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AwnHoTamus. B crathe onpenensiorcs U noApobHO pacCMaTpUBAIOTCS Tak HasbiBaeMbie «C'A KOJbIa»
KaK KOJIbIA R, 3JIeMEHTLI KOTOPBIX SBJISIOTCS CymMoit smementa B C(R) u smementa B A(R). Jocrurmy-
ThIe HAME PE3YJIbTAThl HECKOJIBKO YCUIUBAIOT PE3YIbTAThI, HEJABHO oty dyennbie Ma—Banrom —Jlepoem B
2024 r., a Takxke pe3yabTaTbl Kypryamaza— Xamucuoray — Xapmanun — Yena B 2019 1. B wactrOCTH, yIa-
JIOCh YCTAHOBUTDH, YTO O0bEINHEHHBIE KOIbIA C'/A BCErIa YHUCTHIE, 8 TAKXKE UTO OOBETMHEHHBIE KOJIBIA
CN ouenpb yucrble. AHAJOIMYHO JOKA3aHO, YTO JJis JIF0OOro KoJibla R KoJbIo (pOpMaJIbHBIX CTEIIeHHBIX
panos R[[z]] nan R pasao CA Torga u ToabKO Toraa, Koraa pasio R. Ilokazano, 94To s Ji060ro KoJbia
R, ecam xosbiio MHOrOWIeHOB R|x] siBnsiercst Kosmbriom C'A, To R ynoemerBopsier runorese Kothe. Tax-
JKe [PeJICTABJIeHbl HEKOTOPbIE JIPYIUe TECHO CBS3aHHBIE BEIH, KACAIOMIUECs OIMPEIETIeHHBIX PACIIUDEHUH
rkoner, C'A.

KurroueBble cioBa: IEHTPAIBHBIH 3eMeHT, oAKoIbio A(R), kKoabno C'A, MaTpUIHOE KOJBIIO
Baarogapuoctu: Pabora nepsoro asropa, Ilerpa JangeBa, gacruano nomuepxkusaercs Junta de Anda-
lucia (mpoekT Ne FQM 264). PaGora ocHoBana Ha uccieqoBanusx, bunancupyemMbix HanpoHa bHbIM Ha-
yuanbiM bouzom pana (INSF) (mpoekt Ne 40402401).
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1. Introduction and basic concepts

Throughout this paper, let R denote an associative ring with identity element, not necessarily
commutative. Typically, for such a ring R, the sets U(R), Nil(R), Id(R) and C(R) represent
the set of invertible elements (i.e., the unit group of R), the set of nilpotent elements, the set
of idempotent elements and the set of central elements in R, respectively. Additionally, J(R)
denotes the Jacobson radical of R. Likewise, the full ring of n x n matrices over R and the ring
of n x n upper triangular matrices over R are, respectively, designated by M, (R) and T, (R).

The set A(R) plays a key role in the present article; it was introduced by Lam in [,
Exercise 4.24] and recently examined by Leroy and Matczuk in [2]. As pointed out by the authors
in [2, Theorems 3 and 6], A(R) is the largest subring of the Jacobson radical of R that is closed
with respect to multiplication by all units (as well as by quasi-invertible elements) of R. Also, the
containment J(R) C A(R) is fulfilled always. Moreover, A(R) = J(T'), where T is the subring
of R generated by all units of R, and the equality A(R) = J(R) holds if and only if A(R) is an
ideal of R. Explicitly, an element @ in a ring R is from A(R) if 1 — ua is a unit for all u € U(R).

Furthermore, a ring R is said to be CU if each element a € R has a decomposition a = ¢+ u,
where c is a central element and u is a unit — to be exact, this notion was introduced by Kurtulmaz
et al. in [3]. They showed that, if F is a field which is not isomorphic to Zsg, then My (F) is a CU
ring.

In the other vein, a ring R is called C'N if each element a of R has a decomposition a = c+n,
where ¢ is a central element and n is a nilpotent element. This concept was introduced in [4]
(for a more general setting, we refer to [5]). They showed that every C'N ring is CU, but the
converse is definitely not true in general. They also characterized all elements in M,,(R) having
a C'N decomposition.
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Similarly, an element a € R has a C'J decomposition if a = ¢ + j for some ¢ € C(R) and
j € J(R) and a ring R is called C'J if every element of R has a C'J decomposition. This notion
was introduced by Ma et al. in [6]. They studied the behavior of this class of rings under various
ring extensions. In particular, they proved that, for any ring R, the subring C'(R) + J(R) is
always a C'J ring, and that if R[z] is a C'J ring, then R satisfies the K6the conjecture.

So, as a non-trivial extension of C'J rings, we are motivated to introduce and investigate the
new and more expanded concept of a CA ring, which will be the leitmotif of our study, defined
as follows: a ring R is called C'A if each element a € R has a decomposition a = ¢ + r, where
c € C(R) and r € A(R). Apparently, all CJ rings are CA.

Our principal work in what follows is planned thus: In the next section, we are concerned
with the exploration of some crucial structural properties of CA rings arising under various
constructions, as well as we will discuss certain connections between the aforementioned classes
of rings (see, e.g., Corollaries 3 and 9). In the subsequent third section, we are focussed on the
possible extensions of C'A rings and connections between existing classes of rings are established
(see Theorems 1-2). In the final fourth section, we pose two queries of some interest and
importance which, hopefully, could stimulate a further research on this subject (see Problems 1
and 2).

2. Basic properties of C'A rings

In this section, we introduce the concept of a CA ring and investigate its elementary properties.
We also give relations between C'A rings and some other related rings. For this purpose, we need
a series of preliminary technicalities.

Lemma 1. For any ring R the following equality holds
U(R)+ A(R) =U(R).

Proof. We know that U(R) C U(R) + J(R) C U(R) + A(R). To prove the converse, let
x € U(R) + A(R). We may write z = u + r, where u € U(R) and r € A(R). One easily checks
that z = u+r = u(1 +u~'r) € U(R), as required. O

Lemma 2. Let R be a ring. Forn > 2,
A(Mn(R)) = J(Mn(R)) = MTL(J<R))~

Proof. Knowing that, for all n > 2, M, (R) is generated by its units, we apply [2, Corollary
4] to get that A(M,(R)) = J(My(R)), as stated. O

Lemma 3. Let R be a ring. If I C J(R) and A(R/I) =0, then A(R) =1 = J(R).

Proof. Since J(R) C A(R), it suffices to show that A(R) C I. Let us consider z € A(R)
and = ¢ I. Thus, x + I is a non-zero element of R/I and hence z + I ¢ A(R/I). Therefore, by
definition of A, there exists y € R such that (1 + zy) + I is not a unit in R/I, but this is a
contradiction. Then, A(R) C I whence A(R) =1 = J(R), as asserted. O

The following two consequences are immediate.

Corollary 1. For any ring R, A(R) = J(R) if and only if A(R/J(R)) = (0).

I+A
Corollary 2. Let R be a ring and I C J(R). Then, +I(R) = A(R/I).

Let us recollect once again our key machinery explicitly in a more expanded form.

Definition. Let R be a ring. An element a € R is called CA or just it has
a CA-decomposition if a = ¢+ r, where ¢ € C(R) and r € A(R). If every element of R has
such a CA-decomposition, then R is called a C'A ring.
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The following statements hold trivially:

Example 1. The following are fulfilled:
1) every commutative ring is CA;
2) every CJ ring is CA.

Proposition 1. Let R =]
R; is CA for each index 1.

Proof. We know that C(R) = [[;c; C(R;) and, thanks to [2], that A(R) = [[,c; A(R;). So,
our further arguments are routine and thus omitted. g

Recall that a ring R is said to be Dedekind-finite if ab = 1 implies ba = 1 for any a,b € R.
In other words, all one-sided inverses in the ring are two-sided. Also, a ring R is called reduced
if it contains no non-zero nilpotent elements.

We now proceed by proving the following statement.

i1 Ri be a direct product of rings. Then, R is CA if and only if

Proposition 2. Let R be a CA ring. Then, the following are valid:
1) for any ideal I C J(R), R/I is CA (in particular, R/J(R) is CA);
2) for any a,b € R, ab—ba € A(R);

3) R is Dedekind-finite;

4) if a®> € A(R), then a € A(R);

5) R is a CU ring;

6) always Nil(R) C J(R) and Nil(R) C A(R);

7) if a®> € J(R), then a € J(R) (in particular, R/J(R) is reduced);

8) for any e € Id(R), the corner subring eRe is a CA ring.

Proof. 1.1t is straightforward and, therefore, we omit the details.

2. Suppose a = c+d and b = ¢ + d', where ¢, € C(R) and d,d" € A(R). Thus, we have
ab—ba = dd' — d'd € A(R).

3. Let a,b € R. So, ab—ba € A(R) by 2). If ab = 1, then 1 — ba € A(R). Hence,
ba €1—A(R) CU(R).

4. Suppose a = ¢+ d, where ¢ € C(R) and d € A(R). Thus, a? = ¢® + 2cd + d?. On the other
hand, since a? € A(R), it must be that (1 —a)(1+a) =1—a? € U(R) and hence 1 +a € U(R).
So,

(1+a)—d=c+1ecUR)+A(R) CUR).

Therefore, (¢4 1)d € A(R) whence c¢d+d € A(R). But, since A(R) is a subring of R, we derive
cd € A(R) and so ¢ = a® — 2cd — d*> € A(R). Now, we show that ¢ € A(R). Given u € U(R),
we may write (1 — uc)(1 + uc) = 1 — u?c® € U(R) yielding 1 — uc € U(R) and ¢ € A(R).
Consequently, a = ¢+ d € A(R).

5. Let us consider a € R. Then, a—1 = c¢+d, where ¢ € C(R) and d € A(R). So, a = c¢+(1+d),
where 1 +d € 1+ A(R) C U(R). Hence, Ris CU.

6. The proof is straightforward and is therefore omitted.

7. Using 6), we have a € A(R). Take r € R and write r = ¢ + d, where ¢ € C(R) and
d € A(R). So, we obtain (1—7ra) =1—(c+d)a =1—ca—da. Now, we show that 1 —ca € U(R).
In fact, (1 — ca)(1 + ca) = 1 — c?a® € U(R) (note that a®> € J(R)) and hence 1 — ca € U(R).
Therefore,

l1—ra=(1—-ca)—daecU(R)+A(R) CU(R).
This shows that a € J(R).

8. Choosing a € eRe, we write a = ¢ + d, where ¢ € C(R) and d € A(R). Since a € eRe,
we deduce a = ec + ed = ce + de forcing that ed = de. Evidently, ec € C(eRe). Now, we prove
that ed = de € A(eRe). For this purpose, assume that u € U(eRe), so v/ =u+ (1 —e) € U(R)
and, moreover, v = 1 —u/d € U(R). But, eve = ev = ve = e — ued and, also, (eve)(evle) = e.
Therefore, ev = e — ued € U(R) and hence ed = de € A(eRe). O
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Recall that a ring R is exchange if, for each a € R, there exists €2 = e € aR such that
(I1—e)e (1—a)R (see [7]).

Corollary 3. Let R be an exchange CA ring. Then, R is clean.

Proof. Since R is exchange, R/J(R) is exchange and all idempotents lift modulo J(R) in
view of |7, Proposition 1.5]. Likewise, R/J(R) is reduced utilizing Proposition 2, 7), whence it
is abelian. Therefore, R/J(R) is abelian exchange, and hence it is clean. Finally, taking into
account |7], one concludes that R is clean, as required. O

Proposition 3. Let R be a ring. Then, a CA ring R is uniquely CA (that is, each element
has a unique CA-decomposition) if and only if A(R) N C(R) = {0}.

Proof. Suppose that R is uniquely CA and that ¢ € C N A. Let 0 # r € A(R). We have
l+r=(1—-c¢)+ (c+7r), where 1 —c € C(R) and ¢+ r € A(R), because A(R) is a subring of
R. The uniqueness of the CA-decomposition gives that ¢ = 0.

Conversely, if CNA = 0 and c+r = ¢ +7r/ are two CA decompositions, we infer c—¢ = r'—r €
€ CNA =0 and hence ¢ = ,r =1/, as required. O

Proposition 4. Let R be a ring. Then, the following statements hold:
HUMR)N(C+A) CUIC+A);

2) A(R) C A(CH+ A);

3) C(R) CC(C+A).

Proof. 1. Let us consider a € U(R)N(C'+A). Then, a = ¢+ for c € C(R), r € A(R), and
there exists b € U(R) such that ab = ba = 1. We deduce that c=a—7r € U(R) + A(R) CU(R)
whence ¢ € C(R)NU(R) C U(C(R)). Therefore, ab = (¢ + r)b = cb+ rb = 1. Thus,

b=cll-rb)=cl—cbeC+A,

because A(R) is a subring of R. This manifestly shows that the inverse of a is, indeed, in C' + A.
2. Let us consider x € A(R). So, x € C+ A and 1 + 2y € U(R) for every y € U(R). Thus,
14+zy € U(R) for every y € U(C+A), and there exists v € U(R) such that (14+zy)v = v(1+zy) = 1.
Therefore, we have v =1 —2zyv € C+ A, and hence 1 +zy € U(C + A) for every y € U(C + A).
This demonstrates that x € A(C' + A).
3. Let us consider = € C(R). Then, x € C + A and xy = yz for every y € R. Thus, zy = yx
for every y € C'+ A. This gives that z € C(C + A). O
The following corollary is immediate.

Corollary 4. Let R be a ring. Then, C(R) + A(R) is a CA ring.

Recall that a ring R is called division if every non-zero element of R is invertible. Also, a
ring R is called local if R/J(R) is a division ring.

Example 2. 1. It is well known that any division ring is a local ring, and hence it is a CU
ring in virtue of [3, Example 2.2]. But, one plainly verifies that division rings are not C'A.

2. Let R be the ring consisting of all quaternion elements. Then, R[z]/(z?) is a local ring.
Therefore, R[z]/{x?) is a CU ring. However, it can easily be shown that it is not a CA ring.

A ring R is called AU, provided 1+ A(R) = U(R) (see [8]).

Remark 1. One readily verifies that, if R is a AU ring, then R is CA precisely when it is
CU.

Proposition 5. Let R be a ring and a € R. Then, a has a CA-decomposition if and only if
for each p € U(R), pap~* has a CA-decomposition.
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Proof. Assume that a has a C'A-decomposition. So, a = ¢ + r, where ¢ € C(R) and
r € A(R) such that, for an invertible p € R, pap~! = pcp~! + prp~!, where pecp~! = c is central
and prp~t € A(R).

Conversely, supposing that pap~! € R has a CA-decomposition, we receive pap~' =t + z,
where t € C(R) and x € A(R). Hence, a = p~'tp + p~lap is a CA-decomposition of a. O

A ring R is said to be UJ, provided U(R) = 1+ J(R) (for more details, see |9]). Recall that
a ring R is called UU, provided U(R) = 1+ Nil(R) (see, for a more detailed account [10]).

Lemma 4. The following items hold:

1) if R is a UJ ring, then Nil(R) C J(R);

2)if R is a UU ring, then J(R), A(R) C Nil(R);
3) if R is a AU ring, then Nil(R) C A(R).

Proof. 1. Choosing a € Nil(R), we get 1 +a € 1+ Nil(R) C U(R) = 1+ J(R). Hence,
ac J(R).

2. Choosing a € J(R), we get 1 +a € 1+ J(R) C U(R) = 1+ Nil(R). Hence, a € Nil(R).
Since, 1 + A(R) C U(R), we are done.

3. It can be argued in the same way as above, thus the details are omitted.

This establishes the proof. O

Corollary 5. Let R be a ring. The following points hold:
1)if R is UU and CA, then it is CN;
2) if R is AU and CN, then it is CA;
3)if Ris UJ and CN, then it is CJ;
4)if R is UU and CJ, then it is CN.

Remark 2. Since A(M,(R)) = J(M,(R)) for all n > 2 and the isomorphism
Mn(R)/J(Mn(R)) = Mn(R/J(R))
always holds, we notice that M, (R) is never a CA ring for any n > 2.

A ring R is said to be semi-local if R/J(R) is a left Artinian ring or, equivalently, R/J(R) is
a semi-simple ring.

Lemma 5. Let R be an Artinian ring. Then, the following are equivalent:
1) R is a CN ring;
2) R is a CJ ring;
3) R is a CA ring.

Proof. Since every Artinian ring is known to be semi-local, we have J(R) = A(R) by virtue
of [2, Theorem 11], whence 2) and 3) are equivalent.

1) = 2). It suffices to show that Nil(R) C J(R). Since R is Artinian, one readily writes that
R/J(R) =[], Mp,(D;) for some matrix rings M, (D;) over division rings D;. Also, R/J(R) is
CN invoking [4, Lemma 2.15], and hence each M, (D;) is CN consulting with [4, Proposition
2.16]. Since we know that the matrix rings are not C N, we arrive at n; = 1 for every i. Finally,
R/J(R) 2 ], D; holds, and this insures that R/J(R) is reduced. Thus, Nil(R) C J(R).

2) = 1). This is straightforward, because in Artinian rings we have always J(R) C Nil(R).
O

As finite rings are always Artinian, we directly obtain the following consequence.

Corollary 6. Let R be a finite ring. Then, the following are equivalent:
1) R is a CN ring;
2) R is a CJ ring;
3) R is a CA ring.
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Lemma 6. Let R be a CN ring. Then, for every e € Id(R), eRe is also a CN ring.

Proof. Letting a € eRe, we then write a = ¢+ n, where ¢ € C(R) and n € Nil(R). Since
a € eRe, we have a = ec+ en = ce + ne and this, in turn, forces that en = ne. But, ec € C(eRe)
and we easily conclude that en = ne € Nil(eRe). Finally, eRe is a C'N ring, as claimed. 0

A ring R is called semi-potent if every one-sided ideal not contained in J(R) contains a
non-zero idempotent.

Lemma 7. Let R be a semi-potent ring. Then, every CN ring is CJ.

Proof. It suffices to show that Nil(R) C J(R). To achieve this goal, we establish that
R = R/J(R) is reduced. Since R is a semi-potent ring, we know that R is also a semi-potent
(and even a potent) ring.

Assume now that 0 # 2 € R with 22 = 0. Thus, [11, Theorem 2.1] applies to get that there
exists e € R such that eRe = M(S), where S is a non-zero ring. However, since R is a CN ring
according to Lemma 6, eRe is also CN. However, on the other hand, it is known that Ms(S) is
not a C'N ring, which leads to a contradiction. Therefore, R is a reduced ring, as promised. [J

Corollary 7. Let R be a semi-potent CN ring. Then, R/J(R) is commutative.

Proof. By Lemma 7, we conclude that R = R/J(R) is reduced and hence Nil(R) = (0).
Since R is C'N, it follows that R is CN as well, and hence it is commutative. O

Corollary 8. If R is a reqular CN ring, then R is commutative.
Lemma 8. Let R be a CN ring. Then, R is abelian.

Proof. Suppose e € Id(R). So, e = ¢ + n, where ¢ € C(R) and n € Nil(R). Therefore,
we write ¢ — ¢> = n — n? — 2cn € Nil(R). Thus, owing to [12, Lemma 3.5], there exists a
monic polynomial f(t) € Z[t], where f(c)?> = f(c) and m = ¢ — f € Nil(R). Since ¢ € C(R),
we have em = me, therefore ¢ = e + m is a strongly nil-clean decomposition. Hence by [13,
Proposition 2.4.|, we conclude that f,m € C(R). So, e — f = m + n € Nil(R). On the other
hand, (e — f)? = e — f. This means that e = f € C(R), whence R is abelian, as stated. O

Remark 3. According to Lemma 8, both the rings M,,(R) and T,,(R), as well as the Morita
context rings, cannot be CN rings.

As a direct consequence, we obtain:
Corollary 9. Let R be an exchange CN ring. Then, R is strongly clean.
Proposition 6. Let R be a reqular CA ring. Then, R is commutative.

Proof. Since R is regular, we have J(R) = 0. By Proposition 2, 7), it follows that R/J(R)
is reduced, and thus R itself is reduced. Consequently, R is an abelian regular ring, and hence
unit-regular. Therefore, by |2, Corollary 16|, we obtain A(R) = 0. Thus, R is commutative. [

3. Some extensions of C'A rings

Let R be a ring and suppose a : R — R is a ring endomorphism. By convention, R[[z;a]]
denotes the ring of skew formal power series over R; that is, all formal power series in x with
coefficients from R and with multiplication defined by xr = «a(r)z for all » € R. In particular,
R][z]] = R[[z; 1R]] is the ring of formal power series over R.

We now come to the following criterion.

Lemma 9. Let R be a ring. Then, A(R[[z,a]]) = A(R) + R[[z, a]]z.
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Proof. First, note that we always have the identity U(R[[z, a]]) = U(R) + R[[z, a]]x.

Let f = Y Xydiz' € A(R[[z,a]]). Thus, for every u € U(R) C U(R[z,al]]), we have
1 —uf € U(R[[z, a]]), and consequently 1 — udy € U(R). This shows that dy € A(R).

Now, suppose f = > 2 d;z' € A(R) + R[[z,al]]lz. Let u = Y % wa’ € U(R[[z, o]]). Clearly,
ug € U(R), we obtain

1 —uf el —uodo) + Rl[z, ol C U(R) + R, al]lx = U(R[[z, o]]),

as expected. This completes the proof. O

The next necessary and sufficient condition also appears to be interesting.

Proposition 7. Let R be a ring. The ring R|[x;a]] is CA if and only if R is CA and, for
every ¢ € C(R), there exists ¢ € C(R) such that a(c’) = and ¢ — ¢ € A(R).

Proof. Assume R][z,q]] is a CA ring. First we show R is CA. Consider I := R[[z;a]]z.
Then, one verifies that I is an ideal of R][[x;«]]. Note also that a routine calculation leads to
J(R[[z;a]]) = J(R) + I, so I C J(R[[z;«]]). Since R[[z;«]]/I = R, we derive with the aid of
Proposition 2, 1) that R is CA.

Now, let ¢ € C(R). Since R[[z;a]] is CA, there exist C = > i iz’ € C(R[[z;a]]) and
D =Y, d;z' € A(R[[x;al]]) such that ¢ = C + D, which manifestly reaches that ¢ = ¢y + do.
By Lemma 9, it suffices to show a(cy) = ¢p. Since C € C(R[[z; ]]), we have Cz = xC, which
forces cox = zcp, and thus a(cy) = cp.

Conversely, suppose f = Y20 a;z' € R[[z;a]]. Since R is CA, let ap = ¢+ d be a CA
decomposition. By assumption, ¢ = ¢o + d’ where ¢y € C(R), alcy) = ¢o and d' € A(R).
Therefore, we have f = co+ [(d+ d') + (f — ao)].

On one hand, since f — ag € R[[z,a]]z and d — d' € A(R), thanks to Lemma 9 we have
(d—d)+ (f —ap) € A(R[[z,«]]). On the other hand, it is clear that ¢y € C(R|[[z, «]]). Hence,
R[[z,a]] is a CA ring. O

The following consequence is immediate.
Corollary 10. A ring R[[z]] is CA if and only if so is R.

Let Nil.(R) denote the prime radical (or, in other terms, the lower nil-radical) of a ring R,
i.e., the intersection of all prime ideals of R. We know that Nil.(R) is a nil-ideal of R. It is also
long known that a ring R is called 2-primal if its lower nil-radical Nil,(R) consists precisely of
all the nilpotent elements of R, that is, Nil.(R) = Nil(R). For instance, it is well known that
reduced rings and commutative rings are both 2-primal.

For an endomorphism « of a ring R, R is called a-compatible if, for any a,b € R, ab = 0 <
<= aa(b) =0, and in this case « is clearly injective.

Let R be a ring and suppose a : R — R is a ring endomorphism. Then, R[x;«| denotes
the ring of skew polynomial over R with multiplication defined by zr = a(r)z for all » € R. In
particular, R[z] = R[z;1g| is the ring of polynomials over R.

We now have all the necessary ingredients to establish the following main result.

Proposition 8. Let R be a 2-primal and a-compatible ring. Then,
A(R[z,a]) = A(R) + Nil.(R[z, a])x.

Proof. Let f =31 ja;z" € A(R[z,a]). Then, for every u € U(R), we have that 1 —uf €
€ U(R[z,a]). Thus, an appeal to [14, Corollary 2.14| ensures that 1 — uag € U(R) and, for
every 1 < i < n, ua; € Nil,(R). Since Nil,(R) is an ideal, we have ap € A(R) and, for every
1 < i < n,a € Nil,(R). But, as R is 2-primal, [14, Lemma 2.2] is applicable to get that
Nil.(R)[z,a] = Nil.(R[z,a]).
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Conversely, assume f € A(R) + Nil.(R[z,a])r and u € U(R[z,q]). Then, by with [14,
Corollary 2.14] assures that u € U(R) + Nil.(R[z,a])x. Since R is a 2-primal ring, we have

1 —uf € UR)+ Nil.(R[z,a])xr CU(R[z,a]),
and thus f € A(R[z,a]), as required. O
Lemma 10. Let R be a 2-primal and a-compatible ring. Then,
J(R[x,a]) = Nil(R)[z,a] = Nil,(R)[x,a] = Nil,(R[x, a]).
Proof. Since R is 2-primal, [14, Lemma 2.2| works to get that
Nil(R)[z,a] = Nil.(R)[z,a] = Nil.(R[z, a]).

On the other hand, we always have Nil.(R[z,a]) C J(R[z,«]), so it suffices to show that
J(R[z,a]) € Nil(R)[z,a]. To this end, let f = > ja;z' € J(R[z,a]). Then, 1 — fz €
€ U(R[z,a]). Therefore, with the aid of [14, Lemma 2.2|, we deduce for 0 < i < n that
a; € Nil(R)[x, o], as required. O

We now pay attention to establish the following main result.

Theorem 1. Let R be a 2-primal ring, and let a be an endomorphism of R such that R is
a-compatible and o® = «. Then, the following are equivalent:

1) for every r € R there exist ¢ € C(R) and n € Nil(R) such that r = c+n, a(c) = ¢, and
for every r € R, rc = ca(r);

2) R[x;a] is a CA ring;

3) R[z;al is a CJ ring;

4) R[z;a] is a CN ring.

Proof. Knowing Lemma 10, we find that 3) and 4) are equivalent. Moreover, the implication
3) = 2) is pretty clear, because we always have J(R) C A(R).

Implication 2) = 1): let 7 € R. By assumption, there exist C = > ¢;2z’ € C(R[x;a]) and
D € A(R[z;a]) such that rz = C + D, which gives r = ¢; + d;. In conjunction with Lemma 8,
we have dy € Nil(R).

Now, we show that c; satisfies condition 1). In fact, since C = Y1 c;a’ € C(R[z;a]), we
may write Cx = xC, which enables us to derive that a(c;) = ¢1. Also, reC = Crzx yields
rep = crafr).

Next, to prove ¢; € C(R), note that since a?

= «a, we detect
ar)er = e1d(r) = cra(r).

Thus,
a(rep —cr) = a(r)e; — cpa(r) = 0.

Since R is a-compatible and « is injective, we conclude that rc; = cir, proving the desired
inclusion ¢ € C(R).

Implication 1) = 4): let f = Y% ja;2" € R[z;al. By assumption, a; = ¢; + n;, where
n; € Nil(R), ¢; € C(R), a(c¢;) = ¢;, and r¢; = cia(r) for all r € R and all 0 <7 < n.

Referring to Lemma 10, "1 (n;z' € Nil(R[z;a]). Moreover, it is straightforward to show
Y ciw’ € C(R[z;a]). Therefore, f =31 jcia’+Y 1 o nia’ gives a CN decomposition, proving
that R[z;a] is a CN ring. O

As a direct consequence, it yields:

Corollary 11. Let R be a 2-primal ring. Then, the following are equivalent:
1) R is a CN ring;

2) R[z] is a CA ring;

3) R[z] is a CJ ring;

4) R[z] is a CN ring.
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Let Nil*(R) be the sum of all nil-ideals in R. We call Nil*(R) the upper nil-radical of R. This
is the largest nil-ideal of R. In order to recall the famous Kéthe’s conjecture to the non-expert
reader, we refer to |15, 10.28] for more detailed information.

So, we are in a position to show validity of the following major assertion.

Theorem 2. If R[z| is a CA ring, then R satisfies the Kdthe conjecture.

Proof. Assume that R[z] is CA. It suffices to establish that J(R[z]) = Nil*(R)[z]. Indeed,
since J(R[z]) = N[z], where N = J(R[z]) N R, we show that Nil*(R) = N. To this end, given
a € Nil*(R), there exists k € N such that a* = 0; thus, a® € J(R[z]). Since R[z] is CA, the
quotient R[x]/J(R[z]) is reduced, which fact is enabled from Proposition 2, 7). So, we conclude
that a € J(R[z]|) and this insures that a € V.

On the other hand, since N is a nil-ideal and Nil*(R) is the largest nil-ideal of R, we infer
N C Nil*(R). Therefore, N = Nil*(R), as required. O

Let R be aring and M a bi-module over R. The trivial extension of R and M is stated as

T(R,M)={(r,m):r€ Rand m e M},
with addition defined component-wise and multiplication defined by
(r,m)(s,n) = (rs,rn + ms).

The trivial extension T'(R, M) is isomorphic to the subring

{(r m):rERandeM}
0 r

of the formal 2 x 2 matrix ring (? Ag), and also T'(R, R) = R[z]/ <x2> We, likewise, note that

the set of units of the trivial extension T'(R, M) is
U(T(R,M))=T(U(R),M).
Moreover, according to [8], we have
A(T(R,M)) =T(A(R), M).
So, the following is valid.

Proposition 9. The ring T(R, M) is a CA ring if and only if for every r € R, there exist
c € C(R) and d € A(R) such that r = ¢+ d and, for every m € M, cm = mec.

Proof. First, assume T'(R, M) is a CA ring. Let r € R. Then (r,0) has a CA decomposition.
Suppose
(T’ 0) = (57 m) + (d) _m)
is a CA decomposition. Since (s,m) € C(T'(R,M)), we have s € C(R) and for every n € M,
sn = ns. Moreover, it is clear that d € A(R).
Conversely, we show that T(R, M) is a CA ring. Let (r,m) € T(R,M). By assumption,
there exist ¢ € C(R) and d € A(R) such that r = ¢+ d and for every n € M, ecn = nc. It is

straightforward to verify that
(r,m) = (¢,0) + (d, m)

gives a CA decomposition. Therefore, T'(R, M) is a C'A ring, which completes the proof. O
As an immediate consequence, we have the following result:

Corollary 12. The trivial extension T'(R, R) is a CA ring if and only if R is a CA ring.
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In what follows, we first introduce the rings A, (R), B, (R), Cpm(R) and Dy (R) for each
m,n € N, and using these rings, we present a new class of C'A rings. So, let R be a ring, and
define these rings as follows:

) =R(z,y|z" =yrly =0,V 0<i< ny,

B( )=R <:cy|x =ayr =yr'y =0,Y 0 < i< n—2>
Com(R) = Rz, y| 2" =yx =y™ =0),
D(R):R[m,y\m”:@ﬂ:O].

Wang et al. in [16] introduced the matrix ring Sy, (R). Suppose R is a ring, then the matrix
ring Sy m(R) can be represented as

[a by -+ bp— Cin s Cln+m—1 |
0O --- a bi Chcipn  Cn—lntm—1
o --- 0 a dl . dm—l € Snerfl(R) L a, bi’ dj? Ci,j S
0 0 0 a dq
([0 -+ 0 0 e 0 a i

Also, let T,(R) be

ar b2 b1z by - bipg1 binge
0 a1 ax az - an  bapyo

0 0 a1 a2 - ap-1 b3py2
: ESn+2(R):ai,bi7j€R ,

0 0 0 0o . a2 bn,n+2
0 0 0 0 a bi2
0 0 0 0 0 a | )
_a1 as -+ an by by -+ by 7
0 a; - apq1 O by - by
0 0 --- a 0O 0 --- b
Un(R) = 0 0 ... 01 o ay - a:l ESQn(R) :ai,bj €ER s
0 0 0 0 a an—1
0 0 0 0 0 a |
and
(a1 a2 -+ an  bingy1 biprz - bion] )
0 a1 - apn-1 bang1 bopya -+ boop
By =g g T P B e () ey € B
0O 0 --- 0 0 ar e Gpq
[0 0 -~ 0 0 0 | )

The following lemma establishes the isomorphism relations between these rings.
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Lemma 11. Let R be a ring and m,n € N. Then:

1) An(R) = Vi (R);
2) Bn(R) = To(R);
8) Cnm(R) = Spm(R);
4) Dn(R) = Un(
Proof. 1.Let f = Y72, akxk—i—z ") agztya? € Ay (R). We define a : A, (R) — Vu(R)
as
[ap a1 -+ ap—1 bn10 bn11 cr bp—1g-1)
0 ap -+ apn—2 bp—20 bn—21 -+ bun_2np-1
10 0 - ag bo,o bog - bon—1
Oé(f) B 0 0 e 0 a al Ap—1
0O 0 --- 0 0 ag -+ Gpso
0 0 - 0 0 0 a |

It can be shown that « is a ring isomorphism.
2.Let f =1 0 a;x +Z” ! bjyxj%—zz;% crxFyd-dyz"ly € B,(R). We define 3 : B,,(R) — T,(R)

as
_(10 b(] bl b2 s bnfl d i
0 ay a1 az -+ an-1 Cpo1
0 0 a a1 - an-2 cCp-2
B(f) =
0 0 0 0 al C1
O 0 0 0 -+ ag bo
00 0 0 - 0 ap |

It can be shown that 3 is a ring isomorphism.
3. Let f € Cp (R) such that

f = a0y’ + any’z' + - + agn_1y"2" 1+
+aryta® +anylet + -+ apayta T+

m—1,.0 m—1,1
+ am—1,0Y T+ am-1,1Y T+ F am—1n-1Y

We define v : Cp, p,(R) = Spom(R) as

apo a0 - Am-1,0 Om-1,1 Am—1,n—1
0 -+ ap ai ay a1;n—1
¥f)=10 - 0 ano ao1 aog,n—1
0 --- 0 0 .. aoo ao.1
0 0 0 ano

It can be shown that v is a ring isomorphism.
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4. Let f = Zl 0 GiT' + Z?:_& bjzly € Dyp(R). We define 6 : Dy, (R) — Up(R) as

[ap a1 -+ an—1 bu—10 bo 0 b

0 ay - ano 0 bo - byo

o o0 - a 0 0 - b
o(f) = 0O 0 --- 0 G0 a1 e Gp1
0O 0 --- 0 0  ay - ayo
0 0 -~ 0 0 0 - ap |

It can be shown that d is a ring isomorphism.
This concludes the discussion of all cases. O

The following examples illustrate these concepts.

Example 3. Let R be a ring, then we have:
a; ay a3z aq

0
1) As(R) = Bo(R) = ¢ | ‘61 Zi’ ZS ta; € Ry 2 T(T(R, R), My(R));

0 0 0 aj
ay ag as
2) CQQ(R) = 0 a1 as] :a; € Rp =S3(R);
0 0 a

ay az a3 a4

0 0
3) Da(R) =1 | o ‘8 o Zz ta; € RS 2 T(T(R,R),T(R, R)).

0 0 0 a
Assume R is a ring and I, J, K, and L are subsets of R. We define:

n—1ln—1

Vi( Zakx —i—ZZa”xyx € Ap(R) |ag e},

7=0 =0
n—1 ' n—1 ' n—1
Vi(Bn(R)) = Zaixl + ijyxj + chxky +dyx" 'y € By(R) |ap € J ¢,

m—1n—1

Vik(Cpm(R)) = Z Zaijyixj € Chm(R) | ap € K p,
=0 j=0

Vi(Dn(R)) = Z_:aixi + Z_:bjxjy €Dy(R)|age L

Now, Lemma 11 leads to

Corollary 13. Let R be a ring. Then, the following equalities hold:

1) A(An(R)) = VA(R) (An(R))a

3) A(Cn,m(R)) = VA(R)(Cn,m(R))§

By Corollary 13, similar results can be obtained for J(R). Therefore, the following assertion
can easily be proved.
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Lemma 12. Let R be a ring. Then, the following relationships are valid:
1) A (R) is a CA if and only if R is a CA ring;

2) Bp(R) is a CA if and only if R is a CA ring;

3) Cpm(R) is a CA if and only if R is a CA ring;

4) Dp(R) is a CA if and only if R is a CA ring.

4. Concluding discussion and open questions

Regarding the closely related class of weakly strongly 2-nil-clean rings, one can state that their
complete characterization is given as follows: A ring R is weakly strongly 2-nil-clean if and only
if R= Ry X Ry, where Ry is a strongly 2-nil-clean ring and Ry is either zero or Ra/J(R2) = Zs
such that J(R2) is a nil ideal.

In fact, left-to-right direction follows as given in [17, Theorem 2.26|, whereas the converse
right-to-left one follows from a combination of Corollaries 2.11 and 2.17 in [17].

In this vein, the first-named author is highly grateful to Prof. Adel Abyzov for pointing out
in a private communication an inaccuracy in the original formulating of the characterization of
this sort of rings (see Abstract, Lemma 2.25, and Theorem 2.26 stated in [17]) which is evidently
not satisfied by the factor-ring Zs[z]/(x?).

We conclude our considerations with two intriguing problems that remain open:

Problem 1. Let R be a ring and G be a multiplicative group. Find a necessary and sufficient
condition when the group ring RG is CA only in terms of R, G and their sections.

Problem 2. Characterize those rings R, naming them feebly A-clean, for which, for any
r € R, there exist d € A(R) and e, f € Id(R) with ef = fe = 0 such that r =d+e— f. In
addition, if d commutes with (either) e or f, the feebly A-clean ring R having this property is
said to be strongly feebly A-clean.
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