears to be interesting.

Proposition 7. Let 𝑅 be a ring. The ring 𝑅[[𝑥;𝛼]] is 𝐶Δ if and only if 𝑅 is 𝐶Δ and, for
every 𝑐 ∈ 𝐶(𝑅), there exists 𝑐′ ∈ 𝐶(𝑅) such that 𝛼(𝑐′) = 𝑐′ and 𝑐− 𝑐′ ∈ Δ(𝑅).

Proof. Assume 𝑅[[𝑥, 𝛼]] is a 𝐶Δ ring. First we show 𝑅 is 𝐶Δ. Consider 𝐼 := 𝑅[[𝑥;𝛼]]𝑥.
Then, one verifies that 𝐼 is an ideal of 𝑅[[𝑥;𝛼]]. Note also that a routine calculation leads to
𝐽(𝑅[[𝑥;𝛼]]) = 𝐽(𝑅) + 𝐼, so 𝐼 ⊆ 𝐽(𝑅[[𝑥;𝛼]]). Since 𝑅[[𝑥;𝛼]]/𝐼 ∼= 𝑅, we derive with the aid of
Proposition 2, 1) that 𝑅 is 𝐶Δ.

Now, let 𝑐 ∈ 𝐶(𝑅). Since 𝑅[[𝑥;𝛼]] is 𝐶Δ, there exist 𝐶 =
∑︀∞

𝑖=0 𝑐𝑖𝑥
𝑖 ∈ 𝐶(𝑅[[𝑥;𝛼]]) and

𝐷 =
∑︀∞

𝑖=0 𝑑𝑖𝑥
𝑖 ∈ Δ(𝑅[[𝑥;𝛼]]) such that 𝑐 = 𝐶 +𝐷, which manifestly reaches that 𝑐 = 𝑐0 + 𝑑0.

By Lemma 9, it suffices to show 𝛼(𝑐0) = 𝑐0. Since 𝐶 ∈ 𝐶(𝑅[[𝑥;𝛼]]), we have 𝐶𝑥 = 𝑥𝐶, which
forces 𝑐0𝑥 = 𝑥𝑐0, and thus 𝛼(𝑐0) = 𝑐0.

Conversely, suppose 𝑓 =
∑︀∞

𝑖=0 𝑎𝑖𝑥
𝑖 ∈ 𝑅[[𝑥;𝛼]]. Since 𝑅 is 𝐶Δ, let 𝑎0 = 𝑐 + 𝑑 be a 𝐶Δ

decomposition. By assumption, 𝑐 = 𝑐0 + 𝑑′ where 𝑐0 ∈ 𝐶(𝑅), 𝛼(𝑐0) = 𝑐0 and 𝑑′ ∈ Δ(𝑅).
Therefore, we have 𝑓 = 𝑐0 + [(𝑑+ 𝑑′) + (𝑓 − 𝑎0)].

On one hand, since 𝑓 − 𝑎0 ∈ 𝑅[[𝑥, 𝛼]]𝑥 and 𝑑 − 𝑑′ ∈ Δ(𝑅), thanks to Lemma 9 we have
(𝑑 − 𝑑′) + (𝑓 − 𝑎0) ∈ Δ(𝑅[[𝑥, 𝛼]]). On the other hand, it is clear that 𝑐0 ∈ 𝐶(𝑅[[𝑥, 𝛼]]). Hence,
𝑅[[𝑥, 𝛼]] is a 𝐶Δ ring. □

The following consequence is immediate.

Corollary 10. A ring 𝑅[[𝑥]] is 𝐶Δ if and only if so is 𝑅.

Let 𝑁𝑖𝑙*(𝑅) denote the prime radical (or, in other terms, the lower nil-radical) of a ring 𝑅,
i.e., the intersection of all prime ideals of 𝑅. We know that 𝑁𝑖𝑙*(𝑅) is a nil-ideal of 𝑅. It is also
long known that a ring 𝑅 is called 2-primal if its lower nil-radical 𝑁𝑖𝑙*(𝑅) consists precisely of
all the nilpotent elements of 𝑅, that is, 𝑁𝑖𝑙*(𝑅) = 𝑁𝑖𝑙(𝑅). For instance, it is well known that
reduced rings and commutative rings are both 2-primal.

For an endomorphism 𝛼 of a ring 𝑅, 𝑅 is called 𝛼-compatible if, for any 𝑎, 𝑏 ∈ 𝑅, 𝑎𝑏 = 0 ⇐⇒
⇐⇒ 𝑎𝛼(𝑏) = 0, and in this case 𝛼 is clearly injective.

Let 𝑅 be a ring and suppose 𝛼 : 𝑅 → 𝑅 is a ring endomorphism. Then, 𝑅[𝑥;𝛼] denotes
the ring of skew polynomial over 𝑅 with multiplication defined by 𝑥𝑟 = 𝛼(𝑟)𝑥 for all 𝑟 ∈ 𝑅. In
particular, 𝑅[𝑥] = 𝑅[𝑥; 1𝑅] is the ring of polynomials over 𝑅.

We now have all the necessary ingredients to establish the following main result.

Proposition 8. Let 𝑅 be a 2-primal and 𝛼-compatible ring. Then,

Δ(𝑅[𝑥, 𝛼]) = Δ(𝑅) +𝑁𝑖𝑙*(𝑅[𝑥, 𝛼])𝑥.

Proof. Let 𝑓 =
∑︀𝑛

𝑖=0 𝑎𝑖𝑥
𝑖 ∈ Δ(𝑅[𝑥, 𝛼]). Then, for every 𝑢 ∈ 𝑈(𝑅), we have that 1− 𝑢𝑓 ∈

∈ 𝑈(𝑅[𝑥, 𝛼]). Thus, an appeal to [14, Corollary 2.14] ensures that 1 − 𝑢𝑎0 ∈ 𝑈(𝑅) and, for
every 1 ⩽ 𝑖 ⩽ 𝑛, 𝑢𝑎𝑖 ∈ 𝑁𝑖𝑙*(𝑅). Since 𝑁𝑖𝑙*(𝑅) is an ideal, we have 𝑎0 ∈ Δ(𝑅) and, for every
1 ⩽ 𝑖 ⩽ 𝑛, 𝑎𝑖 ∈ 𝑁𝑖𝑙*(𝑅). But, as 𝑅 is 2-primal, [14, Lemma 2.2] is applicable to get that
𝑁𝑖𝑙*(𝑅)[𝑥, 𝛼] = 𝑁𝑖𝑙*(𝑅[𝑥, 𝛼]).
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Conversely, assume 𝑓 ∈ Δ(𝑅) + 𝑁𝑖𝑙*(𝑅[𝑥, 𝛼])𝑥 and 𝑢 ∈ 𝑈(𝑅[𝑥, 𝛼]). Then, by with [14,
Corollary 2.14] assures that 𝑢 ∈ 𝑈(𝑅) +𝑁𝑖𝑙*(𝑅[𝑥, 𝛼])𝑥. Since 𝑅 is a 2-primal ring, we have

1− 𝑢𝑓 ∈ 𝑈(𝑅) +𝑁𝑖𝑙*(𝑅[𝑥, 𝛼])𝑥 ⊆ 𝑈(𝑅[𝑥, 𝛼]),

and thus 𝑓 ∈ Δ(𝑅[𝑥, 𝛼]), as required. □

Lemma 10. Let 𝑅 be a 2-primal and 𝛼-compatible ring. Then,

𝐽(𝑅[𝑥, 𝛼]) = Nil(𝑅)[𝑥, 𝛼] = Nil*(𝑅)[𝑥, 𝛼] = Nil*(𝑅[𝑥, 𝛼]).

Proof. Since 𝑅 is 2-primal, [14, Lemma 2.2] works to get that

𝑁𝑖𝑙(𝑅)[𝑥, 𝛼] = 𝑁𝑖𝑙*(𝑅)[𝑥, 𝛼] = 𝑁𝑖𝑙*(𝑅[𝑥, 𝛼]).

On the other hand, we always have 𝑁𝑖𝑙*(𝑅[𝑥, 𝛼]) ⊆ 𝐽(𝑅[𝑥, 𝛼]), so it suffices to show that
𝐽(𝑅[𝑥, 𝛼]) ⊆ 𝑁𝑖𝑙(𝑅)[𝑥, 𝛼]. To this end, let 𝑓 =

∑︀𝑛
𝑖=0 𝑎𝑖𝑥

𝑖 ∈ 𝐽(𝑅[𝑥, 𝛼]). Then, 1 − 𝑓𝑥 ∈
∈ 𝑈(𝑅[𝑥, 𝛼]). Therefore, with the aid of [14, Lemma 2.2], we deduce for 0 ⩽ 𝑖 ⩽ 𝑛 that
𝑎𝑖 ∈ 𝑁𝑖𝑙(𝑅)[𝑥, 𝛼], as required. □

We now pay attention to establish the following main result.

Theorem 1. Let 𝑅 be a 2-primal ring, and let 𝛼 be an endomorphism of 𝑅 such that 𝑅 is
𝛼-compatible and 𝛼2 = 𝛼. Then, the following are equivalent:

1) for every 𝑟 ∈ 𝑅 there exist 𝑐 ∈ 𝐶(𝑅) and 𝑛 ∈ 𝑁𝑖𝑙(𝑅) such that 𝑟 = 𝑐 + 𝑛, 𝛼(𝑐) = 𝑐, and
for every 𝑟 ∈ 𝑅, 𝑟𝑐 = 𝑐𝛼(𝑟);

2) 𝑅[𝑥;𝛼] is a 𝐶Δ ring;
3) 𝑅[𝑥;𝛼] is a 𝐶𝐽 ring;
4) 𝑅[𝑥;𝛼] is a 𝐶𝑁 ring.

Proof. Knowing Lemma 10, we find that 3) and 4) are equivalent. Moreover, the implication
3) ⇒ 2) is pretty clear, because we always have 𝐽(𝑅) ⊆ Δ(𝑅).

Implication 2) ⇒ 1): let 𝑟 ∈ 𝑅. By assumption, there exist 𝐶 =
∑︀𝑛

𝑖=0 𝑐𝑖𝑥
𝑖 ∈ 𝐶(𝑅[𝑥;𝛼]) and

𝐷 ∈ Δ(𝑅[𝑥;𝛼]) such that 𝑟𝑥 = 𝐶 +𝐷, which gives 𝑟 = 𝑐1 + 𝑑1. In conjunction with Lemma 8,
we have 𝑑1 ∈ 𝑁𝑖𝑙(𝑅).

Now, we show that 𝑐1 satisfies condition 1). In fact, since 𝐶 =
∑︀𝑛

𝑖=0 𝑐𝑖𝑥
𝑖 ∈ 𝐶(𝑅[𝑥;𝛼]), we

may write 𝐶𝑥 = 𝑥𝐶, which enables us to derive that 𝛼(𝑐1) = 𝑐1. Also, 𝑟𝑥𝐶 = 𝐶𝑟𝑥 yields
𝑟𝑐1 = 𝑐1𝛼(𝑟).

Next, to prove 𝑐1 ∈ 𝐶(𝑅), note that since 𝛼2 = 𝛼, we detect

𝛼(𝑟)𝑐1 = 𝑐1𝛼
2(𝑟) = 𝑐1𝛼(𝑟).

Thus,
𝛼(𝑟𝑐1 − 𝑐1𝑟) = 𝛼(𝑟)𝑐1 − 𝑐1𝛼(𝑟) = 0.

Since 𝑅 is 𝛼-compatible and 𝛼 is injective, we conclude that 𝑟𝑐1 = 𝑐1𝑟, proving the desired
inclusion 𝑐1 ∈ 𝐶(𝑅).

Implication 1) ⇒ 4): let 𝑓 =
∑︀𝑛

𝑖=0 𝑎𝑖𝑥
𝑖 ∈ 𝑅[𝑥;𝛼]. By assumption, 𝑎𝑖 = 𝑐𝑖 + 𝑛𝑖, where

𝑛𝑖 ∈ 𝑁𝑖𝑙(𝑅), 𝑐𝑖 ∈ 𝐶(𝑅), 𝛼(𝑐𝑖) = 𝑐𝑖, and 𝑟𝑐𝑖 = 𝑐𝑖𝛼(𝑟) for all 𝑟 ∈ 𝑅 and all 0 ⩽ 𝑖 ⩽ 𝑛.
Referring to Lemma 10,

∑︀𝑛
𝑖=0 𝑛𝑖𝑥

𝑖 ∈ 𝑁𝑖𝑙(𝑅[𝑥;𝛼]). Moreover, it is straightforward to show∑︀𝑛
𝑖=0 𝑐𝑖𝑥

𝑖 ∈ 𝐶(𝑅[𝑥;𝛼]). Therefore, 𝑓 =
∑︀𝑛

𝑖=0 𝑐𝑖𝑥
𝑖+
∑︀𝑛

𝑖=0 𝑛𝑖𝑥
𝑖 gives a CN decomposition, proving

that 𝑅[𝑥;𝛼] is a CN ring. □
As a direct consequence, it yields:

Corollary 11. Let 𝑅 be a 2-primal ring. Then, the following are equivalent:
1) 𝑅 is a 𝐶𝑁 ring;
2) 𝑅[𝑥] is a 𝐶Δ ring;
3) 𝑅[𝑥] is a 𝐶𝐽 ring;
4) 𝑅[𝑥] is a 𝐶𝑁 ring.
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Let 𝑁𝑖𝑙*(𝑅) be the sum of all nil-ideals in 𝑅. We call 𝑁𝑖𝑙*(𝑅) the upper nil-radical of 𝑅. This
is the largest nil-ideal of 𝑅. In order to recall the famous Köthe’s conjecture to the non-expert
reader, we refer to [15, 10.28] for more detailed information.

So, we are in a position to show validity of the following major assertion.

Theorem 2. If 𝑅[𝑥] is a 𝐶Δ ring, then 𝑅 satisfies the Köthe conjecture.

Proof. Assume that 𝑅[𝑥] is 𝐶Δ. It suffices to establish that 𝐽(𝑅[𝑥]) = 𝑁𝑖𝑙*(𝑅)[𝑥]. Indeed,
since 𝐽(𝑅[𝑥]) = 𝑁 [𝑥], where 𝑁 = 𝐽(𝑅[𝑥]) ∩ 𝑅, we show that 𝑁𝑖𝑙*(𝑅) = 𝑁 . To this end, given
𝑎 ∈ 𝑁𝑖𝑙*(𝑅), there exists 𝑘 ∈ N such that 𝑎𝑘 = 0; thus, 𝑎𝑘 ∈ 𝐽(𝑅[𝑥]). Since 𝑅[𝑥] is 𝐶Δ, the
quotient 𝑅[𝑥]/𝐽(𝑅[𝑥]) is reduced, which fact is enabled from Proposition 2, 7). So, we conclude
that 𝑎 ∈ 𝐽(𝑅[𝑥]) and this insures that 𝑎 ∈ 𝑁 .

On the other hand, since 𝑁 is a nil-ideal and 𝑁𝑖𝑙*(𝑅) is the largest nil-ideal of 𝑅, we infer
𝑁 ⊆ 𝑁𝑖𝑙*(𝑅). Therefore, 𝑁 = 𝑁𝑖𝑙*(𝑅), as required. □

Let 𝑅 be a ring and 𝑀 a bi-module over 𝑅. The trivial extension of 𝑅 and 𝑀 is stated as

𝑇 (𝑅,𝑀) = {(𝑟,𝑚) : 𝑟 ∈ 𝑅 and 𝑚 ∈𝑀},

with addition defined component-wise and multiplication defined by

(𝑟,𝑚)(𝑠, 𝑛) = (𝑟𝑠, 𝑟𝑛+𝑚𝑠).

The trivial extension 𝑇 (𝑅,𝑀) is isomorphic to the subring{︂(︂
𝑟 𝑚
0 𝑟

)︂
: 𝑟 ∈ 𝑅 and 𝑚 ∈𝑀

}︂

of the formal 2×2 matrix ring

(︂
𝑅 𝑀
0 𝑅

)︂
, and also 𝑇 (𝑅,𝑅) ∼= 𝑅[𝑥]/

⟨︀
𝑥2
⟩︀
. We, likewise, note that

the set of units of the trivial extension 𝑇 (𝑅,𝑀) is

𝑈(𝑇 (𝑅,𝑀)) = 𝑇 (𝑈(𝑅),𝑀).

Moreover, according to [8], we have

Δ(𝑇 (𝑅,𝑀)) = 𝑇 (Δ(𝑅),𝑀).

So, the following is valid.

Proposition 9. The ring 𝑇 (𝑅,𝑀) is a 𝐶Δ ring if and only if for every 𝑟 ∈ 𝑅, there exist
𝑐 ∈ 𝐶(𝑅) and 𝑑 ∈ Δ(𝑅) such that 𝑟 = 𝑐+ 𝑑 and, for every 𝑚 ∈𝑀 , 𝑐𝑚 = 𝑚𝑐.

Proof. First, assume 𝑇 (𝑅,𝑀) is a 𝐶Δ ring. Let 𝑟 ∈ 𝑅. Then (𝑟, 0) has a 𝐶Δ decomposition.
Suppose

(𝑟, 0) = (𝑠,𝑚) + (𝑑,−𝑚)

is a 𝐶Δ decomposition. Since (𝑠,𝑚) ∈ 𝐶(𝑇 (𝑅,𝑀)), we have 𝑠 ∈ 𝐶(𝑅) and for every 𝑛 ∈ 𝑀 ,
𝑠𝑛 = 𝑛𝑠. Moreover, it is clear that 𝑑 ∈ Δ(𝑅).

Conversely, we show that 𝑇 (𝑅,𝑀) is a 𝐶Δ ring. Let (𝑟,𝑚) ∈ 𝑇 (𝑅,𝑀). By assumption,
there exist 𝑐 ∈ 𝐶(𝑅) and 𝑑 ∈ Δ(𝑅) such that 𝑟 = 𝑐 + 𝑑 and for every 𝑛 ∈ 𝑀 , 𝑐𝑛 = 𝑛𝑐. It is
straightforward to verify that

(𝑟,𝑚) = (𝑐, 0) + (𝑑,𝑚)

gives a 𝐶Δ decomposition. Therefore, 𝑇 (𝑅,𝑀) is a 𝐶Δ ring, which completes the proof. □
As an immediate consequence, we have the following result:

Corollary 12. The trivial extension 𝑇 (𝑅,𝑅) is a 𝐶Δ ring if and only if 𝑅 is a 𝐶Δ ring.
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In what follows, we first introduce the rings 𝐴𝑛(𝑅), 𝐵𝑛(𝑅), 𝐶𝑛,𝑚(𝑅) and 𝐷𝑛(𝑅) for each
𝑚,𝑛 ∈ N, and using these rings, we present a new class of 𝐶Δ rings. So, let 𝑅 be a ring, and
define these rings as follows:

𝐴𝑛(𝑅) = 𝑅
⟨︀
𝑥, 𝑦 | 𝑥𝑛 = 𝑦𝑥𝑖𝑦 = 0,∀ 0 ⩽ 𝑖 ⩽ 𝑛

⟩︀
,

𝐵𝑛(𝑅) = 𝑅
⟨︀
𝑥, 𝑦 | 𝑥𝑛 = 𝑥𝑦𝑥 = 𝑦𝑥𝑖𝑦 = 0, ∀ 0 ⩽ 𝑖 ⩽ 𝑛− 2

⟩︀
,

𝐶𝑛,𝑚(𝑅) = 𝑅 ⟨𝑥, 𝑦 | 𝑥𝑛 = 𝑦𝑥 = 𝑦𝑚 = 0⟩ ,
𝐷𝑛(𝑅) = 𝑅

[︀
𝑥, 𝑦 | 𝑥𝑛 = 𝑦2 = 0

]︀
.

Wang et al. in [16] introduced the matrix ring 𝒮𝑛,𝑚(𝑅). Suppose 𝑅 is a ring, then the matrix
ring 𝑆𝑛,𝑚(𝑅) can be represented as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎 𝑏1 · · · 𝑏𝑛−1 𝑐1𝑛 · · · 𝑐1𝑛+𝑚−1
...

. . .
. . .

...
...

. . .
...

0 · · · 𝑎 𝑏1 𝑐𝑛−1,𝑛 · · · 𝑐𝑛−1,𝑛+𝑚−1
0 · · · 0 𝑎 𝑑1 · · · 𝑑𝑚−1
...

. . .
. . .

...
...

. . .
...

0 · · · 0 0 · · · 𝑎 𝑑1
0 · · · 0 0 · · · 0 𝑎

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ 𝑆𝑛+𝑚−1(𝑅) : 𝑎, 𝑏𝑖, 𝑑𝑗 , 𝑐𝑖,𝑗 ∈ 𝑅

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

Also, let 𝒯𝑛(𝑅) be⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎1 𝑏12 𝑏13 𝑏14 · · · 𝑏1,𝑛+1 𝑏1,𝑛+2

0 𝑎1 𝑎2 𝑎3 · · · 𝑎𝑛 𝑏2,𝑛+2

0 0 𝑎1 𝑎2 · · · 𝑎𝑛−1 𝑏3,𝑛+2
...

...
...

. . .
. . .

...
...

0 0 0 0
. . . 𝑎2 𝑏𝑛,𝑛+2

0 0 0 0 · · · 𝑎1 𝑏12
0 0 0 0 · · · 0 𝑎1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ 𝑆𝑛+2(𝑅) : 𝑎𝑖, 𝑏𝑖,𝑗 ∈ 𝑅

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

𝒰𝑛(𝑅) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎1 𝑎2 · · · 𝑎𝑛 𝑏1 𝑏2 · · · 𝑏𝑛
0 𝑎1 · · · 𝑎𝑛−1 0 𝑏1 · · · 𝑏𝑛−1
...

...
. . .

...
...

...
. . .

...
0 0 · · · 𝑎1 0 0 · · · 𝑏1
0 0 · · · 0 𝑎1 𝑎2 · · · 𝑎𝑛
0 0 · · · 0 0 𝑎1 · · · 𝑎𝑛−1
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 𝑎1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ 𝑆2𝑛(𝑅) : 𝑎𝑖, 𝑏𝑗 ∈ 𝑅

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

and

𝒱𝑛(𝑅) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎1 𝑎2 · · · 𝑎𝑛 𝑏1,𝑛+1 𝑏1,𝑛+2 · · · 𝑏1,2𝑛
0 𝑎1 · · · 𝑎𝑛−1 𝑏2,𝑛+1 𝑏2,𝑛+2 · · · 𝑏2,2𝑛
...

...
. . .

...
...

...
. . .

...
0 0 · · · 𝑎1 𝑏𝑛,𝑛+1 𝑏𝑛,𝑛+2 · · · 𝑏𝑛,2𝑛
0 0 · · · 0 𝑎1 𝑎2 · · · 𝑎𝑛
0 0 · · · 0 0 𝑎1 · · · 𝑎𝑛−1
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 𝑎1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ 𝑆2𝑛(𝑅) : 𝑎𝑖, 𝑏𝑗 ∈ 𝑅

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

The following lemma establishes the isomorphism relations between these rings.
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Lemma 11. Let 𝑅 be a ring and 𝑚,𝑛 ∈ N. Then:
1) 𝐴𝑛(𝑅) ∼= 𝒱𝑛(𝑅);

2) 𝐵𝑛(𝑅) ∼= 𝒯𝑛(𝑅);
3) 𝐶𝑛,𝑚(𝑅) ∼= 𝒮𝑛,𝑚(𝑅);

4) 𝐷𝑛(𝑅) ∼= 𝒰𝑛(𝑅).

Proof. 1. Let 𝑓 =
∑︀𝑛−1

𝑘=0 𝑎𝑘𝑥
𝑘+
∑︀𝑛−1

𝑗=0

∑︀𝑛−1
𝑖=0 𝑎𝑖𝑗𝑥

𝑖𝑦𝑥𝑗 ∈ 𝐴𝑛(𝑅). We define 𝛼 : 𝐴𝑛(𝑅) → 𝒱𝑛(𝑅)
as

𝛼(𝑓) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎0 𝑎1 · · · 𝑎𝑛−1 𝑏𝑛−1,0 𝑏𝑛−1,1 · · · 𝑏𝑛−1,𝑛−1
0 𝑎0 · · · 𝑎𝑛−2 𝑏𝑛−2,0 𝑏𝑛−2,1 · · · 𝑏𝑛−2,𝑛−1
...

...
. . .

...
...

...
. . .

...
0 0 · · · 𝑎0 𝑏0,0 𝑏0,1 · · · 𝑏0,𝑛−1
0 0 · · · 0 𝑎0 𝑎1 · · · 𝑎𝑛−1
0 0 · · · 0 0 𝑎0 · · · 𝑎𝑛−2
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 𝑎0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

It can be shown that 𝛼 is a ring isomorphism.

2. Let 𝑓 =
∑︀𝑛−1

𝑖=0 𝑎𝑖𝑥
𝑖+
∑︀𝑛−1

𝑗=0 𝑏𝑗𝑦𝑥
𝑗+
∑︀𝑛−1

𝑘=1 𝑐𝑘𝑥
𝑘𝑦+𝑑𝑦𝑥𝑛−1𝑦 ∈ 𝐵𝑛(𝑅). We define 𝛽 : 𝐵𝑛(𝑅) → 𝒯𝑛(𝑅)

as

𝛽(𝑓) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎0 𝑏0 𝑏1 𝑏2 · · · 𝑏𝑛−1 𝑑
0 𝑎0 𝑎1 𝑎2 · · · 𝑎𝑛−1 𝑐𝑛−1
0 0 𝑎0 𝑎1 · · · 𝑎𝑛−2 𝑐𝑛−2
...

...
...

. . .
. . .

...
...

0 0 0 0
. . . 𝑎1 𝑐1

0 0 0 0 · · · 𝑎0 𝑏0
0 0 0 0 · · · 0 𝑎0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

It can be shown that 𝛽 is a ring isomorphism.

3. Let 𝑓 ∈ 𝐶𝑛,𝑚(𝑅) such that

𝑓 = 𝑎00𝑦
0𝑥0 + 𝑎01𝑦

0𝑥1 + · · ·+ 𝑎0,𝑛−1𝑦
0𝑥𝑛−1+

+ 𝑎10𝑦
1𝑥0 + 𝑎11𝑦

1𝑥1 + · · ·+ 𝑎1,𝑛−1𝑦
1𝑥𝑛−1+

...
...

...

+ 𝑎𝑚−1,0𝑦
𝑚−1𝑥0 + 𝑎𝑚−1,1𝑦

𝑚−1𝑥1 + · · ·+ 𝑎𝑚−1,𝑛−1𝑦
𝑚−1𝑥𝑛−1.

We define 𝛾 : 𝐶𝑛,𝑚(𝑅) → 𝒮𝑛,𝑚(𝑅) as

𝛾(𝑓) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎00 𝑎10 · · · 𝑎𝑚−1,0 𝑎𝑚−1,1 · · · 𝑎𝑚−1,𝑛−1
...

. . .
. . .

...
...

. . .
...

0 · · · 𝑎00 𝑎10 𝑎11 · · · 𝑎1,𝑛−1
0 · · · 0 𝑎00 𝑎01 · · · 𝑎0,𝑛−1
...

. . .
. . .

...
...

. . .
...

0 · · · 0 0 · · · 𝑎00 𝑎0,1
0 · · · 0 0 · · · 0 𝑎00

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

It can be shown that 𝛾 is a ring isomorphism.
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4. Let 𝑓 =
∑︀𝑛−1

𝑖=0 𝑎𝑖𝑥
𝑖 +
∑︀𝑛−1

𝑗=0 𝑏𝑗𝑥
𝑗𝑦 ∈ 𝐷𝑛(𝑅). We define 𝛿 : 𝐷𝑛(𝑅) → 𝒰𝑛(𝑅) as

𝛿(𝑓) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎0 𝑎1 · · · 𝑎𝑛−1 𝑏𝑛−1,0 𝑏0 · · · 𝑏𝑛−1
0 𝑎0 · · · 𝑎𝑛−2 0 𝑏0 · · · 𝑏𝑛−2
...

...
. . .

...
...

...
. . .

...
0 0 · · · 𝑎0 0 0 · · · 𝑏0
0 0 · · · 0 𝑎0 𝑎1 · · · 𝑎𝑛−1
0 0 · · · 0 0 𝑎0 · · · 𝑎𝑛−2
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 𝑎0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

It can be shown that 𝛿 is a ring isomorphism.
This concludes the discussion of all cases. □

The following examples illustrate these concepts.

Example 3. Let 𝑅 be a ring, then we have:

1) 𝐴2(𝑅) = 𝐵2(𝑅) ∼=

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝
𝑎1 𝑎2 𝑎3 𝑎4
0 𝑎1 𝑎5 𝑎6
0 0 𝑎1 𝑎2
0 0 0 𝑎1

⎞⎟⎟⎠ : 𝑎𝑖 ∈ 𝑅

⎫⎪⎪⎬⎪⎪⎭ ∼= 𝑇 (𝑇 (𝑅,𝑅),𝑀2(𝑅));

2) 𝐶2,2(𝑅) ∼=

⎧⎨⎩
⎛⎝𝑎1 𝑎2 𝑎3

0 𝑎1 𝑎4
0 0 𝑎1

⎞⎠ : 𝑎𝑖 ∈ 𝑅

⎫⎬⎭ ∼= 𝑆3(𝑅);

3) 𝐷2(𝑅) ∼=

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝
𝑎1 𝑎2 𝑎3 𝑎4
0 𝑎1 0 𝑎3
0 0 𝑎1 𝑎2
0 0 0 𝑎1

⎞⎟⎟⎠ : 𝑎𝑖 ∈ 𝑅

⎫⎪⎪⎬⎪⎪⎭ ∼= 𝑇 (𝑇 (𝑅,𝑅), 𝑇 (𝑅,𝑅)).

Assume 𝑅 is a ring and 𝐼, 𝐽 , 𝐾, and 𝐿 are subsets of 𝑅. We define:

∇𝐼(𝐴𝑛(𝑅)) =

⎧⎨⎩
𝑛−1∑︁
𝑘=0

𝑎𝑘𝑥
𝑘 +

𝑛−1∑︁
𝑗=0

𝑛−1∑︁
𝑖=0

𝑎𝑖𝑗𝑥
𝑖𝑦𝑥𝑗 ∈ 𝐴𝑛(𝑅) | 𝑎0 ∈ 𝐼

⎫⎬⎭ ,

∇𝐽(𝐵𝑛(𝑅)) =

⎧⎨⎩
𝑛−1∑︁
𝑖=0

𝑎𝑖𝑥
𝑖 +

𝑛−1∑︁
𝑗=0

𝑏𝑗𝑦𝑥
𝑗 +

𝑛−1∑︁
𝑘=1

𝑐𝑘𝑥
𝑘𝑦 + 𝑑𝑦𝑥𝑛−1𝑦 ∈ 𝐵𝑛(𝑅) | 𝑎0 ∈ 𝐽

⎫⎬⎭ ,

∇𝐾(𝐶𝑛,𝑚(𝑅)) =

⎧⎨⎩
𝑚−1∑︁
𝑖=0

𝑛−1∑︁
𝑗=0

𝑎𝑖𝑗𝑦
𝑖𝑥𝑗 ∈ 𝐶𝑛,𝑚(𝑅) | 𝑎00 ∈ 𝐾

⎫⎬⎭ ,

∇𝐿(𝐷𝑛(𝑅)) =

⎧⎨⎩
𝑛−1∑︁
𝑖=0

𝑎𝑖𝑥
𝑖 +

𝑛−1∑︁
𝑗=0

𝑏𝑗𝑥
𝑗𝑦 ∈ 𝐷𝑛(𝑅) | 𝑎0 ∈ 𝐿

⎫⎬⎭ .

Now, Lemma 11 leads to

Corollary 13. Let 𝑅 be a ring. Then, the following equalities hold:
1) Δ(𝐴𝑛(𝑅)) = ∇Δ(𝑅)(𝐴𝑛(𝑅));
2) Δ(𝐵𝑛(𝑅)) = ∇Δ(𝑅)(𝐵𝑛(𝑅));
3) Δ(𝐶𝑛,𝑚(𝑅)) = ∇Δ(𝑅)(𝐶𝑛,𝑚(𝑅));
4) Δ(𝐷𝑛(𝑅)) = ∇Δ(𝑅)(𝐷𝑛(𝑅)).

By Corollary 13, similar results can be obtained for 𝐽(𝑅). Therefore, the following assertion
can easily be proved.
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Lemma 12. Let 𝑅 be a ring. Then, the following relationships are valid:
1) 𝐴𝑛(𝑅) is a 𝐶Δ if and only if 𝑅 is a 𝐶Δ ring;
2) 𝐵𝑛(𝑅) is a 𝐶Δ if and only if 𝑅 is a 𝐶Δ ring;
3) 𝐶𝑛,𝑚(𝑅) is a 𝐶Δ if and only if 𝑅 is a 𝐶Δ ring;
4) 𝐷𝑛(𝑅) is a 𝐶Δ if and only if 𝑅 is a 𝐶Δ ring.

4. Concluding discussion and open questions

Regarding the closely related class of weakly strongly 2-nil-clean rings, one can state that their
complete characterization is given as follows: A ring 𝑅 is weakly strongly 2-nil-clean if and only
if 𝑅 ∼= 𝑅1 ×𝑅2, where 𝑅1 is a strongly 2-nil-clean ring and 𝑅2 is either zero or 𝑅2/𝐽(𝑅2) ∼= Z5

such that 𝐽(𝑅2) is a nil ideal.
In fact, left-to-right direction follows as given in [17, Theorem 2.26], whereas the converse

right-to-left one follows from a combination of Corollaries 2.11 and 2.17 in [17].
In this vein, the first-named author is highly grateful to Prof. Adel Abyzov for pointing out

in a private communication an inaccuracy in the original formulating of the characterization of
this sort of rings (see Abstract, Lemma 2.25, and Theorem 2.26 stated in [17]) which is evidently
not satisfied by the factor-ring Z5[𝑥]/(𝑥

2).
We conclude our considerations with two intriguing problems that remain open:

Problem 1. Let 𝑅 be a ring and 𝐺 be a multiplicative group. Find a necessary and sufficient
condition when the group ring 𝑅𝐺 is 𝐶Δ only in terms of 𝑅, 𝐺 and their sections.

Problem 2. Characterize those rings 𝑅, naming them feebly Δ-clean, for which, for any
𝑟 ∈ 𝑅, there exist 𝑑 ∈ Δ(𝑅) and 𝑒, 𝑓 ∈ 𝐼𝑑(𝑅) with 𝑒𝑓 = 𝑓𝑒 = 0 such that 𝑟 = 𝑑 + 𝑒 − 𝑓 . In
addition, if 𝑑 commutes with (either) 𝑒 or 𝑓 , the feebly Δ-clean ring 𝑅 having this property is
said to be strongly feebly Δ-clean.
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